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ABSTRACT
GENERALIZATION: DEVELOPINGING MATHEMATICAL PRACTICES
IN ELEMENTARY SCHOOL
by
Gabriela Georgeta Dumitrașcu
The process of generalization in mathematics was identified by mathematics
education and educational psychology research, out of many mental actions or operations, as
a cognitive function fundamentally required in the thinking process. Moreover, the current
changes in education in the United States bring forward the dual goal of mathematics
teaching and learning: students should have strong and rigorous mathematical content
knowledge and students should be involved in practices that define the status of doing
mathematical work. This dual role is totally dependent on the process of generalization.
This study uses theories and research findings from the field of algebraic thinking,
teaching, and learning to understand how the third grade teacher’s edition textbooks of three
mathematics curricula portray the process of generalization. I started my study with the
development of a theoretical coding system obtained by combining Kaput’s theory about
algebra (Kaput, 2008), Krutetskii’s two way of generalization (Krutetskii, 1976), and the five
mathematical representations identified by Lesh, Post, and Behr (1987). Then, I used the
coding system to identify tasks that have the potential to involve students in the process of
generalization.
The findings from my study provide evidence that following a well-structured theory,
such as Kaput’s theory about algebra, allows us to identify tasks that support algebraic
thinking and to create new ones with higher potential to involve children in the process of
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generalization. Such tasks may support the development of algebraic thinking as a
continuous process that should start from early grades of elementary school.
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CHAPTER 1 — INTRODUCTION

It is well known that a given problem may be solved or not, that one person
deals with it quickly, while another person has to think for a long time. There
are problems that are within the power of a child to understand, but which
whole teams of scientists wrestle with for years. Thus, there is the ability to
solve a problem, the ability to think. Some people master this ability better,
other worse. What is this ability? By what paths does it arise? How can one
acquire it?
(Davydov, 2008)

The Process of Generalization in Mathematics
In mathematics, we are familiar with statements such as the following:
1. Find the general term for the sequence: 1, 5, 9, 13, 17, …
2. Find a formula for computing the measure of the interior angle of a regular polygon
with n sides.
3. Consider the sequence defined recursively by
2. Find an explicit formula for the nth term,

√2,

√2

, for all

, of the sequence.

4. The sum of any two consecutive integers is odd.
5. The segment connecting the midpoints of two sides of a triangle is parallel to the third
side and is half as long.
6. The first derivative of a strictly increasing function is positive.
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The above mathematical statements belong to two categories of generalization, which
represent the most common meanings of the term “generalization” in mathematics (Kaput,
2008; Krutetskii, 1976; Mason, 1996). One category, which is represented by the first three
examples, requires identifying the class of objects to which the several ones that are known
or given should belong to. The mathematical goal for this first category is to determine an
abstract object that incorporates all the common properties exhibited by several given
particular cases. For example, in statement 1, the first five terms of a sequence are given and
the goal is to represent the sequence in a form, such as  4n  3 n1, that would allow us to
know any element of the sequence. The second category includes statements like the last
three enumerated above. These are general propositions that are true for all the objects that
have some specified common properties. For example, statement 5 is a property that any
triangle has. For this category, in order to prove them, the goal is to recognize, describe,
or/and apply the process that led to the general object, which means to “act” through a
generalization process. So, for example 5, the goal is to travel through a sequence of known
general statements toward the general fact that the segment that connects the middle points of
two sides of a triangle is parallel and half as long as the third side. The process may look as
follows.


We consider a general triangle  ABC and we draw the segment
middle points of two of its sides (M is the midpoint of side
side



that connects the

, N is the midpoint of

).

If we compare directly the segment

that we drew with the third side

, we may

see that the property, the middle of a triangle is half as long as the opposite side of the
triangle, is true. However, it may be true only for the example that we have. How do
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we know that the property is true for another triangle? We need to transform what we
have and search for arguments that are true in any situation.
A

M

N

P

B

C

Figure 1.1. A geometric construction accompanying a proof.


We may consider the line



We may reformulate the problem by saying that we need to have
≅



≅

and take the point P on it such that

.

‖

and

.

Now, we try to see the congruence of the segments

and

by using general

procedures such as comparison of triangles.


We have that ∆



Looking at the quadrilateral BCPM, we have that two opposite sides are parallel and

≅ ∆

, which implies both

≅

and

‖

.

congruent segments, which is a general property of parallelograms.


Therefore, we have that the other two sides are parallel and congruent:
≅

. Finally,

is half of

and we conclude that

is half of

‖

and
.

From my own teaching experience, I learned how difficult it is to guide students’
thinking through a generalization process. For example, what advice should I give to those
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students that struggle to reason about, or express, an abstract statement from several
examples? When I told to my College Algebra students that “in order to be able to determine
a term of a sequence, when you know its position in the sequence, first you have to identify
the relationships that exist between the given terms of the sequence and their positions in the
sequence,” they replied that they were not sure what they were supposed to find out. I also
learned about the difficulty that many students have to understand that because a property is
true for some cases, it is not necessarily true for all situations. Many times I felt myself lost
in my own arguments. For example, when I asked my students to demonstrate that the sum of
two odd numbers is even, they reasoned as follows: “1+3=4, 5+7=12, 11+13=24, therefore,
the sum of two odds is even.” I asked how they were sure that the statement is true for all
odd numbers besides the examples that they gave. Their typical response was: “Because it is
obvious. Why do you need a proof?”
During all these teaching experiences, I felt that I did not have the appropriate
teaching tools. Therefore, I started my mathematics educator work by focusing my research
on understanding why students have difficulties on forming generalizations and what
strategies teachers could use to guide students through the process. Moreover, in the Common
Core State Standards for Mathematics [CCSSM] (National Governors Association Center for
Best Practices, Council of Chief State School Officers, 2010), which has become the spinal
cord of the new educational reform in the United States, the mathematics instruction is
developed through mathematical practices and generalization is one of them. The eighth
mathematical practice, which is “Look for and express regularity in repeated reasoning,”
states:
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Mathematically proficient students notice if calculations are repeated, and look both
for general methods and for shortcuts. . . . As they work to solve a problem,
mathematically proficient students maintain oversight of the process, while attending
to the details. They continually evaluate the reasonableness of their intermediate
results. (CCSSM, p. 8)
I have to note that our current teaching often focuses on skills and algorithms and we
seem to forget that generalization is the “heartbeat” of mathematics (Mason, 1996). This is an
essential function for mathematical work and, unfortunately, it is difficult to grasp by many
students:
Generality is so central to all of mathematics that many professionals no longer notice
its presence in what is, for them, elementary. But, it is precisely the shifts of attention
that experts have integrated into their thinking, which are problematic for novices.
(Mason, 1996, p. 66)
The point that Mason makes here is that mathematicians, teachers, and mathematics
educators are so used to performing some thinking processes that they became unaware of
them. Or that they consider that some facts are evident and there is no need for justifying or
further discussing them. The educators should first become aware that the process of
generalization is one of the most powerful thinking processes and thus emphasize it explicitly
when they examine a mathematical situation.
In the mathematics literature, the concept of generalization has more than one
meaning. Generalization can be seen as a statement that is true for a whole category of
objects, it can be understood as the process through which we obtain a general statement, or
it can be the way to transfer knowledge from one setting to a different one. All these

16
interpretations should be considered in order to develop students’ mathematical competences
for generalization, as well as to determine what “shifts” in students’ thinking have to be made
in order to facilitate smooth transitions from applying procedures to using generalization in
mathematical learning.
Moreover, most of the studies on generalization in mathematics instruction explored
the meaning of algebra for younger students. Studies like those included in Bednarz, Kieran,
and Lee (1996) researched how to create activities for “awakening of pupil sensitivity to the
nature of mathematical generalization and dually, to specialization” (Mason, 1996, p. 65), in
order to improve students’ algebraic thinking. In other words, how to get students
comfortable “seeing a generality through the particular and seeing the particular in the
general” (Mason, 1996, p. 65). Lee (1996) went even further along this path with a proposal
to teach algebra through generalizing patterns. Her approach is backed up with results from
her teaching experiments with high school-students. In her work, she considers functions,
modeling, and problem solving as types of generalization activities.
Another set of studies on generalization researched ways to develop algebraic
thinking in the elementary school children. Kaput, Carraher, and Blanton (2008) edited a
comprehensive collection of research studies that investigate the introduction of “early
algebra” in elementary school. In this approach the generalization plays a crucial role. The
contributors to this volume consider “early algebra” as an ideal context to develop the
potential for generalization in elementary schoolchildren and not merely the introduction of
algebra concepts in the early school years. Kaput specifies four goals of “early algebra” in
primary school instruction:
1. add a degree of coherence, depth, and power typically missing in K-8 mathematics;
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2. ameliorate, if not eliminate, the most pernicious and alienating curricular element of
today’s school mathematics: late, abrupt, isolated, and superficial high school algebra
courses;
3. democratize access to powerful ideas by transforming algebra from an inadvertent
engine of inequity to a deliberate engine of mathematical power; and
4. build conceptual and institutional capacity and open curricular space for new 21stcentury mathematics desperately needed at the secondary level, space locked up by
the 19th-century curriculum now in place. (Kaput, 2008, p. 6)
These goals stress the fact that “early algebra is decidedly not (traditional) algebra
early” (Kaput, 2008, p. 6). This is a crucial difference and the readers of Algebra in the Early
Grades (Kaput et al., 2008) should understand the fact that the research on early algebra
focuses on making elementary students comfortable with the kind of thinking and reasoning
needed for generalization.
Insights from Educational Psychology
From outside of the mathematics education field, many educational psychologists
researched how the thinking process manifests through the process of generalization.
Vygotsky (1986) considered that every concept was the result of a process of generalization.
He emphasized the distinction between spontaneous/everyday concept, where the
generalization meant to move from particular to general, and scientific concept, which
referred to seeing the particular from the general. Piaget (1964) considered two different
experiences that promote learning: (1) the physical experience that consisted of manipulation
of objects and drawing some knowledge by abstractions from the objects and (2) the logicalmathematical experience in which knowledge was drawn by abstracting from the actions
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effectuated upon the objects. Rubinshtein (Davydov, 1990) made a difference between two
types of generalization: the empirical generalization, that is the result of comparing and
identifying the external characteristics that are similar or identical to things, and the
theoretical generalization, that is the result of analysis and abstraction that happens while the
data received through senses is transformed in order to determine the essence of things.
Krutetskii (1976) identified two ways in which schoolchildren learned mathematical concepts
through generalization. The first method was the empirical generalization, which consisted
of gradual generalization by analyzing a sequence of concrete examples in which the
nonessential attributes were systematically changed. The children that struggled in
mathematics learning used this method in order to master the general mathematical
knowledge. The mathematically proficient students used a different way to approach
generalization. They were able to generalize a solution, which is characteristic to the
theoretical generalization, just from a single example by identifying the internal
connections/relationships involved in the solution.
In the book Types of Generalization in Instruction: Logical and Psychological
Problems in the Structuring of School Curricula, Davydov (1990) discussed his concern that
the empirical generalization used in traditional Russian instruction was one of the sources
that created difficulties for schoolchildren’s mastery of instructional material. Regarding the
case of mathematics, Davydov used the findings of Krutetskii’s research on mathematical
abilities to propose a generalization-based instruction at the elementary school levels. Several
experimental studies conducted in the Unites States (Dougherty & Slovin, 2004; Davydov,
2008; Schmittau, 2003) based on Davydov’s instructional theory showed that the
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participating children were able to perform theoretical reasoning based on generalization by
the end of the second or third year of instruction.
The research described in this section provides an important feedback for
mathematics education: educational psychology shows that the ability to make
generalizations is an integral part of the mathematical development of schoolchildren.
Moreover, this ability may be developed during school years by carefully chosen school
activities.
The Research Problem
Analyzing previous research from the lens of a teacher looking to find ways to help
students complete a generalization process, I found that the term “generalization” is heavily
loaded in mathematics. Even if we consider that it is most commonly understood as a duality
between going from particular to general and seeing the particular through the general, this
interpretation does not include a description for the reasoning involved in the process of
generalization that would allow teachers and educators to design generalization-based
instruction.
In my quest to understand the needs of pupils to achieve high-level thinking, which
implies generalization, I found the theory about learning algebra presented by Kaput in the
first chapter of the book Algebra in the Early Grades (Kaput et al., 2008) to provide a
supportive background. The process of generalization and therefore the algebraic thinking at
elementary school students has a different pathology than at older students (Kaput et al.,
2008). Every chapter in Algebra in the Early Grades highlights and discusses various
topological features of algebraic thinking at young children. For examples, Mason’s chapter
talks about “children’s powers,” which are the abilities to make sense of the surrounding
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environment that are developed by children before entering in the school system. Mason
considers that “algebraic thinking is what happens when those powers are used in the context
of numbers and relationships” (p. 57). The chapter written by Smith and Thompson brings
up the role of quantitative reasoning, which is not numerical reasoning, in developing
algebraic reasoning. Quantitative reasoning has to precede algebraic reasoning and it should
be developed in the elementary school years. Smith in his chapter defines two types of
algebraic thinking: representational thinking and symbolic thinking. Representational
thinking refers to the mental processes involved in creating, transforming, and making
connections between different representations of a mathematical situation that a student
experiences. For Smith, the process of generalization means “creating meaning for a
representational system” (p. 135). Symbolic thinking refers to the process of using systems of
symbols and particular operational rules to represent and solve different mathematical
situations. At the elementary school level, the algebraic thinking has to be at representational
thinking stage.
I have also found that the studies mentioned above, even if they provide evidence of
the capacity of elementary students to reason algebraically and how they do it, do not reflect
to what extent the generalization process is present in mathematics instruction. For example,
we should expect that in the United States the reformed mathematics curricula, which follow
the Principles and Standards for School Mathematics (National Council of Teachers of
Mathematics [NCTM], 2000), would include more activities that engage students in
performing generalization. However, there is no research that looks at how generalization is
presented in these curricula.
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My thesis sheds some light over both shortcomings of the current literature that I
discussed in this section. First, my thesis describes activities from third grade curricula that
have potential to engage student in performing generalizations. Second, I propose a general
theoretical framework that can deconstruct the reasoning involved in generalization. Such
deconstruction is applied to activities from the third grade curricula.
The Research Questions
Using a coding structure based on Kaput’s theoretical representation of algebra
learning in an empirical way, my dissertation provides answers to the following research
questions.
Question 1. What are the affordances of curriculum tasks and accompanying teacher
material included in specific lessons in the teacher’s edition for the third grade
textbooks related to describing, extending, and making generalizations about
geometric and numeric patterns?
Question 2. How is the generalization process represented in the curriculum tasks
and accompanying teacher materials across multiple lessons on multi-digit addition
and multiplication in the teacher’s edition for the third grade textbooks?
My research presents evidence about how the process of generalization is integrated
in three standards – based mathematics curricula used in the US classrooms. To facilitate this
goal, I will analyze the teachers’ resource guide that accompanies each of the curricula. Even
if teachers’ resource manuals do not explain what exactly happens in classrooms, they
continue to be one of the key tools that affect instruction (Woodward, 1993). Therefore, from
the position of teachers’ resource manuals, the findings of my research will inform educators
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and teachers about the presence of the generalization tasks that may be used in mathematics
instruction. Educators and teachers may use the results of my study for further reflection on
how mathematics could be taught and learned from the perspective of the generalization
process.
The method of analysis for a teacher’s accompanying manual consisted of three
stages. First, I examined the overall manual in order to identify lessons that contained tasks
having potential to involve students in a generalization process. Second, I coded each lesson
that was selected in the first stage by using a predefined coding system. In the third stage of
my analysis, I recorded the frequency of each code in a diagram that provides a pictorial
representation for the qualitative analysis of the coding procedure.
In conclusion, the purpose of my dissertation research was to use a description of the
generalization process in order to examine how generalization is approached in some US
curricula materials. I focused my research on two of the third grade NCTM standards
(NCTM, 2000) that emphasized abstract thinking. These standards are: (1) describe, extend,
and make generalizations about geometric and numeric patterns; and (2) identify such
properties as commutativity, associativity, and distributivity and use them to compute with
whole numbers. Also, my research concentrated on the eighth mathematical practice
highlighted in the CCSSM document (2010), which defines what it means to look up for
regularities and represent them. Moreover, I focused my analysis on teacher’s resource
manuals from standards – based curricula used in third grade of elementary school. I
considered teacher’s resource manuals because they are key tools used to influence what is
happening in classrooms. I chose reformed curricula because they are based on the standards
developed by NCTM that promote the development of mathematical thinking. Finally, I
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considered the elementary school levels because the research that I mentioned above
proposes and supports the idea that the students’ competency for performing mathematics
generalization should be developed during their elementary school years. I focused on thirdgrade level because at this level more sophisticated mathematical ideas are introduced in
instruction. Therefore, the third grade level may provide the setting for reflecting on how the
generalization-based instruction should be in the first and second grades and how it should be
shaped in the next years of mathematical instruction.
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CHAPTER 2 — LITERATURE REVIEW

This chapter contains two sections. In the first section I establish the theoretical
foundation for my investigation of the ways in which the process of generalization is
interpreted in elementary school teaching. In the second section I summarize some of the
research that involves content analysis of elementary mathematics textbooks.
Theoretical Framework
This section is divided into two parts. In the first part I discuss how the concept of
generalization became a subject of study for understanding people’s thinking process. In this
part, I present the ideas about learning and development of Vygotsky, Piaget, and
Rubinshtein. In the second part I discuss the contributions of Krutetskii and Davydov, and I
will adjust the “three routes through generalization” described by Rubinshtein (Davydov,
1990) in order to explain how the process of generalization may be understood in the field of
mathematics. It is worth also mentioning in this context that the activity theory developed by
Leont’ev (1978) is an appropriate theoretical lens that provides a way to understand the
process of generalization in a mathematical setting.
The Concept of Generalization
Vygotsky (1986) considered that all the concepts learned by humans become
internalized through a process of generalization. He classified the internalized concepts into
spontaneous/everyday concepts and scientific concepts. The spontaneous/everyday concepts
form in conditions created by a child’s personal experience and they can form without
systematic instruction. For example, a child can grasp the concept of rose by observing that it
has bright colored petals, a strong smell, and that is the end of a small branch filled with
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leaves and thorns. Then he/she notices that there are other objects around that have colored
petals and are at the end of a branch with green leaves but not all of them have a strong smell
and thorns. He/she learns a new concept that generalizes his/her observations: the concept of
flower. Furthermore, from his/her day-by-day interactions with the environment, he/she
observes that there are some other objects that have green leaves and that some of them may
grow flowers at some point in time. Therefore, the child internalized a new concept: plant.
If the child goes to school he/she will learn that each part of the plant performs an
essential role in plant’s life. He/she learns that the stems are the thick stalks of a plant that
supports flowers and fruit, and they are carrying water, minerals, and sugar to feed parts of
the plant. Water, minerals, and sugar are absorbed from the ground by another essential part
of the plant: the roots. Also, he/she learns that the leaves grow out of the stem of the plant
and collect sunlight and water to produce food for the plant. The flower, which is the
beautiful part of the plant, attracts insects and birds that facilitate the process of pollination,
which is a crucial stage in plant’s life. Consequently, the child learns the scientific concept of
plant.
The scientific concepts are what the child cannot directly observe or experience.
Therefore, they should be taught to the child by creating conditions in which the child studies
the formation of an “artificially devised experimental concept” (Vygotsky, 1986, p. 161). The
two types of concepts form a unitary process; they are continuously related and reciprocally
contribute to each other’s development. In order to be able to learn the scientific concept of
flower, the child has to have internalized the spontaneous concept of plant. Once he/she
learned the scientific concept, he/she will be able to use and to think of a plant at a high
cognitive level. The peculiarity comes from the fact that the child by himself/herself can
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master only spontaneous concepts, while to master a scientific concept the child has to
receive a systematic instruction.
Vygotsky makes a crucial statement at this point: “The overall development of a child
and learning are two simultaneous processes that depend qualitatively on each other”
(Vygotsky, 1986). The qualitative duality between development and learning is essentially
based on the types of experiences that the child has. The experiences, that the child has every
day, provide knowledge from a direct physical contact with the environment when the child
uses his/her senses to analyze, compare, classify, and synthesize. Through a systematic
instruction, the child experiences “artificially designed” situations where in collaboration
with another more knowledgeable peer or an adult he/she analyzes, compares, classifies, and
synthesizes at a high psychological level.
For Vygotsky, the higher psychological experience happens when the child enters
his/her Zone of Proximal Development [ZPD] (Vygotsky, 1978). He defined the zone of
proximal development as “the distance between the actual developmental level as determined
by independent problem solving and the level of potential development as determined
through problem solving under adult guidance or in collaboration with more capable peers”
(Vygotsky, 1978, p. 86). ZPD is, in fact, the mental realm in which human’s processes of
development and learning interact and grow together. Through his/her ZPD a child is able to
internalize scientific concepts through a systematic process of generalization.
Besides the strong opinion that Piaget had against Vygotsky’s theory about the duality
of the development and learning (Piaget, 1964), he also identified, similar to Vygotsky, two
different experiences that a child should go through during a learning process. Piaget named
them physical experiences and logical-mathematical experiences. The best way to explain
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what Piaget meant is through the story told by Piaget himself (Piaget, 1964) about a friend of
his who was a mathematician. When Piaget’s friend was 4 or 5 years old, he was playing
with pebbles on the ground of his garden. In his play, the child started to count the pebbles.
First, he arranged them in a line, and he counted them from one end of the line to the other
end. Then, he started to count them from the last end, back to the first end. He was surprised
when he found the same number that he got the first time. Next, he arranged the pebbles into
a circle and keep counting them in one direction he found the same number of pebbles. He
changed direction, and again he found the same number of pebbles. He did several more
arrangements, and he found that he would get the same number of pebbles once he
established an orientation to count them. The child discovered something beside the physical
properties of the pebbles. He discovered the action of ordering: to obtain the same number of
pebbles he has to keep counting them in the same direction. He discovered the action of
putting together and ordering. Also, he discovered that the action of putting together is
dependent of the action of ordering. Piaget interpreted this experience from the life of his
friend as being different from just a physical contact with a phenomenon. Therefore, he
considered that there are two types of experiences that are necessary conditions for learning.
First, there are physical experiences that consist on having direct contact with objects. During
this experience, knowledge is drawn from the physical properties of the object by making
abstraction from them. Second, there are logical-mathematical experiences, in which
knowledge is drawn by actions effectuated on objects. The objects are physically present, but
there is also the set of actions that modify the objects, which transforms the process into a
learning experience.
To summarize: Vygotsky said that there are two different types of knowledge that we
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learn: everyday concepts and scientific concepts. We learn everyday concepts throughout the
experiences that we have during daily living. We may learn the scientific concepts in a
systematic way while we are going through the school system. Piaget stated that there are
two types of experiences that are characteristic to the process of learning: physical
experiences and logical-mathematical experiences. These two perspectives on learning are
complementary to each other in the following way: we learn everyday concepts by having
physical experiences as the predominant source of learning; and we learn scientific concepts
by having logical-mathematical experiences as the predominant source for learning.
Rubinshtein’s theory of thought (Rubinshtein,1994) and Krutetskii’s work on
schoolchildren’s abilities (Krutetskii, 1976) support this combined theory of learning.
Rubinshtein (Davydov, 1990) divided human thoughts into empirical thoughts and
theoretical thoughts. The empirical thought is the result of comparing and identifying the
external characteristics that are similar or identical in things. The theoretical thought is the
result of analysis and abstraction that arise while the data received through senses is
transformed in order to determine the essence of things. For Rubinshtein (1994), thought is a
process performed through different mental actions such as analysis, synthesis, abstraction,
and generalization. During the thought process, there are specific “routes” of performing
analysis, synthesis, and abstraction that distinguish the empirical thought from the theoretical
thought. However, the theoretical thought always evolves from an empirical thought.
Sensual cognition already exists within1 a practical action; vision also participates in
the performance of such an action. Initially a problem cannot be solved without resort
to practical probes, but later it becomes solvable purely visually. What this signifies in

1

Italicized in the original.
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the first instance is that a change, an evolution, in visual perception itself has taken
place. It has become something different: it is now more than just external
manifestation of the problem-solving method. The task of psychological research is to
discover the line of development of perception, how it rises to a higher level of
analysis, synthesis, and generalization, and to discern the internal conditions of the
transition from problem solving by means of trial and error to problem solving at a
cognitive level, at the visual or intellectual level. (Rubinshtein, 1994, p.71)
As we can see from this quote, Rubinshtein considered that any problem solving starts by a
practical action (e.g. trial and error), and involves an empirical thinking process. Then there
is a transition at an intellectual level when the problem becomes solvable purely visually, and
involves high-level mental processes such as theoretical thinking. Rubinshtein (Davydov,
1990) described three “routes” through generalization, described later in this chapter, which
explain the transition from an empirical level of thinking to a theoretical thinking.
The Concept of Generalization in Mathematics
Krutetskii, through his research on schoolchildren’s mathematical abilities, was able
to provide concrete examples of children thinking that reflect the two categories of thoughts
described by Rubinshtein. Krutetskii (1976) discovered two ways in which schoolchildren
learn mathematical concepts through generalization. The first method, named empirical
generalization, consists in a gradual generalization by analyzing a series of specific examples
in which particular attributes are systematically changed. The children, who are not or almost
not successful in mathematics learning, use this method in order to understand general
mathematical knowledge. The most successful children in learning mathematics are using a
different way to approach the process of generalization. They do a theoretical generalization.
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They are able to generalize a solution just from a single example by identifying the internal
connections and/or relationships involved in the solution. These children are generalizing
solutions and methods to approach a problem instead of generalizing particular or external
aspects of a problem. Appendix A contains two examples (Example A1 and Example A2) that
reflect the differences in reasoning identified by Krutetskii.
The experiment conducted by Krutetskii and his collaborators was quite sophisticated and
laborious. He selected schoolchildren from 6th and 7th grade that did not receive any
instruction in algebra. An experimenter explained/taught to the interviewed child the way in
which the square of a binomial may be obtained through “the formula for short
2
2
multiplication,” that is, the binomial formula  a  b  a  2ab  b . Then, the child was
2

asked to solve a sequence of tasks similar with the following:
1.
2.

 a  b

2



1

3.

5x  0.6xy 

4.

 3x  6y 

5.

 m  x  b

6.

4 x  y

2 2

3

2




2



 a 
2

7. 512 
8.

