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ABSTRACT '

The spectrum of methane from 400Q to 10600 A with abundances up 

to 6 km-amagat was obtained and analyzed with the Mayer-Goody random 

band model. Absorption coefficients were determined Over the whole 

wavelength region. The effect of pressure on the methane spectrum was 

found to be minimal at laboratory pressures, implying that the observed 

features are made up of very large numbers of weak lines. Pressure 

coefficients could therefore only be determined for the strongest 

bands at 8870 and 9900 A.

An attempt is made to match the reflection spectrum of Uranus 

from 4000 to 10000 A with three models of increasing complexity: a

reflecting layer model» a semi-infinite isotropic homogeneous scatter

ing model and a clear atmosphere with a scattering haze near the top. 

The reflecting layer model does not fit well; the homogeneous scatter

ing model leaves discrepancies in the bottoms of the strong methane 

bands, while the scattering haze model gives a very good fit to the 

spectrum. The upper haze acts as expected for Rayleigh scattering by 

60 ± 15 km-amagat molecular hydrogen. This would indicate that the 

base of this layer is at 0.5 ± 0.2 atm if the helium to hydrogen ratio 

is solar. The spectrum constrainsthis layer to less than 10 m-amagat 

of methane. Thus, the carbon to hydrogen ratio in this layer is 

depleted due to condensation of methane and is at least a factor of 4 

less than the solar ratio. Under this layer the model has an absorbing,

ix



non-scattering layer containing 2.2 ±0.3 km-amagat methane. If reflect

ing layer model estimates for molecular hydrogen are valid for this 

lower layer, the base of this layer is at a pressure level of 5 + 2  atm 

for a solar helium to hydrogen ratio. For these assumptions, then, the 

carbon to hydrogen ratio in this layer is enhanced over the solar value 

by a factor of 9 ± 5. The synthetic spectra did not give a perfect fit 

in the 6825 A region which could be due to an additional atmospheric 

constituent. None of the three models used for Uranus gave an accept

able fit to Neptune.

To search for atmospheres on Pluto and Triton, spectra of 

these objects, as well as comparison stars, were obtained with a three- 

stage Varo image tube for the spectral region from 6800 to 9000 X.

Ratio spectra indicated an absorption feature near 8870 A, although 

the steeply diminishing response of the image tube at that wavelength 

Casts some doubt on the reality of this feature. The feature appeared 

more definitive in the spectrum of Pluto and less certain in the 

spectrum of Triton. The absorption was analyzed using the derived band . 

model parameters for methane. With the assumption of a pressure 

higher than 0.01 atm an abundance of 3 m-amagat was determined. For 

pressures limited by the methane abundance itself, an abundance of 

50 m-amagat and a pressure of 10“3 atm was derived (using an accelera

tion of gravity 0.2 times that of the earth for both Pluto and Triton). 

This pressure is close to the pressure that can be expected from the

equilibrium vapor pressure of a methane frost. If the absorption at 
o

8870 A is spurious, the analysis is applicable as an upper limit for 
the presence of methane gas on Pluto and Triton.



CHAPTER 1

INTRODUCTION

There has been an increasing interest in the solar system beyond 

the orbit of Saturn, but no spacecraft has yet visited any body so dis

tant, and the faintness of these objects has hindered ground-based 

study. The two largest bodies, Uranus and Neptune, have been known for 

some time to possess atmospheres. Wildt (1932) suggested that observed 

absorption bands in the spectra of these two planets were due to meth

ane; Mecke (1933) and Dunham (1952) confirmed this with laboratory 

spectra. Herzberg (1952) discovered molecular hydrogen by identifying
O

a feature at 8270 A. '

Abundance estimates of molecular hydrogen and methane for these 

planets have been contradictory. Tables 1 and 2 for Uranus and Neptune 

respectively contain derived methane abundances by previous investiga

tors who assumed a simple reflecting layer model. Table 3 gives the

methane abundance for Uranus from investigators who used the homogeneous
°

scattering layer model applied to the 6825 A band, and Table 4 lists the 

Uranus molecular hydrogen abundance by investigators who assumed the 

reflecting layer model.

Next to Uranus and Neptune the two largest known solar system 

bodies beyond the orbit of Saturn are the planet Pluto and the larger 

satellite of Neptune, Triton. Little is known about them: masses,

radii and densities are uncertain. Kuiper (1944, 1952) showed that
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Table 1.

Reflecting Layer Model Methane Abundance Estimates for Uranus

Invest!gator(s)

Abundance (km-amagats) 

column line of sight

Bands

(A)

Kuiper (1952) 2.2 6:000-3000

Owen (1967) 3-5 7500

Lutz and Ramsay (1972) -17- 25 7500

Encrenaz et al. (1974) 10-100 4600-5210

Owen et al. (197*0 " >10 6420

Owen and Cess (1975) %6 4860-5760

Belton and Hayes (1975) 1.1 6825

Bergstralh (1975) 2- 8 6825

Lutz, Owen and Cess (1976) 5.8 14.6 4410-5760
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Table 2.

Reflecting Layer Model Methane Abundance Estimates for Neptune

1nvest i gator(s)

Abundance 

column

(km-amagats) 

line of sigh.t

Bands
O
(A)

Kuiper (1952) 3.7 : 6000-9000

Owen (1967) 6 7500

Encrenaz et al. (1974) 10-100 4600-5210

Owen et al. (1974) >10 6420

Owen and Cess (1975) k6 4860-5760

Lutz et al. (1976) 7.6 19.0 4410-5760
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Table 3.

Homogeneous Scattering Layer Model Methane Abundance Estimates for Uranus

Abundance Band

rnvestigator(s) (km-amagat/mean free path)
O
(A)

Belton and Hayes (1975) 0.5 6825

Bergstralh (1975) 0.5-2. 6825

Table 4.

Reflecting Layer Model Molecular Hydrogen Abundance Estimates for Uranus

Abundance (km-amagat) Quadrupole

Investigator(s) column line of sight Hz Band

Encrehaz and Owen 
(1973)

460 + 140 1380 ± 420 4-0

Price (1973) 78= :  330 4-0

Lutz (1973) 990 ± 250 
2020 ± 500

3-0
4-0

Be 1 ton, McE1roy and 
Price (1971)

1450 4-0

Trafton ( 1976) 718* 3-0
4-0

*This is not a reflecting layer model. The abundance indicated is for 
all layers above the lower cloud layer.
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atmospheres could easily persist on these bodies, although no definitive 

evidence for such atmospheres has been found. A claim by Cruikshank, 

Pilcher and Morrison (1976) of methane ice detection on the surface of 

Pluto raised interest in the possibility of a methane atmosphere in 

equilibrium with the ice.

A fundamental limitation in these previous studies was the 

inadequate understanding of the spectrum of methane. For example, in 

the Uranus spectrum Spinrad (1963), Giver and Spinrad (1966) and Poll
e

(1971) mis identified the 6425 A methane band as due to molecular hydro

gen; Danielson (1974b) proposed that some of the methane bands were due 

to simultaneous transitions between molecular hydrogen and methane.

These ideas were not disproved until high abundance laboratory methane 

spectra were published by Owen et al. (1974) and Dick and Fink (1977).

Clearly, a thorough program of laboratory spectroscopy of meth

ane was required. Chapter 2 describes such a program and an analysis 

of the laboratory spectra. Chapter 3 applies this analysis to Uranus 

and Neptune using appropriate models for atmospheric structure. Chapter 

4 analyzes a possible methane feature found in new spectroscopic obser

vations of Pluto and Triton.



CHAPTER 2

BAND MODELS

For spectral analysis one would like to identify each line in 

the methane spectrum and to determine its position, strength and shape 

for relevant physical conditions. Thus an absorption coefficient as a 

function of wavelength would be available at infinite spectral resolu

tion, and a synthetic spectrum could be computed. As demonstrated by 

Dick and Fink (1977), however, the methane molecule and its spectrum 

are sufficiently complex that such an analysis for the bands at wave- 

lengths shorter than 1.05 V cannot be expected in the hear future.

An alternative approach that characterizes the methane spectrum 

in terms of average absorption coefficients with wavelength for a given 

set of physical conditions is required. Such methods are the band 

model schemes proposed by Mayer (1947), Elsasser (i960) and Goody (1964). 

The history of these models has been summarized by Mayer (1964). These 

models define the mean transmission T over a spectral interval that con

tains many lines. In any given model all lines have the same shape and 

width, but each model defines a distribution of line positions and a 

distribution of line strengths.

In order to make headway with the interpretation of the Uranus 

spectrum, Fink, Benner and Dick (1977) presented a band model analysis 

of the methane absorption below 1 p. A more detailed description of 

this work is given in this chapter. After a description of the

6



laboratory experiment, a section is presented which primarily follows 

the development of Goody (1964) and summarizes some of the proposed 

models but alters the parameterizations somewhat. The next sections 

discuss the selection of a band model for the methane spectrum and the 

data analysis. A discussion of the results concludes the chapter.

Experimental Conditions 

The laboratory methane spectra are contained in Appendix A.

They were obtained by Dick and Fink (1977) and Several were presented 

therein. A summary of the laboratory conditions is given in Table 5.

The spectra were obtained with a one-meter Ebert-Fastie spectrophotom

eter (Fastie, 1952; Crosswhite and Fastie, 1956). Photomultiplier
O

detectors utilized Ag-O-Ca photocathodes for 6000 to 10,600 A and
O

tri-alkali photocathodes for 4000 to 6200 A. The light source was an 

argon-filled concentrated arc zirconium lamp. The argon lines, together 

with some weak Zr 11 lines, present in addition to the continuum radia

tion served as internal wavelength standards. The resolution employed
o

was about 3 A.

The absorption spectra were measured with the Lunar and Plane

tary Laboratory's White cell (White, 1942) at a temperature of about 

25°C. Figure 1 is a diagram of the cell. It contained three spherical 

concave aluminum-coated mirrors with 38.62 meter radii of curvature.

The center of curvature of mirror B was halfway between A and A* and 

the centers of curvature of A and A' were on the front surface of B. 

Light falling on a given point on surface A was focused on a corres

ponding point on A1 by B. Mirror B then focused this light back on the
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Table 5,

Summary of Conditions for Methane Spectra between 6100 and 10600 A 

Entries are in km-amagat.

Path Length Pressure (atm)

(km) 0.014 0.027 0.054 G. 105 0.21 0.42 0.84

0.077 O.OO093 0.00190 0.00386 0.0074 0.015 0.030 0.059

0.154 0.00186 0.0037 0.0080 0.0147 0.030 0.059 0.118

0.31 0.0037 0.0074 0.0155 0.030 0.060 0.119 0.24

0.62 0.0089 0.0164 0.030 0.064 0.122 0.237 0.49

1.24 0.0194 0.0328 0.058 0.118 0.238 0.48 0.96



external
wall

A

A'

Figure 1. Schematic Diagram of the Lunar and Planetary Laboratory's White Cell

The small circles indicate the positions of the centers of curvature of the mirrors. 
The reflections from mirror B are numbered.
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original point on A. On each successive pair of round trips the light 

returning to B was somewhat offset until finally the beam fell beyond 

the end of mirror B. By adjusting the mirrors A and A' (keeping» how

ever, their centers of curvature on B), the number of cell traversals 

could be adjusted from two traversals {11,2k meters) up to about TOO 

traversals (3,862 kilometers).

The spectrum was scanned with a stepping motor drive on the ’

grating holder- Each step changed the wavelength at the exit slit by
°  . - approximately 0.3 A. The number of photoelectron counts at each step

was recorded on digital magnetic tape for subsequent reduction on the 

Kitt Peak National Observatory GDC 6400 computer. In the computer 

reduction each spectrum was divided by a scan of the evacuated cell at 

the same path length. Since the spectrum of the lamp changed slightly 

with time and the rated lifetime of the lamp was only 100 hours, it was 

sometimes necessary to obtain a zero pressure run under slightly dif

ferent conditions than those used when the methane spectrum was 

recorded. The resulting slopes in the continuum level and some obvious 

intensity changes of the lamp were removed by dividing the spectra by 

appropriate continuum functions. This normalization could be performed 

quite precisely except for a few cases at high abundance. For these the 

continuum level was checked by inter-comparing ratio spectra taken under 

different abundance conditions starting with low abundance.

The range of useful abundances and pressures possible in the
o

6100 to 10,600 A region was quite large and a systematic approach was 

applied to obtain a thorough coverage of conditions. Methane spectra



were recorded for each combination of 2, 4, 8, 16 and 32 cell passes 

with pressures of 0, 1, 2, 4, 8, 16, 32 and 64 torr (see Table 5 and 

Figures A1 to A35). Poorer signal-to-noise was evident at the longest 

wavelengths due to the reduced quantum efficiency of the detector in 

that region,
o •

The 4200 to 6200 A region required large abundances of methane

to produce significant absorption (see Figures A37 and A38). Such high 

abundance spectra were considerably more difficult to obtain. Although 

the White cell was designed for pressures much higher than those used, 

it was not possible to obtain consistently reliable spectra at abun

dances greater than 6 km-amagats. Because of the physical position of 

the cell close to an external wall (see Figure 1) and lack of insula

tion, changes in outside temperature led to turbulence within the cell . 

which generated fluctuations in transmitted intensity. Severe turbu

lence problems may not have been recognized in photographic studies 

using this type of absorption cell, as the temporal integration inherent 

in the photographic process precludes detection of such phenomena. The. 

above turbulence problem often necessitated scanning the spectrum many 

times before an acceptable trace could be obtained. The noise seen on 

these spectra was principally due to residual noise from the turbulence 

after averaging several tens of spectra rather than photon noise. Sev

eral high abundance spectra were also obtained for the region of the 

"presumed 5v3 band (Owen, 1966). These had slightly better resolution.

Most of the spectra were smoothed three times with a 1-2-1 

smoothing procedure. Short gaps in the spectra (see Appendix A)
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represent computer record boundaries (every 800 steps excepting the
O

6825 A spectra at 1000 steps) or positions of strong argon lines which 

were not entirely eliminated in the ratio calculation due to drift of 

a step or two.

Theory

Two basic types of band models are considered in this section. 

Both assume Lorentz lines of equal width and a bandwidth containing a 

large number of lines. One, the Elsasser or periodic model, takes the 

rotational lines as equally spaced and of equal strength. The mean 

transmission T^ for conditions of constant pressure and temperature, 

appropriate to laboratory data is

■ +i
Te = I exp

sinh(2my^p)
K'v cosh (2irŷ p) - cos (2irx) dx (1)

where is an absorption coefficient equal to S/6

S is the strength of a single line (cm”1/km-amagat),

$ is the line spacing (cm-1),

a is the column abundance of the absorbing gas (km-amdgat), 

y^ is a pressure coefficient equal to a0/S (atm-1),

<Xq is the Lorentz pressure broadening coefficient (cm-1/atm) and 

p is the pressure of the gas (atm).

(See equations 4.8 and 4.64 of Goody, 1964,)

The second type of band model, referred to as random or statis

tical, takes the rotational lines as randomly spaced. For an assumed



13

line strength distribution p(S) = (I/o) exp (-S/a), which is termed the 

Mayer-Goody model (Mayer, 1964), and conditions of constant pressure

and temperature, the mean transmission TV- is
rib

tmg - exp I ' % a/ , / * ’ ) (2)

where the same symbols are used as above except that the line strength S 

is now replaced by the mean line strength, and 6 is the mean line 

spacing. (See equations 4.21, 4.28 and 4.94 of Goody, 1964.)

These equations suffice for the analysis of laboratory data, but 

astronomical applications require absorbing paths with non-uni form tem

perature and pressure. Goody (1964) gives solutions for atmospheres 

with a simple exponential relation of pressure vs. height, a constant 

temperature and a constant mixing ratio of the absorbing gas. For the 

Elsasser model (regularly spaced, Lorentz lines with one fixed S), the

resulting mean transmission 1^(1,2) is

Kv d a

+j- / \ Zfwy.dp
_  Z3 2 Z cosh[2iry p(2)] - cos (2irx) \
t e (1,Z)=( \cosh[2iry p(1) J - cos (2irx)/ dx ^

where p(1) and p(2) represent the pressure at levels 1 and 2 in the

atmosphere, y is the cosine of the angle between the incident radiation

and the outward normal and k . and y are identical to those used inv 7v
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equation (1). (See equations 6.3 and 6.8 of Goody, 1964.) For the

Mayer-Goody model the mean transmission (1,2) becomesMG

(-/I - (v/6)2 + yv2p(2)2 ” 

(v/6)2 + yv2p(l)2 -

2 k  dav

it u y v dp>

Id(v/6) (4)

where and y^ are identical to those used in equation (2). (See 

equations 4.94, 4.44, 6.3 and 6.5 of Goody, 1964). In the special case 

of p (2) = 0 (incident radiation entering from outside the atmosphere) 

this reduces to

Tmg(1 , oo) = exp[- j  y^p(l)TT3/2r(u/p + j ) / T (u/u)] (5)

where u = 2K^da/n2y^dp. (See equations 4.94, 4.44, 6.3 and 6.6 of 

Goody, 1964.) In the high pressure limit (y^p >> K^a) this becomes

Tmg (1, °° ) = exp (-K^a/p) (6)

and in the low pressure limit (y p << k a) this becomesv v

T M G ^ 1 * ”   ̂ =  e x p  ^ T T K ^ a y ^ p ( l ) / ( 2 u ) (7)
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In the high pressure limit, only the column abundance matters and not 

the pressure. For the low pressure case, the expression is the same as 

that under conditions of a constant effective pressure equal to one half 

of the base pressure.

Except for the special case of equation (6), these band model 

equations do not possess the multiplicative property (Goody, 1964, page 

123), i.e., T|25< Tj'Tg where Tj and T2 are the transmission function T 

for two sets of physical conditions and I12 Is the transmission for both 

sets of conditions consecutively. For statistical band models the mul

tiplicative property does not hold because the incident radiation is 

assumed to be uncorrelated wi th the spectrum of the gas over the aver

aged wavelength interval; the intensity of such radiation after passing 

through some of the absorbing gas, however, is correlated with the spec

trum of the absorbing gas. The strongest absorption in the interval 

then takes place at the wavelengths where less light than average is 

available. As a consequence the mean transmission of light between two 

points in an absorbing gas is dependent upon the previous history of the 

ray of light. This failure of the multiplicative property invalidates 

the methods of solution for most models developed in the past for 

planetary atmospheres. ,

Selection of Band Model 

From the band models discussed in the previous section, an
O

appropriate model for the methane bands from 4500 to 10500 A must be 

chosen to analyze the laboratory data. Since the pressure in the lab

oratory is constant along the path length, only the constant pressure



cases need to be considered. Figure 2 displays the character of the 

Mayer-Goody and Elsasser models. To fit the laboratory data by two 

parameters, and y^, requires fitting to the shape of the curves in

the figure. For a given pressure coefficient y (= y p) the models differ 

markedly, but the shapes of the curves for the two models are very much 

alike. For example, compare the curve for y = 0.438 of the Mayer-Goody 

model with the curve for y = 0.10 of the Elsasser models It is not, 

possible without data of precision better than 1% in transmission to 

distinguish between the two models. The data obtained (see Appendix A) 

are not of sufficient accuracy to do this. Since the Mayer-Goody model 

gives a solution in terms of an analytic expression and the methane 

bands studied appear to be- much more random than regular, the data are 

analyzed in terms of the parameters for the random model« Values of yy 

for the Elsasser model can be obtained by a simple transformation using 

Figure 1. The absorption coefficient remains the same in both 

models. Many workers (Goldman and Oppenheim, 1965; Oppenheim and 

Ben-Aryeh, 1963; Kunitomp and Osumi, 1975) use an expression in which it 

in equation (2) is replaced by 4 because of a different distribution of 

line intensities. Their pressure coefficient y^ is therefore it/4 times 

the present results while the absorption coefficient again stays the 

same for the two formulations.
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Figure 2. Comparison of Mayer-Goody and Elsasser Band Models

Logarithmic plot of the spectral transmission 
against the product of absorption coefficient and 
abundance (k a). Curves for both the perioidic 
(----) and tKe random (-----) band models for vari
ous pressures are shown.



Data Analysis

In order to minimize the intrinsic noise of the laboratory spec

tra , meet the criterion of a large number of lines in a spectral

interval, smooth out any excessive spectral fluctuations and yet retain
o

a reasonably fine wavelength grid, the data were averaged in 10 A inter

vals with each mean transmission computed as the simple average of all
' e ' ■' - ' ; .o'

points within ±5 A. Except for the 6825 A spectra displayed in Figure
O

A36, this means that each 10 A point is an average of about 30 points
O

on the original spectrum. The 6825 A spectra were stepped by smaller
O

wavelength intervals and 10 A represents about 650 points.

• A wavelength scale for the spectra in Figures A1 to A35 was 

determined by a least squares fit to a cubic equation using the argon 

lines listed in Table 6. On the short wavelength spectra displayed in 

Figures A37 and A38 there were no argon lines, but in a few spectra 

(not displayed) zirconium lines from the light source appeared as the 

source neared the end of its lifetime. These lines were employed to
O

determine the position of an instrumental background feature at 51 T9 A.
O

Those Spectra which contained the 6190 A band of methane were then given
O

a linear scale to fit that band and the 5119 A feature. This scale was 

then applied to the other spectra by matching only the feature at
o o .

5119 A. The 6825 A spectra of Figure A36 were given a linear scale 

based upon matching features to the more extensive spectra in Figures 

A1 to A35»
To aid in the difficult task of the continuum placement, vari

ous schemes were devisad to redefine the continuum level for the most
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Table 6.

Argon Line Positions used for Laboratory Wavelength Scale

Wavelength Wavelength Wavelength
o O 0
A A A

6965.43 7723.98 8408.21

7067.22 7948.17 8424.65

7383.98 8103.69 8521.44

7503.87 8115.31 9122.97

75U.65

7635.10

8264.52 9224.50
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poorly defined spectra. Absorption and pressure coefficients for many 

wavelengths were determined from the complete set of spectra and the 

poorest fitting spectra were adjusted. These efforts failed due to the 

introduction of systematic errors. Lower pressure produced a larger 

value of T» but larger transmission was also produced if the spectral 

region between bands, assumed to be continuum, contained some absorption. 

This continuum problem was most severe on the high abundance spectra, 

the same spectra that were most sensitive to the pressure effect. 

