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ABSTRACT

Optical testing often requires a measurement of the phase dif

ference between light from two different optical systems. One system is 

a master or reference system, and the other"is a sample or test system. 

In the optical shop, the reference may be a precision optical surface 

and the test system may be a newly fabricated surface. A computer 

generated hologram is a geometric pattern that can be used as a precise 

reference in an optical test. Computer-generated holograms can be used 

to make reference systems that would be very difficult to make by 

other methods.

Various encoding methods for making computer-generated holo- • 

grams are discussed, and a new method is presented that can easily be 

used on image recorders intended for image processing applications.

This general encoding method has many characteristics in common with 

earlier computer-generated holograms. Examples are given to demon

strate the properties of synthetic holograms and the differences among 

different encoding techniques.

Geometric ray tracing is an essential part of the process of 

developing holograms for optical systems. A computer ray-trace code 

was developed to model the optical performance of equipment used in 

optical testing.■ This program was used to obtain numeric coefficients 

that describe the optical properties (optical path) needed to define a 

reference wavefront. .



xi

A review of interferometer design leads to a discussion of how 

the hologram functions as a part of the interferometer and of the limi

tations to the computer-generated hologram. The diffraction pattern 

from the hologram, observed in the focal plane of a lens, is the key to 

understanding the use and limitations of the hologram in an 

interferometer.

A detailed prescription is given for making a computer-generated 

hologram for a commercial interferometer designed for use with holo

grams. Problems of finding the proper focal point, the correct hologram 

size, and preparation of the final hologram image are discussed. An 

example of an actual test is included.

Finally, an analysis of various errors encountered and the limi

tations of the methods used is presented. Within these limitations, 

computer-generated holograms can easily and routinely be used to test 

aspheric optical components. .



CHAPTER 1

INTRODUCTION

Holography is the process of recording an illuminated scene 

in a way that preserves not only the variations in the intensity of 

the light from the scene but also the phase information that gives the 

scene its three-dimensional appearance. If photography is compared to 

the art of painting, then holography can be compared to the art of 

sculpture. The hologram is a window into the past, a three-dimensional 

recording that may be examined at leisure'.

Computer-generated holograms share the. properties of optical 

holograms, but record an artificial construct formulated within the 

computer rather than a real scene. Because of the limited range of 

computer-driven graphic output and the enormous number of calculations 

required to produce a synthetic hologram, the computer-generated holo

gram is a much simpler construct than is the optical hologram. Despite 

the relative simplicity of the computer-generated hologram, it can per

form the same functions as its optical counterpart.

Holograms can be used for artistic and display purposes. They 

can be used in optical processing systems for character and pattern reco 

nition and to improve the quality of degraded images. Holographic tech

niques are used in nondestructive test applications to find defects in 

automobile tires, study deformations of spinning turbine blades, and in

vestigate the properties of aerosol particles. Holographic interferom- 

etry is used in optical testing, to portray vibration modes in a



mechanical part, and to measure thermal effects in optical materials. 

Holograms can be used in information storage, processing, and display 

systems. Finally, holography is a tool for education, scientific inves

tigation, and amusement.

The process of wavefront reconstruction or holography was 

invented by Dennis Gabor in 1948 as a way to improve the resolution of 

images in the electron microscope. However, until the development of 

the laser, which provided a powerful source of coherent light, the pro

cess of holography was doomed to obscurity. In the early 1960's, Leith 

and Upatnieks pioneered practical methods of producing holographic 

images through the use of laser lights.

The first generally recognized report of what is now called a 

computer-generated hologram was published by Kozma and Kelly (1965).

They used a matched filter in a spatial filtering system to detect 

signals buried in noise. The filter was constructed by first calculat

ing on a computer the Fourier spectrum of the desired signal, then 

encoding the spectrum into a series of binary black and white lines, 

drawing the required pattern on a large scale, and finally reducing this 

drawing to a suitable size on photographic film.

Kozma and Kelly's original work was restricted to one-dimensional 

signals. Brown and Lohmann (1966) extended the method to produce spa

tial filters for character recognition, a two-dimensional filter func

tion. By the late 19601s computer-generated holograms had been studied 

by many people and applied to a variety of problems. Huang (1971) has 

written an excellent review paper that covers this era of



computer-generated holograms„ Collier, Burckhardt, and Lin (1971) 

have written a book that is a good source of information on optical 

holography, and they devote a chapter to computer-generated holograms.

One of the most useful applications of computer-generated holo

grams has been the testing of asheric optical surfaces. Geometric 

ray tracing is used to calculate the wavefront of the aspheric sur-■ 

face, and a hologram is made of the calculated wavefront. The computer 

generated hologram represents the, result of recording the interference 

pattern between the hypothetical' wavefront and the reference beam from 

the interferometer. When the hologram is inserted into the interferom- 

„eter, the reference beam is used to reconstruct the ideal wavefront 

optically from the hologram. This optical reconstruction and the wave- 

front from the surface being tested are then used together to produce 

an interferogram. When the aspheric surface is correct, the interfero- 

gram is a pattern of straight equally-spaced parallel fringes.

MacGovern and Wyant (1971) were among the first to demonstrate this 

principle in a test of an f/5 parabola with about 16 waves departure 

from the base sphere. Analysis of the interferogram produced by the 

interference of the hologram reconstruction with a plane wave showed that 

the hologram was within an rms accuracy o,f 0.07 wave...

Despite a fairly large number of papers on the use of computer

generated holograms for optical testing, there is very little in the 

way of a compendium of practical details. Most of the literature is 

too succinct to be of immediate use to an organization interested in us

ing computer-generated holograms for optical, testing. The goal of this



dissertation is to first investigate all aspects of the process of 

testing 'aspheric optical surfaces by the use of computer-generated 

holograms in an interferometer, and then develop a method that can 

be used routinely in an industrial environment. In this presenta

tion, computer procedures are emphasized because such details are 

among the least available.

For a complete understanding of computer-generated holograms, 

one must start with a review of some topics of diffraction theory.

These are presented in Chapter 2. The fundamental result of diffrac

tion is an integral that relates the optical field in some distant 

image plane to the optical field over the diffracting aperture. The 

methods of Fourier theory can be applied to optics in general, and to 

diffraction in particular. Fourier optics provides a systematic mathe

matical structure for calculating diffraction patterns and understand

ing the details of image formation. A knowledge of diffraction and 

Fourier theory provides the basis for a review of the principles of 

holography, including the recording process, the reconstruction pro

cess, and the nature of the diffracted waves produced during recon

struction. The microscopic structure of a hologram can be usefully 

compared to a grating or zone plate. The theory of periodic grating 

structures is used to discuss the diffraction efficiency of various 

kinds of computer-generated holograms.

A survey of the methods used to make a computer-generated holo

gram is also given in Chapter 2. The purpose is to present some results 

and properties of computer-generated holograms before going into detail 

on applications and methods.
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Some applications of computer-generated holograms have already 

been mentioned. Chapter 3 is a more detailed review of applications.

The categories of applications include optical testing, optical process

ing and optical components. Optical testing is the principal applica

tion of interest in this dissertation. Optical processing applications, 

as we have already seen, formed the original motivation behind the 

development of the .computer-generated hologram and have supported much 

of the theoretical work on encoding procedures. The use of the computer 

generated hologram as an independent optical element ,and not just as a 

part of a testing procedure is an interesting extension of the work on 

optical testing.

Described in this chapter is an original example of a hologram 

used as an optical component, in this case a computer-generated scatter- 

plate that was fabricated for a scatterplate interferometer. Although 

the computer-generated scatterplate actually works, it does not repre

sent a superior way of manufacturing scatterplates. It is still easier 

to do that optically. Nevertheless, computer-generated scatterplates 

represent an interesting way to study the nature of the scattering 

process.

The kernel of the original research in this dissertation is con

tained in Chapter 4, which discusses the,computer methods used to encode 

and produce the computer-generated holograms shown as examples in the 

dissertation. A key decision in making a computer-generated hologram 

is the choice of graphic output device. As discussed in more detail in 

Chapter 4, there are two types of graphic devices: raster plotters and



vector plotters. Many holograms for optical testing have been made on 

vector plotters. All of the holograms for this research have been made 

on image recorders, raster plotters usually associated with image pro

cessing work. A general encoding method has been developed that has 

many of the characteristic's of the early Lohmann-type holograms and 

can easily generate holograms of the interference type for optical 

testing. Examples are given to show the transition between Lohmann-type 

holograms and interference-type holograms. Several binary holograms 

of the letter MF,f are used to illustrate the properties of synthetic 

holograms. Because the object, is simple, the discrete structure of 

the Fourier spectrum is close to the continuous limit. A more compli- - 

cated hologram is generated with the same technique. The results 

closely resemble the Lohmann-type holograms.

A simplification of the general encoding.method produces holo

grams of phase objects, such as those required for optical testing.

A tapered fringe profile is used to reduce the moir<§ background pat

tern seen in binary discrete holograms. Complete details of the algo

rithms used-are given, and example programs appear as an appendix.

Geometric ray-tracing is an essential part of the procees of 

developing holograms for optical testing. Ray properties directly 

affect the accuracy and range of optical surfaces that can be tested. 

Automatic correction programs using geometric ray tracing form the basis 

of modern optical design. Such programs must be used to design optical 

layouts that combine the best features of null lenses with those of the 

computer-generated hologram. One such program was modified by the
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author to produce the polynomial coefficients necessary for making a 

computer-generated hologram for testing an aspheric surface. Details 

of the ray-tracing program methods are given in Chapter 5.

The methods used in typical computer codes differ slightly from 

those presented in most texts on optical design, which approach the 

discussion of ray-tracing from a more tutorial viewpoint. The mathema

tics in Chapter 5 are rather abbreviated and are not a good introduc

tion to the theory.

The fundamental instrument in optical testing is the inter

ferometer, and the interferometer must be properly designed to be used 

with a computer-generated hologram. For example, an image of the sur- . 

face under test must be formed in the hologram plane. ,The operation of 

interferometers is illustrated by means of the y,y diagram, which is a 

graphical method of displaying the properties of a paraxial optical sys

tem. The principles behind the y,y diagram are reviewed briefly, and the 

use is limited to fairly simple examples.

The discussion on interferometer design, in Chapter 6 , leads to 

a discussion of the requirements on the computer-generated hologram and 

of how.the hologram functions as a part of the interferometer. The 

diffraction pattern from the hologram, observed in the Fourier transform 

plane of a lens, is•the key to understanding the use and limitations of 

the hologram in the interferometer.

After discussing the operation of the interferometer and the 

hologram in the interferometer. Chapter 6 turns to a discussion of 

various types of optical surfaces, such as. spheres, conics, and general



aspheres. Simple formulas- are given for estimating the aspheric 

departure that must be modeled by the hologram.

The proper focus position is an important design considera

tion. Chapter 6 shows the best focus position is the one that 

minimizes the extent of the geometric spot in the Fourier plane of the 

hologram. This is equivalent to minimizing the largest ray angle 

deviations in the hologram plane.

Chapter 6 also describes the steps required, to make a 

computer-generated, hologram for optical testing. The various steps are 

are surveyed first and then individually, described in more detail.

Chapter 6 concludes with an example of an actual test demonstra

tion. Such an example is necessary for completeness, and it is one of 

the most prevalent points found in the literature. The problem is not. 

one of proving that the. technique of computer-generated holograms works 

in optical testing but of trying to improve upon the technique and its 

documentation.

No discussion of optical testing is complete without an analysis 

of the errors encountered and the limitations of the methods used. This 

analysis forms the content of Chapter 7. Most of the discussion is 

taken from the literature. There are some observations and.rules of 

thumb that are original to this dissertation.

In conclusion, this dissertation demonstrates that making 

computer-generated holograms is easy and that computer-generated holo

grams can routinely be used to test aspheric optical elements. Aspheric 

wave front departures that result in ray errors of up to 250 waves/radius 

can be modeled by computer-generated holograms produced on image



recorders with about 2000 resolution elements across a diameter. For 

most aspheric surfaces, this slope represents an actual wavefront depar

ture of 250 Waves from the parent reference sphere. The accuracy of 

such holograms can be within about 0.10 wave rms variation. This is 

of the same order as the interferegram measurement accuracy.



CHAPTER 2

BACKGROUND THEORY

The process of synthesizing a hologram by a computer draws 

on many areas of modern optics. A background in diffraction theory, 

linear systems analysis, Fourier transform methods, and holography . 

is necessary to understand and appreciate the process of making 

computer-generated holograms. The material in this chapter is largely 

a review of standard textbook discussions. It has been selected and 

rather concisely stated to give both an overview of computer-generated 

holograms and an introduction to the notation and methods used in the 

following chapters.

Much of the mathematical notation is patterned after Gaskill 

(1978). The discussion of diffraction and Fourier optics is based 

mostly on Goodman (1968) and Gaskill (1978). There are many excellent 

textbooks about holography. Smith (1969), Collier, Burckhardt, and 

Lin (1971), Caulfield and Lu (1970), and Frawpon (1974) are good ref

erences. Collier, Burckhardt, and Lin's text in particular has an 

excellent review of computer-generated holograms as of about 1970. 

Finally, an article by Brown and Lohmann (1969) contains a good review 

of computer-generated holograms.

As a background to computer-generated holograms, one must first 

understand some of the fundamentals of diffraction theory. Fourier 

transform methods and linear systems theory are essential to a full

10



understanding of diffraction theory and of the function of lenses in 

optically generating a Fourier transform. The principles of optical 

holography must be understood. A discussion of some properties of 

several periodic structures, or gratings, is included in this chapter 

to cover the problem of diffraction efficiency and the benefits of a 

bleached hologram. Finally, the entire process of actually generating 

a hologram by computer is summarized as a background to the details of 

application, encoding methods, and optical testing procedures in later 

chapters.. This chapter concludes by giving some real examples of 

'computer-generated holograms and the resulting optical reconstruction 

to demonstrate that the process is quite feasible.

Diffraction

The phenomenon of.diffraction may be described as the deviation 

of light rays from the paths predicted by geometric optics.. Geometric 

optics predicts that the image Of a point object by a perfect optical 

system will also be a point. Diffraction theory predicts an image of 

finite extent, surrounded by a pattern of light and dark bands that ex

tend far away from the geometric point image.

The disturbance arising from an electromagnetic wave may be 

represented by a scalar function U(x,y,z), which may be identified with 

the transverse component of either the electric or magnetic field. Such 

a representation is valid for diffracting apertures that are large with 

respect to the wavelength of light and for distances from the aperture 

that are also many wavelengths in magnitude. IVe shall consider linearly 

polarized waves that are purely monochromatic.
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If.such a scalar field is specified over a surface with an 

opaque aperture, such as shown in Fig. 1, the scalar field may be cal

culated at some arbitrary point to the right of the diffracting ap

erture by means of the Rayleigh-Sommerfeld diffraction integral

U2 (x,y,z) = j -  f f Ux (u,v) n • R12 du dv
JX V  r122

where U is the complex scalar field, j = / ^ T , k = 2ir/X, and X is the 

wavelength. The surface Z is defined over the (u,v) coordinate sys

tem. R12 is a vector from a point P]_ on the surface to the point ?£. 

Its magnitude is r^g. The vector h is normal to the surface Z . Its 

dot product with the radius vector R12 is called the obliquity factor.

The Ray 1 eigh-:Sommerfe 1 d integral is very general and applies 

wherever scalar diffraction theory can be used. The integral is dif

ficult to evaluate, however. It can be simplified by restricting the 

domain of evaluation to regions near some central axis. Suppose that 

the lateral extent of the diffracting aperture were limited to Li and 

that of the pofnt P2 to L2, measured from the central (optic) axis.

The 50-called Fresnel approximation confines evaluation of the diffrac

tion integral to the region

riy  »
• A
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xy
jX

u, v 
Ui(P, )

exp(jkr12) . •> dudv
n.R ds

°L 
12

r?2

Fig. 1. Geometry for Rayleigh-Sommerfield 
Diffraction Theory.



14

Under this restriction, the diffraction integral reduces to

u2(x,y,z) = 1 ^ 7  }(ui(u,v)

 ̂ ! JU(jv• exp [" j y-—  (u2+v2) - j 7T—  (ux+vy) | ( 
L 12 ^12  J

where D is a pure phase function and z12 lies along an optic axis 

perpendicular to the diffracting aperture.

The diffraction integral can be simplified still further in the 

Fraunhofer region, defined by

r u  »  ^
2

A:

Then the quadratic phase term inside the integral can be neglected, and 

the diffraction integral becomes

DU2(x,y,z) Az 12
U;(u,v) exp (ux+vy)J dudv,

Fourier Optics

Fourier optics uses the methods of linear systems and Fourier 

transforms to further understand diffraction and image formation. The 

diffraction integral, for example, can be expressed as a two-dimensional 

convolution:

U2 (x,y) = Ui(x,y) ** h 12(x,y)

where h \ 2 (x,y) is the impulse response for propagation, given in the 

Fresnel approximation by



where r 2 = x 2 + y 2 . In the Fraunhofer region, the diffraction integral 

reduces to a Fourier transform

where cf is the Fourier transform operation evaluated at the specified 

frequency point (£,C) .

One of the most important relationships in Fourier optics is 

the effect of a lens on a propagating wavefront. The basic function of 

a lens is to convert a spherical wavefront centered on an object point 

into another spherical wavefront centered on the corresponding image 

point. A simple lens only partially fulfills this objective because 

the transmitted wave is not spherical. The deviations of the wavefront 

from its ideal spherical shape are called aberrations. Lens systems 

fabricated from spherical surfaces have an intrinsic level of aberra

tion. By proper design of the lens system, these aberrations may be 

reduced to a low level so that they do not affect the practical applica

tion of the lens. The ideal lens functions is a multiplicative phase 

transformation that can be written

x

U2 (x,y) = j j —  jTCUj (u,v) } 12at
y
12

L(x,y) exp -j -jj

where f is the focal length of the lens. For a simple thin lens this
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phase transformation is related to the thickness of the lens. A thin 

lens acts to delay the phase of the wavefront by an amount proportional 

to the thickness of the glass at the point where the wavefront enters 

the lens. The concept of a thin lens means that a ray entering the lens 

at coordinates (x,y) emerges from the same coordinates, as shown in

simple lens the stop is at the lens. In a complex lens system, the ap

erture stop is buried within the lens. In this case one can define the 

entrance or exit pupil as the image of the aperture stop as viewed from 

the object or the image, respectively.

lens. Let the amplitude transmittance be t(x,y). Consider a spherical 

wavefront incident on the lens, as shown in Fig. 2. The field distri

bution just after the lens is given by

The limiting aperture of the lens is called the stop. For a

Suppose that a plane transparency is placed at the stop of the

U2

The Fresnel diffraction integral is used to give the field at P,:

D 12°2 3 t(u,v)

• exp - j --- (ux + vv) du dv.
z2 3

If the observation plane is chosen at the geometric conjugate to the
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Fig. 2. Spherical Wavefront Incident on Lens.
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object plane, then

1 1 1_ 
f •z12 2 3

The modern choice for sign convention has not been used, but the essen

tial requirement is that P3 be the image for Pj in Fig. 2. Under these 

conditions the quadratic phase factor in the integral vanishes, with 

the result that

where subscripts and constant factors have been simplified. This impor

tant result states that the image plane is an exact Fourier transform 

of the amplitude transmittance functlpn of the pupil.

■ Holography is the process of recording the optical field from 

an object in such a way that an identical optical field may be recon

structed at a later time in the absence of the original field. In con

ventional photography, a film emulsion records only the intensity of 

the optical field incident on it. In holography, the film records both 

the amplitude and the phase of the optical field. The field or wave- 

front from the object is recorded in the interference pattern that is 

formed between the object wavefront and a reference wavefront. The 

geometry is -shown in Fig. 3. An axial plane reference wavefront and 

an off-axis object are shown. The angular plane-wave spectrum for this 

situation is shown in Fig. 4(a). The reference ray is a plane Wave in

cident.at zero angle, so its spectrum is a delta function at the origin

Holography



REFERENCE 
FIELD

OBJECT FIELD

Fig. 3. Geometry for Recording
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I  --1
ANGLE

(a) Input Light

ANGLE

(b) Reconstructed Light

Fig. 4. Plane-Wave Spectra of Input Light and
Reconstructed Light for Holographic System.
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The object spectrum is assumed to be band-limited and separated by an 

angle 0 from the reference wave.

If both the reference wave and the object wave were plane waves, 

the interference pattern on the film would be a regular sinusoidal 

grating. . The spatial period of the grating would be d = X/sin8 , where 

X is the wavelength of the light. The number of fringes per unit length 

is a measure of the spatial frequency of the grating. Suppose that the 

film plane is limited by a circular aperture of radius R. Then the 

spatial frequency £ = R/d = sin0 R/X, where £ is expressed in units of 

fringes per radius. Conversely, the angle 0 may be found from

sin0 ' = £ .

Now consider a more general object wavefront consisting of a 

spectrum of plane waves. The object field at the hologram has a complex 

expression as A(u,v) given by

A(u,v) = A(u,v) e^rjWOu/v)

where A(u,vj is the amplitude of the field and W(u,v) is the optical 

path in waves.

The irradiance E(u,v) at the film plane is the square of the 

reference and object fields, provided coherence is maintained.. Both 

spatial coherence and temporal coherence must be considered. Spatial 

coherence is the distance over which any two points in the film plane 

maintain a constant relative phase as a function of time. Thus spatial 

coherence limits the size of the hologram. Temporal coherence is
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measured by a coherence length that is the optical path that can be 

maintained between two wavefronts originating from the same source. 

Interference, can be detected only for path differences less than the 

coherence length. The coherence length is inversely proportional to 

the frequency bandwidth of the laser. For a 1-meter-long He-Ne laser 

operated at 0.633 ym wavelength, the typical coherence length is on the 

order of 12 cm (Collier, Burckhardt, and Lin, 1971).

At the film plane the irradiance E is given by

E = (A + B) (A + B) *

where * indicates the complex conjugate and B. is the reference wave.

This expression can be expanded to give

E = ' A2 + B2 + AB* + A*B
or

E = A2 + B2 + 2ABcos.(27rW) .

After appropriate photographic processing, the film will have 

an amplitude transmittance t(u,v) given by

t  ( u , v ) = y E ( u , v )  + t 0

where y and tg are parameters that depend oh the type of film and the

developing process.

If the developed hologram is illuminated by the plane reference 

wave J3, the transmitted beam will have an output plane-wave spectrum 

related to the autocorrelation of the input spectrum, as shown in 

Fig. 4(b). There are three distinct diffraction orders in the
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transmitted wavefront. The geometry is shown in Fig. 5. The zero 

order wave includes a term proportional to the reference plane wave and 

an intermodulation term proportional to the autocorrelation of the ob

ject wave. The bandwidth of the zero order diffraction is therefore 

twice that of the object spectrum. The +1 diffraction order is directly 

proportional to the complex object field. - This is the reconstruction 

of the object wavefront. The -1 diffraction order is proportional to 

the complex conjugate of the object. It is Called the pseudoscopic 

object because normal perspective relationships are reversed.

If the object or reference, source is close to the film plane, 

the hologram that results is called a Fresnel hologram because quadratic 

terms in the diffraction integral must be considered. If the object and ■ 

reference source are the same distance from the film plane, the hologram ' 

is called a Fourier transform hologram, A lens may be used to image a 

plane object and the reference source at infinity. If the hologram is 

placed in the focal plane of this lens, a Fourier transform hologram of 

the object will be produced.

Gratings

The hologram of a plane object wave recorded with a plane ref

erence wave is a sinusoidal grating. More complicated object waves 

produce a superposition Of grating structures. The study of simple 

periodic structures, however, can provide much information about the 

way general holograms behave;- Computer-generated holography offers 

greater freedom in the choice of a grating structure than does optical 

holography, and it is useful to examine other patterns. We shall
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Fig. 5. Geometry for Reconstruction of Object IVave 
from Holographic Recording on Film.



25

discuss two types of periodic patterns. The first type is periodic in 

amplitude transmittance, with a constant phase transmittance. The sec- . 

ond type is periodic in phase transmittance, with a constant amplitude 

transmittance. A phase hologram can be produced from, an amplitude holo

gram by bleaching the film emulsion. The bleaching process removes the 

light-absorbing material from the emulsion but leaves optical thickness 

variations in the emulsion that are proportional to the local optical 

density prior to bleaching. Variations in either index or physical 

thickness may be induced to cause optical path length difference varia

tions in the film. The major objective in this discussion of gratings 

will be to determine the fraction of incident light diffracted into 

various grating orders. This will allow us to evaluate the diffraction 

efficiency of different types of holograms.

Consider a grating function g(x) defined over a unit cell 

-H < x < h- The spatial variable is measured in units of the grating

period. The grating function may be written as a Fourier series of the

form

g(x) = I cn e ^ * .
n=-»

The plane wave spectrum of a uniform grating is the Fourier transform 

of the grating,

G(£) = I Cn 6 (£ - n) .
h=-°°

The fraction of the incident energy in each plane wave is equal to Cn2. 

The plane wave spectrum for an infinite grating consists of delta
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functions, as shown in Fig. 6 (a). The spectrum is discrete. Any phys

ical grating is limited in size. The spectral lines are convolved with 

the Fourier transform of the limiting aperture, and the plane wave spec

trum is continuous. For our purposes, the limiting aperture is assumed 

to be large enough that the spectrum is very sharp compared to the order 

spacing, as suggested in Fig. 6 (b).

