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ABSTRACT

A very interesting aspect of the axisymmetric jet is the existence of azimuthal
instability modes. Since all low order modes are unstable near the nozzle exit plane, a
wide variety of modes are susceptible to external excitation. If known resonance
conditions are satisfied, numerous interesting non-linear interactions may occur.
Specifically, if the jet is excited with two azimuthal modes of opposite sign and equal
frequency the shear layer is distorted in the mean, large scale, and small scale flow fields,
the distortions are governed by the choice of excited modes, allowing the premeditated
distortion of the initially axisymmetric shear layer in to elliptical or square patterns for
instance. Such mean flow distortions are of particular interest in mixing applications,
where non-axisymmetric nozzles have shown significantly enhanced mixing and
combustion characteristics relative to axisymmetric nozzles. Comparison of the behavior
of distorted axisymmetric jets and jets issuing from non-axisymmetric nozzles are made
on all three levels of the flow, the mean, the large scales, and the small scales. It is found
that the distorted axisymmetric jets exhibit many, but not all, of the properties of elliptical
or square jets.
The dependence of the distortions on the externally excited waves provides a
means by which the large scale waves can be used to control the shape and orientation
of the mean flow, the development of large scale waves, and the spatial location of peak
small scale activity. The spatial modulation of the small scale turbulence is related to the
developement of multi-inflection point radial profiles of streamswise velocity which have

17
multiple inviscid, linear instability modes. The additional instability modes are amplified
over significantly higher frequency ranges than for the usual modified hyperbolic tangent
velocity profile found in many shear layer geometries.
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CHAPTER 1

INTRODUCTION

1.1

Motivation
Many engineering applications of fluid mechanics are concerned with the mixing

of two species by a shear layer. One application frequently found in the axisymmetric
geometry is combustion in a jet engine. Efficient combustion depends on thorough mixing
of the reactants prior to ignition. The chemical species are mixed by the actions of a shear
layer. For this reason it is desirable to understand, to whatever extent possible, the mixing
processes of the shear layer. An ability to manipulate the shear layer development would
be an added benefit.
Since the initial discovery of large scale structures in turbulent shear flows a great
deal of research has been conducted regarding large scale coherent structures in turbulent
shear layers. Much has been learned regarding the development of the coherent structures
in forced shear layers and some control over the shear layer may be exercised using the
large coherent structures. The large scales are useful for moving a large body of fluid
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from one place to another but fluids do not mix well at the molecular level. When mixing
in the shear layer is a concern the small scale turbulence is of more interest since the
small scale fluctuations speed the mixing on a molecular level. One of the challenges in
shear layer work is to reconcile the disparate scales of the flow; the large coherent
structures which are relatively easy to control through forcing and the small scale
fluctuations which are needed for efficient mixing but are not easily controlled.
Research has found that non-axisymmetric nozzles are particularly adept at
integrating the large and small scales of the flow. Square jets, for instance, have well
defined large scale structures on the sides of the square but intense small scale activity
near the comers. The blending of both large and small scales makes non-axisymmetric
jets particularly well suited for mixing problems.
A similar effect can be created with the non-linear interaction of large scale
structures in an axisymmetric je t Forcing the shear layer with two azimuthally varying
modes at the same frequency is known to azimuthally distort the shear layer in the mean
flow field. Various non-axisymmetric shapes can be created such as squares, triangles, and
ellipses. Given the enhanced mixing of jets issuing from non-axisymmetric nozzles it is
of interest to check for similar effects in the distorted jets from forced axisymmetric
nozzles. Since the distorted pattern of the jet in the mean flow is a result of large scale
forcing, control of the large scale structures may be a method of manipulating the small
scales as well.
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1.2

Background
Initially, turbulence research was based on the idea of a moving equilibrium which

was independent of the initial conditions. Turbulence was thought of as isotropic, random
motion in which the only pertinent parameters were determined locally. Numerous
attempts were made to formulate and solve the turbulence problem through statistical
methods. The independent variables in the governing equations were split into a time
averaged mean flow and a fluctuating flow. When the mean flow portion of the
momentum equation is separated out, extra terms appear (the Reynolds "stresses") which
create the well known closure problem for turbulence.
The statistical approach had limited success and the discovery of large scale
structures in turbulent flows in the early 1970’s revolutionized turbulence research. Brown
and Roshko (1971) presented flow visualization evidence from a two dimensional
turbulent mixing layer which showed vortical structures which scaled with the width of
the shear layer and which strongly resembled the Kelvin - Helmholtz instabilities studied
theoretically by Michalke (1965). Similar observations of large scale structures were made
in an axisymmetric jet by Crow and Champagne (1970) using both flow visualization and
hot wire measurements.
The last twenty years have seen an enormous amount of research on large scale
coherent structures and their sensitivity to boundary conditions. The study of coherent
structures through phase locked measurements have been carried out in many free shear
flows; plane mixing layers (Caster, Kit, and Wygnanski, 1985), plane wakes (Wygnanski,
Champagne, and Marasli, 1986), and axisymmetric jets (Strange and Crighton, 1985). In
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each case the coherent structures were identified as the predominant inflectional
instabilities of the mean velocity profiles (Wygnanski and Petersen,1987).
Michalke (1965,1966) calculated the temporal and spatial stability eigenfunctions
for the hyperbolic tangent profile of a laminar shear layer. Michalke (1971) fit hyperbolic
tangent profiles to experimental mean flow data from an axisymmetric je t The
corresponding spatial stability eigenfunctions agreed quite well with the phase averaged
velocity profiles. The linear inviscid theory was extended to include the effects of mean
flow spreading by Crighton and Gaster (1976), Plaschko (1979), and Strange and Crighton
(1983). Viscosity effects were included by Lessen and Singh (1973) and Morris (1976).
The separation of the flow field into mean, phase coherent, and phase incoherent
components invites the use of linear stability theory in externally excited turbulent shear
layers. Despite the lack of a steady velocity profile, investigating the stability of the mean
flow profile has met with considerable success. For a turbulent plane mixing layer, Gaster,
Kit and Wygnanski (1985) found that the time averaged mean velocity profile was very
nearly a hyperbolic tangent profile. The linear spatial stability eigenfunctions, calculated
based on a hyperbolic tangent profile fitted to the measured mean velocity profile, were
found to match the measured phase locked velocity profiles fairly well. Better agreement
between stability theory and measurements was obtained when small symmetric and
antisymmetric corrections where made to the hyperbolic tangent profile. The amplitude
of the two correction terms was determined by a least square fit of the modified analytic
profile to experimental data. The linear, inviscid spatial model performed remarkably well
when used to predict the magnitude and the phase of the phase locked velocities, but
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greatly over predicted the total downstream amplification of the phase locked components.
In the axisymmetric jet, Strange and Crighton (1983) found that a linear stability
analysis modified to account for the jet divergence predicted both the radial distributions,
axial growth rates and the phase speeds in the forced turbulent jet well. The slightly
diverging model also predicts the variation of the phase speed with the flow variable
(Crighton and Gas ter, 1976). Samet and Petersen (1988) found that, through the end of
the potential core, viscous spatial stability model predicted quite well the radial profiles
of streamwise phase locked velocity for axisymmetric disturbances with peaks in the shear
layer as large as 24% of the exit velocity. For the asymmetric modes, however, agreement
between stability theory and experimental data, initially quite good, fell off drastically
with downstream distance.
Cohen and Wygnanski (1987) carried the parallel stability theory perturbation to
second order and found that the leading non-linearity for the axisymmetric jet was a
resonant triad of waves. The second order resonant effects were used to explain the mean
flow distortion seen by Strange (1981) in the developing region of an axisymmetric jet
forced with two azimuthal waves of opposite sense but equal frequency. Long (1988)
found that the spatial orientation of the mean flow distortion was controlled by the
relative phase angle between the two azimuthal waves and the difference of the two mode
numbers.
Experiments in a plane shear layer by Sato (1959) which showed a roughly
constant amplitude for the fundamental disturbance during the period of emergence of a
subharmonic disturbance prompted Kelly (1967) to formulate another approach to the
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problem. Kelly assumed that the fundamental disturbance could reach a state where it had
a finite amplitude and was large enough to significantly affect the mean flow. This led
to a secondary stability analysis from which it was found that the periodic base flow was
unstable to subharmonic perturbations of the fundamental disturbance. Kelly’s
perturbation, however, was limited to two-dimensional disturbances. Herbert (1984)
generalized Kelly’s method to three dimensional disturbances in a boundary layer and,
using Floquet theory for differential equations with periodic coefficients, applied it to a
boundary layer and found that the periodic base flow was unstable to both plane waves,
particularly the subharmonic of the periodic base flow component, and to three
dimensional disturbances. The method has also been applied to free shear layers, with
similar results, by Klaasen and Peltier (1989).
The secondary stability analyses are generally performed on temporally evolving
shear layers. Recalling Caster’s (1962) demonstration that transformation of temporal
results to spatial coordinates is only valid for sufficiently low amplification rates, this
would seem to be a major drawback. Herbert (1985) has performed spatial calculations
and found that Caster’s criterion may be too restrictive when applied to secondary
instabilities.
The three dimensional instabilities leading to the formation of streamwise vortices
have been seen using other methods of studying the flow as well. Pierrehumbert and
Widnall (1982), performed a stability analysis on a spatially periodic array of discrete
vortices embedded in a shear layer and found both two and three dimensional instabilities.
Metcalf et. al. (1987), used direct numerical integration of the Navier-Stokes equations
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for low Reynolds numbers and found essentially the same results. Experimental
verification of the streamwise vortices was performed by Nygaard (1987) in a plane
mixing layer. Further research by Nygaard and Glezer (1989) demonstrated that the
interaction of streamwise and spanwise vortices results in patches of intense small scale
mixing. Thus, it would be useful to exert control over the streamwise vortices similar to
that demonstrated for the spanwise (or axisymmetric) vortices as a means of controlling
mixing and combustion.

13

Research Objectives
A large body of work exists in support of using a travelling wave model to

describe the behavior of large scales in turbulent shear flows. A thorough review is
presented by Wygnanski and Petersen (1987). Specifically in the axisymmetric jet,
Petersen, Samet, and Long (1988) found that low amplitude forcing of an axisymmetric
shear layer resulted in travelling waves which amplified as they propagated downstream
(figure 1-1, reprinted from Petersen, Samet, and Long figure 4). The frequency was
chosen so that the region of amplification extended through the end of the potential core.
Both axisymmetric (m = 0) and helical (m = 1 ) modes were excited (separately) by an
azimuthal array of eight speakers at the nozzle exit. The viscous, spatial, linear stability
eigenfunctions based on the measured mean velocity profiles and the molecular viscosity
(rather than an eddy viscosity) were calculated and compared to measured phase averaged
velocity data. Including the viscous terms provided for well behaved eigenfunctions near
the point of neutral stability. Interactions between the coherent and incoherent components
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of the flow were neglected, i.e. the eddy viscosity was assumed to be zero. Using the
viscous Orr-Somerfeld stability equation also allowed for a comparison between linear
theory and measurements for damped disturbances. For the axisymmetric excitation, the
eigenfunctions predicted the modes shapes quite well throughout the potential core (figure
1-2, reprinted from Petersen, Samet, and Long figure 5). Although the calculated
eigenfunctions and the mode shapes were initially quite similar for the helical wave, the
agreement between theory and measurement deteriorated with downstream distance.
Exciting the shear layer simultaneously with two axisymmetric modes at
fundamental and subharmonic frequencies (Paschereit and Wygnanski, 1991; Mankbadi,
1985) can lead to a resonant interaction between the two modes. While both investigations
found that the subharmonic frequency experienced greatly enhanced growth above that
predicted by linear theory when the phase speed was equal for both modes (figures 1-3
and 1-4, reprinted from Paschereit and Wygnanski figures 4 and 5), Mankbadi found
significant variations in the amplification of the subharmonic with the initial phase
difference between the two excited waves. Paschereit and Wygnanski, however, found
sometimes weaker, and even insignificant, dependence of the subharmonic amplification
on the initial phase difference. The differing results are a product of comparing shear
layers forced at very different levels. The high levels of Mankbadi (two orders of
magnitude above those of Paschereit and Wygnanski) result in a bypass of the normal
linear and weakly non-linear behavior seen by Paschereit and Wygnanski.
As mentioned above, Strange (1981) noted that forcing an axisymmetric jet with
two azimuthally varying modes of opposite mode number and equal frequency can distort
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sr-m = 0, no excitation
= l , no excitation

-

0.12

Figure 1-1

Effect of azimuthal excitation on the flow stability of an axisymmetric jet.
□, 125 Hz, 77z = 0; <, 125 Hz, m = 1. Reprinted from Petersen, Samet, and
Long (1988).

Figure 1-2

Radial profiles of phase-locked velocity amplitudes compared to stability
eigenfunctions (shown as solid lines) with axisymmetric (m = 0) excitation
at 125 Hz. Stream wise location: (a) x/D - 0.5; (b) xlD = 1.0; (c)
xJD = 2.0; (d) x/D = 4.0.
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the streamwise mean velocity contours into non-axisymmetric shapes. The thrust of
Strange’s work, however, was the application of the slightly diverging model to azimuthal
modes in the axisymmetric shear layer. The mean flow distortions were noted but not
explained. Cohen and Wygnanski (1987b) noted that the mean flow distortion could be
explained by applying a weakly non-linear model to an axisymmetric flow forced with
two azimuthally varying modes. The model, of Cohen and Wygnanski successfully
predicted the form of the azimuthal distortion of the mean flow but Cohen and Wygnanski
tested the prediction at only one streamwise location, and thus the streamwise
development still remained to be investigated.
The study reported here proceeds from the model of Cohen and Wygnanski and
investigates the development of the mean flow, large coherent structures, and the small
scale turbulence in an axisymmetric jet forced with two helical waves with opposite mode
numbers and the same frequency throughout the potential core region of the jet. Two
mode number combinations are utilized, m = ±1, which leads to an elliptical distortion
of the mean flow, and m = ±2, which leads to a square distortion of the mean flow. Since
the mean flow distortion is emphasized here, high forcing levels were used set up the
non-linear resonance early in the development of the shear layer. Throughout the
dissertation, the question of what characteristics of non-axisymmetric jets are also
common to the distorted axisymmetric flow is addressed along with the ability control
various aspects of the jet development by manipulating the large scale, forced structures.
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The variation of the maximum amplitude of the subharmonic, fundamental,
and first harmonic waves with x/D. r = 1.6, Ad> =0°. Reprinted from
Paschereit and Wygnanski (1991).
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The variation of the phase difference 2(3, - (3f and the phase advance of the
subharmonic wave with x/D. r = 1.6, AO = 0°. <uf>AJci = 0.007% on the
centerline at x/D = 0.25. Reprinted from Paschereit and Wygnanski (1991).
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CHAPTER 2

EXPERIM ENTAL M ETHODS

2.1

Facilities.
The experiments were carried out in an existing axisymmetric air jet facility. A