Redefining the continuum always tended to cause the pressure coeffi

cient to be too small (i.e., the pressure effect too strong).

Therefore, efforts to adjust the continuum were abandoned and only the 

original continue (chosen by eye) were used in the final reductions.

Graphical Least Squares

Equation (2) may be rewritten as:

In TMg = -K^a/ \/l + K^a/irŷ p . (8)

For each wavelength interval In T was plotted against methane abundance. 

For high pressure and low abundance cases (k a << irŷ p) the points fol

lowed a straight line of slope -k  . Once k was determined, a value for 3 v v
y^ was computed for each of the remaining low pressure points on the

graph. This procedure was performed by hand for a number of wavelengths
. °

as illustrated in Figures 3 and 4 for 9700 and 7250 A. Later, the graph 

for each wavelength point was displayed on a graphics terminal on the 

Lunar and Planetary Laboratory's POP 11/40 computer.
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Figure 3. Determination of Band Model Parameters: 9700 A
o

Experimental spectral transmission for the 10 A interval cen
tered at 9700 K plotted against methane abundance. * , a 
number of different conditions of pressure with the size of
the dot indicating the spread of the data; --- , fit to the
data points using the absorption and pressure coefficients 
from columns 2 and 4 of Appendix B and equation (2).
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Figure 4. Determination of Band Model Parameters: 7250 A
o

Experimental spectral transmission for the 10 A interval cen
tered at 7250 A. For this wavelength a straight line fits 
the data well and no pressure coefficient could be determined.
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The transmission points were first fitted to a pure exponential

law (the straight lines in Figures 3 and 4) by the method of least

squares. For this case the least squares method (Whittaker and

Robinson, 1926) defines k asv /

Kv " I Ca;2(-ln T./a.)] /  £ a 2 (9)
V Ml ' ' ' ' 1=1 ' ^  , , ..

where the subscript i denotes observed values from individual spectra
• ' , /

and n is the number of spectra included in the solution. This equation 

is equivalent to taking a weighted average of the absorption coeffi

cients from each spectrum (k  = -[in T.]/a.) with a.2 as the we light.

A weighting factor was included to account for greater uncer

tainty in points near total absorption or near the continuum. Near 

total absorption small errors in T produced large errors in In T.

Points near the continuum were uncertain due to problems in placing the 

continuum. The weighting factor chosen was T* (T-1) for T <, 1 and 

(2-T)*(T-1) for T > 1. The chosen weights were symmetric about T = 1 

so that points with no appreciable absorption would not be biased 

according to the sign of the noise. This distribution of weights was 

rather flat everywhere except near T = 0 and T = 1. The effective 

weighting of T(l-T)a2, including that due to the least squares solution, 

was a maximum at about T = 0.1 (a = 2.3/k ). The weight fell to half 

its maximum value at about T = 0.01 and T = 0.4 (a = 4.6/k^ and 0.9/k̂ .) 

with a rapid fall off outside this range.
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Since the abundance varied over a large range for 6100 to 

10500 A, only the spectra with 0.01 < T < 0.4 (or only the highest abun

dance spectra if the smallest I were larger than 0.4) contributed 

significantly to the determination of Kv• The standard deviation of

k  » e » was calculated according to the standard method of the least 
v Kv
squares technique with weights (Whittaker and Robinson, 1926)

s s / I Cw.a.2^ -k )2]/[(n-1)^ w.a.2] (10)Kv V 1=1 1 . . 1=1 11
where w. is T. (T.-l) if f. S 1 or (2-f.) (T.-1) if T. > 1 .{ i -i i - i 1 8

The points for which a pressure effect was suspected were

removed and the fit repeated. To determine the presence of any pressure 

effect, the standard deviation for the latter fit was compared to that 

including all the data points. If the standard deviation was the same 

for both of these procedures, then a straight line clearly gave as good 

a fit as any other curve to all the data points and no pressure effect 

could be determined (see Figure 4). When a pressure effect was present, 

however, the fit to a straight line was much worse than to curves with 

the pressure effect included (see Figure 3). The correct ordering of 

the different pressure points at each abundance, indicated by the 

appropriate symbols on Figure 3, served as an additional check and evi

dence for the presence of a noticeable pressure effect. This procedure 

gave a reasonably objective way of determining the presence of a pres

sure effect.
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If a pressure effect were present, the absorption coefficient

was determined from the low abundance data, for which pressure effects

are negligible, and the pressure coefficient was determined by solving

the Mayer-Goody equation for y for each point that showed a distinct
Vi

deviation from a simple exponential law:

' ■  , . „ „
i irp. [ i c ^ a , 2 -  ( In  T . ) 2]

A straight average of the pressure coefficients determined for each of 

these points could have been employed, but inspection of Figure 1 shows 

that points with low pressure and high abundance are most sensitive to 

the pressure effect. Thus, the individual pressure coefficients were 

averaged with weights proportional to their abundance and inversely pro

portional to their pressure. A weight proportional to T'(T-l) was also 

included. Thus,

T . V -  V V v / P r  
yv - J=J =—  • <«>I T.O - T )a /p

| =1  ' I I I

A small number of obviously erroneous points were not included in the

fit. The standard deviation of y , e , was then calculated from
V



The absorption and pressure coefficients are plotted against

wavelength in Figure 5. The pressure coefficients do not have the

same resolution as the absorption coefficients but were smoothed out
©

graphically to a resolution of about 25 A. This additional smoothing 

was carried out because it was difficult to distinguish real fluctua

tions from the large statistical variations. Since the band model 

theory required large enough wavelength intervals so that the effects 

of severe fluctuations due to individual lines were smoothed out and the 

pressure effect itself was quite small, such smoothing was felt to be 

quite justified.

The absorption and pressure coefficients derived from 4823 to
O

IO36O A are listed in columns 2 and 4 respectively of Appendix B and 

Tables 1 and 2 respectively of Fink et al. (1977). Only wavelengths for 

which the absorption coefficient was significantly greater than zero are 

listed, but values for the absorption coefficient were determined for 

every wavelength interval and were employed when necessary. Addition

ally columns 3 and 5 of Appendix B contain estimated errors for the 

absorption and pressure coefficient. Since systematic errors were

likely to dominate internal statistical errors for both k  and y , the ' v zv
error listed is a subjective estimate for each wavelength, but in no 

case is the listed error less than three times the calculated internal
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Figure 5. Methane Band Model Coefficients
o

Absorption coefficient, ---- , at a resolution of 10 A any
pressure coefficient   at a resolution of about 25 A
from 4500 to 10500 A. Dashed portions indicate regions 
where the continuum was difficult to determine and the 
absorption coefficient is less accurate.
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standard deviation. The difference in wavelength scales from 4800 to 

8200 A between Fink et al. (1977) and Appendix B is due to an error 

detected after publication of the former. Thus the wavelength intervals 

differ slightly from 10 & in this region.

Non-Linear Least Squares >
. 1 . -

The graphical least squares method just described worked well

fitting the laboratory spectra to the Mayer-Goody equation. The reason 

for the success of this method was that the linear slope was always 

well determined since the pressure effect was quite small. Future 

studies of the major planets will require an understanding of the spec

trum of methane further into the infrared where line densities are 

expected to be much lower and, therefore, the pressure coefficient much 

lower also. Additionally, if band models must be utilized in the study 

of other molecular spectra, pressure coefficients may be considerably 

smaller. For these applications a different technique must be used to 

obtain absorption and pressure coefficients. It is important to estab

lish what systematic differences exist between the different methods 

employed to obtain these coefficients. ,

The graphical least squares method determined the absorption 

coefficient by minimizing the weighted sum of the squares of the resid

uals of In T.. Assuming an absorption coefficient, the pressure

coefficient was found by minimizing the weighted sum of the squares of

the residuals of y in those spectra not used for determining the
vi

absorption coefficient. This did not allow for any point to contribute 

to both determinations. The points used to determine the absorption
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coefficient were biased toward T. too large for this purpose alone due
1

to the small residual pressure effect. Thus the absorption coefficient 

was biased towards values too small, which in turn biased the pressure 

coefficient towards values too large. A method was required that con

sidered both the absorption and pressure coefficient contribution of 

each point in order to eliminate this bias.

Such a procedure was proposed by Goldman, Finkman and Oppenheim 

(1969) and was also used by Woodman (1976). A non-linear least squares 

method minimized the sum of the squares of the relative residuals in

In T., i.e., the residual in In T. was divided by In T.. This was, in 1 1 . 1

general, an improvement over the graphical least squares method in that

it reduced the necessity for a weighting function dependent on T., but|
the actual calculations were considerably more complex and time con

suming.

Ideally, the least squares method should minimize the sum of the 

squares of some quantity which Is equally uncertain in all measurements. 

To a good approximation such a quantity in the laboratory data is T.. 

Minimizing the sum of the squares of the residuals in T. therefore 

requires no weighting function dependent on T., and the non-linear 

method required was no more complex or time consuming than the method 

of Goldman et al. (1969).

The general non-linear least squares method was started with a 

truncated Taylor's series for T. (Whittaker and Robinson, 1926), i.e..



where Tu- was derived from the abundance and pressure of the individual MG.
spectrum and guessed values of k and y . The quantities Ak and Ayv v v v
were corrections required to the guessed values of and y^ such that

if the second and higher derivatives of with respect to k and yMG v V

were zero, then the best k and y in the least squares sense werev v
k +Ak and y +Ay respectively. The quantity to be minimized is EAT.2 ,V V V v I
where AT. is defined as

3Tm g . 3Tm g .
ATi s T i - TMG. = ^  + ^  (Ayv) • (,5)I V zv

The values of Ak and Ay were then derived by the standard linearv v
method of least squares to be
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I VT, - ^ l )  I ( ^ i )  -  I ( a t ,
Ay =

nI
i = 1 1 9yv / i=i x 3kv

3S )  i
i =  1

i 9 kv 1 = 1 9 k  9yv

, /’V.Vn /,T™.V
J A x r - 1

n / 9TMG. dTMG.i .I
i = 1

9 k ay.

(17)

The standard deviations of k  and y , e and e respectively, werev v k  yv v

n / 9THG. \ n

(n-2) "
n / 9TMG.\2 n Z 9TMG.\ 2 nI

L i = 1

9Tmg. 9Tmg.I .
9 k  % 9 y v ' -J

(18)

(19)

where T.“ was the same as T. except employing the newly derived k  ̂ and 

ŷ . The partial derivatives required for equations (14) through (19) 

were computed from the Mayer-Goody formula, equation (2), to be

^MG.ln M̂G.
3 T M G . / 3 k v  T  ' [ 1  "  ( , n  ^ G . 1 / ( 2 t k v  a !y v P l ) ]  ( 2 0 )

I V I
and

3TMG./3yv = T MG.(,n TMG.)3/(2,rKvaiyv2pi) • (21)



For those wave lengths for which a pressure coefficient was not 

determinable, the same general procedure was followed. The variable 

whose sum of squares was to be minimized was again AT., defined as

3TMG,
i Bk ^  *AT. = (22)

The correction Ak to k becamev v

n / 9TMG.
Akv = 1 AT.

1 = 1 ' 3Kv 1

n / 3TMG.I
i = 1 3k (23)

The partial derivative 3TU_ /3k wasMu. v

3TMG.
= — a '

3 k i MG.v I
(24)

and the standard deviation, e , was
Kv

Ek2 =  ̂ (ATi*)2/
Kv 1=1 1 " - " i W

(25)

The non-linear least squares method required an initial guess 

for K^ and, if calculated, ŷ . The new values derived from this method 

were strictly correct only if the second and higher order derivatives
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of T^g were zero. If, however, the initial guesses were close enough 

to the least squares values, the higher derivatives became less impor

tant than the first derivative over the intervals k to k +&k and y toV V V V
. The new values were then closer to the least squares value than

the initial guesses. The method was then iterated with the new values 

used as initial guesses each time until a convergence criterion was met.

Absorption coefficients were usually not significantly different 

between the graphical least squares and non-linear least squares methods. 

Where the absorption coefficients were large, however, the non-linear 

least squares method produced systematically larger coefficients by 

about twice the standard deviation. The pressure coefficients were 

generally smaller at these wavelengths in the non-linear least squares 

solution again typically by twice the standard deviation. These differ

ences were in the direction anticipated for systematic errors between 

these two methods as described previously.

Appendix B lists the non-linear least squares band model coeffi

cients. Columns 6 and 7 are the absorption coefficient and its standard

deviation for a solution without the pressure effect. Columns 8 

through 11 list absorption and pressure coefficients and their standard 

deviations for a solution with the pressure effect. Solutions with the 

pressure effect are given for all cases in which the pressure effect was 

considered significant using the graphical least squares method and for 

some immediately adjacent wavelengths. Solutions without the pressure 

effect are given for all wavelengths (except some where the pressure 

effect was very pronounced) for which an F test (Pollard, 1977,
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pp. 280-283) gave an F value of 8 or greater when the solution was 

compared to one in which the mean transmission did not depend upon 

the abundance. Almost all obviously erroneous spectra were weighted so 

low by this method that the solution was not significantly affected 

resulting only in somewhat larger standard deviations in some cases.

Many of the points that were excluded in the graphical least squares 

method had large errors in In T due to small residual transmissions but 

much smaller errors in T.

Error Analysis

The standard deviations of the non-1inear least squares method 

assumed that the first derivatives of T^g did not change significantly 

over the error interval. For wavelengths where the absorption and pres

sure coefficients had uncertainties small compared to their actual 

value, this assumption was well met. However, pressure coefficients 

frequently had relatively large errors and equation (21) indicates that 

3T^g /9y^ was strongly dependent on both yy and , particularly for

high pressure and low abundance (k a. «  Try p.) cases. Errors in theseV I  V I

cases must be considered to be larger than the standard deviations 

derived and stated in Appendix B.

Errors were introduced in the band model coefficients by the 

quality of the spectra themselves. Four such factors were the intrinsic 

noise in the spectrum, the accuracy of the pressure and path length 

determination, the choice of the zero level (scattered light) and the 

choice of the continuum level. The noise level in the spectra was of 

the order of 1% of the continuum but this was reduced somewhat by
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averaging over 10 A intervals. The determination of the path length was 

accurate to 0.1% and that of the pressure to 0.2% for high pressure and 

2% for low pressure cases. Since there were large regions in some 

spectra for which absorption was total» the accuracy of the zero level 

and any scattered light contribution was checked easily and found to 

contribute less than 1% error except when points close to total absorp

tion were considered. The most difficult problem was the exact 

determination of the continuum level. It was determined visually for 

all the spectra before any analysis had started. For the high abundance 

spectra this process was aided greatly by having a series of spectra 

from low to high abundance available. Uncertainties of several percent, 

possibly ranging up to 10 or 15% in particularly dubious situations 

(saddles between major absoprtions and near the ends of the spectra),
O

were estimated for this source of error. The region above 10000 A is at 

the instrumentation limit and required a continuum extrapolation rather
Othan interpolation. The weaker bands of methane below 6100 A required 

longer path lengths and encountered more experimental difficulties, 

resulting in fewer spectra. The continuum character of the absorptions 

made it more difficult to place the continuum level. Thus, the bands 

are shown more extended than Lutz et al. (1976), and the regions between 

the bands may be filled in more than indicated by either set of data.

Although in this study the Doppler half-width exceeded the 

Lorentz half width at pressures below about 0.25 atm, its effect on the 

data was minimal. Even when the Doppler half-width is larger than the 

Lorentz half-width by as much as a factor of three, the Lorentz profile
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dominates the line shape and the curve of growth. More important, 

however, an inspection of Figure 3 illustrates that low pressure points 

had very little influence on the determination of the pressure coeffi

cients.
O

Since 35 independent spectra were recorded from 6100 to 10500 A 

(all of which were used to obtain the final coefficients at each wave

length in this interval), it is hoped that some of the errors in the 

continuum placement, as well as those due to the other sources described 

dbove, averaged out. At shorter wavelengths, however, the fewer spectra 

available leave a larger probability of uncompensated systematic errors.

Discussion

A pressure effect was measured only for the absorption at 8870
Oand 9900 A, because only these bands were strong enough that a departure 

from simple exponential absorption became evident at the longest path 

lengths used (see Figure 3). For absorptions at shorter wavelengths, 

long enough path lengths were not employed to obtain a measurable pres

sure effect except for possibly a few points near the center of the 

7270 A absorption where a pressure coefficient larger than 5 atm”1 was 

indicated. Since these bands should be considerably more complex than 

the bands at 8870 and 9900 A, a weaker pressure effect can be expected. 

Thus a lower limit for the y^ value of about 10 atm"1 can be reasonably 

assumed for these bands. The pressure coefficient for the 8870 and
o

9900 A bands shows a structure across each band which closely parallels 

that of the absorption coefficient. This behavior is consistent with a



closer line spacing and more complex structure in the centers of the 

absorption regions.

Methane spectra in the visible have also been measured by 

Lutz et al. (1976)» Woodman (1976), Giver (1978) and Ramaprasad,

Caldwell and McClure (1978). The Woodman work is the Only one that 

tabulates band model parameters with wavelength. He, however, was 

limited to at most six spectra at any wavelength and he recorded no 

pressures less than 500 mm Hg and no abundances greater than about 

0.2 km-amagat. His pressure coefficients of 0.01 to 3.1 atm-1 indi

cated a spuriously large pressure effect. This was probably due to 

errors in his choice of the continue. The error also substantially 

affected his absorption coefficients and no meaningful comparison with 

the results of this study could be made. Ramaprasad et al. (1978) took 

spectra of liquid methane and from them estimated the total band 

strengths in the gaseous phase. Those estimates were in good agreement 

with the present work.

To obtain the best band model parameters, it was felt that com

bining the results of Lutz et al. (1976) and Giver (1978) with the 
present study might help to eliminate systematic errors. Results appear 

in Figure 5 and Table 7; details are described in Appendix C. Since 

neither of the other two investigators determined pressure coefficients, 

the pressure coefficients from the graphical least squares method were 

used directly and are displayed in Figure 5 and listed in Table 8.

Other than the work of Woodman (1976) whose pressure coeffi

cients were significantly in error, no band model pressure coefficients
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Table 7

Absorption Coefficients (Km-amagat-1)

Wavelength 

A oo 10 20 30 40 50 60 70 80 90

10,300 2 .3 2.2 1.7 1.9 1.4 1.2 1.1
10,200 5.7 6.6 • 4.6 5.3 4.1 4.5 3.7 4.0 2 .7 3 .0
10,100 11.5 11.6 11.5 10.4 10.2 ■ 9.9 > 9 :3 7*6 6 .9 6.2
10,000 14.0 12.2 12.2 11.9 12.1 13.1 12.9 10.9 10.3 11.49,900 13*1 13,2 10.6 10.5 10.7 13.5 14.7 12.2 13-1 15.1
9,800 8.3 6.7 8,4 9.6 7.9 7.1 8.3 9.7 14.8 14.0
9,700 6.3 8.0 4 .6 4.8 5.3 5.5 5.5 6.2 7.0 8.29,600 1.32 1.62 2.3 2.4 2.2 2.7 2,5 2 .4 2.7 4.0
9,500 - 0.31 0,31 0.35 0.45 0.57 0.92 0.92 1.15
9,400 *=* - - » ■ - • - -
9,300 » » - - . • ® -

9*200 0.39 0.34 0.29 0.22 - - = T
9,100 1.58 1.46 1.18 1.16 0.91 0.85 0.83 0.69 0.46 0.41
9,000 12.4 11.0 9.2 7.1 5.8 4.7 3.9 2.82 2.46 1.78
8,900 20.5 21 *1 19.5 19.8 21.7 21.4 18.8 14.3 12.1 13.7
8,800 13.2 18.5 24.1 23.9 20.4 14.9 17.9 31.1 29.2 24.8
8,700 2 .5 2,2 1.9 1.8 1.9 2.0 2.2 2 .4 3-6 7.7
8,600 4.5 4.9 4.7 3.9 4.1 4.3 3.6 3.3 2.8 2.4
8,500 0.35 0.45 0.62 0.79 0.99 1.23 1.60 2.2 2.9 3.4
8,400 0.46 0.69 0.71 0.38 0.54 0.40 0.37 0.36 0.35 .0.30
8,300 o <= - - 0.37 0.52 0.52 0.58 0.55
8,200 - ■ •«=» » -=• ®-
8*100 0.37 0.33 0.27 0.24 - 0  • - ® -
8,000 0.94 0.84 0.82 .0 .7 6 0.72 0.63 0.57 0.50 0.42 0.39
7,900 0.71 0.76 0.89 0.91 0.84 0.91 0.91 1.02 1.06 1.03
7,800 0.49 0,53 0.52 0.64 0.78 0.71 0.69 0.74 0.76 0.73
7,700 =» » 0.18 0.26 0.26 0.27 0.28 0.29 0.35 0.43
7*600 - - - - - - •
7,500 • • e - ® - ® ®
7,400 => => - - - • - =
7,300 2.6 2.11 1.79 1.64 to  3 3 0.96 0.72 0.57 0.39 0.28
7*200 1.34 1.54 1.80 2.46 2.8 3.1 3*2 3.4 3.5 2.9
7,100 e = - 0.17 0 .3 1 0.52 0.68 0.98
7*000 0,22 0.28 0.26 0.24 0.22 0.20 0.17 °- - -
6,900 0.019 0.018 0 .0 1 8 0.025 0.035 0.045 0.060 O.O83 0.114 0 .151
6,800 =. 0.023 0.034 0.045 0.032 0.028 0.028 0.024 0.020
6,700 0.12 e => » - - - • -
6,600 0.12 0.12 0 .13 . 0.13 0.13 0.14 0.14 0. 14 0.13 0.12
6,500 «= ■ » » ® 0.11 0.12 0.12
6,400 c» e» <*. e • • a. «-

6,300 =»' - - - e -

6*200 0.5 0 .4 0.4 0.3 0.22 0.20 0.13 0.08
6,100 0.067 0.086 0.12 0.17 0.24 0.29 0.36 0:44 0.51 0.5
6,000 0.035 0,035 0.033 0.030 0.027 0.043 0.043 0.043 0.048 0.056
5,900 0.012 0.018 0.018 0.020 0.026 0.028 O.031 0.032 0.033 0.035
5,800 0.016 0.013 0.012 0.011 0.010 0.009 0.008 0.008 0.010 0.011
5,700 0.015 0.017 0.018 0.020 0.021 0.024 0,025 0.023 0.021 0.020
5*600 =* =• 0.005 0.007 0.007 0.008 0.009 0.009 0.011 0.013
5,500 » - - - - - - -
5,400 0.060 0.079 0.10 0.11 0.10 0.09 0 .062 0.039 0.023 0.015
5,300 0.017 0.017 0.017 0.016 0.016 0.018 0,021 0.028 0.037 0.047
5,200 0.006 0.006 0.009 0.010 0.011 0.011 0.012 0.012 0.014 0.016
5,100 0.014 0.013 0.011 - - -
5*000 =» - =* - - 0.010 0.011 0.012 0.012 0.013
4,900 • • «* - -
4,800 m 0.009 0.011 0.013 0.024 0.030 0.026 0.010 •
4,700 a. c. - • ® • -
4,600 0.012 0.008 a. - - e - -
4,500 - e ® - => • - •

4,400 0.006 0.011 0.009 0.006
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Table 8.

