
Resolution of an image into gaussian components

Item Type text; Thesis-Reproduction (electronic)

Authors Meinel, Edward Steele

Publisher The University of Arizona.

Rights Copyright © is held by the author. Digital access to this material
is made possible by the University Libraries, University of Arizona.
Further transmission, reproduction or presentation (such as
public display or performance) of protected items is prohibited
except with permission of the author.

Download date 24/05/2023 20:15:36

Link to Item http://hdl.handle.net/10150/557373

http://hdl.handle.net/10150/557373


RESOLUTION OF AN IMAGE INTO 

GAUSSIAN COMPONENTS

by

Edward Steele Meinel

A Thesis Submitted to the Faculty of the

COMMITTEE ON OPTICAL SCIENCES (GRADUATE)

In Partial Fulfillment of the Requirements 
For the Degree of

MASTER OF SCIENCE

In The Graduate College

THE UNIVERSITY OF ARIZONA

1 9  8 0



STATEMENT BY AUTHOR

This thesis has been submitted in partial fulfillment of re
quirements for an advanced degree at The University of Arizona and is 
deposited in the University Library to be made available to borrowers 
under rules of the Library«

Brief quotations from this thesis are allowable without special 
permission, provided that accurate acknowledgement of source is made. 
Requests for permission for extended quotation from or reproduction of 
this manuscript in whole or in part may be granted by the head of the 
major department or the Dean of the Graduate College when in his judg
ment the proposed use of the material is in the interests of scholar
ship. In all other instances, however, permission must be obtained 
from the author.

SIGNED:.

APPROVAL BY THESIS DIRECTOR 

This thesis has been approved on the date shown;below:

Date ~B. ROY FRIEDEN 
Professor of Optical Sciences



ACKNOWLEDGMENTS

I would like to gratefully acknowledge Dr. B. Roy Frieden, 

my advisor3 for supporting me in this work and for his many helpful 

suggestions. I thank also Dr. Peter Bartels for providing the initial 

need for the idea presented in this thesis. Most importantly I thank 

my wife, Nancy, for supporting me and for putting up with the years 

of graduate work.

I gratefully acknowledge the financial support of the U. S. 

Army Research Office.



TABLE OF CONTENTS

Page

LIST OF ILLUSTRATIONS . . . . . . .    . v

LIST OF TABLES  .................  vi

ABSTRACT ............. . . . . . . . . . . . . .    vii

1. INTRODUCTION...........      1

Motivation  .............    2
Purpose .  ..........     . 2

2. UNDERSTANDING THE PROBLEM...........    5

Formulation of the Problem  ...................   5
Sample Problem  ...................   10
Minimization of the R M S E .........................   16

3. THE FINAL ALGORITHM .  .....................................  20

Description of the Algorithm  .............  21

4. TESTS . . . . . . . . . . . . . . . . . . . . . . . . . . .  28

Single Gaussian   . . . . . . . . .  28
Two Well-resolved Gaussians .  ........................ 30
Two Unresolved Gauss i a n s ..........   30
Two Superimposed Gaussians ............................  33
Conclusions .  ..........     36

LIST OF REFERENCES . . . . . . . . . . . . . . . . . . . .  37

iv



LIST OF ILLUSTRATIONS

Figure Page

1- Original Image *  .................   . . / ..............  . 22

2. Image with Background Subtracted  ...................   . o 23

3o Image with Minimum Value Computed . 6  . . . . . . .  . 25

4. Log-differences of the Image  ..........   26

5. Revised Image . . . . . . . . . . . . . .  27

v



LIST OF TABLES

Table Page

1. Data and Log-differences of the
Sample Problem...........    .   11

2. Data and Revised Data of the Sample Problem..........   , . 15

3. Comparison of the Original Parameters with the
, Parameters Obtained by the Author’s Method .............  17

4o Single Gaussian . . . , .  ......................  29

5- Two Well-resolved Gaussians...............   . . . 31

6 o Unresolved Gauss ians « « . , • 32

7. Super imp osed Gauss ians • • ' • . • • • • • • • ................ 34

8 . Star Simulation . . . .    . . . . . . . .  35

vi



ABSTRACT

A  method of resolving an image into gaussian components is 

given. The best solution is determined by minimizing the root-mean- 

squared error between the image and the hypothesized components.