cross section of the plenum chamber and the jet nozzle is shown in figure 2-1. The air
jet consists of a nozzle and a folded plenum chamber. The plenum chamber includes
perforated plates, two air filters, a honeycomb, and three screens for reducing the
turbulence level of the flow prior to the contraction. A static pressure tap was located
between the last screen in the plenum chamber and the beginning of the contraction. The
pressure tap was connected to an MKS Baratron pressure transducer. The spun aluminum
contraction has a 36:1 area contraction ratio, an exit diameter of 50.8 mm and a contour
of two tangent arcs. The cross section of the nozzle exit remains constant for one
diameter (50.8 mm) after the end of the contraction. The air flow for the jet is supplied
by a blower with a Toshiba VF Pack PI speed controller which provides for a stable air
source. The jet can be operated at exit speeds up to 25.0 m/s, which corresponds to a
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Cross section of the air jet facility.
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Reynolds number, based on the nozzle diameter, of 7.8 X 104. Two jet speeds were used
in this experiment, 16.0 m/s and 8.0 m/s. The speed controller maintained the mean
velocity to within 0.3% of the nominal jet speed. The free-stream turbulence level for the
jet was less than 0.15% at both speeds. The jet emerged from the nozzle with a "top hat"
velocity profile surrounded by a very thin axisymmetric shear layer. Both the jet and the
measuring apparatus are enclosed in a large cage made of 1/6 mm mesh screen to
minimize the effect of room drafts.
The facility is instrumented with a ring of eight single wire hot wires spaced at
equal circumferential angles (45° apart) and capable of measuring the stream-wise
component of velocity. A photograph of the traverse mechanism is shown in figure 2-2.
The probe locations are expressed in cylindrical coordinates (r,<j>,x) where r is the polar
radius relative to the centerline, <J> is the polar angle, and x is the streamwise distance
from the nozzle. The eight probe holders are mounted on separate micrometer screws and
may be independently adjusted in both the radial and axial directions. An optical
cathetometer was used to position all eight wires in a plane normal to the jet centerline.
Radial alignment of the probes is accomplished by adjusting the radial position of each
of the eight hot wires to the half velocity point at x/D = 0.2. At this downstream location
the shear layer is still quite thin and parallel so the nozzle lip (r = 25.4 mm) corresponds
closely to the half velocity radius. Once the hot wires are correctly positioned, a computer
controlled stepper motor is used to simultaneously traverse all eight wires along lines of
constant <|). The ring assembly can be translated in the axial direction along three posts,
which are aligned parallel to the jet centerline. Streamwise positioning of the hot wire
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probes was accomplished with the aid of the optical cathetometer.
The hot wire probes were made from 5 pm tungsten wire and have a nominal
aspect ratio of 300. The anemometers were operated in constant temperature mode at an
overheat ratio of 1.8. The raw data signals from the eight hot wire anemometers and the
Baratron pressure transducer were conditioned with a set of buck and gain amplifiers and
20 kHz low pass filters so as to take best advantage of the range (-5 volts to +5 volts) of
the analog to digital converters on the laboratory computer. The laboratory is equipped
with a Masscomp 5500 PEP computer. The computer has 16 channels of 12 bit analog
to digital converters available for data acquisition with a maximum aggregate sample rate
of 1 Mhz. In addition, the computer is equipped with a vector accelerator, which was used
for high speed processing of the incoming data, a 6250 bpi tape drive for data storage,
and 8 channels of 12 bit digital to analog converters with a maximum aggregate output
rate of kHz. The D/A converters were used to generate up to 8 forcing signals which were
passed through amplifiers and then on to the speakers. The system is able to generate
simultaneous signals on the eight digital to analog channels and digitize the sixteen analog
to digital channels while using the vector accelerator to process the data as it was
collected.
Controlled excitation of the flow was accomplished using a circumferential array
of eight speakers located at the nozzle exit and equally spaced in polar angle. An acoustic
wave guide from each speaker terminates in a 15 mm X 10 mm rectangular duct. Since
the frequency response curves of the individual speakers vary slightly, the speakers were
compensated in amplitude for a given frequency of forcing. The speaker amplifiers were
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adjusted under no flow conditions using a microphone located on the jet centerline in the
nozzle exit plane so as to provide approximately equal fluctuation levels on the centerline
from each of the speakers. Even though excitation was provided by a discrete array of
speakers, axisymmetric modes generated by the plenum speaker and by the azimuthal
speakers were essentially identical in the mean flow field.
The type of azimuthal disturbance was controlled by varying the phase lag
between the speakers. When the signals from all eight speakers were in phase the forcing
closely approximated an axisymmetric (m = 0) travelling wave. The input signals to the
eight speakers, which are identified by azimuthal location, are plotted with arbitrary
amplitude over one period of the forcing in figure 2-2a. Multiple axisymmetric modes
could be generated as in figure 2-2b, which is specifically the superposition of
fundamental and subharmonic axisymmetric modes. In figure the 2-2b the two superposed
waves have the same amplitude and the phase shift between the two waves is 0°. In both
cases the input signals for all eight speakers have equal amplitude and are in phase. A 45°
phase lag between adjacent speakers results in a helical (m = 1) travelling wave, figure
2-3a, while a 90° phase lag between adjacent speakers results in a double helical (m = 2)
travelling wave, figure 2-3b. The sign of the mode number refers to the direction in which
the helices are coiling, positive numbers being defined here as coiling in the counter
clockwise direction. Once again, the signals from the eight speakers have equal amplitude.
The experiments described in this work are concerned with modal interactions so
all cases discussed involve simultaneously forcing the jet with two different azimuthal
modes. Combined forcing was accomplished by superposing the two signals after the
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desired phase shifting was performed, either through software control on the computer or
through a phase shift network, but prior to output at the speakers. In this manner, a large
variety of modal interactions can be generated. The input signals for combined forcing
with positive and negative signed single helical waves are shown in figure 2-4. When two
waves are combined an additional parameter is introduced in the form of the phase
difference between the two waves. In figure 2-4a the phase difference is zero so that some
speakers have total cancellation of the input signals. In figure 2-4b the same combination
of waves is shown with a phase difference of 315°. In both cases, the signals for the eight
speakers vary in both amplitude and phase with respect to azimuthal position. Similar
plots are shown in figure 2-5 for the superposition of positive and negative signed double
helical waves. Because of concerns that the zero amplitude speakers might behave like
resonating cavities, phase differences which resulted in almost total cancellation of the
j

signal at some speakers were avoided. Unless otherwise noted in the text, all of the data
was taken with a phase difference of 315°.

2.2

Flow vlsiuiailBzatioini sysfeBm
Visualization of the flow patterns in the air jet was accomplished using a double

pass schlieren system. Two different configurations were required to visualize both r-x
streamwise views (figure 2-6a) and r-@ cross-sectional views (figure 2-6b) of the shear
layer. Density differences were induced in the shear layer by a thin (0.15 mm diameter),
electrically heated, stainless steel wire which surrounded the jet. The wire could be
traversed throughout the potential core of the jet and the diameter of the circle which the
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Diagram of the schlieren system, (a) Top view, (b) Side view.
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wire described could be adjusted so that the warm air was generated in the ambient region
outside of the jet and then entrained by the shear layer. Since the wire was outside of the
jet, the density variations were produced with minimal disturbance of the flow.
Streamwise views of the jet were obtained using the system shown in figure 2-6a.
Light from the source (a) was focused by a collimator lens (b) on a pinhole (c) of 1 mm
diameter. The 1 mm diameter pinhole provided a reasonable compromise between
brightness of the image and the sensitivity of the schlieren system. An achromatic lens
was chosen for the collimator to allow for the use of a polychromatic light source without
chromatic aberration. The pinhole was located at the focal point of a 108 mm diameter
spherical mirror (d) with a 1200 mm focal length which produced parallel light. The
parallel light was then directed through the test section by a plane mirror (e) and reflected
back along the same path by another plane mirror (f). The incident and reflected beams
were then separated with a beam splitter (g). The image of the focal point of the spherical
mirror, and thus the pinhole, was then formed in the plane of the adjustable knife edge
(h), which was used to produce the schlieren effect. A length scale was included in the
streamwise pictures by placing strings on the plane mirror (f) at one diameter intervals
downstream from the nozzle. The strings appear in the pictures as horizontal dark lines
since the reflectance of the string was essentially zero.
In order to view a cross section of the jet, the system of mirrors was slightly
modified (figure 2-6b). The parallel light was directed down the axis of the jet using
plane mirrors (e and i). The light was reflected back along the same path by a plane
mirror (j) which had 58.9 mm diameter hole milled in its center so that it could sit flush
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with the nozzle exit.
Two types of light source were used. For single snapshots, continuous light was
supplied by a halogen light bulb (50 W). The snapshots were taken with a 35 mm camera
at a fast shutter speed (1/2000 s). Phase averaged photographs were obtained by
illuminating the flow with an externally triggered stroboscope in place of the halogen
light. The total exposure time for the phase averaged pictures varied from 0.5 to 4.0
seconds.
In the systems described above, the axis of the spherical mirror was tilted by an
angle (3 (figure 2-6a) to the light source and to the image source. Thus the line connecting
the light source with the image source does not coincide with the axis of the spherical
mirror. Such a system is referred to as "off axis" and results in coma and astigmatism
aberrations. The effect of the aberrations was reduced by keeping the angle (3 as small as
possible. In both configurations, however, the off axis optical alignment produced a
slightly distorted image.

2.3

ImtnaB Date Processing
For calibration, the eight hot wire probes were moved to a radial position of

10 mm and a streamwise position of x!D = 0.2, which is inside the potential core of the
jet. The wires were then calibrated against the static pressure tap in the plenum chamber
by a least squares fit of the hot wire anemometer signals, taken at seven velocities over
the range of speeds desired, to a third order polynomial.
The conditioned data signals from the eight hot wire probes plus the reference
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signal were passed through the A/D converters on the laboratory computer and converted
to velocities with the calibration polynomial on the vector accelerator. Each buffer of data,
which always contained at least 16 cycles of the forcing frequency, was then phase
averaged with respect to the reference signal and stored on disk.
For a velocity field decomposed, as per Hussain and Reynolds (1972), into a time
averaged component, a phase averaged component, and a phase incoherent component,
wfXyf) = Ufxp + u.(xf x) + u[{xf t)

2=1

The normal time average is represented by [ ]. The phase average is represented by
( ) and is defined as
N

{ufXpt)) = limJT) u-ptpt + nT)

2-2

where T is the period of the phase coherent motion. The time average of the velocity is
Ufxp - [»,(*/)]

2-3

the phase coherent component of the velocity is
ffiCyO =

2-4

and the phase incoherent component of the velocity is
s /C y ) = ufayt) -

2-5

Each component of the decomposed velocity independently satisfies continuity and
] = 0,

[ u 'iix j, t) 3 = 0 , and

t ) ) = 0 - Thus, the first order

statistics give no information about the small scales. Looking at second order statistics,
the phase averaged covariance is
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{{ui - U)(U] - Up) = Ufa + (u-uj)
The term

2 _(S)

represents the portion of the incoherent motion which is organized by

the large scale forcing.
The actual measurement of the phase averaged covariance is subject to blurring
through phase and amplitude jitter of the large scales. To minimize the effects of jitter,
the velocity signals were high pass filtered prior to calculating the covariance. The
filtering served to remove the large scale structures from the signal which minimized the
effects of jitter, thus providing a reliable method for calculating the

term. The

filtering of the phase averaged variance will be discussed in more detail in chapter 5.
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CHAPTER 3

MEAN FLOW DISTORTION

3.1

Downstream Evolution of the Mean Flow
The mean flow distortion of an axisymmetric jet forced with two azimuthal waves

of the same frequency and opposite mode number were first noted by Strange (1981). The
first explanation of this distortion was given by Cohen and Wygnanski (1987b). Starting
with the inviscid equations of motion, Cohen and Wygnanski applied a perturbation
expansion of the form q = q0 +

+ e2qz + ..., where q represents any flow variable

and e is a small parameter. A normal mode decomposition of travelling waves on a
parallel shear layer can be represented by
qt = i?(r)e[i(6!*-“r+m<M

3-1

where, for spatial stability theory, a is complex and to is real. Substituting the
decomposition in equation 3-1 into the momentum equation and grouping terms of like
order, the 0 (e ) terms result in the usual linear stability equations. At O (e2) , secular
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terms appear on the right hand side of the equations. By considering the secular terms
when not one but two disturbances are input into the system of equations, the following
resonance conditions were found:

e3

= ®1 +

t»3 = o>1 + (a)2; m3 = m 1 + m2

®3 = egj - a2; (s)3= W; -

q 2;

m3 = m1- m2

^

^=3

The subscripts 1 and 2 refer to the two input waves and the subscript 3 refers to the wave
generated by the interaction. The real and imaginary parts of a correspond to the
streamwise wavenumber and spatial growth rate, respectively, and a ” is the complex
conjugate of a. The frequency in radians is represented by to while m is an azimuthal
mode number. Equations 3-2 and 3-3 correspond to equations 2-22a and 2-22b of Cohen
and WygnansM (1987b).
If the mode numbers for the two input waves have the same absolute value but
opposite signs (i.e., the waves coil in opposite directions) then mx = -m2. If in addition the
two waves have the same frequency, then by symmetry the waves must have identical
a ’s. Under the above conditions, equations 3-2 and 3-3 reduce to
(%3 =

2ffir; o)3 = 2 g>; m3 =

a3 =

2 i®y;

a>3 = 0 ; m3 = 2|m |

0

3-4
3-5

The sum resonance, equation 3-4, represents a travelling wave which will be discussed
in chapter 4. The difference resonance condition, equation 3-5, leads to an interaction
wave" of the form
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a, =

3-6

where F3(r) is the radial shape function. The interaction wave represented in equation 3-6
is independent of time and thus results in a mean flow distortion. It is this theoretical
result (Cohen and Wygnanski, 1987b) which explains the observations of Strange.
Physically, the two input waves have interacted to produce a standing wave at the nozzle
exit with 2lml nodal points.
Since the resonant interaction is non-linear, the degree of distortion is dependant
on the local amplitudes of the interacting waves. The interacting waves must reach
amplitudes which are large enough for the e2 terms of the perturbation expansion to
become important to the dynamics of the shear layer. Thus, the interaction depends on
both the initial amplitude of the forced waves and on the Strouhal number since the
growth rate, (Xj, is a function of frequency. Since non-linear amplitudes are easily attained
in the axisymmetric jet through the natural amplification of small disturbances, the forcing
frequency is more critical than the initial amplitude of the forcing.
It is known from spatial linear stability theory that higher Strouhal number waves
are amplified over a shorter downstream distance than lower Strouhal number waves, with
the peak downstream amplification of the dominant mode*1 occurring at roughly StD = 0.3.
If the forcing frequency is too high, the waves are amplified over too short a downstream
distance to reach sufficiently high amplitudes for the interaction to progress. If the forcing

depending on the downstream location the dominant mode may be either mode 0 or mode
1. See Cohen and Wygnanski 1987a.
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frequency is too low the waves may not reach a high enough amplitude to distort the
mean flow by the end of the potential core. Thus the distortion could still be developing
beyond the measurement domain of the facility. The axisymmetric jet facility described
in chapter 2 is only instrumented through the end of the potential core so an approximate
lower limit on the Strouhal number such that the full amplification of the input waves
could be observed was approximately StD = 0.3. Doubling this Strouhal number should
result in a wave which becomes neutral, ignoring for the time being large amplitude
effects, in the neighborhood of x/D - 2.0.
Figures 3-1 and 3-2 represent streamwise mean velocity contours in r-<j) planes for
two different forcing situations. The forcing signals were of the form
/ = 206 Hz, m = ±1

3‘7

/ = 205 Hz; m = ±2

3=8

and

which distorted the mean flow of the jet into a 2 or 4 lobed pattern, respectively. The jet
velocity was 16.0 m/s which corresponds to a Reynolds number of 5 X 104. The Strouhal
number based on diameter,

StD=J=UM

3-9

where f is the frequency of forcing and D is the nozzle diameter, was 0.65. The
corresponding steamwise wavelength is one nozzle diameter.
From a stability standpoint, the momentum thickness is the preferred length scale

3-1

Streamwise mean velocity contours of the jet forced with m = +1,-1 at 206 Hz, Uj = 16.0 m/s. Mean velocity contour
intervals: 0.2Uj beginning at 0.3(/y. (a) x!D = 0.5. (b) x!D = 1.0. (c) x/D = 2.0. (d) x/D = 4.0.
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contour intervals: 0.2(7, beginning at 0.3(7,. (a) x/D = 0.5. (b) x/D = 1.0. (c) x/D = 2.0. (d) x/D = 4.0.
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in the potential core region of the jet. For this experiment, however, the use of the local
momentum thickness introduces an azimuthal dependence into the Strouhal number. For
this reason the historical (and frequently misleading) version of the Strouhal number based
on nozzle diameter was used to characterize the frequency behavior of the azimuthally
distorted je t Since the shear layer is diverging, StD should be thought of as a measure of
the initial disturbance wavelength rather than a scaling parameter for the flow.
The mean velocities were calculated by averaging the stored phase averaged data
over the forcing cycle. Contours of streamwise mean velocity were calculated from radial
traverses by the eight hot wires at various x/D locations. For each wire, the radial location
of the desired velocity level was found by linear interpolation between the two nearest
radial locations. The contours were then calculated by fitting a Fourier series in azimuthal
angle of the following form
4

R($) = Rq+ ]T) amcos(m§) + bmsm(m§)
f%= 1

3 -1 0

where

3-1 1

and

3-1 2

to the interpolated radial points,

for a given velocity level.

