
Contact Representations of Graphs in 2D and 3D

Item Type text; Electronic Dissertation

Authors Alam, Muhammad Jawaherul

Publisher The University of Arizona.

Rights Copyright © is held by the author. Digital access to this material
is made possible by the University Libraries, University of Arizona.
Further transmission, reproduction or presentation (such as
public display or performance) of protected items is prohibited
except with permission of the author.

Download date 24/05/2023 20:10:13

Link to Item http://hdl.handle.net/10150/556963

http://hdl.handle.net/10150/556963


CONTACT REPRESENTATIONS OF GRAPHS IN 2D AND 3D

by

Muhammad Jawaherul Alam

A Dissertation Submitted to the Faculty of the

DEPARTMENT OF COMPUTER SCIENCE

In Partial Fulfillment of the Requirements
For the Degree of

DOCTOR OF PHILOSOPHY

In the Graduate College

THE UNIVERSITY OF ARIZONA

2015



THE UNIVERSITY OF ARIZONA
GRADUATE COLLEGE

As members of the Dissertation Committee, we certify that we have read the dissertation
prepared by Muhammad Jawaherul Alam
entitled Contact Representations of Graphs in 2D and 3D
and recommend that it be accepted as fulfilling the dissertation requirement for the Degree
of Doctor of Philosophy.

Date: 24 April 2015
Dr. Stephen Kobourov

Date: 24 April 2015
Dr. Alon Efrat

Date: 24 April 2015
Dr. David Glickenstein

Date: 24 April 2015
Dr. John Kececioglu

Final approval and acceptance of this dissertation is contingent upon the candidate’s sub-
mission of the final copies of the dissertation to the Graduate College.
I hereby certify that I have read this dissertation prepared under my direction and recom-
mend that it be accepted as fulfilling the dissertation requirement.

Date: 24 April 2015
Dissertation Director: Dr. Stephen Kobourov

2



STATEMENT BY AUTHOR

This dissertation has been submitted in partial fulfillment of requirements for an advanced
degree at the University of Arizona and is deposited in the University Library to be made
available to borrowers under rules of the Library.

Brief quotations from this dissertation are allowable without special permission, provided
that accurate acknowledgment of source is made. Requests for permission for extended
quotation from or reproduction of this manuscript in whole or in part may be granted by
the head of the major department or the Dean of the Graduate College when in his or her
judgment the proposed use of the material is in the interests of scholarship. In all other
instances, however, permission must be obtained from the author.

SIGNED: Muhammad Jawaherul Alam

3



ACKNOWLEDGEMENTS

I would like to thank, first and foremost, my Ph.D. advisor Dr. Stephen G. Kobourov,
who has throughout been not only highly motivational and supportive but also extremely
patient with all my big and small mistakes and deadline-misses in my “to-do lists”. He is
a talented researcher, expert supervisor, careful guide, remarkable teacher, helpful friend,
reliable colleague and above all a good human being. If I had to start it all over again, I
could not have asked for a better advisor for my Ph.D. I will always be indebted to him
and will be looking forward to having him as a colleague and friend in years to come.

I will remain ever-grateful to Dr. Saidur Rahman, my undergraduate research advisor,
who introduced me to the fascinating field of graph drawing and guided me in my early
career. My colleagues in our GAMA group and at the University of Arizona, Sergey,
Sankar, Sabrina, Alon, Carlos and Joe, helped a lot with their useful suggestions, con-
structive criticism and brainstorming collaborations. My thanks also go to Cheryl Crad-
dock, Holly Brown, Bridget Radcliff, David Hagan, Renee Huerta, and Patricia Waters,
who made sure that I dont have to scratch my head with all the administrative paperwork.

I want to express my gratitude to Stefan Felsner at TU-Berlin, Michael Kaufmann at
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ABSTRACT

We study contact representations of graphs in the plane and in 3D space, where vertices

are represented by polygons or polyhedra and each edge is represented by a common

boundary between two polygons or polyhedra. In the weighted version of the problem,

we find contact representations with the additional restriction that the areas for the poly-

gons or the volumes for the polyhedra realize some pre-specified value for the vertices.

We address different variants of the problem depending on the types of polygons or poly-

hedra (convex or non-convex, axis-aligned or not), types of contacts (proper contacts with

common boundaries of non-zero lengths in 2D or non-zero areas in 3D or improper con-

tacts where common boundaries of zero lengths or areas are allowed), and whether holes

are allowed in the representation or not.

In the plane we mainly focus on the weighted version of the problem. We find opti-

mal (in terms of polygonal complexity) contact representations for planar graphs (both for

axis-aligned and non-axis-aligned polygons) and some subclasses of planar graphs. With

non-axis-aligned polygons we show that non-convex polygons with 4 sides are some-

times necessary and always sufficient for proportional contact representation of a planar

graph, when point contacts are allowed; otherwise for proper contacts 7-sided polygons

are sometimes necessary and always sufficient. We give a linear-time algorithm in each

case to compute the optimal representation. We also give quadratic-time algorithms to

construct optimal proportional contact representations for (2, 0)-sparse graphs (with tri-

angles for improper contacts and with convex quadrilaterals for proper contacts). For

maximal outerplanar graphs proportional contact representation with triangles can also

be computed in linear time.

In case only axis-aligned polygons are used, we show that 8 sides are sometimes nec-

essary and always sufficient for a planar graph. While we do not have a polynomial-time

algorithm to construct such a representation, we give a linear-time algorithm to compute

12



representation with 10-sided axis-aligned polygons. We also give linear-time construc-

tion algorithms for optimal proportional contact representations with 8-sided polygons

for planar 3-trees and Hamiltonian maximal planar graphs, and with rectangles for maxi-

mal outerplanar graphs.

For contact representation with 3D polyhedra, we consider both the weighted and the

unweighted variants of the problem for both planar and non-planar graphs and have some

preliminary results. We find several subclasses of planar graphs that have contact repre-

sentations using cubes or proportional boxes. We also consider (improper) contact repre-

sentations using tetrahedra, and show that planar graphs, complete bipartite and tripartite

graphs, and complete graphs with at most 10 vertices have contact representations with

tetrahedra. We also addressed variants of this problem using only unit regular tetrahedra

or considering contacts only between apices of the tetrahedra or using both restrictions.
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CHAPTER 1

Introduction

There is a large body of work about representing graphs as contact graphs, where vertices

are represented as geometric objects such as curves, line segments, polygons or polyhedra,

with edges corresponding to two objects touching in some specified fashion. For both

theoretical and practical reasons, contact representations of graphs offer an alternative

to the traditional node-link diagram, where vertices are drawn as points and edges are

drawn as line-segments or curves connecting the corresponding points. In this thesis

we consider contact representations with vertices represented by simple polygons in the

plane or simple polyhedra in 3D space with disjoint interiors, and adjacencies represented

by contacts between corresponding polygons or polyhedra. In the weighted version of

the problem, the input is not only a graph G = (V,E) but also a weight function w :

V (G) → R+ that assigns a weight to each vertex. A graph G admits a proportional

contact representation with the weight function w if there exists a contact representation

of G in the plane (or in the space), where the area of the polygon (or the volume of the

polyhedron) for each vertex v of G is proportional to w(v).

Using contacts to represent neighbors in a graph can be compelling and intuitive, es-

pecially in the plane, since it relies on the familiar metaphor of neighboring countries

in a geographic map. Such representations are sometimes better suited for displaying

relational information than node-link diagrams [29]. The weighted variant of the repre-

sentations, also called cartograms, have practical applications in cartography and geogra-

phy [8, 92, 94, 105], sociology [72], very-large-scale integration circuit design [109], and

floor-planning [85]. Data visualization techniques based on the geographic map metaphor

and space-filling tilings, such as tree-maps [99], topic maps [24], and newsmaps [113],

can also be improved by computing good contact representations.
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1.1 Contact Representations in the Plane

In this section, we consider contact graphs and contact representations in the plane. We

assume that the input is a graph G = (V,E), and the goal is to represent vertices of

G by simple interior-disjoint polygons and edges by common boundaries between the

polygons; see Fig. 1.1. In the weighted version of the problem the input also specifies a

functionw : V → R+ assigning a weight to each vertex. The goal is to construct a contact

representation ofG, where the area of the polygon corresponding to v ∈ V is proportional

to w(v). Traditionally, there are two ways of defining a contact between two polygons.

In the proper contact model, the common boundary of two adjacent polygons has to be

of strictly positive length; such contacts are also called side-contacts. Alternatively, in

the improper contact model, some of the edges (called point-contacts) can be represented

by the shared boundaries of zero length (i.e., shared points). Fig. 1.1(b) and (c) shows

improper contact representations for the graph in Fig. 1.1(a), while Fig. 1.1(d) and (f)

shows proper contact representation. In the weighted version of the problem, along with

the graph G = (V,E), the input also contains a weight function w : V (G) → R+ and G

admits a proportional contact representation if the area of the polygon for each vertex is

proportional to its weight. In this thesis we are mostly concerned with the proper contact

model although we also present results in the other setting as well. One can see that graphs

realized by a proper contact representation are always planar, regardless of the types of

polygons used to represent vertices. Hence for contact representation with polygons in

the plane, we assume that the input graph is planar.

Any planar graph can be represented as a contact graph: starting with a straight-line

planar embedding of a graph, create a polygon for each vertex by taking the midpoints

of all adjacent edges and the centers of all neighboring faces. However in such a repre-

sentation the complexity (number of sides) of each polygon is proportional to the degree

of the corresponding vertex, which can be linear in the number of vertices in the graph.

Moreover, these polygons are not necessarily convex. On the other hand, it is desirable,

for aesthetic, practical and cognitive reasons, to limit the complexity of the polygons.

Occasionally practical constraints dictate the use of particular polygonal shapes, such
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Figure 1.1: A maximal planar graph (a) with its contact representations with (b) disks, (c)
triangles, (d) polygons of at most 6 sides and 3 slopes, (e) with T ’s (union of a horizontal
and vertical segment), (f) rectilinear polygons of complexity 8, and (g) axis-aligned 3D
boxes.

as convex or rectilinear polygons. In specific applications, such as VLSI layout and ar-

chitectural floor-planning, it is also necessary to find a layout that realizes pre-specified

polygonal areas. With these considerations in mind, we look for contact representations

considering the following parameters, partially taken from the cartography-oriented liter-

ature [65, 111]:

• Polygons of minimal complexity (number of sides in the polygon) are preferable, as

fewer sides make for simpler and cleaner representation of underlying data.

• Convex polygons are preferable, as they most clearly present the underlying con-

nections in the graph; avoiding very small angles or skinny regions is also desirable.

• Sometime contact representations with small or no hole (total area of the represen-

tation, not used by a polygon and not adjacent to the unbounded face) are preferred.

• In the weighted variant, cartograms with small cartographic error (difference be-

tween desired and achieved area) are preferable, where cartographic error refers to

the maximum value of |A(v) − w(v)| over all the vertices v ∈ V , with A(v) and

w(v) representing v’s actual area and weight. Ideally we would like a cartogram

with zero cartographic error.
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1.1.1 Related Work

An early result on contact representation in the plane is Koebe’s 1936 theorem states that

all planar graphs can be represented by touching disks [79]; see Fig. 1.1(b). It is not al-

ways possible to describe a circle-contact representation for a given graph by a symbolic

formula involving radicals [28, 10], but they can nevertheless be constructed numerically

and efficiently by polynomial-time iterative schemes [36, 88]. There have also been many

results on contact representation with curves, circular arcs and line segments representing

vertices [4, 67, 69, 43, 40, 38]. Considering polygons as vertices, there are algorithms

to represent any planar graph with triangles [44]; see Fig. 1.1(c); this result was later

extended to a subclass of planar hypergraphs [45]. Badent et al. [9] showed that partial

planar 3-trees and some series-parallel graphs also have contact representations with ho-

mothetic triangles. Gonçalves et al. [59] proved that any 3-connected planar graph and

its dual can be simultaneously represented by touching triangles, and pointed out that

4-connected planar graphs also have contact representations with homothetic triangles.

While all these results make use of improper representations, there have been significant

results on proper contact representations with polygons. Duncan et al. showed that any

planar graph has a contact representation with convex hexagons all of whose sides have

one of three possible slopes [49]; see Fig. 1.1(d). Moreover, 6 sides are also necessary,

if convexity is required. For maximal planar graphs, the representation obtained by the

algorithm in [49] is hole-free. One can also find a hole-free representation with convex

hexagons for 3-connected planar graph, albeit using more than three slopes [22].

Various applications encourage the use of rectilinear polygons in a contact represen-

tation that fills a rectangle. Such a representation is called a rectilinear layout. In this set-

ting, it is known that 8 sides are sometimes necessary and always sufficient [64, 83, 117].

There have also been studies of graphs admitting contact representations with more re-

stricted rectilinear polygons. The class of graphs with rectilinear layout consisting of

rectangles is the most popular and the most extensively studied class due, in part, to

the relation to application areas such as floor-planning and geographic information sys-

tems, and partly to the mathematical ramifications and connections to other areas such
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as rectangle-of-influence drawings [84] and proximity drawings [11, 74]. This kind of

layout is also called rectangular layout or rectangular dual. Graphs allowing rectangular

layouts without any degree-4 vertices have been fully characterized by Kozḿiński and

Kinnen [80], Lai and Leinwand [81], Bhasker and Sahni [15] and in the dual setting by

Ungar [110]. Buchsbaum et al. [29] provide an overview of rectangle contact graphs. The

simplest formulation states that an internally-triangulated graph has a rectangular layout if

and only if it has a planar embedding with no filled triangles (triangles containing vertices

inside). Buchsbaum et al. [29] also showed, using results of Biedl et al. [16], that graphs

admitting rectangular layouts are precisely those that admit the weak variant of planar

rectangle-of-influence drawings. There have been much more work on contact graphs

with rectangles and even with squares [50, 54, 57]. In a similar vein, a characterization

of graphs having representations with 6-sided rectilinear polygons is given by Sun and

Sarrafzadeh [100].

Note that in all the contact representation results mentioned above, the areas of the

polygons are not taken into account. That is, these results deal with the unweighted

version of the problem. The weighted version has previously been studied for rectilin-

ear polygons only and this dates back to 1934 when Raisz described rectangular car-

tograms [94]. Algorithms by van Kreveld and Speckmann [111] and Heilmann et al. [65]

yield representations with touching rectangles but the adjacencies may be disturbed and

there may also be a small distortion of the weights. In order to have a representation

with no distortion of adjacencies or weights, 8-sided polygons are sometimes necessary

for maximal planar graphs [117]. The upper bound for this problem leads to a series of

papers, starting with De Berg et al., who showed that 40 sides always suffice (and only 20

sides suffice when G has no filled triangle) [39]. This was later improved to 34 sides [77]

and to 12 sides [18].

The last in this series of paper [18] actually studies the problem in the dual setting,

which has also been explored extensively in the literature. In this setting, given a pla-

nar graph G (possibly with a fixed embedding), the goal is to find a drawing of G in

which all faces of G are drawn with a prescribed complexity. One may also consider

the weighted variant of the problem by constructing a drawing of G realizing some pre-
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scribed area for every face. In a restricted unweighted variant of this dual problem, where

each face is required to be an rectilinear (orthogonal) polygon, Miura et al. [86] used an

approach based on the maximum matching to test the existence of a drawing with only

rectangular faces. Similar techniques based on maximum flow in a graph has been used

to solve related orthogonal drawability problems for planar graphs with the maximum-

degree four [37, 102], while models incorporating higher degree graphs were also in-

troduced [56, 102]. For the weighted variant in the dual setting, the face areas for the

drawing are proportional to the some prescribed weights. All planar cubic graphs admit

such a drawing [104] as do all planar partial 3-trees [19] and any square grid [51], but

not all planar graphs [95]. Proportional rectilinear drawings with 8-sided polygons can

be found for special classes of planar graphs [93], but this approach does not extend to

general planar graphs. The the best result for general planar graphs is an O(n log n) al-

gorithm in [18] for proportional rectilinear drawings of cubic triconnected graphs with

12-sided rectilinear polygons, which translated back to the primal setting, implies that

every maximal planar graph has a proportional contact representation with 12-sided rec-

tilinear polygons.

1.1.2 Our Results

We address the problem of proportional contact representation for general planar graphs

and several subclasses thereof using both rectilinear and non-rectilinear polygons. Among

the subclasses of planar graphs, we consider a (2, 3)-sparse planar graph, which is one

where every induced subgraph with k vertices has at most (2k − 3) edges. The maximal

instances of these graphs with exactly (2n− 3) edges, where n is the number of vertices,

are called (2, 3)-tight or Laman graphs; they are of interest in rigidity-theory, see e.g. [53,

60]. The class of (2, 3)-sparse graphs contains interesting subclasses such as partial 2-

trees and outerplanar graphs. We also address the problem for 4-connected maximal

planar graphs, and for maximal planar graphs with Hamiltonian cycles. We say that k-

sided polygons are sometimes necessary and always sufficient for representations of a

particular class of planar graphs when there exists a representation for any graph of this

class with k-sided polygons and there is at least one example of a graph in this class that
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requires a (non-degenerate) k-sided polygons for any representation. In the following, we

list our results on proportional contact representations in the plane.

Improper Contact Representations with Non-Rectilinear Polygons

1. Convex polygons are not always sufficient for proportional contact representation

of planar graphs; non-convex polygons with 4 sides are sometimes necessary and

always sufficient for proportional contact representation of a planar graph. One can

also compute in linear time such a representation with 4-sided polygons.

2. Triangles are necessary and sufficient for proportional contact representation of

(2, 3)-sparse planar graphs. A representation can be constructed in O(n2) time.

Proper Contact Representations with Non-Rectilinear Polygons

3. For proper proportional contact representation of planar graphs, 7-sided polygons

are sometimes necessary and always sufficient. There is also a linear-time algorithm

to construct such a representation.

4. For proper proportional contact representation of a 4-connected maximal planar

graph, 6-sided polygons are always sufficient.

5. For (2, 3)-sparse planar graphs, 4-sided convex polygons are sometimes necessary

and always sufficient and a representation can be computed in O(n2) time.

6. Although the representations for (2, 3)-sparse planar graphs contain a lot of holes,

we can get rid of the holes for the subclass of maximal outerplanar graphs. Specif-

ically we show that triangles are necessary and sufficient for hole-free side-contact

proportional representation for maximal outer-planar graphs, while convex quadri-

laterals are sometimes necessary and always sufficient if the outer-boundary has

constant complexity. In both cases the representations can be obtained in linear

time.
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Contact Representations with Rectilinear Polygons

7. Rectilinear polygons with 8 sides are sometimes necessary and always sufficient

for proportional contact representation of a planar graph.

8. A proportional contact representation with 10-sided rectilinear polygons can be

computed in linear time for any planar graph.

9. For planar 3-trees and for Hamiltonian maximal planar graphs, rectilinear 8-sided

polygons are sometimes necessary and always sufficient. There is a linear-time al-

gorithm for computing proportional contact representation with rectilinear 8-sided

polygons for each of these subclasses.

10. For a rectilinear proportional contact representation of a maximal outerplanar

graph, rectangles are necessary and sufficient, while 6-sided polygons are some-

times necessary and always sufficient if the outer-boundary has constant complex-

ity. The representations can be computed in linear time in both cases.

Table 1.1 summarizes the currently known lower bounds and upper bounds on the

polygonal complexity for proportional proper contact representations for various sub-

classes of planar graphs. Most of the entries in this Table are proved in this thesis.

1.2 Contact Representations in 3D

In this section, we consider contact representations of graphs in 3D, in which vertices

are represented by polyhedra and edges are represented by shared boundary between the

corresponding polyhedra. Similarly to the 2D case, we consider proper and improper rep-

resentations, depending on whether a common boundary with zero area is considered as

an edge between two polyhedra. We study both unweighted and weighted version of the

problem, where in addition to a graph G = (V,E), the input also contains a weight func-

tion w : V → R+. In the latter case, we want to find a proportional contact representation

in which the polyhedron for a vertex v ∈ V has volume w(v).

A contact with rectangles in 2D naturally generalizes to a contact of interior-disjoint

convex axis-aligned boxes (called cuboids) in 3D space. Cubes are special cuboids, where
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Non-Rectilinear
Rectilinear

With Holes Without Holes
Graph Class Lower Upper Lower Upper Lower Upper

Bound Bound Bound Bound Bound Bound
Maximal

Outer-Planar
3/4∗ [2]
(Ch. 3)

3/4∗ [2]
(Ch. 3)

3/4∗ [2]
(Ch. 3)

3/4∗ [2]
(Ch. 3) 4/6∗ [96]

4/6∗ [1]
(Ch. 4)

Planar 2-trees 4 [58]
4 [2]

(Ch. 3)
Ω(∆)

(Ch. 3)
O(∆) [1]
(Ch. 4)

6†/Ω(∆) [1]
(Ch. 4)

6†/O(∆) [1]
(Ch. 4)

4-Connected
Maximal Planar

4 [58]
6 [6]

(Ch. 3) 4 [58]
6 [6]

(Ch. 3) 6 [111]
8 [3]

(Ch. 4)
Hamiltonian

Maximal Planar
6 [108]

7 [2]
(Ch. 3) 6 [108]

8 [3]
(Ch. 4)

8 [3]
(Ch. 4)

8 [3]
(Ch. 4)

Planar 3-trees 7 [108]
7 [2]

(Ch. 3) 7 [108] 7 [108] 8 [117]
8 [1]

(Ch. 4)

Maximal Planar 7 [108]
7 [2]

(Ch. 3) 7 [108]
8 [3]

(Ch. 4) 8 [117]
8 [3]

(Ch. 4)

Table 1.1: Summary of results on proper contact representation with non-rectilinear and
rectilinear polygons. Almost all the upper bound and lower bound entries in this table
correspond to results proved in this thesis. The entries marked by ∗ corresponds to repre-
sentation whose outside boundary has a constant complexity. The entries marked with †

corresponds to rectilinear representation allowing small holes; all other rectilinear repre-
sentations contain no hole. The maximum degree of a graph is denoted by ∆.

all sides have the same length. We also consider contacts of other non-convex axis-aligned

3D shapes (e.g., union of axis-aligned boxes) as well as non-axis-aligned 3D shapes (e.g.,

tetrahedra).

1.2.1 Related Work

There is much less known about contact representations in 3D than in 2D. Contact graphs

using 3D objects have been studied for spheres [69, 68, 14], cylinders [13, 26], tetrahe-

dra [32, 101, 118] and axis-aligned cuboids [103, 55, 27]. Thomassen shows that any

planar graph has a proper contact representation by cuboids [103]. Recently, Bremner et

al. [27] showed two alternate proofs for this claim using canonical orders and Schnyder

realizers. They also studied the unit-cube version of the problem and showed that any

graph with n vertices that admits a proper contact representation by unit cubes has at
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most 7n − Ω(n2/3) edges, and the bound is tight. Felsner and Francis relax the proper

contact requirement and show that any planar graph has an improper contact represen-

tations with cubes [55]. Bremner et al. [27] asked whether every planar graph can be

represented by proper contacts of cubes. They answered the question positively for the

case of partial planar 3-trees and some planar grids, but the problem remains open for

general planar graphs. The weighted variant of the problem in 3D is much less studied,

although recently Alam et al. [7] have presented algorithms for proportional represen-

tation of several classes of graphs (e.g., outerplanar, planar bipartite, planar, complete),

using 3D L-shapes, also see [5] for contact representation for some non-planar graphs

using 3D boxes and L-shapes.

1.2.2 Our Results

We address proper and improper contact representations with axis-aligned and non-axis-

aligned polyhedra. Here are our results on proportional contact representation in 3D.

Cube-Contact Representations and Proportional Box-Contact Representations

We expand the class of planar graph known to be representable by proper contact of

cubes. We also show that several classes of planar graphs admit proportional box-contact

representations. Specifically:

11. we show how to compute a proportional box-contact representation for plane

3-trees, while a cube-contact representation for the same graph class follows

from [27].

12. We also show how to compute a proportional box-contact representation for a

nested outerplanar graphs and a cube-contact representation for a nested maximal

outerplanar graph, which are defined as follows. A nested outerplanar graph is

either an outerplanar graph or a planar graph G where each component induced by

the internal vertices is another nested outerplanar graph with exactly three neigh-

bors in the outerface of G. A nested maximal outerplanar graph is a class of nested

outerplanar graphs that is either a maximal outerplanar graph or a maximal planar
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graph where the vertices on the outerface induce a maximal outerplanar graph and

each component induced by internal vertices is a nested maximal outerplanar graph.

Improper Contact Representations with Tetrahedra

Unlike in 2D, contact representation in 3D can realize non-planar graphs. For non-planar

graphs, we address the problem of improper contact representations with tetrahedra. Note

that with non-proper contacts, one can trivially realize any complete graph Kn by using n

skinny tetrahedra sharing a common apex. However, this type of representation is neither

aesthetically pleasing nor practically useful. Therefore, for improper contacts of such

non-axis-aligned shapes, we impose an additional restriction on the representation that

no three shapes can touch at a common point. Even with the restriction, we found some

results on contact representations with tetrahedra for a number of graph classes.

13. We show that planar graphs, complete bipartite and tripartite graphs, and complete

graphs with at most 10 vertices have contact representation with tetrahedra. We also

address variants of this problem using only regular tetrahedra of unit size or con-

sidering contacts only between apices of the tetrahedra or using both restrictions.

1.2.3 Organization

The remainder of this thesis is organized as follows. In Chapter 2 we review basic graph

terminology, define several graph classes, and then we review two important combinato-

rial structures on planar graphs that we use throughout the thesis. Next we present our

results on proportional contact representation of planar graphs and some subclasses us-

ing non-rectilinear polygons in Chapter 3, and using rectilinear polygons in Chapter 4.

We then address the problem for contact representation with 3D polyhedra. To this end,

we first present our results on contact representation of subclasses of planar graphs using

cubes and proportional boxes in Chapter 5. In Chapter 6, we present some preliminary

results on (improper) contact representation using tetrahedra, the simplest 3D polyhe-

dra. Finally, we conclude the thesis in Chapter 7 with several natural open problems that

follow from work in this thesis.
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CHAPTER 2

Preliminaries

In this section we define basic terminology about graphs and contact representations. We

then describe two combinatorial structures for planar graphs, that have not only been

used in solving numerous problems on planar graphs in the literature, but which we also

extensively use in the remainder of this thesis.

2.1 Graph Terminology

A graph G consists of a pair of sets (V,E). The set V represents the vertices (sometimes

also called nodes) of the graph, and the set E ⊆ V ×V represents edges between pairs of

vertices. The endpoints of an edge (u, v) are the vertices u and v. Vertices are neighbors

or are adjacent to each other if they share an edge. An edge (u, v) is incident to vertices

u and v. The number of vertices incident to a node v is called the degree of that vertex,

and is denoted by d(v) or deg(v). A path between two vertices u and v is an alternating

sequence of vertices and edges such that u is at the beginning and v at the end of the

sequence, each edge in the sequence is preceded and followed by its endpoints and each

vertex in the path is distinct. We call u and v the end-vertices of such a path. If the two

end-vertices u, v of a path are identical, then we have a cycle. A graph is acyclic if it

contains no cycle.

If the order of the endpoints of an edge is significant, that is (u, v) 6= (v, u), then the

edges are directed; otherwise the edges are undirected. A graph is called a directed graph

if its edges are directed; if its edges are undirected, then it is an undirected graph. The

direction of an edge is also called the orientation of the edge. An edge (u, v) is a self-loop

if u = v and an edge which occurs more than once in the edge-set of a graph is called a

multi-edge. Graphs with no self-loops and no multiple edges are called simple graphs. In
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Figure 2.1: There are infinitely many different drawings of the same graph. Although the
drawings in (a) and (b) do not look similar in fact they have the same embedding. Note
the counter-clockwise order of the edges around every vertex in (a) and (b) is the same.

the remaining part of the thesis, unless specified otherwise, a graph G is always assumed

to be simple and undirected.

A graphG can be viewed as an abstract representation of the entities and relationships

in some information space. A drawing [48] of a graph G is a mapping Γ from each

vertex of G to a distinct point Γ(v) and from each edge (u, v) to a simple Jordan curve

Γ(u, v) with endpoints Γ(u) and Γ(v). It is important to observe that the graph G and the

drawing Γ of G are different concepts. The vertices of a graph do not have any natural

position. Thus a graph has infinitely many drawings, see Fig. 2.1, while the graph itself

is uniquely defined. A graph embedding on a surface is a collection of infinitely many

drawings, that are homeomorphic to each other (i.e. each drawing can be transformed

into each other drawing by a continuous set of intermediate drawings, all of which are

topologically equivalent to the starting and the finishing drawing). An embedding is thus

independent of the positions of the vertices and the edges and the embedding can be

thought of as an intermediary between the graph and its drawing. Note that a finite graph

has a finite number of possible embeddings on a surface, while for every embedding there

is still an infinite number of drawings. Fig. 2.2 illustrates two different embeddings of the

same graph on a plane. Unless stated otherwise, whenever we talk about an embedding

of a graph, we assume that the graphs is embedded on the surface of a 2D plane. A

planar graph is one that has a drawing on a plane, and a planar graph with a fixed planar

embedding is a plane graph. In case of a planar graph, an embedding is uniquely defined

by the order of the edges around every vertex; see Fig. 2.1.
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Figure 2.2: There is a finite number of different embeddings for every finite graph. Al-
though the drawings in (a) and (b) look similar, in fact they show two different embed-
dings of the same graph. Note the counter-clockwise order of the edges around vertex 3.
In (a) we have (3,1), (3,5), (3,2), (3,4) while in (b) we have (3,1), (3,4), (3,2), (3,5).

The induced subgraph of a graph G by vertices v1, v2, . . . , vk consists of the vertices

v1, v2, . . . , vk and the edges (vi, vj) for 1 ≤ i, j ≤ k. We also denote with G−v the graph

G after deleting vertex v and all its incident edges.

A graph G is connected if for each pair of vertices u, v of G, there is a u, v-path in

G. A connected graph G is called k-connected if deleting any k − 1 vertices (along with

their incident edges) from G preserves connectivity. Another more intuitive way to define

k-connectivity is to say that a graph is k-connected if between any pair of vertices there

exist k vertex-disjoint paths. The class of 2-connected and 3-connected graphs are also

called biconnected and triconnected graphs respectively.

A separating set V ′ in a connected graph G is subset of vertices whose deletion dis-

connects the graph. A separating set V is a cut-vertex, separating pair or separating triple

if it has one, two or three vertices, respectively.

A Graph is often represented by an adjacency list, see Fig. 2.3, in which for every

vertex, we provide a list of its neighbors. The other standard representation of a graph

is the adjacency matrix, in which the presence/absence of an edge between two vertices

is indicated by a zero/one in a |V | × |V | matrix, see Fig. 2.4. More details about graph-

theoretic definitions and results can be found in [20, 21, 62, 91, 107, 114, 115].
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1 2 4 6
2 1 3 7
3 2 4 8
4 1 3 5
5 4 6 8
6 1 5 7
7 2 6 8
8 3 5 7

Figure 2.3: An adjacency list representation of the graph in Fig. 2.1.