Pressure Coefficients (Atm-1)

ive length
eA 00 10 20 30 40 50 60 70 80 90

10,100 6. 6i 6. 6. 6. 6. 6. 6. 6. 6.

10,000 to. 9. 8. 7. 7. 7. ■7. 7. 7. 7.

9,900 10. 8. 7. 7. 8. 9. 10. 10. 10.

9,800 7. 7. 6. 5. s. 7. 8. 9. 10. 11.

9,700 4. 4. 3. 3. 3. 4. 5. 5. 5. 6.

9,600 GO «= •*" 00 «=. 3.

9,500 e™ '=* <= -

9,400 = =* *= =* 00 " -

9,300 = " - ” '=* - * •= 6=

9,200 - “ ”* " — ” “ »

9,100 = <= ” = “ - ” =*

9,000 8. 7. 7° 6o 6. So 5. - «”

8,900 14. ■ 14. 14. 13. 12. 11. 11. TO. 9. 9.

8,800 11. 12. 11. 11. 10. 11. 12. 13. 14. 14.

8,700 =• ■ — “ ” - 4. 7.

8,600 5. 6» 6o 6. 6. 5. 5. - —

8,500 °= - - - 5.
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for methane have been carried out on experimental data. Comparison Of 

the present pressure coefficients to other measurements must therefore 

refer to band model parameters derived for other molecules.

The random band model was applied by Howard, Burch and Williams 

(1956) to their experimental data for the 1.1, 1.4, 1.9, 2.7 and 6 .3 y 

water vapor bands. A universal transmission curve of the form of 

equation (2) gave a reasonable fit to all their bands with a constant 

value of 0.10 atm™1. Goldman and Oppenheim (1965) carried out a 

band-model analysis of the 1.9 and 2.7 y H^O bands at 1200 K and 

obtained somewhat higher y^ values of 0.13 and 0.24 atm™1 respectively. 

Since line density increases at elevated temperatures, higher values for 

the pressure coefficient are to be expected. A temperature of 1200 K 

was also used by Oppenheim and Ben-Aryeh (1963) and by Kunimoto and ) 

Osumi (1975) to analyze the 4.3 y band of C02. Their results were not 

in perfect accord, however, since the former obtained a yy value of 

2 atm”1 and the latter 1 atm”1. A brief summary of model parameters for 

bands farther in the infrared was given by Rodgers and Walshaw (1966). 

All of these data exhibit y values ranging between 0*10 and 1.0 atm™1, 

being somewhat higher at elevated temperatures. These values compare ' 

reasonably well with theoretical estimates which can be carried out, for 

example, from the extensive compilation of line parameters for the 1.9 

and 6 .3 y bands of water vapor by Benedict and Ca1 fee (1967)•

In contrast, the yy values derived in this study were consid

erably higher. In fact, they appear to be the highest values thus far 

derived in band model analysis, ranging between 3 and 14 atm”1 for the
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bands at 8870 and 9900 A. Values could not be determined for the bands 

at shorter wavelengths. Thus the methane bands studied appear to be 

considerably more densely populated with lines than the water vapor 

bands which are already qtiite complex. A y^ value greater than 1 means, 

of course, that the half-width of the lines is larger than the average 

line spacing, so that the spectral lines overlap severely and a pseudo- 

continuum results. Measurements of the pressure broadening coefficients, 

for methane yield values of 0.085 cm"1/atm for self broadening and 

0.075 cm"1/atm for hydrogen broadening independent of the transition 
involved or of the rotational quantum number (Rank, Fink and Wiggins,

1966; Varanasi, 1971). If, therefore, physical meaning is ascribed yy 

values, rather than treating them solely as a fitting parameter, an 

average spacing between the lines of 0.01 cm"1 can be estimated.

For the methane bands studied, such a high line density is, in

retrospect, not unexpected and physically quite reasonable. Table 5

in Dick and Fink (1977), shows that each absorption region contains at

least hundreds, if not thousands, of vibrational transitions. At room

temperature lines up to about J = 10 should be easily excited, so that

with 3 branches to a band and a (2J+1)2 degeneracy for each rotational

transition several hundred lines can be expected for each band. For

the 1000 A extent of the 8870 and 9900 A absorptions, a line spacing of 
o

0.01 A is thus clearly within theoretical estimates, while the line 

density should be even higher for bands at shorter wavelengths.

Inspection of Figure 5 and the spectra in Appendix A does in 

fact show that the fine structure in the spectrum slowly disappears



otowards shorter wavelengths. Some of. these bands below 6000 A were also 

studied by Lutz et al. (1976). Their empirical curve of growth of the 

equivalent width versus the abundance showed no dependence on pressure 

and thus corroborates the pseudo-continuum structure.

A behavior that can be ascribed to the same cause was also 

exhibited by the series of high abundance measurements for the 6825 X 

band in Figure A36, For this- region increasing the abundance did not 
noticeably increase the absorption of individual prominent lines, but 

merely had the effect of increasing the continuum absorption. Individ

ual lines, therefore, cannot be used to determine a methane abundance as
■ . <

has been attempted by Belton and Hayes (1975) and Bergstralh (1975)> or 

the methane amount may be severely underestimated. High resolution 

spectra of this band by Lutz and Owen (1976) also show a more complex 

structure at higher resolution instead of the lines of a well defined

band, so that this region cannot be identified as the 5v band.
3

One interesting aspect of Figure 5, on which the logarithm of 

the absorption coefficient is plotted against wavelength, should also 

be pointed out: a reasonably straight line can be drawn through the-

peaks of the absorptions attributed to the odd number of bends starting 

at 9900 X, and simi larly for the members of the even numbered bends 
starting at 8870 X (see Table 4 in Dick and Fink, 1977)- This fact and 

the roughly constant wavenumber difference between the bands was used 

to make an estimate of both the position and strength of the bands at
O

4410 and 4600 A measured by Lutz et al. (1976), but not by us. The 

agreement between our estimate and their measurement was quite close as
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can be seen in Figure 5 where their data have also been plotted. This 

method may be extended for estimating strengths of methane bands at 

even shorter wavelengths» where inordinately Targe amounts of methane 

would be necessary for their investigation in the laboratory.

To illustrate the use of the absorption coefficients and check 

their consistency with the data, spectra have been synthesized for every 

one of the experimental conditions used. This procedure showed up con

tinuum errors for individual spectra quite clearly. Examples of such 

spectra are shown in Figure 6,for two different experimental conditions. 

It can be seen that the fit to the experimental data is quite good and 

that the synthetic spectra follow the real spectra quite closely except 

for the slightly reduced resolution. Thus the derived absorption coef

ficients allow interpolation between conditions not specifically 

recorded and also reasonable extrapolation of the data outside of the 

experimental conditions.

Perhaps the most unexpected result of this analysis was the 

smallness of the pressure effect. At the outset of the investigation 

it was hoped that a pressure coefficient of sufficient magnitude could 

be established to allow a pressure determination for the atmospheres of 

the major planets. This did not turn out to be the case. For nearly 

all values of the pressure and the abundance studied, the transmission 

followed a pure exponential law quite well. A stronger pressure effect 

must be encountered when the pseudo-continuum character of the spectrum 

goes over into a more definite line structure. This should occur for 

the relatively simpler bands in the infrared and one probably has to go
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0053

cm"1

Figure 6. Synthetic Methane Spectra 
(a) 30 m-amagat

Synthetic spectrum fit with absorption and pressure coeffi
cients from columns 2 and 4oof Appendix B and equation (2). 
The reduced resolution (10 A) of the synthetic spectra is 
quite apparent. Conditions for Figure 6 (a) (same as 
Figure A24) are: 0.62 km, 0.053 atm CH4, 0.030 km-amagat
CH^. Conditions for Figure 6 (b) (same as Figure A26) are: 
O.o2 km, 0.22 atm CH^, 0.122 km-amagat CH4.
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Figure 6. Synthetic Methane Spectra (Continued) 
(b) 122 m-amagat
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to these to obtain a usable pressure effect. The present spectral 

region, on the other hand, offers the opportunity to obtain abundance 

determinations that are not dependent on the atmospheric pressure, as 

is usual in spectroscopic analysis.

The present analysis provides a reasonably complete picture of 

the methane absorption spectrum up to about 1 p. Thus, an interpreta

tion of the methane absorption in the spectra of the major planets can 

be attacked from a sounder basis. These absorption coefficients have 

been applied to Jupiter by Wallace and Smith (1977) and to Uranus by
I

Trafton (1976), in addition to the studies reported in the following, 

sections of this thesis.



CHAPTER 3

URANUS AND NEPTUNE

The spectra of Uranus and Neptune contain methane bands much 

stronger than those of Jupiter or Saturn. Indeed, no laboratory methane 

spectrum has yet matched the equivalent widths of the bands in the blue 

portion of the spectrum of these two planets. Large discrepencies 

between various abundance estimates for these two planets in Tables 1 

to 4 are the result of inadequate laboratory data and oversimplified 

modeling Of the atmospheres of Uranus and Neptune. In this chapter the 

laboratory data of Chapter 2 are applied to these bodies with various 

models of atmospheric structure. If these are compared to abundances 

determined from the molecular hydrogen spectrum, a mixing ratio of 

carbon to hydrogen could be derived. This ratio would constrain cosmo- 

chemical models of the formation of these planets. Further, only when 

the spectral features of methane and molecular hydrogen are understood 

can other atmospheric constituents be identified in the spectrum.

A number of atmospheric models have been suggested for Uranus. 

Belton et el. (1971) proposed a semi-infinitive purely molecular atmo

sphere. Danielson, Tomasko and Savage (1972) found that this model did 

not match the center to limb brightness variation of their images from a 

balloon, but proposed a Lambert surface under a deep and clear atmo

sphere. Upon the basis of expected compositions, temperatures and 

pressures, Prinn and Lewis (1973) and Weidenschi11ing and Lewis (1973)

46
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proposed that a methane cloud should form from 0.4 to 1.0 atm and an 

ammonia cloud should form from 4 to 10 atm. Danielson (1974a) argued 

- that the methane cloud must be thin; if not, methane absorption would 

not be seen. Trafton (1976) has also considered a similar model in 

which he finds 543 km-amagat of molecular hydrogen between the clouds, 

107 km-amagat above the upper cloud and 68 km-amagat in the upper cloud. 

In this chapter, the laboratory band model coefficients derived 

in Chapter 2 are utilized with several models to attempt a match of the 

spectra of Uranus and Neptune. The atmospheres in al1 of the models are 

considered to be uniform over the planets and a phase angle of zero is 

assumed. The axial t?It of Uranus may induce strong differences between 

areas of the planet that face sunlight either continuously for decades 

of face St only briefly during each rotation. Nonuniformities other 

than simple limb brightening or darkening over the visible hemisphere 

have been detected by Sinton (1972)» Be 1 ton and Vesce1 us (1975) and 

Franz and Price (1977)« These asymmetries may be small enough to make 

no difference, or the modelS may be considered as a planetwide average. 

The conditions in these atmospheres require the use of abundances 

greater than those in the laboratory methane spectra, so the band model 

coefficients are being extrapolated to a point where the uncertainties 

in the synthetic Spectra are considerably larger than the noise level 

of the laboratory spectra. The temperatures of the atmospheres of 

Uranus and Neptune are much lower than that of the laboratory, but the 

effect of temperature on the spectrum is unknown. The room temperature
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laboratory band model coefficients are employed and a discussion in 

Appendix D explains why lower temperature is not likely to change the 

results too much.

The next section discusses the spectra of Uranus and Neptune and 

presents spectra in the form most useful for model analysis* The 

following three sections present the reflecting layer model, the semi- 

infinite isotropic homogeneous scattering model and the haze layer 

model and apply these models to the spectrum of Uranus. Following that 

is a discussion of these models applied to Neptune. A discussion of the 

results and the conclusions complete the chapter.

Spectra

Table 9 summarizes geometric albedo determinations for Uranus 

and Neptune. In addition, Dr. Jerry Woodman (private communication) 

provided in digital form the ratio Spectrum of Uranus to the moon from
f

4500 to 6900 A at 4 A resolution which was used by Owen et al. (1974), 

Encrenaz et al. (1974) and Owen and Cess (1975). Trafton (1976) dis

plays sections of the spectrum of Uranus between 6200 and 10800 & at 

better than 10 A resolution fitted to the geometric albedos of 

Younkin (1970)„ Mostly for comparison purposes for Pluto and Triton 

(Chapter 4) spectra of Uranus and Neptune from 6800 to 9000 A were also 

obtained at the Steward Observatory 229 cm telescope with a three stage 

Varo image tube attached to the Cassegrain spectrograph. The resolu

tion of these spectra is 5 X. These spectra were ratioed to those of 

solar type stars observed just before and after the planetary spectra. 

Further details are given in Chapter 4.



Table 9.

Published Geometric Albedos of Uranus and Neptune

Planet Type of Observation Wavelengths (A)
Average 0 

Resolutibn (A) Source

Uranus Photometry UBVR! Harris (1961)

Spectrophotometry 3300-11000 50 Younkin (1970)

Photomet ry 3150-10600 1000 Appleby and Irvine (1971)

Spectrophotometry 3400- 7500 14 Bygaenko (1972)

Spectrophotometry 6000-22700 2000 Binder and McCarthy (1972)

Spectrophotometry 3000-11000 200 Warnstekef (1973)

Neptune Photometry UBVR1 Harris (1961)

Photometry 3140- 6270 500 Appleby (1973)

Spectrophotometry 3000-11000 200 Warnsteker (1973)

-fc~
VO
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The geometric albedos derived by the investigators in Table 9 

have several sources of uncertainty. Their accuracy depends first of 

all upon the error in the square of the diameter of the planet. Balloon 

imagery and observations of stellar occultat ions have set the uncer

tainty of the diameter at <1%. It also depends upon the absolute 

calibration of the comparison objects and the absolute calibration of 

the intensity of the sun. These uncertainties and those in the plane

tary intensity measurement are each generally of the order of several 

per cent. IntercOmparison of various investigators' measures is com

plicated by differences in resolution and a lack of consistent 

observations over long periods of time to determine whether there are 

any temporal spectral variations.

Spectral atmospheric models are comparable to the planetary 

geometric albedo. The low resolution geometric albedos of previous 

investigators could not be used directly since their resolution was
O

considerably lower than the 10 A of the methane band model coefficients 

and thus also the model. Therefore, the spectrum obtained in this study
O

and the spectrum provided by Dr. Woodman were reduced to 10 A averages 

matching the wavelengths for which band model coefficients were derived. 

The resulting spectra were then fitted to the geometric albedos of 

Younkin (1970) corrected from a diameter of 47,200 km (3V39 at 19.19 All) 

to a more accurate diameter of 51,800 km (3I.I72 at 19.19 AU) as pub

lished by Danielson et al. (1972). The latter diameter from balloon 

borne imagery was recently confirmed by the occultat ion diameter of 

52,400 km at the 1 pbar level of the atmosphere (Elliot et al., 1978).



These geometric albedos were combined with the geometric albedos of 

Trafton (1976) from 8800 to 10780 A who derived them in the same manner.

The resultant albedo spectrum from 4480 to 10780 A is displayed 

in Figure 7 with some of the geometric albedos from Table 9 also 

included for comparison. The spectrum of Neptune from this study was 

similarly fitted to the geometric albedos of Warnsteker (1973). The 

diameter of Neptune was assumed to be the stellar occultation diameter 

of 49,200 km (Bixby and Van. Flandern, 1969). The result from 6800 to 

8800 & is displayed in Figure 8 with the geometric albedos from the 

works of Table 9 included for comparison. Also displayed for comparison 

are the geometric albedos of Uranus.

Reflecting Layer Model

The reflecting layer model is the simplest model that can be 

applied to the spectra of planetary atmospheres. It consists of a 

clear, non-scattering layer of gas above a Lambert surface and is the 

basis of the analyses in Tables 1 and 2. The simplicity of the model 

has led to its universal use for first analyses of planetary atmo

spheres. In the cases of Uranus and Neptune, however, the model does 

not work well.

Figure 9 displays the spectrum of Uranus and two reflecting 

layer model spectra in the high pressure limit with line of sight 

abundances of 5 and 10 km-amagats of methane. The laboratory absorption 

coefficients at wavelengths less than 5400 A have relatively large 

uncertainties; thus this portion of the synthetic spectrum was very 

noisy and omitted from the figure. The 10 km-amagat spectrum
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* Younkin (1970)
-<>■ Warnsteker (1973)
*  Appleby and Irv ine (1971)

d Binder and McCarthy (1972)

* Harris (1961)
0.5:

0.0
5 0 0 0 0000

WAVELENGTH (A)

Figure 7. Geometric Albedo Curve of Uranus

A 10 A resolution spectrum of Uranus which has been fitted to 
the geometric albedos of Younkin (1970). The section from 
4480 to 6890 X is from the spectrum of Woodman (private 
communication), 6900 to 8800 X is from this work and 8810 to 
10780 X is from Trafton (1976). Also shown are some other 
available lower resolution geometric albedos adjusted to the 
radius of Danielson et al. (1972).
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-O-Womsteker (1973) 

❖ Harris  (1961)
0 .3

0.2

•\. y

0.0
7 000 8 0 0 0

WAVELENGTH (A)

Figure 8. Geometric Albedo Curve of Neptune

A 10 & resolution spectrum of Neptune which has been fitted 
to the geometric albedos of Wamsteker (1973)• The geometric 
albedo is too low in the telluric 02 band near 7600 X due to 
an air mass mismatch between Neptune and the solar type com
parison stars. Also shown are other available lower 
resolution geometric albedos adjusted to the radius of Bixby 
and Van Flandern (1969). The geometric albedo of Uranus is 
displayed as a dashed curve for comparison.
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Reflectng Loyer Model

lOKm-omogot0 5

_  _  Iw

uronus

QO

Figure 9. Reflecting Layer Model Compared to Uranus

Reflecting layer model synthetic spectrum with 5 and 
10 km-amagat of methane in the high pressure limit in the 
line of sight and the composite spectrum of Uranus from 
Figure 7. The zero levels are displaced as indicated. The 
band model coefficients from the graphical least squares 
method were used (see Appendix B).
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Oapproximately matches Uranus in the 5760 and 5970 A bands and in the

O
wings.of the very broad bands at wavelengths greater than 8000 A. How

0ever, the band centers from 7270 to 9900 A are completely saturated in
o

disagreement with the Uranus spectrum. The bands at 5430 and 7030 A in 

the Uranus spectrum are better matched by the 5 km-amagat synthetic 

spectrum. On the other hand, the band at 6190 A requires less methane 

and the centers of the bands at 7270, 7900, 8870 and 9900 A are still 

saturated. A match to the center of the 8870 A band requires only about 

150 m-amagat. Thus, the abundance of methane for Uranus derived from 

the reflecting layer model is not consistent from band to band. This 

explains much of the large discrepancies in Table 1.

The residual intensities at the strongest parts of the 8870 and 

9900 & bands are the most severe problem with the simple reflecting 

layer model. The fit in these bands could, however, be improved by 

using lower pressures. The bands at shorter wavelengths have smaller 

pressure effects (unmeasurable in the laboratory spectra) than those at 

8870 and 9900 A. Applying these pressure coefficients to the 8870 and
O9900 A bands and assuming a line of sight abundance of 5 km-amagats 

requires a base pressure of about 0.02 atm for the 8870 A band and about 

0.03 atm for the 9900 & band. For an air mass of 3, a planetary mass of 

8.7 x 1028g (Allen, 1973) and a radius of 25,900 km (Danielson et al., 

I972), the base partial pressure of 5 km-amagat of methane would be about 

0.1 atm. This is clearly contradictory. The discrepancy becomes worse 

when the pressure due to other atmospheric constituents is added. From 

Table 4 it is apparent that molecular hydrogen is more abundant by
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number than methane by at least two orders of magnitude. Thus the 

simple reflecting layer model fails to explain the spectrum and other 

models must be considered.

Semi-infinite Isotropic Homogeneous Scattering Model

The residual intensities of the strongest methane bands in the 

Uranus spectrum require some scattering in the atmosphere. The simplest 

such model is the semi-infinitive isotropic homogeneous scattering model 

which consists of uniformly mixed isotropic scatterers in a semi- 

infinite atmosphere. This model was employed by Belton and Hayes (1975) 

and Bergstralh (1975) in their analysis of the 6825 X feature of the 

Uranus spectrum. The analysis assumed that the several regularly spaced 

features could be identified as rotational lines of the 5vg band of 

methane (Owen, 1966). This was later shown to be incorrect (Lutz and 

Owen, 1976)° A general analysis of a much larger section of the spec- 

trum would therefore be better.

The Mayer-Goody band model equations (2), (4) and (5), however, 

are not multiplicative. Thus, neither of the methods of solution of 

the semi-infinite isotropic homogeneous scattering model (Chandrasekhar, 

1950; Hansen, 1969) is applicable to these statistical band models.

