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ABSTRACT

The primary purpose of this dissertation is to develop a method 

for project scheduling and control that includes consideration of the 

materials function by the project scheduling method. This method should 

also consider constraints on resource availability if it is to be 

applied to actual project scheduling problems. This dissertation deals 

with the development of a constrained resource version of CPM-MRP. This 

method meets the aforementioned objectives. CPM-MRP is a hybrid model 

that combines Critical Path Method (CPM) with Materials Requirements 

Planning (MRP).

The CPM-MRP technique was designed to overcome a basic short

coming of previously suggested project scheduling methodologies. CPM 

was initially designed to schedule projects subject to technological 

constraints and activity durations. Later, additional models were 

introduced that included treatments of various aspects of the allocation 

of resources to project activities. None of these previously developed 

methods dealt with the materials function and its effect on the project 

schedule. A slightly modified version of CPM-MRP will be outlined in 

this dissertation that schedules both storable and non-storable 

resources subject to technological and resource lead time constraints. 

The CPM-MRP algorithms which are listed here find both early and late 

start schedules for both activity start times and resource order release 

times.
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The CPM-MRP algorithms have been incorporated into a FORTRAN IV 

computer that is based on earlier work in CPM-MRP» While it was found 

previously that computer execution time seemed to increase as an 

exponential function of project size, the experiments with.the modified 

algorithms and computer program showed that computer execution time 

was linearly related to project size.

There are constraints on the availability of non-storable 

resource such as labor and facilities in most project scheduling 

situations. The basic CPM-MRP technique does not make decisions about 

resource allocation. Activities are scheduled without regard to 

resource availability. In fact, many activities may be scheduled 

earlier than indicated in the non-constrained resource CPM-MRP schedule 

if sufficient resources are on hand to do so. Instead, even if enough 

resources are on hand that at least a few activities may be scheduled 

earlier, all activities are scheduled as if it were the case that lead 

times must be allowed to expire.

The constrained resource CPM-MRP method utilizes a number of 

heuristics to determine how resources should be allocated to 

activities. A heuristic rather than an analytical technique was used 

due to the inability of analytical techniques to schedule practical 

sized project scheduling problems in a reasonable amount of time, if 

at all. The constrained resource CPM-MRP algorithms find both early 

and late start project -schedules. The primary heuristic rule used by 

both algorithms is the least slack rule.

It will be shown, through the use of an example project that 

the addition of materials inventories and lead time constraints may
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completely alter the project schedule as compared to schedules found by 

methods that do not consider.these factors. The project duration may be 

increased quite noticeably as compared to those found by the previously 

developed methods.

The constrained resource CPM-MKP algorithms were added to the 

CPM-MRP computer program. Materials requirements were added to a 

number of benchmark problems and one actual project. It was found that 

computer execution time again seemed to be a linear function of project 

size. This would indicate that constrained resource CPM-MRP would be a 

viable approach for the scheduling of large and multiple projects.



CHAPTER 1

INTRODUCTION

The Critical Path Method (CPM) has been used for over twenty 

years to schedule projects in a variety of industries. The basic 

problem is to schedule a set of activities composing a project subject 

to technological and time constraints so as to minimize the project 

duration. Various extensions to the basic model have improved the 

realism of the basic technique by integrating the consideration of 

resource constraints into the project scheduling technique. Material 

Requirements Planning (MRP) is a more recently developed methodology 

that has been widely adopted for scheduling materials requirements in 

intermittent demand production systems. A model that combines CPM with 

MRP, which will be called CPM-MRP in this study, has been suggested by 

Aquilano (1978) as a possible vehicle for combining the resource 

scheduling features of MRP with the activity network aspects of CPM. 

This study will extend the development of the basic CPM-MRP technique 

and present a generalized integrated model that schedules project 

activities and both storable and non-storable resources subject to 

constraints on resource availability.

The need for a realistic, totally integrated planning 

methodology utilizing CPM-MRP can be demonstrated by comparing the 

features and limitations of CPM, MRP, and previous constrained resource 

scheduling techniques. Although each of these subject areas will be



examined in depth in Chapters 2 and 3, they will be briefly discussed 

and compared here to demonstrate the need for this research.

Critical Path Method (CPM)

Critical Path Method will be defined, for the purposes of this

research, only as the process of finding optimal early and late start

schedules subject to activity durations and precedence constraints.

Resource considerations in the form of time-cost tradeoffs will not be

treated as an integrated part of CPM, as they were by some authors

(Wiest and Levy, 1977). While resource lead times may be included as

separate activities in a CPM project network thus affecting project

duration, the lead time is in such a case considered to be deterministic.

In reality, lead time is of a conditional nature, since a resource does

not need to be ordered and the lead time does not apply if the resource

is in stock. Resource constraints other than lead times have been

integrated into CPM by three different methods: by constrained resource

project scheduling, by resource leveling, or by time-cost tradeoff

procedures. Only the first approach will be of interest here, as the

focus will be on an integrated planning and control package.
. . i

Constrained Resource Project Scheduling

Constrained resource scheduling techniques are designed to

schedule project activities subject to finite constraints on resource

availability over the life of a project. In this case, the project

duration is usually extended beyond duration of the CPM non-constrained

schedule, since project activities cannot be scheduled if sufficient

resources are not available in a particular time period. Both



analytical and heuristic methods have been developed to attempt to solve 

the constrained resource project scheduling problem, usually to schedule 

only non-storable resources. While heuristic-based methods are able to 

provide good solutions to both single and multiple project problems of 

reasonably large size, analytical methods have been unsuccessful in 

providing optimal solutions to large problems. This is due to the 

extremely long periods of computer time required (Wiest and Levy, 1977),

Material Requirements Planning (MRP)

Material Requirements Planning was developed initially as a 

method for scheduling requirements for storable resources in interr- 

mittent demand production, systems. The purpose of MRP is to schedule 

the ordering, acquisition, and assembly of the components and 

assemblies required to produce products in such systems. MRP is not 

designed to deal with non-storable resources such as labor explicitly.

The scheduling of assembly activities subject to non^storable resource 

availabilities is usually, dealt with by means of capacity planning.

While MRP is performed under the assumption that lead times are 

deterministic and all non-storable resources are available when required, 

changes in lead times and resource availabilities due to stochastic 

considerations are dealt with by replanning.

Both MRP and CPM are linear models, in that the finished product 

or project is a linear combination of inventoriable items or non

inventor iable activities,^respectively. In CPM constrained resource 

techniques, when resources are not available activities are. re

scheduled and precedence relationships are preserved. While MRP



maintains precedence relationships when the assembly of a product must 

be delayed due to the unavailability of storable materials, rescheduling 

of non-storable resources using capacity planning involves hand 

smoothing that does not consider precedence constraints (Mather and 

Plossl, 1978).

Critical Path Method-Material Requirements 
Planning (CPM-MRP)

CPM-MRP in its initial version attempted to combine CPM and MRP 

in a hybrid model that would overcome the shortcomings of CPM in

scheduling resources, particularly materials. The purpose of the
i

CPM-MRP model is to schedule projects subject to precedence constraints, 

activity durations, resource lead times and to compute materials 

inventories. Activities and resources are both listed in the project 

bill of materials, which is similar to an MRP bill of materials., A 

project is then scheduled using an MRP-type Pexplosion" to derive a 

late start schedule, a set of "peg" records (a where used file), and 

an early start schedule (derived from the peg records and the late 

start schedule). Both schedules list activities and resources in an 

MRP time phased schedule. CPM-MRP in its initial form schedules all 

resources as if they are storable. It provides the project scheduler 

not only with an activity schedule, but with a list of storable 

inventory records linked with an order release schedule. It does not 

consider the particular problems that non-storable resources pose, such 

as the condition that resources unused in a period may not be saved for 

use in a future period. In addition, the CPM-MRP early start schedule 

does not schedule activities or resource orders as early as they might



be scheduled. Instead, it schedules the activities and resources at 

each level of the bill of material at the minimum late start time of 

the items at that level of the bill. Most importantly, while CPM-MRP 

does provide the means for maintaining 'inventory records in an under

standable and usable format, it does not consider resource 

availabilities.

Objectives of This Study 

Each of the techniques briefly reviewed above only deal with 

certain aspects of the problems which must be solved in project

scheduling. Figure 1.1 compares the techniques with the one that was 

developed in this research, a. constrained resource version of CPM-MRP. 

The shortcomings of the previous work in the area of project scheduling 

prompted the listing of the following six objectives for this study:

1. Incorporate non-storable.resources into Aquilano’s CPM-MRP.

2. Modify the original CPM-MRP early start algorithm and peg 

records file so as to facilitate constrained resource project 

scheduling.

3. Develop algorithms that will find both early and late start 

schedules for constrained resource project scheduling as an 

integrated part of the CPM-MRP technique.

4. Design the constrained resource scheduling algorithms such that 

it is feasible to schedule:

a. Large projects

b. Multiple projects.



Precedence
Constraints Lead Time

Availability
Constraints

Inventory
Records

Storability
Categoriza

tion

Large and 
Multiple 
Proj ects

CPM z Z
CPM-Analytic 
Constrained 
Resource 
Methods

✓ z
CPM-Heuristic
Constrained
Resource
Methods

Z z Z
MRP and MRP-
Capacity
Planning Z Z Z
MRP-CPM Z z ✓ z
Constrained
Resource
CPM-MRP z z z Z Z z
Figure 1.1. A Comparison of the Various Project Scheduling and Inventory Planning Techniques



5. Write a computer program based on the algorithms found in steps 

1 through 4.

6. Test the algorithms and computer program on both benchmark and 

real problems.

The new model is designed to schedule multiple projects subject 

to precedence constraints, activity durations, resource lead times, 

resource quantity constraints, and accounts for the disparate qualities 

of storable and non-storable resources.

i Organization of This Study

The discussion of how the constrained resource algorithm and 

the research objectives were achieved will be organized in the follow

ing manner. Chapter 2 contains a discussion of previous work in the 

fields of MRP and CPM, including constrained resource CPM. While 

CPM-MRP has been described in two previous works (Aquilano, 1978; 

Zastera, 1978), the algorithms have not been formally stated in a 

concise mathematical form. This will be done in Chapter 3. The 

constrained resource CPM-MRP algorithms will be described in Chapter 4, 

followed by a discussion of computational results with the computerized 

version of the algorithms in Chapter 5. Chapter 6 will contain the 

final conclusions derived from the study and suggestions for future 

research.



CHAPTER 2

SURVEY OF THE LITERATURE

There are four subject areas of interest in the literature 

that have a* bearing on this study. These are: Critical Path Method, 

Material Requirements Planning, project scheduling under resource 

constraints, and capacity planning. A description of each of the two 

parent techniques, CPM and MRP, will be followed by a discussion of 

the benefits and limitations of each one. The two particular extensions 

that are of interest here— project scheduling under resource constraints 

and capacity planning—  will be discussed in depth in sections 

immediately following the sections, devoted to each of their respective 

parents.

Critical Path Method 

Critical Path Method is one of a number of techniques in the 

field of network analysis. It was developed in 1957 by J. E. Kelley 

of Remington-Rand and M. R. Walker of DuPont to aid in scheduling 

maintenance shutdowns of chemical processing plants (Kelley and Walker, 

1959). Since then it has enjoyed wide usage in a number of industries, 

including construction, aerospace, shipbuilding, and automobiles, as 

well as research and development wherever it might occur. A survey of 

the membership of the American Production and Inventory Control Society 

by Davis (1975) showed that 20% of those responding to questions about 

the usage of production and inventory control techniques reported that



they used CPM. However9 a vast majority of those replying who worked 

in industries where CPM is most appropriately used responded that they 

used CPM. Another survey by Davis (1974) of the 400 largest construc

tion firms in the United States revealed that 80% of the firms replying 

to the survey were using CPM. It could be concluded that CPM is used 

heavily in a number of industries on the basis of the results of these 

surveys.

The usual characteristics and assumptions that must be made 

about projects scheduled with CPM include (Wiest and Levy, 1977):

1. A project consists of a well defined set of activities, whose 

completion marks the end of the project.

2. The activities must be performed in a given technological 

sequence.

3. The activities are independent, in that they may be started 

and stopped independently of each other.

In addition, the following assumptions are made when the basic 

CPM model is used without consideration of resource constraints;

4. Activity times are deterministic.

5. Activities are not delayed by resource shortages; it is assumed 

that unlimited quantities of all resources will be available 

upon demand.

While the first three assumptions-are true in most applications, 

the latter two usually cannot be made about realistic scheduling 

problems.
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Two diagramming techniques have been used in conjunction with 

CPM, the activity on arrow and activity on node diagrams. The i 

advantages and disadvantages of each technique are listed by Moder and

Phillips (1970). Regardless of the visual aid used to describe the

network, Antill and Woodhead (1970) suggest that certain basic questions 

must be answered as the project network is developed:

1. What activities precede each activity?

2. What activities are independent of each other, and can be

performed concurrently?

3. What activities must immediately succeed each activity?

Although both activity on arrow and activity on node diagrams answer 

these questions and have their respective advantages, activity on node 

diagrams will be used here since they preclude the use of dummy 

activities. Later it will be shown that the product structure tree 

and bill of materials used in MRP can provide an even more realistic 

diagram of a project network. Such trees do not: require the use of 

dummy activities, therefore it will be easier to demonstrate the 

relationship between CPM.and MRP with activity on node diagrams,

There are a number of benefits to the basic CPM technique. The 

areas of these benefits include (Moder and Phillips, 1970):

1. Planning. CPM requires the planner to establish objectives

and specifications, and to provide a realistic guide for meeting

these specifications. It also provides a realistic way of
)carrying out more long-range and detailed planning of projects.

2. Communication. CPM provides a clear and concise way of

communicating project plans.
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3. Psychological, CPM encourages a team feeling* It also aids 

in providing meaningful information and delineation of 

responsibilities.

4. Control. CPM facilitates management by exception9 focusing 

management attention on the 10% to 20% of the project activities 

that are most constraining on the project schedule.

5. Training. CPM is useful in training new project managers5 and 

in the indoctrination of other personnel that may be connected 

with a project.

Davis (1974) found that in cases where CPM users failed to utilize CPM

for a majority of these benefits, they tended to be less successful in

applying CPM. Davis also found that many of the unsuccessful users

tended to use CPM for planning purposes without using it during the

operations phase of projects as a control tool. Moder and Phillips

(1970, p. 134) comment that:

Historically, it appears that a majority of satisfied - '
users during the first ten years of CPM and PERT have 
gotten their money’s worth but of the initial planning 
effort and have not followed through with the • 
technique in project control applications.

It could be hypothesized that in general, as one of Davis? respondents

noted, that this failure to follow through, along with a lack of

understanding of the paper output provided by CPM leads to the failure

of CPM as a useful project control tool. Another contributing factor

may be a lack of realism in the basic CPM model.

Many of the limitations of CPM were removed by extensions to

the basic methodology that involved relaxation of the various CPM

assumptions. These extensions can be categorized into two basic
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groups. The first group contains those techniques that sought to alter 

the deterministic aspects of CPM, including those about activity 

duration, certain performance of all activities, and conditionalities 

in networks. The second group includes those techniques designed to 

incorporate resource considerations into CPM.

The first group of extensions began with a technique that was 

developed at the same time as CPM. The assumption that activity dura

tion is fixed can be relaxed by using PERT (Project Evaluation and 

Review Technique) when the variance in individual activity duration 

is considered to be significant. For cases where the actual performance 

of activities is probabilistic, GERT (Graphical Evaluation and Review 

Technique) was developed (Pritsker and Rapp, 1966a, 1966b). GERT 

provides for the existence of cycles and feedback loops, as well as the 

probabilistic occurrences of activities. In precedence networks 

(Crandall, 1973) a variety of modified precedence relationships other 

than those permitted by CPM are used. Although this is not a compre

hensive list of the techniques in the area of stochastic network 

analysis, it is a representative group.

Resource Scheduling

The second category of extensions to the basic Critical Path 

Method involves those methods that provide a mode for relaxation of 

the assumption that all project resources will be available in un

limited quantities upon demand. Davis (1973) lists the three possible 

approaches:



1. The least cost or time/cost tradeoff approache In this case, 

activity durations are reduced through the use of additional 

resources so that total project duration is reduced. Given 

that these additional resources are unlimited in availability, 

but have some cost, the objective is to determine the least 

cost schedule for any given project duration. This approach 

might also be stated in terms of balancing the fixed overhead 

costs for a project with the costs of shortening the project.

2. Resource leveling. Resources are available in unlimited 

quantities, but this approach implies that there is cost to 

variation in demands for the resources required by a project. 

Given that the project duration is fixed, the objective is to 

reduce peak resource requirements, and to smooth out period- 

to-period variations in resource requirements,

3. Project scheduling under resource constraints. In what has 

often been called the most difficult case, the objective is 

usually to find the minimum project duration, given a set of 

constraints on the availability of resources required by the 

project activities.

The third approach is of interest because it best reflects the 

requirements of project planning and control systems. While resource 

levels may be changeable in the long run, they are usually fixed in 

the short run, whether they are in-house resources, or the quantities 

of subcontracted resources available. The project must be scheduled 

and rescheduled in the short run as short term variations in resource
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availability occur. This is the level of realism that is required if 

CPM is to be used as a project control system.

Another reason that the constrained resource problem is of 

interest is its similarity to two other types of scheduling problems: 

assembly line balancing and job shop scheduling. When a set of net

works, each representing individual jobs in a job shop are connected to 

common start and finish nodes, the problem is equivalent to that 

posed by scheduling a project network. Each individual activity in a 

job is a node in the total network, and its machine and labor require

ments are resources. While this approach does take into account the 

frequently mentioned "mini-projectn aspect of jobs in a job shop, it 

does not take into account the role in job shop scheduling of the 

materials function. The assembly line balancing problem is of less 

interest in this case, due to the lower degree of complexity involved 

in finding materials requirements.

Methodologies for Project Scheduling 
Under Resource Constraints

The methodologies for solving the constrained resource project 

scheduling problem can be broken down into two categories: heuristics 

and analytical methods. In an excellent survey, Davis (1973) reviews 

the work in the area prior to 1973,

The constrained resource project scheduling problem is combina

torial in nature. It involves the consideration of large numbers of 

optional possibilities for assigning resources to activities, with the 

subsequent result that some activities may be delayed beyond their 

start times in the non-constrained CPM schedule, Davis concluded that
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as of 19735 analytical techniques were not able to provide solutions to 

problems of practical size. In Wiest1s (1963, p. 43) words, "The use 

of linear programming and a 7090 computer for such problems would be 

somewhat akin to using a bulldozer to move a pebble.”

Although the constrained resource project scheduling problem 

is an interesting area of application for combinatorial mathematics, 

the practitioners in that field have as yet failed to develop methods 

that will solve problems half or even one quarter as large as those 

that have been solved using one of the various heuristic techniques 

that are available. For instance, Talbot and Patterson (1978) 

describe their technique which will schedule projects of 30 to 50 

activities and three resource types using enumeration and integer 

programming. Computational time is prohibitive for larger networks.

A review of papers published since 1973 failed to reveal an analytical 

method with appreciably greater efficiency than Talbot and Patterson’s, 

or those listed in Davis’ survey. For this reason, the field of 

heuristics seems to hold more promise for the development of solutions 

to practical sized problems.

The earliest heuristic constrained resource project scheduling 

technique was developed by Kelley (1963), He outlines a serial 

procedure in which activities are scheduled serially in order of their 

node numbers in an activity or arrow diagram. Each activity is 

scheduled as early as resources are available, thus forming an early 

start constrained resource schedule. The schedule may be improved by 

renumbering activities and considering new schedules. The technique 

was programmed for an IBM 650 computer and applied to a number of real



projects. It can schedule only labor resources of up to four types 

per job and nine types per project*

RAMPS (Resource Allocation and Multi-Proj ect Scheduling) 

(Lambourn, 1963) is a contemporary of Kelleyf s method that has been 

frequently discussed in the literature, but never explicitly defined, 

as the algorithm is of a proprietary nature. RAMPS is a parallel 

technique, unlike Kelleyv s. In parallel methods, activities are con

sidered in parallel for scheduling and resources are assigned serially 

to schedulable activities. The heuristic used'to assign resources to 

activities involves a weighted combination of scores for such items 

as total activity slack, idle resources, and pioject delay costs. While 

RAMPS seeks to minimize costs for each period, it does not consider 

adjustments to the finished schedule that might reduce total project 

costs. RAMPS will schedule up to 2000 activities, with resource 

requirements of up to 100 types. One disadvantage to RAMPS is that it 

seeks to minimize the quantity of idle resources in each period rather 

than over the duration of the projects being scheduled.