C  D  E  E  C  D 
The order of these examples depended on their level of generalization. After the child

became acquainted with the short multiplication formula for the square of a binomial, the
experimenter asked the child to solve task 8. If the child was not able to solve it correctly, the
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experimenter gave task 2 and, if it were necessary, helped the child to become comfortable
solving these types of problems. Then, again, the experimenter asked the child to solve task
8. If the child was not successful, the experimenter showed task 3. The procedure was
repeated until the child solved task 8 correctly. Krutetskii and his collaborators analyzed indepth the number of iterations needed for each child. The findings of this analysis revealed
that the children who used a theoretical generalization, at some point during the interview,
were able to solve task 8 faster than the ones who based their method of solving the problems
only on empirical generalization.
As already mentioned, two valid representations of these different thinking processes
are presented in Appendix A. In Example A1, the child was able to solve correctly a
straightforward problem using the short formula for the square of a binomial right after
experimenter’s presentation. Therefore, through interaction with the experimenter, the child
2
2
learned a scientific concept:  a  b  a  2ab  b . Next, a new situation is presented to
2

the child, the product C  D  E  E  C  D . First, the child analyzed the external
characteristics of this example and from this physical experience he learned that it is not a
binomial, and it is not a square. He had a strategy in mind for solving the problem, but it was
a laborious one. He said: “But that will be 9 terms. That’s a lot.” This triggered him to
transform the raw data. The child started next to experience a logical-mathematical process.
He commuted the first term E from the second parenthesis from the first place to the last one
and obtained: C  D  E C  D  E   C  D  E  . Through this transformation, one of
2

the conditions in which the formula could be used was satisfied. Next, he grouped the last
two terms together and obtained: C   D  E  . At this moment, the child ignored the
2

physical characteristic of  D  E . It was essential for the child that  D  E  had the role of
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the second term in the expression C   D  E  . From this point on, all the conditions
2

needed to use the short multiplication formula for the square of a binomial were satisfied, and
the child solved the example correctly.
The thinking process of the child presented in Example A1 is a clear representation of
the complementarity of Vygotsky’s and Piaget’s views about the learning process. At the
beginning, the child in his/her interaction with an adult learned a scientific concept: the short
multiplication formula for the square of a binomial. Then the child came to learn a new
concept, a spontaneous one, which was the short formula for the square of a trinomial. In
order for the child to discover the spontaneous concept, he/she had first to have a physical
experience, the physical contact with a new example, and a logical-mathematical experience,
which in the case of the child from Example A1 was triggered by the scientific concept that
he/she just learned.
A different situation happened with the child from Example A2. The child became
comfortable to solve problems of the form  a  b . He/she was able to solve correctly the
2

2
2
2
2
example 2x  y   4 x  2  2x  y  y  4 x  4 xy  y . However, for the example
2

 1 3 2 2
1 a b  he/she said that this is different because a and b are not separated by ‘+’. The
 2

child saw that the external aspect of the example is different than the one he/ she knew to
solve, yet he / she was not able to identify the “essence” of the difference. He/she wrote

1 6
1
a  2 a 3b 2  b 4, which shows that the child was able to manipulate physically the parts
4
2
of a squared binomial only if they are externally identical (in this case each term had to
contain a letter) with the parts of the given formula.
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The child in this second example was not able to overcome the physical experience
and enter in the realm of the logical-mathematical experience by himself. Therefore, from
Piaget’s perspective the child did not complete the learning process since he was not able to
generalize the short multiplication formula for the square of the binomial. From Vygotsky’s
perspective, the child should be placed in his Zone of Proximal Development and interact
with an adult in order to learn the scientific concept of the short multiplication formula for
the square of the binomial. Once more we can see the need for the two perspectives to be
considered together in order to do a complete generalization process.
A conclusion that Krutetskii drew from his experiment was that the mental actions
used by the successful children in order to make generalization are qualitatively higher than
the ones used by the children that are not successful in math. The successful children are
performing theoretical generalizations while the less successful children are getting stuck in
empirical generalizations. The ability to do theoretical generalizations helps the
schoolchildren from the first group solve problems that are different in context and in
situations that are new to them. The absence of this ability makes the children from the
second group afraid to tackle anything that is not familiar to them (Davydov, 1990).
In the book Types of Generalization in Instruction: Logical and Psychological
Problems in the Structuring of School Curricula, V. V. Davydov (1990) expressed his
concern that the empirical type of generalization used in traditional Russian instruction
creates difficulties for schoolchildren to succeed in their mathematical learning. Regarding
the domain of mathematics, Davydov is using the findings of Krutetskii’s research on
mathematical abilities to examine the effect of Russian traditional instruction on
schoolchildren mathematical thinking.
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Davydov considers that the traditional style of instruction, based on developing
students’ generalization by using concrete examples that gradually change by varying the not
essential features, inhibits the children to solve problems that are not familiar to them. Also,
the traditional instruction does not develop in school children the ability to determine the
internal connections that exist in a mathematical solution.
In order to support his assertion, Davydov analyzed how the concept of number
develops in traditional Russian instruction. He looked at Russian’s first grade textbooks in
order to see how they introduce the concept of number. He looked at the methods books used
to train teachers for elementary school, in order to describe how teachers learn to teach the
concept of number. Davydov interviewed first-grade students, in order to investigate if they
are able to distinguish between counting object and the means of recording a result, which he
considered essential for understanding the concept of number. The interviewed students had
the traditional Russian instruction and were asked to perform tasks that were unfamiliar to
them. Appendix B contains the assignments used by Davydov in his research. Davydov
found that the interviewed 1st grade students had the tendency to count only single objects.
They identify as unit only a single object in a counted group. For example, in assignment 2,
the children look at 12 blocks arranged in 4 rows each of 3 blocks. The interviewer asked
students, “How many are there?”, without specifying the unit of counting. The majority of
the students started to count the blocks without noticing the ambiguity of the question.
Another observation was that the 1st graders had difficulties identifying the parts of a group
that correspond to a defined unit of counting or measurement. In assignment 3, there was a
row of 20 blocks and the interviewer asked children to find “How many of these, here, are
there?” (the interviewer separated a group of 4 blocks from row). Most of the students gave
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the correct answer. However, when they had to select one of the five, most of the students did
not do the task correctly. Davydov’s final observation was that many of the 1st grade students
were not able to grasp the unit as a relationship between the physical parts of an object and
the action of measurement, which is the internal connection that through its generalization,
the formation of the concept of number can be fulfilled at the elementary school level.
Therefore, Davydov proposed to restructure the entire educational system upon the principle
of generalization. Davydov said that:
Solving the essential problems in contemporary school education is ultimately linked
to changing the type of thinking that is projected by the goals, content, and methods
of instruction. The entire instruction system must be reoriented from the children’s
development of rational-empirical thought to their development of modern theoretical
scientific thought. (Davydov, 1990)
Together with his colleague El’konin, Davydov designed a content-based
generalization curriculum for the elementary school. Their approach to instruction was
regarded at that time, and it still is today, as ‘quite’ exotic because:
The ‘technique’ of forming content-based generalization is quite different from the
one that is peculiar to empirical generalizations. A transforming, object-related action
and an analysis that establish essential connections in an integral entity, its genetically
original (universal) form, rather than observation and comparison of the external
properties of objects (traditional visuality), serve as the basis for this process. Here,
discovery and mastery of the abstract and universal precedes mastery of the concrete
and particular, and the concept itself as a certain method of activity serves as a means
of ascending from the abstract to concrete. (Davydov, 1990)
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The mathematics curriculum designed by Davydov was oriented toward children’s
formation of content-based abstractions and the development of theoretical thought. The goal
of the curriculum was to create a theoretical understanding of the real number as a concrete
number, which is the concept of quantity (Fridman, 1991). First-grade students begin their
experience by measuring, comparing different quantities by singling out their basic
properties. They analyze the relationships that exist between and within quantities, and they
start to record them using symbols, which are letters for quantities and signs (e.g. =, <, >) for
relationships between quantities. Next, the children analyze the changes that may occur in a
quantity and they indicate the change by using the signs ‘+’ or “–“. After three months of
instruction, the children begin to write equations, and to learn techniques to transform
inequalities into equalities and to transform quantities by maintaining inequalities and
equalities. All of them are understood as representations of a general relationship of
quantities. Only after these experiences, the children are introduced to the number concept,
which is a way of representing a relationship among quantities. The entire curriculum uses
the following overarching definition for the concept of number:
A/C=N, where N is any number, A is any object represented as a quantity, and C is
any measure. (Davydov, 2008)
This definition implies that any number is the result of a measurement. If we have an object
and we see the object just through one of its measurable features (e.g., a segment is
represented by its length) and we have a measure (e.g., a paper clip), then the result of
measurement is a number (e.g., the result of measuring the length of the segment with the
paper clip is a number).
The Example A3 from Appendix A is a snapshot from a lesson in which a teacher,
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who follows the content-based generalization curriculum designed by Davydov and his
collaborators, introduces the concept of whole numbers multiplication. The teacher brings in
front of the children a large and heavy bucket filled with water and shows to the students a
small glass. Then he asks them to find out to how many rabbits they can give water if each
rabbit would get one small glass of water. The students have the answer right away: they
need to measure the water from the bucket with the small glass. A child starts measuring and
counting the glasses. The work is laborious and it will last a long time to be done. In the
process, some of the water spilled over so the measuring will not be accurate. The children
would continue the work, and would be happy with their solution, even if it would take the
whole class to finish the job, and even if the number found would not represent exactly the
number of rabbits. It is the teacher’s responsibility to move the children from having only
physical experience to start having a logical-mathematical experience. He points out how
inefficient is the procedure performed by the kids because of the little unit that they are using
to measure the water. However the problem has to be solved. Therefore, the kids have to
“think” to find another method that will provide an answer faster and more accurate. After
several trials, the teacher suggests setting aside this problem and trying to solve another
situation. This time, the children have to find out how many bricks were used to build the
wall shown in a picture that hangs in front of the classroom. The side of the wall from the
picture is 52 cm  75 cm, and it is made out of bricks represented by rectangles of the
dimensions 2 cm  3 cm. The kids start to count the bricks from their seats, struggling to
keep the counting straight. The teacher does not let this difficult situation go unnoticed. He
remarks how hard it is to count the bricks from faraway, so he calls a student to come closer
and count the bricks. The whole class follows the student’s counting. They would have
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continued counting because in this way they would find the number of bricks in the wall, but
the teacher stops them and makes them understand how long time they have to spend
counting even if they are extremely good counters. This is another situation, beside the first
one where they had to count the little glass of water, in which the method of counting takes
too much time to find the answer, and many mistakes can be made during the process.
Teacher’s intention is to motivate the children to look for another method to solve the
problem. This motivation came naturally for the child from Example A1. When the child had
to find the product C  D  E E  C  D  , his first reaction was that he has to multiply the
polynomials. From Piaget analysis, this means that the child should just have a physical
experience by merely using external properties of the data. The child was not happy having
to work with 9 terms, so he looked for another way to find the product. The search for a
better method put the child in the situation to have the logical-mathematical experience
described in Example A1.
Similarly, in the current example, the teacher wants to keep his students looking for a
method that requests more than just physical experiences. The teacher has to form in his
students the ability that the child from Example A1 already has: the ability to have a logicalmathematical experience. First, the teacher does not let the students find the answer by
counting and points out how the counting method is time consuming and inefficient. Second,
he asks the students to “think,” to search for another method, but they are not able to provide
satisfactory answers. However, through this activity the students enter into their Zone of
Proximal Development and the teacher leads them to have the most expected logicalmathematical experience. The teacher leads the children to do a series of actions that
transform the process of counting with the little glass into a more rapid process. He shows
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the students that if they use a bigger unit of measure, a mug, it is easier to measure the water
from the bucket. Then he leads the students to discover the relationship between the mug and
the little glass. At the end, the students are able to find by themselves the total number of
glasses of water that filed the bucket by using the new method.
The goals set for students by the entire activity of measuring the water from a large
container were: (1) to internalize the action of changing the unit of measure, and (2) to
determine the equivalence relation between the units used in the measurement. In order to
achieve these goals, the teacher directs students’ reasoning toward a process that elevates
their spontaneous concepts (measuring with a small cup and counting) to the level of
scientific concepts (measure with a large unit and establish a relationship between two units).
The process aimed in this activity is the process of generalization.
To summarize, I will shortly enumerate the theoretical ideas included in this section.
Vygotsky distinguished between spontaneous/everyday concept and scientific concept, and
considered that every concept is the outcome of a process of generalization. Piaget
mentioned two experiences that promote learning. The physical experience consists in
manipulation of objects and draws knowledge by abstraction from the objects. The logical-

mathematical experience draws knowledge from the actions effectuated upon the objects.
Rubinshtein made the distinction between two types of thoughts, empirical thought and

theoretical thought, which differ by the route taken through the generalization process.
Krutetskii noticed two types of generalization used by elementary schoolchildren. The
ordinary children use an empirical generalization to learn mathematics. Children that are
successful in learning mathematics use a theoretical generalization in their thinking process.
Finally, Davydov argued that a generalization-based instruction is needed at the elementary
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school level in order to prepare schoolchildren.
From the research discuss so far, I would define generalization as an activity through
which the cognitive development of a human being happens. Also from the previous
research, it seems that mathematics is a domain where generalization is the most visible.
Mason (1996) defines generalization as the “heartbeat of mathematics.” Kaput (2008)
considers that “the heart of algebraic reasoning is comprised of complex symbolization
processes that serve purposeful generalization and reasoning with generalization” (p. 9).
Therefore, is it not a surprise that the “road map” for algebra that Kaput describes in his
introductory chapter of the book Algebra in the Early Grades (Kaput et al., 2008) is very
similar to the theoretical ideas of Krutetskii and Davydov. Kaput describes algebra as having
two levels: first, algebra is about systematically symbolizing generalization of regularities
and constrains (Core Aspect A); second algebra as syntactically guided reasoning and actions
on generalizations expressed in conventional symbol systems (Core Aspect B). Krutetskii
(1976) differentiated between two levels of the ability to generalize mathematical materials.
First is the ability of a child to find something general that is not known to him from isolated
and particular cases, for example, to find the 100th term for the sequence: 1,5,9,13,17…
Second is the ability of a child to identify something general that is already known to him in
particular cases and apply the general to the particular, for example, to apply the distributive
property of multiplication over addition to find the product 7 19. Krutetskii’s isolated and
particular cases are the same as Kaput’s singularities and constrains given by a particular
situation and what Krutetskii meant by identifying something general that is already known
for particular cases and applying the general to the particular, for Kaput is working with
generalizations expressed in conventional symbol systems. Therefore, by combining
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Krutetskii’s work with the work of Kaput and its collaborators we have a complete
theoretical framework for the algebraic (mathematical) development of elementary
schoolchildren.
Research on Content Analysis of Textbooks
The articles included in this review present research that analyzed textbooks used in
the US classrooms and were published between the years 1983 and 2010. The articles that I
present depict two important aspects of the research on content analysis of mathematics
textbooks that support my proposed study. The first aspect is that textbooks are considered
blueprints for the classroom instruction. A textbook does not completely reflect what is
happening in classroom. However, it shows what the target outcome of instruction is, which
in turn may impact the mathematical knowledge of students. The second aspect, which
emerges from the first one, is that the research on content analysis of mathematics textbooks
is an important area of research that provides reliable information about possible learning
outcomes of the current mathematics instruction.
Textbooks as Blueprint for Classroom Instruction
Most of the research done between 1983 and 2010 on elementary mathematics
textbooks considered the assumption that textbooks are resources that impact the classroom
instruction (Ashcraft & Christy, 1995; Freeman et al., 1983; Freeman & Porter, 1989;
Hamann & Ashcraft, 1986; Jitendra et al. 2005). Some studies researched how connected the
textbooks used in classroom and the classroom curriculum are (Freeman et al., 1983;
Freeman & Porter, 1989), other studies investigated how the textbooks reflect the NCTM
Standards (Jitendra et al., 2005), and others explored if there are any particular aspect of
textbooks that may influence some mathematical difficulties that students have (e.g., adults
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and children make more mistakes and need more time to perform mental operations with
large numbers than with small numbers; see Ashcraft & Christy, 1995; Hamann & Ashcraft,
1986).
For example, in Freeman et al. (1983), the authors were concerned with the claim that
a national curriculum for elementary mathematics triggers the content of the textbooks and
the standardized achievement tests. Therefore, Freeman and his collaborators conducted a
research study to analyze to what extent the same topics are emphasized in all the textbooks
and all the tests used for a given grade level, and if the number of common topics is
consistent with the claim that there is a national curriculum in elementary school
mathematics. Noting that there are many ways in which the classroom curriculum is affected
(e.g., the influence of the implied curricula of textbooks, teachers’ choice of the instructional
content, practice for standardized tests), the authors of this article conclude of that there is
more diversity than consensus in the mathematics curricula at elementary school level. Also,
Freeman and Porter (1989) described four case studies that challenge the idea that the content
of textbooks “dictates” the mathematics instruction at elementary school level. For a period
of one school year in 1979-1980, the authors collected data from four elementary fourthgrade teachers to determine how these teachers used the textbook, and to examine the
similarities between the content presented in the textbooks and the content covered in
instruction. The teachers that participated in this study kept daily logs in which they recorded
the amount of time they spent on each section of the lesson, the goals and objectives of the
lesson, what type of instruction they provided, the examples that they presented during the
instruction, and the examples that were assigned from the text. The data obtained from
teachers’ logs provided for Freeman and Porter a description of the content instruction, which

43
included the total number of minutes of mathematics instruction, the topics that each student
studied, and the amount of time spent on each topic. Each case study portraits different uses
of the textbooks in the development of curriculum (e.g., mandated books were followed very
closely, the textbook was used as a convenient resource in teaching basic skills that students
should learn, the textbook was a guide to identify topics that should be taught, and the
coordinated list of textbook assignments were used to teach the district’s objectives).
The research studies that I presented above, have all highlighted that the textbooks are
not the only factors that contribute to the development of mathematics curriculum. However,
the textbooks are still trustworthy resources that are used to inform classroom instruction.
Therefore, my research about the presence of the generalization process in mathematics
textbooks does not provide a guaranty about the presence or lack of presence of
generalization processes in mathematics curriculum. My findings bring awareness about the
generalization content imprinted in texts that may be used to develop mathematics
instruction.
The Importance of Research on Content Analysis of Mathematics Textbooks
In this section, I will present several studies that included content analysis of
textbooks materials. Up to now, no study focused its content analysis on how the process of
generalization is represented in curricula materials. For each study, I will present the method
of content analysis and what findings were unveiled by this approach of research.
The content analysis research method considers that texts are cultural forms of
expression of particular aspects of a social reality (Bos & Tarnai, 1999). From this
perspective, many mathematics education researchers used content analysis of textbooks to
identify possible causes for mathematical knowledge of elementary students (Ashcraft &
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Christy, 1995; Freeman et al., 1983; Freeman & Porter, 1989; Hamann & Ashcraft, 1986;
Jitendra et al. 2005).
Freeman et al. (1983) analyzed the most frequently used textbooks and standardized
tests at that time (1980’s) in the US for the fourth-grade mathematics by using content
analysis method. For their analysis, Freeman et al. developed a three – dimensional
taxonomy and classified every item from the student exercise section of the text by the item’
intention, the mathematical content, and the operations that the students was supposed to
perform. Through this method, they found that, at a very high level of generality, all the
textbooks and tests targeted similar mathematical content (e.g., addition, subtraction,
multiplication, division, and geometry) and were concerned with conceptual understanding,
computational skills, and applications. However, only six specific topics were common in all
books and tests. Three of them were related with computational skills: addition of multipledigit numbers with carrying, subtraction of multiple-digit numbers with borrowing, and
multiplication of one-digit multiplier and multiple-digit multiplicands. The other three
common topics were related with conceptual understanding of: the geometric terms, the place
value concepts, and a fraction represented by a pictorial model. Therefore, by using content
analysis approach, the authors were able to identify that there was more diversity than
similarity among the most common used mathematics textbooks at fourth-grade level in the
United States.
Jitendra et al. (2005) also used a content analysis approach to analyze and understand
how the NCTM Standards are reflected in mathematics textbooks. The data for this study
included word problems involving addition and subtraction presented in five 3rd-grade
mathematics textbooks. The analysis for the Standards was focused on problem solving,
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reasoning, communication, and representations. For each category, a set of codes was
created. For example, in the category for representations, the word problems were coded
based on the task required by the text (i.e., generate representations, select among
representations, apply a representation provided by the text). The second data source
analyzed in this study included the target lessons from the teacher’s manual. In these lessons
the researchers rated the levels at which the instructional design criteria (i.e., clarity of
objectives, explicit teaching explanations, effective feedback) were satisfied. The results
showed that among the five textbooks there was more variation than similarities. The authors
mentioned that they found often and reasonable representation of the problem solving
standard in all the textbooks. However, they found that not the same thing happened with any
of the other criteria. The opportunities for making connection and reasoning were presented
in less than 50% of problems coded. Also, most of the textbooks provided several
opportunities for students to apply specific representations to solve problems but there were
very few situations in which students were asked to generate their own representations or to
choose among representations. In regard with the textbooks’ adherence to the instructional
design criteria, only two textbooks satisfied most of the criteria used by the researchers in
their analysis. Also, from the instructional design perspective the textbooks were more
consistent among them than they were in the case of satisfying the selected NCTM
Standards. All textbooks were providing lesson objectives, however, only 28% were
complete and clear. Almost all the textbooks did not exceed one new concept introduced per
lesson. The presence of review of prerequisite skills covered 82% of the textbooks. Some
types of teachers’ explanations were present in all the textbooks. However, only three out of
the five textbooks provided more than 75% of explicit teaching explanations. All textbooks
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did not provide a sufficient number of teaching examples and none of the textbooks provided
non-examples when teaching a new skill or concept. The number of practice examples and
review problems were high in all the textbooks (78% - 91%). As part of the effective
feedback criterion for instructional design, four out of the five textbooks included error
connection procedures most of the times (65%). When feedback was present, it was
instructive and elaborated in all the textbooks. In conclusion, the authors considered that the
textbooks included in their study do not provide enough support for teachers to develop
students’ conceptual understanding of operations through adequate word problems.
Hamann and Ashcraft (1986) and Ashcraft and Christy (1995) researched the
connection between the size of the problem and its difficulty by analyzing elementary
mathematics textbook using the content analysis method. First, Hamann and Ashcraft (1986)
studied the frequency and the order of presentation of the basic 100 addition facts. Next, they
used correlation analysis to explore if there are possible relationships between textbooks
characteristics and variables that were shown by previous research to play an important role
in arithmetic processing (e.g., reaction time, measures of problem difficulty). The data
collected by the authors showed that learning the first 100 basic addition facts is the main
task of the first grader. Also, the authors found that the addends 2, 3, and 4 are more used that
7, 8, or 9. Surprising for the authors was the fact that at the lowest level of frequency were
problems involving augends/addends of 0 or 1. The order in which the basic addition facts
were presented in textbooks also showed a preference for smaller addends to larger ones.
When Hamann and Ashcraft compared their finding with a similar research done in 1924,
they noted that the same imbalance between the frequencies of small size problems and large
size problems was found in the elementary mathematics textbooks. The conclusion drawn by
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Hamann and Ashcraft from their research was that the knowledge of the simple addition facts
is closely related to their presentation in elementary texts.
Ashcraft and Christy (1995) analyzed the frequency of 100 whole-number facts and
the corresponding 100 multiplication facts in the 1988 edition of the Invitation to

Mathematics texts for 1st to 6th grades. They found that, compared with addition, there is a
strong preference for multiplication facts. There were 1.5 more multiplication facts than
addition facts. Also, for both addition and multiplication facts, the small number operands (2
- 5) are more frequent than large number operands (6 - 9). They termed the preference of the
small operands facts as “small-fact bias.” The authors found worrisome the fact that smallfact bias is persistent in all elementary texts examined from 1st grade to 6th grade. They
argued that children’s and adults’ problematic performance on addition and multiplication
facts with large operands is strongly connected with the fact that textbooks present more
examples that contain small numbers than big numbers.
As the articles presented in this second section show, the content analysis research
method for analyzing mathematics textbooks may reveal worth-knowing information and
understanding of students learning outcomes. The methods used by the authors of these
articles are based on classifying the items found in textbooks in categories (e.g., a threedimensional taxonomy, mathematical standards, operations facts). None of these studies
explored how the process of generalization is represented in elementary school textbooks.
Therefore, the content analysis approach that I used in my study has potential to provide a
description of how the process of generalization in mathematics is captured by the texts
included in teachers’ edition textbooks.
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CHAPTER 3 — METHODS

Overview
The purpose of this study was to describe how the generalization process is
represented in teachers’ edition textbooks of several third grade curricula. Specifically, I
examined tasks that may engage students either to work with geometrical and numerical
patterns, or to identify commutative, associative, and distributive properties and use them in
computations with whole numbers. In this chapter I present the tools that I used in my work
to explore the research questions of my study. After describing the data collection and
analysis procedures of my study, the key part of my study design is contained in the
subsection Analytical Criteria. In this subsection I look at the theoretical framework
described in Algebra in the Early Grades (Kaput, Carraher, & Blanton, 2008) and I add
several facets to the authors’ theory of Core Aspects and Strands. The resulting coding matrix
is presented in Figure 3.1. I also give examples of how this coding matrix was used in
analyzing the teachers’ manuals. The full power of this approach will be discussed in Chapter
4 – Findings.
Study Design
The Qualitative Research Paradigm
I based my study on the assumption that “cultural forms of expression in the broadest
sense can be expressed in texts, which means that the content analysis of texts is concerned
with social reality and that the results of the analysis and their interpretation are
correspondingly dependent” (Bos & Tarnai, 1999, p. 660). At large, the meaning of content
analysis implies “a systematic reading of a body of texts, images, and symbolic matter, not
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necessary from an author’s or user’s perspective” (Krippendorff, 2004, p. 3). As I concluded
in Chapter 2, the research on the content of mathematics textbooks, used by either teachers or
students in classroom, takes in consideration that the texts have the potential to impact the
instructional environment. By analyzing particular aspects of instruction presented in
textbooks, researchers are able to make inferences about possible outcomes of the
mathematics instruction and about the type of knowledge that teachers need in order to trim,
bridge, and decompose the mathematical ideas present in written curricula (McCrory, Floden,
Ferrini-Mundy, Reckase, & Senk, 2012).
Empirical content analysis research has a long history. It started in the 17th century
when students in theology were writing their dissertations on religious and nonreligious
written materials. It had a stronger development in the 18th century when some
methodological principals were developed by the Swedish state church in order to identify
published materials that were undermining the fundaments of the orthodox beliefs. In
contrast with its long history and relatively intense use over the years, content analysis
methods were rigorously developed only in the past two decades and, due to the more diverse
range of communication gadgets, the research on content analysis continues to grow at an
exponential rate (Krippendorff, 2004).
Performing a content analysis implies a qualitative research approach, as
Krippendorff (2004) mentions: “I question the validity and usefulness of the distinction
between quantitative and qualitative content analyses. Ultimately, all reading of texts is
qualitative, even when certain characteristics of the text are later converted into numbers” (p.
16). Therefore, I use a qualitative research approach for my study of the content of the third
grade teacher’s edition textbooks.
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Research Design
The research design for this study was based on the methodological handbook on
content analysis written by Krippendorff (2004). The author identifies five main categories of
content analyses: discourse analysis, social constructivist analysis, rhetorical analysis,
ethnographic content analysis, and conversational analysis. All the above approaches for the
content analysis are termed by Krippendorff as interpretative-hermeneutic strategies since all
of them have similar characteristics: they require the reading of a small amounts of text
samples; they require to reinterpret the texts using a narrative approach that may be
analytical, deconstructive, innovative, or critical and accepted within a particular scholarly
community; and the researcher/analyst has a constructive role which is conditioned by her/his
own social and cultural formation.
Consequently, the research design that I used in my study is an interpretativehermeneutic content analysis since it has all three characteristics described above. I closely
read the teacher’s textbooks of three mathematics curricula written for third grade (around
3,400 pages). I also presented my findings and I discussed the implications and limitations of
my study by using a narrative approach. For my analysis, I coded the content of the textbooks
using the criteria derived from my theoretical interpretation of the generalization process in
mathematics. Also, the interpretation of the texts was conditioned by my understanding of the
mathematics developed in the Romanian educational system in the 1980’s and 1990’s, by my
teaching skills shaped by teaching mathematics at all levels from elementary school to
undergraduate college, and by my own philosophical and theoretical formation developed
under the umbrella of the NSF founded research project Center of Mathematics Education of
Latinos/as (CEMELA).
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Data Collection Strategies
The material collected for this empirical study consists in teachers’ edition of
mathematics textbooks. To explore the extent to which the curriculum tasks and
accompanying teacher materials create the potential for teachers to mediate students’
engagement in performing generalizations, I carefully selected specific texts for analysis.
First, I focused on curricula that follow the Principles and Standards for School Mathematics
(NCTM , 2000) and were the result of a NSF-funded research project. Second, I read each
textbook and selected those sections of the text that are directly connected with the process of
generalization. Lastly, I re-read the selected subsections of the texts and I coded them by
using a pre-defined coding scheme.
Data Analysis Procedures
The first round of analysis. The process of generalization was very clearly
emphasized in the NCTM Principles and Standards for School Mathematics and more
recently by the mathematical practices presented in the Common Core State Standards for
Mathematics. Therefore, I focused my analysis on textbooks that reflected the NCTM
Principles and Standards for Mathematics. I found several projects that were sponsored by
the National Science Foundation [NSF] to develop such curricula.
I started my search electronically on the NSF website. The search using the terms “K 6
mathematics curriculum development” brought up 3000 awarded projects in the deceasing
order of relevance. Out of all those projects only 3 were targeting the development of
complete mathematics curricula for elementary school, without focusing on particular
approaches such as combining mathematics with science, using calculators, connecting
indigenous cultures with mathematics, or focusing on a specific group of students. The three
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curricula development projects that I found are: Everyday Mathematics, Investigations in

Number, Data, and Space, and Math Trailblazers.
NSF awarded the Everyday Mathematics project (http://everydaymath.uchicago.edu/) in
1992 for developing a complete mathematics curriculum for grades 4, 5, and 6. However, the
newly developed materials were a continuation of the previous K-3 Everyday Mathematics
curriculum that was already used in some elementary schools. This curriculum brings out
mathematical content from explorations of common life, natural and social sciences, arts and
language. Also, the mathematical structures and algorithmic procedures are presented as
important components of mathematical modeling. Looking for data in the world around us
implies identifying patterns, describing them, and extending them. Modeling with
mathematics implies making assumptions, identifying variables, describing relationships, and
making predictions. All these procedures are part of the generalization process. Therefore, I
determined that the Everyday Mathematics curriculum may include data that would inform
my research questions.
The second elementary mathematics curriculum project that was sponsored by NSF to
develop a reformed mathematics curriculum was Investigations in Number, Data, and Space
(http://investigations.terc.edu/). The project was awarded in 1990 for a 10 years period. This
curriculum, developed by the independent, research-based organization Technical Education
Research Center [TERC], was sequenced into ten modules for each grade level. Each module
presents mathematics as a “pattern-finding science.” The central idea of the curriculum was
to introduce mathematical content through investigations in numbers, data, and space. The
path from empirical investigations to specific mathematical content has to go through a set of
actions that are consistent with the process of generalization in mathematics. Therefore, I
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decided to analyze the content of the 3rd grade teacher’s edition textbooks developed through
the Investigations in Number, Data, and Space project.

Math Trailblazers (http://www.lsri.uic.edu/projects/tims.asp) is another K-5
mathematics curriculum funded by NSF. The first edition of this program was published in
1997. The Teaching Integrated Mathematics and Science [TIMS] Project at the University of
Illinois at Chicago developed this curriculum. It is a research-based curriculum that
integrates mathematics, science, and language arts in a way that emphasizes the conceptual
understanding and procedural skills, hands-on activities and paper-and-pencil tasks, a rich
variety of both formal and informal assessment opportunities, whole-class instruction, smallgroup activities, and individual work.
After the first round of analysis, I decided to explore the textbooks from all three
curricula mentioned above: Everyday Mathematics, Investigations in Number, Data, and

Space, and Math Trailblazers.
The second round of analysis. The purpose of this round of analysis was to identify a
subset of units that will be used in my content analysis. Krippendorff (2004, p. 98) defines
the sampling units as the “units that are distinguished for selective inclusion in an analysis.”
Since not every single part of the textbooks is related to my research question, it was
necessary to break down the text of each curriculum into parts and select only the ones that
are directly connected with the process of generalization or where connections to
generalization may be inferred. In order to select these units, I read every textbook page by
page, I selected the lessons or units that are relevant to my research questions, and I divided
the lessons selected for analysis into two groups. The first group includes lessons related with
patterns and the second group includes texts that are related with the commutative and
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associative properties of number operations. There two groups of lessons had very few
common lessons, this means that there were very few lessons that contained tasks related
with patterns and tasks involving properties of operations. Some of the selected units are
directly related to the process of generalization. An example of such unit is the textbook Unit
6: Stories, Tables, and Graph from the Investigations curriculum. Other selected units are not
oriented toward a generalization process but they have the potential to generate reasoning
characteristic of the generalization process. An example of a unit that implies a generalization
process is Unit 7, Session 1.2 of Investigation 1 in the Investigations curriculum. Here the
text focuses on the question “Can students combine both like and unlike fractions to make a
whole?” In order to combine like and unlike fractions to make a whole, the students have to

4 1 1 4 
be able to use their generalized knowledge about the commutativity      and
6 3 3 6 

2 2  1 2 2 1 
associativity        properties of addition.
3 3 3 3 3 3
Therefore, the second round of analysis resulted in two sets of selected units. One set
has provided relevant information about how the geometric and numeric patterns are
represented in the teachers’ edition textbooks for the third grade curricula. The second set has
allowed me to recognize connections between the process of generalization across successive
lessons on multi-digit addition and multiplication.
The third round of analysis. In the third round of analysis, I coded every selected unit
by applying the analytical criteria that is presented in the next subsection. Having a
predefined coding system for this analysis, the units of analysis are defined by categorical
distinction, which means “by their membership in a class or category – by their having
something in common” (Krippendorff, 2004, p. 105). Based on the theoretical analytical
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criteria that I chose to use, each code has four parts (each part is described in detail in the
next subsection). The first part represents one of the two cores of generalizations: (A)
successive processes of record making and action on those records, and (B) lifting up of
repeated actions on symbols into syntax. The second part illustrates in what strand of
generalization the coded section falls. This strand may be: (1) generalization of arithmetic
and quantitative reasoning; (2) functions, relations, variations; or (3) modeling. The third part
describes the type of elements used to create patterns in the process of generalization:
numerical, geometrical, or other. Finally, the fourth part identifies the type of mathematical
representations employed: contextual, visual, verbal, physical, and symbolic. For example,
the code A2OPh represents a section in which recurring processes are either analyzed or
recorded, or some work with these records is implied (core A). The number ‘2’ from the code
means that the section relates with functions, relationships, or variations (strand 2). The letter
‘O’ represents that the elements used to analyze are from the category “other,” which means
they are neither numbers nor geometrical figures. The last part of the code, ‘Ph,’ shows that
the mathematical content is communicated by using physical objects or through some body
movements. When all the units of analysis were coded, I created for each curriculum a table
encoding in a graphical manner the relative frequencies of the occurrences of the codes and I
looked for patterns that may be inferred from these tables.
Analytical Criteria
The overall analytical criteria used in my empirical study are generated by the
theoretical description of the means and goals of algebra presented by Kaput in the first
chapter of the book Algebra in the Early Grades (Kaput, Carraher, and Blanton, 2008). As
Kaput et al. mention, “algebraic reasoning shares dual aspects with most of mathematics:
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Mathematics is about generalizing and expressing generalizations, and it is about using
specialized system of symbols to reason with the generalizations” (p. 21) It follows that the
algebraic reasoning and the process of generalization share similar principles and
characteristics. Therefore, it is very much in its place to use a content analysis of algebra
framework to understand the extent to which the process of generalization is captured in the
teachers’ companion textbooks.
A general theoretical framework. In his article Kaput (2008) emphasizes an important
distinction between two ways of understanding algebra. I summarize first Kaput’s framework
for thinking about algebra and then I describe how I use this framework in my analysis of
how the process of generalization is embedded in teachers’ textbooks.
Two aspects of algebra are combined by Kaput (2008) into a theoretical framework for
a content analysis of algebra. This framework is constructed from two core aspects of
algebra: (Core Aspect A) Algebra as systematically symbolizing generalization of regularities
and constrains; and (Core Aspect B) Algebra as syntactically guided reasoning and actions on
generalizations expressed in conventional symbol systems.
Three strands are incorporated within each of these two core aspects of algebra.
Strand 1. Algebra as the study of structures and systems abstracted from computations and
relations, including those arising in arithmetic (algebra as generalized arithmetic) and in
quantitative reasoning. For example, this strand may include:



Generalizations about arithmetic operations and their properties (e.g., zero property,
commutativity, inverse property, etc.).