Three possible grating profiles are shown in Fig. 7. The top . 

profile is sinusoidal. The middle profile is binary. It can be ap

proached Optically by exposing the film to a very high contrast sinu

soidal pattern such that the film development is hard-clipped. Any 

exposure under the threshold is white. The trapezoidal profile shown 

in Fig. 7 is a more realistic model for clipping. The width - 6 depends 

on the slope of the film density-vs.-exposure curve. The trapezoidal 

profile has the further advantage of continuity. Only the derivative of 

the function is discontinuous. This property is an advantage in making 

computer-generated holograms, as will be discussed in Chapter 4.

Table 1 lists the grating profiles shown in Fig. 7 when used as 

amplitude gratings or phase gratings. The functional form of the pro

file and the spectral weight coefficient are given. The "maximum effi

ciency for the first order is also calculated. The sinusoidal amplitude 

grating is unique in that it has only three orders: the zero order un

deviated wavefront and the two first order wavefronts off axis. The 

coefficient Ci equals % for A.- 1, yielding a maximum efficiency of 6.2 

percent. The grating absorbs 5/8 of the incident radiation. The binary 

amplitude grating has many orders, yet the diffraction efficiency for
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Fig. 6 . Plane-Wave Spectra for Gratings of 
Infinite Extent and of Finite but 
Large Extent.
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Fig. 7. Three Different Grating Profiles.



Table 1. Grating Functions, Spectral Components, and Efficiency

Maximum
Description 8 O) Cn efficiency

Sinusoidal j  + j  cos (2irx) C0 = C±1 = I
1/16, 6.25% 

■ A = 1

Binary A rect(^) AD sinc(nD)
(l/TT)2, 10%

A = 1, D = %

Trapezoidal j  rect(^) * rect(^) AD sine(nD) sine(n6)
(1/tt)2, 10% 

D = 6->0

Bleached
sinusoidal exp Ĵj s i n (2 Trx)~j Jn < f )

34%

A = 1.15

Bleached exp(j'rrA/2) |x| < D/2 G0 = De3^ 2 + (1 - D)e~J1TA,/2 (2/ir) 2, 40%
binary exp(-jirA/2) , |x| > D/2 Gn = 2j sinC^y-) D sine(nD) A = 1, D = %

MLO



the first order is higher than that for the' sinusoidal grating. The 

maximum efficiency occurs for A = 1 and D = %, resulting in.Ci = 1/m, 

or an efficiency of 10 percent. The binary grating achieves this effi

ciency because the absorption is % rather than 5/8 as for the sinusoidal 

grating. The additional transmitted energy is distributed among the 

nonzero orders. The zero order for D = % has the same fractional energy 

as the zero ofder for the sinusoidal grating. Ideally the binary grat

ing with D = % has only odd diffraction orders. The trapezoidal profile 

can be expressed as a convolution between a wide rectangle function and 

a narrow rectangle function.' In this form the Fourier coefficients are 

easy to calculate. Clearly the efficiency is greatest as the profile 

more closely resembles a rectangle in shape. The maximum efficiency can 

be no greater than that for the corresponding binary amplitude or phase 

grating.

Two bleached gratings are considered in Table 1. The bleached 

sinusoidal grating can be represented as an infinite series of Bessel 

functions. The form of the series can be identified as a Fourier series 

with coefficients proportional to values of Bessel functions. The first 

order is given by C]/ = (irA/2) . The maximum value is Ci = .0.5815 for

A =1.18., This corresponds to a diffraction efficiency of 34 percent. 

The efficiency is much greater for a bleached grating because none of 

the energy incident on the grating is absorbed by the grating. Note

that all orders are present for a bleached sinusoidal grating. The

bleached binary hologram can be expressed as:



g(x) = e-i',A/2 * [ei”A/2 - e - j ^ ^ j r e c t c i )

• e ' *" - 2j ; :** .

In this form the Fourier series is easy to calculate. The maximum effir 

ciency is obtained for D = %, as was the case for the binary amplitude 

grating. Then the coefficient Cg is cos (ttA/2) and is 2j sin(irA/2) /tt , 

For A = 1 the coefficient Cg is 0 and Ci is 2/tr, ignoring the phase fac

tor j. The diffraction efficiency may be four times that of the binary 

amplitude grating, or 40 percent. Clearly, it is advantageous to used 

bleached holograms or gratings.

Computer-Generated Holograms 

The computer-generated hologram is a hologram of a mathematical 

construct that need have no counterpart in the physical world. The com

puter is used to control a graphic output device, such as a plotter, 

which in turn draws a pattern of lines, opaque rectangles, or points. 

This pattern must usually be photographically reduced before it can be 

used as a hologram. The final product is recorded on film or other 

suitable material so that the original wavefront can be optically 

reconstructed.

The process of making a computer-generated hologram is usually 

divided into four distinct steps.. First, the complex optical field from 

the object is computed. For a Fourier transform hologram, the propaga

tion from the object to the film plane can be expressed as a simple 

Fourier transform. Generally this calculation can be performed only for 

a finite number of sampling points, using a discrete Fourier transform



algorithm. The result is called the hologram function. Often the holo

gram function can be determined analytically, as when an aspheric wave- 

front is constructed for optical testing purposes. In either case the 

hologram function can be evaluated only a finite number of times; this 

finite number is simply larger for an analytically defined function than 

for a sampled function. An optically produced hologram, by contrast, is 

a continuous process. The hologram function is generated optically, in 

ah instant, over the entire film plane. The only limitation is that of 

the recording medium, not the computing process. For some hologram 

functions, however, no easy optical equivalent exists and there is no

substitute for a computer-generated hologram.

The second step is also performed by a computer. Given the

hologram function, the computer encodes the amplitude and phase of the'

complex hologram function into a pattern of intensity variations. An 

encoding technique is required, and the format requirements for the des

ignated graphical output device must be satisfied. Generally the graphic 

device is operated off line from the main computer. The computer is used 

to generate a magnetic tape in some specific format. The magnetic tape 

is taken to the graphic device at a later time. The encoding process 

requires some choice or philosophy for generating the hologram. The 

grating function or code method must be selected. This depends mostly . 

on the type of graphic device to be used but partly on the final results 

desired. More will be said about encoding methods in Chapter 4.

The third step in generating a synthetic hologram is to actu

ally draw or display the hologram on the graphic output device. Such
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devices fall into two general classes: vector devices, which draw line 

segments, and raster devices, which display digital pictures. The out

come of this step is a visible, hard-copy image of the hologram. Usu

ally this image will be much larger than the final size required for 

optical reconstruction.

The final step in producing a computer-generated hologram is to 

reduce the image to final size and transfer it to the final recording 

medium for optical reconstruction. In optical testing applications, the 

size of the hologram is very important, as an incorrect size will result 

in errors in the test results. For this reason, a graphic output device 

that generates an image of the proper size would be very beneficial.

As a conclusion to the discussion of the background theory for

computer-generated holograms, it seems appropriate to include some exam

ples of the results to illustrate that the theory does indeed work. For 

this example, the phrase OPTICAL SCIENCES CENTER TUCSON ARIZONA, was • 

chosen as the object. The words were formed by setting intensity levels 

in a 64 x 64 matrix. Each letter was allowed an area of 8 x 8 elements

in the array. This matrix was embedded into the center of a 128 x 128

matrix originally filled with zero intensity values, A discrete fast 

Fourier transform was calculated. The output of this calculation is an

other 128 x 128 array, comprising the sampled hologram function. This 

function was encoded into a binary hologram using a technique similar to 

that developed by Lohmann and his associates. A small rectangle was 

placed in each, of the 128 x 128 unit cells. The position of the rectan

gle indicates the phase of that Fourier component, and the width of the
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rectangle indicates the amplitude of the Fourier component. The final 

hologram is shown in Fig. 8 .

Another technique used in computer-generated holograms is to 

simulate a ground glass screen behind the object by multiplying the ob

ject function by a random phase factor. The hologram that results from 

using this technique is shown in Fig. 9. Th'e advantage of using a ran

dom phase factor is that there are many more wide diffracting apertures 

compared to the hologram in Fig. 8, so the diffracted beam carries more 

energy. The disadvantage is that the technique introduces an irregular 

microstructure into the reconstructed image. Note that the hologram in 

Fig. 9 is rectangular rather than square. For this example, our mag

netic tape was filled before the end of the picture, and we had made no 

provision for continuing on another magnetic tape. Another advantage of 

a random phase background is that loss of part of the hologram reduces 

resolution but does not filter specific frequency components.

The final reconstruction is shown in Fig. 10. The hologram had 

been reduced to about 8 mm square. No bleaching was used. The film was 

placed in a crude liquid gate to reduce the effect of film thickness 

variations. The reconstruction shown was taken from Fig. 9. The recon

struction from Fig. 8 was too dim to photograph well. Note that the 

first letters in each word are slightly more intense than the rest of 

the word. This intensity difference was introduced deliberately to dem

onstrate that gray levels could be encoded in the object.
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Fig. 8 . Example of a Computer-Generated Hologram.
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Fig. 9. Computer-Generated Hologram of Object with Random 
Phase Included.



Fig. 10. Reconstruction from Computer-Generated Hologram.



CHAPTER 3

SURVEY OF APPLICATIONS

Applications of computer-generated holograms abound in 

the literature. A review article by Huang (19 71) is an excellent 

source of information about early applications and methods of using 

computer-generated holograms. Later work has not been adequately 

reviewed, however, and this chapter is an attempt to summarize some 

of the newer applications and techniques.

The creation of two- or three-dimensional images is but one 

of the uses of holograms. Optical testing, for example, which is 

the principal subject of this dissertation, is an area in which the 

techniques of computer-generated holograms have been used with suc

cess by commercial organizations in other than purely laboratory en

vironments. Holograms are also used as spatial filters in coherent 

optical prqcessing systems. Spatial filtering includes a range of 

applications from image deblurring to geometric transformations and 

character recognition. There are a number of applications in which a. 

computer-generated hologram is used as an optical component. These 

include interferometers, scanners, displays, and computer memories; a 

contribution of this dissertation has been to add a computer-generated 

scatterplate to this list.

This chapter concludes with a review of some of the applica

tions of the moirg patterns that may be produced with holograms,



Optical.Testing

One of the earliest applications of computer-generated holo

grams was the interferometric testing of aspheric optical, surfaces. 

Aspheric optical surfaces are used-in optical systems to control aber

rations without introducing more components into the design. They 

may be necessitated by performance requirements for packaging (size 

limitations), scattering (few surfaces), wavelength (mirrors only), 

and optical quality (aberration control). The penalty exacted for 

the use of aspheric surfaces is that such surfaces are difficult and 

expensive to fabricate and test.

Interferometric testing of conventional spherical optical 

surfaces is based on the interference pattern produced by the wave- 

front from the test surface and the wavefront from a reference surface. 

The set of interference fringes that is produced represents the dif

ference in optical path between the two wavefronts. The reference 

surface should produce a wavefront matching that of the ideal wavefront 

expected from the test surface. Then, deviations in the fringe pattern 

produced from testing an optical surface during fabrication would rep

resent local manufacturing errors that must be removed by additional 

processing.

•If an aspheric surface is to be tested, then either the refer

ence surface itself must be aspheric, or additional optics must be 

introduced into the interferometer to cancel the aspheric contribu

tion from the test surface. Such additional optics are called a null 

lens. Some null optics simulate the use of the aspheric surface.

For example, a plane mirror is used to test a parabolic surface.
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A spherical wave diverging from one focus of a conic section will 

produce a converging spherical wave at the other focus. For a parab

ola, this second focal point is at infinity, so a plane mirror can 

be used to reflect the wave back to the first focus. For an ellipse 

or hyperbola, a spherical mirror may be used to return the light to 

its starting point. Other null systems are possible, such as the 

well-known Offner null lens (Offner, 1963).

An aspheric surface may also be tested by using an aspheric 

reference surface. If a master aspheric reference surface is avail

able, it may be used in the reference arm of the interferometer.

The master surface may also be used to generate a hologram, and the 

reconstruction from the hologram can then be used in place, of the • 

master aspheric surface itself. This technique has been documented 

by a number of writers (Pastor, 1969; Snow and Vandewarker, 1970).

Once the concept of using a hologram in place of the original master 

surface as a reference had been established, it was realized that a 

synthetic hologram could be used instead of an optically generated 

hologram. Pastor (1969) described an interferometer that compared 

two holograms, one generated optically and the other synthetically. 

MacGovern and Wyant (1971) demonstrated perhaps the earliest detailed 

application of computer-generated holograms for optical testing. The 

holograms were modeled after those produced by Lohmann and Paris 

(1967b) and Lee (1970). The test surface was an f/5, 46-cm-diameter
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parabolic mirror. The required aspheric correction is about 11.3 

waves of fourth-order spherical aberration.

The paper by MacGovern and Wyant included most of the ele

ments of good interferometer design, which is described in more 

detail in Chapter 6. They pointed out the advantages of having the 

hologram in the exit pupil of the interferometer, in a position where 

both the reference beam and the test beam would pass through the film.

Another group of workers who were quick to recognize the 

utility of computer-generated holograms in testing optical compo

nents was Fercher and his associates at Carl Zeiss Optical Works.

Fercher and Kriese (1972) examined bandwidth requirements for their 

holograms in some detail and gave examples of what happens when the 

wrong carrier frequency (or tilt) is used. They also documented the 

problem of plotter nonlinearity. Their hologram was closely modeled 

on the Lohmann technique. It was displayed as an array of small aper

tures, displayed in position according to the local wavefront phase. 

Faulde, Fercher, Torge, and Wilson (1973) suggested the combination 

of a partial null lens and a. synthetic hologram to extend the range 

of application of synthetic holograms. Heynacher (1976) described an 

apparatus that linked the production of aspheric surfaces with a test 

apparatus using computer-generated holograms. Fercher (1976) analyzed 

several sources of error in synthetic holograms and described a techf- 

nique for eliminating plotter error by using two interpenetrating grat

ings. The question of errors will be treated more fully in Chapter 7.
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Meanwhile, Wyant and his coworkers at Itek Corporation con

tinued their study of computer-generated holograms. Wyant and Bennett 

(1972) used a procedure of ray tracing the test setup and calculating 

the positions of the interference fringes that would be formed in the 

theoretical interferogram between an aspheric surface and a spherical 

reference wavefront. They produced the synthetic hologram from a ' 

large scale drawing of those fringes. Recognizing the similarity be

tween computer-generated holograms and ordinary interferegrams or grat

ings, they departed from previous strict adherence to the techniques of 

Lohmann and Lee. Wyant and Bennett also considered in detail the 

important sources of error in computer-generated holograms, and experi

mentally determined the magnitude of various errors. Finally, they- 

showed that nonsymmetric aspheric wavefronts could be tested. A tilted 

plane-parallel plate was inserted into a diverging cone of light in the 

sample arm of the interferometer. Typical aspheric wavefronts had 

about 19 waves departure and a maximum slope of 35 waves per radius. 

Wyant and O'Neill (1974) also recognized the advantages of combining 

a null lens with a computer-generated hologram. They showed the results 

of a test in which a Maksutov spherical mirror was used to reduce the 

departure of an aspheric mirror from 910 waves to 45 waves and the slope 

from 3000 waves per radius to 70 waves per radius. Finally, Wyant, 

O'Neill, and MacGovem (1974) described an interferometric method for 

measuring plotter distortion. This technique will be summarized in 

Chapter 7.
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To further trace the background of applying synthetic holo

grams to optical testing, we note that Birch and Green (1972) gave 

yet. another treatment of the method. They discussed several methods 

for drawing the fringes of the hologram and drew an analogy between 

the "detour phase" concept of Lohmann and the concept of an irregu

lar (nonlinear) grating. One plotting method was essentially to use 

a standard contour drawing subroutine to plot lines of equal phase.

The other was to draw individual fringes, locating each fringe to 

within a tenth of a wave. They tested three different optical compo

nents: a paraboloid, an ellipsoid, and a plano-convex lens. Ichioka 

and.Lohmann (1972) proposed using circular fringes to test aspheric 

surfaces on axis. Diffraction orders are dispersed along the optic 

axis. Unwanted orders can be blocked for wavefronts with a central 

obscuration. This technique should be especially useful for annular 

wavefronts where the central obscuration is fairly large. Bandwidth 

requirements would be eased because the hologram is used on axis.

Other workers have reported on the use of circular holograms.

Aver1yanova et al„ (1975) tested a parabolic mirror by this method. 

Schwider and Burov (1976) designed and built a special plotting sys

tem for circular fringes..

Takahashi et al, (1976) introduced the idea of an inclined 

bar hologram, which seems to bridge the gap between the usual Lohmann 

hologram with rectangular apertures and the Wyant hologram of con

tinuous fringes. Sirohi, Blume, and Rosenbruch (1976) extended some 

of the calculational methods of Birch and Green (1972). They merged
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the contour plot method with the fringe scanning method to reduce 

computation time.

Handojo and de Jong (1977) described a modified interferometer 

that uses a computer-generated hologram in place of a diverger lens and 

null optics in the test beam. The hologram is circularly symmetric.

Yatagai and Saito (1978) discussed some of the differences 

between Lohmann and Wyant type holograms, and the use of various aber

ration balancing techniques in reducing hologram error. As might be 

expected, the best way is to reduce the maximum slope error. This 

minimizes the tilt required to separate first and second diffraction 

orders and leaves more resolution points per fringe to define the 

position of the fringe.

The use of computer-generated holograms to test aspheric sur

faces has been adopted by a number of organizations throughout the 

world. Many large optical companies, such as Carl Zeiss, routinely 

use the techniques of computer-generated holograms in optical testing. 

The problem has moved from the demonstration stage of showing that 

computer-generated holograms can be used, to the implementation stage 

of making the technique generally available.

Talks by Emmel et al = (1978.) and Leung et al. (1978) described 

the design and use of a commercial interferometer that incorporates 

the use of a computer-generated hologram and the use of lateral shear 

to measure aspheric surfaces. The technology of computer-generated 

holograms is becoming a permanent part of optical testing methodology.



Spatial Filters

The development of the computer-generated hologram was prompted 

by the problem of' constructing complex spatial filters, that is, fil

ters with both amplitude and phase variations, for coherent optical 

processing systems. The original work on synthetic holograms began as 

a technique described by Kozina and Kelly (1965) for fabricating a 

one-dimensional matched filter for detecting a known signal profile in 

the presence of noise. Brown and Lohmann (1966) were quick to extend the 

technique to two-dimensional filters, and the concept of the 

computer-generated hologram was bom.

In image processing, there is often the requirement to per

form a convolution or correlation operation on the original image.

A convolution may be calculated digitally, either by directly evaluat

ing the convolution integral or by generating the frequency spectrum 

of the image, multiplying by the appropriate filter function, and 

taking the inverse Fourier transform of the product. This second 

method is often faster than the direct technique when a fast Fourier 

transform algorithm is used. Coherent optical processing systems offer 

another way of generating a convolution or correlation, by making use 

of the Fourier transform properties of lenses, as seen in Chapter 2.

The optical technique yields an output immediately since the lenses 

process image data in parallel. Every point on the image is operated 

on at the same time. With digital techniques, only a limited number 

of points (usually one) can be processed at a time, so the operation 

is performed sequentially and is therefore very time-consuming for 

larger arrays of data.
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A typical coherent optical processing system is shown in 

Fig. 11, The original image (or object) is placed in the (xo,yo) 

coordinate system and illuminated by a plane wavefront of coherent 

light. The entrance pupil of the system is at infinity for this 

situation. The first lens in Fig. 1 generates in the back focal 

plane of the lens a complex field that is proportional to the 

Fourier transform of the object, as discussed in Chapter 2. A spa

tial filter may be inserted in this plane to multiply the frequency

spectrum by an amplitude factor that varies from zero to one and

by a general phase distribution. The second lens in the system gen

erates fhe reverse Fourier transform. The amplitude in the final 

image plane can be written

Ih (x,y) = UQ (x,y) * h(x,y),

where the impulse response function h(x,y) is related to the spatial

filter function h(xpy^) by a Fourier transformation h = ST 1(H). 

Considerations of scale differences between the planes, effects of 

aberrations, and limitations because of the finite size of the lenses 

and illumination beam have all been ignored. A more complete treat

ment may be found in Gaskill (1978) or Goodman (1968).

As an example of optical processing, consider an image that 

has been blurred by a known function, such as might happen with a 

defocused camera moving with some uniform velocity with respect to the 

object being photographed. In the spatial frequency domain, the actual
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^ 0

Fig. 11. A Coherent Optical Processing 
System.
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image is related to the original object by

Uact(C’n:i = Hb (5-n)Uobj(5''l)’

where is the object field, is the actual recorded image,

and is the blurring transfer function. To recover the original 

object, we must construct a spatial filter with both amplitude and 

phase variations. This function must match the blurring function 

The spatial filter function F required is given by

F(C.n) = H^ 1 (c.n).

It is just the inverse of the blurring transfer function. In the 

final image plane of the optical processing system of Fig. 11, the 

image field is given by

U^x.y) = jz""1[F(C,n)Uact(C.n)]

= Uob.(x,y).

The original object is recovered. Friesem and Peri (1976) showed 

some examples of image deblurring using computer-generated holograms.

Another example of optical processing is the problem of char

acter recognition or signal detection. The filter function

F(C,n) = S*(£,n)

will produce a bright dot (autocorrelation peak) in the image plane at
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the position (x0,yo) for the signal s(x-xq,y-yo)• The theory behind 

such filters is given in Goodman (1968) .

In many cases the realization of a complex valued spatial fil

ter can only be generated by computer. Successful application of 

computer-generated holograms to optical processing requires methods for 

synthesizing spatial filters with high light efficiency and large dy- . 

namic range of amplitude and phase values. These goals have been pursued 

with some success by Goodman and his students at Stanford University.

Research at Stanford has been directed toward several problems. 

Severcan (1973) considered the problem of restoration of blurred im- :-: 

ages. Powers (1975) and Powers and Goodman (1975) considered problems 

of quantization and error rates, with particular emphasis on the appli

cation of computer-generated holograms to holographic memory systems 

for computer readout. Several approaches have been examined for im

proving the efficiency and dynamic range of synthetic holograms. One 

approach involved finding a hologram material that controls both the 

phase and the amplitude of the filter at a single point without having 

to align multiple transparencies. The solution was a multiemulsion 

film, such as Kodachrome II, exposed independently with light of dif

ferent colors (Chu, Fienup, and Goodman, 1973; Chu and Fienup, 1974; 

Fienup, 1975) . This technique is called ROACH, for referenceless 

on-axis complex hologram. It may be considered an improved kinoform 

(see Chapter 4). Another approach involves modifying the Fourier trans

form of the impulse function mathematically so that each element has 

the same amplitude but different phase. Then a phase-only holographic 

material, such as generated, by the kinoform technique, may be used
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without losing the amplitude information. Such spectrum-shaping 

methods have been discussed by Chu and Goodman (1972) and Chu (1973). .

The domain of optical processing covers a range of applica

tions. Paris (1967) and Lohmann and Paris (1968) have described sev

eral applications of computer-generated spatial filters. One appli

cation is the observation of phase objects through a schlieren system.

A phase contrast filter can also be constructed by shifting the zero 

order components by if/2 and attenuating the amplitude. Another appli

cation is the construction of differential filters that produce images 

proportional to the first derivative or even the second derivative of 

the input image. They also illustrate the concept of inverse filtering, 

which was described earlier.

Bryngdahl (1974a, 1974b, 1975a) demonstrated that computer

generated filters could be used for general mappings or image 

transformation. He described such transformations as translation, 

inversion, stretching, and rotation. Mappings may be either linear 

or nonlinear.

Several authors have realized spatial filters for noncoherent 

image processing (Lohmann and Werlich, 1971; Chavel and Lowenthal,

1976; Braunecker and Hauck, 1977) . Image deblurring has been cited as 

a possible application. The major advantage over coherent processing 

is the elimination of speckle noise.

Computer-generated holograms have been applied to the process

ing of clinical radiographic data from projections. Gough and Bates 

(1972) used line-printer-generated holograms to process x-ray data.
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The field of computerized tomography has some of its roots in syn

thetic holography.

Examples of computer-generated holograms used in various opti

cal processing applications are widespread in optical literature. Only 

a few have been surveyed here, and it is safe to predict that 

computer-generated holograms will find many more uses in optical pro

cessing in the future.

Holographic Optical Elements

A broad range of applications of computer-generated holograms 

can be grouped under the general category of holographic optical ele

ments. Holographic elements can be used in place of conventional op

tics in imaging systems. They can be used to produce shaped wavefronts 

for optical testing. Schemes have been proposed for using holographic 

elements in interferometers, scanners, 3-D displays, and computer memo

ries. The fabrication of a computer-generated scatterplate is described 

here. The scatterplate is the chief component of a scatterplate 

interferometer.

Bryngdahl and Lee, at the Xerox Research Center in Palo Alto, 

California, have been among the most producting researchers in develop

ing computer-generated holographic optical elements. Lee and Bryngdahl 

(1974) showed that the computer-generated optical element could be used 

to image onto curved surfaces. A simple example of such an element is 

the classic Fresnel zone plate. Lee and Bryngdahl gave examples of 

imaging onto a parabolic surface and onto a sinusoidal surface.



