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ABSTRACT

The axial collisional pumping heating method is 
evaluated as a possible heating scheme for theta-pinch 
plasmas. An analytical model and a computer program 
PINECONE are developed to provide the means by which the 
heating method can be studied. These approximations 
used the assumptions (1) a one-temperature model of the 
internal plasma physics, (2) a share-bouhdary condition 
for the, radial perimeter of the plasma, and (3) periodic 
boundary conditions at the ends of the plasma column.
An assessment of relative energy changes within the plasma 
due to collisional pumping is made for relative radial 
perturbations in both, the linear and nonlinear regimes.
The analytical and numerical solutions are shown to be in 
good agreement in the'linear regime. Using the numerical 
solution as a guide, the onset of the nonlinear regime for 
the analytical solution is established. The ability of 
the collisional pumping method to heat a theta-pinch is 
discussed and recommendations for future work are made.



CHAPTER 1

INTRODUCTION

The Linear Theta-Pinch, shown in Figure 1, has, 
since its conception, been recognized as an inherently 
stable magnetic confinement fusion system. This distinction 
can be directly attributed to the systems use of long 
and straight magnetic field lines to form, heat, and 
confine the thermonuclear plasma. However, it is in the 
use of these same magnetic field lines that the major 
drawbacks, end-loss effects and inefficient large-scale 
heating schemes, to the future development of theta-pinches 
are born.

> discharge tube y- i^ rm a p ia n e

(( (
•pinch coil 

y  midplone

sssmexpansion

plasma column

Figure 1. The Linear Theta-Pinch.
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Much of the basic research on pinches, in general, 

■’was ■'■perfb'rmed̂ d'n.--:the/-l.ate.:19S-0s and early 1960 s. It was 
at this time that the problems with particle and energy 
transport out the ends of the pinch were clearly identified» 
Attempting to balance these end-loss effects',' researchers 
called for machine designs in which the physical length 
of the machine was made progressively longer. It was 
hoped that in such a configuration one could maintain a 
Steady fusion reaction in the middle of the machine, 
while most of the length of the machine insulated the 
middle from the ongoing end-loss effects at the ends. 
Unfortunately, a simple energy balance showed that this 
insulating effect.could only be achieved with machine 
lengths of miles if not tens of miles long.

It has only been recently that other possible 
solutions to the end-lossproblem have been posed„
Such possible solutions include such systems as magnetic . 
baseball coils, racetrack configurations, magnetic cusps, 
reversed-field configurations, and material endplugs„
The significance behind the successful "plugging" of a 
-theta-pinch is that a: possible reactor could be 
considerably.shorter;than the miles predicted: early on.



Such possibilities have led to increased interest in 
theta-pinches, in general, as well as in addressing the 
problem of heating large reactor-scale theta-pinch 
plasmas.

Theta-pinches have traditionally employed large 
cylindrical electric fields (IQ) to generate imploding 
axial magnetic fields (B^). These imploding magnetic 
fields are then responsible for heating and containing 
the plasma. Essentially this is accomplished, as shown 
in Figure 2, by shorting a high-capacity capacitor bank 
through a single-turn conducting coil. The quickly rising 
magnetic field then sweeps the plasma off the interior 
wall and drives it nonadiabatically towards the axis. 
Heating, the product of the driven radial shock, occurs as 
the plasma moves quickly inward.

Y

C

DYNAMIC PHASE QUIESCENT PHASE

Figure 2. Implosion dynamics of a Theta-Pinch.



This method has proven to be very effective (plasma ion 
temperatures, > 3 keV) in heating laboratory plasmas.
However, as one scales the existing laboratory machines 
to future reactor designs, the requirements placed on the 
needed capacitor banks become outlandish. Therefore, the 
question of finding alternate heating methods for theta- 
pinches has received increasing attention in recent 
years.

The purpose of this thesis is twofold: To develop
the means by which one can evaluate an alternate heating
scheme known as the axial collisional pumping heating
method; and then to employ these analytic and numerical
methods to establish the ability of this method to heat
a theta-pinch plasma. The method, first suggested by 

2Morse, employs a periodically perturbed axial 
magnetic field to pump the theta-pinch plasma up 
and down its axis. Instead of attempting to heat 
the plasma from motion in the radial direction, 
this method seeks to heat - the plasma by forcing 
nonadiabatic behavior (i.e., viscous work) in 
the plasma during axial flow. An illustration of this 
scheme is shown in Figure 3.

As it is in examining any new physical process, 
a simple analytical model of the problem should, if 
possible, be obtained. The derivation of such a model



which solves the Pd P work integral for a relative energy 
change within the plasma due to collisional pumping is 
given in Chapter 2. Chapter 3 then describes the 
development of a computer simulation used to analyze 
different aspects of theta-pinches. The computer program, 
PINECONE, is used to provide another solution to the heating 
problem. Chapter 4 compares the results of the two methods 
to show that the two results agree and over what regime 
this agreement is valid. Chapter 5 concludes this thesis 
and makes recommendations for future work in this area.

End Stopping

c m x m

Plasm a

Figure 3. The Axial Collisional Pumping Heating 
Method.



CHAPTER 2

THE ANALYTIC SOLUTION

This thesis will start by examining a cylindrical
fluid, section acted upon by an external magnetic field as 
shown in Figure 4. By employing the Pd¥ work integral 
on this section, an expression for the relative energy 
change within such a section due to collisional puiiiping 
will be obtained. It will then be necessary to work with 
a sharp-boundary condition and the fluid equations 
(continuity, momentum,, and energy) to evaluate the 
necessary constants for the solution of this expression.
At that point the analytic model will be complete and this 
thesis will then turn to a numerical approximation of the 
problem.

The expression for the change in the internal 
energy due to periodic compressions and expansions in 
a fluid section is given by the following expression

The BdT Work Integral

de'(zyt)
dt

. dF-,. (z.,t)
(1)

6
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where
e(z,t) = plasma internal energy
pBEXTi(z' = perturbed external magnetic pressure 

V1 (z,t) = perturbed volume as acted upon by

Figure 4. Cylindrical fluid section.
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The differential perturbed volume element in cylindrical 
coordinates, assuming only, a radial perturbation, is

.dF,.(.z.,.t) dr. (z,t)
= r. dedz ' r xvr—  (2)dt b dt

Allowing for independence in the 0 direction (2) becomes 

dV, (z,t) dr. (z,t)
— at—  = 21rroaz — at—  (3)

Substituting (3) into Eq. (1) results in

de(.z.,t) dr.1.(.z.,;.t)
— -3— —̂ , = -2nr_ P (z,t) — -ht  dz (4)dt o bexti at

Moving dt from the left hand; side of (4) to the right hand 
side gives

dr.̂  (z , t)
de (z, t) -■ -2-rrrP. (z,t) -— ----  dz dt (5)

° BEXTI

Now, the perturbed pressure and radius are defined 
such that they vary sinusoidally in both time and space, 
resulting in the relations

^(z.t) = CrE0 sin/^2-y sin (t1) <«)\ P / P

P V (z,t) = C P  ; sin Z ^ - Y  sin (7)
BEXTi: P BEXTo V p' ' P V



where
r^(z,t) = perturbed radius
C„ ,.C_ = complex constants used to vary the magnitude• P .

and phase of. the perturbed radius or 
pressure

r ,P = initial values of radius or pressure
° BEXTo

L = plasma length
tp =- period of the perturbation

Defining the wavenumber k and the perturbation frequency oj 
in the usual manner

k =: 2ir/Lv (8)P . -
tv = 2t/t (9)P

Equations (6) and (7) become

r^(z>t) = Crro sin(kz) sin (wt) (10)

: ” cP?i;jxT0sin ”I2) ^

Using Eq. (10), the perturbed radius is now differentiated 
with respect to time

. dr.,.(:z,t) . d(C r sin(kz) sin(mt) )
' - h e — -r r 0 dt' ; " ■ <“ >

to obtain
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. dr T. ( z. r t)
= C„r_a) sin (kz ) cos (wt) (13)dt r o

This result and the form of the perturbed pressure given 
in Eg. (11) are now substituted into Eg. (4) to give

2de (z, t) = -2irr CrC P̂ ,ext sin. (kz) sin (tot) cos (cot) dz dt
P . : °

(14)

Xt is now assumed that, the relative perturbed 
pressure and radius are related, by a complex constant, 
in both magnitude and phase. Calling this complex, constant 
d gives the expression

PBEXT rl
— -- —  = d —  (15)
PBEXT ro

Substituting the full relations for PBEXT and r^ from 
Egs. (10) and (11)

C sin (kz) sin (cot) = d C„sin(kz) sin (cot) (16)
P r

dividing out the sine terms from both sides of the eguation, 
and expanding d yields

C_ = [d |C exp (i8_) (17)p j. p

At this point the complex constant Cr is assumed to have 
zero phase; essentially C is assumed to be just a real 
constant. The difference in phase between the relative



perturbed pressure and radius is then contained solely in
the complex constant d„, Replacing C in Eg. (11) withP
(17) gives

^BEXT (z,t) = |d|CrP BEXT sin(kz) sin(o)t) (18)
1 o

Finally, replacing the relation for PBEXT (z,t) in Eg. (14)
1

with (18) results in

ds (z,t) =•. - 2 t r ^ j ' d | w s i n ^ ( k z ) d z  ;
d

Cos (wt)sin(wt + 9. ) dt (19)P

; .Equation. (19) is now integrated over one. period of 
the perturbation in time and over the length of the plasma 
in space. Such an integration of the left hand side 
yields the difference in the total internal energy of the 
plasma at the end of a perturbation period from that at
the beginning of the same period. This guantity is
defined as AE where

AE = e (t + r ) - s(t_) (20)o p o

With EgJ (20), and inserting the proper limits. Eg. (19) 
becomes



AE = -2irr̂-1 d | C^bext ai
o

12
LP 2 sin (kz)dz ^

rVcos(wt) sin (wt + 8 )dt (21)
o p-

Evaluation of the integrals in Eg. (21) was perform-
3ed by Gradshteyn and Ryzhik and the overall solution is 

presented in Appendix A» The results of these integrations
are now used to. obtain

- - ■ '

AE = - ^ | d ! P bextoLpc;sin(6p) (22)

We now note that for an unperturbed column, of plasma 
the total internal energy is just.

■ Eo = -FT " o V b e x t  ,23)o

where
g = ratio of the plasma pressure to the external 

magnetic pressure (P_/P„)
Y = ratio of the specific heats (C^/C^)

Defining

T = (24)

Equation (23) is substituted into Eq. (22) to give
2AE = -E Fir |d |C sin(9 ) (25)O IT P
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Finally, dividiog -each side of Eq= (25) by E gives

-rir|a|C^sin(e ) (26)
Eo . r p

The analysis now.requires that an expression for the 
complex constant d be obtained. Because d is the ratio of 
the relative perturbed pressure and radius, an equation 
relating these quantities needs to be found„ The sharp- 
boundary condition, will be used to obtain such a relation.