1 2 3 4 5 6 7 8
1 0 1 0 1 0 1 0 0
2 1 0 1 0 0 0 1 0
3 0 1 0 1 0 0 0 1
4 1 0 1 0 1 0 0 0
5 0 0 0 1 0 1 0 1
6 1 0 0 0 1 0 1 0
7 0 1 0 0 0 1 0 1
8 0 0 1 0 1 0 1 0

Figure 2.4: An adjacency matrix representation of the graph in Fig. 2.1.

2.2 Graph Classes

Here we define several graph classes and review their basic properties.

2.2.1 Tree

A tree is a connected graph that contains no cycle. Equivalently, a tree is graph where

each pair of vertices has a unique path between them. A tree with n vertices has exactly

n − 1 edge. Sometimes a vertex r in a tree is specified as a root, and we call the tree

rooted at r. The ancestors of a vertex v in a tree T rooted at r are all the vertices u such

that u is on the r, v-path in T . The descendants of a vertex v in a tree T rooted at r are all

the vertices u such that v is on the r, u-path in T .
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(a) (b)

Figure 2.5: Two layouts of the same graph: (a) Although the graph is planar the layout is
not. (b) A planar layout of the planar graph, i.e. a plane graph.

2.2.2 Planar and Outerplanar Graphs

Recall that a graph is planar if it can be drawn in the plane such that no edges cross.

An embedding of a planar graph which has no crossings is called a planar embedding or

more formally, a plane graph. Note that if a graph G is planar and Γ(G) is a drawing on

the plane, it is not necessary that Γ(G) is a planar layout, see Fig. 2.5.

An embedding of a graph in two dimensional space divides the plane into a number

of faces. The unbounded face is called the exterior face or the outer face, and all other

faces are called interior faces or internal faces. Edges and vertices belonging to the outer

face are called outer edges and outer vertices, respectively. All other edges and vertices

are called interior edges and interior vertices, respectively. An interior edge connecting

two exterior vertices is called a chord.

A planar graph G is called a maximal planar graph if one cannot add any more edges

to G without violating planarity. Clearly in any embedding of a maximal planar graph,

each face including the outer face is a triangle. Such an embedded plane graph is called

a maximal plane graph or triangulated plane graph. If a plane graph has only triangular

interior faces (the exterior face may or may not be a triangle), then it is called an in-

ternally triangulated plane graph. A maximal planar graph G is 3-connected, and if G

contains any separating triple, they form a triangle, which we call a separating triangle.

A maximal planar graph G is 4-connected if and only if it has no separating triangle [80].

A graph that has a planar embedding where all vertices are on the outer face, is called

an outerplanar graph. Such an embedding is called an outerplanar embedding. An out-

erplanar graph is maximal outerplanar if no further edges can be added without violating
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its outerplanarity. Again one can see that the outerplanar embedding of a maximal out-

erplanar graph is internally triangulated; we call this such an embedded graph a maximal

outerplane embedding or maximal outerplane graph.

For maximal planar graphs and maximal outerplanar graphs, the embedding is unique

(up to a choice of the outer face for the planar graph case). We therefore sometimes do

not distinguish between such a graph and the embedding for such a graph and call it a

maximal planar graph and a maximal outerplanar graph, respectively.

2.2.3 k-Tree and Series-Parallel Graphs

A k-tree is either a k-cycle or a graphGwith a vertex v of degree k inG such thatG−v is

a k-tree and the neighbors of v are mutually adjacent in G. A partial k-tree is a subgraph

of a k-tree. Every 2-tree is a planar graph. If a 3-tree G is planar, then it is called a planar

3-tree. A plane 3-tree is a planar 3-tree along with a fixed planar embedding of it. Any

planar 3-tree can be formed by starting with a 3-cycle and recursively inserting a vertex

inside a face and adding an edge between the newly added vertex and each of the three

vertices on the face [19, 89]. Clearly a planar 3-tree is a maximal planar graph.

A series-parallel graph is a graph G that has two terminals s and t, and either G is an

edge (s, t), or it has been obtained with one of the following two operations: (1) (Parallel

combination) G consists of two or more series-parallel graphs that all have the terminals

s and t. (2) (Combination in series) G consists of two series-parallel graphs, one with

terminals s and some other vertex x, and the other with terminals x and t. As usual, a

maximal series-parallel graph is a series-parallel graph to which we cannot add any more

edges and maintain that the resulting graph is still a series-parallel graph with no multi-

edge. A maximal series-parallel graph is a 2-tree and thus every series-parallel graph is a

partial 2-tree. On the other hand every outerplanar graph is a subgraph of a series-parallel

graph.
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2.2.4 Complete Graphs, Bipartite, Tripartite Graphs

A complete graph is a graph in which every pair of vertices is connected by an edge. A

complete graph on n vertices is denoted by Kn.

A bipartite graph is a graph whose vertices can be partitioned into two disjoint sets V1

and V2 such that all edges connects a vertex in V1 to a vertex in V2. A complete bipartite

graph is a bipartite graph with vertex partitions V1, V2 such that every vertex in V1 is

connected to every vertex in V2 with an edge. A complete bipartite graph with partitions

of size ‖V1‖ = m and ‖V2‖ = n, is denoted by Km,n.

Similarly a tripartite graph is a graph in which the vertices can be decomposed into

three disjoint sets such that no two vertices within the same set are adjacent. A complete

tripartite graph is a tripartite graph such that every vertex of each set is adjacent to every

vertex in the other two sets. If there are p, q, and r vertices in the three sets, the complete

tripartite graph is denoted Kp,q,r.

2.2.5 Hamiltonian Graphs

A Hamiltonian cycle in a graph G is a cycle that contains each vertex of G exactly once.

A graph with Hamiltonian cycle is a Hamiltonian graph. It is NP-complete to decide

whether a graph is Hamiltonian. However every 4-connected planar graph is a Hamilto-

nian and there is a linear-time algorithm [34] to find a Hamiltonian cycle in such a graph.

2.2.6 (2, l)-Sparse Graphs and Laman Graphs

A (2, l)-sparse graph is one where every induced subgraph with k vertices has at most

(2k− l) edges. The maximal instances of these graphs with exactly (2n− l) edges, where

n is the number of vertices, are called (2, l)-tight graphs. The class of (2, 3)-tight graphs

are also called Laman graphs; they are of interest in rigidity-theory, see e.g. [53, 60].

The class of (2, 3)-sparse graphs contains interesting subclasses such as partial 2-trees,

series-parallel graphs and outerplanar graphs.
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2.3 Contact Representations

In a contact representation of a graph G, the vertices are represented by simple polygons

in the plane or simple polyhedra in 3D space with disjoint interiors, and adjacencies are

represented by contacts between corresponding polygons or polyhedra.

In particular, a set P of closed simple interior-disjoint polygons with an isomorphism

P : V → P is a polygonal contact representation of a graph G = (V,E) if for any two

vertices u, v ∈ V , P(u) and P(v) share a common boundary point if and only if (u, v) ∈
E. The complexity of such a representation is measured by the maximum number of

corners (or sides) in the polygons used. The representation is proper or side-contact

representation, if for each edge (u, v) ∈ E, the boundaries of P(u) and P(v) share a

non-empty line-segment (P(u) and P(v) may share multiple line-segments); otherwise

if some contacts contain only a point, the representation is improper or point-contact

representation. A proper polygonal contact representation representation is a rectilinear

dual of the input graph if the polygons are rectilinear.

Similarly, a set P of interior-disjoint polyhedra with an isomorphism P : V → P is a

polyhedral contact representation of a graph G = (V,E) if for any two vertices u, v ∈ V ,

P(u) and P(v) share a common boundary if and only if (u, v) ∈ E. The complexity of

such a representation is measured by the maximum number of corners in the polyhedra

used. The representation is proper, if for each edge (u, v) ∈ E, the boundaries of P(u)

and P(v) share a boundary with non-zero area; otherwise if some contacts contain only a

point or a line-segment, the representation is improper.

In the weighted version of the problem, the input is not only a graph G = (V,E) but

also a weight function w : V (G) → R+ that assigns a weight w(v) to each vertex v. A

graph G admits a proportional contact representation with the weight function w if there

exists a contact representation of G in the plane (or in the space), where the area of the

polygon (or the volume of the polyhedron) for each vertex v of G is proportional to w(v).

A common objective in both the weighted and unweighted version in both 2D and 3D

is to realize a given graph and a set of weights, using polygons or polyhedra with minimal

complexity.
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2.4 Canonical Orders and Schnyder Realizers

The concepts of canonical orders and Schnyder realizers were independently introduced

for the purpose of efficiently computing straight-line grid drawings for a planar graph on a

quadratic grid. These two seemingly very different combinatorial structures for maximal

planar graphs turn out to be closely related and have since been used in many different

problems and in many applications. In this section, we summarize these two concepts of

canonical orders and Schnyder realizers, and their application in finding contact represen-

tations for planar graphs.

2.4.1 Canonical Order

A planar graph G along with a planar embedding (a cyclic order of the neighbors for each

vertex), is called a plane graph. Given a graph G, testing for planarity and computing a

planar embedding can be done in linear time [23, 70]. Let G be a maximal plane graph

with outer vertices u, v, w in counter-clockwise order. Then a canonical order or shelling

order of G is a total order of the vertices v1 = u, v2 = v, v3, . . ., vn = w that meets the

following criteria for every 4 ≤ i ≤ n.

(a) The subgraphGi−1 ⊆ G induced by v1, v2, . . ., vi−1 is 2-connected, and the boundary

of its outerface is a cycle Ci−1 containing the edge (v1, v2).

(b) The vertex vi is in the outerface of Gi−1, and its neighbors in Gi−1 form a subinterval

of the path Ci−1 − (u, v) with at least two vertices; see Fig. 2.6(a)–(b).

Every maximal plane graph G admits a canonical order [46]; see Fig. 2.6(a)–(b).

Moreover, computing such an order can be done in O(n) time where n is the number of

vertices in G [35].

Before the main claim about canonical orders, we require the following auxiliary

lemma. Recall that a chord of a cycle C is an edge between non-adjacent vertices of

C.

Lemma 2.4.1 Let G be a maximal plane graph with canonical order v1, v2 = v, v3, . . .,

vn. Then for i ∈ {3, . . . , n− 1}, any separating pair {x, y} of Gi is a chord of Ci.
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Figure 2.6: (a) A canonical order of vertices for a maximal plane graph G, (b) insertion
of v8 in G7, (c) a Schnyder realizer for G.

Proof: Since G is a maximal plane graph and since each vertex vj , j ∈ {n, . . . , i + 1}
is in the outerface of Gj , all the internal faces of Gi are triangles. Then adding a dummy

vertex d along with edges from d to each vertex on the outerface of Gi yields a maximal

plane graph G′. Then G′ is 3-connected and for each separation pair {x, y} of G, the set

T = {x, y, d} is a separating set of G′ since G = G′ \ d. Then T forms a separating

triangle in G′ [12] and therefore the edge (x, y) is a chord on Ci. �

Theorem 2.4.1 A canonical order of maximal plane graph G can be computed in linear

time.

Proof:If the number of vertices n in G is 3, then the canonical ordering of G is trivially

defined. We thus assume that n > 3. We now choose the vertices vn = w, vn−1, . . ., v3 in

this order so that conditions (a)–(b) of the definition are satisfied. Since G is a maximal

plane graph, G is 3-connected and hence Gn−1 = G \ w is 2-connected. Furthermore

the set of vertices adjacent to vn = w forms a cycle Cn−1, which is the boundary of the

outerface of Gn−1. Thus conditions (a)–(b) hold for k = n.

Assume by induction hypothesis that the vertices vn, vn−1, . . . , vi+1, i ≥ 3 have been

appropriately chosen. We now find the next vertex vi. If we can find a vertex x on Ci,

which is not an end-vertex of a chord, then we can choose vk = x. Indeed if deleting x

fromGi violated the 2-connectivity, then the cut-vertex y ofGi−x, together with xwould

form a separating pair for Gi and hence (x, y) would be a chord in Gi (from the lemma
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above). We now show that we can find a vertex vi on Ci which is not an end-vertex of a

chord.

If there is no chord of Ci, then we can choose any vertex of Ci other than u and v as

vk. Otherwise label the vertices of Ci − {(u, v)} by p1 = u, p2, . . ., pt = v consecutively

from u to v. By definition, any chord (pk, pl), k < l must have k < l − 1. We say that a

chord (pk, pl), k < l, includes another chord (pk′ , pl′), k′ < l′, if k ≤ k′ < l′ ≤ l. Then

take an inclusion-minimal chord (pk, pl) and any vertex pj for k < j < l can be chosen

vi. In either case, since vi is not an end-vertex of a chord for Ci−1, Gi−1 = Gi \vi remains

2-connected. Furthermore due to the maximal planarity of G, the neighborhood of vi on

Ci−1 forms a subinterval for Ci−1 − (u, v).

The algorithm, implicit in the above argument, can be implemented to run in linear

time by keeping a variable for each vertex x on Ci, counting the number of chords x

is incident to. After each vertex vi is chosen, the variables for all its neighbors can be

updated in O(deg(vi)) time. Summing over all vertices in the graph leads to an overall

linear running time [35]. �

2.4.2 Schnyder Realizer

Let G be a maximal plane graph. A Schnyder realizer S of G is a partition of the internal

edges of G into three sets T1, T2, T3 of directed edges, so that for each interior vertex v,

the following conditions hold:

(a) v has out-degree exactly one in each of T1, T2 and T3,

(b) the clockwise order of edges incident to v is: outgoing T1, incoming T2, outgoing T3,

incoming T1, outgoing T2, incoming T3; see Fig. 2.6(c).

Since a maximal plane graph has exactly n − 3 internal vertices and exactly 3n − 9

internal edges, the three outgoing edges for each internal vertices imply that all the edges

incident to the outer vertices are incoming. In fact, these two conditions imply that for

each outer vertex ri, i = 1, 2, 3, the incident edges belong to the same set, say Ti, where

r1, r2, r3 are in counter-clockwise order around the outerface and each set of edges Ti
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forms a directed tree, spanning all the internal vertices and one external vertex ri, oriented

towards ri [42]; see Fig. 2.6(c). Call ri the root of Ti for i = 1, 2, 3.

Note that the existence of a decomposition of a maximal planar graph G into three

trees was proved earlier by Nash-Williams [90] and by Tutte [106]. Kampen [75] showed

that these three trees can be oriented towards any three specified root vertices r1, r2, r3 of

G so that each vertex other than these roots have exactly one outgoing edges in each tree.

Schnyder [98] proved the existence of the special decomposition defined above, along

with a linear time algorithm to compute it. Before we describe the algorithm, we need to

define the operation of edge contraction. LetG be a graph and e = (x, y) be an edge ofG.

Then we denote by G/e, the simple graph obtained by deleting x, y and all their incident

edges from G, adding a new vertex z and inserting an edge (z, v) for each vertex v that

is adjacent to either x or y in G. Note that for a maximal plane graph G, contracting an

edge e = (x, y) yields a maximal plane graph if and only if there are exactly two common

neighbors of x and y. Again two end-vertices of an edge e = (x, y) have exactly two

common neighbors if and only if the edge e is on the boundary of a separating triangle.

Lemma 2.4.2 Let G be a maximal plane graph with at least 4 vertices, where u is an

outer vertex of G. Then there is an internal vertex v of G such that (u, v) is an edge in G

and u, v have exactly two common neighbors.

Proof: If G has exactly 4 vertices, then it is K4 and the only internal vertex of G has

exactly two common neighbors with any outer vertex. Consider graph G with more than

4 vertices. If u is not on the boundary of any separating triangle, then taking any neighbor

of u as v is sufficient. Else, if u is on the boundary of a separating triangle ∆ we can find

a desired vertex v by induction on the subgraph of G inside ∆. �

Theorem 2.4.2 A Schnyder realizer of a maximal plane graph G can be computed in

linear time.

Proof: If G has exactly 3 vertices, its Schnyder realizer is computed trivially. Consider

graph G with more than 3 vertices. Let r1, r2 and r3 be the three outer vertices in counter-

clockwise order. Then by the above lemma, there is an internal vertex x in G and edge
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Figure 2.7: Computing a Schnyder realizer of a maximal plane graph G from that of G/e.

e = (r3, x) so that r3 and x have exactly two common neighbors. Let G′ = G/e. Then

by the induction hypothesis, G′ has a Schnyder realizer with the three trees T1, T2, T3,

rooted at r1, r2, r3. We now modify this to find a Schnyder realizer for G. The orientation

and partitioning of all the edges not incident to x remain unchanged from G/e. Among

the edges incident to x, we add e to T3, oriented towards r3; see Fig. 2.7. We add the two

edges, that are just counter-clockwise of e and just clockwise of e in the ordering around

x, to T1 and T2, respectively, both oriented away from x. Finally we put all the remaining

edges in T3, oriented towards x. It is now straight-forward to check that these assignment

of edges to the trees satisfy the two conditions.

The algorithm implicit in the proof can be implemented in linear time, given the edge-

contraction sequence. But the edge-contraction sequence itself can be computed in linear

time by taking the reverse order of a canonical order of the vertices and in every step

contracting the edge between r3 and the current vertex in this order. �

2.4.3 Equivalency of Canonical Orders and Schnyder Realizers

Here we show that canonical orders and Schnyder realizers, are in fact equivalent, in

the sense that a canonical order of a graph defines a Schnyder realizer on it and vice

versa [42].
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Lemma 2.4.3 A canonical order for a maximal plane graphG defines a unique Schnyder

realizer where the three parents (the head of the three out-going edges) for each vertex v of

G are its leftmost predecessor, its rightmost predecessor and its highest-labeled successor.

See Fig. 2.6(a) and (c) for a canonical order O and the corresponding Schnyder real-

izer S defined by O for a maximal plane graph. One can easily verify that this definition

of S satisfies the two conditions for each internal vertex for a maximal plane graph. A

canonical order O and the Schnyder realizer S obtained from O for a maximal plane

graph are said to be compatible.

We now describe two ways to obtain a canonical order from a Schnyder realizer S. In

both cases we obtain a canonical order which is compatible with S.

Lemma 2.4.4 Let G be a maximal plane graph with outer vertices r1, r2, r3 in counter-

clockwise order and let T1, T2, T3 be the three trees in a Schnyder realizer of G rooted at

r1, r2 and r3. Then a compatible canonical order of G can be obtained as follows:

1. by taking the counter-clockwise depth-first traversal order of the vertices in the

graph T1 ∪ {(r2, r1), (r3, r1)}; see Fig. 2.8(a)–(b).

2. by taking the topological order of the directed acyclic graph T−1
1 ∪T−1

2 ∪T3, where

T−1
i , i = 1, 2 is the Schnyder tree Ti with the direction of all the edges reversed;

see Fig. 2.8(a)&(c).

Proof: It is not difficult to show that the directed graph T−1
1 ∪ T−1

2 ∪ T3 is in fact

acyclic [42, 98]. Then it is easy to verify that the canonical orders obtained from a Schny-

der realizer S are compatible with S; i.e., defining a Schnyder realizer from them by

Lemma 2.4.3 produces the original Schnyder realizer S. �

2.5 Use of Canonical Orders and Schnyder Realizers in Contact Representations

Here we show how canonical orders and Schnyder realizers can be used to find contact

representation for a plane graph G. We assume that G is a triangulated plane graph. Oth-

erwise we augment G to a triangulated plane graph G′ by adding a vertex v inside each
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Figure 2.8: A maximal planar graph with a Schnyder realizer (a), and computing a canon-
ical order from it in two different ways (b)–(c).

non-triangular face f with edges from v to each vertex on f . Then from a contact repre-

sentation of G′, we delete the polygons or polyhedra representing all the extra vertices to

find a representation for G. We first compute a canonical order Π = v1, v2, . . . , vn for the

vertices of G and the corresponding Schnyder realizer S. Let T1, T2 and T3 be the three

Schnyder trees in S rooted at v1, v2 and vn. We use Π and S to compute different contact

representation for G.

Fig. 2.9(c)–(h) illustrates contact representations for the graph in Fig. 2.9(a) with var-

ious shapes of polygons and polyhedra.

We first give an algorithm [41] to find contact representation of the plane graph G

with triangles.

Theorem 2.5.1 There is a contact representation of G with triangles.

Proof: We compute the triangles ∆i for the vertices vi ofG in the order of Π. We compute

the triangles in such a way that each triangle ∆i has a horizontal base at y-coordinate i,

while the third apex is at y-coordinate greater than i. We start with two mutually-touching

triangles ∆1 and ∆2, both with their apices at y-coordinate n, representing v1 and v2. For

the subsequent triangles ∆i, 3 ≤ i < n, the left and the right endpoint for the horizontal

base is on the triangles for its parents in T1 and T2, while the third apex is at y-coordinate

k, where vk is the parent of vi in T3. For i = n, the triangle ∆i has its third apex at y-

coordinate n+1. One can see that with these placement for the triangles all the necessary

contacts for G is realized; see Fig. 2.9(c). �
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Figure 2.9: A maximal planar graph G with a canonical order and the corresponding
Schnyder realizer (a), and its contact representation using circles (b), using triangles (c),
using hexagons with holes (d) and without holes (e), using T’s (consisting of a horizontal
and a vertical segments) (f), using axis-aligned T-shape polygons (g), and using 3D boxes
(h). For each shape, the directions of the contacts realizing the outgoing edges in the
Schnyder trees from each vertex is shown.
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The representation obtained in Theorem 2.5.1 uses point-contacts between the trian-

gles. However by a modification of this representation, one can easily obtain a proper

contact representation for G with convex hexagons. We scale up each triangle a little

so that each adjacent triangle now intersects each other. Then for each vertex vi with

the parents vl, vr, and vk in T1, T2 and T3, respectively, we represent vi by the hexagon

Ti \ (Tl ∪ Tr ∪ Tk); see Fig. 2.9(d). Duncan et al. [49] showed that for proper contact

representation of a planar graph polygons with six sides are sometimes necessary. They

also gave an algorithm using canonical order to find hole-free contact representation for a

triangulated plane graph with convex hexagons using only three slopes.

Theorem 2.5.2 Any triangulated plane graphG has a contact representation with convex

hexagons using only three slopes.

Proof: The representation is constructed by computing the polygons Pi representing the

vertices vi in the order of a canonical order Π = v1, v2, . . . , vn for the vertices of G.

The polygons are formed by carving out regions from an triangle ∆ with apices at (0, 0),

(−1, 1) and (1, 1). First a triangular region is carved out from ∆ to realize P2, while

∆ \ P2 realizes v1. For each subsequent step i, 2 < i ≤ n, the polygon Pi for vi is

carved out from the already existing polygons. Let vl and vr be the leftmost and right

most predecessors for vi. If vi has exactly two predecessors, then Pi is formed by carving

out a triangular region from Pl, if l > r or from Pr, if r > l. Otherwise Pi is formed by

cutting a quadrangular region from the polygons for all the predecessors of vi but vl and

vr; see Fig. 2.9(e). �

For theoretical and practical regions it is sometimes desired to find a contact represen-

tation with axis-aligned polygons. In Chapter 4, we use a canonical order and a Schnyder

realizer to obtain a contact representation for a plane graphG using axis-aligned polygons

with 8 sides. We also show that polygons with 8 sides are sometimes necessary for such

a representation. For constructing their representation, we use a contact representation of

G from [41], where each vertex is represented by a T , consisting of a horizontal and a

vertical segments. We present the claim in the following theorem; a detailed proof will
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be given in Chapter 4, where this construction will be used for computing a weighted

representation.

Theorem 2.5.3 Any planar graph G admits contact representations with T ’s and with

axis-aligned 8-sided polygons.

Proof: We again assume that G is triangulated with a canonical order Π = v1, v2, . . . , vn

for the vertices and the corresponding Schnyder realizer with three trees T1, T2, T3, rooted

at v1, v2 and vn, respectively. We first find a contact representation of G with T ’s. Our

construction is quite similar to the one for the representation with triangles. We insert the

T ’s for the vertices in the order of Π and for each vertex vi, the base for the T representing

vi is at y-coordinate i. We start by realizing v1 and v2 with two mutually-touching T ’s

such that the apices are ate y-coordinate n. For the subsequent steps, we represent vi,

2 < i < n, by a T with the left and right endpoint of the base touching the T ’s the its

parents in T1 and T2, respectively, and with the apex at y-coordinate k, where vk is the

parent of vi in T3. Finally for i = n, the T representing vn has its apex at y-coordinate

n+1; see Fig. 2.9(f). From this representation Γ we can find a hole-free representation of

G with axis-aligned 8-sided polygons. We first give a small width and height to the T ’s

to make them into polygons. Then we assign to each such polygon two rectangular holes

adjacent to its two reflex corners to find a hole-free representation for G; see Fig. 2.9(g).

�

We now concentrate on contact representation for planar graphs using 3D polyhedra.

In 1988 Thomassen [103] proved that any planar graph can be represented by contacts of

3D axis-aligned boxes. Recently Bremner et al. [27] has given two beautiful alternative

proof for this using canonical orders and Schnyder realizers. Here we give one of their

proofs.

Theorem 2.5.4 Any planar graph admits a contact representation with axis-aligned

boxes.

Proof: We one again assume thatG is maximal planar and that we have computed canoni-

cal order Π = v1, v2, . . . , vn for the vertices ofG and the corresponding Schnyder realizer
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with three trees T1, T2, T3, rooted at v1, v2 and vn, respectively. We again compute the

boxes Bi for the vertices vi in the order of Π. Assume vl, vr and vk are the three parents

of a vertex vi in the three trees T1, T2 and T3, respectively. Then the minimum and the

maximum z-coordinates for the box Bi are at i and k, respectively. The minimum x- and

y-coordinates for Bi is chosen to be equal to the maximum x- and y-coordinates for Bl

and Br, respectively. Then maximum x- and y-coordinates for Bi is chosen such that it

touches the boxes for all the predecessors of vi and does not exceed beyond Br, and Bl,

respectively. We thus find a contact representation of G with boxes; see Fig. 2.9(h). �
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CHAPTER 3

Non-Rectilinear Proportional Contact Representations

In this chapter we study the problem of proportional contact representation of planar

graphs with non-rectilinear polygons in the plane. The main results in this section are

algorithms for optimal (with respect to polygon complexity) proportional contact repre-

sentations for general planar graphs, and 2-segment graphs and for proportional contact

representation of 4-connected maximal planar graphs with 6-sided polygons. A graph G

is a 2-segment graph if it can be represented by assigning interior-disjoint line segments

to vertices such that line segments share a point if and only if the corresponding vertices

are adjacent, and no 3 line segments share a point. The class of 2-segment graphs are

the same as the class of (2, 3)-sparse planar graphs. A (2, 3)-sparse graph is one where

every induced subgraph with k vertices has at most (2k − 3) edges. The maximal in-

stances of these graphs with exactly (2n−3) edges, where n is the number of vertices, are

called (2, 3)-tight or Laman graphs. The class of 2-segment graphs, or (2, 3)-sparse planar

graphs contains interesting subclasses such as partial 2-trees and outerplanar graphs. We

also address the problem of proportional contact representation for 4-connected maximal

planar graphs.

Specifically, we show that: (a) 4-sided nonconvex polygons are sometimes neces-

sary and always sufficient for a point-contact (improper) proportional representation of

planar graphs; (b) 7-sided nonconvex polygons are sometimes necessary and always suf-

ficient for a side-contact (proper) proportional representation of planar graphs; (c) trian-

gles are necessary and sufficient for point-contact (improper) proportional representation

of 2-segment graphs; (d) trapezoids are sometimes necessary and always sufficient for

side-contact (proper) proportional representation of 2-segment graphs; (e) triangles are

necessary and sufficient for hole-free side-contact (proper) proportional representation

for maximal outer-planar graphs, while convex quadrilaterals are sometimes necessary
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Figure 3.1: A general planar graph (a), its proportional point-contact representation with
4-sided polygons (b), and proportional side-contact representation with 7-sided polygons
(c). A 2-tree (d), its proportional point-contact representation with triangles (e), and pro-
portional side-contact representation with trapezoids (f). A maximal outer-planar graph
(g), its hole-free proportional side-contact representations with triangles (h), and with 4-
sided convex polygons (i). A 4-connected internally triangulated plane graph (j) and its
proportional contact representation with 6-sided polygons.
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and always sufficient if the outer-boundary has constant complexity, (f) 6-sided noncon-

vex polygons are always sufficient for side-contact (proper) proportional representation

for 4-connected maximal planar graphs. The main results are summarized in Table 3.1.

Class of Graphs Convexity
Complexity

Lower
Bound

Complexity
Upper
Bound

Hole-
Free

Type of
Contact

Planar no 4 4 no improper
Planar no 7 [108] 7 no proper

2-segment graphs yes 3† 3 no improper
2-segment graphs yes 4 [58] 4 no proper

Maximal outer-planar yes 3/4∗ 3/4∗ yes proper
4-connected max-planar no 4 [58] 6 yes proper

Table 3.1: Summary of the results proved in this chapter. All complexity upper bounds
in this table, as well as the complexity lower bound for planar graphs correspond to re-
sults proved in this section. The complexity lower bounds for improper representation
of 2-segment graphs (marked †) is trivial to see since any polygon with positive area re-
quires at least three sides; and the remaining lower bounds follow from previous known
results [58, 108]. Maximal outer-planar graphs (marked with ∗) can be represented with
convex quadrilaterals if the outer-boundary has constant complexity, or with triangles if
the outer-boundary has linear complexity.

3.1 Representations for Planar Graphs

Recall that any planar graph can be represented by touching triangles. From this, it is easy

to create proportional point-contact representations: Scale the representation such that the

triangle T (v) of vertex v has area at least w(v), and then “carve away” a triangular part

H of T (v) near a corner to achieve the correct area. Now the new polygon has six corners

with two of them overlapping with each other. This can be avoided by moving these two

overlapped corners a small distance away from each other and changing the area of H

accordingly. So we can easily achieve 6-sided representations.

In this section, we create point-contact representations with the optimal number of

sides. Indeed, we show that 4-sided non-convex polygons always sufficient for a propor-

tional contact representation of a planar graph. This is quite easy to do for 2-segment
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Figure 3.2: (a) The canonical order and Ti (marked by labels); (b) the placement of 1,2,n.

graphs (essentially by adding a small triangle at one end of the segment), but we show

this here for all planar graphs.

We first describe an algorithm to obtain proportional point-contact representations

of planar graphs using 4-sided non-convex polygons. We then show that there exists a

planar graph with a given weight function that does not admit a proportional point-contact

representation with convex polygons, thus making our 4-sided construction optimal.

Theorem 3.1.1 Let G = (V,E) be a planar graph and let w : V → R+ be a weight

function. Then G admits a proportional point-contact representation with respect to w

in which each vertex of V is represented by a 4-sided polygon. It can be found in linear

time.1

Proof: We first take a planar embedding of G and assume that it is fully triangulated, for

if it is not, we can add dummy vertices (and edges to these vertices) to make it so, and

later remove those dummy vertices from the obtained proportional contact representation.

