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Abstract 

The architecture of a system which enables the cost-effective exploration of the solar system is proposed. 

Such a system will make use of the benefits of the natural dynamics represented in the Circular Restricted 

Three-Body Problem (CRTBP). Additionally, a case study of the first missions which apply the lessons 

from the CRTBP is examined. The guiding principle of the proposed system is to apply lessons learned 

from both the Apollo project for deep space exploration and the International Space Station for long term 

habitation in space as well as modular space vehicle design. From this preliminary system design, a number 

of missions are outlined. These missions form the basis of an evolvable roadmap to fully develop the 

infrastructure required for long-term sustained manned exploration of the solar system. This roadmap 

provides a clear and concise pathway from current exploration capabilities to the current long-term goal of 

sustained manned exploration of Mars. The primary method employed in designing the staging orbits is the 

“Single Lunar Swingby”, each of the component segment trajectory design processes is explored in detail. 

Additionally, the method of combining each of these segments together in a larger End-to-End optimizer 

environment within the General Mission Analysis Tool (GMAT) is introduced, called the Multiple Shooting 

Method. In particular, a specific Baseline Parking Orbit, or BPO, is chosen and analyzed. This BPO serves 

as the parking home orbit of any assets not currently in use. A BPO of amplitude (14000, 28000, 6000) 

kilometers. The BPO has full coverage to both the Earth and the Moon and orbit station-keeping may be 

conducted at a cost of less than 1 m/s over a 14 year period. This provides a cost-effective platform from 

which more advanced exploration activities can be based, both robotic and manned. One of the key 

advanced exploration activities considered is manned exploration of Mars, one of the current long-term 

goals of NASA. Trajectories from the BPO to Mars and back to Earth are explored and show approximately 

50% decrease in required ΔV provided by the spacecraft.   
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1. Introduction 

In the fifty years since the Apollo program in which mankind first set foot upon the Moon, manned 

exploration of space has been confined to the vicinity of Low Earth Orbit (LEO). While the Apollo program 

achieved the goals that were set forth, it did not establish infrastructure necessary to support future 

exploration. In the time since, progress has been made with the Space Shuttle and the International Space 

Station (ISS), furthering the capabilities of long duration habitation of humans in space. 

By building upon the modular design aspects of the ISS as well as utilize the heavy lift capabilities of the 

Space Launch System (SLS) and other similar advanced launch vehicles, a sustainable exploration 

infrastructure can be implemented [1]. Such an infrastructure would consist of a vehicle, the Interplanetary 

Transfer Vehicle (ITV), which can be built from a set of pre-established modules [1]. This modular 

architecture allows for an ITV to be customized to the particular needs of any specific mission profile. This 

technique can be leveraged to make minor changes to the ITV capabilities over time, evolving the ITV for 

more complicated missions to be achieved while minimizing the lifetime cost of the entire system, an 

improvement over the methodology of creating an entirely new system for every class of missions attempted 

[2]. Such a modular system may be utilized as the framework of an adaptable architecture capable of 

meeting a wide variety of mission requirements with minimal incremental cost and unique development 

time associated with the given mission [1]. 

This thesis explores such a system architecture designed to achieve the overarching goal of establishing a 

long-term sustainable exploration framework via a series of steps which gradually develop system 

capabilities. To accomplish this, the overarching goal will be broken down into separate sub-goals which 

can be verified as well as hierarchal upon one another in a sequential manner. These individual sub-goals 

can be attributed to a specific conceptual mission which will utilize “lessons learned” in prior conceptual 

missions as well as minor changes to an ITV to develop the next level of mission capability. These mission 

profiles will be analyzed in great detail, in particular considering the minimum ΔV, or change in velocity, 

provided to the system by propulsive means. Such minimization of a mission’s ΔV will reduce the 
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propellant requirements and thus the cost associated with such missions; this minimization is especially 

beneficial when considering larger ITVs required for involved interplanetary exploration. The optimization 

of these trajectories is enabled by the use of the “Three Body Problem”, in which a satellite is in the 

gravitational influence of two central bodies, one of which is orbiting the other. A detailed explanation of 

this method is provided in Section 1.1. In addition to this ΔV optimization, a series of supplemental 

requirements are levied against the system. These requirements will be explored in further detail in Chapter 

2. 

Chapter 1, a brief introduction to orbital mechanics, lays the groundwork on different methods of the 

mission design process. An introduction to the Circular Restricted Three-Body Problem (CRTBP) is 

provided. The CRTBP model provides the basis for the mission design work considered. Additionally, a 

case study of different space missions which have applied similar lessons from the CRTBP model are 

examined. 

Chapter 2 develops the system architecture which will be assumed for the remainder of this work. This 

architecture begins with the overarching goal of the exploration, leading into an overview of the primary 

system elements used to achieve this goal. A detailed list of missions increasing in scope and complexity 

provides specific milestones to be fulfilled, establishing the basis of the proposed roadmap to long-term 

human spaceflight. 

Chapter 3 explores the method utilized to develop the aforementioned system. In particular, the employed 

method of mission design is demonstrated for interplanetary transfers as well as the staging orbit profiles 

required in the cis-lunar space. This review includes an overview of the trajectory optimization approach. 

Chapter 4 reviews the results of the formulated mission architecture and examines the details of each 

particular mission profile.  
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Chapter 5 provides discussion of the overall system. Additionally, possibilities for future mission 

development beyond that discussed in Chapter 3 and Chapter 4 are reviewed as well as recommendations 

on future areas of research to improve the development of mission design. 

1.1. Circular Restricted Three Body Problem 

1.1.1. Introduction 

The Circular Restricted Three-Body Problem (CRTBP) considers the dynamics of a relatively massless 

object under the gravitational influence of two point masses, where both point masses are in a circular orbit 

about their mutual Center of Mass (CoM), or the system Barycenter. The two point masses, also referred to 

as “central bodies”, typically will have very well-known dynamics, while the third, massless, object is the 

object of study. The CRTBP is most conveniently analyzed in a coordinate frame which rotates with the 

two point masses, centered upon the CoM [3]. The vector from the system center of mass to the secondary 

central body is the X axis of this rotating coordinate frame, the Z axis is normal and positive to the orbit of 

the secondary central body about the primary central body in the Right Hand Rule (RHR) sense, while the 

Y axis completes the RHR orthogonal set. This frame definition is illustrated below in Figure 1. In Figure 

1, the X axis is represented by the blue unit vector, aligned with the dotted blue line from the center of the 

Earth to the center of the Moon, a typical case for the application of the CRTBP. The green unit vector, Y, 

is normal to X and contained within the orbital plane containing the two central bodies while Z is aligned 

with the two central body spin vector, out of the page. The origin offset shown in Figure 1 is exaggerated 

for demonstration purposes and is not to scale with the true Earth-Moon system. 
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Figure 1: CRTBP Rotating Reference Frame with the orbital plane contained within the page while the Z axis is oriented 
out of the page. 

In this reference frame, there are five distinct equilibrium points [4] [3] [5]. These five points are known as 

the “Lagrangian” or “Libration” points, three of which are collinear with the line between the two central 

bodies while the remaining two are non-collinear [3] [5] [6]. The existence of these five equilibrium points 

will be demonstrated throughout this section.  

First, we develop the equations of motion for the system. The two central bodies’ may be labeled m1 and 

m2, respectively, and the massless object m, as illustrated by Figure 2. In Figure 2, the system is normalized 

by Equation 1.1. This normalization allows for further simplification of modeling the CRTBP; detailing 

location, velocity, time, and the mass parameter, which generalizes the mass of the total system as well as 

the primary and secondary central body individually [5]. By this dimensionalization, the distance between 

the two central bodies is unity. In this set of equations, the conversation is made from the unprimed 

normalized system to the primed dimensionalized system. Equation 1.1.1 provides distance, taking the 

mean orbital radius of the secondary body about the primary body, Equation 1.1.2 normalizes the velocity 

of m1, and T is the orbital period of m1 and m2. Finally, in Equations 1.1.4 – 1.1.6, the mass parameters of 

the system are established. The mass parameter for the system at large is mu, provided in Equation 1.1.4. 

Equations 1.1.5 and 1.1.6 detail the mass parameters of the individual central bodies with the assumption 

that m1 > m2 [5]. 

 𝑑𝑑′ = 𝐿𝐿𝑑𝑑 (1.1.1) 

 𝑠𝑠′ = 𝑉𝑉𝑠𝑠 (1.1.2) 

X

Y
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 𝑡𝑡′ = 𝑇𝑇
2𝜋𝜋
𝑡𝑡 (1.1.3) 

 𝜇𝜇 = 𝑚𝑚2
𝑚𝑚1+𝑚𝑚2

 (1.1.4) 

  𝜇𝜇1 = 1 − 𝜇𝜇 (1.1.5) 

  𝜇𝜇2 = 𝜇𝜇 (1.1.6) 

 

Figure 2: CRTBP system normalized. 

1.1.2. Transformation between inertial and rotating systems 

To relate the inertial and rotating coordinate systems, the transformation presented in Equation 1.2.1 is 

utilized. Here, At represents the rotation matrix for a rotation about the Z axis, provided by Equation 1.2.2 

for some epoch, t [5]. An example of such a rotation is illustrated below in Figure 3. This rotation is from 

the inertial coordinate frame to the rotating coordinate frame in Figure 3, but Equation 1.2 provides the 

rotation in the opposite direction, from the rotating coordinate frame to the inertial coordinate frame. This 

may be recognized by the opposite sign on the sine elements in Equation 1.2 from the conventional rotation 

about the Z axis [3]. 

m

m1 m2

(-µ,0,0) (1-µ,0,0)

(x,y,z)

X

Y

18 
 



 

Figure 3: CRTBP Rotational coordinate system with respect to the inertial coordinate system of the Barycenter of the m1-
m2 system. 

 �
𝑋𝑋
𝑌𝑌
𝑍𝑍
� = 𝐴𝐴𝑡𝑡 �

𝑥𝑥
𝑦𝑦
𝑧𝑧
� (1.2.1) 

 𝐴𝐴𝑡𝑡 =  �
cos(𝑡𝑡) −sin (𝑡𝑡) 0
sin(𝑡𝑡) cos (𝑡𝑡) 0

0 0 1
� (1.2.2) 

Taking the first time derivative of Equation 1.2.1 yields Equation 1.2.3, which can be simplified into 

Equation 3.2.4. The time derivative of the rotation matrix At is supplied in Equation 1.2.5 [3] [5]. 

 �
�̇�𝑋
�̇�𝑌
�̇�𝑍
� = �̇�𝐴𝑡𝑡 �

𝑥𝑥
𝑦𝑦
𝑧𝑧
� +  𝐴𝐴𝑡𝑡 �

�̇�𝑥
�̇�𝑦
�̇�𝑧
� (1.2.3) 

 �
�̇�𝑋
�̇�𝑌
�̇�𝑍
� = −𝐴𝐴𝑡𝑡𝐽𝐽 �

𝑥𝑥
𝑦𝑦
𝑧𝑧
�+  𝐴𝐴𝑡𝑡 �

�̇�𝑥
�̇�𝑦
�̇�𝑧
� (1.2.4) 

 𝐽𝐽 =  �
0 1 0
−1 0 0
0 0 0

� (1.2.5) 

Thus, the relationship between the inertial and rotation coordinate systems may be expressed by Equation 

1.2.6. 

  �
�̇�𝑋
�̇�𝑌
�̇�𝑍
� = 𝐴𝐴𝑡𝑡 �

�̇�𝑥 − 𝑦𝑦
�̇�𝑦 + 𝑥𝑥
�̇�𝑧

� (1.2.6) 

t

m1

m2

IX

IY
Ry

Rx
m
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As previously suggested by Equations 1.1.5 and 1.1.6 and presented in Figure 2, the position of the primary 

and secondary central bodies in the rotating coordinate system are defined explicitly by Equations 1.2.7 and 

1.2.8, respectively [5]. 

 𝒓𝒓𝟏𝟏𝓡𝓡 = �
𝑥𝑥1
𝑦𝑦1
𝑧𝑧1
� = �

−𝜇𝜇2
0
0
� (1.2.7) 

 𝒓𝒓𝟐𝟐𝓡𝓡 = �
𝑥𝑥2
𝑦𝑦2
𝑧𝑧2
� = �

𝜇𝜇1
0
0
� (1.2.8) 

These positions are expressed in the inertial frame by means of Equation 1.2.1 in Equations 1.2.9 and 1.2.10, 

respectively. 

 𝒓𝒓𝟏𝟏𝓘𝓘 = �
𝑋𝑋1
𝑌𝑌1
𝑍𝑍1
� = �

−𝜇𝜇2 cos(𝑡𝑡)
−𝜇𝜇2sin (𝑡𝑡)

0
� (1.2.9) 

 𝒓𝒓𝟐𝟐𝓘𝓘 = �
𝑋𝑋2
𝑌𝑌2
𝑍𝑍2
� = �

𝜇𝜇1 cos(𝑡𝑡)
𝜇𝜇1 sin(𝑡𝑡)

0
� (1.2.10) 

1.1.3. Gravitational Potential 

Using the results obtained in Equation 1.1 and Equation 1.2, the gravitational potential of the spacecraft m 

may be expressed by Equation 1.3 as a function of the two central body specific mass parameters and the 

expressions of the spacecraft m position with respect to the two central bodies [3] [5]. 

 𝑈𝑈(𝑟𝑟) = ∑ 𝐺𝐺𝑚𝑚𝑖𝑖
|𝑟𝑟|−|𝑟𝑟𝑖𝑖|𝑖𝑖  (1.3.1) 

 𝒰𝒰 =  − 𝜇𝜇1
|𝑟𝑟1| −

𝜇𝜇2
|𝑟𝑟2| −

1
2
𝜇𝜇1𝜇𝜇2 (1.3.2) 

Where r1 and r2 is the range of the spacecraft m to each of the two central bodies. This term is defined in 

Equations 1.3.3 and 1.3.4, respectively [5]. 
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 |𝑟𝑟1| = �(𝑋𝑋 + 𝜇𝜇2cos(𝑡𝑡))2 + (𝑌𝑌 + 𝜇𝜇2sin(𝑡𝑡))2 + 𝑍𝑍2 (1.3.3) 

 |𝑟𝑟2| = �(𝑋𝑋 + 𝜇𝜇1cos(𝑡𝑡))2 + (𝑌𝑌 + 𝜇𝜇1sin(𝑡𝑡))2 + 𝑍𝑍2 (1.3.4) 

1.1.4. Equations of Motion 

The results of Equation 1.3 are utilized in the next three sections to derive the equations of motion of the 

notional massless entity in the CRTBP model via three different methods: Newtonian, Lagrangian, and 

Hamiltonian. 

1.1.1.1. Newtonian Method 

The equations of motion may be derived by means of Newton’s second law, Equation 1.4.1 [3] [5]. 

 𝑭𝑭 = 𝑚𝑚𝒂𝒂 (1.4.1) 

 �̈�𝒓 = 𝑭𝑭
𝑚𝑚

 (1.4.2) 

 �̈�𝒓 =  −∇𝑼𝑼 (1.4.3) 

 �̈�𝑋 = − 𝑑𝑑
𝑑𝑑𝑑𝑑

(𝒰𝒰) (1.4.4) 

 �̈�𝑌 = − 𝑑𝑑
𝑑𝑑𝑑𝑑

(𝒰𝒰) (1.4.5) 

 �̈�𝑍 = − 𝑑𝑑
𝑑𝑑𝑑𝑑

(𝒰𝒰) (1.4.6) 

1.1.1.2. Lagrangian Method 

In the Inertial frame, the equations of motion may be derive by means of the Lagrangian approach. First, 

consider the general Euler-Lagrange equations provided in Equation 1.5 [5]. 

 𝑑𝑑
𝑑𝑑𝑡𝑡

𝜕𝜕𝜕𝜕
𝜕𝜕�̇�𝑞𝑖𝑖

− 𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞𝑖𝑖

= 0 (1.5) 
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Where the mechanical system is described by generalized coordinates (q1, ..., qn). Here, we will chose the 

Lagrangian ℒ to be of the form of kinetic energy minus potential energy, to follow the general convention. 

This Lagrangian equation is provided in Equation 3.6 for the inertial frame [5]. 

 ℒ�𝑋𝑋,𝑌𝑌,𝑍𝑍, �̇�𝑋, �̇�𝑌, �̇�𝑍, 𝑡𝑡� = 1
2
��̇�𝑋2 + �̇�𝑌2 + �̇�𝑍2� − 𝑈𝑈(𝑋𝑋,𝑌𝑌,𝑍𝑍, 𝑡𝑡) (1.6) 

This equation can be made time-invariant by taking the Lagrangian equation in the rotating coordinate 

system. To accomplish this, simply resolve the individual X, Y, Z components of the inertial frame into 

their respective rotational frame components, x, y, z, as demonstrated by Equation 1.7 [5]. 

 ℒ(𝑥𝑥,𝑦𝑦, 𝑧𝑧, �̇�𝑥, �̇�𝑦, �̇�𝑧) = 1
2

((�̇�𝑥 − 𝑦𝑦)2 + (𝑦𝑦 + 𝑥𝑥̇ )2 + �̇�𝑧2) −𝑈𝑈(𝑥𝑥,𝑦𝑦, 𝑧𝑧) (1.7) 

Which is a time-invariant function, thus simplifying the analysis of solutions, demonstrating the utility of 

the rotating frame. From Equation 1.7, it is simple to see the kinetic energy of the system, provided by 

Equation 1.8. 

 1
2
��̇�𝑋2 + �̇�𝑌2 + �̇�𝑍2� = 1

2
((�̇�𝑥 − 𝑦𝑦)2 + (𝑦𝑦 + 𝑥𝑥̇ )2 + �̇�𝑧2) (1.8) 

With the gravitational potential provided by Equation 1.3.2, previously discussed. And thus the equations 

of motion can be described by Equations 1.10.1 - 1.10.3. 

 𝑑𝑑
𝑑𝑑𝑡𝑡

(�̇�𝑥 − 𝑦𝑦) = �̇�𝑦 + 𝑥𝑥 − 𝑈𝑈𝑑𝑑 (1.10.1) 

 𝑑𝑑
𝑑𝑑𝑡𝑡

(�̇�𝑦 − 𝑥𝑥) = �̇�𝑥 − 𝑦𝑦 − 𝑈𝑈𝑑𝑑 (1.10.2) 

 𝑑𝑑
𝑑𝑑𝑡𝑡
�̇�𝑧 = −𝑈𝑈𝑑𝑑 (1.10.3) 

Which can be further simplified by Equations 1.11.1 – 1.11.3. 

 �̈�𝑥 − 2�̇�𝑦 =  −𝜕𝜕𝑈𝑈�
𝜕𝜕𝑑𝑑

 (1.11.1) 
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 �̈�𝑦 + 2�̇�𝑥 =  −𝜕𝜕𝑈𝑈�
𝜕𝜕𝑑𝑑

 (1.11.2) 

 �̈�𝑧 = −𝜕𝜕𝑈𝑈�
𝜕𝜕𝑑𝑑

 (1.11.3) 

Where 𝑈𝑈� represents the augmented, or effective potential, defined by Equation 1.12. 

 𝑈𝑈�(𝑥𝑥,𝑦𝑦) = −1
2

(𝑥𝑥2 + 𝑦𝑦2) + 𝑈𝑈(𝑥𝑥,𝑦𝑦, 𝑧𝑧) (1.12.1) 

 𝑈𝑈�(𝑥𝑥,𝑦𝑦) = −1
2

(𝑥𝑥2 + 𝑦𝑦2) − 𝜇𝜇1
𝑟𝑟1
− 𝜇𝜇2

𝑟𝑟2
− 1

2
𝜇𝜇1𝜇𝜇2 (1.12.2) 

 𝑈𝑈�(𝑥𝑥,𝑦𝑦) = −1
2

(𝜇𝜇1𝑟𝑟12 + 𝜇𝜇2𝑟𝑟22)− 𝜇𝜇1
𝑟𝑟1
− 𝜇𝜇2

𝑟𝑟2
 (1.12.3) 

1.1.1.3. Hamiltonian Method 

The equations of motion may be translated to the Hamiltonian form by utilizing the Legendre 

transformation, demonstrated in Equation 1.13, to acquire the equations in their Hamiltonian form, 

presented in Equation 1.14 and 1.14 [5]. 