51
The modulus, Cm =

of each set of Fourier coefficients is indicated in

the spectral plots on the left of each figure. The c0 coefficient, which represents the
axisymmetric component of the mean flow, is suppressed. The lowest spectral plot
corresponds to the innermost contour and so forth as indicated in figures 3-lc and 3-2c.
Each spectral plot is normalized by its maximum and c0, the mean radius at a given
velocity level, is suppressed. The maximum, expressed as a percent of c0, is indicated to
the right of each spectral plot. The darkened spectral coefficient corresponds to the
expected azimuthal modulation. The coefficient corresponding to the azimuthal
modulation predicted by the difference resonance condition has been darkened at each
level. For the m = ±1 case (figure 3-1) the c2 coefficient, corresponding to a cos(2<j>)
distortion, is emphasized. In the m = ±2 (figure 3-2) interaction the c4 coefficient,
corresponding to a cos(4<j)) distortion, is emphasized.
Initially, at x/D = 0.5, the jet cross section shows an azimuthal modulation in the
mean shear layer thickness. The thickness modulation is a result of the type of forcing
employed. When the jet is forced with one or more axisymmetric modes, as in figure 2-3,
the imposed fluctuations of the jet velocity have the same phase for all azimuthal
locations thus the mean flow remains axisymmetric. Forcing with a single azimuthally
varying mode introduces a phase variation of the imposed velocity fluctuation with respect
to azimuthal position (figure 2-4). Since the amplitude of the forcing signal is independent
of azimuthal location, the time averaged flow must still be axisymmetric. Superposition
of multiple waves when at least one of the waves varies azimuthally (figures 2-5 and 2-6),
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introduces both phase and amplitude variations with respect to azimuthal position with
the result that the time averaged flow is no longer axisymmetric. For the case of forcing
with modes ±m the interference pattern has 2m nodes around the circumference as seen
in figures 2-5 and 2-6. A node in the forcing pattern corresponds to a thin region, which
is essentially unforced, of the shear layer while an antinode corresponds to a wide region
of the shear layer.
The azimuthal variation of the shear layer thickness can also be viewed as a
radially dependent shift in the azimuthal orientation of the cos(2m<}>) distortion. The radial
dependence of the orientation was predicted by Cohen and Wygnanski (1987b, equation
2.19) and derives from considering the complex amplitude of the mean flow component
of the right hand side of the o ( e 2) ordinary differential equation for the pressure
component of the flow. For the parameters of equation 3-5, this term reduces to (c.r.
Cohen and Wygnanski, 1987b; equation 2.16)
RHM = A(r)el~2af *2M'1

3-13

Or, using the polar representation of the complex amplitude A,
IB M = \A(r)\s~2e^

m(> +%(r)l

3-14

In the parallel flow assumption used by Cohen and Wygnanski the amplitude. A, is a
function of r. When the complex amplitude is expressed in polar form the phase, $ o, in
general depends on r.
The spectral plots atx/D = 0.5 show a dominant cos(2m<j>) modulation, particularly
in the inner and outer contours. At the x/D = 1.0 location, both the m = ±1 and m = ±2
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cases have relatively broadband spectral content. Further downstream, however, at
x/D = 2.0, the expected modal content resurfaces. Beyond x!D = 2.0 the modal content
of the cross sections remains fairly constant but the degree of azimuthal modulation of
the shear layer thickness decreases. By x!D = 4.0, the jet looks much like the result of an
actual elliptical or square nozzle (Gutmark, et. al., Ho and Gutmark; Husain and Hussain)
Figure 3-3 is a raster plot of radial profiles of streamwise mean velocity at
xlD = 0.5, 1.0, 2.0, and 3.0. Adjacent plots are offset in the velocity by 0.31^. The
xlD = 4.0 profiles are not shown since the innermost position of the probes is already well
inside the shear layer, masking the inner edge of the shear layer and resulting in
incorrectly biased values for the shear layer thickness which are required for the following
figure. The radial profiles correspond to the m - ±2 data seen in figure 3-2. The mean
velocities are normalized by the centerline velocity and plotted against the radial location
normalized by downstream distance. The origin has been shifted to the half velocity
radius to emphasize variations in the shear layer thickness. Two profiles are shown for
each x!D location. The solid diamonds correspond to data averaged over the four hot wire
probes which traversed rays through the comers of the distorted jet. The open diamonds
correspond to data averaged over the four hot wire probes which traversed rays through
the sides of the square jet. The half velocity radii, Rm, used in the plotting were also
averaged in this manner.
Comparing the two profiles at x!D = 0.5 in figure 3-3 points out that the shear
layer thickness, defined say as the radial distance between the 0.917; velocity level and the
O.HTj velocity level, is quite different between the profiles. If the jet were forced with a
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Figure 3-3

Radial profiles of streamwise mean velocity at various streamwise
locations with the origin shifted to the local half velocity radius, Uj = 16.0
m/s. ♦, averaged over comers of the cos(4<J)) distortion. 0, averaged over
sides of the cos(4<J)) distortion.
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single mode, or even multiple axisymmetric modes, the profiles at a given x!D location
in figure 3-3 would collapse onto one another since any mean flow distortion would be
axisymmetric in nature. The distortion of the shear layer thickness persists through the
four downstream locations. At x!D = 0.5 the two radial profiles have similar shape. At
x!D = 1.0 and x!D - 2.0 the two profiles do not appear to be similar because of a
distortion on the high speed side of the shear layer. The similarity of the profiles
reappears at x!D = 3.0 but the azimuthal variation of the shear layer thickness is still
present.
Studies concerned with jets forced with a single mode (Petersen and Samet, 1988)
successfully accounted for variations in the shear layer thickness by normalizing the radial
profiles of streamwise mean velocity, such as those presented figure 3-3, by an
appropriate length scale. One frequently chosen length scale is the local momentum
thickness, the definition of which is borrowed from planar geometry so that
3-15

The streamwise mean velocity at the inside edge of the shear layer, r - r0, for the wire
in question was taken as the velocity scale, t/0. In practice, the integral was truncated at
the t701 velocity level since the hot wire probe calibrations were inaccurate below this
level. Values of 0 calculated in this manner are represented as 0O1 to distinguish them
from 0’s calculated with the more common method of fitting an exponential tail to the
data and extending the integral below the 0.1 C/y velocity level. The exponential tail
method was not used since the non-linear interactions in the shear layer can produce
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severely distorted mean velocity profiles (discussed below) which in turn can have drastic
effects on extrapolated curve fits. Truncating the velocity profiles at the U01 velocity level
introduced a small systematic error which is preferable to the potentially large and random
error of the exponential tail method.
Another frequently used length scale in shear layers is the vorticity thickness. The
vorticity thickness is defined by first approximating the velocity profile in the shear layer
with a straight line with the same slope as the actual profile has at the inflection point.
Generally, the inflection point is located close to the half velocity radius, f?05. The
vorticity thickness is then calculated by taking the radial distance between where the
approximating line for the velocity profile intersects the u = Uj and the u = 0 lines. The
vorticity thickness has the advantage of basing the length scale on the center of the shear
layer, where the error in the hot wire measurement is quite small, so that extrapolating
or truncating the velocity profile at the low velocities, as discussed above, is not a
concern.
The vorticity thickness does, however, assume that the shear layer velocity profile
is sufficiently regular and self similar in the region of the flow being considered. For
instance, the vorticity thickness would work quite well for the mean velocity profiles at
x/D = 0.5 in figure 3-3. As the non-linear behavior on the high speed side of the shear

layer develops, though, the slope of the velocity profile may change sharply over a short
radial distance. At x/D = 1.0 in figure 3-3 for instance, the mean flow profile based on
data from the comers of the cos(4<j)) distortion has an abrupt change of slope near the half
velocity radius. The slope is essentially constant in the range 0.85 > U/Uj > .5 and again,
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with a different value of the slope, in the range 0.5 > U/Uj > 0.3. This abrupt change in
the slope makes the vorticity thickness difficult to define.
The data of figure 3-3 are replotted in figure 3-4 using the conventional nondimensional coordinates for the potential core region of an axisymmetric jet. The mean
velocity profiles are still normalized by the velocity at the inside edge of the shear layer
but the radial axis is now,

which is again shifted so that the origin is at the half velocity radius and is normalized
by 901, the local momentum thickness of the shear layer truncated at the 0.1t7 velocity
level. As in figure 3-3, the mean velocities, half velocity radii, and now the momentum
thicknesses were calculated for each wire and averaged over either the comers or the sides
of the je t
At x!D = 0.5, the smallest streamwise location shown, scaling by local momentum
thickness collapses the data onto a single profile. While the shear layer is distorted in the
mean field, the locally parallel approximation (see Petersen and Samet) is still valid but
with an azimuthal variation in the wave development due to the azimuthal variation of
the shear layer thickness. Farther downstream, at x!D = 1.0 and xID = 2.0, however,
rescaling the radial variable with the local momentum thickness does not collapse the data
onto a single profile (figure 3-4). This implies that there is now a more fundamental
difference between the sides and the comers than a mere variation in the shear layer
thickness. Again, the more significant deviations from locally parallel behavior occur on
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Figure 3-4

Radial profiles of streamwise mean velocity at various streamwise
locations with the origin shifted to the local half velocity radius and
normalized by the local momentum thickness, Uj = 16.0 m/s. ♦, averaged
over comers of the cos(4<}>) distortion. 0, averaged over sides of the
cos(4<j)) distortion.
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the high speed side of the shear layer. At x!D = 3.0 the distortion of the high speed side
of the shear layer has become quite small, presumably because the interacting waves
responsible for the non-linear behavior of the shear layer are well past the neutral
amplification point and thus have decayed to sufficiently small amplitudes that the flow
is again locally uniform. The local uniformity occurs in spite of the decidedly asymmetric
shape of the mean flow contours.
Following the streamwise development of the momentum thickness also points out
the difference in the width of the shear layer with azimuthal location. The shaded rows
of @01 shown in table 3-1 correspond to the profiles seen in figures 3-3 and 3-4. The
average value of 0O1 for profiles coinciding with the comers of the distortion at x/D = 0.5
is 32% greater than the average value of 0O1 for profiles coinciding with the sides of the
distortion.
The deviation, as measured by the percent variation of the momentum thickness,
decreases with downstream distance in agreement with the qualitative impressions from
the various mean velocity contours seen in figure 3-2. Locations beyond x/D = 3.00 are
not included in the table since the innermost data points are already inside the shear layer,
biasing the momentum calculations on the low side. At x/D = 3.00, where the cos(4(j))
distorted jet appears square, the difference has fallen to approximately 19%.
The decreasing difference in the momentum thickness between the comers and
sides of the cos 4<|> distorted jet is part of the transformation of the jet from a primarily
circular jet with a variation of the shear layer thickness to a primarily square jet with
shear layer thickness that is nearly independent of the azimuthal angle. The transformation
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0o.i Variation Between Comers and Sides of the Cos(4<}>) Distorted Jet.

Average 601 over
sides of the
cos(4<J)) distorted
jet.

% difference in
0O1 between
comers and sides
of the cos(4(f))
distorted jet.

x!D = 0.25

0.52

0.46

13%

xtD = 0.50

u i

0.84

32%

x!D = 0.75

2.50

1.97

27%

x!D = 1.00

3.28

15

29%

x!D = 1.25

3.85

3.19

21%

x!D = 1.50

4.57

3.76

22%

4.93

4.03

22%

5.82

4.™

22%

x!D = 2.25

6.17

5.23

18%

x!D = 2.50

6.92

5.91

17%

x!D = 2.75

7.20

6.12

18%

1!*® == 3,0011

8.21

6.92

19%

&

Average 60! over
comers of the
cos(4<})) distorted
jet.

n
►
—
i
Ul

Table 3-1

is accomplished through a rotation of the inner contours by 45° as the flow travels
downstream with the outer contours retaining their original orientation. This effect can be
explained by considering the flow to be slightly divergent. Using the slightly diverging
assumption, the complex amplitude of equations 3-13 becomes a slightly varying function
of x as well as r. When expressed in polar form as in equation 3-14, the radial distortion
is a function of both x and r. Since the strength of the non-linear distortion depends on
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the local amplitudes of the two forced waves the non-linear effect is strongest on the high
speed side of the shear layer because the radial mode shapes of the forced modes have
larger peaks on the inside of the shear layer and decay exponentially on the outside of the
shear layer. Thus the effect of the radial phase shift is stronger, and survives further
downstream, on the inside of the shear layer.
The streamwise development of the mean flow distortions shown in figures 3-1
and 3-2 is presented quantitatively in figure 3-5. Since both the eccentricity and phase of
the distorted mean contours can vary from one contour level to the next, an integrated
measure of the total distortion was calculated. In order to isolate that part of the mean
flow which is modulated by the triad resonance the volume flux was weighted by
cos [(/^ - mi)4>] so that

x) =

f [/CwSOe*0*2 ' miX5,d<8> rdr

3-17

The weighted volume flux calculation is analogous to the modal decomposition of the
phase averaged signals in the next chapter. Note that for a purely axisymmetric flow
£ ( x ) of equation 3-17 is identical to the volume flux when calculated for m = 0.
Based on figure 3-5, the flow can be divided into three regions. The first is the
initial growth region, which extends downstream from the nozzle for approximately one
streamwise wavelength. The initial growth of the distortion is followed by a plateau
region, marked by solid lines, in which the weighted volume flux is nearly constant. For
the cos(2<j>) distorted jet the plateau extends from x/D = 0.9 to x/D = 2.5 and has a small
oscillating component. For the cos(4<])) distorted jet the plateau is considerably shorter,
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Volume flux weighted by cos(2m<j)) versus streamwise location, Uj = 16.0
m/s. 0, jet forced with m = +2,-2 at 206 Hz. <, jet forced with m = +1,-1
at 206 Hz.
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extending from x!D = 1.0 to %/D = 1.25 and does not appear to oscillate, perhaps because
of the shorter plateau region than for the cos(20) distortion. In the plateau region, the
contours of streamwise mean velocity seen in figures 3-1 and 3-2 are no longer dominated
by the expected azimuthal distortion. This is seen in figure 3-lc where the jet appears to
be returning to an axisymmetric shape. For both distortions, the plateau region is followed
by a region of linear growth. The slope of the linear region is the same for both
distortions. The linear region is accompanied by a return to the predicted azimuthal
distortion with all the contour levels having the same azimuthal orientation so that the jet
appears to be elliptical (or square) rather than a round jet with an azimuthal variation in
the shear layer thickness.

3.2

Comparison to Non-Axisymmetrie Nozzles
A primary objective of this section was to describe the similarities and differences

between an axisymmetric jet which has been distorted into a non-axisymmetric pattern
and a jet emanating from a non-axisymmetric nozzle. At the end of the potential core, the
ratio of the major axis to the minor axis at the half velocity contour was 1.22:1 (figure
3-Id) which is identical to the ratio measured at x!De, where De is an equivalent diameter,
for an unforced 2:1 aspect ratio elliptical nozzle used by Husain and Hussain (1983,
figure 3, no excitation) at Re — 105.
One of the differences between axisymmetric and non-axisymmetric jets is that
non-axisymmetric jets have greatly increased entrainment. The entrainment, measured as
an increase in mass flux of the jet normalized by the initial mass flux, is shown in
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figure 3-6 as a function of downstream distance normalized by the nozzle diameter.
Several forcing combinations are considered in figure 3-6. Data of Ho and Gutmark
(1987) from a jet issuing from a 2:1 aspect ratio elliptical nozzle with Re = 7.8 X 104 are
represented by solid diamonds. The length scale, D, for the elliptic jet is a hydraulic
diameter. Data from an unforced axisymmetric jet at /?e = 5 X 104 are also shown, as
solid squares, for comparison. Entrainment ratios for the cos(2<|>) and cos(4<j>) distorted
circular jet at

= 5 X 104 are represented by open triangles and diamonds, respectively.

The cos(2m<}>) distorted jets have significantly higher entrainment than the unforced
axisymmetric jet and closely approach the entrainment for the true 2:1 elliptical nozzle
of Ho and Gutmark. As the forced shear layer separates from the nozzle lip, the jet is
primarily circular with small azimuthal variations. Recalling figure 3-1 the initial mean
distortions in the shear layer are on the order of .5% of the axisymmetric component of
the mean flow. Thus, vortex curvature arguments invoked by Ho and Gutmark do not
appear to be a necessary condition for enhanced entrainment.
One feature of non-axisymmetric jets which has received a great deal of attention
is the occurrence of axis switching. Elliptical jets studied by Husain and Hussain, and Ho
and Gutmark having 2:1 aspect ratios were observed in some cases to exchange major and
minor axes while moving downstream. Similar effects were seen in other nozzle
geometries, such as triangular and square nozzles, by Gutmark et. al. (1987) and Koshigoe
et. al. (1989). Koshigoe et. al. found through numerical and experimental investigations
that the axis switching phenomenon in a triangular jet depends on the initial distribution
of 0 around the circumference of the shear layer as it separates from the nozzle lip.