The Sharp-Boundary Condition

A magnetized plasma column with a total internal 
pressure (P^) held by an external magnetic pressure 
(P__vm) is shown in Figure 5. The internal pressure isiDJCiA-L.
itself made up of two components: the plasma pressure
(Pp) and the internal magnetic pressure (Pgj.̂ T ) . Assuming 
a sharp-boundary condition requires that the plasma 
maintain a definitive edge, as opposed to a diffussive 
region, on which the internal and external forces act. 
Further assuming that the plasma is always in pressure 
equilibrium with the surrounding environment, gives the 
relation

PBEXT PP + PBINT (27)
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Figure 5 = Plasma column in pressure.equilibrium,

Assuming the ideal-gas law, the expression for the 
plasma pressure is

Pp = pRT (28)

where

p = plasma density 
R - gas constant 

. T = plasma temperature

Expanding the temperature and density in Eq» (28) into 
their perturbed and unperturbed parts (denoted with 
subscripts 1 and 0 respectively) yields the result
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Pp = R(Pq + (Tq + T^) (29)

Multiplying Eq. (29) out and ignoring perturbed terms of 
order two and higher gives

?r = R(»o"o + ?o'rt ^ 9ito ! (30)

Factoring out the quantity po Tq in Eq» (30) yields

PP = poRTo (1 + T- + T1! <31>o o

But, because = p RT , Eq.; (31) becomes
6

Pl T.
Pp = Pp (1 + ^  + f1) (32)O o o

Shifting attention to the internal magnetic pressure

PBINT" tiie exp:i:ession for PB1NT is
- 2 -

PBINT ™ / 87r (33)

where
$ = internal magnetic flux 
r = plasma radius

Assuming that the internal flux remains constant, the 
variations in the internal magnetic pressure are then 
due solely to changes in radius- Separating out the flux 
and other constants in Eq. (33) yields
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p = v  4
B IN T  8ir3 (?) (34)

Expanding the radius in Eg. (34) into its perturbed and
y

unperturbed quantities gives

2' 4 '
) 05)

BINT Sir

4 - / a, \-̂Factoring out rQ and noting that pBINT — /87r

results in Eq. (35) becoming .

f

PBINT PBINT0| / . tn \ 4 ̂ ^6)
%  +

Now making use of the power series expansion

x2(1 + x)q = 1 + qx + q(q - 1) (37)
21

the radius term of Eq. (36) is written as

/r7 \ '2= 1
(■ * if - 4 ?1 ) + 6( f 0  (38)

2 ■■'Ignoring terms of order r^ and higher yields the . 
approximation
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, = 1 - 4 -i (39)
(i *

o

Substituting Eg. (39) into Eg. (36) gives for

PB1NT = PBINT ^  “ 4 (“ )) (40)o o

Returning to Eg. (27) for pressure balance

% E X T  PP + PBINT (27)

and substituting in the Egs. (32) and (40) gives

PBEXT = PBEXT1 + PBEXT 4̂1^1 o

, '  (' + 5  + + ?3- ^ o  (l ■ 4(̂ )
But, because P = Pp + PBINT , PBEXT is subtracted

o o o o
from both sides of Eg. (41) to obtain

PBEXT. PB p. + T ^ 4 PBINT r (42)1 o o o o o

Introducing the factor B, where

6 =  - — — 2 ------ = ----2—  (43)
PP + PBINT PBEXT o o o
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we can form the relations

PP  ̂PBEXTo o

and

PBINT ^  ^  PBEXT ' 4̂5^o o

Making these substitutions Into Eg. (42) yields

PBEXT = PBEXT [3( ^  + f^) “ 4(1 ** 6) (r^)] (46)1. o^ \ o o o
Finally, dividing through both sides of Eg.. (46) by

PBEXT gives 
o

4(1 -6)
PBEXTO

At this point-it is only necessary to express the
guantities ^  and —  in terms of —  to have derived an To Po ro
expression equivalent to Eg. (15). The complex constant 
d can then be broken into its real and imaginary parts.
With these guantities the magnitude and phase of d can then 
be determined.



Analysis of the Fluid Equations
The fluid equations of continuity, momentum, and

energy will be examined to determine the relationships
between the quantities and —  and —  In thisT0 Po r0
analysis it will be necessary to make the four following 
assumptions»

lo It will be first assumed that all perturbed 
quantities can be expressed in terms of their complex 
Fourier amplitude. Therefore all. perturbed quantities 
will vary as exp(i (wt - kz)): in time and space.
This: assumption will enable the partial derivatives 
in all of the equations to be simplified.
2.., Next, it will be assumed that the magnitudes of 
the perturbed quantities are small. This procedure, 
commonly called linearization, will allow the 
perturbed terms of order two and higher to be ignored. 
Doing so, the equations will become simple and easily 
solved linear algebraic equations.
3. Next, it will, be assumed that the electron and 
ion species cross-relax instantaneously. such 
an assumption leads directly to a one-temperature 
description of the problem. It will then only 
be necessary to solve a single set of equations, 
instead of the multiple sets required for a many- 
specied problem.
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4. Finally, it. will be assumed that the dissapative 
properties used in the one-temperature equation will
be the dominant dissapative properties of all of the 
individual species. It is easy to see that since 
the species are cross-relaxing instantaneously, as 
described above in No. 2, that an individual 
dissapative force of the system will track that of 
the dominant species., In this respect the electron 
thermal conductivity and the ion viscosity will be 
used when the general properties of conductivity and 
viscosity, are called for by the one-temperature model. 

Using: these assumptions) 1 each of the fluid- , equations 
will now be examined individually.

The Continuity Equation
The continuity equation describes the conservation 

of mass within some volume F. Because, ignoring any 
sources or sinks within the volume, mass cannot be created 
or destroyed in the volume, all changes in mass must be 
due to a net mass flux across the surface bounding the 
volume. By Stokes theorem we have

Equating the integrands gives the continuity equation

F
V° (pvldF (48)
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|f- = -V ° (pv) (49)

Writing out the differential operator in Eg. (49) in 
cylindrical coordinates yields

Sn • • 3 (.r.(.pV )) .3..(pV_ )■If - - ?  - - - - - - - - - - ST- (5°>

Expanding the physical properties into their perturbed 
and unperturbed, quantities gives the result

3,(P0 + »!> _ 1 3 tr (po + Pl) (VrQ + v-l)]
ro + r l 3f

_ 3 [(po >  pr) iV2|S + V^)] (51,
3?

: Now, because the plasma column starts out at rest, 
the unperturbed velocities are set to zero. This result, 
and remembering that the derivatives of the constant p 
is also zero, gives

3 p l  1  . 3 [ r ( p o + p l ) y r i ]  3 [ ( p o + p l , V z l l

S t  =  -  F T « 7 -----------------------5 7 ------------------ ---------------------S 7 ----------------  ( 5 2 )O 1 •• '

Linearizing perturbed terms of order two and higher,
Eg. (52) becomes
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9.P-, -i 3.Cr.p Vr_) . .3 (p. Vz-i)   = —  £— -  ■ _ _____i_ ( 53 )3t r +r, 3-r dz 1 ■'o 1

V is now assumed to be proportional to the quantity .
1 o

Specifically this relationship is 
; . r -. 3r,

VE i V - ^ i  (54,

Substituting this relation for V into Eg. (53) and1 2performing the differentiation on r gives the equation

8Pl 2po 8 ^  3 (poV Zl)
3t - . r0 .:. 3t 3 =

Now, introducing the complex Fourier amplitudes, the 
the perturbed density, axial velocity, and radius are 
defined as

. P1 = x exp(i(wt - kz))

V = Y exp(i.Cut. - kz))
Z1
r^ = Z exp(i(ut - kz)) (56)

These definitions now allow the partial derivatives in 
Eg. (55) to be written as 

. .dp
. (57)

^ i = - ; i k V 2i (58)
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and
dr

(59)

Using Eqs, (57), (58)> and (59), Eg. (55) is now written
as the algebraic equation

(60)

Finally, rearranging Eg. (60),- gives the result

The Momentum Equation
The momentum equation, or equation of motion, 

describes the balance of momentum in a stationary volume 
element through which a fluid is moving. To study this 
balance it is necessary to account for the rate at which 
momentum is added to or subtracted from the volume and to 
examine the rate of which any external forces (gravity, 
viscous forces, etc.) act on the volume. Summing these 
effects the momentum equation is written as

Pj^r = ~ VP — V =,T + pg (62)

where
V = velocity
t = viscous tensor
g = acceleration due to gravity
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It should be noted, that in Eg. (62) the differential 
operator D/Dt represents the Lagrangian derivative and 
that the term V»t is a tensor product. The expansion 
of the Lagrangian derivative and the tensor product, as 
well as the writing out of the equation in cylindrical 
coordinates, is presented in Appendix B. The results 
obtained from these expansions give the relation

Introducing perturbed and unperturbed quantities,
dropping initial velocities, and assuming the ideal-gas

' . . ■ . - ■ • . •
expression, for the pressure P yields

32VZ1
+ U,  o1  (64)

9z
Linearizing and Fourier analyzing the partial derivatives 
in Eq. (64) gives

iuP0V Zl = i k R t p ^  + PlTo) - Vik^VZ:L (65)

Grouping the. Vz terms together1

C i a i P o  +  W1 k 2 l V z  =  i k R p W j i  +  ( 6 6 )

O O'
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and rearranging gives

f e  * i )  - x  & & £ ) i
Finally, performing some algebra on the right hand side of 
Eg. (67) yields, the result

( H > o o o

The Energy Equation
The energy equation describes the conservation of . 

energy within a stationary volume element, through which a 
fluid is flowingo In forming the energy balance, it will 
be necessary to examine the rate at which interval and 
kinetic energy is added, to or subtracted from the volume by 
convection. Also of concern will be the rate at which 
heat is added to the system through conduction. And 
finally, the net rate of work which the volume performs on 
its surroundings must be examined. Summing all of these 
terms, the energy equation is

OC? #  = '  <69)‘ •' p=const
where

Cv = specific heat at constant volume 
q = heat flux
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Vi = Viscosity 
$ - dissipation function

The expansion of the Lagrangian derivative, the differential 
operator in cylindrical coordinates, and the dissipation 
function are presented in Appendix C. The results of. these 
expansions gives the result

»Cv It = Ke A  - RPT (l A  " A) (70!
Introducing perturbed and unperturbed quantities, 