Assume (after some scaling) thatw(v) ≤ 1/n2 for all v ∈ V and fix an arbitrary outer-

face. We construct the drawing incrementally, following a canonical ordering v1, . . . , vn.

1 We assume the real RAM model, i.e., any arithmetic operation, even involving arbitrarily small coor-

dinates, can be done in constant time. Of course this is unrealistic. It would be of interest whether the size

of coordinates can be bounded polynomially, but this remains open.
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We prescribe what the polygon assigned to j looks like before even placing it (here and

in the rest of the section we use j as a shorthand for vj). So let T1, T2, T3 be the Schnyder

realizer defined by the canonical ordering, where T1 is rooted at 1, T2 is rooted at 2 and

T3 is rooted at n; see Fig. 3.2. Let Φi(j) be the parent of j in tree Ti.

It is easy to show that T−1
2 ∪ T1 is an acyclic graph on the vertex set V − {n}, where

T−1
2 is the tree T2 with the direction of all its edges reversed. For every vertex j 6= n,

let π(j) be the index of j in a topological order of this graph. Then n ≥ π(Φ1(j)) >

π(j) > π(Φ2(j)) ≥ 1. Now for every vertex j 6= 1, 2, n, we define the spike S(j)

to be a 4-sided polygon with one reflex vertex. One segment (the base) is horizontal

with y-coordinate j. Its length will be determined later, but it will always be at least

2/n2 ≥ 2w(j). From the left endpoint of the base, the spike continues with the upward

segment, which has slope π(j) and up to its tip which has y-coordinate y = Φ3(j). Next

comes the downward segment until the reflex vertex, and from there to the right endpoint

of the base; see Fig. 3.3(a). The placement of the reflex vertex is arbitrary, as long as the

resulting shape has area w(j) and the down-segment has positive slope. Note that since

the base has length ≥ 2w(j) and y-coordinate j, the reflex vertex will have y-coordinate

at most j + 1. We first place 1, 2, n, and then add 3, . . . , n− 1 (in this order):

• Vertex 1 is represented by a triangle S(1) whose base has length 2w(1)/(n − 1),

placed arbitrarily with y-coordinate 1. The tip of S(1) has y-coordinate n.

• Vertex 2 is represented by a triangle S(2) whose base has length 2w(2)/(n − 2),

placed at y-coordinate 2 and with its left endpoint abutting S(1). The tip of S(2)

has y-coordinate n.

• Vertex n is represented by a triangle whose base is at y-coordinate n and long

enough to cover the tips of S(1) and S(2). We choose the height of S(n) such that

the area is correct.

We maintain the following invariant: For j ≥ 2, after vertex j has been placed, the

horizontal line with y-coordinate j + 1 intersects only the spikes of the vertices on the

outer-face of Gj , and in the order in which they occur on the outer-face.
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To place j ≥ 3, we place the base of S(j) with y-coordinate j, and extend it from

the down-segment of Φ1(j) to the up-segment of Φ2(j). Recall that Φ2(j) and Φ1(j)

are exactly the first and last predecessor of j, and j = Φ3(i) for all other predecessors

i 6= j. Hence S(j) touches S(Φ1(j)) and S(Φ2(j)) at the ends of the base, and all other

predecessors i of j have their tips at the base. Note that this creates a contact between j

and all its predecessors, as desired. The rest of S(j) is then as described above. It is easy

to verify the invariant, and therefore S(j) does not intersect any other spikes.

To see that the base of S(j) has length ≥ 2/n2 as required, let p` and pr be its left and

right endpoints, and s` and sr be the other segments containing them. Imagine that we

extend s` and sr until they meet in a point p. Since sr contains a point with y-coordinate

≤ j − 1 (at the base of S(Φ2(j)) ), triangle ∆{p, p`, pr} has height h ≥ 1; see Fig. 3.3.

Let t = π(vj) be the slope of the up-segment of S(vj). Since π(Φ2(vj)) < π(vj) = t,

we have that sr has slope at most t−1 and x(pr) ≥ x(p)+ h
t−1

. On the other hand, the slope

of s` is positive by construction, and must exceed the slope of the up-segment of Φ1(vj),

which has slope π(Φ1(vj)) > π(vj) = t. So s` has slope ≥ t+ 1 and x(p`) ≤ x(p) + h
t+1

.

Therefore,

x(pr)− x(p`) ≥
h

t− 1
− h

t+ 1
=
h((t+ 1)− (t− 1))

t2 − 1
≥ 2h

t2
≥ 2

n2
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as desired. Therefore the base of S(j) is wide enough, which shows the correctness of

our construction.

It remains to analyze the run-time of the algorithm implicit in our constructive proof.

Computing the Schnyder decomposition can be done in linear time. We claim that pro-

cessing vertex j also takes constant time; the claim then follows. Note that the base of

S(j) is already fixed when handling j, since Φ1(j) and Φ2(j) are placed already, and

we only need to compute the intersection of their polygons with the horizontal line with

y-coordinate j. This also fixes the tip of S(j). All that remains to do is hence to find an

appropriate point r for the reflex vertex. Let ` be the line from the tip to the right end of

the base of S(j), and let C be the convex hull of S(j) (i.e., the triangle defined by the tip

and the base of S(j).) If C has area A, then r must have height 2(A− w(v))/||`|| over `.

Draw the line `′ parallel to ` at that distance. Also draw the vertical line `′′ through the tip

of S(j). Any point that is on `′, to the left of `′′ and inside C is suitable for r, and such

a point exists by the above discussion of correctness. Hence finding r takes a constant

number of arithmetic operations, and the algorithm to find the contact representation takes

linear time. �

Our construction used non-convex shapes. Lemma 3.1.1 shows that this is sometimes

required.

Lemma 3.1.1 There exists a planar graph and a weight function such that the graph does

not admit a proportional point-contact representation, with respect to the weight function,

with convex shapes for all vertices.

Proof: We aim to show that the graph in Fig. 3.4(a) has no proportional representation

with convex polygons if the small vertices (a0, a1, a2, b) have weight δ and the larger ver-

tices (c0, c1, c2, d) have weight D > 3δ. Assume for contradiction that we had such a

representation. Note that this graph is 3-connected and all faces of this graph are isomor-

phic (even when taking vertex weights into account), so all planar embeddings of it are

equivalent. We may assume therefore that d is incident to the outer-face. We will focus

now on the sub-graph defined by a0, a1, a2 and its interior. Fig. 3.4(b) and (c) illustrate

the notation for the following argument.
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For i = 0, 1, 2, let pi be a contact point betweenP(ai) andP(ai+1). (All additions and

subtractions in this proof are modulo 3.) Let T0 = ∆{p0, p1, p2} be the triangle spanned

by p0, p1 and p2. Further, let qi be a point of contact between P(ai) and P(b). Let Li be

the line parallel to pi−1pi that passes through qi, and let Hi be the half-space supported

by Li that contains pi−1pi. The lines L0, L1, L2 define a triangle T1 with corners p′0, p
′
1, p
′
2

where p′i is the corner of T1 corresponding to the corner pi of T0.

b

(b)

q2
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P
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1 )
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Figure 3.4: A graph G that does not have a proportional contact-representation with con-
vex shapes.

Observe that triangle ∆{p0, p1, q1} is a subset of P(a1) by convexity, so it has area at

most δ. The trapezoid T0 ∩H1 has less than twice the area of ∆{p0, p1, q1}, so it has area

at most 2δ. Since the triangle ∆{p1, q2, q1} has to accommodate P(c0) it has area at least

D > 3δ. This implies that q2 6∈ T0 ∩H1. Analogous arguments show that for any i 6= j,
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qi is not inside T0 ∩Hj . Hence, qi is on Li between p′i and p′i−1. The generic situation is

illustrated in Fig. 3.4(c).

Now consider the triangle ∆{p1, p
′
1, q1}: it has the same height and a base that is no

larger than that of ∆{p0, p1, q1}, so the area of ∆{p1, p
′
1, q1} is at most δ. Similarly, one

can show that triangle ∆{p1, q2, p
′
1} has area at most δ.

Since the triangle ∆{p1, q2, q1} contains P(c0) it has area at least D. Therefore tri-

angle ∆{p′1, q2, q1} = ∆{p1, q2, q1} − ∆{p1, q2, p
′
1} − ∆{p1, p

′
1, q1} has area at least

D− δ− δ > δ (by choice of D > 3δ.) Similarly, one can show that triangle ∆{p′2, q0, q2}
and triangle ∆{p′0, q1, q0} have area strictly greater than δ.

Define T2 to be the triangle ∆{q0, q1, q2}, and observe that T2 ⊆ P(b), and hence T2

has area at most δ. But now we have a triangle T2 of area at most δ that is circumscribed

by a triangle T1 such that the three triangles of T1−T2 each have area strictly greater than

δ. This is impossible due to a classic geometric result, which states that when a triangle T2

is inscribed in another triangle T1, then the area of T2 is at least as much as the minimum

of the areas of the three triangles in T1 − T2. For details, see e.g. [47]. �

Lemma 3.1.1 implies that 3-sided polygons are not always sufficient for proportional

contact representations of planar graphs. On the other hand, Theorem 3.1.1 implies that

any planar graph has a proportional contact representation with any given weight function

on the vertices so that each of the vertices is represented by a non-convex 4-sided polygon.

Summarizing these two results we have the following theorem.

Theorem 3.1.2 4-sided non-convex polygons are always sufficient and sometimes neces-

sary for proportional (improper) point-contact representation of a planar graph with a

given weight function on the vertices.

Given a planar graph G, the representation for G obtained from the proof of Theo-

rem 3.1.1 can be modified (essentially by cutting the convex corners of the 4-sided spikes)

to find a side-contact representation of a planar graph with 7-sided polygons. On the other

hand, it has been shown in [108] that 7-sided polygons are sometimes necessary for a

proportional contact representation of a planar graph. We therefore have the following

theorem.
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Theorem 3.1.3 7-sided non-convex polygons are always sufficient and sometimes neces-

sary for proportional (proper) side-contact representation of a planar graph with a given

weight function on the vertices.

3.2 Proportional Contact Representation for 4-Connected Maximal Planar Graphs

In this section we prove that every 4-connected maximal planar graph has a proportional

contact representation with 6-sided polygons. We actually address a slightly more gen-

eral graph class, that of internally triangulated 4-connected planar graphs. We first give an

algorithm for constructing a proportional contact representation of an internally triangu-

lated 4-connected planar graph using 6-sided polygons with arbitrarily small cartographic

error. With the help of this algorithm, we then prove the existence of a representation with

complexity 6 and no cartographic error.

3.2.1 Representations with Cartographic Error

We prove the following main theorem in the rest of this section.

Theorem 3.2.1 Let G = (V,E) be an internally triangulated 4-connected plane graph

and let w : V 7→ R+ be a weight function on the vertices of G. Then for any ε > 0, G has

a contact representation where each vertex v of G is represented by a 6-sided polygon

with area in the range [w(v), w(v) + ε].

Assume first that the outer face of G is not a triangle. Then G admits a rectangular

dual Γ (a rectilinear dual that uses only rectangles) due to [110, 80]. We need the follow-

ing definitions for a rectangular dual Γ of G. The graph G is the dual of Γ. Since each

polygon in Γ is a rectangle, the adjacency between two rectangles in Γ representing an

edge of G can occur in one of two ways: (i) through a shared horizontal segment (hori-

zontal adjacency), or (ii) through a shared vertical segment (vertical adjacency). We say

Γ is topologically equivalent to another rectangular layout Γ′ when both Γ and Γ′ have

the same dual graph G and each edge of G is represented by the same type of adjacency

(horizontal or vertical) in both Γ and Γ′. A line-segment in Γ is the union of inner edges of
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Γ forming a consecutive part of a straight-line. A line-segment not contained in any other

line-segment is maximal. A maximal line-segment s is called one-sided if it forms a full

side of at least one rectangular face, or in other words, if the perpendicular line segments

that attach to its interior are all on one side of s. Otherwise, s is two-sided. Eppstein et

al. proved that if all the maximal segments in a rectangular dual Γ are one-sided then Γ

is area-universal, which means that any distribution of areas to the rectangles in Γ can be

realized with a topologically equivalent layout [50]. Unfortunately, not every internally

triangulated 4-connected plane graph has a rectangular dual that is also area-universal.

With the next lemma we can prove a slightly weaker statement which can help us reduce

the polygonal complexity. Specifically, we can show that for any such graph with non-

triangle outerface, there exists a rectangular dual where all two-sided maximal segments

are horizontal.

Lemma 3.2.1 Let G be an internally triangulated 4-connected plane graph with a non-

triangle outerface. Then G has a rectangular dual with no vertical two-sided segment.

Proof: We start by computing a (possibly two-sided) rectangular dual Γ of G [80]. If G

is one-sided or has only horizontal 2-sided maximal segments we are done. Let s be a

vertical maximal segment in Γ. Call every degree-3 point on s a junction on s. If s is

not one-sided, then going from bottom to top along s there will be at least one of the two

configurations in Fig. 3.5. In both cases, we modify the layout locally2, as illustrated in

Fig. 3.5. If we repeatedly apply this operation for each vertical two-sided segment in Γ,

there will be no more vertical two-sided segment. �

Once we have a rectangular dual of a planar graph G with no two-sided vertical max-

imal segments, we modify the representation into a contact representation with 6-sided

polygons to realize any set of weights on the vertices ofG, at the expense of ε-cartographic

error, ε > 0.

Lemma 3.2.2 Let G = (V,E) be an internally triangulated plane graph and let Γ be

a rectangular dual of G such that Γ contains no vertical two-sided maximal segment.

2These operations are well-known as “flips” in much of the related work; see [57] for example.
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Figure 3.6: Illustration for the proof of Lemma 3.2.2.

Then G admits a contact representation Λ such that each vertex v of G is represented

by a polygon of complexity at most 6 with area in the range [w(v), w(v) + ε], where

w : V 7→ R+ is an arbitrary weight function and ε > 0.

Proof: If Γ contains no two-sided maximal segment, then it can realize any weight func-

tion [50] and we are done. Otherwise, for each horizontal two-sided maximal segment s,

we replace s by a rectangle with a small height (< the minimum feature size of Γ) and

with horizontal span same as s; see Fig. 3.6(a)–(b). It is easy to see that this modification

makes all maximal segments one-sided, which makes the resulting representation Γ′ area-

universal. Let Γ′′ be a rectangular layout, where the area of each newly formed rectangle

is ε and the areas for all other rectangles realize the weight function w; see Fig. 3.6(c).

Suppose s was a horizontal two-sided segment in Γ and let l and l′ be the top and bottom

side of the corresponding rectangle in Γ′ (also in Γ′′). We select some points on l′ cor-

responding to all the junctions on l so that the order of all these junctions defined by s

is respected. We then add an edge from each junction on l to its corresponding point on

l′. In this way the area of the rectangle defined by l and l′ which had area ε is distributed

among the rectangles above l. For each rectangle at most two additional corners are thus

added making it a polygon with at most 6 sides. �

We are now ready to prove Theorem 3.2.1.
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Figure 3.7: Illustration of the construction with 6-sided polygons and ε-cartographic error.

Proof of Theorem 3.2.1. If the outerface of G is a not triangle, then by Lemma 3.2.1 and

Lemma 3.2.2, G admits a desired representation. We thus assume that the outerface of

G is a triangle abc. Then G admits no rectangular dual. However, G admits a rectilinear

dual where one of the outer vertices, say a, is represented by a 6-sided “L-shaped” rec-

tilinear polygon and all other vertices are represented by rectangles [100]. Furthermore,

the representation is contained inside a rectangle and so is the union of the rectangles

representing all vertices of G′ = G − {a}. We then obtain a contact representation of

G′ with 6-sided polygons by Lemma 3.2.1 and Lemma 3.2.2. Since the boundary of the

rectangular dual of G′ is not changed, we can still add the L-shaped polygon for a around

it with the desired area and correct adjacencies. �

Figure 3.7 illustrates the construction of a contact representation of a 4-connected

plane graph G with 6-sided polygons using the above procedure.

3.2.2 Representations without Cartographic Error

Here we prove that an internally triangulated 4-connected plane graph has a proportional

contact representation of complexity 6 with no cartographic error for any weight function.

We begin with a representation that has ε-cartographic error and argue that it can be
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modified so as to remove the errors, while preserving the topology of the layout.

LetG = (V,E) be a graph with weight functionw : V 7→ R+. Consider a vertex order

v1, v2, . . . , vn of the vertices of G. Let Λ = 〈λ1, λ2, . . . , λn〉 be a list of n non-negative

real numbers.Then the Λ-vicinity of w is the set of all weight functions w′ : V 7→ R+

such that |w(vi)− w′(vi)| ≤ λi for each vertex vi of G. If λ1 = λ2 = . . . = λn = λ, then

the Λ-vicinity of w is also called the λ-vicinity of w. We have the following lemma.

Lemma 3.2.3 Let G = (V,E) be an internally triangulated plane graph and let Γ be

a rectangular cartogram of G for a weight function w : V 7→ R+ where Γ contains no

vertical two-sided segment. Then there exists a sufficiently small λ > 0 such that for any

weight function w′ : V 7→ R+ in the λ-vicinity of w, there is a rectangular cartogram

Γ(w′) of G with respect to w′, where Γ(w′) is topologically equivalent to Γ.

Proof: Assume an arbitrary order v1, v2, . . . , vn of the vertices of G. Consider any value

λ > 0 and take a fixed weight function w′ in the λ-vicinity of w. Let Γ′ be the represen-

tation of G obtained by the algorithm in Theorem 3.2.1, where we set ε = 0. Note that

in this case each dummy rectangle corresponding to a two-sided horizontal segment will

have zero area and hence become a horizontal segment again. Thus if we consider each

of these zero-area rectangles only as a horizontal segment, we get a rectangular layout

Γ∗, where for each vertex v of G, the rectangle corresponding to v has area w′(v) and all

the adjacency in Γ is preserved except that possibly the adjacencies between rectangles

on opposite sides of a two-sided horizontal maximal segment may be disturbed (old adja-

cencies removed, new adjacencies created). Note that the existence of such a layout and

its uniqueness for w′ was also proved in [116].

Figure 3.8: Illustration for Lemma 3.2.3.

We will now show that there exists some sufficiently small λ > 0 for which, Γ∗ is topo-

logically equivalent to Γ. Take a a list of non-negative real numbers L = (λ1, λ2, . . . , λn)

such that for any weight function w′ in the Λ-vicinity of w, Γ∗ remains topologically
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equivalent to Γ. Note that there exists at least one such list where λi = 0 for 1 ≤ i ≤ n.

We take such a list Λ∗ with the least number of zero values. We now claim that there is

no element with zero value in L∗. Assume for a contradiction that there is at least one

element λi = 0 in L∗. This implies that for any Γ∗ realizing a weight function w′ in the

L∗-vicinity of w, the area of the rectangle Ri representing a vertex vi either cannot be

increased or cannot be decreased while preserving the topology and the areas of all other

rectangles in Γ∗. This is only true if some corners of Ri is a degree-4 points in Γ∗. This is

illustrated by a simple example in Fig. 3.8. Suppose that we want to increase the area of

a gray rectangle. Since all two sided segments are horizontal, the topology of the layout

can be changed only when two vertical segment touching the same horizontal segment,

one from the top and the other from the bottom, change their order of x-coordinates. But

as shown in Fig. 3.8, before the two segment changes order, there is an intermediate step

where their x-coordinates are the same, i.e. a degree-4 point is created in the layout.

Hence unless there is a degree-4 point, one can always increase or decrease the area of a

particular rectangle. However since Γ∗ is topologically equivalent to Γ, it has no degree-4

point. Thus the area of Ri can be expanded or shrunk by a small positive amount δ while

keeping the areas of the other rectangles fixed and preserving the topology of Γ∗. Let

δmin be the smallest over all such weight functions w′ in the L∗-vicinity of w. Take a list

L′ = (λ′1, λ
′
2, . . . , λ

′
n) where λ′i = δmin and δ′j = δj for j 6= i. From the above discussion,

for any weight function in the L′-vicinity of w, Γ∗ is topologically equivalent to Γ while

L′ has one less zero value than L∗. This is a contradiction and hence L∗ has no element

with a zero value. Choose λ = minni=1λi. Then λ > 0 and there exists a rectilinear

cartogram topologically equivalent to Γ for any weight function in the λ-vicinity of w. �

�

Using the above lemma, we can prove the existence of a cartogram for a internally

triangulated 4-connected graph without any cartographic error.

Theorem 3.2.2 Let G = (V,E) be an internally triangulated 4-connected plane graph

and let w : V 7→ R+ be a weight function on the vertices ofG. ThenG has a proportional

contact representation of complexity 6 with respect to w.

58



Proof: Here we use the algorithm from Theorem 3.2.1. We assume that G has a non-

triangle outerface since the case with triangle outerface can be handled in the same way

as in Theorem 3.2.1. Let Γ be a representation of G obtained by this algorithm. Each

polyline between two horizontal segments in Γ consists of two segments: a vertical seg-

ment followed by a segment with an arbitrary slope. Call each such polyline a vertical

2-line and call the common point between the two segments of a vertical 2-line a pivot

point. For example, in Fig. 3.6(d), there are three such vertical 2-lines. Each pivot point

can be moved up or down, resulting in the increase or decrease of the areas of its adjacent

polygons. We use this flexibility to find a representation without cartographic error.

Let Γ0 denote the rectangular layout when we set ε = 0, where each pivot point has

the same y-coordinate as the bottommost point of its vertical 2-line. Note that Γ0 may

no longer represent G because the adjacencies between rectangles on opposite sides of a

horizontal segment may change. We now modify the weights for the rectangles in Γ0 so

that the total weight for all rectangles remains the same and we can move the pivot points

to correct the error created by this change. We choose the new weight function w′ to be

in the λ-vicinity of w, for some λ > 0, by applying Lemma 3.2.3, so that we can find a

rectangular cartogram Γ′ topologically equivalent to Γ0. We set the width and height of

this layout to be B and H , where B × H =
∑

v∈V w(v). Then Bmin = (wmin + λ)/H

and Hmin = (wmin + λ)/B are the minimum width and height of a rectangle in Γ′,

respectively, where wmin = minv∈Vw(v).

We now define the weights for all the rectangles above each two-sided horizontal

maximal segment s as follows. Let us consider the set S of all the vertical 2-lines incident

to the top-side of a particular rectangle R. Fig. 3.9 illustrates a set of such vertical 2-lines

where for convenience of visualization the pivot points and the bottommost points are

placed at different y-coordinates. Let xl and xr be the x-coordinates of the left and right

side of the rectangle to the bottom of the horizontal segment. In the final representation

with 6-sided polygons, we want the bottommost point of each of these vertical 2-lines

to be placed between one-fourth and three-fourth of its horizontal span; i.e., between

(3xl + xr)/4 and (xl + 3xr)/4. In this respect we partition the vertical 2-lines in S into

five classes as follows, depending on the x-coordinates of the pivot points; see Fig. 3.9(b)
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Figure 3.9: Illustration for Theorem 3.2.2.

(pivot points are highlighted by black dots).

(i) LL-lines: pivot points are to the left of xl

(ii) L-lines: pivot points are between xl and (3xl + xr)/4

(iii) C-lines: pivot points are between (3xl + xr)/4 and (xl + 3xr)/4

(iv) R-lines: pivot points are between (xl + 3xr)/4 and xr

(v) RR-lines: pivot points are to the right of xr

By a left-to-right scan, we set the weight for all the rectangles to the left of a LL-line

and a L-line in S. For each LL-line, we set the weight of the rectangle to its left such that

the total weight for all the rectangles to its left is decreased by an amount ε > 0 where

ε < λ and ε < (Bmin×Hmin)/8. For each L-line, we set the weight of the rectangle to its

left so that the weight of all rectangles to its left is decreased by ε > 0 where ε < λ and

ε < (Bmin ×Hmin)/(8|S|). Similarly by a right-to-left scan, we set the weight for each

the rectangle to the left of a RR-line (resp. R-line) so that the weight of all rectangles to

the left of the polyline is increased by ε > 0 where ε < λ and ε < (Bmin×Hmin)/8 (resp.

ε < (Bmin×Hmin)/(8|S|)). For each C-line, we set the weight of the rectangle to its left

so that the total weight of all the rectangles to its left remains the same. Once we compute

ε for all the vertical 2-lines, we can calculate the exact weights to be assigned to each

rectangle in S. By Lemma 3.2.3, we then find a rectangular cartogram Γ′ with the new

60



weight function such that Γ′ is topologically equivalent to Γ. By shifting the pivot points

up as needed, we realize exact weights for each rectangle. By the weight distribution, it

is never required to shift any pivot point more than Hmin distance, the minimum vertical

distance between two horizontal segments. By choosing ε small enough, we make sure

that the segments between the pivot points and bottommost points of vertical 2-lines do

not cross. �

3.3 Subclasses of Planar Graphs with Convex Representations

In this section we address the problem of proportional contact representations with convex

polygons of low complexity. The lower bound in Lemma 3.1.1 shows that for some planar

triangulations, the complexity in any proportional contact representation must be at least

4 and the polygons must be non-convex. We hence focus on planar graphs with fewer

edges.

We first give some constructions for so-called 2-segment graphs and then discuss

what these graphs are and which well-known subclasses of planar graphs (such as series-

parallel graphs and triangle-free planar graphs) fall into them. Finally we give an entirely

different construction for maximal outer-planar graphs, which (as opposed to all previous

constructions) gives hole-free representations.

3.3.1 2-segment graphs

Call a planar graph a 2-segment graph if it can be represented by assigning interior-

disjoint line segments to vertices such that two line segments share a point if and only

if the corresponding vertices are adjacent, and no 3 line segments share a point; see

Fig. 3.10(a)–(b).

Given a 2-segment representation Γ of a graph G, we can easily construct a side-

contact representation for G by giving an arbitrary thickness to each segment of Γ. This

is a side-contact representation and uses convex shapes. It also seems intuitive that we can

choose the thickness suitable so that weights of vertices are respected. However, choosing

the thickness is non-trivial for two reasons: we must be careful not to make segments too
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thick (and hence created unwanted adjacencies), and thickened segments may overlap,

and removing such overlap might create error unless we are very careful about how we

thicken the segments.

Let Γ be a 2-segment representation of G, with vertex v represented by line segment

`(v). After possible rotation, we may assume that Γ has no horizontal line segment, hence

every line segment has a well-defined left and right side and top and bottom endpoint.

After lengthening segments, if necessary, we may also assume that no two line segments

end at the same point. So that if two line segments share a point, then one of them ends

on either the right or the left side of the other.

Lemma 3.3.1 There exists an order v1, . . . , vn of the vertices in G such that for any i, the

right side of `(vi) contains only ends of neighbors vj with j > i.

Proof: It is enough to show that there is an “unobstructed” segment `, i.e., a segment for

which no other segment ends on the right side. We then set vn to be the vertex belonging

to `, and obtain the complete ordering by induction after removing `.

To find an unobstructed segment look at the scene from (∞, 0) and order the visible

ends of segments by increasing y-coordinate. This yields a sequence of top and bottom

ends of segments. The first point in the sequence is a bottom endpoint and the last one is

a top endpoint. Hence there are two consecutive endpoints p1, p2 for which p1 is a bottom

endpoint and p2 a top endpoint. Since the segments in Γ do not cross, this pair of points

is the pair of endpoints of an unobstructed segment. �

Theorem 3.3.1 Let G = (V,E) be a 2-segment graph and let w : V → R+ be a weight

function. Then G admits a proportional point-contact representation with respect to w in

which each vertex of V is represented by a trapezoid. Given a 2-segment representation

of G, such a contact representation can be found in O(n log n) time.

Proof: As before we presume that no line segment is horizontal and no two line segments

end in a point. Let δ > 0 be the minimum feature size of this segment representation, i.e.,
2A point is visible from (∞, 0) when the line segment between these two points does not cross any

segments.
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the smallest distance between a line segment ` and an endpoint of another line segment

that does not end at `. Next, let α be the smallest angle between two line segments

where one ends at the other. Scale the entire drawing, if needed, such that δ > 2 and

||`(v)|| ≥ w(v) + 2
sinα

+ 1
tanα

for all vertices v.

Compute the sequence v1, . . . , vn of vertices such that the right side of `(vi) contains

only endpoints of `(vj) for j > i. We thicken vertices in order v1, . . . , vn. At the time

of handling vi, we have a contact representation where each vh, h < i is represented as a

trapezoid T (vh) of area w(vh), while each vj , j ≥ i is represented as a line segment that

is a part of `(vj) (but may have been shortened a bit). We will guarantee in the following

that `(vj) has been shortened by at most 1
sinα

at each end, so that it still has length at least

w(vj) + 1
tanα

.

To thicken vi, off-set `(vi) by moving a copy of it to the right in parallel while short-

ening/lengthening it so that it still touches the same segments/trapezoids as it did before.

We choose the distance d for off-setting such that the trapezoid T (vi) between the off-

set line and `(vi) has area w(vi). In particular, observe that T (vi) has a base of length

||`(vi)|| ≥ w(vi) + 1
tanα

and the angles at the base are at least α. Then the length of the

segment parallel to `(vi) is at least (||`(vi)|| − 2 d
tanα

) and the area of the newly formed

trapezoid is d(||`(vi)|| − d
tanα

) ≥ d(w(vi) + 1
tanα
− d

tanα
). Therefore, the required off-set

d is at most 1 < δ/2, which implies that in the final representation no trapezoids intersect

unless their line segments touched.

This yields the desired contact representation, except that a line segment `(vj) that

ended on the right side of `(vi) now intersect T (vi). By the chosen vertex order, j > i,

`(vj) has not been thickened into a trapezoid yet. We clip `(vj) so that it now ends on

the right side of T (vi). Since T (vi) had height at most 1, and `(vj) attaches to `(vi) with

angle at least α, this clips at most 1
sinα

off `(vj) as desired. No segments can attach at

`(vj) in the clipped-off part, since it is all within distance 1 < δ/2 of `(vi). So we obtain

the contacted representation with v1, . . . , vi thickened, and the entire proportional contact

representation can be built by induction.

All operations used to compute this contact representation take constant time per ver-

tex, except for the computation of δ. It is easy to find the two closest contacts of a
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Figure 3.10: (a) A 2-segment graph; (b) a representation with line segments; the numbers
indicate a suitable vertex order; (c) converting `(vi) into a trapezoid T (vi) and clipping
`(vj). The indicated angles are all at least α, hence the off-set is at most 1, and at most

1
sinα

is cut off `(vj).

2-segment representation in linear time. In general, however, the feature size may be

determined by the distance from the end of one segment to an interior point of another

segment. Determining these distances in cases where we have non-convex faces in the

representation is more intricate can be done with a sweep-line algorithm in O(n log n)

time.3 �

Theorem 3.3.2 4-sided convex polygons are always sufficient and sometimes necessary

for proportional side-contact representation of a 2-segment graph with a given weight

function on the vertices. Given a 2-segment representation of G, such a contact represen-

tation can be found in O(n log n) time.

Proof: The sufficiency and the running time for the algorithm (assuming that a 2-segment

representation is given) have been discussed before.