 𝑝𝑝𝑖𝑖 = 𝜕𝜕𝜕𝜕
𝜕𝜕�̇�𝑞𝑖𝑖

 (1.13.1) 

 𝐻𝐻�𝑞𝑞𝑖𝑖,𝑝𝑝𝑖𝑖� = ∑ 𝑝𝑝𝑖𝑖�̇�𝑞𝑖𝑖 − 𝐿𝐿�𝑞𝑞𝑖𝑖,𝑝𝑝𝑖𝑖�𝑛𝑛
𝑖𝑖=1  (1.13.2) 

 �̇�𝑞𝑖𝑖 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝑝𝑝𝑖𝑖

 (1.14.1) 

 �̇�𝑝𝑖𝑖 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞𝑖𝑖

 (1.14.2) 

For the case of the CRTBP, the Legendre transformation is demonstrated by Equation 1.15. 

 𝑝𝑝𝑑𝑑 =  𝜕𝜕𝜕𝜕
𝜕𝜕�̇�𝑑

= �̇�𝑥 − 𝑦𝑦 (1.15.1) 

 𝑝𝑝𝑑𝑑 =  𝜕𝜕𝜕𝜕
𝜕𝜕�̇�𝑑

= �̇�𝑦 + 𝑥𝑥 (1.15.2) 
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 𝑝𝑝𝑑𝑑 =  𝜕𝜕𝜕𝜕
𝜕𝜕�̇�𝑑

= �̇�𝑧 (1.15.3) 

Thus the Hamiltonian function, Equation 1.16, is acquired. In this function px, py, and pz represent the 

momenta conjugate respective to x, y, and z. Using Equation 1.16, the Hamiltonian equations of motion are 

obtained by Equation 1.17. 

 𝐻𝐻�𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑝𝑝𝑑𝑑 ,𝑝𝑝𝑑𝑑,𝑝𝑝𝑑𝑑� = 𝑝𝑝𝑑𝑑�̇�𝑥 + 𝑝𝑝𝑑𝑑�̇�𝑦 + 𝑝𝑝𝑑𝑑�̇�𝑧 − 𝐿𝐿 (1.16.1) 

 𝐻𝐻�𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑝𝑝𝑑𝑑 ,𝑝𝑝𝑑𝑑,𝑝𝑝𝑑𝑑� = 1
2

((𝑝𝑝𝑑𝑑 + 𝑦𝑦)2 + (𝑝𝑝𝑑𝑑 + 𝑦𝑦)2) + 𝑝𝑝𝑑𝑑2 + 𝑈𝑈� (1.16.2) 

 �̇�𝑥 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝑝𝑝𝑥𝑥

= 𝑝𝑝𝑑𝑑 + 𝑦𝑦 (1.17.1) 

 �̇�𝑦 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝑝𝑝𝑦𝑦

= 𝑝𝑝𝑑𝑑 − 𝑥𝑥 (1.17.2) 

 �̇�𝑧 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝑝𝑝𝑧𝑧

= 𝑝𝑝𝑑𝑑 (1.17.3) 

 �̇�𝑝𝑑𝑑 = −𝜕𝜕𝜕𝜕
𝜕𝜕𝑑𝑑

= 𝑝𝑝𝑑𝑑 − 𝑥𝑥 − 𝑈𝑈�𝑑𝑑 (1.17.4) 

 �̇�𝑝𝑑𝑑 = −𝜕𝜕𝜕𝜕
𝜕𝜕𝑑𝑑

= −𝑝𝑝𝑑𝑑 − 𝑦𝑦 − 𝑈𝑈�𝑑𝑑 (1.17.5) 

 �̇�𝑝𝑑𝑑 = −𝜕𝜕𝜕𝜕
𝜕𝜕𝑑𝑑

= −𝑈𝑈�𝑑𝑑 (1.17.6) 

Due to the time-invariance of the system provided in both the Lagrangian and Hamiltonian equations of 

motion in the rotating frame, the system may be viewed as a dynamical system in a six-dimensional phase 

space. This phase-space may be viewed as either (𝑥𝑥,𝑦𝑦, 𝑧𝑧, �̇�𝑥, �̇�𝑦, �̇�𝑧) space or �𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑝𝑝𝑑𝑑 ,𝑝𝑝𝑑𝑑,𝑝𝑝𝑑𝑑� space, both of 

which are subsets of ℝ6 [5]. 
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1.1.5. Energy Integral and Jacobi Constant 

With the time-invariant equations of motion in the Hamiltonian form, the energy integral of motion may be 

determined. To denote the difference between using position and velocity versus position and momenta, 

either an E or an H will be used, respectively, to represent the energy. The energy integral is presented in 

Equation 1.18 [5]. 

 𝐸𝐸(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, �̇�𝑥, �̇�𝑦, �̇�𝑧) = 1
2

(�̇�𝑥2 + �̇�𝑦2 + �̇�𝑧2) + 𝑈𝑈�(𝑥𝑥,𝑦𝑦, 𝑧𝑧) (1.18) 

Thus it is demonstrated, upon making the substation for 𝑈𝑈� provided in Equation 3.12, that the energy for a 

spacecraft under the gravitational influence of two bodies can be expressed solely as a function of the 

spacecraft position and velocity in the rotating coordinate system of these two bodies. 

The Jacobi integral of -2E is the only known conserved quantity in the CRTBP. The Jacobi integral is 

provided in Equation 1.19 [3] [5]. 

 𝐶𝐶(𝑥𝑥,𝑦𝑦, 𝑧𝑧, �̇�𝑥, �̇�𝑦, �̇�𝑧) = −(�̇�𝑥2 + �̇�𝑦2 + �̇�𝑧2)− 2𝑈𝑈�(𝑥𝑥,𝑦𝑦, 𝑧𝑧) (1.19) 

The Jacobi integral derived directly from the equations of motion: 

 𝑑𝑑
𝑑𝑑𝑡𝑡

(�̇�𝑥2 + �̇�𝑦2 + �̇�𝑧2 ) = 2(�̇�𝑥�̈�𝑥 + �̇�𝑦�̈�𝑦 + �̇�𝑧�̈�𝑧) (1.20.1) 

 = 2(�̇�𝑥(2�̇�𝑦 − 𝑈𝑈�𝑑𝑑) + �̇�𝑦�−2�̇�𝑥 − 𝑈𝑈�𝑑𝑑� + �̇�𝑧(−𝑈𝑈�𝑑𝑑)) (1.20.2) 

 = 2 𝑑𝑑
𝑑𝑑𝑡𝑡

(−𝑈𝑈�)  (1.20.3) 

 𝑑𝑑
𝑑𝑑𝑡𝑡
𝐶𝐶 = 𝑑𝑑

𝑑𝑑𝑡𝑡
(−(�̇�𝑥2 + �̇�𝑦2 + �̇�𝑧2 )− 2𝑈𝑈�) = 0 (1.20.4) 

1.1.6. Energy Surface, Equilibrium Points, and the Realms of Possible Motion 

Energy Surface: 

 ℳ(𝜇𝜇, 𝑒𝑒) = ��(𝑥𝑥,𝑦𝑦, �̇�𝑥, �̇�𝑦)��𝐸𝐸(𝑥𝑥,𝑦𝑦, �̇�𝑥, �̇�𝑦) = 𝑒𝑒� (1.21) 
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Which is, for a fixed mu and e, a three-dimensional surface embedded in the four-dimensional phase space. 

M denotes the projection of this surface onto position space in the rotating frame, the x-y plane, which is 

the region of possible motion for a particle of energy e in the field of two masses with mass parameter mu 

[5]. 

 𝑀𝑀(𝜇𝜇, 𝑒𝑒) = {(𝑥𝑥,𝑦𝑦)|𝑈𝑈�(𝑥𝑥,𝑦𝑦) ≤ 𝑒𝑒} (1.22) 

This is the Hill’s region. The boundary of M is known as the zero velocity curve and plays an important 

role in placing bounds on the motion of the particle [3] [5] [7].  

There exists five unique equilibrium points in the CRTBP, L1, L2, L3, L4, and L5. If the Planar CRTBP 

(PCRTBP) is considered, then the equations of motion may be expressed as the first order system of 

Equation 1.23, which are provided in the system rotating coordinate frame [5]. 

  �̇�𝑥 = 𝑣𝑣𝑑𝑑 (1.23.1) 

 �̇�𝑦 = 𝑣𝑣𝑑𝑑 (1.23.2) 

 �̇�𝑣𝑑𝑑 = 2𝑣𝑣𝑑𝑑 − 𝑈𝑈�𝑑𝑑 (1.23.3) 

 �̇�𝑣𝑑𝑑 =  −2𝑣𝑣𝑑𝑑 − 𝑈𝑈�𝑑𝑑 (1.23.4) 

By setting the right hand side of this system to zero, an equilibria are found of the form (𝑥𝑥𝑒𝑒 ,𝑦𝑦𝑒𝑒 , 0, 0). The 

points (𝑥𝑥𝑒𝑒 ,𝑦𝑦𝑒𝑒) represent the critical points of the planar effective potential function 𝑈𝑈�(𝑥𝑥,𝑦𝑦). In a more 

rigorous form, these points may be determined in the full CRTBP by setting the three differential equations 

to zero, as demonstrated in Equation 1.24 [3] [8].  

 �𝜕𝜕𝑈𝑈
𝜕𝜕𝑑𝑑
�
𝑟𝑟𝑒𝑒

= 𝑥𝑥𝑒𝑒 −
(1−𝜇𝜇)(𝑑𝑑𝑒𝑒−𝑑𝑑1)

𝑟𝑟1𝑒𝑒
3 − 𝜇𝜇(𝑑𝑑𝑒𝑒−𝑑𝑑2)

𝑟𝑟2𝑒𝑒
3 = 0 (1.24.1) 

 �𝜕𝜕𝑈𝑈
𝜕𝜕𝑑𝑑
�
𝑟𝑟𝑒𝑒

= 𝑦𝑦𝑒𝑒 −
(1−𝜇𝜇)𝑑𝑑𝑒𝑒
𝑟𝑟1𝑒𝑒
3 − 𝜇𝜇𝑑𝑑𝑒𝑒

𝑟𝑟2𝑒𝑒
3 = 0 (1.24.2) 
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 �𝜕𝜕𝑈𝑈
𝜕𝜕𝑑𝑑
�
𝑟𝑟𝑒𝑒

= 𝑧𝑧𝑒𝑒 −
(1−𝜇𝜇)𝑑𝑑𝑒𝑒
𝑟𝑟1𝑒𝑒
3 − 𝜇𝜇𝑑𝑑𝑒𝑒

𝑟𝑟2𝑒𝑒
3 = 0 (1.24.3) 

Here, the knowledge that there are three collinear and two equilateral solutions is applied. Equation 1.25 is 

applied to solve for the three collinear equilibrium points while Equation 1.26 is applied to solve for the 

two equilateral equilibrium points. In Equation 1.25, the fact that the ye and ze values are both known to be 

zero by the nature of the collinear solution are applied to simplify the expression for xe. Solving this cubic 

function provides three roots which provide the position of three collinear positions with respect to the 

system mass parameter. Conventionally, the solutions L1, L2, and L3 are between m1 and m2, on the opposite 

side of m2 as m1, and on the opposite side of m1 as m2, respectively. 

 𝑥𝑥𝑒𝑒 −
(1−𝜇𝜇)(𝑑𝑑𝑒𝑒+𝑑𝑑1)

|𝑑𝑑𝑒𝑒+𝜇𝜇|3 − 𝜇𝜇(𝑑𝑑𝑒𝑒−1+𝜇𝜇)
𝑑𝑑𝑒𝑒−1+𝜇𝜇

= 0 (1.25) 

For the two equilateral solutions, the knowledge that they lay upon the unit sphere of unit radius in the 

CRTBP system is used to fix re1 and re2, as demonstrated in Equation 1.26.1. The application of this 

knowledge simplifies finding the solution to the two equilateral equilibrium points, as demonstrated by the 

remainder of Equation 1.26. The location of these five equilibrium points is provided in Figure 4, below. 

 𝑟𝑟𝑒𝑒4 = 𝑟𝑟𝑒𝑒5 = 1 (1.26.1) 

 𝑥𝑥𝑒𝑒4,5 = 0.5 − 𝜇𝜇 (1.26.2) 

 𝑦𝑦𝑒𝑒4,5 = ± √3
2

 (1.26.3) 

 𝑧𝑧𝑒𝑒4,5 = 0 (1.26.4) 
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Figure 4: The location of the five equilibrium points, L1, L2, L3, L4, and L5, of the CRTBP for a system of M1 and M2, with 
example Lagrangian orbits illustrated [5]. 

Based upon the five equilibrium points, there also exists five unique cases of the Hill’s region, which are 

denoted by the object m’s energy level, E, with respect to the three body system, as demonstrated in Figure 

5. Here, Ei represents the energy of a particle located at Li and that for the five equilibrium points of the 

CRTBP, E5 = E4 > E3 > E2 > E1. These cases are: 

1. E < E1: If the objects energy is less than the threshold E1, the object is considered “stuck” 
with the realm about either m1 or m2 and cannot traverse between these two regions without 
applying additional energy. 

2. E1 < E < E2: The object has enough energy to pass through the L1 point, and thus may freely 
transition between the adjacent m1 and m2 realms. However, the object is still captured in 
the CRTBP system and does not have enough energy to exit this system. 

3. E2 < E < E3: The object has enough energy to pass through the L2 point and may exit the 
CRTBP system on the X+ direction of the rotational frame. Note that the object does not 
have enough energy to exit on the X- direction of the rotational frame. 

4. E3 < E < E4: The object has enough energy to pass through all three collinear equilibrium 
points and may exit the system through both the X- and X+ directions of the rotational 
frame, but not the Y+ nor the Y- directions. 

5. E > E4: The object is not restricted in an energy sense from passing through any point in 
the CRTBP, there is no longer a forbidden realm. 
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Figure 5: The 5 unique cases for the Hill sphere of the CRTBP [5]. 

From this, it is demonstrated that how the energy of a spacecraft may be utilized to gain access to new 

regions of the Hill sphere. Further, by executing minor maneuvers in optimal locations, it may be possible 

to gain the required energy to access currently restricted regions [4] [7]. 

1.1.7. Existence of Periodic Orbits near Libration Points 

With the locations of the equilibrium points of the CRTBP identified, orbits which remain in the vicinity 

of these libration points may be explored. Initially, solutions will be restricted to the PCRTBP to facilitate 

this demonstration. First, the stability of the libration points must be ascertained. In order to accomplish 

this, linearize the equations of motion near the equilibrium points [5]. Specifically, Case 3 of Figure 5 is 

considered for the vicinity of either L1 or L2 where the spacecraft is capable of motion in the “neck”, shown 

in Figure 5, about either of these two points. For the sake of simplicity, both L1 and L2 will be expressed as 

L in the following equations, demonstrating the application to both equilibrium points. About either of these 

equilibrium points, consider an equilibrium region, ℛ, on the energy surface for a given fixed energy E. ℛ 

can be projected to the position space R [5]. 
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To find the linearized equations of motion corresponding to the equilibrium point (𝑥𝑥𝑒𝑒 ,𝑦𝑦𝑒𝑒 , �̇�𝑥𝑒𝑒 , �̇�𝑦𝑒𝑒) =

(𝑥𝑥𝑒𝑒 , 0,0,0), the quadratic terms of the Hamiltonian H in Equation 1.16 are expanded about 

�𝑥𝑥𝑒𝑒 ,𝑦𝑦𝑒𝑒 ,𝑝𝑝𝑑𝑑𝑒𝑒 ,𝑝𝑝𝑑𝑑𝑒𝑒� = (𝑥𝑥𝑒𝑒 , 0,0,𝑥𝑥𝑒𝑒), with a coordinate transformation to make (𝑥𝑥𝑒𝑒 , 0,0, 𝑥𝑥𝑒𝑒) the origin [5]. Thus 

the quadratic terms form the Hamiltonian function for the linearized equations, Hl, provided in Equation 

1.27 [5]. 

 𝐻𝐻𝑙𝑙 = 1
2
�(𝑝𝑝𝑑𝑑 + 𝑦𝑦)2 + �𝑝𝑝𝑑𝑑 − 𝑥𝑥�2 − 𝑎𝑎𝑥𝑥2 + 𝑏𝑏𝑦𝑦2� (1.27.1) 

In Equation 1.27.1, the terms a and b are defined as follows. 

 𝑎𝑎 = 2�̅�𝜇 + 1 (1.27.2) 

 𝑏𝑏 = �̅�𝜇 − 1 (1.27.3) 

 �̅�𝜇 = 𝜇𝜇|𝑥𝑥𝑒𝑒 − 1 + 𝜇𝜇|−3 + (1 − 𝜇𝜇)|𝑥𝑥𝑒𝑒 + 𝜇𝜇|−3 (1.27.4) 

Thus, the Hamiltonian linearized equations are provided in Equation 1.28 [5]. 

  �̇�𝑥 = 𝜕𝜕𝜕𝜕𝑙𝑙
𝜕𝜕𝑝𝑝𝑥𝑥

= 𝑝𝑝𝑑𝑑 + 𝑦𝑦 (1.28.1) 

 �̇�𝑦 = 𝜕𝜕𝜕𝜕𝑙𝑙
𝜕𝜕𝑝𝑝𝑦𝑦

= 𝑝𝑝𝑑𝑑 − 𝑥𝑥 (1.28.2) 

 𝑝𝑝𝑑𝑑 = 𝜕𝜕𝜕𝜕𝑙𝑙
𝜕𝜕𝑑𝑑

= 𝑝𝑝𝑑𝑑 − 𝑥𝑥 + 𝑎𝑎𝑥𝑥 (1.28.3) 

 𝑝𝑝𝑑𝑑 =  𝜕𝜕𝜕𝜕𝑙𝑙
𝜕𝜕𝑑𝑑

= −𝑝𝑝𝑑𝑑 − 𝑦𝑦 − 𝑏𝑏𝑦𝑦 (1.28.4) 

This may be translated from the (position, momenta conjugate) form to the (position, velocity) form by 

considering the inverse Legendre transformation Equation 1.29. Note that this is still resolved in the rotating 

coordinate frame centered about the respective Libration point [5].  

 𝑣𝑣𝑑𝑑 = 𝑝𝑝𝑑𝑑 + 𝑦𝑦 (1.29.1) 
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 𝑣𝑣𝑑𝑑 = 𝑝𝑝𝑑𝑑 − 𝑥𝑥 (1.29.2) 

Thus the Lagrangian linearized equations of motion about the equilibrium point (𝑥𝑥𝑒𝑒 , 0,0,0) are provided in 

Equation 1.30. 

 �̇�𝑥 = 𝑣𝑣𝑑𝑑 (1.30.1) 

 �̇�𝑦 = 𝑣𝑣𝑑𝑑 (1.30.2) 

 �̇�𝑣𝑑𝑑 = 2𝑣𝑣𝑑𝑑 + 𝑎𝑎𝑥𝑥 (1.30.3) 

 �̇�𝑣𝑑𝑑 =  −2𝑣𝑣𝑑𝑑 − 𝑏𝑏𝑦𝑦 (1.30.4) 

Now the integral of Hl, from Equation 1.27, may be evaluated as Equation 1.31, which relates to the energy 

integral E of the restricted problem, discussed in Section 1.1.6. It should be noted that the zero-surface of 

the integral El corresponds to the energy surface passing through the considered libration point. Therefore, 

we can restrict analysis of the equations of motion for the surface 𝐸𝐸𝑙𝑙 =  𝜀𝜀 > 0, representing the case in 

which the Hill’s region contains a neck about the considered libration point. 

 𝐸𝐸𝑙𝑙 = 1
2
�𝑣𝑣𝑑𝑑2 + 𝑣𝑣𝑑𝑑2 − 𝑎𝑎𝑥𝑥2 + 𝑏𝑏𝑦𝑦^2� (1.31) 

The eigenvalues of the system presented in Equation 1.30 are presented below in Equation 1.32 [5]. The 

eigenvalues have the form ±λ and ±iν where both λ and ν are positive constants. σ and τ are also both 

constants where σ > 0 and τ < 0 [5]. 

 𝑢𝑢1 = (1,−𝜎𝜎, 𝜆𝜆,−𝜆𝜆𝜎𝜎) (1.32.1) 

 𝑢𝑢2 = (1,𝜎𝜎,− 𝜆𝜆,−𝜆𝜆𝜎𝜎) (1.32.2) 

 𝑤𝑤1 = (1,−𝑖𝑖𝑖𝑖, 𝑖𝑖𝑖𝑖, 𝑖𝑖𝑖𝑖) (1.32.3) 

 𝑤𝑤2 = (1, 𝑖𝑖𝑖𝑖,−𝑖𝑖𝑖𝑖, 𝑖𝑖𝑖𝑖) (1.32.4) 
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Equation 1.30 can be expressed in the matrix form as Equation 1.33, below. 