In Wiestv s (1967) SPAR-1 technique, Wiest also utilized 

heuristics to schedule activities in a parallel manner, with least 

slack as the scheduling rule. Unlike RAMPS, SPAR-1 checks to see if 

critical activities may be scheduled when resources initially are not 

available by rescheduling non-critical activities. While RAMPS is a 

single pass procedure, SPAR-1 looks ahead and back to see if re

scheduling is possible to permit the scheduling of critical activities 

so as to shorten project duration. As of 1977, SPAR-1 written in 

FORTRAN IV could schedule projects of up to 1200 jobs, 1000 nodes, and
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25 resources on a 32k computer, Another version would schedule up to 

6000 jobs on a larger computer.

Wiest (1964) also discussed the generation of late start 

constrained resource schedules and the constrained-r-esource project 

scheduling equivalent of the critical path, the critical sequence.

Wiest shows that for a constrained resource schedule, slack is 

dependent upon a specific set of left and right justified schedules, 

and it is therefore dependent on the rules used for generating these 

schedules. Wiest points out that for each left justified, early start 

schedule^ there are several possible right justified schedules that can 

be derived by the right shifting of activities. Wiest found rules for 

the local right shifting of activities that tended to distribute slack 

more evenly over'the set of project activities. Types of shifting, 

including local left and right shifting, as well as global shifts are 

defined in Wiestvs paper.

For a given left justified schedule, Wiest suggests the follow

ing rules for generating a right justified schedule:

1. Right shift activities in descending order of their early 

finish times.

2. If there is a tie after the first rule is applied, calculate

a late start time for each of the activities after it has been 

shifted, assuming that none of the other tied activities has 

been shifted. Right shift- activities in descending order of 

their late start times.

3. In the case of ties in the late start time, right shift 

activities in ascending order of their crew sizes.
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4. In case of a tie in crew sizes, right shift activities in 

ascending order of their identifying numbers.

One problem that may arise in applying rule number three is that each 

activity may require multiple resource types, and this rule does not 

establish a global measure of resource usage for the total resources 

required by a group of activities competing for the use of one 

particular resource. Note also that rule four is predicated on a 

numbering scheme that numbers activities' from first to last in ascending 

order.

Wiest notes that while slack continues to be a useful measure 

of flexibility for scheduling individual activities when they are 

scheduled subject to resource constraints, it must be redefined. Slack 

is now dependent upon both precedence orderings and the heuristics used 

to find the early and late start constrained resource, schedules. Due 

to the presence of resource constraints, it may not be possible to 

identify a critical path of technologically connected jobs, but it may 

be possible to identify what Wiest calls a critical sequence of 

slackless jobs (Wiest and Levy, 1977), The critical sequence may be 

defined as that set of activities having the following properties 

(Wiest, 1964):

1. All activities in the critical sequence have zero slack.

2. If the activities in the critical sequence are arranged in 

order of their scheduled start times then:

a. Any two activities in the list of activities are co

members of either a joint technological sequence, or a 

joint resource sequence (or both).



b. The first activity in the list is also the first member of

every joint technological or resource sequence to'which it

belongs•

c» The last job is also the last member of any joint sequence

to which it belongs,

A joint technological sequence is defined as any set of two or more

jobs connected in a linear sequence, such that each job is the immediate

predecessor of the next, and there are no interruptions in the

performance of the sequence. XA joint resource sequence is defined as

any set of jobs requiring the same resource that are not performed at 

the same time, such that there is no interruption between the end of 

the first job and the start of the second. These jobs may or may hot 

be technologically related. The critical sequence has the same value 

as the critical path in terms of information value, in that it alerts 

the project manager to the existence of those activities which most 

affect the project duration.

Tests of Heuristic Performance 

Much of the research that has taken place in the field of 

constrained resource project scheduling with heuristics since Wiestfs 

(1963) study has been performed with the objective of finding the "best" 

heuristic. While the results are not totally conclusive, they have

provided some useful information that should be considered before 

heuristics are used to schedule a project.

Pascoe’s (1965) study was particularly interesting, in light of 

Wiest1s work. Pascoe found in a study comparing the methods available
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at the time, that parallel routines in general produced better solutions 

than serial methods. In the process of comparing the heuristics,

Pascoe discovered that for purposes of testing the heuristics that 

projects of 2 0  activities were equivalent to much larger projects.

In a later study comparing eight different heuristics (Davis 

and Patterson, 1975), it was found that for a test involving 83 

problems, that application of the minimum slack rule arrived at the 

optimum solution (minimum project duration) 24 times, while the next 

closest finisher was 17, for the minimum late finish time rule. The 

minimum slack rule produced a solution that was on the average $.6 % 

longer than the optimal■solution. This conclusion was supported by 

Pascoe*s (1965) study, and other tests by Fendley (1968) and Crowston 

(1968). It was found, however, that certain rules seemed to perform 

well in certain types of situations. All authors noted that it would 

be wise to schedule a project with a number of priority rules to find 

the most beneficial solution.

Patterson (1976) suggested that it might be possible to predict 

heuristic performance, so that it would not be necessary to go through 

the time consuming process of scheduling a project with a number of 

different heuristics. Patterson utilized linear regression to arrive 

at linear equations that predicted the performance of heuristics as 

a function of various measures of project structure. Patterson compared 

the results for the solution predicted as being the best one by the 

regression equations against the best solution found by using all 

possible heuristics. Total project delay on the average was 8 % higher 

when the best rule selected by the regression equations was used. The
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shortest imminent operation rule worked best when variability in 

activity duration was small, but minimum slack was the best rule when 

variability was large. As the variation in activity duration in most 

projects tends to be large, Patterson’s conclusion would tend to 

explain the success of SPAR-1 and other procedures that are based on 

least slack priority rules. Patterson cautioned that the advantages 

of the least slack rule are less noticeable for performance criteria 

that are not related to project duration.

It can be concluded after reviewing the literature on 

constrained resource project scheduling with heuristics that while 

individuals working in this area have been successful in building basic 

planning models, these methods may not be sufficiently robust for 

control purposes. It may be difficult to see the advantages of the 

various methods from the practitioner’s standpoint, since the methods 

available do not coordinate the acquisition of storable resources 

(materials) with other activities. This suggests the study of a 

linear model for planning inventory requirements, Material Requirements 

Planning.

Material Requirements Planning

Material Requirements Planning (MRP) has enjoyed both enormous 

attention and documented success in recent years as a technique for 

planning, scheduling, and controlling intermittent demand production 

systems. Davis (1973) also found in his survey of the members of the 

American Production and Inventory Control Society that 73% of the 

firms surveyed were using or planned to use MRP.
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MRP was developed primarily by Joseph Orlicky, George Plossl, 

and Oliver Wight (Orlicky, 1975). It formally introduced the concept of 

dependent demand to inventory control. MRP is based on the concept 

that demand for component parts can be linked to the demand for end 

items. Therefore, only the demand for end items is considered to be 

probabilistic, while component demand and lead time, is considered to 

be deterministic. ' Before MRP was introduced, inventory techniques were 

based on the assumption of what the originators of MRP call independent 

demand. Demand for each inventoriable item is then considered to be 

independent of the demand for other items. MRP focuses on materials 

management with emphasis on forecasting and inventory theory, within a 

dependent demand environment.

Chase and Aquilano (1977) list the objectives of MRP as being

to improve customer service, to minimize inventory investment, and to

maximize production operating efficiency, Orlicky (1975, p. 122)

explains the role of MRP in improving production operating efficiency

in the following manner:

Because the demand for components is directly tied to the 
schedule generated in the production planning process, 
problems in inventory control are directly linked to 
production problems. Therefore, to be truly effective, an 
inventory management system must be closely interfaced or 
linkaged to the production planning system, .The result of 
this is the production-inventory system.

The discussion of how these objectives are met by MRP will be discussed 

in the following fashion. The basic assumptions of MRP must be con

sidered first, followed by the listing of the components and logic of 

the technique. This review of MRP will be concluded with a discussion 

of some of the more important issues in MRP, including one extension of
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MRP that is particularly important to resource schedulings the topic of 

capacity planning.

The following assumptions and conditions must he present before 

an MRP system is possible:

1. A well-structured bill of materials must exist for all end 

items.

2. All lead times must be known and deterministic.

3. Every component of the end item must be storable and must go 

into and out of stock.

4. There must be process independence of the manufactured items 

composing the end item.

5. All components must be on hand before each succeeding assembly 

is assembled.

6 . Discrete disbursement and usage of component materials must 

take place.

The following operational assumptions and conditions must exist within 

an organization before an actual MRP system is possible:

7. All data files must be present and correct. This includes not

only the bill of materials for each product, but also a master

production schedule and a set of inventory records.

8 . A’ computer must necessarily be on hand to perform the large

volume of data processing that is required by an MRP system.

The Logic of MRP 

The linkage of demand for component parts with the demand for 

end items is achieved by means of the bill of materials for each
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product5 which lists all assemblies and components required by each 

product. The bill of materials is most efficiently stated in the 

single level indented form (Orlicky, 1975) which lists all assemblies 

and links each succeedingly lower assembly in the bill of materials to 

the next lower level of parts and assemblies. This bill may be 

displayed in the form of the product structure tree, which is a net

work representation of the bill of materials (see Figure 3.4, p. 51). 

Although a part may be listed more than once in the product structure 

tree, each rectangle in the tree represents a unique requirement for 

that item.

The material requirements plan is found by combining the bill 

of materials with the master production schedule and the set of 

inventory records. The master production schedule lists the require

ments for end items during the upcoming planning horizon derived from 

forecasts and firm orders. This schedule is then exploded into gross 

requirements for component parts with the aid of the bill of materials. 

The gross requirements are then compared to the inventory records 

during the upcoming periods to generate the net requirements that are 

needed in each time period, or "bucket" as they are called in MRP.

These orders are then time phased so that each order takes place 

sufficiently early to compensate for the expiration of the required 

lead time.

Because each of the products scheduled by MRP is generated 

from the linear product structure tree, the time required to assemble 

a finished product is restricted by a critical path of lead times 

connecting the lowest and highest levels of the tree. Orlicky (1975)
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notes that this critical path determines the earliest time that the end 

product could be built, or given the scheduled due date, the latest 

start time at which the item could be started and yet still be completed 

by the due date. Thus, the similarity between the product structure 

tree in MRP and the project network in CPM can be seen. The product 

structure tree answers essentially the same questions about precedence 

of operations that are answered by a project network.

It has been claimed that the determination of lead times is not 

vital, since changes in lead time can be dealt with through replanning 

(Orlicky, 1975). Lead times should be considered somewhat carefully, 

since the assumption of deterministic lead times could be a/ weak spot 

if lead times are set in a careless manner. Two types of lead times 

are present in a production system, manufacturing lead times for ; 

internally produced items, and vendor lead times for externally ordered 

items. Weeks (1978) lists the components of manufacturing lead times 

and gives an optimal procedure for their determination that explicitly 

considers the probabilistic aspects of lead time. Huge (1978) dis

cusses a heuristic technique that implicitly considers these aspects. 

Both authors make suggestions with regards to the control of lead times. 

Vendor lead times are typically set either through negotiations with 

the vendor, by forecasting, or both. Papesch (1978) documents in a case 

history _the way in which one organization essentially connected their 

vendor's planning system to their own MRP system, in order to improve 

the buying organizationv s lead time information. Typically, as Papesch 

points out, vendors who provide component parts to companies with MRP
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systems must perform to tighter delivery schedules, but they are pro

vided with better information about future orders.

After product explosion and the generation of net requirements 

takes place, the computerized MRP system generates a number of reports 

for managerial use. These may be categorized as action reports and as 

secondary status reports. These reports are usually of use to both 

those individuals involved in inventory control and those in production 

control. The first group of reports includes order release and order 

cancellation, delay, or expediting notices. These notices may be used 

to give the production controller aid in establishing priorities,

Orlicky (1975, p. 125) comments that, nIn the modern view, the most 

important function of an MRP system is not inventory control, but its 

ability to plan and replan priorities; to schedule and reschedule 

orders." The second group of reports includes those devoted to the 

measurement of the status of the production-inventory system over ‘some 

period of time. Chase and Aquilano (1977) include in this group of 

reports planning reports, performance reports, and exception reports.

Issues and Considerations in Using MRP 

A variety of topics have been written about in the literature 

with regards to the design and use of MRP. These include the frequency 

of replanning, the determination of safety stocks, lot.sizing, and the 

application of MRP to various industries'. These issues and some of the 

important papers in each area will be covered briefly in this section, 

MRP systems may be categorized in the context of the frequency 

with which they perform replanning as either net change or regenerative



systems. In the regenerative system, the master production schedule 

is periodically exploded into requirements generated by all end items.

In the net change system, only those items are changed or added to the

plan that are different from the previous plan, Orlicky and McDonald

(1977) list the advantages of each method. The net change system allows 

more frequent replanning, and in so doing allows the system to deal more 

quickly with the stochastic aspects of the environment, On the other 

hand, if the net change system responds too quickly and too frequently, 

what has been called system nervousness may ensue (Chase and Aquilano, 

1977)• Orlicky and McDonald (1977) also list the hardware, software, 

and data base requirements of a typical net change system. They note 

that the net change system will generate higher data processing costs, 

but it will generate benefits in both the inventory and scheduling 

areas. The possible savings depend upon the nature of the production- 

inventory system.

The designers of MRP maintain that no safety stocks are required

in an MRP system, since the ideal MRP system is a real-time net change

system that constantly replans to deal with those changes in the 

environment that are usually dealt with by means of safety stocks. 

Whybark and Williams (1976) found in a simulation that safety stocks 

should be held in cases where demand for component parts is uncertain, 

while safety lead times should be used in cases where there is un

certainty as to the timing of requirements. Since the two types of 

uncertainty are difficult to discriminate between, both safety stock 

and safety lead time would seem to be needed, based on the results of 

the Whybark and Williams study. On the other hand, the MRP user could
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base his system on Orlicky? s (1975) theory and replan frequently and 

not hold any safety stocks.

The lot sizing problem is interesting from the standpoint that 

MRP was designed as a replacement for previous lot sizing oriented 

inventory control techniques. In fact, some of these techniques may be 

used to set the order sizes within the context of the MRP system. Berry 

(1974) reviews the techniques available, ranging from the simple MRP 

lot-for-lot method to the Wagner and Whitin dynamic programming 

algorithm. Biggs (1979) found in a simulation that there.were inter

actions between the lot sizing technique and the job shop sequencing 

rule that was used. It was found that the lot sizing rule and 

sequencing rule should be chosen on the basis of the primary per

formance criteria, as various combinations performed well on some 

performance measures and poorly in the case of others. It might be 

concluded from Biggs? study that if the performance criteria are all 

equally weighted in importance, then the MRP user might do well to opt 

for simplicity and elect to use lot-for-lot as the lot sizing rule, 

Various authors have suggested ways in which MRP may be used 

in a variety of industrial situations after the basic technique has been 

modified to some degree. Wilkerson (1976) discusses the inclusion of 

labor into the requirements plan so as to expand the use of MRP into 

industries that are labor intensive, such as service industries. One 

of the more interesting aspects of Wilkerson’s paper was a discussion 

of the use of MRP to schedule Minuteman rocket maintenance, a situation 

where CPM would seem to be the more likely choice as a scheduling 

method. Wilkerson noted the non-storable aspects of labor that altered
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the process of scheduling with MRP9 and the leveling of requirements 

for labor that was necessary. As the use of resource leveling would 

suggest5 the primary objective of the combined materials and manpower 

requirements planning system was to plan aggregate manpower require

ments, rather than to schedule labor at.the disaggregate, short run 

level. Workforce leveling seemed to be performed by informal rather 

than formal methods. The study by Wilkerson is still of interest, 

despite its differences in objectives from this research, since it to 

a great extent justifies the need for this study to discuss the 

integration of both storable and non-storable resources into the 

project scheduling technique.

MRP has also been applied to the process industries, including 

chemicals (Rohr, 1978), brewing (Putnam, 1978), and petroleum 

(Gillespie, 1978). These are also areas where both CPM and MRP have 

been used.

Capacity Planning 

Orlicky (1975) defines capacity planning as the function of 

determining what capacities will be required, by work center by period 

in the short to medium range, to meet current goals. The physical, 

storable components in the material requirements plan must be converted 

into requirements for non-storable resources. These non-storable 

resources are labor, facilities and equipment, and are usually listed 

as shops or machine centers in the product specifications„

Typically, the capacity planning system compares two quantities, 

load and capacity. Load is simply defined as the total quantity of
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work in the system waiting to be done. Capacity has been defined in a 

variety of ways, but it will be defined here as the mean availability 

of a productive component in some standard unit of measurement, e.g., 

labor hours. The objective of most capacity planning systems is two 

fold (Plossl and Wight, 1973), The system should first compare load 

to capacity to find those periods when capacity has been exceeded or 

under-utilized. Then, based on the priorities provided by the 

MRP system and whatever additional priority planning system that is 

present, it should reschedule orders so that capacity is not exceeded.

A number of strategies are possible in capadity planning. Most 

of the methods suggested for capacity planning involvd the performance 

of three steps. First, in answer to the first half of the objective 

of capacity planning, all orders should be interpreted in capacity 

requirements and a* summary profile of their requirements for resources 

should be computed. This is the so-called "infinite capacity" plan, 

since it is derived under the assumption that infinite amounts of 

resources are available. Next, capacity availabilities must be 

computed. Finally, the upcoming order schedule must be adapted to the 

current capacity through the process of what is commonly called finite 

loading. Plossl and Wight (1973) list the functions involved in finite 

loading as:

1. To schedule work orders,

2. To set priorities.

3. To make whatever slight modifications in capacity that are 

possible.
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4. To reschedule overloads,

5. To load work centers.

The methods available for capacity planning are listed in only 

cursory fashion in the literature, therefore the discussion of the 

methods will be general. The available methods can be classified into 

categories depending upon whether they tend to adjust capacity rather 

than workload, and as to whether they account for precedence 

constraints within jobs. Since it is difficult to adjust capacity in 

the short run, but easier to adjust the workload, those methods which 

adjust the workload are probably more practical.: The significance of

precedence constraints can be understood by considering the parent- . 

child relationships which exist in the bill of materials. If a 

component is rescheduled due to insufficient capacity to a later date, 

then its parent must also be delayed.

The most heavily publicized technique available for capacity 

planning is input/output control (Plossl and Wight, 1973). After the 

first step in capacity planning, the computation of load and capacity 

is complete, the input/output technique prescribes the release of work 

to the production system at a rate less than or equal to the rate of 

output (capacity) of the system. The order of release of jobs should 

be determined by the priority planning system. It is noted by Plossl 

and Wight that jobs should be prioritized on the basis of whether they 

might not be completed due to the inavailability of materials. This 

prioritizing and the subsequent adjustments are left to the user to do 

by hand. While Plossl and Wight argue that hand smoothing should be
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used9 it does not seem reasonable to argue that ad hoc methods should 

be used in lieu of a systematic approachy if such an approach is 

reasonable and straightforward.

Graziano (1974) presents an approach to long term capacity 

planning that is interesting due to the nature of the methods that are 

used for adjustments in the schedule of orders„ Each product is 

converted to a load plan and this plan is stored for use whenever a 

job might be repeated. When a particular product is ordered, the 

load plan is input to the capacity planning system. If insufficient 

capacity is available, capacity may be increased, or the timing of the 

order for the job changed, but the internal timing of items within the ' 

load plan for the job is not altered. This also means that the nature 

of individual resource requirements generated by individual jobs are 

not smoothed. The priority of the job represented by a load plan may 

be altered to smooth capacity requirements. This method may be useful 

for those cases where there are many jobs processed simultaneously, but 

for a production system where there are a limited number of jobs in the 

system, sufficient flexibility may not exist to allow the production 

planner to adjust jobs so as to efficiently meet capacity constraints.