FOurier analyzing the partial, derivatives, linearizing 
perturbed quantities of order two and higher, and setting 
the initial velocities equal to zero, gives

ia)CvPoTl ^ ~Kek2,ri ~ " ikVz } (71)o 1

Grouping terms of T^ together

(ia.CvP0 + Kek2)T1 = i Bp0T0(| - 2 (72)

and performing some algebra, gives finally

= A  (73>



Consolidation of the Linearized 
Fluid Equations

Rewriting the results of the. three previous 
sections,, one has the linear equations

P v • ■*"'1= E  v - 2—
Po “ Z1 ro

(
o  H o  1  \ k  RTo r P q T o '

Cv . i fslL) !l = k y - 2h
R “RPo) To “ Z1 ro

rl as

and 12 as

k RT Rp T ;O O O'

2
‘ S - J

Equations (61), (68), and (73) become

P i k 1-— = — V - 2-—  (continuity)
Po “ Z1 ro

' V v M K+ —  i: = F — v_ (momentum)+ v /  -  -i5  %
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It is now possible to obtain the separate
relationships for and §1. 'in terms of ^  . First,o P§ ro .
equating the continuity and energy equations, Eqs. (76) 
and (78) , yields the important relation

Next, Eq> (76) is rewritten to obtain an expression for 

!v*i■̂VZl . This expression

k V f i t  25:
«■ Z1 = P0 ro

when:. substituted into the momentum relation, Eq„ (77), 
yields

Manipulating algebra, Eq. (81) can then be written as

T1 P1 ri_i + (1 - r jji = 2r i
o o . o

Now, making use of Eg. (79), Eq. (82) becomes

(79)

(80)

(81)

(82)

(83)



Finally, defining

(84)

Equation (83) becomes 

Pi r!
5-  = 2iiAi ^  (85)

To obtain the final expression, Sx in terms of —L ,■tQ ro
Eg. (79) is now substituted into Eq. (85) to give

T1 2l'lAl • rl 
To = r2 ,ro

(86)

With these two results, the analytic solution can 
now be completed.

The Closing of the Analytical Solution

In concluding the analysis, it is necessary to 
construct from the results obtained in the previous sections 
the final solution. First we recall that using the 
sharp-bdundary condition one was able to get an expression 
for the relative perturbed external magnetic pressure.
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Taking that expression

PBEXT
PBEXT o

- 4 (1 - g)5i (47)
. \. o o/ o

and substituting Eqs. (85) and (86)

Pi r
f  = 2rr'-l r <85>

O n

T1 2rlAl r 1 
To * E2 * 0

(86)

obtained from the analysis of the fluid equations r gives 
the relation

PBEXT1
PBEXTo •i (x + 4)28riA1 (1 + n j.- ” 4(1 - 6) rl=* (87)2

Finally, remembering that the relative perturbed pressure 
and radius were related in Eq. (15) by the complex constant
a, ' ' ■ '

. PBEXT, .. r.
p   = d -1 (15)
BEXT ■ o°

Equation (87) gives the expression for d

(88)a = 2 b t1a 1 ^i + - 4 (i - a)
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Having: a relation for d, it now possible to 
evaluate its real and imaginary parts to be able to obtain 
its magnitude and phase angle. The evaluation of the 
real and imaginary parts, due to the length of the algebra
involved, is presented in Appendix D. The results of

. ■ -
that evaluation,.e being the real part and. 6 the imaginary 
part, are now used to calculate the magnitude and phase 
of d. The; magnitude

| dj = (s2 + 52)35

and phase angle

0 ~ sin ( 1 j 1 \ (90)P \ #

are substituted.into Eg. (26)

P  = - FttC2 |d| sin(0 ) (26)
Eo r p

to give the final solution

'P “ - FttC2 6 (91)
o

Results of the Analytic Solution

Equation (91) can now be used to perform a 
parametric study evaluating the relative energy change 
within the plasma due to collisional pumping. In
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examining the relative energy change, we first introduce 
a quantity which will be called the heating factor ¥

Identifying the perturbation wavenumber and frequency as 
the two main parameters of interest to this problem, the 
parametric, constants L and <p. are formed by scaling the 
wavenumber and frequency to the ion-ion mean free path and 
adiabatic sound speed, respectively. These constants

r
Defining this factor as

¥
.. r

AE (92)2

Equation (91) becomes

r rsir (93)

(94)

and

(95)
p s

where
X.. . =: 1 = 467 x 105 T(°K)n.lnA%

will aid in the.understanding the results of the analytic 
solution by describing the perturbation constants in terms 
of the physical plasma parameters. Equations (93), (94),
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and (95) were incorporated into a simple FORTRAN program, 
a listing of which is presented in Appendix E„, Using 
this program the heating factor F can be computed for 
varying values of the parametric constants L and <j> . The 
results of this parametric analysis are presented in 
Figure 6. .

In this graph the heating factor ¥ is given as 
a function of the frequency constant <p for various values . 
of the constant L. It should be noted.that as the constant 
L increases .the maximum value of ¥ at resonance decreases. 
It can also be seen that as L increases the position of 
the resonance Of the perturbation frequency experiences 
a shift to the left. Both, of these effects can be 
attributed to the fact that as one increases L, holding 
the ion-ion mean free path fixed, the perturbation 
wavelength decreases.

When the perturbation wavelength is much larger 
than ion-ioh mean free path (i.e., L << 1) the plasma ions 
have an increased probability of undergoing self-collisions 
within the large periodic cell. Therefore the reaction 
rate of ion-ion collisions in the case of small L values 
is higher than those in the case of larger L numbers.
Thus, one should expect to see the maximum heating factor 
at resonance to decrease as one increases the L number.
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/I0.0

' OX)l J

0.0 0-5 2.0

Figure 6. Analytically computed heating factor 
for various L numbers.

In examining the shifting resonance it should be 
noted that most wave disturbances in an infinite 
fluid medium propagate at the local adiabatic sound speed. 
Therefore, one should expect the resonant frequency to 
be the adiabatic sound speed for the small L values. This 
is indeed the case for L numbers such that L < 0.01.
However, as the wavelength of the perturbation approaches 
the magnitude of the ion-ion mean free path, the individual 
periodic sections, due to the ability of the ions to 
traverse them without interacting, become isothermal. In 
these cases of increasing L numbers then one should expect
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to see the resonant frequency shift down to the isothermal 
sound speed. Examining the graph., however, it appears as 
if the resonance becomes shifted past the isothermal, sound 
Speed ((j) =* 0,77) as the L number is increased past L = 1, 
This apparent disagreement is due to the effects of the 
viscous terms smearing out the desired result.

To show this viscous effect more clearly, the 
analytic solution was applied in cases with and without 
both conductivity and viscosity. The series of five graphs* 
Figures 7 through 11, examine the separate contributions 
of these dissapative effects to the total heating factor.
It can be seen that for L numbers such that L < 0.01 the 
resonances for both the velocity-related viscous term and 
the wave—related conductive term are at the expected 
adiabatic sound speed. In the insuing graphs, it can then 
be seen that the resonance of the conductive term tends 
to shift, as expected, to the isothermal sound speed. The 
resonance, of the viscous term, however, does not shift.
This is due to the fact that the ion-ion mean free path 
is unaffected by the shortening of the perturbation 
wavelength. Therefore the viscous resonance remains at 
the isothermal sound speed. Then, even though the . 
conductive term maintains a pronounced resonance at the 
isothermal sound speed, the small off-resonance magnitude
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of the viscous term at the isothermal sound speed hides 
the expected resonance there for large L numbers when the 
combined result is examined.

CM

conductive effects only.60

W
§  'O'3-ii&

I0*s-

total’

viscous effects o n ly /

i-9
2.00.50.0

Figure 7. Separate dissapative effects on the 
heating factor 4,r for L = 0.001.

Finally, reexamining Equation (91)

§£ = - rSircf: (91)
Eo r

and recalling that the magnitude of was defined in 
Eq. (17) such that

|Cp i = |d| Cr |exp(i8p)| (17)
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one can form the relation 

1E r*i|cp |‘

3-
CM

conductive effects only,

co
to ta l

uu
viscous effects o n ly /

§  io -3 -II -
Sh

I0‘6-

10"
0.0 0.5 1.0 1.5 2.0

 ̂= cup / (kpC$)
Figure 8. Separate dissapative effects on the 

heating factor ¥r for L = 0.01

(96)
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L'Atp'O.
conductive effects only^
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.....

viscous effects o n ly /(VI

,-6

10"

0.0 0.5 2.0
<P -  / ( k p C s )

Figure 9. Separate dissapative effects on the
heating factor fr for L = 0.1.

L=Akp*l.0 
viscous effects only.total

I -
conductive effects onlyCM

-3
LU

UJ60

-12
2.00.50.0

Figure 10. Separate dissapative effects on the 
heatinf factor Vr for L = 1.0.
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viscous effects 01

total

conductive effects only

10"

-12

0.0 0.5
<  ̂= <UP / ( k p  0$)

Figure 11. Separate dissapative effects on the 
heating factor ^  for L = 10.0.

Now, defining

AE
^ S o l C p I 2

(97)

Equation (95) becomes

(98)

and describes the heating effects due to perturbing the 
external magnetic field instead of the radius as was done 
earlier. Using the parametric constants L and <p, one can 
now produce a series of graphs for collisional pumping due 
to external magnetic field pumping. The reason for multiple 
graphs in this case is that, due to the nature of the
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internal magnetic structure of various systems, the overall 
heating factor results vary as the initial magnetic 
Configuration is changed, These results are presented in 
the series of five figures Figs, 12 through 16.

In viewing these graphs it should he noted that 
they follow the same general pattern as the one that was 
produced using a relative radial pattern as the one that 
was produced using a relative radial perturbation. There 
is, however, one very important difference. In perturbing 
the plasma radius one essentially ignored the presence of

tany internal magnetic structure. This omission of the 
internal magnetic field lead.to viewing wave propagation 
within the column as in any normal fluid. This then lead 
to expecting the main resonance to fall at the local 
adiabatic sound speed. As was shown earlier in Figure 6, 
this was indeed what happened. However, as one begins to 
perturb the external magnetic pressure instead of the. 
plasma radius, the resonant wave velocity is no longer 
that of the local sound speed but rather a geometric mean 
of the sound speed and the Alfven velocity, which describes 
wave propagation along a magnetic field. This geometric 
mean is called the Cusp velocity and is defined as
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to
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<£ = <Up / ( k p C s )

Figure 12. Analytically computed heating factor 
Yp for 3 = 0.1.

x-
2  /7

,0 -2_  / | .0LU X 
LU 60

^  io-4! 0/

/ 0.1 /

10-
0-5 .00.0 1.5 2.0

2 W p / / (k p  C * )

Figure 13. Analytically computed heating factor 
Y for 3 = 0.1.
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Figure 14. Analytically computed heating factor
Yp for 0 = 0.5

# = 0.7
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Figure 15. Analytically computed heating factor 
Y for g = 0.7.
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CM 2_<n
CL

of
60

10"
0.0 0.5 2.0

Figure 16. Analytically computed heating factor 
Yp for 6 = 0.9.

where
b2

477 P

Because, as the internal magnetic configuration is changed, 
the internal magnetic field varys, the position of the 
main resonance should vary for cases of different 6. 
Expanding Eq. (99) out in terms of the adiabatic sound 
speed gives the relation
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: , bt \ c (ioo)
C \ 2 + 3 (y - 2} /

Using Eg. (100) it is now possible to predict where the 
maing resonances in Figures 12 through 16 should occur.
As an example, the 3 = 0.9 case has, using Eg. (100), a 
Cusp velocity equal to 0.342 G . Examining Figure. 16 
it can be seen that the position of the main resonance 
agrees very well with the expected Cusp velocity.
Similarly, the resonances for all cases of 3 where found 
to agree very well with this prediction.