 �

�̇�𝑥
�̇�𝑦
�̇�𝑣𝑑𝑑
�̇�𝑣𝑑𝑑

� = �

0 0 1 0
0 0 0 1
𝛼𝛼 0 0 2
0 −𝑏𝑏 −2 0

��

𝑥𝑥
𝑦𝑦
𝑣𝑣𝑑𝑑
𝑣𝑣𝑑𝑑

� = 𝐴𝐴�

𝑥𝑥
𝑦𝑦
𝑣𝑣𝑑𝑑
𝑣𝑣𝑑𝑑

� (1.33) 

The characteristic equation of Equation 1.33 for this linearized system is provide in Equation 1.34 [5]. The 

roots of this system are found with the assumption that 𝛼𝛼 = 𝛽𝛽2. 

 𝑝𝑝(β) = β4 + (2 − �̅�𝜇)𝛽𝛽2 + (1 + �̅�𝜇 − 2�̅�𝜇2) (1.34.1) 

 𝛼𝛼1 = 𝜇𝜇−2+�9𝜇𝜇�2−8𝜇𝜇�
2

 (1.34.2) 

 𝛼𝛼2 =  𝜇𝜇−2−�9𝜇𝜇�
2−8𝜇𝜇�

2
 (1.34.3) 

Equation 1.34 demonstrates that one root is positive while the other must be negative. Therefore, it is shown 

that the eigenvalues of the linearized equations of motion are indeed of the form ±λ and ±iν, as originally 

postulated above [5]. 

Assume that 𝑖𝑖 = (𝑘𝑘1,𝑘𝑘2,𝑘𝑘3,𝑘𝑘4) is an eigenvector of the linearized equations of motion. If 𝛽𝛽 is an 

eigenvalue, then 𝐴𝐴𝑖𝑖 = 𝛽𝛽𝑖𝑖, allowing for the eigenvector relationship provided in Equation 1.35.  

 𝑘𝑘3 = 𝛽𝛽𝑘𝑘1 (1.35.1) 

 𝑘𝑘4 = 𝛽𝛽𝑘𝑘2 (1.35.2) 

 𝑎𝑎𝑘𝑘1 + 2𝑘𝑘4 = 𝛽𝛽𝑘𝑘3 (1.35.3) 

 −𝑏𝑏𝑘𝑘2 − 2𝑘𝑘3 = 𝛽𝛽𝑘𝑘4 (1.35.4) 
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Here, 𝑘𝑘1 ≠ 0, or else 𝑘𝑘1 = 𝑘𝑘2 = 𝑘𝑘3 = 𝑘𝑘4 = 0 and 𝑖𝑖 = 0. Consider the simple case of 𝑘𝑘1 = 1 providing 

the eigenvector solution 𝑖𝑖 = (1,𝑘𝑘2,𝛽𝛽,𝛽𝛽𝑘𝑘2) based upon Equation 1.35.1 and 1.35.2. This may be further 

expanded upon by using this notional eigenvector solution with Equation 1.35.3 and 1.35.4. 

 𝑎𝑎 + 2𝛽𝛽𝑘𝑘2 = 𝛽𝛽2 (1.36.1) 

 −𝑏𝑏𝑘𝑘2 − 2𝛽𝛽 = 𝛽𝛽2𝑘𝑘2 (1.36.2) 

Using this solution from Equation 1.36.1 and Equation 1.36.2, Equation 1.36.3 and Equation 1.36.4 express 

the first two eigenvectors originally presented in Equation 1.32 [5]. 

 𝑢𝑢1 = (1,𝑘𝑘2,𝜆𝜆, 𝜆𝜆𝑘𝑘2) (1.36.3) 

 𝑢𝑢2 = (1,𝑘𝑘2′ ,−𝜆𝜆,−𝜆𝜆𝑘𝑘2′ ) (1.36.4) 

Where: 

 𝑎𝑎 + 2𝜆𝜆𝑘𝑘2 = 𝜆𝜆2 (1.36.5) 

 −𝑏𝑏𝑘𝑘2 − 2𝜆𝜆 = 𝜆𝜆2𝑘𝑘2 (1.36.6) 

 𝑎𝑎 − 2𝜆𝜆𝑘𝑘2′ = 𝜆𝜆2 (1.36.7) 

 −𝑏𝑏𝑘𝑘2′ + 2𝜆𝜆 = 𝜆𝜆2𝑘𝑘2′  (1.36.8) 

Equation 1.36.5 and 1.36.7 demonstrate that 𝑘𝑘2 =  −𝑘𝑘2′ . If it is denoted that 𝑘𝑘2′ = 𝜎𝜎, then Equation 1.36.6 

and 1.36.8 can define 𝜎𝜎, as shown in Equation 1.36.9 [5]. 

 𝜎𝜎 = 2𝜆𝜆
𝜆𝜆2+𝑏𝑏

> 0 (1.36.9) 

In a similar fashion, it may be observed that by taking 𝛽𝛽 = 𝑖𝑖𝑖𝑖 and then 𝛽𝛽 = −𝑖𝑖𝑖𝑖, Equation 1.36.10 and 

Equation 1.36.11 may be obtained. 
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 𝑤𝑤1 = (1,−𝑖𝑖𝑖𝑖, 𝑖𝑖𝑖𝑖, 𝑖𝑖𝑖𝑖) (1.36.10) 

 𝑤𝑤2 = (1, 𝑖𝑖𝑖𝑖,−𝑖𝑖𝑖𝑖, 𝑖𝑖𝑖𝑖) (1.36.11) 

Thus an explicit expression for 𝑖𝑖 may be presented in Equation 1.36.12. Equation 1.36.9 and 1.36.12 

validate the original claim made regarding the sign of 𝜎𝜎 and 𝑖𝑖 [5]. 

 𝑖𝑖 = −�𝜈𝜈
2+𝑎𝑎
2𝜈𝜈

� < 0 (1.36.12) 

These established eigenvectors provide a convenient axes for a new coordinate system, allowing a deeper 

understanding of the orbit structure on the phase space. The eigenvectors 𝑢𝑢1,𝑢𝑢2,𝑤𝑤1,𝑤𝑤2 provide the axes of 

this new system, which maps to the coordinates (𝜉𝜉, 𝜂𝜂, 𝜍𝜍1, 𝜍𝜍2). The differential equations are provided in 

Equation 1.37 [5]. 

 �̇�𝜉 = 𝜆𝜆𝜉𝜉 (1.37.1) 

 �̇�𝜂 = −𝜆𝜆𝑖𝑖 (1.37.2) 

 𝜍𝜍1̇ = 𝜆𝜆𝜍𝜍2 (1.37.3) 

 𝜍𝜍2̇ = −𝜆𝜆𝜍𝜍1 (1.37.4) 

Additionally, the energy function, Equation 1.31, becomes Equation 1.38 expressed in this new coordinate 

system. 

 𝐸𝐸𝑙𝑙 = 𝜆𝜆𝜉𝜉𝜂𝜂 + 𝜈𝜈
2

(𝜍𝜍12 + 𝜍𝜍22) (1.38) 

Thus, solutions of the differential equations are provided by Equation 1.39 [5]. 

 𝜉𝜉(𝑡𝑡) =  𝜉𝜉0𝑒𝑒𝜆𝜆𝑡𝑡 (1.39.1) 

 𝜂𝜂(𝑡𝑡) = 𝜂𝜂0𝑒𝑒−𝜆𝜆𝑡𝑡 (1.39.2) 
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 𝜍𝜍(𝑡𝑡) = 𝜍𝜍1(𝑡𝑡) + 𝑖𝑖𝜍𝜍2(𝑡𝑡) = 𝜍𝜍0𝑒𝑒−𝑖𝑖𝜈𝜈𝑡𝑡 (1.39.3) 

The constants 𝜉𝜉0, 𝜂𝜂0, and 𝜍𝜍0 = 𝜍𝜍10 + 𝜍𝜍20 are the initial conditions for the system. For positive 𝜀𝜀 and c, the 

region ℛ may be determined according to Equation 1.40 [5]. 

 𝐸𝐸𝑙𝑙 = 𝜀𝜀 (1.40.1) 

 |𝜂𝜂 − 𝜀𝜀| ≤ 𝑐𝑐 (1.40.2) 

This system is homeomorphic to the product of a two-sphere and an interval; meaning that for each fixed 

value of 𝜂𝜂 − 𝜀𝜀 which exists over the interval 𝐼𝐼 = [−𝑐𝑐, 𝑐𝑐], the equation 𝐸𝐸𝑙𝑙 = 𝜀𝜀 determines the two-sphere, 

demonstrated in Equation 1.41 [5]. 

 𝜆𝜆
4

(𝜂𝜂 + 𝜀𝜀)2 + 𝜈𝜈
2

(𝜍𝜍12 + 𝜍𝜍22) = 𝜀𝜀 + 𝜆𝜆
4

(𝜂𝜂 − 𝜀𝜀)2 1.41 

The bounding sphere of ℛ for which 𝜂𝜂 − 𝜀𝜀 = −𝑐𝑐 is called 𝑛𝑛1 while the case in which 𝜂𝜂 − 𝜀𝜀 = 𝑐𝑐 is 𝑛𝑛2 [5]. 

It is standard convention to consider the set of points on each bounding sphere where 𝜂𝜂 + 𝜀𝜀 = 0 to be the 

equator, while 𝜂𝜂 + 𝜀𝜀 > 0 is considered the north and 𝜂𝜂 + 𝜀𝜀 < 0 is considered the south [5]. A particles flow 

in this phase space is visualized in Figure 6, where the axes are rotated +45° about the sheet in a RHR sense 

[5]. This is done to allow the Figure 6 to correspond easily to Figure 7. Figure 6 (left) presents the projection 

with no trajectories, to provide an initial sense of the phase space. Here, the black dot in the center of the 

axes is periodic orbit while the green arrows represent trajectories passing directly through the periodic 

orbit, with the arrow direction indicating whether the trajectory is winding onto or off of the periodic orbit 

at L. In Figure 6 (right), four notional trajectories, 𝑇𝑇𝑖𝑖𝑖𝑖 are presented. These trajectories represent the path 

of a particle which entered ℛ through 𝑛𝑛𝑖𝑖 and exited through 𝑛𝑛𝑖𝑖. Thus, the two blue trajectories, 𝑇𝑇11 and 𝑇𝑇22 

represent non-transit orbits which do not cross the threshold between the inner and outer feasible regions. 

Meanwhile, the two red trajectories, 𝑇𝑇12 and 𝑇𝑇21, are transit trajectories, passing through the “neck” of ℛ. 
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Figure 6: Projection onto the η-ξ plane [5]. 

These four distinct classes of orbits may be grouped into the following cases: 

1. Periodic Orbit: The case in which 𝜀𝜀 = 𝜂𝜂 = 0 is the periodic orbit in ℛ. If the orbit remains 
entirely within the plane of the rotating frame, then this is considered a “Lyapunov Orbit”. 
If the orbit is periodic but is not contained within the plane, it is considered a “Halo Orbit”. 
For the sub-case in which the orbit is only quasi-periodic but also is not restricted to the 
rotating plane, this is considered a “Lissajous Orbit”. 

2. Asymptotic Orbit: The four green trajectories of Figure 6: Projection onto the η-ξ plane 
[5].Figure 6 where 𝜀𝜀𝜂𝜂 = 0 correspond to the four orbits that are asymptotic to the periodic 
solution for one of two sub-cases. The first, where 𝜀𝜀 = 0, represents an asymptotic solution 
as time increases while 𝜂𝜂 = 0 represents the asymptotic solution as time decreases. By the 
nature of these asymptotic obits, it is demonstrated that the periodic orbit is unstable in 
forward propagated time. Conversely, the periodic orbit is stable in backwards propagated 
time. These asymptotic trajectories represent pieces of the stable and unstable manifolds 
of the periodic orbit. 

3. Transit Orbit: The two dashed red trajectories of Figure 6 represent the transit trajectories 
through the “neck” of ℛ. These trajectories are hyperbolic with respect to the phase plane 
and are determined by the positivity of the parameter 𝜂𝜂𝜀𝜀 = 𝑐𝑐𝑐𝑐𝑛𝑛𝑠𝑠𝑡𝑡𝑎𝑎𝑛𝑛𝑡𝑡 > 0. 

4. Non-Transit Orbit: The two dotted blue lines of Figure 6 represent trajectories which are 
not capable of crossing the neck ℛ. This is determined by the negativity of the parameter 
𝜂𝜂𝜀𝜀 = 𝑐𝑐𝑐𝑐𝑛𝑛𝑠𝑠𝑡𝑡𝑎𝑎𝑛𝑛𝑡𝑡 < 0. 

These cases are illustrated in the rotating frame centered about an arbitrary collinear Libration point, 𝐿𝐿, 

in Figure 7, below. Here, the Libration point, 𝐿𝐿, is represented with the black dot in the center of figure. 
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The feasible region is represented by the white area while the gray area represents the infeasible region 

for a particle with energy 𝐸𝐸, where 𝐸𝐸 is sufficiently greater than 𝐸𝐸𝑙𝑙. A black periodic orbit about 𝐿𝐿 is 

presented with a green asymptotic trajectory. This asymptotic trajectory is arriving at the periodic orbit, 

thus we know that for this particular case that 𝜀𝜀 = 0. The transit and non-transit orbits of Figure 6 are 

presented in Figure 7 as well. 

 

Figure 7: Possible trajectories in the equilibrium region R about a collinear equilibrium point [5]. 

 

To expand upon the definition of the periodic orbit, consider the general real solution of the linear 

system, provided in Equation 1.42 [5]. 

 𝒛𝒛(𝑡𝑡) = (𝑥𝑥(𝑡𝑡),𝑦𝑦(𝑡𝑡),  �̇�𝑥(𝑡𝑡),  �̇�𝑦(𝑡𝑡)) (1.42.1) 

 𝑧𝑧(𝑡𝑡) = 𝛼𝛼1𝑒𝑒𝜆𝜆𝑡𝑡𝑢𝑢1 + 𝛼𝛼2𝑒𝑒−𝜆𝜆𝑡𝑡𝑢𝑢2 + 2Re�𝛽𝛽𝑒𝑒𝑖𝑖𝜈𝜈𝑡𝑡𝑤𝑤1� (1.42.2) 
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Here, 𝛼𝛼1, 𝛼𝛼2 are both real and 𝛽𝛽 = 𝛽𝛽1 + 𝑖𝑖𝛽𝛽2 is complex. From this, it may be observed that solutions on 

the energy surface fall into different unique classes dependent upon the limiting behavior of 𝑥𝑥(𝑡𝑡). In 

particular, this is demonstrated by 1.43 [5]. 

 𝑥𝑥(𝑡𝑡) = 𝛼𝛼1𝑒𝑒𝜆𝜆𝑡𝑡 + 𝛼𝛼2𝑒𝑒−𝜆𝜆𝑡𝑡 + 2(𝛽𝛽1 cos(𝑖𝑖𝑡𝑡) − 𝛽𝛽2 sin(𝑖𝑖𝑡𝑡)) (1.43) 

From Equation 1.43, it is observed that as 𝑡𝑡 → +∞, then 𝑥𝑥(𝑡𝑡) is dominated by the 𝛼𝛼1 term. Thus 𝑥𝑥(𝑡𝑡)  

displays the behaviors 𝑥𝑥(𝑡𝑡) → −∞, 𝑥𝑥(𝑡𝑡) → 0 (or is bounded to ℛ), or 𝑥𝑥(𝑡𝑡) → +∞ according to the 

conditions 𝛼𝛼1 < 0, 𝛼𝛼1 = 0, and 𝛼𝛼1 > 0, respectively [5]. Recalling the previously discussed four cases of 

an orbit near ℛ (periodic, asymptotic, transit, non-transit), consider the following addendums to these four 

cases: 

1. A Lyapunov periodic orbit is achieved when 𝛼𝛼1 = 𝛼𝛼2 = 0. In the case of the planar 
Lyapunov orbit, this periodic solution is of an elliptical shape with a semi-major axis of 

length 2𝑖𝑖�𝜀𝜀
𝜅𝜅
  and a semi-minor axis length of 2�𝜀𝜀

𝜅𝜅
. The semi-major axis is aligned with 

the 𝐿𝐿-centered y-axis while the semi-minor axis is aligned with the 𝐿𝐿-centered x-axis. Such 
an orbit has RHR negative motion. Note that the parameter 𝜅𝜅 = −𝑎𝑎 + 𝑏𝑏𝑖𝑖2 + 𝑖𝑖2 + 𝑖𝑖2𝑖𝑖2 is 
a constant [5]. 

2. Similar to the prior defining aspect for an asymptotic orbit, an asymptotic orbit may also 
be defined by the relationship 𝛼𝛼1𝛼𝛼2 = 0, and these orbits are asymptotic to the periodic 
Lyapunov orbit. Asymptotic orbits where 𝛼𝛼1 = 0 project along the direction 𝑆𝑆1 while 
asymptotic orbits in which 𝛼𝛼2 = 0 project along the direction 𝑆𝑆2. These lines are drawn in 
Figure 7. The width of these direction “lanes” are determined by the Equation 1.44.1 and 
Equation 1.44.2  for 𝑆𝑆1 and 𝑆𝑆2, respectively [5]. 

 𝑦𝑦 = 𝜎𝜎𝑥𝑥 ± 2�𝜀𝜀(𝜎𝜎2+𝜏𝜏2)
𝜅𝜅

 (1.44.1) 

 𝑦𝑦 = −𝜎𝜎𝑥𝑥 ± 2�𝜀𝜀(𝜎𝜎2+𝜏𝜏2)
𝜅𝜅

 (1.44.2) 

3. Orbits with the parameter 𝛼𝛼1𝛼𝛼2 < 0 are transit orbits as they cross the equilibrium region 
ℛ as 𝑥𝑥(𝑡𝑡) → +∞ or 𝑥𝑥(𝑡𝑡) → −∞, as resolved in the 𝐿𝐿-centered rotating frame [5]. 

4. Non-transit orbits are orbits in which 𝛼𝛼1𝛼𝛼2 > 0 [5]. 
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1.2. A Brief History of Missions Utilizing the Three Body Problem 

While the general three body problem was first considered by Sir Isaac Newton in 1687, it wasn’t until the 

International Sun-Earth Explorer 3 (ISEE-3), launched in 1978 that the benefits of mission design based 

upon the three body problem could be exploited as it was the first vehicle to enter a libration point, 

particularly the Sun-Earth L1 and the Earth-Moon L2 [9]. Since ISEE-3, a number of missions from several 

space agencies around the world have successfully leveraged the attributes of the three body problem to 

enable advanced exploration missions with increased performance. The following missions will be 

examined as case studies which have demonstrated successful manipulation of the three body problem: 

1. ISEE-3 

2. SOHO 

3. ACE 

4. WIND 

These missions provide insight into the process of designing orbits to satisfy science and/or mission 

requirements as well as related station-keeping maneuver schemes, particularly Halo and Lissajous orbits 

which may provide benefits beyond conventional two-body orbits for particular missions. Additionally, the 

benefit of transfers utilizing the three-body problem is demonstrated. 

1.2.1. The ISEE-3 Mission 

The ISEE-3 mission is an excellent example case of using mission design concepts that were contemporarily 

considered novel to achieve advanced mission objectives and confining system requirements, all while in 

an effort to minimize ΔV costs to get the most out of the spacecraft lifecycle. The ISEE-3 spacecraft was 

originally tasked with the objective of studying the interaction of the Sun’s solar wind and the Earth’s 

electromagnetic field [10].  

Figure 8, below, provides an artistic representation of the trajectory of ISEE-3. Immediately upon launch, 

ISEE-3 establishes a halo orbit about the Sun-Earth L1 point [9] [10] [11]. This is the first time a spacecraft 
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has established a halo orbit, and is shown on the left hand side of Figure 8 as the orange (Halo orbit entrance) 

and red (Halo orbit exit) trajectories; this orbit is maintained for approximately 4 years [9] [10] [11]. ISEE-

3 is able to maintain this orbit at a ΔV cost of 8.5 m/s per year; this maintenance cost was decreased to 4 

m/s per year due to increased fidelity of modeling the nominal orbit trajectory [9] [10] [11]. As will be 

explored in Chapter 3, this can be achieved by evolving the model fidelity from the idealized circular 

restricted three-body problem to the three dimension n-body problem. 

