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ABSTRACT

This thesis deals with the stability of pin 
connected rectangular frames. Loading on a frame con
sists of a uniformly distributed load on the beam and two 
equal concentrated loads on the columns. The basic slope- 
deflection equations are used to derive the necessary ex
pressions for determining the critical load and type of 
buckling of frames with varied physical properties. A 
comparison is made between traditional methods that neglect 
the effect of axial forces and results obtained from this 
analysis. A design guide utilizing the critical load 
values of the frames is provided.



CHAPTER 1

INTRODUCTION

This study is concerned with determining the 
buckling mode and load of the rectangular frame shown 
in Figure 1.

There are two recognized modes of instability . 
associated with such a frame (Tall 1974).

1. The symmetrical mode (Figure 2).
2. The anti-symmetrical mode (Figure 3).

In the first mode, the frame fails by snap-thru 
buckling, keeping its symmetrical shape before and after 
reaching the critical load. It is said that this type of 
failure induces no sudden change of the deformed config
uration and can occur only when positive bracing is pro
vided to prevent the frame from swaying side ways.

In the second mode, the frame fails by side-sway 
buckling, shifting from its symmetrical shape suddenly to 
an anti-symmetrical configuration at the instant when the 
critical load is reached. It is claimed that failure by 
side-sway is always produced under smaller loads than that 
required for a snap-thru failure, for any given frame.
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Figure 1. Loading condition
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Figure 3. Anti-symmetric Instability of a Portal 
Frame



The tradition in analyzing the critical strength 
of the frame, loaded as shown in Figure 1, is to replace 
the distributed load by two equivalent concentrated loads 
on top of the columns. This leads to a great deal of 
simplification in solving the problem and intuitively it 
seems to yield results of acceptable degree of accuracy. 
However, it should be recognized that there is a basic 
difference between these problems. For the original prob
lem, the frame members are subjected to combined bending 
moment and axial force and the analysis requires that one 
solve a nonlinear boundary value problem to determine the 
equilibrium configuration from which buckling occurs. In 
the simplified loading case, axial forces only are present 
in the members at the instant of failure and the equilib
rium configuration, namely the undeformed configuration, 
from which buckling occurs is known.

Traditional design methods used to estimate the 
effects of compressive axial loads, employ and "effective 
length factor," K. The factor, K, can be estimated by:

1. Interpolating between the K values found for col
umns with idealized end conditions.

2. Using charts or tables which consider varying 
end conditions.

3. Performing a stability analysis of the entire 
structure.



The first procedure yields only approximate K 
factors, which must be used with engineering judgment.
The second method results in more accurate values. The 
third provides exact solutions; however, it often requires 
time-consuming and excessive numerical calculations.

The usual methods that are used to determine the 
force distribution in frame members such as moment- 
distribution and slope-deflection, yield results that 
are satisfactory for most problems. However they simpli
fy the problem by not considering the effects of axial 
forces on the members and secondary bending moments 
caused by eccentricity of axial forces. Current A.I.S.C. 
specifications (American Institute of Steel Construction 
1970) are conservative to allow for the effect of addi
tional moments caused by lateral displacements of columns. 
It should also be noted that current methods being used 
assume that a linear relationship exists between the mo
ment at a joint and its rotation. Application of this 
assumption can be clearly seen from moment-area and 
conjugate-beam methods, where loads may also be super
imposed to solve a problem.

Not until recently has it been practical to carry 
out the time-consuming calculations involved in a more 
exact method. These calculations can now be done with the 
aid of large computers in a short time and cheaply. In



fact, until results of more exact analyses have been 
widely substantiated, accepted and made available to 
designers, simplified methods of analysis of uncertain 
accuracy will continue to be used.

It is, therefore, the purpose of this investiga
tion to examine the results of a more accurate analysis 
performed on enough frames of varied physical properties 
to establish charts and guidelines that can be used for 
practical design applications.



CHAPTER 2

INVESTIGATION

This investigation is limited to a simple 
rectangular frame with general dimensions and loads shown 
in Figure 4. However, the same method of analysis can be 
-applied to other frames as well.

The modulus of elasticity, E , is assumed to be 
constant for all members. Also the frame is assumed to 
be hinged at the column bases. The physical properties 
of the frame such as moment of inertia, I, and the length 
of the members will be considered as parameters.

By varying the parameters involved in this prob
lem, there can be an infinite number of frames to be 
solved. Therefore, to keep this study within reasonable 
bounds, a number of frames will be chosen in the range 
considered practical for most design applications as well 
as to establish a pattern for frames that are not repre
sented in the charts.

The frame can reach its critical buckling load 
under three possible loading conditions.