Bryngdahl (1975a) reviewed the use of computer-generated holograms in 

shaping wavefronts for interferometry and geometric transformations 

and in shearing interferometers.

Lee (1974) and Bryngdahl (1975a) showed simple reference wave

fronts that would be difficult to produce with conventional optical 

elements. The helical wavefront is one example. It is a phase pro

file that varies linearly in the azimuthal direction. As such, it is 

the orthogonal companion to the conical wavefront, with fringes uni

formly spaced in the radial direction. The helical wavefront is also 

of interest.as a test pattern because the bandwidth is inversely pro

portional to.the radius. This means that, in a small region near the 

origin, the fringes will be too close together to be resolved by the 

recording medium. This situation is shown in Fig. 12. The. algorithm 

used is discussed in Chapter 4. The hologram in Fig. 12 is similar to 

that of Lee except in the region near the origin, which.Lee omits.

As a second example of a simple reference wavefront, consider 

a pattern of rectangular fringes. The wavefront has a different tilt 

in each of the four quadrants. Such, a pattern might prove useful in 

distinguishing alignment angles because the pattern is symmetric, like 

a conical or spherical wavefront, but still consists of straight lines 

which are easy to measure. A typical hologram for square fringes is 

shown in Fig. 13., An interferogram of the resulting wavefront is 

shown in Fig. 14.

Bryngdahl and Lee (1974) and Bryngdahl (1973, 1976) discussed 

the application of computer-generated holograms in fabricating a shear 

ing.interferometer that generates shears in radial and azimuthal
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Fig. 14, Interference Pattern Reconstructed from 
Computer-Generated Hologram.
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directions. Bryngdahl (1976) constructed a heterodyne interferometer 

by rotating the hologram.

Bryngdahl (1975b) and Bryngdahl and Lee (1976) proposed using 

a computer-generated hologram in a holographic grating scanner. The 

use of a computer-generated hologram offers the possibility of com

bining beam-shaping or aberration correction functions with the deflec

tion process. Bryngdahl and Lee demonstrated several experimental 

scanners. One configuration used a rotating drum. Another used a 

rotating disk. Both linear and two-dimensional scans were generated. 

Rectangular, triangular, and spiral scan patterns were shown in the 

two-dimensional scans. Lee (1977) discussed some of the aberrations 

introduced by grating scanners, and how these aberrations may be reduced 

by the proper design of computer-generated holographic elements. Camp

bell and Sweeney (1978) used a computer-generated holographic scanner to 

control the beam of a COg laser for materials processing applications. 

Phase reflective holograms were fabricated by using photoresist or an 

etched metal film to modulate the surface of a reflecting substrate. 

Several example scan patterns were generated, either on film with He-Ne 

laser construction or in plexiglass with CO2 laser construction. ■

It is a small conceptual jump from the application.of holograms 

to scanner systems to applying them to three-dimensional displays. The 

idea of displaying computer data in three dimensions has a long history 

(Huang, 1971). One might use the computer to reconstruct the 

three-dimensional internal structure, perhaps from two-dimensional x-ray
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projections, and then calculate on the computer the hologram of the 

three-dimensional object. Yatagai (1974, 1976) used Fourier trans

form stereograms and composite holograms to generate a display with 

depth information in one direction. Jaroslavski and Merzlyakov' (1977) 

documented earlier use of the same method. Despite this more recent 

work, Huang's conclusion still holds that a practical three-dimensional 

computer display has yet to be developed.

Optical storage of digital data, in the form of holographic 

memories, has also been examined as a possible application of 

computer-generated holograms. The April 1974 issue of Applied Optics 

has a number of papers on optical storage systems. Barrekette (1974) 

concluded that the holographic systems may compete with magnetic and 

disk storage only for the very high bit capacity systems. The tech

niques of computer-generated holograms provide a possible way for 

implementing holographic memories and a. means for understanding quanti

zation effects and limitations to holographic systems. Powers (1975) 

and Powers and Goodman (1975) studied error rates in computer-generated 

holographic memories. Flueret (1974) also discussed some of the prob

lems in synthesizing a holographic memory.

As a final example of a computer-generated holographic optical
. 9element, consider the scatterplate from a scatterplate interferometer 

(Scott, 1969). The construction and operation of this interferometer 

is shown in Fig. 15. A point source of light, which may be a laser 

source or white-light arc source, is focused onto the surface of a 

test mirror, as shown by the dashed ray paths. The return light is 

transmitted through the beamsplitter and imaged onto the film plane.



BEAM
SPLITTER

SCATTER
PLATE

MIRROR

FILM

SOURCE

Fig. 15. Scatterplate Interferometer.
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The scatterplate is placed at the radius of curvature of the mirror.

A scattering Cone of light is generated at each point on’ the scatter

plate and illuminates the entire surface of the mirror. - The broken 

line from the right side of the scatterplate represents one scattered 

ray, which is incident on the left side of the mirror. An inverted 

image of the scatterplate is formed back on itself. Light from the 

source encounters the scatterplate twice; once before striking the 

mirror and again after striking the mirror.

Light falling on the film plane can be divided into four cate

gories depending on the - nature of the scattering of the beam. Part of 

the light will have been unscattered on both encounters (unscattered- 

unscattered) with the scatterplate. This light forms a bright spot 

on the film. Another part of the light will have been scattered on 

both passes through the scatterplate (scattered-scattered). This light 

acts to reduce the contrast of the interference pattern by providing 

an even illumination or background haze. -A third component of the beam 

will have been unscattered the first time through the scatterplate and 

scattered the second time (mscattered-scattered) . It has sampled 

only one point on the mirror and is unaffected by any mirror aberra

tions. This component is referred to as the reference beam. The 

fourth component of the beam will have been scattered the first time 

through the scatterplate but unscattered on the second pass. It samples 

the entire surface of the mirror and is referred to as the test beam.

Both the test beam and the reference beam will be scattered similarly 

if the scatterplate has inversion symmetry. The test beam and the refer

ence beam interfere to form a fringe pattern on the film plane.
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The scatterplate can be interpreted as a random grating consist

ing of a uniform distribution of spatial frequencies. It can be made 

fairly easily by optical methods, but it can also be computer generated. 

The details of the algorithm are given in Chapter 4. The center portion 

of a computer-generated scatterplate is shown in Fig. 16. The white 

cross is formed by thin crosshairs used for alignment. Figure 17 is an 

example of an interferegram generated by a scatterplate with 1,024 reso

lution elements. The mirror is f/6- at its center of curvature and para

bolic. The scatter cone angle is about f/9.

Because of the low bandwidth, the computer-generated scatter

plate is no competition for Optically generated scatterplateS. However, 

computer methods do offer the opportunity for varying the nature of 

scattering centers and their distribution.

Moird Patterns

MoirS patterns are produced when figures with periodic rulings 

are made to overlap. The study of such patterns has applications to 

many problems of scientific interest. Oster and Nishijima (1963) dis

cussed the general properties of moirg patterns and reviewed a number • 

of applications. Oster, Wasserman, and Zwerling (1964) presented a 

theoretical method for interpreting moirS patterns.

Because the computer-generated hologram is a figure with a peri

odic ruling, a moir6 pattern can be observed when two holograms are 

superimposed. An example is given in Chapter 6. Moirb patterns share 

many of the features of interferograms and have long been associated 

with research in computer-generated holograms.
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Fig. 16. Computer-Generated Scatterplate
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am#:

Fig. 17. Interferogram from Computer-Generated 
Scatterplate Interferometer.



63

Moire" patterns can often be observed in binary holograms with 

discrete pixels -(Rosen, 1968). It is often desirable to reduce these 

moire" effects; Chapter 4 discusses a method for reducing the magnitude 

of the perceived moire" pattern in digital holograms.

Lohmann and Paris (1967a) described what they called variable 

Fresnel zone patterns, which showed interesting moire effects. Another 

pioneer of computer-generated holograms, Lee (1975), used the moird 

effect between holograms to generate contour map displays showing lines 

of force and equipotential lines for dipoles in a uniform electric 

field. Rogers and Rogers (1977) also used moire" effects to study elec

tric potential problems.

Yatagai and Idesawa • (1977) made a moire" topography null test.

In this test, either a deformed grating may be projected onto the test 

surface so that the projected lines will, be straight for an ideal test 

surface or a straight-line grating may be projected and viewed through 

a deformed grating. The method is equivalent to that used in the opti

cal testing of aspheric surfaces, discussed earlier, but the effective 

wavelength is much longer.

Moire" techniques have been used in analyzing the distortion 

in scanning electron beam lithography systems (Smith, Chinn, and 

DeGraff, 1975). The method is similar to that proposed by Wyant,

O'Neill, and MacGovern (1974). A sample grating generated by the 

lithographic equipment is combined with a holographic reference grat

ing, and the resulting moird pattern is observed by a scanning elec

tron beam microscope.

\



CHAPTER 4

COMPUTER METHODS

Two problems must be resolved before computer-generated holog

raphy becomes a routine procedure. The first problem is an adequate 

graphic device for actually translating the conceptual, digital repre

sentation of the hologram to a recording medium such as film or photo

resist. The device must have good geometric resolution, and a good 

device must be able to draw hundreds of lines constructed from thou- • 

sands of line segments to an accuracy of a fraction of the average line 

spacing. The second problem is adequate software to drive the graphic 

device. The software will execute procedures millions of times and 

must be efficient and flexible.

The first section of this chapter classifies graphic devices 

into two categories, those that draw vectors and those that generate 

rasters. Both have been used in making holograms. The work described 

here uses several digital image recorders, operated in a raster mode. 

The next section describes several methods for encoding the amplitude 

and phase of a general hologram function, as defined in Chapter 2. The 

oldest and most studied of these methods is a technique developed by 

Lohmann and his coworkers. After this review of previous work, the 

general method used in this research will be described in detail.

Once the general method has been described, the next step is to 

apply it explicitly to the problem of optical testing. In this case,

64
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the phase of the hologram function or wavefront is desired and can be 

calculated at any point on the hologram plane. The amplitude of the 

wavefront is assumed to be constant. The holograms that are generated 

now resemble interferograms or distorted gratings. The encoding tech

nique for these holograms is somewhat simpler than the general 

technique. A trapezoidal grating profile can be used to smooth the 

discontinuities that result from quantization of a binary grating 

profile. Finally, computer procedures are given for several common 

hologram functions used in various optical testing applications.

A few words about the language used in the computer procedures 

are appropriate. The actual software is written in Fortran, and the 

subroutines listed in the appendix are Fortran source listings. In 

this chapter, however, an attempt has been made to use a structured 

programming style similar to PASCAL or PL/I. This style permits the 

use of both upper and lower case alphabet. Multiple statements are 

allowed on a single line. IF statements are of the general form if... 

then...else...endif. The else is an optional part of the construction. 

FOR statements are of the form for index = start to end step incre

ment . . . endfor. The construction is similar to the BASIC inter

preter in that start, end, and increment may be expressions. Comment 

statements are of the form c/ . . . /c.



Graphic Devices

There are basically two kinds of graphic devicesvector and 

raster. A vector device is a machine that draws line segments between 

two points on the display medium. A raster device is a machine that 

exposes the display medium in a fixed drawing structure so that each 

resolvable point on the display is set to a distinct intensity or gray 

level. This drawing structure or scan is independent of the picture 

being generated. The human being is an example of a vector device 

when he uses a pencil to draw lines on a piece of paper. Television 

is an example of raster graphics; the picture is traced on the phosphor 

screen by a beam of electrons, which is swept across the screen in a 

regular pattern. The differences between the two kinds of graphic 

devices are illustrated in Fig. 18. The top half of the figure shows 

a vector display. The drawing mechanism may be a pen writing on paper 

or an electron beam drawing on a phosphor screen. The pen is con

trolled by specifying the coordinates to which the pen is to be sent 

and by a flag that indicates whether the. pen is to be up or down. The 

bottom half of the figure shows a raster display. Each resolvable 

point on the display is called a pixel. The pixel is the smallest ele

ment of a digital picture. Each pixel can be set within a limited 

range of intensity values. A television sweeps its electron beam con

tinuously along a single line of the display and modulates the intensity 

of the beam. The picture is composed of an array of discrete lines.



VECTOR GRAPHICS

RASTER GRAPHICS

Fig. 18. Displays from Two Kinds of Graphic Devices.
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A fully digital raster device has discrete pixels that, in turn, have 

a finite number of intensity levels.

In one of the earliest works on computer-generated holograms. 

Brown and Lohmann (1966) gave an example of a hand-drawn hologram.

Fresnel zone patterns and simple spatial filter patterns have also been 

drawn by hand and then photographically reduced. Conventional ink-pen 

plotters were the earliest computer-driven graphic devices; Lohmann 

and Paris (1967b),for example, used a pen plotter with a step size of 

about 0.25 mm and a paper width of 25 cm, giving 1000 resolution points 

across the hologram. Current pen plotters have step sizes approaching 

0.1 mm with paper width of 80 cm or so, or about 8000 resolution points. 

Ink-pen plotters have several disadvantages. Plotting time for a com

plicated hologram may take up to 10 hours (Wyant and Bennett, 1972).

It is very difficult to maintain a consistent flow of ink over that 

time, and repositioning the pen after filling an ink reservoir cannot 

always be done to sufficient accuracy. The dimensional stability of 

the plotter,.even during uninterrupted operation, may be limited to 

only 1500 resolution points that are free from distortion (Wyant and 

Bennett, 1972).

Raster graphic devices have also been used in making computer 

generated holograms. Nagashima and Asakura (1978) have shown, 

for example, that computer-generated holograms may be successfully dis

played on a line printer. Multiple character strikes are used to pro

duce a black gray level, and blanks are used for a white gray level in . 

a binary-coded hologram. Gough and Bates (1972) have also used the
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line printer as a raster graphics device to produce gray-level holo

grams with nine distinct gray levels achieved by overstrikes of up to 

eight characters.

The most common raster device is a cathode ray tube (CRT) 

like that found in an oscilloscope or television receiver. For com

puter graphics, specialized, equipment is available to address and ex

pose individual pixels in the display. Gabel and Liu (1970) and Meyer 

and Hickling (1967) report using an IBM Model 740 cathode ray display 

with 1024 pixels per line. Lee (1970) used a flying-spot scanner to 

generate a raster array. In both cases, the display was photographed 

and the resulting picture photographically reduced to the desired"size.

Several groups have constructed plotters designed specifically 

to eliminate distortion in the final display. Witz (1975) described a 

multislit mask that is mechanically stepped across a photographic plate. 

The hologram is then imaged through these slits onto the film. This 

mechanism is used to increase the geometric precision of pixels from a 

CRT. Schwider and Burov (1976) described an interferometrically con

trolled mechanical plotter for drawing rotationally symmetric synthe

tic holograms. Ichioka, Izumi, and Suzuki (1971) developed a raster 

graphics device they call a scanning halftone plotter, which is a digi

tally controlled CRT.

. Perhaps the most promising device for fabricating computer

generated holograms is the electron beam recorder, which was developed 

to manufacture integrated-circuit masks for the semiconductor industry. 

Biedermann and Holmgren (1977) advocated the use of such equipment for
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making computer-generated holograms. The advantages of the electron' 

beam technique are that: (1) the hologram can be drawn at its final

scale so that no photographic reduction is required; (2) high resolu

tion is possible, with the number of resolvable points exceeding 105 

across a diameter; and (3) the holograms can be inscribed on optically 

flat substrates. Electron beam lithography can, in short, offer reso

lution and accuracy that may approach that of optically generated 

holograms.

The study of digital image processing and the need for display

ing pictures transmitted from space satellites have encouraged the 

development of the digital image recorder. Such equipment can record 

picture arrays of up to 4096 x 4096 pixels. This is sufficient reso

lution for many applications of computer-generated holograms. It ex

ceeds the effective resolution of many ink-pen plotters. Finally, the 

plotting process is often faster and less expensive than for an ink-pen 

plotter. Two different systems were used during the course of the work 

reported here. One is a system used at the Optical Sciences Center, 

called the Pictorial Output Device (POD). The other is a DICOMED image 

recorder installed at the Special Interactive Graphics Laboratory, 

University of Minnesota, Minneapolis.

The POD system uses image data on magnetic tape to generate 

photographic images. A modified Muirhead D700G/3 photographic drum 

recorder is the heart of the system. The drum accepts photographic 

sheet film up to 25 cm square. Data transfer from the magnetic tape to



the drum recorder is controlled by an HP 2115 minicomputer. The pic

ture is scanned at intervals of either 50 or 100 lines per cm. Up to 

256 gray levels are available. The time taken to scan a full format 

picture is approximately 6 minutes at the lower resolution and 24 min

utes at the higher resolution. Data are stored on tape at the rate of 

12 bits per pixel with 1250 or 2500 pixels per line. A user option 

permits the gray scale of the data to be modified through the use of a 

transfer table.

The DICOMED D47 Image Recorder is based on high-precision CRT 

technology. The highest resolution provides a matrix of 4096 x 4096 

pixels over an image area of 84 x 84 mm. Each point in the matrix may

be assigned an exposure value in the range of 0 through 256. The re-
\

corder may operate with either a raster format or random positioning. 

Random positioning allows a single pixel or a raster of any rectangular 

size to be located at any point on the plotting matrix. A time , 

modulation technique is used for film exposure. The image area of the 

CRT is projected through a lens and focused oh the film plane. The 

CRT beam intensity is constant throughout the recording, and set manu

ally to the appropriate index for the film in use. The desired expo

sure level on the film is obtained by unblanking the beam for a length 

of time proportional to the exposure value. This "dwell time" increases 

for larger values of exposure, and may be linearly or logarithmically 

related to the exposure value. The image generation time is about 4 

minutes for a 2048 x 2048 image and 16 minutes for a 4096 x 4096 image. 

Filters may be automatically inserted into the optical train to generate
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color images. The entire recording process can be placed under the 

control of a minicomputer. The computer sets recording parameters 

such as image size, filter color, and recording mode'. Then the com

puter interprets data from a mass storage medium, such as magnetic 

tape or disc, and passes pixel values to the recorder. The magnetic 

tape format depends on the individual installation.

Although these image display devices have exposure values 

that allow 256 gray levels, not all of these levels may be discern

ible on the final developed film. Calibration of the exposure scale 

must include the effects of film processing. Such calibration depends 

on the repeatability of the film developing procedures. Provision can 

be made to adjust the exposure by a suitable pixel transformation. 

Nevertheless, encoding methods that are independent of gray level lin

earity have an advantage over those methods that do depend on accurate 

gray level calibration.

Encoding Techniques

Before the computer techniques used in computing the holograms 

shown in this dissertation are presented, various encoding techniques 

used in the past will be briefly reviewed. Various sources may be con

sulted to compare the advantages of different methods. Bastiaans 

(1977) introduced a set of generalized delta functions to help codify 

computer-generated holograms. Gabel and Liu (1970) and Gabel (1975) 

discussed errors from various coding techniques. Powers (1975) and 

Powers and Goodman (1975) gave a very good discussion of quantization



for the common coding techniques. Ransom (1972) also surveyed several 

popular encoding schemes.

The first encoding techniques for computer-generated holograms 

closely simulated the principles of optically generated holograms. 

Various authors have shown, however, that more abstract techniques for 

coding the amplitude and phase of the hologram function can be used to 

achieve the desired diffraction pattern over at least a limited region 

in space. The more complicated techniques may also generate multiple 

images that, it is hoped, form away from the region of interest. The 

main advantage of these schemes is efficiency of coding, which maxi

mizes the information carried by each plotter resolution element.

Four encoding methods are reviewed here: Lohmann holograms,

Lee holograms, generalized encoding, and kinoforms. This discussion 

will give a historical perspective to the encoding methods adopted in 

this dissertation.

Lohmann Holograms

The encoding method developed by Lohmann and his coworkers 

(Brown and Lohmann, 1966, 1969; Lohmann and Paris, 1967b) has been the' 

most widely studied and used method of encoding amplitude (modulus and 

phase) information into a computer-generated hologram. In this tech- 

nique the hologram function is obtained as a sampled, complex amplitude 

function, usually by calculating a discrete Fourier transform of the 

desired object function. The hologram plane is then divided into an 

array of square cells as shown in Fig. 19, one for each component of 

the discrete Fourier spectrum. A rectangle is drawn in the middle of
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Fig. 19. Hologram Encoding by Lohmann Method.



each cell. The area of this rectangle is proportional to the modulus 

of the Fourier component in that cell, and the position of the rectan

gle is proportional to the phase of the Fourier component in the cell. 

The first diffracted order from the final hologram will regenerate 

the object wave spectrum from the. hologram function, and the desired 

object distribution will appear in the focal plane of a transform lens 

Lohmann adopted the concept of a "detour phaseM to explain the 

encoding of phase into his holograms (Brown and Lohmann, 1966). After 

the detour phase concept was introduced, a number of papers were writ

ten extending the initial theory and examining the phase quantization 

errors introduced. Brown and Lohmann (1969) discussed using a cubic 

interpolation between sample points and setting the position of the 

rectangular aperture in each cell so that the detour- phase equals the 

phase at the center of the aperture rather than at the center of the 

cello Hugonin and Chavel (1976) gave a mathematical analysis of this 

procedure. In related work Chavel and Hugonin (1976) treated the 

problem of phase representation more generally and used multiple aper

tures per cell to present correct phase encoding. Yatagai (1977) used 

an interpolation method based on interlaced Fourier transforms.

- The magnitude of diffraction from the rectangular cell is pro

portional to the product.of the area of the aperture times the trans

mittance of the aperture. „ For binary holograms the transmittance is 

the same for all apertures, The area of the aperture may then be ad

justed in length or width to achieve the desired amount of diffraction
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For ink-pen plotters., the pen stroke has a fixed width, and it is con

venient to fix the width of the rectangular aperture at the pen width 

and encode the amplitude of the Fourier component in each cell by vary

ing the length of the rectangular aperture.

Figure 19 examines a 4 x 4 matrix of Fourier components in a 

typical Lohmann-coded hologram. There is one black diffracting aper

ture per cell. The width of the aperture is fixed and the length is 

proportional to the modulus of the Fourier component for each cell.

No aperture will be plotted for modulus values less than a certain 

threshold value, set by the minimum length of a pen stroke. This con

dition is illustrated in the lower left corner of the matrix. On occa

sion, two apertures will overlap or blend together. This does not 

usually happen often enough to cause any significant change to the 

image quality from the reconstructed hologram, but it can be prevented 

by shifting the aperture by exactly one cell width (effectively a 2tt 

phase shift) so that the diffracting apertures are separated as much as 

possible. This might be done to the third aperture from the left on 

the bottom row, for example.

Lee Holograms

Lee (1970) developed a method of generating the hologram func

tion by decomposing the original complex function into four nonnegative 

quadrature components. The first component is proportional to the real 

value of the hologram function, provided the real part is positive.

The magnitude of this component is encoded into the amplitude, or gray 

level, of a square-wave grating with a duty cycle of %. The result is
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a linear grating whose local amplitude is proportional to the first 

quadrature component. The second quadrature component is proportional 

to the imaginary part of the hologram function, provided the imaginary 

value is positive. This component is encoded into another linear 

square-wave grating, but offset from the first by a phase of m/2. The 

third quadrature component is proportional to the absolute value of the 

real part of the hologram function, provided the real part is negative. 

This component is encoded into a grating with a phase shift of ir.

Finally, the fourth quadrature component is proportional to the abso

lute value of the imaginary part of the hologram function, provided 

the imaginary part is negative. This component is encoded into a grat

ing with a phase shift of 3ir/2.

Since the duty cycle of each grating is %, the four gratings 

will not overlap but will be exactly adjacent to one another. By con

struction, only two grating elements in each cell of the hologram can 

have nonzero gray levels. The others are set to zero. The amplitude 

of light diffracted from a Lee hologram will be the sum of the complex 

amplitudes of the four component gratings. A vector representation of 

the complex plane, as shown in Fig. 20(a), can be used to display the 

final result.

Burckhardt (1970) noted a similarity between Lee's proposed 

computer-generation technique and an optical technique employed by 

Burckhardt and Doherty (1968), and also pointed out a simple modifica

tion of Lee's method. Burckhardt decomposes the hologram function into 

three nonnegative components, as shown in Fig. 20(b), rather than four.
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This reduces the number of subcells required for each sampling cell.

The computation time remains the same because in each case there are 

only two nonzero components.

Originally the Lee hologram method used gray level encoding 

for the amplitude of each aperture. This requires that nonlinear film 

effects be taken into consideration. The Lohmann-style technique of 

adjusting the area of the aperture may also be used to encode the 

amplitude of the hologram. A binary hologram may then be constructed 

with four diffracting apertures per cell, only two of which are used 

at a time. The position of each aperture does not change, as in the 

usual Lohmann technique, but the area is adjusted to produce the appro

priate diffraction for each aperture.

Bartelt and Forster (1978) showed further that using the ampli

tude corresponding to the center of each aperture rather than the cen

ter of each cell results in a better reconstruction. By using all 

three apertures in a Burckhardt-style cell, they showed that a redun

dant degree of freedom is introduced* This extra variable can be used 

to suppress the zero-order diffraction during reconstruction, for 

example.