The only solution in such a case is to change the internal timing of 

the various jobs in the system, which would make a standard load plan 

relatively useless.

Torrington (1978) outlines a procedure that accounts for 

precedent constraints on the basis of aggregate flows of jobs in a flow 

shop. He accounts for precedence within orders by scheduling jobs 

with similar shop requirements simultaneously. Unlike Graziano1s (1974)
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technique, the internal timing of jobs may be altered by delaying tasks 

within a group of jobs if insufficient capacity exists. However, this 

technique may be inefficient because jobs with different due dates may 

be grouped (batched), thus sacrificing performance to due dates for the 

efficient utilization of resources,

. The most promising method discussed in the literature is 

proposed by Smith (1969), In a rather sketchy account, he outlines a 

method for job shop scheduling and capacity planning named POWER (Pert 

Orientated Workshop1 Scheduling and Evaluation Routine), which comes

very close to meeting the requirements for an integrated project
U

scheduling method that are listed in Chapter 1 of this research. Three 

activities are performed by POWER: network creation, time analysis, and 

resource scheduling. The network approach seems to be essentially the 

same erroneous approach to storable resource scheduling with CPM listed 

earlier in this literature review: resource orders are treated as 

activities in the network, without consideration of the fact that the 

orders need not take place if the item is in stock. While Smith lists 

inventory records and a bill of material as components of the system, 

he does not explain how they are integrated into the process of 

scheduling of jobs in the shop, as they are in MRP, While Smith has 

provided a brief preview of the advantages of using network analysis in 

combination_with bills of material and inventory records, the POWER 

technique only briefly suggests what CPM-MRP, which will be described 

in the next chapter, performs in detail*



CHAPTER 3

THE CPM-MRP TECHNIQUE— EXPLANATION AND A FORMAL 
SET OF ALGORITHMS

The CPM-MRP technique was originally suggested.by Aquilano

(1978) as a method for overcoming the shortcomings of the previous 

project scheduling techniques listed in Chapter 2. Zastera (1978) 

developed a computer program for scheduling projects with CPM-MRP that 

schedules single projects with storable resources. This chapter will 

build upon this earlier work and present a generalized set of CPM-MRP 

scheduling algorithms that will be used as a basis for a constrained 

resource version of CPM-MRP. The new modified CPM-MRP technique will 

be compared to the simple CPM approach with the aid of an example 

project.

The first section of this chapter is devoted to a discussion 

of the network representations used in CPM? MRP, and CPM-MRP; the 

activity on node network, the product structure tree, and the project 

structure tree. The CPM early and late start schedules will be found 

for purposes of comparison with the CPM-MRP schedules for the example 

project. The CPM-MRP early and late start algorithms will then be 

listed, along with the solutions to the example project. The calcula

tions that are necessary to compute orders for non-storable- and storable 

resources will be listed, as well as the algorithm for finding the 

critical sequence. Finally, the modified non-constrained resource 

version of CPM-MRP will be discussed. A comparison will be made between

34



35
the computational results for this program and the original CPM-MBP 

computer program developed by Zastera (1978).

The Project Bill of Materials 

Any projects including the example project used here, may be 

described using a bill of materials such* as the one in Figure 3.1. All 

of the activities in the project, their resource requirements, and 

precedence constraints are listed in this bill. A typical MRP bill of 

materials would list only parts and assemblies that exist as storablei
entities, and the precedence constraints, or component-assembly 

relationships as they might be called in MRP. This project bill is 

also different from the one used in Smith’s (1969) POWER, since 

activities are not listed in the POWER bill of. materials. The marginal 

entries (assemblies) in the bill, such as the initial occurrence of 

activity 1000, are referred to as^parents. The indented entries that 

follow each parent, such as activity 2 0 0 0 , are referred to as Children. 

Activities and the parts or activities that precede them will frequently 

be referred to as parents and children in this research.

The initial inventory, lead time, and planned receipt informa

tion in Figure 3.2 indicates that there are no resources on hand, and 

no planned receipts. All lead times and performance times are in days. 

Longer or shorter time units are possible,. While the CPM-MRP model 

will "generate planned orders, it will be assumed that there are no 

planned receipts until an order has been released. Note that when a 

receipt is planned, the quantity as well as the timing of that receipt
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Assembly Part
(Parent)

1 0 0 0

(Child) Qty Description 
Complete project

2 0 0 0

2 0 0 0 1 Assemble bench 
Assemble bench

3000 1 Assemble back
3001 1 Assemble seat
9001 1 1/4 lb. 3 lOf nails

3000
9002 2 Carpenter Hrs. 

Assemble back
4000 1 Collect tools
9000 2 2  x 4v s
9001 1 1/4 lb., 10C nails
9002 4 Carpenter hours

3001
9003 2 Handsaw hours 

Assemble seat
4000 1 Collect tools
9000 4 '= 2  x 4  T s
9001 1 1 / 4  lb,, 1 0 C nails
9002 1 2 Carpenter hours
9003 4 Handsaw Hrs.
9004 2 Wrought iron legs

4000 Collect tools

9000
1 0 0 0 0 1 Start Project 

2  x 4 1 s

. 9001
1 0 0 0 0 1 Start Project 

1/4 lb., IOC nails
1 0 0 0 0 1 Start Project

9002 , Carpenter hours

9003
1 0 0 0 0 1 Start Project 

Handsaw hours

9004
1 0 0 0 0 1 Start Project 

Wrought Iron legs

1 0 0 0 0

1 0 0 0 0 1 Start Project 
Start Project

Figure 3.1. Bill of Materials for the Example Project
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Type Number On Hand. Lead Time Planned Receipt Date of Receipt
Activity 1 0 0 0 0 0 0

Activity 2 0 0 0 0 2 0

Activity 3000 0 4 0

Activity 3001 0 6 0

Activity 4000 0 2 0  -

Material 9000 0 6 0

Material 9001 0 3 0

Labor 9002 0 2  . 0

Facility 9003 0 5 0

Material• 9004 6 8 0  —

Activity 1 0 0 0 0 0  . 0 0

Figure 3.2. Lead Time, Quantity on Hand, and Planned Receipts for the 
Activities and Resources in the Example Project
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must be listed. There may be more than one planned receipt for each 

resource, .

The CPM Network and Schedule 

The project network used for the CPM solution (Figure 3,3) 

lists all of the project activities. The early and late start schedules 

listed on the diagram were found using the common forward and backward 

pass algorithms (Wiest and Levy, 1977). The CPM solution establishes 

late and early start schedules on the basis of activity durations and 

precedence constraints only. Time measurement begins with day one 

rather than day zero, which is consistent with the shop calender 

format used in MRP.

If the project is not due until day twenty then there is no

critical path, since the project may be completed in eleven time

periods and all activities have some amount of slack. If the project 

were due on day eleven, then activities 1000, 2000, 3001, 4000, and 

1 0 0 0 0  would be critical, while activity 3000 would have two days of 

free slack.

The Project Structure Tree 

The example project may also be scheduled using CPM-MRP, It is

possible to list the example project in the form of the structure tree

used in MRP (Figure 3.4). This will be renamed the project structure 

tree. Each block in the diagram represents an activity or resource.- 

The project begins at the lowest level of the tree with the initial 

occurrence of activity 1 0 0 0 0 , and proceeds in technological order 

through each level of activities and resources. Note that due to the
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0 .
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0 C 0 0
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Figure 3.4. Project Structure Tree with Early and Late Schedules Using MRP-CPM Technique
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existence of multiple paths througti the project network (Figure 3.3),

the project structure tree lists some activities more than once. While

it would seem that resource inputs to those activities with multiple

occurrences in the tree would be duplicated, this is not the case. To

prevent this from happening, an activity is only permitted to occur

once, at the time when it is first needed in the schedule.

The following notation will be used to facilitate the listing

of the scheduling algorithms:

A Labels an item as an activity

L Labels an item as a labor input

M Labels an item as a material input

F Labels an item as a facility or equipment input

D = The project delivery date

For activity number a:

ES^ = Early start time for a

LS = Late start time for a a
EF = Early finish time for a a
LF = Late finish time for aa • -
PT = Performance time for a a

For labor input number 1, material number m, or facility and equipment

number f:

ECL - .= Earliest time at which the resource should be ordered l,m,f "
LCL - -= Latest time at which the resource may be ordered 

1 , m, r
EÂ   ̂= Earliest time at which the resource should be acquired l,m,f
LA., - = Latest time at which the resource may be acquired l,m,f
LT-.  ̂= Lead time on an order for this resource l,m,f
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This notation is similar to the accepted CPM notation (Wiest and 

Levy5 1977), but the nature of these times still requires some 

explanation. All activity start times, as noted before, are subject 

to both the completion of previous activities and the acquisition of 

the necessary resources. Early start and order times in the Aquilano 

CPM-MRP model are defined as the earliest times at which activities 

can begin.and resource^orders take place within their appropriate level 

of the bill of materials. The level of each item in the bill is 

established on the basis of high level, rather than low level coding 

as in Orlicky (1975). This means that each item1s level is set at its 

highest occurrence in the bill. This implies that each resource may 

occur at a number of levels, rather than at just one as it would in low 

level coding. , ̂

The earlier CPM-MRP method will be modified, such that in the 

early start algorithm stated here, each activity is scheduled to take 

place as early as possible, and each resource order is scheduled to be 

released as early as possible, subject to only lead time and precedence 

constraints. This was done to increase the degree of flexibility 

available when activities are scheduled subject to resource 

constraints. As in CPM, times in the late schedule are the latest 

times at which activities and resource acquisitions should take place 

if the project is to be completed in the shortest time possible.

The Late Start Schedule 

As in MRP, the CPM-MRP technique branches out through the 

project structure tree in order to find the late start schedule (or
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more properly, "explodes" the project bill of materials). All material 

requirements plans are late start schedules, since they schedule 

materials to arrive when they are needed in the due date completion 

schedule, and not before. In the CPM-MRP algorithm, the project due 

date is established and the project is exploded to find the late start 

schedule. The late start scheduling algorithm will be listed first, 

then the calculations necessary to find the planned orders required 

to fulfill the project requirements will be stated along with the 

results for the example:

1. Schedule the last activity in the project. Set LF^ = D and

LS = LF - PTa a a
2. In ascending order of activity or resource number, compute the 

late times for each activity or resource within the bill of 

materials. Schedule each item depending upon whether it is:

a. A unique occurrence of an activity; that is, it only

occurs once in the tree:

LF 7  , . - -v = LS , . or LF , - .--v = L0 na(child) a(parent) a(child) l,m, f

k^a (child) ^ a  (child) ^ a  (child)
b. An activity with multiple occurrences in the project

structure tree:

LF r _ , — - v = Min (LS , * and LO e S)a(child) a(parents) l,m,f(parents)

LSa(child) = LFa(child) “ PTa(child)
c. Any-resource. Since explosion proceeds downwards, a

resource required by an activity with multiple occurrences 

in the tree will be scheduled only after the parent activity 

is scheduled.
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LAl5m,f LSa(parent)
LO, - ~ LAn _ - LT, . .

3. Continue scheduling by returning to the beginning of step 2

until all activities have been scheduled.

The late start schedule listed on the project structure tree 

was found using the algorithm (Figure 3.4).

1. Set LF1 0 0 0  = D = 20 and LS1 0 0 0  = = 20 - 0 = 20

2. Perform step 2 at each level:

Level 1

P 2000 = LS1000 20
L S 2 0 0 0  = L F 2 0 0 0  " P T 2 0 0 0  2 0  - 2  = 18

Level 2

LF3000 = LS2000 = 1 8  and LS3000 = LF3000 " PT2000 
= 18 - 4 = 16 ■ t

LF3001 = LS2000 = 1 8  and LS3001 = LF3001 “ PX3001
= 18 - 6  = 1 2

Level 3

a. Activity 4000 occurs twice in the tree, so its times are

based on the minimum LS of activities 3000 and 3001:

' LF4000 = Mln L̂S3000’LS3001^ 1 2

LS4000 = LF4000 ” LT4000 1 2  - 2  = 1 0

b. For purposes of brevity resource times for only activity

3001 will be listed:

^9000 = ^9001 = LA9002 = ^ O O S  = LA9004 = LS3001 = 1 2

L09000 = LA9000 _ LT9000 = 1 2  ~ 6  '= 6



45

L09001 = LA9001 ̂  LT9001 = 12 “ 3 = 9

LO9002 = LA9002 - LT9002 = 12 “ 2 = 10

L09003 = LA9003 “ LT9003 = 12 “ 5 = 7

' L°9004 = LA9004 ” LT9004 = 12 " 8 = 4
\

Level 4

For.activity 4000:

M ™ (LSa(pare„ts) and L0l,m,r(parents)) ° 4 ’
LF4000 ’ 4 and LS4000 " PI4000 - 4 - 0 = 4  ..

All activities and resources have been scheduled.

The computation of net requirements for resources is performed 

essentially the same way as it is in MRP. If lot-by-lot order 

quantities are used, orders for storable resources in each period can 

be found using the common MRP equations (Orlicky, 1975) in an iterative 

fashion. For material number m:

ORIL^ = Quantity of m ordered in period i 

TREQ^ = Total units of m required as of period j

TRECy^ = Total planned receipts of m as of the beginning of period j

REG. = Planned receipts of m at the beginning of period j jm
ONH. = Units of m on hand at the end of period jjm

i = j - LTm, if i < 1 , i = 1

The calculations are:

1. O N H i s  the™ quantity of m on hand at the beginning of period 1.

Given this, then:

TREC- = ONH 4- REG,
1 m 0 m 1 m

ONH- = TREC, - TREQ- 1m 1m 1m



2. Continue computing quantities in an iterative fashion from 

period 2  through period p 5 where p is the total number of 

periods in the planning horizon:

TREC. = TREC. . + REG.jm J-l9m jm
ORD. = TREQ. - TREC. im jm jm
ONE. = ONE. _ + TREC. - TREQ.jm ]-l,m jm xjm

As noted before, the length of the period used will vary, depending 

upon the nature of the project and the planning horizon.

In its original form, CPM-MRP treated all resources as 

storable, non-capital resources. Any amount of a resource remaining 

at the end of a period could be stored for use in a future period. In 

practice, most projects require both storable and.non-storable resources 

such as labor that may not be stored for future use. This means that 

while one order may be generated for the entire quantity of a resource 

required by an activity, the resource will probably arrive in incre

ments over the course of the activity. Therefore, the calculations 

used to generate requirements for non-storable resources are slightly 

different than those used for storable resources:

ONE. = REQ. - REC. jn xjn jn
REQ. = NREQ /LT jn n a

LIa
ORD. = NREQ - E REC, 

k-i kn
n is either a labor input, letter 1 , or a facility and equipment input, 

letter f:
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NREQj^ = Total requirements for resource n oyer the duration of the 

parent activity, commencing in the first period of the 

parent activity 

REQj^ = Requirements per period for resource n 

LT^ = Lead time for the parent of activity n

j = Those periods when the parent activity is being performed 

All other notation is as defined previously. These equations are based 

on the assumption of uniform resource usage per period over the course 

of the parent activity. Note that the quantity of a resource on hand 

at the end of a period is not saved for use in the following period.

The results for the example project are shown in the form of an 

MRP time phased schedule in Figure 3.5. The schedule was generated by 

the computer program developed over the course of this research. It is 

based on one written by Zastera (1978). The computation of inventories, 

orders, and quantities on hand can be seen by referring to material 

9000 and labor 9002. In the bill of materials a requirement is , 

generated by activity 3001 for four units of material 9000 in period 12:

TREC12,9000 = TREC11,9000 + REC11,9000 0 + 4 = 4

1  = j - LT9000.= 1 1  " 6  = 5

ORD5,9000 = TRE(̂ 12,9000 “ TR^C12,9000 = 4 - 0  = 4

ONH12,9000 =: ONH11,9000 + TREC12,9000 “ TREQ12,9000 0  + 0  - 4 = -4
The negative four on hand for period 12 signifies that an order has not

yet been released for the four units of material. 9000 required in 

period 1 2 .
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OACHVITT FINISH PROJECT
1000 IT » 0 1 2 3 4 $ 4 7 8 t 10 II 12 13 14 13 16 17 18 11 20

PORTS 1
PL'EO RECEIPTS
Oil HAND -I
ORDERS 1

OACHVITT ASSEMBLE BENCH
2000 IT » 2 I 2 3 4 5 4 7 1 t 10 11 12 13 14 15 16 17 18 11 20

ROMS 1
PL'EO RECEIPTS
OH HAND -1
ORDERS 1

OACHVITT ASSEMBLE BACK
3000 LI * 4 1 2 3 4 5 4 7 8 9 10 II 12 13 14 15 16 17 18 11 20

ROMS 1
PL'ED RECEIPTS
OH HAND -1 -1 -1
ORDERS 1

OACHVITT ASSEMBLE SEAT
3001 IT = 6  1 2 3 4 5 4 7 e 1 10 II 12 13 14 15 16 17 18 11 20

PORTS 1
PL'ED RECEIPTS
ON HAND -1 -1 -1
ORDERS 1

OACHVITT COLLECT TOOLS
4090 LI = 2 1 2 3 4 5 4 7 8 9 10 II 12 13 14 15 16 17 18 11 20

ROMIS 1 1
PL'ED RECEIPTS
ON HAND -1 -1 -2 -2 -2 -2 -2 -2 -2
ORDERS 1

OMATERIAL 2 X 4'S
TOOO LT * A I 2 3 4 S 4 7 8 9 10 II 12 13 14 15 16 17 18 11 20

ROMS 2
PL'ED RECEIPTS
ON HAND -4 -4 -4 -4 4 -6 -4 -6 -4
ORDERS • 4 2
RESOURCE USAGE 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 .7 .7 1.2 1.2 1.2 1.2 0.0 0.0 0.0

OMATERIAL LB.IOP. NAILS
9001 IT = 3  1 2 3 4 5 4 7 B 9 10 II 12 13 14 15 14 17 18 11 20

ROMS 1 1 1
PL'ED RECEIPTS
ON HAND -1 -1 -2 -2 -2 -2 -3 -3 -3
ORDERS 1 1 1
RESOURCE USAGE O.t 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 .2 .2 .4 .4 .4 .4 .5 .5 0.0

©LABOR CARRENIES NFS
-1002 IT * 2 I 2 3 4 5 4 7 8 1 10 II 12 13 14 15 14 17 18 It 20
kOMTS 7.0 2.0 3.0 3.0 3.0 3.0 1.0 1.0
PL'ED RECEIPTS
ON HAND -12 -12 -16 -16 -16 -14 -18 -18 -18
ORDERS 12 4 2
RESOURCE USACE 0.0 0.0 9.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 2.0 2.0 3.0 3.0 3.0 3.0 1.0 1.0 0.0
OFAC LEO. HAND SAJ

1003 11 * 5 1 2 3 4 5 4 7 B 1 10 II 12 13 14 15 16 17 18 11 20
ROMIS .7 .7 1.2 1.2 1.2 1.2
PL'ED RECEIPTS
ON HAND -4 -4 -6 -6 -6 -4 -6 -6 -4
ORDERS 4 2
RESOURCE USAGE 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 .7 .7 1.2 1.2 1.2 1.2 0.0 0.0 0.0

OMATERIAL CRT IRON LEGS
1004 IT * B 1 2 3 4 5 4 7 e f 10 It 12 13 14 15 16 17 IB 11 20

ROMS 2
PL'ED RECEIPTS
ON HAND -2 -2 -2 -2 -2 -2 -2 -2 2
ORDERS 2
RESOURCE USAGE 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 .3 .3 .3 .3 .3 .3 0.0 0.0 0.0

OACIIVIIT START PROJECT
10000 II * 0  1 2 3 4 5 4 7 8 1 10 II 12 13 14 15 16 17 IB 11 20
RDMIS 2 4 4 2 3 13 1 4 1 2
PLED RECEIPTS
OH HAND -2 -2 -4 -10 -12 -14 -23 -29 -33 -33 -33 -34 -36 -36 -34 -34 -36
ORDERS 1

Figure 3.5. Late Start Schedule
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Labor 9002 provides an example of a non-storable resource. A 

requirement for 1 2  units of labor 9002 is generated by activity 3001 in 

period 1 2 :

1  = j " LT9002 " 1 2  " 2  " 1 0  

LT9002
ORD10,9002 = ^ 9 0 0 2  " = RECk,9002 - 1 2  - 0  - 1 2K= 1

RE<̂ j, 9002 = HREQ9002,/LT3001 = = 2-°

ONHj,9002 = ''KECj,9002 ~ RECj ,9002 = 0  ~ 2  = ~2
Note that j ranges from period 12 until period 17, which is six

periods, the lead time for activity 3001. It will be assumed that 

activities begin at the beginning of the period when their predecessor 

is listed as having been completed, and are finished at the end of the 

period before the requirement is listed for the activity. Therefore, 

activity 3001 begins in period 1 2 , and is officially completed at the

beginning of period 18, when its parent is scheduled to begin.
!
j ■Actually, it was completed, as noted, at the end of period 17.