Ways to create generalizations from particular properties of numbers or relationships
between numbers (e.g., the sum of two odd numbers is even, finding and expressing
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properties of sums of three consecutive numbers, explaining why when multiplying a
number by powers of 10 implies adding zeros at the end of the number that was
multiplied, etc.).



Computational strategies that use properties such as the commutativity of addition or
multiplication. In this case, the strategies are considered algebraic only if the
properties are clearly expresses and examined in the computation. This excludes the
situations when they are “tacitly” used.



Reasoning with physical quantities instead of numbers.

Strand 2. Algebra as the study of functions, relations, and joint variation. In this strand are
included particular mathematical aspects that are connected with the concept of function.
These mathematical aspects may be found in situations that request describing systematic
variations across some domain, expressing regularities, analyzing equivalences that appear in
a pattern, identify where a function takes different values or if it satisfies specific constrains.
In this strand are also included the elementary patterns that are usually focused on identifying
the relationship between consecutive items in the sequence, which is not immediately
connected with the notion of function.
Strand 3. Algebra as the application of a cluster of modeling languages both inside and
outside of mathematics. This strand has three particular aspects. First aspect consists on
generating relationships (mostly constrains represented by equations) between numbers or
quantities without generating relationships within a group of situations. The second aspect is
the case of modeling a mathematical situation (e.g., numerical or geometric patterns) or a
non-mathematical phenomenon by identifying one or two variables that may be used to
represent a function or a class of functions. The third aspect of the mathematical modeling
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includes the case of generalizing situations. This requires the introduction of a parameter that
helps to represent the relationship from situation to situation.
This framework proposed by Kaput, which interweaves the two cores of algebra with
its three strands, was easily transformed into a predefined coding system that allowed me to
analyze the content of the selected materials from the teachers’ textbooks. In the matrix of
codes, as it shows in Table 3.1, the rows represent the cores of algebra and the columns are
the three strands, as described in the previous paragraph.
Table 3.1

Coding matrix resulting from the theory of Core Aspects and Strands
Strands
Core Aspects

(1) Generalization of
arithmetic and
quantitative reasoning

(2) Functions,
Relations,
Variations

(3) Modeling

A
Successive processes of
record making and action on
those records
B

A1

A2

A3

Lifting up of repeated actions
on symbols into syntax

B1

B2

B3

In order to have a deeper understanding of the data collected, I used a second layer of
analysis based on the types of elements used to form a pattern and on the types of
mathematical representations. For the pattern’s categories, I used the terms: numerical,
geometrical, and other. The types of mathematical representations were coded as contextual,
visual, verbal, physical, and symbolic.
The following are some examples from the classification of patterns. As geometric
(Ge) patterns I considered those patterns that are connected with basic geometric figures
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(e.g., polygons, elements of polygons, or properties of polygons). In the numerical (Nu)
patterns category fall sequences of numbers such as 2, 4, 8, 16, …. Any other type of patterns
that had elements like colors, letters, toys, plants, sounds, etc., which were neither numerical
nor geometrical, I placed them in the category other (O).
NCTM’s latest publication, Principles to Actions (2014), highlights five
representations that were identified by research to play an important role in the teaching and
learning of mathematics. These types of representations are: contextual, visual, verbal,
physical, and symbolic. Lesh, Post, and Behr (1987) describe these representations in the
following way:
Contextual:
[E]xperience-base “scripts” – in which knowledge is organized around “real world”
events that serve as general context for interpreting and solving other kinds of
problem situations. (p. 33)
Visual:
[P]ictures or diagrams – static figural models that, like manipulatable models, can be
internalized as “images”. (p. 33)
Verbal:
[S]poken languages – included specialized sublanguages related to domains like
logic, etc. (p. 33)
Physical:
[M]anipulatable models – like Cuisenaire rods, arithmetic blocks, fraction bars,
number lines, etc., in which the “elements” in the system have little per se, but the
“build in” relationships and operations fit many everyday situations. (p. 33)
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Symbolic:
[W]ritten symbols – which, like spoken languages, can involve specialized sentences
and phrases (

3

7,

∪

∩

) as well as normal English sentences

and phrases. (p. 33-34)
When this second layer of analysis was embedded into the coding matrix presented in
Table 3.1, the matrix of the new coding system that is so obtained became the one that is
presented below in Figure 3.1. Since my research questions refer to patterns and properties of
operations, I only included here the first two strands. Strand 3 refers to modeling, which is a
field that has two parts: one part contains real life situations and real data, the second part
contains mathematical knowledge. The focus of my study was only on mathematical
knowledge and therefore I decided not to analyze Strand 3 in this dissertation.

Figure 3.1. The theoretical coding matrix. The abbreviations for representations (headers of
the columns) are: C – contextual, Vi – visual, V – verbal, Ph – physical, S – symbolic.
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The Structure of the Coding Procedure. The information provided in teacher’s
textbooks has a systematic and well-structured presentation, with each curriculum following
its own design for all of its lessons. The books of all three curricula have similar page
organization: the inside part of each page is the text that contains the teaching information
and at the exterior of the page there is a column that includes pictures of students’ workbook
pages and sometimes teacher’s notes. The curricula have different displays for their texts,
however in all the books the main ideas of the text are separated by wider line spacing.
Therefore, I considered two delimitations for the analysis blocks or coding units. First, I
decided to code only the inside part of a page, which provides instructions on how to teach
the lesson. Second, I defined the coding unit to be the text between two consecutive wider
line separators. In this way, I was able to have a reliable process to categorize the
information. Once the coding units were defined, I marked each unit by including it in a
rectangular box. After partitioning the text into units, I analyzed and labeled each unit with
no code, one code, or several codes. Sometimes the text inside a box does not refer to
patterns or properties of addition and multiplication, which are the topics of my study, and
consequently I did not associate any code to that unit. There are also units that received more
than one code. This happens when the text falls in more than one of the coded categories, or
when the text refers to a page from student’s workbook or to teacher’s notes. In this last
situation, I also coded the tasks from the student’s workbook page or the teacher’s notes and
these codes became associated with the unit. In the following three paragraphs, I describe the
text organization and the coding units for each curriculum. Appendix C provides images of a
coded lesson, one from each of the three curricula.
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In the Investigations curriculum the lessons are called “sessions.” The first page of a
session lists the goals of the lesson, the math vocabulary, the needed materials, and a plan for
the lesson. Also, on the first page of each lesson there is box called “Ten-Minute Math”
which is a warm-up activity with a common topic for all the lessons in an investigation. The
main text of the session contains all the information about teaching the lesson and is
partitioned into discussions, activities, and a follow-up session following the plan presented
at the beginning of the lesson. Every lesson is divided in sections that start with a paragraph
typed in black that discusses mathematical content, often followed by several boldface lines
typed in blue that describe teacher’s actions. Therefore, for the Investigation curriculum, a
coding unit is a section of the text that contains a black written paragraph. In the situation
where the paragraph is followed by a blue written text, the blue text also becomes part of the
unit.
In Everyday Mathematics the lessons are called “lessons.” On the first page of a
lesson we can find the goals of the lesson and its organization into three parts. Part 1,
“Teaching the Lesson,” contains lists of the concepts and skills, activities, mathematical
vocabulary, and materials involved in the lesson. Part 2, “Ongoing Learning & Practice,” has
several varying subsections for every lesson, but two of them Math Boxes and Home Link
are always present. Part 3, “Differentiation Options,” has three subsections: Readiness,
Enrichment, ELL Support. From the second page on, the text present detailed information for
each one of the three parts. The text is sectioned by the main objectives of the lesson. The
objectives are written in a bold blue font and they constitute titles for each section. Often, a
section has more than one subsection. In this case, the subsections are introduced with a bold
black font. Given this structure of the text, a coding unit for Everyday Mathematics contains
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the text of subsections. This is the text between two blue titles (when there are no
subsections) or the text included between two black titles (when there is more than one
subsection).
In Math Trailblazers each lesson starts with a section named “Lesson Overview,”
which is a paragraph that describes the actions that students are involved with during the
lesson. Next, the key concepts and math facts covered in the lesson are listed followed by a
list of homework assignments. All this information is contained in the first page of the lesson.
The next two pages, give general information about the lesson such as: the place of the lesson
in the curriculum sequence – what was before it and what will follow, materials needed for
the lesson, pages where the lesson is in Student Guide, in Unit Resource Guide, and in the
Discovery Assignment Book. Also, this part includes tasks suggested for daily practice and
problems. The teaching information comes next and is divided in several subsections in the
following order: Teaching the Activity, Math Facts, Homework and Practice, Assessment,
and, sometimes, Extension. The last section is an outline of the lesson called At a Glance. For
this curriculum a coding unit is a whole paragraph of the text.
Applying the theoretical framework. In this sub-subsection I present an example of
how I used this coding matrix to code a sample lesson. I chose for this example the lesson
Cube Patterns: Red, Blue, Green, from Investigations, Unit 6.
The mathematical goals of Session 2.1 (Investigations, Unit 6, pp. 56-61) are the
following: to identify the unit of a repeating pattern, to associate counting numbers with the
elements of a pattern, and to determine the element of an ABC pattern associated with a
particular counting number. Right away, from these goals of the session, I expect to identify
aspects related with the strands 1 and 2. First, identifying the unit of a pattern means
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discovering the property that repeats in the given sequence and referring to it in symbolic
form as “the unit.” In order to discover the property that repeats, first it should be identified
and noted in several particular situations, then one has to express in a special way only the
part that repeats, and lastly one has to associate the repeating part with a symbol named the
“unit.” This process requires generalization of arithmetic and quantitative reasoning. The
other two goals of the section are directly related with the notion of function. They require
reasoning about the one-to-one correspondence between the set of elements of a pattern and
the set of counting numbers. Therefore, the last two goals of the session are part of the
second strand, which refers to functions, relations, and variations.
The text of Session 2.1, as it is the case with all the sessions in Investigations, is
divided in several parts named: Discussion, Activity, Ongoing assessment: observing students
at work, Differentiation: supporting the range of learners, and Daily practice and homework.
The remaining part of this sub-subsection contains a selection of analysis blocks (that is,
paragraphs of text), the code(s) that each particular block has received, and the reasons for
each particular code. See Appendix C for the complete description of the coding of the three
pages of text from Session 2.1 that these examples are coming from. More examples of
coding procedures are provided in Chapter 4.
Paragraph in the Investigations text:
“Show students the 12-cube train you prepared with the pattern: red-blue-green, redblue-green, red-blue-green, red-blue-green. …”2 (Unit 6, p. 57)

Code: A1OPh
Justification: This activity requires to record visually the colors of the 12-cube train and to

2

See the omitted picture of the connecting cubes in Appendix C, Figure C.1.
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group them into the set of red-blue-green cubes that repeats 4 times. These actions are part of
the algebra’s Core Aspect A (systematically symbolizing generalizations of regularities and
constrains). The algebra strand used in this action is number 1 since in this situation, the
meanings of grouping (putting together one red cube with one blue cube and with one green
cube) and ordering (the first cube is red, the second cube is blue, and the third cube is green)
from arithmetic are transferred and generalized by reasoning with colors. The types of
elements used are cubes of different colors therefore the pattern is neither geometric nor
numeric, and consequently of type other (O). Finally, the communication of ideas, in this
analysis block, is done only through the manipulatives (the cubes), which justifies the
physical (Ph) representation.
Paragraph in the Investigations text (immediately following the one above):
“This is a repeating pattern. What do you see in this pattern? How would you
describe it?”3 (Unit 6, p. 57)

Code: A1OV
Justification: See the previous example for the justification of the first three labels. In this
analysis block, the aimed action is to “describe” the pattern, which means that the
communication of ideas is done mostly through a verbal form (V).
Paragraph in the Investigations text:
Use students’ language and observations to bring out the idea that the unit for this

3

Boldface and color coded blue in the original. This color coding is used consistently in all the Investigations
books, for those passages that contain suggestions for words that teachers might use in class when teaching that
particular lesson.
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pattern is three cubes long and is red-blue-green.4 If students worked with the Grade 2
Patterns and Functions unit last year, you can refer to that experience.5

Code: B1OV
Justification: The focus of this section is to retain all the information about the 12-cube train
pattern into a conventional symbol named “unit,” which is a primordial step to systematically
guide future reasoning and actions (Core Aspect B). Here also, the arithmetical knowledge
about grouping and order (Strand 1) is used to identify the unit of the pattern. The pattern
classification is other (O) and the communication is verbal (V).
Paragraph in the Investigations text (immediately following the one above):
“Last year when you worked on patterns, you talked about the unit of a
repeating pattern. What is the unit of this pattern? How many cubes are there in
the part repeats over and over?”6 (Unit 6, p. 57)

Code: B1OV
Justification: Same justification as with the previous example.
Paragraph in the Investigations text:
Ask students whether they can come up with other patterns, using numbers or letters
or body movements that have the same kind of pattern as this color pattern. For
example, sometimes students suggest “1-2-3, 1-2-3” or “a-b-c, a-b-c” or come up
with a body movement pattern such as slap knees-clap-tap shoulders. It is helpful to

4

Italicized in the original.
From Investigations in Number, Data, and Space, Grade 3, Unit 6 (p. 57), by TERC, 2nd edition, 2012,
Boston: Pearson. Copyright 2012 by Pearson Education, Inc. Used by permission of Pearson Education, Inc. All
Rights Reserved.
6
Boldface and color coded blue in the original. See Footnote 3.
5
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show how the red-blue-green pattern matches these other patterns by having the class
chant “red, blue, green” along with the body movements or point to the colors in turn
as you say “1, 2, 3.” Students also worked on these kinds of correspondences in
Grade 2.7

Codes: A1OV/A1OPh/A1OC
Justification: In this analysis block, students have to create new patterns using the same
regularities as in the 12-cube example (Core Aspect A). In order to do this, they have to use
their understanding of the general concepts of grouping and ordering (Strand 1). The pattern
classification is other (O). (For the suggestion “1-2-3” one could think of a periodic
sequence, which would result into a numeric (Nu) classification, but this may be too abstract
at the third grade level.) This part has the potential to open up different ways to communicate
those patterns (e.g., verbally, kinesthetic, or colloquial).
Paragraph in the Investigations text:
“Now introduce the ides of associating the counting numbers with the cubes. …”8
(Unit 6, p. 57)

Code: A2OPh
Justification: The action here is to connect the cubes from the train with counting numbers
that represent their position in that train. This process is an association between the set of
cubes that builds the train and the set of counting numbers, in other words a function (Strand
2). The rule that guides the association of cubes with counting numbers is a particular

7

From Investigations in Number, Data, and Space, Grade 3, Unit 6 (p. 57), by TERC, 2nd edition, 2012,
Boston: Pearson. Copyright 2012 by Pearson Education, Inc. Used by permission of Pearson Education, Inc. All
Rights Reserved.
8
See the omitted picture of the connecting cubes in Appendix C.
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regularity (red-blue-green) that appears among the colors of the cubes. This section focuses
on recording this regularity (Core Aspect A). All the elements are visual, so pattern (O), and
the train gives a physical (Ph) representation.
Paragraph in the Investigations text (immediately following the one above):
The first cube is red. What color is the second cube? What color is the sixth
cube? What color is the eighth cube? Now I want you to imagine that this
pattern keeps going on past the cubes I am holding. What color would the next
cube be? What number would that be? What color would the 15th cube be? How
do you know?9

Code: A2OV
Justification: See the above description of the first three labels of the code. This time the
representation is through verbal communication (V).
Paragraph in the Investigations text:
Students build a train of twelve cubes with the same red-blue-green pattern. Using
their cube train as a tool, they answer the questions on Student Activity Book page 27.
In these questions, students determine the colors associated with particular numbers
when the cubes are labeled with the counting numbers, starting at one.
Students should begin by working individually and then …10

Code: A1OPh/A2NuS
Justification: In this part the students have to recreate the train using a specific regularity

9

Boldface and color coded blue in the original. See Footnote 3.
From Investigations in Number, Data, and Space, Grade 3, Unit 6 (p. 58), by TERC, 2nd edition, 2012,
Boston: Pearson. Copyright 2012 by Pearson Education, Inc. Used by permission of Pearson Education, Inc. All
Rights Reserved.
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(Core Aspect A) and in order to perform this action they have to apply general properties of
ordering and grouping (Strand 1).. All the elements used during this action are colors and
cubes, which justifies the OPh labeling for the first code. Also, the students have to associate
the cubes with counting numbers (Strand 2) and to record the regularity that appears among
the colors of the cubes and the associated counting number (Core Aspect A). This paragraph
has potential to facilitate a communication about numerical sequences (Nu) that happens
through some conventional notations (S) that students have to use in order to transfer their
thoughts in a written form.
Paragraph in the Investigations text (continuation of the previous paragraph):
“… after about 10 to 15 minutes, share their thinking with a partner, both to check
whether they have the same answer and to explain their methods.” (Unit 6, p. 58)

Code: A1NuV
Justification: This part is similar with the previous one with the exception that the students
have to communicate their thoughts verbally (V) instead of using conventional notations.
Paragraph in the Investigations text:
“Begin the discussion by asking how they figured out the color for the 18th cube.”
(Unit 6, p.60)

Code: A1OV
Justification: This part emphasizes more the analysis of the regularity (Core Aspect A) that
happens between the colors of the cubes and a particular place number (Strand 1). The
elements used during this action have visual nature (cubes and colors) and the
communication between students and between teacher and students is done verbally.
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Paragraph in the Investigations text (immediately following the one above):
“Students may have noticed that to get 18 cubes, they must add on two more units of
the pattern (red-blue-green, red-blue-green) to their 12-cube train, landing on green as
they did for 12.” (Unit 6, p.60)

Code: A1OPh
Justification: See the explanation of the previous code. Here the representation is Ph because
the explanation of the students’ solution comes from physically adding few more of the units
red-blue-green.
Paragraph in the Investigations text (immediately following the two above):
“Why do you think the 12th cube and the 18th cube are both green?”11 (Unit 6,
p.60)

Code: A2OV
Justification: This part emphasizes more the analysis of the regularity (Core Aspect A) that
happens between the colors of the cubes and the numbers associated with the position of the
cubes in train, so via the function (Stand 2) from counting numbers (the location of the cubes
in the train) to colors. The pattern characteristic is other (activity relies on color of cubes) and
the communication between teacher and students is done verbally (OV).
Reliability of the coding system. Two senior undergraduate students majoring in
elementary education coded entirely one lesson from one of the textbooks. First, both
students met with me for a 2-hour training session in which I provided them step-by-step
instructions on how to use the coding system. We discussed the definitions and worked out

11

Boldface and color coded blue in the original. See Footnote 3.
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together several examples. Then, each student coded individually a particular lesson that I
chose for this purpose. After one week, we met again and we compared the coding outcomes
obtained by the two students. The conflicts between codes were solved either by consensus or
by redefining the codes. At the end of the session, an agreement of 85% was attained.
Reporting the Findings
Creswell (2009) mentions that the basic procedures used to report the findings of a
qualitative study are narratives that describe the data and present themes developed from
data. First, my study aims to describe how the generalization process is represented in the
curriculum tasks and accompanying teacher materials across multiple lessons on multi-digit
addition and multiplication. Second, my study is about the potential of teachers’ edition
textbook to be used by teachers to mediate students’ engagement in describing, extending,
and making generalizations about geometric and numeric patterns. Therefore, the results of
the study will be presented in a narrative and descriptive form. The final project will be an
artifact that may be used by researchers and teachers to identify what are the tendencies of
current instruction regarding the development of generalizing ability in young students. The
results of my study will provide information about the mathematical content knowledge that
teachers need to have in order to bridge the written curriculum with the classroom
curriculum. Also, the results of my study may be used to support or create curricula that are
guided by learning trajectories that follow up a generalization process.
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CHAPTER 4 — FINDINGS

Findings: Part I
This section of the findings focuses on the affordances of curriculum tasks and
accompanying teacher materials that target describing, extending, and making generalizations
about geometric and numeric patterns. I acknowledge that there may be different and diverse
perspectives about interpreting these affordances. I focus my interpretation on how close the
tasks presented in textbooks are to the theoretical framework discussed in the book Algebra

in the Early Grades (Kaput, Carraher, & Blanton, 2008). My analysis and interpretation of
the textbooks’ text are reflections of my understanding of the process of generalization at
elementary school level from reading and reflecting on the approach in which the authors of
the book portray the process. Therefore, I present my findings through the lens of the
theoretical framework in order to identify where in the texts and in what contexts the
textbooks support classroom activities in which students are describing, extending, and
making generalizations about patterns.
This section is divided into four subsections. In the subsections Investigations in

Number, Data, and Space, Everyday Mathematics, and Math Trailblazers, respectively, I
describe the content structure and the text organization of the three curricula. For each
curriculum, the focus of the presentation is on the text that is directly related to patterns. The
last subsection, Comparison and Contrast, contains a discussion of the common and of the
particular characteristics of the three curricula.
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Investigations in Number, Data, and Space
Description. In the 3rd grade Investigations curriculum, patterns are present in Unit
5, Equal Groups (Multiplication and Division) and in Unit 6, Stories, Tables, and Graphs
(Patterns, Functions, and Change). Unit 5, which focuses on multiplication, is divided into
four investigations. From Investigation 1, Things That Come in Groups, only Session 1.3,
Solving Multiplication Problems, has tasks that involve analyzing, describing, and generating
patterns. Investigation 2, Skip Counting and 100 Charts, develops the entire content from
discussions about numerical or other types of patterns. Investigation 3, Arrays, presents the
visual representation of multiplication with arrays and uses this representation to show how
to learn multiplication combinations with product up to 50. Investigation 4, Understanding
Division, focuses on the inverse relationship between multiplication and division. Unit 6
includes three investigations. Each of them targets a particular topic: Investigation 1,
Changes of Temperature over time, is about reading and interpreting temperature graphs, and
then making predictions on weather in different parts of the globe; Investigation 2, Cube
Train Patterns, makes a transition from patterns to functions; and Investigation 3,
Representing a Constant Rate of Change, is an exploration of linear functions. For more
structure, each investigation is divided into several sessions.
The Investigations curriculum does not contain special sections of the text in which
the main discussion is focused on patterns. Patterns are used as cognitive tools to learn about
either multiplication or functions. Therefore, I selected only those parts of the text that are
directly using patterns as part of the content: from Unit 5, Session 1.3 from Investigation 1,
and all the sessions from Investigation 2; from Unit 6, all the sessions from Investigation 2
and the first three sessions from Investigation 3. Table 4.1 summarizes all these lessons.
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Table 4.1

Sessions from Investigations relevant to patterns
Investigation
Session
Unit 5: Equal Groups, Multiplication and Division
Investigation 1: Things That Come in Groups
Investigation 2: Skip Counting and 100 Charts

1.3 Solving multiplication problems
2.1 Highlighting Multiples on 100 Charts
2.2 More multiples
2.3 Solving related story problems
2.4 Patterns and relationships
2.5 Assessment: Counting around the class
2.6 Using multiplication combinations
Unit 6: Stories, Tables, and Graphs

Investigation 2: Cube Train Patterns
Investigation 3: Representing a Constant Rate
of Change

2.1 Cube patterns: red, blue, green
2.2 Where are the greens?
2.3What color is it?
3.1 The Marbles of Rhomaar
3.2 Working with tables
3.3 Describing the rule

Analysis. In order to understand and reflect on the meaning of the codes that I found,
I created a chart that shows what parts of the theoretical framework I identified while reading
the textbooks. I obtained the frequencies of codes by simply counting their occurrences and
then I associated each count with shades of grey (for this type of association I used Maple
programming). The shades in the color are proportional with the frequency of each code, and
were computed relative to the maximum counted number. The darkest shade of gray simply
indicates the most frequent occurrence. For example, the maximum occurrence in
Investigation corresponds to code A1NuV. I divided the interval from 0 to 1, with 0
representing white and 1 representing black, into the largest counting number found (the
number of A1NuV codes) of equal intervals and I associated all the other counts of codes
with in their corresponding shades of gray. For example a frequency of 1 gets the lightest
shade of gray; a middle range frequency gets a middle shade of gray; and the maximum
frequency gets the darkest shade of gray.
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As a reminder of how I am using the coding system to interpret my findings, I provide the
following descriptions. Strand 1 includes structures and systems abstracted from arithmetic
computations and relations. Strand 2 refers to functions, relations, and joint variation. Core

Aspect A refers to systematically noticing, recording and analyzing regularities and
constrains. Core Aspect B refers to syntactically guided reasoning and actions on
generalizations expressed in conventional symbol systems. Contextual representation (C)
implies situations in which the content is organized around real world-events; Visual

representation (Vi) consists in figures, pictures or diagrams. Verbal representation (V) refers
to spoken language. Physical representations (Ph) are concrete materials, manipulated
objects; Symbolic representation (S) refers to written form using conventional symbols.

Figure 4.1. Visual representation of the coding for research question 1, Investigations
curriculum. The shades of gray are obtained as relative frequencies of the counts of the
respective codes. The abbreviations for representations (sub-headers of the columns) are:
C – contextual, Vi – visual, V – verbal, Ph – physical, S – symbolic.
By looking at the shades of gray in Figure 4.1, one can see that the focus of the

Investigations textbooks is on Strand 1 of Core Aspect A, with a goal toward Core Aspect B
Strand 1, and with an approach that corresponds to Core Aspect A Strand 2. In other words,
Investigations curriculum has affordances for engaging in recording successive results of
quantitative reasoning (Core Aspect A – Strand 1) and for developing symbols and syntaxes
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for the generalizing process (Core Aspect B). The text, also, may be used to initiate the
process of recording the variation between two variables and to work with those records
(Core aspect A – Strand 2). Moreover, Core Aspect B – Strand 2 is lightly shaded in gray,
which shows that the text has the affordance for generating symbolic representations of the
relationship between two variables.
My analysis shows that the Investigations curriculum treats patterns as tools that
smoothen the path for learning new mathematical concepts. The textbooks refer to them in
two contexts: understanding/learning multiplication of natural numbers and
understanding/learning about functions. In Unit 5 by looking at patterns formed by multiples
of numbers such as 2 and 4, 3 and 6, 5 and 10 helps to develop strategies to compute more
complex multiplication expressions. In Unit 6, patterns are the building blocks for
understanding the concept of linear functions. The progression from generalized arithmetic to
functional interpretation is very close aligned with the development of algebraic reasoning
the theoretical framework discussed by Kaput et al (2008). In order to capture this
progression in each of the contexts, I divided the findings in the following way:



Section A presents the levels (Core Aspect A and Core Aspect B) and types of
representations (contextual, visual, verbal, physical, and symbolic) of patterns that are
present in tasks involving recursive thinking (Strand 1);



Section B presents the levels (Core Aspect A and Core Aspect B) and types of
representations (contextual, visual, verbal, physical, and symbolic) of patterns that are
present in tasks involving functional thinking (Strand 2).
Section A. In this part I present examples from the Investigations textbooks that

involve third grade students in a recursion process. The recursion process is the “method of

77
recording and summarizing step-by-step sequential change” (Bezuszka & Kenney, 2008, p.
82). In other words, by starting from the first term

, all the other terms of the pattern are

obtained by adding or multiplying the previous term with the same number with is the
common difference respective the common ratio. This process corresponds to Strand 1 of
algebra, which is the study of structures and systems abstracted from computations and
relations, including those arising in arithmetic (algebra as generalized arithmetic) and in
quantitative reasoning.
In the Investigations textbooks, the tasks that are part of Strand 1 are present at both
levels of algebra: Core Aspect A (systematically symbolizing generalization of regularities
and constrains) and Core Aspect B (syntactically guided reasoning and actions on
generalizations expressed in conventional symbol systems). Also, the mathematical
representations of these tasks cover the entire spectrum: symbolic (written form using
conventional symbols), visual (figures, pictures or diagrams), verbal (spoken language),
physical (concrete materials, manipulated objects), and contextual (content is organized
around real world events). Therefore, the subsection Core Aspect A – Strand 1 includes
examples selected from textbooks that show how the recursion tasks are represented at the
level that requires systematically creating and analyzing regularities and constrains. The
subsection Core Aspect B – Strand 1 includes examples selected from textbooks that show
how the recursion tasks are represented at the level that requires reasoning with
generalizations expressed in conventional symbol systems.