To establish necessity, consider the graph K2,5. This is a 2-segment graph. In this

graph two vertices have five common neighbors, but as was proved in [58], in any side-

contact representation with triangles, any pair of vertices has at most four common neigh-

bors. Hence this graph has no side-contact representation with triangles, let alone one that

3A lower bound δ′ for the minimum feature size can be computed in linear time using Chazelle’s trian-

gulation algorithm for polygons [31]. Since Chazelle’s algorithm is rather complex and the resulting δ′ can

be arbitrarily smaller than the true δ we stick to the O(n log n) time bound.
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respects the weights. Another, smaller, example consists of the graph obtained from K2,4

by adding an edge between the vertices v1, v2 of the partition of size two. This graph is a

2-segment graph. The two vertices v1, v2 have four common neighbors, but as was proved

in [58], in any side-contact representation with triangles, any pair of adjacent vertices has

at most three common neighbors. So again this graph has no side-contact representation

with triangles. �

If we switch from side-contact representations to point-contact representations, how-

ever, we can reduce the complexity of the regions from four to three. Specifically, we can

replace line-segments by triangles.

The construction of the triangle P (v) of a vertex v can be done very much like the

construction of the trapezoids in the previous proof. Instead of taking a parallel shift of

the segment `(v) we now fix the lower endpoint and rotate a copy of `(v) clockwise,

lengthening/shortening it as needed to maintain contact with the neighbor, until the area

of the triangle between the two copies of `(v) is w(v). Then clip neighbors that ended

on the right side of `(v) as before. Note that this construction guarantees that at least one

half of the edges of G are realized by side contacts.

Theorem 3.3.3 Triangles are always sufficient (and of course necessary) for a propor-

tional point-contact representation of a 2-segment graph with a given weight function on

the vertices. Given a 2-segment representation of G, such a contact representation can be

found in O(n log n) time.

Constructing 2-segment representations

The constructions for Theorem 3.3.2 and 3.3.3 are based on a 2-segment representation.

In this subsection we review the characterization of 2-segment graphs and discuss issues

of constructing such a representation.

Thomassen presented the characterization (Theorem 3.3.4) of 2-segment graphs at

Graph Drawing 1993 but never published his proof. A proof of the theorem is part of [52].

The characterization theorem together with results by Lee and Streinu imply that

one can test in quadratic time whether a given graph is a 2-segment graph. In contrast,
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Hliněný [66] showed that the recognition of general contact graphs of segments is NP-

complete.

Theorem 3.3.4 [52] A planar graph G = (V,E) is a 2-segment graph if and only if it

is (2, 3)-sparse, i.e., for any W ⊆ V the set E[W ] of edges induced by W must satisfy

|E[W ]| ≤ 2|W | − 3.

The necessity is quite straightforward to see. Let S be the set of segments of a 2-

segment representation of G. For W ⊂ V let XW be the set of end-points of segments

in S corresponding to vertices of W . Since we have a 2-segment representation we may

assume that |XW | = 2|W |. There is an injection φ from edges in E[W ] to points in XW ,

but points belonging to the convex hull of XW cannot be in the image of φ. Since the

convex hull contains at least three points we get |E[W ]| ≤ |XW | − 3 = 2|W | − 3. So if

G is a 2-segment graph, then it is (2, 3)-sparse.

Below we give a new proof of the sufficiency, which has three advantages: (a) It

is shorter and more direct than the proof in [52], (b) it uses an interesting detour into

rigidity theory to prove the result, and most importantly (c) it is constructive and allows

us to construct a 2-segment representation in quadratic time.

Theorem 3.3.5 Given a planar graph G, we can test in quadratic time whether it is a

2-segment graph, and if so, construct a 2-segment representation.

Proof: We will give an algorithm that either detects that G is not (2, 3)-sparse (which by

Theorem 3.3.4 means it is not a 2-segment graph), or construct a 2-segment representation

of G in quadratic time. This implies that every (2, 3)-sparse graph is a 2-segment graph,

i.e., the sufficiency for Theorem 3.3.4.

We need some prerequisites. A Laman graph (also called a (2, 3)-tight graph) is a

(2, 3)-sparse graph with the maximum number (2n − 3) of edges. Laman graphs are of

interest in rigidity-theory, see e.g. [53, 60]. Laman graphs admit a Henneberg construc-

tion, i.e., an ordering v1, . . . , vn of the vertices such that if Gi is the graph induced by

the vertices v1, . . . , vi then G3 is a triangle and Gi is obtained from Gi−1 by one of the

following two operations:
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(H1) Choose two vertices x, y from Gi−1 and add vi together with the edges (vi, x) and

(vi, y).

(H2) Choose an edge (x, y) and a third vertex z from Gi−1, remove (x, y) and add vi

together with the three edges (vi, x), (vi, y), and (vi, z).

In [61] it is shown that planar Laman graphs admit a planar Henneberg construction,

in the sense that the graph is constructed together with a plane straight-line embedding

and vertices stay at their position once they have been inserted.

Now let G be a planar graph. First apply the algorithm by Lee and Streinu [82] to test

in quadratic time whether G is a (2, 3)-sparse graph. If not, then we are done, so presume

in the following that G is (2, 3)-sparse.

Claim: We can add edges to G such that the resulting graph G′ is a planar Laman

graph. Proof of Claim: Find the components of G, which are the maximal subgraphs

that are (2, 3)-tight. From [82], it is known that components are a partition of the edges

and two components share at most one vertex. If G has only one component, then G is a

Laman graph and we are done. Otherwise, find a face f with three consecutive vertices

v1, v2, v3 such that edges (v1, v2) and (v2, v3) belong to different components C1 and C2.

Then no component C contains both v1 and v3, otherwise C ∪ {v2} would be an even

bigger (2, 3)-tight graph, contradicting the definition of component. Therefore, the pair

(v1, v3) is not an edge of the graph. Add edge (v1, v3); this maintains planarity. Also, the

resulting graph is again (2, 3)-sparse since the endpoints of the new edge did not reside

within one component. Finally, the components of the resulting graph are the same as

before, except that (as a simple counting-argument shows) C1 ∪ C2 ∪ (v1, v3) becomes

one new component. Hence the new graph has fewer components and the claim follows

by induction.

Observe that the edges in the above claim can be found in quadratic time: We once

compute components with the algorithm of [82], and then spend at most O(n) time per

added edge to find the edge to add and to update components.

So in the following we will create a 2-segment representation of the planar supergraph

G′ that is a Laman-graph; we can obtain one for G from it by retracting segments at the
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Figure 3.11: The addition of segment si.

added edges. SinceG′ is a Laman-graph, it has a Henneberg sequenceG3, . . . , Gn (which

we can find with the algorithm of Lee and Streinu in quadratic time.) We build the 2-

segment representation following this sequence. Starting from three pairwise touching

segments representing G3, we add segments one by one. For the induction we need

the invariant that after adding the ith segment si we have a 2-segment representation

of Gi for which all cells (connected components that are not on the infinite face) are

convex. Moreover, there is a correspondence between the cells and the interior faces of

Gi which preserves edges, i.e., if (x, y) is an edge of the face, then one of the corners

of the corresponding cell is a contact between sx and sy. Fig. 3.11 indicates how to add

segment si in the cases where vi is added by H1, resp. H2. It is easy to see that the

invariant for the induction is maintained.

Directly from the construction it should be clear that we can find the 2-segment repre-

sentation (given the Henneberg sequence) in linear time. So the running time is dominated

by making the graph into a planar Laman graph and finding the Henneberg sequence,

which takes O(n2) time. �

Subclasses of 2-segment graphs

Planar and triangle-free

Let G be planar and triangle-free. Then m ≤ 2n − 4 by the usual counting-argument

using Euler’s formula and since every face has at least 4 edges on it. By Theorem 3.3.4,

hence G is a 2-segment graph. (This was already known by a direct construction that uses
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only three slopes, see [40].)

Planar bipartite

Planar bipartite graphs are a subclass of planar triangle-free graphs, in particular they are

2-segment graphs. In fact, the segments can be restricted to be horizontal or vertical [63],

and the segments can be found in linear time and have minimum feature size 1. Hence

for planar bipartite graphs, we can construct in linear time proportional side-contact rep-

resentations with trapezoids. In fact, the trapezoids used in such a representation are

rectangles. On the other hand, side-contact representations with triangles are not possible

since K2,5 does not have one, as discussed in Theorem 3.3.2.

Planar 4-connected 3-colorable

Any 4-connected 3-colorable planar graph is also a 2-segment graph [52]. By Theo-

rem 3.3.5 we can find such a 2-segment representation, and hence the proportional contact

representations in quadratic time.

Planar 2-shellable

A graph G is 2-shellable if G has a vertex order v1, . . . , vn such that for i ≥ 3 ver-

tex vi has at most two neighbors in v1, . . . , vi−1. (Other names in the literature for

such graphs include 2-degenerate graphs, 2-strippable graphs, and 2-regular acyclic ori-

entable graphs.). From the definition it follows that a 2-shellable graph has at most 2n−3

edges. Since the property is hereditary, the class is (2, 3)-sparse. By Theorem 3.3.5 we

can find a 2-segment representation, and hence the proportional contact representations

of 2-shellable planar graphs in quadratic time.

Partial 2-trees

A 2-tree is defined as follows: It is either an edge or a graph G with a vertex v of degree

two in G such that G− v is a 2-tree and the neighbors of v are adjacent. A partial 2-tree
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is a subgraph of a 2-tree. Every partial 2-tree is planar. Partial 2-trees are the same as

series-parallel graphs and include all outer-planar graphs.

Partial 2-trees are 2-shellable, hence 2-segment graphs. However, we can construct

the 2-segment representation for them more efficiently.

Let G be a partial 2-tree. It is well-known that we can find in linear time a supergraph

G′ of G that is a 2-tree, and with it an elimination order v1, . . . , vn, where for any i ≥ 3,

vertex vi has exactly two earlier neighbors and they are adjacent. In the following we

review the very simple construction of a 2-segment representation of G′.

Lemma 3.3.2 Let G′ be a 2-tree with vertex elimination order v1, . . . , vn. Then G′ has a

2-segment representation with convex interior faces and positive feature size. Moreover,

for any i line segment `(vi) ends at the line segments of the predecessors of vi. It can be

found in linear time.

Proof: Vertices {v1, v2, v3} form a triangle and it is easy to find three line segments for

them that satisfy the claim. See Fig. 3.12. Now consider vi, i ≥ 4 and presume we found

line segments for v1, . . . , vi−1 already. Let vh, vj be the predecessors of vi, h < j. By

definition of a 2-tree edge (vj, vh) exists, and by our invariant `(vj) ends at `(vh). Cut off

a small triangle near the contact point of `(vj) and `(vh) and assign the segment to vi; this

satisfies all requirements. �

So for every partial 2-tree G, we can find a supergraph that is a 2-tree, find its 2-

segment representation in linear time, retract segments to obtain one for G (and at the

same time compute the minimum feature size), and then apply the above constructions.

So every partial 2-tree has a proportional side-contact representation with trapezoids and

a proportional point-contact representation with triangles, and they can be found in linear

time.

On the other hand, side-contact representations with triangles are not possible since

K2,4 with an added edges is a 2-tree, but does not have one as discussed in Theorem 3.3.2.
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Figure 3.12: The 2-segment representation for 2-trees.

3.3.2 Maximal Outer-planar Graphs

In this section, we study maximal outer-planar graphs, i.e., planar graphs whose outer-

face is a cycle and all interior faces are triangles. These are 2-trees, so the results from

the previous subsection apply, but with a different construction we can generate hole-

free side-contact representations. First we show how to generate hole-free proportional

side-contact representations using quadrilaterals so that the entire representation fits in-

side a triangle, that is, the outer-boundary has constant complexity. At the cost of an

outer-boundary of high complexity, we can construct hole-free proportional side-contact

representations using only triangles. We also show that the use of triangles might also

require a boundary of linear complexity in the size of the graph.

Let G be a maximal outer-planar graph. For any two vertices u, v, denote by G(u, v)

the graph induced by the vertices that are between u to v (ends excluded) while walking

along the outer-face in counterclockwise order, and let w(G(u, v)) be the sum of the

weights of all these vertices; see Fig. 3.13. Define an aligned triangle to be one with

horizontal base and tip below the base. This naturally defines a left and right side of the

triangle. The next lemma shows that an outer-planar graph can be represented inside any

aligned triangle of suitable area.

Lemma 3.3.3 Let G = (V,E) be a maximal outer-planar graph and let w : V → R+

be a weight-function. Then for any aligned triangle T of area w(G(v, u)), there exists a

hole-free proportional side-contact representation of G(v, u) inside T such that the left

[right] side of T contains segments of the neighbors of u [v] and of no other vertices. It

can be found in linear time.
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Figure 3.13: The construction for maximal outer-planar graphs: (a) the graph; (b) splitting
triangle T suitably; (c) adding u and v in the outer-most recursion.

Proof: We proceed by induction on the number of vertices in G. In the base case, G is a

3-cycle {u, v, x}. Use T itself to represent x; this satisfies all conditions.

In the inductive step, let x be the unique common neighbor of u and v. Divide T with

a segment s from the tip to the base such that the region T` left of s has area w(G(x, u))+

1
2
w(x), and the region Tr right of ` has area w(G(v, x)) + 1

2
w(x). Cut off triangles of

area 1
2
w(x) each from the tips of T` and Tr; the combination of these two triangles forms

a convex quadrilateral of area w(x) which we use for x; see Fig. 3.13. Recursively place

G(x, u) and G(v, x) (if non-empty) in the remaining triangles of T ; it is easy to verify

that these have the correct area, which yields the desired side-contact representation.

As for the linear time, this can be achieved with a 2-pass approach. In the first pass,

split G(u, v) into graph G(v, x) and G(x, u), and so on recursively until all graphs are

triangles. While returning from the recursion, we can hence compute w(G(y, z)) for all

those subgraphs G(y, z) where it will be needed later (which is exactly those subgraphs

where (y, z) is an edge not on the outer-face, henceO(m) many.) This takes linear time in

total. With these values readily available, computing the positions of corners of P (x) in-

volves only elementary arithmetic operations and takes constant time, hence the algorithm

has linear run-time overall. �

Apply this lemma for an arbitrary edge (u, v) on the outer-face of a maximal outer-

planar graph G and an arbitrary triangle T with area w(G(v, u)). We can then add tri-

angles for u and v to it to complete the drawing into a contact representation of G; see
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Fig. 3.13(c). So we obtain:

Corollary 3.3.1 Let G = (V,E) be a maximal outer-planar graph and let w : V → R+

be a weight function. Then G admits a hole-free proportional side-contact representa-

tion where vertices are represented by triangles or convex quadrilaterals and the outer

boundary is a triangle. It can be found in linear time.

Next, we restrict ourselves to representations with triangles.

Lemma 3.3.4 Let G = (V,E) be a maximal outer-planar graph and (u, v) an edge on

the outer-face of G, with u before v in counterclockwise order. Let w : V → R+ be a

weight-function. Then there exists a hole-free proportional side-contact representation of

G(v, u) with triangles that can be placed inside an an axis-aligned rectangleR such that:

(i) From the bottom left corner of R upward, we encounter boundaries of all neighbors

of u (in order), followed by unused space.

(ii) From the bottom left corner of R rightward, we encounter boundaries of all neigh-

bors of v (in order), followed by unused space.

It can be found in linear time.

Proof: The idea for the construction is illustrated in Fig. 3.14. We proceed by induction

on the number of vertices in G. In the base case, G is a 3-cycle {u, v, x}. Represent x

as a cut-off corner (of appropriate area) of an axis-aligned rectangle; this satisfies both

conditions of the lemma; see Fig. 3.14(b).

In the inductive step, let x be the unique common neighbor of u and v. Recursively

draw G(x, u) and G(v, x) inside axis-aligned rectangles Ru and Rv. Rotate the drawing

inside Rv such that the neighbors of x are now on the bottom side of Rv, while the

neighbors of v are on the right side of v.

The crucial operation to apply now is a shear. A horizontal shear maps a point (x, y)

to point (x+ k · y, y) for some constant k. A shear preserves straight lines and areas (but

it changes angles.)
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Figure 3.14: The construction for maximal outer-planar graphs: (a) requirements on draw-
ing; (b) the base case; (c) combining the drawings.

We apply a horizontal shear toRv for some positive k, turningRv into a parallelogram

R′v whose slope depends on k. We chose k such that the area of x is correct in the resulting

drawing. Specifically, consider the triangle Tx formed by the extension of the left side of

Ru, the bottom sides of Ru and R′v (placed next to each other) and the extension of the

right side of R′v; see Fig. 3.14(c).

If we choose k = 0 (i.e., no shear has been applied), then Tx has infinite area. If we

choose k = ∞ (i.e., Rv is flattened into horizontal ray), then Tx has zero area. By the

intermediate value theorem, there exists some horizontal shear such that the area of Tx is

exactly the weight of x, and we use this shear. (In fact, the correct value can easily be

computed; it needs to be such that the slanted edge has slope s = 2A(x)/b, where b is the

length of the base of Tx.) Then use Tx to represent vertex x.

Consider the two rays that emanate from the tip of Tx. Along the vertical ray, we

encounter (in order) first the boundary of x, then all other neighbors of u (which were on

Ru), and finally free space. Hence we encounter all neighbors of u in order. Similarly we

encounter all neighbors of v in order along the other ray. The drawing then satisfies all

conditions, except that it is contained inside a triangle, rather than a rectangle. But this is

easily fixed with a vertical shear that maps (x, y) to (x, y − s · x), where s = 2A(x)/b is

the slope of the slanted edge of the triangle. The drawing is then contained in a rectangle

as desired.

To achieve linear run-time, we use a 2-pass approach. In the first pass, we break each

graph G(u, v) into subgraphs G(x, u) and G(v, x) and recurse. When returning from the

recursion, each subgraph reports the enclosing rectangle that can be achieved, but does not
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actually have final coordinates yet. Instead, G(u, v) stores what translations and shares

need to be applied to the two subgraphs G(x, u) and G(v, x), which in turn store which

translations and shears must be applied inside, and so on.

On the second pass, we compute final coordinates, by combining all the translations

and shears to be applied in the subgraph into one affine transformation, applying it for x

to compute the final coordinates of P (x), and recursing in the subgraphs. This computes

all final coordinates in linear time. �

Let G be a maximal outer-planar graph. Apply Lemma 3.3.4 for an arbitrary edge

(u, v) on the outer-face of G. We can then add triangles for u and v to it to complete the

drawing into a contact representation of G. We thus obtain the following result.

Corollary 3.3.2 Let G = (V,E) be a maximal outer-planar graph and let w : V → R+

be a weight function. Then G admits a hole-free proportional side-contact representation

where vertices are represented by triangles.

Note that in this construction, even though each vertex is represented by a triangle,

the outer-face may have complexity Ω(n). Moreover, in some cases this high complexity

is unavoidable, even for unweighted contact representations, as shown in the following

lemma.

Lemma 3.3.5 There exists a maximal outer-planar graph with n vertices for which any

hole-free side-contact representation with triangles requires Ω(n) sides on the outer-face.

Proof: Consider the snowflake graph G = Gk with n = 3 · 2k vertices, which is an outer-

planar 2-tree obtained from a triangle by repeatedly walking around the outer-face and

adding a vertex of degree 2 at each edge; see Fig. 3.15(a). The vertices added in the last

round form an independent set S of n/2 vertices such that each vertex of S has degree

two.

Assume we have a contact representation Γ of G that has no holes and uses triangles.

The n triangles then have 3n corners. Of these 3n corners, at least 2n− 4 must have their

tip at a point that is not on the outer-boundary of Γ. This holds since each of the n − 2
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inner faces of G corresponds to a point where three polygons meet in Γ (recall that there

are no holes.) Of these three polygons, at least two have a strictly convex angle and hence

a corner; see Fig. 3.15(b).

Also, each vertex v in S has at least two of its corners on the outer-boundary of Γ. As

deg(v) = 2, at most two sides of v can be shared with neighbors of v, and one entire side

of v (and hence the two corners at its ends) belongs to the outer-boundary of Γ.

We now have that at least 2n−4 corners of triangles are not on the outer-boundary and

2|S| = n corners of triangles of S are on the outer-boundary. This leaves at most 4 corners

that could be on the outer-boundary and belong to a vertex not in S. Put differently, there

are n−|S|−4 vertices w that are not in S and do not have a corner on the outer-boundary.

Consider one such vertex w 6∈ S, and let v1, v2 ∈ S be its neighbors on the outer-

boundary. Vertex w must have at least a point on the outer-boundary, otherwise v1 and

v2 would be adjacent. So some point on one side s of w belongs to the outer-boundary,

but the corners at the ends of s do not belong to the outer-boundary; ; see Fig. 3.15(c).

Therefore the outer-boundary must touch and then leave s, which means it has a reflex

vertex somewhere along s.

As a result, the outer-face has at least n − |S| − 4 ≥ n/2 − 4 reflex vertices, which

completes the claim. �

triangle of

(a)

w

(c)

(b)

outer−face
s

Figure 3.15: (a) The snowflake graph G3; (b)–(c) illustration for the proof of Lemma
3.3.5.

Lemma 3.3.5 shows that proportional side-contact representations with triangles re-

quires the outer-boundary to have linear complexity for some maximal outer-planar

graphs. Corollary 3.3.1 shows that we can also have a triangle as the outer-boundary,
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but at the cost of using convex quadrilaterals for vertices. These results are summarized

in the last theorem.

Theorem 3.3.6 Convex quadrilaterals are always sufficient and sometimes necessary for

hole-free proportional side-contact representations of maximal outer-planar graphs when

an outer-boundary of constant complexity is required. Hole-free proportional contact

representation with triangles can also be computed but at the expense of linear complexity

of the outer boundary. Both types of contact representations can be computed in linear

time.

3.4 Conclusions

In this chapter, we described algorithms for proper and improper proportional contact

representations of planar graphs, 2-segment graphs, outer-planar graphs, 2-trees and 4-

connected maximal planar graphs. However, many problems still remain open. What

is the complexity of a hole-free proportional contact representations of maximal planar

graphs? An upper bound of 8 is implied from the results in the next section, where

the polygons are rectilinear but can we do better if polygons need not be rectilinear?

Similarly, for 4-connected internally triangulated graphs, narrowing the gap between the

complexity upper bound of 6 and the currently best known lower bound of 4 remains

open.
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CHAPTER 4

Proportional Representations with Rectilinear Polygons

In this section we address the problem of proportional contact representation of planar

graphs with rectilinear polygons. A lower bound of 8 on the polygonal complexity of

such a representation (even for unweighted case) is known [117], while the best known

upper bound is 12 due to the O(n log n) algorithm in [18]. Here we give a new algorithm

based on Schnyder realizers that runs in O(n) time and provides a proportional contact

representation of a planar graph with 10-sided polygons. We also present the first con-

struction of a proportional representation that matches the known lower bound of 8. The

main difference with this construction to all previous results is that we do not create the

cartogram directly from the graph and the area function. Instead, we first create an 8-

sided rectilinear dual layout of the graph with a very simple construction. Then we argue

that this layout is area-universal, i.e., any are assignment can be realized by deforming

the rectilinear dual layout. The exact cartogram can be computed from the area-universal

rectangular layout with numerical iteration, or can be approximated with a hill-climbing

heuristic.

For planar 3-trees and for Hamiltonian maximal planar graphs, we have an alterna-

tive construction which allows us to directly compute cartograms with 8-sided rectilinear

polygons in linear time. Moreover, we prove that 8-sided rectilinear polygons are neces-

sary for both these graph classes by constructing a non-trivial lower bound example. For

Hamiltonian maximal planar graphs if the Hamiltonian cycle has the extra property that it

is one-legged (to be defined later), then we can reduce the polygonal complexity and re-

alize cartograms with 6-sided polygons. This can be used to obtain 6-sided cartograms of

maximal outer-planar graphs. We also give two independent constructions to show that a

maximal outer-planar graph admits a proportional contact representation using rectilinear

polygons with 6 sides when the outer-boundary is a rectangle and with 4 sides otherwise.
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Bound Outer-planar 2-Tree 3-Tree 4-connected Hamiltonian General
Upper 4/6∗ 6/O(∆)∗∗ 8 8 8 8
Lower 4/6∗ 6/O(∆)∗∗ 8 6 [111] 8 8 [117]

Table 4.1: Overview of results on the complexity for cartograms. The result marked ∗

holds only if the outer-face is required to be a rectangle. The result marked ∗∗ holds only
if the representation is required to be hole-free.

All these representations are hole-free, i.e., have no unused area inside. We then study

proportional contact representations for 2-trees. We show that hole-free representations

are not possible with polygons with O(1) sides. Then we offer two algorithms: One uses

6 sides but contains unused area (which can be made arbitrarily small), while the other

one has no holes, but uses polygons with O(∆) sides, where ∆ is the maximum degree.

In both cases, the bound on the complexity is tight.

Thus we have optimal (in terms of polygonal complexity) representations for planar

graphs, Hamiltonian maximal planar graphs, planar 3-trees, 2-trees and maximal outer-

planar graphs. Table 4.1 summarizes our contributions to upper and lower bounds on the

complexity of cartograms for various graph classes.

Finally we address the problem of constructing small-complexity cartograms for 4-

connected graphs (which is a subclass of Hamiltonian planar graphs). We first disprove

a conjecture posed by two set of authors that any 4-connected maximal planar graph has

a one-legged Hamiltonian cycle, thereby invalidating an attempt to achieve a polygonal

complexity 6 in cartograms for this graph class. We also prove that it is NP-hard to

decide whether a given 4-connected plane graph with triangular and quadrangular inner

faces admits a cartogram with respect to a given weight function on the vertices.

4.1 Cartograms with 8-Sided Polygons

In this section we show that 8-sided polygons are always sufficient and sometimes neces-

sary for a cartogram of a maximal planar graph. Our algorithm for constructing 8-sided

area-universal rectilinear duals has three main phases. In the first phase we create a con-

tact representation of the graph G, where each vertex of G is represented by an upside-

down T, i.e., a horizontal segment and a vertical segment. Fig. 4.1(a)-(b) show a maximal
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planar graph and its contact representation using T’s, where the three ends of each T are

marked with arrows. In the second phase we make both the horizontal and vertical seg-

ments of each T into thin polygons with λ thickness for some λ > 0. We then have a

contact representation of G with T -shaped polygons; see Fig. 4.1(c). In the third phase

we remove all the unused area in the representation by assigning each (rectangular) hole

to one of the polygons adjacent to it; see Fig. 4.1(d). We show that the resulting represen-

tation is an area-universal rectilinear dual ofGwith polygonal complexity 8, as illustrated

in Fig. 4.1(e).

4.1.1 Contact Representation with T’s

Our contact representation with T’s is similar to the approach described by de Fraysseix

et al. [44].

Let G be a planar graph. As mentioned earlier, we assume that G is inner-triangulated

with a simple outer-face. If need be, we can add two vertices (which we later choose

as v1 and v2) and connect them to the outer-face to ensure that the graph is maximal.

Now let v1, v2, v3, . . ., vn be a canonical order of the vertices in G with corresponding

Schnyder trees S1, S2 and S3 rooted at v1, v2 and vn. Add to S1 the edges (v2, v1), (vn, v1)

oriented towards v1 and add to S2 the edge (vn, v2) oriented towards v2. In what follows,

we sometimes identify vertex vi with its canonical label i.

We assign to each vertex vi the T-shape Ti consisting horizontal and vertical segments

hi and bi, respectively. Begin by placing T1 and T2 so that h1 is placed at y = 1, h2 is

placed at y = 2, the topmost points of both b1 and b2 have y-coordinate n + 1 and the

leftmost point of the h2 touches b1. Next the algorithm iteratively constructs the contact

representation by defining Tk so that hk is placed at y = k and the topmost point of bk

has y-coordinate Φ3(k) for 3 ≤ k < n. After the k-th step of the algorithm we have a

contact representation of Gk, and we maintain the invariant that the order of the vertical

segments with non-empty parts in the half-plane y > k corresponds to the same circular

order of the vertices along Ck − (v1, v2).

Consider inserting Tk for vk. The neighbors vk1 , vk2 , . . ., vkd of vk in Gk−1 form a

subinterval of Ck−1 − (v1, v2) and hence the corresponding vertical segments are also
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Figure 4.1: Construction of a rectilinear dual of a maximal planar graph with 8-sided
polygons.

in the same order in the half-plane y > k − 1 of the representation of Gk−1. Since

vk = Φ3(vki) for 1 < i < d (Lemma 2.4.3), the topmost points of the corresponding

vertical segments have y-coordinate k. As vk1 and vkd are the parents of vk in S1 and S2,

the x-coordinates of bk1 and bkd define the x-coordinates of the two endpoints of hk. Let

these coordinates be xl and xr; then hk is placed between the two points (xl, k), (xr, k)

and bk is placed between the two points (xm, k), (xm,Φ3(k)) with xl + 1 < xm < xr− 1.

Finally for k = n, we place Tn so that hn touches b1 to the left, b2 to the right and the

topmost point of bn has y-coordinate n+ 1.

We note that this representation can be computed in linear time in a way such that all

coordinates are integers. We do this by pre-computing a topological order π of S−1
1 ∪ S2;

then hk is the segment [π(Φ1(k)), π(Φ2(k))]× k and bk is the segment π(k)× [k,Φ3(k)].
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4.1.2 λ-Fattening of Ti’s

Let Γ′ be the contact representation of G using T’s obtained above. In this phase of the

algorithm, we “fatten” T’s so that each vertex is represented by a T -shaped polygon. We

replace each horizontal segment hi by an axis-aligned rectangle Hi which has the same

width as hi, and whose top (bottom) side is λ/2 above (below) hi, for some 0 < λ,

as illustrated in Fig. 4.2(a). Similarly, we replace each vertical segment bi by an axis-

aligned rectangle Bi which has the same height as bi and whose left (right) side is λ/2 to

the left (right) of bi. We call this process λ-fattening of Ti. Note that this process creates

intersections of Hi with Bi, BΦ1(i) and BΦ2(i) and intersection of Bi with HΦ3(i). We

remove these intersections by replacing Hi by Hi − BΦ1(i) − BΦ2(i) and replacing Bi by

Bi − Hi − HΦ3(i). The resulting layout is a contact representation Γ′′ of G where each

vertex vi of G is represented by the T -shaped polygon Hi ∪Bi.
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Figure 4.2: (a) λ-fattening of T , and (b) subdividing a T -shaped polygon into four rect-
angles.

4.1.3 Removing unused area

In this step, we begin with the λ-fat T -shaped polygonal layout, Γ′′, from above and assign

each (rectangular) hole to a polygon adjacent to it. We start by placing an axis-aligned

rectangle of minimum size that encloses Γ′′. This creates five new bounded holes. Note

that all these holes are rectangles, and each of them is bounded at the bottom by Hi for

some vertex vi. We assign each hole to this vertex. This assigns at most two holes to each

vertex vi: one hole Li to the left of Bi, and one hole Ri to the right of Bi. Now for each

vertex vi, define Pi = Ti∪Li∪Ri. It is easy to see that Pi is an 8-sided rectilinear polygon
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since the left side of Li has the same x-coordinate as the left side of Hi and the right side

of Ri has the same x-coordinate as the right side of Hi. Thus we have a rectilinear dual,

Γ, of G where each vertex vi is represented by Pi.