The cost of unutilized unstorable resources could be deter

mined by multiplying.the cost per unit for the resource.of interest by 

the amount on hand at the end of each period. For instance, suppose 

that 24 units of resource 9001 were ordered in period ten for use in 

periods 12 through 17, while only 12 units of resource 9001 are required 

by activity 3001. Activity 3001 requires 12 units total of resource 

9001, or 2 units per period. Resource 9001 is carpenter hours. The 

quantity on hand of resource 9001 at the end of each period of 

activity 3001 can be found by subtraction. For instance, for period 12:

ONH12,9001 = 4  " 2  = 2  ^s.
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and the cost of the idle resources9 if carpenter hours cost $6 /hr, and

C = Cost per unit of resource r r
is:

C x ONH. = Cost of idle resource r in period j r j r
and

C9002 X ONH12,9002 = $ 6 x 2  = $ 1 2  

The cost of idle resources would be the same for each period of the

activity.

i
The Peg Records -

-1If only the time phased schedule is available, it is difficult 

to trace the requirements for a resource back to its parent, since both 

the time phased schedule as well as the bill of materials must be 

scanned simultaneously. In order to avoid this problem, a set of 

records are constructed that list where each child is used in their 

parent assembly. These records are constructed as the late start 

schedule is being computed. This set of records "pegs’1 the requirement 

for a child to each of its parents, and lists the time of the require

ment for a child in the late start schedule generated by each of its 

parents, as well as the timing of the earliest requirement, and the 

quantity of the requirement (Figure 3.6). Note that this information 

is useful for resource allocation purposes, because it lists not only 

the activities that a delayed activity or resource will affect 

immediately, but also those that it will affect as it is delayed to 

greater degrees. The information about timing stored in the peg records 

is used to find the early start schedule.
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Child Parent Earliest REQ This REQ Qty
2 0 0 0 1 0 0 0 18 18 l
3000 2 0 0 0 14 14 l

3001 2 0 0 0 1 2 1 2 1

9001 2 0 0 0 9 15 1

9002 2 0 0 0 1 0 16 2

4000 3000 1 0 1 2 1

9000 3000 6 8 2

9001 3000. 9 1 1 1

9002 3000 1 0 1 2
■j 4

■ 9003 3000 7 9 2

4000 3001 1 0 1 0 1

9000 3001 6 6 4

9001 3001 9 9 1

9002 3001 1 0 1 0 1 2

9003 3001 7 7 4

9004 3001 4 4 2

1 0 0 0 0 4000 4 1 0 1

1 0 0 0 0 9000 4 6 1

1 0 0 0 0 9001 4 9 1

1 0 0 0 0 9002 4 1 0  ■ 1

1 0 0 0 0 9003 4 7 1

1 0 0 0 0 9004 4 4 1

Figure 3.6. The Peg Record File



The Early Start Schedule 

The early start times in CPM-MRP are equivalent to those in 

CPM9 since activities are scheduled to begin as early as possible, 

subject to technological and precedence constraints. However, 

activities are also restricted in that they may not start until all 

resources are on hand. The algorithm used to find the early start 

schedule is:

1. . Set the start and finish times for the first activity in the

project:

ESa - 1 y
EF = ES + PT a a a

2. Consider each successive activity in descending order of part 

number. Using the peg records as a source of timing information 

and parent-child relationships:

a. Find all children (resources and activities) of the activity 

currently being scheduled.

b. Set:

Esa(parent) " Max(EFa(children) an'1 (child)^
<Set EAl,m,f “ -“ tively “I™ 1 to EFa(parent) + LI1>m>f
where a is the first activity in the project.)

' c. Set EF , = ES z _x + PT z xa (parent) a(parent) a(parent)
3. Schedule each succeedingly lower numbered activity until all 

activities and resources have been scheduled. Then go to 4.

4. Schedule all resources: ,

^l,m,f (child) ^^a (parent)
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E0 l,m5 f(child) (child) ETl5m 9 f(child)
5. Continue until all resources have been scheduled.

The early schedule times for the example project would be found in the

following fashion:

1. The initial activity in the project is activity 10000:

ESioooo 1
EFioooo = ESioooo + LTioooo = 1 + 0 = 1

2 and 3. Consider each succeedingly lower numbered activity: 

Activity 4000 

. Child: Activity 10000: EF10000 == 1

E S 4 0 0 0  = E F 1 0 0 0 0  = "L

EF4000 - ES4000 + PI4000 - 1  + 2  - 3

Activity 3000

Children: Activity 4000: = 3

Resource 9000: EA^qq = 1 + 6  = 7

Resource 9001: EA^qq  ̂= 1 + 3 = 4

Resource 9002: EA^qq  ̂= 1 + 2 = 3

Resource 9003: EAnnr.0 = 1 + 5 = 69003 . .
Max(EF and EA ' ) = EA9000 = 7a l,m,f

Then ES3 0 0 0  = 7 and EF3 0 0 0  = ES3 0 ( ) 0  + PTgQQQ = 7 + 4 = 11 

Activity 3001

Children:-Activity 4000: EE^QQQ ” 3

Resource 9000; ^QOOO " E ^ & = 7 (tentative)
Resource 9001: EA^q^  = 1 + 3 = 4  (tentative)

Resource 9002: EA^^q  ̂= 1 + 2 = 3  (tentative)



Resource 9003: = 1 + 5 = 6  (tentative)

Resource 9004: EAg^^ = 1 + 8  = 9 (tentative)

Maz<EFa and EAl,„,f) ' EA9004 ‘ 9

Ih™  ES3001 ' 9  EF3001 - ES3001 + PT3Q01 " 9  + 6  * 1 5

Activity 2000

Children: Activity 3000: EFg0 0 0  ^
Activity 3001: EF^Q^ = 15

Resource 9001: EA = 4 (tentative)9001
Resource 9002: EA = 3 (tentative)yuuz

Ma!x(EF and EA A  = 15 ; a l,m, f ;
Then ES2ooo = 1 5  ^nd EF2000 = ES2000 + EF2000 15 + 2 = 1
Activity 1000

' Children: Activity 2000 EE2000 =

ES1000 = 1 7  and EF1000 = ES1000 + PT1006 I? + 0 = 17
and 5. Set the resource order times:

9000:
E S 3 0 0 0  7

EOm =
7  ™!LT9000 = 7 - 6 = 1

9001: = ES3000 = 7

EOm =
7  " LT9001 “ 7 - 3 = 4

9002: = ES3000 = 7

E ° 1
= 7 “ LT9002 “ 7 - 2 = 5

9003: BAf = ES3000 = 7

EOf = 7 " LT9003 7 - 5 = 2

9000: EAm = ES3001 = 9
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9001: EAm ES3001 = 9

EOm =
9  " LT9001 =

9002:
E A 1

= ES3001 = 9

E 0 1
=

9  “ LT9002
9003: EAf = ES3001 = 9

E0f =
9  " LT9003 =

9004: = ES300l = 9

' EOm =
9 ™ LT9004 =

Parent: 2000, Child: 9001: =
E S 2 0 0 0  = 1 5

EOm =
1 5  " LT9001

9002: EA1 =
E S 2 0 0 0  = 1 5

E ° 1
=

1 5  “ ET9002
The order quantities are again computed using the previously discussed 

formulas and the results are stored in the MRP time phased schedule 

format (Figure 3.7).

A comparison between the CPM-MRP schedules and the CPM 

schedule will show that while CPM estimated the project duration as 

11 days5 the project duration is 17 days according to the CPM-MRP 

solution. Therefore, if the project commenced after day three, in day 

nine as the CPM late start schedule suggests, the project would not be 

completed on time if it were necessary to order all resources. This 

underestimation of project length may contribute to operational problems 

where CPM is used. Note also that the quantities of activity slack are 

overestimated when CPM is used (Table 3.1), If only part of the 

resources are on hand, the duration of the project would be somewhere 

between eleven and seventeen days.
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OAClIVllY FINISH p i o j c c i
1000 II ■ 0 1 2 3 4 3 t 7 8 f 10 II 12 13 14 13 14 17 18 18 20

m i s 1
rt'to Rtctins
ON HAND -1 -1 -1 -1
ORtfRS 1

0NCIIV1IT *SSE.".9L£ IENCH
2000 IT ■ 2 1 2 3 4 3 4 7 8 ? 10 11 12 13 14 IS 14 17 18 17 20

10*1$ 2
Pl'iO RECflPIS
ON HAND -2 -2 -2 -2
ONCERS 1

0ACI1V1IT A3SEHSLE RACK
3000 LT * 4 , 1 2 3 4 3 4 7 8 t 10 II 12 13 14 13 14 17 18 17 20

00*1$ 1 1
OL'ED RECEIPTS
ON HAND -1 -1 -1 -1 -2 -2 -2 -2 -2 -2
ORDERS 1

OACIIVIIT ASSESILE SEAT
3001 LT * * 1 2 3 4 3 4 7 8 1 10 II 12 13 14 13 14 17 18 17 20

RENTS 2
PL'ED RECEIPTS
ON HAND -2 -2 -2 -2 -2 -2
ONCERS 1

OACTIVITT COLLECT TOOLS
4000 LT * 2 1 2 3 4 5 4 7 8 * 10 11 12 13 14 13 14 17 18 17 20

OOHTS 1 1 1
PL'ED RECEIPTS
ON HAND -1 -1 -1 -1 -3 -3 -3 -3 3 -3 -3 -3 -3 -3 -3
ONCERS 1

0NATER1AL 2 I 4'S
TOOO I T *  | 2 3 4 5 4 7 8 ? 10 11 12 13 14 IS 14 17 18 17 20

RENTS 2 4
PL'ED RECEIPTS
ON HAND -4 -4 -4 -4 -4 -4 -4 -4 -4 4 -4
ORDERS 2 4
RESOURCE USAGE 0.0 0 0 0.0 0.0 0.0 0.0 1.2 1.2 .7 .7 .7 .7 0.0 0.0 0.0 0.0 0.0 0.0

ONATERIAL LI.TOP. HAILS
TOOT LT * 3 1 2 3 4 3 4 7 8 » 10 11 12 13 14 IS 14 17 II 17 20

RENTS 1 1 1
PL'ED RECEIPTS
ON HAND -2 -2 -2 -2 -2 -3 -3 -3 -3 -3 -3
ORDERS 1 1 1
RESOURCE USAGE 0.0 0 0 0.0 0.0 0.0 0.0 .4 .2 .2 .2 .2 .3 .5 0.0 0.0 0.0 0.0

OLAIOR CARPENTER MRS
f 002 I T :  2 | 2 3 4 5 4 7 8 ♦ 10 11 12 13 14 15 14 17 18 17 20

RENTS 1.0 1.0 3.0 3.0 2.0 2.0 2.0 2.0 1.0 1.0
PL'ED RECEIPTS
ON HAND -14 -14 -14 -14 -14 -14 II -IB -18 -18 -II -18
ORDERS 4 12 2
RESOURCE USAGE 0.0 0 0 0.0 0.0 0.0 0.0 1.0 1.0 3.0 3.0 2.0 2.0 2.0 2.0 1.8 1.0 0.0 0.0 0.0 0.0

Of AC 1E0. HAND SAW HRS.
T003 LT » 5 1 2 3 4 3 4 7 8 t 10 II 12 13 14 IS 14 17 18 17 20

RENTS 1.2 1.2 .7 .7 .7 .7
PL'ED RECEIPTS
ON hand -4 -4 -4 -4 -4 -4 -4 4 -4 -4 4
ORDERS 2 4
RESOURCE USAGE 0.0 0 0 0.0 0.0 0.0 0.0 1.2 1.2 .7 .7 .7 .7 0.0 0.0 0.0 0.0 0.0 0.0

ONAIERIAL WRT ISO* LEGS
1004 IT * 6 1 2 3 4 3 4 7 8 » 10 II 12 13 14 13 14 17 18 17 20

RENTS 2
PL'ED RECEIPTS

-2 -2 2 -2 -2 -2 -2 -2 -2 -2 -2
ORDERS 2
RESOURCE USAGE 0.0 0. 0 0.0 0.0 0.0 0.0 0.0 0.0 .3 .3 .3 .3 .3 1.0 0.0 0.0 0.0 0.0 0.0

OACIIVIIT START PROJECT
ICC'l IT • 0 1 2 3 4 5 4 7 8 t 10 II 12 13 14 13 14 17 11 17 20
RENTS 4 2 4 3 4 1 12 1 2
PL'ED RECEIPTS
ON HAND A 1 -12 -17 -21 -22 -31 -31 -34 -34 -31 -35 -37 -37 -37 -37 -37 -37 -37 -37
ORDERS 1

Figure 3.7. Early Start Schedule
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Table 3.1. Slack on Activities

Activity Early Start Late Start CPM-MKP Slack CPM Slack

1 0 . 0 0 17 2 0 3 9

2 0 0 0 15 18 3 9

3000 7 14 ' 7 1 1

3001 9 1 2 3 9

4000 3 1 0 7 9

1 0 0 0 0 - • 1 4 3 9

The Critical Sequence 

The notion of a critical sequence becomes more robust when 

resource lead times are added to the project scheduling technique. When 

resources are not constrained, and there are no scheduled resource 

receipts or resources oh hand, the critical sequence will be defined 

as the connected path through the network or project structure tree 

that connects those activities and resources with zero slack. Since 

this scheduling problem is similar to the simple, no resource CPM 

model, the critical sequence is equivalent to the critical path in 

nature. However, when there are resources on hand, resource receipts 

scheduled, or constraints on resource availability, the critical 

sequence is a function of the resource allocation technique (Wiest,

1964). The technique suggested in this chapter applies to the first
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situation. The definition of critical sequence will be modified to 

include those activities with zero slack and those resource orders with 

zero slack. Resource constraints have not yet been included in the 

definition.

The technique suggested here for finding the critical sequence 

is similar to one listed by Zastera (1978). It is a simpler technique, 

because the new method requires the modest additional assumption that 

there is one initial activity in a project, and the modified peg 

records are used. In the original technique, a number of resource 

orders or activities may begin the critical sequence, and a scan of 

the peg records is necessary to find the initial members of the 

sequence. This scan is no longer necessary, since there is only one 

initial activity.

To find the critical sequence:

1. Find the first activity in the project, and make this activity

the first activity in the critical sequence,

2. Beginning with the first activity of the project, find the

remaining members of the sequence:

a. Consider the last element added to the sequence.

b. Find all occurrences of this activity or resource where it

occurs as a child in the peg records (Figure 3.6).

c. Find the parent activity or resource that generated the

earliest requirement for the child in (b), Store this

activity or resource as the next member of the critical

sequence. . .
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3. Continue until the last activity in the project has been added 

to the critical sequence.

This technique essentially branches through the project structure tree 

to find the longest connected path through the project structure tree.

The critical sequence for the example project can be found in 

the following fashion:

1. Make the first activity in the project, 10000, the first 

activity in the sequence.

2. For each succeeding child, find the next critical parent:

(Column 4 of the peg records lists the late start time of each 

activity and resource.)

Child: Activity 10000

Parents: 4000 L.S. times: 10

9000 6

9001 9

9002 1 0

9003 7

9004 4 

Earliest requirement for 10000: Resource 9004 

Child: Resource 9004

Parent: Activity 3000 L.S. time: 4 

Child: Activity 3000

Parent: Activity 2000 L.S» time: 12 

Child: Activity 2000

Parent: 1000 L.S. time: 18
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3. The last activity has been added to the sequence« The critical 

sequence is:

Type Number

Activity 1 0 0 0 0

Material 9004

Activity 3001

Activity . 2000

Activity 1000

Note that it is not necessary to find the early start schedule before 

the late start schedule is founde The algorithms suggested here were 

incorporated into a modified version of Zasterav s (1978) original 

FORTRAN program.

Zastera indicates that computer execution time seems to rise

in an exponential fashion as a function of the number of project

activities and resources. Application of the new algorithms to the 

projects used by Zastera using the same computer yielded different 

results (Table 3.2). The new runs indicated that for the new 

algorithms, there is essentially a linear relationship between 

execution time and the number of project activities and resources.

It has been shown previously that execution time is a function of 

project structure for constrained resource scheduling with CPM 

(Patterson, 1973) and these runs are for a limited sample of projects. 

Nevertheless, these results are much more favorable to CPMr-MRP than 

those found by Zastera. Since execution time seems to be linearly 

related to the number of project activities and resources, CPM-MRP 

should be a feasible tool for planning large projects. The value of
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Table 3.2. Execution Time Summary and Linear Regression Equations 

Using Zasteravs Projects

Number of 
Activities and 
Resources

Execution
Time

Print
Time

Total
Time Y Exec Y Total

52 .880 .736 1.616 .399 4.498

1 0 2 2.197 8.167 10,364 2.284 7.923

152 4.112 8.788 12.900 4.169 . 11.348

2 0 2 7.640 9.922 . 17.562 7.939 18.198

300 10.136 10.550 2 0 . 6 8 6 9.749 21.486

Regression Equations ;
Execution Time

Y = -1.5610 + .0377X r2  = .9986

Total Time
7

Y = .9357 + .0685X r2  - .9949



the technique will be further improved in the next chapter with the 

addition of constrained resource scheduling algorithms to the computer 

program.



CHAPTER 4

A HEURISTIC ALGORITHM FOR PROJECT SCHEDULING 
UNDER RESOURCE CONSTRAINTS WITH CPM-MRP

CPM-MRP as it is described by Aquilano9 Zastera, and Chapter 3 

of this,research is designed to schedule projects subject to all of the 

constraints listed in Figure 1,1 except constraints on resource 

availability. A simplifying assumption in the earlier CPM-MRP method 

was that all resources are available in unlimited quantities, subject 

only to the expiration of lead times. This research expands the CPM-MRP 

method, as described in this chapter, to schedule project activities 

subject to both resource lead times and availabilities* This expanded 

model utilizes many of the concepts established in previous heuristic 

models for project scheduling under resource constraints, such as Wiest 

(1964), for example. However, unlike previous methods, the CPM-MRP 

based method considers storable resources (materials) and resource 

lead times. It will be shown that the addition of materials and 

resource lead times to the problem may drastically alter the project 

schedule as compared to schedules developed by previous heuristic 

methods.

The explanation in this chapter of the constrained resource 

version of CPM-MRP method will open with a brief summary of the various 

aspects of the constrained resource scheduling problem that were 

considered before constrained resource CPM-MRP was developed. The 

early start algorithm will then be listed and the solution to an example
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problem will be explained. A late start algorithm that is based on the 

work of Wiest (1964) will also be listed and used to solve the example 

problem. Both algorithms have been added to the CPM-MRP computer 

program, and computer generated schedules for the example problem will 

be listed.

Aspects of the Constrained Resource Project Scheduling 
Problem Considered by Constrained Resource CPM-MRP

The initial objectives of this research require that a

constrained resource version of CPM-MRP be developed that schedules

activities and storableiand. non-storable resources for large projects
'■ isubject to constraints on resource availabilities. The performance 

criteria used to evaluate the model was project duration, since it is 

an important measure of the value of a schedule, and it is the one 

most often•used in the literature to evaluate a technique. - - -

The selection of a heuristic vs. ah analytical technique is not 

difficult given the results of previous1 research listed in-Chapter 2 .‘ 

Although a number of methods have been developed that use a sophisticated 

set of heuristics, such as weighted priority rules (RAMPS) or the 

rescheduling of critical activities (SPAR-1), the value of such 

sophistication may be negligible as compared to the value of an 

algorithm that allows for the use of a number of different heuristics, 

and a possible schedule derived from each heuristic. If the success 

of the heuristic depends upon project structure, as indicated by 

Patterson (1973), then a constrained resource project scheduling 

algorithm should allow the user to insert new heuristic rules with 

relative ease. Thus, if a single pass parallel procedure is used, the
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user can monitor the performance criteria that must be met by the 

project schedule. For instance, in the case of this study the least 

slack heuristic was chosen because it has been shown to be relatively, 

successful in supplying schedules with a low project duration.

