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ABSTRACT

Two-mode ring lasers used as rotation rate sensors are plagued 

by the phenomenon known as frequency locking whereby output information 

about the input rate ceases to become available at low input rotation 

rates. It has been observed that under certain circumstances the four

mode linearly-polarized ring laser does not exhibit locking behavior. 

Instead, a reciprocal bias appears, that is, one which is constant in 

magnitude but changes sign with a-change in direction of the input rate. 

After a review of ideal and real two-mode ring laser characteristics the 

four-mode ring laser is discussed from both experimental and theoretical 

standpoints. In particular, the nature of the reciprocal bias is 

established, and the relative merits of the four-mode ring laser as a 

replacement for the two-mode laser are brought to light. We conclude 

that four-mode operation of a ring laser offers many prospective advan

tages including those associated with plasma-current and cavity length 

control as well as the elimination of the frequency locking problem.

xi •



CHAPTER 1

INTRODUCTION

The intent of this dissertation is to discuss the recent results, 

both experimental and theoretical, concerning the four-mode linearly- 

polarized ring laser. The motivation for this work is straightforward: 

the two-mode ring lasers commonly used for rotation-rate sensing all 

suffer from a major characteristic flaw--for low input rotation rates 

they exhibit a phenomenon called locking whereby output information 

about the input rate becomes non-existent. As is discussed in Chapters 

2 and 3, under some circumstances the four-mode ring does not exhibit 

this behavior and therefore it may prove to be a viable replacement to 

the two-mode ring laser as a rate sensor.

The principle of operation of the two-mode ring laser is dis

cussed in §1.1. In §1,2 the locking behavior is described. In §1.3 

the various techniques used to eliminate locking, some successfully, 

some not, are discussed. In §1.4 the character of the four-mode ring 

is introduced briefly and the structure of the remaining length of the 

paper is explained.

1.1. The Ideal Ring Laser Gyro

Consider a circular ring cavity of perimeter L having its optic 

axis labeled by z (Fig. 1.1). Suppose there is an active medium in the 

cavity so that two beams of light travel in opposite directions. The

1



z
Fig. 1.1. Circular ring cavity having perimeter L = 2nr.

Cavity rotates with angular frequency ft.
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resonance condition requires that an integral number of wavelengths span 

the cavity length L, that is

■i L = nX ,

where X is the wavelength of the emitted radiation and n is a (large) 

integer. The frequencies of the ring are given by

v = c/X ,

where c is the speed of light in the medium filling the ring cavity.

The effect of rotation upon the frequencies of the ring can be explained 

from two points of view--either in the rotating frame of the ring (the 

Sagnac effect) or from the inertial reference frame (the Doppler effect). 

In the Sagnac point of view, the light beam traveling in the direction 

of rotation is seen to travel slightly further than the nominal length L 

of the cavity in order to make one round trip because the starting point 

has moved a small but finite amount in the time it has taken for the beam 

to travel around the ring. Thus, the beam sees a slightly longer path 

and hence its frequency is slightly less than the nominal (at rest) 

value. A similar argument, shows that the frequency of the beam travel

ing against the direction of rotation is slightly higher than the nomi

nal value.

For the Doppler point of view we choose the inertial frame in 

which the ring exhibits no translational motion. From this frame we 

would see a standing wave fixed in this inertial space and the ring 

would appear to rotate around it. For a point on the ring the two beams 

must each have equal and opposite Doppler shifts
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Av _ v 
v ” c

where v is the tangential velocity of the observation point and Av is 

the frequency splitting from the at rest value v. The frequency 

difference ip (in rad/sec) between the two beams is

jp = 4ttv ■£■ = 47r .

where £2 is the input rate in rad/sec and r = L/(2ir) is the radius of the 

ring. The beat frequency ^ is the rate at which a point on the ring 

passes by the nodes of the standing waves. Real cavities are constructed 

using a finite number of mirrors, typically three or four. For non

circular geometries the velocity v must be replaced by the average 

tangential velocity

v -> 1_
L

fL
(fi x r)

0

and it can be shown that in general

° dz

ijj =  K

where the scale factor K is given by

K = •

where A is the area enclosed by the perimeter of the cavity.

(1.1)

1.2. The Real Ring Laser Gyro: Locking

In the ideal gyro the oppositely directed traveling waves are 

independent of one another; one wave doesn’t know the other exists.
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Unfortunately in the real ring laser this is not the case: the two

waves are coupled. At low input rotation rates the coupling causes 

the waves to frequency lock; thus there is no beat frequency output 

signal. Physically, sources of coupling which can cause locking [1-3] 

fall into two classes. The first is backscattered radiation whereby 

the energy traveling in one direction is scattered into the other 

(Fig. 1.2a). Sources of backscattering can be imperfect dielectric 

coatings on the mirrors or dust particles. The other type of coupling 

is due to a localized loss such as from a sharp aperture in the cavity 

or, again, from a particle of dust. The laser likes to minimize its 

losses and accordingly it tries to place a node of the standing wave 

at the point of maximum loss (Fig. 1.2b). As a consequence, for low 

rotation rates the standing electric field wave is no longer fixed in 

inertial space; instead, it rotates along with the ring.

Either type of locking may be cast in the mathematical form:

= a + b sin ip (1.2)

Here a is the input rate Kfi, ip is the phase difference between the two 

optical waves, and b is a locking coefficient, From the form of the 

equation, it is seen that for |a] < |b| for some value of ip, ip = 0, so 

that the phase difference between the two beams remains fixed. For 

high input rates |a| »  |b| the output beat frequency ip is essentially 

a. Figure 1.3 shows the comparison between the ideal gyro and the more 

realistic gyro described by eq. (1.2). The condition which plagues all 

two-mode ring gyros is the dead band or locking region for which the out 

put beat frequency is zero.
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CCW

Fig. 1.2. Sources of mode coupling in a ring laser.

(a) Backscattering from a mirror surface sends a fraction r 
of radiation from one direction into the other. (b) A narrow 
aperture may serve as a point of loss at which a node of the 
standing wave tends to remain.
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Ideal Gyro

2-mode Gyro

Dead Band

Fig. 1.3. Output beat frequency for an ideal ring gyro and a real gyro, 
showing locking at low input rotation for the latter case.
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1.3. Eliminating the Locking Problem

There have been basically three techniques used to eliminate the 

locking problem. The first is the d.c. bias, the second is the a.c. 

bias, and the third is the multioscillator approach.

The d.c. bias is perhaps the most obvious approach [4]. By 

placing a Faraday cell into the cavity, a large frequency offset may 

be introduced between the two modes of the cavity. One chooses the bias 

to be large enough so that the locking region will not be encountered

over the input range of interest. The offset can then merely be sub

tracted from the output to indicate the actual input rate. This method 

has proven to bq unsatisfactory. The trouble is that temperature fluc

tuations of the components of the Faraday cell cause the bias to fluctu

ate and drift, and the changes in bias cannot be distinguished from 

changes in input rate.

The a.c. biasing technique, or dithering, as it is commonly 

called, has proven very successful. This technique employs a mechanical 

mechanism to shake the gyro body back and forth. This action frequency 

modulates the output. Mathematically this is equivalent to adding a 

modulation term to the right hand side of eq. (1.2):

if) . = a + b sin ip +  d  cos t ,

where d is the modulation depth and is the dither frequency.

Hutchings and Stjern [5] have shown that by choosing a ratio of d/w^, 

called the modulation index, to be a zero of the zeroth order bessel 

function, that is so that

Jo ̂ ^ d ^  = 0 »
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the demodulated beat signal can exhibit no dead band region. For values 

of the modulation index which are not roots of J  s dead bands appear at 

harmonics of the dither frequency having width J^d/w^) .

One might expect that good results could be obtained deriving 

the a.c. bias from a Faraday cell by sinusoidally varying the magnetic 

field on the device. However, the same problems again appear that arose 

for the case of the d.c. bias. The mechanical method is convenient in 

that long term drifts are nearly impossible with a correctly designed 

mechanism. The problem is that the mechanical mechanisms are complex 

and expensive, let alone aesthetically displeasing. (After all, the 

ring laser was originally advertised as having no moving parts.) There

fore, even with the success of the dither mechanisms there is a lot of 

effort to develop optical techniques to eliminate the locking problem.

Most of this effort centers around the multioscillator, speci

fically the Dilag and Zeelag. Both of these try to achieve the same 

principle, but use different techniques to do so [6], These lasers are 

operated with four circularly polarized modes. A typical mode spectrum 

is shown superimposed upon the gain curve in Fig. 1.4a. Essentially 

there are two pairs of gyro modes here: the left circularly polarized

pair and the right circularly polarized pair. The large frequency split

ting between the handedness of the polarizations is achieved by employing 

either an optically active crystal placed in the path of the laser beam 

or a noncoplanar ring geometry. A Faraday cell (Dilag) or a magnetic 

field surrounding the active medium (Zeelag) serves to bias the two gyro 

pairs as shown in Fig. 1.4a. The output information is taken as the 

difference between the two gyro beat notes whose transfer functions are
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Gain

Right Circularly 
Polarized

Left Circularly 
Polarized

anticlockwiseanticlockwise. Clockwise

Frequency

(b )

A 1/ (OUTPUT)
TWO MODE 
BEAT NOTE >

GYRO IGYRO 2

A v2= -Kft + BIAS Az/. = Kft -h BIAS

ROTATION RATE
ROTATION | ft ( INPUT)

RATE I 
RANGE

Fig. 1.4. Zeelag and Dilag characteristics.

(a) Mode spectrum--note the order of the cw and ccw for the 
right circular polarized modes is opposite to that for the 
left circular polarized modes. (b) Output beat frequency, 
taken as the difference between the two gyro beat signals, 
has twice the scale factor of a two-mode ring having the 
same cavity geometry.



11

shown in Fig. 1.4b. Thus, a scale factor having twice the two mode value 

is obtained. The bias is chosen large enough so that the separate lock

ing regions are avoided for input rates of interest. Now if there is 

some fluctuation in the biases due to changes in the Faraday cell or 

magnetic field surrounding the active medium, the effects upon the two 

gyro pairs should cancel.

Although the Dilag and Zeelag show promise, their arrangements 

are rather cumbersome and still costly: these devices have yet to prove

themselves viable replacements to the dithered two-mode gyro.

1.4. Four-mode Linearly-polarized Ring Laser

Interest in the four-mode linearly-polarized ring laser was 

sparked after observations were made which showed that the two-mode dead 

band width could be reduced under certain circumstances when an addi

tional pair of modes were allowed to lase [7-9]. Further investigations 

showed that the locking region can be eliminated altogether. Instead of 

a dead hand, a reciprocal bias appears; one which is constant in magni

tude but changes sign with a change in sign of input rate. The effect 

of the bias phenomenon is illustrated in Fig. 1.5. Thus, for any input 

rate there is output information--this is exactly what we wish to have 

in a rotation rate sensor.

The remainder of this paper is devoted to describing this 

reciprocal bias phenomenon, the experiments performed to characterize 

it, and the theory developed to model its behavior. Chronologically, 

the reciprocal bias phenomenon was discovered experimentally before 

being predicted from the theory. Accordingly, the experiments are
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Fig. 1.5. The four-mode response curve compared with the ideal and real 
two-mode characteristics.

The four-mode gyro exhibits a reciprocal bias, that is, a 
bias which is constant in magnitude but which changes sign 
with a change in the direction of the input rate.
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described first, providing motivation and guidance for the ensuing 

theoretical development. The remainder of this dissertation is divided 

into three chapters. Chapter 2 discusses in detail the various experi

ments performed to characterize the four-mode ring. Chapter 3 develops 

a model for this ring laser, using the third-order Lamb perturbation 

theory. Chapter 4 lends some concluding remarks as to the practical 

aspects of employing the four-mode laser as a rate sensor. The main 

purpose, other than to gain an understanding of the four-mode laser’s 

characteristics, is to make some first-step evaluations of the viability 

of this laser as a replacement for the two-mode gyro.



CHAPTER 2-

RING LASER EXPERIMENTS

In this chapter we present the experiments which were the first 

to exhibit the reciprocal bias phenomenon of the four-mode ring laser. 

The intent is to describe in detail the bias phenomenon itself arid, too, 

other characteristics exhibited by the laser which may help guide the 

development of a model for the observed behavior.

In §2.1 we describe the construction of the gyro body used in 

the experiments. The manner of gyro preparation including the cleaning, 

filling, and aligning procedure is discussed in §2.2. The experimental 

apparatus used to perform the various measurements is covered in §2.3. 

The two-mode behavior of the ring laser is characterized in §2.4 for 

comparison with the four-mode results and to demonstrate that there is 

nothing peculiar about the two-mode behavior of this gyro. Discussion 

of the four-mode experiments begins in §2.5 with the reciprocal bias. 

Other four-mode characteristics are brought to light in the experiments 

discussed in §2.6. The final section, §2.7, makes some brief compari

sons between two- and four-mode operations.

2.1. The Gyro Body

The laser body used in these experiments is an equilateral 

triangle with a 40 cm perimeter constructed from a solid block of 

Cervit, chosen for its ultra-low temperature expansion coefficient

14
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of a few parts per million per degree centigrade. The longitudinal mode 

spacing of this 40 cm triangle should be c/L = 750 MHz. Since this 

laser is designed for an emission of X = 6328A, the scale factor is pre

dicted from eq. (1.1) to be 2.12 KHz/deg. Holes for the beam path, for 

the plasma current path, and for the gas fill tube entrance are drilled 

and the mirror faces are milled and polished flat. The base bore, that 

is, the side which will not have gain, is drilled so that an "L" shaped 

aperture resides at its midpoint. This type of aperture is employed so 

that the transverse mode losses can be varied through a change in the 

mirror positions (see Fig. 2.1). The aperture allows one some degree of 

selectivity of the modes which can be made to lase. The cathodes, the 

anodes, and the gas fill tube are permanently affixed to the gyro body. 