U( r , 0 ) d $ r dr
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D

Figure 3-6

Streamwise development of entrainment. Jet forced at 206 Hz,
Uj = 16.0 m/s with <, m = +1,-1; 0, m = +2,-2. ■ , unforced jet, Uj = 16.0
m/s. ♦, 2:1 elliptical nozzle (Ho and Gutmark; 1987, figure 17).
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Variations of momentum thickness tend to inhibit axis switching. Recalling, from figure
3-la, that the forcing produced a thickness variation around the shear layer, it is not
surprising that no convincing sign of axis switching was observed for either the elliptical
or square distortions.
The previous statement is based on three observations. First, the streamwise
development of the momentum thickness for different azimuthal locations was
investigated for effects of axis switching. The downstream evolution of the momentum
thickness is presented in figure 3-7 for the cos(2<j>) and cos(4<|)) distortions. A direct
comparison of the major and minor axis development for the cos(2<j)) distortion is not
made here since the input waves were deliberately selected so that the wires were not
aligned with the axes. The reason for shifting the axes away from the hot wire probes was
to avoid total cancellation of the superposed waves at any given speaker, thus the hot wire
probes, which were directly above the speakers, were not aligned with the axes of the
distortion. Nevertheless, information about the major and minor axes was gained by
selectively averaging the momentum thickness over azimuthal position as follows. The
azimuthal orientation of the cos(2<}>) distorted jet (figure 3-Id) was such that four probes
were 22.5° off of the major axis and four probes were 22.5° off of the minor axis. The
average momentum thickness for each group of probes is presented in figure 3-7a. While
the averages do not represent the exact behavior of the major and minor axes, they
should, nevertheless, mark any axis switching by exchanging streamwise growth patterns.
The two average momentum thicknesses initially diverge and then later converge at
x/D = 1.75. The average over wires near to the major axis, however, remains higher than
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Streamwise development of the momentum thickness for the Uj = 16.0m/s jet. o , averaged over positions near
to the minor axis of the cos(2m<)>) distortion. # , averaged over positions near to the major axis of the cos(2zn<t))
distortion. Forced at 206 Hz with (a) m = +1,-1. (b) m = +2,-2.
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that over wires near to the minor axis throughout the remainder of the potential core.
The averaging process for the cos(4<j>) distortion was simpler since the hot wire
probes were nearly aligned with the comers and sides which develop by the end of the
potential core. The momentum thickness was averaged over the sides and over the comers
with the results plotted against downstream position in figure 3-lb. After the initial
divergent region the growth rates of the two momentum thicknesses become equal and
the two average values do not reconverge in the measurement domain. Neither figure 3-7a
nor figure 3-7b demonstrate the crossing of the momentum thickness curves which was
used by Husain and Hussain to track axis switching in an elliptical jet.
Another method used by researchers (Ho and Gutmark, 1987; figure 5) of nonaxisymmetric jets to demonstrate axis switching is to examine the behavior of the half
velocity radius with respect to the streamwise position. The streamwise development of
R05 for azimuthal positions near to the major and minor axes is compared in figure 3-8a.
According to the half velocity radius criterion, the cos(2<)>) distorted jet undergoes two
axis switches in the potential core. The momentum thickness (figure 3-7) did not,
however, exhibit an axis switch. This contradiction can be explained by returning to figure
3-1, which shows the streamwise evolution of the mean flow contours. The modulation
of the shear layer thickness near the nozzle exit requires that the inner contour levels be
shifted 90° (45° for the cos(4<}>) distortion) with respect to the outer contour levels. By
the end of the potential core, however, the contour levels all have the same orientation
which means that some contour levels must change their orientation. Rather than a true
axis switch of the jet as seen in elliptical jet studies, this behavior is a facet of the
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Streamwise development of the half velocity radius for the U, = 16.0m/s jet. o, averaged over positions near
to the minor axis of the cos(2m<})) distortion. # , averaged over positions near to the major axis of the cos(2m<)))
distortion. Forced at 206 Hz with (a) m = +1,-1- (b) m = +2,-2.
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azimuthal shear layer distortion and points out that the streamwise behavior of R 05, or any
single contour level, is not a satisfactory measure of the axis switching phenomenon in
the distorted axisymmetric jet.
The streamwise development of R 05for the cos(4(])) distorted jet is shown in figure
3-8b. The selectively averaged half velocity radii do not cross anywhere in the potential
core of the jet. In fact, i?05 for azimuthal positions which develop into the comers and
sides are divergent throughout the measurement domain. Looking at the contours of
streamwise mean velocity for the cos(4<])) distortion again (figure 3-2) the inner contour
levels, U/Uj = 0.9 and U/Uj = 0.7, clearly change their orientation by 45° as the jet
develops downstream while the outer contours, WUj = 0.5 and UlUj = 0.3, retain the same
orientation throughout the measurement domain. This behavior emphasizes that the initial
deformation is an azimuthal variation of the shear layer thickness. The jet then goes
through a transition region in which the inner contour levels rotate through a 45° angle
(90° for the cos(2<j>) distortion) and by the end of the potential core the jet has developed
mean flow contours which closely resemble contours from an actual square (or elliptical)
jet.
As mentioned in the above discussion of enhanced entrainment, the initial region
of the jet forced with m = ±1 (m = ±2) does not really qualify as an elliptical (square) jet.
While figure 3-6 (entrainment vs. downstream position) suggests that vortex induction
effects are not necessary for enhanced entrainment, they do appear to be necessary for
axis switching (Koshigoe, et. al). The primary difference between the streamwise
evolution of an elliptical jet and the corresponding development of the cos(2<j>) distorted
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axisymmetric jet is in the magnitude of the vortex ring distortion near the nozzle exit in
the two cases. If the vortex shed from an elliptical nozzle is thought of as a distorted
axisymmetric vortex then the distortion for a 2:1 ellipse is of the same order of magnitude
as the initial vortex. In the case of the cos(2<j)) distorted jet, however, the initial distortion
of the vortex ring is on the order of .5% and it is not until the distortion has grown
sufficiently large and the azimuthal variation in the shear layer thickness has almost
disappeared that the mean flow appears elliptical. Since the transformation from a cos(2<j>)
distorted jet to an elliptical jet is not completed until somewhere between 3.0 and 4.0
nozzle diameters downstream, it may be that axis switching appears beyond the end of
the potential core of the shear layer.
To investigate this possibility, the forcing parameters were altered to increase the
number of streamwise wavelengths of the disturbance in the potential core. The jet
velocity was halved (U = 8.0 m/s) while holding the forcing frequency constant (f = 206
Hz), which doubled the Strouhal number (StD = 1.30) of the flow. Thus, the streamwise
wavelength was halved, effectively compressing the four diameters of the jet seen in
figures 3-1 and 3-2 into the region x!D < 2.0 and doubling the number of streamwise
wavelengths in the measurement domain. For comparison to figures 3-1, 3-7a and 3-8a
the jet was forced was with m = ±1.
The mean velocity contours corresponding to those seen in figure 3-1 are presented
in figure 3-9. The four plots in figure 3-9 represent contours of streamwise mean velocity
at x/D = 0.5, 1.0, 2.0, 4.0 as in figure 3-1. Scaling arguments based on StD suggest that
there should be roughly a 2:1 correspondence between the x/D locations shown in figures

Figure 3-9

Streamwise mean velocity contours of the jet forced with m = +1,-1 at 206 Hz, Uj = 8.0 m/s. Mean velocity
contour intervals: 0.2Uj beginning at 03Uj. (a) x!D = 0.5. (b) x!D = 1.0. (c) x!D = 2.0. (d) x!D = 4.0.
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3-1 and 3-9, i.e. 3-lb should be similar to 3-9a and so forth. Recalling, however, the
cautions mentioned earlier concerning the use of StD for scaling in diverging flows, the
lack of agreement is not surprising.
Brief inspection of figures 3-9a and 3-9c might lead one to conclude that the jet
has switched major and minor axes. The change of orientation, however, has not occurred
for all contour levels shown. The inner contour level, 0.9Uj, is almost 90° out phase with
the outer contour levels in figure 3-9a. In figure 3-9c, however, the inner contour level
has retained its original orientation while the other contour levels have switched axes.
Initially, the shear layer is dominated by the predicted cos(2<|)) distortion. The locations
further downstream, however, each have one contour level dominated by other modes.
The cos(3<j>) distortion in the 0.1 Uj contour level is a result of applying the contouring
method of figures 3-1 and 3-2 to data with multiple extrema and is discussed below. At
xlD = 2.0 and 4.0, the outer contour level is dominated by cos(<|>) and cos(3<|>) distortions,
respectively.
Two possibilities exist to explain this behavior. First, the jet may be in the process
of switching axes at this location so that the mean flow contours reflect a structure which
is an amalgam of two perpendicular ellipses. Second, the higher Strouhal number of the
forcing has a correspondingly shorter amplified region for the forcing signals with the
result that total downstream amplification is smaller than for the StD = 0.65 cases seen in
figures 3-1 and 3-2. Comparing figure 3-9d and figure 3-Id the distortion amplitudes are
approximately 7% and 11%, respectively. Thus, the lack of a dominating mode structure
at all contour levels could be due to the distorted jet relaxing back into an axisymmetric
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shape. Attempts to further "compress" the jet by doubling the Strouhal number again
(StD = 2.60) were unsuccessful because the total amplification of the disturbances was too
small to significantly distort the jet. Increases in the initial amplitude were not possible
due to the limitations of the amplifiers and the speakers in the forcing system.
The streamwise development of the momentum thickness for the StD = 1.30 data
is examined in figure 3-10. As for figure 3-7, the calculated momentum thicknesses were
averaged over azimuthal positions near to either the major or minor axis as defined by
the initial distortion seen in figure 3-9a. Two axis switches appear to occur, one near
x/D = 0.9 and one near x/D = 3.0. In terms of number of wavelengths downstream from
the nozzle, the second axis switch occurs downstream of the measurement region for the
Re = 5 X l( f data discussed earlier. Looking back at figures 3-9a and 3-9c, the two
middle contour levels have indeed changed orientation by 90°. The behavior of the outer
contour level could be a result of the differential development, due to variation of the
phase speed in the radial direction, of the various contour levels. The first switch is likely
an artifact of the contouring method and suggests that some radial profiles of the mean
velocity develop severe distortions in this region. The possibility of highly irregular
velocity profiles brings the usefulness of the momentum thickness comparison into
question. The irregularities of the mean flow profiles are discussed in the next section.
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Rotation off the Distorted Jet
While no concrete evidence of axis switching was found, the mean velocity

contours in figure 3-9b suggest that significant distortions of the radial profiles of the
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Figure 3-10

Streamwise development of the momentum thickness. Jet forced at 206 Hz with m = +1,-1, Uj = 8.0 m/s. o,
averaged over positions near to the minor axis of the cos(2<}>) distortion. # , averaged over positions near to the
major axis of the cos(2<|>) distortion.
Ui
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mean velocity were occurring around x!D = 1.0 for the StD = 1.30 jet. The eight radial
profiles of streamwise mean velocity for the Re = 2.5 X 104, StD = 1.30 jet are shown in
figure 3-11. The distortion of the profiles is indeed quite drastic and much more
pronounced than the variations in inflection noted in figures 3-3 and 3-4. Some azimuthal
locations, <j>= 270° for instance, resemble the classic hyperbolic tangent velocity profile,
with one inflection point in the center of the shear layer. Other azimuthal locations,
particularly those near to the major axis of the distortion like (J) = 45° have as many as
five inflection points. More detailed investigation of how the radial distortion varied with
azimuthal position was undertaken by rotating the mean flow distortion of the jet by
changing the phase difference between the two input waves.
Cohen and Wygnanski pointed out that the mean flow distortion corresponds to
an azimuthal variation of the streamwise component of the Reynolds stress tensor.
Following the derivation of Reynolds and Hussain (1972) and decomposing the flow field
as in equation 2-1, the mean flow equations are

3-18

where the mean pressure gradients have been neglected and the Reynolds number was
assumed to be large so that the viscous terms could be dropped from the above equation.
For a forced flow, the wave stress, given by the first term on the right hand side of
equation 3-18, dominates the incoherent stress near the nozzle exit. In this region the
imposed waves are highly amplified, thus any azimuthal variation in the mean flow must
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be balanced by an azimuthal variation of the induced wave stress. Far downstream, where
the coherent waves have been damped out, any remaining mean flow distortion must be
accompanied by a variation in the incoherent stress. Long (1988) represented the
superposition of the two input waves as
U
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3-19
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where (*) represents the complex conjugate and f2 is the phase difference between the two
waves. The description in equation 3-19 assumes that the two waves have opposite mode
number and equal frequency, thus requiring the u’s and a ’s to be identical. Squaring and
time averaging equation 3-19 yields the normal wave stress due to the forced waves;

ImKI + cos 2m

_Q_'
2m,

3-2®

Thus, changing the phase offset should shift the azimuthal orientation of the principal axis
by _A_. This result was verified experimentally by Long (1988) for the cos(2<]))
2m
distortion.
The phase difference between the two input waves can be used as a diagnostic tool
for controlling the jet, allowing the experimenter to position a particular region of the
distorted flow on a radial traversed by a hot wire probe. Returning to the highly distorted
mean velocity profiles of figure 3-11, this technique was used to examine the StD = 1.30
forced jet at x/D = 1.0 where velocity contours indicate there may be large variations in
the curvature of the streamwise mean velocity profiles.
By varying the initial phase difference, the principle axis of the cos(2<|>) distorted
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jet was rotated by two 22.5° steps. The Reynolds number {Re = 2.5 X 104) and Strouhal
number {StD = 1,30) correspond to the data of figure 3-9. Figures 3-11 through 3-13
correspond to orientations of the principle axis of -67.5°, -90.0°, and -112.5° from
vertical, respectively. The angles given for each radial profile correspond to the azimuthal
position, measured counter-clockwise from the 12 O’clock position, of the hot wire
probes. The first and second derivatives of the mean velocity profiles, calculated from an
analytic fit of Chebyshev polynomials to the mean velocity data are plotted alongside the
corresponding profiles. The derivatives are shown as additional markers of the variations
of the radial profiles and are important factors in the stability calculations which will be
discussed in the next chapter.
In figures 3-11 and 3-13 the jet is oriented such that the major and minor axes are
offset from the hot wire probes by 22.5°. In both figures, the hot wire probes on either
side of an axis have similar radial profiles of mean velocity. For instance, the probes
located at 0° and 45° in figure 3-11, which are bisected by the minor axis of the
distortion, have nearly identical mean flow structure. The statement also applies to the
probes at the 90° and 135° positions, which are bisected by the major axis of the
distortion. The character of the two sets of radial profiles differ, though, as is perhaps
more evident in the first derivatives. The first derivative of the radial profile for the
probes near to minor axis has a double minima structure while the first derivative of the
radial profiles for the probes near to the major axis have one dominant minimum and in
some cases a weak secondary minimum. Naturally, the same structure is seen at the
opposite ends of the axes, i.e. the probes at 0° and 45° virtually mirror the probes at 180°
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and 225°. As the jet is rotated through 45° (compare figures 3-11 and 3-13) the pattern
in the first derivatives shifts by 45°, or one hot wire probe in the figures, so that the 0°
and 45° positions in figure 3-11 correspond to the 315° (or -45°) and 0° positions in
figure 3-13.
The intermediate case (figure 3-12) has the axes aligned with the major and minor
axes of the distortion. The orientation is such that the minor axis falls on the 0° and 180°
positions and the major axis is thus aligned the 90° and 270° positions. The remaining
four probe positions are each 45° away from both the major and minor axes and should
have nearly identical behavior. Indeed, the four probes positioned at 45°, 135°, 225°, and
315° in figure 3-12 are quite similar. Notice also that the major and minor axes have
significantly different structure. The mean profiles on the minor axis are very similar to
the classic hyperbolic tangent profile with a single extremum in the first derivative and
thus only a single inflection point. The lack of distortion on the minor axis is because the
jet is essentially unforced at the nodal points, which define the initial orientation of the
distortion, of the forcing waves. The mean profile on the major axis is highly distorted,
having not one but three inflection points.
The primary data sets discussed in this work are the two Re = 5 X 104, StD = 0.65
cases with m = ±1 and m = ±2. For this reason, the eight radial profiles with the
calculated first and second derivatives for the m = ±1, StD = 0.65, Re = 5 X l( f data are
shown in figure 3-14 to compare the level of distortion with that seen in figures 3-11
through 3-13. The jet has distorted radial profiles which include a variation in the strength
of the inflection if not the profusion of inflection points seen in figures 3-11 through 3-13
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for the StD = 1.30 data. The distorted radial profiles in the StD = 0.65 do not have the
multiple inflection points of the StD = 1.30 jet, however, the profiles do have variations
in the strength of inflection. In particular, note that the location of the minima in the first
derivatives oscillates in radius as the azimuthal location changes. The radial locations of
minima near the minor axis are at smaller radii than the minima for the locations near to
the major axis.
The two cases of cos(2<t)) distortion differ in both Reynolds number and Strouhal
number. As an intermediate case between the data of figures 3-11 (StD = 1.30) and 3-14
(StD = 0.65), radial profiles of streamwise mean velocity and the first and second radial
derivatives are presented for the jet forced with m = ±1 with StD - 0.65 but at the lower
Reynolds number of Re = 2.5 X 104 in figure 3-15. The velocity profiles and the two
derivatives closely resemble those of the Re = 5 X 104 data seen in figure 3-14, implying
that the drastic distortions in the mean flow profiles in figure 3-11 are primarily due to
the change in the Strouhal number rather than the change in the Reynolds number.
The small changes in the inflection of the radial profiles of mean velocity seen in
(figures 3-14 and 3-15) are much pronounced than those shown in figures 3-11, 3-12, and
3-13. Some azimuthal locations even develop secondary peaks in the streamwise mean
velocity. Multiple peaks in the first derivative of U(r) mean that multiple inflection points
exist in the mean profile. Since both U(r) and its second derivative with respect to the
radius appear in the linear stability equations, the small deviations seen in figures 3-14
and 3-15 are likely to have a small effect on the stability of the flow. The large deviations
and multiple inflection points of the StD = 1.3 data, however, should not only effect the
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primary stability mode but add up to two more2 unstable waves to the flow.
The multiple inflection point profiles can be thought of as three (or more) shear
layers next to each other. The individual shear layers should scale with the local length
scale and thus could each be responsible for a higher frequency instability wave then
would be expected based on the length scale, 901, for the entire shear layer. This aspect
of the flow will be discussed in connection with the large scale structures and secondary
instabilities in the next chapter.
9

2 For the temporal Rayleigh equation it can be shown that an inflection point in the radial
profile is a necessary condition for instability. For the spatial Rayleigh equation this has not been
proved but is accepted as a rule of thumb nonetheless.
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CHAPTER 4

DEVELOPM ENT OF THE LARGE SCALE STRUCTURES

4.1

Streamwise Development of the Phase Averaged Profiles
The streamwise component of an azimuthal travelling wave on a dispersive,

axisymmetric shear layer can be modelled as
(%(%,?)