CHAPTER 3 

THE NUMERICAL APPROXIMATION

This chapter will turn to solving the collisional 
pumping problem using a computer simulation. The computer 
code PINECONE was written to examine various aspects 
(collisional pumping, end-loss calculations, endplug . 
studies, etc -) of linear theta-pinches. In discussing the 
numerical approximation, it will be necessary to examine 
the integral components that went into the construction of 
PINECONE- Specifically, the selection of a simulation 
grid, the choice of. proper boundary conditions, the 
numerical approximations of the fluid equations, and 
examining the stability of these methods and its effect 
on time-step considerations, make up the essential parts 
of the simulation. Each of these elements will now be 
discussed, individually and then this thesis will present 
the results of the numerical approximation.

The Simulation Grid

The first step in any numerical simulation is 
the selection of the grid on which the problem is to be 
solved. This selection process is twofold as it is
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.necessary to select the geometry of the grid as well as 
to determine a kinematic description of the moving fluid. 
Because the boundary conditions and the form and complexity 
of the equations to be solved vary as the simulation grid

of the grid.
Grid geometry is dependent on the physical geometry 

of the system itself and to what extent the researcher 
chooses to represent ito PINECONE approximates the

column of plasma. Because of the symmetry of the 
perturbation in the 9 direction, it is only necessary to 
examine a slice of the column along its axis. This fact 
enables the use of a simple square grid in one^dimensional 
planar geometry for the. problem. . Such a grid is shown in 
■Figure 17.

is changed, care must be exercised in the initial selection

effects of a symmetric perturbation on a cylindrical

Figure 17. Square grid in One^dimensional Planar 
Geometry.
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In determining the motion of a fluid in this planar 

grid, it must then be decided how to describe the kinematic 
nature of the fluid. One way is to specify the density 
and velocity of the fluid at each point in space at each 
instant in time. Such a representation in usually referred 
to as an Eulerian system. It involves examining a flowing 
fluid through a fixed grid. Another method, a Lagrangian 
system, attempts to follow the individual points in the 
fluid, by assigning coordinates to each fluid particle 
and specifying these coordinates as a function of time.
By selecting a few of the fluid points to represent 
initial spatial positions along the grid, one can now see 
that, in the Lagrangian system, the grid moves with the 
fluid. It is this grid motion that provides an obvious 
difference between the Eulerian and Lagrangian systems.

z;

TdTd

M j  M j

Inertial Mass Point 

M Thermodynamic Mass Point 

ZZZ1 Thermodynamic Region

Figure 18. Lagrangian grid notation.
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PINECONE employs a Lagrangian system on its planar 
grid. The. spatial grid points, which depict the internal 
motion of the plasma/ are called inertial mass points.
These points in turn form the boundaries for thermodynamic 
regions, the centers of which are called thermodynamic 
mass points. These distinctions are represented by an 

or a MT(| , respectively. On the grid as shown in V 
Figure 18. Motion of an inertial mass point is then 
achieved by calculating an effective mass at the point 
and having that mass acted upon by the net pressure 
difference between the two adjacent,thermodynamic regions.

V Finally, in addition to the normal zones above, 
an additional thermodynamic region is added to each end 
of the system. These zones, called ghost cells, are 
added as a programming aid in representing the boundary 
conditions of the system at the ends.

Boundary Conditions

: In this section the boundary conditions required to 
represent the system environs will be reviewed. PINECONE 
simulates the effects of a cylindrical uniform periodic 
perturbation on a cylindrical plasma.column. However, 
because the problem.is uniform and periodic, it is only 
necessary for PINECONE to study a small portion of the plasma 
column. In fact, PINECONE examines a length of plasma 
equivalent to only one-half of the pumping perturbation 
wavelength.
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’ Examining the perturbation waveform, it can be 
seen that, as shown in Figure 19, the perturbation 
always has, a maximum or minimum value at the ends of the 
column. Also, because of the periodic nature of the 
perturbation, the ends have a "mirror" boundary 
condition. This means that conditions within the plasma 
at some distance in from the end are the same as those 
the same distance out from the end. The inertial mass 
point exactly at the end of the column then sees no 
difference between pairs of surrounding thermodynamic 
zones. This lack of variation leads to two boundary 
Conditions for the ends. First, because there is no 
difference in the temperatures in the two adjacent zones, 
there can be no heat transfer between them. Therefore, 
there is no heat flux allowed across the ends of the 
column. Secondly, because there is no difference in the 
pressures in the two adjacent zones, there can be no net 
force acting on the inertial mass point at the end of the 
column. So the velocity of this point will always have to 
be zero. To maintain these gradients at zero, one , 
introduces the ghost cells described earlier. Whenever the 
thermodynamic quantities of the grid are calculated, the 
ghost cells take on the thermodynamic values of their 
corresponding end zone. In this way, when the heat flow
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and axial motion calculations are performed, the necessary 
gradients are always found to satisfy the boundary 
conditions at the ends of the column.

describing the radial edge of the plasma. In examining 
the behavior of a charged particle within a magnetic field, 
it can be seen, as in Figure 20, that the particle is 
essentially "tied" to a magnetic field line. This obvious 
restriction of radial motion results in very poor diffusive 
properties in the radial direction. Hence, the primary 
mechanism for heat transfer,collisional particle transport, 
is almost entirely eliminated in the radial direction.

z = ^ / 2 k p

PB= PB0 +  8 P b sin(<ut) sin ( k pz)

Figure 19. The perturbation waveform.

There also exists a set of boundary conditions
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Because of this one would not expect to see any significant 
radial heat transfer. Therefore, there will not be a heat 
flux allowed across the radial boundary.

Figure 20. Charged particle in a magnetic field.

A sharp-boundary condition is also assumed for the 
radial perimeter of the plasma. This condition stipulates 
that the plasma maintain a definitive edge at the boundary 
instead of it being represented by a diffusive .region. 
This assumption allows one to treat the radial dynamics of 
the problem as a simple pressure balance between the total 
internal pressure and the external magnetic pressure. By 
assuming an instantaneous pressure balance, it will just 
be a matter of altering the radius until pressure balance 
is achieved to simulate radial motion.



Numerical Approximation1 of tHe Fluid; Equations

In examining the collisional pumping problem, one 
must form a flow chart to place the numerical solution of 
the various physical processes involved into some sequence. 
It is necessary then to perform a cause and effect analysis 
to place the individual contributions into their proper 
place in time»

Starting with, a motionless plasma column, it can be 
seen that in the numerical simulation motion within the 
column can only be initiated by changes in the thermodynamic 
zones. In the collisional pumping problem this initiating 
process is the initial perturbing of the plasma radius.
After the perturbation has been applied, the effect of the 
perturbed radius on the thermodynamic variables in each of 
the individual zones is resolved. When the thermodynamic 
states of all the zones have been determined their effects 
on the axial and radial motion of the column can then be 
examined. Updating the time step, the simulation then 
proceeds cyclicly until the time limit of the problem is 
reached.

The PINECONE subroutines that provide the numerical 
approximations to the various fluid processes described 
above will now be examined.
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Radial Motions The Subroutines 
BFIELD and AREA

In describing the radial motion of the plasma 
column, it is necessary to first obtain a time history of 
the external magnetic field. The subroutine BFIELD 
provides such a history. Using a variable external 
magnetic flux, the user.can choose between two algebraic 
formulae to describe the perturbation of the magnetic field. 
The user is able to select either a simple sinusoidal 
waveform or a periodic: square wave. Once the form of the 
perturbation is decided, the simulation can then begin to 
solve for the radial dynamics.

Normally an approximation of the radial motion 
would entail finite differencing the radial component of 
the momentum equation in cylindrical coordinates. However, 
due to time-step and. stability considerations, this method 
is avoided. Instead, using, the flag ARELAG in the sub
routine AREA, the user has the option Of: (1) employing a
Newton-Rhapson method to solve an equivalent equation of 
radial motion, (2) employing a Newton-Rhapson scheme to 
solve for a radial pressure balance, or (3) directly 
applying an analytic prescription to the problem. Regard
less of the choice, the user obtains a new value for the 
radius and in turn a new value for the cross-sectional area 
of the column.



54

In modeling the analytic solution, it was necessary 
to use the third method described above. This is because 
the integrations involved in the analytic theory require 
the entire plasma column to assume its initial radius at 
the end of a perturbation period. Because the mean radius 
of the plasma expands as it is heated by the perturbation, 
the first two methods, using a radial pressure balance, 
cannot easily meet this requirement. Therefore the 
analytic prescription was used to describe the perturbed 
radius.

Heat Flow; The Subroutines 
CONST, CSOIV,and SOLVE

in beginning to specify the thermodynamic state of 
a zone, the energy equation, or heat flow equation, is 
solved to determine the temperature distribution over the 
grid. It should be noted that in PINECONE the user has 
the option, by use of the flag NTEMPS, of using either a 
one- or two-temperature prescription of the problem. In 
modeling the analytic theory, it was necessary to use the 
one-temperature prescription.

The heat flow equation

pcvii = ; v ° (kvt) (101)
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calculates the effective" temperature change within a zone 
during some time increment« Because of the boundary 
conditions stated earlier concerning heat flow, it is 
necessary to examine only the axial•component of Eg. (101) 
in cylindrical coordinates. This yields

pCv M  ~ H M ) (102)

Using standard finite-differencing techniques gives

- r 1  -  t ? \

At /
■ 1
m .Az .t t-

,T?+r - t?'
Az ■]AziAiA -

(103)

where the subscripts apply to the Lagrangian grid as shown 
in Figure 21 and

' z.i+1 : i-1 (104)

Performing some algebra in Eg.. (103) and defining the 
heat fluxes as

Fi - Ki
^4.1 - Tl
AZi+%

(105)
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z i + 1

Td:. Td;

M M M

Figure 21. Numerical zone notation.
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gives
-  T1}

r % ^
At

Examining the left hand side of Eg. (106), we see 
that the equation is time centered at time (n + 1/2)At.
But, because of stability considerations, implicit 0 
differencing is now introduced.. Time centering at time 
Tn+^ is replaced with variable centering at time Tn+®, 
where 8 is a constant whose value lies between 0.5 and 1.0.