The method is shown to work very well with various types of images.
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CHAPTER 1

INTRODUCTION

The gaussian or normal curve of the form

^ u a (X) = (27ra2) 2 exp (- j  (x-y)2/a2) (1)

with mean y and standard deviation y is used in many areas of science 

to model a process. The technique for fitting a single gaussian curve 

to data is well known (Grazda, Brenner, and Minrath, 1966). Suppose 

the data * i = 1,2,...,N is known. Then the mean of the data

is

and the area under the gaussian is equal to the area under the data. 

Many models or approximations are adequately described only 

by adding two or more gaussian curves, One such case is in astronomy: 

since the turbulent atmosphere blurs the image of a planet or star 

field, the spread function of the atmosphere must be known so that the 

picture can be improved by some image restoration method. The super

position of two gaussian curves is one model used to estimate the 

spread function of the atmosphere (Lumme et al., 1979). Another case

(2)

the variance a 2 of the data is

(3)



can be found in solar energy applications: the light reflected from

a mirror is spread by several processes (scattering, diffraction* 

figuring errors) and the amount of spread can often be approximated 

by the sum of two or more gaussians (Pettit, 1977). Even fisheries 

approximate data by the sum of several gaussians (Bhattacharya, 1967).

Motivation

Major areas in which images are expressed as the sum of several 

gaussians are astronomy and image restoration. An estimate of the 

atmospheric spread function is needed to restore a picture of a star 

field. The estimate is obtained by scanning the image of a resolved 

star in the picture. An analytical expression for the spread function 

is desired but noise degrades the star image making the task of deter

mining a suitable expression difficult. The atmospheric spread func

tion will change from one night to the next, or indeed from hour to 

hour.

Fitting the image data by a single gaussian curve is a simple 

method in use. This has an advantage in that it is easy to calculate 

the mean and standard deviation of the data; but the tails of the 

actual spread function are much longer than the tails of the gaussian 

estimate. It is necessary to add two or more gaussians together to 

fit the spread function.data satisfactorily.

Purpose

The aim of this paper is to determine a method of satisfactor

ily approximating data by the sum of gaussian curves. A program exists



which separates data into several gaussian components (Wolfe, 1970). 

Wolfe's program NORMIX uses clustering to obtain the initial estimate 

of the means, standard deviations and weights of the gaussian compo

nents, The final solution is then determined using the maximum likeli

hood method.

In NORMIX the initial estimate of the parameters for data 

(x.,y.)> 1=1,2,...,H is generated by assuming an hypothesis with R 

gaussian components. R clusters are created with the mean and variance 

of each cluster determined as in Eqs. (2) and (3). The final solution 

is determined by maximizing

N
log = I log (yi)

1=1
where

R

t/K (x.) is given by Eq. (1) and W. is the area of the j-th component,
V j  1 3

Then an hypothesis with R T components (R*fR) is assumed and the maxi

mum likelihood solution of. the new hypothesis is determined, A chi- 

square test for significance is performed on the ratio of the likelihoods 

with R and R T components with the degrees of freedom equal to the differ

ence in the number of parameters estimated. For example, if R T-R=2 then 

the test has four degrees of freedom. If the test is significant another 

hypothesis must be assumed. This continues until the chi-square test 

is insignificant. Unfortunately NORMIX uses large amounts of computer 

storage [,fA minimal problem would require 120,000 bytes of storage.n 

(Wolfe, 1970).]



The algorithm presented here operates independently of the 

user and determines the number of components and the solution with 

the minimum root mean-squared error (RMSE) in only one run and with 

-only a moderate amount of storage (about 30,000 bytes).



CHAPTER 2

UNDERSTANDING THE PROBLEM

In this section we will.dee how to determine the number of com- • 

ponents and the initial estimate of the parameters (means, standard 

deviationss weights). An example to illustrate this will be followed 

through in detail. Then the method of determining the final solution 

will be discussed.