Generalized Encoding

A number of encoding techniques have been proposed that are 

modifications or generalizations of the Lohmann and Lee hologram 

methods/ Haskell and Culver (1972) first used a cell with two spots 

produced by a computer-controlled CRT to emulate a Lohmann hologram.

This led Haskell to generalize to a cell with a variable number of
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spots, positioned to encode the required phase. The modulus is propor

tional to the number of spots. Powers and Goodman (19 75) analyzed this 

technique. Haskell (1975) and Haskell and Tamura (1975) encoded holo

grams as a superposition of comb functions. Each dot in the image 

plane is produced by a single comb function. This technique avoids the 

direct calculation of a discrete Fourier transform but is suitable only 

for images composed of a relatively small number of discrete dots.

Hsueh and Sawchuk (1978) discussed a double phase hologram that uses 

two diffracting apertures per cell. The area of the aperture is fixed 

and the phase varies to represent the decomposition of the complex 

hologram function into two vectors of constant magnitude. Their imple

mentation differs from that of Haskell and Culver (1972) in the use of 

a parity term to spread out the distribution of amplitude in the holo

gram function. Parity coding is a systematic addition of phase terms 

in the object to influence the form of its Fourier transform, and hence 

the hologram function. The intensity of the reconstruction should be 

independent of this phase term.

Kinoforms and Related Holograms

The kinoform is a phase plate that reconstructs the phase 

distribution of the hologram function. It forms a single image in the 

focal plane, but there are multiple focal planes. The simplest kino

form is a Fresnel lens, which may he interpreted as the kinoform of 

a single point image. The kinoform was invented by Lesem, Hirsch, and 

Jordan (1969). To create a kinoform, the magnitude of the reduced 

phase (2 tt multiples removed) is used to set the gray levels of a
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digital picture. The resulting picture is bleached to remove inten

sity variations on the film. However, the thickness of the film will 

still be modulated in proportion to the original exposure distribution. 

The final film will have only phase variations across the surface.

The kinoform is only useful for object functions for which 

the modulus of the hologram function can be approximated as a con

stant. The fact that a simple hologram works as well as it does for 

a general object is evidence that the phase distribution of the 

hologram function is much more important than the modulus distribution.

Chu, Fienup, and Goodman (1973) described a process in which 

both the phase and the modulus of the hologram function can be con

trolled in a single hologram material. The key is to use a multiemul

sion film, such as Kodachrome II, in which different layers are 

exposed by light of different colors. Upon illumination with the recon

struction, one layer of the emulsion will absorb light while the other 

layers cause phase shifts due to variations in film thickness and 

refractive index. As a result, both the modulus and phase can be 

controlled at each resolution point in the hologram. Further details 

of this method are found in a dissertation by Fienup (1975).

General Encoding Method 

A general encoding method must include the spatial variations 

of both the amplitude and phase of the object wavefront. Chapter 2 

gave the background theory for the method to be presented here.
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The actual technique is very similar to the Lohmann method. The dif

ference should become Clear shortly. As discussed in Chapter 2, the 

grating function that will be used is the binary function rect(x/D), 

where x is the local phase, reduced to the interval -% < x < %, and D 

is the duty cycle, limited to the range 0 < D < 1. The normalized dif

fraction amplitude of the grating function is given by ttD sinc(D), or 

equivalently by sin(irD) . A plot of amplitude versus duty cycle is 

shown in Fig. 21. The maximum amplitude occurs for a duty cycle of 

For amplitudes less than unity there are two choices of duty cycle 

that give the same result.

Figure 22 illustrates the principle of the encoding method 

for a simple example. In the figure, the hologram plane is divided 

into 4 x 4 unit cells corresponding to discrete Fourier components os 

a Sampled function. The amplitude and phase are assumed constant 

over the unit cell. The hologram itself is assumed to be divided into 

a matrix of 16 x 16 pixels. The amplitude of the hologram function 

is constant over the entire hologram with a corresponding duty cycle of 

of 0.25. The phase is assumed to vary linearly at a rate of one wave 

per unit cell in the horizontal direction and 0.25 wave per unit cell 

in the vertical direction. Zero phase is set at the center of the 

aperture of the lower left-hand unit cell.

Under these conditions, each row of unit cells has the same 

reduced phase, as noted on the right-hand side of the hologram. Each 

column of unit cells has the same duty cycle, as noted on the bottom of 

the hologram. Figure 22 is very blocky in texture because of the small 

number of samples and pixels. If the hologram function could be
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Fig. 21. Diffraction Amplitude as a Function 
of Grating Duty Cycle.
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Fig. 22. General Encoding Technique for Constant 
Amplitude and Variable Phase.
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evaluated at any point in the hologram plane, as is the case here, 

and if the number of pixels were increased so that individual pixels 

became indetectable, then the same grating function would give the 

hologram shown in Fig, 23, The same computer algorithm can be 

applied in either case.

Figure 24 is a more abstract example, showing the effect of 

varying the amplitude and phase together. The matrix now consists of 

4 x 5  unit cells in a hologram array of 32 x 40 pixels. As in Fig. 22, 

each row has the same reduced phase and each column has the same duty 

cycle. Let us discuss the rows individually. The bottom row, with 

zero phase,- reduces exactly to the Lohmann method, with the length of 

the aperture fixed and the width dependent on the amplitude over the 

cell. A series of black rectangles is seen; their widths decrease 

from left to right. Five levels of amplitude quantization are possible 

for each unit cell. In each case, the center of the aperture is at 

the center of the unit cell. The next row up is very similar except 

that the phase has been shifted by h-

For phase values of absolute value greater than % wave, the 

black rectangle may overlap the cell boundary, as shown in the second 

row from the top. The encoding method can then be interpreted as in

corporating a white rectangle whose area increases with amplitude, 

following the curve for duty cycle greater than h in Fig. 21. The 

encoding method allows this interpretation because the black rec

tangle is split into two pieces at the edge of the unit cell.
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Fig. 24. General Encoding Technique for 
Variable Amplitude and Phase.



The portion of the rectangle that overlaps is reduced in phase by 

one wave to keep it in the same unit cell.

Another feature of the encoding method is that the duty cycle 

depends on the local amplitude of the hologram function. This ensures 

a smooth transition from discrete unit cells to a continuous function. 

Finally, the length of the aperture is set to fill the entire unit 

cell. This gives continuity of the pattern in the vertical direction 

and minimizes diffraction of light in this direction.

Figure 25 shows the final product of the general encoding 

technique for a simple object. - The letter F was chosen as the object 

because of its simple construction. If necessary, its Fourier trans

form could be calculated exactly as the sum of three sine functions 

since the letter F is constructed of three two-dimensional rect func

tions. In practice, a sampled version of the Fourier transfrom was 

obtained by applying.the discrete fast Fourier transform algorithm to 

a 64 x 64 matrix with the letter F encoded as positive real intensity 

values surrounded by zeros. The size of the letter F was adjusted to 

produce an adequate sampling in the frequency domain. The hologram 

shown in the figure was generated in a 2048 x 2048 pixel array. Each 

Fourier component, therefore, was encoded into a unit cell of 32 x 32

pixels. The hologram is characterized by a small area in the center

where the amplitude is near its maximum. Over most of the area of the

hologram, the amplitude is much smaller.

One measure of the diffraction efficiency of the hologram is 

the fraction of unit cells that have amplitudes greater than a given
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Fig. 25. Computer-Generated Hologram of the Letter F.
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value. If M is the size of the unit cell, in pixels, there will be 

M/2 distinct rectangle widths. The smallest aperture will have a 

relative amplitude of 2/M, and the largest an amplitude of 1. Unit 

cells with amplitudes less than 2/M will be empty. Figure 26 is a 

plot of the distribution of amplitudes for the hologram in Fig. 25.

It shows that approximately 60 percent of the hologram contains rec

tangles, but only about 20 percent of the hologram contains rectangles 

more than 2 pixels wide.

Lohmann and Paris (1967b) discussed several ways of increasing 

the number of visible apertures. The first was to multiply all the 

amplitudes by a suitable factor, such as 3, and then clip the ampli

tudes to a value of unity. They compared this clipping to the satura

tion portion of an H§D curve of film density versus exposure; the low 

level due to amplitude quantization was compared to the threshold por

tion of the H^D curve. An alternative way was to multiply the object 

function by a random phase factor. This is, of course, analogous to 

the optical technique of using a ground glass screen to smooth the 

amplitude distribution in the frequency domain. The major effect of 

the random phase factor on the holographic reconstruction is to intro

duce.granular noise into the. image.

There are, in fact, more general transformations that can be 

used to smooth the frequency spectrum without adversely affecting the 

reconstruction of the original object. Chu and Goodman (1972) dis

cussed such spectrum shaping techniques in detail.
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Fig. 26. Distribution of Amplitude in 
Hologram of the Letter F.



Figure 27 shows the distribution of. amplitude for two simple 

transformation methods: spectrum clipping and random phase factor.

The original curve is included for comparison. The curve for the 

clipped distribution shows that only 4 percent of the unit cells have 

been clipped. However, approximately. 85 percent of the hologram now 

contains rectangles and about 55 percent of the hologram contains rec

tangles more than 2 pixels wide.

Figure 28 shows the hologram that results from scaling the 

amplitudes'and then clipping. The effect closely resembles that of 

an increase in photographic exposure. The structure of the hologram 

is exhibited much more clearly than in Fig. 25. Figure 29 shows the 

hologram that results from applying a random phase factor to the ob

ject. Amplitude variations are much more evenly distributed over the 

surface of the hologram. Note that the inversion symmetry present in 

the previous holograms because they were based on the Fourier transform 

of a real function is not found in the Fourier transform of a complex 

function.

In both holograms of the letter F, the effective carrier fre

quency of 64 fringes across the hologram is clearly evident. One can 

easily visualize the transition to a continuous hologram function since 

the phase and amplitude generally change only a small amount between 

adjacent unit cells. The examples of computer-generated holograms 

given at the end of Chapter 2 are for a much more complicated object 

function. Large phase shifts occur between adjacent sample points, and 

the continuity between rectangular apertures is almost gone. This is
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Fig. 28. Hologram of the Letter F after Scaling 
by a Factor of Three Amplitude.



Fig. 29. Hologram of the Letter F with 
a Random Phase Factor.
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especially true for the example of random phase factor. Nevertheless, 

the encoding technique is still valid, and a recognizable image is pro

duced on reconstruction. '

The discussion of the hologram of the letter F would not be 

complete without at least one picture of the reconstruction. Figure 30 

shows the final result. The original hologram was reduced to about 

5 mm wide, placed between two microscope slides with a drop of index- 

matching fluid, illuminated by converging light from an argon laser, 

and photographed in the focal plane. The use of index-matching fluid 

was essential to producing a clean image because of the thickness vari

ations in the film emulsion.

Algorithm for General Encoding 

This section describes the computer program used to produce 

the holograms of the letter F shown in the previous section. The pro

cess is divided into two subprograms. The first generates the 

complex-valued hologram function as an array of values. Amplitude 

values are scaled from 0 to 1, and phase values from -% to +h- The 

second subprogram actually generates the magnetic tape from which the 

hologram is created. The first subprogram generates an intermediate 

file that describes the hologram function and a table that lists the 

percentage of the hologram having a given range of amplitude values.

This table may be examined to determine whether the encoding process 

will be efficient, as discussed in the previous section. The second 

subprogram reads the intermediate file generated by the first subpro

gram, calculates the position of diffracting apertures for each subcell.



Fig. 30. Reconstruction of the Letter F from a Computer 
Generated Hologram.
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and writes a digital description of each line of pixels to magnetic 

tape.

The first subprogram starts with a complex array A(N,N). 

where N must be a power of 2. Usually N - 64 or 128,. because larger 

arrays cannot be handled economically on the GDC computer being used. 

This array is set to the object picture that is to be transformed. The 

real pixel levels are multiplied by a random phase factor or otherwise 

processed into the complex array. The object array is usually smaller 

than the full complex array and surrounded by zeros to reduce the 

aliasing and improve the sampling in the frequency domain. Next the 

discrete Fourier transform is calculated by using the fast Fourier 

transform algorithm. The result is the hologram function. The real 

and imaginary parts of the hologram array are converted into scaled 

amplitude and phase values. The amplitudes are scaled-to unity. The 

phase is calculated from

phase = arctan2(y,x)/6.28318531. 

where x is the real part and y is the imaginary part of a Fourier com

ponent. The phase is thereby scaled from to +%. The remainder of 

the program Writes the amplitude and phase to a scratch file and cal

culates the cumulative distribution of amplitudes.

The second subprogram starts by setting the unit cell quanti

zation level, which is given by M, the number of pixels per unit cell. 

The number of pixels in the actual hologram is given by NPIXELS = M*N. 

The following steps are taken. For each row of the hologram array:

Set NPIX = 0„ Let IPT(NPIXELS) be an integer pixel array.
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For each column in the row:

(1) The duty cycle is calculated by

DUTY = amplitude/2 

This is an approximation, but it seems adequate, in 

practice. .

(2) The phase is offset by the amount DEL.

DEL = DUTY/2 + %

S = phase + DEL 

This is done so that S is zero at the starting edge of 

the rect function, and equal to DUTY at the trailing 

edge.

(3) Calculate the pixel levels in the unit cell:

for I = 1 to M

NPIX = NPIX + 1

if S - aint(S) > DUTY then IPT(NPIX) = 0 

else IPT(NPIX) = 1 endif 

S = S + l./M 

endfor

This loop incorporates a rect function into the unit cell 

• according to the general encoding scheme given in the pre

ceding scheme. The function aint is an in-line function 

that returns the largest integer in S.

Write out the line of pixels to magnetic tape. Repeat M ■

times. endfor

endfor
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As an example, consider one unit cell with M = 8. Suppose the duty 

cycle is % and the phase is zero. For I = 1 we have S = .75, so IPT 

is zero. ,For I = 2 we have S = .875 and IPT is still zero. For 1 = 3  

we have S = 1.0 and S - aint(S) = zero, so IPT = 1. The complete se

quence of pixels is 0 0 1 1  1 1 0  0. The unit cell will have a rec

tangular aperture centered in the cell.

Wavefront Holograms

The last few sections have shown how to encode a computer

generated hologram with both amplitude and phase information. For 

optical testing applications, the amplitude is constant over the holo

gram and only the phase or wavefront must be encoded into the hologram. 

This section discusses the simplifications that may be used in calcu

lating wavefront holograms.

Wyant and Bennett (1972) were among the first to plot a wave- 

front hologram by drawing the centers of fringes formed by the concep

tual interference between the object wavefront and a tilted plane wave. 

Lee (1974) did much the same thing. He compared the fringes to those 

in a multiple beam interferometer because the fringes are very narrow 

in both situations. Ransom (1975) pointed out that Lee could have 

achieved much better diffraction efficiency by plotting a binary fringe 

pattern with a duty cycle of %. This observation also follows from the 

discussion in Chapter 2 about diffraction from a binary grating. The 

concept of a synthetic hologram itself is perhaps as old as the Fresnel 

zone plate, which may be regarded as an example of a simple synthetic 

binary hologram.
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In contrast with the Fourier transform hologram, the wave- 

front hologram has a simple functional form that can be quickly eval

uated at any point on the hologram plane. Examples of wavefront 

functions will be given in the next section. Fringe-following methods 

use an iterative approach to find the loci of the fringe centers and 

draw the fringes one by one on an ink-pe'n plotter. It turns out that 

using the algorithm from the last section and calculating the phase of 

the wavefront at every pixel (instead of at every unit cell) is an 

efficient procedure also. For pictures up through about 4096 x 4096, 

this method is no more expensive in computer time and much less expen

sive in plotting time than fringe-drawing techniques.

Figure 31 shows a typical binary hologram of a simple wave- 

front. It can be interpreted as an off-axis segment of a Fresnel zone 

plate. The computer program used to produce wavefront holograms is 

listed in the Appendix. This program generates a tape for the Uni

versity of Minnesota DICOMED recorder. A similar program is used 

for the Optical Sciences Center POD system. The major difference is 

that of tape format. The essential features of these programs are 

described next.

The main program is a simple executive program that can be 

changed for different types of holograms. The encoding procedure and 

hologram function are contained in FUNCTION ITEN (X,Y). The arguments 

of ITEN are the normalized coordinates of a point on the hologram 

plane. The hologram is assumed to be defined within a circle of unit 

radius centered at the origin of the x-y plane. Subroutine PODTAPE is 

called to generate the hologram. Subroutine PODLINE is called by
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Fig. 31. Binary Hologram of Wavefront 
with Four Waves of Defocus.
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PODTAPE to output a line of pixels to the magnetic tape. Subroutine 

PODSYM is a character generation routine for the digital picture.

PODTAPE draws four lines, one pixel wide, tangent to the 

extreme edges of the hologram pupil. The corners of this square are 

intended as fiducial points for measuring the size of the pupil when 

the picture is photoreduced. A line of characters is inserted at the 

bottom of the picture to uniquely identify the hologram. Otherwise 

many holograms could easily be confused with one another.

Figure 31 shows a background pattern of moirS fringes, formed 

by the overlap of straight sections of pixels. The overlap region has 

a different duty cycle than the regions that do not overlap. This 

effect has been noted by others. Rosen(1968) documented the effect in 

line-printer raster graphics. The moire effect depends on the quanti

zation of the picture into pixels and decreases as the number of pixels 

per fringe is increased. The effect can be very annoying. It appears 

in reconstruction as a background variation in intensity superimposed 

by the desired fringe pattern. The moird effect can be greatly reduced 

by using the gray scale capability of image recorders. The trapezoidal 

grating function described in Chapter - 2 may be used to taper the edges 

of the fringes. This smooths out the regions of overlap and reduces 

the moire effect. Figure 32 shows another simple wavefront in a holo

gram using a trapezoidal grating function. The moird effect is very 

small in this example.

The trapezoidal grating function can be implemented in a very 

general way. The method can easily be extended to other grating pro

files. First, the profile is divided into K equal increments, as shown



Fig. 32. Trapezoidal Profile Hologram of Wavefront 
with 3.5 Waves of Astigmatism.
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in Fig. 33. The grating, function itself has been defined over the 

period from zero to unity and divided into K - 20 samples. These sam

ples are stored in a table in the array LEVEL(K). The following sim

ple procedure illustrates how an off-axis zone plate, like that in 

Fig. 31, might be created.

function iten (x>y)

c/ " This is an off-axis zone plate. The tilt is given by

TILT in fringes/radius, and the focus by FOCUS in fringes/radius.

Unit pupil coordinates are assumed. /c

common level (20) , TILT, FOCUS

r2 = x*x f y*y

if r2 1.0 then iten = 0 return endif

S = 1000.0 + TILT*x + FOCUS*r2

I = mod( int(20.*S), 20 ) + 1

iten = level (I)

return

end

The above procedure calculates the pupil radius and sets the 

pixel intensity to zero if the calling arguments lie outside the unit 

pupil. The parameter S is essentially equal to the phase function.

The constant term is added to ensure that S will be a positive number. 

The index I is found by modulo arithmetic, and pixel intensity is 

then determined by a table look-up.
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Special Functions

So far in this chapter we have dwelt on the problem of

actually encoding either the wavefront phase or both amplitude and

phase into a hologram. Now we turn our attention to the hologram

function itself. The hologram function is evaluated for every pixel
3

in the hologram. For a square picture of 10 pixels per line, the 

function must be evaluated 10  ̂times during the creation of one holo

gram. For larger pictures it becomes more economical to use a fast 

interpolation scheme rather than evaluate the function itself at every 

point. Otherwise, direct evaluation of the function is more accurate 

than interpolation. Finally, a little care in the expression of the 

hologram function will pay off in reduced computer costs because the 

function is evaluated so many times.

In the remainder of this section, we examine the details of the 

hologram function for various holograms that appear in this disserta

tion. The first function is the polynomial expansion, which is used 

in optical testing to represent an aspheric wavefront. The next func

tion is a crossed-grating or square matrix, which we use in measuring 

plotter error. The use of the crossed grating is discussed in more 

detail in Chapter 7. A third interesting function involves the use of 

radial coordinates, in particular fringes equally spaced radially and 

azimuthally. Finally, we give some details on producing a 

computer-generated scatterplate such as the one shown in Chapter 2.
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Polynomial

The polynomial expansion has the general form

W 2 4 6 8

where a^ is a piston term, is a focus term, and a? through a^

are aspheric coefficients. A tilt term must be added to this poly

nomial to separate diffraction orders. This expansion should be -written

to minimize the number of arithmetic operations, such as multiplica-
2tions. Since the expansion is really a function of the variable r ,

2it should be calculated only once. Let q = r . Then the polynomial 

can be written as

Continued multiplication is used to reduce execution time.

The variable S is given in general by

S = 1000.0 + TILT * X + W(X,Y)

where the TILT term sets the basic grating period, W(X,Y) is the holo

gram function (wavefront), and the constant 1000.0 is used to keep S 

a positive real number for all points (X,Y) inside the hologram pupil.

W = a0 + q(a1 + q(a2 + q a3 + a^q))).

The final algorithm is given below. A simple binary grating

function is used.

function iten (x,y)

c/ This is an aspheric wavefront /c

common TILT, FOCUS, AD, AH, AF
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x'2 = x*x + y*y

if r2 > 1.0 then iten = 0  return endif

S = 1000.0 + TILT*x■+ r2*(FOGUS + r2*(AD + r2*(AE + AF*r2))) 

if S - aint(S) > 0.5 then iten = 1 else iten = 0 endif 

return 

end

Crossed Linear Grating 

A crossed grating is a pattern of squares representing a single 

spatial frequency in the vertical and horizontal directions. Because 

a binary grating function is used, there will be diffracted orders on 

a regular grid in the frequency plane. Maximum diffraction efficiency 

results when the black and white areas of a unit cell are equal. This

is equivalent to a duty cycle of 0.707. The final hologram function is

expressed in the following procedure:

function iten(x,y) 

c/ crossed linear grating

FX = frequency in x-direction

FY = frequency in y-direction

DUTY = duty cycle

/c

common FX, FY, DUTY 

r2 = x*x + y*y

if r2 > 1.0 then iten = 0 return endif

S = 1000. + FX*x

T = 1000. + FY*y



110
if S - aint(S) > DUTY or T - aint(T) > DUTY

then iten = 1

else iten = 0 endif

return

end

Polar Coordinates

To obtain equally spaced radial fringes, we need only a term 

proportional to sqrt(x*x + y*y) in the procedure for the hologram func

tion. Azimuthally oriented fringes require a term proportional to 

tan ^(y,x). This trigonometric function requires more execution time 

than does a simple polynomial approximation to the arctangent. The 

approximation is shown in the following procedure for angular fringes.

function iten (x,y) 

c/ Angular fringes

TILT = carrier tilt

ANGL - number of angular fringes per quadrant

/c

common TILT, ANGL

logical F

if abs(x) < abs(y)

then G =■ x/y; F = G > 0.0

else G = y/x; F = G < 0.0

endif
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G = 0.64*abs(G)/(1.0 + 0.28*G*G)

if F then G = 1.0 - G endif

S = 1000.0 + TILT*x + ANGL*G

if S - aint(S) > 0.5 then iten = 1 else iten = 0 endif

return

end

This procedure requires that either x or y be nonzero.

Scatterplate

The computer-generated scatterplate is a departure from the 

usual encoding problem. The requirement is to generate a pattern of 

random dots over the first half of the hologram plane, and then to 

invert that pattern from left to right and from top to bottom over the 

lower half of the plane. Furthermore, it was decided to place a cross

hair at the center of the pattern for alignment of the scatterplate in 1 

the interferometer. In the following procedure, LENX is the number of 

pixels in one quadrant and LEN is the number of random pixels in one

quadrant. The width of the cross hair, in pixels-, is 2* (LENX-LEN) .

The total number of pixels per line is 2*LENX.

Random mass storage routines, OPENMS, REALMS, and WRITMS, are 

used as scratch storage on the logical unit tape. .'The function RANF 

returns a random number between 0 and 1. The procedure PODLINE

writes a single line of pixels on magnetic tape.

The first half of the hologram.is constructed by calling the 

random number generator for each pixel and writing the results for each 

line on magnetic tape and on mass storage. Next the horizontal
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cross hair is generated. Then the bottom half of the hologram is gen

erated by reading in lines from mass storage in the reverse order from 

which they were written. The order of the pixels in the line is re

versed and the line is written to magnetic tape. The following computer 

procedure gives the details of the calculation.

c/ computer-generated scatterplate /c 

common IA(2048), INDEX(1017)

LBN: - 1016

LENX = 1024

NPIXEL - 2*LENX

MID = NPIXEL - LEN + 1

call OPENMS(tape,INDEX,LEN + 1,0)

c/ construct first half of hologram /c

for J = 1 to LEN

for I - 1 to NPIXEL; IA(I) = 63; endfor

for I - 1 to LEN

if RANF(I) > 0.5; then IA(I) = 0; endif

endfor

for I = MID to NPIXEL

if RANF(I) > 0.5; then IA(I) = 0; endif

endfor

call WRITMS(tape,IA,NPIXEL,J)

call PODLINE

endfor



c/ write out blank cross hair /c

for I = 1 to NPIXEL; IA(I) - 1; endfor

for J = LEN + 1 to MID -1; call PODLINE; endfor

e/ now construct second half of hologram /c

for J = LEN to step -1

call .README(tape,IA,NPIXEL,J)

ITOP = NPIXEL

for I = 1 to LEN; ITMP = IA(I); IA(I) = 

TA(ITOP) = ITMP; ITOP = ITOP -1; endfor 

call PODLINE 

endfor

IA(ITOP)



CHAPTER 5

RAY TRACING

The function- of an optical system is generally to accept a 

spherical cone of light diverging from one of many possible object 

points and transform that light into another spherical wavefront con

verging on a desired image point. Aberrations arise from the failure 

of the optical .system to perform this function perfectly. Instead of 

a spherical wavefront with all rays pointing to the image point, a real 

optical system produces a deformed wavefront, and rays constructing 

normal to this deformed wavefront do not all point to the ideal image 

location. Geometric optics uses Snell's law of refraction and geom

etry to trace individual rays through an optical system. The shape of 

the wavefront is obtained from the accumulated optical path through 

the optical system and the ray direction after the last surface.