By defining

T^+0 = 6T1?"1"1 + (1 - 0) T1}. (107)

= 0 6T1} + T?'Is- 'Is

the user has the option, of using a fully forward equation 
with 8 = 1.0, recovering the original equation with 
0 = 0.5, or a mixture of the two with 0 set somewhere 
between. It should be noted that the stability of the 
method increases as 0 approaches 1.0, but that as 0 moves 
away from 0.5, the accuracy of the solution decreases. 
Therefore a trade-off between stability and accuracy 
exists in the selection of a value for 0.

57 CAiFi * Ai-rpi-i> (106)
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Eg.
Using the 8-centered temperature differences in 

(106) gives .

5T1} 
vt: At mT CAiFi ' (108)

Expanding the heat fluxes from Eg.
rtn

(105)

Fi = &
-  -i

Azi+%
(105)

using 8-oentering gives

Ki
L7-i+h

[ ( 6 5 T 2 :
■+ T?>] (109.)

Rearranging Eg,; (109), and using it to replace the heat 
fluxes in Eg, (108) yields

ST? =
;a „k » t

:micv.: Azi+J5
6 - " L i  - T?)

Ai-lKi-l
AZi-3$

9(6T5 - - (T^ _ T ^ ) (110)

nFinally, collecting terms of ST gives the equation
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0 At ' AA '  \Smn ^ /, , 9At , QAt
 —  ■ -— ”  l5Tv:+i + I1 +   Jz----•+••-— —
miCv. Azi+J  V m<Cv. miCv.

Ai-lKi-l^Tn _ /_9it_ _ 6At
A Z i - %  /  \ m . C V .  A Z i - 3 S /  m i C V ,

A ».K . A .. 1 K ». ->-±-L- (T^, - T1?)--- ^Llrl (T1} - T^_1 )
Azi+% ^ * Azi-J5 ^ ^ .:

(Ill)

Equation (111) represents a system of linear 
equations in terms of the temperature changes within the 
grid zones. In forming the coefficient matrice, it can 
be seen that one gets a tri-diagonal system. Such a form 
is due to the fact that: heat flow into or out of a single 
zone is dependent only on the temperatures of: the two 
adjacent zones. Solution of the problem is then accomplish
ed. by the inversion of this tri-diagonal system.

in PiNECONE the three subroutines CONST,- CSOLV, 
and SOLVE provide the numerical approximation for the 
heat flow equation. The subroutine CONST performs the 
construction of the necessary constants that make up the 
tri-diagonal coefficient matrice. The actual sorting 
and assembling of the coefficient matrice is accomplished 
in the subroutine CSOLV. Once the matrice has been formed, 
CSOLV calls the subroutine SOLVE to provide the inverted
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solution of the problem. CSOLV then, using the returned 
values for the temperature changes in the individual 
zones, updates the zone temperature and passes control 
back to the.main program.

An Equation of State: The
Subroutine EOS

Once the radial perturbation and heat flow along
the grid have been initiated, the individual grid zones
begin to experience changes in pressure. To numerically
determine the change in pressure within a zone, it is
required to specify a thermodynamic equation of state for
the system. S u c h  an equation relates: the pressure to two
-of the other thermodynamic properties of the fluid.
Usually one; describes this relationship between the pressure
and the temperature and density, although one could use
any of the others (enthalpy, entropy, etc.) if found
convenient.

The subroutine EOS uses, a modified adiabatic 
equation of state to determine the new pressure within a 
zone. For an ideal gas, the adiabatic equation of state
is . . : ;■ " ■ : : ' ;

= constant (112)
where

C
Y = . (113)



However, because this is an adiabatic relation, it will 
be necessary to alter Eq« (112) in order to study 
nonadiabatic systems,

Examining the plasma within a zone at two times 
t ' and t^, it can be shown using Eq. (112) that

However, because in a Lagrangian system the zones have 
constant mass throughout the simulation. Eg. (115) 
becomes

by updating the reference pressure at every time step. 
Rewriting Eq. (116) at time nAt gives

(114)

The time tQ is now set as a reference point, denoted by 
the subscript R, to get an expression for the zone 
pressure at later times as

y
(115)

(116)

The nonadiabatic effects of heat flow will now be included

(117)

Rearranging yields
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,n. prR (118)
iy-1

The nonadiabatic reference pressure at the next time step 
(n + l)At, accounting for heat flow, is then

Finally, using the change in volume due to rad dial and axial 
motion to obtain a new density, the adiabatic equations

are used to obtain the new pressures and temperatures.

Axial Motion: The Subroutines
MOVE, VELOC, and SOLVE

The last physical process to be modeled is the 
solution of the momentum equation, which describes the 
change in axial velocities within the plasma column.
It can be seen that as the pressure in adjacent thermo
dynamic zones begin to vary, the inertial mass point 
between them experiences a net force acting on it.

1 (119)

where ATn is obtained from the heat flow approximation

Y
(120)

and

(121)
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This net force then dictates that the point acquire a 
velocity and be displaced. It is this acceleration and 
subsequent displacement that constitute axial motion.

In solving the momentum equation, PINECONE again 
offers the user a choice of solution methods. Originally 
the code was written using a fully explicit scheme to 
provide an approximation to the equation. However, as 
PINECONE studied cases involving considerable viscous 
forces, it was found that the explicit method required too 
many time steps. At that point an implicit method was 
written to augment the existing explicit technique. The 
user Is then given the choice, by use of the flag VELOCT, 
of applying either a combination of the two methods Or 
employing the implicit scheme solely.

. The explicit method, contained in the subroutine 
MOVE., uses standard difference techniques in differencing 
the momentum equation, Eq. (62), to obtain

- v'-'i K  - p? . \p. V  v   -I— 1±L---- i-J (122)
 ̂ At \ Az. '%

where the total pressure (PT) includes viscous effects. 
Forming an explicit relation, Eq. (122) becomes

Z P t... - PT.. \
- —  ( ■  — 1-) (123)

^ ^  Pi V Az.. /
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Employing leap-frog differencing to displace the mass 
points, these half time—step velocities are used to 
calculate whole time-step spatial positions. The new 
spatial positions then give rise to new pressures within 
the thermodynamic zones, the difference of which form the 
acceleration terms used to calculate new velocities. The 
simulation continues this procedure of "leap-frogging" 
until the problem is solved.

The implicit method, as previously stated, was 
written to offset stability problems of the explicit scheme. 
It was found that, in describing systems with extensive 
viscous forces, the explicit technique required very small 
time steps to maintain stability. As a result of this, 
it was decided to add an implicit scheme and employ it at 
times when the explicit method proved deficient.

In, developing the implicit method, we started by 
finite differencing the axial component of the momentum 
equation in cylindrical coordinates. Examining the momentum 
equation

p 5̂  = - VP - V°t + pg (62)

and resolving only the axial component in cylindrical 
coordinates gives
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3 V
at - E  + il c>-i E > (124)

Standard finite-difference techniques are now used to; get

n+% _ yn-h
?^ i  - i  , i

At Az

ix-hfv: - vn-%i-1- Az..1-

-&+1
i+1 Az

(125)

As was done in the analysis of the energy equation, 
implicit theta differencing is introduced by replacing 
velocities centered at time Vn with "velocities centered at
time Vn+®. Defining

V1?4"8 = + (1 - 6)

= 9 6V1}""35 + V1} **Is v

Equation (125) becomes

(126)

APnA i+1 + __1_ i+1

(66V1} ^ + V
f 1 az.

(86V* ^ + V*"^)

(127)
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Expanding the density ,

HI*.
p =  ------------------------------------------- (128)

V z;+%

and collecting terms of 6V on the right hand side of 
Eg. (127), gives the final result

\ ,4n-3$ ,/m£ , q/A£u£+1 , A£Ui\\^Tn ^. . +[-t + e(
Az£+1 / ^ \At \Azi+1 Aẑ , // ^

- — — —  SV1?-^ = - A.AP“+1 + AV1} ^ 'z'1i- AV1?-^
"-1 " Az£+1. "+1 A,, -

(129)
The subroutines VELOC and SOLVE, when called from 

MOVE, provide the numerical solution to the system of linear 
equations above. The VELOC the matrice coefficients are 
formed, sorted into the proper matrice form, and sent to 
SOLVE for the inversion procedure. Once inverted, the 
returned changes in point velocities are then used to 
increment the existing velocities. Control is then passed 
back to the subroutine MOVE where, using leap-frog 
differencing, the displacement of the spatial grid is 
accomplished.



Stability and Timerstep Considerations
The final aspect of the approximation to be studied 

is the question of the numerical stability of the methods 
used. Inherent in their use, maintaining stability requires 
examining the numerical equations and the physical para
meters intrinsic to them. Because these physical properties 
change as the. simulation progresses, the question of 
stability is one that is ‘constantly 'being.tasked, Therefore, 
one must at every time .increment identify from the various . 
stability criteria the dominant physical process subject to 
stability problems and then adjustthetime step accordingly.

In determining the various stability criteria 
involved, one must first obtain expressions that relate 
the maximum time step to the other physical properties 
of the individual equationso In the Case of simple 
explicit schemes, it is usually necessary to determine, 
using complex Fourier components and linearizationonly 
a dispersion relation for the specific equation involved. 
However,. as one employs more complicated explicit schemes 
or uses implicit schemes in general, it is required to use 
more detailed analyses to evaluate method stability.

There are two standard methods of investigating 
the stability of a numerical scheme. In the Matrix method 
one evaluates the eigenvalues of the matrix formed from the 
coefficients of the method equation and then examines the 
magnitudes of these eigenvalues as the problem progresses.
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The stability criterion of the method is then determined by
requiring these magnitudes be always less than one. The
other method, the Fourier Series method, expresses the
errors involved in the scheme in terms of Fourier series
components. Stability is then determined by evaluating the
nature of the magnitudes of these errors as the method

4develops. The reader is referred to Smith for a more 
detailed description of these methods.

Realistically one would like to keep the maximum 
time step as large as possible, without risking stability 
problems, and employ explicit methods. However, for some 
approximations, the maximum allowable time step that is 
determined is, in itself, too small, requiring too many 
simulation steps. In these instances one is required to 
replace the explicit scheme with an implicit approximation, 
which, in general, is not, subject to stability criteria.
The development of. the stability criteria for the momentum 
equation, used, to determine axial velocities in PINECONE, 
clearly demonstrates this procedure.