+ m<§>-----^ ) ]

n

4-1

4-2

where m is the azimuthal mode number, n is the time harmonic number, T is the period
of the forcing signal, and a is the streamwise wavenumber. (The mode number refers to
the number of periods of the wave in one revolution of the jet.) F„(x,T|) is the complex
radial amplitude shape function. The dependance of Fu on x is a consequence of a slight
divergence of the shear layer. In a locally parallel approximation of the flow field, non
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linearities such as mean flow spreading are accounted for implicitly by using a measured
mean velocity profile as input into the stability equations.
Phase averaged data, which were periodic in t and <|>, were decomposed into a
Fourier series with coefficients,
27t r
■2 n T oo

where

to

The

=

---------

4=4

T

are complex and as before m and n correspond to the azimuthal mode number

and time harmonic. Thus, I F01(r\t) | is the magnitude at the i* radial position (given by
Tjj) of the mode 0 component of the flow at the fundamental frequency. The theoretical
radial shape function, F„, and the coefficients of the decomposed phase averaged
velocities, F ^ , are related by

F J h J ) = FB(7i^)exp[i/e(Q da

4-5

The I F,*,Cn) I were computed from phase averaged data and were used to define
the forcing level of the input waves. The usual method of defining forcing levels in jet
research is to measure either the velocity or pressure rms on the jet centerline at or near
to the nozzle exit. For non-axisymmetric modes, however, the boundary condition on the
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centerline of the jet requires that <u> - C7 = 0 to avoid a phase discontinuity. The
azimuthal array of speakers used to input the disturbances into the shear layer couples to
the, relatively small, radial velocity fluctuations. The result is that a large amplitude

disturbance can be introduced into the shear layer even though a probe on or near
the centerline will not measure any increase in rms level.
An interesting aspect of azimuthally varying modes in the axisymmetric shear
layer, which was pointed out by Cohen and Wygnanski, is that near to the nozzle exit
plane where the shear layer is still parallel and 0 « D, all low order azimuthal modes
have the same radial shape function based on inviscid, linear stability theory. Along with
the centerline boundary conditions on azimuthally varying modes, this behavior suggests
that the maximum amplitude of the Fourier decomposed phase averaged velocity signal
at the nozzle exit is a good way to characterize the initial amplitude of low order
azimuthal disturbances. In practice the measurement of the forcing level was made at
x/D = 0.20 since this was the lowest position of the array of hot wire probes.
Using the above definition for the forcing level, the disturbance amplitude was
chosen so that a significant distortion was achieved by x/D = 4.0, the end of the
measurement region. The cross section distortion is shown as a function of the input
forcing level for the jet forced with m = ±1 at 206 hz in figure 4-1. The mean flow
distortion is expressed as a ratio of the major axis length to the minor axis length for the
half velocity mean contour measured at x/D = 4.0. The forcing level is expressed as the

maximum modulus off the input waves, I Fml l ^ , measured at x/D = ®.2§, which was
the streamwise position of the hot wire probes closest to the nozzle exit plane. At this
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Effect of forcing level on the mean flow distortion. Uj = 16.0 m/s jet forced at 206 Hz with m = +1,-1. ■ ,
forcing level used for the Uj = 16.0 m/s data sets.
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location, the phase averaged fluctuations were proportional to the input voltage level of
the azimuthal array of speakers. The solid line represents a least square fit to the open
symbols and is included to demonstrate that deviations from linear dependence on the
input forcing level were small. The solid square marks the forcing level which
corresponds to the cos(2<])) data seen in figure 3-1. The cos(4<j)) data seen in figure 3-2
were acquired with the jet forced with the same input voltage level.
The weakly non-linear theory of Cohen and Wygnanski predicts a mean flow
distortion which is proportional to the square of the forcing amplitude. The measure of
mean flow distortion shown in figure 4-1, however, is a ratio of the distortions on the
/

approximate major and minor axes of the elliptical jet which has evolved at x!D = 4.0.
the ratio disguises the quadratic behavior to an extent. In addition, the weakly non-linear
theory is based on a parallel flow approximation and so does not include the effects of
shear layer spreading.
The conditions for a triad resonance were presented in equations 3-2 and 3-3 of
the previous chapter. Under the particular forcing conditions of two modes with the same
absolute value but opposite sign, m; = -m2, and at the same frequency, 0), = o^, the two
resonance conditions reduce to equations 3-4 and 3-5. The difference resonance condition
results in a mean flow distortion and was discussed in the previous chapter. The sum
resonance condition, repeated here as equation 4-6,

e 3 = 2iCp <o3 = 2 g); m3 = 0

4-6

introduces a third, phase coherent, travelling wave at the first harmonic of the forcing

92
frequency.
Radial profiles of the modulus of the decomposed phase averaged velocity signals,
I | , are shown in figures 4-2 and 4-3. The data correspond to the data of figures 3-1
and 3-2. The two input waves are shown along with the third wave of the sum triad
resonance, m = 0 and to = 412 hz. Where the various waves are linearly unstable the
inviscid, spatial, stability solution is presented as a solid line. The stability calculations
were based on an axisymmetric mean velocity field since the azimuthal distortions were,
at least initially, small compared to the axisymmetric component. Note that the amplitude
scale changes with downstream location.
At x!D = 0.5 the m - ±1 (figure 4-2a) and m = ±2 (figure 4-3a) waves are nearly
identical. As mentioned above, this result was predicted by Cohen and Wygnanski with
the restriction that both the shear layer thickness and the streamwise wavelength are small
relative to the nozzle diameter, D. At xlD = 0.5, for both the m = ±1 (figure 4-2a) and
the m = ±2 (figure 4-3a) forcing, the maximum momentum thickness of the shear layer
was 0O1 = 2.0 mm, thus 0O1/D = 0.039. While this meets the first condition, the
streamwise wavelength is approximately D. Thus, the conditions of Cohen and Wygnanski
for the collapse of all low order modes onto a single radial profile appear to be overly
restrictive.
Following the three waves of the triad resonance downstream, by x/D = 1.0 the
phase coherent frequencies in cos(4<])) jet are already beyond the point of neutral stability
so the inviscid stability eigenfunction is omitted from figure 4-3b. Thus, the linear
stability estimate discussed in the previous chapter which suggested that the StD = 0.65
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Radial profiles of the phase averaged modulus. Uj = 16.0 m/s jet forced at
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waves would be amplified until approximately x!D = 2.0 is incorrect. The reason for this
is that the initial amplitude, I Fml I = O.YlUj, was quite high and the mean flow distortion
produced by the non-linear interaction greatly increased the spreading rate of the shear
layer. The increased spreading resulted in a large increase in the momentum thickness of
the jet which in turn caused the disturbance Strouhal number based on 0O1, which is the
preferred length scale for shear layer stability calculations, to increase quickly towards
5?e = 0.3 so that the forced waves become neutral far earlier than in experiments with
single mode forcing at lower forcing levels. The corresponding plot for the m = ±1 case
(figure 4-2b) is also close to the neutral stability point. The approach to the neutral point
can be recognized by observing the radial eigenfunction, which has a singularity
developing in the center of the shear layer.
Farther downstream (figures 4-2c and 4-2d) the radial amplitude distributions
corresponding to m = +1 and m = -1 are nearly identical at all streamwise locations as
expected from the axial symmetry of the mean flow. The m = ±2 forced jet, however,
(figures 4-3b and 4-3c) is not symmetric with respect to the sign of the mode number at
x/D = 1.0 and x/D = 2.0. Even though linear stability analysis based on a modified
hyperbolic tangent mean velocity profile suggests that higher order azimuthal modes are
amplified over shorter downstream distances than either mode 0 or mode 1 (Cohen and
Wygnanski 1987a), the forced m = ±2 waves in figure 4-3 decay more slowly than the
corresponding m = ±1 waves of figure 4-2.
This behavior suggests two possibilities. First, the modes may be involved in an
additional energy exchange beyond that of the triad resonance conditions outlined
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previously. Second, the departures from symmetry occur in the same region in which the
expected azimuthal distortion of the mean flow structure disappears (figure 3-3). The jet
may also have developed a structure which is too spatially complex for the eight hot wire
probes on the traverse to properly resolve. In either case the unresolved structure is still
in some manner coherent since at x!D = 4.0 the mode symmetry has returned and the
mean flow has a predictable structure.
A good picture of the streamwise amplification and decay of the large scales is
difficult to obtain based only on the four locations seen in figures 4-2 and 4-3 so the
streamwise evolution of the phase averaged amplitude of the travelling waves presented
in figures 4-4 and 4-5, respectively. The definition of the amplitude discussed earlier is
retained in figures 4-4a and 4-5a and therefore the amplitude at x!D = 0.25 is 17% of the
jet velocity. This definition becomes obscured further downstream since the profiles begin
to spread radially and develop multiple peaks.

'

Following the format used by Cohen and Wygnanski (1987), three different
measures of amplitude are presented. The first method (figures 4-4a and 4-5a) simply
shows the maximum amplitude of the radial distribution, I I , normalized by the jet
speed, Uy This method does not take the spreading of the shear layer into account and
thus may be misleading since the maximum amplitude may decrease even though the
energy contained in the mode, integrated over the shear layer, is increasing. Furthermore,
following the peak value of the magnitude does take into account changes in the shape
of the radial profile. The second measure integrates the amplitude of the radial profiles
over the cross section of the shear layer and normalizes the integral by the exit massflux
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of the jet, Qo = f/yl0. The weighting by radius of the area integral introduces a strong
dependence on shear layer spreading. The third measure replaces the normalization used
in the second measure by the massflux through the shear layer cross section and is then
normalized to unity at the lowest downstream location. Thus, the third measure is an
attempt to express the growth in terms of an amplitude ratio.
At the high forcing levels used here little or no streamwise growth of the input
waves occurred, depending somewhat on the measure of amplitude used. The first two
methods display a short downstream range of amplification with peaks at x!D = 0.50 and
x/D = 0.75, respectively. At low forcing levels, corresponding to linear regimes of
amplification, Samet and Petersen (1988) measured amplitude gains in a jet forced with
a single axisymmetric mode ranging from 3.3 to 17.1. The third measure of amplitude,
which is intended as an amplification ratio, decays monotonically with downstream
distance for the forced waves, implying that the linear amplification regime has been
bypassed by the high forcing level. The cos(2<|)) and cos(4(|)) distorted jets have similar
amplification characteristics regardless of the measure of amplification. Linear stability
theory predicts that the m = ±2 waves should become damped much more quickly than
the m = ±1 waves once the shear layer starts to spread. The discrepancy between the
measurements and the linear prediction is attributed to the relatively high amplitudes of
the forced waves. The finite amplitude input waves bypass the linear amplification region.
Finally, note that a loss of symmetry is apparent in figures 4-2 and 4-3 for
xID >

0.5. For the cos(2<}>) distorted jet a slight asymmetry in the evolution of the m = ±1

modes exists between x!D = 1.0 and x/D = 2.0 (see figure 4-4b). For the cos(4<j>) distorted
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jet the region of asymmetry is extensive, occurring over the range 0.7 < x/D < 3.2 (figures
4-5 and 4-5b). The disturbed regions correspond to the plateaus in the weighted volume
flux seen in figure 3-5, where the mean flow is transforming from axisymmetric to either
an elliptical (figure 3-2) or a square (figure 3-3) pattern. Since the symmetry of the flow
implies that the streamwise behavior of the two forced modes should not differ, whether
the forcing is with m = ±1 or m = ±2, the loss of mean flow azimuthal structure and the
loss symmetry of the large scales in this region could be attributed to insufficient
azimuthal resolution in the measurements.
In the previous chapter the momentum thickness, and thus the mean flow
distortion, was related to the local forcing amplitude. Azimuthal locations which were
subject to larger amplitude forcing corresponded to thicker regions of the shear layer than
the azimuthal locations where the local forcing amplitude was smaller. The same selective
averaging technique can be used with the large coherent scales as well. For the m = ±1,
forced jet the offset of the hot wire probes from the axis allows the calculation of both
the positive and the negative helical modes since the probe separation is 45°3. A similar
averaging process is not useful for the m = ±2 forced jet since regions of similar
thickness, i.e. the comers or the sides of the distorted mean flow, are separated in
azimuthal angle by 90° and it is not possible to distinguish between the positive and
negative sign of the double helical forced modes. Thus, the azimuthally selective
averaging process for the large scale structures is limited to the cos(2(j)) distortion. Since

3Actually, the 45° probe separation allows for the calculation of positive and negative double
helical modes as well but these modes are of no significance in the m = ±1 forced jet.
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the phase averaged profiles are directly related to the local radial profile of the streamwise
component of the mean velocity through the stability model, an azimuthal dependence of
the large scale structures is also expected due to the azimuthal variation of the radial
profiles of streamwise mean velocity.
To examine this possibility, the data presented in figures 4-2 were reprocessed so
as to retrieve the mode shapes at azimuthal locations of a given thickness. Results of the
azimuthally selective processing are seen in figures 4-6 through 4-10. Figure 4-6 contains
radial profiles of the modulus of the decomposed phase averaged velocity signals, I I ,
for the m = ±1 waves and the resultant mode 0 harmonic travelling wave for the m = ±1
forced jet at

= 5 X 104 and StD = 0.65. The radial profiles, at various x!D locations,

were calculated from the four hot wire probes which were azimuthally displaced by 22.5°
from the major axis of the elliptical mean flow contours seen at x/D = 4.0. The radial
profiles in figure 4-7 were based on data from hot wire probes which where located 22.5°
from the minor axis of the elliptical mean flow contours seen at x!D - 4.0. Where the
associated selectively averaged radial profiles of streamwise mean velocity were linearly
unstable, the calculated amplitude distributions are included as solid lines. The radial
coordinates in figures 4-6 and 4-7 are shifted by the half velocity radius and normalized
by the momentum thickness, which are averaged over those azimuthal positions used to
calculate the amplitude profiles. Consequently, the radial scaling is based on local
variables. Note that the scale of the ordinate varies between corresponding plots in figures
4-2, 4-6, and 4-7 in order to emphasize differences in the mode shapes for the various
choices of averaging.
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Figure 4-6

Radial profiles of the phase averaged modulus averaged over locations near
to the major axis. Uj = 16.0 m/s jet forced at 206 Hz with m = +1,-1. 0,
m = +1, n = 1; ♦, m = -1, n = 1; o, m = 0, n = 2. (solid line), inviscid
linear stability eigenfunction, (a) x/D = 0.5. (b) x/D = 1.0. (c) x!D = 2.0.
(d) xlD = 4.0.
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Figure 4-7

Radial profiles of the phase averaged modulus averaged over locations near
to the minor axis. Uj = 16.0 m/s jet forced at 206 Hz with m = +1,-1. 0,
m = +1, n = 1; ♦, m = -1, n = 1; o, m = 0, n = 2. (solid line), inviscid
linear stability eigenfunction, (a) x!D = 0.5. (b) x!D = 1.0. (c) x!D = 2.0.
(d) x!D = 4.0.
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The forced modes near to the major axis of the cos(2^>) distortion (figure 4-6a),
do not agree well with the stability profile. The linear stability prediction for the
amplitude function for the mode 0 harmonic does not agree with the data since the
harmonic wave is at least partially a result of the weakly non-linear interaction of Cohen
and Wygnanski (1987a). In figure 4-6b the shear layer near the major axis is thick enough
that the streamwise mean velocity profiles are no longer linearly unstable. At each of the
first three downstream locations of figure 4-6, x!D = 0.5, 1.0, and 2.0, the profiles of the
two forced waves are nearly identical as expected from symmetry considerations. At
x!D = 4.0, figure 4-6d, the magnitudes of the three waves have decayed to such small
levels that they are barely distinguishable from the background noise.
Turning now to the thin regions of the shear layer near to the minor axis, the
m = ± \ modes are nearly symmetric at x!D = 0.5 and are very similar in shape to the
m = ±1 profiles of figure 4-6a, though the peak magnitude is less than 25% of the peak
magnitude plotted in figure 4-6a. The lower amplitude combined with the higher local
Strouhal number based on 0O1 results in much better agreement with the linear stability
prediction for all three travelling waves in figure 4-7a. At x!D = 1.0, figure 4-7b the
m = ±1 modes are decidedly asymmetric and neither of the two forced modes agrees with
the linear stability prediction. Not only are the m = ±1 modes asymmetric at x!D = 2.0
(figure 4-7c) but the peak amplitudes of both waves are below the peak amplitude for the
mode 0 harmonic wave. At x!D = 4.0 (figure 4-2), the coherent waves have decayed to
the level of the background noise.
It was noted above that at x/D = 0.5 the m = ±1 profiles are very similar in shape.
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if not amplitude, in the thin and thick regions of the shear layer. In the previous chapter
it was shown that with the proper scaling based on local length scales, at x/D = 0.5,
where the shear layer structure was primarily an azimuthal variation of the thickness, the
radial profiles of streamwise mean velocity collapse onto each other. A similar point is
made in figures 4-8 and 4-9 which compare the two forced modes, m = ±1, averaged over
points near to the major axis or near to the minor axis. As in figure 4-6 and 4-7, the
radial coordinate is normalized with the values of Ros and Q01 calculated from data points
22.5° off of either the major or minor axis as appropriate.
The m = +1 profiles for the thin (open symbols) and thick (solid symbols) regions
of the shear layer are shown in figure 4-8 for x/D = 0.5 and x/D = 1.0. As already
mentioned in regard to figure 4-6 and 4-7, the amplitude of the m = +1 at x/D = 0.5
differs by approximately a factor of four between the regions near to the major axis and
regions near to the minor axis, with the amplitude in the thicker regions (near the major
axis) of the shear layer being the higher of the two. In figures 4-8a and 4-8b the m = +1
modes in the thin and thick regions are normalized by the jet velocity to emphasize the
difference in the amplitudes at x/D = 0.5 and at x/D = 1.0.
Despite the amplitude differences, the mode shapes in the two different regions
look somewhat similar. The data of figures 4-8a and 4-8b are replotted in figures 4-8c and
4-8d with the peak amplitude of each profile normalized unity. At x/D = 0.5, the scaled
profiles for the thick and thin regions are nearly identical. At x/D = 1.0, however, the two
the properly normalized profiles are substantially different on the high speed side of the
shear layer but collapse quite well on the low speed side of the shear layer. As with the
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Comparison of m = +1 modes shapes measured near to the major and
minor axes. Ui = 16.0 m/s jet forced at 206 Hz with m = +1,-1. 0,
averaged over locations near to the major axis. ♦, averaged over locations
near to the minor axis, (a) x/D = 0.5. (b) x/D = 1.0. (c) x/D = 0.5. (d)
x!D = 1.0.
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Comparison of m - -\ modes shapes measured near to the major and
minor axes. Uj= 16.0 m/s jet forced at 206 Hz with m =+1,-1. 0,
averaged over locations near to the major axis. ♦, averaged over locations
near to the minor axis, (a) x!D = 0.5. (b) x!D = 1.0. (c) xJD = 0.5. (d)
x/D = 1.0.
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mean flow (figures 3-3 and 3-4) local scaling parameters successfully collapse the data
near the nozzle exit plane. Farther downstream, between x!D = 0.5 and x!D — 1.0, the
non-linear effects distort the local velocity distributions and cause the two input waves
to evolve differently, thus spoiling the collapse.
Similar plots form = -1 profiles are seen in figure 4-9. At the x!D = 0.5 location,
the profiles normalized by the jet velocity have approximately the same amplitude ratio
as the profiles of figure 4-8a and the properly scaled magnitude profiles collapse fairly
well. At x!D = 1.0, (figures 4-9c and 4-9d) the differences between the m = -1 mode
shapes near the major and minor axes are more pronounced than for the m = +1 profiles.
Comparing figures 4-8d and 4-9d, note that the profiles based on data near to the minor
axis are not symmetric in the mode number as would be expected from linear stability.
To look at how the azimuthally dependent differences in the large scale radial
profiles develop with x/D the three measures of amplitude presented in figures 4-4 and
4-5 are repeated using selectively points near either the major (figure 4-10) or minor
(figure 4-11) axis in the amplitude calculations. The streamwise development of the three
amplitude measures based on data near the major axis of the cos(2<j>) distortion is quite
similar to the amplitude curves seen in figure 4-4 in which data from all eight azimuthal
positions were included in the mode decomposition. Again, using the criterion plotted in
figure 4-10c, little or no amplification occurred for the two forced modes (figure 4-10c)
and the harmonic wave had only a very short (x/D < 0.5) region of amplification.
Near the minor axis, the asymmetries discussed in conjunction with figure 4-7 are
again apparent. Despite the much lower amplitudes involved near the minor axis the
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Figure 4-10

Stream wise development of various measures of coherent, large scale
amplitude with the large scale structures averaged over locations near to
the major axis. Uj = 16.0 m/s jet forced at 206 Hz with m = +1,-1. <j,
m = +1, n = 1. «, m = -1, n = 1. o, m = 0, n = 2.
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Figure 4-11

Stream wise development of various measures of coherent, large scale
amplitude with the large scale structures averaged over locations near to
the minor axis. LA = 16.0 m/s jet forced at 206 Hz with m = +1,-1. «,
m = +1, n = 1. «, m = -1, n = 1. o, m = 0, n = 2.
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forced modes still do not show any significant streamwise growth (figure 4-11c). The
harmonic wave, however, appears to be amplified throughout the first diameter of the jet.
Around x!D = 1.5 another small plateau in the decay of the amplitude ratio may be
noticed (figure 4-11c).