The ring laser is meant to be operated in a dual anode, dual cathode 

configuration. This arrangement minimizes gas-flow effects in the ring 

cavity [1]. The volume around the cathode provides a gas reservoir 

which extends the life of the laser. A getter placed in each reservoir 

collects foreign gases which may accumulate in the cavity after prepara

tion and during operation of the gyro. A plate cemented in place seals 

off the reservoir from the outside atmosphere.

The mirrors chosen for the body are all designed for maximum 

reflectance at 6328A. A partially transmitting (0.05%) flat mirror is 

placed opposite the base bore. High reflectivity mirrors, with radii 

of curvature several times larger than the perimeter of the cavity, are 

placed at the other two vertices. Using the methods of Collins [10], 

the TEMq q ^-TEMq ^  mode spacing for this geometry has been calculated to 

be 59.5 MHz. The mirrors are waxed on rather than cemented or optically
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(a)

(b)

TO DETECTOR
BEAM COMBINING 

PRISM

OUTPUT MIRROR

ANODEANODE

CATHODECATHODE

APERTURE
PIEZOELECTRIC
CAVITY LENGTH CONTROL

Front

Fig. 2.1. Ring gyro body.

(a) Ring laser used in experiments. (b) Detail of aperture
placed in a symmetrical position in the ring cavity.
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contacted to facilitate alignment and removal. The wax softens upon 

the application of heat so that the mirrors may be moved at any time.

The mirrors are removed, cleaned, and changed several times over the 

course of the experiments to ensure that the observed effects are not 

due to the particular choice of mirrors (perhaps one may have had an 

unnoticed scratch) or due to dust on the surface of the mirrors.

Cavity length can be adjusted by means of a voltage applied to 

a piezo-element stack attached to the rear of one of the spherical 

mirrors constructed with a (slightly) movable diaphram. The entire 

assembly is drawn in Fig. 2.1.

2.2. Gyro Preparation

Once the mirrors have been mounted on the gyro body it is 

attached via the gas fill tube to a high vacuum pump. Leaks are checked 

for and if there are none, pumping continues for at least several hours 

(usually overnight). Pressure inside the block is by then on the order 

of from'10“7 to 10~® torr. The getters are subsequently heated by pass

ing a current through them to release the undesirable gases they have 

collected and the block is then left on vacuum for a final few hours 

of pumping.

Mirror alignment is accomplished in two steps. The gyro body 

is filled with a standard helium and neon mixture of 15:1 (natural mix

ture of neon isotopes) to about 3 torr. High voltage is applied between 

the anodes and cathodes, then the plasma is excited (thus lighting up 

the gyro like a neon sign). The first step in alignment is done 

visually--by heating the wax and moving the mirrors until the ring lases
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at a maximum intensity (at the given plasma current) as measured by the 

eye. The second step employs a scanning Fabry-Perot etalon spectrum 

analyzer which monitors the output from one of the beam directions.

As the plasma current and therefore the gain of the laser is increased 

from zero, initially only a single pair, the primary pair, of modes 

lases (one mode travels in the clockwise and the other travels in the 

counterclockwise direction). These will be longitudinal modes. As the 

gain is increased further a secondary mode pair will lase. This can be 

either an adjacent longitudinal pair or the lowest order transverse pair 

(in this case a T E M ^ ^  pair) depending upon the gain, the mirror align

ment, and the cavity length. Still more modes can appear with the 

proper choice of these parameters, but for the purpose .of these experi

ments only one or two pairs, not more, are sought to lase.

The second step of the alignment uses the aid of the spectrum 

analyzer to maximize the ratio of intensities between the secondary and 

primary modes by appropriately positioning the spherical mirrors with 

respect to the "L" shaped aperture.

The last stage of preparation places and aligns a prism attached 

to the back surface of the flat mirror. The prism geometry and reflec

tive coatings are designed to combine the beams from opposite directions 

into one. With this last task completed, the ring laser can be pumped 

down to high vacuum and then refilled with the desired mixture of the 

isotopes Ne2Q and Ne22 and helium. The mixture chosen is typically 

13 : 0.5 : 0.5 (He : Ne22 : Ne2o) at a pressure of 2.2 to 3.5 torr.
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2.3. Apparatus

After the ring cavity has been properly aligned and filled to 

the desired pressure with the appropriate gas mixture, it is isolated 

from the vacuum system by a pair of shut-off valves, removed, and then 

placed on a rotatable table. The table is designed so that all neces

sary electronics such as plasma power supplies, cavity length control, 

and output detectors can be mounted directly on the table. Power for 

the electronics and several lines for input and output signals are 

connected to the table through sliprings. Table speed is digitally 

controlled and has a rate capability of from 10-4 to 999 degrees per 

second (and of course, zero). Rate increments were 10-4 x the most 

significant decade which could be set at 1, 10, 100 o r .1000 deg/sec. 

However, the table exhibited a jitter of about 0.01 deg/sec. Note that 

with the table not rotating, there is an input due to the rotation of 

the earth. The gyro axis at the location of this experiment is at an 

angle of about 32° with respect to the earth’s axis. Therefore, the 

input rate for zero table speed is 2.2 x 10-3 deg/sec. This corresponds

to an output beat frequency for our gyro of 4.66 Hz.
"

The apparatus was arranged so that both the beat note and the 

spectrum of the output could be observed simultaneously as shown in 

Fig. 2.2. One might expect that the output from the combining prism 

as viewed on a screen would appear as a spot of light flashing on and 

off at the beat frequency; this is not so. Since the two beams will not 

be perfectly aligned, the spot appears to have a dark fringe move through 

it, one fringe after another, at the beat frequency. Th e .direction that 

the fringe moves indicates the direction of rotation of the ring. For
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Fig. 2.2. Apparatus used to record beat signal and mode spectrum.
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example, if the fringe moves from left to right as the ring rotates 

clockwise, then it moves from right to left as the ring rotates counter

clockwise. In order to sense this direction of movement, a split solid 

state diode is used to detect the beat signal. A single diode is 

divided in half forming two separate detectors A and B . In order to 

align the diode properly, the signals from diode halves A and B are fed 

into the horizontal and vertical amplifiers, respectively, of an oscillo

scope. The output is a Lissajous figure which is in general an ellipse. 

Adjustment is made by rotating the split diode. Optimal alignment is 

attained when the pattern is as close to circular as possible so that 

the two signals are nearly 90° out of phase. Having aligned the diode, 

the oscilloscope is arranged so both, signals can be observed as a func

tion of time. The signals are also amplified and the output is fed into 

a quadrature counter. The counter increments for every cycle signal A 

leads signal B, decrements when A lags B. This quadrature technique 

not only indicates the direction of input rotation, it also automatically 

filters out the vibration noise in the input rate (as long as the inte

gration time is long compared to the period of this noise) .

2.4. Two-mode Experiment

The initial task in the series of experiments to be performed 

is to characterize the ring laser in terms of its two-mode gyro pefor- 

mance. Accordingly the cavity length is adjusted to obtain minimum 

locking frequency as measured by eye using the oscilloscope signal and 

varying the input rotation rate of the table. The cavity length at 

which maximum output occurs is defined as central or zero detuning.
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The familiar two-mode response curve is then obtained by integrating the 

beat signal for ten seconds at each of several input rates between -1.0 

and 1.0 deg/sec. (Positive input rate is defined as counterclockwise.) 

The resulting curve is shown in Fig. 2.3. The error in this and the 

other experimental curves is indicated by the size of the data points.

The scale factor is the slope of the curve far from the locking region. 

The measured scale factor of 2.13 ± 0.02 KHz/deg/sec was calculated 

using the five input rates furthest from locking in both directions.

The measured value is well within experimental error of the predicted 

value K = 2.12 KHz/deg/sec.

Neither the cavity length nor the plasma current are servoed on 

this laser; therefore, we had expected fluctuations in these to be the 

largest sources of error. Detuning could vary by 10 MHz or more through

put the course of a series of measurements; plasma current could change 

by 10 - 20%. It appears, though, from the four-mode experiments that the 

table itself may be a much larger contributor to error than we had 

expected. This is discussed in more detail in §2.5. In general one 

expects the points very near the locking frequency to have large errors 

because of the hysteresis of the lock-in region. The magnitude of the 

frequency that marks the transition in going from a locked to an unlocked 

condition is always larger than that for going in the opposite direction. 

Thus, fluctuations in the beat frequency will not average out near the 

locking zones.

One point that is not unusual for the two-mode laser but that is 

worth a note of mention is the asymmetry exhibited by a curve of Fig.

2.3. This nonreciprocal bias is probably caused by either a direction
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2.0 -

0.2 0.6 
Table Speed (°/sec)

-l .0 —

- 2.0 -

Fig. 2.3. Two-mode output beat note versus table speed.

Error is indicated by the size of the data points. 
Note the asymmetry of approximately 0.05 deg/sec.
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asymmetry in the cavity Q !s or by an aperture effect, or possibly a 

combination of the two. The effect of Q asymmetry will become apparent 

in Chapter 3. The physics of aperture-induced bias is discussed by 

several authors. See for example Boitsov [11] and references contained 

therein.

2.5. Four-mode Experiments: Reciprocal Bias

Since the ring cavity has already been optimally aligned the 

two-mode laser becomes a four-mode laser merely by turning up the plasma 

current. Figure 2.4 shows a graph representing the minimum (with 

respect to detuning) locking input rate as a function of the plasma 

current. After a sharp drop near threshold the two-mode minimum locking 

rate remains essentially constant, then at the four-mode threshold the 

locking rate smoothly drops to zero, and remains there; that is, at some 

minimum plasma current the four-mode laser no longer exhibits the two

mode locking phenomenon.

Instead of locking, this gyro exhibits a reciprocal bias--a bias 

which has a constant magnitude but changes sign with a change in input 

direction. Figure 2.5 shows the four-mode transfer function for a rela

tive excitation N/N^ =5.14 (obtained by taking the ratio of plasma 

current to the plasma current at which two-mode lasing reaches thresh

old) . The reciprocal bias is about 380 Hz.' Each point on the four-mode 

curve represents an integration time of 5.0 seconds. This curve deserves 

several comments. The most distinctive feature is of course the jump 

discontinuity at zero input rate. To the extent that it could be mea

sured the point at which the frequency jump occurs exhibits no hysteresis
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2-mode Lasing Threshold

Threshold

Plasma Current (mA)

Fig. 2.4. Minimum locking frequency versus plasma current.

Curve shows zero locking at currents somewhat higher than the 
TEMoiq mode threshold. Error is indicated by the size of the 
data points.
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Table Speed (°/sec)
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-2.4--

Fig. 2.5. Four-mode output beat frequency as a function of table speed.

N/N^ = 5.14. Error is indicated by the size of the data 
points.
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with respect to the input rate. As observed on the oscilloscope, this 

jump appears as a relative phase change of 180° between the beat signals 

A and B, and in fact this jump can be induced quite easily by making 

a light tap on the table in one direction or the other as it rotates 

at about the speed of minimum output frequency. If there is indeed a 

hysteresis then it must have a width of less than 0.01 deg/sec.

As with the two-mode experiments, neither the cavity length nor 

plasma current are servoed to remain constant. The data are acquired 

by alternating the direction of the table between points; that is, for 

example, the input is stepped 0.1, -0.1, 0.2, -0.2, etc. Using this 

procedure, any drift in detuning or plasma current affects both halves 

of the curve essentially equally. A least squares fit yields a scale 

factor K = 1.97 ± 0.02 KHz/deg/sec, somewhat less than the two-mode 

scale factor of 2.13 KHz/deg/sec. This is not really a great enough 

difference to cause much concern at this point, but it may be of inter

est in practical applications. The difference may well be due to a slow 

but nearly constant drift in the detuning and/or the plasma current 

during the course of the measurements, which for this set of data took 

about 8 minutes to perform. There is, actually, a slight discontinuity 

in the slope of the curve at 0.1 deg/sec. Evidently this is a result of 

an idiosyncracy of the table at decade intervals since it persists in 

all of the scale factor data. The standard error in the value of the 

slope is only 1%. This is an indication that the transfer function, 

apart from the jump discontinuity, is indeed linear and therefore that 

the bias is constant rather than dependent upon the input rate.
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Figure 2.6 shows the gyro transfer function of the clockwise 

direction for an input rate detail from 0 to 0.1 deg/sec. The jump 

discontinuity occurs at a table speed of 0.004 deg/sec; earth rate is 

roughly 0.002 deg/sec. Thus, the discontinuity appears at an input rate 

of 0.002 deg/sec. Data are taken at relative excitation N/N^ = 4.62 

(note the reduced reciprocal bias compared with the previous figure). 

Each point represents an integration of the output frequency for 100 

seconds. These data show excellent linearity in this region of input 

rates.. Again a slope discontinuity appears, this time at the 0.01 

decade. The scale factor indicated by the slope of the line is K =

2.08 ± 0.02 KHz/deg/sec, somewhat greater than that for the 0.1 to 

1.0 deg/sec range. This is consistent with the table idiosyncracy but 

it could also be due in part to the usual increase in slope near lock

ing, that is, backscattering may still be playing a role in this four

mode case.

Notice that this four-mode ring has very little asymmetry (0.002 

deg/sec), or nonreciprocal bias, compared with the two-mode case. It 

would be fortunate for the purpose of rate sensing applications, if 

as a general rule, the four-mode configuration tends to eliminate the 

effects of various cavity anisotropies, but this conclusion cannot be 

drawn from this series of experiments.

Of practical importance in rate sensor applications is the bias 

drift: the change in output frequency over a period of time due to a 

random walk process. Figure 2.7 shows the results of a drift test.

The data are taken with the table at rest; thus the input is earth rate. 

Keeping in mind that the cavity is not servoed to constant length,
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Beat Note (Hz)

Table Speed (°/sec)

--IOO

-"200

Fig. 2.6. Four-mode output frequency versus table speed for an input 
rate range of 0 to 0.1 deg/sec, clockwise direction only.

This curve demonstrates the linearity of the response and 
the sharpness of the jump discontinuity of the phase.
Earth rate is approximately 0.002 deg/sec and the jump 
discontinuity occurs at an input rate of 0.002 deg/sec. 
N/Nt = 4.62.
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- 1.0 -

- 2.0 -
-3.0-

Time (seconds)

Fig. 2.7. Four-mode gyro bias drift test.