But, the high pressure limit of the Mayer-Goody model (equation [6]) is 

multiplicative. For the acceleration of gravity of both Uranus and 

Neptune, the variation of abundance with pressure is such that for even 

a 100% methane atmosphere this high pressure limit is valid for all 

methane bands below Ip.
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The geometric albedo derived from the semi-infinitive isotropic 

homogeneous scattering model depends only on one parameter, the single 

scattering albedo 0^ defined as

Bo * ksca/(ksca + W  <26)

where k is the volume scattering coefficient and k . is the volume- sea abs ' - - ■
absorption coefficient- The volume absorption coefficient is the sum of 

the particle volume absorption coefficient, and the gas volume

absorption coefficient, Equation (26) thus becomes

®o * ’/(1 + k=bs/ks=a * kabs/ksca>

The term k9. /k 5 k a is the optical depth of the gas per scattering3DS SC3 V
mean free path, where is the absorption coefficient of the gas as

defined in Chapter 2 and this defining a, the abundance of the gas per

scattering mean free path- The particle single scattering albedo isP
defined as

P ’ + kabs/ksca
(28)

Thus, the particle absorption term is k̂ , /k = (1 - to )/to , or foraos sea p ■ pP P
to close to unity, k*3, /k - 1 - 5) . p 7 ’ abs sea p

From fij the geometric albedo was computed for Isotropic scatter- 
°

ing from the H functions of Chandrasekhar (1950) and checked by the



doubling method of Hansen (1969). Small changes in near unity create

relatively large changes in the geometric albedo, but the dependence is

much less sensitive for smaller values of S , For £5 = 1.00 the geo-o o
metric albedo is 0.69, for & = 0.99 it is 0.54 and for # = 0.98 ito o
becomes 0.48*

To match the spectrum of Uranus only two parameters were varied, 

namely ffi and a. The particle absorption term may be found from the 

geometric albedo at wavelengths for which = 0  so that the gas 

absorption term will be eliminated. In practice, the geometric albedo 

was found to be sensitive to smaller values of than were available 

from the laboratory data. Thus, only an upper limit (0.002) to the par

ticle absorption term could be calculated at 5150 A which had the 

maximum geometric albedo of 0.62. The variation with wavelength of this 

term is unknown, but as a first approximation it was taken to be 

constant.

For the large abundance of methane required, k a >> k*\ /k3 v abs sea
except for points very close to the continuum. For all wavelengths

Ogreater than 5700 A, 35 is sufficiently smaller than unity to make theo
effect of the particle absorption term negligible on the geometric 

albedo. Thus, except for the highest albedo sections of the spectrum, 

the value of the volume particle absorption coefficient does not matter 

as long as it is not several times larger than its upper limit at
O5150 A. The single scattering albedo, then, depends almost entirely on 

a*. The value of a depends only on the known gas volume absorption 

coefficient and the unknown volume scattering coefficient, so any
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variation with wavelength of a must be due entirely to changes in the 

volume scattering coefficient.

The methane spectrum was synthesized using a value of 0.0019 

for the particle absorption coefficient and various values of a. The 

best fit was obtained for an abundance per scattering mean free path of 

1.0 km-amagat; The top curve of Figure 10 displays the synthetic meth

ane spectrum for these conditions. No variation of a with wavelength is 

required. Most bands fit the Uranus spectrum quite well, but a few sig

nificant differences can be noted. The residual intensities in the 

727O, 8870 and 9900 A bands match well except for the relative inten

sities between the latter two bands. The spectra by Younkin (1970) and 

Trafton (1976) disagree on the geometric albedo in these bands. Both 

also disagree with this model by displaying a significantly higher
O O

albedo in the 8870 A band. The 6825 A band has a lower albedo on the 

Uranus spectrum than on the synthetic spectrum and the region from 

about 78OO to 9000 A does not fit well. The latter fit may be improved 

somewhat by inclusion of the 3-0 pressure induced dipole absorption of 

molecular hydrogen from about 7800 to 8500 A. This is insufficient to 

produce thh extra absorption needed at 8700 A, however, and additional 

methane abundance would make the fit to the already overmatched 8870 A 

region even worse. The 4-0 pressure induced dipole spectrum of molec

ular hydrogen cannot improve the fit to the 6825 A band since the
l Ohydrogen spectrum is stronger at 6400 A where it displays no large 

effect upon the Uranus spectrum.
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Figure 10. Comparison of Semi-Infinite Isotropic Homogeneous Scattering 
Model, Haze Layer Model and Uranus.

Synthetic spectra from two scattering models and the compos
ite spectrum of Uranus from Figure 7. For the semi-infinite 
isotropic homogeneous scattering model the single scattering 
albedo due to particles only is 0.9981 and the abundance of 
methane per scattering mean free path is 1.0 km-amagat. For 
the haze layer model the optical depth of the haze varies 
from 0.5 at the shortest wavelengths to 0.02 at the longest 
wavelengths as described in the text. The single scattering 
albedo of the haze is 0.995, the Lambert reflectivity is 0.9, 
and the column abundance of methane is 2.5 km-amagat with 
the high pressure limit assumed. The zero albedo levels are 
displaced as marked. The band model coefficients from the 
graphical least squares method were used (see Appendix B).
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If the semi-infinite isotropic homogeneous scattering model is 

applicable, a lower limit to the CHlf/H2 ratio may be calculated. The 

constant value of a with wavelength indicates that the major scattering 

mechanism is not Rayleigh scattering which depends inversely upon the 

fourth power of the wavelength. Thus, the volume scattering coefficient 

due to Rayleigh scattering must be much s m a l l e r  a t  all wavelengths than 

that due to all sources in the model or some variation with wavelength 

would be apparent. A lower limit for the CH^/I^ ratio may be calculated 

if it is assumed that all of the scattering at short wavelengths is due 

to Rayleigh scattering. The resulting lower limit for 5400 A and an 

a b u n d a n c e  of methane per scattering mean free path of 1.0 km-amagat is 

2.6 x 10~3, that is a carbon to hydrogen ratio of 1.3 x 10“3. This is 

about 4 times the carbon to hydrogen ratio of the sun (Cameron, 1973)» 

but the model is almost certainly too simplistic and the limit is not 

very meaningful.

Haze Layer Model

The failure of the reflecting layer model and the semi-infinite 

isotropic homogeneous scattering model to adequately reproduce the 

details of the spectrum of Uranus requires the use of another model.

Any model considered must contain scattering to account for the residual 

intensity in the centers of the strong methane bands. From the semi- 

infinite isotropic homogeneous scattering model, the residual intensity
Orequired at the center of the 8870 A methane band and the additional

_ ' oabundance required at 8700 A strongly suggest that a depletion of meth

ane is required in the upper portion of the atmosphere. This would
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provide additional residual intensity at 8870 A from scatterers lower 

in the atmosphere while a larger abundance of methane at lower levels 

will reduce the intensity at wavelengths which penetrate lower, namely 

those with weaker absorption coefficients.

A severe drawback is the failure of the multiplicative property 

for the statistical band model. However, as discussed in the previous 

two sections, the pressure effect will not have a major effect on the 

spectrum between 4400 and 10400 A in any model employed. The high 

pressure limit (which is multiplicative) may not be appropriate at 

longer wavelengths where the methane bands should show a simpler Struc

ture. Therefore, a desirable scattering model is one that would allow 

the use of the non-multipiicative band model equations (2), (4) and (5) 

and also deplete methane but not scatterers high in the atmosphere.

A scattering model that can be used with a transmission function 

which is not multiplicative must first be able to compute a distribution 

of abundances through the absorbing gas. This becomes very difficult if 

scattering is allowed within any region containing methane. Only models 

which separate scattering and absorbing regions, then, are feasible.

This allows models which intersperse layers with absorbing gas but no 

scattering particles with layers containing scattering particles but no 

absorbing gas. The computation, then, requires determining the fraction 

of light undergoing each possible set of reflections from and trans

missions through the scattering layers and the abundance and pressure 

of the intervening methane in each case.
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This computation requires that the band model transmission 

function must be solved for the pressure conditions of every possible 

ray. Equation (2) allows, in principle, any number of alternately scat

tering and absorbing layers provided that the gas in all of the absorbing 

layers is at the same pressure. Equation (4) allows models in which the 

layers contain uniformly mixed methane in a layer of an atmosphere in 

which pressure varies exponentially with height. However, if there is* 

more than one absorbing layer, the absorbing layers must all have the 

same limiting pressures. Therefore, only a single absorbing layer is 

physically reasonable for a planetary atmosphere. Equation (5) allows 

similar models, but all layers must have zero pressures at the top of, 

the layer. Physically, this allows only models which have a clear 

atmosphere above some reflecting layer such as the reflecting layer 

model.

The simplest realistic scattering model that meets the above 

requirements is one in which a scattering layer overlies a clear non- 

scattering layer containing the absorbing gas (methane). Under the 

absorbing gas must be some layer which will reflect light; otherwise, 

no gaseous absorption would be seen. In order to keep the model as 

simple as possible, the upper scattering layer (haze) is assumed to 

scatter isotropically and the lower reflecting layer is assumed to be a 

Lambert surface. Figure 11 is a schematic diagram of the model and 

Appendix E contains the details of the mathematics and computer calcu

lations.
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Figure 11. Schematic Diagram of the Haze Layer Model

Parameters derived for Uranus are given. The assumptions 
are: 1) Rayleigh scattering only in the haze, 2) solar
ratio of helium to hydrogen and 3) temperature of 80°K. 
The rays on the left side of the diagram show the path of 
the light through the atmosphere and are numbered for the 
purpose of the explanation in Appendix E. The relevant 
scattering and transmission functions of each layer are 
indicated.



The haze is assumed to contain no methane, nor is any methane 

above it. The residual Tight in the strongest sections of methane 

absorption will, to an excellent approximation, contain only light dif

fusely reflected from the haze. Since there is no path through any 

absorbing gas for this light, no variation in geometric albedo with wave 

length is to be expected,, except that due to any change in optical depth 

or single scattering albedo of the haze. This does seem to be the case 

in the 8870 and 9900 A bands in the spectrum of Uranus (Figure 7), The 

flatness of these two regions places ah upper limit to the methane 

absorption in and above the haze at about 20%. The strongest methane 

absorption coefficients set an upper limit of about 10 m-amagat methane 

in and above the haze.

The diffuse scattering and transmission coefficients were calcu

lated by means of the doubling method of Hansen (1969). The haze itself 

may be either particles or Rayleigh or Raman scattering. It will be 

shown that the haze appears to be fitted best by Rayleigh scattering.

If the scattering is non-isotropic (as in the case of Rayleigh and 

Raman scattering), isotropic scattering will still produce a spectrum 

that is approximately correct as long as the phase function is not too 

strongly anisotropic. A correction is required to the optical depth of 

the haze in this case.

The lower scattering layer is approximated by a Lambert surface. 

This is an excellent approximation to the reflection from an isotropi- 

cally scattering cloud. Many different cloud phase functions are 

known, but it is unlikely that any would produce a diffuse reflection
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function that would produce results greatly different from a Lambert 

surface since light reflected from these clouds passes through the 

upper haze twice, tending to make the light isotropic.

In the clear absorbing region it is assumed that no scattering 

Occurs. It will be shown that this is a poor assumption since the 

abundance of molecular hydrogen in this layer is large enough that 

appreciable Rayleigh scattering occurs. For the sake of simplicity, the 

transmission through this layer was calculated from equation (2) which 

assumes constant pressure throughout the layer. Equation (4) is actu

ally more appropriate, but the pressure effect in this case is small and 

if p is an average pressure, equation (2) is a good approximation and 

easier to solve. The abundance in equation (2) must be taken as the 

total abundance traversed by the ray through whatever number of travers

als it takes through this layer. Due to the fact that equation (2) 

does not possess the multiplicative property, the transmission cannot 

be computed for each traversal separately.

In the haze layer model the spectrum is formed by a combination 

of Tight which diffusely reflects off the haze and light that pene

trates the haze, bounces between the haze and Lambert surface a number 

of times, and may be absorbed by the methane in the layer between. This 

resultant spectrum is dependent upon five free parameters: the single

scattering albedo due to the scatterers in the haze the optical 

depth of the haze t ,̂ the Lambert reflectivity L, the column abundance 

of methane in the absorbing layer a, and the pressure in the absorbing 

layer p. Each parameter has a sufficiently different effect on the
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spectrum that every parameter can be defined. The final best fit to

the Uranus spectrum was obtained with = 0.995# L = 0.9, a - 2.0 to

2.5 km-amagats and p & 0.1 atm. The value of t u  was not constant with
. H

wavelength and its values are displayed in Figure 12. The best fit is 

compared in Figure 10 to Uranus; Figures 13 to 17 display the effect of 

varying each of the free parameters separately. The fit to Uranus is
oquite good with the exception of the 6825 A band where the Uranus 

spectrum contains too much absorption.

Figure 13 displays the changes in the synthetic spectrum due to 

the variation of the single scattering albedo of the scatterers in the 

haze. The only appreciable changes occur at wavelengths less than about 

6000 & where the methane absorption is low. For all cases the absorp

tion Coefficient is sufficiently uncertain that a clear choice of ST is 

not possible, but the maximum albedo of Uranus at 5150 A constrains this 

value to be greater than about 0.95. The value of L also affects this 

region of the spectrum (see Figure 15) but is constrained by other 

regions so that is probably closer to unity than 0.95. A value of

0.995 was chosen. There is no way to check whether to varies with wave-o
length since small changes in tô  have no appreciable effect at

O
wavelengths greater than 6000 A.

Figure 14 displays the changes in the synthetic spectrum due to 

the variation of t̂ . In this case, the strongest effect is upon the 

strongly absorbing regions of the spectrum. The centers of the bands 

at 7270, 8870 and 9900 A contain only the light diffusely reflected 

from the haze since virtually all of the light penetrating the haze is
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Figure 12. Haze Optical Depth

The step function is the optical depth of the haze for 
Uranus in the haze layer model. The smooth curve is the 
Rayleigh scattering optical depth for 90 km-amagat of 
molecular hydrogen.
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IOOOO5 0 0 0
WAVELENGTH (A)

re 13• Variation of the Single Scattering Albedo in the Haze 
Layer Model

The haze layer model is shown for as indicated by the 
step function in Figure 12, L = 0.9, a = 2.0 km-amagat and 
p > 0.1 atm. The values of 0)o , the single scattering albedo 
of the scatterers in the haze, for the curves from top to 
bottom are 0.995, 0.95 and 0.90.

0.0 100005 0 0 0
WAVELENGTH (A)

Figure 14. Variation of the Optical Depth of the Haze in the Haze 
Layer Model

The haze layer model is shown for &0 = 0.995, L = 0.9, 
a = 2.0 km-amagat and p > 0.1 atm. The values of for the
curves from top to bottom are 0.5, 0.1 and 0.02.
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5000 10000
WAVELENGTH (A)

Figure 15. Variation of the Lambert Reflectivity in the Haze Layer Model

The haze layer model is shown for = 0.995, Ty as indi
cated by the step function in Figure 12, a = 2.0 km-amagat 
and p > 0.1 atm. The values of L for the curves from top 
to bottom are 1.0, 0.9 and 0.8.

O

5000 10000
WAVELENGTH (A )

Figure 16. Variation of the Methane Abundance in the Haze Layer Model

The haze layer model is shown for u)0 = 0.995, as indi
cated by the step function in Figure 12, L = 0.9 and 
p > 0.1 atm. The values of a for the curves from top to 
bottom are 1.0, 2.0 and 4.0 km-amagat.
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Figure 17. Variation of Pressure in the Absorbing Layer of the Haze 
Layer Model

The haze layer model is shown for (L0 = 0.995, t h as indi
cated by the step function in Figure 12, L = 0.9 and 
a = 2.0 km-amagat. The values of p from top to bottom are 
0.001, 0.01 and 0.1 atm.
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absorbed. The residual intensities, then cannot depend on a, p or L, 

and Figure 13 shows that does not have an appreciable effect. A 

direct determination of is possible in each band without ambiguity 

from other parameters. The region of the spectrum at wavelengths 

shorter than 7270 X is not quite as straightforward. The bands are . 

influenced differently by changes in so that once the approximate 

abundance is determined, adjustments in change the relative intensi

ties of the bands. This method is considerably less precise than that 

at the longer wavelengths and the results are uncertain by almost a 

factor of 2. The value of varies from 0.02 at 10000 A to about 0.5 

at 5000 A as displayed in Figure 12.

The effect of the variation of L is displayed in Figure 15. The

greatest effects are at the wavelengths with the least absorption. The

region at wavelengths shorter than the 5430 A band closely mimics the

effect of O ', but L also affects the bands at 5760, 5970, 6670 and

6825 A. All of these four bands are somewhat too weak in the synthetic

spectrum, so a minimum value of L (0.9) consistent with the maximum

albedo (0.62) of Uranus (at 5150 K) was chosen and m was chosen as0
previously described.

In Figure 16 the effect of the methane abundance is displayed.

As one would expect, all bands except the 7270, 8870 and 9900 A bands 

vary strongly with abundance. The methane abundance is most sensitively 

determined at the shorter wavelengths and was found to be in the range 

of 2.0 to 2.5 km-amagat.
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The pressure effect only contributes for pressures <0.1 atm. 

This is illustrated in Figure 17 in which the highest pressure is 

0,1 atm. Hence, the effective pressure of the methane in the clear 

absorbing layer of the Uranus atmosphere is >0.1 atm. Since the base 

partial pressure of a layer of 2.0 to 2.5 kmramagat of methane on 

Uranus is approximately this amount, this constraint is not useful.

The nature of the haze defines only and x^. The strong 

dependence of x^ upon wavelength is suggestive of Rayleigh scattering.

rleigh scattering has a single scattering albedo of unity, consistent 

with that derived. The smooth curve in Figure 12 is the expected value 

of x^ due to Rayleigh scattering if the haze is a clear layer of 

90 km-'amagat .molecular hydrogen. The fit is very good. The large 

uncertainties in x^ at the shorter wavelengths create an uncertainty 

in the abundance of molecular hydrogen of perhaps 20%. The direct 

backscattering of Rayleigh scattering is 3/2 that of isotropic scatter

ing so that for a thin single scattering haze the appropriate x^ (and 

abundance of molecular hydrogen) is 2/3 that derived with isotropic 

scattering. Thicker hazes will agree more closely with isotropic scat

tering. The value of is best determined where the haze is thin, so 

an abundance of molecular hydrogen of 60 ± 15 km-amagat is appropriate 

If all of the scattering in the haze is Rayleigh scattering from 

molecular hydrogen. This is an upper limit since any additional scat

tering from other sources will reduce the amount of Rayleigh scattering

contributing to xu, n
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The molecular hydrogen in the haze is insufficient to explain
f
the large abundances of that gas observed in the Uranus spectrum 

(Table 4), The remaining several hundred ki1ometer-amagats must be in 

the clear gas between the haze and the Lambert surface. At the shorter 

wavelengths this is a sufficient abundance to create significant 

Rayleigh scattering in violation of the assumptions of this model. .The 

excellent fit of this model to the Uranus spectrum indicates that this 

must have little effect on the spectrum.

The pressure at the base of the haze is 0.5 ±0.2 atm assuming 

60 ± 15 km-amagat of molecular hydrogen, an acceleration of gravity of 

800 cm/sec2 and a solar ratio of helium to hydrogen of .070 by number 

(Cameron, 1973)• With a larger helium abundance, the pressure is 

larger; if some of the scattering is from sources other than .Rayleigh 

scattering by molecular hydrogen, the pressure is lower. With the 

upper limit of 10 m-amagat of methane in the haze, the average methane 

to molecular hydrogen mixing ratio is less than about 2 x 10-lf. The 

implied carbon tQ>hydrogen ratio is four times less than the solar 

ratio. In the absorbing layer it is found that there is 

2.2 ±0.3 km-amagat of methane, if the abundance of molecular hydrogen 

above the lower cloud layer is that indicated in Table 4 by the 

reflecting layer model the resulting carbon to hydrogen ratio in this 

layer is 1.5 to 5 x 10"3, about 4 to 14 times the solar ratio. The 

pressure at the top of the lower cloud layer is between about 3 and 

7 atm for a solar helium to hydrogen ratio.



Neptune

The available geometric albedos of Neptune in Figure 8 cover 

only the limited spectral range of 6800 to 8800 A. This is insufficient 

to constrain models of the atmosphere very well. The best fit to 

Neptune of each of the three models applied above to Uranus is con

siderably worse than the best fits to Uranus. The closest fit was the 

haze layer model with a haze about twice as thick as that for Uranus 

and with about twice as much methane in the clear layer. The poor fit 

makes it clear that some other model must be considered when more geo

metric abledos are available.

Discussion

Figure 18 displays thermai information which explains why the 

haze layer mode1 works so well. In the figure is plotted temperature 

against atmospheric pressure as calculated by several authors. Also 

plotted are methane condensation lines for two different mixtures of 

hydrogen, helium and methane. The condensation lines are the vapor 

pressure curves of methane shifted in pressure by the mixing ratio of 

methane so that the pressure scale on the left is the total atmospheric 

pressure. For the thermal models (except the warmest one of Palluconi, 

I972) and condensation lines displayed, methane will condense between 

0.4 and 2 atm. The haze layer model determines this base of the haze 

at 0.5 ± 0.2 atm if the helium to hydrogen ratio is solar and all of 

the scattering in the haze is Rayleigh scattering. Methane ice crystals 

are condensing and contributing to the haze, but the good match to 

Rayleigh scattering indicates that this effect is probably small.
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— — — Trafton (1967)
Wallace (1975)

—  —  Danielson (1977) 
Palluconi (1972) 
Methane condensation 
(solar)
Methane condensation 
(enriched)

3 0 0

Figure 18 . Thermal Models of Uranus

Methane condensation lines are displayed with published 
thermal models of Uranus. The "solar" methane condensation 
line is for solar abundance ratios of hydrogen, helium and 
carbon and the "enriched" methane condensation line is for 
an enrichment of carbon by a factor of 10. Helium enrich
ment moves the condensation line to the left, but the 
effect is smaller than that for carbon. The condensation 
lines are the same for all of the thermal models.
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No model provides enough absorption in the 6825 X methane band. 

The neighboring bands at 6670 and 7030 A are also slightly too weak,
Obut these bands have uncertain absorption coefficients. The 6825 A 

band received special treatment in the laboratory, however, and the dis

crepancy seems to be beyond the laboratory uncertainties. The only 

other spectroscopically observed constituent of Uranus, molecular hydro

gen, has its 4-0 pressure induced dipole band near this region, but it
O

is centered at 6400 A and cannot explain the discrepancy. The synthetic 

spectra indicate that molecular hydrogen is not contributing signifi

cantly at 6400 A, but could be in the 3-0 band between 7800 and 8500 A.