1. Uniform load alone.
2. A combination of uniform and concentrated loads.
3. Concentrated load alone.
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Figure 4. Loading Condition of the Rectangular Frame.
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Critical loads for loading conditions 1 and 3 will 
be obtained first. Then to find the critical values of 
loading condition 2, a value for concentrated load, N, 
will be assumed and distributed load, q , will be incre- 
mented from zero until the critical buckling load of the 
frame is reached.

When the loading on the frame reaches the critical 
buckling load, it may fail only in one of two possible 
modes mentioned previously. It will be assumed that the 
frame is braced against the possibility of out of plane 
buckling. Also it is possible for the girder to be in 
tension when the frame buckles. Since this is not very 
likely, equations will be set up to solve for the condi
tion that, all members are in compression. However, 
should any member go into tension, it will be detected.

As mentioned before, use of this method involves 
time-consuming calculations. Therefore, a computer pro
gram will be used to handle the arithmetic and to allow 
for a sufficient number of frames to be analyzed.



CHAPTER 3

DISCUSSION OF ANALYSIS

The equations in this analysis will be derived 
from the basic slope-deflection equations for a uniform 
member in axial compression and statics. It will be as
sumed that angles between joining members will not 
change as a result of loading the frame.

End moments of members, as given by slope-deflec
tion equations and shown in Figure 5 are the sum result 
of the following:

1. Fixed-end moments.
2. Moments caused by the rotations of the joints.
3. Moments due to chord rotation when translation

of joints with respect to one another is possible.
The stiffness factors are designated as C and S 

which are functions of the axial force P. In the usual 
form of the slope-deflection equations the effects of 
axial forces are neglected and the values C = 4 and S = 2 
are used. However, in this analysis, axial forces will 
be taken into account, making C and S variables to be 
evaluated in the course of the analysis. The chord ro
tation resulting from joint translation is designated

10
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Figure 5. Components of the End Moments in Slope-Deflection 
Equations.
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as p. Given = 0, = p and = 0 the
slope-deflectiqn equations will become:

EI1
M12 = "h CC161 + Sl02 - <Cl + s i)pZI = 0 (1)

EI1
M21 = "irCCl02 + S101 - <C1 + S1>P] (2)

e i 9
M23 " i l-C202 + S263 ] + O)

m32 " j Cc2e3 + s2e2 ] + mF32 (4)

EX,
M34 = Trl-C303 + S304 - <c3 + s3)p] (5)

El,
M43 - T p [ c 3e4 + S3e3 - (C3 + s3)P] - o (6)

Figure 6 shows the internal forces and moments 
acting on the frame members and at the joints. The forces 
are resolved into horizontal and vertical components. Now, 
using the principles of statics equations of equilibrium 
for the joints and members can be written.

First, considering the three members of the frame, 
the following equations are obtained:

M21 + Plh p ~ hV21 = 0 (?)
M34 + P3hp - hV34 = 0 (8)

£2
m3 2 + H23 + &V33 + q0- |  =0 (9)



13

N N

nrn

21 M,

M23 / P2 ai-O f
Figure 6 . Internal Forces and Moments Acting on the Frame



M23 + M32 + Z V 2 3  ~ q02 0

14

(10)
The equations of equilibrium for joints 2 and 3 ' 

are as follows:
m2i + M23 - 0

Q + V21 - Po = 0

N + v23 - Pi = o

M 32 + M34 = 0
p2 + v34 = 0

N - V32 - P3 = °

(11)
(12)
(13)

(14)

(15)

(16)

Now, using values of the end moments obtained by 
the slope-deflection method in equations 2 through 5 and 
also taking the equivalent expressions for the internal 
shear forces from equation 7 through 10 and substituting 
these values into equations 11 through 16 will result in 
the following equations:

El- El,
h 

+ M-

El,

’Cl02 + S101 _ (C1 + Sl)p] + —  

= 0
,2a2 1 L,2"3jCoOo + So0.

(11a)

n

23

I0 2 + S1G1 ( C 1 +  + PlP - P2 + Q = 0 (12a)



q0f - o (13a)

El, El.
C203 + S202'| + € 3 6 3  +  ^ 3 ® 4  -  ( ^ 3  +  S g ) p

-  = 0
23

El-
h

El

, 3 ^ 3  . u 3 v 4  v ^ g  ' ^ 3 ) ? ]  - * 3 ^  ' - 2CoQo + So©/, - (Co + So)pi + PoP + P0 = 0

(14a)

(15a)

El,
"C202 + S203l + '2V3 ' U2V2] A 3C060 + So0ol - Po + N

+ q0f  -  ° (16a)

As a means of simplifying these expressions and avoiding
the necessity of keeping track of units, quantities will
be non-dimensionalized as follows:

„ 3



To further simplify the equations obtained pre
viously , two variables, a and A, are introduced to repre
sent the following ratios:

.1 = X 
I?h
t r ~  = a

The fixed-end moments may be expressed in the 
following form (Timoshenko and Gere 1961):

"Soi2
MF23 = T T - F (U2>

qo^2
% 2 = T 2 - F <u2>

  2Where is such that . Non-dimensionalized
values of these fixed-end moments can be obtained as 
follows: ,

Mf23JI ■ q0S'3 q0
MF23 EI^~"= w T2ET2F Û2^ - " 12F ^2^

Mr, & „ n3F
MF3v) EI2 12EIF Û2') 12F Û2')

Resulting equations from non-dimensionalizing 
equations 11a through 16a are:

V  , So,



+ Mr = 0
23 (lib)

(sll [ci] f

aXj

+ i—1
CD aAj 1CM
CD

*2' 2

(S2')®2 + c z +  t

c- ±  +  h - Ta A a A 1

2 '  3 
'S

P - P2 + Q = 0  (12b)

(13b)

©3 + a

N -■ S 2 -

a + - 1a
- MT = 0

23

aA ©3 +
f s 3 ]

aA + ~J ~ ¥ 3aA aA 3

(c2 + s2)©2 + (c2 + s2)©3 + n - p 3 + ^5.= o

(14b)

(15b)

(16b)

Since E , and h, can not have a zero value, 
equations 1 and 6 can be rewritten as follows:

(G1)01 + (S1)02 - . (C1 + S1)p = 0 (lb)

(C3)04 + (S3)©3 - (C3 + S3)p = 0 (6b)

For purposes of this analysis and to facilitate 
the solution of equations, Q will be set equal to zero.
The equations can then be satisfied with ©2 = -©3 , P^ = P3
and p = 0. This leads to:
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Now, from equations lb and 6b.,. values of 6.̂. and

can be calculated in terms of and 0g

(17)

(18)

From equation 12b the value of 0^ can be obtained. 

2)
(19)

aXC1(4U2^) 
1

C1 - S1
Using equation 17 and the non-dimensionalized
: Hp 
. 2 

lowing form:
value of Mp , equation 11b can be rewritten in the fol- 

. 23

aC- - S, 02 ' I2F(U2) ” 0

After substituting the expression for into 
this equation and rearranging terms, it becomes :

n 2
f * aC. - S, 4U !o

12
Sl2 '

aX aXC- F(U2)

= 0  (20) 
Later, this equation will be used to find U2 , which in 
turn will allow calculation of the axial force ?2 . It 
has been shown that = N^ + ^0/2; therefore, for a 
given frame and load, the axial force, P-̂ , can be calcu
lated.
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In order to solve equation 20 for U , first the

stiffness factors C and S must be evaluated. Expressions
have been derived to compute these stiffness factors in
terms of the compressive axial force in the member
(Salmon and Johnson 1971). Given that the axial force 

2 2P = 4U El / I  , where I and I  are the moment of inertia and
length of the member under consideration, these expres
sions are:

h° = U Sin 2U - 2U2Cos 2U (21)

k° = 2U2 - U Sin 2U (22)
V  = 1  - Cos 2U - U Sin 2U (23)

Where U is in radians, then

C = V  (24)&'
I
S = (25)

£
Also, the value of FXt^) can be obtained from the follow
ing expression:

F(U) = ̂-(l-U Cot U) (26)
U

It is now possible to determine C^ and S^. The 
only unknowns that remain to be evaluated in equation 20 
are £>2 and $ 2 '  However C2 and S2 are functions of 
which is the unknown being solved for.
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To solve for , the Newton-Raphson method of 

root finding will be used. This is an iterative process 
by which a trial value for is applied to equation 20.
Then this value is improved upon until the degree of pre
cision required is achieved. The formula used by this 
method is:

V s + ^  = u 2 (s) - <27>

Where is the trial value of t^, f ^  =f(U2^^), and
f ̂ = f ■''(U'2 ^ ^  )■ • It should be noted that all primes
used in this text represent derivatives with respect 
to U.

Differentiating equation 20 with respect to
( Q\will provide the expression for f" (T^ y).

9C S
f' (u2> - < ; r  + C2 - ^  - S2)SU2 + <C'2 - S'2)4U22

q0 Cn Sl2
-  T2<si - 5 v q > F' < V  = 0 <28>

In equation 28
2

C '  = C(l-C) + sin 2U (29)
u Z

s '  = S O ^ C l  + 2U(1 _ Cos 2U) (30)u 5,
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F'(U) = ^t(-6 + 3U Cot-U + 3 U2 CSC2U) (31)

UJ
So, by taking a trial value for there

exists all the expressions needed to use equation 27, as
(S)many times as needed, to calculate the value of 

that will satisfy equation 20 to the degree that is de
sired. Once such a value for is obtained, it will be 
possible to calculate the end moments and the remaining 
unknown forces of the frame using equations 2 through 16.