Drift is measured as percent deviation from the mean.
0 = earth rate (table rate is zero), the mean output 
frequency is 115 Hz. The rms deviation is AS = 0.6%. 
Cavity length and plasma current are not servoed to 
constant values.
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temperature or current, the bias shows relatively good drift character

istics. The mean frequency is 115.0 Hz. The rms deviation from the 

mean of the output frequency is 0.6 Hz or Sq = 0.6%. The data consist 

of successive integrations of the input beat frequency for 10 seconds.

A second set of data was taken for a table speed of 1.00 deg/sec. The 

mean beat frequency in this case is 2224 Hz and the rms deviation is 

20 Hz or S} = 0.9%. This is a rather unexpected result. Assuming that 

the ring laser fluctuations are independent of the input rate, the 

table must contribute

ST = V S ^  - So2 = 4.009)2 - (.006)2 = .007

that is, 0.7% or more than half of the rms error in the output beat 

frequency. This is greater than had been originally suspected.

Under two-mode operation, zero cavity length detuning is empiri

cally defined as the detuning at which maximum output is attained. With 

the additional transverse pair of modes oscillating, zero detuning is 

not so clearly referenced: the gain curve is asymmetrical. One cannot

mark zero detuning in two-mode operation then subsequently use this 

point as a reference for the four-mode experiments because, unfortunate

ly, the spectrum analyzer detector, as well as the ring cavity, has 

characteristics which fluctuate with time. (The spectrum analyzer 

employs a scanning Fabry-Perot etalon which is subject to temperature 

fluctuations and hence, the nominal spacing between the surfaces of the 

etalon does not remain fixed.) For this reason, estimates of detuning 

are at best rough, perhaps to ± 20 MHz. (The spectrum analyzer is 

calibrated with reference to the 750 MHz longitudinal mode spacing for
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this laser.) Specific data which illustrate the dependence of bias 

frequency upon detuning are only qualitative; no quantitative data 

are yet available.

The reciprocal bias phenomenon persists over a range of approxi

mately 100 MHz, extending from about -70 MHz to +30 MHz, increasing with 

increasing negative detuning. At the high end the ring laser frequency 

locks. At the low end, four-mode operation ends with the appearance of 

an additional pair of longitudinal modes (six-mode problem) . The pair’s 

appearance is accompanied by a significant jump in the bias frequency 

from about 2QQ Hz to 6 KHz. The characteristics of this bias are not so 

appealing as that for four modes. It exhibits a high degree of hyster

esis with respect to the input rate and locking can sometimes occur.

In all the four-mode experiments presented here, the cavity is detuned 

to obtain as large a bias as possible without taking the chance of drift

ing into this six-mode region.

Figures 2.5 and 2.6 show two considerably different values of re

ciprocal bais. This bias is in fact sharply dependent upon the relative 

excitation as Fig. 2.8 shows. Points much above a relative excitation 

of 5.0 cannot be obtained without running the risk of damaging the laser.

2.6. Other Four-mode Characteristics

So far we have discussed the empirical characteristics of the 

reciprocal bias itself. There are, however, other features of this four

mode ring laser that will help bring a theoretical explanation to light.

It is interesting to note that the observed threshold for lasing 

of the transverse mode pair is significantly less when the strong mode
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Fig. 2.8. Four-mode reciprocal bias as a function of relative excitation. 

Error is indicated by the size of the data points.
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pair is unlocked. For example, in one run the TEMQ1^ threshold occurred 

at a plasma current of 4.35 mA with the strong modes locked; 4.14 mA 

with the strong modes unlocked. This is a 5% difference. This suggests 

that the net losses of the laser are lower when the system is unlocked.

By removing the combining prism the light from a single direction 

may be observed. Figure 2.9, the spectrum from the counterclockwise 

direction only, shows the TEMq q ^ and T E M ^ ^  modes with a frequency 

separation of about 60 MHz. The intensity ratio here is roughly 20:1 

and this would depend upon the relative excitation. During the various 

runs the intensity ratio varied between (again, roughly) 40:1 and 20:1. 

The intermode frequency is measured more precisely by placing a photo

multiplier tube having a small aperture in place of the spectrum analy

zer detector. The TEM_ and TEMni wave electric field distributions 

are orthogonal to each other over a plane perpendicular to their direc- . 

tion of propagation; thus, at any given instant of time the phase 

difference between the two modes is zero when averaged over this perpen

dicular plane. In order to detect the intermode frequency the aperture 

of the photomultiplier must be placed so that only the upper (or lower) 

half of the beam impinges on the detector. Figure 2.10 is a photograph 

showing the oscillograph of the intermode frequency. From this figure 

the frequency is measured as 59.0 ± 0 . 3  MHz. Since dispersion in the 

medium plays an active role in determining the lasing frequencies we 

take this as acceptably close to the calculated 59.5 MHz.

By placing a second photomultiplier at the clockwise output beam, 

the difference in intermode frequencies can be measured. In Fig. 2.11 

the bottom trace shows the clockwise intermode frequency; the top trace
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Fig. 2.9. Spectrum of modes traveling in the clockwise direction, 
indicating the relative sizes of the intensities of the 
strong and weak modes.

The weak modes are TEM,, .Olq
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Fig. 2.10. Photograph showing 59 MHz intermode frequency between longi
tudinal and transverse modes.

Fig. 2.11. Photograph illustrating the 59 MHz intermode frequency 
synchronization for oppositely directed waves.

Top trace shows the signal from the counterclockwise direc
tion; the bottom trace shows the clockwise direction. The 
traces are triggered simultaneously. Thus the synchroniza
tion phase is seen to be near zero (ip - 0.2 ± 0.1 rad).
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is the counterclockwise direction. The oscilloscope is set so that the 

top signal triggers both traces simultaneously. This photograph shows 

that the intermode frequencies are locked (synchronized). Their phase 

difference, called the relative phase angle ip , is nearly zero. A very 

close examination of this photograph shows that in fact tp~ - 0.2 ± 0.1 

rad. This value changes sign as the table rotates in the opposite 

direction.

Characteristic of the two-mode ring laser is the harmonic con

tent of the beam signal output. Far from locking, the signal is prac

tically void of harmonics; it is nearly sinusoidal. Close to locking, 

however, the signal is rich in harmonic content; the signal is very much 

distorted from a sinusoidal waveform [2,4]. Figure 2.12 shows the out

put signal from the four-mode ring at earth rate. There is very little 

harmonic content here, suggesting that in effect this laser behaves as 

though it is far from locking even at nearly the minimum frequency 

output of the gyro. Also characteristic of the two-mode ring is the 

phase difference between the small oscillations of the output intensi

ties which occur at the beat frequency. Far from locking, this phase 

difference is nearly 180°; close to locking it departs significantly 

from this value [2,4]. Illustrated in Fig. 2.13 is the phase difference 

between the output of opposite directions. The bottom trace (clockwise) 

is triggered off of the top trace (counterclockwise). The input is 

earth rate. Again the four-mode ring behaves as a two-mode ring far 

from locking. The phase difference shows approximately 180°. Of course, 

since the strong mode signal swamps that of the weak modes, the phase 

difference of the a.c. modulations superimposed on the T E M ^ ^  mode



38

Fig. 2.12. Four-mode output signal at earth rate.

The curve is nearly sinusoidal; therefore, the gyro acts 
as if it is far from the locking region.

Fig. 2.13. Photograph of the a.c. superimposed on the output beam inten
sities of the four-mode ring laser.

The top trace is of the counterclockwise direction; the 
bottom trace shows the clockwise direction. Both traces are 
triggered simultaneously, thus the phase difference between 
the two as shown here is approximately 180°.
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intensities cannot easily be measured separately and this difference may 

not be the same as for the strong modes.

2.7. Two- versus Four-mode Ring

The obvious difference between the two-mode and four-mode ring 

is the reciprocal bias exhibited by the latter. A gyro with no locking 

is certainly the golden fleece sought by the ring laser gyro industry. 

There are however more subtle advantages that four-mode operation offers. 

The reason for these other advantages is, simply put, the additional 

information that the secondary pair of modes provide. The fringe bene

fits of four-mode operation are discussed in Chapter 4. One should keep 

in mind that several important questions regarding the practical aspects 

of the four-mode ring laser as a rate sensor have not been answered by 

these preliminary experiments. On the surface, the two types of gyros 

are much the same. Almost any ring cavity made for two-mode operation 

can be used for four-mode operation, perhaps with the removal of an 

aperture. The two rings are operated in the same way, except that the 

four-mode operates at higher plasma currents. But the response of the 

four-mode gyro to environmental fluctuations remains unknown. These 

factors have been carefully studied in the case of the two-mode gyro. 

Although the fact that there is information available because of the 

additional pair of modes indicates, as we have said, some possible 

advantages, this fact may also indicate that there will be increased 

sensitivity to these environmental factors; this would be unfortunate.

Certainly there is much that remains to be investigated concern

ing the four-mode ring laser as a rate sensor. In fact, all that already
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has been studied of the two-mode ring laser must now be studied of the 

four-mode. At this point, though, the next step is to understand the 

fundamental principles that underlie four-mode operation; otherwise 

attempts to optimize its performance as a rate sensor will, for the 

most part, he mere shots in the dark. To this end, in Chapter 3 we 

present ring laser perturbation theory as it applies to this problem.

We allow in places the results of the experiments to guide our steps 

and at the same time we use the results of the calculations to gain new 

insight into the physics of the problem.



CHAPTER 3

FOUR-MODE RING LASER THEORY

In Chapter 2 we presented the results of some four-mode linearly 

polarized ring laser experiments. Some of these results, namely those 

associated with the reciprocal bias phenomenon, have not been observed 

previously; nor have they been predicted from theory. Motivated by the 

experimental results, the purpose of this chapter is to develop a theo

retical explanation of the observations. In particular we wish to 

characterize the nature of the reciprocal bias phenomenon and gain an 

understanding of the kind of conditions which influence its behavior.

Along with the first public announcement of the reciprocal bias 

phenomenon, this author and three co-workers did publish a tentative 

explanation of the bias [12] . The theory put forth in that account 

was self-consistent, but upon closer examination of the experimental 

data it was found that the quantities necessary to achieve the reci

procal bias were inconsistent with the results of the experiment. It 

may indeed be possible to configure the ring laser so that it is proper

ly modeled by the theory presented in that paper and if so, there is 

more than one way to achieve a bias which is reciprocal. (However, the 

magnitude of the bias shown in that paper is dependent upon input rate.) 

To the extent that the empirical behavior of the four-mode is known, the 

model presented here does not conflict with any of the observations.

41
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There are, generally speaking, three approaches of laser theory: 

1) the perturbation, 2) the strong signal, and 3) the quantum approach.

Of the three classes the last two are sufficiently complex as to be 

forbidding. No one has yet succeeded in forming a complete description 

of multimode behavior using either of these two classes of theory.

Therfe are strong signal multimode laser treatments which take advantage 

of the so-called rate-equation approximation (REA), but these neglect 

the very terms which are responsible for the intermode frequency synchro

nization (59 MHz in the experiment). We could not expect such a theory 

to adequately predict the observed results.

Our approach is perturbative to third order. There are some 

inadequacies which are inherent in this method: the calculation accu

rately predicts the field intensities only for low values of relative 

excitation. At larger values the third order calculation predicts a 

saturation of the intensity. Figure 3.1, although for a single mode 

linear gas laser, illustrates this point; third order fails to yield 

accurate intensities for excitations greater than 1.2. Looking at the 

experiment it is seen that the actual relative excitation is between 

1.0 and 6.0. Despite the failure to properly predict intensities we 

look to third-order perturbation theory to give us physical insight into 

the findings of Chapter 2 as well as give us at least a qualitative 

description of the character of the four-mode ring. In fact, third order 

does describe its behavior quite well and where there is a major dis

crepancy between prediction and observation, it can be pointed out how 

strong signal considerations will reduce if not eliminate this discrep

ancy; in other words, we can correct for the inaccurate intensity
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Strong Signal

Third Order

N /N t

Fig. 3.1. Comparisons between strong signal and third-order perturba
tion calculations for field intensity versus relative 
excitation for a linear (two-mirror) laser.

Third-order estimates are poor for relative excitations 
above 1.2. From Sargent, Scully, and Lamb [13].
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estimates in a qualitative sense. We can do this in part because 

although the one pair of modes (the strong mode pair) is indeed in the 

strong signal regime, the other pair (the weak mode pair) remains in 

the weak signal regime, and it is, as will be seen, the latter pair 

which contributes directly to the reciprocal bias. Most of the previous 

theoretical works on multimode bidirectional ring lasers have relied on 

third-order perturbation theory. Concerning sensor applications, rela

tively little work has been published on mixed-pair (longitudinal pair 

plus transverse pair) operation of the four-mode ring; however, quite a 

bit has been done on the longitudinal mode case, particularly by various 

Russian authors. Authors Zeiger [14] and Vetkin and Khromykh [15] and 

Markelov [16] discuss in detail the parameters of the resonator and 

active medium which affect four-wave synchronization. (In Russian 

literature, the term "two-mode" usually indicates a four-wave operation 

of a ring laser; in most other literature, as is done here, the term 

four-mode is usually used to indicate this same four-wave operation). 

Sokolov and Fradkin discuss the regions of existence and stability of 

the four-wave regime for single isotope [17] and dual isotope [18] 

active mediums. Along the same lines is work done by Strokovskii [19] 

and Solokov and Filatov [20]. Strobovskii and Fradkin discuss the 

shape of the four-wave lasing band [21].

In this chapter we begin in §3.1 by describing the modes of the 

empty ring cavity. From there we develop in §3.2 the general multimode 

ring laser third-order perturbation theory for linearly polarized modes. 