Stability of Explicit Axial 
Velocities without Viscosity

; PINECONE describes axial dynamics using the explicit
leap-frog difference method described in an earlier section.
The velocities used in this method were at first calculated
explicitly, using a form of the momentum equation
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p H  = -VP,T. (130)

where PT = P + Pv » Assuming that the viscous pressureP
(Py) is negligible, we start to determine the time-step
criterion by expanding the plasma pressure in this equation 
by use of a gamma-law approximation

Pp = PR = p r (’ +O

Using Eq. (131) in Eq. (130) above gives 

3V
3t

yPR dp. 
p0 3z

(131)

(132)

Inserting Fourier components in Eq. (132) and
linearizing the resulting equation, gives

V ,iwp0vi = (133)

Reintroducing the continuity equation

|£ = -v°(pv)

and performing the same operations as above gives

Solving Eq. (134) for yields

(49)

(134)

(135)
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which, 'when substituted into Eg. (133) produces the equation 

= f l f s h  (136,

Rearranging terms in Eg. (136) and remembering that 

2  ̂YPr
C S = !137!

yields

£  = c s (138)

But, because to and k are proportional to the inverse of At 
and Ax, respectively, the. time-step condition is

At < Cc A2E (139) '
s ■

where the proportionality constant Cc <_ 1 is the familiar 
Courant number or multiplier»

The criterion above, which is a variation of the 
Courant-Friedrichs-Lewy (CFL) condition, essentially 
prevents a disturbance from propagating through an 
entire spatial zone within the specified time step.
However, if the proportionality constant is not set properly 
(i.e., set too high), it is possible for two adjacent mass 
points, moving towards one another at the beginning of a 
time step, to obtain velocities such that the points 
actually pass one another during the prescribed time step.
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Avoiding this phenomenon!, known as zone crossing, requires
modifying Eq. (139) by adding a projected velocity
gradient between adjacent mass points to the local sound 
speed used in the stability criterion. This result

At < C_ — • Ax —  / (140)
(Cg + Av)

prevents zone-crossing,, maintains stability in the axial, 
velocities, and is used in problems where viscous terms 
can be neglected.

Stability of Explicit Axial 
Velocities with. Viscosity

In the early uses of PINECONE the modified CFL 
condition formulated, in the previous section proved to be 
more than adequate in maintaining the stability of the a 
axial velocities. However, as PINECONE was used to 
examine the more viscous collisional pumping problem, 
it was found necessary to increasingly tighten the modified 
CFL condition. Because collisional pumping entails the 
use of large viscous components, the root of the stability 
problem was found to be in the failure to include the 
viscous terms in the derivation of the stability condition, 
and it was necessary to repeat the analysis including the 
viscous terms.
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The momentum equation, including viscous terms.

Assuming the gamma'-law approximation for the plasma 
pressure, Eq. (131) -

P_ s- P (l + ) . ' ■ (131)
P R P0.

gives
(141)

Inserting Fourier components in (141) and linearizing 
the resulting equation, yields the relation

ioip, V, =; ik ( — - -- + ikuV-, ) (142)
1 1 o 1

Introducing the continuity equation, Eq. (49) . .

^ - V-(pv) (49)

and performing the same operations as used in obtaining 
Eq. (141) gives

V1 = E fP P1 = I poVl (143)o

Substituting this result into Eq. (142) and performing
some algebra on the resulting equation yields the dispersion
relation
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Solving (144) for w, one gets the quadratic
equation

u2 + SUl- U - c?k2 = 0 (145)
p&  5

Defining the term involving viscosity as

a = (146)
o

and the term involving the sound speed as

b = Csk (147)

Equation (145) becomes

co2 + aw - b2 = 0 (148)

Finally, employing the quadratic rule, one has for w

• q . - »■ * (149)

The effects of allowing either the sonic or 
viscous terms in: (149) to dominate will now be examined..
By investigating these limiting cases, it will be possible 
to determine the individual contributions of these 
properties in driving the time step. Allowing the sonic 
term to dominate, one can essentially let a -> 0,
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Equation (149) then defaults to the relation

[oi | ~ I b [ w — Cgk , (150)

Now, because w and Jc are proportional to the inverses to At
and ' Ax-; respectively, (150) becomes the sonic time-step
condition

Ats i Cc if (151)

As one should have expected,, because viscosity has again
been neglected, this is the CEL. condition that was obtained
earlier. If one now permits the viscous term to be

2dominant, one can basically let b -> O'." Ignoring the b
term in Eq. (149) for w gives

. 2
| to | = [ a | => to = llLJL- (152)

' - po

Rewriting (152) in terms of At and Ax, the viscous time-step 
condition becomes

2
•.tv < Cc (153)

Thus, in cases where the viscosity cannot be neglected, 
this time-step condition must be used to maintain stability. 
Therefore, the viscous condition was written into PINECONE, 
augmenting the existing sonic time step when plasma 
parameters are such that the viscous terms dominate the
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sonic terms. In this way the simulation is able to use the 
existing explicit method of determining velocities without 
experiencing stability problems.

Stability of Implicit Axial 
Velocities with Viscosity

In examining the results of the previous section,
it can be seen that the viscous time-step condition is
markedly different than the CFL condition obtained earlier.
To determine exactly what the relation between the two is,
the ratio of the two criteria is formed to get

• At,
At

A 2Ax pc 
y- Ax feoV h

Performing the proper algebra yields the result

(154)

At;
Atv = liU At. (155)

Finally, defining

K  -.IE (156)

Equation (155) becomes 

Atv = K Atg

In normal applications, .when the viscosity can be neglected, 
the constant K has a magnitude of the order of the inverse 
of the sonic time step. In this case then the viscous time 
step is the same as the CFL condition or
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Atv = Ats {158)

However, in the case where large viscous forces are 
involved, the quantity K can have a magnitude of order 
equal to 1. In this limit, it can be seen that the 
viscous time step then becomes equal to the square of the 
CFL condition or

Atv = Atg (159)

Now, even though stability in the viscous limit can be 
guaranteed when one uses the viscous time-step condition, 
the resulting large number of simulation steps is not 
acceptable. Therefore, to avoid the stringent stability 
condition in the viscous situation, it is required to 
replace the explicit method with: an implicit scheme.

The stability of the implicit method used to 
calculate the axial velocities as well as the temperature 
changes in heat flow will now be examined. In investigating 
the stability of the implicit scheme, it will be necessary 
as was indicated earlier, to make use of the Matrix method. 
Writing the implicit difference equation of the momentum 
equation, Eq. (62), gives
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, G^r4) -
AP?+i x■   ; T- ■'

A2i+JS  ̂A2i+1
(« < + x  - V1 +l>

,7? « ) -  te;vT :' - r l'‘ + (160)

Az . [(e cvv*1 - vj) . v?) - (e (v^ -

Now, neglecting the pressure source term and assuming that 
viscosity and gradient lengths are constant over the grid, 
Eq„ (160) becomes

V ? + 1  - = r ' F 0 C V1} ^  - 2V\+1 +• ) + (1 -8)t, f  L • t  1,-1

(161)

Using (161), the velocities of the '
where
entire grid are represented by introducing the vector 
notation ■'

(X - r 1 62,N=,1) Vn+1 - (Z + r 8: (1-8) 2,N_1) V*- (162)

where

^N-l

*2 1
1 -2 1
0 - 1 -2 1

■0,0 o o o o o

1 -2 1 
1 -2

(163)



Taking the inverse of the matrix (X - r 'QX^^) , Eq> (162) 
becomes

Vn+1 = (X - r'er^l^'CX +rt (1 - (164)

Finally, defining an amplification matrix A. as

A — (X - r ,6XN_1)~1 (X + r' (1 - 6)X^_1> (165)

Equation (164) can be written

Vn+1 = AVn (166)

The magnitude of the individual eigenvalues of the 
amplification matrix A will now be examined. Of particular 
interest will be the conditions required of r1 and 6 to 
keep the magnitudes of all the eigenvalues, X^,,bounded 
and such that I Xs I <- 1. Calculating the eigenvalues, it. 
should first be noted that the separate eigenvalues of the 
matrix are -4sin^(^g) , s = l,2r...N-l. Using this
result, the eigenvalues of the amplification matrix are i-.a 
then

o fSTT*
• i A r 1 (1 - 6 ) sin 2N

S  2  . S  = 1,2,..oN-1
1 >  4r*9 sir/(||!

Enforcing the stability requirement, | X S ( <_ 1, yields the
relations
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- 1 < 1; 4r-q - 8) j. ,168)
1 + 4r?9

Examining the lower inequality of (168)

1 - - ;8.) » _1 (169)
1 + 4r'6

and performing some algebra gives the result

2r'(l - 20) < 1  (170)

Now because r1 > 0 and 0 <= 0 <= 1, it can be seen that
(170) can only be true when 0 > 0.5. For values of 0 such
that 0 < = 0  <= 0.5, it is required that

r ' < — — — r—  (171),
" 2(1 - 20)

Completing the analysis, the upper inequality of Eq. (168)

• 1 .r„a, < 1 (172)
1 H- 4r'6

is evaluated giving the result'

r' > 0 (173)

Because r' is always greater than zero, (173) is always 
satisfied and therefore places no restriction on 0 or the 
time step. Combining the two results, Eqs. (171) and (173),



80

it can be seen that the method is stable in the interval 
q <= 9 <= 0.5 when r 1 <_  ̂(1 -2 9 ) and is unconditionally 
stable in the interval 0.5 <= 0 <= 1.0.

In concluding this section on stability, it should 
be noted that even if one uses a value of 0 > 0.5 in the 
method above to determine the axial velocities, the • 1 i. 
stability of the entire simulation is not readily assured. 
One should note that any simulation comprises several 
explicit and implicit numerical schemes. Therefore, even 
though .the implicit methods can theoretically use any time 
step, the stability condition enabling the most error-prone 
explicit method to run must be the one used to determine 
the overall time step. An example of this is in how 
PINECONE uses the modified CFL condition obtained earlier 
without viscosity, as it enables the stable use of the 
explicit leap-frog method.

Results of the Numerical Approximation

In this section the results of using the computer 
code PINECONE to simulate the effects of collisional 
pumping on various theta-pinches are presented. To place 
these results in perspective with the answers received in 
performing the analytic theory, we reintroduce the heating 
factor and the parametric constants L and <j>.
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= IE
EoCr'

L _ Xiikp

(92)

(94)

(95)

The results from several PINECONE runs using these 
constants are presented in Figure 22.
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Figure 22. Numerically computed heating factor

for various L numbers.

In viewing this graph it can be seen that the scope 
of the results is limited. This is due to the fact that 
PINECONE can only produce a single point of datam per run



and the fact that as the perturbation frequency grows 
smaller the related period becomes larger and'larger. 
Therefore, due to the limited computer funds available, 
the curves that are. presented are left intentionally 
sparse.