Ray tracing is used to construct a model of the wavefront gen

erated by the optical system that is-to be tested. This model is used 

to predict the hologram function at the location of the hologram so 

that a synthetic hologram may be constructed and inserted at that loca

tion. As discussed in Chapter 3, a diffracted order from the hologram 

may be used to construct an interference pattern with the actual optical 

system. The shape and spacing of the resulting fringes is very sensi

tive to the difference between the real optical system and the model

represented by the hologram.

114
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This chapter presents the actual methods used to trace individ

ual rays through the optical system, as expressed in a computer pro

gram. References used to document this ray trace include textbooks 

by Welford (1974) and Kings lake (1978) .■

A description of the methods used in ACCOS, a proprietary lens 

design computer program written by Gordon Spencer at Scientific Calcu

lations, Inc., was also helpful.

Commercial ray tracing programs may be used to calculate the 

wavefront produced by test systems. Considerable care must be taken, 

however, to ensure that these programs are used properly. Successful 

application of ray tracing programs is more likely if the method itself 

is well understood. For this reason, a detailed treatment of ray trac

ing is included in this dissertation.

Description of the Optical System 

Ray tracing procedures are used for tracing a geometric ray of 

light through a system of multiple surfaces and refractive media. A 

standard set of conventions and definitions has been developed to de

scribe an optical system. This section summarizes the conventions 

necessary to describe an optical system consisting of flat or spherical 

surfaces centered on a common optical axis.

An optical system is a series of surfaces starting with an 

object surface and ending at an image surface. The surfaces are num

bered consecutively, in the order in which light is incident upon them. 

The object surface is numbered zero. A general surface is given the 

number j. In equations where no confusion is likely to result, the
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subscript j denoting the surface number will be omitted from variables. 

Thus the radius of the j-1 surface will be written r-i the radius of 

the jth surface will be written r, and the radius of the j+1 surface 

will be written r+V.

Certain key words are used to define surface variables for in

put to a computer program. Each input line represents a single surface, 

and the lines or cards are arranged in numerical order. Individual 

items on a line may be given in any order and written in free format.

The essential key words are as follows:

Variable Key word Value

Radius RD r

Curvature CV c

Thickness TH t

Refraction GLASS n

Reflection REFL

A right-hand coordinate system is used. The optical axis is 

assumed to coincide with the Z axis. A local coordinate system is con

structed at each surface, with the vertex of the surface at the origin 

of the coordinate system. The radius of a surface is its radius of 

curvature. It will be considered positive when the center of curvature 

lies along the positive Z axis. The curvature of the surface is 

c = T/r. Flat surfaces are conveniently described as surfaces for 

which c =; 0 .. The thickness of a surface is the axial separation 

between the current surface and the following surface. All quantities 

between surfaces are given the number of the immediately preceding
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surface. The axial thickness is positive if the next surface is physi

cally located in the positive Z direction. The index of refraction for 

the medium between surface j and surface j +1 is given at surface j. A  

positive index is used to represent light traveling along the positive 

Z direction. Otherwise, the index is negative. Optical layouts con

ventionally show light traveling in a positive direction from left to 

right. A reflection indicates a change in the direction of light at 

surface j. The absolute value of refractive index is unchanged.

The position coordinates of a ray at the point of intersection 

with surface j are given by (X̂  , Y y 2 p  . The optical direction cosines 

are the products of the index of refraction and the direction cosines 

of a ray in the medium following surface j. They are denoted

Ray Transfer

Ray transfer is the process of propagating a light ray in a 

single medium. The transfer equations may be given parametrically as

X = X + K S
"1 "1

Y = Y + L S
-.1 "1

Z = Z + M S
-1 "1

where (X,Y,Z) are the coordinates of a new point along the ray and S 

is the reduced pathlength. A reduced distance is equal to the physi

cal distance divided by the index of refraction. An optical path- 

length is defined as a physical distance multiplied by the index of
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refraction. The optical pathlength (OPL) is given, therefore, as 

n_i2S.

Ray Refraction

Ray refraction is the change in optical direction cosines at 

a surface that forms the interface between two media of different 

refractive index. The refraction equations may also be given para

metrically. They are

where (K,L,M) are the optical cosines after refraction, (k,l,m) are 

the direction cosines of the normal to the surface at the point where 

the ray intersects the surface, and F; is a parameter related to the _ 

optical power of the surface.

The parametric refraction equations require some justification 

before the meaning is clear. The starting point is a vector represen

tation of Snell's law. Consider the vector it given by (K,L,M) and the 

unit normal to the surface n at the point where the ray intersects the 

surface (k,l,m). Snell's law is given by

Let and I be the angles of incidence and refraction at the inter-

K = K_i + Fk

L = L-i + FI (5-2)

(5-3)

face. Snell's law states that the incident and refractive rays are

coplanar with the normal and that

n_ i sinl_i = n sinl. (5-4)
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Let us now examine the vector triple cross product obtained from 

Eq. (5-3) by taking the cross product again with the unit normal:

(5 x n) x n - (it-1 x n) x n

(n-n)R - (n-t.)n = (n-n)^! - (n.R)n.

^ = R_l + (it"R - n-R-i)n

R = 5-i + Fn (5-5)

The resulting expression has been simplified to the vector representa

tion of Eq. (5-3). The parameter F is obtained as ,

F = n • R - n • R_ i
t = n cos I - n- 1 cosl-i. (5-6)

Starting the Ray Trace 

Given the coordinates (X_i,Y_i,Z_i) of a ray at surface j-1 

and the optical direction cosines (IC. ̂ , L-^ ,M_^), we wish to find new 

coordinates (X,Y,Z) at surface j and optical cosines (K,L,M) of the 

ray after refraction or reflection at that surface. We proceed by 

first finding a point in the near vicinity Of the next Surface and 

then finding the additional path to the actual ray intersection. For 

aspheric surfaces an iterative method must be used to find the actual 

intersection. For conic surfaces an exact expression may be obtained.

Consider the point of closest approach to the vertex of the 

next surface. This point is found by constructing a vector normal to 

the ray from the origin of the surface. This means that the dot
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product between the two vectors must be zero, or

X^K_i + Y^L_i + Zrjd'I-! = o- (5-7)

This point is described parametrically as

XT = X_! + K_iS

Yt = Y-i + L-iS (5-8)

ZT = Z- i.-T_ % + M-iS

where the last component incorporates the axial separation between the 

local coordinate system for surface j-1 and surface j. The reduced

pathlength S is obtained by substituting Eq. (5-8) into Eq. (5-7). The

result is

S = - + Y-iL-i + (Z^i-T-^M-xl/N-!2 . (5-9)

The sum of the squares of the optical direction cosines was n-i2.

Tilts and Decenters 

The local coordinate system may be tilted or decentered with 

respect to its normal relationship to the previous surface, namely 

a simple transfer of the origin along the Z axis. The ray coordinates 

and optical cosines must be transformed to this new coordinate system 

before further calculations may be undertaken.

Tilt is expressed as a set of Euler angles (a,8,y). The pre

scription for a general title is to rotate about:

(a) X axis through angle a,

(b) New Y axis through angle g,

(c) New Z axis through angle y.

Positive rotations are counterclockwise in the appropriate planes.



A set of individual rotation matrices Ŝ Cct), ■£%(£), and 5?(y) are used:

Z 1 o 0 \
d?(a) = I 0 cosa -since I

y 0 since cosaJ

I cosg 0 sing\
d?(B) 0 1 0

\-sing 0 cosg J

/ cosy siny 0\
5?Cy) = (-siny cosy 0V 0 0 v

The resultant rotation matrix, 5?, for the surface is

SR. = ^(y) 0?(g) 6^ (a)

The multiplication operation is not commutative.

Decentering is a displacement of the origin of the new coordi

nate system with respect to the original, untilted local coordinate 

system. and are the decentration distances. An axial shift

along the Z axis is equivalent to a change in the separation between 

surfaces.

The transformation is given by the following replacements:



where the symbol := means "is replaced by."

A reverse tilt operation must be performed to cancel the 

effect of a previous tilt operation. The transformation is

where is the transpose of the rotation matrix SR.

After a tilt of decentration, a correction must be calculated 

to restore the ray point to the closest approach for the new origin. 

The change in reduced pathlength is

q = -[XrK_! + Yt L_i + Z^LiJ/n.i2 .

Then
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Ray Transfer to a Conic Surface 

A general surface is defined by the equation

F(X,Y,Z) = 0, (5-15)

The form of F(X,Y,.Z) depends on the type of surface. A conic surface 

of revolution is defined by

F(X,Y,Z) = Z - he [X2 + Y2 + (k+1) Z2], (5-16)

where k is the conic constant of the surface. The parametric equations

of the ray in the local coordinate system are

X = XT + K-iq
Y = Y,r + L-iq (5-17)

Z = ZT + M-iq

let 'us substitute Eq. (5-17) into Eq. (5-16). The result is a quadra

tic equation in q:

Aq2 - 2Bq + C = 0

where

A = c(K-i2 + L-i2 + M-\2 + kM-i2)
. B = •-c(K-iXt +'L-1Yt + M_1Zt + kM_1Zt) + M_x (5-18)

C = c[XT2 + Yt2 + (k+1)Zt2] - Zt .

The coefficients of A, B, and C can be simplified by the fact 

that the sum of squares of optical cosines in A is n_^2and that the 

dot product represented by the first three terms in the brackets in B 

is zero. The net result is that

A = c(n_i2 + ^JM-12)
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C =; -2F(Xt ,Yt ,Zt) . (5-19)

The two solutions to Eq. (5-18) are

q = B + sqrt(B2 - AC) (5-20)
H A

For nearly flat surfaces, it is preferable to rewrite the solution as

q =----------- — -:------------------------------- (5-21)
B ± sqrt(B2 - AC).

If the argument of the square root is negative, the ray has failed to 

intersect the surface. Normally the intersection point closest to the 

vertex is chosen. This is the solution with the smallest value of q. 

Sometimes, for severe surfaces, the other intersection point is-re

quired. This choice is called the alternate surface intersection op

tion. For spherical surfaces, the coefficients A, B, and C can be 

further simplified by the fact that K = 0. The result is that

A = c n_i2

B = M_i (5-22)
C = -2F(Xt,Yt,Zt).

For planar surfaces, the coefficients A, B, and C can be further simpli

fied by the fact that c = 0. The result is that

A = 0

B = M_ 1 . (5-23)

C = -2Zr

Refraction and Reflection 

The normal to the surface at any point on the surface is given

by
VF(X,Y,Z) = Gn (5-24)
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where n is the unit normal and G the magnitude of the gradient. The

angle of incidence is given by the dot product between the surface nor-
-mal and the ray vector R_i (see Eq. 5-3) . Let us define V = IL^VF.

Then
V = GR_i-n = n_i G cosl_i. (5-25)

Snell's law can be used to calculate the angle of refraction:

n sinl = n_i sinl-i.

n2 n2 cos2I = n_i2 - n_i2 cos2I_i (5-26)

n:2 cos21 = n_]_2 cos2I,\ - (n_i2 - n2) .

A new dot product W can now be defined for the refracting medium:

. W - nG cosi = ± sqrt |V2 - G2 (n_;2 - n2)] . (5-27)

If the argument of the square root is negative, the ray has been to

tally internally reflected at the surface. The sign of W should nor

mally be the same as the sign of V for refraction, and W = -V for 

reflection.

The parametric equations for refraction, from Eq. (5-2), may 

now be written

K = K_i + FKs

L = L_i + Vis (5-28)

M = M_ i + TMs

where

v- = 9F (x,y, z) 
s 9X

Ls = (5-29)
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and

r = -  ~ V' . ' (5-30)
G2

Equation (5-30) is obtained from Eq. (5-6). An extra factor of G is 

included to reduce the gradient vector to a unit normal vector.

Refraction at Conic Surface 

Simplified expressions can be obtained for V and G2 for the 

case of a conic surface. Examining these expressions gives us further 

insight into the nature of the calculation for most common optical sur

faces.

For a conic surface, the gradient is given by

K = -cXs

Ls = -cY (5-31)

M  = 1 - c ( k + 1 ) Z

By definition, G2 is given by

G2 = IC2 + Ls2 + Ms2, . (5-52)

which can be reduced to >

G2 = 1 - k c 2 [x2 + y2] . (5-33)

by substituting from Eq. (5-31) and using the fact that F(X,Y,Z) = 0.

By definition, V is given by

V = K^K_i + LsL_i + MsM_i. (5-34)

This can be reduced to

V = B - qA (5-35)
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after substituting Eq."(5-17) into Eq. (5-31), in turn substituting the 

results into Eq. (5-34), and using the definitions'from Eq. (5-18). If

we use Eq. (5-20) for q, the equation for V can be•finally reduced to
. v ■ :

V = + (B2 - AC ) 2 (5-36)

The sign chosen must be consistent with the choice made in Eq. (5-20) 

or (5-21).

Transfer to a General Surface 

The solution for the intersection of a ray with a general sur

face cannot be obtained in closed form for all types of surfaces. An

iterative solution to the equation can be obtained, however. A guess 

is made for ray coordinates (X 1 ,Y ',Z '). that satisfies the parametric 

ray transfer equations. This is done by selecting an initial value for 

q in Eq. (5-17). ' Usually q is chosen so that the ray intersects a 

nearby conic section. We seek an improved solution of the form

X = X ' + K_ ̂ q '

Y = Y ' + L_ ̂ q ’ (5-37)

Z = Z ' + M_ i q ’.

Let us expand F(X,Y,Z) in a first-order Taylor expansion about 

the point (X ',Y ',Z '):

F(X,Y,Z) = F(X,,Y',Z').+ Ks(X - X’) .

+ Ls(Y - Y') + Ms(Z - Z’) (5-38)

where (K^,L^,Mg) are defined from Eq. (5-29). • Equation (5-37) is ap

plied to restrict the solution to the ray:
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F(X,Y,Z) = F(X ', Y ', Z ')

+ ■ CKSK_! + LSL_! + MsR.1)qJ

F(X,Y,Z) = F(X',Y%Z') + Vq'. (5-39)

The appropriate solution for q is obtained by setting the right hand

side of Eq. (5-39) to zero and solving for q-:

- = , (5-40)

The net pathlength is accumulated as q := q + q?. The new

solution now becomes the next guess for an improved solution. Itera

tion continues until the designated number of steps has been reached 

(which.represents a ray trace failure) or the value of F(X,Y,Z) has 

dropped below a specified tolerance (which signifies a successful ray 

trace).

Finishing the Ray Trace 

The total reduced pathlength for the ray from the previous 

surface to the current surface is given by

S = s + q, (5-41)

where s is the pathlength required to transfer the ray close to the 

vertex of the current surface and q is the additional pathlength re

quired to transfer the ray to the surface. The optical pathlength OPL 

between the last surface and the current surface is

0PL_i = n_i2S. (5-42)

The optical path difference between the ray and some central ray is

accumulated surface by surface. Let COPL be the optical pathlength for
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the central ray. Then the optical pathlength difference OPD for sur

face j is defined as

OPDj = OPL. - COPIy. (5-43)

The total OPD is the sum of surface contributions from the entrance 

pupil sphere to the exit pupil sphere, After the ray has been traced 

to the image, the intersection of the ray with the tilted pupil spheres 

must be calculated. The additional pathlengths required to transfer 

the ray to the pupil spheres must be added to the total OPD. Finally, 

the exit pupil coordinates (on the sphere) must be obtained.

Let (X ',Y Z ') be the coordinates of the ray at the location of 

a paraxial pupil and (X, Y, Z) be the coordinates of the central ray at 

the paraxial pupil . Let (X,o,Yo ,Zq) be the coordinates of the image in 

the local coordinate system of the image and (K^,L^,M^) be the optical 

cosines of the ray in image space. Construct ray difference coordi

nates (X^,Y^,Z^,) and the coordinates of the central ray (X,Y,Z) must be 

transformed to the local coordinate system of the image. Note that the 

coordinates of the central ray must be both decentered and tilted but 

that the ray difference coordinates should only be tilted. Difference 

coordinates for the center of the reference sphere (X^,Y^,Z^) are ob

tained from

Xg - Xq - X

Y = Y0 - Y  (5-45)

Zs = z0 - z .

For an afocal system the reference sphere is centered at infinity and
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a tilted reference plane is used normal to (K ,L Finally, pupil

coordinates are given by

X = Xr + M
Y = Yr + M (5-46)

Z = Zr + Mrq

where q is the reduced pathlength required to transfer the ray to the 

pupil surface. Note that only two pupil coordinates are independent 

because the point (X,Y,Z) is constrained to fall on the pupil surface. .

Consider first the transfer to a reference plane. The equation 

for the plane is

F(X,Y,Z) = KsX + ITY + M Z. = 0. (5-47)

To find the intersection point, substitute Eq, (5-46) into Eq. (5-47)

and solve for q. The result is

K X + L Y + M.Z 
S T  5 r S r  (5-48)K K  + L L  + M M  ' s r s r s r

Now consider the transfer to a reference sphere. The equation 

for the sphere is

F(X Y Z) = X2 + Y2 + Z2 - 2XX

-2YY - 2ZZ . - (5-49)s s v J

and the radius R of the reference sphere is

R2 = X 2 + Y 2 + Z 2. (5-50)s s s

Finding the intersection point requires the solution of the following 

quadratic equation in q:
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Aq2 - 2Bq +.G = 0 (5-51)

where

A = n2

B = (KrXs * LrY3 . MrZs)

-(KX + L Y  + M Z )r r r r r r

C = (Xr + Yr + zr )

-2 (X X + Y Y + Z + Z ) ̂r s r s r s'

and n is the index of refraction in the image medium. The appropriate

solution to the quadratic equation is

q = ------ — --p - (5-52)
B + (B2 - AC) 2

The sign is chosen to produce the smallest value of q. If the argument

of the square root is negative, the ray has failed to intersect the

reference sphere. Under these circumstances, one should set the pupil, 

surface farther from the image.

Suppose we take Eq. (5-51) and express all coordinates as sim

ple direction cosines, by dividing by the radius R of the reference 

sphere. The reference sphere can, in fact, be projected to infinity 

by letting A = n2/R go to zero. Then Eq. (5-52) reduces to the simple 

expression q = lgC/B. The expression will fail only when the center of 

the reference sphere is also at infinity, in which case an. afocal calcu

lation should be made.

Once q has been found, the final OPD is generated by OPD :=

OPD + n2q. The calculation for q is made for both the entrance pupil
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sphere and the exit pupil sphere, so that the total OPD is calculated 

between these spheres.

Small Changes in Reference Sphere

We wish to consider the change that must be added to the OPD

if the center of the reference sphere is shifted by a small amount.

Consider a shift in the reference sphere of (S'X ,6 Y ,6 Z ) . The inter-e s s s
section of each ray with the reference sphere must be adjusted by the

amount (5X,6Y,6Z). The net changes in OPD is given by n2&, where A is

obtained from

6X = K Ar
SY = LrA (5-53)

6Z = M Ar

If the changes are small enough to be treated as differentials, the new 

reference sphere may be expressed as F(X,Y,Z) + 6F(X,Y,Z) = 0. The

differential of F(X,Y,Z) as given in Eq. (5-49) is

6F(X1YiZ> = 2[(X - Xs)6X + (Y - YS)6Y

+ (Z - Z )6Z - X6X - Y6Y - Z6Z ] .s s s SJ
(5-54)

Making the substitution indicated by Eq. (5-53) yields

6F(X,Y,Z) = -2[BA + C] = 0 (5-55)

where

B = (X - X) Kr + (Y - Y) L + (Z - Z)M s s r s r

C = X6X + Y6Y + ZSZ .s s s
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If R is the radius of the reference sphere, then the normal to the ref

erence is given by Eq. (5-29), namely

X - X
h = -hr-

Y - Y
L = — ---- (5-56)
5 R

Z - Z 
M = — — ■—
5 R

where K , L and M are the direction cosines of the unit normal vector s s s
inward. The coefficient B is just the dot product of the ray with the 

unit normal, or

B = nR cosl (5-57)

where I is the angle between the ray and surface normal. If there were

no aberrations, the angle I would be zero. In the limit as the refer

ence sphere goes to infinity, this angle becomes very small. In either 

case we take cosl - 1 so that B = nR. The change in OP'D is then given 

by AOPD = n2C/B or

AOPD = 2. (X5X + Y6Y + Z6Z ) . (5-58)R s s s-

Recall that the point (X,Y,Z) must be on the reference sphere. If X and

and Y are close enough to the origin, the sag Z of the reference sphere •

may be written as Z = %(X2 + Y2)/R. Then

AOPD = g- (SX )X + (6Y )Y R s s

; C5-59)

gives the change in OPD for a change in image location and focal shift„



CHAPTER 6

OPTICAL TESTING

Optical testing refers to the measurement of properties of 

optical materials, components, and systems. The properties measured 

are those that affect either the amplitude or the phase of the optical 

radiation that passes through the parts in use. They include dimen

sional properties such as thickness and curvature, physical properties 

such as index of refraction and scattering coefficients, and engineer

ing properties such as resolution and spatial frequency spectrum. The 

major emphasis in optical testing Is on determining changes in the 

phase of the radiation. In optics a wavefront is a surface of constant 

phase. For an ideal imaging system the wavefront is a sphere centered 

on the image point for light originating from a specified object point. 

Deviations from this spherical surface are called aberrations. Optical 

aberrations may be inherent in the design of a component or system or 

may result from manufacturing imperfection.

The classic instrument for measuring optical phase surfaces or 

wavefronts is the interferometer. This device works on the principle 

that two coherent wavefronts will interfere to form a pattern of vary

ing intensity called fringes if the phase difference between the two 

wavefronts is constant. Bright fringes appear in regions of construc

tive interference and dark fringes in regions of destructive 

interference.

134
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'.The computer-generated hologram can be used to produce a wave- 

front of arbitrary shape. If this wavefront matches a wavefront from 

the element under test, the resulting interference fringe pattern will 

consist of a series of equally-spaced straight lines. The test is 

called a null test because the final result is a uniform plane wave- 

front.

This chapter opens with a discussion of interferometer types 

and principles of operation«• The yy-diagram technique is introduced 

to graphically categorize some of these principles. Next follows a 

discussion of how a hologram can be inserted into an interferometer and 

used to generate a prescribed reference wavefront. Then the character

istics of typical aspheric surfaces are reviewed. There is a short 

discussion about the choice of best focus for an aspheric element. The 

conclusion is to use the criterion of minimum absolute spot size.- The 

major steps in making a hologram are reviewed and then discussed indi

vidually in.more detail. The chapter concludes with the results of a 

test demonstrating the use of computer-generated holograms in an opti

cal testing application. A 10-cm-diameter, f/2 parabolic mirror is 

tested with the aid of a computer-generated hologram. The goal of this 

chapter is to convince the reader that computer-generated holograms can 

be used routinely in optical testing and are no more difficult than 

other kinds of optical tests.

Interferometer Design 

Interferometers come in many shapes and sizes. Some are based 

on a division of wavefront, such as in Young's experiment, in which
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light from a single pinhole is allowed to illuminate two slits (or 

pinholes). .The light from these two diffracting apertures overlaps on 

an observation plane and forms fringes. Young's apparatus has been 

used in classical measurements of coherence of light. Other inter

ferometers are based on a division of amplitude. When two glass sur

faces are brought close together, almost in contact, light reflected 

from the two surfaces will interfere to produce fringes. This princi

ple is used to test optical components, by placing the surface under 

test in contact with a standard test plate and observing the resulting 

fringe pattern. In the Michelson interferometer, an incident beam of 

light is divided into two separate beams by a half-silvered plate1of 

glass, called a beamsplitter. The beams are reflected from two mir

rors, as shown in Fig. 34, and recombined at the beamsplitter. A 

virtual image of mirror 2 appears in the vicinity of mirror 1 , so the 

fringe pattern that results is optically equivalent to placing the two 

surfaces in near contact. The Twyman-Green interferometer closely 

resembles the Michelson interferometer except that it uses a point 

source imaged at infinity instead of an extended source.

Interferometers that place optical surfaces in near contact 

are called Fizeau interferometers. The beam from the test surface and 

the beam from the reference surface cover very nearly the same path.