We preferred the above description for the computation of Γ since it gives the reader

some intuition for the construction. However, we note here that the coordinates of Pi

could be computed directly, without going through T-shapes and λ-fattening, using the

values Φk(vi) for k = 1, 2, 3 and a topological order π of S−1
1 ∪ S2. To this end, we take

a topological ordering of the acyclic graph S−1
1 ∪ S2 and for each vertex vi 6= vn, we

denote the index of vi in this topological ordering by π(i). Using λ = 1 and translating

up by 1
2
, the coordinates for Pi are then as shown in Figure 4.3 (after artificially defining

Φ1(1),Φ2(2),Φ3(n) to be suitable values.)

Φ3(i)

i

π(i)+ 1
2

i

π(Φ1(i)) π(Φ2(i))

π(i)− 1
2

min{Φ−1
2 (i)}

min{Φ−1
1 (i)}

π(Φ2(i))

i i

min{Φ−1
1 (i)}

Φ3(i)

π(i)+ 1
2

π(Φ1(i))

Φ3(i)

π(Φ1(i))

Figure 4.3: The direct construction for 8-gons. The left picture shows the generic case
(where i has incoming edges in both S1 and S2.) The right picture shows the case that i
has no incoming edges in S2.

Then the union of these n polygons define the rectilinear dual Γ of G which is con-

tained inside the rectangle [1
2
, n+ 1

2
]× [1, n+1]. Thus we can compute the representation

in linear time, and by scaling the representation by 2, we can make all coordinates to be

integers of size O(n).

4.1.4 Area-Universality

A rectilinear dual Γ is area-universal if any assignment of areas to its polygons can be re-

alized by a combinatorially equivalent layout. Eppstein et al. [50] studied this concept for
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the case when all the polygons are rectangles and the outer-face boundary is also a rectan-

gle (which they call a rectangular layout). They gave a characterization of area-universal

rectangular layouts using the concept of “maximal line-segment”. A line-segment in a

layout is the union of inner edges forming a consecutive part of a straight-line. A line-

segment not contained in any other line-segment is maximal. A maximal line-segment s

is called one-sided if it forms a full side of at least one rectangular face, or in other words,

if the perpendicular line segments that attach to its interior are all on one side of s.

Lemma 4.1.1 [50] A rectangular layout is area-universal if and only if each maximal

segment is one-sided.

No such characterization is known when some faces are not rectangles. Still we can

use the characterization from Lemma 4.1.1 to show that the rectilinear dual obtained by

the algorithm from the previous section is area-universal, with the following Lemma.

Lemma 4.1.2 Let Γ be the rectilinear dual obtained by the above algorithm. Then Γ is

area-universal.

Proof: To show the area-universality of Γ, we divide all the polygons in Γ into a set

of rectangles such that the resulting rectangular layout is area-universal. Specifically,

recall that each polygon Pi consists of four rectangles Hi Bi, Li and Ri (as defined in

the previous subsection), as illustrated in Fig. 4.2(b). Any horizontal segment s not on

the bounding box belongs to some Hi (either top or bottom), and by expanding it to both

sides, it ends at BΦ1(vi) on the left and BΦ2(i) on the right. So s is one-sided since it is a

side of Hi. Any vertical segment s not on the bounding box belongs to some Bi (either

left or right), and by expanding it to both sides it ends at Hi on the bottom and HΦ3(i) on

the top. So s is one-sided since it is a side of Bi.

Now given an assignment of areas w : V → R+ to the vertices of G, we split w(vi)

arbitrarily into four parts and assign the four values to its four associated rectangles. Since

Γ∗ is area-universal, there exists a rectilinear dual of G that is combinatorially equivalent

to Γ where these areas are realized. Fig. 4.1(f) illustrates the rectangular layout obtained

from the rectilinear dual in Fig. 4.1(e). �
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So for any area-assignment, the rectilinear dual that we found can be turned into a

combinatorially equivalent one that respects the area requirements. This proves our main

result for maximal planar graphs. Omitting v1 and v2 from the drawing still results in a

cartogram where the union of all polygons is a rectangle, so the result also holds for all

inner-triangulated planar graphs with a simple outer-face.

Recall that the lower bound on the complexity of polygons in any rectilinear dual (and

hence in any cartogram) is 8, as proven by Yeap and Sarrafzadeh [117]. The algorithm

described in this section, thus leads to our main theorem.

Theorem 4.1.1 Eight-sided polygons are always sufficient and sometimes necessary for

a cartogram of an inner triangulated planar graph with a simple outer-face.

4.1.5 Feature Size and Supporting Line Set

In addition to optimal polygonal complexity, we point out here a practical feature of the

8-sided area-universal rectilinear layout constructed with our algorithm. Earlier construc-

tions, e.g., [39, 18], often rely on “thin connectors” to maintain adjacencies, whereas our

construction does not. Moreover, we have the freedom to choose how to divide the area

assigned to any vertex vi among the four rectangles associated with it. This flexibility

makes it possible to achieve other desired properties. In particular, we show in the fol-

lowings that the minimum feature size (i.e., the smallest distance between non-adjacent

edges) can be made as large as 1/2
√
A · minv∈V (G) w(v) (where A is the sum of the

weights), and that this is worst-case optimal.

Choose W and H such that W × H = A =
∑

v∈V (G) w(v). We are interested in

cartograms within a rectangle of width W and height H . Define wmin = minv∈V (G)w(v).

Recall that each vertex vi is represented by the union of at most four rectangles Hi ∪Bi ∪
Ri∪Li, withHi andBi non-empty. We can distribute the weight assigned to vi arbitrarily

among them. In particular, we can assign zero areas to the rectangles Li and Ri and split

the weight of vi into two equal parts, assigning them to Hi and Bi, respectively. In this

layout each original vertex is represented by rectangles Hi and Bi whose union is some

fattened T or L, and all the necessary contacts remain. Hence we can use this simplified
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layout to produce the cartogram.

The distribution of the weight of vi in equal parts to Hi and Bi allows to bound the

feature size. The height and width of each rectangle are bounded by H and W , respec-

tively. Its weight is at least wmin/2. Therefore, the height and width of each rectangle is at

least wmin
2 max{W,H} . Thus the minimum feature size is at least wmin

2 max{W,H} . This is worst-case

optimal, as the polygon with the smallest weight might need to reach from left to right

and from top to bottom in the representation. We may choose W = H =
√
A so that the

minimum feature size is wmin
2
√
A

. Furthermore the rectangular layout based on only Hi and

Bi yields a cartogram with at most 2n supporting lines, instead of the 3n supporting lines

in the cartogram based on four rectangles per vertex.

4.1.6 Computing the Cartogram

The proof of Lemma 4.1.1 implies an algorithm for computing the final cartogram. Split-

ting the T -shaped polygons into four rectangles and distributing the weights yields an

area-universal rectangular dual. This combinatorial structure has to be turned into an ac-

tual cartogram, i.e., into a layout respecting the given weights. Wimer et al. [116] gave a

formulation of the problem combining flows and quadratic equations. Eppstein et al. [50]

indicated that a solution can be found with a numerical iteration. Alternate methods also

exist, based on non-linear programming [97], geometric programming [87], and convex

programming [33]. Heuristic hill-climbing schemes converge much quicker and can be

used in practice, at the expense of small errors [30, 73, 112].

4.1.7 Implementation and Experimental Results

We implemented the entire algorithm, along with a force-directed heuristic to compute

the final cartogram. We treat each region as a rectilinear “room” containing an amount

of “air” equal to the weight assigned to the corresponding vertex. We then simulate the

natural phenomenon of air pressure applied to the “walls”, which correspond to the line

segment borders in our layout. At each iteration, we consider the segment that feels the

maximum pressure and let it move in the appropriate direction.
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For each vertex vi of G, the polygon Pi contains air with volume w(vi). If the area

of Pi is Ai, then the pressure applied to each of the walls surrounding Pi is given by

P(vi) = w(vi)
Ai

. In Section 4.1.4, we saw that the maximal segments of the layout are

the two horizontal and the two vertical segment associated with each polygon. For each

polygon, the horizontal segment other than the base is entirely inside the polygon, hence

it feels no “pressure” on it. For each of the other three segments s for the polygon Pi,

the “inward force” it feels is given by F(s) =
∑

vj∈V (s)[P(vj)lj]−P(vi)li. Here V (s) is

the set of vertices other that vi whose corresponding polygon touches the segment s and

li (resp. lj) denotes the length of s that is shared with Pi (resp. Pj). At each iteration, we

consider the segment that feels the maximum pressure and let it move in the appropriate

direction. This process is guaranteed to converge with the desired cartogram according

to [73], but in practice we stop when the cartographic errors fall below a certain threshold.

Here, the cartographic error is defined as in [111] to be maxv∈V (|A(v) − w(v)|/w(v)),

where A(v) denotes the area of the polygon representing v.

Some sample input-output pairs are shown in Fig. 4.4; more examples and

movies showing the gradual transformation can be found at www.cs.arizona.edu/

˜mjalam/optocart.

We ran a few simple experiments to test the heuristic for time and accuracy. In the

first experiment we generated 5 graphs on n vertices with each integer n in the range

[10, 50] and assigned 5 random weight distributions with weights in the range [10, 100].

Next we ran the heuristic until the “cartographic error” dropped below 1% and recorded

the average time. All the averages were below 50 milliseconds, which confirms that good

solutions can be found very quickly in practice; see Fig 4.5(a). In the second experiment

we fixed the time allowed and tested the quality of the cartograms obtained within the time

limit. Specifically, we generated 5 graphs of n vertices with each integer n in the range

[10, 50] and assigned 5 random weight distributions with weights in the range [10, 100].

We allowed the program to run for 1 millisecond and recorded the average cartographic

error. Even with this small time limit, the average cartographic error was under 2.5%; see

Fig. 4.5(b). All of the experiments were run on an Intel Core i3 machine with a 2.2GHz

processor and 4GB RAM.
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Figure 4.4: Input-output pairs: weights are assigned at random in the range [10, 100], and
the cartographic error in the output is less than 1%. The colors indicate air-pressure: a
gray region has almost the desired area; the lighter a region is, the more it needs to shrink;
the darker a regions is, the more it needs to grow.

(a) (b)

Figure 4.5: Experimental results for graphs with 10-50 vertices. Each sample point cor-
responds to 25 graphs. (a) Plotting the average time it takes to reach cartographic error of
1%, (b) Plotting the average cartographic error achieved in 1 millisecond.
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4.2 Linear-Time Algorithm for Representation with 10-Sided Polygons

Here we describe our linear-time algorithm to construct a proportional contact represen-

tation of a maximal planar graph with 10-sided polygons.

Theorem 4.2.1 Let G = (V,E) be a maximal planar graph and let w : V → R+ be a

weight function. Then a hole-free proportional contact representation Γ with respect to

w can be constructed in linear time where each vertex of G is represented by a 10-sided

rectilinear polygon in Γ, and there is no wasted area.

We prove Theorem 4.2.1 by giving a linear-time algorithm to construct such a repre-

sentation Γ of G, where each vertex of G is represented by a 10-sided rectilinear polygon

with a fixed shape, illustrated in Fig. 4.6. (Some sides of the polygon may be degener-

ated.) This polygon can be decomposed into four rectangles called foot, leg, bridge and

body of the polygon. The region bound by the parallel horizontal lines containing the top

and the bottom of the bridge is the bridge-strip, and the foot-strip is defined analogously.
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Figure 4.6: A 10-sided rectilinear polygon with decomposition into foot, leg, bridge and
body.

Let G = (V,E) be a maximal plane graph with the three outer vertices v1, v2 and v3

in counterclockwise order, and let w : V → R+ be a weight function. We first find a

Schnyder realizer of G that partitions the interior edges into three rooted trees T1, T2 and

T3 rooted at v1, v2 and v3, and with all their edges oriented towards the roots of the trees.
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We add the external edges (v2, v1), (v3, v1) to T1 and (v3, v2) to T2, so that all the edges

of G are partitioned into the three trees. For each vertex v of G, let fi(v), i = 1, 2, 3 be

the out-neighbor of v in Ti.

Let R be a rectangle with area equal to
∑

v∈V w(v). We construct a proportional

contact representation Γ of G inside R. Let P (v) denote the polygon representing v in Γ;

see Fig. 4.7.

The idea is to draw the polygons such that for each vertex v of G, the edges (v, fi(v))

are realized as follows: the top of the bridge of P (v) is adjacent to the bridge of P (f1(v)),

the left of the foot of P (v) is adjacent to the body of P (f2(v)) and the bottom of the

body of P (v) is adjacent to the foot of P (f3(v)). See also Fig. 4.6. If we ensure those

adjacencies, then there cannot be any other adjacencies since graph G is maximal planar.

Hence we indeed produce a contact representation of the input graph.

For each vertex v we use a parameter λ(v) which will uniformly be the height of the

foot, the width of the leg and the height of the bridge of P (v). Thus λ(v) should not be

chosen too small since the smallest value of λ(v) over all the vertices v upper bounds

the minimum feature size of the representation. On the other hand, if λ(v) is chosen too

large (for example, when λ(v) is more than the height of the whole representation) then

the algorithm may fail. A well chosen value of λ(v) however can lead to a ‘balanced’

appearance of P (v). We fix the value as λ(v) = w(v)/(2H + W ), where H and W are

height and width of R. The motivation for this choice of λ(v) is that even if P (v) extends

to all four sides of R the body of P (v) will still have width at least λ(v).

An important property of the choice of λ(v) is that
∑

v∈V λ(v) < H , i.e., horizontal

strips of height λ(v) can not cover all of R.

The choice of λ(v) allows to give a bound for the minimum feature size. Define

wmin = minv∈Vw(v), then the shortest segment in the cartogram has length at least
wmin

2H+W
. When the shape of R can be chosen, the feature size gets maximal if we take

H =
√
A/2 and W =

√
2A where A =

∑
v∈V w(v).

The algorithm traverses the plane rooted tree T1 in a left-first-search and while travers-

ing the tree it constructs the representation from left to right. Being a specialized depth-

first-search two timestamps are associated with a vertex v: the discovery-time d(v) and
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the completion-time c(v). The algorithm makes use of the following inequalities:

1. c(f2(v)) < d(v) < c(v) < d(f3(v))

2. d(f1(v)) < d(v) < c(v) < c(f1(v)).

In the case of a leaf vertex of T1 we artificially separate d(v) and c(v) to get the strict

inequality d(v) < c(v). The sequence of timestamps in the example of Fig. 4.7 is

d(2), c(2), d(6), d(3), c(3), d(5), d(4), . . . , c(7), c(8), d(9), c(9).

The construction of the cartogram is done with a sweep from left to right in the rect-

angle R. With each time event d(v) and c(v) for v ∈ V we associate a construction step

that moves the sweep line to the right.

Critical for the construction of a polygon P (v) are three time events.

1. At time c(f2(v)) the foot of P (v) is initialized by fixing its left side and defining

the foot strip.

2. At time d(v) the foot is closed, the leg is introduced and the bridge is initialized by

fixing its left side and defining the bridge strip.

3. At time c(v) the area used for foot, leg and bridge is computed and the body using

the rest of w(v) is constructed.

To initialize the sweep we first define the polygon P (v1) as a strip of height w(v1)/W

at the top edge of R. This polygon is exceptional, it consists of a bridge only. We also

initialize a foot strip for v2 at the bottom of R.

Action at Time d(v):

Invariant: The foot of v has been initialized before. The foot strip of v is on top of the

pile of foot strips. The bridge of f1(v) is the lowest of the pile of bridge strips.

Construction: Insert the leg of width λ(v) between the lower edge of the foot strip of

v and the lower edge of the bridge strip of f1(v). Remove the foot strip of v and add a

new bridge strip of height λ(v) below the bridge strip of f1(v). Advance the sweep to the

right side of the leg of v.

91



Example: Fig. 4.7(i) shows a typical action of this type. At time d(8) the leg is inserted

between the existing foot strip and the new bridge strip of 8. Fig. 4.7(c) and 4.7(e) we

show the status after d(6) and d(5). In Fig. 4.7(f) and 4.7(j) the discovery and completion

action for vertices 4 and 7 are combined in the illustration.

Action at Time c(v):

Invariant: The bridge of v has been initialized before. The bridge strip of v is the

lowest in the pile of bridge strips. The foot strip of f3(v) is on top of the pile of foot

strips.

Construction: Complete the bridge of v by filling the bridge strip up to the current

position of the sweep line. Let a(v) be the area used for foot, leg and bridge of v. Let

h(v) be the distance between the top edge of the bridge strip of v and the top edge of

the foot strip of f3(v). Insert the body of v as a rectangle of height h(v) and width
w(v)−a(v)

h(v)
. Advance the sweep to the right side of the body of v. Assign the foot strips to

the children of v in T2. The strips are piled on top of the foot strip of f3(v) such that the

counterclockwise order at v corresponds to the bottom to top order of the strips.

Example: Fig. 4.7(b) shows the situation after c(2). The polygon P (v2) is completed

and foot strips for the children of v2 in T2 have been assigned. Fig. 4.7(d), (f), (g), (j), (k),

and (l) show the status after c(3), c(4), c(5), c(6), c(7), c(8), and c(9) respectively.

Recall that the choice of the value λ(v) = w(v)/(2H +W ) implies that for all subset

of vertices U ⊂ V , we have
∑

v∈U λ(v) < H . Since at any time any vertex has at most

one strip reserved for it, it follows that the lowest bridge remains above the highest foot.

So there is always vertical space for legs and bodies. To see that there is horizontal space

note that at time c(v) the free space to the right of the body of v between all the bridge

strips and foot strips has area at least
∑

u:c(v)<d(u) w(u). Together with the invariants for

the action steps this implies that the algorithm runs without failure and that polygons of

different vertices only intersect on boundaries. Since the area ofR equalsw(V ) the layout

covers all of R so that there is no white-space.

Note that if v is a leaf in T1, then d(v) and c(v) immediately follow each other. In

this case the right edge of the leg and the left edge of the body coincide so that we can
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merge the two and the shape of P (v) simplifies to body plus foot and only has 6 corners.

Another case where P (v) has lower complexity is when f2(v) and v are siblings in T1. In

this case d(v) follows immediately after c(f2(v)) and the leg of v is introduced right after

the initialization of the foot. Hence P (v) consists of leg, bridge and body and has at most

8 corners.

A Schnyder wood of a triangulation can be computed in linear time. Since the layout

algorithm only performs a constant number of operations per edge of the graph it follows

that the overall running time of the algorithm is linear.

4.3 Representations of Planar 3-trees

Here we describe proportional contact representations of planar 3-trees with fewer sides

(8) in each polygon. Recall that a 3-tree is either a 3-cycle or a graph G with a vertex v of

degree three in G such that G − v is a 3-tree and the neighbors of v are adjacent. If G is

planar, then it is called a planar 3-tree. A plane 3-tree is a planar 3-tree along with a fixed

planar embedding of it. It is easy to see that starting with a 3-cycle, any planar 3-tree can

be formed by recursively inserting a vertex inside a face and adding an edge between the

newly added vertex and each of the three vertices on the face [19, 89].

Using this simple construction, we can create in linear time a representative tree for

G [89], which is a rooted ternary tree TG spanning all the internal vertices of G. The root

of TG is the first vertex we have to insert into the face of the three outer vertices. Adding

a new vertex v in G will introduce three new faces belonging to v. The first vertex w

we add in each of these faces will be a child of v in TG. Note that for a planar 3-tree, a

representative tree is an equivalent structure as the 4-block tree defined by Kant [76]. For

any vertex v of TG, we denote by Uv, the set of the descendants of v in TG including v.

The predecessors of v are the neighbors of v in G that are not in Uv. Clearly each vertex

of TG has exactly three predecessors and up to three children. For any vertex set V ′, use

w(V ′) to denote the sum of weights of vertices in V ′. Now we have:

Lemma 4.3.1 Let G = (V,E) be a plane 3-tree with outer-face {a, b, c} in counter-

clockwise order, and letw : V → R+ be a weight function. LetR be any rectangle of area
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Figure 4.7: Illustration of the algorithm for proportional contact representation of maxi-
mal planar graphs: (a) A maximal planar graph G, (b)–(k) illustration of different steps
of the algorithm, and (l) a proportional contact representation of G. Only vertex 8 has
10 sides, since this only happens if a vertex has children in all of T1, T2 and T3. The
numbering of the vertices denotes the left-first-search traversal order of the vertices.

94



w(V −{a, b, c}). Then G−{a, b, c} has a hole-free proportional contact representations

with 8-sided rectilinear polygons inside R. Furthermore, in this representation a vertex

v touches the top/left side of R if and only if v is adjacent to a/b in G, and it touches the

bottom or right side of R if and only it is adjacent to c in G. This representation can be

obtained in linear time.

Proof: We proceed by induction on |V |. If G has 3 vertices, then it consists of only

{a, b, c} and the claim is vacuously true since G − {a, b, c} is empty. Now presume

|V | ≥ 4. Let v be the unique vertex that is adjacent to {a, b, c} and let uab, ubc and uca

be its children in the representative tree TG (some of them may be empty), where the

subscript denotes the neighbors that the child shares with v. Cut a rectangle from the

right of R of area w(Uuca). Cut a rectangle from the bottom left of R of area w(Uubc).

Cut a rectangle from the top left of R of area w(Uuab). See also Fig. 4.8(b). Since

Uuab , Uubc , Uubc partitions the vertices in V −{v, a, b, c}, this can be done so that rectangles

are disjoint. Assign the rest ofR to be P (v); by construction it has at most 8 sides. Note

that P (v) have less than 8 sides when the subtrees rooted at some of the children of v in

TG are empty.

Recursively place the subgraph with outer-face {a, b, v} and interior vertices Uuab in

the rectangle that was reserved for it, and similarly for uca. For ubc, we also apply a recur-

sive construction, but to a flipped subgraph and flipped rectangle since in the construction

v is at the top and right side of the rectangle. One easily verifies that all adjacencies are

as desired.

As for the linear time, pre-compute w(Uv) for any vertex v ∈ TG by traversing TG

bottom-up and adding weights. Since the polygon representing each vertex v of G can be

computed in constant time, the time complexity for constructing the representation of G

is then linear. �

Fig. 4.9(b)–(g) illustrates our construction for the planar 3-tree in Fig. 4.9(a). After

applying the lemma to G with an arbitrary rectangle R of appropriate size, we obtain a

representation of the whole graph by adding rectangles of correct area for a and b to the

top/left ofR and a 6-sided polygon for c on the right and below.
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The upper bound of 8 sides per polygon is also matched by the corresponding lower

bound with a planar 3-tree for which at least 8-sided polygons are necessary in a contact

representation with rectilinear polygons [117]. We thus have the following result.
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Figure 4.9: Illustration of the algorithm for proportional contact representation of planar
3-trees. The numbering of the vertices represents the insertion order of the vertices.

Theorem 4.3.1 Polygons with 8 sides are always sufficient and sometimes necessary for

hole-free proportional contact representations of planar 3-trees with rectilinear polygons.
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4.4 Cartograms for Hamiltonian Graphs

In this section we show that 8-sided polygons are always sufficient and sometimes nec-

essary for a cartogram of a Hamiltonian maximal planar graph. We first give a direct

linear-time construction with 8-sided regions (without relying on numerical iteration or

heuristics as in the previous section.) We then prove that this is optimal by showing that

8 sides are necessary, with a non-trivial lower bound example.

4.4.1 Sufficiency of 8-sided Polygons

Let v1, . . . , vn be a Hamiltonian cycle of a maximal planar graph G. Consider a plane

embedding of G with the edge (v1, vn) on the triangular outer-face. The Hamiltonian

cycle splits the plane graph G into two outer-planar graphs which we call the left graph

Gl and right graph Gr. Edges on the Hamiltonian cycle belong to both graphs. The

naming is with respect to a planar drawing Γ of G in which the vertices v1, . . . , vn are

placed in increasing order along a vertical line, and the edges are drawn as y-monotone

circular arcs with leftmost edge (v1, vn); see Fig. 4.10(a).

Lemma 4.4.1 Let G = (V,E) be a Hamiltonian maximal planar graph with a weight

function w : V → R+. A cartogram with 8-sided polygons can be computed in linear

time.

Proof: Let v1, . . . , vn be a Hamiltonian cycle and Γ be the drawing defined above with

(v1, vn) on the outer-face. Suppose R is a rectangle of width W and height H where

W × H = A =
∑

v∈V w(v). Each vertex vi will be represented as the union of three

rectangles, the left leg, the body Bi, and right leg of vi. We set the width of the legs to

λi = w(vi)/(2H +W ); see Fig. 4.10(b).

Our algorithm places vertices v1, . . . , vn in this order, and also reserves vertical strips

for legs of all vertices that have earlier neighbors. More precisely, let Lj be all vertices

vk with an edge (vi, vk) in Gl for which i ≤ j < k. Similarly define Rj with respect to

edges in Gr. In the drawing Γ, Lj are those vertices above vj for which the horizontal ray

left from vj crosses an incident edge.
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Figure 4.10: (a) A Hamiltonian maximal planar graph G, (b) an 8-sided polygon for
vertex i, (c) illustration for the algorithm to construct a cartogram of G, (d) a cartogram
of G with 8-sided polygons.

We place vertices v1, . . . , vj with the following invariant: The horizontal line through

the top ofBj intersects, from left to right: (a) a vertical strip of width λk for each vk ∈ Lj ,
in descending order, (b) a non-empty part of the top of Bj , and (c) a vertical strip of width

λk for each vk ∈ Rj , in ascending order. We start by placing B1 as a rectangle that spans

the bottom of R. At the left and right end of the top of B1, we reserve vertical strips of

width λk for each vertex in L1 andR1, respectively.

To place Bi, i > 1, first locate the vertical strips reserved for vi in previous steps

(since vi ∈ Li−1 and i ∈ Ri−1, there always are such strips, though they may have started

only at the top of Bi−1). Since vertical strips are in descending/ascending order, the strips

for vi are the innermost ones. Let Bi be a rectangle just above Bi−1 connecting these

strips. Choose the height of Bi so large that it, together with the left and right leg inside

the strips, has area w(vi); we discuss the appropriate height below.

Finally, at the top left of the polygon of vj we reserve a new vertical strip of width

λk for each vertex k in Li − Li−1. Similarly reserve strips for vertices in Ri − Ri−1.

By planarity, the vertices in Li − Li−1 must have smaller indices than vertices in Li−1,

and so this can be done such that the order required for the invariant is respected, see

Fig. 4.10(c).

Clearly this algorithm takes linear time and constructs 8-gons of the correct area. To

see that it creates contacts for all edges, consider an edge (vi, vk) with i < k in Gl (edges
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in Gr are similar.) By definition k ∈ Li. If vk ∈ Li − Li−1, then we reserved a vertical

strip for vk when placing vi. This vertical strip is used for the left leg of vk, which touches

vi. Otherwise (vk 6∈ Li − Li−1) we have vk ∈ Li−1. When vi−1 was placed, there was

a vertical strip for vk. There was also a vertical strip for vi ∈ Li−1. These two strips

must be adjacent, because by planarity (and edge (vi, vk)) there can be no vertex vj with

i < j < k in Li−1. So these strips create a contact between the two left legs of vi and vk.

We now discuss the choice of λi = w(vi)/(2H +W ). Each leg of vi has height ≤ H

and width λi, hence area ≤ Hλi. Then Bi has area ≥ w(vi) − 2Hλi and width ≤ W ,

hence height ≥ w(vi)−2Hλi
W

= λi. It follows that Bi has positive height. Also all vertical

strips fit: after placing Bi, we have a strip of width λk for each vertex vk ∈ (Li∪Ri), and

these strips use width
∑

vk∈(Li∪Ri)
w(vk)

2H+W
≤

2
∑
vk∈V−{vi}

w(vk)

2H+W
< 2A

2H
− 2w(vi)

2H+W
= W − 2λi.

Hence Bi has width > 2λi and the polygon of vi has minimum feature size λi. �

Fig. 4.10(d) illustrates a cartogram for graph in Fig. 4.10(a), obtained by the above al-

gorithm. This algorithm also gives a minimum feature size for the cartogram: min
vi∈V
{λi} =

wmin
2H+W

, where wmin = min
v∈V
{w(vi)}. Choosing W =

√
2A, H =

√
A/2, yields the

minimum feature size wmin
2
√

2
√
A

.

4.4.2 Necessity of 8-sided Polygons

While it was known that 8-sided polygons are necessary for general planar graphs [96],

the graph used for this was no Hamiltonian. Here we show that this necessity holds even

for Hamiltonian maximal planar graphs.

Lemma 4.4.2 Consider the Hamiltonian maximal planar graph G = (V,E) in

Fig. 4.11(a). Define w(j) = w(l) = D and w(v) = δ for v ∈ V \ {j, l}, where D � δ.

Then any cartogram of G with respect to w contains an 8-sided polygon.

Proof: Assume for a contradiction thatG admits a cartogram Γ with respect tow such that

each polygon {P (v)} in Γ representing the vertex v has complexity at most 6. Observe

that if {u, v, x} is a separating triangle in G, i.e., three mutually adjacent vertices whose

removal disconnect the graph, then the region Ruvw used for the inside of the separating
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triangle contains at least one reflex corner of the polygon P (u), P (v), or P (x). The 5-

vertex set {a, c, e, g, i} inG is the union of the five separating triangles {a, c, g}, {a, c, e},
{c, e, g}, {a, e, i}, and {e, g, i} with disjoint interiors. Since all the polygons in Γ are

either 4-sided or 6-sided, the union of the polygons for these five vertices has at most five

reflex corners and hence each of the five separating triangles above contains the only reflex

corner of the polygon for a, c, e, g, or i. In particular, the outer boundary of Raei contains

exactly one reflex corner from one of P (a), P (e) and P (i), hence it is a rectangle, say

1234. By symmetry, assume that the reflex corner of P (i) is not used for Raei.

The 4-vertex set {a, i, k,m} is the disjoint union of three separating triangles

{a, k,m}, {k, i,m}, {i, a,m}, containing l, j and n, respectively, in the interior. The

reflex corner of P (i) is not used for Raei, so, it cannot be used for any of these triangles.

Thus each of P (j), P (l), P (n) contains exactly one reflex corner from P (a), P (k) and

P (m). In particular, Raei = 1234 must contain the reflex corner of P (a). We also con-

clude that P (j), P (l), P (n) are rectangles, since there are no additional reflex corners to

accommodate additional convex corners from P (j), P (l) and P (n).

(b)

f

j

d

i a
m

l

h

c b

g

e
k

n

P (e)

P (n)

P (l)

1

2 3

4
P (k) P (k)

P (j)P (i) P (a)

P (a)

?

(a)

Figure 4.11: (a) A maximal planar Hamiltonian graph with a weight function that re-
quires at least one 8-sided polygon in any cartogram. (b) Illustration for the proof of
Lemma 4.4.2.