Core Aspect A – Strand 1. Core Aspect A – Strand 1 is present across all sections of
the text selected for analysis. In Unit 5, Session 1.3, which is called Solving Multiplication
Problems, the presentation starts with the task Counting Around the Class. Students are
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taking turns to say the number that comes next in skip counting by a specific number. In
order to have students thinking about the connection between repeated addition and
multiplication, they are asked first to predict the last number in their counting. Therefore, the
task Counting Around the Class, is a context in which students generate arithmetic sequences
by adding recursively the common difference and investigate a general formula for the
elements of the sequence. The following example shows that this task uses contextual,
verbal, and symbolic representations for the recursion process.
A1NuC/A1NuV/A1NuS:
Extend this activity by asking the following questions:



If we continued counting around the class again, starting with the next
number, what would the ending number be?



Let’s look at the predictions made before we counted. Which of our
predictions were possible? Think about the counting by 2s pattern. Are there
any predictions that we couldn’t have landed on?12,13

Other types of tasks that require recursive thinking refer to finding multiples of 2, 3,
4, 5, 6, and 10. The exploration of multiples starts by using 100 charts (visual
representations) and selecting the multiples of 2 by drawing circles around each multiple.
Then the multiples of 2 are recorded by using symbols and diagrams, as in the following
example.

12

Boldface and color coded blue in the original. This color coding is used consistently in all the Investigations
books, for those passages that contain suggestions for words that teachers might use in class when teaching that
particular lesson.
13
From Investigations in Number, Data, and Space, Grade 3, Unit 5 (p. 36), by TERC, 2nd edition, 2012,
Boston: Pearson. Copyright 2012 by Pearson Education, Inc. Used by permission of Pearson Education, Inc. All
Rights Reserved.
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A1NuVi/ A1NuS:

Figure 4.2. Teaching material used to explore patterns of multiples. From
Investigations in Number, Data, and Space, Grade 3, Unit 5 (p. 49), by TERC, 2nd
edition, 2012, Boston: Pearson. Copyright 2012 by Pearson Education, Inc. Used by
permission of Pearson Education, Inc. All Rights Reserved.
When students are finished, direct their attention to skip counting circles on
the bottom of 100 Chart with Skip Counting Circles (M12). These circles are
designed for two purposes: to help students make the connection between skip
counting and multiplication and to help them become familiar with multiplication
combinations. Explain to students that they should write the numeral 2 in each of the
blanks and fill in the circles with the corresponding multiples, as shown below.14

14

From Investigations in Number, Data, and Space, Grade 3, Unit 5 (p. 50), by TERC, 2nd edition, 2012,
Boston: Pearson. Copyright 2012 by Pearson Education, Inc. Used by permission of Pearson Education, Inc. All
Rights Reserved.
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Figure 4.3. Skip Counting Circles used to explore multiples of 2. From Investigations
in Number, Data, and Space, Grade 3, Unit 5 (p. 50), by TERC, 2nd edition, 2012,
Boston: Pearson. Copyright 2012 by Pearson Education, Inc. Used by permission of
Pearson Education, Inc. All Rights Reserved.
Next types of tasks treat the multiples of 5 and 10 together by using towers of connecting
cubes (physical representation) and the 100 Chart (visual representation). The following
extract from the textbooks is an example of how the physical (towers made out of cubic
blocks), visual (100 – charts), and verbal (sharing ideas) representations are blended together.
A1NuPh/A1NuVi/A1NuV:
Next, distribute two more copies of the 100 Chart with skip Counting Circles (M12)
to each student.
As students are finishing, encourage them to share their ideas about the
relationship between the multiples of 5 and 10. Ask them to think about the towers
they built as well as the charts they filled out. Also, explain that they will be thinking
more about the relationship between 5 and 10 and other doubles in the next few
sessions.15

15

From Investigations in Number, Data, and Space, Grade 3, Unit 5 (p. 51), by TERC, 2nd edition, 2012,
Boston: Pearson. Copyright 2012 by Pearson Education, Inc. Used by permission of Pearson Education, Inc. All
Rights Reserved.
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After analyzing the relation between the multiples of 5 and 10 the textbooks explore how a
product changes when one of its factors is doubled or halved. The tasks alternate between
multiplication problems that can be solved by using the fact that the multiple of 6 are double
the corresponding multiple of 3 and analyzing the sequences of multiple of 3 and 6. First, the
representations used in these tasks are symbolic and verbal as in the following example.
A1NuS/A1NuV:
Record the sequences of the first ten multiples of 6 on the board. Then count by 3s
and record the first ten multiples of 3 right under the multiples of 6. Your board will
look like the following:

Figure 4.4. Recording multiples on the board. From Investigations in Number, Data,
and Space, Grade 3, Unit 5 (p. 67), by TERC, 2nd edition, 2012, Boston: Pearson.
Copyright 2012 by Pearson Education, Inc. Used by permission of Pearson
Education, Inc. All Rights Reserved.
Ask students what they notice about the two lists of multiples.

Students might say: “I notice that 15 in the 3s list is half of 30 in the 6s list,
which is right above it. If you count around the class by 6s, the fifth person says 30; if
you count around by 3s, the fifth person says 15.”16

16

Italicized in the original.
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Is this true for other pairs of numbers? What does the eighth person say
if you count by 6s? By 3s? What about the tenth person? What if we keep going?
Would the next multiple of 6 be double the next multiple of 3? Why is this
happening? Who has some ideas?17 18
After the relationship between multiples of 3 and multiples of 6 is presented in verbal and
symbolic representations, it is also explored in story problems (contextual representation)
similar with the following example.
A1NuC/A1NuV:
After a few ideas have been expressed, pose the following story problem about
packaging something in groups of 3 and then in groups of 6.
Ms. Ross owns an apple orchard. She was making bags to sell with three
apples in each bag. If she made ten bags of apples, how many apples did she use?
On another day, she decided to put six apples in each bag. If she made ten bags
of apples, how many apples did she use this time?19,20
The recursive thinking is also part of tasks from Unit 6, Investigation 2, where the
examples given in the text are numerical sequences associated to an “ABC pattern,” that is a
pattern whose unit consists of three different elements. The recursion process is used to
identify pattern between the positions of the same element, which moves the focus from a

17

Boldface and color coded blue in the original. See Footnote 12.
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Rights Reserved.
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Boston: Pearson. Copyright 2012 by Pearson Education, Inc. Used by permission of Pearson Education, Inc. All
Rights Reserved.
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repetitive pattern into a recursive pattern. Next are some examples that reflect the generalized
arithmetic approach of this section, represented in verbal, symbolic, and visual forms. The
first example shows that the tasks are first introduced using spoken language.
A1NuV: “After the numbers for the first ten green cubes have been written down, ask
students about this sequence. ‘What do you know about these numbers?’21”
(Investigations, Unit 6, p.64).
Then, the results of the tasks are recorded on the white board:
A1NuS:
Have one student write the list of numbers for the greens from Student Activity Book22
page 32; another student for the blues form Student Activity Book page 34; another
student for the reds form Student Activity Book page 36. Have the numbers in a list
under the words Red, Blue, Green.23

Figure 4.5. Recording the position of colored cubes. From Investigations in Number,
Data, and Space, Grade 3, Unit 6 (p. 70), by TERC, 2nd edition, 2012, Boston:
Pearson. Copyright 2012 by Pearson Education, Inc. Used by permission of Pearson
Education, Inc. All Rights Reserved.
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Boldface and color coded blue in the original. See Footnote 12.
The three mentions of Student Activity Book in this paragraph are italicized in the original.
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From Investigations in Number, Data, and Space, Grade 3, Unit 6 (p. 70), by TERC, 2nd edition, 2012,
Boston: Pearson. Copyright 2012 by Pearson Education, Inc. Used by permission of Pearson Education, Inc. All
Rights Reserved.
22
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As visual representations of the relationship between the positions of the colors, the
text uses the number line where the “hops” show the same three units distance between the
numbers and the different starting numbers of each sequence.
A1NuVi:
When students describe each sequence as being three apart, some teachers find it
useful to show the green number sequence on a number line, then the blue and red
sequences on parallel number lines.

Figure 4.6. Number line representation of a pattern. From Investigations in Number,
Data, and Space, Grade 3, Unit 6 (p. 71), by TERC, 2nd edition, 2012, Boston:
Pearson. Copyright 2012 by Pearson Education, Inc. Used by permission of Pearson
Education, Inc. All Rights Reserved.
Then ask about how students would find the color for a particular number cube. Start
with a multiple of three higher than 30 but lower than 52, such as 42 or 45.24
In Unit 6, Investigation 3 is about the story The Magic Marbles of Rhomaar. This is a
context for the transition between recursive thinking and functional thinking. The recursion
process is present in the fact that the number of marbles for a child is sometimes analyzed as

24

From Investigations in Number, Data, and Space, Grade 3, Unit 6 (p. 71), by TERC, 2nd edition, 2012,
Boston: Pearson. Copyright 2012 by Pearson Education, Inc. Used by permission of Pearson Education, Inc. All
Rights Reserved.
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a sequence of numbers. The analysis consists of looking for patterns in the columns used to
record the number of marbles of that child. Many of the mathematical representations used in
this section of the text are verbal, as in the next example.
A1NuV:
Now ask students what they notice about what is happening during Week 1.
What do you notice about Franick’s and Bolar’s marbles during Week 1? Do
you see any patterns? How would you describe what is happening as the week
goes on?25,26
Here, the students are encouraged to discuss and express in words the set-up of the problem.
Their mathematical reasoning is developed using the verbal representation. However, the
visual representation is the main approach when the use of diagrams, tables, or pictures is
implied. The following example shows such an approach.
A1NuVi:
Students develop a way to represent a situation in which there is a starting amount
(the leftover marbles) and a constant increase (a certain number of marbles per night).



What kind of representations do students make? Are their representations
clear enough that someone else can interpret them?



Do they take into account the beginning number of marbles and the
nightly number?



25

Do their representations show the total for each day?27

Boldface and color coded blue in the original. See Footnote 12.
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As student work on their diagrams, tables, or pictures, look for three or four that can
be shared at the end of this session as examples of the range of ways students in your
class chose to represent this situation.28
In summary, the findings show that, in the Investigation textbooks, Core Aspect A –
Strand 1 is reflected in tasks that involve skip counting by a number, finding multiples of 2,
3, 4, 5, 6 and 10, finding relationships between the multiple of 5 and 12 and the multiple of 3
and 6, and in exploring the relationships between numbers that are multiples of 3, multiples
of 3 plus 1, and multiples of 3 plus 2.

Core Aspect B – Strand 1. Worth observing in Unit 6 is the appearance of Core Aspect
B, which at this level implies raising a synthetically guided, reasoning into a conventional
symbol system (that is, the Investigations text brings in ways to represent symbolically the
connection between the numbers and the colors by looking at the general mathematical
concept of ‘multiple of three’). Since the text considers only the relationship between the
counting numbers which are connected with a specific color, or it focuses on three
consecutive numbers, the approach remains only at the level of strand 1 – arithmetic
reasoning. I present an example from the text coded as Core Aspect B – Strand 1.
B1NuV:
You can use this as an opportunity to introduce the term multiple [emphasis added].
Then ask for responses to Problem 7 on Student Activity Book page 32.

27

The three questions of this block quote are boldface in the original.
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Why does it work this way? Why do you think the numbers for the green cubes
are multiples of three?29
This question provides an opportunity for students to talk about how the length of the
unit of the pattern is related to the number sequence.30
Once the word “multiple” is used, it becomes a conventional symbol that allows
reasoning with an entire class of numbers instead of few examples. Therefore, the only types
of tasks that provide the opportunity to move from Core Aspect A to Core Aspect B are the
ones that explore the multiples of 3.

Summary of findings for Section A. Several types of tasks presented in the
Investigations curriculum have affordances for promoting recursive thinking. First, there are
the tasks related with understanding multiples of 2, with understanding the connections
between multiple of 5 and 10, and with the connections between multiples of 3 and 6. Then
there are the tasks that request finding a pattern between the positions of the same color in a
train formed with cubes colored red-blue-green. And lastly, there are the tasks from the story
The Magic Marbles of Rhomaar that analyze the number of marbles for a child as a sequence
of numbers. In all types of tasks the level of recursion process is treated at Core Aspect A
level by having the focus on systematically symbolizing generalization of regularities and
constrains. However, in The Magic Marbles of Rhomaar tasks the text includes actions on
generalizations expressed in conventional symbol systems (multiples of 3), which is part of
the Core Aspect B of algebra.
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Section B. In this section I present examples from the Investigations textbooks that
have the affordance to involve 3rd grade students in functional thinking. Here, functional
thinking implies the identification of the correspondence between two variables that
represent whole numbers and expressing this correspondence by using arithmetic operations.
In other words, by starting from a whole number n, obtain another whole number by
repeating a particular sequence of arithmetic operations. This process corresponds to Strand 2
of algebra, which studies mathematical aspects that may be found in situations that request
describing systematic variations across some domain, expressing regularities, analyzing
equivalences that appear in a pattern, identify where a function takes different values or if it
satisfies specific constrains.
In the Investigations textbooks, the tasks that are part of Strand 2 are present at both
levels of algebra: Core Aspect A (systematically symbolizing generalization of regularities
and constrains) and Core Aspect B (syntactically guided reasoning and actions on
generalizations expressed in conventional symbol systems). Also, the mathematical
representations of these tasks cover the entire spectrum: symbolic (written form using
conventional symbols), visual (figures, pictures or diagrams), verbal (spoken language),
physical (concrete materials, manipulated objects), and contextual (content is organized
around real world events).
The subsection Core Aspect A – Strand 2 includes examples selected from textbooks
that show tasks that are at the level that requires describing systematic variations across some
domain and expressing regularities. The subsection Core Aspect B – Strand 2 includes
examples selected from textbooks that show how the tasks about describing systematic
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variations across some domain and expressing regularities are represented at the level that
requires to reason with generalizations expressed in conventional symbol systems.

Core Aspect A – Strand 2. The code A2 is present in Unit 6 in two contexts. First, the
text starts by making connections between the set of counting numbers and color of cubes
arranged in “cube train.” This association represents a function from the set of counting
numbers to the set of three colors, {Red, Blue, Green}. The facets used to represent this
situation are neither numerical (using properties of numbers) nor geometrical (using attribute
of geometric figures), therefore I placed them under the category “Other” (O). Also, the
communication is through symbolic (S) and verbal (V) representations. The following
example suggests that the tasks require recording observations in symbolic representation.
A2OS: “As you observe students working, make sure that they understand the difference
between finding the number associated with the first cube in the pattern and the number
associated with the first green31 cube in the pattern.” (Investigations, Unit 6, p.63)
The next example shows that the verbal representation is also part of the tasks.
A2OV: “Begin the discussion by asking the students to explain what number is matched with
the tenth green cube. Have a few students explain their methods for finding this number.”
(Investigations, Unit 6, p.64)
The second context for Strand 2 in Investigation curriculum is the story The Magic
Marbles of Rhomaar, which presents different growth models of the number of Magic
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Marbles received as gifts by the children from planet Rhomaar. The following is the
beginning of the story:
… For the first thirty nights of every year, each child on Rhomaar is visited by a
Magic Marble Messenger, who leaves that child the same number of Magic Marbles
each night. The odd thing though, is that the number of magic Marbles received by
one child each night can be different from the number of Magic Marbles received by
another child each night.… Also, the Magic Marbles are so valuable that many
children do not use all their Magic Marbles in any one year and may save some for
the next year.…32
In the story The Magic Marbles of Rhomaar most of the content reflects the dependence of
the total number of marbles on the number of days, which is interpreted as a functional
relationship. Consequently, Strand 2 is the leading trend in this section of the text.
The story leads to analyzing and describing relationships between the set of counting
numbers from 1 to 30, representing the number of days, and the set of counting numbers, that
represent the total number of marbles that each child has in a particular day. The
mathematical content consists of linear and proportional relationships between the number of
days and the number of marbles. The linear relationships are presented by the situation of
children with leftover marbles; the situation of children that start the year with no marbles
present a proportional relationships; and the different rates of change are presented by the
different amount of marbles that each child receives. All different functional relationships are
analyzed through tables and graphs. Consequently, the mathematical representations are
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verbal and visual. The following example shows a verbal representation of a task involving
functional thinking.
A2NuV:
Follow up with more specific questions, such as these:
Where did [Edwin] show the beginning number of marbles? How did
[Ines] keep track of the way the total number changed every day? Who can say
in their own words how [Dwayne] figured out the total amount at the end of 30
days?33,34
The visual representations are tables and graphs. Next, there is an example that shows the
way in which graphical representation is present in textbooks.
A2NuVi:
Ask follow-up questions about the graph. Focus on the meaning of the numbers along
the horizontal and vertical axes and on what particular points on the graph show.
What do the numbers along the horizontal axis show? What do the
numbers along the vertical axis show? What does the point mean? What does the
point on the graph right above 0 on the horizontal axis mean?35 36
In summary, while Core Aspect A – Strand 2 is reflected strongly in the story about
The Magic Marbles of Rhomaar, whose implicit goal is to introduce students to linear
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functions, the discussion about cube trains leads naturally to the advanced view of a sequence
as function with domain the counting numbers.

Core Aspect B – Strand 2. In Unit 6, Investigation 2, the majority of codes is in the
facet “Other.” The reason is that the Investigations text uses unit cubes as manipulative tools
to portray the concept of function – a specific relationship between counting numbers and
colors. This allows the authors to close this Investigation with a statement that places the
discussion into Core Aspect B, strand 2: an opportunity to represent the relationship between
counting numbers and colors in a symbolic form. It is done though only in a verbal form as in
the following example.
B2OV:
To finish the class, and this Investigation, ask the students whether they have come up
with any methods they can explain for determining the color of a certain number cube
in the red-blue-green repeating pattern.
If I gave you a number, how would you go about figuring out weather
that cube is red or blue or green?37 38
Another opportunity for Core Aspect B comes, in the story The Magic Marbles of
Rhomaar, from transforming the quantitative reasoning about the number of marbles into a
rule that relates the number of days (independent variable) to the number of marbles
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(dependent variable). The symbolical representation of this rule is a combination between
words and symbols of operations, as we can see in the following two examples.
B1NuV:
Now ask students to work in pairs for a few minutes on some other days that are not
on the chart.
Without looking back at your tables, can you use your rules or methods to figure
out how many marbles Winger has on Day 11? Day 9? Day 12? Day 18?39,40
B1NuS: “Record students’ methods as they explain them, using their own words. Make sure
that they can indicate what each number means.” (Investigations, Unit 6, p.99)

Figure 4.7. Example of a student’s solution that is very close to algebraic notation.
From Investigations in Number, Data, and Space, Grade 3, Unit 6 (p. 99), by TERC,
2nd edition, 2012, Boston: Pearson. Copyright 2012 by Pearson Education, Inc. Used
by permission of Pearson Education, Inc. All Rights Reserved.

Summary of findings for Section B. Two types of tasks from the Investigations
curriculum have affordance for promoting functional thinking. First, the tasks which require
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making connections between the set of counting numbers and color of cubes arranged in
“cube train.” Then, the tasks from the story The Magic Marbles of Rhomaar, which presents
different growth models of the number of Magic Marbles received as gifts by the children
from planet Rhomaar. In all types of tasks the level of functional thinking is treated at Core
Aspect A level by having the focus on systematically symbolizing generalization of
regularities and constrain and at the Core Aspect B level of algebra through tasks which
include actions on generalizations expressed in conventional symbol systems.
Summary of Findings for Investigations Curriculum. The distribution of cores and
stands means that the Investigations curriculum starts by analyzing and synthesizing
arithmetic operations and quantitative reasoning that lead to the study of relations and
functions, and toward the end these relations and functions become expressed by using a
conventional approach. In Unit 5 the numerical patterns are used to explore multiples of
numbers from 2 to 10 and multiplication combinations in order to use simple and known
multiplication fact to solve more complex multiplication problems. The settings for these
explorations are: Counting Around the class, 100 Charts with Skip Counting Circles, and
story problems. Unit 6 starts by presenting a modeling situation in which the changes in
temperature are analyzed with the use of line graphs and sets up the need to analyze
situations that are changing over time, by looking at the relationship between two quantities.
Next, the second investigation analyzes a type of relationship between quantities where to the
position in a sequence it is associated a color (from a ‘cube train,’ built using an ABCpattern). The algebra content in this investigation is focused on Core Aspect A, strands 1 and
2. Then in the third investigation the Core Aspect A, strand 2 is most emphasized within the
context of the story with the Magic Marbles of Rhomaar. Also, in investigations 2 and 3,
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Core Aspect B starts to be lightly represented, at strand 1 level, and mostly under the verbal
facet.
The framework given by Kaput et al. (2008) implies that the Core Aspect A precedes
Core Aspect B, and within each aspect the strands 1, 2, and 3 represent increasing order of
complexity. My analysis of the Investigations curriculum shows that the process of
generalization follows this model except for the modeling part – strand 3 – which instead of
coming at the end of the process, as in the framework, it is used as an introduction and a
motivation for describing, extending, and making generalizations. Consequently, the text
reflects the progression of the process of generalization from quantitative reasoning, patterns,
and arithmetic generalization toward relational and functional thinking. I have to note now at
the end of this section, that none of the tasks presented in the text refer to generalization of
patterns that have as elements properties of geometric figures. The organization of the text is
clearly focused on numerical relationships.
Everyday Mathematics
Description. In the 3rd grade Everyday Mathematics curriculum, patterns are present
in the following contexts: “counting by…” number sequences, number-grid patterns, framesand-arrows diagrams, learning multiplication facts, and patterns in products. The analyzed
lessons are included in Table 4.2.
Each lesson has a particular approach to patterns. In lesson 1.1 the numerical patterns
appear in the form of counting by 1s and 10s starting from different numbers in order to
complete number sequences. Lesson 1.2 uses the counting by 1s and 10s to identify patterns
in the number-grid. The lesson is focused on finding differences using number grid.
However, the section Differentiation Options includes an image of a student page that refers
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to skip counting by 2s and 5s on the number grid and to look for common multiples of 2 and
5. Lesson 1.12 is completely focused on numerical patterns represented by frames-andarrows diagrams. Lesson 4.6 presents a way to remember multiplication facts by finding
numerical patterns in multiplication facts table. Lesson 7.1 presents array diagrams to
identify patterns among multiplication facts. Next, lesson 7.2, after reviewing multiplication
facts already familiar to the students, uses numerical patterns to find products not known yet
by students. In 7.6 patterns are only included in the section Ongoing Learning & Practice.
Finally, lesson 9.10 includes an exploration of number patterns using equilateral triangles and
the section Differentiation Options refers to patterns in triangular numbers.
Table 4.2

Lessons from Everyday Mathematics relevant to patterns
Lesson
1.1
1.2
1.8
1.12
4.6
7.1
7.2
7.6
9.10

Topic
Number and Number Sequences
Number Grids
Finding Differences
Patterns
Multiplication and Division Fact Families
Patterns in Products
Multiplication Facts Survey
Extended Facts: Multiplication and Division
Exploring Arrays, Equilateral Triangles, and Strength of Paper

Analysis. My analysis of Everyday Mathematics textbooks shows that the text
corresponds to Core Aspect A (systematically symbolizing generalization of regularities and
constrains) and to Strand 1 (recursion process, generalized arithmetic) and has examples
from geometric, numeric, and other patterns. However, numerical patterns are the most
represented. There were five situations in which different patterns were present: number
sequences, number-grid patterns, frames-and-arrows diagrams, learning multiplication facts,
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and patterns in products. By looking at the gray shades from Figure 2, one can see that Core
Aspect B – Strand 1 is also present. This code appeared when the tasks was to find a general
rule for a frames-and arrows diagram and when the text of the textbook presented general
properties for the multiples of a particular whole number. Therefore, the tasks involving
geometric and numeric patterns from Everyday Mathematics curriculum have the affordances
for engaging in recording successive results of quantitative reasoning (Core Aspect A –
Strand 1) and may provide the opportunity to develop symbols and syntaxes for the
generalizing process (Core Aspect B).

Figure 4.8. Visual representation of the coding for research question 1, Everyday
Mathematics curriculum. The shades of gray are obtained as relative frequencies of the
counts of the respective codes. The abbreviations for representations (headers of the
columns) are: C – contextual, Vi – visual, V – verbal, Ph – physical, S – symbolic.
Core Aspect A – Strand 1. Numerical patterns are present all across the analyzed
lessons. Lesson 1.1, Numbers and Number Sequences, is about completing sequences and
counting by 1’s and 10’s staring from any number. The tasks are to complete a partial
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sequence with the next number, to complete a sequence puzzle in which are missing terms, or
to create new sequence puzzles. All the tasks have the unit of counting recorded into a box
next to the sentence. The box and its position change the meaning of counting into
recursively increasing or decreasing by the same number. Therefore, the process is to record
results of repetitive arithmetic reasoning, which positions these tasks at A1NuV (the
communication was suggested to be verbal) and A1NuS (the box and the written presentation
of the sequences were symbolic representations) levels. The following example is a task that
uses verbal and symbolic representation for a recursion process.
A1NuV/A1NuS:
Algebraic Thinking41 Write a partial sequence of numbers on the board. For

example: 397, 398, 39942, 400, 401, 402 …
Add a blank unit box next to the number sequence. Ask a volunteer to supply
a unit and fill in the unit box.
Ask children to read the numbers aloud, filling in the blanks as they go. Invite
volunteers to write the missing numbers in the blanks. Ask whether anyone can
explain the meaning of the ellipsis (the three dots) at the end. The dots show that the
sequence goes on.43 Ask children to continue the count orally. You (or a volunteer)
may erase the ellipsis and continue recording the next numbers in the count.44
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In Lesson 1.2, Number Grids, the focus is on how the numbers are arranged in a
number-grid. The patterns that the text discusses are of two types. One is how the values of
the numbers vary when one moves up, down, to the left, or to the right. The second type is
how the digits in a number change when you perform different operations on the grid. In this
lesson, the tasks from students’ pages are either to find numbers that are missing in the grid
by using the patterns that they identify or to solve number-grid puzzles (A1Nu).
The number-grid is used also in Lesson 1.8 with the purpose to identify patterns in
multiples of 2 and 5. The text recommends children to skip count by 2s and mark on the grid
with X every multiple of 2. Then children have to count by 5s and to mark with a circle every
multiple of 5. Children have to note that the numbers, marked with both X and circle, are
multiples of 10. Again, the text is in the category of Core Aspect A, numerical patterns with
visual (Vi), verbal (V), and symbolic (S) representations, as in the following example.
A1NuVi/A1NuV/A1NuS:
Algebraic Thinking45 To explore patterns in skip counting, use Math Masters46, page
22, and have children skip count by 2s and 5s. They mark the 2s with Xs and the 5s
with circles. Then they record the numbers that are marked with both47 an X and a
circle. Ask if anyone can describe the pattern of numbers in both counts. They are
multiples of 10.48,49
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Lesson 1.12 is titled Patterns. Counting up and counting down patterns are presented
in the form of Frames-and-Arrows diagrams. The unit box used in Lesson 1.1 to specify the
unit of counting is changed into a box with an arrow underneath that contains the “arrow
rule.” Also, the box rule is moved from the in the right side (as it was in Lesson 1.1) in the
left side of the sequence. These arrangements correspond to the meaning of the sequence. In
Lesson 1.1 the goal was to create number sequences in which the rule is embedded in the
process of “counting by”. However, in Lesson 1.12, the rule is what leads the process, which
transforms the interpretation of the number sequences into arithmetic sequences. Also, the
terms are written into geometrical shaped boxes (e.g. circles, squares, hexagons) connected
by curved arrows to emphasize the connection between the term and its position and show
the recursive aspect of the sequence. The new aspect of frames-and-arrows diagrams is a
closer representation of “successive processes of record making and action on those records”
(Core Aspect A).
The last context for numerical patterns in Everyday Mathematics is in Volume 2, Unit
7, Multiplication and Division, where the discussion is about patterns in products. Most of
the patterns in this unit are numerical even if the visual representation is the multiplication
table. This is because the focus is on relationships between numbers instead of their position
in the table. For example a sequence discussed here is the square numbers. Each number is
associated with a corresponding number of dots arranged in a square array (A1NuS). In order
to obtain the next square number, one has to create another square by adding an odd number
of dots to the previous square of dots (A1NuVi).
A1NuS/A1NuVi:
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Write a list of square products on the board. Remind children that these are called
square products or square numbers.50 Draw arrays to illustrate the square numbers.
Then ask why these numbers might be called square numbers.51 Starting with 2×2,
each product can be represented by a square array.52,53
The other types of patterns present in the Everyday Mathematics textbooks are part of
the category “Other.” The tasks that refer to a number-grid are very dependent to the way in
which the grid is set up (e.g. first row starts with 1 and ends with 10) therefore I considered
them to be part of Core Aspect A in the category of “other” patterns. The representation for
these patterns is visual because the whole discussion was based on the position of numbers in
a particular table. The following example supports my previous statements.
A1OVi/A1OV:
Algebraic Thinking54 To explore finding numbers on the number grid, have children
use the Number Grid Poster (with all but the first two rows covered with stick-on
notes) for the following routines:
1. Give children a number to find on the grid and explain how they found it. For
example, find 36. Possible strategies: Begin at 6. Go down 1 row to 16, another

to 26, and another to 36.55 Remove the stick-on note to verify that the number 36
is underneath it.
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2. Point to a stick-note, and ask children to predict what is underneath. Have them
explain their reasoning. For example, point to the stick-note that covers 57. Ask:
What number does the stick-note cover? Possible reasoning: Move down 4 rows

from 10 to 50. Then move to the next row and then move to the next row and to the
right 7 spaces to 57.56,57
Beside the numerical and “other” patterns, the Everyday Mathematics textbooks
contain also geometrical patterns, which imply working with attributes of geometric figures.
For example, in section 9.10, Exploring Arrays, Equilateral triangles, and Strength of Paper,
the text contains an exploration of the array obtained by counting the number of equilateral
triangles (Core Aspect A – Strand 1) with side measuring 1 inch that form a bigger equilateral
triangle (Ge – geometric pattern), of integer length side. This task is presented in the
following extract from the textbook.
A1GeV/A1GeVi/A1GePh/A1GeS:
Children work with a partner or a small group to follow the steps on Math Masters,58
page 297. They figure out how many equilateral triangles,59 each 1 inch on a side,
fit in each triangle on Math Master, page 299. They build five more successively
larger equilateral triangles with pattern blocks or by tracing triangle shapes from their
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templates on blank paper. They record results and descriptions of the patterns they
find on Math Master, page 298.60
In summary, the findings show that, in the Everyday Mathematics textbooks, Core
Aspect A – Strand 1 is reflected in tasks that involve increasing and decreasing arithmetic
sequences, finding multiples of a number in the 100–chart, and exploring square numbers by
using numerical representation (every square number is the sum of consecutive odd numbers)
and geometric representations (the number of congruent equilateral triangles used to
construct a larger similar triangle is a square number).
Core Aspect B – Strand 1. Core Aspect B – Strand 1 represents tasks from four
different contexts. When the text includes frames-and-arrows diagrams, B1 represents the
sequences in which the rule is the unknown part, as it is in the fourth row from the following
example.61
B1NuVi:

Figure 4.9. Frames-and-Arrows diagrams. From Everyday Mathematics, Grade 3,
Volume 1 (p. 75), 3rd edition, 2012, Chicago: McGraw-Hill Education. Copyright
2012 by The McGraw-Hill Companies, Inc. Reprinted with permission.
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Core Aspect B – Strand 1 is also present in situations from Lessons 7.2 and 7.6. Here
the patterns are used to learn and remember multiplication facts. In Lesson 7.2 the text
includes patterns of multiples of nine and in Lesson 7.6 it includes patterns of multiples of
10s, 100s, and 1000s. Since the text recommends describing the patterns with specific
mathematical vocabulary, it may be possible for the task to initiate the “lifting up of repeated
actions on symbols into syntax” (Core Aspect B). This is the case of the following example:
B1NuS: “Have children describe the patterns they see using words like factor, product, more,

less, multiplied by, larger, smaller,62 and so on.” (Everyday Mathematics, Volume 2, p. 587)
The third context for B1 is found in Lesson 7.1 where the focus is to find patterns in
Multiplication/Division Facts Table. The patterns suggested in the text are expressed using
general statements about products and their factors. In the following example the general
statements are actually the divisibility rules (B1) for 2, 5, 10, and 9 (Nu). The rules are
expressed in verbal form (V), but the textbook also recommends recording them on the
board, which implies use of the symbolic representation (S).
B1NuV/B1NuS:
… After a few minutes, bring the class together to share the patterns they found. To
support English language learners, write the patterns on the board as the children
describe them.
Examples:63 …



62
63

The 2s products end in 2, 4, 6, 8, or 0.
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The 5s products end in 0 or 5.