In §3.3 bidirectional two-mode operation is reviewed. The effects of 

backscattering on two-mode operation are discussed in §3.4. Sections
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3.3 and 3.4 serve as a basis for comparison between two-mode operation 

and four-mode operation discussed in the following sections. In §3.5 

we present the four-mode equations and §3.6 is a consideration of general 

four-mode characteristics. In §3.7 we discuss the steady state solutions 

to the four-mode equations and it is here that the character of the 

reciprocal bias unfolds from the theory. Stability considerations are 

presented in §3.8 and §3.9 discusses the nature of the four-mode equa

tions when backscattering is included. It is in these last three sec

tions and in the following two, §3.10 and §3.11, that we compare theory 

with experiment. Section 3.12 gives some indications as to the nature 

of future improvements to the four-ring laser model.

3.1. Modes of the Empty Ring Cavity

In most of the literature concerning gas optical laser theory, 

the modes of the empty laser cavity are presupposed to be plane waves.

For many applications, this is perfectly adequate. For example, when 

all the modes of interest have the same transverse distribution, the 

qualitative behavior of the laser is independent of the specific distri

bution (barring a peculiar transverse geometry of the cavity). For our 

case, however, we are interested in a situation in which the transverse 

distribution of the various modes may differ in general. Among other 

things, the particular differences in transverse distribution determine 

how great the interaction between modes will be.

A great deal has been written on the modes, of optical cavities. 

The original major works were those, of Fox and Li [22] and Boyd and 

Gordon [23]. prom that time various authors have depicted a wide
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variety of optical cavities and presented various numerical techniques 

to determine the modes of these cavities. We do not present a theory 

of optical resonators in this paper, and the reader is referred to the 

review article by Kogelnik and Li [24] for details on this topic.

Rather, we extract only the results pertinent to our discussion.

For the following discussion and for the remainder of the paper 

we label the optical axis of the resonator with the coordinate z. 

y labels the direction perpendicular to the plane of the ring and 

x labels the direction in the plane of the ring perpendicular to the 

optic axis at a given point on the axis as shown in Fig. 3.2. Although 

it may seem at first glance that the use of spherical mirrors might 

Suggest a cylindrical coordinate system, a ring cavity formed with 

plane and spherical mirrors is actually inherently astigmatic, so that 

a cartesian coordinate system is more convenient. For a ring cavity 

the eigenmodes are running waves. Thus the z-dependence is described by

+ ±ik z
lTyz(x,y,z) = Uxy(x,y) e q , (3.1)

where the wavenumber k^  is determined by the boundary condition 

requirement that the function be single-valued after one round-trip, 

for example.

OOq XOOq
(3.2)

where L is the perimeter of the cavity and q is an integer. In other 

words, the cavity must enclose an integral number of wavelengths. The 

wavelengths for the off axis or transverse modes (m,n^0) are in general 

larger than that for the corresponding longitudinal (m,n=0) mode.
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A

Fig. 3.2 Labeling of cavity coordinates.
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\

(The relation between the eigenfrequencies of the transverse modes and 

the cavity geometry is in general not simple.) The transverse distri

butions are described by Hermite-Gaussians of order m and n:

/2
-Cx/x0) -(y/y0):

(3.3)

where is the Hermite polynomial of order p . m and n indicate the 

number of nodes that occur in the x and y directions, respectively, and 

and yQ are called the spot sizes in the x and y directions, respec

tively. These are functions of the coordinate z. (However, the spot 

sizes vary slowly compared to an optical wavelength.)

Thus, in general, a mode is designated by three subscripts as 

in eq. (3.4):

UimqCx'y’z) /2  —
±ik z

S z  y - \  exp{ - [ (x/XJ 2 + (y/yJ 2 ] > e mnq

(3.4)

The normalization factor for a particular mode is given in eq. (3.5):

- p f * -’a 2 l 35 1 )
U U dx dy dz

-J . Jcavity nmq mnq l x o y o-l ' it 2n + m  nlm!-'
(3.5)

For brevity and where the intent is clear, a single subscript is used 

to designate a triplet set plus the direction, that is, for example:

+
U “»■ IT
P mnq

k ^  k
P mnq

(x,y,z)
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Since the modes we are dealing with are transverse in the elec

tric and magnetic field we have occasion to designate them using another 

familiar convention, that is:

TEMmnq Um q (x-y ’z)

It is reasonable to ask if lasing action does not distort the 

empty-cavity modes in some way. This question was answered by Statz 

and Tang [25] and Fox and Li £26]. Their conclusion was that the empty 

cavity eigenmodes are not significantly distorted by the action of the 

active medium for the intensities in which we are interested.

The resonant frequencies of the empty cavity are determined by

where c is the speed of light. The Greek letter v is commonly used in 

the literature concerning laser theory to represent an angular fre

quency, i.e., radians per second, rather than a linear frequency, i.e., 

Hz. In keeping with the established conventions we use it as such in 

the expressions derived for the perturbation coefficients. The context 

should indicate which frequency units should be attributed to the par

ticular usage.

The longitudinal mode space Av is determined in a simple way by 

the perimeter of the cavity

Therefore for a 40 cm cavity the longitudinal mode spacing is 750 MHz. 

The off-axis mode spacing is dependent in detail upon the geometry of
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the cavity such as the placement and curvature of the spherical mirrors. 

For complex geometries (more than one spherical mirror begins to be 

complex), the graphical method of Collins is a convenient way to deter

mine the mode spectrum of the cavity [10].

The mirrors used in ring laser gyros are almost exclusively made 

of dielectric stacks. The response to light is different for perpen

dicular (s) and parallel (p) polarizations. These mirrors typically 

exhibit more loss for the p than for the s polarization. As a result 

only modes having polarization in the s direction lase, unless something 

is done to change the makeup of the cavity such as by using an optically 

active crystal or a noncoplanar geometry.

As a. final consideration of the mode composition, we discuss the 

effect of.placing an aperture into the otherwise empty cavity. Physi

cally one may imagine that this causes an eigenmode of the empty cavity 

to scatter into other eigenmodes; thus the modes are coupled. An 

aperture whose transverse dimensions are symmetric will cause symmetric 

modes (even m or n) to couple to other symmetric modes and antisymmetric 

modes (odd m or n) to other antisymmetric modes. An asymmetric aperture 

will cause antisymmetric modes to couple to symmetric modes and vice 

versa [27,28]. If the effect of the aperture is weak, then a new set 

of modes can be expanded in terms of the original set of empty-cavity 

eigenmodes„ Considering the aperture shown in Fig. 2.1b, one can see 

that the co-propagating TEM^^^ and TEMq ^  modes of the apertureless 

cavity will indeed be coupled in this laser and therefore the mode fre

quencies and shapes will be changed from their nominal values. However,
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Fradkin has shown that this coupling is small and we will not examine 

the issue beyond this brief mention of the phenomenon [28].

In the following sections we develop the third-order perturba

tion theory for the four-mode linearly-polarized ring laser. Where 

actual numerical evaluations of the coefficients are made we have used 

the empty cavity eigenmodes, eq„ (3.4) with normalization (3.5).

3 c. 2. General Ring Laser Theory

The cornerstone of laser theory is contained in Lamb’s original 

paper, "Theory of an Optical Maser" [29]„ Aronowitz [30] published a 

paper in the year following that of Lamb's which extended Lamb's theory 

to ring laserso Most of the work concerning ring lasers since then has 

been based upon these two papers. The notable exceptions are those 

dealing with the quantum theory of the ring laser [31]. An extensive 

list of ring laser references may be found in the review articles of 

Aronowitz [4], Privalov and Fridrikhov [32], and Chow et al. [6].

3.2.1. Self Consistent Equations

Lamb's original approach was a semiclassical one; that is, the 

atoms composing the active medium are treated quantum mechanically as 

two-level harmonic oscillators with levels separated by an energy 

and having level decay constants and y^ as shown schematically in 

Fig. 3.3. However, the electromagnetic field which interacts with the 

ensemble of atoms is treated classically. The problem of the interaction 

between field and atoms is attacked by assuming an electric field in the 

laser cavity. This field induces a (microscopic) dipole moment in the 

active medium. The contributions from the individual atoms may be



52

Fig. 3.3. Two-level atom subject to a classical field.

An atom is represented by two levels a and b having decay 
constants (to other unseen levels) of ya and respectively. 
The transition frequency between the two levels is a)0 .
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statistically summed to yield a macroscopic polarization P which serves 

as a driving source for an electromagnetic field. It is demanded that 

this driven field be the same as the assumed field.

The atom-field interaction in the ring cavity is described by 

Maxwell’s equations appropriately transformed to a rotating frame having 

angular velocity The rotation rates of interest are such that the 

speed of any point on the cavity is always much less than the velocity 

of light so that only terms to first order in the velocity v = x r  need 

be retained„ Variations in the direction transverse to the optical axis 

z are assumed small compared to an optical wavelength. Thus in the 

tracks of Menegozzi and Lamb [33], the Maxwell’s equations may be com

bined to obtain the wave equation (3.6), which describes the propagation 

of electromagnetic waves in the rotating cavity:

fc2
9z2 9t? E + 2[2 » fixr] 92E

9z3t
I  A
e 9t (3.6)

This is a scalar equation since the electric field is assumed here to be 

linearly polarized along the direction perpendicular to the plane of the 

ring. Equation (3.6) is a good approximation if there are no optically 

active elements such as quartz in the cavity and if the cavity is indeed 

planar. For nonplanar cavity geometries eq. (3.6) should be replaced by 

a more general vector equation. As is done by Lamb [29] the losses in 

the cavity are represented by a fictitious conductivity J = crE.

We consider first the case where the modes of the cavity are 

uncoupled except perhaps through the active medium. In this case the 

total field may he considered as a Fourier sum, eq. (3.7), of the modes
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of the empty cavity having slowly varying component coefficients:

E(x,y,z,t) =  h i  En (t) Un (x,y) exp[-i(vnt ' + y  + ik^z] + c.c. (3.7) 
n

where c.c. indicates complex conjugate. The subscript n implies the 

triplet set (mnq) describing, respectively, the transverse planar, the 

transverse perpendicular, and the longitudinal variation of the mode. 

Similarly the polarization is described by a Fourier sum with slowly 

varying complex coefficient ^  (t):

P(x,y,z,t) = h  l  Un (x,y) exp[-i(vn + 4>n) + ik^z] (3.8)

Substituting eqs. (3.7) and (3.8) into (3.6) yields the self 

consistent eqs. (3.9) for the electric field amplitudes and frequencies:

En ^ < En ‘‘F L s no
(3.9a)

(vn *»n) * ‘i n - ’- f S ’ Cn0
(3.9b)

Cn and Sn are, respectively, the real and imaginary parts of the complex 

polarization ^ n - The conductivity a  has been adjusted to fit the 

cavity Q:

0 - '

\>n + 4> is the lasing frequency, is the empty cavity eigenfrequency.

and
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fino + 15 dn firot

where is the at rest empty cavity eigenfrequency and ^rot is the 

averaged effect of rotation

rot
8ttA
XL ft =  -  f-!_L cavity

(ft x r)

as is discussed in Chapter 1. d^ is a direction indicator for the mode

n and is equal to either 1 or - (negative direction, clockwise) or

2 or + (positive direction, counterclockwise). In eqs. (3.9), since

E, and <p are all slowly varying and the medium is dilute, terms n n .
small compared to V 2 have been dropped. These are terms such as

E , (f> E , <p2E (^xr)vE , <j) C , $ S , C , S , and sorn n n c n n Tn n' on.

3.2.2. Polarization of the Medium

Calculation of the complex polarization is done using a per

turbation technique on a population density matrix description of the 

atoms subject to an electromagnetic field. A complete "strong signal" 

theory for the ring multimode problem whereby the electric field is 

allowed to become very intense has yet to be found. However, third- 

order calculations have been seen to be accurate enough to adequately 

describe the behavior of the ring laser. Fifth-order calculations have 

been performed for some simple cases with the linear laser for an 

investigation of stability criteria but fifth and higher order calcula

tions are ungainly for the multimode case.

The third-order calculation has been done by Lamb [29], Arono- 

witz [30], and others [4,6,32]. An elegant presentation of this
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third-order polarization calculation for the multimode laser particu

larly well-suited for computer calculations is given by O'Bryan and 

Sargent [34].

However, these calculations have assumed that the eigenmodes of 

the cavity are plane waves and> as a result, the coefficients represent

ing saturation of the gain medium are overestimated particularly when 

various transverse modes of the cavity are lasing simultaneously. We 

will therefore present the third-order calculation of the polarization 

in the concise manner, following in the footsteps of O'Bryan and 

Sargent [34] and Sargent, Scully, and Lamb [13], but taking into 

account the transverse distributions of the field.

As was stated previously, the gain medium in the ring cavity is 

presumed to consist of two-level atoms. These atoms are represented 

by a statistically summed single atom population density matrix p. An 

individual atom may be excited to either the upper state a or the lower

state b at some random time t and at some random position (x ,y ,z ) .o r o o o.
Considering only the longitudinal motion of the atoms, an atom with 

axial velocity v has its longitudinal position related to the time by:

Z = zo > v(t-to) . (3.11)

The atom immersed in an electric field is perturbed by an interaction 

energy

V^(r,t) = - f>E(r,t) , (3.12)

where <3S>, referred to as "squiggle", is the real dipole matrix element 

between states a and b of the atom. The density matrix
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p(a,xo ,yQ,zo ,to ,y,t) for this single atom excited to state a at time t 

and position Cx0 ’yo »z0) and having velocity v obeys the equation of 

motion (3.13):

(i/h) [H,p] - -h (rp + pf) (3.13)

where the Hamiltonian H is given by eq. (3.14) and the decay matrix f 

is given by eq. (3.15):

H  Vab 

¥ba X
(3.14)

y 0’a

) Y>
(3.15)

The macroscopic polarization is obtained by statistically sum

ming over the population density matrices of the individual atoms having 

velocity v and excited at time t^, position (x^y^z^) to the level at

a rate X  (r ,v,t ) where r represents the triplet set (x , y  ,z ): a o o o r r o o o

P(r,t) = dv l  
a=a,b

ft

vol d r Xa (ro'v -to)

pab(a’ Str-rQ-vCt-lo)] + c.c.