4.2

Triad Resonance
The resonance conditions presented in equations 3-1 and 3-2 must also be

compatible with the dispersion relationship for the triad resonance to occur. This means
that the three waves in the triad must travel at the same phase speed in order to interact.
It follows that the phase difference between the waves in the triad must be constant for
the waves to resonate in a given region of the flow field.
The phase of the

defined in equation 3-2 is defined as the time delay

between the phase averaged wave and the reference signal. The phase difference can be
written as

W W

= Ym„ (V l) + /
%

4=7

As in equation 3-2, the subscripts m and n refer to the azimuthal mode number and the
time harmonic of the base frequency. Ymn(x0,,n) is the initial phase offset between the two
forced waves and is a parameter set by the experimenter. It was shown by Long (1988)
to control the orientation of the distortion. For the forcing parameters which result in the
resonance conditions of equations 3-4 and 3-5, a +m/(^,ri) = a.m/^,T|) by symmetry. Thus
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the phase difference between the two forced waves reduces to

p'(n) = r +mi(x,Ti) - r_ml(x,r]) = y +ml - y_ml

4 -8

which is constant along lines of constant T).
In the difference resonance condition (equation 3-4) the third "wave" of the triad
represents a mean flow distortion and thus has no phase. In this case, equation 4-8 is
sufficient to track the phase development of the resonant triad. The phase difference,
p- ( tj ) , between the two forced waves for the m = ±1, StD = 0.65, Re - 5X. 104 case is
plotted, as open diamonds, against downstream distance in figure 4-12a. The
measurements were made along the Tj = -3 line which corresponds approximately to the
inner edge of the shear layer. The phase data for the m = ±2 forcing at the same
conditions and along the T) = -3 line is seen, as open squares, in figure 4-12b. As
expected from symmetry considerations mentioned above, p- (T| ) is constant throughout
most of the measurement domain for the m = ±1 forcing condition. The m = ±2 case has
a somewhat noisier but roughly constant P~ ( t |) until x/D = 2.75 where an abrupt jump
occurs. The appearance of the jump is due to the faster spreading of .the cos(4<j>) jet than
the cos(2<|)) distorted jet. The faster spreading rate pushes the 1) = -3 line inside the
minimum radius (r = 10.00 mm) of the measurements. Beyond this location the
computation of p-

) continued along the r = 10.00 mm line. Further downstream,

beyond x/D = 3.00, this line of constant r is very nearly a line of constant Tj so that
p- (<q) is nearly constant again. The phase advance for one of the forced waves (it should
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Figure 4-12

Stream wise advance of the phase difference along the line rj = -3. (a)
Uj = 16.0 m/s jet forced at 206 Hz with m = +1,-1. 0, P . o, P+. «, phase
of the m = +1 wave, (b) Uj = 16.0 m/s jet forced at 206 Hz with
m = +2,-2. ■ , P . o, P \ ♦, phase of the m = +2 wave.
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be the same for both waves by symmetry) is also shown for reference. The phase speeds
are almost constant until approximately x!D = 3.0 where the phase speed begins to
decrease noticeably.
The question of resonance for the harmonic travelling wave generated by summing
the input modes (equation 4-6) is more complicated. The two forced waves now add
phases rather than cancel phases so that the cx±ff,;(^,'n) of equation 4-7 do not cancel. Also,
the third wave of the triad has a different azimuthal mode number (m = 0) and thus the
phase speeds of the three travelling waves are not necessarily equivalent at any given x
location. The equation representing the phase difference of the sum resonance is
= r +B|i(x,Ti) + T ^ fe r i) - X^foTl) =
*
f
*6

4-9
+ constant

The constant is derived from the P (x0,r |) terms of equation 4-7. Equation 4-9 contains
contributions from three travelling waves, rather than two travelling waves as in equation
4-8, and thus resonant interaction occurs only where 2 0 ^ = a 02. Because of this
restriction, the interaction with the mode 0 harmonic is less robust than the mean flow
interaction.
The phase development of the harmonic interaction is plotted, as open circles, in
figures 4-12a and 4-12b for the m = ±1 and m = ±2, respectively. The p+ (X/ ^ ) were
calculated along the respective T| = -3 lines for the two forcing conditions. Over the first
half a diameter of the flow p + (X / 1\ ) is changing rapidly and the three waves of the sum
triad do not resonate in either forcing condition. Beyond x/D = 1.0 p + (x , r\) , has regions
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of resonance or near resonance. P+ (x , r |) has a much longer region where it is constant
for the cos(2<|)) jet than for the cos(4<t>) jet. This is perhaps related to the difference in
behavior of the weighted volume fluxes for the two different forcing combinations seen
in figure 3-5.
In the previous section it was shown, by considering only azimuthal locations of
similar thickness, that the large scale development is different along the major and minor
axes. The azimuthal dependence should, and does, carry over to the phase information.
As an example, the Re = 5 X 104, m = ±1 phase data was reprocessed by phase averaging
over either the thick (figure 4-13a) or the thin (figure 4-13b) regions of the shear layer.
The phase quantities are computed along the T) = -3 line as before. Considering p- (q )
first, it is seen by comparing figures 4-12a and 4-13 that the apparent noise in p-

) is

a product of the thin regions of the shear layer, the thick regions producing a remarkably
straight and smooth line for P - (r|) • This could be due to the lower amplitudes in the thin
regions, making the signals more susceptible to noise. p+ (x , q ) , however, is somewhat
noisier in the high amplitude regions of the shear layer than p+ (X/ ^ ) in the thin regions.
Both the thin and thick regions have constant p + (x , r)) over some streamwise extent
until downstream of x/D = 2.50. For the thin regions of the shear layer, the constant p+
area only lasts about 0.5D. At his point both the harmonic wave and the forced waves in
the thin regions have decayed into the background noise.
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Figure 4-13

Streamwise advance of the phase difference along the line rj = -3. (a)
Uj = 16.0 m/s jet forced at 103 Hz with m = +1,-1, averaged over locations
near to the major axis. 0, P . o, P+. ◄, phase of the m = +1 wave, (b)
Uj = 8.0 m/s jet forced at 103 Hz with m = +1,-1, averaged over positions
near to the minor axis. 0, P . o, P+. ◄, phase of the m = +1 wave.
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4,3

Comparison with Non-Axisymmetric Jets
In section 4-1, the differential development of the major and minor axes of the

cos(2<|)) distortion was discussed with respect to the large scale velocity fluctuations. The
results were that the thick regions, which were subject to the higher amplitude forcing at
the nozzle, had higher amplitudes further downstream than the fluctuations near to the
minor axis. In addition, radial profiles of magnitude for the two forced modes were nearly
symmetric in the mode number in the thick regions of the shear layer, though not in the
thin regions. The streamwise development was, accordingly, different between the two
axes for the forced modes as well as the resonant harmonic mode.
Ho and Gutmark (1984) noted similar differences between the major and minor
axes of the jet emanating from a 2:1 elliptical nozzle. The amplitude of the fundamental
frequency along the major and minor axis planes not only starts out at different levels but
is amplified over different downstream regions of the flow. Thus, the total amplification
differs depending on which axis is being observed, with the largest growth occurring on
the major axis.
Theoretical investigations into the linear stability of small aspect ratio elliptical jets
identified four stability modes. These modes were either symmetric with respect to the
origin, one of the two axes, or to both axes (Morris and Miller, 1984). Experimental data
of Ho and Gutmark in a 2:1 aspect ratio elliptical jet agreed with the stability modes
which were symmetric with respect to the minor axis or to both axes. Flow visualization
of the elliptical jet by Ho and Gutmark verified that the jet was indeed symmetric about
both axes as suggested by the mean flow contours from the 2:1 elliptical jet.
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The mean flow contours in the cos(2<j>) distorted jet are initially symmetric about
both axes and the contours become symmetric again once the cos(2<j>) distortion has
reestablished itself downstream of x!D = 3.0. The large scale fluctuations are symmetric
only about the minor axis. An isosurface of the phase averaged velocity, <u>, is plotted
in cylindrical coordinates with the jet moving up the page, in figure 4-14. The surfaces
were computed at a phase of <$> = 0.27, where 7 is the period of the forcing, and for the
Q.9Uj velocity level, which is representative of the inside edge of the shear layer. The
flow field has effectively been frozen in time and the small scales have been removed
from the data. The two views are perpendicular to the major (figure 4-14a) and the minor
axis (figure 4-14b).
The outer edge of the isosurface in figure 4-14a is smooth without noticeable large
scale fluctuations. The plot could just as well have been generated with data from an
unforced jet. The view perpendicular to the major axis (figure 4-14b), on the other hand,
is dominated by the large scale structures. The interior boundary of the jet is flapping
back and forth on the major axis as it propagates downstream and is not symmetric about
the minor axis.
The structure seen in figure 4-14b is a direct result of the type of forcing
employed to distort the jet. The two ends of the minor axis are nodal points in the
standing wave which is generated at the plane of the nozzle. At these locations, the local
forcing amplitude is zero, hence the lack of large scale structure in <u> as measured on
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Figure 4-14

Isosurfaces of the phase averaged velocity for the Uj = 16.0 m/s jet forced
at 206 Hz with m = +1,-1 at a particular phase. Surface level = 0.9LA. (a)
View perpendicular to the minor axis, (b) View perpendicular to the major
axis.
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the minor axis4. The flapping in the plane containing the major axis is likewise a result
of the local nature of the forcing. Recalling figure 2-5, the antinodes of the standing wave
are n out of phase with respect to time. The antinodes are also 180° apart in azimuth for
the cos(2<|)) distortion. As the disturbance is propagating downstream, the jet moves back
and forth along the major axis. When the velocity field is averaged over time to get the
mean flow component, the it radian phase shift in time is lost and the velocity field
appears to have two lobes, one at either end of the major axis.
The isosurfaces of figure 4-14 are drawn at the 0.9 Uj velocity level. The effect of
the flapping motion on the various velocity levels is shown in the (x,r) cross sections of
phase averaged velocity of figure 4-15. The sections were taken in planes 22.5° off of the
minor axis (figure 4-15a) and 22.5° off of the major axis (figure 4-15b). The plots were
generated at the same phase as shown in figure 4-14 and represent contours of <u> at
UlUj = 0.9,0.7, 0.5, and 0.3. The flapping motion of the inside of the shear layer is again
evident near both axes. The amplitude of the motion, however, is much higher near the
major axis. Looking back at figure 2-5b, which shows the forcing pattern used for the m
- ±1 data seen in figures 4-14 and 4-15, the amplitude of the flapping can be related
directly to the local forcing amplitude at the nozzle. The phase of the flapping can also
be correlated to the standing wave at the nozzle. In fact, it is the n radian phase shift
between azimuthal locations of similar thickness, which are located on opposite sides of
the diameter formed by the two nodal points of the standing wave at the nozzle, which

4 The data was actually taken 22.5° off of the major and minor axes and then inteipolated
to get the "measurement" on the axes. The point about local amplitude is valid, though.
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Figure 4-15

Contours of phase averaged velocity in space at a particular phase of the
forcing for the Uj = 16.0 m/s jet forced at 206 Hz with m = +1,-1 at a
particular phase of the forcing. Contour levels; 0.9Lf, 0.1 Uj, 0.5U,, 0.3(7,.
(a) (x,r) plane containing points near to the minor axis, (b) (x,r) plane
containing points near to the major axis.
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produces the flapping effect.
The flapping motion is most dramatic on the high speed side of the shear layer.
The reason for this is that the mode shapes of the forced waves have higher amplitude on
the high speed side of the shear layer than on the low speed side of the shear layer. In
figure 4-15, the outer contours are also flapping but with much smaller amplitude. The
difference in the amplitude of the distortion between the inside and the outside of the
shear layer compresses the velocity contour lines at one end of the major axis while the
velocity contour lines at the opposite end of the major axis expand. As the phase of the
forcing changes by it, the lopsided structure of the velocity contours flips to the opposite
end of the major axis. It is important to note that the disturbance is not rotating, rather
it is oscillating along the major axis of the mean flow distortion! Thus, at azimuthal
locations near to the major axis, the shape of the radial profile of streamwise velocity is
changing cyclically, and sometimes drastically, throughout each period of the forcing
frequency. The periodic variation of the slope should lead to secondary instabilities and
the generation of additional frequencies in the flow beyond those predicted by weakly
non-linear stability theory such as generated by the triad resonance.
An excellent way to characterize the large scale behavior is to look at vorticity.
The radial probe traverse is only equipped with single wire hot wire probes so the direct
measurement of vorticity, or even two components of velocity, is not possible. The <J>
component of the phase averaged vorticity can, however, be approximated from the single
wire data.
The <|) component of the phase averaged vorticity is
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<V

=

3<k>
dr

8<v>
dx

4-10

The radial derivative of the streamwise phase averaged velocity can be calculated directly
from data. Since the axisymmetric jet is a boundary layer type flow, variations in the x
direction should occur much more slowly than variations in the radial direction. The
second term on the right hand side of equation 4-10 should be negligible in comparison
to the radial derivative of the streamwise velocity so that

The validity of the approximation in equation 4-11 may be tested by comparing
it with an exact calculation of the <)) component of vorticity. This is accomplished using
the phase averaged continuity equation,
8<u>

dx

1 d<v>
--------r dr

+

d<w>
------6$

A

= 0

4-12

where v and w are the radial and azimuthal components of velocity, respectively. At
points of lateral symmetry in the flow field, such as the ends of the major and minor axes
in the cos(2<j>) distorted jet and the comers and the midpoint of the sides in the cos(4<J))
distorted jet,

4-13
Rearranging equation 4-12 and integrating with respect to the radial coordinate,
F

4-14
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Substituting equation 4-14 into equation 4-10,
W

= _
4

dr

_ I f r '& M d r '
r { dx2

4-15

and the <|> component of vorticity can be calculated from stream wise velocity data of
sufficient spatial density to reliably recover two derivatives with respect to the axial
coordinate. It is a well known fact that numerical derivatives tend to produce oscillations
so a 5 point smoothing algorithm was applied to the derivatives. As expected from the
boundary layer nature of the flow, the second term on the right hand side of equation
4-15 was less than 10% of <m^>. Thus, it is reasonable to make the boundary layer
assumption and use equation 4-11 to represent the gross features of <(0<jt>.
Cross sections of <(0^> are shown in figure 4-16 for the m = ±1 forced jet. The
(x,r) sections .are in the same planes as seen in figure 4-15 for the phase averaged
velocity. The phase of the forcing cycle is the same as in figure 4-15. Near to the minor
axis, figure 4-16a, the vorticity sheet shows signs of rolling up into discrete vortices but
the process is not quick enough to finish before the coherent large scale structures have
dissipated. The peaks in the vorticity are being depleted by two mechanisms. One is the
decay of the large scale structures, which become neutral at a fairly low x/D location
because of the high initial amplitude of the forcing signals. As the coherent velocity
decays, so must the coherent vorticity decay. Second, the shear layer begins to spread
more rapidly downstream of x/D = 0.5. By Helmholtz’s second law, the circulation is
constant (neglecting the viscous dissipation) in a stream tube. Thus the magnitude of the
vorticity is decreasing because the stream tube gets thicker as the shear layer gets spreads.
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r/D