The use of the heuristic rules for scheduling activities in 

parallel requires certain feasibility checks before each activity is 

scheduled, and records must be revised after each activity is 

scheduled. Each of an activity1s predecessors must be checked before 

it can be added to the early start schedule, and a tentative start time 

must be found when both the storable and noh-storable resources - 

required by an activity will be available. In the case of the late 

start schedule, all of an activity's successors must be scheduled and 

non-storable resource availabilities must be checked so that a feasible 

late start time might be found for each activity. For reasons which 

will be discussed later, it is not necessary to check storable 

resources' to find a feasible start time in the late start schedule. 

Finally, resource availabilities must be updated in the inventory 

records after each activity is scheduled.

The way in which storable resources are allocated to activities 

.by the technique should be discussed, as storable resources have not 

previously been included in the constrained resource problem. If there 

are materials on hand in a particular period of the project planning 

horizon these may be allocated to that activity which is deemed to be 

most critical by the scheduling heuristic. When all materials on hand 

at the beginning of a scheduling period and those to be received during 

the period have been allocated to activities, additional materials must
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be ordered, and an activity requiring -these materials must be delayed 

until the materials are scheduled to arrive* While the scheduling of 

activities and the generation of material orders are independent events 

in the CPM-MRP algorithm described in Chapter 2, the scheduled start 

time for an activity is interdependent with allocation of materials 

on hand and the generation of orders in the constrained resource 

problem.

Non-storable resources are also assigned to activities on the 

basis of heuristics in constrained resource CPM-MRP, as they have been 

;in previous methods. Each activity is delayed if sufficient quantities 

of a non-storable resource are not available during each period of an 

activity. The use of inventory records facilitates the search for the 

correct start time for each activity. The orders for non-storable 

resources may be time phased to give the necessary personnel advance 

notice of the need for a non-storable resource. For instance, suppose 

that a non-storable resource is required in period three and.managerial 

personnel request a one period advance notice of a requirement for this 

resource. An order should be generated for this resource in period 

two. However, since some non-storable resources are usually on hand, 

such as labor, this advance notice is sometimes not necessary.

The last item which should be considered before the algorithms 

are introduced is the input supplied to the algorithms from CPM-MRP,

At the completion of the non-constrained CPM-MRP algorithms, the peg 

records list all precedence relationships as well as the early and late 

start schedules. The peg records list the start time required by a 

parent activity or resource, as well as the earliest start time required
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by any of a particular child’s parents* Thus? these records can be 

referenced to find the slack for each activity. This removes' the need 

to refer to the original bill of materials for any information.

The set of inventory records must also be input to the 

constrained resource algorithms. In addition, information is required 

on the availability of non-storable resources in each period. The . 

constrained resource algorithm will be tested under the assumption of 

uniform resource usage over the course of each activity, and uniform 

resource availability over the scheduling horizon. Since an MRP based 

scheduling format is used, where resource availabilities and usages may 

vary from period to period, either of these assumptions may be relaxed.

The Early Start Algorithm 

The early start algorithm is designed to schedule each activity 

as early as possible according to a primary scheduling heuristic. The 

resulting schedule is what Wiest (1964) defines as. a left justified 

schedule, since no job can be started earlier without the rescheduling 

of other activities. The algorithm will be formally listed and the 

primary aspects of it will be explained with an expanded version of a 

problem first listed by Wiest (1964).

The notation used to list the early start algorithm is the same 

as that used in Chapter 3, with the following exceptions. For activity 

number a:

ES^ = The earliest time at which a may be scheduled subject to 

material lead time constraints, non-storable resource 

availability, and precedence constraints.
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EF^ - The earliest time at which a may be scheduled to be finished, 

subject to the same constraints,

TREQ^ ^ j = Requirements for material m, by activity a, to be 

ordered to arrive in period j.

REQ^ n j = Requirements for non-storable resource n, by activity a, 

in period j.

TREQ^ ^ = Total requirements for n by activity a.

AVAIL^ = Quantity of resource n available in period j,

MSTOP = Time at which a resource will arrive if it is ordered in m
the first period of the i-planning horizon.

Since the start time for each activity is dependent upon the availability

of the required resources, the new notation gives the requirements for

each resource so that each requirement can be compared to the quantity

on hand for each resource. Non-storable resources are used in

increments that are.a function of the total amount of the resource

required by an activity and the duration of the activity, therefore

the requirements for non-storable resources by an activity must be

compared with the period-by-period availability of non-storable

resources over the duration of the activity. This can be done by

comparing REQ . with AVAIL .. On the other hand, the order for the a,n,j n,j
total requirements for each non-storable resource required by. an

activity, TREQ^ ^ ^, will be placed only once.

The algorithm will be explained with the Chapter 3 notation:

1. Begin by scheduling the first activity in the project:

ES = 1 a
EF = ES + PT a a a
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Derive a list of schedulable activities, performing each of the 

following steps when they are required:

a. For all activities which have not been scheduled, check to 

see if their predecessors have been scheduled. To do this, 

find all children of each activity in the peg records. If 

the activity’s children have been scheduled, find a tenta

tive early start time:

ES , ' _ . = Max (EF , _ , )a(parent, tent.) a children
add the activity to the list of schedulable activities.

b. For all schedulable activities which have material require

ments, serially consider each activity. Find the materials 

required by the activity in the peg records. For each 

material:

(1) Set MSTOP = 1,+ LTm m
(2) Check to see if ES z . > MSTOP . If so, leavea(tent.) — m

ES^ as it is and consider the next material. If not,

check to see if: ..

ONE. < TREQ . where ES , . < j < MSTOP .
3 ,m — a,m,j a (tent.) — J . m

if so, set ES ,  ̂x = j. If not seta(tent.)

ESa(tent.) = MST0Pm
(3) Continue until each schedulable activity with material

requirements has been reviewed.

c. For all activities with non-storable resource requirements, 

serially consider each schedulable activity. Find the 

requirements for the activity currently being considered

in the peg records. For each non-storable resource



required by the activity9 beginning in ESa t̂ent  ̂9 find 

if:

REQa9n9j. 2 AVAIL ., where j = ES ] a 9 j
If sufficient resources are available, then leave

as it is and consider the next non-storable

resource. If not, set

ESa(tent.) " ESa(tent.) + 1
and continue to repeat this step until a feasible start time 

is found. Continue until all schedulable activities have 

been considered. '! ’

Given the current set of schedulable activities, schedule one 

activity according to the following heuristics:

a. Schedule the activity with the least slack. If there is a 

tie, go to b.

b. Schedule the activity with the highest activity number 

first.

Correct the inventory records after the activity in step 3 

has been scheduled.

a. For materials required by the activity just scheduled:

. ONE . = ONE . - REQ . where j = ES m,j m, j a,m,j ' a
b. For non-storable resources required by the activity just 

scheduled:

AVAIL. = AVAIL. - REQ . where j = ES EF - 1J,n j,n a,n,j J a a
Check to see if all activities have been scheduled. If not, 

return to step 2.
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6. Return all resource records to their original status. Now, 

using the inventory calculations given in Chapter 3, explode 

the project and generate requirements for resources. Generate 

the time phased schedule.

Figure 4.1 is a flow chart summary of the algorithm.

The project that will be used to illustrate the constrained 

resource algorithm is based on a problem described by Wiest (1964), 

that has been expanded to include additional resources. The project 

structure tree is displayed in Figure 4.2, the bill of materials in 

Figure 4.3, and the inventory records in Figure 4.4. While the Wiest 

problem involved only one ndn-storable resource, and no storable 

resources, the expanded project requires three non-storable resources 

and one storable resource. The two additional non-storable resources 

are available in sufficient quantities such that they will not delay 

the project. They were added to merely illustrate the algorithm1s 

ability to schedule several resources. In addition, it should be 

noted that there are eight units of the storable resource, material 

92, on hand. Any additional requirements above the eight units must 

be fulfilled through orders. Finally, activities 1 and 100 have been 

added to the Wiest problem to give the project unique end points.

As a point of reference, the non-constrained CPM-MRP schedules 

for the example project are given tin Figures 4.5 and 4.6. The project 

due date was set at period 10. Note that the project duration is six 

periods for the late start schedule, and seven periods for the early 

start schedule. This difference exists because resource allocation 

does not take place in the non-constrained resource algorithms. In
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NO

YES

'COMPLETION' 
N. CHECK

fi;d  i n i t i a l
INVENTORY
STATUS

SCHEDULE
FIRST
ACTIVITY

INVENTORY
RECORD
UPDATE

PREDECESSOR
CHECK

SET-UP FOR
PRIORITY
RULE

PRIORITY
RULE
APPLIED

N0M-ST0RA3LE
RESOURCE
CHECK

Ir.nuc to the constrained resource, algorithm the non-cons trained 
early and late start schedules and the peg records.

Find the initial inventory status records. Record:
a. Quantities of naterials on hand at beginning and scheduled 

receipts.
b. Availability of non-storable resources in each period.

Schedule the first activity in the project. Set its start time 
as period one.

Find all parents of the activity just scheduled. For each of these parents 
check to see if all of its predecessors are now complete. If so, add the 
aarent to the list of schedulable activities. Set its possible start time 
equal to the maximum finish time of its predecessors in this schedule.

Find all materials required by each schedulable activity. For the set of 
materials required by an actvity:

a. Find if the materials will be on hand before the lead time for the 
item has expired. Check to see if the time when the materials will be 
on hand is after the current possible start—date. If so, change the 
start time.

b. If the material will not be on hand before the lead time has expired, 
order it, and update the possible start time if necessary.

Find all non-storable resources required by each activity. For the set of 
non-storable resources required by an activity, beginning with the currently 
listed feasible start time for an activity, find the first period when each
non-storable resource will be available in sufficient quantities to schedule 
the actvity. Update the possible start time if necessary.

Find the earliest period in which any of the xchedulable activities may be 
scheduled. Find the list of activities which may be scheduled in this 
period. Find the slack for these activities.

Given the set of earliest schedulable activities from the previous step, 
schedule an activity on the basis of the following priority rules

1. Schedule the activity with the minimum slack. If there is a tie, go 
to rule 2.

2. Schedule the activity with the higher activity number.

Update all material and non-storable inventory records after the act
ivity chosen in the previous step is scheduled.

Check to see if all activities have been scheduled.

Given the set of start times for activities found above, complete the 
project expision by generating all resource requirements and print a 
time plased schedule of activity start times and resource records.

Figure 4.1. Flow Chart of the Early Start Constrained Resource 
Algorithm
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Parent Child Quantity
.1

2 1
3 1
4 1

2
5 1
90 2
91 5
92 5 "
93 5

3
90 3
92 4
100 . 1

4
90 4 ,
92 ■ 8 . 3
93 6
100 1

5
6 1 '
90 10
91 5
92 8
93 . 10

6
90 " 5
92 6

100 1 .

90
100 1

91
100 1

92
100 1

93
100 1

100

iFigure 4.3. Bill of Materials for the Constrained Resource Example
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Number ’ Type Lead Time On Hand Available Planned Receipt
1 Activity 0 0 - 0

2 Activity 1 0 - 0

3 Activity 1 0 - 0

4 Activity 1 0 - 0

5 Activity 1 0 0

6 . Activity 1 0 - 0

90 Labor 0 0 12 0

91 Labor ' 0 0 10 0.

92 Material 4 3 8 - 0

93 FAC & EQ 0 0 20 0 , .

Figure 4.4. Inventory Records for the Constrained Resource Example



ACT 1V I TYI LT = 0 I 2 3 4 5 6 7 9 9 1 0RCMTS 0 0 0 0 0 0 0 0 0 1PL'EO RECEIPTS 3 0 o 0 0 0 0 0 0 0ENDING INV 0 0 0 0 0 0 0 0 0 0 -1ORDER RELEASE 0 0 0 0 0 0 0 0 0 1
ACTIVITY2 LT = I 1 2 3 4 5 6 7 d 9 1 0ROMTS 0 0 0 0 0 0 0 0 0 1PL'EO RECEIPTS 0 0 0 0 0 0 0 0 0 0ENDING INV 0 0 0 0 0 0 0 0 0 0 — 1
ORDER RELEASE 0 0 0 0 0 0 0 0 1 0
ACTIV ITY3 L T - 1 1 2 3 4 5 6 7 d 9 1 0
ROMTS 0 0 0 0 0 0 0 0 0 1PL'EO RECEIPTS 0 0 0 0 0 3 0 0 0 0ENDING INV 0 0 0 0 0 0 0 0 0 0 — 1ORDER RELEASE 0 0 0 0 0 0 0 0 1 0
ACT IV I TY4 L T — I 1 2 3 4 5 6 7 d 9 1 0RCMTS 0 0 0 0 0 0 0 0 0 1PL'EO RECEIPTS 0 0 0 0 0 0 0 0 0 0ENDING INV 0 0 0 0 0 0 0 0 0 0 — 1
ORDER RELEASE 0 0 0 0 0 0 0 0 I 0
ACTIVITY5 LT = 1 1 2 3 4 5 6 7 3 9 1 0
ROMTS 0 0 0 0 0 0 0 0 1 0PL'EO RECEIPTS 0 0 0 0 0 0 0 0 0 0
ENDING INV 0 0 0 0 0 0 0 0 0 — 1 — 1ORDE’R RELEASE 0 0 0 0 0 0 0 I 0 0
ACTIV I TY6 LT = 1 1 2 3 4 5 6 7 a 9 1 0
ROMTS 0 0 0 0 0 0 0 i 0 0PL'EO RECEIPTS 0 0 0 0 0 0 0 0 0 0ENDING INV 0 0 0 0 0 0 0 0 -1 — 1 — 1
ORDER RELEASE 0 0 0 0 0 0 1 0 0 0
LABOR<30 L T - 0 I 2 3 4 5 6 7 a 9 10
R CMT S 0.0 0. 0 0.0 0.0 0.0 0- C 5.0 10.0 9 . 0 3 . 0PL'ED RECEIPTS 0 0 0 0 0 0 0 0 0 0
ENDING INV 0 0 0 0 0 0 0 -5 - 1 s -24 — 24
ORDER RELEASE 0 0 0 0 0 0 5 1 0 9

LABOR<31 LT = 0 1 2 3 4 5 6 7 8 9 1 0ROMTS 0.0 0.0 0.0 0.0 0.0 0. 0 0.0 5.0 5. 0 0. 0PL'EO RECEIPTS 0 0 0 0 0 0 0 5 0 0
ENDING INV 0 0 0 0 0 0 0 0 —5 — 10 - 1 0
ORDER RELEASE 0 0 0 0 0 0 0 5 5 0
MATER I AL92 L T = 3 1 2 3 4 5 6 7 3 9 1 0RCMTS 0 0 0 0 0 0 5 a 1 7 0PL'ED RECEIPTS 0 0 0 0 0 0 0 0 0 0
e n d i n g  i n v  a a 3 3 9 a 9 2 —d -23 -23
ORDER RELEASE 0 0 0 0 6 17 0 0 0 °
FAC & EG -93 LT = 0 1 2 3 4 6 7 3 9 1 0ROMTS 0.0 0. 0 0.0 0.0 0. 0 0. 0 0.0 10.0 11.0 0. 0PL'ED RECEIPTS 0 0 0 0 0 0 0 0 O 0ENDING INV 0 0 0 0 0 0 0 0 — 10 — 21 —2 1
ORDER RELEASE 0 0 0 0 0 0 0 1 0 1 I 0
ACT IV IT Y100 L T = 0 1 2 3 4 5 5 7 8 9 1 0
RCMTS c 0 0 0 6 I 7 6 25 27 0PL'ED RECEIPTS c 0 0 0 0 0 0 0 0 0
ENDING INV 3 0 0 0 0 -6 -23 -29 — 54 -61 — 31ORDER RELEASE c 0 0 0 1 0 0 0 0 0

Figure 4.5. Late Start Non-Constrained Resource Schedule for the 
Example Project



ACTIVIT Y _ _ _ ■ _
I LT - 0 I 2 3 4 5 6 7 3 9 1 0

dO"TS 0 0 0 0 0 0 1 0 0 0
PL * CO RECEIPTS 0 0 0 0 0 0 0 0 0 0
ENDING INV 0 0 0 0 0 0 0 -  1 - 1 -  1 -1
ORDER RELEASE 0 0 0 0 0 0 1 0 0 0

ACTIVITY _
2 LT = I 1 2 3 4 5 6 7 3 9 1 o

MCMTS 0 0 0 0 0 0 2 0 0 0
PL•ED RECEIPTS 0 0 0 0 0 0 0 0 0 0
ENDING I.NV 0 0 0 0 0 0 0 -2 — 2 — 2 -2
ORDER RELEASE 0 0 0 0 0 1 0 0 0 0

ACTIVITY _ .
3 LT = 1 1 2 3 4 5 6 r 3 9 1 u

R GMT S 0 0 . 0 0 I 0 1 0 0 0
PL* ED RECEIPTS 0 0 0 0 0 0 0 0 0 0
ENDING INV 0 0 0 0 0 -1 - 1 -2 -2 — 2 — 2
ORDER RELEASE 0 0 0 1 0 0 0 0 0 0

ACTIV IT Y _ _ _ _ .
A LT = 1 1 2 3 4 5 6 7 a 9 I 0

RQMTS 0 0 0 0 1 0 1 0 0 0
PL'EO RECEIPTS 0 0 0 0 0 0 0 0 0 0
ENDING INV 0 0 0 0 0 -  1 -  1 — 2 — 2 — 2 — 2
ORDER RELEASE 0 0 0 1 0 0 0 0 c 0

ACTIVITY _
5 LT = 1 1 2 3 4 5 6 7 3 9 l u

RGVTS 0 0 0 0 0 2 0 0 0 0
PL'EO RECEIPTS 0 0 0 0 0 0 0 0 0 0
ENDING INV 0 0 0 0 0 0 -2 -2 — 2 -2 -2
ORDER RELEASE 0 0 0 0 1 0 0 0 0 0

ACTIVITY _
6 LT = I I 2 3 4 5 6 7 a 9 I u

RCMTS 0 0 0 0 2 0 0 0 0 0
PL'ED RECEIPTS 0 0 0 0 0 0 0 0 0 0
ENDING INV 0 0 0 0 0 -2 -2 -2 — 2 —2 — 2
ORDER RELEASE 0 0 0 I 0 0 0 0 0 0

L ABOR
90 L T = 0 1 2 3 4 5 6 7 8 9 I 0

RCMTS 0.0 0.0 0.0 12.0 10.0 2.0 0.0 0.0 0.0 0. 0
PL'ED RECEIPTS 0 0 0 0 0 0 0 0 0 0
ENDING INV 0 0 0 0 -12 -22 —  2 4 -24 -24 -24 -24
ORDER RELEASE 0 0 0 12 1 0 2 0 0 0 0

LABOR _ _ _

6 r II O 1 2 3 4 5 6 7 a 9 1 U
ROMTS 0.0 0.0 0.0 0.0 5. 0 5.0 0.0 0.0 0.0 0.0
PL'EO RECEIPTS 0 0 0 0 0 0 0 0 0 0
ENDING INV 0 0 0 0 0 -5 -1 0 -  1 0 -  10 — 1 0 — 10
Of?DER RELEASE 0 0 0 0 5 5 0 0 0 0

MATER IAL
92 LT =  3 I 2 3 4 5 6 7 a 9 I 0

R CMTS 0 0 0 i a 9 5 0 0 0 0
PL'EO RECEIPTS 0 0 0 0 0 0 0 0 0 0
ENDING INV 8 3 8 a - 1 0 -18 -23 -23 -23 -23 — 23
ORDER RELEASE I 0 a 5 0 0 0 0 0 0 0

F AC & C 3
93 LT - 0 1 2 3 4 5 6 7 a 9 1 0

RQ.MTS 0.0 0.0 0.0 6.0 1 0. 0 5.0 0.0 0.0 0.0 0. 0
PL'ED RECEIPTS 0 0 0 0 0 0 0 0 0 0
ENDING INV 0 0 0 0 — 6 - 1 6 -2 1 -2 I - 2  I -2 1 -2 1
ORDER RELEASE 0 0 0 6 1 0 5 0 0 0 0

ACTIVITY _ _ _
100 L T  = 0 I 2 3 4 5 6 7 3 9 1 u

ROMTS 11 a 5 2 1 25 1 2 0 0 0 0
PL'EO RECEIPTS 0 0 0 0 0 0 0 0 0 0
ENDING INV 0 - 1  t -  19 -24 - 4 5 -70 -32 -32 - 3 2 — 82 — 32
ORDER RELEASE I 0 0 0 0 0 0 0 0 0

Figure 4.6. Early Start Non-Constrained Resource Schedule for the 
Example Project



particular, when all activities are shifted to the left in Figure 4.5 

to form the early start schedule, activities 3, 4, and 6 are all 

competing for the eight units on hand of material 92. Since activity 6 

only requires 6 units of material 92, it could obviously be scheduled 

to start in period 1. This would in turn allow the succeeding parents 

of 6 to be scheduled earlier, so that the project could be completed in 

six periods as in the late start schedule. This was not done, because 

to do so would have required a decision on the allocation of resources. 