Formulation of the Problem 

Suppose there is an image y(x^), i=l,2,...,N that is to be 

approximated by a sum of gaussian curves. To do this, several questions 

must be answered: how many gaussian components are there; what is the

mean of each component; what is the standard deviation and weight of 

each component? We will determine the number of components and the 

initial estimate of the means, standard deviations and weights.

Assume

y ^ )  - Z (wj (Xi)j (4)

Now suppose there is some region where the r ^  gaussian component

dominates the sum. In this region the image can be approximated by

yCxp ~ Wr (27rG2) ^ exp^- (x^-p^)2 /ar2^ (5)

Taking logs on both sides gives

log(y(x^)) = log Wr - J  log (2 ira2) - (x-p^)2 /o^ 2 . (6 )

5



For a sampling interval h (i.e., = x^+h) form the differences

A(xjL) = log y(xj-h) - log(y(xi))

^  X̂i-yr+h^2 ^ar 2 + "2 2 / 0 r 2

so that

A(x_) = - h ( x i- p rH-h/2)/ar 2 (7)

which gives the equation of a line

where

A(x^) = mXj+b

m = - h/ar 2 (8 )

and

b = m(h/2-yr) . (9)

The mean and standard deviation can be found from Eqs. (8 ) and (9) 

so that

Ur = - b/m + h / 2  (1 0 )

.ar 2 = -h/m . (1 1 )

Now assume there is some image = y(x^), i=l,2,...,N that 

is to be approximated by adding several gaussians. For i=l,2»...»N-1 

compute the log-differences

Ai = log y i + 1  - log yi . (1 2 )

This gives the new data (x^,A^), 1=1,2,...,N-1.



How search for regions where is a decreasing function of 

x^, say for i = A, A+1,...,B. In this interval approximate the data 

by a line

A = mx + b

where m is the slope of the line and b is the intersection of the

line with the A-axis. From Hildebrand (1974) the line that gives the

least squares fit to the data satisfies

B B
' b(B-A+1) + m £ x± - % A±

i=A i=A
<

B B S  
b £ x + m £ x| =; I A x  
i=A i=A i=A

Therefore
B B

b (B-A+l) + m  ̂ x^ = ^ A^
i-A. i=A

ml I x| - ( I ■ x A  /(B-A+l) j = I xiAjL
\ \ i-A i=A *"/ 7 / i=A

B B
i .  xi i  h(B-A+i) ,‘A . ..A

and finally we see that the slope is

m . =
Jt-A - 5 I
_  / B X 5  ~

i=A

(13)



and the intercept is

b = m ( ^ Ai ~ m I xi) (14)\i=A i-A /

where M = B - A + 1. With the slope and intercept known, the mean

and standard deviation are calculated from Eqs, (10) and (11).
x-- How should the weight of this component be chosen? The easiest 

and fastest method is to choose some point (x^,y\) with A < i < B

and compute the weight W by

= yi(2Tra2 )'5  exp^- (x_-p)2 /o2 j| . (15)W

However, noise in the image can cause this to be a poor estimate of 

the weight. To circumvent this problem, compute weights w^ according 

Eq. (15) for i=A,A+l,...,B and then compute the weight W by

w = /: b - a + 1 )
(16)

i.e., compute the RMS average of the individual weights. A third 

method of estimating W, but by far the most time-consuming, is to choose 

the weight which minimizes the RMSE of the gaussian component over the 

interval i=A,A-KL,. . . ,B.

Why go to all the trouble of computing the log-differences?

Why not get the information from the logarithm of the data? We show 

here that it is more difficult to obtain the same estimates from the 

log of the data than from the log-differences with at best the same 

accuracy.



Suppose y = W . Then

log y = -x2/ (2 a2) + xy/a2 + log(w(2 ira2) 2) -y2 /(2 cr2).

This is a quadratic equation in the form 

u = ax2  + bx + c

where

u = log y 

a = - 1 /(2 a2)

b = y/a2

c = log W - log(2 ira2) - y2 /(2 a2) .

Thus

a 2 = - 1 /(2 a)

u = -b/(2 a)

W = (2ira2) 2 exp (c-b2/ (4a)) .

The mean corresponds to the value of x at the extremum of the parabola.