If the surfaces are highly.reflecting, multiple beam fringes win be 

obtained. The fringes will be spaced the same distance apart as for 

low-reflecting surfaces, but the dark fringes will.be much narrower 

than those generated by low-reflecting surfaces. Fizeau
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Fig. 34. Optical Layout of Michelson Interferometer.
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interferometers, however, can be used only to test individual surfaces, 

rather than extended optical elements or assemblies. For testing plane 

or spherical surfaces, the test surface is tilted with respect to the 

reference surface to produce straight, evenly spaced fringes for a good 

test surface. If the test surface is aspheric, two problems arise in 

using a Fizeau interferometer. First, one must produce a good quality 

aspheric reference surface, which in turn must be tested. Second, 

tilting the test surface will produce coma and higher order aberrations 

in the fringe pattern as well as tilt, even for good test surfaces.

Although many test arrangements are possible for testing 

aspheric surfaces, involving several beamsplitters to separate the ref

erence and test beams., the Twyman-Green interferometer with appropriate 

optics inserted into the test beam generally incorporates the essential 

design elements required for more complicated interferometers. In the 

Twyman-Green interferometer, the test beam is propagated through the 

test optics, reflected from an auxiliary mirror, and propagated back 

through the test optics to the beamsplitter, where the beam is recom

bined with the reference beam to form interference fringes. Because 

the optical system under test is traversed twice, the interferometer 

is a double-pass instrument. When the optical element under test is a 

single surface, the functions of the test system and the return mirror 

are combined. In this case, the optical element is traversed once, as 

it would be in actual use. Height variations on the surface are tra

versed twice, however, so in this sense the interferometer is still 

operating as a double-pass system..
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The Twyman-Green interferometer can be used to test general 

optical systems and even aspheric surfaces. Auxiliary optics must be 

inserted into the test beam to configure the beam for entry into the . 

test system. Such optics may be designed to cancel the effects of an 

aspheric element. This is called a null lens, and more will be said 

about it later. For now, we shall describe the design considerations 

for the basic interferometer as used in optical testing.

A simple Twyman-Green interferometer is shown in Fig. 35.. The 

source is a collimated laser beam. The laser is used because it is a 

monochromatic source with high coherence. Its coherence properties 

allow the test arm and the reference arm of the interferometer to be of 

unequal length. Fringe visibility is greatest for differences in opti

cal path approximately equal to an integral multiple of twice the cav

ity length of the laser. Typical laser beam diameters range from a 

millimeter to a centimeter. A beam expander and spatial filter may be 

used ahead of the beamsplitter to shape the size of the beam and elimi

nate high spatial frequency in the amplitude of the laser beam.

The beamsplitter shown in Fig. 35 is a cube design, with a par

tially reflecting interface on the diagonal. Other methods may be used,

such as a thin wedged plate or a thin-film pellicle. The interferom

eter in Fig. 35 is used to test concave spherical surfaces. An 

aberration-corrected diverger lens, represented here as a single nega

tive thin lens, is used to generate a diverging spherical wave from the 

incident collimated beam. The test surface is positioned so that its 

radius of curvature is coincident with that of the diverging cone of
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light. Rays from this cone of light are reflected at normal incidence 

from the test surface and retrace their path back through the diverger 

lens to the beamsplitter. Meanwhile, the other beam from the. beam

splitter has propagated as a plane wave to the reference mirror and re-' 

fleeted back to the beamsplitter.

After the beamsplitter, the two beams are recombined and travel 

a common path. An image lens is used to focus the exit pupil of the 

test surface onto the hologram plane where the fringe pattern may be 

recorded. In interferometry, the hologram that is produced is equiva

lent to the interference or fringe pattern. The use of the word holo

gram reminds us that this is functionally what is generated," even if . 

historically the image at that location is called a fringe pattern.

Figure 35 shows a cone of rays from the center of the exit pu

pil, which in this case is located at the test surface, which are 

reimaged at the hologram plane. This condition is required to produce 

a one-to-one correspondence or conjugation between points on the test 

surface and on the hologram plane. The image lens must be of adequate 

quality to resolve the necessary details of the exit pupil under test.

At other planes a Fresnel diffraction pattern of the test surface will 

be produced.

The details of the rays drawn in Fig. 35 are difficult to see, 

and the drawings of the optical elements are artistically limited. The 

yy-diagram, described by Delano (1963) and L6pez-L6pez (1973), offers 

an alternative way to represent a first-order Gaussian optical system. 

The yy-diagram for the interferometer that has just been discussed is
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shown in Fig. 36. The y displacements of the axial and chief paraxial 

rays are plotted for each surface of interest. The result may be in

terpreted as the projection of a particular skew ray onto any plane 

normal to the optical axis. Relationships between conjugate surfaces 

project as intersections between the skew ray and lines passing through 

the origin. In particular, rays that intersect the y axis signify an 

object/image conjugate, and rays that intersect the y axis signify a 

pupil conjugate. If the intersection point lies within the line seg

ment connecting two optical surfaces, the conjugate plane is a real im

age. If the line segment must be extended to form an intersection, the 

conjugate plane is a virtual image in that space. Lines parallel to 

the y axis represent a collimated beam. Lines parallel to the y axis 

imply that the pupil is telecentric in that space. Axial separations 

between various optical surfaces may be calculated from the diagram but 

are not as obvious as they are in the traditional optical layout.

With this background, we now examine Fig. 36. The incoming 

source beam is shown as a horizontal line segment at the left of the 

diagram because the incoming light is collimated. The beamsplitter is 

shown as a cross. The ray is folded at this point in the real system, 

but unfolded for the diagram. Since the beamsplitter has no optical 

power, the ray is undeviated. A thin lens or refracting/reflecting 

surface is shown by a change in slope. A negative element bends the 

ray away from the origin, and a positive ray bends the ray toward the 

origin. Thus, the diverging lens shown is a negative element. The 

test surface is located on the y axis, because the stop of the system
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is located at the test surface. Note that the surface has positive 
power. The path reversal after the test surface is shown in the sym
metry of the diagram. The diverger and beamsplitter are shown as if 
they were separate elements.. The entrance and exit pupils are virtual 
constructs in the space immediately before and after the beamsplitter. 
The image Tens, shown as a positive element, is necessary to produce a 
real image of the stop at the hologram plane. The magnification be
tween conjugate planes is equal to the ratio of the distances of inter

section along the conjugate line. For pupil conjugates, the conjugate 
line is.the y axis. The hologram plane, thus, has a reduced inverted 
image of the stop. Finally, we observe that the image lens forms a 
real image of the source. Because the object lens incident on the im- 
age lens is collimated, the image of the source falls in the back focal 
plane of the lens.

For future reference, we note one other property of the 
yy-diagram. Images formed on a given conjugate line are related to the 
Fourier transform of images on the perpendicular to the given conjugate 
line. This is a generalization of the observation made in Chapter 2, 
that images are related to the Fourier transform of the pupil. Since 
the original object in Fig. 36 is a point source, the, focal plane of. the 
the image lens is also a point, but convolved with the pupil function.

Let us explore several common configurations of the test beam 
in the interferometer, using the yy graphical analysis methods. We 
restrict the diagram to the portion of the interferometer from the beam
splitter, through the test optics, and then back to the beamsplitter.
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Figure 37 shows four configuations. Configuration A is the same nega

tive lens diverger and concave mirror test surface that we just dis

cussed. Configuration B uses a negative and positive lens together as 

a beam expander. Collimated light into the beam expander is trans

formed into another collimated beam of larger diameter. The test ob

ject may be a single flat mirror located at the stop or a combination 

of a plane-parallel window and a flat return mirror. The diagram and 

optical properties are the same in either case. In Configuration C, a 

beam expander has been combined with a positive lens to test a convex 

reflecting surface. Note that the beam expander must produce a colli

mated beam of larger diameter than that of the test surface. Finally, 

in Configuration D, a positive lens is used to test a concave reflect

ing surface. The surface is located in the diverging beam after the 

focus of the positive element. This is the only configuration for 

which the entrance and exit pupils lie outside of the test arm. It is 

possible, therefore, for this configuration to form a real image of the 

test surface without the use of an additional imaging lens.

As a final example of interferometer design,, we show the 

yy-diagram of the test arm of the Tropel/Honeywell interferometer 

(Emmel et al. 1978), shown in Fig. 38. A convex reflecting surface is 

shown as the test surface. The first element in the beam train is a 

three-position telescope. It can be inserted in the forward position,

as shown, for maximum pupil magnification, omitted from the beam train 

for medium magnification or inserted in reversed position for low mag

nification. The next element is a large multi-element beam expander.
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14 7

TELESCOPE 
BEAM EXPANDER 
POSITIVE LENS 
TEST SURFACE 
RELAY LENS 
HOLOGRAM PLANE

Fig. 38. Example of yy Diagram for Tropel/Honeywel1 
Interferometer.
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shown here as a simple combination of two thin lenses. Then comes a 

positive focusing lens, which has again been reduced to its thin-lens 

equivalent. Finally, the test beam encounters the test surface, from 

which it is reflected back through the system to a relay lens. The 

relay assembly produces a telecentric pupil image on the hologram 

plane. The relay assembly itself consists of a positive lens and 

flat return mirror located at the focus of the positive' lens. The 

image of this mirror is also telecentric. The positive lens is used 

twice, with the return mirror acting to decrease the physical length 

of the relay combination.

Hologram Processing

Adding a hologram to an interferometer requires adding an

other lens and a spatial filter. The hologram is placed at the loca

tion described as the hologram plane in Fig. 35. The hologram must be 

positioned precisely in space; otherwise there will be variations in

the fringe pattern that are proportional to the position of the holo

gram rather than to errors in the test surface.

The lens and spatial filter are shown in Fig. 39. The top 

part of the figure is an optical layout and the bottom half shows the 

corresponding yy-diagram. The original hologram is shown as a tele

centric image. The rays passing through the hologram are collimated. 

This reduces the sensitivity to the positioning of the hologram in the 

axial direction. It is not necessary to the performance of the holo

gram. The imaging lens constructs the Fourier transform of the holo

gram on the back focal plane. An aperture is inserted at this point to
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block light from unwanted positions of the spatial frequency domain. 

Finally, the desired' interferometer output may be recorded at the pupil 

image-plane.

The size of the aperture in the spatial filter depends on the 

product of the focal length of the imaging lens in Fig. 39 and the max

imum slope of the test wavefront. The hologram must have a sufficient 

linear spatial frequency to separate the various diffraction orders.

Fig. 40 is a picture of the output from a typical hologram, photo

graphed at the spatial filter plane. The test arm of the interferom

eter has been blocked. The central spot corresponds to zero spatial 

frequency or wavefront slope. The size of the spot depends on the size 

of the hologram itself. It is just the Airy function of the circular 

hologram aperture. The spots on each side of the central spot are the 

first diffraction orders. Higher order spots lie still further out 

from the center. The separation of the orders is given by the carrier 

frequency or tilt. If the basic period of the linear grating component 

in the hologram is T (waves/radius), then the spots will be equally 

spaced by a distance FT where f = Xf/R and f is the focal length of the 

hologram imaging lens. If the maximum slope of the nonlinear portion 

of the test wave front is S (waves/radius), the diameter or bandwidth of 

each spot is given by B = 2nfS, where n is the diffraction order num

ber. * It is also clear from Fig. 40 that the first diffraction spot

*This is clearly seen in Fig. 40, where the second-order spot 
is twice as large as the first-order spot, the third order spot is 
three times as large as the first-order spot, and so on.
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Fig. 40. Photograph of the Diffraction Pattern 
from a Computer-Generated Hologram.
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will not overlap the second diffraction spot if the linear tilt is 

given by

T > 3S. (6-1)

Remember that S represents the radius of the first order pattern. Equa

tion (6-1) represents a basic design requirement for a 

computer-generated hologram used in optical testing.

The on-axis, or zero order, diffraction spot from the test beam

of the interferometer should cancel the first order diffraction spot 

from a plane reference wave. This cancellation is constructed opti

cally by tilting the reference beam so that the first diffraction order

from the reference beam overlaps the zero Order beam from the test op

tics. The resulting fringe pattern at the pupil image will be the

difference in wavefront between the test optics and the hologram recon

struction.

The cancellation process is closely related to the moire effect 

from the interferogram recorded in the absence of the hologram with the 

computer-generated hologram. The moird of two patterns is calculated 

as the product of the intensity function of the two patterns. For ex

ample, suppose we have two sinusoidal gratings with intensity patterns 

given by

II = j  ~ j  cos[Tx + Wx(x,y)]

%2 = J  ~ J  cos [Tx + W2 (x,y).] (6-2)

The intensity of the product is given by
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I. = I1I2

I — ■ 4" - 4" cos (Tx + W J  - cos (Tx + W2)

+ -i- cos (Tx + W]J cos (Tx + Wg ). (6-3)

The product of two cosines can be expressed as

Using the general relationship in Eq. (6-3) yields:

I = J J cos(Tx + Wj) - cos (Tx + W2)

- cos (2Tx + W]_ + W2)

- -g- cos (Wx - W2). (6-5)

The moire effect refer' to the ability of the human eye to ignore the 

high frequency terms in Eq. (6-5), those that depend on Tx or 2Tx, and 

follow the pattern generated by the low frequency term, namely the last 

term, cos(Wj - W2). This effect is illustrated in Fig. 41, where two 

computer-generated patterns from Chapter 4 were superimposed and photo

graphed together.

section of the interferometer act to remove the high frequency terms in 

Eq. (6-5), and leave only the intensity variations that depend on 

Wi - W2 .

As a final design consideration in the use of computer-generated

holograms in an' interferometer, we note that it is possible to construct 

■the hologram with exactly half the aberration of the test optics. Then 

the +1 order from the reference beam and the -1 order from the test

The imaging lens and spatial filter in the hologram processing
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Fig. 41. Moire Pattern Formed by Superimposing a Hologram with 4 Waves 
of Defocus over a Hologram with 3.5 Waves of Astigmatism.
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optics will each contain half the aberration. The reference beam may 

be tilted so that these two orders overlap and interfere. The amount 

of tilt required for the reference beam is twice that required pre

viously. The test optics should not be tilted, because this would 

generate additional aberrations and pose alignment problems. As a 

result, the final image will be formed off axis. This may be compensa

ted by the recording mechanism, but nevertheless represents the price 

extracted for the sensitivity gain of a factor of 2 .

Optical Surfaces

There is no inherent limitation to the functional form of an 

optical surface to be tested against a computer-generated hologram.

From the viewpoint of the computer programmer, any function that can 

be evaluated easily is acceptable. Ideally the surface profile, or 

surface height, should be expressible as an explicit function of the 

surface coordinates. That is, the surface sag z should be available 

as a function of x and y, or z = f(x,y). An implicit representation of 

the surface, on the other hand, provides a general functional relation

ship between x, y, and z of the form F(x,y,z) =0. It may not be pos

sible to obtain an analytic solution for z as a function of x and y. 

Numeric procedures, such as spline approximations, are then required 

to represent the surface in a way that can be calculated inexpensively.

From the viewpoint of the optical technician who must conduct 

the test, some optical shapes are easier to align and test than others. 

Spheres and flats, for example, are relatively easy to test because 

they have no distinguishable axis of symmetry. Their alignment is not
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critical. Aspheric surfaces are rotationally symmetric about an axis. 

This optical axis must be aligned with the optical axis of the inter

ferometer to produce zero wavefront error. For an arbitrary shape, 

such as a toric surface or an off-axis segment of an aspheric surface, 

the alignment is even more critical because the azimuthal angle may 

have to be aligned correctly to produce the expected test results.

Finally, the optician who must make the surface prefers a shape 

that is easy to fabricate. Spherical surfaces, for example, are fairly

easy to make, particularly if the tolerance on the value for the radius

of curvature is not tight. Aspheric surfaces are harder to fabricate 

and thus are more expensive. General surfaces can be much more diffi

cult to fabricate and test and can be very expensive indeed.

Aspheric surfaces comprise a broad class of optical surfaces

for which simple null tests are generally available only for aspheric 

conics of revolution. This section will review the specification of 

such elements and examine the magnitude of the aspheric contributions 

to the wavefront.

The analytic form of a general aspheric surface is

Z = cr2 1 + /l - (k + l)c2r2
+ dr1* + er6 + fr® + gr^®

The first term describes a conic surface of revolution about,the optic 

axis. It is defined by a paraxial curvature c and a conic constant k. 

A truncated power series in r2 describes the departure from a base 

conic surface. For a simple conic surface-, the aspheric coefficients 

d, e, f, and g are equal to zero.
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■ The conic constrant has the following ranges for various 

common surfaces:

K -1 hyperboloid 

paraboloid

prolate ellipsoid (revolution about 

major axis) 

sphere

oblate ellipsoid (revolution about 

minor axis).

For a reflecting surface, the focal length is related to the 

paraxial curvature of the surface by

F = (2c)"1 (or) F =

K - ~i

• 1 < K < 0

K = 0

K >._ 0

(2c) .

The f/number of the surface is generally defined as

' F/# = F/D,

where D is the diameter of the clear aperture.

If the quantity (k + l)r2c^ is small, the radical in the conic 

sag equation can be expanded in a power'series. The difference be

tween this conic and a sphere of the same curvature is found to be

Z = -=-

, r „
[128

(1 + k) -1

(1 + k ) 3-1

c3rlt + i t  ^ + ^2"1c5r6

c7r8 +

If desired, a weak conic can be identified as a sphere plus higher 

order aspheric deviations expressed by the use of the d, e, f, and g 

coefficients associated with the above series. For example,
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KG 3

The fourth-order spherical wavefront aberration W040 a't the edge of 

the aperture is twice the aspheric sag at the edge... W040 Is given by

w040 KD
512A(f/#)3

An easy form of this equation to remember is

3kDW040
(f/#)3

for a wavelength of 0.65 urn and D expressed in millimeters. The 

sixth-order wavefront is smaller than the fourth-order term by a factor 

of (k + 2)/32(f/#)2, for a conic. This ratio is independent of the 

diameter of the conic. Using an f/2 parabola as an example, the 

sixth-order term is less than one percent of the fourth-order term.

The actual magnitude of the fourth-order term depends linearly on diam

eter and varies as the cube of the f/#. A 100-mm-diameter f/5 parabola 

has a wavefront deformation of about 2.4 waves, an f/4 parabola of 4.7 

waves, and an f/2 parabola of 37.5 waves.

For most conic surfaces, then, the dominant departure from a 

sphere is the fourth-order term in the wavefront. For a surface de

scribed by aspheric coefficients, this may not be the case since the 

coefficients may be chosen independently. Nevertheless, the 

fourth-order term is usually the largest, and it is useful to under

stand some of the properties of fourth-order wavefronts.



Choice of Best Focus

In adjusting the focus of an imaging system, the choice of 

focus is generally that which makes the image of a point as compact as 

possible. An image with a small rms radius, but some flare, is prefer

able to an image with a larger rms radius but a smaller maximum radius. 

In constructing a computer-generated hologram, however, the magnitude 

of the tilt required to separate the various diffraction orders and the 

resolution required to provide acceptable wavefront errors is propor

tional to the maximum slope of the wavefront. Thus, the appropriate 

focus adjustment will be that which reduces the maximum geometric ray 

error, since the ray errors are proportional to the slope of the wave- 

front .

The required focus adjustment is produced in an interferometer 

of the type described at the beginning of this chapter by moving the 

test surface so that its center of curvature is separated by a distance 

d from the focus of the diverging lens, where d = 8X(f/#)2 Wgao. Wq20 

is the required defocus, in waves, and the f/# refers to the cone angle 

of the diverging beam. The adjustment should be made in the direction 

of the marginal focus, since the best focus will generally lie some

where between the paraxial and marginal foci.

A focal shift represents a linear term added to a transverse 

ray fan plotted in the hologram plane. Focus is a quadratic term added 

to the wavefront, and its slope is therefore a linear term. Finding 

the best focus is equivalent to fitting a straight line to the ray
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errors such that the maximum deviations from the line are as small as 

possible.

We have adopted a simple iterative procedure for finding this 

line (Raison, 1965). Let the variable V denote wavefront slope. The 

slope may be calculated numerically as the derivative of the optical 

path with pupil radius or identified with angular ray errors'at the 

hologram plane. Let the variable U be the corresponding radius in the 

hologram plane, so that V is a function of U. Assuming that the slope 

has been calculated for a series of pupil positions, set up a table of 

differences such that

AV = V(U) + WU

where w is the current estimate of the best-fitting linear term. The 

first estimate for w can be obtained by a least-squares-deviation fit 

for the line.- A better estimate can then be found by searching for the

maximum and minimum difference. Then the substitution
' V + V .

W ^ - W  - max minu + u - •max m m

should yield a better value for W. In practice this procedure con

verges in fewer than five iterations..

For a pure fourth-order wavefront, the.-resulting focus is the 

classical circle of least confusion. The solution is

W = - j  W 04o.

The top graph in Fig. 42 shows the resultant wavefront at best focus. 

An aspheric coefficient of 40 waves for a unit pupil was used in the
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graph. The maximum wavefront deviation has been reduced to about 55 

percent of its original Value at paraxial focus. The ray error or 

slope is plotted in the bottom graph. The maximum slope in waves/radius 

is numerically equal to the original aspheric coefficient in waves. The 

maximum errors are reached at half the pupil radius and at the edge of 

the pupil. The maximum wavefront deviation and the corresponding zero 

crossing in the ray error plot are located at a relative pupil radius 

of 0.886.

When the effects of higher-order aberrations are included, the 

usual result is minor modification in the shape of the curve and the 

numeric relationships just described. As a rule of thumb, the smallest 

value for maximum slope is approximately equal to the aspheric depar

ture at paraxial focus.

Making the Hologram 

The goal in making a computer-generated hologram for optical 

testing is to produce an artificial representation of the actual holo

gram that would be obtained if the original master edition or ideal 

construct of the surface or component under test were available and 

could be used in the interferometer. To achieve this goal, the inter- 

. ferometer and the ideal surface or test configuration are modeled by 

geometric ray tracing to calculate the optical path differences or wave- 

front at the hologram plane. Then the computer is used to calculate 

either the position of fringes making up the hologram or the actual 

intensity distribution over the hologram plane. A plotter or digital 

image recorder is used to generate a magnified picture of the hologram*
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The picture is photographically reduced to the correct size and 

bleached, if necessary, to improve the diffraction efficiency. Next, 

the hologram is positioned in the interferometer and aligned with the 

wavefront from the actual item under test. Finally, an interferegram 

is recorded that represents the difference between the actual specimen 

being tested and the ideal wavefront produced by the computer-generated 

hologram.

Let us list the important steps summarized above, and then dis

cuss each in more detail. The process of making a hologram may be di

vided into the following steps:

(1) Ray tracing. Modeling the system, calculating the

wavefront, and determining the hologram size and 

best focus.

(2) Encoding. Writing a magnetic tape to drive a graphic

output device.

(3) Plotting. Submitting the magnetic tape to the graphic

output device to construct a picture of the hologram.

(4) Photoreduction. Reducing the hologram to its final

size on a holographic quality film emulsion or other 

high-reso1ution medium.

(5) Inspection. Measuring the size of the hologram to

verify that the linear dimensions are correct. If 

not, then another photoreduction is tried.

(6) Enhancement and Mounting. Using a chemical bleach to

enhance the diffraction efficiency of the hologram;
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mounting the hologram for insertion into the inter

ferometer.

(7) Alignment. Adjusting the position of the hologram for 

the optimum performance.

The identification of individual steps is, of course, somewhat 

arbitrary. These were chosen to represent independent steps that are 

likely to involve different resources, such as equipment or personnel, 

or to occur at different locations. In discussing each step in more 

detail,.we will draw upon our own experience and use the specific exam

ple of a parabolic optical surface measured on a Tropel holographic and 

shearing interferometer.

Ray Tracing

The first step in ray tracing is to obtain detailed specifica- . 

tions of the optical surface. For the typical aspheric surface, one 

must know the following information:

Radius of curvature (at the vertex)

Conic constant

Diameter of clear aperture.

The first two items are usually unambiguous. The third is often nego

tiable. Often the clear aperture specified is the physical edge of 

the surface, but the working aperture may be somewhat smaller. ' For a 

steep aspheric surface, an increase in clear aperture dramatically in

creases the total wavefront deviation to be accommodated by the 

hologram.
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The working f/number of the aspheric surface is equal to the 

ratio of the radius of curvature to the diameter of the clear aperture. 

Select an interferometer configuration to match that working f/number. 

The diverging (or converging) beam of the interferometer must fill the 

clear aperture of the test piece, so the interferometer f/number must 

be smaller than that of the test piece. On the interferometer, a given 

f/number .corresponds to a standard hologram size. For the Tropel inter

ferometer, the standard hologram is 7 mm in radius. The radius of the 

hologram can be adjusted by scaling the radius of the input beam so that 

the marginal ray intersects the test piece at its clear aperture. A 

paraxial estimate of this scaling factor can be obtained by multiplying 

the standard radius by the ratio of the interferometer f/number to the 

working f/number.

Further discussion of ray tracing methods requires some knowl

edge of the conventions used in lens design computer programs such as 

ACCOS V (a proprietary product of Scientific Calculation, Inc., Fishers, 

New York). A specialized program based on the material in Chapter 5 

was written for this dissertation. The input conventions of ACCOS V 

were retained so that program usage would be familiar to those who use 

ACCOS V,

The size of the input beam is specified through the use of the 

marginal ray intercept at the first surface and defines the entrance 

pupil radius. The location of the test surface should be identified as 

an aperture stop, using the ASTOP program feature. This allows a chief 

ray height- solve (PCY) to be used to define the location of the hologram
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plane. In the Tropel interferometer, a relay lens assembly is used to 

form an image of the aperture at a fixed location in the interferometer. 