CHAPTER 4

LOADING

It was previously shown that the axial forces are 
dependent upon the existing loads on the frame, and N. 
As mentioned before, a value for N will be assumed first, 
and then the value of qQ starting from zero will be incre
mented until the critical total load of the frame is ob
tained. Therefore, an incremental change in loading,
AqQ, will be introduced. This may be thought of as the 
change in loading with respect to time at a rate qq , where
Aq-Q = qyAT. So the axial force which was equal to N 

__ o+ q0/2 = 4U^/aA, after taking this change in loading into 
account, will be as follows:

+ V  (32)1 1 ^  OlA

From this equation the corresponding value for the change 
in U^, designated as AU^ can be obtained. To reduce the 
amount of guessing and iterations necessary to determine 
U2, an expression will be derived to provide an estimate 
of change in the value of each time the load is in
creased by the increment Aq^. Since by equation 20,
fO ^ ,  u2) = 0.

22



from which

au2 =
8f
©Uli
fafau.

-9-AU-,

So now the first trial value for U2 will be

U2 ^  = U2 + AU2
An appropriate point to start the calculations 

will be for the, unloaded frame when = P2 = = 0.
The correct values for the variables are:

d  = C2 = S1 = S2 = 2

F (0) = 1, F'(0) = 0
which are substituted into equation 20 to obtain the ini
tial trial value of U2 at the time when the first incre
ment of Ac[q is applied to the unloaded frame.



CHAPTER 5

STABILITY

As mentioned before, the frames are solved for 
values of q- starting from zero and increasing until the 
critical load <locr. is reached. Any attempt to increase 
the applied load beyond this point will cause the frame 
to fail by buckling. Equations for determination of a 
critical state of loading are derived from rate equations 
of equilibrium obtained by differentiating equations 11b 
through 16b, lb, and 6b with respect to time as follows: 

(61)01 + (C1)01 + (S1)02 + (S1)02 - (C1 + S1)p

- (C^ + S^)p = 0

(03)04 + + + (Sg) 0g - (Cg + Sg) P

- (Cg + Sg) P = 0

(1c)

(6c)

fs l]
[a j 6 1 +

S 1
j CD 

• 
1—1 + . ^  +  =2. © 2  + ^  +  C 2. 0,

+ (S2)0g + (S2)0g - - (C1 + S1)P - - (C1 + S1)P

+ m ;f = 0
23

(He)

24
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[SVaX̂ 61 + [S V
kaX_

+1—1
- CD icv

aXv© 2  +
rcii
aXj e 2 - .

+  fl
aX aX Pi

- P. + flaX aX Pi p + Q = 0 (12c)

(C2 + ^2)©2 (^2 ^2^ ®2 (^2 "** ^2^®3 ^ 2  ^2^®3

-  -  _+ Pl - N - 2—  = 0 (13c)

($2)©2 + (S2)©2 +

'S, '

c2 + +CCD k  * ^ 0O + rS312 a ; J 2 a 3 a 0>

+ a P - p - M„ = 0  (14c)
f 23

fC3]aX̂ ©3 + [Si
aX̂ 03 +■ |S3]

aX

+CD fS3]
aX^ I• CD S  + ^3

aX aXTTT - P-:

C3 ^ S3+ 77T ~ P'aX aX P + Po = 0 (15c)

(©2 + ©2) ©2 + (©2 + ©2) ©2 + (©2 ^2) ©g + (©2 + ©2) ©g

-  1 40
P3 + N + 2- = 0 (16c)

where
d©

C1 =
1 i

Pl =
d©1 dU, .

1 1 Pidp1 d ^  dp1 ci u i



similarly Sg = $2 U and so on.

The condition to be satisfied at critical loading 
is that the rate equations have a non-trivial solution for 
a zero rate of loading. So the new conditions are N = Q 
= qQ = 0. As before, the following conditions will also 
be used again: 0^ = -02 > p = 0 and p-̂  = pg = N + 3S.

Using these relations and equations 17 and 18 in equations 
11c through 16c, 1c, and 6c, the following relations can 
be obtained:

ei =
si0i + si ci ®2 +  - CL

Gi + si

04 =
S3 C3 + S3 C3

3.

-S,
63 + C3 + S3

Using these relations also and continuing,

h  S1 ^ "S1 L  C1 + S1 G1 Gi L  :
aC, ' ~~^T " + ~  + C2 " 2aCi

0,

ci . , si
s-  + c2 5c; ®2 + (G2^03 + Ĝ1 + aC.