On the other hand, no resource allocation question is involved in 

developing the late start schedule since all activities are shifted 

to the right, and activity 6 is the only activity requiring material 92 

that is available to be scheduled in period 7. Therefore, no resource 

allocation decision is necessary and the activities in the project may 

be scheduled such that the project duration is only six periods.

Since a total listing of the solution to the example project 

would be much too lengthy, only parts of the solution process will be 

discussed. The first point of interest is the decision as to which of 

the activities with resource requirements should be scheduled first. 

After activity 100 has been scheduled, the remaining unscheduled 

activities should be scanned to find which activities succeed only 

activities 3, 4, and 6, The next step is to review the material 

requirements for each activity and compare them to the current 

inventory records-for material 92, which is required by all three 

activities according to the peg records:
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. Material 92 LT = 3 - Beginning Inventory

1 2 3 4 5 6 7 8 9 10
Requirements 0 0 0 0 0 0 0 0 0 0
Pl'ed Receipts 0 0 0 0 0 0 0 0 0 0
Ending Inventory 8 8 8 8 8 8 8 8 8 8 8
Orders 0 0, 0 0 0 0 0 0 0 0

For material 92:

MSTOP92 = 14- LT92 = 14-3 = 4 

This value of MSTOP means that if sufficient materials are not 

available to schedule an activity before period 4, the activity should 

be scheduled in period 4, and the necessary materials should be 

orderedo For activities 3, 4, and 6, step II-B dictates that the 

following calculations and comparisons take place:

ES3(tent.) = ES4(tent.) * ES6(tent.) * 1 *
Max(EFa (children)^ ' EF100

because:

ES3(tent.)’ ES4(tent.)’ ES6(tent.) - MSTOP92*
The next step is to check to see if sufficient materials are available

to schedule any of these activities in period 1. From the inventory

records above and peg records (Figure 4.7):

0ffil,92 " 8 ^ 4 , 9 2 , 1  " 8

EEQ3,92,1 = 4 ^6,92,1 " 6
Since ONH^ 92 is sufficient to schedule any of the three activities in

period 1, ^ a(tent  ̂ remains at period one for all activities.

The non-storable resource requirements for each activity are 

reviewed next. A.slightly different format is used to present the 

inventory records for non-storable resources (Table 4,1). Labor and 

facilities are available in certain quantities, listed in the "Available



PEG RECORD FILE IS AS FOLLOWS...
NON -CONSTRAINED CONSTRAINED RESOURCE

SCHEDULE SCHEDULE
LATE START EARLY START EARLY START LATE START

FIRST THIS FIRST THIS FIRST THIS FIRST ' THIS TOTAL CITY/ PARE!
CHILD PARENT 0RD ORD ORD ORD ORB ORD ORD ORD GTY PER PT

2 1 9 9 6 6 5 5 5 5 1 # * * * # 0
3 1 9 9 4 6 5 ■. 5. 5 5 1 ***** 0
4 1 9 9 4 6. 5 5 5 5 1 * * * * * 0
5 2 8 9 5 5 4 4 4 4 1 * * * * * 1

90 ' ' 2 6 8 3 • 5 4 2 4 ' . 2 2.00 1
91 2 7 8 4 5 4 3 4 5 5.00 1
92 . 2 5 6 1 3 2 1 2 5 5.00 ■1
93 2 7 8 3 5 4 3 4 5 5.00 1
90 3 • 6 8 3 3 1 4 . 2 4 3 3.00 1
92 . 3 ' 5 6 1 1 2 1 2 4 .4.00 1' 100 3 5 9 1 4 1. 5 1 5 1 ***** 1
90 4 6 - 8 3 3 4 2 4 4 4.00 1
92 4 5 6 1 1 1 2 1 2 8 8.00 1
93 4 • 7 8 3 3 4 3 4 6 6.o0 1

100 4 5 9 1 4 5 1 5 1 * * * * * 1
6 . 5 7 7 4 4 1 3 3 3 1 * * * * * 1

90 5 6 7 3 4 3 2 3 10 10.00 191 5 ' 7 7 4 4 3 . 3 3 5 5,00 1
■ 92 . 5 5 5 1 2 1 1 1 "8 8.00 1

93 5 7 7 3 4 3 3 3 10 10.00 1
90 6 6 6 3 3 1 1 2 2 5 5.00 1
92 . 6 5 ' 4 1 1 1 1 1 . - 1 6 6.00 1

100 6 5 7 1 4 1 1 1 . 3 1 ***** 1
100 90 5 6 1 3 1 1 1 2 1 * * * * * 1
100 91 5 7 1 ■ 4 1 3 1 3 1 * * * * * 1
100 92 5 5 1 1 1 1 1 . 1 1 ***** 3
100 93 5 7 1 3 1 3 1 3 1 ***** 1

Figure 4.7. Peg Record File for the Example Project



Table 4.1/. Beginning Inventory Records for Non-Storable Resources

Period

1 2 3 4 5 6 7 8 9 10

Labor 90 
LT = 0
Requirements . 0 0 0 0 0 0 0 0 0 0
Available Res. 12.0 12.0 12.0 12.0 12.0 12.0 • 12.0 12.0 12.0 12.0
Remaining Res. 12.0 12.0 12.0 12.0 12.0 12.0 12.0 12.0 12.0 12.0
Orders 0 0 0 0 0 . 0 0 0 0 0

Labor 91 
LT = 0 
Requirements 0 0 0 0 , 0 0 0 0 0 0
Available Res. 10.0 10,0 10.0 10.0 10.0 10.0 10.0 10.0 10.0 10.0
Remaining Res. 10,0 10.0 10.0 10.0 10.0- 10.0 10.0 10.0 10.0 10.0
Orders 0 0 0 0 0 0 0 0 . 0 0

Fac. & Eq. 93 
LT = 0
Requirements 0 0 0 0 0 0 0 0 0 0
Available Res, 20.0 20.0 20,0 20.0 20.0 20.0 20,0 20.0 20.0 20.0
Remaining Res. 20.0 20.0 20.0 20.0 20.0 20,0 20.0 20.0 20.0 20.0
Orders 0 0 0 0 0 0 0 0 0 0
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Resources" row which cannot be exceeded. The line "Remaining Resources" 

lists the quantity of resources that are left unused after requirements 

for the resources used in each period are subtracted from the amount 

available. These classifications are equivalent to planned receipts 

and ending inventory, respectively, in MRP. The quantities on hand 

of all non-storable resources exceed the requirements generated by each 

of the three* activities being considered for scheduling. ^ a(tent ) 

remains at period 1 for all three activities.

The application of the first priority rule should be preceded 

by the computation of slack for activities 3, 4, and 6:

Slack. = LS. - ES. . . = 7 - 1 ^ 66 6 6(tent.)
Sla=k3 - LS3 - ES3(tent4) - 9 - 1 - 8

Slack4 - LS4 - ES4(tentJ - 9 - 1 - 8

Activity 6 should be chosen to be scheduled first, because it has the 

. minimum slack.

The inventory records should be revised for all resources 

required by activity 6. The peg records show that the required 

resources are material 92 and labor 90. The 6 units of 92 required 

by activity 6 result in the reduction of the quantity on hand to 2 

units. Labor 90 is required for 1 period at the rate of 2 units per 

period. The revised inventory records appear in Table 4.2. If 

activity 90 had a positive lead time, activity 6. would not be delayed 

until this lead time had expired; the resource is assumed to be on 

hand, the activity need not be delayed*

The process of scheduling the next activity will be reviewed 

only partially, as the basic mechanics of the algorithm should be



Table 4.2. Revised Records for Material 92 and Labor 90 After Activity 6 has been Scheduled

Period

1 .2 3 4 5 6 7 8 9 10

Labor 90 
LT = 0
Requirements 5.0 0 0 0 0 0 0 0 0 0
Available Res. 12.0 12.0 12.0 12.0 12.0 12.0 12.0 12.0 12.0 12.0
Remaining Res. 7.0 12.0 12.0 12.0 12.0 12.0 12.0 12.0 12.0 12.0
Orders 5 0 0 0 0 0 0 0 0 . 0

Material 92 
LT = 3
Requirements 6 0 0 0 0 .. o... 0 0 0 0
Pl'ed Rec. 0 0 0 0 0 0 0 0 0 0
Ending Inv. 8 2 2 2 2 2 2 2 2 • 2 2
Orders 0 0 0 0 0 0 0 0 0 0



84
somewhat evident at this point. Activity 5 may now be added to the 

list of schedulable activities, since its predecessor, activity 6, has 

been scheduled. ES^ is set to 2, the early finish time of activity 6. 

The material review is particularly important. It was found previously 

in step II-B of the algorithm that MSTOP^ = 4. Therefore, any 

activity requiring material 92 should not be constrained to start any 

later than period 4 if it requires more than the two units of 92 that

remain on hand after activity 6 is scheduled, unless some other>
resource is not available. The situation would be:

REQ3,92,1 " 4> d °™1,92 < 4

EEQ4,92,1 * 8 and °™1,92 < 8

*^5,92,2 = 8 and °MI1,92 < 8
In addition, there are not receipts planned of material 92 before

period 4. All three activities cannot be scheduled to start until 

period 4, when an order for material 92 generated in period 1 could 

be scheduled to arrive:

ES3(tent.) = ES4(tent.) = ES5(tent.) = MSTOP92 = 4
Sufficient non-storable resources are available to schedule

any of the three activities in period 4. Therefore, the tentative

early start time for all activities remains unchanged.

The application of the least.slack heuristic yields the

following:

Slack- = LSC - ESC z -x = 8 - 4  = 4 (minimum)5 5 5 (tent.)
Slack,, - LS3 - ES3(tent0 - 9 - 4  = 5

Slack4 ‘ LS4 - ES4(tent.) - 9 - 4 - 5
Activity 5 is scheduled to start next, because it has the minimum slack.
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Two observations can be made about the state of the inventory 

records after activity 5 has been scheduled (Table 4.3). First, only 

six units of material 92 need to be ordered, because there are two 

units available in period 4 before activity 5 is scheduled. Second, 

it can be seen that the inclusion of materials into Wiest? s problem 

will yield a totally different solution than one that did not include 

consideration of materials. If material lead time constraints had been 

ignored, activities 3 and 4 would have been scheduled in period 1.

WiestT s solution, shown in Figure 4.8,'was based on the existence of 

only one non-storable resource, which has been called labor 90 in the 

expanded example. When a material is added to the Wiest problem, 

activities 3 and 4 must compete with activity 5 for labor 90. However, 

it can be seen in Table 4.3 that it will not be possible to schedule 

activities 3. and 4 in period 4, because activity 5 requires all ten 

units of labor 90 that are available in that period. Therefore, they 

must be scheduled in period 5 at the earliest. This is a much differ

ent schedule than the one that was generated without consideration of 

the effects of material constraints.

In the final constrained resource CPM-MRP schedule, activities^

3 and 4 are scheduled to take place simultaneously with activity 2.

These three activities were scheduled in descending order of their 

activity numbers, because they have equal amounts of slack when they 

are considered for scheduling by the algorithm. In the final 

analysis, the Wiest solution can be treated as a lower bound on the 

project1s duration. If sufficient quantities of material 92 were on 

hand at the beginning of period 1, then the project could be completed



Table 4.3. Resource Records After Activities 5 and 6 have been Scheduled

Period

1 2 3 4 5 6 7 8 9 10

Labor 90
LT = 0
Requirements , , 5.0 0 0 10.0 ‘ 0 0 0 0 0 0
Available Res. 12.0 12.0 12.0 12.0 12.0 12.0 12.0 12.0 12.0 12.0
Remaining Res, 7.0 12.0 12,0 2.0 12.0 12.0 12.0 12.0 12.0 12.0
Orders 5.0 0 10,0 0 0 0 0 - o 0 0

Labor 91
LT - 0
Requirements 0 0 0 5,0 . 0 0 0 0 0 0
Available Res. 10.0 10,0 10,0 10,0 10.0 10.0 10.0 10.0 10.0 10.0
Remaining Res, 10,0 10.0 10,0 .5.0 10.0 10.0 10.0 10.0 10.0 10.0
Orders 0 0 0 5.0 0 0 0 0 0 0

Material 92
LT = 3
Requirements 6 0 0 8 0 0 0 0 0 0
Pl'ed Receipts 0 0 0, 0 0 0 0 0 0 0
On Hand 8 2 2 2 —6 -6 —6 -6 -6 -6 -6
Orders 6 0 0 0 0 0 0 0 0 0

Fac. & Eq. 93
LT = 0
Requirements 0 0 0 10.0 0 0 0 0 0 0
Available Res. 20.0 20.0 20.0 20.0 20.0 20.0 20.0 20.0 20.0 20.0
Remaining Res. 20.0 20.0 20.0 10.0 20.0 20.0 20.0 20.0 20.0 20.0
Orders 0 0 0 10.0 0 ‘ 0 0 0 0 0
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3 (3)

5 (10) 2 (2)6 (5)

4 (4)

Figure 4.8. Schedule Chart for Wiest’s Problem —  Resource limit
equals 12 units. Numbers in parentheses are requirements 
for labor 90.
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in three periods, as in the Wiest solution. If there were no materials 

on hand at all, the project duration would be seven periods, while if 

there were eight units of material"92 on hand at the beginning of the 

scheduling horizon, the scheduled project duration would be six 

periods. Thus, it can be seen that project duration is not only 

dependent upon activity durations and precedence constraints, as well 

as the amount of non-storable resources on hand, but it is also 

dependent on material constraints. The final schedule* as generated 

by the constrained resource computer program (Figure 4.9), shows the 

results when there are eight units of material 92 on hand.

- ' The Late Start Algorithm .

The late start constrained resource algorithm utilizes a number 

of rules suggested by Wiest that yield good late start schedules. A 

good late_start scheduling heuristic may yield a shorter schedule than 

the early start technique, because the heuristic rules used in;the early 

start schedule may not be as effective. Wiest (1964) suggests that 

the best method for deriving a good late start schedule is through a 

series of shifts of activities to the right, or later time periods, in 

the schedule. These shifts may be blocked by what Wiest calls local 

sub-optimalities. Local sub-optimalities may be characterized as large 

requirements for a resource by certain activities that serve as a 

bottleneck and prevent the gradual period-by-period shifting of 

activities to later periods. The objective of Wiest1s rules is to 

arrive at a late start schedule where such blockages are avoided in

the process of developing the late start constrained resource schedule.
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ACTIVITY _ _ .„

r -i II O 1 2 3 4 5 6 7 a 9 1 0
RQ.MTS 0 0 0 0 0 1 0 0 0 0
PL•ED RECEIPTS 0 0 0 0 0 0 0 0 0 0
ENDING INV 0 0 0 0 0 0 - 1 - 1 -1 — 1 -1
ORDER RELEASE 0 0 0 0 0 1 0 0 0 0

ACTIVITY
2 LT = I 1 2 3 4 5 6 7 8 9 1 o

R GMTS 0 0 0 0 0 2 0 0 0 0
PL•ED RECEIPTS 0 0 0 0 0 0 0 0 0 0
ENDING INV 0 0 0 0 0 0 -2 -2 —2 — 2 — 2
ORDER RELEASE 0 0 0 0 1 0 0 0 0 0

ACTIVITY
3 LT = 1 1 2 3 4 5 6 7 8 9 1 0

RQMTS 0 0 0 0 0 2 0 0 0 0
PL•ED RECEIPTS 0 0 0 0 0 0 0 0 0 0
ENDING INV 0 0 0 0 0 0 -2 -2 -2 —2 -2
ORDER RELEASE 0 0 0 0 1 0 0 0 0 °
ACTIVITY _ _ _ _ _ _

4 LT - 1 1 2 3 4 5 7 8 9 l o
R GMTS 0 0 0 0 0 2 0 0 0 0
PL * ED RECEIPTS 0 0 0 0 0 0 0 0 0 0
ENDING INV O 0 0 0 0 0 -2 -2 — 2 — 2 — 2
ORDER RELEASE u 0 0 0 1 0 0 0 0 0

ACTIVITY _ _ _
5 LT = 1 1 2 3 4 5 6 7 8 9 1 u

ROMTS u 0 -0 0 2 0 0 0 0 0
PL'ED RECEIPTS 0 0 0 0 0 0 0 0 0 0
ENDING INV 0 0 0 0 0 -2 -2 -2 —2 —2 — 2
ORDER RELEASE 0 0 0 I 0 0 0 0 0 °
ACT IV ITY _

6 LT = I 1 2 3 4 5 6 7 8 9 l o
R GMTS 0 I 0 1 0 0 0 0 0 0
PL'ED RECEIPTS 0 0 0 0 0 0 0 0 0 0
ENDING INV 0 0 - 1 -1 -2 -2 -2 -2 -2 ^-2 —2
ORDER RELEASE 1 0 0 0 0 0 0 0 0 0

LABOR
90 LT = 0 I 2 3 4 5 6 7 3 9 1 0

R GMTS 5.0 0. 0 0.0 10.0 9.0 0- 0 0.0 0- 0 0.0 0.0
AVAILABLE RES 12.0 12.0 12.0 12.0 12.0 12.0 12.0 12.0 12.0 12.0
REMAINING RES 7.0 12.0 12.0 2.0 3. 0 12.0 12.0 12.0 12.0 12- 0
ORDER RELEASE 5 0 0 t 0 9 0 0 0 0 0

LABOR _ _ _
91 LT = 0 1 2 3 4 5 6 7 8 9 l o

RQMTS 0.0 0.0 0.0 5. 0 5. 0 0. 0 0.0 0.0 0.0 0.0
available RES 10.0 10.0 10.0 10.0 10. 0 10.0 10.0 10.0 10.0 10. 0
REMAINING RES 10 .0 10.0 10.0 5-0 5. 0 10.0 10.0 10.0 10-0 10.0
ORDER RELEASE 0 J 0 5 5 0 0 0 0 0

material __ _ _ _
92 LT = 3 1 2 3 4 6 7 8 9

RQMTS 6 0 0 a 1 7 0 0 0 0 0
PL'ED RECEIPTS 0 0 0 0 0 0 0 0
ENDING INV Q 2 2 2 - 6 -23 -23 -23 -23 —23 -23
ORDER RELEASE 6 1 7 0 0 0 0 0 0 0 °
FAC S EO _

93 LT = 0 1 2 3 4 5 6 7 8 9 I o
RQMTS 0.0 0 . 0 0.0 10.0 11.0 0.0 0.0 0 . 0 0.0 0.0
AVAILABLE RES 20 . 0 20.0 20 . 0 20.0 20.0 20. 0 20.0 20.0 20.0 20. 0
remaining res 20. 0 20- 0 20-0 10.0 9. 0 20.0 20. 0 20.0 20.0 2 0.0
ORDER RELEASE 0 0 0 1 0 1 1 0 0 0 0 0

ACTIVITY
100 LT = 0 I 2 3 4 5 6 7 8 l u

RQMTS I 3 17 0 25 27 0 0 0 0 0
PL'ED RECEIPTS 0 0 0 0 0 0 0 0 0 0
ENDING INV 0 -  13 -30 -30 -55 -82 -32 -82 —  82 —  82 — 82
ORDER RELEASE 1 0 0 0 0 0 0 0 0 0

Figure 4,9. Early Start Constrained Resource Schedule for the Example 
Project
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In such schedules9 all activities are shifted as far as possible to the 

right and no local sub-optimalities exist9 while the project duration 

is equal to or less than the duration of the early start schedule.