The position of this assembly in the ray trace must be adjusted so that 

the hologram plane and exit pupil coincide. This adjustment affects 

the numerical results, but it is not as important as finding the proper 

position for the test piece and defining the hologram radius.

The usual configuration for the interferometer involves a colli

mated input beam and a collimated output beam, so that the system 

should be identified as AFOCAL. This configuration reduces the sensitiv

ity on the axial position of the hologram plane-and ensures that exit 

pupil coordinates are calculated for a plane rather than for a reference 

sphere. •

A paraxial ray trace should be obtained and checked for consis

tency. It is easy to make errors in making up an input deck or file, 

and some errors can be caught by careful examination of the paraxial ray 

trace. For example, the hologram pupil radius is defined by the axial 

ray height at that surface and should agree with the expected radius.

The chief ray height should be zero at the test piece and at the holo

gram plane'. The focus of the beam diverger should have an axial ray 

height of zero. A yy-diagram plotted from paraxial data should show 

symmetry as the beam diverger is traced twice. The axial ray height at 

the test piece should be approximately equal to the radius of the clear 

aperture.

Next a real ray trace of the marginal ray (RAY 1) should be 

obtained. Note that the actual intercept of the marginal ray at the
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edge of the test piece is different from the paraxial prediction of 

that intercept. The starting ray height should be adjusted so that the 

real marginal ray intersects the test piece at the proper point.

An OPD YEAN should be obtained. This should generate a list 

of angular ray errors, OPD values, and pupil coordinates as a function 

of equally spaced ray coordinates at the entrance, pupil. • At the start, 

with the radius of curvature of the test piece centered at the focus 

of the diverging lens,, the ray aberrations may be very large and the

pupil strongly aberrated. The position of the test piece should be ad

justed so that the angular ray error goes to zero at about 0.86 of the 

paraxial pupil radius. For most aspheric surfaces this will be close to 

the best focus position. The adjustment in focus may be made manually 

or through an automatic correction sequence if one is available.

After the initial focus adjustment has been completed, the

starting axial ray height (SAY) should be recorrected so that the real 

marginal ray intersects the test piece at the edge of the clear aper

ture. The next step is to fit a polynomial expansion to the OPD as a 

function of exit pupil coordinate. A normalized unit pupil is assumed. 

In our program the additional focal shift to give minimum spot size is 

calculated as described earlier. This additional focal shift should be 

small if an initial focus adjustment was made properly. The polynomial 

has the form

OPD = FOCUS p2 + ADp4 + AEp6

+ AFp8 + AGp 10 +. AHp 12 

where FOCUS, AD, AE, AG, AG, and AH are coefficients and p is the



168

normalized pupil coordinate. The FOCUS term includes the shift re

quired to give minimum spot size.

An example of computer output for a typical polynomial fit is 

shown in Fig. 43. The unit pupil radius is the actual pupil radius, 

in millimeters, and corresponds to. a normalized radius of unity. The 

defocus for minimum spot size is the additional focal shift added to 

the FOCUS term below to produce the minimum spot size. The balance of

the FOCUS term was the result of a shift in the position of the

aspheric test piece.

The table in the middle of the figure gives the accuracy of the 

polynomial fit for various orders, beginning with fourth-order spherical 

aberration. The root-mean-square deviation and peak-to-valley devia

tion for each fit are calculated. These numbers can be used to select 

the order of the fit. The time required to generate an encoded mag

netic tape for the graphic output device is proportional to the number of 

terms in the polynomial representing the wavefront. It is economical to 

truncate the polynomial series at the smallest number of terms that 

will match the wavefront to the required accuracy. For the example 

shown in Fig. 43, it is.clear that the dominant term is fourth-order 

spherical aberration. The sixth-order term could be included if it is 

necessary to match the wavefront to less than 0.01 wave.

Also in the middle table is a calculation of the maximum wave-

front slope in waves/radius. The last column, labeled TILT, is the 

minimum carrier frequency or linear tilt term in the wavefront required 

to separate the first and second diffraction orders. The values
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--HOLD

CALCULATIONS FOR COMPUTER-GENERATED HOLOGRAM

UNIT PUPIL RADIUS = 7.000

DEFOCUS FOR MINIMUM SPOT SIZE -8.698

N RMS P/V SLOPE TILT
1 .010 .051 104.7 310
2 .001 .005 104.8 310
3 .001 .003 104.7 310 -

4 .001 .004 104.8 310
5 .000 .000 104.7 . 310 -

N FOCUS AD AE AF AG AH
1 -158.5 107.47
2 -158.2 . 106.79 .482

3 -158.3 106.97 .173 . 160
4 -158.3 106.79 -<1 O CD - .470 .259
5 -158.2 105.99 4.231 -7.445 6.587 -2.143

Fig. 43. Example of Computer Output for Polynomial 
Fit of Ray Trace Data.
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needed for the encoding process are TILT, FOCUS, and the aspheric 

coefficients.

If a standard interferometer configuration is used routinely, 

such as the Tropel holographic and shearing interferometer, most of the 

input data for the ray tracing program should already be prepared. The 

user will need to alter the test surface description, which is gener

ally contained on two or three lines, to analyze a new test requirement. 

Several computer runs will then be required to optimize focus and image 

the test surface at the hologram plane. These runs require a minimum 

of computer resources. A typical testing situation can be analyzed in 

about a half hour, after some practice and experience and assuming de

cent computer response time. Once polynomial coefficients have been 

obtained, the next phase of the procedure may be begun,

Encoding

Actual encoding techniques are discussed in Chapter 4. Details 

of polynomial calculations were presented in the section on special 

functions. The encoding process requires a single computer run. The 

size of the computer program is small because only a few simple calcu

lations are performed. However, these calculations are repeated many 

times. For a typical digital picture of 2048 y 2048 pixels, the encod

ing algorithm is exercised over four million times. Central processor 

times can exceed hundreds of seconds on a large mainframe computer, 

such as the CDC 6000 series machines.
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The input to the encoding program is the polynomial coefficients 

derived from ray tracing. The output is a magnetic tape, formated for 

a particular image recorder. Several minutes of peripheral I/O time 

are generally required to write this tape. Execution of the encoding 

program is moderately expensive. Care should be taken in submitting 

the job. The input file should be checked several times for accuracy. 

The job itself can often be submitted at low priority to reduce the 

cost.

As discussed in Chapter 7, the resolution of the encoding pro

cess depends on the maximum aspheric slope S, expressed in waves/radius 

and the number of resolution points P across the picuure. The worst 

resolution in the hologram is S/P. For a slope of 100 waves/radius and 

an image of 2000 pixels, the resolution is 0.05 wave. A factor of 2 

improvement in sensitivity may be gained by encoding half the aspheric 

wavefront, and interfering the +1 order from the reference beam with 

the -1 order from the test beam. For this mode of operation each of 

the polynomial coefficients must be divided by 2.

Plotting

The plotting phase of the process is initiated by carrying the 

magnetic tape from the computer to the organization that operates the 

image recorder to be used. Generally the output from the image re

corder is a film image. For the image recorder at the Optical Sciences . 

Center, the image is 190 mm in diameter. For the Dicomed image recorder 

the image is 82 mm in diameter. The film is usually a Kodak Plus-X 

emulsion.



Pho.toreduction

The photoreduction process can be accomplished using a 

high-quality photographic enlarging lens. The original is placed on 

the easel of the enlarger, and a 35 mm camera back is mounted on the 

carrier. The magnification is set by adjusting the height of the car

rier. A precision reticle can be mounted on the carrier and optically 

projected onto the easel, where the length of the reticle can be mea

sured to determine the magnification. The 35 mm camera is loaded with 

Kodak SO-173 holographic film. The speed-grain properties are better 

than those of Kodak 649-F spectroscopic film. The nominal emulsion 

thickness before processing is 6 urn. It is coated onto an estar poly

ester base. The combination of the emulsion layer and base are claimed 

to have substantially improved dimensional stability characteristics 

over the Type 649-F film. Conpared to ordinary photographic emulsions, 

such as Plus-X, the speed of SO-173 is very slow, so long exposures may 

be expected.

Inspection

An error in magnification acts as a scaling factor on the dif

fraction angle. Unlike most alignment errors, magnification error is 

not easily removed from interferometric datq because magnification 

error has the same symmetry as the usual manufacturing error. As shown 

in Chapter 7, the maximum error due to magnification precision is given
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where AW is the wavefront error, S is the maximum slope in waves/radius, 

and 6r/r is the fractional magnification error. For a hologram of ra

dius 1 cm, a maximum slope of 100 waves/radius, and a maximum allowable 

wavefront error of 0.1 wave, the radius of the hologram must be accu

rate to within 10 ym. Therefore, a measuring microscope should be used 

to check the linear dimensions of the hologram. A resolution of about 

1 ym is desirable.

Enhancement and Mounting

A chemical bleach may be used to improve the diffraction effi

ciency of the hologram. The film may be agitated for a few minutes in 

a five percent potassium ferricyanide solution, rinsed in water, and 

air dried. The finished hologram may be mounted between two square 

microscope slide glasses and placed in a cardboard 35 mm slide holder. 

Index matching■fluid is required for optical configurations in which 

only one beam from the interferometer passes through the hologram.

Alignment

With the aspheric element in the system and the appropriate 

diverging lens in place, the interferometer is aligned in Twyman-Green 

mode. For a reflecting aspheric surface, the initial alignment can be 

made with the mirror at the focus of the diverging lens to autocolli- 

mate the- system. Then the aspheric surface may be moved back to its 

proper position to form the interference pattern over the entire sur

face. For a symmetric aspheric componenet, the fringe pattern should 

be circular and the fringes will probably be very closely spaced with
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irregular spacing. If the fringe pattern cannot be made circular by 

adjusting the reference mirror and the aspheric component, it may mean 

that nonsymmetric manufacturing errors are present in the test piece.

The hologram is now inserted into its holder and the diffrac

tion pattern at the spatial filter is observed. The reference mirror 

is tilted until the zero order pattern from the test piece overlaps the 

first-order pattern from the reference mirror. For more, severe aspherics 

aspherics, the construction of the hologram may require that the +1 

order from the reference beam overlap the -1 order from the test piece. 

When the aspheric surface is at its proper focal position, as predicted 

by the ray trace, the two diffraction spots should be the same size.

It is possible to align the wrong orders, in which case the resulting 

interference pattern will have twice the number of circular fringes as 

did the original interferegram before insertion of the hologram.

The pinhole in the spatial filter is now adjusted to block all 

the unwanted diffraction orders. If the hologram has been designed 

properly, the desired orders will be spatially distinct from the 

higher-order spots. An interference pattern should now be observed in 

the image plane of the interferometer. The position of the hologram 

may be adjusted slightly to obtain the best cancellation of the two 

wavefronts. For most aspheric surfaces, fourth-order spherical aberra

tion is the Strongest aspheric term, and the principal aberration due 

to misalignment is coma. The hologram should be adjusted to eliminate 

the characteristic S-shaped appearance of coma fringes. It may also be 

necessary to adjust position of the aspheric component to eliminate
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quadratic fringes due to defocus. Finally, the interferogram should be 

checked for an in-focus image of the center of the aspheric surface.

During data reduction, residual coma and focus may be subtrac

ted from the interferogram so that precise adjustment may not be re

quired. Aesthetic considerations, however, should encourage the 

technician to obtain the best possible interferogram, with straight, 

equally spaced fringes. The number and orientation of the fringes 

depend on the data reduction requirements. Usually 10 to 15 fringes 

across the aperture are adequate to sample the area of the pupil.

Demonstration

To conclude the discussion of optical testing, test results for 

a typical aspheric surface will be given. The hologram was generated 

during the course of this research on computer-generated holograms to 

demonstrate the feasibility of routine aspheric testing on the Trope1 

holographic and aspheric interferometer (Emmel et al., 1978).

An f/2 parabola, master aspheric mirror with 10-cm-diameter 

aperture was fabricated by Tucson Optical Research Corp. The theoreti

cal aspheric wavefront departure with the mirror used at its center of 

curvature is 39.2 waves at 0.63 ym. A parabolic surface was chosen 

because the mirror could be tested independently in autocollimation 

against a reference flat. The physical parameters give a departure 

from sphericity that is small enough to permit individual fringes to 

be measured in an ordinary Twyman-Green interferometer, but large enough 

to represent a reasonable level of difficulty for holographic testing 

procedure.
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The computer-generated hologram used in this demonstration is. 

shown in Fig. 44. The hologram slightly overfills the clear aperture 

of the parabola. After final reduction, the resulting hologram was 

12 mm in diameter. The hologram was bleached, and the diffraction pat

tern obtained after bleaching is shown in Fig. 40.

Figure 45 Shows the original Twyman^Green interferogram obtained 

from the f/2 parabola. The results of fringe data reduction gave a 

spherical aberration coefficiency of 39.0 waves, which compares favor

ably to the theoretical expectation. There is some uncertainty in the 

interferogram as to the location of the clear aperture. This uncer

tainty is more than enough to account for the difference between theo

retical and measured results.

Figure 46 shows the final interferogram after the 

computer-generated hologram is inserted. The surface deviation is a 

root-mean-square of 0.032 wave with a peak-to-valley excursion of 0.14 

wave. Figure 47 shows' the interferogram obtained from the autocollima- 

tion test. The root-mean-square deviation was 0.035 wave with a 

peak-to-valley excursion Of 0.17 wave.' The two independent measure

ments agree within the accuracy of the data reduction.

Of equal importance to the numeric agreement of the two tests 

was the qualitative experience in performing the tests. The hologra

phic test was much easier to set up and align than the autocollimation 

test, in part because the mechanical configuration of the holographic 

test was a commercial instrument whereas the autocollimation test



Computer-Generated Hologram for 
10-cm-Diameter, f/2 Parabola.



Fig. 45. Original Twyman-Green Interferogram 
for f/2 Parabola.

46. Final Interferogram for f/2 Parabola after 
Insertion of Computer-Generated Hologram.



Fig. 47. Interferogram Obtained from Autocollimation Test of 
f/2 Parabola.



required assembly of separate mechanical mounts. Alignment of the holo

gram was no more difficult than the alignment required for the original 

intcrferogram.



CHAPTER 7
\

LIMITATIONS AND ERRORS

Interferometry as a quantitative technique is limited to mea

suring differences in light paths that are of the order of the wave

length of light used in the interferometer. Classic methods of locating 

fringes by observing fringe maxima are limited to about 0.05 wave, but 

by clever use of heterodyne phase detection methods, differences as 

small as 0.005 wave can be measured. The classic method of counting 

fringes on a photograph is limited to hundreds of fringes, but special

ized interferometric fringe finders have been designed that can count 

thousands or millions of fringes. No one technique is applicable to 

all measurement problems. Accuracy, range of application, simplicity, 

and cost must all be considered. No one would use a machinist's microm

eter caliper to lay out a garden, for example. Just as the ordinary 

meter stick has its role and limitations in measurement, so does the 

computer-generated hologram.

In optical testing, the role of the computer-generated hologram 

is to provide a model wavefront against which a component can be tested 

during fabrication. Using the hologram is like using a pattern for 

making clothes, or a gage block to test some dimension of a machined 

item. It is often easier to measure the difference between two compo- 

.nents than to measure the actual magnitude of a single component.

181
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The same principle applies in electrical bridge measurements of 

resistance or capacitance.

The questions to be asked about computer-generated holograms 

for optical testing include, first, what range of wavefront profiles 

can be represented by the hologram and, second, how accurately can a 

given profile be modeled? We anticipate that tradeoffs will be in

volved. As the shape of the. wavefront to be modeled becomes more and 

more severe, in a sense to be defined, the accuracy of the representa

tion decreases accordingly. Finally, we might anticipate that there is 

an absolute limit to the range of wavefronts that can be modeled, and 

that this absolute limit is set either by the-plotting device that 

makes the hologram or by the medium on which the hologram is recorded.

Much of the literature oh computer-generated holograms is 

related to thê  ability of the hologram to reconstruct images. In 

image processing, both the phase and the amplitude of the reconstructed 

wavefront are important. In optical testing, variations in the bright

ness and accuracy of gray level reproduction are not as important. How

ever, the theory of image reconstruction and encoding techniques is at 

least indirectly pertinent to the problems of optical test accuracy, 

so this work will be surveyed' briefly.

Quantization effects in computer-generated holograms are macro

scopic features that can be observed easily, unlike optical holograms 

for which quanitzation is generally observed only on a microscopic 

level. The difference is one of bandwidth. The number of resolvable 

points is several orders of magnitude higher on an optical hologram
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than on the typical computer-generated hologram. The limited band

width of plotters was mentioned in Chapter 4. The present chapter 

discusses some of the consequences of limited bandwidth.

One of the often encountered limitations to computer-generated 

holograms is plotter distortion. To distinguish between distortion and 

resolution we can use the simple example of a pen plotter, where reso

lution refers to the number of lines that can be drawn in a given area, 

and distortion refers to the straightness of the lines. This chapter 

discusses a simple method for determining plotter distortion and pre

sents the concept of distortionless resolution points to link distor

tion with resolution. If the plotter distortion is a reproducible 

feature of the plotting device, the distortion may be corrected during 

the encoding process.

Another error that is often encountered is a magnification er

ror during the photoreduction process. Related to magnification errors 

are alignment errors that occur when the hologram is positioned, but 

alignment errors are easier to observe and correct. Miscellaneous er

rors such as emulsion shrinkage, film variations, and numeric roundoff . 

and truncation errors are also discussed.

Image Reconstruction Errors 

One application of computer-generated holograms has been the 

study of the image reconstruction process. This study has been extended 

to the examination of reconstruction problems unique to a synthetic 

hologram. Degradation of image quality is introduced by the very limi

ted spatial resolution and the discrete intensity levels of the plotters
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and image recorders used to construct the hologram. A significant 

research effort has been devoted to the problem of optimum encoding 

methods. Various new encoding techniques, discussed in Chapter 4, seem 

to have been introduced at regular intervals from the inception of the 

computer-generated hologram in the mid 1960's to the present. The or

dinary image is a real function that is converted to a complex represen

tation having zero phase. The spectrum of an extended plane object is 

sharply localized, with large dynamic range. One way to make the spec

trum more uniform is to assign a random phase, as shown in Chapter 4. 

Another way is to use specific spectrum-shaping techniques that assign 

phase values for optimum encoding (Chu, 1973). A penalty is paid for 

the resulting benefits of diffraction and encoding efficiency in the 

form of unwanted image degradation.

The problem of phase quantization and its effects on image qua

lity has been treated tiy a number of authors. The importance of phase 

encoding is underlined by the kinoform technique (see Chapter 4), which

ignores amplitude variations in the hologram and yet produces accept

able images. Goodman and Silvestri (1970) calculated some of the ef

fects of phase quantization on image reconstruction. Powers and Goodman 

(1975) made an extensive study of quantization errors. Gabel and Liu 

(1970) and Gabel (1975) conducted a systematic study of reconstruction 

errors. Dallas (1971a,b) also investigated the problem of phase quanti

zation, and Gallagher (1977) elaborated upon some of Gabel's work.
One consequence of phase quantization is the appearance of

extraneous images, which may be superimposed on the desired image. In 

optical testing, this may be manifested by variations in fringe
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contrast or in the appearance of a background pattern that remains 

fixed in intensity, and location during adjustment of the interferometer. 

Fringes appear to move across a stationary background structure. This 

particular phenomenon has little effect on the interpretation of the 

fringe pattern iteself.

Unfortunately, another consequence of phase quantization is er

rors in wavefront reconstruction. Fercher (1976) used a numerical ex

ample to exhibit shifts in fringe maxima due to binarization. Phase 

quantization limits the total number of fringes in the hologram and 

represents an important limitation on the computer-generated hologram.

Phase Quantization

Phase quantization is a consequence of the discrete nature of 

the plotting device. Consider a hypothetical device with P resolvable 

points across the picture format. (As discussed in Chapter 4, typical 

values for P range from 103 to 10L|' points.) By definition, the maximum 

error in plotting a single point is equal to one-half resolution ele

ment. If there are P resolvable points across the diameter of the holo

gram, any plotted point on the hologram could be displaced from its 

proper position by a distance equal to 1/P times the radius of the holo

gram .

The quantization level M is defined as the number of resolvable 

points available, to represent a single fringe on the hologram in the 

region where the fringes are closest together. M is a minimum where 

the local wavefront gradient or ray angle is a maximum. By the 

Whittaker-Shannon sampling theorem (see Gaskill, 1978), the minimum
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value for M to prevent aliasing is 2. For a plotter with P = 2048, the 

maximum number of fringes in the hologram is P/M = P/2 - 1024 fringes. 

The maximum error in wavefront AW due to quantization is given by 

AW = 1/2M. To reduce quantization errors, M should be as large as 

possible.

The final precision that the hologram yields depends on the 

spatial frequency, or wavefront slope, of the errors to be detected on 

the test object. Spatial frequencies are conveniently observed in the 

Fourier transform plane of the hologram, as shown in Fig. 40 of Chap

ter 6. The lower diffraction orders of a hologram for a symmetric 

aspheric component are sketched at the top of Fig. 48. A linear car

rier frequency of T fringes per radius has been added to the hologram 

function. The various order's of diffraction are separated in angle by 

an amount T, as shown in the figure. The maximum wavefront slope of the 

aspheric sets the radius of the first diffraction order, which is de

fined to be S in Fig. 48. The size of the second-order diffraction 

spot is then 2S, the third order 3S, and so forth. To ensure that the 

second-order spot does not overlap the first-order spot, the carrier 

frequency T must be greater than 3S„ The maximum spatial frequency in 

the first-order spot is then at least 4S. The basic limit to the slope 

of the test wavefront is given by assuming that this slope is constant 

over the hologram. This means a total of 8S fringes per diameter. If 

P is the total number of resolution points per diameter, then the 

quantization level is M = P/8S. For a given quantization level, the 

maximum allowable slope is S = P/8M. Expressed in terms of the maximum
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Fig. 48. Diffraction Patterns of Computer-Generated 
Holograms with Symmetric and Nonsymmetric 
Aspheric Components.
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wavefront error, the maximum allowable slope is S = % PAW. For 

P = 2048 points and a maximum wavefront error of 0.25 wave, the 

maximum wavefront slope allowed is 128 waves/radius.

Now let us consider the situation of a general aspheric for 

which the wavefront slope is not symmetric. The diffraction pattern 

for the computer-generated hologram would no longer be circular, and it 

might look like the sketch at the bottom of Fig. 48. Note that the 

carrier frequency or tilt is chosen along the direction of minimum slope 

deviation in the aspheric. That is, the ellipses are oriented with the 

semiminor axis in the direction of the carrier tilt. The boundary is 

formed by the maximum values of the wavefront gradient. The limitations 

tions discussed earlier can easily be applied to this new situation.

Let a be the radius of the semiminor axis and b the radius of the semi

major axis of the ellipse. Then the offset tilt T must be at least 

as great as 3a. The quantization limit depends on either 4a or b, 

whichever is larger.

Quantization error sets the limit to the maximum aspheric wave- 

front slope for a perfect plotting system with P resolution points. 

Unfortunately, most plotters have inherent distortions that reduce the 

number of resolution points to some smaller number of effective resolu

tion points. Experience has shown that plotter distortion is one of the 

the larger sources of error in computer-generated holograms.

Plotter Distortion 

Plotter distortion refers to nonlinearities in the position of 

individual resolution elements over the working area of the plot.
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Suppose that the plotter is used to draw equally-spaced lines in one 

direction and another set of equally-spaced lines in the orthogonal di

rection, thereby forming.a uniform mesh of squares. Plotter distortion 

implies that these ideally straight lines will actually, be slightly 

curved, and that the squares will be deformed into other Shapes depend

ing oh the nature of the distortion. Distortion is a familiar concept 

of photography, where the names "barrel distortion" and "pincushion 

distortion" have been applied to the most commonly observed distortion 

test patterns»

Plot distortions are described by the vector field

e(x,y) = rp (x,y) - r(x,y)

where the vector r designates a point in the nondistorted computational 

coordinate system and r^ is the vector of the actual position of the 

plotted point or resolution element (Fercher, 1976). Calculation of 

fringe locations or local gray level is based on the assignment of vec

tors in the nondistorted coordinate system. If the vector function 

e(x,y) is a repeatable property of the plotting device, calculation of 

the hologram should be based on the actual coordinates of plotted 

points, which may be obtained from

Xp = X + ex(x,y)

7p = 7 + ey (x,y)

The error in the wavefront over a given small area of the holo

gram depends on the orientation and spacing of the fringe lines in that 

area. For the hologram function, H(x,y), the orientation and spacing
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is given by the scalar product between this gradient and the vector 

distortion function

-> -*AW(x,y) = VH(x,y) • e(x,y) .

Only the component of distortion perpendicular to the local fringe > 

lines has any influence on the local distortion.