 

Figure 8: Artistic representation of the ISEE-3 trajectory, demonstrating the variety of mission profiles executed. Of 
particular note is the Halo orbit (figure left, red and orange), the Double Lunar Swingby (figure right, green and red), 
and the use of a High Energy Orbit to achieve an escape vector to intercept comet Giaccobini-Zinner (figure upper left, 

blue) [9]. 

After 4 years in the halo orbit about the Sun-Earth L1 point, the ISEE-3 spacecraft transitioned into an 

experimental orbit class developed by Farquhar and Dunham known as the Double Lunar Swingby (DLS) 

[9] [10] [11]. This technique enables transition of a spacecraft between different orbits in the Earth-Moon 

system with decreased fuel usage; the tradeoff associated with this orbit class is increased duration. In 

particular, the DLS enables ISEE-3 to explore the geomagnetic tail of the Earth [12]. Upon collecting data 

from the Sun-Earth L1 point for 4 years, the scientists involved with ISEE-3 wanted to examine the Earth’s 

geomagnetic tail at multiple ranges along the Sun-Earth line. The Earth’s geomagnetic tail is shown in 

Figure 9, below. Figure 9 shows the Earth and the moon in the Sun-Earth rotating coordinate system. The 
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Sun-Earth line is drawn horizontally with the figure centered upon the Earth. The Sun is along this line on 

the left hand side of the figure, with the tail approximately opposite to the Sun. 

 

Figure 9: The Earth’s geomagnetic tail shown in the Sun-Earth rotating coordinate system. For scale, the Moon’s orbit 
about the Earth is included [13]. 

The difficulty of collecting data within the geomagnetic tail with a conventional HEO about Earth is 

demonstrated in Figure 10, Left. Figure 10 

Figure 10: The Sun, Earth, Earth’s geomagnetic tail, and a spacecraft along a HEO trajectory shown in inertial space. 
Left: The HEO line of apsis is not maintained and is fixed in the inertial coordinate system. Right: The HEO line of apsis 

is synchronized with the Sun-Earth Rotating coordinate system [13]. 

 Left shows the Earth’s orbit about the Sun with 8 specific epochs labeled in solar inertial space. At these 

epochs, both the spacecraft trajectory and the Earth’s magnetosphere are illustrated. The spacecraft 

trajectory is not synchronized with the magnetosphere; instead, the orbit’s line of apsides is fixed in inertial 

space. With this orbit, over a 1 year period the spacecraft will spend approximately 50% of the time outside 

of the magnetosphere. In order to synchronize the orbit with the Earth’s geomagnetic tail, it is necessary to 

find a means to rotate the spacecraft orbit’s line of apsides with respect to inertial space. The benefit of such 

an orbit design is illustrated in Figure 10 Right [12] [13]. 
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Figure 10: The Sun, Earth, Earth’s geomagnetic tail, and a spacecraft along a HEO trajectory shown in inertial space. 
Left: The HEO line of apsis is not maintained and is fixed in the inertial coordinate system. Right: The HEO line of apsis 

is synchronized with the Sun-Earth Rotating coordinate system [13]. 

Conventionally, this is achieved by means of a propulsive maneuver at the intersection of the current and 

future orbits, represented by orbit 1 and orbit 2, respectively, in Figure 11 [6] [14]. Orbit 1 and 2 are both 

centered upon the same focus point, F. Orbit 1 and 2 have two intersection points I and J. By executing the 

propulsive maneuver at either of these points, the spacecraft can transition from orbit 1 to orbit 2 [6]. 

Unfortunately, to maintain the desired orbit portrayed in  

Figure 10: The Sun, Earth, Earth’s geomagnetic tail, and a spacecraft along a HEO trajectory shown in 

inertial space. Left: The HEO line of apsis is not maintained and is fixed in the inertial coordinate system. 

Right: The HEO line of apsis is synchronized with the Sun-Earth Rotating coordinate system [13]. 

 Right would require a ΔV cost of approximately 400 m/s per month [12]. Considering the ΔV capability 

of ISEE-3 measures 373 m/s, this method is not feasible as a long term solution for ISEE-3 as well as it 

would deny ISEE-3 the capability of any long future mission capabilities [10] [12]. Instead, it is necessary 

to devise a new method to control the line of apsis via a method with lower propulsive requirements than 

the simple two body apsis rotation demonstrated by Figure 11 [12]. 
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Figure 11: Schematic of an orbit apsis line rotation, drawn in inertial space. Orbit 1 and orbit 2, with similar apoapsis 
and periapsis radii, both centered upon focus point F. The change in apsis is represented by the angle 𝜼𝜼 [6]. 

The method which Rob Farquhar and David Dunham developed to synchronize the ISEE-3 line of apsis 

with the Earth’s geomagnetic tail is the “Double Lunar Swingby” [9] [12] [15]. In this method, the ISEE-3 

spacecraft can maintain a rotation rate of approximately 1 degree/day via a series of gravity-assist 

maneuvers with the Moon and Earth; enabled by the orbital period of the Moon about the Earth [12]. The 

method is best visualized in Figure 12, below, which is focused upon the Earth in the Sun-Earth rotational 

coordinate system, including the orbit of the moon about the Earth. The proposed trajectory is shown with 

markings denoting 1 day intervals. Five particular points are labeled, listed in sequential orbit: 

• A1: Inner Earth Apoapsis 

• P: Earth Periapsis 

• S1: Lunar Swingby 1 upon the trailing edge  

• A2: Outer Earth Apoapsis 

• S2: Lunar Swingby 2 upon the leading edge 

• P: Earth Periapsis 

In addition to the Sun-Earth portrayal of the Double Lunar Swingby in Figure 12, his unique trajectory is 

shown below in Earth inertial space as well as the Earth-Moon rotating coordinate system, in Figure 13 and 

Figure 14, respectively. The trajectory commences at the A1 point with a horizontal line of apsis. Following 
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the moment of periapsis of the first orbit, the spacecraft encounters the Moon at S1, passing on the trailing 

edge behind the Moon’s velocity vector. This swingby sends the spacecraft into a higher orbit, to the A2 

point. Following this on the way back to the Earth, the spacecraft encounters the Moon again at S2, now on 

the leading edge. As shown in Figure 12, by allowing the epochs of the S1 and S2 lunar encounters to be 

greater than one lunar period, the natural motion of the Moon will suffice for the majority of the setup work. 

This removes energy from the spacecraft, lowering the spacecraft into an orbit similar to the initial orbit 

but with the line of apsis rotated some angle Δω. Figure 13 shows two cycles of the double lunar swingby 

trajectory, while the rotating coordinate system views provided by Figure 12 and Figure 14 demonstrate the 

continuous and periodic nature of this orbit class [12]. 

These periodic views demonstrate the utility of double lunar swingby orbit for ISEE-3 as this provides a 

minimal approach to maintaining the spacecraft trajectory in the Earth’s geomagnetic tail, which is very 

nearly opposite the “To Sun” vector in Figure 12 [10]. In addition to this, the double lunar swingby orbit 

also allows for ISEE-3 to observe the Earth’s geomagnetic tail at multiple radii away from the Earth, 

reaching far beyond the Moon’s orbit [12] [10]. The variables P, A1, A2, S1, S2, and Δω can be varied in 

ways to tune the double lunar swingby to a particular shape. 

 

Figure 12: The Double Lunar Swingby shown in the Sun-Earth rotating coordinate system, centered upon the Earth [13].  
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Figure 13: The Double Lunar Swingby shown in Earth inertial space. 

 

Figure 14: The Double Lunar Swingby shown in the Earth-Moon rotating coordinate system. Note that X+ is oriented to 
the left instead of the conventional right in this figure [13]. 

For the ISEE-3 mission, the transfer from the Sun-Earth L1 halo orbit to the desired DLS orbit is achieved 

by the means of a High Energy Orbit (HEO) with an apoapsis “A0”, as denoted in Figure 15, below [13]. 

While only a small propulsive maneuver was required to depart the Sun-Earth L1 halo orbit (~4.5 m/s), a 

slightly more substantial burn was necessary at the A1 node of the DLS (~34 m/s) [13]. This maneuver 
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served as an inclination change to allow ISEE-3 to have the S1 lunar encounter required to establish the 

DLS pattern [10] [12] [13]. 

 

Figure 15: The ISEE-3 trajectory departing the Sun-Earth L1 halo orbit and transferring to the DLS by means of a HEO 
[13]. 

Figure 16, below, resumes count with lunar encounters and apoapsis nodes where Figure 15 ends with S1. 

It is at this point that ISEE-3 enters the DLS trajectory as described above. One thing to notice in Figure 16 

is the slight deviation in the ISEE-3 DLS trajectory as compared to the notional trajectory described in 

Figure 12 - Figure 14, above [13]. This is due to perturbations introduced by evolving the model from the 

case of the “Circular Restricted Three Body Problem” to a “Full Force Ephemeris” analysis [13]. ISEE-3 

was able to spend 5 months exploring the Earth’s geomagnetic tail during this period before additional 

mission opportunities were explored [10]. 
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Figure 16: ISEE-3 DLS trajectory during study of Earth’s geomagnetic tail [13]. 

Later in the life of ISEE-3, the possibilities of a comet flyby were considered [10]. This already normally 

difficult problem was further complicated by the reduced amount of propellant remaining in ISEE-3’s tanks 

at this point [13]. For this reason, the escape energy would need to be provided almost exclusively by a 

lunar swingby [13]. For this reason, the C3 requirements of any comet exploration missions that could be 

considered were less than 3 km2/s2 [13]. On top of this, additional constraints are levied upon the ISEE-3 

trajectory by the capabilities and performance of the thermal and power subsystems [10] [13]. Specifically, 

that the transfer trajectory must have a perihelion range greater than 0.9 AU and an aphelion range less than 

1.2 AU, respectively [13]. Due to constraints levied by the communications subsystem, the Earth range at 

the comet encounter could not exceed 1 AU. While these mission requirements omitted a number of 

opportunities, two feasible options were identified in 1985 – 1986. An opportunity for Giacobini-Zinner 

was available in September 1985, while there was an opportunity for Halley in March 1986. Giacobini-

Zinner was chosen as the target for ISEE-3 [10] [13]. 

Two candidate escape methods were considered, represented below in Figure 17 and Figure 18, respectively 

[13]. These candidates were determined by the opportunities made available by the DLS [10]. Candidate 1 

utilizes a departure from the DLS within the Earth’s geomagnetic tail and enters a HEO, which sets it onto 

a course towards the Sun-Earth L1. Here, before completing a full orbit, ISEE-3 departs the Sun-Earth L1 

vicinity and returns to Earth for a close swingby with an altitude of ~1530 km [13]. This Earth swingby sets 

47 
 



ISEE-3 on a quick transfer to a very low lunar swingby (altitude ~67 km), the final node before ISEE-3 

departs the Earth-Moon system on the way to Giacobini-Zinner [13]. This low lunar altitude is 

representative of the fact that the lunar swingby is barely able to provide the required escape energy required 

by ISEE-3 to encounter Giacobini-Zinner [13]. 

 

Figure 17: ISEE-3 Escape Trajectory Candidate 1 [13]. 

Candidate trajectory 2, below, is simpler. At the epoch S0, ISEE-3 departs the DLS trajectory for a similar 

trajectory, but outside of the Earth’s geomagnetic tail [13]. This trajectory is designed such that upon ISEE-

3’s return to the Moon’s orbit, ISEE-3 encounters the Moon at epoch S1 at an altitude of ~150 km, setting 

ISEE-3 on its way to an encounter with Giacobini-Zinner [13]. This greater altitude at S1 is allowed by the 

S1 epoch occurring closer to Moon’s perigee, with an Earth-Moon distance of approximately 365 Mm [13]. 
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Figure 18: ISEE-3 Escape Trajectory Candidate 2 [13]. 

The finalized escape trajectory of ISEE-3 is shown below, in Figure 19. In Figure 19, the counting of nodes 

resumes from where Figure 16 left off, so that S3 in Figure 16 and Figure 19 are the same. A further 

consideration that was made with this trajectory design was the need to minimize ISEE-3 shadow time [13]. 

This is due to a battery failure which occurred earlier in 1981, leading to concern that the hydrazine fuel 

could freeze and rupture a fuel line if ISEE-3 were in shadow longer than 45 minutes [10] [13]. 
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Figure 19: ISEE-3 Actual Escape Trajectory [13]. 

From the time that ISEE-3 departed the Sun-Earth L1 halo orbit to the S5 point above, where it entered a 

heliocentric transfer orbit to comet Giacobini-Zinner, ISEE-3 executed 4 planned propulsive maneuvers to 

achieve a total of 5 lunar swingbys [10] [13]. The 4 planned maneuvers account for 72 m/s of the total ΔV 

cost of 77 m/s during this period [13]. The remaining 5 m/s were used for 11 correction maneuvers [13]. 

Upon the successful execution of the S5 swingby setting ISEE-3 onto a heliocentric transfer to Giacobini-

Zinner, NASA renamed ISEE-3 to the International Comet Explorer (ICE) [10].  

1.2.2. SOHO Mission 

The Solar and Heliospheric Observatory (SOHO) mission, jointly operated by the European Space Agency 

(ESA) and NASA, launched in December 1995 [9] [11] [16] [17]. The SOHO mission objectives are: 

• Investigate the outer layer of the Sun via remote sensing (solar atmosphere) 

• Conduct observations of the solar wind and associated phenomena near Earth (solar wind) 

• Probe the interior structure of the Sun via remote sensing (helioseismology) 
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In order to achieve these mission objectives, the SOHO spacecraft is stationed in an orbit similar to that of 

the early ISEE-3 mission about the Sun-Earth L1 point, with the difference of having a Class II halo orbit 

rather than ISEE-3’s Class I halo orbit (counterclockwise motion as observed from the Earth rather than 

apparent clockwise motion, respectively) [9] [11] [16]. Lissajous orbits were considered and found to 

satisfy all scientific and operational constraints levied upon SOHO [16]. The transfer time from near Earth 

to the Lissajous orbit insertion point was approximately 3 months [16]. 

While the SOHO mission profile has been far more consistent than that of ISEE-3, SOHO provides an 

interesting case study for Halo orbit station-keeping [9] [18]. Namely, due to the SOHO mission 

requirements of maintaining continuous observation of the Sun and to have infrequent stability 

perturbations due to maneuvers, it is necessary for all propulsive maneuvers to be along the direction of the 

Sun-Earth line, such that the vector in the Sun-Earth frame is only non-zero in the X component, but this 

component may be either positive or negative [9] [11] [18]. A new approach to halo orbit station keeping 

was considering for SOHO during the mission design process in an effort to reduce the station-keeping 

costs in comparison to ISEE-3, the method of orbital energy balancing [18].  

In the method of orbital energy balancing, the station-keeping maneuver is applied along the direction of 

SOHO’s geocentric resolved velocity vector, either with the velocity vector to increase energy or against 

the velocity vector to decrease energy to maintain the desired energy curve [18]. This method does not 

target a precise orbit but rather an energy level to maintain with respect to the Sun-Earth system [18]. Due 

to this particularity, the SOHO orbit is not truly a halo orbit, but rather a Lissajous orbit, although this 

Lissajous orbit is so close to the related nominal halo orbit’s dimensions that in all practical senses, the 

SOHO Lissajous orbit is equivalent to a halo orbit [11] [18]. In order to maintain the orbital energy balance, 

the SOHO state is propagated forward in time for two revolutions of the Lissajous orbit, approximately one 

year, in order to assure that the effects of Earth’s eccentricity on the Sun-Earth L1 position are captured 

appropriately [18] [17]. A differential corrector is employed to solve for the ΔV magnitude along the 

velocity vector required to achieve nearly zero velocity in the Sun-Earth X direction at the Sun-Earth Y 
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crossing along the duration of the two revolution propagation, resulting in station-keeping maneuvers 

usually being separated by 100 days, with the longest inter-arrival between station-keeping maneuvers 

reaching 146 days [18]. However, this often lead to the maneuver being relatively large [18]. 

Additional complications arose in mid-2003, when SOHO’s gimbaled HGA became stuck, creating new 

constraints upon mission activity planning for SOHO communicating with Earth [9] [11]. To account for 

this, SOHO required a roll-inversion slew to keep the Earth in the HGA FOV so that SOHO may continue 

to communicate with the Earth every 3 months [11] [17]. Between the issues with the HGA, the need for 

regular momentum management in the Reaction Wheel System (RWS) as well as balancing the orbital 

energy, a modified approach to the orbital energy balancing was taken [11] [18]. To maintain the 

momentum wheel management, SOHO executes a series of 3 burns to “dump” the rotational momentum 

built up in the three principle axis of the spacecraft over the last 90 day period [18]. It was decided to 

execute all three activities on the same day so that SOHO executes the roll-inversion slew, dumps the built-

up momentum in the RWS, and then executes the orbital energy management burn, minimizing the effects 

of perturbations caused by the RWS momentum management activity [17].  

Further complications arose for the SOHO mission as additional corrections were required due to semi-

frequent attitude-related anomalies [9] [17]. The SOHO recovery operations out of these anomalies 

introduced a non-negligible ΔV component which perturbed the orbital energy balancing method and must 

be corrected for [17]. 

In Figure 20, below, the station-keeping maneuver magnitude is recorded as a function of mission time 

[17]. Note that this data is broken up into 3 distinct sections: “Early Mission”, “Post Recovery”, and 

“Recent”. The Early Mission phase demonstrates the original station-keeping strategy, the early version of 

orbital energy balancing where the practice was still being refined [17]. The “Post Recovery” section 

represents the worst of the anomalies that SOHO had encountered in which the seventh station-keeping 

activity of the mission was the recovery maneuver of the primary anomaly [17]. However, during the 
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recovery out of this primary anomaly, a secondary anomaly occurred, further complicating return to 

nominal mission operations [17]. From this point, there was a year-long gap in station-keeping maneuvers 

as it took the operations team a full year to completely recover SOHO back to a state of nominal operations 

[9] [17]. The primary goal of the operations team during this interval was to return as closely as possible to 

extending the cruise period between station-keeping maneuvers as long as possible. The HGA actuator 

failure of 2003 represents the cutoff point between the second and third data sections, creating the “Recent” 

section [17]. Here the practice is transitioned to the fixed 90-day inter-arrival between station-keeping 

maneuvers is implemented [17] [18]. The consistency of this plan as well as the calibration of the thrusters 

thus far in the mission allows for the minimization of these burns, with the mean burn magnitude being 

approximately 0.09 m/s over this duration, representing a noticeable system performance improvement 

from the two prior intervals of mission operations [17]. 

 

Figure 20: History of SOHO station-keeping maneuvers over the time range of 2 Dec 1995 to 11 Jul 2011 demonstrating 
increased mission performance as time and experience on station increases [16]. 

1.2.3. ACE and WIND Missions 

The Advanced Composition Explorer (ACE) and Global Geospace Science (GGS) WIND missions both 

also make use of an orbit at the Sun-Earth L1 region, taking into account the lessons learned from the ISEE-

3 and SOHO missions before them [9] [17]. 
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ACE, the third mission by NASA to use a libration point orbit, was launched on August 25, 1997 and 

achieved mission orbit insertion on December 13, 1997 [9] [17]. ACE was tasked with the responsibility of 

studying the composition of both the solar wind and the galactic cosmic rays [9] [17]. ACE was placed into 

a Lissajous orbit about the Sun-Earth L1 point such that the in-plane apparent size is 10 degrees and the 

out-of-plane apparent size is approximately 6 degrees, when observed from the Earth as in Figure 21 

through Figure 23, below [11] [17]. This particular Lissajous orbit was chosen to adhere to the mission 

requirements and science objectives levied upon the ACE mission: the in-plane component is directly 

influenced by science objectives while the out-of-plane component was chosen to assure that the ACE 

spacecraft does not cross into the solar exclusion zone for at least the first two years of orbital operations 

[11] [17]. The entrance of ACE into the solar exclusion zone would have made communications between 

the spacecraft and the Earth tenuous at best and could have caused operational problems, possibly as bad 

as losing the spacecraft for a period of time [11] [17]. This zone is initially defined to be a 5 degree cone 

about the Sun-Earth line originating at the Sun, but was later reduced to 4.75 degrees as the operational 

environment became better understood [17]. Figure 21 through Figure 23 show the ACE as well as WIND 

orbit trajectories in the Sun-Earth L1 vicinity, as well as the previously discussed SOHO trajectory for 

reference [17]. 