CHAPTER 4

COMPARISION OF THE ANALYTIC AND NUMERICAL RESULTS

This chapter will turn to comparing and examining 
the results obtained from the analytic and numerical 
solutions. This examination will be concerned with 
directly contrasting the two separate solutions in both 
the linear and nonlinear regimes and then discussing the 
possibilities of using oollisional pumping to heat: a 
theta-pinch plasma. The comparison of the two solutions 
will itself have two objectives; First, the credibility 
of both methods will be established by checking for agree
ment between the results in the small perturbation limit. 
This limit.is used so that the assumptions used in. linear 
linearizing equations in deriving the analytic solution 
are indeed valid. Then, by increasing the magnitude of 
the perturbation, an upper bound of the perturbation 
magnitude will be determined for which the linear model can 
be safely applied. This can. be done by using the results 
of the numerical simulation and looking for perturbation 
magnitudes that cause disagreement between them and those 
obtained from the analytical method.

83
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The Linear Regime

In deriving the analytic solution in Chapter 2, 
it was assumed that the magnitudes of the perturbed 
quantities were small. Therefore, to assure the validity 
of the analytic result, one must compare the two solutions 
in the limit of small perturbations. Using a relative 
radial perturbation ^  = 0 .0 0 0 1 , the results of both 
methods were compared for L numbers ranging from L = 10.0 
to L = 0.001. The results of this analysis are presented 
in the series of five figures. Figures 23 through 27.

04

\
60
S -LU\
LU
60

10

10

0 0 - 0 - 0  pinecone 

------------  onolytic

0.80.70.6

Figure 23. Comparison of analytic and numerical 
solutions for L = 10.0.
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Figure 24. Comparison of analytical and numerical 
solutions for L = 1 .0 .
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Figure 25. Comparison of analytical and numerical 
solutions for L = 0.1.
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Figure 26. Comparison of analytical and numerical 
solutions for L =0.01.
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Figure 27. Comparison of analytical and numerical 
solutions for L = 0.001.
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3sn viewing these graphs it can be seen that the 
methods exhibit very good agreement in all cases except for 
the L = Go001 case. In this specific case PINECONE has 
severe problems trying to model the very narrow resonance 
at L = 1.0. This problem, however, can be attributed to 
the fact that all numerical, schemes have problems modeling 
such dramatic changes in system behavior. Overall, then, 
it can be seen that there exists very good agreement 
between the analytic and numerical solutions in the linear 
regime. Therefore, because the two methods were composed 
independently of each other, this concordance of solutions 
must be interpreted as both methods giving an accurate 
solution to the collisional problem in the linear regime.

The Nonlinear Regime

In the previous section the analytical and 
numerical results showed by complicity that the two schemes 
accurately represent solutions to the collisional pumping 
problem in the linear regime. However, as the perturbation 
magnitude is increased, the results should begin to reflect 
the effects of the nonlinear regime. These effects cannot 
be examined using the analytic theory because the concept 
of linearity is intrinsic to its derivation. PTNECONE, 
however, does not assume that small perturbation limit and 
can be run with any size perturbation. Therefore, to check
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the limits of the linear region PINECONE was run using 
increasing values of the relative radial perturbation.
For this analysis the L numbers 0.01, 0.1, and 1.0 
were chosen and the effects of the changing perturbation 
on the heating factor at resonance were examined. The 
results of this examination are plotted on one graph which 
is presented in Figure 28.

10- '

N analytic resultid
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Figure 28. Normalized analytical and numerical 

solutions for increasing relative 
radial perturbations.
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For this graph the ratios between the analytic and 
numerical results at the resonance of several L numbers for 
various relative radial perturbations are given as a 
function of the increasing relative radial perturbation.
As the magnitude of the perturbation is increased it can 
first be seen that the analytic result remains constant due 
to the fact that the analytic result is independent of the 
magnitude of the perturbation. However, the results of the 
numerical solution tend to fall away from those of the 
analytic solution for increasing values of the perturbation 
magnitude. It is this disagreement between solutions that 
marks the onset of the nonlinear regime.

In viewing Figure 28 it can also be seen that the 
range of applicability of the linear analytic theory is 
indeed bounded by increasing perturbation magnitudes. But - 
one should note that in cases for which the heating factor 
resonance becomes large (i.e., L — 0 .0 1 ) the Onset of the 
nonlinear regime comes, in a sense, quicker. This can be 
seen in Figure 28 as the different separation points of the 
numerical methods with the. analytic solution. This effect 
is due to the fact that the larger resonance values require 
smaller perturbations to drive the solution into the 
nonlinear regime. Therefore, one must keep the perturbation 
magnitude within the limits defined by the figure to be able 
to use the analytic theory.
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Heating Using Co'l:l:i:s:io'n,'al: Pumping

Now that it has been shown that an accurate solution 
to the collisions! pumping problem exists it is now 
possible to discuss the ability of the method to increase 
the internal plasma energy of a theta-pinch plasma, In 
examining this question it should first be noted that all 
the results that are presented in this thesis are in terms 
of the heating factor ¥ , It is essential that this 
quantity not be confused with an absolute relative energy 
change within the plasma. The heating factor isy, as defined 
earlier in Chapter 2, the relative energy change divided by 
the square of the relative perturbation magnitude. To 
determine the absolute relative energy increase within the 
plasma it is then necessary to multiply the heating factor 
by the square of the relative perturbation magnitude. This 
number is usually much lesS than unity and therefore gives 
a relative energy change that is markedly different than 
the heating factor.

To illustrate this the heating factor at resonance 
is examined for L = 0.1... At the resonant frequency 
(<f> = 0.81) the heating factor has a value of 18.58. The 
absolute relative energy increase for different systems 
using these parameters then depends on the magnitude of 
the relative radial perturbation used. For example if one 
uses a relative radial perturbation of 0 .1 , the
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heating factor 18.58 is multiplied by the quantity 0.01, 
which is the square of the perturbation, to obtain the
absolute relative energy increase within the plasma. The

‘AEresult, =— — 0.185, translates into an approximate 2 0  o
percent increase in plasma energy during one cycle of the 
collisional pumping. However, if one chooses a relative 
radial perturbation of only 0 .0 1 , the resulting absolute 
relative energy increase is then only of the- -order of a 
few tens of a percent. Therefore, care must be used, when 
interpreting the graphs.

As a physical example of this procedure a typical 
thermonuclear plasma, is examined. The initial plasma 
Characteristics are taken to be

O I cT = 1.0 x 10 (eV) n^ = 5.0 x 10 (part/cc)
P = 1.602 x 1 0 ® (ergs/cc) p = 1 . 6 6  x 1 0  ̂ (gm/cc)

4Cs = 4.01 x 10 (m/sec) = 0.25 (m.)

Selecting for the example L = 0.1, one calculates a 
perturbation wavelength such that X ^ k  - 0.1. In this
case the perturbation wavelength becomes X^ = 15.7 m. The 
resonant parametric constants for L = 0.1 are = 18.58 
and <j> = 0.81. Using tf> it can be shown that the resonant

4 -]_frequency becomes = 1.296 x 10 (sec ) with a 
corresponding period t_ = 4.84 x 10  ̂sec. Finally, 
using a relative radial perturbation of 0 . 1 which
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corresponds to.an approximate 2 0 percent increase in 
internal energy, calculations show that approximately 
15 cycles of the pumping are required to heat the plasma 
to ignition temperatures (i.e., > 10 keV). With a

-4period of 4.84 x 10 secs, the required work can be
-3accomplished in a time period of the order of 1 . 0  x 1 0  

secs.
Overall then, examining the results of both the 

analytic and numerical solutions, it can be seen that the 
heating factor is always greater than zero. This, 
regardless of ones choice for the radial perturbation, 
always translates into an energy increase in the plasma due 
to collisional pumping. This result when combined with 
intelligent choices for the perturbation, wavelength and 
frequency then provides the basis for the use of the axial 
collisional pumping heating method as an effective heating 
scheme for theta-pinch plasmas.



CHAPTER 5

CONCLUSIONS AND RECOMMENDATIONS

The purpose of.this thesis was to develop the 
means by which the axial collisional pumping heating 
method could be evaluated. Then, using these means, it 
was intended to establish the ability of the heating scheme 
to provide an alternative method for heating a theta-pinch 
plasma. The greater part of this work. Chapters 2 and 3, 
was devoted to the development of these analytical and 
numerical methods. However, once these methods had been 
derived, their ability to simulate the effects of axial 
collisional pumping heating needed verification.
Therefore it was necessary to contrast the individual 
results of both methods in Chapter 4. When this comparison 
was completed the methods were found to be in very good 
agreement. This result then enabled, one to use the results 
of the analytic and numerical models with confidence to 
show that the axial collisional pumping heating method 
can be very effective in heating a theta-pinch plasma

In making recommendations for future work in this 
area, there are several questions that need to be addressed. 
First, a direct comparison between the axial collisional 
pumping heating method and the traditional implosion scheme
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needs to be carried out. Only in this way can the merit 
of the coliisional pumping method be judged. Secondly, 
work must be performed in evaluating the overall plasma 
stability during and after the implementation of coliisional 
pumping. Any heating scheme that causes the plasma to go 
unstable would have to be avoided. Finally, because the 
future of theta-pinch depends on their being "plugged", 
the method is going to have to be tested on machine designs 
which incorporate the use of the various end—stoppering 
schemes. Any heating scheme which interfers with, 
preventing the end-loss phenomenom must again be avoided.



APPENDIX A

EVALUATION OF THE ANALYTICAL SOLUTION INTEGRALS

In the derivation of the analytical solution, one 
is required to evaluate the integrals in Eq* (21)„

AE - “2 frro | d | CrPBEXT
0

sin^(kz)dz cos(tot)sin(wt+Q )dt

Evaluating the integral over space yields
(21)

sin^ (kz)dz = T j  ̂ ~ ^  sin(2kz ) (Al)

But because L^ = 2tr/k>.. (Al) becomes

i Z - sin(2kz) 2 (A2)

Evaluating the integral over time gives 

•T P

cos (tot) sin (tot+ 0 ) dt = ^  sin9 -
o

(A3)
However, because = 2w/to, (A3) becomes

95
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z Sin9p " = Sin6p (A4)

Inserting the results of Eqs< 
gives

and .{A4} into Eq. (21)

AE = -T2 r2 |d|PBEXTo Lp C2 sin(6p ) (AS)



APPENDIX B

- EXPANSION OF THE MOMENTUM EQUATION

Examining the momentum equation, Eq„ (62), 

p 0^ = -VP —  V°'t t pg (62)

and expanding into cylindrical coordinates gives the 
relations

D V = - iz „ /!!"■> 1 -IZr +•■
\ 3r rZ = - -3T- + r   ̂^1)

 ̂ - 1;: #  - ( - # + >  + % +  . « 9 - ■ ( b 2 > 

D V L .  ; '• ir, / 3  t / 3 t q „  3 t „

P ™ d |  -  ■ i l  ” ( ■ s F  F " a r "  + : i r | E ) +  p9z - (B3) -

Because the analysis is only concerned with 
obtaining an expression for the axial velocity Vz,
Eqs. (Bl) and (B2) are neglected, Inserting the proper 
partial derivatives for the stress tensor in (B3) gives

9.7
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nVz
Dt

3P , 9
3? + 3F

• .. 3 V ,. 
U(-

3-V
3r 3z (B4)

+ I -i.■ r 36 V (r ^ + 3Ve'

3 Vz 2
+ si - w -  3 " (7-v>>

Now, because all quantities are assumed proportional to 
exp (i. (wt - kz)) , the radial and azimuthal partial 
derivatives are zero. This fact enables (B4) to be 
written as

DV 3p a 3Vz
-dI  = - E  + si -sf - JXCV-V)) (B5)

Finally, expanding the Lagrangian derivative, assuming 
constant p and y, and neglecting effects due to gravity 
gives

31
3 V.