The problem of developing the right shifted schedule becomes 

more complicated when material lead times are introduced to the project 

scheduling environment. If an activity were somehow scheduled earlier 

in the late start schedule than in the early start schedule, sufficient 

time may not exist for the lead time to pass for a resource required by 

that activity. This situation may be possible if rules are used to 

generate the late start constrained resource schedule that permit the 

start times in the late start schedule to precede the start times in 

the early start schedule. If a late start schedule is created for the 

project shown in Figure 4.10a,(Figure 4.10a depicts the.early start 

schedule) where activities are permitted to shift both left and right, 

a schedule such as that shown in Figure 4.10b might be generated. If 

activity 3 required a material with two periods of lead time, the 

schedule in Figure 4.10a would be feasible, while the schedule in 

Figure 4.10b would not be feasible.

If an activity is scheduled in the early start constrained 

resource schedule subject to resource lead times, then any set of 

heuristics which are used for developing a late start constrained 

resource schedule that allow only right shifting of activities must 

also generate schedules-which are feasible with regards to resource 

lead time constraints. That is, if an activity is scheduled subject 

to resource lead times in the early start schedule, it follows that 

these constraints will be fulfilled in the late start constrained
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(a) The left shifted schedule

ecu) „ -

4C&)

5-C2.)

3 (2 )

l(3)1(3)

(b) Right shifted schedule where both left and right shifting are 
permitted

(c) Right shifted schedule where only right shifting is permitted

Figure 4.10. Illustration of Right-Shift Heuristics "v Numbers in 
parentheses represent resource requirements.
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resource schedule if the activity is not scheduled any earlier than it 

was in the early start constrained resource schedule. The heuristics 

suggested by Wiest (1964) for finding a late start9 or right shifted, 

schedule permit only right shifting of activities. Starting with the 

last activity in the project, Wiest suggests that activities should be 

right shifted in the following fashion:

1. Right shift activities in descending order of their finish 

times. If there is a tie in early finish times, go to 2.

2. For each tied activity, calculate a late start time for the 

tied activity after it has been right shifted as far as 

possible. Right shift the tied activities in descending order 

of their possible late start times. If there is a tie, to

to 3.

3. In the case of a tie in possible late start times, right shift 

activities in ascending order of their resource requirements.

If there is a tie, go to 4. "Z

4. Right shift activities in ascending order of their identifying 

numbers.

These rules will be modified slightly for use with CPM-MRP.

The first rule insures that only right shifting will take 

place, while the second rule seeks to schedule the activity with the 

least slack first. Davis and Patterson (1975) have proven that the 

latest late start rule suggested by Wiest is equivalent to the least 

slack rule when activities are scheduled in parallel, as they are in 

the case of the Wiest rules. Therefore, the most critical activities 

are right shifted first. Rule 3 would require a common resource
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measure in a situation where a project activity required several 

different resource types, and since multiple resource types exist in 

most projects, this rule will not be used in the constrained resource 

CPM-MRP scheduling algorithm.

Rule 4 will be modified, as activities are numbered in 

descending rather than in ascending order in CPM-MRP. Activities will 

be right shifted in descending order of their part numbers. This rule 

will function partially to schedule those activities with the greatest 

number of followers first; but without the additional record keeping 

and computational effort required by that rule. If each level of the 

bill of materials is assigned a specific range of possible activity 

numbers, with lower levels being assigned the higher numbers, then 

activities at lower levels of the bill of materials will be scheduled 

first when they are in competition for resources with activities at 

higher levels. Activities at lower levels would, of course, tend to 

have greater numbers of following activities than those activities at 

higher levels of the bill of materials. This assumption may not 

always be true, depending upon the numbering scheme. This is a 

possible area for future experimentation*

The notation used in-the late start constrained resource 

algorithm is the same as the notation used in* Chapter 3, with the 

following exceptions in definitions:

?= The latest time at which activity a may be scheduled subject 

to material lead time constraints, non-storable resource 

availabilities, and precedence constraints.
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LF^ = The latest time at which a may be finished, subject to the 

same constraints.

The complete algorithm proceeds as follows:

1. Find the early start constrained resource schedule. Set the

late finish time of the last activity in the project equal to

that activity's finish time in the early start schedule:

LF = EF and LS = LF - FT a a a a a
2. Derive a list of schedulable activities by performing each of 

the following steps in the sequence given. :

a. For all activities which have not been scheduled, check

to see if their successors are complete. To do this, find 

the parents of each activity in the peg records. If an 

activity's parents are complete, set:

^aCtent.) " Maxi:LSa (parents)1 and

LSa(tent.) “ LFa(tent.) ~ PTa
and add the activity to the list of schedulable activities.

b. For all activities with non-storable resource requirements

in the list of schedulable activities, serially consider

each activity. Find the requirements for non-storable

resources in the peg records. For each non-storable

resource required by an activity, determine whether:

REQ . < AVAIL .’ a,n,j - n,j
where j - LSa(tent ) through ^(tent.) ~ 1

If sufficient resources are available, then consider the 

next non-storable resource required by that activity, if 

any. If not, set:
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LSa(tent.) ^a(tent,) ^
and continue to test until a feasible start time is found

for each activity,

3. Given the set of schedulable activities, schedule one activity 

according to the following priority rules. If there is a 

tie, go to the next rule,

a. Schedule the activity with the latest early finish time in 

the constrained resource early start schedule.

b. For each of the tied activities, calculate a late start 

time for that activity if it were scheduled. Schedule the 

activity with the latest late start time,

c. Schedule the activity with the lowest activity number.

4. Correct the non-storable resource inventory records after the

activity chosen by the priority rules has been scheduled. For

non-storable resources required by the activity just scheduled:

AVAIL . = AVAIL . - REQ . n,J n,j a,n,j
where j = LS ... LF - 1 J a a

5. Check to see if all activities have been scheduled. If not, 

return to step 2.

6. Return all resource records to their original status. Using the 

inventory, calculations given in Chapter 3, explode the project 

and generate requirements and orders for all resources, as well 

as the time-phased schedule.

The late start schedule algorithm is listed in flow chart form in 

Figure 4.11.



/ Inout to Che constrained resource algorithm the non-cons trained 
early and late start schedules, the constrained resource early 
start schedule, and the peg records.

SET :;o n -s t o r- 
AELZ RESOURCE 
AVAILABILITEE

SCHEDULE
LAST
ACTIVITY

>

SUCCESSOR
CHECK

NON-STORAHLE
RESOURCE
CHECK

PRIORITY
RULE

KON-STORABLE
RESOURCE
UPDATE

COEIPLETE
EXPLOSION
PRINT

Find the initial non-storable resource availabilities.

Schedule the last activity in the project. Set its finish time 
equal to the finish time for the early start constrained resource 
schedule.

Find all activities proceeding the activity just scheduled. For each 
of these activities, check to see if its successors have been scheduled 
If so, add the activity to the list of schedulable activities. Set its 
possible finish time equal to the minimum start time of its successors. 
Subtract the oerfcrmance tine for the activity from the finish time to 
find the start tine.

Find all non-storable resources required by each scheduable activity.
For Che set of non-storable resources required by an activity, beginning 
with the currently listed possible start tine, find the latest period 
when all non-storable resources required by an activity will be available. 
Update the possible start time if necessary.

Given the set of schedulable activities, schedule an activity on the 
basis of the following priority rule:

1. Schedule the activity with the latest early finish cine in the early 
start constrained resource schedule.. If there is a tie, go to 2.

2. Schedule the activity first that would have the latest start Cine 
in this schedule. If there is a tie, go to 3.

3. Schedule the activity with the lowest activity number.

Update all non-storable resource availability records.

Check to see if * n  sctivities have been scheduled.

Given the set of start times for activities found above, complete Che 
project explosion by generating all resource requirements and print a 
tine phased schedule of activity start times and resource records.

Figure 4.11. Flow Chart of the Late Start Constrained Resource 
Algorithm
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The first step in finding a late start constrained resource 

schedule for the example project after the early start constrained 

resource, schedule has been found is to schedule the last activity in 

the project, activity 1, at its early start time. The list of 

schedulable activities and their tentative late start times is found 

by finding the children of activity 1 in the peg records (Figure 4.7). 

These are activities 2, 3, and 4. Then set the tentative late finish 

time of each activity equal to the late finish of their parent, 

activity 1:

Since:
:LFs(.tentL) LF3(tent.) LF4(tent.) LS1 6

pt2 = pt3 = pt4 = 1

it follows that:

ES0 = ESq = ES, = LS - PT = 6 - 1 = 5 2 3 4 a a
Sufficient resources are available to schedule any of the three 

activities, in that no activities with resource requirements'have been 

scheduled. The application of the priority rules leads to the 

scheduling of activity 2:

Rule 1: All early finish times are equal. Go to 2.

Rule 2: All tentative late finish times are equal. Go to 3.

Rule 3: Activity 2 has the lowest number. Schedule it to begin

in period 5.

It could be said that the activity with the most followers was con

veniently given the lowest number. One drawback to rule 3 is that the

assignment of activity numbers within levels of the bill of materials
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may bias the solution. The user can turn the bias in their favor by 

careful assignment of numbers to activities.

After activity 2 has been scheduled,the inventory records are 

updated (Table 4.4). The next iteration of step 2 leads to the addition 

of activity 5 to the list of schedulable activities, with a tentative 

late finish time of period 5. The application of the priority rules 

would lead to the scheduling of either activity 3 or activity 4, since 

they both have later early finish times than activity 5. Sufficient 

resources are available to schedule both activities 3 and 4 in period 5, 

therefore successive iterations of step 2 will lead to the scheduling 

of the two activities.

Activity 5 is scheduled to start in period 4, since no other 

activities are available for scheduling at this point. Activity 5 would 

be scheduled to start in period 4. * The next iteration of step 2 would 

lead to the tentative late start time of activity 6 being set at 

period 3, and the application of the priority rules would lead to the 

scheduling of activity 6 in period 3. Finally, since activity 100 must 

precede the orders for all resources, it would be scheduled in period 1. 

The final state of the schedule after all resource requirements and 

orders have been generated, is shown in Figure 4.12.

The development of the early and late start constrained resource 

algorithms successfully answers the primary objective of this research. 

As shall be seen in Chapter 5, these algorithms will obtain good, if 

not optimal, solutions to a number of problems listed in the literature. 

More importantly, the solution to the Wiest problem illustrates that 

the addition of materials to the project scheduling problem can result



Table 4.4. The Inventory Records After Activity 2 has been Scheduled

Period

1 2 3 ' 4 5 6 7 8 9 10

Labor 90
LT = 0
Requirements 0 0 0 0 2.0 0. 0 0 0 0
Available Res. 12.0 12.0 12.0 12.0 12.0 12.0 12.0 12.0 12.0 12.0
Remaining Res. 12.0 12.0 12.0 12.0 10.0 12.0 12.0 12.0 12.0 12.0
Orders 0 0 0 0 2.0 0 0 0 0 0

Labor 91
LT = 0
Requirements 0 0 0 0 5.0 0 0 0 0 0,
Available Res. 10.0 10.0 10.0 10.0 10.0 10.0 10.0 10.6 10.0 10.0
Remaining Res. 10.0 10.0 10.0 10.0 5.0 10.0 10.0 10.0 10.0 10.0
Orders 10.0 10.0 10.0 10.0 5.0 10.0 10.0 10.0 10.0 10.0

Material 92
LT - 3
Requirements 0 0 0 0 5 0 0 0 0 0
Planned Rec. 0 0 0 0 0 0 0 0 0 0
On Hand 8 8 8 8 8 8 8 8 8 8 8
Orders 0 5 0 0 0 0 0 0 0 0

Fac. & Eq. .
LT = 0
Requirements 0 0 0 0 5.0 0 0 0 0 0
Available Res. 20.0 20.0 20.0 20.0 20.0 20.0 20.0 20.0 20.0 20.0
Remaining Res. 20.0 20.0 20.0 20.0 15.0 20.0 20.0 20.0 20.0 20.0
Orders 0 0 0 0 5.0 0 0 0 0 0

Note: The order for material 92 will not take place until all activities have been 
scheduled. The 8 units on hand will eventually be assigned to activities scheduled to begin 
before activity 2.
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ACTIVITY
I LT - 0 1

RQMTS 0
PL * ED RECEIPTS 0
ENDING INV 0 0
ORDER RELEASE 0

ACTIVITY
2 LT = I 1

ROMTS 0
PL * ED RECEIPTS 0
ENDING INV O 0
ORDER RELEASE 0

activity
3 LT — 1 I

RCMTS 0
PL * ED RECEIPTS 0
ENDING INV 0 0
ORDER RELEASE 0

ACT1VITY
4 LT - 1 I

R CMTS 0
PL* ED RECEIPTS 0
ENDING INV 0 0
ORDER RELEASE 0

ACTIVITY
5 LT = I 1

ROMTS 0
PL'ED RECEIPTS 0
ENDING INV 0 0
ORDER RELEASE 0

ACTIVITY
6 LT = 1 1

ROMTS 0
PL* ED RECEIPTS 0
ENDING INV 0 0
ORDER RELEASE 0

LABOR
90 LT- 0 t

ROMTS 0.0
AVAILABLE RES 12.0
REMAINING RES 12.0
ORDER RELEASE 0

LABOR
9 1 LT = 0 1

RCMTS 0-0
AVAILABLE RES 10.0
REMAINING RES 10.0
ORDER RELEASE 0

MATERIAL
92 LT - 3 1

ROMTS 0
PL * ED RECEIPTS 0
ENDING INV Q 3
ORDER RELEASE 6

FAC C- EC
93 LT - 0 1

ROMTS 0.0
AVAILABLE RES 20 .0
REMAINING RES 20.0
ORDER RELEASE 0

ACTIVITY
100 LT = 0 1

RCMTS 6
PL* ED RECEIPTS 0
ENDING INV 0 -6
ORDER RELEASE I

2 3 4 5 6
0 0 0 0 I
0 0 0 0 0
0 0 0 0 -1
0 0 0 0 I

2 3 4 5 6
0 0 0 0 2
0 0 0 0 0
0 0 0 0 -2
0 0 0 1 0

2 3 4 5 6
0 0 0 0 2
0 0 0 0 0
0 0 J 0 -2
0 0 0 I 0

2 3 4 5 6
0 0 0 0 2
0 0 0 0 0
0 0 0 0 -2
0 0 0 1 0

2 3 4 5 6
0 0 0 2 0
0 0 0 0 0
0 0 0 -2 -2
0 0 1 0 O

2 3 4 5 6
0 0 2 0 0
0 0 0 0 0
0 0 -2 -2 -2
0 1 0 0 0

2 3 * 5 6
0.0 5-0 10.0 9.0 0-0
12.0 12.0 12.0 12.0 12.0
12.0 7.0 2.0 3.0 12.0

0 . 5 1 0 9 0

2 . 3 4 5 6
0 .0 0-0 5- 0 5 . 0 0 . 0

1 0- 0 10-0 10.0 10 .0 1 0 .0
10.0 10-0 5 .0 5 .  0 I 0 .  0

0 0 5 5 0

2 3 4 5 6
0 6 a 1 7 0
0 0 0 0 0
8 2 - 6 - 2 3 - 2 3

1 7 0 0 0 0

2 3 4 5 6
0-0 0-0 10-0 11 .0 0 . 0

2 0 . 0 20 .0 2 0 . 0 2 0 . 0 2 0 . 0
20-0 20-0 1 0.  0 9 .  0 2 0 .  0

0 0 1 0 1 1 0

2 3 4 5 6
1 7 6 25 27 0
0 0 0 0 0

- 2 3 - 2 9 - 5  4 - 8  1 -31
0 0 0 0 0

7 8 9 1 0
0 0 0 0
0 0 0 0

-  1 -  1 -1 -1
0 0 0 0

7 8 9 1 o
0 0 0 0
0 0 0 0

- 2 - 2 - 2 - 2
0 0 0 0

7 8 9 I 0
0 0 0 0
0 0 0 0

-2 -2 -2 -2
0 0 0 0

7 3 9 I 0
0 0 0 0
0 0 0 0

- 2 - 2 - 2 - 2
0 0 0 0

7 8 9 10
0 0 0 0
0 0 0 0

- 2 - 2 - 2 - 2
0 0 0 0

7 8 9 I o
0 0 0 0
0 0 0 0

- 2 - 2 - 2 - 2
0 0 tf 0

7 8 9 1 0
0 . 0 0 . 0 0 . 0 0 . 0

1 2 .0 I 2 .0 12 .0 1 2 .0
12. 0 12 .0 12 .0 12.0

0 0 0 0

7 8 9 1 0
0 . 0 0 . 0 0 . 0 0.  0

1 0 .0 I 0 . 0 1 0 . 0 10 .0
10 .0 1 0 . 0 10 .0 1 0.  0

0 0 0 0

7 8 9 1 0
0 0 0 0
0 0 0 0

- 2 3 - 2 3 - 2 3 - 2 3
0 0 0 0

7 8 9 I 0
0- 0 0.0 0.0 0. 0
20-0 20-0 20.0 20- 0
2 0.0 20.0 20.0 20.0

0 0 0 0

7 6 ■ 9 1 0
0 0 0 0
0 0 0 0

- 8  1 - 8  1 -81 — S I
0 0 0 0

Figure 4.12. Late Start Constrained Resource Schedule for the Example 
Project
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in-an entirely different schedule than a schedule generated by methods 

that ignore material requirements.

Both the early and late start constrained resource algorithms 

have been incorporated into the CPM-MRP computer program. The features 

of the computer program will be reviewed in Chapter 5, along with the 

results of a study of the computational efficiency of the program.



CHAPTER 5

THE DEVELOPMENT OF A CONSTRAINED RESOURCE 
CPM-MRP COMPUTER PROGRAM

The algorithms listed in Chapter 4 have been incorporated into 

the CPM-MRP computer program. The modified version of ZasteraT s 

FORTRAN IV program that was discussed briefly in Chapter 3 provides the 

initial non-constrained resource schedules that are required by the 

constrained resource algorithms. This chapter will begin with a brief 

discussion of the tests which were performed with the modified CPM-MRP 

program. This will be followed by a description of the constrained 

resource subroutines which were added to the program. After these 

subroutines were added, a number of projects that are listed in the 

literature as well as an actual research and development project were 

scheduled. The performance characteristics that the program exhibited 

while solving these problems will also be reviewed.

The Modified CPM-MRP Program 

The program listed by Zastera (.1978) finds the late start 

schedule and critical sequence for projects with up to 300 activities 

and resources. All resources are scheduled as if they are storable. 

Zastera and Aquilano later developed an early start algorithm, which 

was added to the earlier program*

Zastera discussed computational results for projects ranging 

in ‘size from 25 to 201 activities and resources. He concluded that

102
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execution time seemed to increase as a linear function of the number of 

activities in a project. However, the projects used by Zastera were 

not independently developed, as each succeedingly larger project was 

an additional extension to the original 26 item project. In addition, 

there seemed to be an exponential factor in the growth of execution 

time when ZasteraT s data are examined closely .

The new early start and critical sequence algorithms listed in 

Chapter 3 were added to ZasteraTs program so as to consider non- 

storable resources separately from storable resources. The peg record 

routine was also modified so that all parent-child relationships are 

listed, rather than a selective list. The structure of the modified 

program is illustrated in Figure 5.1.