Usually the hologram function includes a linear carrier fre

quency or tilt term, so that the function H(x,y) has the form

H(x,y) = Tx + W(x,y),

where T is the tilt and W(x,y) the aspheric wavefront function. Be

cause of this carrier frequency term, which must be three times the 

maximum slope contribution of the wavefront function, the distortion 

in the direction of the carrier, along the x axis in this example, 

will cause the largest^ errors in the optical wavefront that is recon

structed. Consequently, to minimize the errors due to distortion, one 

should orient the carrier tilt in the direction of minimum plotter dis

tortion, if possible.

To include distortion in the definition of resolution, we can 

introduce the concept of a distortionless resolution point (Wyant and 

Bennett, 1972). The size of a distortionless, resolution point is de

fined as the maximum magnitude of the distortion vector anywhere on the 

plotting surface. The number of distortionless resolution points is 

then given by P = D/ema;x) where D is the diameter of the plotting sur

face (or length of one side for a square surface) and emav is the maxi

mum distortion: e is half the peak-to-valley distortion if the max r
distortion vector fluctuations are evenly distributed about zero.
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The number of distortionless resolution points may also be 

expressed in terms of the maximum wavefront error for a linear grating 

of arbitrary orientation. If the grating spacing is T waves per rad

ius and the maximum wavefront error is hW then the total number of 

distortion-free resolution points per diameter is P =  T/AW •

The vector distortion function can be measured by constructing 

a linear grating of T waves per radius and causing the +N and -N orders 

to interfere to yield a distortion interferegram. This technique was 

used by Wyant, 0 8Neill, and MacGovern (1974). The test yields the com

ponent of the distortion vector in the direction perpendicular to the 

fringe lines. Another test must be made, with the grating oriented in 

the orthogonal direction, to obtain both components of the vector dis

tortion function. The distortion function itself, in normalized radius 

units, is given by

W (x,y)
e (x,y)

W (x,y)
e (x,y) =  —  .

2N Ty
The two tests may be combined for a hologram that is a super

position of two orthogonal gratings, as shown in Fig. 49. This crossed 

grating hologram is functionally equivalent to the synthetic point 

hologram used by Fercher (1976). The method used to generate the holo

gram shown in Fig. 49 was described in Chapter 4.
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Fig. 49. Rectangular Crossed Grating used to Measure Plotter 
Distortion.
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Figure 50 shows the two interferograms for orthogonal compo

nents of the distortion function for a Dicomed image recorder. The 

designation "horizontal" refers to the direction of scan motion for the 

electron beam in the recorder. The interferograms show a maximum wave- 

front error of 0.7 .fringe (rms error 0.2 7 fringe) for the horizontal 

direction and 0.3 fringe (rms error 0.14 fringe) for the vertical direc

tion. The crossed-grating had a tilt of 250 fringes per radius in each 

direction, and the +1 and-1 diffraction orders were made to interfere 

to generate the interferograms. The net distortion in the horizontal 

direction is then

ex = 2$ m  * 1004

s = 0.14% x

This value is within the instrument specifications of 0.25 percent dis

tortion.

Further analysis of the interferograms in Fig. 50 reveals that 

the largest aberration is astigmatism. For the horizontal direction, 

the interferogram has 1.3 fringes of astigmatism and the vertical direc

tion shows 0.6 fringe of astigmatism. If the plotter were corrected 

for this astigmatism alone, the maximum wavefront error would be re

duced to 0.2 fringe (rms error 0.06 fringe).

Fercher (1976) has proposed a scheme of self-compensation of 

plot distortions -by using a dual synthetic hologram. This is a super

position of two point holograms, one. slightly rotated with respect to 

the other to separate the orders of diffraction in the Fourier plane.
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(b)

Fig. 50. Interferograms from Crossed-Grating Test of Plotter Distortion.
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One hologram function carries the desired aspheric wavefront, and the 

other hologram is a uniform grating that carries approximately the same 

distortion information as the first hologram since the local tilt is 

almost the same. Fercher reports significant improvement in interfero- 

grams obtained by this method.

Magnification Errors 

The size of the hologram must match the size of the image of the 

the exit pupil at the hologram plane. Errors in the final size of the
r>

hologram produce a radial shear interferogram between the reference 

wave and the test wave in the interferometer. Thus fringes may be ob

served for a perfect test component, or an. imperfect component may be 

manufactured to produce a null test result against the imperfect holo

gram. If the hologram is the correct size, it will produce a wavefront 

given by W(p,6). If the hologram is off by a magnification factor m 

not equal to unity, the error in the test results caused by the holo

gram's having the incorrect size is

AW = W(mp,9) - W(p,6).

For magnifications near unity, the error can be expanded in a Taylor 

series, and terms higher than the first order can be neglected to give 

the approximate relationship

awAW = -~— (m - l)p .d p

The maximum radial wavefront slope, defined in Fig. 48 can be obtained 

as
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9W _ S
p̂max p

The magnification can be obtained by measuring the difference Ap be

tween the actual radius and the correct radius and dividing by the 

correct radius:

■ m - 1 = —  .P

Then the maximum wavefront error due to incorrect hologram size is given 

>

AW = S ,max p

where S and p may be obtained from a ray trace of the system and Ap 

must be obtained by measurement.

As an example, consider a maximum slope S of 100 waves per

radius and a hologram radius of 7 mm. An error of 5 pm in the radius

yields a magnification error m -  1 = 7 . 1 x 1 0 ^ .  This corresponds to 

a maximum wavefront error of 0.071 wave.

A magnification error in a radially symmetric hologram is im

portant because the form of the error has the same functional symmetry 

as the hologram. If the wavefront is fourth-order spherical aberration, 

W = Ap4, the error is given by

Sir - 4A’3
AW = 4 (m - l)p4.

Note that the error also has the form of fourth-order spherical 
aberration.
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Magnification errors may not be isotropic, as has been assumed. 

Image recorders may have preferential axes, with different magnifica

tions. Suppose that the magnification in the x direction is slightly 

different from that in the y direction. The resulting wavefront error 

is

AW = W(mx,y) - W(x,y).

For small deviations in magnification from unity, the error is

2W
AW = (m " I)*-

Consider a wavefront representing simple defocus, so that W(x,y) =

A(x2 + y2). The resulting error has the form

AW = 2A(m - l)x2,

which is an astigmatic contribution to the wavefront. Spherical aber

ration generates a higher-order astigmatism. To test for isotropic 

magnification, the final hologram size should be measured in different 

directions and special attention should be given to the linear dimen

sions in directions parallel to and perpendicular to the scan axis of 

the image recorder or to the mechanical axes of a pen plotter.

Alignment errors are related to magnification errors in that 

both may be interpreted as shear interferograms, but the nature of the 

shear is different. For magnification, the shear is a stretching 

operation.
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Alignment Errors 

Alignment errors result from improper positioning of the holo

gram in the interferometer. Consider first a small translational error 

in the placement of the hologram. In the Fourier transform plane, the 

diffraction spots shown in Fig. 48 will be slightly sheared. The center 

of the diffraction spot from the reference wavefront will be slightly 

displaced from the center of the diffraction spot from the test wave- 

front, Suppose that this displacement is in the direction of maximum 

slope, parallel to the major axis of the diffraction spots at the bot

tom of Fig. 48, for example. Let this direction be called the x axis 

of the hologram coordinate system. The diffefence in wavefronts from 

the two overlapping spots is given by

AW = W(x + Ax,y) t W(x,y).

For small alignment errors, ■

3WAW = f 1 Ax.9x

If the slope of the wavefront is expressed in S waves per radius, then 

the shear distance is expressed as a fractional shear per radius fix, 

and the maximum error due to lateral alignment is'

AW = S Sx. max

The error due to lateral shear is not rotationally symmetric.

For fourth-order spherical aberration, the alignment error is

■= 4Ap2x

AW = (4AAx) p2)C-
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The error is an odd function rather than an even function, and it has 

the form of coma. If only the radial errors in the test component are 

under investigation, the coma found in the interferegram may be mea

sured and subtracted from the final results. The appearance of coma in 

the interferogram may be used as a visual clue in positioning the 

hologram.

For nonsymmetric wavefronts the angular orientation of the holo

gram is important. Expressed in polar coordinates, the error has the 

form

AW = ■aW^ ,9) A8,

where A9 is the angular error in radians. The wavefront slope is ex

pressed in waves/radian.

Alignment errors are relative rather than absolute. Either the 

hologram or the component under test could be shifted with approximately 

the same effect. The magnitude of the effect is proportional to the 

size of the pupil. Since the size of the test component is generally 

larger than that of the hologram, the shift in the test component has 

a larger absolute tolerance but the same fractional tolerance as does a 

shift in the position of the hologram. Because the error is an odd 

function, an error in the position of one component is compensated by a 

corresponding error in the other component of opposite sign.

Longitudinal errors result from the improper longitudinal 

positioning of either the hologram or the aspheric component under 

test. When the test component is not placed at the proper place along 

the optical axis, the resulting error is essentially a defocus error
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and is quadratic as a function of pupil radius. The magnitude of defo

cus error is proportional to the longitudinal displacement and inversely 

proportional to the square of the f/number of the component. For some 

systems a longitudinal error in position may have ah effect on 

higher-order aberrations<, This can be determined from a ray trace 

tolerance study. If the hologram is improperly positioned, the.pupil 

of the aspheric surface will not be in focus. Proper focus can be 

checked by observing fiducial marks placed in the pupil plane.

Miscellaneous Errors 

There are several miscellaneous sources of potential error in 

using computer-generated' holograms. One category of error involves the 

computer itself. There are possible errors in all stages of the calcu

lation, from the initial ray trace to the final encoding of the holo

gram. Such errors derive from the finite word size of the computer and 

from the approximations used in the numeric techniques employed by the 

computer. Another category of errors involves the use of film. Phase 

variations in the film emulsion and substrate may be important, or even 

critical if both beams of the interferometer do not pass through the 

hologram. Emulsion movement as a result of photoprocessing can affect 

the final hologram size. Wyant and Bennett (1972) checked one film/ 

processing combination and found no effects larger than other sources 

of error such as data reduction. For gray-level holograms, correct 

photoprocessing is essential for accurate gray scale rendition. Avoid

ance of photoprocessing sensitivity is one reason for constructing 

binary holograms.



CHAPTER 8

CONCLUSIONS

Computer-generated holograms are not difficult to make. The 

basic requirements are a good plotting device and some simple software. 

Once the basic algorithm has been developed, it may be extended to pro

duce a wide variety of patterns for a number of applications. Making 

computer-generated holograms for optical testing purposes can be a'rou

tine procedure after the proper software has been written. The process 

involves a few computer runs to create a magnetic tape, generation of 

the picture on a plotting device, and photoreduction- of the picture to 

the final size for the hologram. ,

The accuracy achievable by a computer-generated hologram is 

limited by the plotting device used to draw the hologram, but even 

low-resolution equipment such as a line printer can be used with some 

success. One of the first decisions made during this research was the 

choice of a digital image recorder as a plotting device. Of the equip

ment that was readily available, this device offered the best resolu

tion and linearity. Furthermore, such equipment offered the possibility 

of gray-level control. The use and availability of digital image dis

play equipment has been increasing steadily, motivated by the require

ments of satellite-based photography for high-quality digital pictures.

Once the plotting system had been chosen, the next major deci

sion involved the type of encoding process to be used for the hologram.

201
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A major contribution of this dissertation is the development of a suit

able encoding method. The general method that was finally developed 

uses the concept of a local grating. Over a very small region of the 

hologram, a linear binary grating is drawn so that the position of the 

grating is proportional to the local phase, and the duty cycle of the 

grating is proportional to the local amplitude. The method uvas formu

lated- in such a way that the appropriate-hologram could be generated a 

pixel at a time. The intensity of each pixel is determined by the am

plitude and phase of the function to be encoded at that point.

The simplicity of the method is one of its virtues because the 

hologram requires a.large number of calculations. A typical hologram 

may have 107 individual pixels, so the computing time allocated to a 

single pixel must be as short as possible. Another advantage of the 

method is that it. does not depend on the linearity of any photographic 

processing. The method is essentially a binary process although the 

gray-level capability of the recorder can be used to reduce unwanted 

moire effects. Finally, the method is versatile. It has been easy to 

modify the details to produce difference kinds of holograms or to im

prove efficiency and reduce computer costs.

Considerable effort has been devoted to comparing this encoding 

method to the numerous other methods that have been published. In dis

crete Fourier transform holograms, for example, our method can be 

explained as an extension of the original Lohmann technique. Our new 

method allows for a smooth transition from the discrete apertures pro

posed by Lohmann to a continuous "interference" type hologram used in
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optical testing. The hologram of the letter "F," shown in Chapter 4, 

illustrates this transition. The encoding method produces a hologram 

that is clearly similar to Lohmann's early hologram of the letter "E," 

but at the same time the discrete cells seem to blend together in an 

almost continuous fashion.

Early in the development of holograms for optical testing, we 

encountered the problem of the unwanted moird effects. These effects 

were greatly reduced by using a tapered grating profile, which we 

modeled as a trapezoidal profile. The net effect is tovblur the sharp 

edges of the binary grating by convolving the image with a small 

two-dimensional rect function.

During the course of this research, numerous holograms were pre

pared for a variety of testing situations and educational purposes. The 

moire pattern between two holograms is a good way of studying the basic 

optical aberrations. Chapter 6 shows the example of astigmatism. A 

computer-generated scatterplate can be used in optical testing or in 

studies of speckle patterns, as shown in Chapter 3. Several artificial 

wavefronts, such as rectangular fringes or helical fringes, were also 

generated. Chapter 3 has two.examples. Finally the hologram of the 

letter "F" in Chapter 4 and the more complicated example in Chapter 2 

were used to illustrate some of the basic properties of 

computer-generated holograms and as a basis of comparison to other 

encoding techniques.

A general ray tracing program was written to calculate the 

optical effects of the interferometer on the wavefront from the surface
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under test. Ray tracing is also required to calculate the residual 

aberration after a null lens is included in the optical system.

Finally, the ray trace provides information about alignment sensitiv

ity. The ray tracing methods are documented in Chapter 5„ A unique 

feature of the program that was written is the direct calculation of 

the polynomial coefficients needed to generate the hologram. The pro

gram can be used to find the best focal position to minimize the wave- 

front slope. The availability of such a program is required for model

ing test configurations and calculating the final wavefront.

The steps required to produce a hologram for a routine optical 

test of an aspheric component are given in detail in Chapter 6. One of 

these steps, that of accurate photoreduction, is especially noteworthy. 

Photoreduction is required because the images produced by the typical 

plotter are large and must be reduced to the appropriate size. . A fac

tor of 5 to 10 in reduction is usual. For optical testing applications, 

the accuracy of the test is directly dependent on the accuracy of the 

size of the hologram.

Present-day plotting devices, with a usable resolution of about 

2000 elements per diameter, can be used to encode wavefronts with a 

maximum slope of about 125 waves per radius, for which the maximum wave- 

front error would be 0.25 wave. Root-mean-square errors may be expected 

to be about half the maximum error, about 0.1 wave. By using the +1 and 

-1 orders of the hologram, as suggested in Chapter 6, a maximum slope 

of about 250 waves per radius can be accommodated. For test configura

tions that exceed the limits of the computer-generated hologram to



match the expected wavefront, a combination of auxiliary optics and a 

computer-generated hologram may be used to replace a more complicated 

null lens.



APPENDIX

FORTRAN 
SOURCE LISTING OF 

HOLOGRAM GENERATION PROGRAM

SUBROUTINE PODTAPE
WRITE POD: TAPE FOR STANDARD SADIE PICTURE (84 MM SQUARE)
THE, PICTURE HAS NPIXEL X NLINES ELEMENTS.
THE ACTIVE PICTURE AREA EXTENDS FROM IL TO IR PIXELS/LINE 
AND FROM JL TO JR LINES. PIXELS HAVE 6-BIT RESOLUTION.

COMMON /POD/ LFN ,1TENMAX,NPIXEL,NLINES,LINENO :
COMMON /UNITS/ N A M E (8),KI,KO,KPUNCE,KPLOT,MT(10)

DIMENSION IPT(NPIXEL),X(NPIXEL)
COMMON IPT (2048) fX(2048).
DATA NPIXEL,NLINES,MAG,IL>IR,JL,JR/2*2048>3,25/2024,47,2046/ 
DATA LFN,ITENMAX,NAME/50 , 63, 8*1H /
l i n e n o = i ;
CALL REMARK (NAME )
NCHAR=MIN0(64,NPIXEL/(8*MAG))

WRITE STANDARD SADIE LABEL 
CALL SLABEL(LFN,NAME,NPIXEL,NLINES)
CALL DATE (NAME (8) )
CALL PODSYM (NAME,NCHAR, MAG )

CALCULATE UNIT CIRCLE 
XC=0.5*FLOAT(IL+IR)
YC“0 . 5*FLOAT ( JL+JR)
RAD IUS=0 . 5 *FLOAT (JR-JL-f l)

BLANK SPACER 
CALL PRESET(IPT,NPlXEL,0)
M=JL-2 •
IF (LINENO.GT.M) GO TO 6 
DO 5 j=LINENO,M 
CALL PODLINE

206
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C
6

11
C
12

15
17

C
19

C

22
23

10 .

20

SOLID LINE 
IPT(IL-1)=ITENMAX 
IPT(IR+1)=ITENMAX 
DO 11 I=IL,IR 
IPT(I)=ITENMAX 
CALL PODLINE 

HOLOGRAM 
DO 12 I=IL,IR 
X (I)= (FLOAT(1)-XC)/RADIUS 
DO 17 J=JL,JR 
Y=(YC-FLOAT(J))/RADIUS 
DO 15 I=IL,IR 
IPT(I)=ITEN(X(I),Y)
CALL PODLINE 

SOLID LINE 
DO 19 I=IL,IR 
IPT(I)=ITENMAX 
CALL PODLINE

BLANK SPACER 
CALL PRESET(IPT,NPIXEL,0)
IF (LINENO.GT.NLINES) GO TO 23 
DO 22 J=LINENO,NLINES 
CALL PODLINE 
CALL UNIT(LFN)
ENDFILE LFN
RETURN
END
SUBROUTINE PODLINE

z '
WRITE SINGLE LINE ON POD TAPE

COMMON IPT(1)
DIMENSION IT (410)COMMON /POD/ ' LFN,ITENMAX,NPIXEL,NLINES,LINENO 
DATA MASK/63/
CALL UNIT(LFN)
M=0 
12 =  0 
12= 12+1
IS=IPT(12)-AND.MASK
11=12+1
12=12+9
DO 20 1=11,12 •
IS=OR(SHIFT(IS,6) ,IPT(I) .AND.MASK)
M=M+1 
IT (M ) = IS
IF (12 .LT.NPIXEL) GO TO 10 
BUFFER OUT (LFN, 1) (IT (1) , IT (M) )
LINENO=LINENO + 1
RETURN
END
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C
C
C

SUBROUTINE PARDTE(IRAK)

THIS PACKS THE TIME AND DATE INTO A SINGLE WORD IPAK. 
IS HHNNMMDDYY. WHERE0

THE FORMAT

THE YEAR

c HH IS HOURSc NN IS MINUTESc MM IS THE NUMBER OF THE MONTHc DD IS THE DAY OF THE MONTHc YY. IS THE LAST TWO DIGITS OF 1
INTEGER TEMPI (2).,TEMP2 (5)
CALL TIME(TEMPI(1))
CALL DATE(TEMPI(2))
DECODE(20,1000/TEMPI) TEMP2

1000 FORMAT(IX,A2,IX,A2,5X,A2,1X,A2/1X,A2,IX) 
ENCODE(10,1001,IPAK) TEMP 2

1001 FORMAT ( 5 A2 )'
RETURN
END

SUBROUTINE PODSYM(LAB,NCHAR,MAG)'
CHARACTER ROUTINE FOR COMPUTER-GENERATED PICTURES 

COMMON I C (1)
COMMON /POD/ L F N ,ITENMAX,NPIXEL,NLINES,LINENO 
DIMENSION L A B (1),ICHAR(48)
DATA NPAK,NBITS/10,6/
DATA ICHAR/

+000010040 0010 0400000B ,0 2050 24137 5024111030B ,01750 241104 362110 43.6B , 
+01610 4 0.100 40 2012107 0B,00744241205024110436B,0374020100436010057 6B, 
+ 00 0-4 0 2010043601005 76 B,0361044130 402012107 0B,0 20 5024120 57 6 4120 502B, 
+ 01741004020100402076B,00704221100402010170B,02044211034060504442B , 
+03740201004020100402 B ,0 20 5 0 24120 53 25 5315 46 8,030542512451245215 06B‘, 
+ 00604441205024111030B ,0 004-02010744241104368,02604451205024111030B , 
+0 2044211074424110436B,01710040100340120474B,00201004020100402076B, 
+006044412050241205 0 2 B ,006030221104441205028,03154655265024120 502B , 
+02050222060302220502 B ,0 02010040202421104428,03740202020202020176B , 
+00644445225225111130B,03742010040 20100 60208 ,037 40 20 614100 40 20 4748 , 
+0070424020060 4020174 B ,010 040 20374 4 22 2110 508 ,01710 2401003 6 010 057 68 , 
+00704241164360100474B,0 0100404020 2020 201768 ,01710 241 110302211030B , 
+017102403610441210708,0000100417 410 040000 08,000000001740000000008, 
+0 0001025 07 03 4 250200 0B,000 20 201010101004040B,0040 1'0 020 100 40 202020B, 
+00101010040201002004B,000000000000000020108,00000037000003700000B, 
+ 000000000 0000000000 0B ,0 02014 060 000.0 0000 0 0 08 ,0 03014000 00000 000000B/-
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NZ =0
MB=8*MAG
CALL PRESET(IC,NPIXEL,0)
DO 200 1 = 1,MAG 

200 CALL PODLINE
DO 500 J=1,56,7 
JSHF=1~J
c a ll Pr e s e t (ic,n p i x e l ,0)
N=NZ
LBPT=1
LABL=LAB(LBPT)
DO 400 K=1,NCHAR 
LABL=SHIFT(LABL,NBITS)
IPT=AND(LABL,77B)
MF=MB
IF (IPT.EQ.55B) GO TO 340 
IF (IPT.EQ.63B) IPT=0 
IF (IPT.GT.47) GO TO 340 
IPT=SHIFT(ICHAR(IPT+1),JSHF)
MF=MAG
DO 320 L=1,7 
NPIX=0
IF (AND(IPT,1) .EQ . 1) NPIX=ITENMAX 
DO 300 1=1,MF 
N=N+1 

300 IC(N)=NPIX 
320 IPT=SHIFT(IPT,-1)
3 40 N=N+MF

IF (MOD(K,NPAK).NE.0) GO TO 400
LBPT=LBPT+1
LABL=LAB(LBPT)

400 CONTINUE
DO 450 1=1,MAG 

450 CALL PODLINE 
500 CONTINUE

CALL PRESET (IC ,NPIXEL , 0)
DO 600 1=1/MAG 

600 CALL PODLINE 
RETURN 
END
SUBROUTINE SLABEL(FILE,NAME,NPIXEL,NLINES)
LABEL SADIE FILE FOR COMPUTER-GENERATED IMAGE 
STANDARD FORMAT 6 BITS/PIXEL
DIMENSION NAME(8)
COMMON IBUF(16)
INTEGER FILE
DATA BTSIZE,NMBITS/6,6/
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C - TRANSCRIBE ID
DO 10 1=1,8 

10 IBUF(I)=NAME(I)
IBUF (9) =NPIXEL 
IBUF (10 )=NLINES

C PACK BTSIZE AND NMBITS INTO PROPER FORMAT FOR SADIE
IPAK= 0
IBT=SHIFT(BTSIZE,48)
INM=SHIFT(NMBITS,36)
IPAK=OR (IPAK , IBT)

• IBUF (ll)=OR(INM.,IPAK)
C PACK CURRENT DATE AND TIME INTO SADIE FORMAT

CALL PAKDTE (IBUF (12) )
C BLACK CODE

IBLK=0
IBUF(13)=SHIFT(AND(IBLK,1),59)

C LINEAR/LOG CODE
LINLOG=3
IT=SHIFT(AND(LINLOG,3),57)
M=SHIFT(MASK(58),57)
IBUF(13)=OR(IT,AND(IBUF(13),M))

C COLOR CODE
KOLOR=0
IT=SHIFT(AND(KOLOR,63),51)
M=SHIFT(MASK(54),51)
IBUF(13)=OR(IT,AND(IBUF(13),M))

C WORDS 14 AND 15 OF THE LABEL ARE NOT USED HERE
IBUF(14)=0 
IBUF(15)=0

C USE UNIVERSITY OF MINNESOTA SITE CODE
ISITE=2
IS=SHIFT(ISITE,54)
M=SHIFT(MASK(54),54)
N=OR(AND (N ,M) ,IS)

C TYPE CODE FOR COMPUTER-GENERATED IMAGE -
ITYPE=6"2
IT=SHIFT(ITYPE,48)
M=SHIFT(MASK(54),48)
IBUF (16) =OR (AND (N,M) ,IT)

C BUFFER OUT THE LABEL
BUFFER OUT (FILE,1) (IBUF(1) ,IBUF(16))
CALL UNIT (FILE)
RETURN
END

L 2350 L S
SUBROUTINE PRESET(A,LEN,VAL)
DIMENSION A(LEN)
DO 10 1=1,LEN 

10 A (I)=VAL 
RETURN 
END
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