The slope of the parabola as it passes through the log y axis is b,

so a2 corresponds to the mean divided by the slope of the parabola at 

the Tog y axis. The height of the parabola at the extremum is 

c - b 2 /(4a); therefore, the weight is very sensitive to errors since 

it is exponentially dependent on the height of the parabola at the 

extremum.

Since it is much more difficult to detect the presence of a 

parabola and fit it by least squares than it is to detect the presence 

of a line and fit it by least squares, and since the estimate of the
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weight is equally accurate in either method, this method can be 

rejected.

Sample Problem

Let us consider an example at this time to see what is going 

on. We do here a noise-free analysis. Let

3
y(x) = £ w _ (x)

j=l 3 Vjaj

with the following parameters:

j aj Wj
1 11.04 0.78 4311

2 15.31 1.16 3444

3 19.85 1.60 2245

Consider the interval .8.5 < x < 25.5 and use a sampling interval of

h=l (Table 1). There are three sections where A is decreasing:

(1) 8.5 < x < 11.5

(2) 13.5 <: x £ 16.5

(3) 18.5 a x a 24.5

Consider first the section 8.5 < x < 11.5. The line that best fits 

the data in this section is found by using Eqs. (13) and (14) and is

A = -1.5985 x + 16.911 .
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Table 1. Data and Log-differences of the Sample Problem.

X 1 °SJL ■ ■ A,

8.5 10.983 2.3963 3.3531
9.5 314.01 5.7494 1.7095

10.5 1735.3 7.4589 0.0685
11.5 1858.4 7.4589 -1.4283
12.5 445.47 6.0991 -1.1963
13.5 366.09 5.9029 0.9327
14.5 930.40 6.8356 0.2398
15.5 1182.6 7,0754 -0.4390
16.5 762.36 6.6364 -0.6711
17.5 389.67 5.9653 0.0728
18.5 419.12 6.0381 0.2686
19.5 ' 548.27 6.3068 -0.0617
20.5 515.48 6.2451 -0.4493
21.5 328.91 5.7958 -0.8398
22.5 142.02 ' 4.9559 -1.2305
23.5 41.491 3.7255 -1.6211
24.5 8 , 2 0 2 0 2.1044 -2.0117
25.5 1.0971 , 0.0927
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From Eqs. (10) and (11) the estimates of the mean and standard devia

tion of this component are found to be

y 1 = 11.079

o i = 0.79094

The estimate of the weight at each point in the interval is determined 

from Eq. (15):

w(8.5) = 4434.65

w(9.5) = 4567.88

w(10.5) = 4497.89

w(ll.5) = 4244.79

By Eq. (16) the estimate of the weight for this section is

wj = 4437.93 • • •

By the same manner, for the section 13.5 < x < 16.5 it is 

seen that

A = -0.54904 x. + 8.2512 .

The mean and standard deviation for this section are

y 2 = 15.528

a 2 - 1.3496

The estimates of the weight at each point in the interval are

w(13.5) = 3831.92

w(14.5) = 4207.79

w(15.5) = 4001.37

w(16.5) = 3341.84
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and the estimate of the weight for this section is 

w 2 - 3.859 •01 -

Finally5 for the section 18.5 < x < 24,5 it is seen that

A = -0.38361 x + 7.3982 .

The mean and standard deviation for the last section are

U 3 = 19.786

a 3 = 1.6146 •

The estimates of the weight at each point in the interval are

w(18.5) 2329.24

w(19.5) = 2253.98

w( 2 0 .5) = 2300.60

w(21.5) 2338.70

w(22.5) 2361.05

w(23.5) = 2366.95

w(24.5) 2356.27

and the estimate of the weight for the final section is 

w 3 = 2329.84 •

. Notice that this straightforward use of the proposed method 

resulted in a very poor estimate of the middle region. This poor 

estimate was caused by the influence of the outer regions on the 

middle region. To solve this problem each component will be sub

tracted from the image after that component is found. So suppose a
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component with estimates w, y and o has been found. Subtracting this 

component from the image will yield a new image

y± = yi - w (X.) • i=l,2,. . . ,N

and the new log-difference

A ± = log y i + 1  - log yi i=l,2,...,N-l ,

To find the next component, use the same method as before on the new 

data (x_, A^) for i=l,2,...,N-l,
Consider the same example. The estimate of the first component 

remains unchanged since the image has not been changed. Next consider 

the third section, 18,5 < x < 24,5, Since the image remains unchanged . 