Assume the naming in Fig. 4.11(b) is such that edge 12 belongs to P (i), edges 23 and

34 belong to P (a) and edge 41 belongs to P (e). By the adjacencies, P (k) must occupy

corners 1 and 4 and P (n) must occupy corner 2, while corner 3 (which is the reflex corner

of P (a)) could belong to n or l.
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Now consider the rectangles P (j) and P (l). If D is sufficiently big, then these two

rectangles each occupy almost half of rectangle 1234. Therefore, either their x-range

or their y-range must overlap. Assume their y-range overlaps, the other case is similar.

Which polygon should occupy the area horizontally between P (j) and P (l)? It cannot

be k, because P (k) contains corners 1 and 2 and hence would obtain 2 reflex angles from

P (j) and P (l). So it must be P (m), since n is not adjacent to j and l. But P (m) must also

separate P (n) from both P (j) and P (l). Regardless of whether n or l occupies corner 3,

this is not possible without two reflex vertices for m. Thus some polygon must have 8

sides. �

Lemma 4.4.1 and Lemma 4.4.2 yield the following theorem.

Theorem 4.4.1 Eight-sided polygons are always sufficient and sometimes necessary for

a cartogram of a Hamiltonian maximal planar graph.

4.5 Cartograms of Complexity 6 for Graphs with One-Legged Hamiltonian Cycles

We now aim to find maximal Hamiltonian graphs which have cartograms with 6-sided

polygons. In a Hamiltonian cycle v1, . . . , vn, call vertex vj two-legged if it has a neigh-

bor vli in Gl with il < j − 1 and also a neighbor vri in Gr with ir < j − 1. Call a

Hamiltonian cycle one-legged if none of its vertices is two-legged. In the construction

from Lemma 4.4.1, the polygon of vj obtains a reflex vertex on both sides only if it has a

neighbor below vj−1 on both sides, or in other words, if it is two-legged. Hence we have:

Lemma 4.5.1 LetG = (V,E) be a maximal planar graph with a one-legged Hamiltonian

cycle and let w : V → R+ be a weight function. Then a cartogram with 6-sided polygons

can be computed in linear time.

It is a natural question to characterize graphs with such Hamiltonian cycles. The fol-

lowing lemma gives a nice relation between a one-legged Hamiltonian cycle, a canonical

ordering and a Schnyder realizer of a graph.

Lemma 4.5.2 Let v1, . . . , vn be a Hamiltonian cycle in a maximal plane graph G with

(v1, vn) on the outer triangle. Define wi := vn−i+1. Then these are equivalent:
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(a) The Hamiltonian cycle is one-legged.

(b) For i = 2, . . . , n, edge (vi−1, vi) is an outer edge of the embedded graph Gi induced

by v1, v2, . . . , vi.

(c) vn−1 is an outer vertex and vertex vi has at least two neighbors with a larger index

for i = 1, . . . , n− 2.

(d) w1, . . . , wn is a canonical ordering for G.

(e) G admits a Schnyder realizer (S1,S2,S3) in which w1, w2 and wn are the roots of S1,

S2 and S3, respectively and every inner vertex is a leaf in S1 or S2.

Proof: (a)⇐⇒ (b): For i = 2, . . . , n we argue that a vertex vi is one-legged if and only

if (b) holds for i. Indeed, (vi−1, vi) is an inner edge in Gi if and only if there are outer

edges (vi, vj) and (vi, vk) with j, k < i − 1 in Gl and Gr, respectively. But then vi is

two-legged by definition.

(b)⇐⇒ (c): Since vn is an outer vertex and Gn = G, (b) holds for i = n if and only if

vn−1 is an outer vertex. For i = 2, . . . , n−1 we argue that (b) holds for i if and only if (c)

holds for i− 1. Let vli, respectively vri , denote the third vertex in the inner facial triangle

containing the edge (vi−1, vi) in Gl, respectively Gr. Now (vi−1, vi) is an inner edge in

Gi if and only if both, vli and vri , have a smaller index than vi−1, which in turn holds if and

only if the index of every neighbor of vi−1, other than vi, is less than i− 1.

(c) =⇒ (d): By (c) {w1, w2, wn} = {vn, vn−1, v1} is the outer triangle ofG. Moreover,

G̃3, induced by vn, vn−1, vn−2, is a triangle, hence its outer boundary is a simple cycle C3

with the edge (w1, w2). Thus the first condition of canonical ordering is met for i = 4.

Assuming (c) and the first condition for i = 4, . . . , n − 1, we show that the second and

first condition hold for i and i + 1, respectively. Finally, the second condition holds for

i = n since wn is an outer vertex.

Note that wi is in the exterior face of G̃i−1 since wn lies in the exterior face and the

path wi, . . . , wn is disjoint from vertices in G̃i−1 and the embedding is planar. By (c) wi

has at least two neighbors in G̃i−1. If the neighbors do not form a subinterval of the path

Ci−1\(w1, w2), there is a non-triangular inner face in G̃i, containing a vertexwj with j > i

102



in its interior. Then the path wj, . . . , wn, which is disjoint from G̃i, starts and ends in an

interior and the exterior face of G̃i, respectively, contradicting planarity. Thus the second

condition of canonical ordering is satisfied for i. Moreover G̃i is inner-triangulated, has

a simple outer cycle Ci containing the edge (w1, w2). Thus, the first condition holds for

i+ 1.

(d) =⇒ (c): Since w1, . . . , wn is a canonical ordering, (w1, w2) is an outer edge. In

particular, w2 = vn−1 is an outer vertex. Clearly v1 has at least two neighbors and every

neighbor has a larger index, i.e., (c) holds for i = 1. Moreover, by the second condition

of a canonical ordering every vertex vi = wn−i+1, for i = 2, . . . , n − 2, has at least two

neighbors in G̃n−i = G \Gi, which is the subgraph induced by vn, . . . , vi+1.

(d) =⇒ (e): Consider the Schnyder realizer (S1,S2,S3) of G defined by the canonical

order w1, . . . , wn according to Lemma 2.4.3. One can easily show by induction that for

i = 3, . . . , n − 1 the outer cycle Ci of G̃i consists of the edge (w1, w2), the wiw1-path

P1 in S1, and the wiw2-path P2 in S2. Due to the counterclockwise order of edges in a

Schnyder realizer, no vertex on P1, respectively P2, has an incoming inner edge in G̃i in

S2, respectively S1. Thus considering only edges in G̃i every outer vertex in G̃i, different

from w1, w2, is a leaf in S1 or S2. When in the canonical ordering vertex wi+1 is attached

to G̃i, some vertices on Ci become inner vertices of G̃i+1. Every inner edge in G̃i+1,

which was not an edge in G̃i is in S3. Thus every inner vertex in G̃i is a leaf in either S1

or S2.

(e) =⇒ (d): Consider a canonical ordering x1, x2, . . . , xn of G defined by the Schny-

der realizer (S1,S2,S3) according to Lemma 2.4.3. We must show that x1, . . . , xn gives a

Hamiltonian cycle. We know that {x1, x2, x3} is a triangle, hence C3 consists of the edge

(x1, x2), the x3x1-path P1 in S1, and the x3x2-path P2 in S2. We will show that for all i the

outer-face of G̃i consists of the edge (x1, x2), the xix1-path P1 in S1, and the xix2-path

P2 in S2. For i = 3, . . . , n, xi+1 is attached to G̃i. If xi is not a predecessor of xi+1, then

(say) the xi+1x2 path in S2 meets the xix1 path in S1 at some vertex x`, ` 6= i, i+ 1. This

means that x` has an incoming edge in both S1 and S2 – a contradiction. So xi is adjacent

to xi+1, which can also be used to show that the shape of the outer-face is as desired. �
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Fig. 4.12 shows a one-legged Hamiltonian cycle, corresponding canonical ordering,

and Schnyder realizer in a graph.

1

7

3

6

4 5

2

8 7

3

6

4 5

1

2

8

Figure 4.12: A graph with a one-legged Hamiltonian cycle and the corresponding Schny-
der realizer.

Once we have a one-legged Hamiltonian cycle, we can build a 6-sided cartogram

via Lemma 4.5.1 in linear time. Alternately we could obtain a Schnyder wood, where

every vertex is a leaf in S1 or S2, and hence obtain a 6-sided cartogram via the algorithm

in Section 4.1. However, we prefer the construction of Lemma 4.5.1 due to its linear

runtime.

Not every Hamiltonian maximal planar graph admits a one-legged Hamiltonian cycle;

for example, the graph in Fig. 4.11 does not even admit a cartogram with 6-gons. How-

ever, we believe that some non-trivial subclasses of Hamiltonian maximal planar graphs

are also one-legged Hamiltonian.

4.5.1 Representations for Maximal Outer-planar Graphs

Here we give linear-time algorithms to compute proportional contact representations for

for maximal outerplanar graphs using rectilinear polygons with 6 sides where the outer-

boundary is a rectangle, and with 4 sides, where the outer boundary has linear complexity.

Both the complexity bounds are sometimes necessary.

Each internal face in an outer-planar embedding of a maximal outer-planar graph is a

triangle, and for n ≥ 3 the outer-face is a simple cycle containing all vertices. We first give

a linear-time algorithm to construct a proportional contact representation of a maximal

outer-planar graph with rectangles. Before that, we need the following definitions.

Let Γ be a contact representation using rectangles for vertices (but with the outside not
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necessarily a rectangle). Let B be the bounding box of Γ. We say that a vertex v occupies

the top of a representation Γ if there exists a horizontal line ` such that the rectangle

representing v is exactly the intersection of B with the upper half-space of `. In other

words, the rectangle of v contains all of the top end of the bounding box of Γ. Similarly

we define that a vertex v occupies the right of Γ.

Lemma 4.5.3 Let G be a maximal outer-planar graph, and let (s, t) be an edge on the

outer-face, with s before t in clockwise order. Then a hole-free proportional contact-

representation Γ ofG with rectangles can be computed in linear time such that s occupies

the top of Γ and t occupies the right of Γ− s.

Proof: We give an algorithm that recursively computes Γ. Constructing Γ is easy whenG

is a single edge (s, t): we simply draw two touching rectangles with the necessary areas.

We thus assume that G has at least 3 vertices. Let x be the (unique) third vertex on the

inner face that is adjacent to (s, t). Then graph G can be split into two graphs at vertex x

and edge (s, t): G[s, x] consists of the graph induced by all vertices between s and x in

counter-clockwise order around the outer-face, and G[x, t] consists of the graph induced

by the vertices between t and x.

Recursively draw G[s, x] and remove s from it; call the result Γs. Recursively draw

G[x, t] and remove x and t from it; call the result Γt. Then scale the width of Γt until the

bounding box of Γt is less wide than the rectangle of x in Γs. To maintain a proportional

contact representation, scale the height of Γt by the inverse of the scale-factor for the

width. Now Γt can be attached at the bottom right end of the representation of x in Γs.

Add a rectangle for t on the right that spans the whole height (and extends below it at the

bottom), and make its width such that its area is as prescribed for t. Add a rectangle for

s such that it spans the whole width (and extends past it to the left), and make its height

such that its area is as prescribed for s. This gives the desired representation. Note that

the representation contains no hole. (See also Fig. 4.13.)

We now show that the algorithm above can be implemented in linear time. In order to

do this, we make sure that all coordinates in the representation are scaled at most once.

Let T be the dual graph of G minus the vertex for the outer-face; it is easy to see that T is
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Figure 4.13: Combining the drawings of two subgraphs.

a tree with maximum degree three. Let the root of T be the vertex that corresponds to the

inner face {s, x, t}; then the subtrees of T correspond to the dual trees of the subgraphs.

Rather than re-scaling Γt at each recursive step, we only re-scale the bounding box of

Γt and store at the node of T that represents G[t, x] the scale-factors for the width and

height that must be applied to all nodes in Γt. At the end of the algorithm a linear-time

top-down traversal finds the scaling factor for each vertex v of T by multiplying all the

scaling factors stored along the path from vx to v. Then with another linear-time top-down

traversal of T we can compute the coordinates of all the points in Γ, which concludes the

construction. �

Figure 4.14(b) illustrates a proportional contact representation of the maximal outer-

planar graph in Fig. 4.14(a) with rectangles, computed by the algorithm above. Since a

rectangle is a rectilinear polygon with the fewest sides possible, the representation ob-

tained by this algorithm is also optimal. However, the outer boundary of the representa-

tion obtained by our construction has size Θ(n). It was already known that the outer-face

cannot be a rectangle if the vertices are rectangles [96], but we improve this to a stronger

result:

Lemma 4.5.4 There exists a maximal outer-planar graph for which any contact repre-

sentation with rectangles requires Ω(n) sides on the outer-face.

Proof: Consider any maximal outer-planar graph G such that bn/2c vertices have degree

two (any maximal outer-planar graph whose inner dual is a full binary tree suffices).
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Figure 4.14: (a) A maximal outerplanar graphG, (b) a proportional contact representation
of G with rectangles.

Suppose Γ is a proportional contact representation of G with rectangles. Since rectangles

are convex, no two of them can share two sides. Therefore any vertex v of degree 2

shares at most two of its sides with other vertices, and so at least two of its sides with the

outer boundary of Γ. Furthermore, these two sides must be consecutive on P (v), since

otherwise v would be a cut vertex in G. The common endpoint of these two sides is then

a corner of the outer boundary of Γ, so the outer-face has at least bn/2c sides. �

Lemma 4.5.4 implies that there exist outer-planar graphs for which any contact repre-

sentation with an outer-boundary of constant size requires at least one of the polygons to

have at least six sides. With the following lemma we show that this lower bound of six

sides can also be matched with any given weights.

Lemma 4.5.5 Let G = (V,E) be a maximal outer-planar graph and let w : V → R+

be a weight function. Then a hole-free proportional contact-representation Γ of G with

6-sided rectilinear polygons can be computed in linear time such that the outer-boundary

of Γ is a rectangle.

Proof: It is quite straightforward to prove this by analyzing the structure of an outer-

planar graph, but it also follows from three earlier results in this chapter.

First, if G is maximal outer-planar, then we can add one vertex v0 to it that is adjacent

to all others. Then create a Schnyder realizer such that v0 is the root of tree T1. Then all

of v0’s incident edges are in T1, which means that all other vertices are leaves in tree T1.
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Apply our construction from Section 4.2. From the discussion at the end of Section 4.2,

vertices that are leaves in T1 are drawn with 6-gons in this construction. Omitting the

added vertex v0 (which is a rectangle that spans the top) yields the desired representation.

As a second proof, observe that G′ = G∪v0 is also a 3-tree, and moreover, any vertex

v has at most two children in the representative tree TG′ of G′. Apply the construction of

Section 4.3, but choose the rectangles for the non-empty children of v in such a way that

P (v) has at most 6 sides; one can verify that this is always possible regardless of which

child of v is missing.

The third proof is from our algorithm from Lemma 4.4.1 for Hamiltonian maximal

planar graphs. Any maximal outer-planar graph G can be made into a maximal Hamil-

tonian graph by duplicating G and gluing the copies together at the outer-face such that

Gl = G = Gr. (This graph has double edges, but the algorithm in Lemma 4.4.1 can

handle double edges as long as one copy is in the left and one in the right graph.) Create

the drawing based on Lemma 4.4.1 with all vertices having double the weight, and cut it

in half with a vertical line. This gives a drawing of G with 6-sided rectilinear polygons as

desired. �

Summing up all the results in this section, we have the following theorem.

Theorem 4.5.1 For hole-free proportional contact representations of a maximal outer-

planar graph, rectangles are always sufficient and necessary, and six-sided polygons

are sometimes necessary (and always sufficient) when the outer-boundary has a constant

number of sides.

4.6 Representations for 2-Trees (Maximal Series-Parallel Graphs)

In the previous sections, we studied planar 3-trees and maximal outerplanar graphs.

Halfway between them are the so-called maximal series-parallel graphs (which are the

same as 2-trees). Since for both maximal outer-planar graphs and planar 3-trees we can

obtain hole-free proportional contact representations with constant polygon-complexity,

one would expect that this also holds for maximal series-parallel graphs. Surprisingly,

this is not the case.
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Now let K+
2,n be the graph that consists of two adjacent vertices {s, t}, which are ad-

jacent to all of n vertices x1, . . . , xn. In other words, this is K2,n with an added edge be-

tween the two vertices of the size-2 set. Clearly K+
2.n is a maximal series-parallel graphs.

Lemma 4.6.1 In any hole-free contact representation ofK+
2,n, there exists a vertex whose

polygon has at least 2n sides.

Proof: Let Γ be a contact representation of K+
2,n. Observe that P (xi) can be on the

outerface boundary of Γ for at most two xi’s, otherwise we could create an outer-planar

drawing of K2,3, an impossibility. Let Γ′ be Γ after removing any P (xi) that is on the

outer-face of Γ.

There are at least n − 2 xi’s left. For each of them, P (xi) is a rectilinear polygon

with at least four corners, and P (xi) is surrounded by P (s) and P (t). Therefore for every

corner of P (xi) there is a corner in P (s) or P (t). (Note that this holds even if some P (xi)

and P (xj) meet at a corner: In this case there must be two corners of P (s) and/or P (t)

here as well to avoid a non-zero-length contact between P (xi) and P (xj).)

This gives at least 4n− 8 corners for s and t. If not both s and t are on the outer-face

of Γ′, then no xi can have been on the outer-face of Γ, and so there are 4n corners for s

and t. If both s and t are on the outer-face of Γ′, then the outer-face boundary gives 8

more corners that have not been counted yet: 4 since any rectilinear polygon has at least

4 corners, and 4 where the boundaries of P (s) and P (t) meet at the outerface boundary

of Γ′. Either way therefore, P (s) and P (t) together have at least 4n corners and the claim

holds. �

So we cannot hope for no holes and constant complexity of polygons for series-

parallel graphs. We now show that if either one of those restrictions are dropped, then

proportional contact representations are possible.

4.6.1 Representations with arbitrarily small holes

We first show that if we allow holes, even of arbitrarily small area, then we can represent

series-parallel graphs using 6-gons. Recall that w(V ′) means the total weight in vertex

set V ′. For any graph G, use w(G) to denote w(V (G)).
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Lemma 4.6.2 Let G be a maximal series-parallel graph with terminals s, t and let w :

V → R+ be a weight-function. Let ε > 0 be arbitrarily small. Let R be any rectangle of

area w(V −{s, t}) + ε. Then G−{s, t} has a proportional contact representation inside

R such that a vertex v touches the top/right side of R if and only if v is adjacent to s/t

in G. Furthermore, this representation can be computed in linear time in the number of

vertices in G.

Proof: We prove this by induction on the number of vertices. In the base case, G consists

of edge (s, t) only, and the claim is vacuously true since G − {s, t} is empty. So now

assume that G has at least 3 vertices. Since G is a maximal series-parallel graph, edge

(s, t) must exist. Therefore G must be obtained in a parallel combination of subgraphs

G0, G1, . . . , Gk, all with terminals s and t. (We presume the naming is such that G0 is

the edge (s, t).) We make k as large as possible, i.e., each subgraph Gi for i > 0 was

obtained in a combination in series of subgraphs Gs
i and Gt

i, where Gs
i has terminals s

and xi and Gt
i has terminals xi and t. The idea is to assign rectangles to each of these

subgraphs Gα
i (for i = 1, . . . , k and α ∈ {s, t}) and place the drawings insideR suitably.

Let V α
i = V (Gα

i )− {xi, α}. We proceed as follows:

1. First, remove a (very slim) rectangle adjacent that spans the left side of R and has

area ε′ := ε/(5k + 2).1

2. From the rectangle that remains, remove a very slim rectangle of area ε′ that spans

the bottom.

3. From the rectangle that remains, remove an L-shaped 6-sided polygon P (xk) that

spans the bottom and the left side. Choose the side-lengths such that P (xk) has

area w(xk).

4. From the rectangle that remains, remove a rectangle that spans the left side. Choose

its width such that its area is w(V s
k ) + 2ε′. Then split it horizontally so that the

rectangle below has area ε′ while the rectangle Rs
k above has area w(V s

k ) + ε′.

1Any distribution of ε area among the empty region and the rectangles is feasible, as long as they are all

non-zero.
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5. From the rectangle that remains, remove a very slim rectangle of area ε′ that spans

the left side.

6. From the rectangle that remains, remove a rectangle Rt
k that spans the bottom.

Choose its width such that its area is w(V t
k ) + ε′.

7. Repeat steps 2-6 for k − 1, k − 2, k − 3, . . . , 1.

8. By choice of ε′ and the areas for all rectangles and L-shapes, all that remains of R
after removing rectangle Rt

1 is a slim rectangle (adjacent to the top of Rt
1) of area

ε′.
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Figure 4.15: The construction for a series-parallel graph. k = 3 in this example. Small
numbers indicate in which step this rectangle was added.

Figure 4.15 illustrates the construction. Note that for each rectangle Rα
i , two sides

are adjacent to empty space, one side is adjacent to xi, and the other side is adjacent

to the boundary of R where terminal α will be located. Furthermore, Rα
i has weight

w(V α
i ) + ε′. Hence we can call the algorithm recursively for Gα

i , using rectangle Rα
i

and ε′. The resulting contact representation of Gα
i − {xi, α} can then be placed (after

rotating/flipping as needed to make terminals match up) insideRα
i . This yields the desired

proportional contact representation for G− {s, t}.
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To see that the computation takes linear time, first observe that steps 2–6 are repeated

k times where k is in the order of the degree of s and t outside anyGα
i for i = 1, . . . , k and

α ∈ {s, t}. Thus if we count the total number of times these steps are run, this number

will be O(
∑

v∈V deg(v)) = O(n), where n is the number of vertices in G. �

We have thus shown that 6 sides are sufficient for series-parallel graphs. To see that

they are necessary, consider K2,4, which is a series-parallel graph. No matter what em-

bedding we choose, there will always be a vertex that is enclosed by a triangle in K2,4.

Since three rectangles cannot enclose a non-zero area, this shows that K2,4 requires 6

sides in any contact representation, even if holes are allowed. We hence have the follow-

ing theorem:

Theorem 4.6.1 6 sides are always sufficient and sometimes necessary for proportional

contact representations of maximal series-parallel graphs with arbitrarily small holes.

4.6.2 Hole-free representations with many corners

We now show how with a different invariant for placing vertices, we can create pro-

portional contact representations of series-parallel graphs that have no holes (but many

corners for polygons.)

Lemma 4.6.3 Let G be a maximal series-parallel graph with terminals s, t, and let w :

V → R+ be a weight-function. LetR be any rectangle of area w(V ). Then G has a hole-

free proportional contact representations insideR such that s occupies the entire left side

of R, t occupies the entire right side of R, and no other vertices are on the outer-face of

R.

Proof: We prove this by induction on the number of vertices. In the base case, G consists

of edge (s, t) only, and we can easily create such a representation by splittingR vertically

so that the area to the left is w(s) and the area to the right is w(t).

So now assume that G has at least three vertices. Define x1, . . . , xk and graphs

G1, . . . , Gk and Gs
i and Gt

i as in the proof of Lemma 4.6.2. We proceed as follows:

• Fix 0 < ε < min{w(s), w(t)}.
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• For each i > 0, let the weight of s in Gi be 1
k
(w(s) − ε), i.e., split the weight of s

among the subgraphs, and reserve a small amount of weight to be added later.

• For each i > 0, let the weight of t in Gi be 1
k
(w(t)− ε).

• Place k rectanglesR1, . . . ,Rk insideR such thatRi has areaw(Gi) (with the above

adjustments for s and t). No two of these rectangles touch each other or touch the

boundary ofR, but each of them spans almost the entire width ofR, and we choose

their height so that the area is correct. This is possible since w(G1)+. . .+w(Gk) =

w(G)− 2ε.

• For each i > 0, let the weight of xi in Gs
i and Gt

i be 1
2
w(xi) each.

• Split each rectangle Ri vertically such that area to the left is w(Gs
i ) and the area to

the right is w(Gt
i) (with the above adjustment for xi).

• Recursively draw Gs
i and Gt

i inside the resulting rectangles, in such a way that the

two polygons of xi abut the dividing line ofRi.

• Find a vertical line such that the area ofR−
⋃
Ri to the left of it is exactly ε.

• Add this area to the left of the dividing line to s, and all the remaining area of

R−
⋃
Ri to t.

One easily verifies that the areas of polygons are correct. To see that adjacencies are

correct, note that only s, xi and ti are on the outside of Ri. Since G is maximal series-

parallel, edges (s, t), (s, xi) and (xi, t) must exist, so filling the holes with s and t does

not add unwanted adjacencies.

Similarly as in previous sections, the computation can be done in linear time if we

pre-compute the weights w(G1), . . . , w(Gk) by splitting the graph into its smallest com-

ponents first, and then computing the weights while combining components. Once these

weights are computed, the time in each recursion is then proportional to the number of

parallel components with terminals {s, t}, which is O(m) = O(n) total. �
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Figure 4.16: The hole-free construction for a series-parallel graph. k = 3 in this example.

We note here the complexity of the polygon of vertex v is O(deg(v)): this clearly

holds in the base case, and is easily proved by induction since s and t receive O(k)

additional corners. The example of K+
2,n shows that a complexity of Ω(∆) is required,

where ∆ denotes the maximum degree, so this is asymptotically optimal.

Theorem 4.6.2 O(∆) sides are always sufficient and sometimes necessary for hole-free

proportional contact representation of maximal series-parallel graphs.

4.7 Cartograms for 4-Connected Graphs

Since 4-connected planar graphs are a strict subset of Hamiltonian planar graphs, the

following conjecture (also raised in a different context a decade ago [42] by de Fraysseix

and de Mendez), would be natural:

Conjecture 4.7.1 [42] Every 4-connected maximal planar graph has a one-legged

Hamiltonian cycle.

We disprove this conjecture in Section 4.7.1. In Section 4.7.2, we address the the issue

of existence of a cartogram with rectangles for a given 4-connected graph (not necessarily

maximal) along with a given weight function and show that this problem is NP-hard.
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4.7.1 Hamiltonian canonical cycle

Recall that a one-legged Hamiltonian cycle is by Lemma 4.5.2 (after reversing the order

of vertices along the Hamiltonian cycle) the same as a Hamiltonian cycle that induces

a canonical ordering. We call such a cycle a Hamiltonian canonical cycle. More pre-

cisely, a Hamiltonian canonical cycle in a maximal planar graph G is a canonical order

v1, v2, . . ., vn of the vertices of G such that v1v2 . . . vn is also a Hamiltonian cycle of

G. We now disprove the above conjecture by constructing a 4-connected maximal planar

graph with no Hamiltonian canonical cycle.

Theorem 4.7.1 There exist 4-connected maximal planar graphs that do not have any

Hamiltonian canonical cycle in any embedding.

Proof: We construct a 4-connected planar graph G as follows. Let K be the graph in

Fig. 4.17. Take two copies of K and identify their vertices {a, b, c, d}. The resulting

graph is 4-connected and triangulated. In what follows, we will always consider the one

copy of K that does not contain the outer-face, and hence is embedded as in Fig 4.17.

For any embedded subgraph H of G bounded by a separating 4-cycle CH , we call the

subgraph induced by the vertices of H −CH the inside of H . Assume for a contradiction

that G has a Hamiltonian canonical cycle C. We consider the Hamiltonian cycle to be

visiting the vertices in order. Since it is a Hamiltonian canonical cycle, from the third

vertex on every vertex must have at least two neighbors that were visited earlier. Since

the first two vertices form an edge on the outer-face, we cannot reach the inside of K

before the third vertex of C.

The first vertex of C that is inside K must be one of {e, h, g, f}, because no other

vertices have two neighbors on the boundary of K, and only those can have been visited

earlier. Without loss of generality we may assume e is the first vertex visited inside K,

which means that a and b were visited earlier. Next we must visit all vertices inside K,

for K is bounded by a 4-cycle, and there are not enough unvisited vertices left on the

boundary to leave K and return inside again later. Say after visiting the inside of K, we

exit the 4-cycle {a, b, c, d} at vertex d (the case of ending at c is similar.)
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Figure 4.17: The graph K used in Theorem 4.7.1.

Consider the subgraph L3 ∪ {o}, which is bounded by a 4-cycle {o, h, d, g}. The first

vertex inside L3 ∪ {o} to be visited must necessarily be r, for d is visited after all other

vertices of L3 ∪ {o}, and no other vertex in the inside has two neighbors 6= d on the

boundary of L3 ∪ {o}. By the above argument for separating 4-cycles, we must visit the

entire inside of L3 ∪ {o} in one contiguous subpath that uses only vertices inside or on

the boundary of L3 ∪ {o}. Let P be the minimal such path. Then P begins at r and does

not visit d.

Since the first vertex of P is r, we must have visited o and at least one of {g, h} before

P . By symmetry, assume that we visited h already (we may or may not have visited g.)

In summary, we know the following about P :

(i) P begins at r and at this time h and o were visited already.

(ii) P visits all vertices inside L3, and it may or may not visit g.

(iii) P ends with d still unvisited.
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By analyzing the structure of L3, we will show that such a path P cannot exist, which

gives the desired contradiction. Consider the close-up of graph L3 in Figure 4.18.
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Figure 4.18: The graph L3 used for constructing K.

We claim that without loss of generality the next vertex after r on P is A1. It can only

beA1 orB1, for no other vertex inside L3 has two neighbors that were already visited. If it

wereB1, then g was already visited. But in this case L3 is entirely symmetric with respect

to who has been visited already, and a symmetric argument will lead to a contradiction.

So we may assume that the next vertex after r on P is A1. Consider vertex A2, which has

degree 4. Neighbor h was visited already, and neighbor d will be visited much later. So

the adjacent vertices of A2 in P must be A1 and A3. Therefore the next two vertices on

P after A1 are A2 and A3. This part of P is marked with a solid black in Figure 4.18 and

corresponds to the beginning of P .

Consider the separating 4-cycle {h, r, C, d}. When we reach A1, we have visited h

and r already. We will not visit d with P . So the last vertex of P that is on or inside

{h, r, C, d} must be C. Consider vertex A5, which has degree 4. Its neighbors r and A1

were already visited, so the adjacent vertices of A5 in P must be A4 and C. Therefore the

two vertices on P before C are A5 and A4. This part of P is marked with a solid gray in

Figure 4.18 and corresponds to the last part of P on or inside {h, r, C, d}.
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Consider vertex A6, which has degree 4. Neither C nor d can be its adjacent vertices

on P because the part of P near C is already fixed, and d comes much later. So A6 must

be between A3 and A4 on P . This part of P is marked with a dashed line in Figure 4.18.

But now we have a problem: A6 has only one neighbor A3 that was visited earlier by C;

all the other neighbors of A3 are visited later. This contradicts that C is a Hamiltonian

canonical cycle. �

4.7.2 Cartograms with Rectangles

Another question one could ask is: Given a plane weighted graph, how easy is it to test

whether it has a cartogram of a given complexity?

For rectilinear layouts, we can answer this question in polynomial time. Specifically,

the question whether a graph has a rectilinear dual with an upper bound on the number of

corners can be phrased as a maximum flow problem and hence be solved in linear time.