In the case of multi-isotope mediums one must also sum over the isotopes

of two-level atoms.
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It is convenient to obtain a population density matrix which 

represents a summation over initial excitation times and positions:

p(r,v,t) = I | dto Xa (r,to) p(a,r,to ,t) (3.16)

in which case the macroscopic polarization is given by:

P(r,t) = g> dv pab(r}v,t) + c.c. (3.17)

The n̂ -h component of the complex polarization is obtained by taking the 

temporal and spatial Fourier projections of P(r,t):

9 n(t> 2 exp [i(v t + <j) ))
nn

dv
vol

d 3r U (r) P p  ,(r,t) (3.18)

where N is the normalization factor, nn

d 3r |Un (r)| (3.19)

The complex conjugate terms indicated in eq. (3.17) have been dropped 

in eq. (3.18) since they oscillate at optical frequencies.

From eqs. (3.13), (3.14), and (3.15) we obtain the equations of 

motion for the components of the population density matrix.

paa ' V a a  " [i/6 Vab(r't) pbatr-v"t) V 0'0'1 • (5-20a)

pbb “ V  V b b  * a/h Vab( r , t )  (Vr.v.t) ♦ c.c.] (3.20b)
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pab = -Ciy+Y) Pab + CiA) Vab(r,t) [Paa-Pbb]

% a  = ^ab

where to = 0^ - 0^. In eq. (3.20c) we have introduced the off-diagonal 

decay constant

Y - * Yphase = Yab + Yphase • C3.21)

(3.20c)

(3.20d)

The term Y^base accounts for the atomic interactions (e.g., collisions) 

which cause random shifts in the dipole phase without causing a change 

of state [13].

The task at hand is to solve the equations of motion (3.20) to 

third order in the perturbation energy Vab in order to obtain the 

polarization (3.18). In zeroth order (Vab = 0) the population differ

ence is determined from eqs. (3.20a,b) to be given by the ratios of the 

excitation rates to the decay constants

N(r,v,t) p ^ C r ^ t )  - p(b)(r,v,t)

Aa (r,v,t) Xb (r,v,t)

Y, Y>

(3.22)

The population difference N(r,v,t) is assumed to be constant in the 

transverse direction and separable so that

N(r,v,t) = N(r,t) W(v) (3.23)
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and the atomic velocity distribution is assumed he be Maxwellian

W(.v) 1 e-(v/u)2
u/F

(3.24)

where u is the most probable speed of the atoms. Higher order contribu

tions to the population density matrix may be obtained by formally inte

grating the equations of motion (3.20). One finds that even order (2n) 

contributions to the population difference determine the odd order (2n+l) 

off-diagonal matrix elements and vice versa. Specifically, integrating 

eqs. (3.20) gives:

Pab(r,v,t) 1
ET dT' VabC1 ' )  exp[-( i to+Y)T, 3 [paa( r ' , v , t - T ' )

-  Pbb( r ' , v , t - T ' ) ]
(3.25)

where T' = t-t' and it is understood that r ' represents the triplet set 

x',y',z' such that x ’ = x, y 1 = y, but z' = z -v t 1. The population 

difference is similarly obtained from eqs. (3.10a,b):

paa(r*v 't) - P bb( r , v , t )  = N ( r , v , t )

+ e xp ( -Y bT ' ) ]  [Vab( t ' )

,oo

dT’
v o

Pba^',v,t)

[exp(-YaT ' )  

- c.c.]
(3.26)

The first-order contribution to the off-diagonal matrix element is 

obtained by substituting eq. (3.22) into (3.25):

pab} ̂ ^ , t ) g- N(r,t) W(v) dr exp [-( ia j+Y)^' ] (3.27)
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Substituting this into eq. (3.26) to obtain the second-order population 

difference yields eq. (3.28):

p ™  - -N(r,t) W(v) £-

V h (t') exp[-(-i(o+y)T"] Vho(tM) + c.c.

dx" [exp(-YbT') + exp(-YaT')]

(3.28)

where V, ab and x" t'-t’ Repeating this process one more time

gives the third-order contribution to the off-diagonal matrix element;

putting eq. (3.28) into (3.25)

aOO pCO fOO
-i N(r,t) W(v) h “3 dx' dx" dx'"

■'o ■' o J o

° [exp(-Yax") + exp(-Ybx")] <Vb a (t") Vab 

+ Vab(t") Vb a (t"') exp[-(-iw+Y)x'" ]

exp[-(iti)+Y)x'] Vab(t') 

(t"') exp [-(ioo+Y)x"']

, (3.29)

where x"' = t" - t'" . Using as the perturbation energy

Vab(r,t) = -% P  5! En (t) exp[-i(vn t + 4>n)] Un (r) , (3.30)
11

and the expression (3.18) for the n^h component of the complex polariza

tion, we find in the rotating wave approximation

-i W
fiOO

dv W(v) d 3r N(r,t) U*(r) 
■'vol n

-00
dx U (rT) exp[-(iu - ivn + y )x '] 

^ o

(3.31)
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In this first-order calculation we neglect terms which oscillate at 

intermode frequencies since the cavity cannot respond to changes in 

the electric field amplitudes which vary much faster than that governed 

by the (high) Q of the cavity. The third-order calculation is found 

from eq. (3.29) :

9
(3) Nnn

4ft3 i * 4 n  i exp ( ^ nUpa)
y p a

dv W(v)

vol
d r  N(r,t) U^(r)

eCO pOD
dT* dx"

J O ■*o •'
dTm  exp[-i(w-v^+\)p-Vg.)T'-YT']

{exp[-i(vp-V0)T" - YaT"] + exp[-i(vp-va)T" - YbT"]} Up (x,y,z-vc') 

{exp[-i(a)-v )t '" -y t "’] U*(x,y,z-VT'-vT") U (x,y,z-vT'-vT"-vr'")

+ exp [-i(\)p-w)T"'-Yt'"] Up (x,y, z-vt * -vr") Up (x,y,z-v%' -vf-vT'") }

(3.32)

where ib is the relative phase anglevnyp0 r

% p o  = (vn - vp * x,p " va)t " “ n - Y  * ♦p " V  •

Recall that the eigenmodes of the cavity are traveling Hermite-Gaussian 

waves:
±ik z

Un (x,y,z) = Un (x,y) e n . (3.33)

Defining the excitation density

TT 1
vol dV N(r,t) (3.34)

vol
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the first-order polarization may be computed from eq. (3.31) :

CM ■ m r  n En ct) z[y»i(m -vn), (3.35)

where K = |kn | and Z(v) is the plasma dispersion function:

Z(v)
/if

dv exp[-(v/u)2]/(v + ikv) (3.36)

The third-order calculation is obtained from eq. (3.32)

H  I Ev E E0 N j
y p a t=l

(3.37)

where Nn^ is the excitation overlap integral (3.38):

nypa vol vol
dV N(r,t) exp[i(kn -k^+kp-ka)] Un (x,y) Up (x,y)

0 Up (x,y) Up (xy,)
(3.38)

and the perturbation T integral:

/if •'
dv exp[-v/u)2] [(vtl + iCwlkv)(vt2 + iCw2kv)

^ t 3  + iCw3kv^ " 1
(3.39)

The parameters of the T integral C ^ ,  and w are given in Tables

I, II, and III, respectively. Now we can use these results to find the
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Table I. Definitions of complex frequencies v., appearing in the third- 
order integrals (3.39).

From O'Bryan and Sargent [34].

vtk k = 1 CMII k = 3

t = 1 y + i(w - vy + vp - vp Y + i (w - va)

2 y + i (w - + vp - Vp) Ya + i(vp - va) Y + i(v -03)P
3 Y + i (w - + Vp - vp) Yb tl(Vp ' V Y + i (vp - a))

4 Y + i(u)-viJ + Vp-va) Yb + iCvP - V Y + i (03 - va)

Table II. Definitions of the constants c , used in the third-order 
integrals (3.39). w

The total time dependence in (3.39) is given by x^. From 
O ’Bryan and Sargent [34]. W

k = 1 k = 2 k = 3 xw = cwlT» + cw 2t " + cw 3t '"

W = 1 1 0 -1 T* - T m

2 1 0 1 T' + T m

3 1 0 1 x' + 2t " + t '"
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Table III. Summary of the calculation of the Tt w 'f o r ^ ^ ( t )  of the 

general ring laser.

The direction of travel of the interacting modes are given 
by the dn's [= sgn(K^)]. The variables s', s", and s’" give 
the signs (±1) of the coefficients of -Kv t', t-Kv Ct ’+t") and 
-Kv (t ,+t"+t ,m) in (3.32) respectively. For the p terms, s’ 
is always associated with and hence has the same sigh.
The p terms are correlated so that s" and s h a v e  the oppo
site sign from dp when associated with p (see column under 
t for associations). When s" and s'" are associated with Ka 
they have the same sign as Ka . The sum s 't ' + s"(T'+%")
+ s'" (r' +t"+T"' ) is given by

(S'+S"+S'")T' + (s"+s"*)T" + s"'T"' = C^T’ + C^T" + Ĉ T"'
which yields the c's in Table II defining the subscript w 
of TtWo From O'Bryan and Sargent (34).

t V 1
CL da s ? s" s'" w Ttw

. + + +1 -1 +1 2 Tt2
1 or 4 + + - +1 -1 -1 3 Tt3

+ - + +1 +1 +1 anone 0
u t' + - - +1 +1 -1 1 Ttl
p t" - + -1 -1 +1 1 Ttl
a t - + - -1 -1 -1 anone 0

- - + -1 +1 +1 3 Tt3
- - - -1 +1 -1 2 Tt2

+ + +1 +1 -1 1 Ttl

2 or 3 + - +1 -1 -1 3 Tt3
+ - + +1 +1 +1 av none 0

u + - - +1 -1 +1 2 Tt2
p -i- -> T" - + + -1 +1 -1 2 Tt2
a  t'" -1 -1 -1 anone 0
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Table III0--Continued

t V dp V s 1 s" sm w - Ttw

- - + -i +1 +1 3 Tts
- - - -i -1 +1 1 Ttl

aThese terms contain rapidly varying integrands in z and hence vanish.
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equations of motion for the electric fields and frequencies of the multi 

mode ring laser from eq. (3.9):

6n = V n ' I I 1  E E E, I . U ,  eu P 0
rnypa}

vn + *„ = n i Ey Ep Ea Re^ n y p a e
nypa)

(3.40a)

(3.40b)

where the coefficients are summarized in Table IV. In Table IV the 

relative excitation 9T has been defined:

X = n /n t  ,

where N̂ , is the threshold excitation at which lasing begins (gain 

exceeds loss). In Chapter 2 this same parameter is expressed as the 

ratio of the operating plasma current to the threshold current at which 

lasing begins. In Table V the coefficients are evaluated for the case 

where Ku »  Ya»Y^»Y (Doppler limit) and for the case Ku «  Ya »Y^»Y 

(homogeneously-broadened limit). The former more closely approximates 

the He-Ne characteristics; Ku = 1010 MHz, y = 15 MHz, y. = 41 MHz, 

y - 187 MHz.

By introducing a dimensionless intensity

In =
fr2

ft2V b
E 2 n (3.41)

and substituting into eqs. (3.40) a set of expressions, eqs. (3.42) are 

derived which describe the intensities and frequencies of the Fourier • 

components of the electric field:
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Table IV. Summary of coefficients appearing in the amplitude and fre
quency determining eqs. (3.40) and (3.42).

Variables used here are defined by equations as follows:
Zy and Zj_ are the real and imaginary parts of the plasma 
dispersion function Z(v) of Eq. (3.36), y is the polariza
tion decay constant (I/T2 in NMR language) of Eq. (3.21),
(1) is the atomic resonance frequency, vn is the frequency 
of the nth mode, Qn is the quality factor of the nth mode, 
^nppo is the excitation component defined in eq. (3.38),
Ttw is the third-order velocity integral (3.39) with fre
quencies and constants given in Tables I and II.

Coefficient Physical Context

“n = ZitY + 1(w- Vn)]F1-v/2Qft Linear net gain

°n " zr [r*i('"-vn)]i=1 Linear mode coupling

Vny p o  ~ F3 ^ n t i p o ^  Ttw Complex saturation coefficient

6nm = In,{yn m m  * Cross saturation

T = Re{V + ? 9 }nm nnmm Himmn Cross pushing

6n ’ ^ n r a m 1 Self saturation

%  = ^ ^ n n n n 1 Self pushing

|2H
lzit Relative excitation

2_(v) = Im{Z (v)} Imaginary part of plasma 
dispersion function

Zr (v) = Re{Z(v)} Real part of plasma 
dispersion function

Fl = %v^N(hKuBo)-1 = V)t[2QZi(Y)]-1 First-order factor; 
with relative excitation

F3 = ( *=/2h) 2 F1 Third-order factor
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Table V. Formulas for the general coefficient i?nypa of Table IV and
eqs. (3.40) for the bidirectional ring laser in both Doppler 
and homogeneously broadened limits.

From O ’Bryan and Sargent [34].

Vnppo Approximation

d d d dn y P a
+ + +

1 uni-Dop v
- - - _ J

+ + -
-\

- - + + ] x£)(Ul - %V + %v -V )y p °
+ - -

1 0 ,- + + - J

■+ + +
1

^  uni-ho ''
- - -
+ + -

;} vUni'h° [Nnppa^ • >+
+

+ + ^ Uni"h° [ % p a ^  /

(dn = sgn(Kn) , etc.)

Doppler limit

Homogeneously broadened 
limit

^uni-Dop E _ V{j) 2>(-%vu - %v0> + v p)

^  uni-ho E 2 r(Vp _ va) £)(a)-V^ + Vp- Vy)

x [2 (h) - v0) + S(Vp-a))]

Doppler limit

Homogeneously broadened 
limit

r t v p - v 0) - i ( W h ) 2 [Sa tvp- v a) ^ ( V p - v p ]

2)x (v) = y- ; X = a, b or missing



70

« n  = anIn " ^ ^ n p p a  exPl*„ppa]> (3.42a)

(•I I I V-2
(\>„ + <PJ = ^  - l  — f — i R e {V  exp[i|» 1}n Tnv n n ypa nypa rniipaJ (3.42b)

Although for the four-mode ring laser there are 44 = 64 coeffi

cients ^ nypa J many of them may be neglected. Coefficients that have a 

spatial variation on the order of a wavelength or less may be dropped 

since these average to zero over the length of the active medium. Terms 

having a temporal variation much greater than the cavity v/2Q may also 

be dropped since the cavity will not respond to changes in the electric 

field magnitudes at these frequencies; these terms have been implicitly 

dropped in the first-order terms as well.