Figure 4-16

r/D

Contours of <(0+> in space at a particular phase of the forcing for the
Uj = 16.0 m/s jet forced at 206 Hz with m = +1,-1 at a particular phase of
the forcing. Contour levels; 25.0/s, 50.0/s, 75.0/s, 100.0/s, 125.0/s. (a) (x,r)
plane containing points near to the minor axis, (b) (x,r) plane containing
points near to the major axis.
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The vorticity also has the 180° phase shift across the jet seen in the phase
averaged velocity contours of figure 4-16. Near to the major axis, the vorticity rolls up
and forms discrete, vortical cores. The 180° phase shift between the two sides of the jet
is again apparent. Comparing figures 4-15 and 4-16, it is not surprising to find that the
tendency of the vortex sheet to roll up is stronger in the thicker regions of the flow,
which are closer to the major axis. Given that the vorticity is dominated by the radial
derivative of the streamwise velocity it is also not surprising that the vorticity peaks
correspond to locations where the velocity contours have been compressed by the flapping
motion.
The 180° phase shift in the vorticity across the jet is distinctly different from the
vorticity patterns in a jet emanating from an elliptical nozzle. Flow visualization in an
elliptical jet, (Ho and Gutmark, 1987) shows that, in the initial stages of the jet
development, an elliptical vortex ring separates from the nozzle lip and propagates
downstream. Near to the nozzle exit plane, the vortex ring is contained in a plane which
is parallel to the nozzle exit plane. The initial vorticity is symmetric about both the major
axis and the minor axis. As the vortex ring moves downstream, the azimuthal variation
in the curvature of the vortex produces an azimuthal variation of the velocity induced by
the vortex. The result is that the minor axis of the ellipse is pushed downstream faster
than the ends of the major axis of the ellipse. Even though the elliptical vortex ring is no
longer confined to a plane parallel to the nozzle exit, it is still symmetric about the two
axes.
From the above symmetry considerations the m = ±1 forced jet must differ in the
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vorticity field from a true elliptical jet. To get a better picture of the vorticity, the shear
layer was cut along the major axis and "unwrapped". The vorticity, as approximated by
equation 4-11, was calculated for the eight hot wire probes and contours of vorticity were
plotted in (x,r) space in figure 4-17. For each azimuthal location in figure 4-17, the high
speed side of the shear layer is on the right hand side. The solid lines were added to the
plot to emphasize the phase advance with azimuthal angle. One end of the major axis is
located in the center of the plot. The two ends of the minor axis are also marked. Clearly,
the vorticity at either end of the minor axis is in phase and the vorticity is symmetric
about the major axis. The vorticity has already been shown to be n radians out of phase
on the major axis and this is again apparent in figure 4-17.
Moving in the azimuthal direction, the phase of the vorticity advances 0.5
streamwise wavelengths as the azimuthal position changes from one end of the major axis
to the other end of the major axis moving in the clockwise direction, as appropriate for
a mode 1 disturbance. Another disturbance, the mode -1 wave, can be seen moving in the
counter-clockwise direction. The vorticity is more intense near to the major axis than near
to the minor axis. The peak in the vorticity should occur at the ends of the major axis
where the two helical disturbances intersect. As a result, the vorticity roll up occurs
sooner at the ends of the major axis rolls than at the ends of the minor axis. The earlier
roll up and higher disturbance amplitude are accompanied by increased spreading of the
mean flow on the major axis.
Other non-axisymmetric nozzle shapes, such as a square or a triangle, have similar
vortex behavior to the elliptical nozzles. Flow visualization using planar laser induced
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fluorescence by Gutmark, et. al. (1987) demonstrated that both the square and triangular
jets also are subject to a form of axis switching where the comers and sides of the jet
swap azimuthal positions as the jet moves downstream. The position change of the
comers of the square jet can be explained by the vortex induction arguments invoked by
Ho and Gutmark (1987) for the axis switching of the elliptical jet.
Not surprisingly, the cos(4<J)) distortion of the axisymmetric jet does not switch
comers and sides as it propagates downstream. The <0)*> component of the vorticity for
the m = ±2 forced jet is shown in figure 4-18. As in figure 4-17, the contours of <co^>
were calculated for # = 0.2T and the jet was "unwrapped" by cutting the data between a
comer and a side of the cos(4<|>) distortion. Adjacent azimuthal positions alternate between
the comers and sides of the distortion. The high speed side of the shear layer is to the
right side of each contour. The azimuthal phase advance of the double helical vortices is
less obvious than the helical structure for the m = ±1 forced jet since the vortices on the
comers of the distortion are in the process of pairing. In one case, however, a solid line
was added to the figure 4-18 to show the azimuthal phase advance of the double helical
waves. An advance of one half of the streamwise wavelength occurs over 90° in azimuth
as appropriate to a m = +2 or m = -2 disturbance.
The large scale behavior of the flow is governed by the structure of the two
vortices. Since the shear layer responds to the local forcing parameters, the two helical
disturbances propagate downstream more or less independently of each other over most
of the flow. Every 180° in azimuth, however, the two waves intersect and the shear layer
is subjected to significantly higher local amplitudes. The response of the shear layer to
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a vortex intersection is to spread more quickly. The increased spreading rate results in a
shorter streamwise distance to the first rollup in the vorticity (figures 4-17 and 4-18). If
the spreading is severe enough, vorticity cores which exist after the rollup may even
locally pair before the large coherent structures dissipate. The flapping of the large scales
occurs because as the two vortices are traversed 180° in azimuth they are also convecting
downstream. Thus, the vortex intersections which characterize the location of the major
axis occur every half wavelength of the forced waves and on opposite sides of the jet.
Since the two intersecting vortices are not coplanar, the region where the vortices cross
should be subject to increased turbulence levels. This will be discussed in the next
chapter.

4.4

Secondary Instabilities.
The flapping of the jet along the major axis was seen to create periodic

fluctuations in the inflection of the phase averaged radial profiles of streamwise mean
velocity (figure 4-15). When a vortex pairing occurs, as on the comers of the cos(4<j>)
distorted jet, the multiple peaks in the vorticity are associated with multiple inflection
points in the radial profile of the phase averaged velocity. It is thus very likely that
additional inviscid instabilities beyond the primary linear instability will exist locally in
the distorted jet.
For some time, the term secondary (or sometimes tertiary) instability was used to
refer to any instability which occurred after the primary linear instability had been
identified. Recently, however, a formal secondary instability model has developed which
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applies a linear stability analysis to a flow with an oscillating component. The transverse
profile of <u(y,%)> in a forced boundary layer flow, for instance, was analyzed by Herbert
(1984) using Roquet theory with the result that the 2D subharmonic of the forced wave
was unstable. The secondary stability analysis also predicted the existence of oblique
instabilities. A formal secondary stability analysis of the radial profiles of streamwise
velocity in the jet, <u(r,x)>, might be beneficial as well. A full implementation of the
formal secondary instability theory is beyond the scope of this work but some comments
toward secondary instabilities, particularly in the older and broader sense of the term, can
be made.
The variation of the radial profiles with the phase of the forcing frequency is
shown in figures 4-19 and 4-20. Radial profiles of <u> are presented at five different
phases over one period of the forcing frequency in a cross section on a side (figure 4-19)
and on a comer (figure 4-20) of the cos(4(J)) distortion of the jet. The first and second
derivatives with respect to the radius are shown next to the corresponding radial profiles.
The derivatives were calculated from an analytic profile based on Chebyshev polynomials
fit to the velocity data in the shear layer. All of the profiles in figure 4-19 have a single
inflection point. Both the radial location of the inflection point and the magnitude of the
slope change throughout the forcing cycle.
The profiles on the comer (figure 4-20a) of the jet have the same oscillatory
behavior but a distorted shape. A plateau region has developed in the center of the shear
layer where the velocity is nearly constant over approximately one quarter of the shear
layer. The significance of the plateau is best seen in the accompanying derivative of
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Radial profiles of streamwise phase averaged velocity, <u{r,i)> (0), and
first (long dash) and second (short dash) derivatives at five different phases
of the forcing frequency on a side of the cos(4<|)) distortion. x/D = 1.0.
Uj = 16.0 m/s forced at 206 Hz with m = +2,-2. (a) O = 0.07. (b) d> = 0.27.
(c) <J> = 0.47. (d) O = 0.67. (e) 0 = 0.87.
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Figure 4-20

Radial profiles of streamwise phase averaged velocity, <u(r,t)> (0), and
first (long dash) and second (short dash) derivatives at five different phases
of the forcing frequency on a comer of the cos(4(J)) distortion. xlD = 1.0.
Uj = 16.0 m/s forced at 206 Hz with m - +2,-2. (a) d> = 0.07. (b) d> = 0.27.
(c) 0 = 0.47. (d) 0 = 0.67. (e) 0 = 0.87.
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figure 4-20b. Instead of the single inflection point of the profiles on the side of the jet,
the velocity profiles have three inflection points. Since an inflection point is a necessary
criterion for inviscid instability (Drazin and Reid, 1987), the profiles on the comer may
have significantly different stability characteristics.
Clearly, the flow stability will be very different between the sides and the comers
of the distorted jet. Although a complete secondary stability analysis will not be
performed, the inviscid linear stability of representative velocity profiles is still useful.
While the Chebyshev polynomials match the shape of the velocity profiles quite well in
the shear layer, the agreement deteriorates drastically outside of the shear layer. Thus, a
different analytical form of the velocity was chosen. The profiles on the side of the
cos(4<j)) distorted jet (figure 4-19) are all similar to the classic hyperbolic tangent profile
so that.

4-16
where

4-17
and t0 is a specific phase of the forcing. The parameter B controls the thickness of the
profile and is usually determined by matching the momentum thickness of the analytic
profile to the calculated momentum thickness of the measured profile. The sides of the
jet were represented by a hyperbolic tangent profile with B chosen to match the 0O1 of
the mean velocity profile corresponding to figure 4-19. The resulting analytic profile,
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Figure 4-21

Analytic mean velocity profiles (solid line) and first (short dash) and
second (long dash) derivatives, (a) Hyperbolic tangent, B = 2.23. (b)
Modified hyperbolic tangent, B = 2.72, C, = 0.00, C2 = 0.50.
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along with the first and second derivatives, are shown in figure 4-2la.
Even for relatively undisturbed velocity profiles the hyperbolic tangent profile is
usually modified to include symmetric and antisymmetric corrections. One form of
modified hyperbolic tangent profile which has been used successfully for an excited
axisymmetric jet (Cohen and Wygnanski)

(«( >To)) _
Uj

+ C1tanh2(0sech2( 0 + C2tanh(Os©eh4(Q 4-18
2

where % is defined in equation 4-17. The analytic profile of equation 4-18 is typically
matched to experimental data with a least square fit for the values of B, Cv and C2 with
the result that Q and C2 are usually less than 0.1. When Cl and C2 are larger, say 0.5, the
small corrections become large distortions of the velocity profile. Specifically, when
Cj = 0.0 and C2 = 0.5 the analytic profile exhibits a plateau region similar to that seen
in the measured profiles of figure 4-20. The analytic profile shown in figure 4-21b was
chosen to represent the velocity profiles on the comers of the jet. The value of B was
chosen to match the 9 values for the profile shown in figure 4-2la. The 0’s were matched
to facilitate the comparison of stability characteristics between the two representative
profiles. A comparison of the stability eigenfunctions to measured data, which would
require the use of the appropriate local 0.
The stability of the profile in figure 4-2la is well known (Michalke and Hermann,
1982; Cohen and Wygnanski, 1987) and the calculations were repeated and are shown in
figure 4-22a and figure 4-22b. The single inflection point corresponds to a single mode
of instability. The axisymmetric and single helical waves are amplified for Strouhal
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Stability characteristics of analytic profiles of figure 4-21. Hyperbolic
tangent: (a) amplification rate; (b) phase speed. Modified hyperbolic
tangent: (c) amplification rate; (b) phase speed, (solid line), m = 0; (short
dash), m = 1; (medium dash), m = 2\ (long dash), m = 4.
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numbers, based on 0, less than 0.3. The amplification rates of the m = 0 and m = 1 waves
are nearly identical but the higher azimuthal modes are less amplified and are unstable
over smaller ranges of the Strouhal number. Note that the m - A wave was barely
amplified at all for the profile of figure 4-21a. The phase speeds, P/oc*, of the different
modes are non-dispersive only over a small range of Strouhal number. The above results
are essentially identical with those of Cohen and Wygnanski.
Rayleigh’s inflection point criterion (Drazin and Reid, 1987) allows for the
existence of three modes of instability for the plateau profile of figure 4-21b. A more
restrictive necessary condition for inviscid instability is provided by Fjortoft’s theorem
(Drazin and Reid, 1987)which states that
u ' ^ u - U) <Q
somewhere in the flow, where Us is the velocity at the inflection point. Considering the
profile of figure. 4-2 lb as three separate shear layers, one for each inflection point,
Fjortoft’s theorem allows for unstable modes associated with the inner and outer inflection
points but not with the middle inflection point. Note that if the plateau in the center of
the shear layer were to become more severe and develop a small region of positive slope,
then Fjortoft’s theorem would be satisfied and a third instability mode might appear.
The inviscid, linear stability of the plateau profile (figures 4-22c and 4-22d) is
drastically different from that of the hyperbolic tangent profile. Two modes of instability
were found. One mode has amplification curves similar shape to those of the hyperbolic
tangent stability mode but with unstable frequencies up to 5re = 0.37. The various
azimuthal modes are non-dispersive, with a phase speed of 0.33

over a slightly larger
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range than for the hyperbolic tangent profile as well. The second mode has approximately
the same peak amplification rate as the instability for the hyperbolic tangent profile but
a much larger range of unstable frequencies, extending out to Ste ~ 0.85. The unstable
waves are non-dispersive, with a phase speed of 0J2U j, over almost 80% of this range,
allowing for a very large set of possible resonant interactions between various frequencies
and various modes. Note that the decrease in amplification rate with increasing azimuthal
mode number is much less severe for both stability modes of the plateau profile in figure
4-2 lb.
The above analysis is somewhat outside the bounds of accepted theory. To begin
with, Rayleigh’s inflection point criterion and Fjortoft’s theorem have only been proved
for temporally evolving instabilities. The application of the aforementioned theories to
spatially evolving flows is, however, common practice. Second, the profiles should be
analyzed with a secondary stability theory since they are oscillating in time. The simple
analysis above is still useful since the shape of the profile does not change drastically,
although the location of the plateau does oscillate radially during each period of the
forcing wave. Since the radial locations of the inflection points are moving slightly but
the number of inflection points is constant, consideration of the oscillating profile might
only lead to a slight variation of the phase speed. Clearly though, the stability
characteristics will be altered towards higher frequency and more unstable waves. The
vastly increased number of possible resonant interactions should lead to a broader
spectrum of frequencies and modes in the shear layer.
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CHAPTER S

M ODULATION OF THE SM ALL SCALE FLUCTUATIO NS

5.1
In the previous two chapters, a triad resonance was exploited to azimuthally
modify both the mean flow field and the phase averaged flow field of an axisymmetric
shear layer. Many engineering applications, however, are more concerned with the small
scale, turbulent fluctuations which lead to improved mixing of different species bordering
the shear layer. In addition, consideration of the small scale turbulence in relation to the
wave stress provides an explanation for the mean flow behavior in the plateau regions of
figure 3-5.
As mentioned in chapter 2, the first order statistics contain no information about
the small scale activity. Moving to the second order statistics, the phase averaged
covariance of equation 2-6, which is repeated here as equation 5-1,
((ui
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contains contributions from both the large scale waves and the small scale fluctuations.
The time average of the right hand side of equation 5-1,
[(«, - %

- Up] = [ufi^ + [uiuj]

§-2

is equivalent to the T component of the Reynolds stress tensor. The spatial derivative
y
of equation 5-2 is equivalent to the right hand side of equation 3-18, which is discussed
with respect to controlling the rotation of the mean flow distortion.
In the discussion of the controlled rotation of the jet distortion (section 3.3), the
turbulent stress, [ujuj] >was assumed to be negligible in comparison to the wave stress,
[ufij] • Contours of the wave stress and the total stress are compared in figure 5-1 for the
forced jet with m = ±2 and StD = 0.65 at

= 5 X 104. The contour interval was

equivalent to 0.003617/. The cross sections were taken at x!D - 0.5, 1.0, 1.5, and 2.0.
The wave stress and total stress were both modulated in azimuthal angle and the
dominant peaks occurred at azimuthal locations which develop into the sides of the square
distortion. The cos(4<|)) azimuthal modulation in the total stress is dominated by the wave
stress near the nozzle exit (figures 5-la and 5-lb). The plateau region for the cos(4<|))
distortion (see figure 3-5) occurs from x!D = 1.0 (figures 5-lc and 5-ld) and x!D = 1.5
(figures 5-le and 5-If). The wave stress contribution is superposed onto an unmodulated
pedestal of small scale activity. At x!D = 2.0, however, the mean flow has taken on a
square cross-section. The pedestal, which is independent of time, takes on a cos(4<J>)
modulation as well and thus remains homogeneously distributed across the shear layer.
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(a)

(b)

Figure 5-1

Spatial development of contours of the wave stress.
(a,c,e,g) and the
total stress (b,d,f,h) at four streamwise locations. The contour interval is
0.0036£/y2. The mean velocity contours at the inner, 0.9(7,, and outer, 0.3(/y,
edges of the shear layer are shown as dashed lines. (a,b) x!D = 0.5. (c,d)
x/D = 1.0. (e,f) x/D = 1.5. (g,h) xlD = 2.0.
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Figure 5-1 (continued)
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The total stress is still strongly modulated even though the wave stress has nearly
vanished, implying that some of the small scales are also modulated in space. Simply
subtracting the wave stress from the total stress can not provide an answer as to what
fraction, if any, of the small scale fluctuations are modulated by the large scale distortions
because of phase and amplitude jitter in the large scale structures. A simple method for
minimizing the effect of jitter in the calculation of the total stress is presented next
A straightforward calculation of (u'-u1
) based on equation 4-1 is subject to jitter
B J
of the large scales in amplitude and phase. Assume for the moment that no small scale
fluctuations are present in the flow so that
u - U + u(t + T)