Cochran and Trafton (1978) have proposed that most of the resid

ual light in the strong methane bands is due to Raman scattering.

Raman scattering is like Rayleigh scattering, but the photon undergoes 

a change in wavelength corresponding to the energy difference between 

two energy levels in the scattering atom or molecule. The Raman effect 

in the spectrum of Uranus was detected by Bel ton, Wallace and Price 

(1973) by finding Raman shifted ghosts of the Ga 11 H and K Fraunhofer 

lines and filling in of the H line. For Raman scattering, light origin 

nates at a wavelength where there may be a higher incident intensity and 

lower absorption coefficient. However, the light must still escape at 

the more strongly absorbing Wavelength. Also, Raman volume scattering 

coefficients for the vibrational transitions of molecular hydrogen are 

approximately 100 times weaker than those for Rayleigh scattering. The 

wavelength shift for the rotational transitions is not sufficient to be 

any more effective in spectrum formation than Rayleigh scattering. A



major consequence of Raman scattering for the residual light in the

8870 X methane band is the shift of the H line at 6562.8 A in the
01 '

Fraunhofer spectrum. The strongest Raman transition should shift a 

ghost of this line to $028 A, but this ghost does not appear. This 

indicates that Raman scattering is not a major factor in the residual 

intensity.

kx\ additional test of any atmospheric model is the center-to- 

limb brightness variation. Imaging of Uranus, however, is difficult.

The diffraction limited baJloon-borne images of Danielson et al. (1972) 

cover the wavelength region from 3800 to 5800 A and emphasize the con

tinuum. The usefulness of their data is limited by the broad spectral 

region included. Other observations have all been ground based and 

severely limited by atmospheric seeing. The data of Westphal (published 

in Be 1 ton and Vescelus, 1975) shows limb darkening in the low 

absorption region from 8000 to 8240 A and limb brightening in the high
O

absorption region from 8720 to 8960 A. Sinton (1972) also found limb 

brightening at 8870 X. Price and Franz (1976) and Franz and Price 

(1977) found limb darkening in high albedo spectral regions and limb 

brightening in low albedo spectral regions.

For the three models considered for Uranus, Table 10 lists the 

center-to-1imb brightness function l/F as a function of p for selected 

wavelengths. I is the reflected intensity, irF is the incident flux 

and u Is the cosine of the angle between the incident ray and the out

ward normal to the atmosphere. For the reflecting layer model, a column 

abundance of 1.67 km-amagat methane was assumed. The scattering models
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are tabulated for the best fit conditions to Uranus. The reflecting 

layer model always predicts limb darkening. The haze layer model pre

dicts limb darkening when the absorption is small and limb brightening 

when the absorption is large. The semi-infinite isotropic homogeneous 

scattering model predicts limb darkening when the absorption is small 

and neither limb brightening nOr limb darkening when the absorption is 

large. ' ■ . ' _

The general limb darkening of the images of Danielson et al. 

(I972) is consistent with all models presented here. Danielson et al. 

(1972) repOrt that the details of the limb darkening are more con

sistent with a Lambert surface under a deep Rayleigh atmosphere than a 

deep Rayleigh atmosphere or a high cloud. The ground based results are 

only good enough to say that they are consistent with the predictions of 

the haze layer model but not with the reflecting layer model or the 

semi-infinite isotropic homogeneous scattering model. Sufficiently 

good images to discriminate between models could be achieved with the 

space telescope planned for the 1980s.

The haze layer model is conceptually similar to the model pro

posed by Trafton (1976) on the basis of the spectral features of 

molecular hydrogen. His upper haze which extends to a much lower level 

of the atmopshere (175 km-amagat of molecular hydrogen) requires partic

ulate scattering, however. He also includes Rayleigh and particulate 

scattering in the methane absorbing layer. No methane abundances are 

stated, but the hydrogen abundance for the absorbing layer is compatible 

with reflecting layer model abundances.
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Further models of the atmosphere of Uranus for the purpose of 

explaining the spectrum below 1 y are not likely to be profitable until 

low temperature, high abundance laboratory methane spectra are obtained. 

The infrared spectrum, however, is undoubtedly more sensitive to pres

sure effects, and valuable checks and refinements on the haze model may 

be made with it.



CHAPTER k

PLUTO AND TRITON

Chapter 2 provides a means of analysis for the methane spectrum 

below 1 p for the first time. It was decided to obtain spectra of Pluto 

and Triton with the Steward Observatory 229 cm telescope and its 

Cassegrain spectrograph and to analyze the results with the methane 

statistical band model coefficients. Advances in image tube technology 

Opened the possibility of obtaining such spectra in the near infrared 

where the methane bands are much stronger than in the visible.

Considering the large amounts of methane in the atmospheres of 

the major planets and the many infrared bands that this molecule pos

sesses, methane is a strong choice for any spectroscopic search for an 

atmosphere on Pluto or Tr1 ton. The deep methane atmosphere detected on 

Titan (Kuiper, 1944) indicates that a methane atmosphere on Pluto or 

Triton is a very real possibility. A paper by Cruikshank, Pilcher and 

Morrison (1976) claims the detection of methane frost on the surface of 

Pluto, implying a  minimum methane atmosphere in equilibrium with this 

frost.

Because of the faintness of both Pluto and Triton, investiga

tions for possible atmospheres on these bodies have been few. Kuiper 

(1944) made a spectroscopic search of a number of objects in the solar 

system. For the fainter objects he was restricted to the use of pan- 

chromatic film having a sensitivity to about 6600 A; he was thus



limited to the 6190 A methane band and weaker bands at shorter wave

lengths. He could find no evidence for a methane atmosphere on Pluto 

or Triton, but he did not derive a numerical upper limit (Kuiper, 1944, 

1952). Negative results were also obtained for Triton by Spinrad (1969) 

who observed the 6190 A region with a Wampler scanner and a resolution 

of 90 A, and for Pluto and Triton by Martin (1975), who obtained spectra 

covering the same methane band. Spinrad (1969) deduced an upper limit 

of 0.9 X for the equivalent width of this band on Triton, while Martin

(1975) obtained upper limits of 1.07 A for Pluto and 1.10 A for Triton.

Lacking laboratory data, both investigators compared their upper limits 

to the equivalent width of this band on Jupiter and derived upper limits 

of 6 to 8 m-amagat of methane for Triton and Pluto.

The assumption of the high pressure limit (no individual lines 

in the band saturating) and the use of Jupiter as a laboratory standard 

are two serious limitations of these analyses. If a substantial methane 

atmosphere is not detected, the total atmospheric pressure is likely to 

be quite small so that the pressure effect is expected to be large. Both 

of these deficiencies can be removed by using the methane band model 

coefficients derived in Chapter 2 since the pressure effect is included 

in the analysis. Such an analysis was made by Benner, Fink and Cromwell

(1978) and is described in more detail in this chapter.
#

Observations and Data Reduction

The observations were carried out 1976 June 18 and 19 UT at the 

229 cm telescope of Steward Observatory on Kitt Peak. The Steward 

Observatory Cassegrain grating spectrograph was used in second order.
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A Corning 3-69 yellow filter eliminated the overlapping first order. A 

three stage Varo image tube cooled to -20°C was used as the detector, 

and the spectra were recorded on Eastman Kokak Ila-D spectroscopic 

plates. The image tube system had sufficient gain that individual 

photoelectrons were recorded. The image tube plus photographic emul

sion resolution of 50 P (full width at half maximum) together with the 

spectroscopic dispersion of ~100 A/mm yielded a spectral resolution of 
~5 A. The 25 mm useful field resulted in a spectral coverage from

o6800 to 9200 A. Neon and argon comparison spectra as well as night sky 

emission lines were used for wavelength calibration. A log of observa

tions is given in Table 11.

In order to obtain relative reflectivities of the solar system 

objects observed, the solar spectrum had to be obtained with the same 

experimental conditions. The solar spectrum was approximated by several 

GO V and G1 V stars whose spectra were taken the same nights. Few stars 

as faint as Pluto and Triton have been classified, so the stars chosen 

were at least 3 magnitudes brighter. As many of these standard star 

spectra as possible were averaged for each ratio spectrum. It was also 

necessary to subtract the telluric night sky spectrum. Three sky spec

tra were taken the first night; the second night the sky spectrum was 

obtained as described below. Figure 19 displays for the first night 

the average of the solar type comparison star spectra and the average 

of the three sky spectra.
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Table 11 

Log of Observations

Object
Stellar
Type Kagnitude

Exposure
Time Air Mass Notes

Pluto 13.9 50 min 
71 min

1.22
1.49

Average 1.36
Triton 13.6 48 min 

4? min
1.71
2.07

Average 1.89
Uranus 5.7 15 sec 

24 sec 
32 sec

1.41
1.40
1.40

a
a
a

Average 1.40
Neptune 7.7 32 sec 

11 sec 
220 sec 
29 sec 
21 sec

1.78
1.78 
1.81 
2.27 
2.29

a

Average 1.99
SAO 88160 GO V 8.54 113 sec 

40 sec
1.01
1.02

a,h
a,b

SAO 87973 GO V 8.69 75 sec 
30 sec

1.03
1.03

a »b . 
a,b

Average 1.02 b
BD * 31*2#3 GO V 9.22 42 sec 

288 sec 
26 sec 
52 sec

1.02
1.02
1.03
1.03

a

BD + 28e2174 G1 V 10.70 50 sec 
113 sec

1.05
1.05

SAO 84945 GO V 8.46 50 sec 
95 sec

1.14
1.15

a
a

SAO 70946 GO V 8.74 73 sec 
108 sec

1.06
1.06

a
a

Average 1.06

Sky
Sky
Sky

10 min 
10 min 
10 min

2.71
1.00
1.00

b
b
b

Average 1.57

a. taken with 2?5 neutral density filter.

b. taken on IS June 1976 UT.
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STANDARD
STARS

SKY

7000 8000 9000
WAVELENGTH (A)

Figure 19- Standard Star Spectrum and Sky Spectrum

The average of four standard star spectra and the average 
of three spectra of the sky, ail from 18 June 1976 UT are 
displayed. The zero levels are displaced as indicated. 
Further details of the individual spectra are given in 
Table 11.
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During the first night the spectrum was widened by trailing the 

object east-west along the length of the slit. The slit was 200 p wide 

Corresponding to a telescopic field of 2̂' and a length of both 40fi and 

8b" was used. It was found for the relatively long exposures required 

for Pluto and Triton that the telluric night sky emission dominated 

their spectra. These spectra were not acceptable. However, because of 

the short exposure times for Uranus, Neptune and solar type comparison 

stars, the sky was not as strongly exposed; useful spectra of these 

objects were obtained.

The instrumental configuration was, therefore, altered for the 

observations of the second night. A smaller aperture of 2 by 3" was 

used at the entrance slit. Since the seeing was -4" the ratio of the 

object spectrum to night sky spectrum was maximized without much light 

being lost. Instead of trailing the object, the plate was now moved 

back and forth perpendicular to the direction of dispersion producing a 

spectrum about 1 mm wide. A night sky spectrum was recorded simultane

ously with another decker of the same size but displaced 21 from the 

object. This was used to eliminate the residual night sky lines.

The photographic plates were reduced by using the Photometric 

Data System (PDS) of Kitt Peak National Observatory. First a calibra

tion scheme had to be set up. A calibration exposure was made at the 

telescope during the observing run by projecting a step wedge pattern 

onto the face of the image tube and using the same procedure for 

recording and developing (9 minutes at 68°F in MWP-2) as was used for 

the spectrum. Densities were obtained for each step of the calibration



88
\' - * 

step wedge. The fit was poor and it was Impossible to combine the

curves into a self consistent curve« A check of the specifications of a 

similar image tube showed that the sensitivity of the image tube is 

greatest at the center of its face and falls off with distance from the 

center. At k mm from the center the sensitivity is 0.85 times that of 

the center, and at 7 mm, 0.7 times. Unfortunately, no such specifica- 

tions were available for the particular image tube used, so the values 

from the similar image tube were used for the calibration. There were 

8 steps on each step wedge pattern with each step 1 mm in width. The 

known relative intensities of the steps were adjusted for their posi

tions on the image tube. The center of the image tube was chosen to be 

at that point (1 mm from the center of the step wedge pattern) which 

gave the most consistent calibration curve. The three curves were then 

found to combine as shown in Figure 20, The intensity scale for each 

wavelength point on the Spectra of the second night was the same from 

one spectrum to the next, since all of the object spectra were posi

tioned identically on the image tube. This made it possible to average 

the spectra. The ratio spectra not only cancelled the solar and 

telluric Spectra, but also the non-uni form sensitivity across the face 

of the image tube.

The microdensitometer was used with a slit height of 500 y, a 

slit width of 10 y (1 A) and a sampling interval half as large. Two 

passes with the microdensitometer were required to cover the entire 

width of the spectrum. The oversampling was maintained throughout the 

numerical calculations and was reduced only during the final plotting of
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Figure 20. Photographic Calibration Curves

Closed symbols represent the photographic density plotted 
on a known relative intensity scale for three exposures of 
a step wedge. The corresponding open symbols are the same 
points corrected for exposure time and image tube sensi
tivity.



the spectra. The numerical reduction of the data was performed partly 

on the Kitt Peak National Observatory GDC 6400 computer and partly on 

the HP 21 MX computer at the Lunar and Planetary Laboratory. For each 

spectrum the average photographic fog density was first subtracted. The 

photographic density was then converted to intensity units by use of the 

calibration in Figure 20 and the image tube background intensity was 

subtracted. For the longer exposure spectra of Pluto and Triton of the 

second night the sky background spectrum was subtracted on a point by 

point basis instead of subtracting the image tube background. This 

introduced some extra noise since the plate and image tube noise of the 

night sky exposure was added to that of the object spectrum. For the 

short exposure spectra of the second night, the sky background was 

negligible. The sky background was not directly available for the spec

tra taken the first night.

Results

The individual spectra of Pluto and Triton from the second night 

are shown in Figures 21 and 22 respectively. Figure 23 displays for the 

second night the ratio of the comparison star spectra obtained with a 

2.5 magnitude neutral density filter to those without it. The non- 

neutral character of the filter is clearly shown. Comparison star 

spectra were compiled into two averages, one of all spectra with 

this filter and the other of all spectra without it. The appro

priate average was used for each ratio spectrum. Figures 24 and 

25 contain the relative reflectivity with wavelength for Pluto
Oand Triton for the second night at resolutions of 5 and 20 A.
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PLUTO I

_  PLUTO 2

PLUTOAVERAGE

90008000 e 
WAVELENGTH (A)

7000

Figure 21. Spectra of Pluto

The two individual spectra of Pluto taken 19 June 1976 and 
their average. The zero levels are displaced as indicated. 
The X indicates a plate defect. Further observational 
details are given in Table 11.
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TRITON I

TRITON 2

_  TRITON 
AVERAGE

7000 8000 „  9000
WAVELENGTH (A)

Figure 22. Spectra of Triton

The two individual spectra of Triton taken 19 June 1976 and 
their average. The zero levels are displaced as indicated. 
The X indicates a plate defect. Further observational 
details are given in Table 11.
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FILTER

WITHOUT
FILTER

7000 8000 9000
WAVELENGTH (A)

Figure 23. Neutral Density Filter Spectrum

The average of the five comparison star spectra taken 
19 June 1976 UT with the 2?5 neutral density filter 
(middle), the average of the five comparison star spectra 
taken without the filter (bottom) and the ratio of the 
average with the filter to the average without the filter 
(top) are displayed. The resolution is 5 A. The zero 
levels are displaced as indicated. Further observational 
details are given in Table 11.
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C aDfW
i X

i “'-X
Pluto

Ratio (5  A resolution)

Ratio (20 A resolution)

7000 90008 0 0 0
Wavelength (A)

Figure 24. Relative Reflectivity of Pluto

Average of Pluto spectra, an average of five solar type 
comparison star spectra taken the same night without the 
neutral density filter (tgp) , and their ratios at the 
observed resolution of 5 A and a smoothed resolution of 
20 ft. Telluric and solar absorptions are marked on the 
comparison star. The zero levels are displaced as indi
cated. A plate defect is indicated by X. Further observa 
tional details are given in Table 11.
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Ratio (20 A Resolution)
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Figure 25. Relative Reflectivity of Triton

Same as Figure 24 but showing the spectrum of Triton.
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The ratio spectra show that the mismatch in air mass between Pluto and 

the standard stars (see Table 11) was not serious since both the strong 

oxygen A band and the water vapor band at 0.82 p completely cancelled. 

For Triton, however, the air mass difference was sufficient that the 

oxygen A band and to a lesser extent the 0.82 p water band did not com

pletely cancel. The apparent features at 8410 A on Pluto and 8635 X on 

Triton are due to plate defects. It is tempting to associate the addi

tional feature on the short wavelength wing of 8410 & and near 8540 A on 

Pluto and 8393 X on Triton with real emissions or absorptions on these 

objects. However, they are sufficiently close to solar, telluric or 

night sky features that no definite conclusion can be reached.

The general appearance of ratio spectra on Pluto and Triton is
O

rather similar. They both rise somewhat from 6800 to 7400 A, then
Oflatten out and decrease toward 9000 A, with Triton showing a slightly 

steeper decrease. The reddening trend agrees quite well with UBVRI 

photometry summarized in Harris (1961). Figures 24 and 25 reveal that 

this reddening continues to about 7500 & before levelling off. Harris 

(1961) measured a small decrease in reflectivity between the broad band 

photometric points R and I for Pluto in agreement with Figure 24. How

ever, he measured a slight increase in this reflectivity for Triton, 

while Figure 25 seems to indicate a decrease. Since the difference is 

small and both long term and short term (due to the ~6 day rotation 

period for each object) effects on the photometric properties of these 

objects are uncertain or unknown, the difference is not serious. In 

addition, guiding errors together with differential atmospheric
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refraction may affect the general continuum in Figure 25 somewhat. The 

results for Pluto do not support the measurements of Lane, Neff and Fix 

(1976)» who claimed a substantial increase in albedo at 0.86 p.

The strongest, and definitely the most important feature occurs 

at 8870 A on the Pluto spectrum and, with somewhat greater uncertainty, 

on the Triton spectrum. It coincides with the strongest laboratory 

methane absorption below 1 p. Unfortunately, the image tube cut off
Onear 9000 A prevented complete inclusion of the feature. The steep 

slope of the response curve in this region and the high noise level, 

therefore, cast some doubt on the reality of the feature.

Because of the importance of the feature at 8870 A, it was 
Checked whether it could have been caused by an instrumental effect. 

Figure 26 contains ratios of comparison star spectra with high and low 

plate density, with long and short exposure times, between different 

comparison stars and with high and low air mass. Although various 

curvatures in the general appearance of the ratios result from such 

calculations, particularly for the neutral density filter curve shown 

in Figure 23, none of these ratios reproduced the 8870 A feature on the 

Pluto and Triton spectra. The major difference between the spectra of I 

these objects and those of the standard stars is the exposure time. 

There is no obvious effect caused by this difference, however, that 

might account for the absorption feature. In the analysis that follows 

this feature will, therefore, be treated as real. If this turns out to 

be erroneous, the analysis will be applicable to an upper limit rather 

than a detection.
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EXPOSURE DENSITY

EXPOSURE TIME

DIFFERENT STARS

AIR MASS

7000 8000 9000
WAVELENGTH (A)

Figure 26. Ratios of Comparison Star Spectra

The top curve is the ratio of the longer to the shorter 
exposure of BD + 28°217^ (high to low photographic density). 
The second curve is the ratio of the longest exposure of 
BD + 31*2443 to the shortest exposure of SAO 84945 (long to 
short exposure times). The third spectrum is the ratio of 
the average of the three exposures of BD + 31*2443 without 
the neutral density filter to the average of the two spectra 
of BD + 28*2174. The bottom spectrum is the ratio of the 
two exposures of SAO 84945 to the spectrum of BD + 31*2443 
taken with the neutral density filter (highest to lowest 
air mass). The zero levels are displaced as indicated.



99

The ratio spectra in Figure 25 indicates that the case for an
O

absorption on Triton at 8870 A is not as strong as for Pluto. As 

viewed from earth, Triton is never far from Neptune and was observed 

rather close to the planet. The possibility of scattered light from 

Neptune must be considered. The spectrum of Neptune in Figure 8 shows 

that for this planet the 7270 A band of methane is almost as strong as 

the 8870 A band. On the Triton exposure there is no evidence of the 

7270 X methane band which is optimally placed in terms of spectral 

sensitivity. If it varies at all, the scattered light intensity should 

decrease toward longer wavelengths. Thus, scattered light from Neptune 

can be ruled out as the origin of any absorption at 8870 A.

Analysis

The pressure effect on any abundance determination can be quite 

large and the atmospheric pressure on Pluto and Tri ton is not known 

a priori. The data is first analyzed by assuming a substantial pressure 

and then by considering a much lower one. One of the principal results 

of the laboratory band model analysis is the absence of a strong pres

sure effect on the absorptions for the pressures and abundances in the 

laboratory. This implies a pseudo-continuum character of the spectrum 

and results in absorptions which are independent of pressure. In this 

high pressure limit, the abundance for the Pluto and Triton spectra is 

about 10 m-amagat. In order to determine at what pressures this limit 

is valid. Figure 27 contains a series of synthetic spectra with 

10 m-amagat of methane and various pressures. Above -0.01 atm the
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8500 . 9000
WAVELENGTH (A )

Figure 27. Effect of Pressure on the Spectrum of Methane

The spectrum of methane for an abundance of 10 m-amagat 
and various pressures is displayed. From top to bottom 
the pressures are 0.005 atm, 0.01 atm, 0.02 atm, 0.05 atm, 
0.1 atm and the high pressure limit.
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absorptions stay invariant with pressure, while lower pressure noticeably 

weakens the absorptions.