3.3. Bidirectional Two-mode Operation 

For rotation sensing applications, the ring laser is most often 

operated so that a single wave travels in each direction. For a mode 1 

traveling in the clockwise direction and a mode 2 traveling in the coun

terclockwise direction the intensities are described by eqs. (3.43a,b). 

These are written in a familiar form by combining the complex V 's as 

described in Table IV:

h i ,  = a , I ,  -  $ , 1 ,  - 612I aI 2

h i  2 a 2^2 ^212 “ ®21^2^1

(3.43a)

(3.43b)

It is not so much the individual lasing frequencies that are of interest 

as it is their difference, since this carries direct information about



71

the input rotation

<P2 1  E (v2+ ^ ?) - Cv^+^i)
(3.34c)

= firot + ( a 2 ~ a i )  ~ P2I2 + P-l1! - tajli + T 12I2 .

Again, in eq. (3.43c), the V 's have been combined as described in 

Table IV. According to eq. (3.43c), the output beat frequency <p is 

directly proportional to the input rotation rate and has an offset from 

zero for zero input rate as described by the last five terms. In fact, 

for a large Doppler profile of the atomic velocity distribution, that 

is, for Ku »  atomic decay constants 'y , y^, y, the corresponding 

third-order terms are equal:

^  = e2 , eJ2 =.0 21 , p2 = Pi , t 21 = t 12

The first-order terms for the two modes are equal if the cavity Q's are 

the same for both directions, in which case, solving for the steady 

state intensities:

i, = =2 = g - f r  ' (3-44a)

= arot . (3.44b)

If the cavity Q's are different for the two directions, then the steady

state intensities will differ and also one will have £2 . £2 ' + crot rot
where c will depend on the Q differences. Hence, we see a possible 

source of the asymmetry such as that shown in Fig. 2.3.

Equations (3.44) describe the ideal laser gyroscope. The real 

behavior of a gyro, however, differs significantly from what could be
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ascertained from eqs. (3.43) or (3.44). The differences arise mainly 

from mode-coupling phenomena caused by the various characteristics of 

the ring cavity. As mentioned in Chapter 1, coupling may occur through 

backscattered radiation from a mirror or, for example, from the surface 

of intracavity elements. Coupling may also arise from localized losses 

of aperturing in the cavity. The effects of backscattering and localized 

losses for the two-mode case have been treated rather extensively by a 

number of authors [1-4,33,35-40]. The results of these previous works 

are briefly reviewed in the next two sections.

3.4. Backscattering: Two-mode Case

The phenomenon of backscattering may be accounted for in eq. 

(3.6) by adding a loss current term which represents, in the two-mode 

case, the transfer of energy from one direction to the other: mode 1 

transfers a fraction r^ of its energy to mode 2 with, a phase e1 ; 

similarly, mode 2 transfers a fraction r2 of its energy to mode 1 with 

phase e2 . Thus, eqs. (3.45) reflect the proper modifications to 

eqs. (3.43) [4,7]:

hi-i = - 612I1I2 - cos (tj) + e2) , . (3.45a)

h l 2 = a2I2 - g2I2 - 621I2I1 - T 1 ( I 1 I 2 -)h  cos Ofr-Ej) (3.45b)

*21 = A o t  + C02-aP  - P t h  +  Pj12 + " T21I2

+ r^
fla sin (<j>- e1) + r2 sin (<f>+ e2)

(I
(3.45c)
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Equations (3.45) are often solved in the decoupled approximation; that 

is, it is assumed that the frequency equation may be solved separately 

from the intensity equations. We make this approximation here in order 

to allow the fundamentally important phenomenon of frequency locking to 

surface from the rather complex equations of motion. The salient 

features of locking are not lost in this limit. Assuming that corre

sponding Lamb coefficients for the two waves are equal, the equation 

of motion for the phase may be written:

ip -  (J> -  tt -  35 (e i  -  b 2) • ,

t = 2t /(3-6) ,

6 = 0 .

Equation (3.46) and the coefficients, as well as a more general 

form, were first derived by Aronowitz and Collins [2]. The beat fre

quency is still described by eq. (3.46) in the general case (r^ ^ r2 , 

etc.), but the coefficients are different. The solution to the beat 

frequency equation gives for the average observed beat frequency:

ip =  ftrot - sin (t|j + 6) (3.46)

where

£ = W i  + e2)

if; = 0

av /ft2 - |ft| > |ftL l.

ifti < iftL r

(3.47a)

(3.47b)
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Equations (3.47) or alternatively eq. (3.46) describe the locking 

phenomenon which is shown graphically in Fig. 1.3. For high input 

rotation rates, the beat frequency is directly proportional to the 

rotation rate, but for low input rates the frequencies of the two waves 

lock, causing a dead band where there is no output information about 

the input. The major thrust of ring laser gyro technology concerns 

the elimination of this problem.

Although eq. (3.46) adequately describes the gross features of 

locking behavior, the intensity and phase interactions and the subtle

ties of the phenomenon are more correctly described by eqs. (3.45).

These may be made more transparent by performing a change of variables:

I = ̂ (1, + I2) ,

i = h { I 2 - Ij) ,

<j) = * -*- tt + h t e 1 - e2)

e = h ( e 1 + e?)

Assuming a large Doppler width, equal cavity Q's, and equal reflection 

coefficients, eqs. (3.45) may be written in the form of eqs. (3.48) [41]

h i  = al - (3+6) I2 - (3-6) i2 + 2r V*!2 - i2 cos i[> c o s  e  , (3.48a)

h i  =  a i  - 23Ii + 2r /l2 - i2 sin ijj sin e , (3.48b)

^ = 5 + 2(p-t)i - 2r(l2 - i2) 1 [i cos sin e + I sin ijj cos e]

(3.48c)



75

The subscript rot has been dropped from firot for convenience. Experi

mentally it is observed that away from the locking region, the beam 

intensities are modulated at the beat frequency and are tt out of phase; 

the total intensity is observed to be roughly constant so that, upon 

inspecting eqs. (3.48) we can set e = tt/2. Dropping terms of order i2 

and higher further simplifies the equations:

I = al - (6+6)I2 (3.49a)

i = ai - 2gli + 2rl sin ^ , (3.49b)

* = 0, - 2xi - 2r i/I cos Tp (3.49c)

In steady state (I =0), the total intensity acts as though it were of

a single mode with a self-saturation of 6 + 8: -

I - a
" 6  + 6 (3.50)

Equations (3.49) have been numerically solved by Aronowitz and Lira [41]. 

They show that among other things, the equations give rise to a positive 

scale factor bias whereby, for a range of input rates above locking, the 

output frequency is larger, rather than smaller than that expected from 

an ideal ring laser.

In reference [12] it is shown that in the four-mode case there 

is an analogous set of equations which can give rise, under certain 

conditions, to a reciprocal bias. However, as we mentioned in the 

introduction to this chapter, the conditions needed to achieve the 

reciprocal bias in the manner referred to by this reference are not met 

by the experiment described in Chapter 2.



76

3.5. Bidirectional Four-mode Operation

In principle, every ring laser is a multimode ring laser (has 

more than one mode traveling in each direction), having a complete set 

of longitudinal and transverse modes. For a two-mode ring gyro, one 

wishes to keep the gain low so that the net loss is high for all but 

one longitudinal mode. Since the transverse modes are larger in the 

transverse dimension than in the longitudinal modes, one can put an 

aperture in the cavity to keep their losses high. If the losses are 

great enough to prevent a mode from lasing, this mode is generally 

ignored in the ensuing calculations. However, even though they do not 

lase, these he1ow-thresho1d modes do interact with the above-threshold 

modes. This kind of coupling can, for example, lead to.nonreciprocal 

frequency bias effects in an apertured cavity for the two-mode laser 

as is shown by Fradkin [27,28].

The crucial difference between a multimode and a two-mode ring 

laser is the degree of coupling among the modes. Even for a two- 

isotope active medium the coupling between two waves traveling in the 

same direction can be strong, although that between oppositely traveling 

waves is comparatively weak. Physically, this is explained by noting 

that for the two-isotope active medium two oppositely directed waves 

have essentially separate, non-overlapping atomic velocity groups con

tributing to their gain. On the other hand, for co-propagating waves, 

the atomic velocity groups may overlap significantly so that the modes 

are competing for the same atoms.

The four-mode case is the simplest one of interest (concerning 

the laser gyro) which bears the aspects of co-propagation coupling and
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its consequences. In a later section ( 3 . 7 )  it is shown that the con

sequences of coupling may be very beneficial to the rotation sensor 

enthusiast. In this section we present the third-order perturbation 

theory of the four-mode linearly polarized ring laser.

Given that the frequency separation between co-propagating waves 

is much larger than the cavity v/2Q, we can write down a set of equa

tions analogous to those describing the two-mode case, eqs. (3.45).

This is done neglecting backscattering and aperturing effects:

“a1! - M l  - M M z  - M M 3 - M M ,  -
(3.51a)

° Im{?1 e"1^ }

Ct2I2 - ^2*2 ~~ ® 21 ̂ 2 ̂ 1 “ ®23^2^3 ” ®24^2^, “
(3.51b)

° Im{C2 e+1^ } ,

a 3^3 ^3^3 ~ ® 31 "*"3̂ 1 ®32^3^2 ^34^3^4 /l j I'2 1 311
(3.51c)

Im{?3 e+1^ }

[4 = a 4 I4 - B 4I4 - 6 41I4I1 - e 42I4 I2 " e 43I4I 3 " V I 1I2 I 3I4

° Im{C4 e ) ,

(3.51d)
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4 4

+ (a 2 ~ ai) - C.P2I2 - P aIa) - I T2iIi + ^ TliI:
i=l 1 i=2

____ i^2

- r e ' ^ "  - ^ / & & &  C e+#"
X2 "2 Ia.

(3.51e)

3 4
^ + C^-a ) - (p4I4 - p3I3) - l r ĵI + 1 T3iIi

i=l ^  1 i=l ^  1 
i^3

_ ^  e -i«
14 ^

(3.51f)

where the relative phase angle coefficients

= ^1234 + ^1342

^2 - ”̂ 2 134 + ^ 2  4 3 1

?3 = ^ 3 1 2 4  + ^ 3  4 21

^4 “ ^4213 + 312 *

Here the modes are labeled so that modes 1 and 2 form one gyro pair and 

modes 3 and 4 form a second gyro pair. The outstanding qualitative 

difference between the above set of equations and that describing the 

two-mode case are the relative phase angle terms in ip = ^ 2-^1+^ 3-̂ it =

^21 - ^ 4 3 - It is shown below that these terms are responsible for lock-
• •

ing of the beat frequencies to each other so as to make = ^ 43. Not

so obvious from the equations themselves, but from the form of the 

coefficients, one finds that co-propagating waves couple more strongly 

than oppositely traveling waves, that is, for example 013 > e23,6;i4 as 

expected. Figures 3.4 - 3.8 show the variation of the four-mode third- 

order coefficients 3 , 0 , p, x, and ^ as a function of detuning for the
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Fig. 3.4. Four-mode third-order saturation coefficients versus cavity 
length detuning for mode 1.

Parameters for the He-Ne laser are ya = 15 MHz, = 41 MHz, 
and y = 187 MHz. For the longitudinal modes v/2Q = 1 MHz.
The coefficients were calculated for an equal mixture of Ne2o 
and Ne22 isotopes. The frequency separation of the gain 
centers for the two isotopes is 880 MHz. Ku = 1010 MHz.
The intermode frequency spacing is 59 MHz. Coefficients 
for mode 2 are obtained through a change of indices 1 J 2,
3 2 4.



S
at

ur
at

io
n 

(M
H

z)

80

- 2 4 0

Detuning (MHz)

Fig. 3.5. Four-mode third-order saturation coefficients versus cavity 
length detuning for mode 3.

He-Ne parameters are the same as for Fig. 3.4. Coefficients
for mode 4 obtained through a change of indices \  Z  2 ,  3 2 4 .



81

- 2 4 0

Detuning (MHz)

Fig. 3.6. Four-mode third-order frequency pushing coefficients versus 
cavity length detuning for mode 1.

He-Ne parameters are the same as for Fig. 3.4. Coefficients
for mode 2 obtained through a change of indices 1 2 2 , 3 2 4 .
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- 2 4 0

Detuning (MHz)

Fig. 3.7. Four-mode third-order frequency pushing coefficients versus 
cavity length for mode 3.

He-Ne parameters are the same as for Fig. 3.4. Coefficients
for mode 4 obtained through a change of indices 1 ^ 2, 3 $  4.
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-2 4 0

Detuning (MHz)

Fig. 3.8. Four-mode third-order relative phase angle coefficients 
for modes 1 and 3.

He-Ne parameters are the same as for Fig. 3.4. Coefficients 
have been defined as = Re{£j}, = Im{^^} . Coeffi
cients for modes 2 and 4 may be obtained through a change 
of indices 1 2 2, 3 $ 4.
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ring laser used in the experiments. The longitudinal mode pair is 

designated with subscripts 1 and 2, the weaker, transverse mode pair 

by subscripts 3 and 4.

3.6. General Four-mode Considerations 

We will assume that one of the two mode-pairs is a longitudinal 

pair. The second may be a nearby (in frequency space) transverse mode 

or another longitudinal mode pair. The case of four longitudinal modes 

is discussed by Miyashita, Mori, and Ikenoue [42].