in this section after subtracting the first component (Table 2), the 

estimate for this section is the same as before. Subtract this com

ponent from the image. Now work on the new image given in the third 

column of Table 2,

There are several points in the new image where y^ is less than 

or equal to zero, .Thus log y^ is not defined. To get around this prob

lem some small value yin̂ n must be assigned to any new image point that

is negative or zero. For this example choose y . =40,m m
Now A is decreasing in the region 12.5 < x < 17.5. The line 

approximating these points is

A = -0.74361 x + 11.154 .

The estimates of the mean and standard deviation for this component 

are now



Table 2. Data and Revised Data of the Sample Problem.

15

8.5 10l983 -0.0081 -0.0081
9.5 314.01 8.9328 8.9328

10.5 1735.3 23.134 23.134
11.5 1858.4 -84.559 -84.560
12.5 445.47 -0.3291 -0.3509
13.5 366.09 345.40 345.11
14.5 930.40 930.20 927.49
15.5 1182,6 1182.6 1165.6
16.5 762.36 762.36 689.78
17.5 389.67 389.67 178.36
18.5 419.12 419.12 -0.1080
19.5 548.27 548.27 -18.453
20.5 515.48 515.48 -6.5523
21.5 328.91 328.91 1.2466
22.5 142.02 142.02 1.8773
23.5 41.491 41.491 0.6505
24.5 8 . 2 0 2 0 8 . 2 0 2 0 0.0920
25.5 1.0971 1.0971 -0.0003
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y2 = 15.500 

a2 = 1.1597

The estimates of the weight at each of the points in the 

interval are

w(12.5) - 3301.62

w(13.5) = 4438.78

w(14.5) = 3910.22

w(15-5) = 3388.12

w(16.5) = 2908.04

w(17.5) = 2294.09

and the estimate of the weight for this component is 

w 2 = 3442,20 •

A Table 3 summarizes the results of these examples> This shows 

that the estimates of the components have improved dramatically by 

subtracting each component from the image as each component is deter

mined .

Minimization of the RMSE 

Now that the initial estimates of the decomposition have been 

determined, the free parameters (mean, standard deviation, weight) 

should be varied to compute the solution which minimizes the RMSE of 

the estimated solution. Suppose K components have been found with 

estimated weights, means and standard deviations t\L, 5 ^ respec

tively , i = l , , ,K, and background Let
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Table 3. Comparison of the Original Parameters with the 
Parameters Obtained by the Author's Method.

Component 1 2 3

Original 11.04 15.31 19.85

Mean Method 1 11.079 15.528 19.786

Method 2 11.079 15.500 19.786

Original 0.78 1.16 1.60
Standard
Deviation Method 1 0.791 1.350 1.614

Method 2 0.791 1.160 1.614

Original 4311.0 3444.0 2245.0

Weight Method 1 4437.9 3859.0 2329.8

Method 2 4437.9 3442.2 2329.8

Original: Data used to generate the curve.
Method 1: Determine all components at once. 
Method 2: Determine a component and subtract.
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VN ' nK - - 2

^  - k  y± - h  Mj ‘ mk+i • (17>1 J 3 3

The best solution is the one that minimizes The function that

estimates the data depends linearly on the weights and non-linearly 

on the means and standard deviations of the components. To speed 

the convergence of the minimum RMSE estimate, this algorithm optimizes 

the weights using a linear optimization routine and then optimizes the 

means and standard deviations using a non-linear optimization routine. 

To see how this is done, suppose the image {y\} is to be approximated 

by K gaussian components plus a constant background:

y(x) " ' k <x) + “k+I '

The function y(x) involves 3K+1 parameters in which the K+l weights 

are involved linearly while the K means and K standard deviations are 

involved non-linearly.