The 10s products end in 0.



The sum of the digits in each of the 9s products is 9. For example, 4×9=36,
and 3+6=9.64

The following task is the fourth situation where I found the B1 category. This task is
an exploration of the product of two consecutive factors. The exploration starts by using the
array representation for multiplication (Vi). In the case of multiplying two consecutive
numbers, it means to add a column (or a row) to a square array. Then the exploration uses
symbolic representation to identify relationships between the products of two consecutive
numbers, as in the following example.
B1NuVi/B1NuS:
To further explore multiplication patterns, have children look for patterns in a
sequence of multiplication problems in which one factor is more than the other factor
(1×2, 2×3, 3×4, and so on).

Possible patterns:65


Each array has one more row and one more column than the preceding array.



Each array has one more column than a square array. Therefore, each product can
be expressed in the form n×n+n: . . .



If you subtract each product from the next larger product, each difference is 2
more than the preceding difference.66
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This task is interesting because it reproduces the discussion on square numbers n×n to a new
product n×(n+1). This tasks, even if the text does not go farther, opens space for the general
question: what pattern is present in products of the form n×(n+k), where k is a natural
number? From the visual representation of products with arrays, this generalization might be
“each array has k more columns than the square array.” Moreover, this task can be useful in
the justification of the distributive property of multiplication over addition, which
algebraically reads n×(n+k) = n×n+n×k.
Summary of Findings for Everyday Mathematics. My analysis of the Everyday

Mathematics curriculum shows that teacher’s resource textbooks contain a variety of
situations in which patterns are the focus of the text. First, sentences are created through the
process of “counting by.” In this setting, the first number in the sentence and the unit of
counting are known. There is no intention or context to discuss general patterns. Next,
similar number sentences are created using arrows-and-frames diagrams. This time either one
or two numbers from the sequence and a rule are given or only several numbers are known
and the task was to find the rule. In the situations when the rule used to generate the sequence
is specified, the task amounts only to performing arithmetic operations, therefore the level of
the activity is A1Nu. At B1Nu level are those tasks that use arrows-and-frames diagrams and
ask the students to identify the rule. Here the tasks at A1Nu level have no connection with the
tasks at B1Nu level. In contrast, in the section where the purpose of the patterns is to help
students learn and memorize multiplication, the tasks start at the A1Nu level and continue to
the B1Nu level. This process corresponds to the quasi-algebraic stage. One can also place at
the quasi-algebraic stage some of the patterns discussed in the context of the multiplication
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table. I am thinking here in particular about the tasks that ask for computing several products
of the same factor and then request descriptions for any noticed pattern.
In Everyday Mathematics, the teacher’s textbooks have also tasks focused on patterns
in the position of different multiples in the multiplication table. I categorized most of the
tasks related to the multiplication table under “other” type of patterns because they refer to
position patterns in a particular table, and consequently are neither numerical nor geometric
patterns. Also these patterns are not part of the quasi-algebraic stage, as they do not request
repeated arithmetic computations. However, by using the multiplication table as setting, the
tasks request an understanding of how to relate the numbers with their position in the table,
which suggest the fact that the reader should have knowledge at the advanced level of
B1NuS.
Math Trailblazers
Description. The 3rd grade Math Trailblazers curriculum has numerical patterns only
in Unit 11, where they are used for remembering multiplication facts. Unit 11, Multiplication
Patterns, has eight lessons, from which only lessons 2, 3, and 4 contain explicitly patterns.
Lesson 2 contains patterns for multiplication with 0, 1, 2, 5, and 10, Lesson 3 includes a
student page that refers to square numbers, and Lesson 4 has patterns for multiplication with
9. The following table includes the analyzed sections.
Table 4.3

Lessons from Math Trailblazers, Unit 11, relevant to patterns
Lesson
1
2
3
4

Topic
Lizardland Problems
Handy Facts
Multiplication and Rectangles
Completing the table
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Analysis. My analysis of Math Trailblazers shows that patterns are most frequently
represented as numerical patterns in Core Aspect A and strand 1 with extend to Core Aspect
B for numerical patterns, which is consistent with what Kaput et al (2008) identify as first
occurrence of algebraic thinking. The text of Math Trailblazers refers to activities that build
generalizations about properties of multiplication by 0, 1, 2, 5, 10, and 9. To identify
regularities in products, the process goes through three different approaches. One way is to
use tiles to analyze the geometrical representation for products. The second way is to identify
patterns of the digits that form a product. The third way is to analyze position-patterns in
100-multiplication table. At the end, the text contains general statements about the patterns
by using words as symbolic representation, which reflects undeveloped characteristics of
Core Aspect B. In Figure 4.10, one can see that overall the tasks from Math Trailblazers
curriculum have the affordances for generalizing arithmetic and quantitative reasoning by
successive processes of record making and actions on those records (A1) and for representing
the finalized process into a symbolic form (B1).

Figure 4.10. Visual representation of the coding for research question 1, Math Trailblazers
curriculum. The shades of gray are obtained as relative frequencies of the counts of the
respective codes. The abbreviations for representations (headers of the columns) are: C –
contextual, Vi – visual, V – verbal, Ph – physical, S – symbolic.
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Core Aspect A – Strand 1. In the first lesson from Unit 11, the students are asked to
create and solve multiplication problems by using clues from a drawing named “Lizardland
Amusement Park.” The focus on numerical patterns starts in the second lesson, in which
students have to fill in a 100-multiplication table (A1NuVi/A1NuS). They have to work only
on the columns under the starting numbers 0, 1, 2, 3, 5, and 10. The text suggests that the
teacher should encourage students to use either counters or tally marks arranged in groups or
skip counting to figure out the multiplication facts. After students filled each column, they
should describe any pattern that they notice. All the tasks presented above are embodied in
Core Aspect A, are about numerical patterns, and are represented in verbal form (A1NuV).
For the case of multiplication with 0, the text presents two types of stories and then
the task for students is to create their own stories about what is happening when a number is
multiplied by 0. Based on the theoretical framework, this section of the text is an example
that corresponds to Core Aspect 1, numerical patterns, explored in the context of story
problems, as in the following example.
A1NuC:
“The 0 column deserves a special discussion. To help students understand the zero
facts, tell them two types of stories:
For problems such as 7×0: I have 7 pockets. Each pocket contains 0 pennies.

How many pennies do I have in my pockets?67
For problems such as 0×7: The queen had several boxes that each contained

67

Italicized in the original.
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7diamonds. She gave me 0 boxes. How many of the diamonds did she give me?”68, 69
In the next lesson the text presents the geometrical representation of multiplication by
using rectangles. In this context, patterns of square numbers are examined from different
perspectives. First, a task from the Student Guide is to build with tiles squares of different
sides up to a 10×10 square (A1GePh). Then students have to record in a table the number of
tiles on a side, the total number of tiles in a square, and the corresponding multiplication fact
(A1NuVi/A1NuS). As the product that represents a square number is entered in the 100multiplication table, students have to note how “the square numbers run diagonally left to
right through the multiplication table”(A1OVi/A1OV). The entire presentation of square
numbers in this lesson covers Core Aspect 1 with numerical, geometrical, and other (position
on the diagonal) forms of the pattern and the text uses four of the mathematical
representations: visual, verbal, physical, and symbolic. The following example, taken from
subsequent Lesson 4, gives one of the possible extensions of the discussion about square
numbers.
A1OVi:
Students may notice other patterns in their multiplication tables. They may notice that
the diagonal line from the top left corner to the bottom right corner is a line of
symmetry formed by square numbers. To see this, students can circle a number above

68

Italicized in the original.
From Math Trailblazers, Grade 3, Unit 11 (p. 29), 2nd edition, 2004, Dubuque, Iowa: Kendall/Hunt
Publishing Company. Copyright 2004 by Kendall Hunt Publishing Company. Reprinted with permission.
69
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the line and connect it to its matching number on the bottom half, as in Figure70
[4.11].

Figure 4.11. Symmetry in the multiplication table. From Math Trailblazers, Grade 3,
Unit 11 (p. 46), 2nd edition, 2004, Dubuque, Iowa: Kendall Hunt Publishing
Company. Copyright 2004 by Kendall/Hunt Publishing Company. Reprinted with
permission.
The last section related with patterns is Lesson 4. The title of the lesson is
“Completing the Table” and the entire discussion is based on the analysis of the
multiplication table. First, students have to complete the 100-multiplication table using skip
counting or calculators; next, the text presents a possible discussion about patterns in
multiplication by 9; last, students should look for patterns created in the multiplication table
by the multiples of a number while they remember the patterns discussed previously. The
following extract from the text shows the approach for the discussion about patterns in
multiples of 9. This example is interesting because it requests a level of justification more
sophisticated than what the third graders are used to do, and consequently the only

70

From Math Trailblazers, Grade 3, Unit 11 (p. 46), 2nd edition, 2004, Dubuque, Iowa: Kendall/Hunt
Publishing Company. Copyright 2004 by Kendall Hunt Publishing Company. Reprinted with permission.
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opportunity to move student’s reasoning from Core Aspect A to Core Aspect B is through
empirical generalization.
A1NuV/A1NuVi/A1NuS/A1NuPh/B1NuS:
Question 171 asks students to look for patterns in their table. In discovering patterns
in Question 2, students might observe the following:
1. When the products are listed in a column, as below, it is easy to see that the digits
in the ten’s place count up by ones (0, 1, 2, 3 …) and that the digits in the one’s
place count down by ones (9, 8, 7…). …
2. The sums of the two digits in each of the products listed is [sic] nine. For
example, 3

6

9 and 7

2

9. In fact, the sum of the digits of any multiple

of 9 is also a multiple of 9. Furthermore, the process of adding digits can be
repeated until nine itself results. As illustrated in Question 3, 9
Adding the product’s digits provides a multiple of nine: 5
Adding the new answer’s digits results in nine: 1

8

7

634
0

5706.

6

18.

9. In Question 3,

students work with other multiples of nine to discover that this pattern is
consistent.72
For numerical patterns of multiples of nine the text gives detailed answers for
questions that are in Student Guide. In contrast, the text mentions only briefly the patterns in
the multiplication table, which are not present in student’s materials, and that students may

71

The four references to Question 1, 2, and 3, respectively, in this example are boldface and italicized in the
original. They refer to exercises in the Student Guide book, which contains activities and discovery assignments
for students.
72
From Math Trailblazers, Grade 3, Unit 11 (p. 45), 2nd edition, 2004, Dubuque, Iowa: Kendall Hunt
Publishing Company. Copyright 2004 by Kendall/Hunt Publishing Company. Reprinted with permission.
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notice other patterns. The only example that the text gives is the line of symmetry formed by
the square numbers organized on table’s diagonal.
The findings for Core Aspect A – Strand 1 show that, in the Math Trailblazers
textbooks, A1 is reflected in tasks that involve finding multiplication facts, finding multiples
of 0, 1, 2, 5, 9, and 10, and finding patterns in the multiplication table.
Core Aspect B – Strand 1. It is important to note that, in the context of exploring
multiplication facts, the text mentions the opportunity to use the arithmetic terms factor,
product, and multiple. This represents a way to develop symbolic representation that makes
the move to Core Aspect B. By using the language of multiplication, the text presents general
statements about multiplication facts. All these statements are part of Core Aspect B –
numerical patterns – in verbal representation (B1NuV), as is the case of the following
example, labelled “Patterns for remembering the facts” in the teacher’s manual.
B1NuV:
Patterns for 0



All multiples of 0 are 0.

Patterns for 1



Any number times 1 is itself.

Patterns for 2



All multiples of 2 are even.



All multiples of 2 are doubles.



All multiples of 2 end in 0, 2, 4, 6, or 8.



All multiples of 5 end in 0 or 5. When even numbers are

Patterns for 5

multiplied by 5, the product ends in 0. When odd
numbers are multiplied by 5, the product ends in 5.
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Patterns for 10



All multiples of 10 end in 0.



When ten is multiplied by any number, the product is the
same number with an extra 0 on the end.73

Among the examples included in the previous task we notice the zero and the identity
properties of multiplication, plus the divisibility rules (B1) for 2, 5, and 10 (Nu). Therefore,
the textbook uses numerical patterns to identify properties of operations and general
characteristics for multiples of the same number in order to provide strategies to remember
multiplication facts.
Summary of findings for Math Trailblazers. The Math Trailblazers curriculum discusses
patterns in the context of learning and remembering multiplication facts. The theoretical
framework situates the textbook’s approach at the level Core A – Strand 1 with a potential
trend toward Core B – Strand 1. The tasks are quasi-algebraic by requesting multiple
arithmetic computations in order to identify patterns and develop conjectures. They are not at
the algebraic level because they do not ask for reflection and interpretation. Therefore, tasks
in Math Trailblazers are settings for “going with the grain” or “low-level generative activity”
versus “going across the grain” which requests “cross-section” observation of the generated
facts and use of the results as “raw material” for reflection (Watson, 2000).
Comparison and Contrast

Investigations, Everyday Mathematics, and Math Trailblazers are three curricula that
were assumed from the beginning to have different perspectives on the mathematics content
for 3rd grade elementary school. In order to identify the affordances of curriculum tasks and

73

From Math Trailblazers, Grade 3, Unit 11 (p. 30), 2nd edition, 2004, Dubuque, Iowa: Kendall Hunt
Publishing Company. Copyright 2004 by Kendall/Hunt Publishing Company. Reprinted with permission.
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accompanying teacher material for describing, extending, and making generalizations about
geometric and numeric patterns, I used a theoretical framework that provides tools to unveil
qualitative characteristics of those tasks. My analysis across the three curricula shows that
even if the mathematical content related to patterns covered by all three curricula
corresponds to the mathematical standards for 3rd grade, the qualitative approach to
addressing this content is totally different.

Investigations

Everyday Mathematics

116

Math Trailblazers

Figure 4.12. Visual representation of the coding for research question 1, all three curricula.
The shades of gray are not absolute; they are relative to each particular curriculum.
By comparing the tables with the codes of the three curricula, several differences
should be pointed out. One difference is about geometric patterns: in Investigations there are
no examples of patterns that use properties of geometric figures; in Everyday Mathematics
the square and triangular numbers are explores by using visual (Vi), verbal (V), and physical
(Ph) representations; and in Trailblazers the square numbers are created by using tiles
(physical (Ph) representation). Next difference is between the types of representation used at
the Core Aspect B level. All three curricula use verbal and symbolic representation for B1
statements. However, Investigations also uses visual (Vi) and physical (Ph) representations,
while Everyday Mathematics accompanies the verbal (V) and symbolic (S) representation
with visual (Vi) ones.
Another very significant difference between the three tables is that the Investigations
table has the column Strand 2, which refers to functions, relationships and joint variations,
while the other two tables do not have it. This difference comes from the approaches that
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each curriculum takes when introducing Strand 2 in the textbooks. The Investigations
approach is to extend the quantitative reasoning to functional thinking, while the Math

Trailblazers curriculum starts with investigating the relationships between collected real data
by using their graphical representation. In other words, the approach in Math Trailblazers is
to extend the reasoning about modeling real data (by interpreting them as joint variation) to
functional reasoning. In Everyday Mathematics the concept of function is presented as a
machine that has three well-defined parts: the input section, through which different
numerical values are introduced into the body of the machine; the body, in which the
numerical values are transformed based on the particular rule; and the output section, where
the final product of the transformation is reported. Therefore, only the Investigations
textbooks use directly the knowledge about patterns to introduce the concept of function,
which implies the connection with Strand 2 of algebra represented by the second column
attached to the Investigations table.
Regarding the content of patterns in 3rd grade elementary school, all three curricula
are aligned with the recommendations of Principles and Standards for School Mathematics –
Algebra Standard for Grades 3-5 (NCTM, 2000) and Common Core State Standards for
Mathematics (2010). Conform with these recommendations, students are expected to be able
to:


Describe, extend, and make generalizations about geometric and numeric patterns;



Represent and analyze patterns and functions, using words, tables, and
graphs. (NCTM, 2000)



Identify arithmetic patterns (including patterns in the addition table or multiplication
table), and explain them using properties of operations. (CCSSM, 2010, p. 23)
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All three curricula have well represented arithmetic patterns. In Investigations the
arithmetic patterns are present in tasks from session Counting Around the Class, in tasks that
require finding multiples of a number, and in tasks that involve linear functions. Similar
patterns are in Everyday Mathematics in the contexts of counting by a number, Frames-andArrows diagrams, and finding multiples of numbers. The Math Trailblazers text uses skip
counting in order to identify patterns in multiplication facts.
Skip counting by a number is used in all three curricula with two meanings. When the
goal is to make the connection between repeated addition and multiplication, skip counting
corresponds with arithmetic sequences with the common difference the “skip number.” When
the goal is to identify multiples of numbers or learn multiplication facts then skip counting is
just a “jump” to the next number that has to be marked in a table. In this last case, other types
of patterns are generated: patterns of multiples of numbers, patterns of the positions of the
multiplication facts in a table, or patterns in common multiples of different numbers. The
algebraic difference between these two meanings is that when skip counting is used as
arithmetic sequence the process may be described as “going with the grains” (Core Aspect
A), which means that the focus is on generating the next term in the sequence from the
previous term by adding the common difference. When skip counting is used as a “jump,” the
process requires to “go across the grain” (Core Aspect B) and to identify commonalities. It is
worthwhile to notice that in Investigations the task Counting Around the Class is more than
the first meaning of skip counting because it starts by asking children to predict the last
number that will be said, which implies thinking “across” numbers that are generated.
All curricula use numerical patterns as cognitive tools to understand and learn
multiplication facts. However, the strategies for recalling the multiplication facts that are
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generated by identifying patterns are different. In Investigations the main strategy is that if a
factor of a multiplication is doubled then the product is doubled. In Everyday Mathematics
and Math Trailblazers the multiplication table is used to identify characteristics of multiples
of 2, 3, 5, 9, and 10 and come up with rules that are known in number theory as divisibility
rules.
Outside of the context of multiplication, arithmetic patterns are also used in

Investigations as cognitive tools to learn and understand linear functions. In Everyday
Mathematics, arithmetic patterns have their own place. They are the focus of the text in the
setting of Frame-and-Arrow diagrams. Also, in Everyday Mathematics the two meanings of
skip counting are present in the diagrams used to visualize arithmetic patterns. When the
tasks require filling in a diagram by recursively adding a number (the unit of counting), this
number is recorded in a box on the right part of the diagram. When the task require filling in
a diagram by following a rule, the rule is recorded in a box with an arrow underneath
positioned in the left side of the diagram.
Geometric patterns have a very light representation in all three texts. In Everyday

Mathematics two tasks use properties of geometric shapes. One uses squares to generate the
sequence of square numbers and the other one uses equilateral triangles to generate the
sequence of triangular numbers. In Math Trailblazers there is one tasks that requires to use a
square tiles to create the sequence of squares. The goal of the task is to note that the numbers
of tiles used for each square are the square numbers. The Investigations curriculum does not
have any example of geometric patterns; the focus is on numerical ones.
In conclusion, based on the theoretical interpretation of the generalizing process
provided by Kaput et al. (2008), the affordances of curriculum tasks and accompanying
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teacher materials to describing, extending, and making generalizations about geometric and
numeric patterns follow different paths among the three curricula analyzed in this study. In

Investigations the path starts by analyzing and synthesizing arithmetic operations and
quantitative reasoning that lead to the study of relations and functions, and toward the end
these relations and functions become expressed by using a conventional approach. In

Everyday Mathematics the path is from recording successive results of quantitative reasoning
(Core Aspect A – Strand 1) toward developing symbols and syntaxes for the generalizing
process (Core Aspect B). In Math Trailblazers the approach is focused on Core Aspect A Strand 1 with a potential trend toward Core B - Strand 1.

Findings: Part II
The research on algebraic thinking has promoted the idea that understanding the
behavior of arithmetic operations not only improves students’ understanding of these
operations and their computational skills but also smoothens the transition from arithmetic to
algebra (Cai & Knuth, 2011; Carpenter, Franke, & Levi, 2003; Kaput et al., 2008; Russel,
Schifter, & Bastable, 2006; Russell, Tierney, Mokros, & Economopoulos, 2008; Schifter,
Bastable, & Russell, 2008a, 2008b; Schifter, Monk, Russell, & Bastable 2008). In this
section I present evidence about how the generalization process is represented in the

Everyday Mathematics curriculum’s tasks and accompanying teacher materials across
multiple lessons on multi-digit addition and multiplication in the teacher’s edition for the
third grade textbooks. I present my findings from a theoretical perspective in order to
identify where in the texts and in what contexts the textbooks support classroom activities
that may contribute to the understanding of the arithmetic operations of addition and
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multiplication. Therefore, this chapter presents how close the tasks, from Everyday

Mathematics textbooks, are to the theoretical framework discussed in the books Algebra in
the Early Grades (Kaput et al, 2008) and Early Algebraization, A Global Dialogue from
Multiple Perspectives (Cai and Knuth, 2011). My analysis and interpretation of the
textbooks’ text are reflections of my understanding of the process of generalization at
elementary school level from reading and reflecting on the descriptions and examples of the
process provided by the authors of these books. As a reminder of how I use the coding
system to interpret my findings, I include here the following descriptions: Strand 1 contains
structures and systems abstracted from arithmetic computations and relations; Core Aspect A
refers to systematically noticing, recording and analyzing regularities and constraints; and

Core Aspect B refers to syntactically guided reasoning and actions on generalizations
expressed in conventional symbol systems. Contextual representation (C) implies situations
in which the content is organized around real world events; Visual representation (Vi)
consists of figures, pictures, or diagrams; Verbal representation (V) refers to spoken
language; Physical representation (Ph) involves concrete materials or manipulated objects;

Symbolic representation (S) refers to written form using conventional symbols.
This second part of the findings chapter is divided into three subchapters. First, the
Description subchapter contains details about the analyzed lessons from the curriculum. The
Analysis subchapter starts with the big picture contained in Figure 4.13. The details of my
analysis are found in the two sections named Section A and Section B. Section A presents
how the general properties of addition and multiplication are represented at the level Core
Aspect A – Strand 1. Section B brings evidence about the presence of these properties at the
level Core Aspect B. Each of these sections has three subsections that present each of the
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properties of operations: associativity, commutativity, and distributivity. I close with a short
subchapter that contains a summary of my findings.
Description of Arithmetic Operations in Everyday Mathematics Textbooks
In Everyday Mathematics the properties of addition and multiplication are present in
the following contexts: family facts, multi-digit addition algorithm, multiplication array,
learning multiplication facts, and multiplication algorithms. Table 4.4 shows the lessons that
were coded and analyzed.
Table 4.4

Lessons from Everyday Mathematics relevant to properties of operations
Lesson
2.1
2.2
2.4
2.5
2.6
2.7
2.9
4.2
4.5
4.7
9.2
9.4
9.9
9.11
9.12

Topic
Family Facts
Extensions of Addition and Subtraction Facts
Parts-and-Totals Number Stories
Change Number Stories
Comparison Number Stories
The Partial-Sums Algorithm
Addition with Three or More Addends
Multiplication Arrays
Multiplication Fact Power and Shortcuts
Baseball Multiplication
Using Mental Math to Multiply
A Multiplication Algorithm
Lattice Multiplication
Products of 2-Digit Numbers, Part 1
Products of 2-Digit Numbers, Part 2

The commutative property of addition is used for the first time in Lessons 2.1 and 2.2,
as the first step toward writing a family of facts (

,

,

,

where a, b, c are whole numbers). In Lessons 2.4, 2.5, and 2.6, strategies involving
associative and commutative properties are discussed in the context of solving addition. The
commutative and associative properties are used again in Lesson 2.7, where the partial-sum

,
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addition algorithm is the main topic. The commutative property of multiplication is used in
Lesson 4.2 as part of discussion about finding the number of ways in which some object can
be organized in rows and columns. In Lessons 4.5 and 4.7 the commutative property of
multiplication is used to learn multiplication facts (if
multiplication facts families (

,

then

,

,

) and to write
, where a, b, c are

counting numbers). In Lesson 4.5 the distributive property of multiplication over addition is
used as a strategy to find a product by considering one factor as the sum of two smaller
numbers (if

, then

, where a, b, c are counting

numbers). The associative property of multiplication is present in lesson 4.7 in a task that
asks to use a calculator to find products of the same three factors placed in different positions
,

such as

,

,

,

,

. In lessons 9.4, 9.9,

9.11, and 9.12, the distributive property of multiplication over addition is used as part of the
multiplication algorithm for finding the product between a two-digit number and a one-digit
number (if

10

, then

0

.

Analysis
My analysis of the Everyday Mathematics textbooks shows that the tasks involving
the commutative property of addition and multiplication, the associative property of addition
and multiplication, and the distributive property of multiplication over addition have the
affordances for engaging in recording successive results of quantitative reasoning (Core
Aspect A – Strand 1) and may provide the opportunity to develop syntaxes for the
generalizing process (Core Aspect B – Strand 1). Figure 4.13 gives a visual distribution of
contextual, visual, verbal, physical, and symbolic mathematical representations across Core
Aspect A – Strand 1 and Core Aspect B – Strand 1.
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Figure 4.13. Visual representation of the coding for research question 2, Everyday
Mathematics curriculum. The shades of gray are obtained as relative frequencies of the
counts of the respective codes. The abbreviations for representations (headers of the
columns) are: C – contextual, Vi – visual, V – verbal, Ph – physical, S – symbolic.
A brief reminder is in order here about how the table above was generated. As it was the case
with the first research question, in order to understand and reflect on the meaning of the
codes that I found, I created a chart that shows what parts of the theoretical framework I
identified while reading the textbooks. I obtained the frequencies of codes by simply
counting their occurrences and then I associated to each strand the shade that corresponds to
the relative frequency of that strand. The darkest shade of gray indicates the most frequent
occurrence. For example, the maximum occurrence in the analysis of the second research
question in Everyday Mathematics corresponds to the code A1NuS, which corresponds to the
black square in the Figure 4.13 above.
The findings are divided into 2 sections: Section A presents the findings for Core
Aspect A – Strand 1 and Section B presents the findings for Core Aspect B – Strand 1.
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Section A. Findings for Core Aspect A – Strand 1. The description of the findings is
divided into the following subsections:
A1. The associative property of addition and of multiplication
A2. The commutative property of addition and of multiplication
A3. The distributive property of multiplication over addition
A4. Summary of findings
Each subsection starts with an algebraic presentation of the findings. Then I provide
examples of each mathematical representation used in textbooks that corresponds to the
general statements presented at the beginning of the subsection.
A1.The associative property of addition and of multiplication. The associative
property of addition is present in the Everyday Mathematics text as a strategy to add numbers
formed with 2 or 3 digits (Core Aspect A – Strand 1). The strategy for adding multi-digit
numbers includes also the use of the commutative property of addition. In this section I focus
my findings and examples only on the associative property leaving the part about the
commutative property for subsection A2.
The most used strategy is the partial-sums algorithm for addition, which can be
represented in the following way:
If

00

0

00

and
00
00

0

0
00

, then
00

0

0

0
.

Another strategy that uses the associative property of addition to add multi-digit numbers
involves breaking up a term in smaller and easy to add addends. This strategy can be
represented in the following way:
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If

0

and

0

, then
0

0.

Both strategies are presented mathematically through symbols, visual, verbal, and physical
representations. Moreover, the curriculum contains a section which is completely focused on
the associative property of addition and which is used to introduce the three-digit addition
algorithm.
The Everyday Mathematics textbooks have also tasks that focus on the associative
property of multiplication, which is the fact that in order to multiply three numbers one can
multiply any two of them first, then multiply this product with the third number (
). The associative property is used in

Everyday Mathematics in symbolic, visual, verbal, and physical representations. There are no
tasks that have a contextual representation for the associative property.