The WIND mission was launched on November 1, 1994, but entry into the L1 vicinity was delayed due to 

operations on the SOHO and ACE missions, previously discussed [17]. WIND entered an L1 orbit in 2004, 

where it has since operated [17]. WIND is tasked with studying the interactions between radiation 

originating from the Sun and the ionosphere and magnetosphere of the Earth, best accomplished at the Sun-

Earth L1 point [17]. As demonstrated by Figure 21 through Figure 23, WIND has a large Lissajous orbit 

which is very similar in size to the SOHO mission, with the major difference being that WIND is in a Class 

1 orbit, like ISEE-3, while SOHO is in a Class 2 orbit [11] [17]. 
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Figure 21: Plot of the SOHO, ACE, and WIND Sun-Earth L1 orbits in the Sun-Earth YZ Plane [11]. 

 

Figure 22: Plot of the SOHO, ACE, and WIND Sun-Earth L1 orbits in the Sun-Earth XY Plane [11]. 
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Figure 23: Plot of the SOHO, ACE, and WIND Sun-Earth L1 orbits in the Sun-Earth XZ Plane [11]. 

Figure 24 provides a history of the 58 station-keeping maneuvers executed by the ACE mission during 

mission life up until June 30, 2011 [11] [17] [18]. Station-keeping for ACE is similar in methodology to 

that during the early days of the SOHO mission, where the emphasis was placed upon maximizing the 

cruise time between individual station-keeping maneuvers in an effort to minimize the impact to science by 

potential perturbations caused by the maneuvers [17]. Experience obtained from the SOHO mission had 

suggested that burn magnitudes of approximately 0.75 m/s would be a sufficient initial guess to maintain 

the desired orbit, but this did not prove to be the case [9] [11]. ACE faced two complications which were 

not encountered on the SOHO mission [11] [17]. The first of these is that frequent spin-axis rotations were 

required to keep the science instruments pointed along the general direction of the Sun with the HGA 

aligned to the Earth [17]. Second, the more pronounced Lissajous orbit of ACE required Z-axis control 

maneuvers beginning about two years after arriving in the Lissajous orbit [17] [18]. This is necessary so 

that to force the Lissajous orbit into the same phase, which naturally wants to rotate about the central 

libration point [18]. By maintaining this constant Lissajous phase angle, the spacecraft would avoid the 

solar exclusion zone [11] [18]. 

The orbit control algorithm for ACE is very similar to that of SOHO, in which the axial thrusters are used 

for orbit maneuvers which fire along the Sun line in an effort to target a perpendicular crossing of the Sun-

Earth X axis [18]. For ACE, station-keeping maneuvers were originally executed once every six months 
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[11] [17] [18]. However, ACE would have depleted fuel reserves in 2009 at this rate, and thus the decision 

was made in 2001 to change orbit control algorithms to allow for an extended mission, dropping the Z-axis 

control segment [17] [18]. The effect of this may be observed in Figure 21, above, where ACE no longer 

maintains the solar exclusion zone constraint and instead operations are tailored for expecting the spacecraft 

to “go dark” for regular periods [11] [17] [18]. As a result of this decision, it is expected that ACE will have 

enough propellant to maintain the current Lissajous orbit for as much as another 50 years [18]. 

 

Figure 24: History of ACE station-keeping maneuvers over mission lifetime from 25 Aug 1997 to 30 June 2011 [17]. 

In Figure 25, the history of WIND station-keeping maneuvers is presented [11] [18]. Similar to SOHO in 

size, this Lissajous orbit evolves very slowly and it is expected that the orbit will collapse downwards to 

the 3 degree solar exclusion keep out zone required by WIND [17] [18]. Because of this, no Z-axis control 

is required to maintain the WIND Lissajous orbit, enabling lower ΔV station-keeping maneuvers [17] [18]. 

Over the recorded period from November 1, 1994 to January 31, 2012, 30 station-keeping maneuvers were 

executed with a peak magnitude of 1.2 m/s and a mean magnitude of 0.28 m/s [17] [18]. Recently, since 

2008, the performance trend has further increased so that the average magnitude over this sub-period is 

0.17 m/s [17] [18] [19]. 
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Figure 25: History of WIND station-keeping maneuvers over mission lifetime from 1 Nov 1994 to 31 Jan 2012 [17]. 
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2. System Architecture 

The exploration system builds upon the lessons learned from both the Apollo and International Space 

Station programs. These programs have developed human space flight capabilities in the regimes of long 

distance exploration away from the Earth as well as long term sustainable habitation in the hostile 

environment of space [1]. By combining select attributes of these two systems, it is feasible to develop a 

framework for a system designed for sustainable and long term exploration [1]. In order to evolve human 

spaceflight capability from the current era to that of the near future, a roadmap of mission profiles which 

gradually increase experience and capability shall be followed, similar to the progression from the Mercury 

vehicle to the Apollo Moon landing.  

The fundamental objective of such a system is to establish long term manned exploration of the solar 

system, where the first mid-range goal is usually considered manned exploration of the planet Mars. Thus, 

the larger goal of expanding human exploration can be broken up into two primary phases. Phase 1 

concludes with establishing an at least semi-permanently manned outpost on the surface of Mars, while 

Phase 2 will consider a more thorough establishment of mankind across the entire solar system. The 

methods and techniques explored within this thesis focus upon Phase 1 of this plan, but the infrastructure 

established during Phase 1 will be greatly beneficial in the transition to Phase 2. 

In the following sections, the system goal is broken down into a series of system requirements. Upon 

establishing the system requirements, a set of mission profiles are established with linkage to verify the 

system requirements. The mission profiles are structured in such a way that system requirements are 

“bought off” in a sequence by which system performance and capability is evolved gradually. Additionally, 

this process aids the system by minimizing the incremental cost of the system [1]. This feature allows for 

system robustness to the unpredictable political and financial environment a successful space exploration 

system must operate in. 
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2.1. System Elements 

The exploration system infrastructure consists of four primary elements: the Crew Transfer Vehicle (CTV), 

the International Exploration Station (IES), Interplanetary Transfer Vehicle (ITV), and the Lunar Space 

Tug (LST). All of these elements may be developed out of a baselined library of specific modules and 

components, providing the discussed modularity that was initially explored with the ISS [1]. A concept of 

operations demonstrating how each of these elements interact is provided below in Figure 26. 

 

Figure 26: Schematic of possible mission profiles staged at the Earth-Moon L2 Halo orbit. 

The CTV is the first and most fundamental building block of the exploration system architecture, as this is 

initially the Orion MPCV. The earliest missions in the proposed framework will make use of either just this 

element, or a series of CTVs coupled together to quickly develop a temporary vehicle which has increased 

capability of a single CTV [1]. Such missions will begin to lay the groundwork for the evolution of the 

more advanced, modular, and permanent vehicles to be implemented in later stages of the roadmap. 
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Upon establishing the CTV and characterizing the system parking orbit, the next element of the 

infrastructure to be developed is the IES. The IES will be a small space station at home in the system parking 

orbit which may be unmanned for substantial periods of time [20]. The IES will serve as a testbed for 

engineering systems for long-term deep space exploration, while maintaining the ability for crew members 

to quickly and safely return to Earth in the case of an emergency.  

The IES and ITV are similar vehicles with the major difference being that the ITV is capable of large 

propulsive maneuvers to enable interplanetary exploration [1]. The addition of propulsive capabilities is a 

natural evolution to the IES. This upgrade can be committed at any time pending the successful testing of 

the IES in the system parking orbit. The newly evolved ITV represents the most advanced primary element 

of the exploration infrastructure. 

Initially, the LST is based upon the CTV with additional modules which supply advanced life 

support/ascent stage and the landing stage, similar in architecture to the original Lunar Excursion Module 

of the Apollo program [21]. While the landing module will be expendable, the ascent module and crew 

habitat module will be reusable. Later development may see a version of the LST which is Single Stage To 

Surface (SSTS) and Single Stage To Orbit (SSTO), a fully reusable version of the original LST. The LST 

is docked to the IES in-between excursions to the lunar surface. With multiple LSTs docked to the IES, one 

may always be left at the IES while the other is on the lunar surface to function as an emergency lifeboat 

for any crew remaining aboard the IES. Evolved versions of the LST will be the basis of similar landers for 

other destinations, such as Mars and the moons of Jupiter and Saturn, which may be considered in Phase 2. 

Other, simplified, versions of the LST can be utilized as a more cost-effective unmanned cargo transfer 

vehicle to send supplies to a destination to support various operations, either manned or robotic. 

Beyond these primary elements, the exploration infrastructure can make use of several secondary elements 

which may be developed for one-off purposes, or based upon a catalog of standard objects. Such elements 

may include telecommunication, weather, or GPS satellites which can be carried and deployed by the ITV 
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to set up support networks at key exploration destinations around the solar system. Additionally, this can 

consist of robotic landers to be tele-operated by crew aboard an ITV or elsewhere, vehicles which can land, 

collect a surface sample, and launch the surface sample container to be collected by the ITV before returning 

the surface sample to more advanced labs on Earth. As crewed surface exploration becomes more common, 

surface habitat structures may be developed to establish a baseline catalog of habitat modules, allowing for 

cost-effective scientific outposts to be established throughout the solar system.  

2.2. System Architecture Development 

The exploration system capabilities are tested via a roadmap of increasingly complicated missions, where 

each iterative mission builds upon lessons learned and capabilities tested in prior missions. 

1. Low Earth Orbit Checkout 

a. The CTV is tested under crewed operations in LEO, testing basic systems and 
docking capabilities with the ISS. 

b. Trajectories for these mission profiles will not be examined in the remainder of 
this thesis due to simplicity. 

2. Flight Around Lunar Farside 

a. First crewed flight of the CTV to the vicinity of the Moon, a loop around the Moon 
before returning to the Earth. 

b. Establish the capability of the CTV for operations as well the booster stage to 
achieve the lunar transfer injection 

c. Trajectories for this mission will not be examined in the remainder of this thesis 
due to simplicity. This mission profile is analogue to the Apollo 8 mission or the 
proposed Exploration Mission 1 (EM-1) for SLS, currently scheduled for 2018. 

3. Characterization of the Halo Orbit 

a. First crewed flight into a Halo orbit. The primary CTV docks with a secondary 
unmanned CTV to provide extended life-support capabilities. 

b. The CTV enters the parking Halo orbit and then exits before completing a full orbit 
to return to the Earth. The secondary CTV or small satellites may be left in the 
parking orbit in an autonomous state to continue to collect and transmit data to 
Earth. 
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4. Lunar Surface Exploration 

a. After establishing the IES at the parking Halo orbit, the IES may serve as a 
waystation for astronauts to conduct manned surface exploration of the Moon. 

b. Astronauts will be able to land anywhere on the lunar surface to conduct science 
activities as well as test new technologies which may be used for more advanced 
exploration missions to asteroids, comets, Mars, or elsewhere as the need arises. 

c. Tests may also be conducted of autonomous satellites in lunar orbit and elsewhere 
which provide nodes in communications, GPS, and remote science satellites 
deployed from the IES. 

5. Tour of the Earth-Moon System 

a. Build the most basic version of the ITV in the parking Halo orbit. 

b. With a CTV docked to the ITV, conduct a series of test transfers between the 
parking Halo orbit, the Sun-Earth L1 and L2 points, and the Earth-Moon L1 and 
L2 points. The final sequence shall be capturing the IES in the chosen parking Halo 
orbit. 

c. During this mission, the CTV shall have enough propellant onboard to function as 
an emergency lifeboat so that the crew may disembark the ITV and return to Earth. 

d. After this mission, the remote controlled features of the ITV will be tested by 
ground control. 

e. The L1 and L2 orbits can be used to begin characterizing operations for a baseline 
Distant Retrograde Orbit (DRO) about the Moon, if future needs necessitate such 
an orbit. 

f. Trajectories for these mission profiles will not be examined in the remainder of 
this thesis. 

6. Asteroid Exploration 

a. Upon satisfying all predecessor requirements on the ITV, CTV, and other 
appropriate hardware, the ITV is ready to explore outside of cis-lunar space. 

b. A target asteroid is selected so that the first mission is a simple test of the ITV in 
deep space. For the first asteroid mission, the ITV will only conduct a flyby 
mission profile of the asteroid, but small satellites may be deployed and put into a 
rendezvous orbit with the asteroid to provide remote science and track the asteroids 
orbital evolution over time. 

c. Additional missions to other asteroids may be conducted as opportunities to arise 
in which more advanced missions may be considered, including potentially 
capturing a small asteroid and bringing it back to cis-lunar space for further study. 
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7. Mars Exploration 

a. After completing the first asteroid mission described above, the exploration 
architecture has acquired enough heritage to make a long-term Mars exploration 
mission feasible.  

b. On the first Mars mission, the ITV will establish a parking orbit about Mars from 
which the crew may conduct remote investigations of Mars and its moons, Phobos 
and Deimos.  

c. A constellation of communication, weather, GPS, and remote science satellites are 
to be deployed to provide a large coverage network to support current robotic Mars 
exploration. This network will be further developed in future Mars missions to 
eventually provide full coverage. 

d. Additional robotic landers may be sent to the surface of Mars, as well as Phobos 
and Deimos with the intent to collect samples to be picked up by the crew aboard 
the ITV and returned to Earth. 

While this roadmap is not intended to be strictly adhered to, a long-term path forward is provided in which 

it is demonstrated that it is feasible to establish manned exploration of the solar system [1]. Each mission 

is self-contained to minimize organizational complexity and by following in increasing complexity, the 

development requirements on an individual mission are incremental, thus minimizing the possibility of 

goals shifting before specific objectives may be met. Furthermore, the ability of vehicles to be remotely 

operated in-between missions further reduces organizational complexity, allowing for there to be pauses 

in-between missions as the need arises for any reason. Thus, such a roadmap is robust to an uncertain future 

political and economic environment. 
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3. Methodology 

In this chapter, an introduction to the models utilized for trajectory design is provided. Additionally, the 

methods of optimizing these trajectories are reviewed. This section shall provide the reader the knowledge 

and details necessary to replicate or design any similar trajectories. 

The Apollo program showed us the value of looking at the design goals as a whole and exploiting the 

benefits of more efficient trajectories whenever possible. Mass and ΔV savings from staging made possible 

by using optimal combinations of trajectories can be quite significant, even enabling, so trajectory designs 

are of paramount importance in any architecture plan. Without the concept of lunar orbit rendezvous, the 

Apollo program might never have been successful. These lessons will not be ignored in our analyses.  

3.1. Introduction 

Each mission profile is considered individually and is broken up into a set of sub-mission trajectories, or 

phases. This breakdown is divided into interplanetary transfer and staging/operational phases. As phases 

are designed and analyzed, the ends of one phase will provide the appropriate boundary conditions for the 

next mission phase to be considered. 

A typical interplanetary mission profile in this framework will consist of an unmanned ITV in a parking 

orbit in a Earth-Moon L2 halo orbit; other options, such as lunar Distant Retrograde Orbits (DRO), may be 

considered in future work. This parking orbit is designed in such a manner as to allow continuous 

communication between the Earth and the ITV, so that there are no eclipse periods of the ITV behind the 

Moon. The ITV will exit the parking orbit via commands received from the ground operations team, 

accomplished by executing two maneuvers: the Halo Orbit Departure (HOD) and a Mid-Course Correction 

(MCC). The MCC allows for optimal exiting of the halo orbit in such a manner as to set up the lunar flyby 

maneuver [1] [2] [22].   

A lunar flyby maneuver on the order of 200 m/s will provide the energy necessary to the ITV for an Earth 

flyby, where the ITV is captured into a Highly Elliptical Orbit (HEO) [1] [22]. During the HEO, the ITV 
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can be crewed and stocked with necessary resources for the mission via an orbit rendezvous. At this point, 

the ITV is fully crewed and prepped to execute an interplanetary mission and will leverage the energy of 

the HEO to minimize the necessary Earth escape maneuver. Upon approaching the target planet, the ITV 

will execute a capture burn into a desired HEO orbit, minimizing the propulsive requirements.  

While in this HEO, the ITV will have a number of options available to it depending upon the precise nature 

of the mission. This can include providing control to robotic assets in the local vicinity by the crew, 

establishing communication and/or reconnaissance satellite constellations to support future endeavors, 

transition to a circular orbit, prepare for a crewed landing of the surface, or any number of other potential 

mission activities [1] [22].  

At the conclusion of the mission, a similar HEO as the one used to enter the target vicinity can be established 

to provide optimal conditions for departing the planet and returning to the Earth. Upon arriving at Earth, 

the HEO is to be captured into another HEO so that crew and experiments may be shuttled down to the 

Earth while the ITV is refurbished and refueled after its latest mission. Once this is complete, the ITV can 

be transferred back into the parking orbit at the next opportunity of optimal Earth-Moon geometry, where 

the ITV will await the next command from Earth to prepare for a new mission. 

3.2. Tools 

The complex nature of space mission design and analysis calls for a large arsenal of tools that can be used. 

In particular, the tools used find opportunities in time to achieve specific higher level mission goals, model 

assets at increasing levels of fidelity to guarantee a realistic trajectory is designed, and analyze those 

trajectories to validate that the proper constraints are adhered and to search for mission specific 

opportunities. The tools used for this study are listed below. 

3.2.1. MAnE 

A simple environment used for generating interplanetary transfers which relies upon the “patched conics” 

method. Developed by SpaceFlightSolutions [23]. 
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3.2.2. MDTOP 

An in-house tool for designing interplanetary trajectories, Mission Design Trajectory Optimization Program 

(MDTOP), allows for the optimization of potentially complex mission profiles including any number of 

deep space maneuvers and planetary gravity assists. MDTOP accomplishes this by using Differential 

Evolution to solve the Lambert problem as determined by a specified input desired profile [24]. This allows 

for global optimization of a mission design space. 

3.2.3. MATLAB 

MATLAB is a general purpose development and analysis environment. Used to construct simple models 

which may be used to guide development of or solve individual initial condition problems. Also used as an 

environment in which to produce functions to be called within GMAT scripts, as well as conduct studies 

for more particular interplanetary transfer trajectories than those produced by MAnE. 

3.2.4. GMAT 

A high fidelity orbital mechanics tool, GMAT is utilized to model mission profiles. GMAT is developed 

by NASA Goddard Space Flight Center and has built up a heritage of being used for mission trajectory 

design for a number of missions over several years. GMAT has recently been approved for use of in-flight 

operations on the ACE mission [25]. 

In particular, the ability to call custom MATLAB functions in the GMAT script is leveraged as well as the 

VF13ad1 optimizer. For these reasons, GMAT is used as the primary workhorse for mission design 

purposes, exploring particular geometries to find appropriate initial guesses for individual segments of a 

mission profile. These segments are then integrated together, as will be explored fully in 3.7, and produce 

a smooth and continuous mission profile. 
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3.3. Interplanetary Transfers 

For mission profiles involving an interplanetary transfer, the transfer is the first segment of the mission to 

be considered as interplanetary opportunities have the lowest frequency of all temporal driving constraints 

considered. To determine the appropriate interplanetary transfer, an initial search of the mission design 

space may be conducted with MAnE, using the method of “patched conics” to find feasible opportunities 

for the proposed mission. The patched conics method considers only the two body model dynamics between 

a single central body and a massless spacecraft. To leverage this simple modeling technique, the two body 

problem switches as the spacecraft passes through a Sphere of Influence (SOI), the border at which the 

primary gravitational source changes for the given spacecraft. However, other methods of initial 

interplanetary trajectory may be utilized to enforce compliance with additional mission constraints. 

Depending upon the specific mission profile, cases both with and without a Deep Space Maneuver (DSM) 

may be considered in an effort to further minimize total ΔV. As will be discussed further in Chapter 4, an 

additional interesting side effect of employing a DSM for a transfer is that a DSM may reduce the “out of 

plane” burn component with respect to the lunar orbital plane about Earth, which can simplify the staging 

sequence prior to the escape burn. This phenomenon will be discussed in great detail in Section 3.7.1.2.  