+ Mp = 0
23 (Hd)



+ S  S3
2 + —  - He:

' S1 S1 , _S1 S1 C1 + S1 C1 , C1 
aXC, ^ 2  ' aX

aC, P - M p  = 0
23 (14d)

aXC
02 + -si , ci

aXC^ aX

(Cl + s p aXCi aX + P - p 2 =  0 (12d)

S3 ^3 C3 "S3 ^3 C3 + S3 C3 83 + S  „ S3 1
01X03 aX , n 2 01XC3 aX (XXC3 e.

+ (c3 + s.3) aXCg aX + P3 P + Po = 0

( € 3  +  8 3 )  (&2 +  6 3 )  +  P i  =  0

(c2 + s2) (e2 + e3) - p3 = 0

(15d)

(13d)

(16d)

From equations 13d and 16d, it can be seen that P3 = -pi,
-therefore, C3 = -Ci, and S3 = -Si, also since pi = 03, re

lations Ci = C3 and Si = S3, hold true. Using these rela
tions in the process, add equations lid to 14d and 12d to 
15d; also subtract equations lid from 14d and 12d from 
15d, to obtain
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z.
a

■ S1 S1 , -S1 Si C1 + S2 ^
ci " -c;—  + 72 “ ©2 + ci si

C2 + a a CL

+ S, (02 + 03) + a c j -  1 (C1 + S1)p = 0 (34)

2_
aX. C1 +

S1 Si c1 + si b1 S1 S]_

+ aX '1 'XT. ^X (C1 + Sl) -  1

•.+ P- p = 0 (35)

2 (-$2 + C2) ©2 a + C2 aC, -- S, (0- 03)

+ 2 M„ ^ 0 
23 (36)

1_
aX

,2)

'1 C- (0O - 0o) - 2 P0 = 0 (37)

By using the relation P]_ “ 4U^/aX and differenti
ating it with respect to time, the value of P-̂ , will be

8-lL U-,
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Substituting this expression into equation 13d, the 
expression for can be found to be

(C2 + S2) (02 + 03) aX 
gUT" (38)

Also M-r. can be transformed as follows: 
23

9®F23 . -8
S 3 - m r u* ’ -

q0

9U, u.

Using the expression for F(U.) as given by equation 26 and 
proceeding with differentiation, one can obtain

M. l0
F23 4U2 U2 U2 Tan(U2) Sin2 (U2)

(39)

Employing equations 19, 38 and 39, also relations 

U.̂,- S^ = S^ U^, C2 = C2 U2 , S2 = S2 U 2 , equation 34

? 7U2 aX

through 37 become

(c2 + s2) 

2
ci si 

C2 + cT ~ aC7 + S2

< 4  - S^ U1
2S1 S1 C1 ' S1 G1 - C-

+ ^ (C1 + s p

(02 + 0g)

-  1 p = 0 (34a)
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9 ? 9C1 a XZ '

(C^ - s'p u1 (C2 + S2) 2S1 S1 C1 ~ S1 C1 - c\

ci  - c

+ aXp^

1

p = 0

(02 + 6g ) + 2 (C1 + s p -  1

(35a)

(60 - 03) + 2
l0

W r
2_ _ 1
u2 U2 Tan U2

1
T TSin (U2)J

+ (C2 - S2)aXC;L (AUp
(c2 - s2)

u2 = 0 (36a)

aX
,2)

'1 " Cn (©2 ~ 63) - 16 U2 U-2 — 0 (37a)

Equations 34a and 35a, also 36a and 37a may be 
represented in the following form:

and

all a12 ©2 + ©31
= 0

_a21 a22_ P (40)

"bll b12 ©2 - ©3
— 0

b21 b22_ . "2 , (41)



So now the stability of the frame and the mode of 
its failure under critical loading can be examined by 
these equations. As noted before, the equilibrium of the 
frame is critical when a non-trivial solution to these 
equations can be found. The determinant of the coeffi
cient matrix of equation 40 is designated as and that 
of equation 41 as . In order to find the critical 
loading of the frame, and/or have to be equal to 
zero. If at critical loading = 0 and f 0, then 
©2 - 0g = 0 and = 0 ; therefore,@2 + Gg ^ 0 and p f 0 . 
Consequently, the frame fails by side-sway buckling under 
the critical load. If at critical loading ^ 0 and

= 0, then ®2 + ®3 ^  ̂ an(  ̂P - 0; therefore, Qg ~ ®3 ^  ̂
and f 0 , which means the frame fails by snap-thru buck
ling under the critical load. If and both should 
become zero, then the frame may fail in an arbitrary com
bination of the mentioned cases.