Let ACvij,..., ,... be the N-by-K+1 matrix with ele

ments

a.. = Lf-  ̂ (x.) for j=l,...,K, i-l,...,N1J UjCj 1

ai,K+l * 1 '

Let y be the N-vector of the given image {y_̂ } and let w be the (K+l)- 

vector of the weights W^. The optimization problem then determines

2
jain minj| A(p , .. . ,y ,a ,. .. ,a )w - y||
y , a w 1 ^
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where || ° || denotes the vector norm. The inner minimum is determined 

by using a singular value decomposition (SVD) subroutine (Forsythe, 

Malcom, and Moler, 1977); the outer minimum is determined by using a 

simplex minimization subroutine (Nelder and Mead, 1965)» The simplex 

subroutine takes several iterations to determine the outer minimum.

In each iteration the SVD will determine the inner minimum.

The only constraint on the minimization is that the weights 

must be non-negative since a negative image or negative probability 

has no meaning. This constraint is easily satisfied: if the SVD

determines that a weight is negative, set that weight equal to zero. 

This will cause the simplex to move in another direction without 

placing undue restrictions on solutions with small weights. The 

standard deviation is allowed to take on any value; if the standard 

deviation becomes negative, the squaring operation in the gaussian 

negates the effect of the sign.



CHAPTER 3

THE FINAL ALGORITHM

The example in the proceeding chapter helped to identify and 

solve some of the problems encountered when attempting to determine 

the gaussian decomposition of an image. However, two problems were 

not covered in the previous example.

First 9 the image may be superimposed on a background; if the 

example had been done as before except with a background added, then 

the estimated weights would have been far off the mark. The erroneous 

weights may affect the neighboring components and can create false 

components. This problem is solved by subtracting the background from 

the image before searching for any gaussian components.

Next, the noise in the image also may cause the detection of 

false components. This problem is effectively eliminated by accepting 

those intervals that are decreasing in the log-differences domain that 

contain three or more points.

Points near the ends of the intervals may be affected by neigh

boring components causing the points to be shifted; so the correlation 

between the points and the least-squares line is computed.

From Parish, 0 fGrady, and Oliva (1977) the correlation c is

given by

(n £x ■ F (̂x)2) (i £ a2 " (£a)2)
20

m
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where m is the slope of the line, N is the number of points used to 

determine the line and the summations are taken over the interval 

used to determine the least-squares line. Since the slope is negative, 

c will be between 0 and -1 with c=0 being totally uncorrelated and c=-l 

being a perfect fit. If c is not near -1 (? near? is left to the dis-* 

cretion of the user) throw out the point farthest from the line and 

recompute the least-squares line.

Description of the Algorithm 

The algorithm COMPOZ presented here ties together the elements 

discussed previously. Going through several stages, the algorithm 

attempts to determine the number of gaussian components in an image 

and then to estimate

N r K .
= minimum

where {y.»1=1,... ,N} is the image, ~ (x) is the j ̂  gauss ian com^
1 3 u.ia3ponent with mean p., standard deviation a . and weight W. , and W is 

. J J J KrrI

the background.

An outline of the algorithm including elucidating comments and 

graphs follows:

1. Input image data (x^y^), i=l,. .. ,N (Fig. 1) .

2. Input estimate of the background. This is subtracted from 

the image to obtain a revised image (Fig. 2). Subtracting 

the background improves the initial estimates of the gaussian 

components.



y

Fig. 1. Original Image.

The image is the sum of two gaussians 
plus a uniform background. K>K>



y

Fig. 2. Image with Background Subtracted.

The background is subtracted from the original image. This 
improves the estimate of the weights.
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Input the minimum value of the revised image (Fig. 3). This 

is necessary since subtraction of the components may create 

nonsensical image values„ This also prevents the estimation 

of components from the noisiest data points.

Convert the revised data to the log-differences data 

{(%_,A,),i=l,...,N-l} (Fig. 4).

Search the log-differences for interval with decreasing points. 

To insure that the best estimates are found, alternate search-'- 

ing for the intervals from the left and from the right.

If an interval with more than two points is found, approximate 

by a line using least squares. If no intervals are found, go 

to step 9 o

Estimate the mean and standard deviation of the component from 

the slope and intercept of the line.

Estimate the weight of the component and subtract the component 

from the revised image (Fig. 5). Convert this new image to 

log-differences and go back to Step 4.