As was also done for the two-mode case, we will assume equal 

cavity v/2Q's for oppositely directed waves belonging to a mode pair 

(although the v/2Q's for the pairs may differ from each other). In this 

case we have:

ai = a  2 oi =  a 2 ®12 II CD N> 0 34 = 0 43

a  3 = a# 03 = 04 013 =  e 2 4 ; ®31 = 6 42

$i = 3z Pi = P2 01 4 =  e 23 ; 041 = 0 32

Bs =  @4 p3 = P4 =  C 2 ; ^3 = s4
Though as we shall see later, the relative phase angle terms cause some 

important and interesting effects in the four-mode gyro, we will drop 

them from the intensity equations for now since calculations show that 

they are small compared to other terms. Equations (3.51a-d) may be 

solved for the steady state intensities. From symmetry we see that 

Ii = I2 and I3 = I4 . Equations (3.51e,f) reduce to

*21 = “ rot  *  C2 V sin *  

*43 = “ ro t  *  C43 Sln *

(3.53a)

(3.53b)
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where C2J and C43 are obtained by combining the relative phase angle 

coefficients, eqs. (3.54):

/ I I I , / i l l
C21 = V V  4 M V + /-LlJL i i r f g }  , (3.54a)v -L1 V 12

/iii,i, /I,I,I,c., -:V  % ‘ M V  - -v/_i_l_Aim{Cit} (3.54b)

Taking the average sum and differences of eqs. (3.53) we derive eqs. 

(3.55):

=  V 21 + i W = firot + ^CC21 + C43) sin iIj ~ ’ (3.55a)

5 rt’z,-*,,) =  (C21 - C43) sin ip~ (3.55b)

The second equation describes a locking condition so that ip = 0; thus 

the difference in the beat frequencies between the two gyro pairs is 

zero, that is, they track one another. Even for moderate cavity Q 

anisotropies the difference frequency ijj will remain locked unless it 

happens that C21 = C43. The difference may lock at ^ = 0 or ir.

Miyashita etal. [42] have shown that for the case of two longitudinal 

mode pairs, the type of locking (0 or tt) depends upon the mode frequency 

spacing as well as the mode intensities, and that in fact, "0-type" 

locking is the most common and "TT-type" locking occurs only when a 

rather short gain section is used. Depending on whether a 0- or TT-type 

locking occurs, oppositely directed traveling wave pulses, at a repeti

tion rate corresponding to the intermode beat frequency, meet at or 

alternatively pass through the center of the gain medium. The situation
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is somewhat different when the second mode pair is transverse. In this 

case the inter-mode frequency separation may be small compared to the 

longitudinal mode spacing; then the wavenumbers differ little from each 

other. Taking the frame of reference in which the two standing wave 

patterns of the oppositely directed waves are at rest, a 0-type locking 

implies that a node of the transverse standing wave lies at a node of 

the longitudinal standing wave and a  it-type locking indicates that a 

node of the transverse standing wave lies at an antinode of the longi

tudinal standing wave. It can no longer be said that pulses travel 

around the cavity; instead the electric field everywhere within the 

cavity pulsates at the mode spacing frequency.

Despite the efforts by various authors to completely describe 

the behavior of the four-mode ring laser, some of the more subtle 

characteristics buried in eqs. (3.51) have not surfaced. In the next 

sections we discuss the solutions to the four-mode ring laser equations 

and bring to light some of the aspects which may serve as a solution to 

the two-mode ring laser locking problems.

3.7. Four-mode Equations: Steady State Solutions

In this and following sections we solve the four-mode ring laser 

equations (3.51) and present the results of the numerical calculations 

performed using the parameters of the experiments described in Chapter 2. 

Closed form solutions to the general problem have not been obtained; 

however, it will be seen that the salient features of this special case 

are not unique but prevail in a wider class of cases.
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In the following discussion, modes 1 and 2 are. again the strong 

pair and 3 and 4 are the weak pair. Figure 3.9 shows the assumed mode 

spectrum. Although the equations of motion for the electric fields are 

most familiar in the form of eqs. (3.51a-d), they are written here in 

a different notation for compactness:

E. = Ei(ai - r e . .  E p  - PET1^  COS Tjr + S. CRi Sin , (3.56)

where P is the electric field product:

P - E, ° E, • E, 4 Eu ,

and are the real and imaginary parts of the relative phase angle 

coefficients corresponding to the i ^  modes:

' eD - Re(q)

and is the relative phase angle sign factor (so called because it 

carries the sign of the i^h phase in the relative phase angle ip =  

+ip2 - that is:

-1 for i = 1 or 4

1 for i = 2 or 3

Equations (3.57) for the time derivative of the relative phase angle ^ 

is obtained by taking the difference of the gyro beat frequencies:

^  = * 2 1  - ^ 3 Z  S {a. - E x . ,  e ! 
i  1  j 1 3  J

Si CIi sin ^ )}

pE72 (^Ri cosuj;'

(3.57)
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optical freq 1/

Fig. 3.9. Four-mode frequency spectrum superimposed on the gain profile.

Spectrum consists of a pair of strong longitudinal modes 1 
and 2 and a pair of weak transverse modes 3 and 4. Compare 
with Fig. 2.9.
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Note that eqs. (3.56) and (3.57) do not depend upon the average beat 

frequency:

r + *2l +k 3 = + - Z t E*
i j J J

- PEi2(?Ri cos - si sin
(3.58)

This will no longer be the case when backscattering is added. However, 

since these backscattering terms are presumably small, it is supposed 

that the steady state solutions to the set of eqs. (3.56) and (3.57) 

determine the behavior of lasing action at least for rotation rates well 

outside the locking region.

Setting EL =0 in eq. (3.56) gives four simultaneous cubic 

equations (setting i = j yields the E 3 term) . By putting 1)1 =0, eq. 

(3.57) may be put in the form:

cos tJj = u sin ip ■ +  v

Substituting x = sin ip and ± A - x 2 = cos \p and squaring both sides 

results in a quadratic equation for x:

x2 + 2uv
1 + u 2 X

+ xLzl
1 + u2 0 (3.59)

4Thus in general there are 4°3 = 328 roots to the set of five equations

(3.56) and (3.57). Of course, for physical solutions it is required 

that x (or sin ip ) and all E^ be real; in addition, the E^ must be posi

tive and the magnitude of x must be less than or equal to 1. Some idea 

of the nature of the roots may he brought to light by putting eqs. (3.56) 

with EL ?0 in the form:
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EiCE? - O.V) - c ±  = 0 . (3.60)

is a normalized effective a:

"i " [ai ' 6ij E j ] 6ii •

and -ex is the relative phase angle term divided by Physically, if

> 0 it acts as an extra gain term, and if c^ < 0, then it acts as an 

extra loss to the cavity mode. We suppose for the moment that a l and c^ 

are simply constants. Then the left hand term of eq. (3.60) as a func

tion of EL is as sketched in Fig. 3.10. The roots to eq. (3.60) are 

given by the intersections of the curve with a horizontal line which 

crosses the ordinate at a value of c^.

The curve of Fig. 3.10 may be divided into four regions.

(1) For c^ > 2(ct!/3) eq. (3.60) has one real positive root and a
•7/0

complex conjugate pair. (2) For 0 < c < 2(ox/3) , eq. (3.60) has one
, 3/2

real positive root and two negative roots. (3) For 0 < c^ < -2(ou/3) ,

there are two positive roots and one negative root. (4) For c^ < 
i 3/2-2(ou/3) ' , there is one negative root and a complex conjugate pair 

(and therefore no physical solutions). Hence, there are at most two 

physical solutions to eq. (3.60). For the complete set of eqs. (3.56) 

and (3.57) there must be at most 4 c 2 k = 64 physical steady state solu

tions. In fact, from the symmetry of the equations, if the cavity Q's 

are independent of direction so that Q2 = Q2 and Q 3 = Q4 then half of the 

solutions can be inferred from the other half by interchanging mode 

numbers, that is,

1 ^ 2 ,  3  t  4
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-- 2( CX/3)

(CX/3)

-((X/3)

3 / 2 ____-2((X/3)

Fig. 3.10. Sketch of the first term of the right hand side of eq.
(3.60) , f(E) = E(E2-ct) .

Solutions to eq. (3.60) may be divided into the four regions 
as labeled.
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Note from Fig. 3.10 that as ou becomes small and as approaches 

-2(a/3) from above, the physical roots move closer together. For

the strong modes a ’ is relatively large and therefore if Cj and/or c2 

lie in region 3, then there are solutions to eq. (3.60) which have 

either or both Ea and E2 near zero. If only one of the two is near 

zero then ip unlocks ($ / 0) . If both E^ and E2 are near zero, the 

solution proves to be unstable. The method of figuring stability is 

discussed in the next section. Furthermore, computer calculations show 

that for cos x = -/l-x2 the intermode frequency locks at \p =  tt, but the 

experiment shows locking near ip =0. With the above considerations, the 

number of interesting solutions to the set of eqs. (3.56) and (3.57) are 

at most four from which another four can be inferred.

For rate sensing applications the important number is the output 

beat frequency ip+ . Once a solution set E^,ip is obtained, the values 

may be substituted in eq. (3.3) . For an input rate £3 = 0 the resulting 

iji+ is called the bias. Since there are as many as eight solutions for a 

given set of third-order coefficients, there may be as many as eight 

possible biases. For equal intensities E 1 = E 2 , E 3 = EJf, the bias is 

always zero.

Using the coefficients described by Figs. 3.4 - 3.8, eqs. (3.56) 

and (3.57) were solved numerically by computer. The resulting biases 

as a function of cavity length detuning for a given relative excitation 

are plotted in Fig. 3.11 (biases of zero are not shown) .

The curves of Fig. 3.11 can be divided into four regions dis

tinguished by the jump discontinuity in the hias(es). The character 

of each region is directly attributable to the sign and magnitude of the
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Fig. 3.11. Possible frequency biases versus detuning obtained from 
solutions of eqs. (3.56) to (3.58).

Only non-zero biases are shown. Solutions can be divided 
into four regions according to the number and magntidues 
of the possible biases.
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real and imaginary parts of the relative phase angle coefficients of the 

weak modes, or as a whole, by the sign and magnitude of c 3 and c% of 

eqs. (3.60) .

In region I, c^ acts as a gain for both weak modes and therefore 

there is only one steady state solution here, with E 1 = E2 and E3 = E4 . 

This solution exists for all detunings (but is not shown in Fig. 3.11) . 

At about -150 MHz for the weak modes changes sign (see Fig. 3.8) and, 

if not for the sin ^ term of eq. (3.56), c^ would act as a loss for 

both modes, but this former term is larger than the cosine term so that 

c^ happens to act as a loss for one of the weak modes and as a gain for 

the other; as a result E g and E4 are considerably different in magnitude 

This produces the very large bias which characterizes region II. At 

about -100 MHz a second solution having E^ = E2 , E 3 = E4 appears (also 

not shown in Fig. 3.11) .

As the magnitude of increases further, at about -40 MHz, the 

cos ip term overcomes the sin \p term and c^ acts as a loss for both 

modes, E 3 and E4 become nearer to each other in magnitude and so the 

bias reduces. This reduced bias characterizes region III. The last 

region is characterized by the appearance of an additional pair of 

solutions. At approximately 30 MHz, |5j^| becomes larger than | |  

for the weak modes, and, as a consequence it happens that there are 

two values of ip for which E3 > E4 and two for which E4 > E 3. Thus, 

in region IV all of the possible eight solutions exist.

Note that the boundary between regions I and II and that 

between regions III and IV are fixed by the character of the third- 

order coefficients as a function of detuning. The boundary between
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regions II and III, however, will vary somewhat depending upon the rela

tive excitation and the cavity Q's of the strong and weak modes.

In an experiment using a helium-neon ring laser, one has direct 

control over the relative excitation through the adjustment of the 

plasma current. Thus it is useful to know how the bias varies with 

excitation in order to predict optimum operating points and sensitivity 

to plasma current fluctuations. Figure 3.12 is a plot of the bias as 

a function of relative excitation for a cavity Q ratio of Qs/Qw = 3.75 

at zero detuning. The bias is a nearly quadratic function of excitation 

for smaller values along the abscissa, becoming linear for larger ones. 

The curve ends abruptly, however, for values higher than shown as Tp 

becomes unlocked.

Curves.in regions of detuning other than region III would show 

the same overall features as those of Fig. 3.12. The bias reaches a 

maximum of 20 to 50 KHz before the difference frequency ip unlocks.

3.8. Stability Considerations

In the last section it was mentioned that one of the solutions 

was unstable. The question of stability can be dealt with using the 

small vibrations technique [33]. To this end, a set of steady state 

values is replaced by E^ + ex, \p + e5, where ex , i = 1,5, are small

positive numbers, and substituted into eqs. (3.1) and (3.2) :

d(Ei+ei)
~ ~ d i (Ei+£i) j eij(Vej)2] 4

n (E.+e.)j=l 3 3

6 1 %  cos (Ip~ +  £ s ) +  ?Ri (Ip +  e5)]
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600 --
Calculated

400 --

200 - -

Fig. 3.12. Calculated bias versus relative excitation of N/N^. 

Curve is taken for a cavity detuning of 0 MHz.
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4
Z S . { a .  -E x. (E.+e )2] - n (E +e ) i 1 1 j J J j =1 3 3

3^1

° f̂ Ri COS + £s)  ̂ sin Ĉ " + e5)]>

2
Dropping terms of order EX and higher and recognizing the steady state 

solution we find a linear set of five expressions for the time deriva

tion of the :

5
£-i = l K. . £. , (3.61)

3=1 3 3

where .

Kij = - 2 6 ^  Ej) - [26^ E.E. + PGEiEj)-1]

° (£;ii cos if;" + S. CRi sin ij;") , i j  = 1,4 3

d(i|J +e5) 
dt

ij5 = PEi 1(CIi sin ij;" - Si ?Ri cos if; ) , i = 1,4 ,

'5,i ’ i ,  <-2 Sj Tji Ei - 6ij Sj PEi ‘

° (?Rj COS if;" + Cjj sin if;")}

+ PET sin if)" - Si £Ri cos if) ) , i = 1,4 ,

'5,5 i i v Rii=l

and is the Kroneker delta
13

I PE72(CRi sin if;" + ^  cos if; )

1 i = j 

0 i ^ j
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A particular solution to the steady state eqs (3.56) and (3.57) 

is unstable if the 5 x 5  matrix has a positive real eigenvalue. 