The foregoing relations are intended for the 
stability analysis of frames under combined loading that 
causes some bending deformation before buckling occurs.
In the special case of pure axial loading, i.e., q^ = 0, 
the critical load of the frame can be written as;
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The value of (U]_)cr can be found from the 

following expression (Timoshenko and Gere 1961):

2< V c r  Tan ( % ) c r  * 6 T̂ if ‘ 6“

By using the Newton-Raphson method on this 
equation, the value of (U-̂ )Cr can be obtained for any 
given frame, which in turn will allow 2Ncr to be 
calculated.

I



CHAPTER 6

RESULTS

All the frames that were analyzed failed by a 
side-sway buckling and none of the frames developed tension 
in the top member.

Figure 7 shows the relationship between the height 
to length ratio h/it and qoor for different values of the 
inertia ratio when no concentrated loads are applied
on the columns. Similarly Figure 8 represents the relation
ship between h/£ and 2N when qo is absent. From these 
figures it can be seen that for increasing h/jt the load- 
carrying capacity of the frames decrease. Also for the 
frames of equal h/& ratios, stability or load-carrying ca
pacity increases as the inertia ratio I^/I^ is decreased.

Figures 9 and 10 show the relationship between 2N 
and q0 for different values of ^/I-^ and h/£ when one ratio 
is kept constant. An interesting observation can be made 
from these figures in that they show a practically straight 
line relationship between 2N and q . This may be expressed 
in the following form:
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Figure 7. qQ vs. X, for N = 0.
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Figure 9. 2N vs. qQ for I^/I^ = 0.8
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Figure 10. 2N vs. qQ for h/& = 0.5



Values of 2Ncr and q 'for many frames with different Y i / l  

and Ig/Iq ratios are provided in the Appendix B.
Figure 11 shows the relationship between the axial 

force, ?2 , and the transverse load, q , for two different 
frames. The frame with ratios h/& = 0.4 and 12^^1 = 0.2, 
shows that the value of P2 is about 20% of q . The other 
frame shows ?2 to be 8% of qQ value. For some frames ^  is 
over 30% of qo . Which indicates the axial force, ?2 , could 
play a major role in a problem and should not be neglected. 
P2 values are also given in the appendix to provide infor
mation as to how important a part it will play in a given 
frame.

The relationship between the angle, ©2 , and the 
loading, qQ , is shown in Figure 12. The straight dashed 
line is the relationship that would have been obtained had 
a conventional beam theory that neglects the effects of 
axial forces been used. For some cases this could be 
acceptable, whereas in others it could lead to an underes
timation of the joint rotation. Another note worthy point 
of this figure is that it shows a non-linear relationship 
between the joint rotation and the load.
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Figure 11. Axial Force, V2 vs• Transverse Load, qQ for N = 0
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Figure 12. Transverse Load, qQ vs. Joint Rotation, ©2 -



CHAPTER 7

CONCLUSION

From the results of this analysis, the most 
significant observation to be made is that all frames in 
the range considered fail by a side-sway type buckling. 
Therefore, bracing such frames would be essential to in
crease their load-carrying capacity, or when side-loading 
such as wind loads are involved. Also the lower values of 
h/& and Lg/I^, provide for more load-carrying capacity 
than the higher range.

The axial forces in the frame members do play a 
role in the frame analysis and they could have a profound 
impact upon the results when neglected.

In summation, it is indeed true that the stability 
of a frame is dependent upon the physical properties of 
that frame and it's loading. The axial forces could be a 
major factor involved in a problem and can not be neglected 
out of hand. Also the methods employing superposition 
could lead to erroneous results when used.
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APPENDIX A

DESIGN GUIDE

For practical design purposes, the results from 
this analysis, which are provided in the appendix may be 
used as will follow. Keep in mind the following relations :

For a given frame:
The critical values, q and 2N - may be ob-nocr cr J

tained directly or by interpolation using the tables of 
the Appendix B . Whenever the total critical load desired 
is comprised of both concentrated and distributed loads, 
two possible methods can be used to determine the value 
for each type of load.

1. By using a chart such as shown in Figure 8, one
can assume a value for either 2N or q and obtaino
the other. Construction of such a chart would 
involve drawing a straight line between points, rep
resenting qocr and 2Ncr.

2. By using the expression ^  —  = 1
2Ncr % c r

42
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For a given loading:

When the loading is given, there exists three 
possibilities

1. Ratio h/£ is given and is desired.
2. Ratio is known and h/&. is sought.
3. Both h / I  and ratios need to be determined.

For the first case, take the total critical load, 2N + q , 
and treat it as qocr- Then by using the tables in the appen
dix, a value for h / I  can be found, using interpolation when 
necessary. A similar procedure may be followed for the 
second case. As for the third possibility, using the total 
critical load and the tables, many frames may be chosen
that can carry the load. Ultimately a decision will have to 
be made as to which frame would serve the total design pur
pose better. It is note worthy that using 2N + qocr as 
qoer in the tables, results in a slight under estimation of 
the load-carrying capacity of the frame.