There are no more components. Using the"estimates of the means 

and standard deviations as the first guess to the solution, 

minimize the RMSE between the original image and the approxima

tion of the image.

Now that the algorithm has been translated into a FORTRAN pro- 

it must be tested for accuracy, reliability, and limits, for its 

The next section will present the results of these tests.



y

Fig. 3. Image with Minimum Value Computed.

This minimum value prevents the generation of negative 
image values. It does not raise the whole image. K>In



A

x -

Fig. 4. Log-differences of the Image.
This is the domain used to determine the estimate of 
y and o for each component. Note the two straight lines.



y

I mage

Revised Image

Fig. 5. Revised Image.

After a component is estimated subtract it from the w
image.



CHAPTER 4

TESTS

Tests for the program COMPOZ were formulated so as to deter

mine the useful limits under which the algorithm will successfully 

operate. These tests were performed by computer simulation. Four 

types of images were simulated— a single gaussian, two well-resolved 

gaussians9 two unresolved gaussians, and two superimposed gaussians. 

The images had known means, standard deviations, weights and back

grounds . Uniformly random additive noise was added to some of the 

images. These tests were used to see if COMPOZ would decompose the 

images into the original curves used as the input.

Single Gaussian

COMPOZ attempted to reconstruct a single gaussian curve under 

three conditions: (1) no background, no noise; (2) large constant

background, no noise; (3) no background, uniform random additive 

noise ±1% of the maximum (Table 4). In the first and second cases, 

the gaussian and the background were recovered almost exactly. In the 

third case (noisy image) four components were found. The largest com

ponent was, within the noise limits, the desired answer. The three 

other components contributed less than 0.8% of the total area under 

the curve. This result suggests an improvement for the algorithm: 

if the weight of a component is less than or on the order of the RMSE, 

en the weight of that component should be set to zero.
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Table 4. Single Gaussian*

Background
Noise (%) y a w. Background u o ■w Estimate RMSE

0.0 0.0 1.0 1.0 0.0 3x10"14 1.000 1.000 0.000 4x10"8

0.0 0.0 1.0 1.0 1.0 8x10"15 1.000 1.000 1.000 2x10""8
1.0 0.0 1.0 1.0 0.0 0.005 0.999 0.993

-0.254 0.737 0,005

0.201 0.434 0.001

-1.178 0.127 0.002 3x10-4 0.016

MkO



Two Well-resolved Gaussians 

The next test was for COMPOZ to decompose two well-resolved 

gaussianso The two curves had equal weights and standard deviations 

and the means were separated by about three times the standard devia

tion, COMPOZ successfully recovered the input values but also found 

three other components (Table 5), These three components can be 

neglected since they had weights that totaled far less than the EMSE,

Two. Unresolved Gauss ians 

Several cases were run with two unresolved gaussian curves 

with equal standard deviations and weights. In the first case, where 

the separation of the means was about 1,7 times the standard deviations, 

the components were correctly recovered plus a very small third com

ponent (Table 6). the algorithm failed to recover the original param

eters correctly if the separation of the means was less than the above 

case. Strangely enough, though, when a small amount of random additive 

noise was introduced into the image, the algorithm very nearly re

covered the input parameters even when the separation was as little as 

0.4 times the standard deviation of the curves. . The probable reason 

for this phenomenon is that the noise ruins the symmetry of the curve 

sufficiently to allow the proper reconstruction of the parameters.

Another strange effect surfaced in this series of tests: in

the third case, COMPOZ found a false component with a huge weight. 

However the standard deviation of this component was one tenth the 

sampling interval and. the means was about halfway between sampled 

points. Therefore this component contributed nothing toward



Table 5. Two Well-resolved Gaussians.

Background -
Noise (%) U o W Background y o W Estimate BMSE

0.0 1.9 ,4472 1.0 0.0 1.900 . 0.4472 1.005

3.1 .4472 1.0 3.100 0.4463 0.986

2.211 0.050 1x10"4
2.684 0.255 8x10"3
3.009 0.064 3xl0"4 8x10"5 0.001



Table 6. Unresolved Gaussians.

Noise (%)

0.0

0.0

1.0

0.0

1.0

a tf

1.9 0.7071 1.
3.1 0.7071 1.