High Pressure Case

Equation (6) is applicable for the analysis of methane absorp

tions if abundances are <10 m-amagat and total surface pressures 

>0.01 atm. Figure 28 shows the 10 A resolution synthetic spectrum which 

best matches Pluto and Triton if p > 0.01 atm; the methane abundance is 

10 m-amagat. Since the spectrum is of the whole disk, this abundance 

will be equal to na where n is the air mass factor and a the column 

abundance. The value of n will range from a minimum of 2 to a maximum 

of 4 for a spherical Lambert reflector. Assuming an air mass factor of 

3 yields a column abundance of 3 m-amagat of methane for Pluto and 

Triton in the high pressure case. This upper limit is not much lower 

than the earlier reports by Spinrad (1969) and Martin (1975), because 

these authors did not use the correct band strength having no laboratory 

data available. Both resorted to a spectrum of Jupiter to estimate the 

strength of the 6190 A methane band.

Low Pressure Case

If p < 0.01 atm, the effect of pressure on the strengths of the 

absorptions will have to be taken into account. This cannot be done 

exactly because of the uncertainty of extrapolating the band model 

parameters to the low temperatures and pressures of Pluto and Triton. 

Appendix D discusses this problem. The exact value of the pressure
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50  m-amagat (p=0.0003 atm)

100 m-amagat (p=0.0005 atm)

200 m-amagat (p= 0.001 atm)

10 m-amagat ( p > 0.01 atm)

Pluto

Triton

7000 8000 o 9000
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Figure 28. Spectra of Pluto, Triton and Methane

A comparison of synthetic methane spectrum calculations 
and the ratio spectra of Pluto and Triton all at a resolu
tion of 10 X is displayed. The top three synthetic spectra 
assume a pressure produced by the methane alone. The 
fourth one assumes a pressure >0.01 atm so that pressure 
effects can be neglected.
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coefficient at lower temperatures is quite uncertain, although it might 

be rather close to its room temperature value.

Although the band model parameters are not applicable to the 

conditions on Pluto and Triton and the calculations will not give the 

precise results desired, they do show the effect of decreasing pressure 

on the absorption and are approximately correct. If no other broadening 

gas exists on Pluto or Triton, then the surface pressure is simply a 

function of the total amount of methane,

p = mg = 1.38 x 10-5a (29)

where m is the mass of methane per unit surface area, g (cm/sec2) the 

acceleration of gravity, a (m-amagat) the column abundance of methane 

and p (atm) the surface pressure. A value of g = 0.20gQ (gQ being the 

value of g for the earth) is assumed. This value of g is quite reason

able for both Pluto and Triton considering the uncertainty in their 

sizes and masses. Synthetic spectrum calculations at a resolution of 

10 X for methane abundances (qa) of 200 m-amagat (p =0.001 atm),

100 m-amagat (p = 0.0005 atm) and 50 m-amagat (p = 0.00025 atm) are 

compared in Figure 28 with the ratio spectra of Pluto and Triton and 

the previously described high pressure case.

A much higher abundance is required to match the absorption on 

Pluto or Triton in the low pressure case than in the high pressure 

case. Examination of the spectra shows that an abundance between 100 

and 200 m-amagat matches the possible absorptions on Pluto and Triton
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quite well. This results in a total observed abundance of 150 m-amagat 

or a column abundance of 50 m-amagat and an effective pressure of 

7 x to-* atm. According to equation (7), for this low pressure case in 

an exponential atmosphere, the surface pressure is twice the effective 

pressure. A surface pressure of 1.4 x TO"3 atm can therefore be derived.

Conclusions.

If the methane partial pressure is produced by the equilibrium 

vapor pressure over its ice, a surface temperature of 65°K for the low 

pressure model and 57°K for the high pressure model can be read from 

Figure 29. These temperatures should be compared to the possible 

expected temperatures in Table 12. This table.lists the equilibrium 

temperatures for the subsolar point and the average over one hemisphere, 

assuming a slow rotation. Since Pluto and Triton at the time of obser

vation were nearly the same distance from the sun, the difference 

between their temperatures is almost entirely due to the albedos chosen. 

The Bond albedos in this table were taken from Harris (1961) and are 

very uncertain, but illustrate a range of possible values. An assumed 

albedo of 0.40 for a possible frost covering is also included in the 

table. It is entirely consistent that the methane atmospheres could be 

produced by sublimation of surface frost. A more detailed calculation 

of the methane evaporation fnd deposition with the rotation periods and 

Pluto's changing distance from the sun would have to be carried out to 

determine this equilibrium pressure more precisely. Because of Pluto's 

high eccentricity and thus variable distance from the sun (from 29.6 to 

49 AU), it is quite likely that a substantial atmosphere exists only
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Figure 29. Vapor Pressures

Vapor pressure curves for possible atmospheric constituents 
on Pluto and Triton. The data are taken from the Inter
national Critical Tables of Numerical Data, Physics, 
Chemistry and Technology (1933).
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Table 12,

Equilibrium Temperatures for Pluto and Triton

Distance from 
sun (All) Bond Albedo

Tmax
(°K)

Tav
(°'K)

Pluto 30.6 . 14 69 58
.40* 63 . 53

Triton 30.3 .21 68 57

“Assumed possible albedo for a surface frost covering-
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near Pluto's perihelion. This type of annual effect would be absent 

for Triton.

At temperatures of ~50°K total atmospheric pressures sufficient 

for the high pressure analysis of the possible methane features in the 

spectra of Pluto and Triton could be produced by the presence of either 

infrared*-inactive broadening gases such as Ne, N2, Ar and 02 or by CO 

which has absorptions farther in the infrared. Except for Ne which has 

a vapor pressure too large for the diagram. Figure 29 displays the vapor 

pressures of these gases. All of these gases have a sufficient vapor 

pressure to produce a surface pressure at least an order of magnitude 

greater than that of methane a1one, and none of these gases would 

escape due to thermal effects over the age of the solar system (Kuiper, 

1944, 1952). In fact, a neon atmosphere and oceans of liquid neon have 

been hypothesized by Hart (1974).

The possibility must also be examined that the absorptions on 

Pluto and Triton are caused by a layer of methane frost rather than a 

methane atmosphere. The laboratory investigations of solid and gaseous 

methane absorptions; from 1 to 4 y of Dr. Uwe Fink (unpublished) show 

that the solid absorption features of methane occur at the same wave

length positions as the gaseous ones. There is therefore a very real 

possibility that the absorption detected on Pluto by Cruikshank et al.

(1976) could be caused by an atmosphere or a combination of an atmo

sphere and a frost rather than by a methane frost alone, as was 

suggested by these authors. The laboratory data, however, also indicate 

that these frost absorptions diminish rapidly toward shorter wavelengths;
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for wavelengths below 1 y there is no substantial frost absorption 

detected. Unless sufficiently high resolution is used that the 

gaseous or solid features in the 1 to 3 U region are clearly distin

guished, the methane absorption of 8870 A offers the best possibility 

for deciding between the two.

The presence of a methane atmosphere tin Pluto can also answer 

the question why the data of Cruikshank et al. (1976) did not show 

evidence for water frost which is expected to be the dominant surface 

constituent from cosmtichemical arguments (Lewis, 1971). Through the 

age of the solar system, methane would repeatedly evaporate and freeze 

again, whereas water with its much lower vapor pressure would remain 

frozen. After many such cycles, a layer of methane frost could cover 

the water frost and thus obscure its spectroscopic features.

In this discussion the existence of an absorption feature at
O8870 A has been assumed. As discussed earlier, there is some doubt as 

to the reality of this absorption, particularly for Triton. Further 

spectral studies should certainly be undertaken, particularly with the 

charge coupled devices now becoming available. Should the feature at 

8870 A be weaker or non-existent, the analysis for a methane atmosphere 

' will be applicable to an approximate upper limit instead.



CHAPTER 5

SUMMARY

Methane is an abundant constituent in the outer solar system, 

but its rich spectrum is poorly understood. In order to aid in the 

understanding of the spectra of the major planets below 1 p, laboratory 

spectra of methane from 4000 to 10600 X with abundances up to 

6 km-amagat were obtained and are presented. The spectra are analyzed 

in Chapter 2 in terms of the Mayer-Goody statistical band model theory. 

Two methods are employed to derive the absorption and pressure coeffi

cients; one method works well only when the pressure effect is small, 

the other is more complex. The results of the two methods are shown to 

be generally consistent in the analysis of the methane spectrum below 

Ip. The absorption coefficients attain a maximum value below 1 p of 

about 30 km-amagat”1 in the 8870 A band. The pressure coefficients vary 

between 3 and 14 atm”1 for three bands in the near infrared, indicating 

that the half width of the Tines is an order of magnitude larger than 

the average spacing. Other bands were all found to have a pressure 

effect so weak that the observed absorption must also be the result of 

large numbers of weak overlapping lines. These pressure coefficients 

for this type of analysis are the highest so far reported for any gas. 

The band model coefficients derived are tabulated in Appendix B.

Spectra of Uranus, Neptune, Triton and Pluto from 6800 to 9000
o

at a resolution of 5 A were obtained with a three stage Vafo image tube
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and the Cassegrain spectrograph at the 229 cm Steward Observatory tele

scope on Kitt Peak. Other published spectra of Uranus are appended to 

produce a TO A resolution spectrum from 4500 to TO800 A. The Uranus 

spectrum is fitted to absolute geometric albedos and the previously 

derived band model coefficients for methane are used to compute synthetic 

spectra to match.

For Uranus» the reflecting layer model requires an abundance 

varying from 150 m-amagat to 10 krrramagat depending on the methane band 

used. A methane mixing ratio considerably greater than unity is 

required if low pressure accounts for this discrepancy. A semi-infinite 

isotropic homogeneous model with 1 km-amagat methane per scattering mean 

free path at all wavelengths explains the spectrum much better, .but
O

still fails at wavelengths greater than 8000 A. A haze layer model 

which depletes methane in the tipper atmosphere fits the spectrum of 

Uranus very well and, unlike the semi-infinite isotropic homogeneous 

model, can be used with those band model equations which are not multi

plicative. The optical depth of the upper haze follows closely that 

expected for Rayleigh scattering by 60 ±15 km-amagat of molecular 

hydrogen. If all the scattering due to this source and the helium to 

hydrogen ratio is that of the sun, the base of this layer is at a 

pressure of 0.5 ± 0.2 atm. In agreement with this, thermal models of 

the atmosphere indicate that methane should condense at a pressure 

between 0.4 and 2 atm. The methane abundance In this layer is 

depleted by this condensation and amounts to less than 10 m-amagat.

This implies that the carbon to hydrogen ratio is at least a factor of
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4 less than the solar ratio. In the lower clear space there is 

2.2 ± 0.3 km-amagat of methane and the carbon to hydrogen ratio is 

enhanced over the solar ratio by a factor of 4 to 14 if the abundance of 

molecular hydrogen is close to that indicated by the reflecting layer 

model. The base of this layer is at a pressure of 5 ± 2 atm for a solar 

helium to hydrogen ratio.
o

An additional absorber is needed for the 6825 A region of the 

spectrum of Uranus. Further work should be done with the spectrum of 

methane in the infrared and at temperatures comparable to Uranus. None 

of the three atmospheric models computed for Uranus fits the spectrum 

of Neptune.

The spectra of Pluto and Triton both reveal a possible spectral 

feature at 8870 A, the position of the strongest methane absorption 

below 1 p. The sensitivity of the image tube used for the observations 

is low at this wavelength. Thus, the spectra are noisy and some doubt 

is cast upon the reality of the absorptions, especially for Triton. No 

instrumental effect was found that might explain the feature. If real, 

the estimated abundance of methane is consistent with the vapor pressure 

of methane over its ice at temperatures of 57 to 65 °K, close to the 

surface temperature expected for Pluto and Triton. The estimated column 

abundance is 50 m-amagat with a surface pressure of 1.4 x 10”  ̂atm if 

methane is the only gas in the atmosphere. If the total surface pres

sure of the atmosphere is greater than 10"2 atm, the column abundance 

of methane is approximately 3 m-amagat. Other possible gases which 

have a significant vapor pressure at this temperature and are thermally
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stable over the age of the solar system are Ne, N2» Ar» 02 » and CO.

Due to the large eccentricity of its orbit, Pluto may only have an 

atmosphere near perihelion. As a result of successive freezing and sub

limation, methane may have built up a methane frost covering much of 

the surface.
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Figure A4. Laboratory Spectrum of Methane: 0.077 km, 0.105 atm CHU , 0.0074 km-amagat CHt
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Figure A5. Laboratory Spectrum of Methane: 0.077 km, 0.211 atm CH4, 0.015 km-amagat CĤ

co



0.077 km 

0.42 aim CH4 

0.030 km - amogat CH4

w.yoo cm"

WAVELENGTH (A)

I3.(j)00

\

cm"12,000 11,000 10,000
I 0-

05-

9000 10,000

Figure A6. Laboratory Spectrum of Methane: 0.077 km, 0.42 atm CH^, 0.030 km-amagat CĤ
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Figure A7. Laboratory Spectrum of Methane: 0.077 km, 0.84 atm CH^, 0.059 km-amagat CH4
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Figure A8. Laboratory Spectrum of Methane: 0.154 km, 0.013 atm CH^, 0.00186 km-amagat CĤ
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A9. Laboratory Spectrum of Methane: 0.154 km, 0.026 atm CH., 0.0037 km-amagat CHt
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Figure A10. Laboratory Spectrum of Methane: 0.154 km, 0.055 atm CH^, 0.0080 km-amagat CĤ
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Figure All. Laboratory Spectrum of Methane: 0.154 km, 0.105 atm CH4, 0.014? km-amagat CH4
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Figure A12. Laboratory Spectrum of Methane: 0.154 km, 0.211 atm CH4, 0.030 km-amagat CH^
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gure A13. Laboratory Spectrum of Methane: 0.154 km, 0.42 atm CH^, 0.059 km-amagat CH4
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A14. Laboratory Spectrum of Methane: 0.154 km, 0.84 atm CH^, 0.118 km-amagat CH^
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Figure A15. Laboratory Spectrum of Methane: 0.31 km, 0.0132 atm CH., 0.0037 km-amagat CH.
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Figure A16. Laboratory Spectrum of Methane: 0.31 km, 0.026 atm CH4, 0.0074 km-amagat CHZ
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gure A17. Laboratory Spectrum of Methane: 0.31 km, 0.055 atm CH4 , 0.0155 km-amagat CH4
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Figure Al8. Laboratory Spectrum of Methane: 0.31 km, 0.105 atm CH^, 0.030 km-amagat CH^
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Figure A19. Laboratory Spectrum of Methane: 0.31 km, 0.211 atm CHU, 0.060 km-amagat CH.

VOM



cm"15.00016.000

10-

05
0.31 km 

0  42 aim CH4 

0.119 km-omaqal CH.

8000

cm"12.000 11.000 10.000
I 0-

05

9000

gure A20. Laboratory Spectrum of Methane: 0.31 km, 0.42 atm CH4, 0.119 km-amagat CH4
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Figure A21. Laboratory Spectrum of Methane: 0.31 km, 0.84 atm CH^, 0.24 km-amagat CH^



16,000 i5.ooo i4.yx3 c m " '   i3 .yx )  < _______________  iisxo __________

0  62 km 

0 016 aim CH«

0 0089 km - amogat CH4

7000 WAVELENGTH ill

cm" 10.00011.00012,000

05-

I0P009000

Figure A22. Laboratory Spectrum of Methane: 0.62 km, 0.016 atm CH^ , 0.0089 km-amagat CĤ
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Figure A23. Laboratory Spectrum of Methane: 0.62 km, 0.029 atm CH4, 0.0164 km-amagat CH4
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Figure A24. Laboratory Spectrum of Methane: 0.62 km, 0.053 atm CH^, 0.030 km-amagat CH4
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Figure A25. Laboratory Spectrum of Methane: 0.62 km, 0.11 atm CH^, 0.064 km-amagat CĤ
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Figure A26. Laboratory Spectrum of Methane: 0.62 km, 0.22 atm CH^, 0.122 km-amagat CH^



cm"15,00016,000

05- 0  62 km 

0 42 olm CH*

0 237 km-omoqal CH,

cm"u.qoo12,000 10,000

05-

loyoo9000

gure A27. Laboratory Spectrum of Methane: 0.62 km, 0.42 atm CH4 , 0.237 km-amagat CH4
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Figure A28. Laboratory Spectrum of Methane: 0.62 km, 0.86 atm CHU, 0.49 km-amagat CH,
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Figure A29. Laboratory Spectrum of Methane: 1.24 km, 0.017 atm CH^, 0.0194 km-amagat CH^
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gure A30. Laboratory Spectrum of Methane: 1.24 km, 0.029 atm CH4, 0.0328 km-amagat CH4
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Figure A31. Laboratory Spectrum of Methane: 1.24 km, 0.051 atm CH^, 0.058 km-amagat CH^
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Figure A32. Laboratory Spectrum of Methane: 1.24 km, 0.104 atm CH^, 0.118 km-amagat CĤ
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Figure A33. Laboratory Spectrum of Methane: 1.24 km, 0.210 atm CH^, 0.238 km-amagat CĤ
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gure A34. Laboratory Spectrum of Methane: 1.24 km, 0.42 atm CH4, 0.48 km-amagat CĤ
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gure A35. Laboratory Spectrum of Methane: 1.24 km, 0.84 atm CH^, 0.96 km-amagat CH4
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Figure A36. Laboratory Spectra of Methane: 6825 A Band

Experimental conditions are: (a) 3-71 km, 1.83 atm CH4 ,
6.25 km-amagat Ch4 ; (b) 3.86 km, 1.04 atm CHU ,
3.66 km-amagat CH4; (c) 2.47 km, 1.04 atm CH4,
2.35 km-amagat CH4; (d) 1.24 km, 1.04 atm CH4,
1.18 km-amagat CH4. The zero levels are displaced as 
indi cated.
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Figure A37. Laboratory Spectra of Methane: 4000 to 6400 A

Experimental conditions are: (a) 3.86 km, 1.04 atm CH4
3.68 km-amagat CH4; (b) 2.47 km, 1.04 atm CH4,
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3.68 km-amagat CH4; (b) 2.47 km, 1.04 atm CH4,
2.35 km-amagat Ch4; (c) 1.24 km, 1.86 atm CH4 ,
2.11 km-amagat CH4; (d) 1.24 km, 1.04 atm CH4 ,
1.18 km-amagat CH4. The zero levels are displaced
i ndicated.
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Figure A38. Laboratory Spectra of Methane: 4000 to 5500 A

Experimental conditions are: (a) 3.24 km, 1.83 atm CH^,
5.47 km-amagat CH4; (b) 3.86 km, 1.04 atm CH4 ,
3.68 km-amagat CH4; (c) 3.09 km, 1.17 atm CH4 ,
3.31 km-amagat CH4; (d) 1.24 km, 1.86 atm CH4 ,
2.11 km-amagat CH^. The zero levels are displaced as 
i ndicated.



APPENDIX B.

BAND MODEL COEFFICIENTS

Wave
length
A

Graphical 
Least Squares

One Parameter 
Non-1 inear 
Least Squares

Two Parameter 
Non-1inear Least Squares

Kv
Est.
Error

Est. 
yv Error Kv e Kv e £

10540 0.10 0.03
10530
10520 0.11 0,03
10510 0.15 0.03
10500 0.17 0.04
10490 0.18 0.04
10480 0.24 0.04
10470 0.28 0.05
10460 0.27 0.04
10450 0.37 0.05
10440 0.31 0.05
10430 0.40 0.05
10420 0.51 0.05
10410 0.55 0.05
10400 0.60 0.05
10390 0.72 0.05
10380 0.83 0.05
1037Q , . . 0.92 0.05
10360 1.1 0 = 2 1.11 .0.05
10350 1.2 0.2 1.22 0.05
10340 1.4 0.2 1.35 0.05
10330 1.8 0.1 1.82 0.06 2.1 0.2 1-3 0.7
10320 1.6 0.1 1.63 0.06 1.8 0.2 2. 1.
10310 2.1 0.1 2.15 0.07 2.5 0.2 1.4 0.6
10300 2.2 0.1 2.20 0,08 2.7 0.2 1.1 0.5
10290 2.9 0.1 2.9 0.1 3.6 0.2 1.4 0.5
10280 2.6 0.1 2.5 0.1 3.1 0.2 1.2 0.4
10270 3.9 0.2 3.8 0.1 4.9 0.3 1.4 0.4
10260 3.6 0.2 3.4 0.1 4.2 0.3 1.6 0.5
10250 4.4 0.2 4.4 0.1 5.4 0.3 1.8 0.5
10240 4.0 0.2 4.0 0.1 4.8 0.3 1-7 0.5
10230 5.1 0.2 5.2 0.2 6.5 0.4 1.9 0.5
10220 4.5 0.2 4.5 0.1 5.4 0.3 2.1 0.6
10210 6.4 0.4 6.5 0.2 8.4 0.4 1.8 0.4
10200 5.5 0.2 5.5 0.2 6.6 0.3 2.5 0.6
10190 6.0 0.2 6. 1. 5.9 0.2 7.1 0.3 2.6 0.6
10180 6.7 0.3 6. 1. 6.8 0.2 8.0 0.4 3-Q 0.8
10170 7.4 0.3 6. 1. 7.5 0.2 8.6 0.3 3-8 0.9
10160 9.0 0.3 6. 1. 8.4 0.2 9.8 0.4 4.
10150 9.6 0.4 6. 1. 9.2 0.3 10.5 0.4 5-
10140 9.9 0.4 6. 1. 9.6 0.3 11.1 0.5 4.
10130 10.1 0.5 6. 1. 9.6 0.3 11.0 0.6 5-
10120 11.1 0.5 6. 1. 12.8 0.6 5.
10110 11.2 0.4 6. 1. 12.4 0.5 4.
10100 11.1 0.4 6. 1. 12.2 0.6 4.
10090 11.0 0.4 7. 1. 12.1 0.6 5.
10080 10.0 0.3 7. 1. 10.8 0.5 5-
10070 10.6 0.3 7. 1. 11.6 0.5 5-
10060 12.5 0.4 7. 1. 13.8 0.6 5. 1.
.10050 12.7 0.4 7. 1. 13.9 0.6 5.
10040 11.7 0.5 7. 1. 13.1 0.5 6. 2.
10030 11.5 0.3 7. 1. 12.4 -0.4 6. 2.
10020 11.8 0.4 8. 1. 12.9 0.5 7- 2.
10010 11.8 0.4 9. 1. 13.0 0.4 8. 2.
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Wave
length