The A1NuS characteristic of the associative property. The symbolic representation of
the associative property of addition may be found in the written solutions for word problems,
in multi-digit additions, or in arithmetic expression. The following example shows how the
associative property of addition is used to solve the numeric model "38

15

."

A1NuS:
Possible Solution Strategies74


First add the tens: 30+10=40. Then add the ones: 8+5=13. Finally, add the two

parts: 40+13=53.


74

Add the second addend to the first addend in parts (tens and ones): 38+10=48;

Boldface in the original.
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48+5=53.


Add the first addend to the second addend in parts (tens and ones): 15+30=45;

45+8=53.


Take 2 from 15, leaving 13. Add the 2 to the 38 to get 40. 40 is an easy

number to work with. Add 13 to 40: 40+13=53.75
In this example the associative property of addition is the intuitive general characteristic
(Core Aspect A) of whole numbers, which allows the numbers to be broken up and then the
parts to be added in any order (Strand 1). The next example shows the associative property of
addition in the context of adding 3-digit numbers (Strand 1). The process, named the partialsums algorithm, starts by noting and writing every number in its expanded form by using the
place value meaning of each digit (Core Aspect A).
A1NuS:
Write each addend in expanded notation before adding. For example, in 145
rewrite each number in expanded notation.
145

100

40

5

322

300

20

2

Write out each partial sum based on the expanded notation
100
40

75

300
20

400
60

From Everyday Mathematics, Grade 3, Volume 1 (p. 125), 3rd edition, 2012, Chicago: McGraw-Hill
Education. Copyright 2012 by The McGraw-Hill Companies, Inc. Reprinted with permission.

322

128
5

776,77

2

Everyday Mathematics has also a direct discussion about the associative property of
addition and multiplication. The discussion of the associative property of addition starts with
the question about finding different ways to combine three or more addends. This approach
implies that the students use intuitively (Core Aspect A) the fact that three or more numbers
(Strand 1) can be added in any order without changing the sum. The following text extract is
an example of tasks, written in symbolic form, that require the use of the associative
property:
A1NuS:
Write additional sets of three and four numbers on the board. Children decide which
order is easiest for them to find the sums.

Suggestions:78
9
15
8
16

76

8

21 9
25

13
14

21

18 15
7

30; 30
25

22 8
1

5 16

8

40; 40

22
14

3879
18

30; 13

7

30

30

58
20; 30
1

5

20
36;

50
14

1

5

From Everyday Mathematics, Grade 3, Volume 1 (p. 138), 3rd edition, 2012, Chicago: McGraw-Hill
Education. Copyright 2012 by The McGraw-Hill Companies, Inc. Reprinted with permission.
77
The Everyday Mathematics teachers’ lesson guides provide support for one going learning and practice, for
assessment, and for differentiating instruction. This example is from a differentiating instruction feature called
“Adjusting the Activity.”
78
Italicized in the original.
79
This part, and the three that follow in this example, are color coded in red (or rather fuchsia) in the original.
This is the way the Everyday Mathematics books distinguish the answer or possible approaches to a question
from the actual question, which is always typed in black.
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20

20

36.80

16

A discussion about the associative property of multiplication is presented in the
textbook as an extra practice with the title “Exploring Properties of Multiplication.” In this
section the task consists in number sequences that represent the multiplication of the same
three numbers organized in different orders (Strand 1). Also, the task requests to compare and
discuss the results. The goal is to note that the product of three numbers does not depend on
the order in which the multiplication is done (Core Aspect A). The following is the task that I
presented above:
A1NuS:
To provide practice applying the Commutative and Associative Properties of
Multiplication, have children roll a die 3 times to generate three 1-digit numbers and
record them on paper. Then, using the numbers as factors, they write as many
different number sentences as they can and calculate the products for each. Children
may use calculators to find the products. For example, the factors 3, 6, and 2 can be
used to write the following number sentences: 3

6

2

36; 3

3

6

3

36. After children have

2

36; 6

2

3

36; 2

3

6

36; 2

2

6

36; 6

finished finding products for their number sentences, have them compare and discuss
results. They should notice that each product is the same regardless of the order of the
factors.81

80

From Everyday Mathematics, Grade 3, Volume 1 (p. 149), 3rd edition, 2012, Chicago: McGraw-Hill
Education. Copyright 2012 by The McGraw-Hill Companies, Inc. Reprinted with permission.
81
From Everyday Mathematics, Grade 3, Volume 1 (p. 282), 3rd edition, 2012, Chicago: McGraw-Hill
Education. Copyright 2012 by The McGraw-Hill Companies, Inc. Reprinted with permission.
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Also, the associative property of multiplication is used as a strategy for multiplication as in
the following example, which presents the computation of the product 6

45.

A1NuS:
Still others may apply the Associative Property of Multiplication and think of 6 as
3

2. Next, double 45 (or 2 [45s]82) to obtain 90 and then triple 90 (or 3 [90s]) to

obtain 270 pounds. One way to represent this thinking process is 6
45

3

2

45

3

90

45

3

2

270.83

The A1NuVi characteristic of the associative property. The associative property of
addition is represented visually by the column organization of the addends. The columns are
associated with place values. The numbers are written, one under the other, in columns, based
on the place values of each digit. Then, in the same downward arrangement, the sums (partial
sums) of the hundreds, tens, and units are organized one after the other. The calculation of the
partial sums is possible because of the associative property of addition (Core Aspect A –
Strand 1). Finally, all the partial sums are added together to find the requested sum. The
following example is a visual representation of the associative property of addition.
A1NuVi:84

82

The square parentheses present in the original.
From Everyday Mathematics, Grade 3, Volume 2 (p. 721), 3rd edition, 2012, Chicago: McGraw-Hill
Education. Copyright 2012 by The McGraw-Hill Companies, Inc. Reprinted with permission.
84
The table below is from Everyday Mathematics, Grade 3, Volume 1 (p. 137B), 3rd edition, 2012, Chicago:
McGraw-Hill Education. Copyright 2012 by The McGraw-Hill Companies, Inc. Reprinted with permission.
83
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100s

10s

1s

1
3
4

4
2
0
6

4

6

5
2
0
0
7
7

+
1. Add the 100s
2. Add the 10s
3. Add the 1s
4. Add the partial sums

While the associative property of addition is given a visual representation whenever
the addition of multi-digit numbers is performed, the associative property of multiplication
does not have any visual representations.

The A1NuV characteristic of the associative property. The children are asked to share
their strategies for many of tasks presented in the textbooks. Therefore these tasks involve
verbal communication. One of the possible strategies for adding multi-digit number is the
partial-sums algorithm (Strand 1) in which the associative property is used intuitively (Core
Aspect A). The following extract from the text reflects the situation described above.
A1NuV:
Have children solve the problem and share solution strategies. Be prepared for a
variety of strategies – some paper and pencil, some mental math. Others may use the
partial-sums algorithm from second grade:
 First add the tens: 30

20

 Then add the ones: 6

3

50.
9.

 Finally, add the two partial sums: 50

85

9

59.85

From Everyday Mathematics, Grade 3, Volume 1 (p. 119), 3rd edition, 2012, Chicago: McGraw-Hill
Education. Copyright 2012 by The McGraw-Hill Companies, Inc. Reprinted with permission.
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Another situation, in which a verbal representation of the associative property is present in
the textbook, is when the text refers to a possible dialog between teacher and students as in
the following example.
A1NuV:
Did everyone add the numbers in the same order? … Can someone suggest another
way to combine the addends to make the addition easier? For example, someone
might first add 13 and 7, totaling 20; then add 9 and 11, also totaling 20; and finally
add 20 and 20.86,87
The verbal representation of the associative property of multiplication is present in a task
where the students generate three one-digit numbers by rolling a die three times, use these
numbers as factors to write number sentences, and calculate the product for each number
sentence (Strand 1). At the end students have to compare and discuss the results (Core Aspect
A). The following example is an extract about writing multiplication facts with the three
numbers obtained by rolling a die three times. I discussed this above, where I justified that
the paragraph also receives the coding A1NuS.
A1NuV:
For example, the factors 3, 6, and 2 can be used to write the following number
sentences: 3
3

86

6

36; 2

6

2
6

36; 3
3

2

6

36; 6

3

2

36; 6

2

3

36; 2

36. After children have finished finding products for their

This sentence is color coded in red (or rather fuchsia) in the original. See Footnote 79.
From Everyday Mathematics, Grade 3, Volume 1 (p. 148), 3rd edition, 2012, Chicago: McGraw-Hill
Education. Copyright 2012 by The McGraw-Hill Companies, Inc. Reprinted with permission.
87
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number sentences, have them compare and discuss results.88

The A1NuPh characteristic of the associative property. The physical representation
of the associative property of addition is part of the tasks that involve the use of the
manipulative set of base-10 blocks to represent the partial-sums addition algorithm. For these
tasks, each number is represented using flats for hundreds, longs for tens, and cubes for ones
(Strand 1). To add the numbers means to group all the flats together, all the longs together, all
the cubes together, and regroup them again (physical application of associative property –
Core Aspect A) to find the base-10 representation for the sum. The following paragraph
exemplifies the above point.
A1NuPh:
Ask children to gather in a circle as you demonstrate with base-10 blocks, or use
base-10 blocks on the overhead projector. Refer to flats as hundreds, longs as tens,
and cubes as ones. For each problem, model addition as a four-part operation: add the
100s, add the 10s, add the 1s, and then add the partial sums.89
For the associative property of multiplication, the teacher’s lesson guide mentions to
use calculators to explore the product of three factors multiplied in different orders. In my
analysis I considered the calculators as manipulative instruments. Therefore I coded the tasks
that require the use of calculators as involving physical representations. The following is a
section from the texts that reflects this comment.

88

From Everyday Mathematics, Grade 3, Volume 1 (p. 282), 3rd edition, 2012, Chicago: McGraw-Hill
Education. Copyright 2012 by The McGraw-Hill Companies, Inc. Reprinted with permission.
89
From Everyday Mathematics, Grade 3, Volume 1 (p. 137B), 3rd edition, 2012, Chicago: McGraw-Hill
Education. Copyright 2012 by The McGraw-Hill Companies, Inc. Reprinted with permission.
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A1NuPh:
Children may use calculators to find the products. For example, the factors 3, 6, and 2
can be used to write the following number sentences: 3
36; 6

3

2

36; 6

2

3

36; 2

3

6

6

36; 2

2
6

36; 3
3

2

6

36.90

The A1NuC characteristic of the associative property. In the Everyday Mathematics
teacher’s textbooks for third grade there is no contextual representation of the associative
property, neither for addition nor for multiplication. The textbook contains 3 lessons that
focus on story problems: 2.4 Part-and-Total Number Stories, 2.5 Change Number Stories,
and 2.6 Comparison Number Stories. These lessons constitute the contextual representation
for multi-digit addition, but there is very little influence of the context in the use of
operations. The properties of operations are simply used to perform an arithmetic operation
as in the following example, which is a discussion about the total amount of money that
Madeline has in a bank account if she first had $35 and then she deposited another $15.
A1NuC:
Have volunteers write number models for the story on the board.…

Possible number models:91
38

15

?

15

38

?

38
15
?

Answer the question: Madeline now has $53 in her account.92

90

From Everyday Mathematics, Grade 3, Volume 1 (p. 282), 3rd edition, 2012, Chicago: McGraw-Hill
Education. Copyright 2012 by The McGraw-Hill Companies, Inc. Reprinted with permission.
91
Italicized in the original.
92
Italicized the first part, then the answer color coded in red (or rather fuchsia) in the original, respectively. See
Footnote 79.
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Have children share their solutions strategies.93
A2. The commutative property of addition and of multiplication. The commutative
property of addition and of multiplication is used in Everyday Mathematics either in tasks
that request to create families of facts or as a strategy to learn basic arithmetic facts (Strand
1). The purpose of creating families of facts is to present the connection between addition
and subtraction and between multiplication and division, respectively. Subtraction may be
thought of as the operation of undoing an addition, which means that if
undoing this addition implies
(Core Aspect A),

then

. By using the commutative property of addition

is also true and then the undoing operation implies

.

The operation of division may be thought of as undoing a multiplication, which means that if
then undoing this operation implies
multiplication implies that
multiplication,

. The commutative property of

is also true (Core Aspect A) and, by undoing this

holds. The commutative property of multiplication is also

presented in the teacher’s lesson guides as a strategy to learn multiplication facts (Strand 1).
If we know that

then we know that

. The tasks included in Everyday

Mathematics textbooks use symbolic, visual, verbal, and physical representations. In addition
to those representations, the commutative property of multiplication has also a contextual
representation.

The symbolic representation of the commutative property. The symbolic
representation of the commutative property is the starting point in writing family facts. From
a triplet of numbers formed with two addends and a sum for the addition family facts, or with

93

From Everyday Mathematics, Grade 3, Volume 1 (p. 125), 3rd edition, 2012, Chicago: McGraw-Hill
Education. Copyright 2012 by The McGraw-Hill Companies, Inc. Reprinted with permission.
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two factors and a product for the multiplication family facts (Strand 1), the first two
equations that are recorded are based on the commutative property (Core Aspect A). The
following two examples include symbolic representations for the commutative property. The
first example refers to the family facts of addition and the second example is from tasks that
request that students write on their slates symbolic representations for multiplication family
facts.
A1NuS:
The concept of fact families94 can be extended beyond the basic facts. A number
family95 can be formed from any triplet of numbers (included multi-digit numbers)
consisting of two addends and their sum. For example, the number family for the
numbers 15, 20, and 35 is 15
35

20

20

35; 20

15

35; 35

15

20; and

15. 96

A1NuS: “Write a few more triplets of numbers in the triangle. Children write the fact
families on their slates.” (Everyday Mathematics, Volume 1, p. 274)
The symbolic representation of the commutative property of multiplication is also used to
learn multiplication facts. This fact is emphasized in the following example.
A1NuS:
Illustrate the turn-around shortcut97 (Commutative Property of Multiplication) by

94

Boldface in the original.
Boldface in the original.
96
From Everyday Mathematics, Grade 3, Volume 1 (p. 102), 3rd edition, 2012, Chicago: McGraw-Hill
Education. Copyright 2012 by The McGraw-Hill Companies, Inc. Reprinted with permission.
97
Boldface in the original.
95
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writing several fact phrases for small numbers, such that 4

3, on the board. Pair

each fact with its the turn around, or commutative partner – 4

3 and 4

order of the factors does not change the product, so if you know 3
know 4

3

4

3. The
12, you also

12.98

The visual representation of the commutative property. In the Everyday Mathematics
curriculum there are three visual representations of the commutative property. One
representation is the Fact Triangle, which is an equilateral triangle that has three numbers that
correspond to a family fact written in its corners. The top corner is marked with a dot and it
contains the sum or the product of the family fact (see Figure 4.14 and Figure 4.15 below).
The other two numbers are written in the corners of the base (Strand 1). The commutative
property implies that we can add or multiply the numbers from the triangle’s base from left to
right or from right to left and the answer is always the number from the top of the triangle
(Core Aspect A). The following two examples are extracts from the textbook that show the
Fact Triangle representation. The first example, which reproduces a full page from students’
Math Journal, covers the commutative property of addition; the second example covers the
commutative property of multiplication.
A1NuVi:

98

From Everyday Mathematics, Grade 3, Volume 1 (p. 268), 3rd edition, 2012, Chicago: McGraw-Hill
Education. Copyright 2012 by The McGraw-Hill Companies, Inc. Reprinted with permission.
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Figure 4.14. Addition and subtraction number families. From Everyday Mathematics, Grade
3, Volume 1 (p. 103), 3rd edition, 2012, Chicago: McGraw-Hill Education. Copyright 2012
by The McGraw-Hill Companies, Inc. Reprinted with permission.
A1NuVi:

Figure 4.15. Multiplication fact family for the numbers 3, 4, and 12. From Everyday
Mathematics, Grade 3, Volume 1 (p. 273), 3rd edition, 2012, Chicago: McGraw-Hill
Education. Copyright 2012 by The McGraw-Hill Companies, Inc. Reprinted with permission.
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The second visual representation is obtained through the use of the “facts tables,” that
is, the addition and multiplication tables. In order to find the sum or product of two numbers

a and b that are between 0 and 10, we trace the column a and the row b in the addition or
multiplication table, respectively. The answer is at the intersection of the column with the
row. Then, if we trace the column b and the row a, we will find that their intersection
contains the same number as the previous answer. The following example shows how the
facts table is included in the first volume of Everyday Mathematics to present the
commutative property of multiplication.
A1NuVi:
Model how to use the table to find products.

Example:99 5


7

5

?

Find the 5-row. Go across the 5-row to the 7-column. That number is 35. This
shows that 5



? and 7

7

35.

Find the 7-row. Go across the 7-row to the 5-column. That number is 35. This
shows that 7

5

35.100

The third visual representation for the commutative property of multiplication is the
array organization of multiplication facts. The following example is a task in which the
commutative property of multiplication is represented by using “arrays,” that is, groups of
objects arranged in rows and columns.
A1NuVi:
1. Draw an array on the board representing 4 rows of trombone players with 6

99

Italicized in the original.
From Everyday Mathematics, Grade 3, Volume 1 (p. 274), 3rd edition, 2012, Chicago: McGraw-Hill
Education. Copyright 2012 by The McGraw-Hill Companies, Inc. Reprinted with permission.
100
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players in each row.
2. Display a multiplication/division diagram, and have a volunteer fill in the known
quantities.
3. Write 24 in the bottom right box.
4. Call attention to the fact that the numbers do not have the same units or labels, as
they do in addition and subtraction stories.
5. Ask a volunteer to write a number model for this array: 4

6

24.101

6. Next, draw an array to represent 6 rows of trombone players with 4 players in each
row.
Repeat Steps 1 through 5. Fill in a multiplication/division diagram and write a
number model. Compare the two arrays, emphasizing that although the total number
of players is the same in each array, the number of rows and the number of players
per row are reversed.102

The verbal representation of the commutative property. The verbal representation of
the commutative property at the Core Aspect A level is not used that often. This
representation appears when the tasks discuss family facts, as in the following two examples.
The first example shows the commutative property of addition and the second example
shows the commutative property of multiplication. Both tasks require the teacher to “ask
children to name” the family facts, which implies using the spoken language to represent
mathematical relationships.
A1NuV: “Ask children to name the four facts that can be written using 8, 9, and 17. 8

101

Color coded in red (or rather fuchsia) in the original. See Footnote 79.
From Everyday Mathematics, Grade 3, Volume 1 (p. 249), 3rd edition, 2012, Chicago: McGraw-Hill
Education. Copyright 2012 by The McGraw-Hill Companies, Inc. Reprinted with permission.
102
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17; 9

8

17; 17

9

8; 17

9”103 (Everyday Mathematics, Volume 1, p. 101)

8

A1NuV: “Ask volunteers to name the fact family (the two multiplication facts and two
division facts) for those numbers. 3

4

12; 4

3

12; 12

3

4; 12

4

3104

(Everyday Mathematics, Volume 1, p. 273)

The physical representation of the commutative property. As physical representations
for the commutative property of addition the Everyday Mathematics textbooks contain tasks
that involve using dominoes pieces. The following example is one of such tasks.
A1NuPh: “… Children use dominoes to model the turn-around facts. Children choose a
domino and say or write the facts shown by the dots. Then they rotate the domino 180
degrees and say or write the turn-around fact.” (Everyday Mathematics, Volume 1, p. 104)
To explore the commutative property of multiplication, the textbook includes the following
task:
A1NuPh: “Math Message105 There are 24 trombone players in a big parade. Use counters to

represent trombone players. Arrange the counters to show them in equal rows.106” (Everyday
Mathematics, Volume 1, p. 249)
For this task the expectation is that children will use intuitively the commutative property to
create all possible arrangements of 24 counters in rows with the same number of counters in
each row.

103

Color coded in red (or rather fuchsia) in the original. See Footnote 79.
Color coded in red (or rather fuchsia) in the original.
105
Boldface in the original. For each lesson, the “Math Message” is a question or activity that is supposed to
start the exploration of the math topic for that particular day.
106
Italicized in the original.
104
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The context representation of the commutative property. The previous task about the
arrangement of 24 trombone players in columns and rows is also the only contextual
representation of the commutative property. Contrary to the fact that the textbook contains
addition and multiplication story problems, the strategies for solving them do not imply the
use of the commutative property. The only place where the commutative property is
presented is when the textbook gives two possible number models for the story problem
(

? or

?). For example, in Lesson 2.5, Change Number Stories, the teacher’s

lesson guide starts with the following Math Message (see Footnote 105 on previous page):
“Madeleine had $38 in her bank account. She deposited another $15. How much money was
in her account then?” (Everyday Mathematics, Volume 1, p. 124) A number model for this
problem is either 38

15

? or 15

38

?

A3. The distributive property of multiplication over addition. The distributive
property of multiplication over addition is used in the Everyday Mathematics textbooks in
two situations. First, this property is a strategy to do simple multiplications using familiar
facts. In order to multiply two numbers, first one of the factors is written as the sum of
smaller numbers, then the other factor is multiplied with each of the smaller numbers, and
last all the products are added together. Second, the distributive property is the tool used to
multiply a two or three digit number with a one digit number. There are two algorithms for
multiplication presented in the Everyday Mathematics textbooks: the Partial-Products
Algorithm and Lattice Multiplication. Both algorithms follow the same process in order to
find the product:
1. Consider the base 10 expansion form of the multi-digit factor (Strand 1);
2. Use the distributive property of multiplication over addition (Core Aspect A) to
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multiply each term of the expansion form by the second factor;
3. Add all the partial products.
The distinction between the two algorithms is their visual representations. The PartialProducts algorithm has a column organization with each column representing a place value.
Lattice Multiplication organizes the numbers in a table format with the place values on the
diagonals. Within the context of these algorithms and mental computation, the mathematical
representations for the distributive property of multiplication over addition are symbolic,
visual, verbal, and physical.

The symbolic representation of the distributive property of multiplication over
addition. The symbolic representation of the distributive property of multiplication over
addition,

, is used to present possible strategies for multiplying

a two-digit number by a one-digit number. The following is such an example.
A1NuS: “Think of 6
over Addition: 6

10

15 as 6
5

10
6

10

5 . Use the Distributive Property of Multiplication
6

5

60

30

90.” (Everyday

Mathematics, Volume 2, p. 720)
In each of the Lessons 9.4 and 9.12, the text includes a note for teachers, which
mentions the fact that the partial-products algorithm is an application of the distributive
property of multiplication over addition. These notes also contain the symbolic representation
of this property. The following is the note from Lesson 9.4, A Multiplication Algorithm.
A1NuS:
NOTE107 The partial-products algorithm is an application of the Distributive Property

107

Boldface in the original.
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of Multiplication over Addition. For example, in the problem 3
decomposed into 300

60

2. 300, 60, and 2 are each multiplied by 3. The partial

products are then added to find the whole product. 3
3

300

3

60

3

362, 362 is

2

900

180

6

362

3

300

60

2

1,086. The distributive

property can be applied to any number of addends.108
Next is the note for teachers included in Lesson 9.12, Products of 2-Digit Numbers, Part 2.
A1NuS:
NOTE109 When using the partial-products algorithm to multiply 2-digit numbers,
children are applying the Distributive Property of Multiplication over Addition two
times.

For example:110
17
10
40

34

17

7

4

28

30
10

4
30

17
7

30
30

17
10

4
4

10
7

7
4

30
300

210

578 …111

The visual representation of the distributive property of multiplication over addition.
The distributive property of multiplication over addition is represented visually by the
column organization of the factors. The columns are associated with place values. The
numbers are written, one under the other, in columns, based on the place values of each digit.

108

From Everyday Mathematics, Grade 3, Volume 2 (p. 733), 3rd edition, 2012, Chicago: McGraw-Hill
Education. Copyright 2012 by The McGraw-Hill Companies, Inc. Reprinted with permission.
109
Boldface in the original.
110
Italicized in the original.
111
From Everyday Mathematics, Grade 3, Volume 2 (p. 780), 3rd edition, 2012, Chicago: McGraw-Hill
Education. Copyright 2012 by The McGraw-Hill Companies, Inc. Reprinted with permission.
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Then, in the same downward arrangement, the products (partial products) of the hundreds,
tens, and units are organized one after the other. The calculation of the partial products is
possible because the distributive property of multiplication over addition (Core Aspect A –
Strand 1). Finally, all the partial products are added together following the partial-sums
algorithm for addition. The following example shows the visual representation of the
distributive property of multiplication over addition.
A1NuVi:112
306
4
4 [300s]
4 [0s]
4 [6s]
1200 + 0 + 24

→
→
→
→

1200
0
24
1224

Another visual representation for the distribution property of multiplication over
addition is the array diagram. First, the multiplication of two numbers is represented as an
array that has the length equal with one factor and the width equal with the second factor.
Then this big array is divided into smaller arrays. The smaller arrays correspond to the
partial-products from the multiplication algorithm. The following example is the visual
representation, using array diagram, for the multiplication 13

20.

A1NuVi:



112

There are 10 green squares in each of 20 rows, so there are 200 green squares (20

From Everyday Mathematics, Grade 3, Volume 2 (p. 733), 3rd edition, 2012, Chicago: McGraw-Hill
Education. Copyright 2012 by The McGraw-Hill Companies, Inc. Reprinted with permission.
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[10s]) in all.



There are 3 red squares in each of 20 rows, so there are 60 red squares (20 [3s]) in
all.



There are 260 green and red squares (200 + 60) in all.113

Figure 4.16. Using array diagrams to visually represent multiplication.
The verbal representation of the distributive property of multiplication over addition.
The verbal representation of the distributive property of multiplication over addition is
hidden in the mental strategies used to do multiplication facts. As part of the language used to
present a multiplication process such as

, the textbook recommends the form a [bs].

The following is an example of this recommendation.
A1NuV:
Have children find the answer – preferably mentally, but they may use paper or a slate
to keep track of their thinking. They share solution strategies. Encourage them to use

113

From Everyday Mathematics, Grade 3, Volume 2 (p. 774), 3rd edition, 2012, Chicago: McGraw-Hill
Education. Copyright 2012 by The McGraw-Hill Companies, Inc. Reprinted with permission.
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the language of multiples (6 [15s]114 rather than 6 times 15) as they explain their
strategies.115
Consequently, the verbal description for the distributive property of multiplication over
addition is presented in the Everyday Mathematics teacher’s lesson guides as in the following
example, where the students are asked to provide the answer to the question in spoken
language.
A1NuV:
How much do five 180-pounds pumas weigh? 900 lb116

Possible strategies: 5 [100s] plus 5[80s] = 500 + 400 = 900; or 5 [200s] minus 5 [20s]
= 1,000 – 100 = 900. (Everyday Mathematics, Volume 2, p. 721)
As we can see in the above example, the distributive property of multiplication over
subtraction is also considered as a possible strategy to perform multi-digit multiplications.
However, the focus of the study in this dissertation is only on properties of addition and
multiplication, which are the main algebraic operations. Subtraction and division are the
inverse (“undoing”) operations for addition and multiplication respectively therefore I did not
analyze the text that refers to any of these operations.