1.9 1.0 1.
3.1 1.0 1.

1.9 1.0 1.
3.1 1.0 1.

2.2 1.225 1.
2.8 1.225 1.

2.2 1.225 1.
2.8 1.225 1.

Background

0.0

0.0

0.0

0.0

0.0

W
Background
Estimate RMSE

1.898 0.7064 0.995
3.102 0.7067 0.997
2.380 0.8368 0.009 0.0 1x10“5
1.341 0.746 0.075
3.665 0.675 0.042
2.521 1.160 1.886 0.0 0.0005

1.820 0.875 0.7208
3.037 0.968 1.145
0.9198 0.943 0.086
2.250 0.476 0.002
4.649 0.011 5.302 0.008 0.012

2.500 1.261 1.969 0.005 5x10"4

1.919 1.071 0.929
3.104 1.045 0.924
1.086 0.647 0.012
2.019 0.698 0.040
3.083 0.225 0.002 0.016 0.016

wlx)
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minimizing the KMSE, no matter what the weight. This suggests another 

improvement to the algorithm: if the standard deviation of a compo

nent is less than the sampling interval, then the weight of that com

ponent should be set to zero.

Two Superimposed Gaussians 

One of the main purposes of this algorithm is to find a best 

fit to the atmospheric spread function using the sum of several gaus- 

sians, Therefore COMPOZ must be able to decompose gaussian components 

even if the components have equal means,

In the first case (Table 7) the ratio of the standard deviation 

was only 1.4, yet COMPOZ decomposed the image almost exactly. In the 

second case the ratio of the standard deviations was larger, but COMPOZ 

did not do as well. This occurred because the sampling interval was 

too coarse (more than half the standard deviation of the narrower 

component).

Next a star image was simulated using two superimposed gaus- 

sians of equal area with noise added. The 'star* was set in a back

ground that was about 0.005 times the peak value of the image.

In the first case (Table 8) uniform random noise, which was 

0.2% of the peak, was added to the image [this star simulation and 

noise level closely corresponds to a star image obtained from Reitsema, 

1979)] . The results were astounding. The RMSE was 1x10""4, the means, 

standard devaitions and background were recovered with an error of less 

than 1% and the weights were recovered with an error of less than 1.5%.



Table 7. Superimposed GaussIans•

Noise

0.0

0.0

p o W

0.0 3.162 10.0

0.0 2.236 10.0

10.0 1.732 100.00

10.0 3.162 100.00

Background

0.0

0.0

Background 
p o W .Estimate RMSE

-10-13 3.164 10.00

10 2.236 10.01 0.0 3x10-6

9.989 1.678 87.65

10.01 2.981 110.1 0.11 2x10-4

u>



Table 8. Star Simulation.

Noise p

0.2 0.0
0.0

1.0 0.0
0.0

a W

6.2 50000

3.5 50000

6.2 50000

3.5 50000

Background

170.0

170.00

J L

-0.003 6

-0.004 3

- 0.02 6
0.02 3

a_ J _

243 49460

509 50700

424 47420

545 53430

Background 
• Estimate

168.7

163.2

RMSE

IxlO'k

5x10“4



36

In the second case (Table 8) 1% noise was added. COMPOZ was 

successful again. The means, standard deviations and background were

accurate to better than 4% and the weights to better than 7%.

' •
Conclusions

We have presented a method to determine the number- of gaussian 

components in an image and the first guess for the mean, standard 

deviation and weight of each component. Minimization of the RMSE is 

achieved through variation of the:estimated means, standard deviations 

and weights.

An example was worked out demonstrating the use of the method 

in determining the initial estimates. The method was then thoroughly 

tested on various combinations of one or two gaussians with and with

out noise. The method worked particularly well on a single gaussian, 

well-resolved gaussians and even on superimposed gaussians. It was 

successful to some degree on unresolved gaussians although it is 

not clear why it worked or what the limits on resolution are.

This method is currently being used successfully in astronomy 

for estimation of the atmospheric spread function (Reitsema, 1979) 

and in microbiology for the decomposition of cell samples (Bartels, 

Optical Sciences Center, pers. comm., 1980).
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