Desirable cases found in MAnE are then imported into GMAT, where a high fidelity propagator refines the 

transfer trajectory; this high fidelity propagator considers the gravitational influence of the Sun, the Earth, 

Moon, destination planet, and Jupiter. At the starting and ending locations of the transfer trajectory, a HEO 

is utilized, minimizing the gap between the spacecraft orbital energy and the transfer trajectory energy at 

the departure and arrival nodes. With the heliocentric transfer between the Earth and Mars properly 

computed with a high fidelity propagator, opportunities to use low-energy orbital maneuvers are explored 

to achieve the previously described departing HEO at the Earth node. 
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3.4. Implementing High Energy Orbits 

These HEO’s provide the integration node between the interplanetary transfer and the orbital staging 

operations. In the cis-lunar region orbital staging operations, as discussed in Chapter 2, are the means by 

which an unmanned ITV in its standby parking orbit acquires the crew and necessary resources for the 

given mission. To support crew transfer and to compute necessary updates to the escape burn vector, the 

ITV shall spend at least one full orbit in the HEO, allowing the mission operations team time to compute 

an accurate orbit determination solution. This time also will provide the transferred crew with the ability to 

easily execute a mission abort if one proves necessary while preparing the ITV for Earth escape. In some 

circumstances, it may be necessary for the ITV to spend multiple orbits in the HEO, providing a form of a 

“slack variable” in the mission schedule to sync up the mission profiles between the Earth-Moon geometry 

and the interplanetary transfer geometry. Additionally, the apoapsis of the HEO may be varied as another 

tuning parameter to appropriately sync the incoming and outgoing segments of the mission profile, creating 

a continuous trajectory. 

The relationship between an orbit’s radius of apoapsis, velocity at periapsis, and orbital period are explored 

in Figure 27, below. As demonstrated, with a radius of apoapsis over approximately 50,000 km provides 

the spacecraft a periapsis velocity over 10 km/s, and over 200,000 km the spacecraft’s periapsis velocity 

approaches a steady state of approximately 10.5 km/s. However, the orbital period has a nearly constant 

rate of change as a function of the radius of apoapsis. Due to this, the precise radius of apoapsis for the 

HEO of a given mission may be varied such that the time the ITV spends in the HEO post lunar swingby 

syncs with the escape epoch required by the interplanetary transfer. This provides an efficient knob by 

which the precise HEO may be modified to best suit the needs of the mission set forth by the escape epoch 

and the lunar swingby epoch with only negligible impact upon the ITV performance for the escape 

maneuver.  
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Figure 27: Chart demonstrating HEO periapsis velocity magnitude and HEO orbital period as functions of the HEO 
apoapsis radius 

3.5. Nonlinear Optimization 

Optimization is executed by the VF13ad1 plugin within the GMAT environment. VF13ad1 uses the objects 

provided in GMAT to solve the general nonlinear programming problem (Equation 3.1), where f(x) is the 

cost function to be minimized, g(x) represents the collection of inequality constraints, and h(x) are the 

equality constraints of the model, where the problem is only valid in the design space ℝ𝑛𝑛. 

 min 𝑓𝑓(𝑥𝑥)  (3.1) 

 𝑠𝑠. 𝑡𝑡.𝑔𝑔(𝑥𝑥) ≤ 0 

 𝑎𝑎𝑛𝑛𝑑𝑑 ℎ(𝑥𝑥) = 0 

 ∀ 𝑥𝑥 ∈  ℝ𝑛𝑛 

In the optimization problems explored in this work, the cost function, f(x), is generally the ΔV provided by 

propulsive maneuvers required for the mission profile. However, there are certain instances, which will be 
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explicitly explained in future sections, where this is instead a geometric function in order to find feasible 

opportunities for particular maneuvers, such as finding an optimal lunar swingby opportunity.  

3.6. Multiple Shooting Method 

In the Multiple Shooting Method (MSM), several spacecraft are initiated at different nodes, or control 

points, in the trajectory; the initial guess of the state and epoch of these control points are determined from 

prior analysis. One spacecraft is propagated forwards while another spacecraft is propagated backwards 

from each of these control points to the adjacent patch point epoch. Spacecraft from two different but 

sequential control points meet at a patch point. Patch points are determined simply as the middle epoch of 

the two bounding control point epochs. An equality constraint is applied at the patch point which dictates 

that the state vector of the forward propagating spacecraft must be equivalent to the state vector of the 

corresponding backwards propagating spacecraft at this same epoch, providing a continuous trajectory 

solution. The mission is further constrained by the position component of the state vector at the Earth flyby 

node as well as a range constraint at the lunar flyby. Here, the range constraint translates to allowing a lunar 

flyby to be between 50 and 1000 km altitude with respect to the mean radius of the Moon; or other suitable 

altitude ranges depending upon the particulars of a given mission profile.  

Additionally, a series of inequality constraints on the epoch of the control points as well as the recalculation 

of the patch point epochs upon each iteration of the optimizer ensures that the optimizer adheres to the 

provided sequence of activities. The state, epoch, and burn magnitude results of the optimization process 

are then sent into a different GMAT environment in which a differential corrector is employed. The 

propagator accounts for the gravitational influences of the Sun, Earth, and Moon, allowing the optimizer to 

take advantage of the natural dynamics of this four body problem.  

The MSM algorithm is defined as follows: 

1. Define the initial guesses for node position and time as well as burn vectors. 

2. Vary the control point epochs. 
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3. Constrain the control point epochs with respect to one another to maintain proper event 
sequencing (i.e., HOD occurs first, then MCC, etc.). 

4. Compute the patch point epochs between these control point epochs. 

5. Vary the spacecraft state vectors. 

6. Enforce constraints on the initial conditions of the spacecraft. 

7. Vary the maneuver burn vectors. 

8. Propagate all spacecraft from control points to patch points. 

9. Enforce constraints on the final conditions of the spacecraft, including continuity at patch 
points. 

 Additionally, a typical initial guess, before solving, is illustrated in Figure 28, below. Here, the control 

points are presented by the joining of two differently colored trajectory segments while there is not yet 

continuity at the patch points. The brown trajectory originating at the Earth (left of Figure 28) is the 

backwards propagation of the heliocentric transfer orbit and is considered to be locked to the optimizer. 

Furthermore, the tan trajectory (right of Figure 28) originates within the EM-L2 Halo orbit and is also 

considered to have a locked state, thus providing the boundaries for the optimization problem. By fixing 

these two nodes, the optimizer will then vary the parameters associated with the elements of the trajectory 

(epochs, state vectors, burn vectors) until it converges upon a continuous trajectory between the two end 

caps, while minimizing the cost function, defined simply as the sum of the burn magnitudes.  
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Figure 28: An example trajectory demonstrating the MSM. Figure drawn in the Earth-Moon rotating coordinate system 
centered on the Earth-Moon L2 point. 

Knowing the epoch of the specified escape vector, the size of the desired HEO that will line up with the 

escape vector, and the approximate period of applicable orbital maneuvers, it is possible to utilize the 

“Multiple Shooting Optimization” method. In this method, a few loosely defined nodes of the trajectory 

can be used as the control points of such an orbit to a first estimation. From each control point, a spacecraft 

is propagated forwards and backwards in time to the neighboring patch points. At these patch points, 

constraints are put on both spacecraft so that, as the optimizer iterates, they form a continuous trajectory in 

time. This first estimation of a solution is then optimized to minimize fuel consumption while achieving 

the escape vector at the prescribed epoch. The general methodology used to construct a multiple shooting 

problem is described in greater detail in the following sections. 

With an optimized trajectory solution computed, the results are transferred to a new GMAT environment 

in which a simple differential corrector, providing an end-to-end trajectory evolved from the patched 

optimization solution. In this environment, the differential corrector propagates the optimized result, 

condensing the details of several spacecraft used in MSM to create a single coherent end-to-end trajectory 

for the staging orbit sequence. Upon achieving this end-to-end result, the propagator fidelity may be 

increased to include an extensive library of celestial objects, forming a “full force ephemeris” model of the 

trajectory. 
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3.7. Designing the Staging Orbit 

Design of the staging orbit begins with finding an appropriate epoch for the lunar flyby. This is done by 

examining the geometry of the Earth-Moon system beginning at the epoch of the Earth escape maneuver 

and propagating backwards until the Right Ascension of the Earth-Moon line nearly matches that of the 

outbound HEO. A constraint levied against the lunar flyby epoch is that it must be at least 20 earth days 

before the escape epoch. A typical HEO has an orbital period of approximately 10 days and by allowing 

for 2 orbits to occur, enough time is available to satisfy operational requirements (time to establish an orbit 

determination solution and for margin) as well as allow the HEO apoapsis to be varied to sync the phasing 

between the HEO coming in from the Moon and the HEO to escape the Earth-Moon system. In cases where 

the desired HEO declination with respect to Earth is outside of a 5 degree envelop about the declination of 

the Moon, the option of a MCC maneuver between the Moon and the Earth is an additional control point to 

help achieve an optimal solution; a full review of the design considerations of such a maneuver are explored 

later in 3.7.1.2. Coming into the lunar flyby node, a trajectory from the parking halo orbit to the lunar node 

is described. The two trajectory legs (Halo to Lunar Flyby and Lunar Flyby to Earth Flyby) are then fed 

into a non-linear optimizer in the GMAT environment. In this optimization method, the “Multiple Shooting 

Method” (MSM) is employed to produce a smooth and continuous trajectory solution from the Halo Orbit 

Departure node to the Earth Escape node. 

Two methods of achieving this are explored. The primary profile makes use of a single lunar flyby, which 

should be adequate for most mission design cases. However, as the case study of the ISEE-3 mission 

demonstrated, there are cases in which a more advanced profile may be beneficial. ISEE-3 accomplished 

this by means of the “Double Lunar Swingby” sequence as a periodic orbit. This method will be explored. 

3.7.1. Single Lunar Swingby 

The case of the Single Lunar Swingby is the simplest method for transfer from the parking orbit to the Earth 

escape node, and is the most frequently employed for this reason. The principal segment of this profile is a 
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single powered swingby of the Moon after departing the Earth-Moon L2 halo orbit with a burn magnitude 

on the order of 200 m/s. When timed properly, this maneuver will transfer the ITV to an orbit similar to the 

desired departure HEO. Prior to the Moon swingby, the spacecraft executes a Halo Orbit Departure (HOD) 

maneuver, on the order of 1 – 10 m/s, followed by a MCC maneuver, also on the order of 1 – 10 m/s, which 

targets the Moon swingby. This MCC provides an additional control knob to be used to allow the 

optimization process to best take advantage of the natural dynamics of the Sun-Earth-Moon system at a 

given epoch. The slight energy provided to the spacecraft by the HOD pushes the spacecraft onto an 

unstable manifold exiting the halo orbit. While riding this manifold, the MCC exits the halo orbit unstable 

manifold and is now riding the gravity gradient towards the Moon. 

The powered swingby at the Moon sends the spacecraft to the Earth, transitioning the spacecraft onto a 

HEO which roughly encompasses the Earth and the Moon. By synchronizing the Moon-Earth transfer with 

the right ascension of the desired HEO, minimal effort is required to be expanded by the spacecraft to 

achieve the HEO required by the escape vector. This methodology is captured by Figure 29, which shows 

the top level of the process flow. Each block of Figure 29 is explored in-depth in the following sub-sections.  

An example of such a mission profile is provided in Figure 30 and Figure 31. Figure 30 shows the initial 

guess of such a Single Lunar Swingby trajectory via MSM, before executing optimization. The trajectory 

is drawn in the Earth-Moon rotating coordinate system centered upon the Earth-Moon L2 point. Here, the 

red trajectory trailing from the Earth represents a segment of the desired HEO propagated backwards in 

time from the Earth periapsis, representing the desired final state so that the desired interplanetary transfer 

can be achieved. Figure 31 illustrates a similar but different trajectory profile after execution of optimizer. 
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Figure 29: Process flow diagram for designing a Single Lunar Swingby trajectory 

 

Figure 30: The staging orbit spacecraft in their initial condition, before running optimization. Figure drawn in the Earth-
Moon rotating coordinate system centered on the Earth-Moon L2 point. 
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Figure 31: The staging orbit spacecraft after running optimization. Figure drawn in the Earth-Moon rotating coordinate 
system centered on the Earth-Moon L2 point. 

1.1.1.4. Desired Lunar Swingby Geometry 

Out of the interplanetary transfer analysis, the Earth escape velocity vector as well as the departure epoch 

are known. Using this escape velocity vector, the escape parabola is modified to become a highly eccentric 

ellipse, minimizing the energy gap between the reference ellipse and the desired escape parabola. Using 

this information, the ITV can be backwards propagated in time from the escape epoch along the notional 

HEO until it arrives at the Earth apoapsis, providing the Right Ascension and Declination of the HEO in 

the Earth J2000 coordinate system, as well as the relative timing between the HEO periapsis epoch and the 

HEO apoapsis epoch. These values provide a target to determine the best epoch at which the ITV shall 

execute the powered lunar swingby. An example of this method is illustrated below in Figure 32. 
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Figure 32: The ITV (red) backwards propagated from escape epoch to HEO apoapsis epoch. The Moon (white) is 
backwards propagated from the escape epoch until the Right Ascension of the Moon matches that of the ITV at the HEO 

apoapsis in the Earth J2000 coordinate system. 

The cruise time of the ITV between the HEO periapsis and the HEO apoapsis provides an absolute 

minimum constraint on the time to backwards propagate the Moon. Additionally, as discussed previously, 

margin may be necessary to allow the ITV multiple orbits about the Earth before the ITV is considered 

ready for loading for the specific mission.  

Thus the first approximation of the lunar swingby epoch has been determined. Next, this initial solution is 

evolved to determine a feasible trajectory from the Moon to the escape node. 

1.1.1.5. Moon – Earth Segment Preliminary Design 

With the departure HEO characterized and an ideal time identified for the lunar swingby event, an initial 

design of the trajectory from the Moon to the Earth can be achieved. In this analysis, the initial state of the 

ITV at the lunar swingby node with respect to the Moon is allowed to vary freely. Three constraints are 

enforced such that the solutions generated can be considered “feasible”. The range constraints are set by 

78 
 



historical data while the velocity magnitude constraint is provided by the results of the HOD maneuver’s 

performance.  

These constraints are: 

• Minimum lunar altitude: altitude > 50 km 

• Maximum lunar altitude: altitude < 1000 km 

• Initial velocity magnitude: velocity magnitude < 2 km/s 

However, further analysis of the geometry between the Earth, the Moon, and the HEO is necessary to 

determine which of two paths should be explored to ensure that the optimum trajectory is found. There exist 

cases in which the interplanetary transfer required for the given mission profile involves an escape vector 

which significantly declines the HEO out of the Earth-Moon plane. In order to determine this, the difference 

is found between the declinations of the HEO and the Moon with respect to the Earth J2000 coordinate 

system. In cases where this difference is small, <5 degrees, it is possible to achieve the desired mission 

profile with no extra nodes, but at the cost of additional required ΔV.  

However, for cases where this is not true, there is a method by which the ITV can achieve the necessary 

declination without executing a large propulsive maneuver. Instead of targeting the HEO periapsis directly, 

the ITV is backwards propagated from the periapsis to a particular True Anomaly, as illustrated by Figure 

33. This True Anomaly is taken as the target to be achieved via a course nonlinear optimization. In this 

scheme, the miss distance is considered a constraint while the objective function to be minimized is the ΔV; 

ΔV for this trajectory segment is considered to be the sum of the powered lunar swingby maneuver and the 

difference in the velocity of the backwards and forwards propagated spacecraft at the HEO interception 

point. In this initial method, the backwards propagating spacecraft considers a range of True Anomalies 

and an optimal trajectory is determined, where feasible, for each True Anomaly case.  
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Figure 33: Schematic of the transfer (green) from the HEO reachable from the lunar swingby (blue) to the desired target 
HEO (orange). Red circles represent the different possible intersections of orbits. 

In this model, the decision variables are: 

• Powered lunar swingby state (time, position, velocity) 

• Powered lunar swingby burn parameters (ΔVx, ΔVy, ΔVz) 

• HEO backwards propagated True Anomaly 

The feasible solutions for an example run of this method are captured below, in Figure 34. The location of 

the global minimum for a given trajectory is dependent upon the unique geometry of each particular 

trajectory; for this example case where the target HEO has a declination of ~15°, the optimal point along 

the desired HEO to target is at a True Anomaly of ~186°. This result is used in a second, more refined, 

optimization of the HEO intersection which produces an initial Moon-Earth trajectory. 
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Figure 34: Cost (km/s) as a function of the targeted True Anomaly. 

1.1.1.6. Halo Orbit Departure to Lunar Swingby 

With a preliminary optimal trajectory from the Moon to the Earth, it is now necessary to compute a feasible 

low energy trajectory from the Earth-Moon L2 halo orbit to the node at the Moon assumed as the initial 

conditions of the Moon-Earth trajectory segment. This sequence involves two propulsive maneuvers, the 

primary HOD and a minor MCC. 

This is achieved by a separate smaller MSM optimizer environment which only considers the trajectory 

from the HOD to the pre-burn lunar swingby state. First, the HOD node state is determined by considering 

the stable Halo parking orbit at the mission epoch. From this stable Halo orbit, the departure is taken at a 

particular True Anomaly along the orbit. A suitable initial guess for the state associated with the MCC is 

chosen based upon earlier work focusing upon the “L2 toe dip” mission, otherwise known as the orbit 

characterization. 

This departure state is the initial step of a sequence which includes the HOD, a MCC, and the lunar swingby. 

The HOD is allowed to vary to find the optimal location to depart form the Halo orbit to optimize 

trajectories with different destinations. 
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1.1.1.7. Meshing the Individual Segments Together 

With all of the individual segments of the staging trajectory computed, the segments are combined into a 

single scenario to begin the process of meshing the segments together. This is by implemented by importing 

the state and epoch of the major nodes of each of the segment cases into a single environment. This will 

allow the MSM algorithm to use each of these nodes as a control point, and blend the individual segments 

together into a coherent trajectory solution.  

The results of this optimized trajectory are then utilized in a new environment in which a differential 

corrector uses the optimized control points’ state and epoch to target and propagate the optimized solution 

into an end-to-end trajectory. Upon completing this, the fidelity of the propagator is increased to produce 

the “full force” ephemeris model. 

3.8. End – to – End Optimization 

Upon establishing an initial guess for each of the initial conditions, these epochs and states are all utilized 

as control nodes in a larger MSM optimization script. The patch point node epochs are taken to be the 

central time between the two bordering control node epochs. The continuity constraints are applied in the 

CRTBP systems central body inertial coordinate frame to emphasize errors in discontinuity between 

trajectory segments in the rotational coordinate frame. Upon acquiring an optimized trajectory, the 

optimized nodes are used for the achieve commands within an End-To-End continuous trajectory, solved 

using a basic differential corrector. 
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4. Results 

Using the exploration system architecture discussed in Chapter 2 and the trajectory design methodology 

explored in Chapter 3, a number of mission options may be explored in great detail. In the following 

sections, these mission profiles are considered on a case-by-case basis. Chapter 4 is broken down into the 

following sections. 

Section 4.1 will explore the selected baseline parking orbit and demonstrate long term orbit station-keeping 

performance, providing a waystation for future operations. 

Section 4.2 examines several mission concepts which remain in the Earth-Moon system, establishing the 

early development of the exploration architecture. 

Section 4.3 investigates the exploration of Mars using the established exploration architecture, fulfilling the 

Phase 1 objectives of the exploration system. 

4.1. Baseline Parking Orbit Design 

The first major step of establishing the long term exploration architecture is to design the Baseline Parking 

Orbit (BPO). This parking orbit will be the home of any ITVs in-between active missions. Based upon the 

requirement of making ITV deployment as simple as possible while maintaining reduced operational costs, 

the BPO will be an Earth-Moon L2 Halo orbit. The size of the BPO is selected to avoid the lunar exclusion 

zone from the perspective of the Earth, thus allowing for continuous communications coverage between 

ground controllers and assets in the BPO [20]. 

Additionally, assets in such a halo orbit may provide a secondary function in which it may serve as a data-

relay satellite to facilitate communication between the Earth and the lunar farside, as demonstrated in Figure 

35 [21] [26]. Figure 36 provides a view of the XZ plane of the rotating frame, showing both the Moon (left) 

and the EM-L2 point (right). In order to maintain constant coverage with the lunar farside, a minimal Z 

amplitude is desired so that the ITV may provide communication access during the occurrence of both 
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minimum and maximum declination out of the rotating frame plane with respect to the Moon. Halo orbits 

with an extreme Z amplitude result in loss of communication with the opposite hemisphere of the Moon 

from the ITV at the peak Z value. 