A

Graphical 
Least Squares

One Parameter 
Non-linear 

Least Squares
Two Parameter 

Non-linear Least Squares

Kv
Est.
Error

Est, 
Yv Error Kv e

V
e yv e

10000 13.6 0.3 10. 1. 14.1 0.5 9. 3.
9990 14.6 0.3 10. 1. 15.0 0.5 10. 3-
9980 12.7 0.3 10. 2. 13-3 0.4 9. 3.
9970 11.8 0.3 10. 1. 12.2 0.4 7- 2.
9960 14.2 0.3 9. 1. 14.9 0 .4 7. 1.
9950 13.1 - 0.2 9- 1. 13-7 • 0.4 8. 2.
9940 10.4 0.3 8.; 1. 10.7 0.3 6. 2.
9930 10.2 0.2 7. 1. 10.7 0,4 5. 1. v
9920 10.3 0.2 7. 1. 10.7 0.3 5. 1.
9910 12.8 0.2 8. 2. 13-2 0.3 8. 2.
9900 12.7 0.2 10. 2. 13-3 0.3 8. 2.
9890 13,6 0.2 11. 1. 14.1 0.4 7. 2.
9880 14.3 0.4 10. 2. 14.9 0.6 9. 3.
9870 9.4 0.3 . 9. 1. 8.6 0.2 9,6 0.3 6. 1.
9860 8.0 0.3 8. 1. 7.3 0.1 8.2 0.2 5. 1.
9850 6.9 0.2 7. 1. 6.1 0.1 7-1 0.2 3.4 0.7
9840 7.6 0.2 5. L 6.8 0.2 7-9 0.2 3.6 0.7
9830 9.3 0.2 5. 1. 8.2 0.2 9-9 0.3 3.2 0.5
9820 8.1 0.2 6. 1. 7.3 0.2 8.4 0.2 4.2 0.8
98.10 8.4 0.1 7. K 7.6 0.2 8.8 0.2 4.1 0.7
9800 8.0 0.2 7. 1. 7.3 0.1 8.3 0.2 4.1 0.7
9790 ' 7.9 0.2 6. 1. 7.4 0.1 . 8.4 0.2 4.2 0-7
9780 6.8 0.1 . 5. 1- 6.5 0.1 7-2 0.2 5. 1.
9770 6.0 0.2 5. 1. 5.9 0.1 6.7 0.2 4.1 0.8
9760 5.3 0.1 5. 1. 5.3 0.1 5-9 0.2 3.7 0.8
9750 5.3 0,1 4, 1. . . 4.8 0.1 . 5.5 0.1 2.9 0.5
9740 5.1 0.2 3. 1. 4.8 0.1 5.5 0,2 2.8 0.5
9730 4.6 0.2 3. K 4.4 0.1 5.0 0.2 2.7 0.5
9720 4.4 0.1 3. 1. 4.1 0.1 4.7 0.2 2.6 0.6
9710 7.7 0.6 4. 1, 7.2 0.2 8.8 0.4 2.5 0.5
9700 6.1 0.2 4. 1. 5.9 0.2 6.9 0.3 3-0 0.7
9690 3.9 0.2 3. 1. 3.65 0.08 4.2 0.1 2.5 0.6
9680 2.6 0.2 2.60 0.06 3-1 0.1 1.6 0.4
9670 2.3 0.1 2.25 0.05 2.7 0.1 1.4 0.3
9660 2.4 0.2 2.29 0.07 2.7 0.2 1.5 0.6
9650 2.6 0.1 2.55 0.06 3.0 0.1 1.5 0,3
9640 2.1 0.1 2.11 0.05 2.4 0.1 1.6 0.5
9630 2.3 0.1 2.28 0.07 2.6 0.2 1.7 0.7
9620 2.2 0.1 2.10 0.04 2.4 0.1 2.0 0.7
9610 1.57 0.05 1.51 0.03 1.67 0.08 1.7 0-7
9600 1.28 0.05 1.21 0.02 1.30 0.06 2. 2.
9590 1.11 0.05 1.05 0.02 1.12 0.07 2. 2.
9580 0.89 0.03 ■ 0.85 0.02 0.88 0.06 4. 8.
9570 0.89 0.03 0.86 0.02 0.89 0.06 3. 4.
9560 0.55 0.02 0.51 0.02
9550 0.44 0.03 0.40 0.02
9540 0.34 0.02 0.30 , 0.02
9530 0.30 0.02 0.28 0.01
9520 0.30 0.02 0.30 , 0.01
9510 0.42 0.01 .
9500 0.16 0.01
9490 0.14 0.01
9480 0.22 0.01
9470 0.15 0.01
9460 0.07 0.01
9450 0.06 0.01
9440 0.06 0.01
9430 0,05 0.01
9420
9410 0.032 0.007
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Wave
length

A

Graphical 
Least Squares

One Parameter 
Non-1inear 

Least Squares
Two Parameter 

Non-1inear Least Squares

Kv
Est.
Error

Est.
Error Kv £ Kv £ yv £

9290 0.05 0.01
9280 0,08 0.01
9270 0.08 0.01
9260 0.13 0.01
9250 0.13 0.01
9240 . 0.16 0,01 -
9230 0.22 0.03 0.21 0.02
9220 0.29 0.03 0.27 0.02
9210 0.34 0.02 0.33 0,02
9200 0.39 0.02 0.38 0.02
9190 0.41 0.02 0.40 0.02
9180 0.46 0.02 0.45 0.02
9170 0.68 0.02 0.68 0.03
9160 0.82 0.03 0.80 0.03
9150 0.84 0.03 0.83 0.03
9140 0.90 0.03 0.88 0.03
9130 1.15. 0.05 1.18 0.04
9120 1.17 0.06 1.19 0.06
9110 1.45 0.03 1.46 0.03 1.51 0.08 5. 7.
9100 1.56 0.04 1.58 0.04 ' 1.65 0.09 5. 5.
9090 1.76 0.05 1.80 0.04 1.9 0.1 3. 2.
9080 2.44 0.08 2.45 0.05 2.6 0.1 4. 2.
9070 2.79 0.09 2.85 0.06 3.1 0.1 3. 1.
9060 3.9 0.1 5. T. 3.89 0.08 4.3 0.1 4. 1.
9050 4.7 0.1 6. 4.6 0.1 5.2 0.2 4. 1.
9040 5.7 0.2 6. 1. 5 .7 0.1 6.3 0.2 5. 1.
9030 7-0 0.2 6. T. 7.0 0.1 7.8 0.2 5. 1.
9020 9.1 0,3 7. 1. 8.8 0.2 9.6 0.3 7. 2.
9010 TO. 9 0.4 7. 1. 11.6 0.3 9. 2.
9000 12,3 0.4 8. 1. 13.3 0.3 10. 2.
8990 13.6 0.6 9. 2. 14.8 0.4 8. 2.
8980 12.0 0.4 9. 1. 13.2 0.3 10. 2.
8970 14.2 0.3 TO. 2. 15.3 0.3 IT. 2.
8960 18.6 0.6 11. 2. 20.5 0.4 15. 3.
8950 21.2 0.4 11. 4. 22.7 0.4 19. 4.
8940 21.5 0.6 12. 3. 23.3 0.5 15. 3.
8930 19.6 0.6 13. 2. 21.2 0.5 13- 2.
8920 19.3 0.7 14. T. 21.1 0.5 11. 2.
8910 20.9 0.4 14. 1. 22.2 0.5 13. 3.
8900 20.3 0.4 14. 1. 21.7 0.5 10. 2.
8890 24.6 0.6 14. 1. 25-9 0,6 14. 3.
8880 28.9 0.6 14. 1. 31.0 0.8 14. 3.
8870 30.8 1.3 13. 1. 32. 1. 20. 10.
8860 17.7 0.4 12. 1. 18.9 0.4 9. 1.
8850 14.8 0,3 11. 15.5 0.3 7. 1.
8840 20,2 0.6 10. 1. 21.7 0.6 5.9 0.8
8830 23,7 0.5 11. 1. 24.8 0.6 8. 1.
8820 23.9 0.6 11. 1. 25.3 0.5 10. 1,
8810 18.3 1.0 12. 1. 19.5 0.4 12. 2.
8800 13.1 0.3 11. 14.5 0.3 10. 2.
8790 7.6 0.2 7. 1°. 7.6 0.1 8.2 0.2 8. 2.
8780 3.6 0.1 4. 1. 3.52 0.07 3.8 0.1 4. 1.
8770 2.4 0.1 2.45 0.04 2.7 0.1 3. 1.
8760 2.2 0.1 2.24 0.04 2.5 0.1 3. 1.
8750 2.0 0.1 2.06 0.04 2.3 0.1 2. 1.
8740 1.9 0.1 1.94 0.04 2.2 0.1 2.0 0.8
8730 1.8 0.1 1.79 0.04 2.0 0.1 1.7 0.6
8720 1.8 0.1 1.82 0.04 2,1 0.1 1.7 0.6
8710 2.1 0.1 2.12 0.05 2.4 0.1 1.7 0.6
8700 2.4 0.1 2.38 0.05 2.7 0.1 1.8 0.5
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Wave-
Length

A

Graphical 
Least Squares

One Parameter 
Non-linear 

Least Squares
Two Parameter 

Npn-1inear Least Squares

Kv
Est.
Error

Est. 
Yv  Error *v £ Kv e yv £

8690 2.3 0.1 2.27 0,04 2.6 0.1 2.0 0.6
8680 2.7 0.1 2.76 0.05 3.1 0,1 2.2 0.6
8670 3.2 0.1 3,14 0.06 3.4 0.1 4. 2.
866'0 3,5 0.1 5. 1. 3.42 0.06 3.9 0.1 2.6 0.6
8659 4.1 0. T 5. 1. 4,05 0.08 4.6 0.1 2.8 0.6
8640 3,9 0.1 6. 1. 3.80 0.07 4.4 0.1 2.5 0.5
8630- 3.7 Oil 6 . 1. 3.67 0.07 4.2 0.1 2.8 0.6

-8620 4.5 0.2 6. 1. . 4.6 0.1 5.1 0.2 4. 1.
8610 4,7 0.1 6. 1. 4.62 0.08 5.2 0.1 3,5 0.7
8600 4.3 0.1 5. 1. ; 4.21 0.07 4.7 0.1 3.5 0.8
8590 3-3 0.1 5. 1. 3.24 0.06 3-6 0.1 3. 1.
8580 2,8 0.1 2.82 0.05 3.1 0.1 3. 1.
8570 2.1 0.1 2.14 0.04 2.28 0.09 4. 2.
8560 1.54 0.04 1.52 0.03 1.59 0.08 4. 4.
8550 '1 .18 0.03 1.16 0.03
8540 0.95 0.02 0.94 0.02
8530 0.76 0.02 0.74 0.02
8520 0.60 0.03 0.58 0.03
8510 0:43 0.02 0.41 0.02
8500 0.34 0.01 0.31 0.02
8490 0.28 0.02 0.25 0.02
8480 0.32 0.02 0.30 0.02
8470 0.33 0,01 0.31 0.02
8460 0.34 0.02 0.32 0.02
8450 0.37 0.02 0.35 0.02
8440 0.49 0.02 0.47 0.02
8430 0.35 0.04 0,28 0.03
8420 0.65 0.07 0.69 0.04
8410 0.63 0.06 0.63 0.05
8400 0.42 0.04 0.36 0.02
8390 0.50 0.02 0.50 0.02
8380 0.53 0.02 0.53 0.01
8370 0.48 0.03 0.49 0.03
8360 0.48 0.02 0.46 0.02
8350 0.34 0.02 0.32 0.02
8340 0.18 0.02
8330 0.08 0,01

8201 0.04 0.01
8191 0.06 0.01
8181 0.05 0.01
8171 0.07 0.01
8161 0.10 0.01
8151 0.14 0.01
8l4 l 0.15 0.01
8131 0.23 0.03 0,24 0.02
8121 0.26 0.07
8111 0.32 0.08 0.33 0.04
8101 0.36 0.04 0.39 0.04
8091 0.38 0.02 0.39 0.02
8081 0.40 0.03 0.42 0.02
8071 0.48 0.04 0.50 0.03
8061 0.55 0.02 0.56 0.02
8052 0.60 0.03 0.62 0.02
8042 0.69 0.03 0.72 0.03
8032 0.73 0.03 0.75 0.02
8022 0.80 0.04 0.82 0.03
8012 0.81 0.05 0.83 0.04 •
8002 0.90 0.04 0.93 0.03
7952 1.00 0.04 1.05 0.03
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One Parameter
Graphical Non-linear Two Parameters

Least Squares Least Squares Non-linear Least Squares
Wave
length Est. Est.a Error Error k e % e . eV

7982 1-05 0.05 1.11 0.04
7972 1-02 0.05 1.06 0.04
7962 0.88 0.04 0.92 0.03
7952 0.92 0.07 0.94 0.06
7942 0-80 0.06 0.86 0.04
7932 0.88 0.04 0.91 0.03
7922 0-89 0.04 0.92 - 0.03
7912 0.76 0.03 0.79 0.03
7902 0.70 0.03 0.72 0.02
7892 0-70 0.03 0.72 0.02
7883 0.74 0.03 0.76 0.03
7873 0.73 0.06 0.78 0.05
7863 0.68 0.03 0.71 0.03
7853 0-66 0.04 0.69 0.03
7843 0.77 0.04 0.80 0.03
7833 0.73 0.03 0.75 0.02
7823 0.51 0.03 0.53 0.03
7813 0.52 0.03 , , 0.54 0.02
7803 0.50 0.03 0.52 0.02
7793 0.44 0.03 0.46 0.02
7783 0.38 0.03 0.39 0.02
7773 0-29 0.02 0.29 0.02
7763 0.27 0.02 0.28 0.02
7753 0.27 0.03 0.28 0.02
7744 0.23 0.03 0.24 0.02
7734 0-28 0.03 0.29 0.02
7724 0.20 0.06
7714 0.16 0.01
7704 0.17 0.01
7694 0.15 0.01
7684 0.14 0.01
7674 0.15 6.61
7664 0.14 0.01
7654 0.11 0.01
7644 0.10 0.01

7427 0.05 0.01
7417 0.09 0.01
7404 0.14 0.01
7397 . 0-20 0.02 0.20 0.01
7387 0.31 0.04 0.31 .0.03
7377 0.42 0.04 0.45 6.02
7367 0.58 0.04 ' 0.61 0.03
7357 0.73 0.04 0.71 6.02
7347 1.04 0.04 . 1.03 0.02
7338 1.38 0.05 1.36 0,03
7328 1.65 0.06 1.66 0.03
7318 1.76 0.06 1.78 0.64
7308 2.15 0.68 2.18 0.05
7298 2.6 0.1 2.62 0.05
7288 2.8 0.1 2.88 0.06
7278 3.4 0.1 3.49 0.07
7268 3.3 0.1 3.35 0.07
7259 ' 3.1 0.1 3.17 0.07
7249 3.0 0.1 3.10 0.67
7239 2.7 0.1 2.71 0.05
7229 2.36 0.08 2.39 0.05
7219 1.71 0.05 1.71 0.04
7209 1.48 0.03 1.48 0.03
7199 1.29 0.03 1.30 0.02
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Wave
length

A

Graphical 
Least Squares

One Parameter 
Non-1 inear 

Least Squares
Two Parameter 

Non-linear Least Squares

Kv
Est.
Error yv

Est.
Error Kv = Kv e yv e

7189 0.94 0.02 0.94 0.02
7180 0.66 0.02 0.66 0.02
7170 0.50 0.02 0.49 0.02
7160 0,30 0.02 0.29 0.01
7150 0.16 0.02 0.14 OiOl
7140 0.09-. 0.01
7130 - 0.06 0.01

7101 0.07 . 0.01
7091 0.07 0.01
7081 0.08 0.01
7071 0.08 0.02
7061 0.15 0.02 0.14 0.02
7051 0.17 0.02 0.17 0.01
7041 0.20 0.01 0.19 0.01
7032 0.22 0.04 0.15 0.01
7022 0.24 0.03 0,20 0.01
7012 0.25 0.06 0.28 0.01
7002 0.22 0.02 0.237 0.007
6992 0.148 0.006 0.154 0.004
6982 0.110 0.003 0. I l l 0.003
6973 0.084 0.006 0.086 0.004
6963 0.060 0.003 0.058 0.004
6953 0.043 0,003 0.039 0.002
6943 0.034 0.003 0.029 0.002
,6933 0.028 0,003 0.022 0,002
6923 0.017 0.007 0.017 0.002
6913 0.015 0.007 0,015 0.002
6904 0.018 0.006 0.018 0.002
6894 0.016 0.006 0.017 0.002
6884 0.020 0.005 0.021 0.002
6874 0.026 0.003 0.026 0.003
6864 0.026 0.003 0.026 0.002
6854 0.026 0.003 0.026 0.002
6844 0.038 0.003 0.036 0.002
6835 0.044 0.003 0.043 0.002
6825 0.023 0.003 0.023 0.001
6815 0.017 0,002
6805 0.011 0,001
6795 0.005 0.001

6756 0.020 0.002
6746 0.033 0.002
6736 0.021 0.002
6727 0.07 0.01
6717 0,08 0.01
6707 0.07 0.01
6697 0.13 0.02 0.09 0.01
6687 0.13 0.02 0.11 0.01
6677 0.14 0.03 0.12 0,01
6668 0.15 0.03 0.12 0.01
6658 0.15 0.02 0.12 0.01
6648 0.15 0.03 0.11 0.01
6638 0.14 0.02 0.11 0.01
6628 0.14 0.02 0.11 0.01
6618 0.14 0.05 0.13 0.02
6609 0.13 0.03 0.10 0.01
6599 0.13 0.03 0.10 0.01
6589 0.13 0.03 0.10 0.01
6579 0.13 0.03 0.09 • 0.01
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Wave
length

A Kv

Graphical 
Least Squares

Est;
Error

One Parameter 
Non-1inear 

Least Squares
Two Parameter 

Non-linear Least Squares

Est.
Error yv % e V  £

6569 0.12 0.02 0.08 O4OI
6560 0.09 0.01
6550 0.07 0.01
6540 0.07 0.01
6530 0.06 0.01
6520 ■0.07 0.01
6510. 0.060 0.006 "
6501 . 0.055 0.005
6491 • 0.054 0.004
6481 0.050 0.004
6471 0.042 0.004
6461 0.036 0.003
6452 O.O3O 0.002
6442 O.O32 0.003
6432 0.032 0.003
6422 O.O32 0.003
6412 0.028 0.003
6403 0.028 0.003
6393 0.022 0.003
6383 0.019 0.003
6373 0.015 0.003
6363
6354 0.012 0.003
6344
6334 0.013 0.003
6324 0.014 0.003
6314 0.014 0.003
6305 0.018 0.003
6295 0,028 0.003
6285 0.050 0,004
6275 0.065, 0.004
6266 0.11 0.01 0.101 0.006
6256 0.17 0.01 0.156 0.007
6246 0.24 0.01 0.22 0.01
6236 0-25 0.09 0.30 0.01
6226 0.3 0.1 0.39 0.02
6217 0.4 0.1 0.47 0.02
6207 0 .5 ' 0.1 0.55 0.02
6197 0.6 0.1 0.60 0.02
6187 0.6 0.1 0.62 0.02
6177 0.55 0.06 0.57 0.02
6166 0.47 0.04 0.49 0,01
6156 0.38 0.05 0.40 0.01
6146 0.31 0.04 0.33 0.01
6136 0.23 0.03 0.24 0.01
6125 0.16 0.01 0.159 0.007
6115 0.113 0.01 0.111 0.007
6105 0.084 0.02 0.080 0.007
6095 • 0.067 0.02
6084 0.058 0.01 0.054 0.006
6074 0.049 0.02 0.046 0.006
6064 0.048 0.01
6054 0.048 0.01
6043 0.050 0.01 0.046 0.006
6033 0.054 0.01
6023 0.061 0.01 0.055 0.009
6013 0.065 0.02 0.059 0.009
6002 0.065 0.02 0.060 0.008
5992 0.065 0.02 0.065 0.007
5982 0.063 0.01 0.061 0.005
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Wave
length

A

Graphical 
Least Squares

One Parameter 
Non-1inear 

Least Squares
Two Parameters 

Non-1inear Least Squares

Kv
Est. Est. 
Error yv Error Kv e Kv e yv E

5972 0.061 0.02 0.056 0.008
5961 0.059 0.02 0.053 0.008
5951 0.053 0.02 0*048 0.007
5941 0.049 0.01 0.045 0.006
5931 0.038 0.01 0.036 0.005
5520 0.033 0.01 0.030 0.005
5910 0.033 0.01
5900 0.022 0.006

, 5890 0.021 0.006
5879 0.022 0.003 0.020 0.003
5869 0.021 0.006
5859 0.021 0.006
5848 0.023 0,006
5838 0.025 0.01
5828 0.023 0.01
5818 0.025 0.01
5807 0.029 0.01 0.034 0.005
5797 0.033 0.01 0.039 0.003
5787 0.043 0.02
5777 0.044 0.01 0.05 0.01
5766 0.049 0.01 0.06 0.01
5756 0.052 0.02 0.06 0.01
5746 0.046 0.02
5736 0.043 0.02
5725 0.038 0.02 0.04 0.01
5715 0.036 0.02
5705 0.034 0.02
5695 0.028 0.02
5684 0.024 0.02
5674 0.019 0.01
5664 0.019 0.01
5654 0.018 0.01
5643 0.015 0.01
5633 0.015 0.01

5489 0.018 0.003
5479 0.028 0.01
5469 0.048 0.006 0.049 0.003
5.459 0.076 0.01 0.075 0.003
5448 0.11 0.03 0.117 0.003
5438 0.12 0.04 0.133 0.006
5428 0.13 0.04 0.137 0.006
5418 0.J2 0.04 0.125 0.009
5407 0.087 0.03 0.093 0.008
5397 0.064 0.02 0.063 0.006
5387 0.050 0.01 0.050 0.005
5377 0.040 0.01 0.040 0.004
5366 0.029 0.01 0.029 0.003
5356 0.023 0.01
5346 0.020 0.01
5335 0.019 0.02
5325 0.020 0.02
5315 0.020 0.01
5305 0.023 0.01
5294 0.023 0.02
5284 0.024 0.01 0.021 0.004
5274 0.024 0.01
5264 0.024 0.01
5253 0.023 0.01
5243 0.023 0.02
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Graphical 
Least Squares

One Parameter 
Non-1 inear 

Least Squares
Two Parameter 

Non-1 inear Least Squares
Wave
length Esto Est.