APPENDIX B 

TABLES OF RESULT
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Table Bl. Critical Loads of Frames With I^/I^ = 0.1.
45

h/& q̂ocr F2 2Ncr

0.3 30.804 10.611 . 37.711
0.4 25.154 5.750 27.747
0.5 20.559 3.567 21.781
0.6 17.153 2.406 17.815
0.7 14.596 1.719 14.990
0.8 12.626 1.282 12.880
0.9 11.071 0.986 11.245
1:0 9.817 0.779 9.942
1.1 8.787 0.628 8.881
1.2 7.927 0.514 8.002
1.3 7.200 0.428 7.261
1.4 6.578 0.360 6.629
1.5 6.040 0.306 6.085
1.6 5.572 0.263 5.612
1.7 5.160 0.227 5.197
1.8 4.796 0.198 4.830
1.9 4.472 0.174 4.504
2.0 4.183 0.153 4.212



Table B2. Critical Loads of Frames With = 0.2.
46

h/£ ^ocr 2i?=r

0.3 29.721 10.107 3f. 630
0.4 23.686 5.283 25.460
0.5 18.952 3.182 19.885
0.6 • 15.512 2.091 16.003
0.7 12.967 1.458 13.259
0.8 11.032 . 1.062 11.224
0.9 9.523 0.799 9.660
1.0 8.320 0.618 8.424
1.1 7.342 0.488 7.427
1.2 6.535 0.392 6.607
1.3 5.860 0.320 5.923
1.4 5.298 0.264 5.345
1.5 4.799 0.221 4.852
1.6 4.378 0.186 4.427
1. 7 4.011 0.159 4.057
1.8 3.690 0.136 3.733
1.9 3.407 0.118 3.448
2.0 3.156 0.102 3.195
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Table B3. Critical Loads of Frames With I^/I^ = 0.4.

Y i / l ^ocr F2 2Ncr

0.3 27.658 9.106 32.006
0.4 21.066 4.456 22.447
0.5 16.252 2.551 16.849
0.6 12.894 1.604 13.214
0.7 10.488 1.075 10.691
0.8 8.708 0.755 8.854
0.9 7.352 0.550 7.467
1.0 6.296 0.412 6.391
1.1. 5.455 0.316 5.537
1.2 4.774 0.247 4.847
1.3 4.215 0.197 4.280
1.4 3.750 0.159 3.809
1.5 3.359 0.130 3.413
1.6 3.026 0.107 3.076
1.7 2.741 0.089 2.787
1.8 2.495 0.075 2.537
1.9 2.281 0.064 2.320
2.0 2.093 0.055 2.130
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Table B4. Critical Loads of Frames With I^/I^ = 0.6.

h/A. ^ocr P2 2Ncr

0.3 25.740 8.145 28.979
0.4 18.846 3.770 19.822
0.5 14.127 2.073 14.556
0.6 10.955 1.260 11.200
0.7 8.743 0.821 8.911
0.8 7.143 0.562 7.270
0.9 5.948 0.400 6.052
1.0 5.032 0.293 5.119
1.1 4.314 0.221 4.389
1.2 3.740 0.170 3.806
1.3 3.274 0.133 3.000
1.4 2.891 0.106 2.943
1.5 2.571 0.085 2.618
1.6 2.302 0.070 2.345
1.7 2.074 0.057 2.112
1.8 1.878 0.048 1.912
1.9 1.708 0.040 1.740
2.0 1.561 0.034 1.590
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Table B5. Critical Loads of Frames With I^/I^ = 0.8.

h/£ ^ocr F2 2%cr

0.3 23.974
0.4 16.976
0.5 12.444
0.6 9.489
0.7 7.473
0.8 6.039
0.9 4.892
1.0 4.182
1.1 3.561
1.2 3.069
1.3 2.673
1.4 2.349
1.5 2.081
1.6 1.857
1.7 1.667
1.8 1.505
1.9 1.365
2.0 1.244

7.256 26.429
3.211 17.707
1.710 12.782
1.013 9.694
0.646 7.619
0.434 6.152
0.304 5.075
0.220 4.259
0.163 3.627
0.124 3.126
0.096 2.723
0.076 2.393
0.060 2.120
0.049 1.891
0.040 1.697
0.033 1.532
0.028 1.390
0.023 1.267