The modified CPM-MRP program was used to schedule the same 

projects used in Zastera’s execution time study, along with an addi

tional project with 300 resources and activities. The results (Table 

5.1) appear to be somewhat different than those arrived at when the 

original program was used. There does not seem to be an exponential 

factor in the results. These times were generated by the same CDC 

Cyber 175 computer used by Zastera, Execution was partitioned into 

two categories: the time required to find the schedules and reports 

and the time required to execute the print statements. This is an 

important distinction, because while some projects only required a 

20 period scheduling horizon and printout, others may have required 40, 

60, or even 80 periods. Execution time would naturally be longer fot 

the projects with longer scheduling horizons. The execution time for



SUBROUTINES:

PRNRP

Schedule
Printed

UPDATE

Netting of 
Requirements

NEWPEG

Peg Records 
Compiled

CRITSEQ

Critical
Sequence
Computed

EARLY

Early Start 
Schedule of 
Activities 
Computed

RES

Resource Usage 
Computed and 
Recorded

MAIN PROGRAM:

Bill of Material Processing

Late Start Schedule

Inventory Record Processing

Project Explosion—

Figure 5.1. Structure of the Modified CPM-MRP Computer Program



Table 5.1. Execution Time Summary and Linear Regression Equations

Number of 
Activities and Resources

Execution
Time

Print
Time

Total
Time

Predicted 
Exec. Time

Predicted
Total

52 . .880 .736 1.616 . .399 4.498

102 2.197 8.167 10.365 2.284 7.923

152 4,112 8.788 12.900 4.169 11.348

202 7.640 9.922 17,562 7.939 18.198

. 300 ' 10.136 10.550 20.686 9.749 21.486

Regression Equations: 

Execution Time

Y, = -1., 5610 + . Q377X 

Total Time

Y = .9357 + ,0685X

r2 = ,9986 

r2 = .9949
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the print statements also is dependent on the nature of the FORTRAN 

compiler and computer mainframe that is used.

Linear regression equations were found for both execution 

without and with print execution time as a function of the number of 

project activities and resources. The assumption of independence of 

observations has been violated somewhat, since the various projects 

scheduled were not all totally independent of each other. It is 

interesting, nevertheless, that the linear regression equations both 

accounted for 99% of the residual variance in the dependent variable,

project duration. The graphs displaying execution time without print
I]

time'* (Figure 5.2) and total time (Figure 5.3) vs, the number of 

activities and resources display the essentially linear relationships.

The major drawback of both the original and modified CPM-MRP 

computer programs is that all of the project data reside in core during 

the execution of the program. The modified program requires 170,000
;i . " :
octal words of core memory. Zastera suggests that the core require

ments might be reduced if those parts of the MRP schedule that contain 

zero values were not loaded into core. Further examination of the 

program and the problem shows that a much simpler alternative is 

available. Each activity and resource scheduled by the program requires 

a storage area that is as large as the scheduling horizon requires.

This is usually 40 periods, with four entries in each period. However, 

each activity really only requires two entries; one for the requirement 

date and one for the order release date. The original method requires 

40 x 4, or 160 positions per activity, while the modified method would 

require only two per activity,. The reduction in core requirements
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Figure 5.2. Execution Time without Print Time for the Modified CPM-MRP
Program
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would be such that capacity would be available to schedule 80 activities 

where one activity is scheduled with the original method. This 

strategy is not possible for resources, since resources require all of 

the four possible storage positions available in each period (net 

requirements, planned receipts, etc.). Zastera’s solution may be 

applicable in the case of resources, but the removal of excess unused 

storage would lose its value if a resource is required in a large 

number of periods. For those types of resources there will be very 

few periods with zero values.

The net result of the reduction in storage for activities would 

be to increase the capacity of the program from 300 activities and 

resources to 300 resources and 2000 activities^ Execution time should 

also be reduced, since the start times for activities no longer need to 

be retrieved from the large array currently being used. If these 

modifications are made it may be more likely that the entire CPM-MRP 

computer program may be utilized in conjunction with small computers.

The Constrained Resource CPM^MRP Program
g>

The algorithms listed in Chapter 4 were incorporated into the 

modified CPM-MRP program as separate subroutines to the main program 

(Figure 5.4). Each routine creates a schedule for the set of project 

activities. This schedule is then employed by the main program to 

generate all resource requirements, through project explosion.

The structure of each constrained resource routine is essen

tially the same. In the case of both the early and late start routines 

the flow charts in Chapter 4 accurately describe the flow of each



SUBROUTINES:

LTCRES

Late Start Schedule 
of Activities

CONRES

Early Start Schedule 
of Activities

MATCHER

Find earliest 
time at which 
activities may 
be scheduled 
subject to 
material con
straints

MAIN
PROGRAM

Project Explosion

PREC11EK

Check to see 
if an activities' 
predecessors 
have been 
completed

N0NC1IEK

Find earliest 
time at which 
activities 
be scheduled 
subject to non- 
storab'le re

straints

AFTCHEK

Check to see 
if an activities 
successors have 
been scheduled 
and when

AFTNON

Find latest 
time at which 
activities may 
be scheduled 
subject to non- 
storable resource 
constraints

Figure 5.4. Structure of the Constrained Resource CPM-MRP Subroutines —  Subroutines previously 
listed in Figure 5.1 not shown. 110
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routine. The early start schedule is found first. The non-rconstrained 

resource schedule of activities must be found and saved for input to 

the algorithm. The first activity in the project is then scheduled. 

Separate subroutines check to see if an activity’s predecessors have 

been scheduled, when the activity can be scheduled subject to material 

constraints, and when the activity can be scheduled subject to non- 

storable resource constraints. The subroutines take place in the order 

listed. If an activity’s predecessors have not been scheduled, then it 

is not considered during the execution of the storable and non-storable 

resource subroutines. The set of heuristics is then applied to the set 

of schedulable activities found by the three subroutines, and one -i 

activity is scheduled. The early start constrained resource routine 

continues to iterate until all activities have been scheduled. Control 

is then transferred back to the main program where requirements for 

resources are exploded. In effect, the schedule of activities serves 

as a set of firm planned orders, and resource requirements are derived 

from these orders.

The late start routine functions in much the same manner. The 

constrained resource early start schedule of activities is saved for 

use by the late start scheduling heuristics. The last activity in the 

project is scheduled first, then a list of schedulable activities is 

found. Subroutines check to see if an activity’s successors have been 

completed, and when sufficient non-storable resources will be available 

for the scheduling of each activity. The late start heuristics are 

then applied to the list of schedulable activities, and one activity 

is scheduled. The process continues until all activities have been
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scheduled. Control is then returned to the main program and the 

explosion of resource requirements takes place. All schedules and 

reports are then printed.

/Computational Experience with Constrained Resource CPM-MRP 

The constrained resource CPM-MRP program was tested using 

projects taken from three sources. A series of short problems listed 

by Wiest (1964) was used to check the program logic. Four problems 

listed in Martino (1965) were used next, primarily because they have 

served as benchmark problems in a number of previous studies. Finally, 

the program was used to schedule a research and development project 

for one of the "Big Three" automobile manufacturers. All results were 

extremely favorable.

The Wiest problems were first scheduled in their original form. 

While all of the problems from Wiest? s paper were solved with the 

program, only results for the two least trivial problems are listed 

here. . Both of these projects are listed as examples in Chapter 4.
1 4In the case of each project, the computer program found the same 

solution listed by Wiest, which is to be expected since the heuristics 

used by the program are very similar to those used by Wiest. The 

example that is scheduled in Chapter 4 is an expanded version of one of 

the Wiest problems that has been increased from one to four resources. 

This expansion resulted in a slight increase in computer execution 

time as compared to the one resource problem (.05 seconds), but the 

optimal project duration was still arrived at. The execution times for 

both projects are listed in Table 5.2. Execution times are given for



Table 5.2o Execution Time Summary for the Constrained Resource Computer Program

Optimal
Solution Activities

Non-
storable

Storable
Resources Periods

Execution 
without 

Print Time 
(Seconds)

Print
Time

(Seconds)

Total
Execution
Time

(Seconds)

Wiest
Problem One Yes 7 3' * "i ■ 1 20 .292 .308 .600

Wiest
Problem Two Yes .... 10 . i 0 20 .290 .327 .617

Martino 
Projects: 
736 Yes 16 i 0 40 ' .702 .961 1.663
836 Yes 16 3 0 40 .819 1.030 1.849
821 Yes 27 4 .1 . o 40 1.5.24 1.680 3.204
327 No 41 1 0 40 1.193 1.127 2.320

327:
with Materials No 21 1 1 40 1.290 1.469 2.759

327:
Doubled No 41 1 1 40 3.231 2.606 5.837

327:
Tripled No . 60 1 1 40 6.649 3.721 10.370

Engineering
Network Yes 41 7 2 80 4.283 5.593 9.876
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execution time with and without the execution time for print statements 

included. The column labeled "periods" does not refer to the project 

duration, but to the scheduling horizon. Obviously the longer the 

project duration, the longer that the scheduling horizon must be.

The scheduling horizon is one of the initial inputs to the program.

The four projects taken from Martino (1965) ranged in size from . 

21 activities with one non-storable resource to 27 activities with four 

non-storable resources. These problems were chosen because optimal 

solutions are listed by the author, and they are of sufficient size 

that they adequately test the program and heuristics (Pascoe, 1965). 

Optimal solutions were found for all of the projects with only non- 

storable resources, except for project 327. Wiest points out that this 

project is constructed such that the least slack rule will not find the 

optimal project duration-. It can be seen that execution time was low 

for all of the projects that were scheduled.

Storable resources were added to the Martino projects, with no 

appreciable increase in execution time. Project 327 is a good example 

of the augmented projects. The increase in total execution time was 

only .239 seconds when one material resource requirement was added for 

each of the project activities.

A series of duplicates of Project 327 was combined to test 

the program’s ability to schedule multiple projects. It was somewhat 

disconcerting that total execution time did not increase in a strictly 

linear fashion as additional multiples of the project were added to the 

schedule. Execution time without print statements was 1.290 seconds 

for Project 327 by itself, 3.321 when it was scheduled twoce, and 6.649
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when it was tripled. While there seems to be an exponential increase 

in execution time, the denseness of the project activities may be a 

cause of the increase. The results for single projects, where large 

numbers of activities were not competing for resources JLn a limited 

number of periods were more favorable.

The set of projects that were used to test the constrained 

resource version of CPM-MRP are much more diverse in characteristics, 

than the set used to test the non-constrained program. For this 

reason, the results of the tests with the constrained resource version

of CPM-MRP should be considered to carry greater validity than the

earlier tests. Even though it has been shown that a variety of 

independent variables affect the execution time of programs designed 

to solve the constrained resource scheduling problem (Patterson, 1973), 

it seems to be the case that execution time is a linear function of 

the number of project activities and resources (Figures 5,5 and 5.6).

When execution time without print time was regressed against the number
2 2 of resources and activities, r = .9576, and r = .9541 when total

execution time was regressed against the same independent variable.

In both cases simple linear regression was performed. Additional

research should be performed to determine the effects of other variables

on execution time, such as the number of periods in the scheduling

horizon, or the number of precedence relationships. Since such a

study would involve large samples and the original objectives of this

research were only orientated toward showing the feasibility of a

constrained resource version of CPM-MRP, this was not done. Such a
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study would also seem to be of limited importance given the high • 

coefficients of determination that were found in this study.

An actual application of the program to a testing and develop

ment program for an automobile engine was also included in the execution 

time study. This project involved a new engine that is to be introduced 

by the manufacturer in the near future. The engineering personnel 

involved with the project had already performed a critical path 

analysis without considering the resource constraints upon the project. 

The project required four different labor types, two different 

facilities, and two types of material. Obviously this is a simplifica

tion, but only these resources were initially included in the schedule, 

as they were the most critical. The resource availabilities supplied 

by the engineering personnel were rather loose constraints, as a number 

of other projects were scheduled to be performed concurrently to this 

project. The project duration found by the CPM-MRP computer program 

was the same found by the initial critical path analysis. The

personnel involved in the project were favorably disposed toward the
• \ results supplied by the CPM-MRP program, as they felt that it provided

■ / 
additional information about resource usage that would aid in the

scheduling of several projects simultaneously. The project manager

felt that a summary report, such as the peg records, that provided a

summary of the activity schedule and resource requirements would be the

most practical output of the program.

The possibility of using the program to schedule production for 

a Tucson area home builder was also explored, but due to the large 

amount of time that would be involved in training personnel to use the
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system, and the possible resistance to using the system that might have 

taken place at lower levels of the organization, this opportunity was 

not fully explored. The personnel who were responsible for the 

acquisition of materials and the scheduling of production were enthused 

about the method, however. They stated that once the organization had 

adapted to the use of a computerized information system, resistance to 

the use of such a project scheduling system might be less intense. In 

the case of both the home builder and the automobile manufacturer, a one 

to two hour orientation to the CPM-MRP technique seemed to give those 

individuals involved in project scheduling a general understanding of 

the technique.

The overall usefulness of the CPM-MRP program could undoubtedly 

be increased at the hands of an experienced programmer. Nevertheless, 

the current constrained resource computer program scheduled a number of 

reasonably large projects in a short period of time, and one of the 

objectives of this research was to develop a program that did just that. 

Based on the results of these experiments, a project with 300 activities 

and resources should at most require one minute of execution time on a 

CDC Cyber 175 computer. This can be contrasted to the previously 

referenced reports (such as Talbot and Patterson, 1978) about analytical 

methods that were unable to arrive at solutions for projects with more 

than 100 activities and resources in a reasonable amount of time, While 

the full constrained resource version of CPM-MRP does require 240,000 

octal words in core memory, this could be reduced by using the previously 

listed suggestions. In addition, the recent introduction of virtual
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memory computers implies that the large core requirements may not pose a 

problem in the future.



CHAPTER 6

CONCLUSIONS AND SUGGESTIONS FOR FUTURE RESEARCH

The objectives listed in the introduction to this research have 

been fulfilled. A set of algorithms has been developed that will 

schedule projects subject to resource constraints iii conjunction with 

the CPM-MRP technique. This chapter presents the conclusions drawn 

from the development of these algorithms, and makes some suggestions 

about possible areas for future research. These conclusions and 

suggestions are listed for three topic areas that were dealt with in the 

set of research objectives: the CPM-MRP algorithms, the computer program 

developed from the algorithms, and issues that arise in the application 

of CPM-MRP to various scheduling situations.

The CPM-MRP Algorithms

The basic CPM-MRP algorithms have been expanded to include 

consideration of storable as well as non-storable resources. In 

addition, the value of the subsidiary reports has been improved: the 

peg records and the critical sequence.

This study has shown that materials acquisitions and inventory 

records can be integrated into the constrained resource project 

scheduling problem through the use of CPM-MRP. It also has been shown 

that CPM-MRP is compatible with a heuristic technique for allocating, 

resources to activities. Two algorithms were illustrated for the 

constrained resource project scheduling problem: an early start

121
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algorithm and a late start algorithm. The first yields a schedule 

where all activities are scheduled as early as possible subject to 

resource constraints, while the second schedule retains the project 

due date from the early start schedule and schedules all activities to 

start as late as possible. Both algorithms produced optimal or near 

optimal schedules.

A brief overview of CPM, MRP, and the previous constrained 

resource models will provide an indication of the benefits of the 

constrained resource CPM-MRP method. It can be said that the 

heuristics in constrained resource CPM-MRP provide the key information 

inputs (Figure 6.1). The logical aspects of the model which may be 

traced to CPM provide information about the criticality of.activities 

and their precedence relationships. MRP provides information about 

the resources required by each activity, such as the type and quantity. 

The basic CPM-MRP non-constrained resource model was modified to 

facilitate the compilation of this information. Once the heuristics 

have found the schedule of activities, the MRP logic is used to derive 

the requirements for resources. As noted previously, the schedule of 

activities serves as a set of firm planned orders from which resource 

requirements are generated.

The most promising aspect of these algorithms is that they seem 

to be a feasible mode for scheduling practical sized problems. It has 

been shown (Chapter 4) that the introduction of materials to the project 

scheduling problem may in fact lengthen the duration of the project 

schedule, and change the order in which activities are scheduled and 

started. The set of extensions to the model that will be suggested
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next are designed to improve the realism-of the model to an even greater 

degree.

As the algorithm is currently formulated, it is possible to 

schedule activities with uneven availabilities. The CPM-MRP program 

would require some slight modifications before it would be possible to 

do this, however.

The CPM-MRP technique should also be extended into the areas of 

resource leveling and time-cost tradeoffs. Both of these alternative 

approaches to the resource aspects of project scheduling are reviewed 

in Chapter 2. While much has been done in the area of resource level

ing, little has been done to ascertain the effects of resource leveling 

on acquisition and carrying costs .of storable resources. This would 

require a study on the interaction between the costs of changing levels 

of labor and facilities, the costs of carrying inventories, and the 

interactions between costs in the three areas, Research in the field 

of time-cost tradeoffs could proceed along similar lines. It is assumed 

in the time-cost tradeoff model that activities may be expedited at 

certain costs. The inclusion of CPM-MRP into the model would entail 

a study of whether resource lead times could be violated when activities 

are expedited, and what additional costs are entailed in the materials 

part of the problem.

The constrained resource CPM-MRP algorithms might also be 

extended to consider the probabilistic aspects of the project scheduling 

problem, including conditionalities in the project network, and 

probabilistic activity performance times and resource lead times. The 

study of this area would involve not so much a study of possible changes
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in the algorithm, but the performance of a set of simulation experi

ments to determine which scheduling heuristics seem to provide the best 

results in a probabilistic setting.

The CPM-MRP Computer Program 

The most significant result for this part of the research, 

beyond the actual development of the computer program, was the discovery 

of the linear relationship between computer execution time and the 

number of project activities and resources for both the modified 

CPM-MRP program and the constrained resource CPM-MRP program* This 

implies, given the low execution time produced for a project with 41 

activities and 9 resources (10 seconds), that it will be possible to 

schedule projects that are much larger in reasonable amounts of time.

It is difficult to hypothesize exactly why this relationship is linear, 

due to the complexity of the algorithms and the problem. It is most

likely that this is the case because the program utilizes the peg
« -

records to find three out of the four schedules, instead of referring 

to the bill of materials or project network. It would be useful to 

compare the execution time for CPM-MRP against a number of the other 

computer programs available for project scheduling in hopes of finding 

whether this is the case.

The computer program for constrained resource CPM-MRP might be 

improved in a number of ways. The possible reduction in core require

ments has already been discussed. The program could possibly be run 

in an interactive mode, to allow the user to determine the effects of 

changes in the various project parameters, such as activity performance
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times, resource availability, or resource lead times. This would make 

the program a more viable tool for project management, as it would allow 

management to simulate the effects of various decisions. This would be 

comparable to the so-called net change version of MRP.

Perhaps it would be most interesting to perform a large scale 

test of the program with a large sample of randomly generated projects. 

This was not done in this study due to the limitations present on time 

and computer resources. A large scale test should include studies of 

execution time, heuristic performance, order quantities for materials, 

and the effects of stochasticity on system performance. Results 

generated by various heuristics could be compared to results from 

previous studies on heuristic performance where only non-storable 

resources were considered.

The CPM-MRP program might also be utilized as an educational 

tool. With slight modifications, the program could be used to illus

trate either CPM or MRP individually, of the combined CPM-MRP method. 

Additional features could be added to illustrate the aspects of CPM 

of MRP not currently incorporated in the program.

Applications of CPM-MRP 

The full constrained resource version of CPM-MRP was used to 

schedule one intermediate size research and development project. A 

project network had already been drawn for the project, and it was 

easily interpreted into a CPM-MRP bill of materials. Management was 

impressed by the CPM-MRP technique and they felt that it was a viable 

scheduling tool.
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The constrained resource CPM-MRP program could also be applied 

in a job shop setting as well as in project oriented industries. If 

each job in a job-shop is treated as a unique project, then finite 

loading of a shop with constrained resource CPM-MRP is possible. The 

resource availabilities in the shop would be input to the CPM-MRP 

program and a feasible schedule generated. The only problem that might 

arise in such an application would be the huge requirements for core 

memory that might.be generated by a large number of jobs in a large 

shop. However, CPM-MRP might provide a practical extension to capacity 

planning theory, even if it is not a feasible tool for scheduling large 

numbers of jobs. This would be because constrained resource CPM-MRP 

schedules jobs subject to precedence constraints and capacity 

constraints without hand smoothing, unlike many of the methods that 

are currently being used.

There are a vast number of possible applications for 

constrained resource CPM-MRP. The technique has a large number of 

advantages over previous approaches to the problem. It provides the 

user with a method for scheduling projects subject to all of the major 

constraints to the problem. It also provides the user with information 

about the timing of orders for those items which must be purchased 

from external sources. Finally, it allows for the simultion of the 

effects of various changes in the project parameters.
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