The physical representation of the distributive property of multiplication over
addition. In Everyday Mathematics lesson guides there are sections that describe how to use
base-10 blocks to model mathematical operations. This approach is also used to represent the

114

Italicized in the original.
From Everyday Mathematics, Grade 3, Volume 2 (p. 720), 3rd edition, 2012, Chicago: McGraw-Hill
Education. Copyright 2012 by The McGraw-Hill Companies, Inc. Reprinted with permission.
116
Color coded in red (or rather fuchsia) in the original. See Footnote 79.
115
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partial-products algorithm for multiplication. For example, the multiplication 28
represented by 4 rows of 2 longs (4

20) and 4 rows of 8 cubes (4

4 is

8). The following

example shows how the textbook recommends the base-10 block to model multiplication
facts.
A1NuPh: “To explore multiplication using concrete models, have children model multiple
groups of a 2-digit number with base-10 blocks. Children then count the 10s and 1s to find
the total number of blocks and record their work on Math Masters, page 281.” (Everyday
Mathematics, Volume 2, p. 735)
A4. Summary of Findings for Core Aspect A – Strand 1. Kaput (2008) defined Core
Aspect A as the level where the main actions are performed in order to systematically notice,
record, and analyze regularities and constrains. At this level, the Everyday Mathematics
teacher’s lesson guides contain tasks that request to write and discuss how to create family
facts, to learn multiplication facts, and to apply addition algorithms to find the sum of two
multi-digit numbers and multiplication algorithms to find the product between a two-digit
number with a one-digit number. In these situations, the properties of addition and
multiplication, which are structures abstracted from arithmetic computations and relations,
are useful strategies to perform arithmetic operations. The representations are mostly
symbolic (the tasks involve writing equations) and visual representations (the column
organization of numbers in the algorithms, the triangle diagram used for family facts),
followed by verbal, physical, and contextual representations.
Section B. Findings for Core Aspect B – Strand 1. Kaput (2008) describes Core
Aspect B of algebra as the level where the reasoning implies performing actions with general

149
objects expressed in symbolic form. My interpretation of this level for third grade elementary
school is limited to empirical abstraction, which means to embody knowledge derived from
the properties of objects into a general representation (Dubinsky, 1991). As my analysis
shows, in the Everyday Mathematics textbooks Core Aspect B is present mostly in verbal
form. There are only a couple of appearances at this level for each of the physical and
symbolic representations, and none for contextual or visual representations. Also, since the
generalized statements are from numbers and computations, all the content included in the

Everyday Mathematics textbooks is part of the Strand 1 of algebra. I give next some
examples that I found to represent Core Aspect B – Strand 1.
B1. Generalizations about the associative property of addition and multiplication.
General statements about the associative property of addition and multiplication are found in
textbook’s sections that refer to strategies that make the computations easier to perform. For
example, when the lesson requires to add more than 2 addends, a strategy may be to group
the addends in ways that are easy for children to compute. The discussion then leads to the
general statement for the associative and commutative properties of addition as in the
following example.
B1NuV:
Does it matter in which order the addends are written? no117 Explain to children that
they can add the numbers in any order because of the Commutative Property of
Addition (the turn-around rule) and the Associative Property of Addition which states
that numbers can be added in any order without changing the sum.118
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A general statement about the associative property of multiplication is first presented
in a task where students have to compute products of three numbers by changing the order of
the factors. The conclusion, as it is presented in the next example, should be that the product
is not influenced by the way in which the factors are multiplied.
B1NuV: “… After children have finished finding products for their number sentences, have
them compare and discuss results. They should notice that each product is the same
regardless of the order of the factors.” (Everyday Mathematics, Volume 2, p. 282)
The second situation, in which the general statement of the associative property of
multiplication is mentioned, is when the tasks imply finding the products between one-digit
number with a two-digit number. One of the strategies is to factor one of the numbers and
then regroup the factors. The next example shows how the textbook recommends the
approach of the general statement about this property.
B1NuV:
NOTE119 At this time, children are not expected to use the terms distributive property
or associative property. They should, however, begin to develop an understanding
that numbers in computations can be factored, grouped, and/or renamed in different
ways to make computations easier to solve.120
B2. Generalizations about the commutative property of addition and multiplication.
The Everyday Mathematics textbooks name the commutative property the “turn-around
rule.” The third grade students should already know this rule. Therefore, in the third grade
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teacher’s lesson guide the rule is used to either write families of addition/multiplication facts
or to do easy computations. The following example refers in general terms to the
commutative property of addition but there are similar examples about the commutative
property of multiplication.
B1NuV:
Use the following prompts to discuss fact family concepts:



Why is it possible to write two addition facts using the same numbers? Because of
the Commutative Property of Addition or turn-around rule121: Two numbers
may be added in either order, and the sum will remain the same. For example, 8 +
9 = 17 and 9 + 8 = 17.122



Is there are a turn-around rule for subtraction? No. For example, 17 – 8 = 9, but 8
– 17 = -9.123,124

It is important to note the fact that the Everyday Mathematics textbooks have a
physical representation for the commutative property. The following example suggests using
gesture to show how the turn-around (that is, commutativity) rule works. The gesture
incorporates the idea that any two numbers involved in an addition or a multiplication can
switch their positions and may help some students understand the concept (e.g. ELL
students).
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B1NuPh: “Teach children a gesture to indicate turn-around facts. The gesture demonstrates
the idea of switching the numbers and can be used to remind children when the turn-around
rule is being applied.” (Everyday Mathematics, Volume 1, p. 102)
B3. Generalizations about the distributive property of multiplication over addition.
The distributive property of multiplication over addition is present in all the tasks that use the
partial-products algorithm for multiplication and it is in the background of several strategies
to find more complex products than the common multiplication facts. However, there is no
general statement that highlights the property. The recommendation of the textbooks is that
students should have an understanding of the fact that in a multiplication the numbers may be
written as the sum of smaller numbers in order to compute easier products and then adding
these products to get the final answer.
In contrast with the associative property and the commutative property, which have
names that correspond to the vocabulary level of third grade students (e.g. “the order does
not matter” for the associative property, “turn-around rule” for the commutative property),
the distributive property does not have a colloquial name. The teacher’s guides also mention
that it is not required for students to know the names of these properties. However, for
teachers there are side notes that not only describe verbally the properties but also provide
their symbolic representations. The following is the note that talks about the distributive
property of multiplication over addition and about the associative property of multiplication.
B1NuS:
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NOTE125 The Distributive Property of Multiplication over Addition relates
multiplication to a sum of numbers by distributing a factor over the terms in the sum.
For any numbers a, b, and c,

. The Associative

Property of Multiplication states that three numbers can be multiplied in any order
without changing the product. For any three numbers a, b, and c,
.126
B4. Summary of findings for Core Aspect B – Strand 1. The selection of examples
that I presented above shows the level at which Core Aspect B (syntactically guided
reasoning and actions on generalizations expressed in conventional symbol systems, as
defined by Kaput (2008)) is present in Everyday Mathematics teacher’s lesson guides for
third grade elementary school level. The properties of arithmetic operations are used as welldefined and expressed mathematical entities. This projection includes symbolic
representations for teachers’ knowledge, verbal representations for third grade students, and
physical representation for the commutative property as a helpful tool for some students.
Summary of Findings
My findings about how the generalization process is represented in Everyday

Mathematics curriculum’s tasks and accompanying teacher materials across multiple lessons
on multi-digit addition and multiplication in the teacher’s edition for the third grade
textbooks are the following:
1) The 3rd grade Everyday Mathematics teacher’s lesson guides contain tasks that
request to write and discuss addition and multiplication of numbers using numeral symbols
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and words and to write number sentences (Core Aspect A – systematically noticing, recording
and analyzing regularities and constrains). The text presents the properties of addition and
multiplication as useful strategies to perform arithmetic operations (Strand 1 – structures and
systems abstracted from arithmetic computations and relations).
2) The properties of addition and subtraction are an essential part of three situations:
creating family facts, learning multiplication facts, and applying addition algorithms to find
the sum of two multi-digit numbers and multiplication algorithms to find the product
between a two-digit number and a one-digit number.
3) In all three contexts mentioned above, Everyday Mathematics emphasizes
symbolic (written form using conventional symbols) and visual (figures, pictures, or
diagrams) representations, followed by verbal (spoken language), physical (concrete
materials, manipulated objects), and context (the content is organized around real world
events).
4) The adaptation for the 3rd grade elementary school level of the syntactically guided
reasoning and actions on generalizations expressed in conventional symbol systems (Core
Aspect B) is the empirical abstraction of the properties of arithmetic operations. This means
that a list of numerical expressions and equations where analyzed and their common
properties and characteristics were identified (Strand 1), then these commonalities were
embodied into a general presentation in order to use them in future tasks as well established
rules (mathematical objects).
5) The objectification of the properties, which means to use them as “well-defined
entities” (Sfard, 1998, p.7), is echoed in verbal and physical representations for students, and
in symbolic representations for teachers.
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CHAPTER 5 — DISCUSSION

The purpose of my study was to examine what information may be obtained about the
affordances of curriculum tasks to represent the process of generalization by using a theory
about algebra to code and interpret the text from teachers’ textbooks. Kaput (2008) states that
the importance of a theory is to help “distinguish between those kinds of tasks and those
responses to tasks that are on the path to algebraic reasoning from those that are not” (p. 50).
Krutetskii (1976) distinguished between two ways of doing generalization: one is by
identifying something general that is not known from particular cases and the second way is
by applying a general statement that is already known to a particular case. The purpose of the
first research question was to understand the affordances of curriculum tasks related to
describing, extending, and making generalizations about geometric and numeric patterns,
while the purpose of the second research question was to look at the generalization process
across multiple lessons on multi-digit addition and multiplication. These questions were
purposefully chosen to address the two types of generalizations in mathematics identified by
Krutetskii. In this chapter I discuss the findings from my study, describe its implications, give
an example of how to use a general theory to develop a task with higher potential to involve
students in algebraic thinking, and describe the limitations of my study.
Discussion of Findings
Discussion of the Findings for the First Research Question
The word “pattern” is used in many different situations. The world around us is
governed by regularities found in flowers, language, songs, poems, numbers, geometric
shapes, etc. (Mason, 2008; Moses, 2000). Mathematics itself is considered by many people to
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be the science of patterns. However, out of all these interpretations, my study focused on a
very specific meaning of patterns, namely that of a mathematical concept similar to the
concept of equation, function, or 2D figure. Therefore, for my study, I considered Radford’s
(1996) interpretation of a pattern as a triplet formed by a finite set of observed facts
,

,

,…,

, a generalization process g, and a conclusion α. Kaput’s theory about

algebra places the patterns of the form:
conclusion
,

,

,…,

,

,

,…,

, a generalization process g, and a

, in the Core Aspect A of algebra, and the patterns of the form:
, a generalization process g, and a conclusion α, in Core Aspect B.

With this interpretation of patterns, the findings for the first research question show
that, by using Kaput’s theory about algebra, I was able to identify tasks that have the
potential to analyze, synthesize, and abstract knowledge of regularities and constrains related
with patterns (Core Aspect A). And, also, that some of these types of tasks may provide the
setting to raise the reasoning to the level where generalizations are expressed in symbolic
form and where conventional symbols are used to represent reasoning and actions (Core
Aspect B).
The types of tasks that support the development of generalization at the Core Aspect
A level are well represented in all three curricula, in tasks that require finding multiples of a
number, counting by a number, increasing or decreasing numbers by applying the same rule,
skip counting in order to identify patterns in multiplication facts. Skip counting by a number
is used to make the connection between repeated addition and multiplication and to identify
multiples of numbers or learn multiplication facts. Such tasks have the potential to develop
generalization at the Core Aspect B level. Also, these situations generate other types of
patterns such as patterns of multiples of numbers, patterns of the positions of the
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multiplication facts in a table, or patterns in common multiples of different numbers, which
again may be part of the Core Aspect B. All curricula use numerical patterns as cognitive
tools to understand and learn multiplication facts. All these tasks support the development of
generalization at the Core Aspect A level. Also, in all curricula, arithmetic patterns are used
as cognitive tools to learn and understand linear functions and to develop a visual
representation of a recursive process. All these tasks may provide support for generalization
at the Core Aspect B level.
However, the settings and presentations for these tasks are different from curriculum
to curriculum. In the Investigations curriculum the tasks for finding multiples of a number
first start by using 100 charts in which the multiples are marked by using the skip counting
technique. The tasks cover the multiples of 2, 3, 4, 5, 6, and 10, because the next step is to
identify the connection between the multiples of the pairs of numbers (2, 4), (3, 6), and
(5,10). The Everyday Mathematics curriculum uses two types of charts to analyze the
multiples of numbers. First, in the 100 chart, by marking the multiples of 2 and 5 using the
skip counting technique and two different marks, the tasks highlight the relationships
between their common multiples to note that they always have the last digit 0. The second
type of chart is the multiplication table, which is first completed by using the 100-chart and
the skip counting process, and then it is used to find the products of two numbers between 1
and 10. The multiplication table is also used to identify patterns in the multiples 2, 5, 10, and
9, which are known in mathematics as the divisibility rules. The Math Trailblazers
curriculum uses the multiplication table for the numbers between 0 and 10 to identify
patterns in the multiples of 0, 1, 2, 5, 9, and 10, which as in Everyday Mathematics
correspond to the divisibility rules. Therefore, the use of the two types of charts corresponds
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with the different perspectives of each curriculum on how to develop students’ fluency on
computations with multiplication facts: Investigations focuses on the characteristics of
common multiples of two numbers (it uses the 100-chart to find common multiples);

Everyday Mathematics focuses on common multiples (by using 100-chart) and on patterns in
multiples of a number (by using the multiplication table); Math Trailblazers focuses on
patterns in multiples of a number (by using the multiplication table).
Based on Kaput’s theory, all three curricula are very similar in treating multiples of
numbers at Core Aspect A level. The big distinction between them comes at Core Aspect B
level. My claim is that these similarities and distinctions come from the way in which the
authors represent the NCTM Standards and the Common Core State Standards in these
textbooks.127
The NCTM (2000) Standards for patterns state that “students in 3rd grade should be
able to predict the next element in a sequence by examining a specific set of examples” (p.
160; the Standards about fluency in computation mention that “by working on many
multiplication problems with a variety of models for multiplication, students should initially
learn and become fluent with some of the ‘easier’ combinations” (p. 153). In CCSSM (2010),
the standard 9 for operations and algebraic thinking for 3rd grade includes identifying
arithmetic patterns in the addition and multiplication tables, while standard 7 states that
students should become fluent in multiplication and division within 100 using different
strategies (e.g., the relationship between multiplication and division, properties of operations)
and should be able to mentally multiply one-digit numbers. Therefore, the standards for 3rd

127

As discussed in the Data Analysis Procedures section of Chapter 3, the curricula that I studied have been
started before the publication of the NCTM Standards and of CCSSM. However, the last editions of the three
curricula are all aligned with both documents.

159
grade are very specific on the content at the Core Aspect A level (students should be able to
predict the next element in a pattern, be fluent at multiplying two one-digit number, and
identify patterns in 100-charts), but they are quite open to what strategies should be used or
emphasized at Core Aspect B level.
Since at Core Aspect B such strategies are based on general statements about
multiples of numbers (Core Aspect B level), every curriculum has its own perspective on
what characteristics of multiples should be discussed. As I mentioned earlier, Investigations
explores properties of common multiples of two numbers in the particular case where one
number is the double of the other number, while Math Trailblazers explores patterns within
the multiples of the same number. Everyday Mathematics includes both properties of
common multiples of two numbers and patterns within the multiples of the same number.
Moreover, the tasks which I identified in the textbooks to reflect these properties and patterns
correspond more to the 4th and 5th grades standards that to the 3rd grade standards. In order to
make a general statement about a pattern, the NCTM Standards and CCSSM state that the 4th
grade students should be able to express in general terms the iterative nature of the pattern,
while the 5th grade students should be able to find a general rule for the pattern.
The NCTM Standards (2000) also emphasize the importance of using multiple
representations while working with patterns. All three curricula satisfy this requirement with
similar preference for using the different representations. The mathematical representations
of tasks that correspond to Core Aspect A are used in the following order, from the least used
to the most used: from context (the content is organized around real world events), to
physical (concrete materials, manipulated objects), to visual (figures, pictures, or diagrams),
to symbolic (written form using conventional symbols), and to verbal (spoken language). For
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Core Aspect B the most used mathematical representation is verbal (spoken language)
followed by symbolic representations (written form using conventional symbols).
Another important characteristic of the analyzed textbooks, which was identified by
the theoretical framework, is the low or inexistent number of patterns that involve geometric
properties. Geometric patterns have a very light representation in all three curricula, which
implies missing opportunities for analyzing, synthesizing, and abstracting knowledge of
regularities and constrains related to geometrical shapes (Core Aspect A) and therefore
missing the opportunities to raise the reasoning to the Core Aspect B level. The NCTM
Standards (2000) and the research on developing algebraic thinking (Mason, 1996, 2008,
2011; Lee, 1996; Radford, 1996, 2011; Moss & McNab, 2011; Rivera & Becker, 2011;
Blanton et al., 2015; Smith, 2008; Boester & Lehrer 2008) highlight that these types of tasks
provide settings for finding different ways to count and to express such ways in general form,
for reorganizing in ways that allow different counting strategies, for making connections with
other contexts that have similar general forms (triangular numbers, square numbers), for
doing and undoing in order to find characteristics of the numbers involved, and for
transferring the task to a higher dimension (from 2D figures to 3D shapes) or to a lower
dimension (dots patterns). See Mason (1996) and Lee (1996). Therefore, the richness of
involving students in algebraic thinking provided by geometric patterns should be strongly
considered when tasks are selected to be part of a curriculum. At the same time, I can see a
reason that may explain the low attention given to geometric patterns. The power of
geometric patterns is the opportunity to interpret them in a variety of ways and some of these
ways may deviate from the purpose of the 3rd grade mathematics, which is very much
focused on developing students’ computational fluency.
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The importance of having schoolchildren working with patterns is recognized by
Kaput’s algebra framework in the fact that it places patterns as a pre-function mathematical
concept. Warren and Cooper (2008) proposed to develop the understanding of patterns at
elementary school students through the following path: identifying the unit in repeated
patterns, growing patterns, relate growing geometric patterns with growing number patterns,
distinguish between repeated patterns and growing patterns and convert the repeated patterns
into growing patterns, explore repeated patterns as repeated addition, investigating repeated
patterns as division with remainder, establish relationships between the elements of the
pattern and their position, and use tables of values to record data about. Once the above path
is followed the students should be ready for functional thinking. Moreover, my study
identified a sequence of tasks in the Investigations textbook that follow the path from a
repeated pattern with the unit of the form ABC, to the growing numerical patterns of
multiples of 3, multiples of 3 plus 1, and multiples of 3 plus 2, to the process of recording the
elements of the patterns in tables of values, and finally to the exploration of the covariance
between the number of days and the total number of marbles that the children have (see the
story about The Magic Marbles of Rhomaar in Investigation 3 of Unit 6).
By following the approach of Warren and Cooper (2008), drawing from the research
on patterns at elementary school level (Mason, 1996, 2008, 2011; Lee, 1996; Radford, 1996,
2011; Moss & McNab, 2011; Rivera & Becker, 2011; Blanton et al., 2015; Smith 2008;
Boester & Lehrer 2008), and interpreting the findings of my study, I claim that the
developmental trajectory of pre-functional thinking should start with simple numericgeometric patterns – increasing, decreasing, not represented in a table – where the
generalization process is based on recursive reasoning, followed by repeating patterns –
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where the important elements in the process of generalization are the unit of the pattern and
the table with records of the numbers of iterations of the unit and the particular elements that
form the unit. This setting provides an initiation for covariant thinking and then for
functional thinking, which means that the reasoning is about the relationship between two or
more quantities (variables).
From the perspective of this developmental trajectory, although the knowledge about
patterns is spread out in each curriculum over more than one book, I consider that, at 3rd
grade mathematics level, the content about patterns seems closer to the trajectory in the

Investigations textbooks than in Everyday Mathematics and Math Trailblazers. This
difference comes from the approache that each curriculum takes to introduce the concept of
function. In Investigations the approach is to extend the exploration on patterns to functional
thinking, while the Math Trailblazers’ approach is to extend the reasoning about modeling
real data (by interpreting them as joint variation) to functional reasoning. From Kaput’s
theory about algebra, Investigations follows the route from Strand 1 to Strand 2, while Math

Trailblazers takes the route from Strand 3 to Strand 2. In Everyday Mathematics the concept
of function is presented as a machine that has three well-defined parts: the input, the body,
and the output, which shows a direct focus on Strand 2. This claim is definitely limited by the
fact that the study focused on 3rd grade alone. The recent study done by Blanton et al. (2015)
shows that 3rd grade students are already able to successfully participate in tasks that involve
functional thinking. Therefore, the analysis of the development of pre-functional thinking
may start from earlier grades, even from kindergarten.
In conclusion, by using Kaput’s theory on algebra to identify tasks that have the
potential to involve schoolchildren in algebraic reasoning and therefore in generalization
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activities, I was able to provide evidence for two roles that the mathematical concept of
patterns plays in the 3rd grade curricula textbooks. The first role is to move students’
algebraic reasoning from Core Aspect A to Core Aspect B. The second role is as a gate to
Strand 2 of algebra.
Discussion of the Findings for the Second Research Question
The second research question focused on the tasks that involve the generalization
process across multiple lessons on multi-digit addition and multiplication from the Everyday

Mathematics curriculum. Kaput’s theory unveiled several characteristics of these tasks.
The Core Aspect A of algebra – systematically noticing, recording and analyzing
regularities and constrains – is reflected in tasks that require writing and discussing addition
and multiplication of numbers using numeral symbols or words and to write number
sentences. Since the tasks involve the properties of addition and multiplication as useful
strategies to perform arithmetic operations, they are part of the Strand 1 of algebra, which
includes structures and systems abstracted from arithmetic computations and relations. At
Core Aspect A Strand 1 stage, the properties of addition and multiplication are expressed
mathematically through symbolic (written form using conventional symbols) and visual
(figures, pictures or diagrams) representations, followed by verbal (spoken language),
physical (concrete materials, manipulated objects), and contextual (the content is organized
around real world events) representations.
The adaptation of Core Aspect B level of the properties of arithmetic operations for
the 3rd grade elementary school level is an empirical abstraction one, which implies the
analysis of particular numerical expressions and equations, followed by a synthesis of their
common properties and characteristics, and at the end provide a general presentation of the
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observed commonalities in order to use them in future tasks, this time as well established
rules. As mathematical representations at Core Aspect B, the tasks aimed for students have
only verbal and physical representations, and the side comments aimed for teachers include
also symbolic representations.
The properties of arithmetic operations are examples of what Krutetskii calls “the
second goal of the process of generalization,” which is to apply something general that is
already known to a particular case. My study shows that in 3rd grade mathematics these
properties are considered intuitively true, therefore general statements, and are used to
perform arithmetic operation. About the way in which these properties are used, Kaput
(2008) states that “our activity can be termed algebraic when we are stating these properties
explicitly and examining their generality – not when we are using them tacitly.” Therefore we
might ask: what does it mean to state the properties and express their generality at 3rd grade
elementary school level? The work of Schifter, Bastable, and Russell (2008a) answers this
question. When 3rd grade students use the “turn-around” property of operation instead of
performing the operation, they use the commutative property. When students use
rearrangements of visual representations of more than two addends or more than two factors,
they use the associative property. When students break a factor in parts to perform a
multiplication and explain why it works, they use the distributive property of multiplication
over addition.
By using Kaput’s theory on algebra, my study identified tasks from textbooks that
involve the “algebraic” use of the properties of operations in the way in which Schifter
described them. But also, it identified that the domain of the operations where the properties
are considered true statements is limited to the whole numbers set. This is consistent with the
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concern that Bastable and Schifter (2008) expressed about the fact that the awareness of the
truthfulness of properties of operations comes gradually, first they are true for whole
numbers, then for integers, for rational numbers, and finally for real numbers. Therefore, the
properties of operations are trapped in the Core Aspect A of algebra for a long period of time.
This limitation may be overcome if the numbers and operations with numbers are
replaced with quantities and relationships between quantities, as proposed by Smith and
Thompson (2008). Quantities (e.g., heights, lengths, time, distance, speed, age), as defined by
Smith and Thompson (2008), “are attributes of objects or phenomena that are measurable: it
is in our capacity to measure them – whether we have carried out those measurements or not
– that makes them quantities” (p. 101), and can be used in non–numerical (general)
reasoning. The work of Dougherty (2008) brings evidence that thinking about quantities as
attributes that can be measured and using concrete representations to compare, combine, or
transform these quantities, students from 1st and 2nd grade are able to reason using the
properties of operation as being true for all numbers. This happens because the fundamental
properties of operations are modeled by physical quantities (volume, length) and children are
able to explore and experience physically why these properties are true without attaching
particular values to the quantities. Dougherty’s approach offers the opportunity to lift up the
properties of operation from Core Aspect A to Core Aspect B even in earlier grades of
elementary school.
The purpose of the second research question from my study was to explore how the
second meaning of generalization described by Krutetskii (1976), which is to apply general
properties to particular situations, can be identified by Kaput’s theory. My study shows that at
3rd grade level the properties of operations are used intuitively by schoolchildren, which
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keeps the level of reasoning at Core Aspect A level even if there is evidence in the literature
that the schoolchildren are able to reason with this properties at Core Aspect B level (to state
and explain why these properties work for any numbers).
Implications
My study has implication for research, for mathematics educators, for teacher
preparation programs, and for textbook authors. For research, the top-bottom approach in
which a theory is the source for analysis opens up discussions about different interpretations
and about how the theory may be transformed in order to identify the most efficient factors
and characteristics materialized in textbooks. Also, my study brings up the quest for different
theories that may be used with the same purpose, to evaluate written materials for teachers. I
consider that the biggest advantage of starting from a theory about the development of a
mathematic domain (e.g., algebra) is that it can be used as an evaluating and comparing tool
for all four types of curricula: intended, enacted, assessed, and achieved. In this study I used
a theoretical method to look at the intended curriculum. The next step is to apply the same
theoretical method to evaluate the implemented curriculum, and then compare them to
understand their impact on the assessed and achieved curriculum. Also, the same theoretical
method may be used to interpret the findings of longitudinal studies that follow particular
children during their development into algebraic thinking. In other words, Kaput’s theory of
algebra may be used as the measuring unit in any study that involves the development of
algebraic thinking at children during their journey through the schooling years.
The implication for mathematics education is to reexamine the relationship between
textbooks and teachers. The need for such work arises from the concern that Mason (2008)
stated in the following quote:

167
When textbook authors and teachers are tempted to do for learners what the learners
could already do for themselves by using their own powers, they increase rather than
decrease learner dependency. They actually contribute to the gradual atrophy of those
powers, at least within the context of mathematics, and this in turn contributes to
growing disaffection and disinterest in school mathematics. (p. 57)
A theory about the development of a field may create the link between textbooks and
teachers and may provide the support for children to become independent learners. In other
words, the textbooks and teachers should become a well-structured system that provides the
support that students need to be able to involve themselves in making sense of problems and
persevering in solving them, in reasoning abstractly and quantitatively, in constructing viable
arguments and critiquing the reasoning of others, in modeling with mathematics, in using
appropriate tools strategically, in attending to precision, in looking for and making use of
structure, in looking for and expressing regularity in repeated reasoning (CCSSM, 2010).
The implications for the teachers’ preparation programs are related to the pre-service
teachers’ course work. The programs have to include courses that cover the mathematical
content at a level that enables future teachers to understand, create, and transform the tasks
included in textbooks. For example, my analysis of textbooks based on Kaput’s theory shows
that, in order for teachers to create and transform tasks that involve making generalization
about numeric and geometric patterns or using relationships between operations and
properties of operations, it is desirable that the teachers become comfortable reasoning at
Core Aspect B level. For example, in Everyday Mathematics there is a task that requests to
identify the relationship between a number from the multiplication table and its neighbors
from above, below, left, and right. In order for a teacher to develop a classroom activity
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based on this task, he/she has to be able to perform the following algebraic reasoning:
suppose that the initial number is at the intersection of column m and row k; this number is
the product k×m; the sum of the five numbers selected in this task is
1

1

1

1

1

1

1
5

1

.

Consequently, for the above algebraic computation, the teacher has to be comfortable
applying the algebraic versions of the distributive property of multiplication over addition,
the commutative and associative properties of addition, and the commutative property of
multiplication. Therefore, even if the highest level of the tasks from the analyzed curricula is
B1NuV, the teachers’ knowledge should also cover the level B1NuS.
Another interesting task in Math Trailblazers first requires the identification of the
pattern of the difference between two consecutive square numbers and then asks for the
identification of the next square number by using the general statement: “the squares go up
by consecutive odd numbers.” For this example a teacher has to have an algebraic thinking at
least at level B1NuS in order to use this task for a generalization activity. He/she should be
able to understand the following algebraic reasoning: two consecutive natural numbers have
the representation k and k+1, where k can be any natural number; the simplified form of the
difference between two square consecutive numbers is
number has the representation 2
1

2

1

2

1; an odd

1 where k is any natural numbers; and consequently

1 .

Moreover, the textbooks of all three curricula require a deep understanding of basic
definitions and principles of number theory: factors, multiples, prime and composite
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numbers, general representations and properties of even and odd numbers, the justifications
of the divisibility rules. Also, the understanding of cardinality of sets comes to use in

Investigations, where one can find the remark: “There are twice as many multiples of 5 on
the 100 chart as there are multiples of 10” (Unit 5, Investigation 2, p. 55). Teachers have to
understand that such a statement is true only because the universe of the sets taken in
consideration is the natural numbers between 1 and 100 (a finite set). Teachers have to know
that there is a one-to-one correspondence between the set of all multiples of 5 and the natural
numbers, and there is a one-to-one correspondence between the set of all multiples of 10 and
the natural numbers, and consequently the two sets of multiples have the same cardinality.
The teachers that use the Investigations curriculum must have a complete
understanding of the concept of linear functions. For Everyday Mathematics and Math

Trailblazers teachers have to be very skillful in computations with algebraic expressions and
general representations of particular types of numbers. In conclusion, in order to transform
the affordances of these three curricula into classroom generalization activities about numeric
and geometric patterns, teachers’ knowledge of algebra has to be at least at the level Core
Aspect B Strand 2. In other words, 3rd grade elementary teachers have to be comfortable to
work with “syntactically guided reasoning and actions on generalizations expressed in
conventional systems…in the study of functions, relations and joint variation.” (Kaput, 2008,
p. 11)
My study also has implications for textbook authors. The textbooks are tools that
incorporate the knowledge of previous generations of educators and the current teachers use
them to create and modify classroom activities. Teachers’ experiences and understandings
become information to be used by the textbook authors. There is a need for writing textbooks
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that are guided by theory in the selection of the knowledge of the previous generations and in
the transformation and presentation of this knowledge in ways that are aligned with the
contemporary educational requirements. These requirements have changed and will continue
to change due to the accumulation of knowledge about the development of mathematical
thinking.
Next, I provide an example of how researchers, mathematics educators, instructors of
pre-service teachers, and textbook authors may use a theory about algebra for guidance in
creating academic tasks with higher potential for developing students’ algebraic thinking
across Grades K–12 .
An Example of Using a Theory About Algebra to Create a Mathematical Task
The findings from my two research questions provide enough evidence that the
coding system that I constructed in Chapter 3 can be used to analyze and to create tasks that
have a higher potential to develop children’s algebraic thinking. In support of my claim, I
will provide an example of how a task may be transformed in order to have more of the
characteristics included in the coding system. The coding matrix from Table 3.1, in the
refined form depicted in Figure 3.1, will be used as a guiding tool for the transformation of
the task.
Let us consider the concept of square number. Since these types of numbers are part
of several tasks in each curriculum that I analyzed in my study, this is an appropriate example
to use. Suppose that the students have completed the 100–multiplication table and consider
the following activity.
Task1: Make a list with the numbers that are on the diagonal of the multiplication table and
for each of them write the corresponding mathematical expression.
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The expected answer should be similar to the following:
1
8

1
8

1; 2
64; 9

2
9

4; 3
81; 10

3
10

9; 4

4

16; 5

5

25; 6

6

36; 7

7

49;

100.

The task is in the category of numerical patterns since it refers to the change that
happens between the values of the numbers on the diagonal of the 100–multiplication table.
The square numbers are visually represented because the task involves the use the
multiplication table. Also the square numbers are represented symbolically by using specific
mathematical signs and syntaxes. The representation of this task using the method encoded in
Figure 3.1 is given by the table from Figure 5.1 below.
Strands
Core
Aspects

Core Aspect A

Core Aspect B

Strand 1
Representation
Pattern
Geometric
Numeric
Other
Geometric
Numeric
Other

C

Vi

V

Ph

Strand 2
S

C

Vi

V

Ph

S

Figure 5.1. Using the theoretical coding matrix to represent Task 1.
We can next use the theoretical framework depicted in Figure 3.1 to transform Task 1 into a
new task in such a way that the square numbers can have contextual, verbal, and physical
representations. This new task starts with a story that sets up the stage, then builds up to a
total of ten more subtasks. The outcome will have representations at both Core Aspects, A
and B, and at both strands, Strand 1 and Strand 2. See Figure 5.12 for the final outcome.
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Let us consider the following story:
Task 2: Once upon a time, in a faraway town, there lived three little pigs, a big bad wolf, and

the little Red Riding Hood. The town was known as the “Square Town” because all its
buildings had a square floor plan and no other types were allowed. One day, the three little
pigs, the big bad wolf, and the Red Riding Hood decided that each would build their own
house. So, on a sunny Monday morning the five of them went to the store to buy tiles for the
floor of their houses. The store sold only square tiles with the sides 1meter long. The first
little pig, which was rather lazy, bought only one square tile for his house. The second pig
said that he would like a bigger house so he bought four tiles to make his house with a square
floor that has its sides 2 meters long. Then the third pig wanted a house with the side of its
floor 3 meters long, the wolf wanted a floor with the side 4 meters long. Red Riding Hood
said that she would need a bigger house than the wolf so she had to buy enough tiles to make
a floor that has its sides 5 meters long.
The task asks the students to complete the following sequence of steps.
1. Use square pattern blocks to create the floor plan for the houses of each of the
little pigs.