In contrast to this, we how show that testing whether a graph has a cartogram with an

upper bound on the number of corners is NP-hard. Note that the graph in our construction

has some faces that are quadrangular (rather than the preferred triangular), but it is 4-

connected. We show that it is NP-hard to test whether it has a rectangular cartogram, i.e.,

where all faces are rectangles. Let us call the problem RectangleCartogram (RC).

We show that this problem is NP-hard by a reduction from the well-known NP-hard

problem Partition defined as follows. Given a set of integers S = {x1, . . ., xn} with∑n
i=1 xn = 2A for some integer A, we want to find a subset I of S such that

∑
xi∈I xi =

A.

Given an instance of Partition, we construct an instance of RC as follows.2 For each

integer xi of S, we have a subgraph with eight vertices: Xi, pi, pi+1, qi, qi+1, ai, bi, ci. We

highlight such a subgraph for xi in Fig. 4.19. The constructed graph is then 4-connected

with a quadrangular outerface where each internal face is a triangle or quadrangle.

We define the weight function as follows. Define m = minni=1 xn. For each vertex

2The construction is quite similar to the one by Biedl and Genc for testing whether a given rectilinear

drawing can be used to satisfy area-constraints [17].
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Figure 4.19: The graph constructed from an instance of a Partition problem.

Xi, we define w(Xi) = xi. We give a very small weight, say δ = m/20 to each ver-

tex ai, bi, ci, pi, qi for 1 ≤ i ≤ n and to each vertex L, R, T and B. We give a very

large weight W (M) to the vertex M such that
√
W (M) + 2A+ (n+ 1)δ−

√
W (M) <

√
m. Finally we give weights to the vertices t1 and t2 such that w(t1) : w(t2) =√
W (M) + 2A+ (n+ 1)δ −

√
W (M) :

√
W (M).

(a) (b)
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X i

h
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Figure 4.20: Illustration of the proof of Lemma 4.7.1.

We now have the following lemma.
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Lemma 4.7.1 There exists a subset I of S such that
∑

xi∈I xi = A if and only if there is

a rectangular cartogram of G with respect to the weight function w.

Proof: Suppose first that there is a cartogram Γ of G with respect to w. In any such

cartogram, the four vertices L, T , R and B defines a rectangular frame F ′ inside which

lie the rectangles for the remaining vertices. Without loss of generality, we assume that

the rectangles L, T , R and B are to the left, top, right and bottom of F ′, respectively; see

Fig 4.20. Since the face t1, t2, M and pn+1 forms a rectangle, this face will correspond to

a point of degree four in Γ incident to rectangles for the four vertices. Thus the rectangles

R(t1) and R(t2) for the vertices t1 and t2, respectively, have the same height and together

they span the top of the frame F ′. Define the rectangular frame F = F ′−R(t1)−R(t2).

Scale Γ such that F is a square. Then from the weight distribution of t1 and t2, the

rectangle R(M) for M is also a square. The left and bottom of this square define two

lines lv and lh, respectively. Now the rectangle for each vertex Xi lies either to the left

of lv or to the bottom of lh, but not both since
√
W (M) + 2A+ (n+ 1)δ −

√
W (M) <

√
m ≤ √xi. Thus each subgraph for xi has a drawing in one of two configurations;

see Fig. 4.20(a) and (b), respectively. Then the vertices corresponding to the rectangles

Xi lying to the left of lv forms the subset I of S. The reason is as follows. Define the

four rectangles R1, R2, R3, R4 that partitions F in this way: R1 = R(M), R2, R3 are the

rectangles to the left of lv; R2 to the top and R3 to the bottom of lh and R4 is the rectangle

to the right of lv and to the bottom of lh. Then the area of R2 +R3 and R4 +R3 are equal

and neither can contain rectangles with weights A + m since the area of R4 is less than

m. Thus the rectangles Xi lying in R2 +R3 has area A.

Conversely if we are given a subset I of S such that
∑

xi∈I xi = A, then we construct

a cartogram of G as follows. We draw the rectangles for L, T , R, B, t1 and t2 such that

they enclose a square frame F of size W (M) + 2A + (n + 1)δ, and the rectangles L, T ,

R and B are to the left, top, right, and bottom of the drawing, respectively. We also draw

the square R(M) for M to the right-top corner of F . From the weight distribution, the

top-left corner of R(M) will be a point of degree four. We then draw the subgraphs for

xi in the way illustrated in Fig. 4.20(a) if xi ∈ I; otherwise we draw this subgraph in the

way illustrated in Fig. 4.20(b). Thus we obtain a cartogram of G, as in Fig. 4.21. Here
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Figure 4.21: Construction of a cartogram from a solution of Problem Partition.

x1, x2 ∈ I , x3 /∈ I and so on. �

We can thus reduce an instance S of Problem Partition to an instance (G,w) of

Problem RectangleCartogram such that S has a solution if and only ifG has a rectilinear

cartogram with respect to w. This yields the following theorem.

Theorem 4.7.2 Problem RectangleCartogram is NP-hard.
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CHAPTER 5

Proper Contact Representations of Planar Graphs with

Cubes and Proportional Boxes

Here we study contact representations of planar graphs in 3D, where vertices are repre-

sented by interior-disjoint axis-aligned boxes and edges are represented by shared bound-

aries between the corresponding boxes. A contact representation of a planar graph G is

proper if for each edge (u, v) of G, the boxes for u and v have a shared boundary with

non-zero area. Such a contact between two boxes is also called a proper contact. Cubes

are axis-aligned boxes where all sides have the same length. A contact representation of

a planar graph with boxes is called a cube-contact representation when all the boxes are

cubes. In a weighted variant of the problem a proportional box-contact representation

is one where each vertex v is represented with a box of volume w(v), for any prespec-

ified weight-function w : V → R+, assigning weights to the vertices V of G. Note

that this “value-by-volume” representation is a natural generalization of “value-by-area”

cartograms 2D.

Thomassen [103] shows that any planar graph has a proper contact representation

with touching boxes, while Felsner and Francis [55] find a (not necessarily proper) contact

representation of any planar graph with touching cubes. Bremner et al. [27] asked whether

any planar graph can be represented by proper contacts of cubes. They answered the

question positively for the case of partial planar 3-trees and some planar grids, but the

problem remains open for general planar graphs.

Here we expand the class of planar graph representable by proper contact of cubes. We

also show that several classes of planar graphs admit proportional box-contact represen-

tations. Specifically, we show how to compute a proportional box-contact representation

for plane 3-trees, while a cube-contact representation for the same graph class follows

from [27]. We also show how to compute a proportional box-contact representation and
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a cube-contact representation for nested maximal outerplanar graphs, which are defined

as follows. A nested outerplanar graph is either an outerplanar graph or a planar graph

G where each component induced by the internal vertices is another nested outerplanar

graph with exactly three neighbors in the outerface of G. A nested maximal outerplanar

graph is a subclass of nested outerplanar graphs that is either a maximal outerplanar graph

or a maximal planar graph in which the vertices on the outerface induce a maximal outer-

planar graph and each component induced by internal vertices is another nested maximal

outerplanar graph.

5.1 Preliminaries

A 3-tree is either a 3-cycle or a graph G with a vertex v of degree three in G such that

G − v is a 3-tree and the neighbors of v form a triangle. If G is planar, then it is called

a planar 3-tree. A plane 3-tree is a planar 3-tree along with a fixed planar embedding.

Starting with a 3-cycle, any planar 3-tree can be formed by recursively inserting a vertex

inside a face and adding an edge between the newly added vertex and each of the three

vertices on the face [19, 89]. Using this simple construction, we can create in linear time

a representative tree for G [89], which is an ordered rooted ternary tree TG spanning all

the internal vertices of G. The root of TG is the first vertex we have to insert into the face

of the three outer vertices. Adding a new vertex v in G will introduce three new faces

belonging to v. The first vertex w we add in each of these faces will be a child of v in

TG. The correct order of TG can be obtained by adding new vertices according to the

counterclockwise order of the introduced faces.

An outerplanar graph is one that has a planar embedding with all vertices on the

same face (outerface). An outerplanar graph is maximal if no edge can be added without

violating its outerplanarity. Thus in a maximal outerplanar graph all the faces except for

the outerface are triangles. For k > 1, a k-outerplanar graph G is an embedded graph

such that deleting the outer-vertices from G yields a graph where each component is at

most a (k−1)-outerplanar graph; a 1-outerplanar graph is just an outerplanar graph. Note

that any planar graph is a k-outerplanar graph for some integer k > 0.
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Let G be a planar graph. We define the pieces of G as follows. If G is outerplanar, it

has only one piece, the graph itself. Otherwise, let G1, G2, . . ., Gl be the components of

the graph obtained by deleting the outer vertices (and their incident edges) from G. Then

the pieces of G are all the pieces of Gi for each i ∈ {1, 2, . . . , l}, as well as the subgraph

ofG induced by the outer-vertices ofG. Note that each piece ofG is an outerplanar graph.

Since G is an embedded graph, for each piece P of G, we can define the interior of P as

the region bounded by the outer cycle of P . Then we can define a rooted tree T where the

pieces of G are the vertices of T and the parent-child relationship in T is determined as

follows: for each piece P of G, its children are all the pieces of G that are in the interior

of P but not in the interior of any other pieces of G. A piece of G has level l if it is on

the l-th level of T . All the vertices of a piece at level l are also l-level vertices. A planar

graph is a nested outerplanar graph if each of its pieces at level l > 0 has exactly three

vertices of level (l − 1) as a neighbor of some of its vertices. On the other hand a nested

maximal outerplanar graph is a maximal planar graph where all the pieces are maximal

outerplanar graphs.

5.2 Representations for Planar 3-trees

We prove that planar 3-trees have proportional box-representation in two different ways.

The first one is a more intuitive proof; next we prove by a direct computation of the

coordinates for the representation.

Theorem 5.2.1 Let G = (V,E) be a plane 3-tree with a weight function w. Then a

proportional box-contact representation of G can be computed in linear time.

Proof: (First Proof: Intuitive) Let a, b, c be the outer vertices of G. We construct a

representation Γ for G where b occupies the bottom side of Γ, a occupies the back of

Γ−{b} and c occupies the right side of Γ−{a, b}; see Fig. 5.1. Here for a set of vertices

S, Γ − S denotes the representation obtained from Γ by deleting the boxes representing

the vertices in S. The claim is trivial when G is a triangle, so assume that G has at least

one internal vertex. Let r be the root of the representation tree TG ofG. Then r is adjacent
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Figure 5.1: Illustration for the proof of Theorem 5.2.1.

to a, b and c and thus defines three regions G1, G2 and G3 inside the triangles ∆1 = abr,

∆2 = bcr and ∆3 = car, respectively (including the vertices of these triangles). By

induction hypothesis Gi, i = 1, 2, 3 has a proportional box-contact representation Γi

where the boxes for the three vertices in ∆i occupy the bottom, back and right sides of

Γi. Define Γ′i = Γi − ∆i. We now construct the desired representation for G. First take

a box for r with volume w(r) and place it in a corner created by the intersection of three

pairwise-touching boxes; see Fig. 5.1. For each ∆i, i = 1, 2, 3, there is a corner pi formed

by the intersection of the three boxes for ∆i. We now place Γ′i (after possible scaling) in

the corner pi so that it touches the boxes for the vertices in ∆i by three planes. Note that

this is always possible since we can choose the surface areas for a, b and c to be arbitrarily

large and still realize their corresponding weights by appropriately changing the thickness

in the third dimension. This construction requires only linear time, by keeping the scaling

factor for each region in the representative tree TG at the vertex representing that region.

Then the exact coordinates can be computed with a top-down traversal of TG. �

Proof: (Second Proof: Direct Computation) Assume (after possible factoring) that for

each vertex v of G, the weight w(v) is at least 1. Let TG be the representative tree of G.

For any vertex v of TG, we denote by Uv, the set of the descendants of v in TG including

v. The predecessors of v are the neighbors of v in G that are not in Uv. Clearly each

vertex of TG has exactly three predecessors. We now define a parameter W (v) for each
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vertex v of TG. Let v1, v2 and v3 be the three children of v in TG (where zero or more

of these three children may be empty). Then W (v) is defined as Π3
i=1[W (vi) + 3

√
w(v)],

where U(vi) is taken as zero when vi is empty. We can compute the value of W (v) for

each vertex v of TG by a linear-time bottom-up traversal of TG. Once we have computed

these values, we proceed on constructing the box-contact representation as follows.

a

(a) (b)

b

c

W(r)

W(v)

w(v)

W(v1)

W(v2)

W(v3)

Figure 5.2: Illustration for the second proof of Theorem 5.2.1.

Let a, b, c be the three outer vertices ofG in the clockwise order and let r be the root of

TG. We start by computing three boxes for a, b and cwith the correct volume as illustrated

in Fig. 5.2(a), so that the volume of the dotted box R is W (r). We will now construct a

box representation of Ur inside R so that all the vertices in Ur adjacent to an outer vertex

is represented by a box with a face co-planar on the face ofR adjacent to box representing

that outer vertex. We do this recursively by a top-down computation on TG. Let v be a

vertex of TG with the three predecessors u1, u2 and u3. Let D(v) be a box with volume

W (v) and let t1, t2, t3 be three faces of it with a common point. While traversing v, we

compute a proportional box-contact representation of Uv inside D(v) where the vertices

in Uv adjacent to ui for some i ∈ {1, 2, 3} is represented by a box with a face co-planar

with ti. Let v1, v2 and v3 are the three children of v in TG (where zero or more of these

children may be empty). Also assume that x1, x2, x3 are the length, width and height of
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D(v), respectively and p is the common point of t1, t2 and t3. Then first compute a box

R(v) of volume w(v) for v with a corner at p where x′1, x′2 and x′3 are the length, width

and height of R(v), such that x′i =
3
√
w(v)

W (v1)+ 3
√
w(v)

. These choices of x′i’s also creates three

boxesD(vi) with volume at leastW (vi), i ∈ {1, 2, 3}, as illustrated in Fig. 5.2(b). Finally

we recursively compute the box representations for Uvi inside D(vi) for i ∈ {1, 2, 3} to

complete the construction. �

Theorem 5.2.2 [27] Let G be a plane 3-tree. Then a cube-contact representation of G

can be computed in linear time.

The proof of this claim also relies on the recursive decomposition of planar 3-trees.

5.3 Cube-Contact Representations for Nested Maximal Outerplanar Graphs

We prove the following main theorem in this section:

Theorem 5.3.1 Any nested maximal outerplanar graph has a proper contact representa-

tion with cubes.

We prove Theorem 5.3.1 by construction, starting with a representation for each piece

of G, and then combining all the pieces to complete the representation for G.

LetG be a nested maximal outerplanar graph. We first augment the graphG by adding

three mutually adjacent dummy vertices {A,B,C} on the outerface and then triangulating

the graph by adding dummy edges from these three vertices to the outer vertices ofG such

that the graph remains planar; see Fig. 5.3(a). Call this graph the extended graph of G.

For consistency, let the three dummy vertices have level 0. The observation below follows

from the definition of nested maximal outerplanar graphs.

Observation 5.3.1 Let G be a nested-maximal planar graph and let G′ be the extended

graph ofG. Then for each piece P ofG at level l, there is a triangle of (l−1)-level vertices

adjacent to the vertices of P and no other k-level vertices with k < l are adjacent to any

vertex of P .
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Given this observation, we use the following strategy to obtain a contact representation

of G with cubes. For each piece P of G at level l, let A, B and C be the three (l−1)-level

vertices adjacent to P ’s vertices. Let P ′ be the subgraph ofG induced vertices of P as well

as A, B and C; call P ′ an extended piece of G. We obtain a contact representation of P ′

with cubes and delete the three cubes for A, B and C to obtain the contact representation

of P with cubes. Finally we combine the representations for the pieces to complete the

desired representation of G.

5.3.1 Cube-Contact Representation for Extended Pieces

Lemma 5.3.1 Let P be a piece ofG at level l and P ′ be the corresponding extended piece

with (l − 1)-level vertices A, B and C. Then P ′ has a cube-contact representation.

Proof: Let r be a common neighbor of B and C; s a common neighbor of A and C; t a

common neighbor of A and B. It is easy to find a contact representation of P ′ if r, s and

t are the only vertices of P , so let P have at least four vertices. The outer cycle of P can

be partitioned into three paths: Pa is the path from s to t, Pb is the path from r to t and

Pc is the path from r to s. Note that all vertices on the path Pa (Pb, Pc) are adjacent to

A (B, C). We first assume that there is no chord between any two vertices on the same

path from the set {Pa, Pb, Pc}. Thus all the chords are between two different paths. We

consider the following two cases.

Case 1: There is no chord with one end-point in {r, s, t}. In this case, due to maximal-

planarity there exist three vertices a, b and c, adjacent to A, B, and C, respectively such

that (i) ab is the chord between vertices of Pa and Pb farthest away from t, (ii) bc is

the chord between vertices of Pb and Pc farthest away from r, and (iii) ac is the chord

between vertices of Pa and Pc farthest away from s; see Fig. 5.3(a). We can then find

three interior-disjoint subgraphs of P ′ defined by three separating cycles of P ′: G1 is the

one induced by all vertices on or inside ABba; G2 is induced by all vertices on or inside

BCcb; and G3 is induced by all vertices on or inside ACca. Each of these subgraphs has

the common property that if we delete two vertices from the outerface (two vertices from

the set {A,B,C} in each subgraph), we get an outerplanar graph. We next show how to
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find a contact representation for such graphs with squares in 2D:
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Figure 5.3: Illustration for Case 1 in the proof of Lemma 5.3.1.

Lemma 5.3.2 Let G be planar graph with outerface ABba and at least one internal

vertex, such thatG−{A,B} is a maximal outerplanar graph. If there is no chord between

any two neighbors of A and no chord between any two neighbors of B, then G has a

contact representation Γ in 2D where each inner vertex is represented by a square, the

union of these squares forms a rectangle, and the four sides of these rectangles represent

A, B, b and a, respectively.

Proof: We prove this lemma by induction on the number of vertices in G. Denote the

maximal outerplanar graph H = G − {A,B}; see Fig. 5.4(a). If G contains only one

internal vertex v, then we compute Γ by representing v by a square R(v) of arbitrary size

and representing A, B, b and a by the left, bottom, right and top sides of R(v).

We thus assume that G has at least two internal vertices. Let u be the unique common

neighbor of {a, b} in H . If u is a neighbor of A, then H − {a} is a maximal outerplanar

graph. By induction hypothesis, G − {a} has a contact representation Γ′ where each

internal vertex of G − {a} is represented by a square and the left, bottom, right and top

sides of Γ′ represent A, B, b and u. Then we compute Γ from Γ′ by adding a square R(u)

to represent u such that R(u) spans the entire width of Γ′ and is placed on top of Γ′; see
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Fig. 5.4(b). A similar construction can be used if u is a neighbor of B; see Fig. 5.4(c).

We thus compute a contact representation for G; see Fig. 5.4(d). �
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Figure 5.4: Illustration for the proof of Lemma 5.3.2.

From the representation with squares from the proof of Lemma 5.3.2, we can easily

find a contact representation ofGwhere each internal vertex ofG is represented by a cube

and the union of all these cubes forms a rectangular box whose four sides realize A, B, b

and a, respectively. We will use such a representation to obtain a contact representation

of P ′ with cubes as follows.

We draw pairwise adjacent cubes (of arbitrary size) for A, B, C. We need to place

the cubes for all the vertices of P in the a corner defined by three faces of the cubes

for A, B, C. Then we place three mutually touching cubes for a, b and c, which touch

the walls for A, B and C, respectively; see Fig. 5.3(b). We also compute a contact

representation of the internal vertices for each of the three graphs G1, G2 and G3 with

cubes using Lemma 5.3.2, so that the outer boundary for each of these representation

forms a rectangular pipe. We adjust the sizes of the three cubes for a, b and c in such a

way that the three highlighted rectangular pipes precisely fit these three representations

(after some possible scaling). Note that this construction works even if one or more of the
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Figure 5.5: Illustration for Case 2 in the proof of Lemma 5.3.1.

subgraphs G1, G2 and G3 are empty. This completes the analysis of Case 1.

Case 2: There is at least one chord with one end-point in {r, s, t}. Due to planarity all

such chords will have the same end-point in {r, s, t}. Suppose s is this common end

point for these chords; see Fig. 5.5(a). Let b1 and bf be the first and last endpoints in

the clockwise order of these chords around s. Then we can find two subgraphs G1 and

G2 induced by the vertices on or inside two separating cycles ABb1s and BCsbf . We

find contact representations for the internal vertices of these two graphs G1 and G2 using

Lemma 5.3.2 so that the outer-boundaries of these representation form rectangular pipes.

We then obtain the desired contact representation for P ′, starting with the three mutually

touching walls for A, B and C at right angles from each other, placing the cubes for s and

b1, . . ., bf as illustrated in Fig. 5.5(b), and fitting the representations for G1 and G2 (after

some possible scaling) in the highlighted regions.

This completes the construction for the contact representation of P ′ with the assump-

tion that there is no chord between any two vertices on the same path from Pa, Pb, Pc.

Finally now consider the case where there might be chords between vertices on the same

path. In this case, we find at most four subgraphs from P ′ as follows. At each path in

{Pa, Pb, Pc}, we find the innermost chord. Suppose these chords are a1a2, b1b2 and c1c2,

on the three paths Pa, Pb, Pc, respectively. Then three of these subgraphs Ga, Gb and Gc

are induced by the vertices on or inside the three separating triangles Aa1a2, Bb1b2 and

Cc1c2. The fourth subgraph P ∗ is obtained from P ′ by deleting all the inner vertices of
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the three graphs Ga, Gb and Gc; see Fig. 5.6.

A cube representation of P ∗ can be found by the algorithm we described before, as

P ∗ fits the condition that there is no chord between any two neighbors of the same vertex

in {A,B,C}. Note that by moving the cubes in the representation by an arbitrarily small

amount, we can make sure that for each triangle xyz in P ∗, the three cubes for x, y and z

form a corner surrounded by three mutually touching walls at right angles to each other.

Now observe that each of the three graphs Ga, Gb and Gc is a planar 3-tree; thus using the

algorithm of either [27] or [55], we can place the internal vertices of these three graphs in

their corresponding corners, thereby completing the representation. �

5.3.2 Cube-Contact Representation for a Nested Maximal Outerplanar Graph
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Figure 5.6: Removing chords with end-vertices in the same neighborhood.

Proof of Theorem 5.3.1: Let G be a nested maximal outerplanar graph. We build the

contact representation ofG by a top-down traversal of the rooted tree T of the pieces ofG.

We start by creating a corner surrounded by three mutually touching walls at right angle

to each other. Then whenever we traverse any vertex of T , we realize the corresponding

piece P at level l by obtaining a representation using Lemma 5.3.1 and placing this in

the corner created by the three already-placed cubes for the three (l − 1)-level vertices

adjacent to P (after possible scaling). �
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5.4 Proportional Box-Contact Representation for Nested Outerplanar Graphs

In this section we prove the following main theorem.

Theorem 5.4.1 Let G = (V,E) be a nested outerplanar graph and let w : V → R+ be a

weight function defining weights for the vertices of G. Then G has a proportional contact

representation with axis-aligned boxes with respect to w.

We construct a proportional representation for G using a similar strategy as in the

previous section: we traverse the construction tree T of G and deal with each piece of G

separately. Each piece P ofG is an outerplanar graph and hence one can easily construct a

proportional box-contact representation for P as follows. Any outerplanar graph P has a

contact representation with rectangles in the plane. In fact in [1], it was shown that P has

a contact representation with rectangles on the plane where the rectangles realize prespec-

ified weights by their areas. Thus by giving unit heights to all rectangles we can obtain

a proportional box-contact representation of P for any given weight function. However

if we construct proportional box-contact representation for each piece of G in this way, it

is not clear that we can combine them all to find a proportional contact representation of

the whole graph G. Instead, we use this construction idea in the following two lemmas to

build two different proportional rectangle-contact representations for outerplanar graphs

and we use them in the proof of Theorem 5.4.1.

Suppose O is an outerplanar graph and Γ is a contact representation of O with rect-

angles in the plane. We say that a corner of a rectangle in Γ is exposed if it is on the

outer-boundary of Γ and is not shared with any other rectangles.

Lemma 5.4.1 Let O be a maximal outerplanar graph with a weight function w. Let 1,

. . ., n be the clockwise order of the vertices around the outer-cycle. Then a proportional

rectangle-contact representation Γ ofO with respect to w can be computed so that rectan-

gleR1 for 1 is leftmost in Γ, rectangleRn for n is bottommost in Γ−R1, and the top-right

corner for each rectangle is exposed in Γ.

Proof: We give an algorithm that recursively computes Γ. Constructing Γ is easy whenG

is a single edge (1, n). We thus assume thatG has at least 3 vertices. Let x be the (unique)
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Figure 5.7: Illustration for the proof of Lemma 5.4.1.

third vertex on the inner face that is adjacent to (1, n). Then graph G can be split into two

graphs at vertex x and edge (1, n): G[1, x] consists of the graph induced by all vertices

between 1 and x in clockwise order around the outer-cycle; while G[x, n] consists of the

graph induced by the vertices between x and n.

Recursively draw G[1, x] and remove the rectangles for 1 and x from it; call the result

Γ1. Again recursively draw G[x, n] and remove x and n from it; call the result Γ2. Now

draw a rectangle Rx for x with area w(x). Let lx and hx be the width and height of

Rx, respectively. Then draw the rectangles R1 and Rn for 1 and n touching the left and

the bottom sides of Rx, respectively with necessary areas. Select the widths and heights

of these two rectangles such that the area lx(h1 − hn − hx) can contain Γ1 while the

area (wn − wx) ∗ hx can contain Γ2, where lj and hj denote the width and height of Rj ,

respectively for j ∈ {1, n}. Finally place Γ1 (after possible scaling) touching the right

side of R1 and the top side of Rx and place Γ2 (after possible scaling) touching the right

side of Rx and the top side of Rn to complete the drawing; see Fig. 5.7. �

Note that in the layout obtained above the top right corners of the rectangles for ver-

tices {1, . . . , n} have increasing x-coordinates and decreasing y-coordinates. Thus we

refer to them as Staircase layouts and to the algorithm as the Staircase Algorithm.

Lemma 5.4.2 Let O be a maximal outerplanar graph with a weight function w. Let 1,

. . ., n be the clockwise order of the vertices around the outer-cycle. Then a proportional

rectangle-contact representation Γ of O with respect to w can be computed so that rect-

angle R1 for 1 is leftmost in Γ, rectangle Rn for n is bottommost in Γ − R1, and the
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top-right corners of all rectangles for vertices {1, . . . , i} and the bottom-right corners of

all rectangles for vertices {i, . . . , n} are exposed in Γ.
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Figure 5.8: Illustration for the proof of Lemma 5.4.2.

Proof: We again compute Γ recursively. Constructing Γ is easy when G is a single edge

(1, n). We thus assume that G has at least 3 vertices. Let x be the (unique) third vertex

on the inner face that is adjacent to (1, n). Define the two graphs G[1, x] and G[x, n] as

in the proof of Lemma 5.4.1; see also Fig. 5.8(a).

If x > i, then recursively draw G[1, x] and remove the rectangles for 1 and x from it;

call the result Γ1. DrawG[x, n] using the Staircase Algorithm. Now draw three mutually

touching rectangles R1, Rx and Rn for 1, x and n, respectively with necessary areas such

that the right side of R1 touches both Rx and Rn and the right side of Rx has greater

x-coordinate than the right side of Rn; see Fig. 5.8(b). Finally place Γ1 (after possible

scaling) touching the right side of R1 and the top side of Rx such that the right side of

the rectangle for (x− 1) extends past Rx. Also place Γ2 (after 90◦ clockwise rotation and

possible scaling) touching the bottom side of Rx and the right side of Rn to complete the

drawing (the width of Rx can be chosen long enough so that Γ2 can be contained between

the bottom side of Rx and the right side of Rn).

On the other hand if x = i we follow almost the same procedure as in the previous

paragraph. However, instead of the drawing of G[1, x] recursively, we compute it by the

Staircase Algorithm and then delete from it 1 and x to obtain Γ1. We compute Γ2 as

in the previous section. We also draw R1, Rx and Rn in the same way. Then we place

Γ1 (after possible scaling) touching the right side of R1 and the top side of Rx (again the
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Figure 5.9: Illustration for Theorem 5.4.1. Construction of the representation for a piece
P of G, when no vertex of P is adjacent to all of {A,B,C}

width ofRx is chosen long enough so that this can be done). We also place Γ2 as the same

manner as before to complete the drawing; see Fig. 5.8(c).

Finally if x < i, then we draw G[1, x] by the Staircase Algorithm and delete from it

1 and x to obtain Γ1. However, to compute Γ2, we recursively draw G[x, n] and delete x

and n from it. We now draw R1, Rx and Rn as before but this time the right side of Rn

should extend pastRx. We now place Γ1 (after possible scaling) touching the right side of

R1 and the top side of Rx (this is again possible for suitable choice of the height of R1).

Finally we complete the drawing by placing Γ2 (after possible scaling) touching the right

side of Rx and the top side of Rn so that the right side of the rectangle for n− 1 extends

past Rn; see Fig. 5.8(d). �

Note that in the layout obtained above the top-right corners for vertices {1, . . . , i} and

the bottom-right corners for vertices {i+ 1, . . . , n} form two staircases. Thus we refer to
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Figure 5.10: Illustration for Theorem 5.4.1 (contd.). Construction of the representation
for a piece P of G, when a vertex of P is adjacent to all of {A,B,C}.

this as a Double-Staircase layout, to the algorithm as the Double-Staircase Algorithm,

and to vertex i as the pivot vertex.

Let O be a maximal outerplanar graph and let Γ be either a Staircase or a Double-

Staircase layout. Then any triangle {p, q, r} in O is represented by three rectangles and

the shared boundaries of these rectangles define a T-shape. The vertex whose two shared

boundaries are collinear in the T-shape is called the pole of the triangle {p, q, r}.

Proof of Theorem 5.4.1. Let T be the construction tree for G. We compute a representa-

tion for G by a top-down traversal of T , constructing the representation for each piece as
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we traverse it. Let P be a piece ofG at the l-th level. If P is the root of T , then we use the

Staircase Algorithm to find a contact representation of P with rectangles in the plane

and then we give necessary heights to these rectangles to obtain a proportional contact

representation of P with boxes. Otherwise the vertices of P are adjacent to exactly three

(l − 1)-level vertices A, B, C that form a triangle in the parent piece of P . Since A, B,

C belong to the parent piece of P , their boxes have already been drawn when we start

to draw P . To find a correct representation of G, we need that the boxes for the vertices

in P have correct adjacencies with the boxes for A, B, and C; hence we assume a fixed

structure for such a triangle. We maintain the following invariant:

Let {p, q, r} be three vertices in a piece P of G forming a triangle. Then in the

proportional contact representation of P , the boxes for p, q, r are drawn in such a way that

(i) the projection of the mutually shared boundaries for these boxes in the xy-plane forms

a T-shape, (ii) the highest faces (faces with largest z-coordinate) of the three rectangles

have different z coordinates and the highest face the pole-vertex of the triangle has the

smallest z-coordinate.