A k Error y Error k e k e yv V v 7v

5233 0.021 0.02
5223 0.020 0.02
5212 0.013 0.01
5202 0.013 0.02

5120 0.012 0.003
51 TO 0.015 0.003
5099 0.016 0.004 0.01? 0.003
5089 0.015 0.003 0.013 0.002
5079 0.014 0.003 0.012 0.002
5069 0.014 0.003 0.012 0.002
5058 0.012 0.003 0.011 , 0.002
5048 0.011 0.006

5017 0.006 0.001
5007 0.006 0.001

4884 0.010 0.01
4874 0.023 0.003
4864 0,030 0.006 0.028 0.004
4853 0.028 0.006 0.028 0.002
4843 0.014 0.006
4833 0.012 0.006
4823 0.010 0.003 0.010 0.001



APPENDIX C

DETERMINATION OF CONSOLIDATED BAND MODEL COEFFICIENTS

Lutz et a 1. (1976) and Giver (1978) each have taken spectra of 

methane and reported total band strengths. These band strengths corre

spond to the equivalent width of the band, W, per unit abundance at low 

abundance -(k a.«*:iry p). |n this case the Mayer-Goody model simplifies 

to simple exponential absorption, namely,

TMG = exp(-K^a) . (Cl)

The total band strength, $■ , is then

k dX = Y k AX . (C2)v L v
band

Since in the present work AX is always 10 A, the band strength is just 

the sum of the absorption coefficients over the band times 10 X. This 

relationship (after converting from X to cm-1) yields results which are 

directly comparable to those of Lutz et al. (1976) and Giver (1978).

A suitable average among the''band strengths from the present 

results and those of Lutz et al. (1976) and Giver (1978) was found for 

each band and the graphical least squares absorption coefficients 

adjusted to conform to this band strength. The band strengths in
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So = W/a = (1/a) (1 - TMG)dX =
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Table Cl were slightly larger than those computed from the absorption 

coefficients in Appendix B due to a correction in each case for absorp

tion in the wings of the band. These corrections were made to conform 

to the wavelength limits of Giver (1978) for each band. The values of 

the absorption coefficients between 4400 and 4800 A were all obtained 

from the equivalent widths and the shapes of the bands in lutz et al. 

(1976). They are listed in the table for the sake of completeness.

Table 01 presents the details of how the absorption coefficients 

in Table 7 were derived. The first column gives an approximate wave

length of the band center. Columns 2 through 4 contain the band 

strengths for each band as derived by the present study. Giver (1978) 

and Lutz et al. (1976), The values in column 2 are from the graphical 

least squares absorption coefficients in Appendix B (after interpolation 

to one point per 10 A) and equation (C2). Columns 5 through 7 are the 

weights given to each study in deriving the adopted band strength in 

column 8. The ninth column is the factor by which all of the absorption 

coefficients in the wavelength range of column 10 were multiplied to 

correct the graphical least squares absorption coefficients in column 

10 to obtain the values in Table 7. Discussion of some specific dif

ficulties follows the table.



Table Cl. Parameters for Combined Band Model Coefficients

Band
Center
(A)

S0 (cm“l/km-amagat) Weight

Adopted
So

irr Vkm-amagat)

Correction
Factor

Wavelengths
Corrected

(A)

Present
Study Giver

(1978)

Lutz 
et al.
(1976)

Present
Study Giver

(1978)

Lutz 
et a l.
(1976) (ci

9900 5750 6330 2 1 5940 1.03 9480-10500
8870 6200 6380 - 2 1 ■ - 6260 1.01 8730- 9230
8610 773 871 - 2 1 805 1.04 8490- 8720
8400 92 119 . - 2 1 ; > 101 1.09 8350- 8480
7900 438 469 - 2 1 - 448 1.02 7720- 8130
7270 762 825 775 1 1 ■ 1 787 1.03 7140-7390'
7030 49 69 , 44 1 1 1 54 1.10 6910- 7140
6825 5-6 12.0 3-6 2 1 2 6.1 1.09 6810- 6900
6670 72.5 55-3 - 2 1 - 66.8 0.92 6550” 6680
6190 160 143 123 1 1 1 142 0.89 6030- 6240
5970 22.6 6 .2 ■ - 1 2 - 12 0.53 5890- 6040
5760 23.4 11.2 10.1 0 1 1 11 0.39 5620- 5870
5570 1.4 0.5 «. «> — - ■ -
5430 35-8 29.3 26.7 1 1 7 1 30 i 6 0.86 5320-5480
5210 6.2 0-7 - - - - 3 0.48 5200- 5270
5090 4.2 3-2 - 1 ' 1 3-7 0.88 5050- 5120
4860 . 6.5 7-0 5 .7 1 1 1 6.4 1.00 4830- 4890
4600 1.1 0.6 ■=’ 1 1 0.9 1.50 4600-4610
4410 -> 1.6 1.8 - 1 1 1-7 1.06 4400- 4430

crsW
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6825 A band; Continuum placement was particularly difficult 

for this weak band.

6670 A band; A substantial correction had to be made to 

adjust the results of the present study to the wavelength limits of 

Giver (1978). This is a weak band for which no spectra were obtained

with more than t km-amagat of methane.
O - '

5970 A band; This band exhibits a large discrepancy between

investigators that was undoubtedly due to the difficulty in placing the

continuum in weak bands. Dick and Fink (1977) have shown this band to

be one of a series of bands also including the 8610, 7030 and 5210 A

bands. Each band is next to a much stronger one at a slightly longer

wavelength. Since both bands, in each pair, arise from the same number

of bends, it might be expected, then, that the ratio of the band

strengths would stay roughly constant from one pair to the next. The

ratio of the strength of the 8870 X band to that at 8610 X is 8 and

that of the 7270 X band to the 7030 A band is 15. It would appear,

then, that the ratio of the strength of the 6190 X band to that at

5970 A should be at least ~10 and thus S < 14 cm”*/km-amagat. S mayo ~ o
be even weaker if the two cases at longer wavelength are extrapolated 

yielding a more rapid fall off with wavelength of the weaker companion 

band. Also, since the present study yielded band strengths larger than 

other workers for the neighboring bands on both sides, it is very 

probable that the continuum was drawn such that band strengths were 

uniformly too large by about 10 or 20 cm”1/km-amagat.
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5760 K band: The agreement between Giver (1978) and Lutz et a I.

(1976) and the fact that the continuum for the present study seems to 

have been drawn such that the band strengths in this wavelength region 

were consistently too large indicate that the present study is prob

ably in error.
©

5570 A band: This band is considered marginal.

5210 & band: This band also exhibits a large discrepancy

between investigators. A comparison with other bands must be made to 

decide which determination is more likely to be correct. This band is 

part of the Same series as the 5970 K band and, from that discussion,
O

should be -10 times weaker than the 5430 A band yielding an of about 

3 or less. This indicates that the correct value is between the two 

determinations and a guess of 3 crrTVkm-amagat was used.

5090 A band: The Giver (1978) wave length limits were 5022 to.

5169 A, but the wings of the band were too uncertain for the application 

of any correction beyond the wavelengths of 5045 to 5125 A in the 

present study.



APPENDIX D

THE EFFECT OF TEMPERATURE ON THE SPECTRUM OF METHANE

All laboratory spectra were obtained at ~300°K, but the solar 

system objects considered in this work are at temperatures of 50 to 

80°K. The effect of this temperature difference upon the band model 

coefficients derived in Chapter 2 is difficult to estimate. Since at 

room temperature virtually all methane molecules will be in the ground 

vibrational state, no variation in total band strength occurs at lower 

temperatures. Therefore, the integrated absorption coefficient which is 

equivalent to the band strength will not change. This has been con

firmed by the spectra of liquid methane of Ramaprasad et al. (1978). It 

is to be expected, however, that the absorption coefficient in the wings 

of the band will be somewhat weaker, being compensated by the stronger 

coefficients in the band center. Due to the overlap of many bands, 

much of this effect will be cancelled. The change in the pressure 

coefficient has to be examined more carefully. Since the pressure 

coefficient is defined as a^/6, changes in both aQ and 6 must be esti

mated. Changes in aQ are discussed first, then changes in S which are 

larger and more uncertain.

The Mayer-Goody band model equation.assumes Lorentz line 

shapes. The Lorentz width varies approximately inversely as the square 

root of the temperature. Thus, for the same pressure Lorentz lines 

will be roughly twice as wide at 80°K than as 300°K, but this factor
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may vary between just over unity and more than 3 depending on the 

broadening gas (Darnton and Margolis, 1973). Compared to room tempera

ture the Lorentz width becomes larger than the Doppler width both 

because of this widening and because the Doppler width decreases by the 

square root of the temperature. For the low pressure case considered 

for Pluto and Triton, however, tfoe Doppler line width becomes greater 

than the Lorentz width. The Mayer-Goody equation in this case is not 

strictly correct, but the resulting error is smaller than that due to 

the uncertainty in the band model coefficients. A larger effective

value of a must be used, o
To estimate the change in 6 with temperature the splitting of 

the rotational lines by as little as ~10"2 cm”1 must be considered, 

since this is the mean line spacing. First an estimate is made of the 

number of lines in a band at room temperature, then a similar estimate 

is made for 80°K. The degeneracy of each rotational level is (2J + I)2 

where J is the rotational quantum number; in general, the rotational 

line will not split info this many components. Since the splitting is 

unknown, three different cases are considered, namely, one component,

J + 1 components and (2J + I)2 components. To a first approximation, . 

the intensity of an absorption line of methane (having many possible 

components) will be proportional to the population of the rotational 

levels of a spherical top molecule with a large nuclear spin, namely,
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(Herzberg, 1945) where Nj is proportional to the population of rotational 

level J, h is the Planck constant, k is the Boltzmann constant, 6 is the 

temperature and B is the rotational constant (5.25 cm"1 for methane). 

Since it is not known how weak a component might be and still contribute 

to S., three cases were again considered. All components of strength 

greater than 0.1, 0.01 or 0.001 times the maximum line strength in the 

band were counted. Table D1 displays the factor by which 6 is increased 

for 80°K as compared to 300°K for each combination of minimum line 

strength and splitting of rotational lines. This factor varies between 

about 2 and 8.

For.Uranus, Neptune and the high pressure case for Pluto and 

Triton, a increases by a factor of about 1 to 3 a n d  6 by a factor of 

2 to 8. Thus, the pressure coefficient may increase by as much as a 

factor of 1.5 or decrease by as much as a factor of 8. Changes in this 

range will not affect the Uranus and Neptune models since the high 

pressure limit will still hold, but the minimum atmospheric pressure 

for the high pressure limit for Pluto and Triton may change somewhat.

For the low pressure case for Pluto and Triton, however, changes in the 

pressure coefficient are important. The Doppler line width is 100 times 

greater than the Lorentz width in this case a n d  a  larger pressure 

coefficient must be used than that indicated by the above discussion 

alone. This indicates that the abundance derived for this case in 

Chapter 4 is probably too large, but not by such a large factor that 

the high pressure case abundance is approached.
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Table D1

Ratio of Mean Line Spacing of 6 at 80°K to 6 at 300°K

Number of 
Components 
per Line

Minimum Line Strength * Maximum Line Strength

.1 .01 .001

1 2.2 1.9 2.0

J + 1 3.7 3.8 3.5

(2J + 1)2 8.1 8.0 6.8



APPENDIX E

HAZE LAYER MODEL CALCULATIONS

The haze layer model is defined in Chapter 3, and a diagram of 

it is displayed in Figure 11. The model contains an isotropical1y 

scattering upper cloud layer, a non-scattering absorbing gas layer artd 

a Lambert surface. The effect of each of these three layers upon inci

dent light and the calculation of the geometric albedo from such a model 

is described in this appendix.

The geometric albedo p of a spherical planet at a phase angle 

of zero is defined as

where I is the reflected intensity, irF the incident flux, the angle 

between the incident ray and the outward normal of the planet and p 

the angle between the emergent ray and the outward normal of the planet 

(Wallace, 1972). The diffusely reflected intensity from a scattering 

layer is given in terms of the scattering function S as

0
(El)

(0 s p s 1) (E2)

(Chandrasekhar, 1950, page 20). Similarly the diffusely transmitted 

intensity is given in terms of the transmission function T as

170
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I = T (0 5 U S 1) (E3)

(Chandrasekhar, 1950, page 20).

First, consideration is given as to how to compute the S and T 

functions for the upper haze. For isotropic single scattering S and T

a r e  ' ■ ::

"I :
S(t ,V ,Vo) - S0 (1 + -L) - exp [ -T (1 + y ]  j (EA)

Tk ,v ,v 0) - S o Q "  j - )  [ exp( " ^ ) " exp( - i ) ]  (E5)

where is the single scattering albedo and t the optical depth of the 

cloud layer (Chandrasekhar, 1950, page 217). For t «  1, equations 

(E4) and (E5) are accurate representations of the S and T functions.

Hansen (1969) suggests a conceptually simple method of obtain

ing. S and T for any value of t starting from these two equations. 

Consider two very thin scattering layers that have S and T functions as
I

in equation (E4) and (E5). The S function of the two layers combined 

will be that of the first layer, plus that of the second layer times 

the extinction due to the first layer, plus that which diffusely trans

mits through the first layer one or both times and diffusely scatters 

off of the second layer plus some terms where the light diffusely 

scatters hack and forth between the two layers. Hansen (1969) gives
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an equation for this scattering function. For isotropic scattering 

there is no azimuthal variation and his equation can be simplified to

S(2T,y,yo) = S(T,y,yo)

/ -T/y
+ e T (x,y,y )e

. Z-1 't/vo
+ J T(t,v,v') Z:o(T,yl ,yo) --  du1

^ 0

+ £  T / y f  ^0( T » y » y1 ) t ( t , y 1 , y Q) d y '

^ 0

+ i J ^ T T  T(T,y,y")Z^(T,y",y')T(T,y',yQ)dy'dy" . (E6)
^ 0 0

The E function has been included to indicate the summation over all o
odd numbers of diffuse scatterings between the clouds. It is defined as

So^T,y,yo^ - I Sn^T,y,yo^ (E7)n 1»3»«••

where

S1(r,y,yQ) = S(T,y,yQ) (E8)
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and

Sn(T^ 0) E J S(T,y,p,)Sn_1(T,p',yo)dy‘ .
J  0

(E9)

A similar equation is given by Hansen (1969) for the transmis

sion function. In this case E indicates a summation over all evene
numbers of diffuse scatterings between the two layers. The equation 

for T is

-x/y _ i 
T(2x,y,yo) = T(x,y,yo)e ° + e T yT(x,y,yQ)

/ -x/y
+ e T (x,y,y )e

+ jj T(x ,y ,y')T(x ,y',yQ)dy'
J 0
1 /  e~'^°

+ 2 T(x,y,y')Ee(x,y',yo) -jj!—  dy '
0

1-x/y

0/ >+ ““2—  I rr (x,y,y1 )l(x,y1 ,yo)dyl

where

+ ¥/ [  T̂j7!T T(x,y,y")Ee (x,y",yl)T(x,yl ,yo)dyldy" (E10)
0 0

Z (T ,y,Vin) = I S (x,y,y ) . (Ell)
6 ° n=2,4,... n °
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Once S and T are computed for 2t , the process is repeated on the

new S and T functions to obtain S and T for 4%. This is continued until 

the optical depth desired for the cloud is attained.

between 2“25 and 2-26 and after a number of doublings (usually -20) 

yielded and for The reason for this starting value is given

by Hansen (1969). He finds this value to be small enough that the ini

tially computed S and T functions are sufficiently accurate that 

relative errors remain small through any number of doublings. With such 

small starting values of t, however, equations (E4) and (E5) are diffi

cult to compute accurately on a computer in the form given. Each 

involves subtracting two numbers whose difference is about 10™7 times 

smaller. By expanding the exponentials in a Taylor's series much more 

accurate expressions for computation are

The values of and converged quickly. Each was calculated 

to three terms and remaining terms were approximated as a geometric 

progression. The expressions were

The S and T functions were computed starting with a value of x

(El 3)

(E12)

Zo(x,y,po) = S1(T,y,yo) + S3(T,y,yQ)

+ (I/O - [$5 (x,y ,yo)/S6 (x ,y ,yo)] }) S5(x ,y ,yQ) (El 4)
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and

Ie (T,y,yo) = $2 (t ,y ,yQ) + S4 (t ,y,yo)

+ (1/Cl - [S5(T,y,yo)/S6 (T,y,yo)] >)SG (T,y,yo) (E15)

The integrals were solved by the method of Gaussian quadrature 

(Chandrasekhar, 1950, chapter II) with a change of variables to make the 

integration over the interval 0 to +1 instead of -1 to +1. Three quad

rature points were sufficient for accuracy much greater than the 

accuracy of the geometric albedos of Uranus. The accuracy was checked 

by comparing sample cases with S and T functions computed by an inde

pendent method. The Chandrasekhar X- and Y- functions tabulated by 

Sobouti (1963) and Carlstedt and Mullikin (1966) were used with equa

tions (80) and (81) of page 181 of Chandrasekhar (1950). Also, for

values of the optical depth of -103 the geometric albedo of the 

planet was computed from and equations (El) and (E2). The geometric

albedo was then compared to the semi-infinite results of Harris (1961).

The largest relative error, 0.3%, was the comparison to the results of 

Harris (1961) when = 1; all other differences were much smaller.

The S and T functions refer only to diffusely scattered light;

these functions must equal zero for the non-scattering layer. Only

absorption by the gas in this clear layer must be considered. The mean

transmission function Tu., however, is non-multiplicative. AsMu



explained in Chapter 2, this means that the mean transmission through 

this layer may not be computed for each traversal, but must be computed 

only once for any ray. Equation (2) was used as the transmission func

tion under the assumption that an effective pressure could be defined. 

The total abundance is the column abundance times the sum of the recip

rocals of u for all passes through the atmosphere. This is expressed 

as

2(n+1) ,
3n = a ^  (E,6)

where a is the column abundance of the absorbing gas.

The S function for the Lambert surface is

sl (l ,u ,uo) = 4Luuo (E17)

where L is the Lambert reflectivity (Chandrasekhar, 1950, page 147).

The T function for the Lambert surface is not needed.

It now remains only to compute S for the entire model. The

doubling equation (E6) may be used with slight modification. The left

side of the equation is now S for the entire model and the T functions 

on the right side are T̂ . The lQ function involving and
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= TMG(ao,p)Bo(L,TH>V,Vo)

.“I J

J .1 .1 Jf J f f TMG(a2 .p)B2(l.th ̂ .V0)dv1dy2dv3du,
0 0 0 0

+ ... (E18)

where

Bo(L,TH,v,|io) = SL(L,y,yo) (E19)

and

Bn(L’TH’W>Wo) = Bn-1(L’tH’V ’ll")

+ y'V SH^TH ’,jl'’yl^SL^L’'llVô

(nil) . (E20)



178
With these definitions equation (E6) was solved numerically by

Gaussian quadrature with u = p . The resulting S function was theno
inserted into equation (E2) and the l/F derived from it inserted into 

equation (El). This final answer was the geometric albedo at zero 

phase angle which is directly observable.

Solving equation (E6) involved multiple integrals in p. The 

summation for Gaussian quadrature required the sum over all combinations 

of the quadrature points for all of the values of p. This is an 

extremely long process that sacrifices accuracy due to computer round

off error. However, consideration of Figure 11 shows how this 

computational effort may be greatly reduced. Each p integrated over 

corresponds to a value of p for one of the numbered rays or for the 

incoming or outgoing ray above the haze. The following simplifications 

were performed by symmetry:

1) All ray combinations within an integral for which a^ were 

equal were summed before calculating T^. This summation was then valid 

for all wavelengths, abundances and pressures since it was independent

of V  Yv , a and p.

2) Chandrasekhar (1950, page 171) shows that

S(p ,po) = S(pQ,p) (E21)
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The calculation of Bn (t̂  , L ,y ,Vio) for n > 1 involves terms that are 

proportional to

S (L,y2 >1̂2  ̂ »li 2 *̂ 3  ̂ *̂ 3

= 16L2v 1u2v 3v 4Sh (t h ,v2 ,v 3)

= SL (L,n1 ,P3 )SH (TH ,P3 ,tJ2)SL (L,iJ2 ,v1)) . (E22)

Thus, interchanging the values of y2 and y3 yields the same result and 

the term needs to be calculated only once. A similar argument holds for 

rays 4 and 5 when n k 2. This reduces the number of computations for 

n = 1 by almost a factor of 2 and for n a 2 by almost a factor of 4.

3) For Bn (t^,L,y,yo) and n % 2 , interchanging y's for 

rays 2 and 3 with those for rays 4 and 5 makes equal terms in 

Bn (TH,L,y.y^O which are proportional to

(L,yi,y2)(t^,y^,y3) ( l , y 3,y^)(t^,y4 ,y5)S^(l,y5,yg)

“ 6'tL PlW2W3V1(U5y6SH(TH,V2 ,y3)SH(TH,u1))p5)

— S^(L,y2,y^)Sy(T^,y4 ,y3)5^(L,yg,y2 )s^(Ty,y2 ,y3)S^(y3 ,yg) .
(E23)

This reduces the computations for n > 2 once again by almost a factor 

of 2 .
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The calculation of B was truncated at n = 2 with a correctionn

assuming a geometric decrease in the contribution to S from each value

of n* The correction was in all meaningful cases extremely small.

The geometric albedo derived was checked in two ways. The

optical depth of the upper cloud layer was decreased to ~lO”1* and the

results compared to the reflecting layer model. Also, Dr. Lloyd

Wallace provided results from a sample computation of his computer

program for geometric albedos from the model of Danielson and

Tomasko (1969). The models were made equivalent by computing for an

abundance of zero in the absorbing gas above the upper cloud in the

Daniel son and Tomasko (1969) model and computing the haze model in 
the high pressure limit. Results in both checks agreed to an accuracy

of at least 10~3.

Three Gaussian quadrature points were found to be adequate

precision for the solutions. Computations with five quadrature points

agreed in geometric albedo to better than .001.
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