Through the use of a computer, a stability examination of the solutions 

obtained in the last section shows that when there are two solutions 

having E1 = E2 and E3 = E4, the one having the smallest total intensity 

is unstable. In particular, it so happens that the smaller intensity 

mode is unstable with respect to a fluctuation of ^ • That this is an 

unstable solution is consistent with the maximum emission principle 

which states that a laser 'tries' to maximize its output (or minimize 

its losses).

3.9. Four-mode Backscattering 

Although backscattering terms are usually small compared to 

terms such as a and 0 they do a lot of damage, as has been seen in the 

two-mode case. In the four-mode case they couple the ip+  equation to 

the other five equations; thus there will be no steady state solutions 

except when t|)+ is locked--which is what we wish to avoid.

Equations (3.56), (3.57), and (3.58) must be rewritten to 

account for backscattering. As for the two-mode case, a fraction of 

the field E1 is scattered into the opposite direction of E2 and vice 

versa. This backscattered radiation will have little effect on modes 

3 or 4 since the coupling term varies at a frequency much larger than 

the cavity v/2Q. Similarly, E g scatters into E4 and vice versa. Since 

little is known about the fractions scattered, we will assume that the 

fractions ra and r2 are equal and as well r3 = r4 so that we can define
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rs

Little is also known about the hackscattering phase angles, but for the 

following discussion it will suffice to suppose that 61 = e 2 = and

E g = £ k =E^. (These e's should not be confused with those used in the 

stability analysis.) Recognizing that

^21 

^4 3

eqs. (3.56-3.58) can be rewritten to include backscattering:

Er(aj - E 6i E*) - PE-J(Cn  cos ij>" + S 1 CR1 sin *')
j J J

- rg Eg cos (ip+ + ^"/2 + es)
(3.62a)

E2(a2 -S d2_. E p  - PE~1(^I2 cos ip~ + S2 5R2 sin \p ) 

- E1 cos (^+ + i p ~ / 2  - Eg)
(3.62b)

E 3 - E 3(a3 -E 63j E p  - P E ^ ( 5 I3 co s tJT + Sg CR3 sin ijf)
j

" rW E4 C0S " ^'/2 + £W)

E4 = E4(a4 - E 64 . E p  - PE;j(?i4 cos ^  + S4 CR4 sin Tjf) 

- rw E3 cos (t(;+ - $~/2 - e j  ,

(3.62c)

(3.62d)
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ijr = E s.{c. -E T. .  - PE72CCRi cos ip~ - S. sin

i j J J

+ rs [E2 sin (ijj+ + i p ~ / 2  +  + E^ sin Oj/ + ^"/2 - es) ] (3.63)

- rw [E4 sin (ip+ - *'/2 + + Es sin (4^ - ip"/2 - s^)] ,

ii)+ = + Z(-l)1 - E Ej - PE^(CRi cos ijj™ - CI:L sin ip~)}

+ rs [E1 sin (^+ + ^ ”/2 + E^) + E2 sin C^+ + ^"/2 - E^)] (3.64)

+ rs [E3 sin (\p+  - [ 2  + E^) + E4 sin (*+ - ^~/2 - E^) ]

In this paper we do not intend to solve for the dynamical 

properties of the above set of six coupled equations except perhaps 

to say that for a beat frequency much larger than the locking frequency 

it is expected that E^ and \jj acquire at least nearly the values they 

would have if there were no backscattering. We can, however, look at 

the steady-state properties of eqs. (3.62-3.64); that is, when = 0 

as well as E^ = 0 and ip =0. As in the last section, we can again 

diagonalize the stability matrix, although this time it will be of rank 

six, since we must set ijj+  ip+  +  e 6 .

Referring again to Fig. 3.11, numerical calculations show that 

in region IV a steady state solution =0  is possible. For the other 

regions, however, as long as the bias shown in the figure is larger than 

the locking frequency, any steady state solution of 4j+ = 0 is in fact 

unstable. This is an important result since it means no locking of the 

beat note will occur under these conditions.
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The question that remains at this point is: which solution does

the laser choose? Might we not expect for example some hysteresis in 

the beat frequency versus the input rotation curve? A precise answer 

to this question would indeed require a knowledge of the dynamical 

properties of eqs. (3.62-3.64).

3.10. Comparing Theory with Experiment:
The Reciprocal Bias

•

As can be seen in eqs. (3.62-3.64), only the equation for ip 

contains rotation input information. Except for the locking or non

locking of ip+ , the expressions for the electric fields and for ip appear 

at least on the surface oblivious to changes of the input rate [2. Thus 

it so far appears that for a given input rotation there are three 

possible biases far from locking regions (a bias +b, -b, or 0) or two 

within the locking regions. This fact is illustrated in Fig. 3.13 

showing the possible output beat notes versus input rotation. From the 

results of the experiment (Fig. 2.5), however, it is seen that only one 

bias occurs for any given input rate. The ring laser happens to operate 

in the manner most convenient for rate sensing purposes. For positive 

input rates, the ring exhibits the positive bias ; for negative rates 

it exhibits the negative bias. As we pointed out in the previous sec

tion, a complete description of the four-mode ring would entail an under

standing of the dynamical properties of eqs. (3.62-3.64). The trouble 

is that at this point there is too much still unknown about the back- 

scattering magnitudes and phases, particularly the latter. In the two

mode case it is known that far from locking the average of the back- 

scattering phase angles is ±17/2 so that the total intensity is constant.
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Fig. 3.13. Sketch of possible output beat frequencies as a function of 
input rotation for a detuning in region III of Fig. 3.11.

Dashed lines are unstable regions.
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As locking is approached, however, this is no longer the case, and the 

total intensity varies periodically. In the locked region the two 

intensities are constant but differ from each other. In the four-mode 

case, we know that the average phase of the backscattered radiation is 

±tt/2 for the strong modes. The weak-mode phases could not be separately 

determined. We do not know the magnitudes of the weak mode backscatter- 

ing coefficients and how they compare with those of the strong modes. 

Worst of all, we do not know in what way the backscattering angles 

change in the transition region between positive and negative bias; 

there is reason to suspect that this may be an important factor in 

determining the sign of the bias with input rotation. The argument 

presented here as to why the bias changes sign with the change of sign 

in input rate is purely heuristic and is based upon the maximum emis

sion principle. Although the argument is not a rigorous one, there 

is enough experimental evidence to warrant its acceptance.

Aronowitz and Collins [2] have demonstrated that for a two-mode 

gyro that is operated within the locking region and subjected to a non

zero input rate, the total intensity of the two beams is less than the 

total intensity far from locking. This is also true as the locking 

region is approached from the outside and as the average backscattering 

phase departs from m/2. Therefore, from a maximum output intensity 

point of view the four-mode laser is better off choosing a solution 

which leaves the ring in an unlocked state, and the further away from 

locking the better. To satisfy this condition the four-mode ring laser 

must choose the positive bias for positive input rates and the negative 

bias for negative input rates. At an input rate of zero either bias or
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a bias of zero all provide the same total output intensity. The results 

of the experiment give another argument. The transverse mode threshold 

was seen to be significantly lower when the longitudinal modes were 

unlocked than when they were locked; the net gain is thus greater in the 

unlocked condition. Again this suggests that the four-mode ring is 

better off choosing a solution which gives an unlocked condition.

One might worry that the inclusion of backscattering consider

ably changes the nature of the time averaged solutions from the steady 

state solutions of eqs. (3.56-3.58): that in fact one can gain no mean

ing from the latter which can be applied to the complete problem. 

Experimental evidence suggests the contrary: that the output signal

carries very little distortion (Fig. 2.12) indicates that the back- 

scattering is playing at most a small role once a given bias has been 

assumed. As argued above, the role that backscattering does play is in 

determining which of the possible solutions is chosen but the actual 

solutions are essentially well determined by the steady state eqs. 

(3.56-3.58) .

3.11. Detuning and Relative Excitation 

The theory predicts that the reciprocal bias phenomenon should 

occur for a detuning range from about -40 MHz to +20 MHz, with the bias 

increasing with increasingly negative detuning (Fig. 3.11). Below -40 

MHz or so the bias should suddenly increase dramatically. The experi

mental results agree qualitatively well (quantitative data were not 

taken as a function of detuning). The bias was observed to increase 

with decreasing detuning over a range of about -70 MHz to +30 MHz,
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a somewhat wider range than predicted. Above 70 MHz the bias did indeed 

take a big jump (from about 200 Hz to about 6 KHz) but the discontinuity 

was simultaneous with the appearance of an additional pair of longi

tudinal modes. The appearance of the additional mode pair may or may 

not be coincidental and taking this result as experimental support for 

the theory must be considered at least somewhat questionable.

Figure 3.14 shows the comparison between theory and experiment 

for the bias versus the relative excitation of the strong modes. The 

agreement seems to be poor. However, one expects exactly this from 

using third-order perturbation theory. The theory predicts that the 

bias increases very rapidly with relative excitation. As the weak mode 

intensities approach the strong mode intensities, the bias increases. 

Third-order theory predicts saturation of the strong modes at relatively 

low excitation; saturation effects become apparent even below relative 

excitations of two or less (see Fig. 3.1) . Thus, in third order the 

weak mode intensities quickly 'catch up' to the strong modes as the 

latter saturate. Strong signal single mode theories predict virtually 

no saturation for relative excitations in the range of interest (N/N,p =

1 to 6). We expect that a strong signal treatment of the four-mode 

problem will show that .the weak, modes do not in fact catch up to the 

strong modes so quickly; thus the predicted curve will be considerably 

flattened out and in better accord with the experimental results. At 

any rate, both theory and experiment indicate the trend for the bias to 

increase with an increase in relative excitation or plasma current.
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600 --
Calculated

400 --

Experimental

200 - -

Fig. 3.14. Bias versus relative excitation, comparison of theory and 
experiment.
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3.12. Future Approaches to the Four-mode Problem 

Clearly there are some shortcomings of the third-order theory 

with respect to this problem; in particular the overestimation of the 

sensitivity to bias with relative excitation. However, it has served 

its purpose by adequately describing the bias phenomenon and bringing 

to light the underlying physical principles. The next step towards 

a complete understanding of the four-mode problem must involve some 

sort of strong-signal approach. A reasonable technique may be to 

assume that the strong modes essentially do not sense the presence of 

the weak modes. One may then solve for the strong mode intensities in 

this limit perhaps by taking advantage of some simplifications such as 

the rate equation approximation [13]. Having the strong mode intensi

ties in hand, the weak modes may be treated as a perturbation to the 

strong mode electric fields.. One hopes that this approach will ade

quately describe the strong-signal nature of this problem without losing 

the salient features that make the four-mode ring interesting as a rate

sensor.



CHAPTER 4 

CLOSING COMMENTS

In Chapter 2. we introduced and described the characteristics of 

the four-mode ring laser which make it an interesting candidate as a 

rotation rate sensor. In Chapter 3 we developed the theory which gave 

us a model which adequately describes four-mode behavior. But how well 

does the four-mode ring laser evaluate as a practical device; how does 

it compare with the two-mode gyro; is it a superior device? To some 

extent this remains to be seen as research makes the four-mode charac

teristics better known. On the other hand, there are several features 

of the four-mode ring laser which offer advantages over the two-mode 

ring laser. Obviously, the presence of the reciprocal bias eliminates 

the need for the cumbersome and expensive mechanical dither mechanism; 

the desire to eliminate the mechanism has been the prime motivation for 

research on new laser-gyro techniques in the first place, but there are^ 

other major benefits as well.

First, the two-mode gyro cavity length is controlled by maxi

mizing the output of the laser; that is, lasing is kept at gain center.

In other words, cavity length is servoed from an intensity signal. The 

same function can be accomplished with the four-mode ring by phase lock

ing a local oscillator to the nominal 60 MHz intermode beat signal. The 

sensitivity of this frequency to detuning can be estimated from the 

slopes of the curves of Fig. 3.4. For example, at 0 MHz, the sensitivity

108
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of the largest cross-pushing term, xJ3, is 27 Hz/MHz. Thus one might 

expect to he able to control the cavity length of this gyro to better 

than 1 MHz; the two-mode is typically controlled to 10 MHz. Further

more, one is not restricted to the gain center by the phase locking 

technique.

Second, the relative excitation can be monitored by measuring 

the intensity ratio between the strong and weak modes. The ratio signal 

can serve as the feedback to a closed loop servo to control the plasma 

current. In two-mode applications only the current itself can be 

servoed directly and there is no absolute indication of the relative 

excitation of the gain medium.

Finally, it might be feared that in some applications changes in 

the magnitude of the reciprocal bias may yield false output information. 

However, reciprocal bias drift can be periodically tracked if necessary. 

The value of the bias can be found by measuring the minimum output fre

quency Of the gyro. This can be done at any time by orienting the ring 

in such a way that its input axis is perpendicular to the actual axis 

of rotation (the ring then sees zero input rate). Most applications 

probably would not require this kind of bias tracking, but in any case, 

the possibility is there. The measured random drift for our gyro is 

0.6 Hz rms; this corresponds to 0.4 deg/hr. Typical navigation systems 

require a maximum drift of 0.003 deg/hr. This will probably be obtain

able when the cavity length, plasma current, and temperature of the ring 

laser are controlled to the same degree that two-mode ring lasers are

controlled.
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All things considered, the four-mode gyro seems to be a very 

promising device. The question which arises at this point is how to 

optimize four-mode performance. This question must be attacked from 

both an experimental and theoretical perspective. It was the purpose 

of this paper to present the first (and so far only) experimental 

results of a four-mode ring laser exhibiting a reciprocal bias, and 

develop a skeletal model describing its behavior. It will be the 

intent of future research to quantitatively better define the four

mode characteristics and to develop a more rigorous and complete

theoretical model.
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