+ Vz 3z
9P 
3 z + u

2 3 V
32

(B6 )



APPENDIX C

EXPANSION--OP THE ENERGY EQUATION 

The energy equation, as given in Eg. (69) is

p Cv H  = "Vo(3 ~ T ( H )  (V«V) + u$v (69)■ /p=const

Expanding the dissapation function v and examining the 
individual terms

2■ 3V_ 2 r avn 2 3V_ 2 3Va >
*v - 2 (-5F> + (? - i >  + ^  + + |-5F»

, 9 V 9'V 2 3 V 3 V  2 0 3V . 3 V 3 V 2
+ (1 __E + — I) + (__£ + — 2) - 2 (— £ + 1 _ !  + -^)r 3 9 3 z 3 z 3 r 3 gr r 36 3z

(Cl)
it can be seen that every term is formed from the product 
of two perturbed velocities« v Therefore, using linear* -i. 
ization, all of the terms in (Cl) can be neglected„
Equation (69) then becomes

P CT 21 = - V0q - T (§2) (V«V) (C2)
V Dt . dx p=const

Next, examining the partial of pressure with respect to
temperature, it can be seen that when the ideal-gas law
is assumed this term becomes
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T (' (̂ T)) = T(pR). = P (C3)
X ' /p=const .

Using (C3) and expanding the heat fluxes in the Eg. (C2)
gives

rw
Cv 5F = " Ve (KVT) ~ P(V»V) (G4)

The-.^differential operators in (C4) are now expanded into 
cylindrical coordinates yielding

p Cv C|| + Vr H  + ’f  It + Vz ’E  ;) =

, . K 4  + 4  4  + %3r r 30 3z 

1 9Vr 1 3V6 9VZ
+ p %  + f T e  + "ai"1 (c5)

Now, assuming that the temperature varys in only the axial
direction and that the azimuthal velocity Vg is always
zero gives

Jim 3V 1 3x̂ z»cv (n + vzTz) = "K ^ 7 + p — + IT* <c6>

Finally, linearizing (C6) and inserting an ideal-gas 
prescription for pressure gives

P ^  #  = "K + PET Cr ^  + % *  (C7)

100



APPENDIX D

DERIVATION OF THE REAL AND IMAGINARY PARTS OF d

To be able to complete the analytical solution it 
is necessary to evaluate the real and imaginary parts of
the complex constant d, where "it is given in Eg. (88) as

d =' 2 0 1 ^ ( 1  + ~ )  - 4(1 - g) (88)

Expanding using Eg. (84) gives
2r B

d = — -- ^ ------- (1 + l/r9) - 4(1 - 8) (Dl)
1 r i + 1 / r 2 •

Multiplying the top and bottom of the first term in (Dl)
by r2 yields

2r. 6 (r9 + 1)
d = — --------   4(1 - S) (D2)

1 + r2 “ rir2.

Recalling the definitions for .Fj and r2 / Egs. (74) and (75), 
respectively, the real constants a, b, c, and d are defined 
such that
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(D5)

Performing some algebra and defining

gives for the constants a, b, c , and d

• a =: X 2 (D 6)

b = - — ppC~ <i) , (D7)

cvo = - |  (D8)

and .

d = ' ? (D9)

The ion viscosity in Eg. (D7) and the electron thermal
conduction in Eg. (D9) are now expressed in terms of the

5ion-ion mean free path. From Spitzer the expressions for 
the viscosity and thermal conductivity are

m 3? (k T)5//2
li. = 0.406   (DIO)
^ Z e In A

7 3/2 k(kT)5/2
Ke = 6520y  Z e^ln A

e  . ' r

Using the relation for the ion-ion mean free path
q ( M )2

X« =  ^  I T H n  A ‘ D 1 2 )

Eguations (DIO) and (Dll) become

v / =  (D13)
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Ke = Ck k ( k T ) \  Xu  (014)

Inserting Eqs. (D13) and (014) into Eqs. (07) and (09), 
respectively, gives for the constants b and d

k(kT) n .X . -k C
b = -C  -----  ̂■V' p <J) (015)

P Z

s
Now, def in'

L = X . .k (017)p

and grouping all constants into'C and gives

b-= - C L<(> (018)
d = - Ck | (019)

Remembering from Eqs» (03) and (04) that

r1 = a + ih (03)

T2 ~ c + (04)

Equation (02) now becomes '

^ = | -2g (a+rib) (c + id + 1) - 4(1 ^ g) X (020)
\ ( (a + ■ib) (c + id)b — (c + td) — 1)/
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Defining.
S = -4(1 - g) (021)

and
d = e + (D 22)

Equation (D.20) is cross-multiplied to get

(e + (ac - bd - c - 1) + £ (ad + be - d)
= —26 (ac - bd + a) + £ (ad + be + b) + S (ac - bd — e - I)

(D 23)

CD 24) 
(D 25) 
(D 26)

(D 27)

(e + £6) (E1 + £E2)= ~26(F1 + £F2) + S(E^ + £E2) (D 28)

(eE1 - 6E2) + £ (;eE2 + 6E1)-(-26^ + SF^)t£(-2gF2 + SE2) (D 29)

+ £ (ad + be - d)

If one now defined

E^ = ac - bd — c — 1
E2 = ad + be — d
F, = ac + bd + a1

and
F2 = ad + be + b 

Equation (D 23) becomes
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Nowf equating the real and imaginary parts> one 

obtains the relations

£E1 - 6E2= -26F1 + SE1 CD 3 0)

and
eE2 + 6E1= -2gF2 + SE2 (D31)

Defining

A1 = -23F:l + SE1 (C 3 2)

and solving (D.3 0 ) for the constant £ / yields for £

£ =
Ar + 6E2

e , : (D33)

Using (D 33) in Eq. (D31) and solving for 6.' gives

6 =
a 2E1 " A1E2_  «
<E2 + El> (D34)

where
A2 - -2BF2 + s e2 (D35)

Finally, using (D3 4 ) in Eq. (D3 3 ) gives for e.

A2E1 A1E2
<E2 + El )

(D36)



APPENDIX E

LISTING OF PROGRAM USED TO CALCULATE ANALYTICAL RESULTS

ANI=5„E16 
. ' AMI=2,0 

TO=5oE3
BOLT Z=1 o 6 0 2E -12 
GAMMA=5o/3.
C70=SQRT (4 2E5/ (TO* 1.16E4) )
AMDA=C7 0*4„90E14*((TO/1000)**1.5)/SQRT(ANI) 
AMDA=ALOG (AMDA) .
AMDAM=1o 4 67E5*((TO*l.16EA)**2)/(ANI*AMDA) 
CVE=3oO*ANI*BOLTZ 
. COND-3.11E09*(TO**2 o 5)/(AMDA)
VIS=3o20E-05*(T0**265)*SQRT(AMI)/AMDA 
PO=2 o *ANI*B0LTZ *T0 .
RHO=ANI*AMI/6.02E23 

v r CSO=SQRT(GAMMA*PO/RHO)
- \ PIE=AC0S(-1.)

BETA-0.9
AKP=25.*5.889E-04 
PLEN=2.0 *PIE/AKP 
AMDAKP=AMDAM*AKP

183 FORMAL (IX,10(IX>1PE10,3))
A=GAMMA -
B=VIS*AKP*CSO/PO
C=CVE*TO/PO
D=AKP*COND*TO/(PO*CSO)
S—- ( 4 o * (1.-BETA) )
WRITE(21,183) AKP,AMDAKP/BETA,PLEN,AMDA,B ,D 
WRITE (21,183)TO ,PO,ANI,AKP,CVE,COND,VIS,RHO,CSO, 

+ AMDAM
PHI=0.00 

' DO 1 1=1,200 A 
PHI-PHI+0.01 
PHI2=PHI*PHI
A1=A*PHI2 

' B1=B*PHI
 ̂ C1=C..

Dl=D/PHI
106
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El= (A1 *C1) -Cl- (B1 *D1) -1. 0 
E2=(A1*D1j-D1+(B1*C1)
El= CA1*C11 - CB1*D11+A1 
F2= (Al*D11 + (Bl*G1)+B1 
CA1=(-2,0*BETA*P11+(S*E1)
CA2=(-2» 0*BETA*F2) + (S*E2)
E12=E1*E1
E22=E2*E2
DELTA=((CA2*B1)-(CAl*E2})/(E22+E12) .
EPSTL— (CAl/El)+((E2/E1)*DELTA)

. AMAG=SQRT((DELTA*DELTA)+(EPSIL*EPS1L)
Si g n=d e l t a/a m a g
<ASIGN=ASIN(SIGN)
GAM1=GAMMA-1„
Gl=l./(BETA/GAMI)
QUAN=Gl*PIE*S1GN*AMAG
WRITE (21, 20) PHI,.DELTA,EPSIL,QUAN,AMAG,ASIGN 

20 FORMAT(IX,9 (IX,PE12.5))
1 CONTINUE

STOP
END



REFERENCES

H. Rose, presented at the Workshop on End-Stoppering 
of Linear Magnetic Fusion Systems, Sante Fe,
New Mexico (1977).

L. Morse, Phys. Fluids 16, 545 (1973).
S. Gradshteyn and I. M. Ryzhik, Table of Integrals, 

Series, and Products, (Academic Press, New York, 
1965), Chapter 2 contains the necessary relations 
2.513.5 and 2.532.5.

D. Smith, Numerical Solutions of Partial Differential 
Equations: Finite Difference Methods, (Oxford
University Press, Oxford, 1978), p. 81ff.

Spitzer, Jr., Physics of Fully Ionized Gases,
(Interscience, New York, 1967), pi 143ff.