Table B6. Critical Loads of Frames With Ig/I^ = 1.0.
50

0.3 22.359 6.456 24.261
0.4 . 15.401 2.757 15.977
0.5 • 11.095 1.431 11.376
0.6 8.354 0.831 8.532
0.7 6.515 0.521 6.644
0.8 5.223 0.345 5.324
0.9 4.282 0.238 4. 364
1.0 3.575 0.171 3.643
1.1 3.030 0.125 3.087
1.2 2.601 0.094 2.650
1.3 2.257 0.073 2.300
1.4 1.978 0.057 2.014
1.5 1.747 0.045 1.779
1.6 1.555 0.036 1.583
1.7 1.393 0.029 1.418
1.8 1.255 0.024 1.277
1.9 1.137 0.020 1.156
2.0 1.034 0.017 1.052



Table B7. Critical Loads of Frames With ^ / I  = 1.2.
51

0.3 20.895 5.749 22.401
0.4 14.068 ' 2.387 14.541
0.5 9.997 1,214 10.238
0.6 7.454 0.694 7.612
0.7 5.771 0.429 5.886
0.8 4.600 0.281 4.689
0.9 3.753 0.192 3.825
1.0 3.120 0.136 3.180
1.1 2.635 0.100 2.685
1.2 2.257 0.074 2.298
1.3 1.953 0.056 1.989
1.4 1.708 0.044 1.739
1.5 1.506 0.035 1.533
1.6 1.338 0.028 1.361
1.7 1.197 0.023 1.217
1.8 1.077 0.019 • 1.095
1.9 0.974 . 0.015 0.990
2.0 0.885 0.013 0.899
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Table B8. Critical Loads of Frames With I^/I^ = 1.4.

h/£ ^ocr P2 ^ c r

0.3 19.571 5.133 20.791
0.4 12.932 2.083 13.333
0.5 9.089 1.043 9.302
0.6 6.726 0.588 6.867
0.7 5.177 0.360 5.280
0.8 4.108 0.233 4.188
0.9 3.339 0.158 3.403
1.0 2.768 0.112 2.820
1.1 2.332 0.081 2.376
1.2 1.992 0.060 2.028
1.3 1.722 0.046 1.752
1.4 1.503 0.035 1.529"
1.5 1.323 0.028 1.346
1.6 1.174 0.022 1.193
1.7 1.049 0.018 1.066
1.8 0.943 0.015 0.956
1.9 0.852 0.012 0.865
2.0 0.774 0.010 0.785
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Table B9. Critical Loads of Frames With ^/I-^ = 1.6.

h/& ^ocr P2 2Ncr

0.3 18.378 4.599 19.388
0.4 11.957 1.833 12.304
0.5 8.328 0.905 8.519
0.6 6.125 0.505 6.252
0.7 4.693 0.306 4.786
0.8 3.710 0.197 3.782
0.9 3.008 0.133 3.064
1.0 2.488 0.093 2.533
1.1 2.092 0.067 2.129
1.2 1.784 0.050 1.815
1.3 1.539 0.038 1.565
1.4 1.342 0.029 1:364
1.5 1.180 0.023 1.199
1.6 1.046 0.018 1.062
1.7 0.934 0.015 0.948
1.8 0.838 0.012 0.851
1.9 0.757 0.010 0.768
2.0 0.687 0.008 0.697
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Table BIO. Critical Loads of Frames With = 1.8.

h/& ^ocr ; F2 : 25Tcr

0.3 17.303 4.136 18.155
0.4 11.112 1.624 11.418
0.5 7.683 0.793 7.855
0.6 5.622 0.381 5.737
0.7 4.291 0.263 4.375
0.8 3.383 0.168 3.447
0.9 2.736 0.113 2.776
1.0 2.259 0.079 2.299
1.1 1.896 0.057 1.929
1.2 1.615 0.042 1.642
1.3 1.392 0.032 1.414
1.4 1.212 0.024 1.231
1.5 1.065 0.019 1.081
1.6 0.943 0.015 0.957
1.7 0.841 0.012 0.853
1.8 0.755 0.010 0.766
1.9 0.681 0.008 0.691
2.0 0.618 0.007 0.626
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Table Bll. Critical Loads of Frames With I^/I^ = 2.0.

h/j> ^ocr P2 2Ncr

0.3 16.333 3.736 17.064
0.4 10.375 1.449 10.649
0.5 7.129 0.700 7.285
0.6 5.194 0.384 5.300
0.7 3.953 0.229 4.029
0.8 3.109 0.146 3.167
0.9 2.509 0.097 2.554
1.0 2.068 0.068 2.104
1.1 1.734 0.048 ’ 1.763
1.2 1.475 0.036 1.499
1.3 1.270 0.027 1.290
1.4 . 1.105 0.021 1.122
1.5 0.970 0.016 0.984
1.6 0.859 0.013 0.871
1.7 0.766 0.010 0.776
1.8 0.687 0.008 0.696
1.9 0.619 0.007 0.627
2.0 0.562 0.006 0.569
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