The expected design:

Figure 5.2. Expected design for Step 1 of Task 2.
2. On a piece of paper draw the floor design for each one of the five houses.
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A possible drawing:

Figure 5.3. A possible answer to Step 2 of Task 2.
3. Without counting every single tile, find how many tiles each of the three little
pigs, the wolf, and the little Red Riding Hood bought for their houses. Write a
number sentence to show how you computed the number of tiles.

Possible answers:
a. First pig: 1 tile;
second pig: 1 tile + 3 tiles = 4 tiles;
third pig: 4 tiles + 5 tiles = 9 tiles;
the big bad wolf: 9 tiles + 7 tiles = 16 tiles;
Red Riding Hood: 16 tiles + 9 tiles = 25 tiles.
b. First pig: 1 tile;
second pig: 1 tile + 2 tiles + 1 tile = 4 tiles;
third pig: 4 tiles + 3 tiles + 2 tiles = 9 tiles;
the big bad wolf: 9 tiles + 4 tiles + 3 tiles = 16 tiles;
Red Riding Hood: 16 tiles + 5 tiles + 4 tiles= 25 tiles.
c. First pig: 1 tile;
second pig: 1 tile + 2 groups 1 tile + 1 tile = 4 tiles;
third pig: 4 tiles + 2 groups 2 tiles + 1 tile = 9 tiles;
the big bad wolf: 9 tiles + 2 groups 3 tiles + 1 tile = 16 tiles;
Red Riding Hood: 16 tiles + 2 groups 4 tiles + 1 tile = 25 tiles.
d. First pig: 1 tile;
second pig: 1 tile + 2 groups 2 tiles – 1 tile = 4 tiles;
third pig: 4 tiles + 2 groups 3 tiles – 1 tile = 9 tiles;
the big bad wolf: 9 tiles + 2 groups 4 tiles – 1 tile = 16 tiles;
Red Riding Hood: 16 tiles + 2 groups 5 tiles – 1 tile = 25 tiles.
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e. First pig: 1 tile;
second pig: 4 tiles;
third pig: 2 groups 4 tiles – 1 tile + 2 tiles = 9 tiles;
the big bad wolf: 2 groups 9 tiles – 4 tiles + 2 tiles = 16 tiles;
Red Riding Hood: 2 groups 16 tiles – 9 tiles + 2 tiles = 25 tiles.
4. Explain your strategy to your neighbor.

Possible answers:
a. First pig: 1 tile; second pig: the 1 tile in the pattern of the first pig, plus 3 tiles needed
to fill around that square into a 2 by 2 square; third pig: the 4 tiles in the pattern of the
second pig, plus 5 tiles needed to fill around that square into a 3 by 3 square; and so
on. Figure 5.4 is a possible visual representation of the strategy presented verbally by
the student.

Figure 5.4. Visual explanation of strategy (a) of Task 2.
b. First pig: 1 tile; second pig: the 1 tile in the pattern of first pig, plus 2 tiles needed to
make the second row, plus one more tile to fill the first row; third pig: the 4 tiles in
the pattern of the second pig, plus 3 tiles needed to make the top row, plus two more
tiles to make the last column, and so on. Figure 5.5 is a possible visual representation
of the strategy presented verbally by the student.
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Figure 5.5. Visual explanation of strategy (b) of Task 2.
c. First pig: 1 tile; second pig: the 1 tile in the pattern of first pig, plus 1 tile on top and 1
tile on the side of this square, plus one more tile to fill the top row; and so on. Figure
5.6 is a visual representation of such strategy presented verbally by the student.

Figure 5.6. Visual explanation of strategy (c) of Task 2.
d. First pig: 1 tile; second pig: the 1 tile in the pattern of first pig, plus the top row and
right column of 2 tiles each, minus the one tile that is counted twice; and so on.
Figure 5.7 is a visual representation of the strategy presented verbally by the student.
–1
–1
–1
–1

Figure 5.7. Visual explanation of strategy (d) of Task 2.
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e.

First pig: 1 tile; second pig: 4 tiles; third pig: two times the amount of tiles of second
pig, minus the one tile that is counted twice, plus two more tiles to cover the corners;
and so on. Figure 5.8 is a possible visual representation of the strategy presented
verbally by the student.

Figure 5.8. Visual explanation of strategy (e) of Task 2.
5. Use your strategy to figure out how many tiles are needed to cover a square floor
with the side of length 6 m.

Possible answers:
a. 25

11

b. 25

6

c. 25

2

5

1

36

d. 25

2

6

1

36

e. 2 ∗ 25

36
5

16

36

2

;

36

Task 2 has more features that correspond to the theoretical framework matrix from
Figure 3.1. In this task, the square numbers are introduced using a geometric pattern (the
terms of the pattern are attributes of the squares) and a numeric pattern (the terms are
numbers of tiles). They have contextual representation (the number of tiles needed to cover
the floor of a square house), physical representation (the square floor of the houses are
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represented by using square pattern blocks), visual representation (the pattern is drawn on a
piece of paper; do note that it is now a geometric and not a numerical visual pattern), verbal
representation (the strategies for counting the tiles are communicated verbally), symbolic
representation (the strategies for counting the tiles are recorded using mathematical
notations). The representation of Task 2, steps 1 to 5, using the method encoded in Figure
3.1, is given by the table from Figure 5.9 below. Up to this point, Task 2 is completely part of
Core Aspect A – Strand 1 of algebra.
Strands
Core
Aspects

Core Aspect A

Core Aspect B

Strand 1
Representation
Pattern
Geometric
Numeric
Other
Geometric
Numeric
Other

C

Vi

V

Ph

Strand 2
S

C

Vi

V

Ph

S

Figure 5.9. Using the theoretical coding matrix to represent Task 2, parts 1 to 5.
In order to make transition to Core Aspect B, Krutetskii’s way to generalization from
known particular facts to unknown general statement, we may continue to develop Task 2.
Smith (2003) noted that through consistent classroom discussions the use of variables might
be introduced as shortcuts to record words and strategies that were presented verbally by
students. Therefore, it might be possible to move from Core Aspect A to Core Aspect B in the
following way:
6. Describe in words and symbols how you would use your strategy to figure out the
total number of tiles needed for a square floor of side k meters.
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Possible answers:
a. The number of the tiles needed for a square house of side k m can be calculated by
using the number of tiles needed for the square house of side (k–1) m to which we
add as many tiles as the value of the kth odd number.
Symbolically: If we consider referring to the number of tiles needed for a square
2

house of side k m as Tk then:

1 .

b. The number of the tiles needed for a square house of side k m can be calculated by
using the number of tiles needed for the square house of side (k-1) m to which we add

k tiles for the kth row and (k–1) more tiles to complete the kth column.
1 .

Symbolically:

c. The number of the tiles needed for a square house of side k m can be calculated by
using the number of tiles needed for the square house of side (k–1) m to which we
add twice (k–1) tiles, for the kth row and kth column, respectively, plus one more tile to
complete the kth square.
Symbolically:

2∗

1

1.

d. The number of the tiles needed for a square house of side k m can be calculated by
using the number of tiles needed for the square house of side (k–1) m to which we
add twice k tiles, to complete the kth row and kth column, of which we subtract one tile
since the corner tile was covered twice.
Symbolically:

2∗

1.

e. The number of the tiles needed for a square house of side k m can be calculated by
using twice the number of tiles needed for the square house of side (k–1) m, from
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which we subtract the number of tiles needed for the square house of side (k–2) m and
then we add 2 more tiles, needed to cover the corners.
Symbolically:

2∗

2.

By adding the previous part to Task 2, the matrix from Figure 3.1 is filled in with
several more shades. The task is part of Core Aspect B because it uses symbols to create
mathematical syntaxes. Also, it involves verbal and symbolic representations. The theoretical
matrix for Task 2 is now the following, where the up-down arrow represents the Krutetskii’s
way of generalizing from known particular cases to an unknown general statement.
Strands
Core
Aspects

Core Aspect A

Core Aspect B

Strand 1
Representation
Pattern
Geometric
Numeric
Other
Geometric
Numeric
Other

C

Vi

V

Ph

Strand 2
S

C

Vi

V

Ph

S

Figure 5.10. Using the theoretical coding matrix to represent Task 2, parts 1 to 6.
In order for Task 2 to have more potential for developing algebraic thinking, we might
continue the task with part 7. The purpose of this part is to assess the second way through
generalization described by Krutetskii: apply a known general statement to a particular case
(in Figure 5.10 this way is represented by the down–up arrow). From now on, I will focus my
discussion only on the first of the possible answers discussed in parts 3 to 6. The reason for
this is that all the other answers are equivalent expressions with that first possible answer.
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7. The square house of side 50 m needs 2500 tiles to cover its floor. How many tiles
are needed for the square house of side 53 m?

Possible answer:
a.

2 ∗ 51

1

2500

2 ∗ 51

1

2601,

2 ∗ 52

1

2601

2 ∗ 52

1

2704,

2 ∗ 53

1

2704

2 ∗ 53

1

2809.

In Task 2, as it was presented so far, the change in the pattern is from one term to the
next, which corresponds to recursive thinking, therefore to Strand 1 of algebra. The next step
to advance toward a functional thinking (hence, moving from Strand 1 to Strand 2) is the
covariation thinking, which implies to juxtapose the changes in two quantities (Smith, 2003).
The association of every square from Task 2 with a counting number creates the
correspondence, which Smith is talking about, between the elements of the square pattern
and the set of counting numbers. Therefore, we may continue Task 2 as follows.
8. Let us consider the following correspondence between the squares from Figure 5.3
and the counting numbers. Use this information to complete the table given further
below.

1

2

3

4

Figure 5.11. Making a correspondence between squares and counting numbers.
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Table 5.1

Representing square numbers as a function.
Counting number The strategy used in part 3 The total number of tiles
1

1

1=12

2

1+3

4=22

…

…

3
4
5
…

N2

N

9. Make a general statement about the relationship between elements of second and
third columns from the previous table.

Possible answers:


The sum of the first N odd numbers is N2



Any square number can be written as a finite sum of odd numbers



1

3

5

⋯

2

1

10. Find the sum of the first 100 even numbers.

Possible answer:
2

4

6

⋯

2

100

2

1

3

⋯

5

1

4
2

100

1

6
1

1

⋯

100

100

2

100

100

1

100

10,100.

The addition of parts 8, 9, and 10, allows the move from Strand 1 to Strand 2 (the
association between the square pattern and the counting numbers and the table from part 8),
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from Core Aspect A to Core Aspect B, by Krutetskii’s first way through generalization, and
from Core Aspect B to Core Aspect A (in part 10), by Krutetskii’s second way through
generalization. Part 9 of Task 2 brings in the verbal and the symbolic representations of a
general statement. The theoretical matrix for Task 2 is now as follows.
Strands
Core
Aspects

Core Aspect A

Core Aspect B

Strand 1
Representation
Pattern
Geometric
Numeric
Other
Geometric
Numeric
Other

C

Vi

V

Ph

Strand 2
S

C

Vi

V

Ph

S

Figure 5.12. Using the theoretical coding matrix to represent Task 2.
The development of Task 2 described above is an empirical example of how a theory
about algebra and about how students learn mathematics provides guidance for analyzing and
creating learning trajectories that connects mathematical topics across Grades K–12. My
study is the starting point for a new approach of thinking about mathematics curriculum. It
brings up the possibility to restructure the school mathematics so that the mathematics topics
are connected in a way in which one topic is the source of another one. My study shows that
this process can happen if it is guided by a well-defined theory in the field.
Limitations
My dissertation contributes to the research on mathematical generalization tasks and
brings up the approach of evaluating curricula materials from the top-theoretical
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interpretation to the bottom work of creating and writing mathematical tasks. However, it is
important to note the limitations of this study.
First, I designed this study as a textbook content analysis. As I mentioned in the
methods chapter, I chose textbooks from three curricula to research my first question and a
convenience curriculum for my second research question. Since my main goal of this study
was to understand how a theory about the development of a mathematical field may help
evaluating curricula materials and I knew that the NCTM Standards and CCSSM are aligned
with the theory of algebra developed by Kaput, the expectation was from the beginning that
newest editions of the tree curricula, which follow the NCTM Standards and CCSSM, would
reflect Kaput’s theory. More could be learned from cross analyzing curricula with different
educational philosophies. Contradictions and contrasts between the theory and an educational
philosophy may unveil new characteristics of both theory and philosophy.
The second limitation of my study is its focus on the 3rd grade elementary school.
Findings from my study show that some tasks related with patterns referred to mathematics
standards for 4th and 5th grades, while studies on algebraic thinking show that 1st and 2nd
grades students are able to reason with quantities at abstract level (Dougherty, 2008) and 3rd
grade students are able to develop functional thinking (Blanton et al., 2015). Since Kaput’s
theory provides insights about the development of algebraic thinking, looking at only one
grade may seem like looking at one tree (albeit a big one) and ignoring the forest. This means
that we will not be able to understand the whole process just by analyzing a particular piece
of it.
The third limitation of my study is the lack of evidence of how teachers create and
transform the tasks that I identified to involve the students in generalization processes. We
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know from Thompson and Senk (2010) that there are four types of curricula that define any
school curriculum: the intended curriculum (often materialized in textbooks), the
implemented/enacted curriculum (the way in which the intended curriculum is implemented
in classrooms), the assessed curriculum (what is assessed by the standardized tests), and the
achieved curriculum (determined by the interpretation of the results of the standardized
tests). Also, the research on curriculum has shown a big variability among these types of
school curricula (Thompson & Senk, 2010). Therefore, the fact that I considered only one
type of curriculum is a limitation worth mentioning. However, looking at the intended
curriculum should be the starting point since the majority of teachers agree that:
The goal is for teachers to implement their mathematics curriculum as intended by the
developers of the materials. That is, fidelity of implementation is not only possible
but also the goal of instruction. (Huntley & Chval, 2010, p. 297)
In order to have better understanding of the classroom activities and to identify the
most important factors and potential troubles, which influence the interaction between
teachers and textbooks, the research on intended curriculum must be complemented by
research on the implemented curriculum.
Conclusion
Using a theory about the core aspects and the strands of algebra may enable the
developers of curricula and the authors of textbooks to select and organize the tasks in ways
that develop mathematical concepts, instead of focusing only on tasks about a particular
topic. Using a theory to design a curriculum is more than organizing the topics in such a way
that a topic is “foregrounded” on another topic and it is the “background of work” on a
different topic (Johanning, 2010). This study is a novelty for the mathematics education
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research in the fact that its starting point is a theory about the development of a whole
domain in mathematics – algebra – and this theory was used to collect data and present the
findings. This is a different approach from collecting empirical data and interpreting the
findings using a theoretical framework. My research method supports the interpretation of
the textbooks analysis within the continuous process of the development of mathematical
thinking instead of the very particular setting captured by the empirical studies. Therefore, it
brings up the quest “to move forward” as advocated by Kaptelinin and Nardi (2006):
To move forward, to know where to invest our energies, we have need of theory.
Otherwise we will always be going back to the square one of detailed renderings of
particular cases. As interesting as the cases might be, we have no way of assessing
whether they are typical, whether they are important exceptions to which we should
pay particular attention, or if they are corner cases we do not have time for at the
moment. (p. 23)
A final thought: in order to change the goal of mathematics education from
accumulation of mathematical knowledge to the development of mathematical thinking there
is need for a theory, which should be the unit of measure for mathematics instruction.
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APPENDIX A – EXAMPLES OF GENERALIZATION FROM KRUTETSKII AND
DAVYDOV

Example A1: (This example was extracted from the English translation (1976) of the book

The Psychology of Mathematical Abilities in Schoolchildren, written by V. A. Krutetskii.)
After the pupil O.V. had solved one example using the formula, he was given this
example to solve: C  D  E  E  C  D. Pupil: “What’s this? Here it’s not by the
formula – we must simply multiply the polynomials . . . But that will be 9 terms.
That’s a lot. But we can use the formula – this is a square [quickly writes:

C  D  E  ]. Right. Now any two terms can be combined [writes: C   D  E  ].”
2

2

Experimenter: “But can you do that? The formula applies only to the square of a
binomial, but didn’t you have a trinomial?” Pupil: “As soon as I combined D and E
into one term, I got a binomial – look [shows]. A ‘term’ can be any expression.”
(Solves it, repeating the formula aloud. Writes:

C 2  2C  D  E    D  E   C 2  2CD  2CE  D2  2DE  E 2.)
2

Example A2: (This example was extracted from the English translation (1976) of the book

The Psychology of Mathematical Abilities in Schoolchildren, written by V. A. Krutetskii.)
G.K. . . . after learning the formula a  b  and the principle for applying it, set about
2

2

 1

solving the example 1  a 3b 2  . . . Experimenter: “Can this example be done with
 2


the formula for short multiplication?” Pupil: “Here there is something different – both
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a and b on the right are not separated by a plus . . . [writes:

1 6
1
a  2 a 3b 2  b 4 ].”
4
2

Experimenter: “What happened to the one?” Pupil is silent. Experimenter: “Well, do
.” Pupil writes, repeating the formula aloud: “4

this example: 2
4

4

2∙2 ∙

.” Experimenter: “Right. Now solve the previous problem

in the same way.” Pupil: “But here it’s something different . . . The square of the of
the first is

1 3 1 3
a  a .” Experimenter: “Let’s reason together. To use the formula, we
2
2

must be sure that we’re dealing with the square of a sum of two numbers. Is it clear to
you that this is the square of a sum?” Pupil: “Here [points] the number 2 shows that
what is in the parentheses is to be multiplied by itself.” Experimenter: “Right. But is
it a binomial in the parentheses? Show where the first term is, where the first
‘number’ is.” Pupil:

. . . or no, what am I saying? . . . There should be a plus sign

between the terms. Here there’s no first term, only a second one.” Experimenter: “But
the one? Every term, every ‘number’, can be any expression, as you know.” Pupil:
“Why, yes . . . Then the first term is one.” Experimenter: “Well, what sign separate
the terms inside parentheses?” Pupil: “A plus – that means it’s a sum.” Experimenter:
“Now do you see the similarity between this example and the one you solve, 2
?” Pupil: “No, they’re different. There … there were letters both in the first term
and in the second, but here, only in the second.” Experimenter: “That, of course, is
correct. The binomials in the parentheses are different. But do you see that both there
and here there is a square, there and here we have a sum, there and here we have the

sum of two numbers? That means that in this sense they have something in common?”
Pupil: “They have. Both there and here is a sum of two terms, squared.”
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Experimenter: “And, as was explained to you earlier, to use the formula, only this is
important: It is important for the algebraic expression to be the square of the sum of
two numbers. Is it clear? Solve it.” Pupil: “It’s clear.” (With the experimenter’s help,
the pupil solves it correctly.)

Example A3: The following example is an extract from a lesson on multiplication illustrated
by Davydov in Psychological Abilities of Primary School Children in Learning Mathematics
(1991), p. 34-39.
The teacher displays a large container of water and proposes finding how many
rabbits can be given the water to drink if each one “gets this little glassful.” The
children respond at once: “We have to measure the water with this little glass.” One
of them comes to the teacher’s table and measures out one, two, three little glassful.
All this is done with difficulty, for the container is heavy and hard to tilt, and some of
the water spills. Then the teacher asks the class: “Now we have measured out five
little glassfuls. Will we finish our work fast?”
The students’ answer: “No, we will have to measure for a long time, since
there is still a whole lot of water in the jar. And the jar is very heavy - it is awkward to
pour water from it into the glass. See how much of it spilled!”
“But we still have to solve the problem. You’re right, it may take half the
lesson – what shall we do? Can we do this in a faster way? Think.”
The students, of course, do not know any other method (they propose only
some purely external devices for completing the measurement). The teacher reiterates
the difficulty of working with the given unit, then interrupts the work being done by a
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student: “Children! Let’s set aside this jar and little glass for the time being –
obviously, measuring takes long time here. I’ll give you another assignment. One side
of a brick wall is drawn on this piece of paper – find out how many bricks it is made
of.” The dimensions of the wall are 52 cm  75 cm; the brick are 2 cm  3 cm. The
children begin counting but it is hard to do from the distance. The teacher also notices
this. “Is it hard? Kolya here is counting aloud has already gone back twice to begin
counting from one. Kolya, come up here and count the bricks, touching them with
your finger.” The student begins counting, gets as far as 25, and moves on to the
second row – with the class observing him. The teacher again asks: “Are we going to
finish this job soon? Kolya has been counting and counting, but he has not yet
covered two rows.” One by one, the children notice that this kind of calculation is
hard. None can respond seriously to the teacher’s request to find a faster method of
counting. The teacher, relying on observations by the students themselves, concludes:
“Now you see that there can be times when it is very hard to count, although we have
an object to be counted and its units and all of you know how to count fast and well.
What is he matter here? It turns out that the object is very large in comparison with
the unit (shows both). Counting is hard here, and it takes a long time. What do we do?
… Nevertheless, it is precisely that result that must be found – how many little
glassfuls of water there are in this jar; how many bricks there are in this part of the
wall.”
Teacher proceeds in the following way: “Let us return to work with the water.
Measuring it with the little glass was time-consuming and hard. But we can take a
mug and work with it.” (He starts to measure out water with the mug – “One, two
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…”) “What will the number that I get show? For example, I have obtained the
number six – six what?”
The children answer at once: “Six mugfuls of water from the jar.”
“Yes, mugfuls but we have to find how many little glassfuls of water are in the
jar. Have we solved the problem? Why not? If there are six mugfuls of water, will
there be as many, more, or fewer little glassfuls?”
The teacher again emphasizes that although measuring water with the mug is
faster and handier, the problem is still unsolved: “We found that there are six mugfuls
here, but we don’t know how many glassfuls! Think – can knowing the number of
mugfuls help us here?” After a brief pause, the teacher revels the “secret” for a new
method of working: “It is not useless for us to have measured the water with the mug
– although it won’t help us right away. We still can find the number of glassfuls.
How? Here is how. Watch and listen carefully. We used a mug instead of a little glass
– fine, this made our work easier, but we did not find how many glassfuls there are in
one of these mugfuls. Can we find that out now? How?”
“We have to pour water into the mug and measure it with the glass.” The
teacher quickly does this, and the children count the glassfuls. “One, two, … (etc.).
You have five.”
“So how many glassfuls of water does one mug hold?” the teacher asks.”
“Five glassfuls of water go into one mug.”
A new question follows: “And how many mugfuls of water are there in the
whole jar – do you remember?”
“In the whole jar there are six mugfuls of water,” the children recall.
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Here the teacher gives an important summary: “And so now we know that five
of these glassfuls of water (pointing to the units of measure) are contained in one
mugful, and in the jar there are six mugfuls. Think – what follows?”
Three or four students say: “Oh! If five glassfuls of water go into a mug, and
we have measured the water in the jar by mugfuls, we can count in this way: We took
one mugful – that’s five glassfuls, another mugful –that’s five more glassfuls.”
The teacher encourages this conclusion: “Right! Although we have measured
the water in mugfuls, we also know that there are five glassfuls in a mugful. I take
one mugful – how many glassfuls of water am I taking at once (he shows how one
mug is measured out)?”
Many children now reply: “you are taking five glassfuls of water at once.”
“I take one more mugful of water – one in all, one – do you see? With one
mug, how much water am I taking if we figure it by the glass?”
“You’re taking five glassfuls of water – five of them will go into one mug.”
“Right! You see, how interesting it is – I measure water with a mug and I
count mugfuls, but I can say how many glassfuls of water I am taking at one time – I
am taking these five glassfuls, together. Now I pour one more mugful (demonstrates).
This time, how much water did I pour into the glasses?”
“You poured out five little glassfuls of water,” the children answer.
Then comes one of the most important moments in the demonstration of the
new method: “Children! You and I know that when we measure out one mugful of
water we can say that five glassfuls have been taken at once (all the water is now in
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the jar again). Now I’m pouring water into the mug – I pour once. How many
glassfuls is this?”
“Five.”
“I pour a second time. How many more glassfuls?”
“Five more.”
“Who can tell in advance how many times we will pour out five glassfuls if
we work with this mug?”
“We will pour six times – for there are six mugfuls of water in the jar,” the
children answer, remembering the results of the previous calculation and correlating
them with the question.
The teacher picks up on this conclusion: “Right! We know that there are six
mugfuls here. This means that we can take five glassfuls at once, six times. Let’s go
on measuring – I have already taken five, two times. Now I take it a third time, a
fourth …” In this way, the teacher measures the entire contents.
“How many mugfuls of water were in the jar?”
“Six mugfuls in all.”
“Then how many times did we take water in mugfuls?”
“Six times.”
“You know that there are five glassful in one mugful. How many times did we
take five glassfuls when we measured the water in mugfuls?
“We took five glassfuls six times.”
“Right! We took five glassfuls each time and we took five at once, six times!”
the teacher concludes.
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APPENDIX B – EXAMPLES OF ASSESSMENT USED BY DAVYDOV

Davydov and his colleagues used the following assignments to investigate the
understanding of the concept of number by first graders who received traditional Russian
instruction (Davydov, 1990, p. 144-145)

Assignment 1. The investigator gives the student a wooden panel (50 cm) and asks
him to bring a panel of the same length from another room. But it is impossible to bring the
model with him – only a small stick (10 cm) can be taken. Purpose of the assignment: to find
out whether the student is able to produce a mediated equalization through number.

Assignment 2. There are 12 blocks that have been divided into 4 parts lying on a table
(three blocks are in each part). The investigator asks: “How many are here?” without
indicating the unit of counting (“row” or “block”). This assignment clarified whether the
student had grasped the question’s vagueness and whether he would require a specification
(“How many of what?”) or would himself choose a unit.

Assignment 3. The student is given a row of 20 blocks and a unit of counting of
counting is indicated – part of a row, which consists of four blocks (it is demonstrated, but
not named): “How many of these here are there?” (The part of the blocks is detached and
exhibited.) After counting and responding (“There are five of these here!”), the student does
additional tasks: “Give me one of these five,” “Make it one more (or less).” Purpose of the

assignment: to discover skill in finding the relationship between an object and a counting unit
given in advance (a “group element”) and skill in singling out “one” when correlating part of
an object and the unit.
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Assignment 4. Two panels that have been combined (20 cm each) and a measure (10
cm) are shown to the student. The question: “How many of these (measures), in length, will
go here (into the two panels)?”After the answer (“Four”) there are questions: “Where will
these four (measures) go?”, “What are the four (measures)?”, “Show where two of these four
(measures) will go.” Purpose of the assignment: to discover skill in correlating a number
with an object to be measured, through a measure that was used.

Assignment 5. A row of jars (two “big” ones and two “little” ones, each of which is
equal to half of a “big” ones) is put in front of the student. The investigator explains: “Two of
these little jars will go into this big one” – this circumstance is demonstrated by pouring
water. Then an assignment consisting into two parts is given: 1) “How many of these jars of
water can be poured here (the whole row of jars is shown) (if the measure is the little jar)?
You know that two of these little jars go into one big one,” 2) “How many of these jars (the

big jar is shown) will go here (the row is shown)?” Purpose of the assignment: to reveal the
child’s skill in using a unit that does not coincide with the particular elements in the series
when counting.
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APPENDIX C – EXAMPLES OF CODING PROCEDURES
Investigations, Unit 6, Investigation 2, Cube Patterns: Red, Blue, Green

Figure C.1. Coding of page 57, Unit 6, Investigation 2, from Investigations in Number, Data,
and Space, Grade 3, by TERC, 2nd edition, 2012, Boston: Pearson. Copyright 2012 by
Pearson Education, Inc. Reprinted with permission.
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Figure C.2. Coding of page 58, Unit 6, Investigation 2, from Investigations in Number, Data,
and Space, Grade 3, by TERC, 2nd edition, 2012, Boston: Pearson. Copyright 2012 by
Pearson Education, Inc. Reprinted with permission.
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Figure C.3. Coding of page 60, Unit 6, Investigation 2, from Investigations in Number, Data,
and Space, Grade 3, by TERC, 2nd edition, 2012, Boston: Pearson. Copyright 2012 by
Pearson Education, Inc. Reprinted with permission.
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Everyday Mathematics, Lesson 2.7, The Partial-Sums Algorithm

Figure C.4. Coding of page 136, Lesson 2.7, from Everyday Mathematics, Grade 3, 3rd
edition, 2012, Chicago: McGraw-Hill Education. Copyright 2012 by The McGraw-Hill
Companies, Inc. Reprinted with permission.

199

Figure C.5. Coding of page 137B, Lesson 2.7, from Everyday Mathematics, Grade 3, 3rd
edition, 2012, Chicago: McGraw-Hill Education. Copyright 2012 by The McGraw-Hill
Companies, Inc. Reprinted with permission.
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Figure C.6. Coding of page 138, Lesson 2.7, from Everyday Mathematics, Grade 3, 3rd
edition, 2012, Chicago: McGraw-Hill Education. Copyright 2012 by The McGraw-Hill
Companies, Inc. Reprinted with permission.
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Math Trailblazers, Unit 11, Lesson 4, Completing the table

Figure C.7. Coding of page 45, Unit 11, Lesson 4, from Math Trailblazers, Grade 3, 2nd
edition, 2004, Dubuque, Iowa: Kendall Hunt Publishing Company. Copyright 2004 by
Kendall Hunt Publishing Company. Reprinted with permission.
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Figure C.8. Coding of page 46, Unit 11, Lesson 4, from Math Trailblazers, Grade 3, 2nd
edition, 2004, Dubuque, Iowa: Kendall Hunt Publishing Company. Copyright 2004 by
Kendall Hunt Publishing Company. Reprinted with permission.
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