Note that by choosing the areas of the rectangles in the Staircase layout, we can

maintain this invariant for the parent piece by appropriately adjusting the heights of the

boxes(e.g., incrementally increasing heights for the vertices in the recursive Staircase

Algorithm).

We now describe the construction of a proportional box-contact representation of P

with the correct adjacencies for A, B and C. By the invariant the projection of the shared

boundaries for {A,B,C} forms a T-shape in the xy-plane. Without loss of generality

assume that A is the pole of the triangle and the highest faces of B, C and A are in this

order according to decreasing z-coordinates. Also assume that P is a maximal outerplanar

graph; we later argue that this assumption is not necessary.

Let ab be a common neighbor of A and B; bc a common neighbor of B and C; ca a

common neighbor of C and A. Then the outer cycle of P can be partitioned into three

paths: Pa is the path from ca to ab, Pb is the path from ab to bc and Pc is the path from

bc to ca. All the vertices on the path Pa (Pb, Pc, respectively) are adjacent to A (B, C,

respectively). We first assume that there is no chord in P between ca and another vertex
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on path Pa. We consider the following two cases.

Case 1: No vertex of P is adjacent to all of {A,B,C}. We number the vertices of P in the

clockwise order starting from ca = 1 and ending at n, where n is the number of vertices

in P . Let i and j be the indices of vertices bc and ab, respectively. Let x be the index

of the vertex that is the (unique) third vertex of the inner face of P containing the edge

(1, n). Define the two graphs G[1, x] and G[x, n] as in the proof of Lemma 5.4.1. We first

find a proportional contact representation of P for w restricted to the vertices of P using

rectangles in the plane, then we give necessary heights to this rectangles. Draw G[x, n]

using the Staircase Algorithm and delete the rectangles for x and n to obtain Γ2. Draw

rectangles Rx and Rn for x and n, respectively, so that the bottom side of Rx touches the

top side of Rn, the left sides for both the rectangles have the same x-coordinate and and

the right side of Rn extends past Rx. Now place Γ2 (after possible scaling) touching the

right side of Rx and the top side of Rn (this is possible since we can make the width of

Rn sufficiently long); see Fig. 5.9. Place the rectangle R1 for 1 touching the left sides of

Rx and Rn such that its bottom side is aligned with Rn and its top side is aligned with the

top side of the rectangle for j. To complete the rest of the drawing, we have the following

two subcases:

Case 1a: x ≤ i. We draw G[1, x] using the Staircase Algorithm and delete from it

the rectangles for 1 and x to obtain Γ1. We finally place Γ1 (after 90◦ counterclockwise

rotation and possible scaling) touching the top side of R1 and left side of Rx (this is

possible by choosing a sufficiently large height for Rx); see Fig. 5.9(a).

Case 1b: x > i. We draw G[1, x] using the Double-Staircase Algorithm where i is

the pivot vertex. From this drawing, we delete the rectangles for 1 and x to obtain Γ1.

Finally place Γ1 (after 90◦ counterclockwise rotation and possible scaling) touching the

top side of R1 and left side of Rx such that the topside of the rectangle for (x − 1) goes

past the top side of Rx; see Fig. 5.9(b).

So far we used the function w to assign areas for the rectangles and obtained pro-

portional box-contact representation of P from the rectangles by assigning unit heights.

However, by changing the areas for the rectangles, we can obtain different heights for the

boxes. We will use this property to maintain adjacencies with {A,B,C}, as well as to
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maintain the invariant. Specifically, once we get the box representation of P , we scale

it by increasing the heights for the boxes, so that when we place it at the corner created

by the T-shape for {A,B,C} it will not intersect the representation for any of its sibling

pieces in T . Consider the point p which is the intersection of the lines containing the right

side of the rectangle for i and the top side of the rectangle for j. We place Γ such that

the point p superimposes on the corner for the T-shape in the projection on the xy-plane.

Since the highest faces of B, C and A are in this order according to z-coordinate, the

adjacencies of the vertices in P with {A,B,C} are correct. By appropriately choosing

the areas for the rectangles, we ensure that all the boxes for the vertices of P have their

highest faces above that of B and that the invariant is maintained.

Case 2: A vertex of P is adjacent to all of {A,B,C}. In this case at least one of {A,B,C}
has only one neighbor in P . Assume first that a vertex b (= ab = bc) of P is adjacent to

all of {A,B,C} and this is the only neighbor of B; see Fig. 5.10(a). Then we follow the

steps for Case 1a with b = j (and some vertex between x and b as i). But when we finally

place this representation of P on the corner for the T-shape of {A,B,C}we find the point

p to superimpose on this corner as follows. The point p is on the line containing the top

side of the rectangle for b and has x-coordinate between the right sides of the rectangles

for b and (b− 1).

If a vertex c (= bc = ca) is adjacent to all of {A,B,C} and is the only neighbor of

C in P , then we follow the steps of Case 1b with i = 2 and j = ab; see Fig. 5.10(b).

We find the point p to superimpose on the corner for the T-shape of {A,B,C} as follows.

The point p is on the line containing the top side of the rectangle for j = ab and has

x-coordinate between the left sides of the rectangles for 1 and 2.

If a vertex a (= ab = ca) is adjacent to all of {A,B,C} and is the only neighbor

of A in P , then we number the vertices of P in the clockwise order starting from the

clockwise neighbor of a and ending at a = n; see Fig. 5.10(c). We use the Staircase

Algorithm to find a proportional representation of P using rectangles and give necessary

heights to obtain a representation with boxes. On the corner for the T-shape of {A,B,C},
we superimpose the point at the intersection of the lines containing the top side of the

rectangle of n and the right side of the rectangle for bc.
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Finally, we consider the case when there is a chord between ca and another vertex on

the path Pa. Take the innermost such chord and let its other end-vertex be t. Then consider

the two subgraphs P1 and P2 induced by all the vertices outside the chord and inside the

chord (along with the two vertices ca and t). P1 does not contain any chord from ca; thus

we use the algorithm above to obtain a representation of P1; denote this by Γ′. In this

representation ca and t will play the roles of 1 and n, respectively. Each vertex of P2 is

adjacent to A and we find a proportional contact representation of P2 and attach it with Γ′

as follows. We use the Staircase Algorithm to find a proportional contact representation

of P2 with rectangles in the plane and delete the rectangles for ca and t from it to obtain

Γ′′. In Γ′, we change the height of the rectangle R1 for ca = 1 to increase its area so that

its bottom side extends past the bottom side of the rectangle Rn for t = n. Then we place

Γ′′ (after reflecting with respect to the x-axis and possible scaling) touching the right side

of R1 and the bottom side of Rn. Since the Staircase Algorithm can accommodate any

given area for the layout, we can change the heights of the boxes for the vertices in P2 to

maintain the invariant.

Thus with the top-down traversal of T , we obtain a proportional contact representation

for O. We assumed that each piece of O is maximal outerplanar. However in the contact

representation, for each edge (u, v), either a face of the box Ru for u is adjacent to the

box Rv for v and no other box; or a face of Rv is adjacent to Ru and no other box. In both

cases the adjacency between these two coxes can be removed without affecting any other

adjacency. Thus this algorithm holds for any nested outerplanar graph O. �

5.5 Conclusions and Future Work

We proved that nested maximal outerplanar graphs have cube-contact representations and

nested outerplanar graphs have proportional box-contact representations. These classes of

graphs are special cases of k-outerplanar graphs, and the set of k-outerplanar graphs for

all k > 0 is equivalent to the class of all planar graphs. Even though our approach might

generalize to large classes, cube-contact representations and proportional box-contact rep-

resentations are still open for general planar graphs.
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CHAPTER 6

Improper Contact Representations with Tetrahedra

Here we study graphs that can be realized as contacts of interior-disjoint tetrahedra. In

order to forbid trivial representations such as realizing a complete graph by all tetrahedra

touching at a common contact point, our contact model requires that no three tetrahedra

have a point in common. We call the graphs representable in our model tetrahedron

contact graphs.

We study contact graphs with both general tetrahedra and unit-regular tetrahedra. We

consider two models of contact: an unrestricted model where we allow any type of contact

between two tetrahedra; and a vertex-to-vertex model, where two tetrahedra touch each

other only at a common vertex. Here is a list of our results:

(a) Planar graphs, graphs with ≤ 7 nodes, complete graphs with ≤ 10 nodes, complete

bipartite and complete tripartite graphs are contact graphs with general tetrahedra.

(b) Graphs with≤ 5 nodes and a few graphs with 6 nodes (K2,4, K3,3) are realizable with

tetrahedra in the vertex-to-vertex model.

(c) Complete graphs with ≤ 5 nodes and complete bipartite graphs Km,n, m,n ≤ 3 are

contact graphs with unit-regular tetrahedra. However not even all binary trees are

realizable in this model.

(d) In the most restricted variant of contacts with unit-regular tetrahedra in the vertex-to-

vertex model, K4 and K2,3 are realizable but K5 and K3,3 are not.

6.1 Contact Graphs with General Tetrahedra

In this section, we consider contact representation without any restriction on the shapes

and sizes of the tetrahedra. First we study contact graphs where two tetrahedra can touch
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in any way to realize an arc of a graph. Next we explore the contact model where each

arc is realized by two tetrahedra making contact through one of their vertices.

6.1.1 Unrestricted Model of Contact

Here the tetrahedra are allowed to touch at the vertices, the edges and/or on the faces. We

prove that all planar graphs and many non-planar graphs can be realized.

Observation 6.1.1 Any planar graph can be realized as a tetrahedron contact graph.

Proof: A planar graph can be realized as a triangle contact graph [44]. Assign an arbitrary

height to each triangle to obtain a tetrahedron contact representation. �

Theorem 6.1.1 Complete tripartite graphs can be realized as tetrahedron contact

graphs.

Proof: Fig. 6.1 gives a realization of a complete tripartite graph. See that for all the

edges between any two partitions, we select a side from each tetrahedron in each of the

partitions that are all coplanar and we create adjacencies between these two specified

r

s

t

Figure 6.1: Tetrahedron contact representation for a tripartite graph.

143



sides for each pair of tetrahedra by identifying these two planes. �

The following corollary follows immediately from Theorem 6.1.1.

Corollary 6.1.1 Complete bipartite graphs can be realized as tetrahedron contact

graphs.

Theorem 6.1.2 Any graph with ≤ 7 nodes can be realized as a tetrahedron contact

graph.

Proof: Any graph G with ≤ 7 nodes is a subgraph of K7. Here we first give a realization

Γ for K7. We then show how we can obtain a realization of G by modifying Γ. We build

Γ by incrementally inserting tetrahedra, one at a time, so that it has a contact point with

all previous tetrahedra. For the first tetrahedron we use only one of its faces f to make

all the contacts. We insert the next three tetrahedra so that they are mutually touching

and each of them has one vertex touching the face f ; see Fig. 6.2(a). We put the fifth

tetrahedron so that it again touches f by a vertex and it touches the other three tetrahedra

already placed by two vertices and an edge. This leaves its fourth vertex not touching any

of the tetrahedra till now. We put this fourth vertex in such a way that there is a valley for

the sixth tetrahedron, which can make contact with all five previous ones. In the figure we

have marked a vertex on each of the tetrahedra except for the first one. One can see that

by careful choice of the coordinates of these five points, we can make them all coplanar

with a point on f . We then use these six coplanar points to make contacts with a seventh

tetrahedron; see Fig. 6.2(a).

We now see how we can construct a representation for G. Since G has at most seven

nodes, it is a subgraph of K7. Deleting a node from K7 can be done by removing the

corresponding tetrahedron from the representation. Thus it is sufficient to show that we

can remove any particular adjacency between two tetrahedra from Γ without affecting any

other adjacency. First, one can see that removing any adjacency with the first tetrahedron

is easy since while placing a subsequent tetrahedron, we can just make it non-adjacent

to f , without changing anything else in the construction. In a similar vein, it is easy to

remove any adjacency with the last tetrahedron, since we can just refrain from making the
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corresponding point coplanar. Thus we show how we can remove adjacencies between

the other tetrahedra. When we place the second, third, fourth and fifth tetrahedra, instead

of making them mutually touching, we could have made any pair non-adjacent with a

slight rotation. Similarly, while putting the sixth tetrahedron in the valley, we could have

made it non-adjacent to any subset of the previous ones by perturbing its position slightly.

In this way we can obtain a representation for any subgraph of K7, i.e., any graph with at

most seven nodes. �
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(a) (b)

Figure 6.2: (a) A realization of K7, from which a realization for any graph with at most 7
nodes can be obtained, (b) Construction for the representation of K10.

Theorem 6.1.3 Any complete graph Kn, for n ≤ 10, can be realized as a tetrahedron

contact graph.

Proof: We use the ideas from Theorem 6.1.2 and Corollary 6.1.1 to construct a represen-

tation forK10. Once we obtain a representation forK10, we can easily obtain a realization

for Kn for any value of n ∈ {1, . . . , 10} by removing the necessary number of tetrahedra.

The complete graph K10 can be constructed from two copies of K5 along with a com-

plete bipartite graph K5,5 between the nodes of the two copies of K5. In Corollary 6.1.1,

we saw that we can create the contacts for a complete bipartite graph whenever each

tetrahedron in each of the two partitions have one side that is parallel and coplanar to the

corresponding sides of the others. We thus construct a K5 where each tetrahedron has an
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edge contained on a plane P ; see Fig. 6.2(b). We place the first tetrahedron touching P by

an edge. We create all the contacts for this tetrahedron using its face f , which resembles

a wall over P . We place the next three tetrahedra mutually touching each other so that

they have a contact point on f and an edge on P . We then mark one vertex from each of

these four tetrahedra that can be made coplanar with a point on P . Use these points to

make contacts with a fifth tetrahedron, which also has an edge on P . Note that there is a

rectangular region R on P and all these edges from the five tetrahedra on P go across R.

Call the union of these five tetrahedra Γ. Make a copy Γ′ of Γ, reflect it with respect to

P and rotate it 90◦ along a line perpendicular to P . Putting Γ and Γ′ on top of each other

along R gives a realization of K10. �

6.1.2 Vertex-to-Vertex Model

In this model of contact the tetrahedra are allowed to touch only at their vertices. Then

for any graph realizable in this model the degree of any node is at most 4. Thus here we

only consider graphs with maximum degree 4.

Theorem 6.1.4 K5 is realizable in a vertex-to-vertex contact representation of tetrahe-

dra.

Proof: A realization of K5 may be constructed as follows: Arrange three mutually touch-

ing tetrahedra P1, P2 and P3 so that the three contact-points form an empty equilateral

triangle T with unit side lengths on the plane z = 0. The remaining two vertices for each

of these three tetrahedra are placed outside the vertical triangular column defined by T ,

one with z-coordinate = 2 and the other with z-coordinate = -2. The fourth tetrahedron

has vertices at the three vertices from P1, P2 and P3 with positive z-coordinate and a ver-

tex at the center of T . The fifth tetrahedron has vertices at the three vertices from P1, P2

and P3 with negative z-coordinate and a fourth vertex at the center of T . See Fig. 6.3(a)

for an illustration, where the first three tetrahedra with edges forming T are shown in blue

and the other two tetrahedra are shown in green. �
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(a) (b)

Figure 6.3: (a) A realization of K5 in the vertex-to-vertex model with general tetrahedra,
(b) A realization of K2,3 in the vertex-to-vertex model with unit regular tetrahedra.

Corollary 6.1.2 Any graph with 5 nodes is realizable in a vertex-to-vertex contact repre-

sentation of tetrahedra.

Proof: Start with the construction in Theorem 6.1.4. For each point of contact p corre-

sponding to an arc that we want to remove, move slightly one of the two vertices touching

each other at p such that the contact is removed, without modifying the position of the

other vertices, and thereby not disturbing the other contacts. �

Next, we identify some complete bipartite graphs which are realizable in a vertex-to-

vertex contact representation of tetrahedra. We begin with the observation below, which

follows from the construction in Fig. 6.3(b).

Observation 6.1.2 K2,3 is realizable in a vertex-to-vertex contact representation of unit-

regular tetrahedra.

Using this construction forK2,3 we can compute contact representations of other com-

plete bipartite graphs in the vertex-to-vertex model.

Theorem 6.1.5 K2,4 and K3,3 are realizable with vertex-to-vertex contacts of tetrahedra.

Proof: For the construction of the contact representations for both the graphs, we start

with the realization of K2,3 using regular tetrahedra in the vertex-to-vertex model; see

147



Fig. 6.3(b). To find a representation for K2,4, turn the upper blue tetrahedron upside down

so that its free vertex is now below the other three vertices. Then shrink both the blue

tetrahedra so that they do not touch each other and finally add a fourth red tetrahedron

touching the two free vertices of the blue tetrahedra.

For the representation for K3,3, shrink the lower blue tetrahedron by moving the three

bottom vertices upward. Move also the three vertices of the red tetrahedra touching these

vertices of the lower blue tetrahedra so that all the contacts remain unchanged. Continue

shrinking the blue tetrahedron until the red tetrahedra are tilted with one of their free

vertices on a plane A lying below all tetrahedra. Add a third blue tetrahedron so that it is

incident to the three red vertices on A. �

6.2 Contact Graphs with Unit Regular Tetrahedra

In this section we consider contact representations using regular tetrahedra with unit-

length sides. We first note that the contact graph class in this model is significantly more

restricted than the contact graphs for general tetrahedra. For example, here we prove that

not all planar graphs and not even all binary trees are realizable as contact graphs with

unit-regular tetrahedra. Additionally, Chen shows in [32] that the number of mutually

touching unit-regular tetrahedra is bounded by 98.

Lemma 6.2.1 No complete binary tree of height ≥ 17 is a contact graph of unit-regular

tetrahedra.

Proof: Let T be a complete binary tree with with height h ≥ 17; then the number of ver-

tices in T is n = 2h+1− 1. Assume for a contradiction that T has a contact representation

Γ with unit-regular tetrahedra. Consider the sphere S of the smallest size that bounds Γ.

Since the diameter of T is 2h, the diameter of S is at most 2h+1 and hence the volume of

S is at most (2h+1)3π/6. Since this contains n unit-regular tetrahedra, each with volume

1/6
√

2, the volume of S must be at least n/6
√

2. For h ≥ 17 this gives a contradiction.

�
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In the rest of the section we identify some graph classes that admit contact represen-

tation with unit-regular tetrahedra in the unrestricted and the vertex-to-vertex model.

6.2.1 Unrestricted Model of Contact

We prove the following results:

Theorem 6.2.1 Complete graphs Kn, n ≤ 5, are realizable with unit-regular tetrahedra.

Proof: We may realize K5 as follows. First, arrange three of the tetrahedra so that they

each have a face on the z = 0 plane, their fourth vertices are below the z = 0 plane, and

they mutually touch in a manner that the three points of contact form an empty equilateral

triangle T with side length 1
2
; see Fig. 6.4(a). Next, place the fourth tetrahedron so that it

has a face on the the z = 0 plane, its fourth vertex is above the z = 0 plane, and the center

of the face touching the z = 0 plane touches the center of T ; see Fig. 6.4(b). Finally,

we place the fifth tetrahedron
√

2/3 units below the fourth tetrahedron in the negative z

direction so that it touches the center of T along with the other 3 tetrahedra, to yield a

realization for K5; see Fig. 6.4(c). �

Figure 6.4: A series of steps illustrating the construction of K5 with regular tetrahedra.

Theorem 6.2.2 Any complete bipartite graph Km,n, with m,n ≤ 3, is a contact graph

for unit-regular tetrahedra.
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Proof: Place three tetrahedra on an horizontal plane H such that the second one and the

third one have a full side incident to the first one on H . Separate the three tetrahedra

slightly so that they do not touch. Place the remaining three tetrahedra below H in a

similar way such that they do not touch each other and have one side incident to H (and

hence the first three tetrahedra). �

Theorem 6.2.3 K2,2,2 is a contact graph for unit-regular tetrahedra.

Proof: We illustrate this result in Figure 6.5. The three colors used represent the three

sets. Two perspectives are given to aid in visualizing the construction. �

Figure 6.5: A contact representation of K2,2,2 with unit-regular tetrahedra.

6.2.2 Vertex-to-Vertex Model

Theorem 6.2.4 K4 admits contact representations with unit regular tetrahedra in the

vertex-to-vertex model of contact. K5 is not realizable in this model.

Proof: There are exactly two possible realizations of K4 with unit-regular tetrahedra in

the vertex-to-vertex model; see Fig. 6.6. A fifth tetrahedron cannot be attached to either
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of these constructions so that it touches the first four tetrahedra already in place because

any two free vertices of the first 4 tetrahedra are separated by a distance of more than 1

unit. �

Figure 6.6: The two possible realizations ofK4 in the vertex-to-vertex contact model with
unit-regular tetrahedra.

Theorem 6.2.5 K2,3 admits contact representation with unit-regular tetrahedra in the

vertex-to-vertex model of contact. K3,3 is not realizable in this model.

Proof: The fact thatK2,3 is realizable follows from Observation 6.1.2 and it is not difficult

to see that K3,3 is not realizable. �

6.3 Conclusion

Here we considered different variants of the problem of contact representation with tetra-

hedra. In the most unrestricted model with no limitations on the size and shape of the

tetrahedra, as well as the type of contact, we showed that complete graphs with at most

10 nodes are realizable. This implies that one can arrange at least 10 mutually touching

tetrahedra in 3D. An open question is to find the maximum number of mutually touch-

ing tetrahedra that can be arranged in 3D. Another open problem is to find subclasses of

planar graphs that are contact graphs with unit-regular tetrahedra. Finally, another tetra-

hedron contact model remains unexplored, where we use regular tetrahedra with varying

sizes.
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CHAPTER 7

Conclusion and Open Problems

We presented the problem of contact representation of graphs with polygons and polyhe-

dra, where vertices are represented with contacts between polygons and polyhedra. In the

weighted version of the problem (called proportional contact representation), the areas of

the polygons or the volumes of the polyhedra are also prescribed. We presented several

new results on weighted contact representations of planar graphs in the plane as well as

on weighted and unweighted contact representations of planar and non-planar graphs in

3D. Here we summarize our results for contact representations in both 2D and 3D, and

mention some natural open problems that were raised by our work.

7.1 Results and Open Problems in the Plane

In Chapter 3 and 4 we present our results on proportional contact representation of planar

graphs and different subclasses using non-rectilinear and rectilinear polygons, respec-

tively. Table 1.1 summarizes our results in the plane.

In particular we show that convex polygons are not always sufficient for proportional

contact representation of planar graphs. If point-contacts are allowed, then non-convex

polygons with 4 sides are sometimes necessary and always sufficient for proportional con-

tact representation of a planar graph. Otherwise for proportional proper contact represen-

tation of a planar graph, 7-sided polygons are sometimes necessary and always sufficient.

We give a linear-time algorithm in each case to compute the optimal representation. For

(2, 3)-sparse planar graphs, triangles are necessary and sufficient for improper contact

representation and 4-sided convex polygons are sometimes necessary and always suffi-

cient for proper contact representation. In both cases such representations can be con-

structed in O(n2) time. For maximal outerplanar graphs, linear-time algorithms are given
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to compute hole-free side-contact proportional representations with triangles and linear

complexity of outer boundary, and with convex quadrilaterals and constant complexity

of outer boundary. We also show that 6-sided polygons are sufficient for proper-contact

representation for 4-connected maximal planar graphs.

If we consider representations with rectilinear polygons only, then 8 sides are some-

times necessary and always sufficient for a planar graph. While we do not have a

polynomial-time algorithm to construct such a representation, we also give a linear-time

algorithm to compute representation with 10-sided rectilinear polygons. For planar 3-

trees and for Hamiltonian maximal planar graphs, rectilinear 8-sided polygons are some-

times necessary and always sufficient and we give linear-time construction algorithms for

both these subclasses. For a maximal outerplanar graph, rectangles are necessary and

sufficient, while 6-sided polygons are sometimes necessary and always sufficient if the

outer-boundary has constant complexity. The representations can be computed in linear

time in both cases.

Several natural open questions arose from these results. In particular, a closer look at

Table 1.1 shows that there are gaps between the known upper and bounds for some classes

of graphs. We summarize these and some other natural open problems on contact graphs

in the plane here.

• Polynomial-Time Algorithm for Optimal-Complexity Rectilinear Cartograms:

Our proof for optimal-complexity proportional contact representation for planar

graph in [3] does not yield a polynomial-time algorithm to compute the actual car-

togram. Thus, the problem of finding a polynomial-time algorithm to compute an

optimal-complexity cartogram for a given planar graph remains wide open.

• Optimal-Complexity Cartograms for 4-Connected Graphs: For internally-

triangulated 4-connected planar graphs, we have an alternative algorithm providing

a rectilinear cartogram with complexity 8 in linear time [3], that relies on finding a

Hamiltonian cycle in the graph. However, for this graph class we might do better

than 8, since the best known lower bound on the polygonal complexity is 6. Deter-

mining whether 6 or 8 is the tight bound is a challenging open question. In a similar
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vein, with non-rectilinear polygons, the current best known lower bound and upper

bounds on the polygonal complexity of a cartogram for this graph class are 4 and

6 [6]. Determining the tight bound here (4 or 6) is another open problem.

• Optimal-Complexity Hole-free Cartograms for Maximal Planar Graphs: Our

representation for maximal planar graphs with (non-rectilinear) 7-sided poly-

gons [2] is optimal but has the disadvantage of containing a lot of unused area

or holes, while holes are undesirable in certain applications. However, the best

known upper bound for a hole-free representation for this graph class is 8, due to

our results that uses rectilinear polygons only [3]. Thus, it remains to show whether

7-sided or 8-sided polygons for hole-free representations are the best possible.

• Contact Representations with Convex Polygons of Constant Complexity: Any

planar graph can be represented by convex touching hexagons [49]; see Fig. 1.1(d).

Conversely, the underlying graph for any proper contact representation in the plane

is necessarily planar. However, such characterization for the subclasses repre-

sentable by convex polygons with complexity 3, 4 or 5 is unknown. For each of

these cases, some subclasses are known for which convex polygons with the fixed

complexity always suffices. For example, touching triangles are always sufficient

for outerplanar graphs [58] and for 3-connected cubic graphs [78]. On the other

hand, it is not difficult to show that a small graph, such as K5 minus one edge, can-

not be represented by touching triangles. Again, the class of 4-connected internally-

triangulated plane graphs can be represented by contacts of convex quadrangles, or

more specifically, axis-aligned rectangles [80]. Similarly, any Hamiltonian maxi-

mal planar graph has a representation with convex pentagons [108]. It would be

interesting to find either a complete characterization or a recognition algorithm de-

ciding whether a given planar graph has a contact representation with triangles,

quadrilaterals, and pentagons.

• Drawing a Plane Graph with Prescribed Face-Complexities: As discussed in

Chapter 1, the problem of contact representation of planar graphs can also be stud-

ied in the dual setting: given a planar graph G (possibly with a fixed embedding),
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the goal is to find a drawing ofG in which all faces ofG are drawn with a prescribed

complexity. In a restricted variant, where each face is required to be an orthogonal

rectangle, Miura et al. [86] gave an algorithm to test existence of a desired drawing.

It would be worthwhile to generalize this for the orthogonal setting in which each

face is required to have a prescribed face complexity ≥ 4.

• Drawing a Plane Graph with Prescribed Face-Complexities and Face-Areas:

This variant of the problem is related to the one that we just discussed in the pre-

vious paragraph; however here the drawing of an input plane graph G must addi-

tionally realize prescribed areas for every face. We can study this problem in two

settings. In the first one, a particular drawing Γ of G is given and the goal is to

modify Γ so that the polygonal complexity of its faces is not increased, while the

area of every face is realized. We can also consider a second setting in which only a

topological description of G, rather than an initial drawing Γ, is a part of the input.

In this variant, we want to construct a drawing of G with prescribed complexities

and areas of its faces.

7.2 Results and Open Problems in 3D

In Chapter 5 and 6, we switch our attention to contact representation with 3D polyhedra.

First in Chapter 5 we find several subclasses of planar graphs that have contact represen-

tations using cubes or proportional boxes. Finally in Chapter 6 we consider (improper)

contact representation using tetrahedra, and presented some preliminary results. We show

that planar graphs, complete bipartite and tripartite graphs, and complete graphs with at

most 10 vertices have contact representation with tetrahedra. We also address variants of

this problem using only regular tetrahedra of unit size or considering contacts only be-

tween apices of the tetrahedra or using both restrictions. Many research questions remain

open, with some of them as fundamental as: does every planar graph have a proper con-

tact representation with cubes, or how many tetrahedra (or cylinders) can mutually touch

each other? Next we describe several such questions.
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• Contact Representation with Cubes and Proportional Boxes: For both this

problem our holy grail is to investigate whether every planar graph admits a desired

representation. We prove that many subclasses of planar graphs admit represen-

tation with either cubes or proportional boxes, but the problem remains open for

general planar graphs.

For both representations it is also possible to realize non-planar graphs. Thus char-

acterizing and recognizing graphs with contact representation with cubes and pro-

portional boxes would be interesting.

• Contact Representations with Tetrahedra: In addition to the classes that we dis-

cover Chapter 6, it would be worth an effort to extend the classes of graphs to have

contact representation with tetrahedra. In particular, one very intriguing open prob-

lem is to find the maximum integer n for which Kn is realizable by contacts of

tetrahedra.

If we insist on proper contacts, it is unlikely that we can represent with tetrahedra

even all planar graphs (although we do not have a counter-example). It is thus

interesting to find subclasses of planar graphs, which can be realized by proper

contacts of tetrahedra. For example, it seems possible that all outerplanar graphs

and planar 3-trees can be represented in this way. Some non-planar graphs should

also be representable via proper contacts of tetrahedra. The characterization and

recognition problems for general and planar graphs, representable by proper contact

of tetrahedra is thus a challenging open problem.

• Kissing Number and Related Problems: Another interesting variant of the con-

tact representation problem is, given a 3D shape S, find out how many congruent

copies of S can touch a particular copy of S, or how many congruent copies of S

can touch each other simultaneously? In the literature these two numbers are called

the kissing number and the inter-kissing number of S [26, 13]. For spheres, David

Gregory and Isaac Newton in their famous conversation in 1694, thought that the

kissing number is 13 and 12, respectively. Later in 1874, Hoppe proved that the

kissing number is 12 [71]. However for all other 3D objects, the exact values of
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the kissing number and the inter-kissing numbers are unknown. For tetrahedra, the

kissing number is 18, if we further restrict the congruent copies of the tetrahedra

S to be translates of S [101, 118]. On the other hand, the inter-kissing number of

cylinders is bounded by 24 from above [13] and by 7 from below [25]. If we relax

the restriction that the copies of the object must be congruent, rather we only require

that the copies are only topologically equivalent, then, as we showed in Chapter 6,

the inter-kissing number for tetrahedra is at least 10. It would be interesting to in-

vestigate the problem of finding variants of the kissing and inter-kissing number for

different 3D objects.
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