 

Figure 35: Data coverage between the Earth, an asset in a notional EM-L2 Halo orbit, and the lunar farside. 

 

Figure 36: View of candidate Halo orbits viewed in the rotating XZ plane. 
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The size of such an orbit in amplitude in the rotating coordinate frame are (14000, 28000, 6000) (km). An 

investigation of station-keeping for such a parking orbit is recorded over a 14.5 year period using the Energy 

Balancing Method developed by the SOHO mission, discussed in Section 1.2.2, in Figure 37, plotting the 

individual station-keeping maneuver ΔV as a function of Julian Date. This study considers the date range 

of 2025 to 2040 and propagating with the influence of gravity due to the Earth, Sun, and Moon DE421 

ephemerides. Over this duration, a total of just over 0.22 m/s is required for all station-keeping maneuvers. 

The average station-keeping maneuver is 0.6 mm/s. This study assumes perfect knowledge and perfect 

control over this analysis period. 

 

Figure 37: BPO station-keeping maneuvers over a 14.5 year duration. 

Figure 38 and Figure 39 show the proposed BPO in the YZ and XY planes of the Earth-Moon rotating 

coordinate frame, respectively. Figure 38 also shows the BPO as viewed from the Earth, with the Moon in 

the apparent center of the Halo orbit. From this perspective, it is observed that there is full communication 

access between Earth and a vehicle stationed in this BPO. 
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Figure 38: BPO plotted in the YZ plane, Z axis oriented up Y axis oriented to figure left. 

 

Figure 39: BPO plotted in the XY plane, X axis oriented up Y axis oriented to figure left. 

4.2. Cis-Lunar Exploration and Initial Architecture 

4.2.1. Characterization of the BPO 

The first serious sortie into the BPO is a “toe dip” of crewed operations in an Earth-Moon Halo orbit. In 

this mission, the CTV departing from Earth conducts a powered swingby of the Moon to line up the first 

Halo insertion sequence. This is executed by the first MCC maneuver and the HOI maneuver itself. After 

conducting a half orbit of the BPO, the CTV executes a similar but opposite sequence to egress the BPO. 
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This sequence consists of a Halo Orbit Departure (HOD) maneuver followed by a second MCC maneuver. 

Another powered swingby of the Moon is implemented, bringing the CTV back to the Earth for the end of 

the mission. Figure 40 provides an overview of the concept of operations for this mission. 

 

Figure 40: BPO Characterization mission concept of operations 

After considering the optimization of the original trajectory, the trajectory was reconsidered with the 

omission of the MCC maneuvers. A trajectory was found with a slightly decreased ΔV for operations 

beyond the Moon. However, when analyzed as an end-to-end trajectory, the return Lunar Swingby 

maneuver required by this new trajectory counteracts any benefits that are gained. The required burns of 

these two optimized trajectories are presented with the original trajectory which was utilized as the initial 

guess below in Table 1. Note that for the Halo Orbit Insertion and Departure nodes, the positions, velocities, 

and burns are reported using a rotating coordinate system between the Earth and the Moon and focused on 

the EM-L2 point.  

Table 1: Summary of optimized solution ΔV, with and without MCC maneuvers. 
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Node Modified Halo Orbit 
(km/s) 

Optimized Solution 
(km/s) 

Optimized Solution - no MCC 
(km/s) 

Hybrid 0.082904000 0.082903804 0.082903804 
Perilune - Outbound 0.178159000 0.178162038 0.178162038 
MCC1 0.059170783 0.033590705 --- 
HOI 0.021093138 0.018984506 0.028769505 
HOD 0.018707000 0.032600214 0.103608108 
MCC2 0.113012927 0.05204594 --- 
Perilune - Return 0.210020015 0.210020015 0.467873072 
SUM 0.683066863 0.608304184 0.861359252 

 

Below in Figure 41 through Figure 43, the end-to-end trajectory is considered. In Figure 41, the trajectory 

is shown starting at the outbound Lunar Swingby, on 7 Mar 2021 6:56:57.612 TDB Gregorian. The 

trajectory is shown in the Earth-Moon rotating coordinate system, centered on the EM-L2 point. Figure 42 

shows a close up of the trajectory during operations in the L2 vicinity. In Figure 43, the two Lunar Swingbys 

are highlighted in the Earth-Moon rotating coordinate system, focused on the Moon. 

 

Figure 41: Complete profile of the optimized trajectory, shown in the Earth-Moon rotating coordinate system, focused on 
the EM-L2 point 
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Figure 42: Optimized trajectory centered on the L2 point, shown in the Earth-Moon rotating coordinate system, focused 
on the EM-L2 point 

 

Figure 43: Close up of the outbound Lunar Swingby (lower), where the mission analysis begins, and the return Lunar 
Swingby (upper) in the Earth-Moon rotating coordinate system focused on the Moon 
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Figure 44: The optimized trajectory demonstrating the meshing of multiple spacecraft constrained to produce a single 
coherent trajectory, shown in the Earth-Moon rotating coordinate system, focused on the EM-L2 point 

Figure 45 shows the end-to-end optimized trajectory as seen from the Earth. The view is of the Earth-Moon 

rotating coordinate system with the Y axis oriented up and the Z axis oriented to the right so that our view 

is along the X axis. We see that with the exception of the Lunar Swingbys, the spacecraft will always be 

able to maintain Line of Sight with the Earth during operations in the L2 vicinity. 

 

Figure 45: Side profile of optimized trajectory showing communication linkage between spacecraft and Earth during L2 
operations. Note that the Z axis is oriented to the left of figure and the Y axis is oriented down of figure. 

Figure 46 and Figure 47 show the optimized trajectory with the omission of Mid-Course Maneuvers. While 

the sum of the S1, HOI, and HOD burns is actually less than the same burns in the primary trajectory 

discussed above by about 5 m/s, it requires a significantly increased burn at S2 to converge upon Earth 

90 
 



return, bringing the total mission ΔV up to 683 m/s, approximately equivalent to the un-optimized version 

of the trajectory including MCC maneuvers. 

 

Figure 46: Optimized trajectory which utilizes no MCCs. Note the lack of symmetry about the X axis as well as the 
extensive Time of Flight on the return leg past the Lunar Swingby. 

 

Figure 47: The optimized trajectory without MCC maneuvers. 

The following tables summarize the optimized trajectory (with MCCs) and compare them against the 

findings of the same trajectory before optimization was applied. In Table 2, the event epochs are presented 

in both Gregorian and Modified Julian versions of the Barycentric Dynamical Time (TDB) time system, as 

well as the Time of Flight (TOF) between event nodes for the original trajectory, without optimization. The 

TOF is measured as the time to get to the current event node from the prior event node, hence the value for 
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the first event node, the Hybrid Maneuver, is left null. In Table 3, we see those same values but for the end-

to-end optimized trajectory. Additionally, we consider the difference between the event node epochs. 

Notably, the time spent in the Halo orbit is increased by one day. Considering the difference for the Halo 

Orbit Insertion point, this is done by entering the Halo orbit approximately one day early. 

Table 2: Event epochs of the original trajectory 

Event Time (TDB Gregorian) TOF (days) 
Hybrid Maneuver 04 Mar 2021 06:28:10.944 --- 
Perilune 07 Mar 2021 06:56:57.612 3.0200 
MCC1 10 Mar 2021 19:19:53.110 3.5159 
HOI 14 Mar 2021 07:42:48.608 3.5159 
HOD 24 Mar 2021 06:56:57.612 9.9682 
MCC2 27 Mar 2021 01:36:47.773 2.7777 
Perilune 29 Mar 2021 20:16:37.934 2.7777 
 Earth Return 02 Apr 2021 21:59:22.757 4.0714 

 

Table 3: Event epochs of the optimized trajectory with the difference between the non-optimized and optimized 
trajectories highlighted in the last column 

Node Time (TDB Gregorian) ToF (days) Difference (days) 
Hybrid Maneuver 04 Mar 2021 06:28:10.944 --- --- 
Perilune 07 Mar 2021 06:56:57.612 3.0200 0.0000 
MCC1 10 Mar 2021 21:08:49.260 3.5916 0.0756 
HOI 13 Mar 2021 07:43:45.206 2.4409 -1.0750 
HOD 24 Mar 2021 05:37:42.450 10.9125 0.9443 
MCC2 27 Mar 2021 01:37:02.427 2.8329 0.0552 
Perilune 29 Mar 2021 20:16:37.934 2.7775 -0.0002 
Earth Return 02 Apr 2021 21:56:33.167 4.0694 -0.0020 

 

Table 4 and Table 5 tabulate the state vector of each of the event nodes of the end-to-end optimized 

trajectory. Note that the coordinate system is different for the Halo Orbit Insertion and Departure points. 

Meanwhile, Table 6 lists the precise burn vectors as well as their magnitudes for the end-to-end optimized 

trajectory. These burns are executed at the prescribed event node to achieve the next event node. These 

burn vectors are defined in their respective coordinate system, also provided in Table 6. 

Table 4: Position components of the spacecraft state vector at each event node 
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Node Coordinate System X (km) Y (km) Z (km) 
Hybrid Maneuver EarthMJ2000Eq -26241.7694 -186629.7020 -73345.8001 
Perilune EarthMJ2000Eq 13610.7562 -339807.0018 -158096.3511 
MCC1 EarthMJ2000Eq 350782.3735 -253472.5997 -143128.5999 
HOI EarthMoonRot_L2 215.9996 -31432.0000 5529.9997 
HOD EarthMoonRot_L2 -486.9999 31247.0001 5313.9999 
MCC2 EarthMJ2000Eq -406297.9995 109288.9995 95154.0010 
Perilune EarthMJ2000Eq -327362.6933 -143936.4231 -36793.3445 
Earth Return   --- --- --- 

 

Table 5: Velocity components of the spacecraft state vector at each of event node 

Node Coordinate System VX (km/s) VY (km/s) VZ (km/s) 
Hybrid Maneuver EarthMJ2000Eq 0.15943 -1.29278 -0.61947 
Perilune EarthMJ2000Eq -0.01863 -2.07323 -0.72369 
MCC1 EarthMJ2000Eq 0.72287 0.70037 0.22974 
HOI EarthMoonRot_L2 -0.06019 -0.11777 -0.01189 
HOD EarthMoonRot_L2 0.05977 -0.10336 0.01987 
MCC2 EarthMJ2000Eq -0.20733 -0.97402 -0.44842 
Perilune EarthMJ2000Eq 1.48551 1.13110 -0.48221 
Earth Return   --- --- --- 

 

Table 6: Necessary burn vectors in their corresponding coordinate system and the magnitude of the burn at each event 
node 

Node Coordinate System  ΔVX (km/s)  ΔVY (km/s)  ΔVZ (km/s)  ΔVmag (km/s) 
Hybrid Maneuver EarthMJ2000Eq 0.0106 0.0775 0.0273 0.0829 
Perilune EarthMJ2000Eq 0.0771 0.1533 0.0478 0.1782 
MCC1 EarthMJ2000Eq 0.00345 -0.0136 0.0305 0.0336 
HOI EarthMoonRot_L2 -0.0002 0.0173 -0.0079 0.0190 
HOD EarthMoonRot_L2 0.0167 -0.0278 -0.0034 0.0326 
MCC2 EarthMJ2000Eq 0.0237 -0.0284 0.0366 0.0520 
Perilune EarthMJ2000Eq 0.0962 0.1867 -0.0024 0.2100 
Earth Return   --- --- --- --- 
SUM     0.6083 

4.2.2. Lunar Surface Exploration 

Upon successfully establishing the IES in the BPO, the IES may now serve as a waystation for any 

operations on the lunar surface. This includes remote operation of robotic vehicles as well as crewed 

operations on the surface. Examples of such operations includes radio telescopes situated on the far side of 

the Moon in ideal radio blackout conditions from all communication originating on Earth, testing sites 
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specifically designated for testing new exploration technologies in Earth’s backyard, general robotic 

exploration of the different geological sites of interest on the Moon, as well as in-situ resource utilization 

of any resources which may be available. A concept of operations for such a mission, departing from the 

IES at the BPO, is presented in Figure 48. 

 

Figure 48: Lunar surface exploration staged from the EM-L2 BPO concept of operations 

Several different methods are explored for designing trajectories to the lunar surface. In all of these 

methods, the spacecraft is propagated using the LP-165 gravity model for the Moon, provided in GMAT, 

as well as point sources for the Earth and Sun. First, trajectories similar to BPO characterization were 

considered in which a lunar swingby node is targeted. Instead of using this node to target an HEO about the 

Earth, a circular Low Lunar Orbit (LLO) of a radius of 1776 km, or ~50 km altitude, is targeted. From the 

circular LLO, a specific landing site may be targeted on the lunar surface. Figure 49 and Figure 50 show 

the proposed trajectory divided into the individual segments of the MSM solution. Additionally, Figure 50 

provides a view from the perspective of Earth showing that while the LST transits from the IES to the lunar 

surface, it always has communication access to either the IES or ground controllers on Earth. Since the IES 
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and the ground control also have full communication access between themselves, it is demonstrated that 

the LST will have full communication coverage during LLO insertion and lunar landing. Figure 51 and 

Figure 52 show the End-to-End implemented trajectory in the Earth-Moon rotating frame and the Moon 

Inertial frame, respectively.  

Table 7: ΔV budget for LST from BPO to lunar surface via LLO 

Maneuver Burn Magnitude (km/s) 
Halo Orbit Departure (HOD) 0.0180 

Mid-Course Correction (MCC) 0.0404 
Lunar Orbit Insertion (LOI) 0.6490 

Lunar Orbit Departure (LOD) 0.0722 
Surface Relative Velocity at Landing Epoch 1.6409 

Sum 2.4205 
 

 

Figure 49: View of the trajectory segments from the MSM optimization script, viewing the XY plane of the Earth-Moon 
rotating coordinate frame centered upon the Moon. 
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Figure 50: View of the trajectory segments from the MSM optimization script, viewing the YZ plane of the Earth-Moon 
rotating coordinate frame centered upon the Moon. 

 

 

Figure 51: Trajectory of the LST departing from the ITV in the BPO towards the Moon (red), entering a circular orbit 
(green), and descending to the surface (cyan). 
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Figure 52: 3D plot of the LST on the incoming trajectory from the BPO (red) into a circular LLO (green) and then finally 
the descent trajectory (cyan). 

Additionally, it is possible to directly target the lunar surface upon departing the IES. This may be utilized 

in follow-up manned landings after successfully descending to the surface via the LLO in prior lunar surface 

excursions, or with robotic payloads with decreased priority. Instead of targeting insertion into a LLO, the 

MCC maneuver targets a point near the Moon where the LST executes a single burn that puts the spacecraft 

on an intercept trajectory with the lunar surface. Another burn is executed just above the lunar surface to 

bring the LST to a safe landing at the desired landing site. Depending upon the target landing site latitude, 

the LST targets a point that, if it were to insert into an LLO, the LLO would have the declination of the 

target latitude. 

This method is implemented targeting a series of declinations on the Moon in the Earth-Moon coordinate 

frame, which are closely related to a latitude in the traditional body fixed coordinate frame. A slight 

difference of about 5 degrees exists due to the Moons obliquity with respect to the plane of the Moon’s 

orbit about Earth. The results of this survey are plotted below over the declinations ranging from -90 to +90 

in Figure 53. The results of this survey are generally better than the direct case considered above in Table 

7, where the LLO is used as a node on the way to the lunar surface. For declination targets greater than -

40°, a trajectory solution involving less than 2.5 km/s is readily available, with a minimum of just under 
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2.4 km/s at -20° declination, a notable improvement over the 2.57 km/s trajectory explored above. However, 

there do appear to be cases south of -60° declination which are more difficult to reach. The most extreme 

of these is at the -90° declination, or the South pole, with a total mission profile ΔV budget of just under 3 

km/s. Additional searching of the design space may provide more favorable solutions. 

 

Figure 53: Total ΔV from BPO departure to lunar landing in km/s as a function of target declination in the Earth-Moon 
coordinate frame centered upon the Moon. 

4.3. Mars Exploration 

With a fully validated ITV, the goal of crewed exploration of Mars may be directly pursued. Such mission 

profiles are considered in 2033 - 2035, a reasonable time in the future by which the predecessor steps in the 

mission roadmap can be completed. 

A proposed manned mission to Mars will make use of a series of High Energy Orbits (HEOs) and other 

phasing orbits and lunar swingbys to achieve the proper V∞ vector to transfer the ITV from the Sun-Earth 

system to the Sun-Mars system. By utilizing these methods, the propellant requirements of the ITV will be 

minimized in a trade for increased transfer time. Upon returning to Earth, the ITV will execute a sequence 

of orbital maneuvers to place itself in a parking orbit about the Earth, awaiting the next mission opportunity. 
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The precise sequences described here will be the primary focus of this study, with the goal of an Earth 

departure to Mars in 2033 kept in mind. The concept of operations for such a proposed mission are presented 

in Figure 54, showing an unmanned ITV depart the EM-L2 BPO via a lunar swingby, while a CTV is 

launched from Earth to rendezvous with the ITV in the departure HEO in preparation of cruising to Mars. 

Upon completing operations at Mars, the ITV and CTV to return to the HEO and separate. The ITV is 

unmanned at this point and placed back into the EM-L2 BPO while the CTV and crew return to Earth. Note 

that an option of leaving robotic landers and orbiters at Mars is considered, which may be brought to Mars 

by the ITV in order to establish exploration infrastructure. 

 

Figure 54: Mars exploration concept of operations 

The ITV departs the BPO about the Earth-Moon L2 libration point and, via lunar swingby, is transferred to 

a HEO which is aligned with the necessary V∞ vector. Upon reaching Mars, the ITV will establish itself in 

another HEO in the Mars equatorial plane. From such an orbit, the ITV will have numerous opportunities 

to observe both the surface of Mars as well as Mars’ two captured asteroid moons, Deimos and Phobos, 

both of which lie nearly exactly in Mars’ equatorial plane. In 2035, the ITV will adjust the Mars HEO such 

that the line of apsides is aligned with the outgoing hyperbolic asymptote for the return cruise back to Earth. 
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Upon returning to Earth, the ITV will then establish yet another HEO at which the crew can depart for a 

landing on Earth via a CTV while the ITV is autonomously commanded back into the Earth-Moon L2 Halo 

orbit. The following sections explore each phase of the mission in further detail. 

4.3.1. Earth-Mars Transfer Orbit 

An initial search of the mission design space is conducted with MAnE, using the method of “patched 

conics” to find feasible opportunities for the proposed mission, in which only the two body problem is 

considered within the central body’s sphere of influence. Cases with and without a Deep Space Maneuver 

(DSM) are considered for the outbound cruise to Mars, while only direct transfers are considered for the 

return cruise back to Earth. 

From this search, the Earth-Mars transfer is selected, departing Earth on March 31, 2033 and arriving at 

Mars on December 7, 2033, with a DSM on July 28, 2033, shown below in Figure 55. The trajectory 

described has a Time of Flight (ToF) of approximately 8 months. This analysis produced the V∞ vector, 

listed in Table 8, necessary for the Transfer Orbit Insertion (TOI), of magnitude 4.6842 km/s. However, by 

aligning the HEO line of apsides with this vector, the V∞ vector is reduced to a magnitude of 2.35 km/s at 

Earth departure and the ITV arrives at Mars with a V∞ of 3.41 km/s. Table 8, Table 9, and Table 10 list the 

details of the event nodes calculated by MAnE. 

Table 8: Initial solution of spacecraft state at Earth departure in the Sun MJ2000 Ecliptic coordinate system 

Node Data Type X (SunMJ2000Ec) Y (SunMJ2000Ec) Z (SunMJ2000Ec) 
Earth R (km) 2.07E+08 -1.2E+07 -5331449 
 V (km/s) 2.32314 26.26294 0.493563 
Spacecraft V (km/s) 2.072992 22.98888 0.931195 
 V∞ (km/s) -0.25015 -3.27406 0.437632 

Table 9: Initial solution of spacecraft state at the DSM in the Sun MJ2000 Ecliptic coordinate system 

Node Data Type X (SunMJ2000Ec) Y (SunMJ2000Ec) Z (SunMJ2000Ec) 
DSM R (km) 10398032 -2.2E+08 -4795015 

 V (km/s) 25.1127 3.244446 -0.54734 
Spacecraft V (km/s) 22.17737 2.918261 -0.76211 

 V∞ (km/s) -2.93533 -0.32618 -0.21477 
Table 10: Initial solution of spacecraft state at Mars arrival in the Sun MJ2000 Ecliptic coordinate system 
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Node Data Type X (SunMJ2000Ec) Y (SunMJ2000Ec) Z (SunMJ2000Ec) 
Mars R (km) 71384852 1.29E+08 -11287.9 
 V (km/s) -26.5645 14.28253 -1.01E-03 
Spacecraft V (km/s) -29.1944 14.82519 1.38329 
 V∞ (km/s) -2.62994 0.542664 1.384301 

 

Table 11 lists the necessary events and their corresponding epochs and impulsive burns to achieve the 

described transfer trajectory from the Earth to Mars. These values are determined with a propagator 

accounting for the Sun, Earth, the Moon, and Mars during this analysis period. Other loses are not 

considered at this level of fidelity. The transfer trajectory is shown in Figure 55 in the Sun Mean Ecliptic 

J2000 coordinate system. Figure 56 and Figure 57 show close ups of this trajectory at the Earth departure 

and Mars arrival nodes, respectively. The Earth departure node starts immediately at the epoch of insertion 

into the transfer orbit while the Mars arrival node also shows the establishment of the HEO orbit at Mars 

from which all proximity operations will be conducted from. 

Table 11: Impulsive burn details from Earth departure to Mars arrival 

Node Epoch (UTCG) Magnitude (km/s) 
Earth Departure 31 Mar 2033 09:32:39.084 0.5099 

Deep Space Maneuver 28 Jul 2033 07:40:14.805 0.7666 
Mars Orbit Insertion 07 Dec 2033 02:51:45.814 1.1182 
Mars Orbit Cleanup 07 Dec 2033 08:21:18.263 0.1223 

   
SUM  2.5170 
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Figure 55: Heliocentric view of the transfer trajectory from Earth (green) to Mars (brown), set for Mars arrival on 

December 7, 2033, shown in the Sun MJ2000 Ecliptic coordinate system. 

 

Figure 56: The ITV (red) leaves the Earth – Moon space on the described escape vector, shown in the Earth MJ2000 
Equatorial coordinate system, where it can be seen that the escape trajectory lies in the plane of the Moon (white). 
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Figure 57: The ITV (red) arrival at Mars on Dec 7, 2033 and entering an orbit of 300 km altitude at the periapsis and 45 
Mars radii apoapsis in the Mars equatorial plane. 

Upon completing the design of the outbound cruise from Earth to Mars, the return cruise from Mars to 

Earth can now be considered. Similar to the outbound cruise, an initial solution is provided by an 

opportunity search using MAnE, yielding a Mars departure on May 9, 2035 and an Earth return on 

November 24, 2035. However, as was previously mentioned, a DSM is not utilized on the return cruise. 

Table 12 and Table 13, below, list out the patched conic parameters for the Mars departure and Earth arrival 

nodes, respectively, of the return cruise orbit.  

Table 12: Initial solution of spacecraft state at Mars departure in the Sun MJ2000 Ecliptic coordinate system 

Node Data Type X (SunMJ2000Ec) Y (SunMJ2000Ec) Z (SunMJ2000Ec) 
Mars R (km) 10330489 -2.2E+08 -4793542 
  V (km/s) 25.11306 3.23687 -0.54751 
Spacecraft  V (km/s) 22.17773 2.910489 -0.76025 
  V∞(km/s) -2.93534 -0.32638 -0.21274 

 

Table 13: Initial solution of spacecraft state at Earth arrival in the Sun MJ2000 Ecliptic coordinate system 

Node Data Type X (SunMJ2000Ec) Y (SunMJ2000Ec) Z (SunMJ2000Ec) 
Earth  R (km) 71541770 1.29E+08 -11282 
  V (km/s) -26.5471 14.31398 -1.01E-03 
Spacecraft  V (km/s) -29.1789 14.85508 1.380806 
  V∞ (km/s) -2.6318 0.541099 1.38182 
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In Table 14, the Mars departure maneuver is highlighted. This maneuver brings the ITV to an Earth 

Apoapsis of 7000 km, shown in Figure 60. From this point, the crew can undock from the ITV and return 

to Earth via another CTV and the ITV can begin the process of preparing for the next mission. 

Table 14: Impulsive burn details from Mars departure to Earth arrival 

Node Epoch (UTCG) Magnitude (km/s) 
Mars Departure 09 May 2035 23:59:48.843 2.6950 

   
SUM  2.6950 

 

 

Figure 58: Return trajectory of the ITV (red) from Mars (brown) to Earth (green) in the Sun MJ2000 Ecliptic coordinate 
system. 

104 
 



 

Figure 59: The previously established parking orbit (magenta) In the Mars equatorial coordinate system has its line of 
apsides nearly 180 degrees away from the departure asymptote (red). 

 

Figure 60: The ITV returns to Earth (red), shown in the Earth MJ2000 Equatorial coordinate system. 

From this point, the ITV robotically executes a sequence similar to the Halo orbit embark sequence of the 

initial characterization of the BPO. 
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4.4. Methods to Depart Earth-Moon System 

With the heliocentric transfer between the Earth and Mars properly computed with a higher fidelity 

propagator, opportunities to use low-energy orbital maneuvers are explored to achieve the previously 

described departing and arriving HEOs at the Earth node. 

Additionally, a typical initial guess, before solving, is illustrated in Figure 61, below. Here, the control 

points are presented by the joining of two differently colored trajectory segments while there is not yet 

continuity at the patch points. The brown trajectory originating at the Earth (left of Figure 61) is the 

backwards propagation of the heliocentric transfer orbit and is considered to be locked to the optimizer. 

Furthermore, the tan trajectory (right of Figure 61) originates within the EM-L2 Halo orbit and is also 

considered to have a locked state, thus providing the boundaries for the optimization problem. By fixing 

these two nodes, the optimizer will then vary the parameters associated with the elements of the trajectory 

(epochs, state vectors, burn vectors) until it converges upon a continuous trajectory between the two end 

caps, while minimizing the cost function, defined simply as the sum of the burn magnitudes. The ITV 

travels along the tan trajectory segment until it matches the brown segment, which takes the ITV to the first 

MCC. At this point, a maneuver is executed, sending the ITV along the blue segment, transitioning to red 

just before the ITV makes a second MCC maneuver, lining the ITV up on the red trajectory segment that 

will bring the ITV to the lunar swingby node. The ITV then executes a powered lunar swingby to deliver 

the ITV to the escape node, ending the discussed mission sequence. The results of this optimization process 

are seen in Figure 62, Figure 63, Figure 64, and Figure 65, all of which show the same finalized trajectory 

from different points of view and in different coordinate systems. 
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Figure 61: Typical results of an initial guess at converging upon an optimal trajectory from EM-L2 Halo orbit to Earth 

periapsis, shown in the Earth-Moon rotating coordinate system centered upon the EM-L2 point. 

Table 15: Impulsive burn details from EM-L2 to Transfer Orbit Injection 

Node Epoch (UTCG) Magnitude (km/s) 
Halo Departure 01 Mar 2033 00:43:12.000 0.0000139 

Mid-Course Correction 1 18 Mar 2033 00:43:12.000 0.0087 
Mid-Course Correction 2 18 Mar 2033 22:03:42.683 0.0359 

Lunar Swingby 27 Mar 2033 00:24:01.570 0.2572 
   

SUM  0.3018 
Table 15 shows the epoch and burn magnitude necessary at each node to properly stage the ITV for the 

transfer orbit injection to Mars, summing to 301.8 m/s. Combined with the transfer ΔV budget, the ITV 

requires 2818.8 m/s to reach Mars in approximately 8 months. 
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Figure 62: A view of the ITV (red) leaving the EM-L2 Halo orbit (right of figure) and conducting a lunar swingby such 
that the Earth periapsis point coincides with the injection point of the transfer orbit to Mars, escaping along the 

hyperbolic asymptote to the figure left. Figure shown in Earth-Moon rotating coordinate system centered upon the Earth. 

  

Figure 63: View of Earth-Moon space trajectory shown in the Earth MJ2000 Equatorial coordinate system in which the 
ITV (red) leaves the EM-L2 Halo orbit (upper-left of figure) and conducts a flyby of the Moon (white), lining up the ITV 

for a flyby of the Earth aligning the ITV line of apsis with the escape vector (bottom of figure). 
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Figure 64: View focusing upon the ITV (red) leaving the EM-L2 Halo orbit (right of figure) to execute a flyby of the Moon 
and end with perigee, shown in the Earth-Moon rotating coordinate system, centered upon the EM-L2 point. 

  

Figure 65: The ITV (red) leaves the EM-L2 Halo orbit on the right and executes a swingby of the Moon of 1900 km radius 
and 0° inclination in the plane of the Earth-Moon rotating coordinate system, figure shown in the Earth-Moon rotating 

coordinate system centered upon the Moon. 
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4.5. Possible Mars Proximity Operations 

Upon establishing a stable orbit in the Mars equatorial plane, it is now possible to engage in numerous 

exploration activities. These operations are planned using the Mars-50C gravity model for Mars, provided 

in GMAT, as well as the point masses for Mars’ moons, Phobos and Deimos, as well as the Sun, Earth, 

Jupiter, and Saturn. The ITV is in an orbit with a periapsis of 3690 km and an apoapsis of 65 Mars radii. 

As shown in Figure 66, such a trajectory crosses the orbits of both of Mars’ moons, Deimos and Phobos; 

both of which lie nearly in Mars’ equatorial plane. Figure 66 shows this orbit upon initialization 

immediately after the ITV executes the orbit insertion maneuver while Figure 67 shows the orbit for the 

duration of the mission stay time, from December 7, 2033 to May 9, 2035.  

 

Figure 66: Mission orbit upon ITV (red) arrival in the Mars system, crossing the orbits of both Phobos (green) and 
Deimos (white), shown inwards along the Z axis of the Mars equatorial coordinate system. 
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Figure 67: Unmonitored orbit propagated over the mission stay time, from Dec 7, 2033 to May 9, 2035, shown inwards 
along the Z axis of the Mars equatorial coordinate system. 

From Figure 67, it is apparent that the orbit is being perturbed over time. Figure 68 through Figure 72 plot 

the periapsis, apoapsis, inclination, right ascension of the ascending node, and the argument of periapsis of 

the ITV as a function of time, showing how each individual orbital element varies during the mission stay 

time. During this phase, the propagator accounts for the gravitational forces of Mars, Phobos, Deimos, 

Jupiter, and the Sun. 

From the periodic and minimal nature of the perturbations on top of the ITV apoapsis range, shown in 

Figure 70, it is reasonable to expect that these perturbations are due to close approaches to Phobos and 

Deimos. This suspicion is validated by inspecting Figure 73 and Figure 74, which show the ITV apoapsis 

and range to Phobos and Deimos, respectively, as a function of time over a shortened analysis window, 

approximately 24 days. It is evident that the periodic sharp peaks in the ITV apoapsis range are synchronous 

when the ITV comes within a close approach of one of the two moons, although the effect is minimal. This 

could imply frequent opportunities to conduct efficient close approaches and flybys of the moons of Mars 

during this mission time. 

While in the HEO about Mars, the crew may launch small satellites from the ITV into various orbits in 

order to establish a satellite constellation. This constellation may serve several purposes including providing 

surface communication and GPS mapping coverage in future surface excursions, data link amongst all of 
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the robotic assets on Mars, Mars weather monitoring, as well as various remote sensing capabilities. 

Establishing such a network at Mars will provide a fundamental foothold for future advanced exploration 

of Mars, and is effective to implement with the ITV serving as a “mother ship” for deploying satellites. 

 

Figure 68: Mars orbit inclination variation over stay time (degrees v. UTC Modified Julian days). 

 

Figure 69: Mars orbit periapsis variation over stay time (km v. UTC Modified Julian days). 

112 
 



 

Figure 70: Mars orbit apoapsis variation over stay time (km v. UTC Modified Julian days). 

 

Figure 71: Mars orbit right ascension of ascending node variation over stay time (degrees v. UTC Modified Julian days). 
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Figure 72: Mars orbit argument of periapsis variation over stay time (degrees v. UTC Modified Julian days 

 

Figure 73: Mars orbit apoapsis (red) compared to ITV range to Phobos (green) (km v. UTC Modified Julian days). 
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Figure 74: Mars orbit apoapsis (red) compared to ITV range to Deimos (green) (km v. UTC Modified Julian days). 
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5. Discussion and Conclusion 

The architecture of a system which enables the cost-effective exploration of the solar system is proposed. 

Such a system will make use of the benefits of the natural dynamics represented in the CRTBP, of which a 

mathematical background is provided in Chapter 1. Additionally in Chapter 1, a case study of the first 

missions which applied the lessons from the CRTBP is examined, providing an initial course for 

investigation. 

High level goals are established and flown down to system requirements in Chapter 2. From these goals 

and system requirements, the details of such a system are fleshed out to a preliminary level for the purpose 

of analysis. The underlying principle of the proposed system is to apply lessons learned from both the 

Apollo project for deep space exploration and the International Space Station (ISS) for long term habitation 

in space as well as module space vehicle design. This system consists of four fundamental elements: 

1. Crew Transfer Vehicle (CTV) 

2. International Exploration Station (IES) 

3. Interplanetary Transfer Vehicle (ITV) 

4. Lunar Space Tug (LST) 

The CTV can be based upon current Orion MPCV development which can evolve into the IES. The IES 

provides the fundamental core element to the exploration architecture. Additionally, these individual 

systems can be further broken down into a set of specific modules. While the CTV may be a system that is 

also a single module, an early proto-ITV which does not utilize any official modules for the ITV may consist 

of two crew capsules docked with each other, for example. As another example, the ITV can be built out 

of a set of core modules, which may be replaced and refurbished as required, or swapped out with different 

modules to suit a specific mission’s requirements and science objectives. 
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From this preliminary system design, a number of missions are outlined. These missions form the basis of 

a constantly evolving roadmap to fully develop the infrastructure required for long-term sustained manned 

exploration of the solar system. To recap, this roadmap consists of: 

1. Low Earth Orbit Checkout 

2. Flight Around Lunar Farside 

3. Characterization of the Halo Orbit 

4. Lunar Surface Exploration 

5. Tour of the Earth-Moon System 

6. Asteroid Exploration 

7. Mars Exploration 

This roadmap provides a clear and concise pathway from current exploration capabilities to the current 

long-term goal of sustained manned exploration of Mars. Additionally, the infrastructure established by this 

roadmap will provide the basis for exploration beyond Mars. 

Upon defining the scope of the system and the roadmap of missions, the methodology by which mission 

trajectories are designed is explored in Chapter 3. Here, a trajectory is broken down into the core sequences: 

interplanetary transfer trajectory and staging orbits which make use of multi-body dynamics, as explored 

in the CRTBP. However, instead of using the proper CRTBP, a higher level propagator is used which 

accounts for the eccentricity of the Moon’s orbit about Earth as well as the gravitational perturbations due 

to the Sun in a semi-full force ephemeris model. This higher modeling fidelity demonstrates the ability to 

design realistic mission trajectories to fulfill the mission profiles set forth in the exploration roadmap. A 

variety of methods of designing interplanetary transfer trajectories are employed over the course of the 

study, but emphasis is placed upon the design of the staging orbit. The IES and ITV vehicles defined in the 

system design in Chapter 2. The primary method employed in designing the staging orbits is the “Single 

Lunar Swingby”, each of the component segment trajectory design processes is explored in detail. 

Additionally, the method of combining each of these segments together in a larger End-to-End optimizer 
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environment within GMAT is introduced, called the Multiple Shooting Method, or MSM. Of particular 

note is the complications which arise due to out-of-plane Earth departures. In the event that an out-of-plane 

Earth departure is necessary, a number of strategies have been exercised which should be considered in a 

trade study for a particular mission. 

1. Incorporate a DSM in the transfer trajectory. This may provide the necessary DoF to allow 
an interplanetary optimizer to maintain a minimal dV while constraining the departure 
asymptote to be near to the ecliptic plane. While a departure asymptote declination of less 
than 10 degrees magnitude may be sufficient, less than 5 degrees is recommended. 5 
degrees represents an approximation of the lunar orbit plane with respect to the ecliptic 
plane. 

2. Incorporate a dog-leg maneuver post lunar swingby to initialize the desired HEO using a 
preliminary staging HEO. The magnitude of this burn is dependent upon the declination of 
the departure asymptote, and so should be traded again the added cost of the DSM. 

3. Allow for a larger magnitude Earth departure burn. This essentially is combining an apsides 
rotation burn with the nominal Earth departure burn, and will usually be the weakest of the 
three options as minimal DOF are provided to optimize this, but is still worth considering. 

Using the method introduced in Chapter 3, a series of the mission profiles presented in Chapter 2 are 

developed. In particular, a specific Baseline Parking Orbit, or BPO, is chosen and analyzed. This BPO 

serves as the parking home orbit of any assets not currently in use. A BPO of amplitude (14000, 28000, 

6000) kilometers. It is shown that such an orbit has full coverage to both the Earth and the Moon so that a 

vehicle in the BPO may serve as a communications relay node to the farside of the Moon. Additionally, it 

is demonstrated that orbit station-keeping may be conducted at a cost of less than 1 m/s over a 14 year 

period when considering the gravitational influences of the Earth, Moon, and Sun. Thus, a sufficiently 

stable and beneficial BPO is selected, which will serve as the home of operational architecture. 

Going beyond the design of the BPO, several trajectories are designed. The first case to be designed is a 

trajectory in which a crewed spacecraft is inserted in the BPO for approximately one half of an orbit in 

order to characterize operations in the BPO. This is expanded upon with establishing the IES in the BPO, 

which serves as a waystation for exploration of the surface of the Moon, both crewed and robotic, as well 

as other proposed operations which make use of a station based in the BPO. The IES may be unmanned 
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and operate robotically controlled by the Earth for long periods of time so that crewed operations may pause 

if such need arises. By conducting such activities, a long-term exploration architecture can be deployed in 

cis-lunar space. This provides a cost-effective platform from which more advanced exploration activities 

can be based, both robotic and manned. 

One of the key advanced exploration activities considered is manned exploration of Mars, one of the current 

long-term goals of NASA. Trajectories from the BPO to Mars and back to Earth are explored and show 

approximately 50% decrease in required energy provided by the spacecraft to depart the BPO and capture 

in a HEO about Mars. While the first crewed trip to Mars will likely not include a manned landing, the first 

mission will establish infrastructure around Mars to support future advanced operations. Such infrastructure 

that is considered are satellite constellations to provide communication and GPS coverage as well as 

weather monitoring and general remote sensing capabilities. Additionally, small landers may be deployed 

that can monitor surface conditions across Mars as well as prepare surface samples to be launched by 

rockets and collected by the ITV in orbit to be brought back to more advanced laboratories on Earth. Such 

activities will provide additional guidance on site selection for scientific outposts on Mars. 

5.1. Future Work 

To improve upon the work presented within this thesis, the development of a more robust global optimizer 

is encouraged. Of particular interest is an optimization method which can, within a single execution, 

optimize a trajectory with both cis-lunar and heliocentric trajectory elements concurrently. Additionally, 

the increase in scope of the optimizer from local to global optimization can provide additional options of a 

particular trajectory profile across a larger design space. 

In order to support crewed operations, unmanned cargo and exploration pre-cursor missions will be required 

for logistics, informed operational plans, and risk reduction. While the powered lunar swingby was chosen 

for ingress and egress from the EM-L2 Halo orbit to minimize the time of flight for crew, different 

sequences for EM-L2 ingress and egress may be chosen to further optimize the unmanned transfer 
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trajectory, facilitated by a decreased set of constraint equations. One such example of a trajectory sequence 

worth considering is using either the Sun-Earth L1 (SE-L1) or SE-L2 points to further minimize the cost to 

enter the EM-L2 Halo orbit. 

To further reduce risk, higher fidelity mission design may be provided. Such additional design would 

incorporate abort options over the course of a transfer as well as the possibilities of rapidly deployed rescue 

mission capabilities. Additionally, detailed flight navigation should be taken into consideration. This is 

particularly necessary for determining the sensitivity of key maneuvers, such as the Earth departure and 

lunar swingby maneuvers. 

Additional future pursuits based upon this thesis may consider mission design using low thrust propulsion 

methods or even hybrid low thrust and high thrust propulsion methods. Furthermore, the architecture 

explored may provide capabilities and infrastructure for robotic space vehicles, both civil and commercial, 

beyond those considered within this thesis. Such support may include robotic exploration of the outer solar 

system, preparing for crewed missions beyond Mars orbit.  
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