5-3

where T is the period of the oscillation. Now let the large scale structures in the flow be
subject to phase and amplitude jitter. If a large scale structure passes the measurement
point slightly out of phase from the ’average’ large scale structure or with slightly
different amplitude from the ’average’ large scale structure, the difference between the
real structure and the average structure will contribute to the calculation of the phase
averaged variance even though no small scales are present. Thus, jitter creates the
appearance of small scale fluctuations even though there are no small scale fluctuations
and hence no turbulent mixing. In a flow containing small scale fluctuations, the jitter
component of the phase averaged variance can be reduced by removing, via filtering, the
large scale structure prior to calculation of the variance.
An example of large scale jitter and the effect of high pass filtering on the
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calculation of variances is seen in figure 5-2a. The large scale motion, <u>, and the
standard deviation,

are plotted against the phase of the forced waves, T,

over two periods of the forcing frequency. Both curves are normalized by the maximum
value of <u>. The velocity signals were high pass filtered at the forcing frequency,
/ = 206 Hz, before the standard deviation was calculated. The peak value of

was

only slightly higher than the uniform background level and was slightly less than the peak
value of <u>. Clearly, any jitter in either phase or amplitude of the large scale structures
will make a significant contribution to the calculation of the variance.
When the velocity signal was filtered at four times the forcing frequency, figure
5-2b, the jitter contribution from the large scale motion was insignificant. Both signals
were now normalized by the maximum standard deviation. The remaining portion of the
large scale structure after filtering is small compared to the calculated standard deviation,
thus any phase jitter which is present in the large scale structure will have negligible
effect on the standard deviation. With the higher filtering level and the reduced effects
of the large scale jitter, the envelope of the small scale fluctuations is well defined and
is seen to be phase correlated with the large scale structure.
The above method of filtering before computing the variance utilizes an arbitrarily
selected value of the cut off frequency for the high pass filter. Any portion of the high
frequency fluctuations which is below the cut off frequency is removed along with the
large scale structure. The frequency spectrum is continuous so the cutoff between the
large and small scales is not always unambiguously defined. Thus, the amplitude of the

Figure 5-2

Signal processing technique used to demodulate the envelope of the small scale turbulence from the large
scale waves. The solid line is prefiltered and the dashed line is prefiltered standard deviation . Forcing is at
206 Hz. (a) Filtered at 206 Hz and normalized by <u>. (b) Filtered at 1648 Hz and normalized by <u’u’>.
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variance will vary somewhat with the choice of the cutoff frequency. Consequently, the
discussion of the quantitative measure of the amplitude of the small scales will be
avoided. The spatial distribution of the small scales, however, may still be legitimately
discussed.
The azimuthal modulation of small scale turbulence is examined at x!D = 2.0 in
figure 5-3 for the i?e = 5 X 104 jet. The jet was forced with m = ±2 at StD = 0.65. The
filtered, phase averaged variance (figure 5-3a), has four distinct peaks located in the
comers of the cos(4<j>) distorted jet. Note that the modulation of the small scale turbulence
is out of phase with the wave stress of figure 5-lg which has peaks along the eventual
sides of the square je t The x!D = 2.0 location is downstream of the plateau region in the
weighted volume flux of figure 3-5. In this region the shear layer has taken on a "square"
cross section rather than just a modulation of the shear layer thickness. The contours of
streamwise mean velocity are presented in figure 5-3b for reference.
Flow visualization using the schlieren technique described in section 2-2 was
performed on the m = ±2 forced jet and is presented in figure 5-3c. The Reynolds number
is much lower in the flow visualization experiment due to constraints of the schlieren
system but the initial disturbance wavelength, as characterized by StD, was nearly matched
with the data presented in figure 5-3b. The circular black spot in the center of the picture
corresponds to the jet nozzle. The density disturbance necessary for the schlieren
visualization was generated by a thin circular wire which was positioned just outside the
shear layer and heated electrically. The warm air near the wire was entrained into the
shear layer and marked only the shear layer rather than the entire jet column. The heated

Figure 5-3

Azimuthal distribution of the demodulated small scale turbulence stress, , for the
= 16 m/s forced with
m = ±2 at 206 Hz. (a) Contours of in jet cross section; maximum rms level is 0.0346/,. (b) Contours of mean
velocity at x!D = 2.0. (d) Figure 14c from Gutmark et. al. (1987). (d) Schlieren flow visualization of the jet
cross section.
4^
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wire was placed approximately at x!D = 2 to remove any streakline effects in the
downstream region of the jet.
The parallel beam of light used for the schlieren was oriented along the axis of the
jet and so the schlieren effect was integrated along the axis of the je t The integration was
limited to a region less than one diameter in length, however, since the small scale mixing
in the jet smoothed out the temperature fluctuations in the flow. The length of integration
was verified by looking at the side view of the jet under the same forcing conditions.
Figure 5-3c is an instantaneous snapshot of the flow field, rather than a phase averaged
picture, so that the large scale jitter did not disguise the true small scale modulation. Four
lobes of small scale activity are clearly visible in figure 5-3c.
Figure 5-3d is a reprint from Gutmark, et al (1987). The picture is a gray scale
image of the concentration of combustion products5 visualized using planar laser induced
fluorescence in a cross section of a jet issuing from a square nozzle with Re = 6.5 X 104.
Since the combustion product, and thus the reaction, was localized in space it can be
inferred that the most efficient mixing, and thus the small scale turbulence, must also
have been localized in space. The azimuthal structure of the small scale turbulence in the
jet issuing from a square nozzle (figure 5-3d) bears a strong resemblance to the azimuthal
structure of the small scales in the cos(4<|)) distorted jet issuing from an axisymmetric
nozzle (figure 5-3c).

5The combustion products are OH radicals from the combustion of propane.
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5,2

Temporal and Spatial Modulation off the Small Scale Fluctuations
The temporal modulation of the small scale turbulence is presented in figure 5-4.

The plots represent contours of the filtered, phase averaged variance of the streamwise
component of velocity in (r,x) space for azimuthal locations along the sides (figure 5-4a)
and the comers (figure 5-4b) of the cos(4(j)) distorted jet over two periods of the forcing
frequency. The streamwise location is x/D = 1.0, which corresponds approximately to the
location of the first roll up of the vorticity sheet (see figure 4-17). The peaks in the small
scale activity occur near the inside (high speed) edge of the shear layer. The shape of the
radial profile for the forced modes is such that the peak amplitude of the coherent
fluctuations are on the inside edge of the shear layer. It is thus not surprising to see
(figure 5-4) that the peak modulation of the small scale turbulence is also located on the
inside edge of the shear layer.
In both plots of figure 5-4 the peaks in turbulent intensity occur with the same
frequency as the observed large scale structures. The forcing frequency survives the
filtering process because the filtered, phase averaged variance is measuring6 that part of
the small scale turbulence which is modulated by the passage of the large scale structures.
In analogy to an amplitude modulated signal the modulated turbulence can be modelled
as
u'(t) = A[1 + Ssin(o)m?)]sin((oc?)

^ e

^

term in equation 5-1 includes the unmodulated turbulent stresses, which can be

recovered by subtracting modulated part out of the time average of (iijttj).

r/D

Figure 5-4

r/D

Temporal distribution of the demodulated small scale turbulent stress for the Uj = 16.0 m/s jet forced with
m = ±2 at 206 Hz. The contour interval is 0.0036£/y2 and the streamwise location is x/D = 1.0. (a) Cut through
sides of the jet. (b) Cut through comers of the jet
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where subscript c refers to the carrier wave and subscript m refers to the modulating wave
(i.e., the forced wave) and A and B are arbitrary amplitudes of the two waves. For
simplicity, only a single carrier wave is considered even though a band of high
frequencies are modulated by the forced waves. Expanding equation 5-3,
u'(t) = Asin(toc?) + ^ c o s [( o ) c - w jf] - ^

cos[(mc

+ to jfl

5-5

which, when high pass filtered at a frequency between the carrier and modulating
frequencies, retains the modulation frequency information in the side bands which are
away from the carrier frequency.
In chapter four the flow was frozen at a particular phase and the streamwise
development of both the phase averaged velocity, <u>, and the phase averaged <|>
component of vorticity, <a)^>, was shown. In figures 5-5 and 5-6, the small scale
turbulence measured by the filtered, phase averaged variance is correlated to the spatial
structure of the large scales. The vorticity was calculated as for figure 4-18 and contours
are plotted along with contours of the phase averaged velocity and the small scale
turbulence at a particular phase of the forcing. The contours are generated in (x,r) planes
which cut through comers (figure 5-5) and sides (figure 5-6) of the cos(4<J>) distorted jet.
The phase of figures 5-5 and 5-6, 0 = 0.27, corresponds with the phase of the vorticity
plot for the m = ±2 forced jet in figure 4-18.
Looking first at the diagonal cut through the comers of the cos(4<j)), the flapping
motion of the phase averaged velocity discussed in regard to the m = ±1 forced jet is now
seen to be symmetric about the comers of the cos(4<j)) distortion produced by m = ±2
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Figure 5-5
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r/D
Streamwise cut through the comers of the cos(44) distorted jet at a particular phase of the forcing for the
Uj = 16.0 m/s jet forced with m = ±2 at 206 Hz. (a) Contours of filtered variance with a contour interval of
0.0036(7/. (b) Contours of <u> with a contour interval of 0.2(/y starting at 0.3(7,. (c) Contours of <Cfy> with
a contour interval of 25.0/s.
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Figure 5-6
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Stream wise cut through the sides of the cos(4$) distorted jet at a particular phase of the forcing for the
Uj = 16.0 m/s jet forced with m = ±2 at 206 Hz. (a) Contours of filtered variance with a contour interval of
0.0036(7/. (b) Contours of <u> with a contour interval of 0.2(7; starting at 0.3(7;. (c) Contours of <o)+> with
a contour interval of 25.0/s.
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forcing. The symmetry is a result of the interaction of double helical vortices of opposite
sign. The vortices associated with the input velocity disturbances intersect every 90° in
azimuthal angle and

k

radians out of phase between adjacent intersections (see figure

4-18). Thus opposing comers (and opposing sides) are in phase and the flapping motion
of the phase averaged velocity is symmetric in nature. The vorticity rolls up and pairs
between x!D = 1 and x!D = 2.
In the region of the roll up, approximately x!D = 1.25, multiple peaks in the
vorticity occur and the velocity profile develops multiple inflection points. The peak in
the small scale amplitude occurs at the same x/D position as the multiple peaks in the
vorticity and with the accompanying inflections in the velocity profile. In the previous
chapter (section 4.4) it was shown that the multiple inflection points lead to multiple
inviscid instability modes and that waves with significantly higher frequencies could be
generated. The neutral Strouhal number, based on 0, of the high frequency stability mode
was approximately 0.85, which for the Uj = 16.0 m/s jet at x/D = 1.0 corresponds to about
750 Hz. The higher order azimuthal modes are nearly as unstable as the axisymmetric and
single helical modes and the range of possible resonant interactions between various
modes and frequencies is enormous. Thus, even though the maximum unstable frequency
based on the inviscid analysis of section 4.4 does predict phase coherent fluctuations
above the cut off frequency of the filtering, interactions between the unstable modes could
be responsible for the modulation of the high frequencies.
As the small scale intensity increases and shear layer spreads, the vorticity pairs
up and dissipates quickly. The decay in the peak values of the vorticity is a result of two
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processes. First, as the phase coherence of the large scale structures is washed out by the
more intense small scale turbulence near the comers of the distorted flow, the coherent
vorticity must also decrease. Second, since the circulation of the vortices is nearly
constant, the spreading of the flow requires that the vorticity decrease.
A lateral cut through the sides of the cos(4<j>) distortion is shown in figure 5-6.
Once again the (j) component of the coherent vorticity, <0)^>, and the phase averaged
streamwise component of velocity, <u>, are shown along with the filtered, phase averaged
variance, (%/%/). The vorticity roll up occurs over a longer streamwise extent and the
multiple peaks in the vorticity profile do not occur until after x/D = 1.5. The peaks are
not as pronounced as those which appear at the comers of the jet and so the variations
in the inflection for the radial profiles of velocity are less drastic, the profile variations
are still significant enough to alter the stability characteristics, however, since a peak in
the turbulence level is again found at the same streamwise position as the most severe
inflections of the radial profiles of velocity. This adds support to the theory that a
secondary instability is connected to the modulation of the small scale turbulence. The
maximum turbulence level is lower than the level seen on the comers of the distortion and
in fact two peaks of similar magnitude are seen in the small scales and the large scale
structure persist further downstream on the sides than on the comers.

5.3

Comparison to Non-axisymmetrk Nozzles.
In the cos(4<|)) distorted jet it was found that the development of both the large
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scales and the small scales differs with the azimuthal position. The comers of the
distortion spread more quickly than the sides. This is apparently due to the increased level
of small scale activity. The small scale activity in turn appears to be a result of the
secondary instabilities of the radial profiles of phase averaged velocity profiles. The
increased small scale activity in the comers dissipates the large scales more quickly than
on the sides. Simultaneously, the increased spreading on the comers leads to faster decay
of the amplitudes of the forced disturbances. The result is that even though the sides of
the cos(4<])) distortion are subject to lower initial forcing amplitudes than are found on the
comers of the distortion, the large scale structures persist farther downstream on the sides
than on the comers of the square pattern.
The azimuthal phase difference between the wave stress and the turbulent stress
provides a possible explanation for the loss of organized mean flow structure mentioned
in regard to figures 3-1 and 3-2. Near the nozzle exit (say at x/D = 0.5) the wave stress
is the dominant part of the total stress on the right hand side of equation 5-2. At this
location, the wave stress is concentrated in regions which eventually develop in to the
comers of the square jet. Near x/D = 1.0, two things occur. First, the enhanced small scale
activity in the comers of the jet leads local increases in the spreading rate of the jet and
the turbulent stress becomes a larger fraction of the total stress. Second, the increased
spreading rate in the comers of the jet dissipates the peak amplitudes of the large scale
waves which decay more quickly than the large scale waves on the sides. The result is
that the peaks in the wave stress shift from the comers to the sides of the distorted jet.
Moving farther downstream, beyond x!D = 2.0 for the cos (44) distorted jet, the
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large scale structures have decayed to a small fraction of their original amplitudes so the
wave stress is decreasing as a function of x while the turbulent stress, which has peaks
oriented in the comers of the jet (figure 5-3b), is now the dominant term of total stress.
The result is that the mean flow distortion, which must be accompanied by spatial
variations of the total stress, is well defined near the nozzle exit (x/D < 0.75) when the
wave stress is the dominant term and later (x/D > 1.5) when the turbulent stress is the
dominant term. In between, the irregular structure of the mean flow contours is a product
of the change in the azimuthal orientation of the wave stress and the competition between
the two components of the total stress which have different azimuthal alignments. The
process occurs over a different streamwise distance for the m = ±1 forced jet because of
the different amplification and shape of the forced modes for single helical modes as
opposed to double helical modes. Thus, the competition between the wave stress and the
turbulent stress occurs over a different region of the flow.
Jets issuing from non-axisymmetric nozzles are also typified by increased small
scale activity in the comers. While large coherent scales are generated on the flat sides
of a non-axisymmetric nozzle, Gutmark, et. al. found for triangular and square nozzles
that only small scales were generated in the comers. The generation of small scales was
attributed to the interaction of the strong coherent vortices on the sides when the vortices
intersected at the comers.
Similar arguments can be made for the distorted axisymmetric jet. The velocity
disturbance for each forced mode has an associated vorticity disturbance. For the two
forcing cases discussed in this research, the vortex disturbances are single or double
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helices of opposite sign. As the two disturbances propagate downstream they occasionally
intersect. Velocity fluctuations in the region of an intersection are highly three
dimensional since the vortex filaments are non-collinear. The three dimensional
fluctuations facilitate the transfer of energy to the higher frequencies which in turn
increase the local spreading rate. Thus, the comers of the distorted jet occur because of
the locally increased spreading at the azimuthal locations where the vortex filaments
intersect.
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CHAPTER 6

CONCLUSIONS

The nonlinear interaction of large scale structures can be used to exert significant
control over the development of the axisymmetric shear layer. Forcing a circular jet with
two different azimuthal modes of the same frequency distorts the mean flow into a nonaxisymmetric shape. In particular, the jet is distorted as the cosine of the difference of the
two mode numbers (Cohen and Wygnanski, 1987b). This prediction was based on a
parallel flow assumption. Since the amplitude of the forced modes, and thus the nonlinear
interaction, depends on the radial coordinate, the distortion has a radial phase variation.
It was seen (chapter 3) that the orientation of the inner contours of velocity changed as
the distortion developed in the streamwise direction. The shift in orientation can be
attributed to the divergence of the mean flow beyond %/D = 0.5. The slight divergence of
the flow causes the complex amplitude of the non-linear interaction wave to become a
function of x as well as r. In general, the phase of the complex amplitude function also
depends on both x and r, and thus the orientation of the mean flow distortion is also a
function of both x and r. The nonlinear amplitude function depends on the local amplitude
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of the large scale travelling waves in the flow, which are stronger on the high speed side
of the shear layer, and so the phase behavior of the triad resonance is more significant on
the inner contour levels.
Initially, the phase difference between the inner and outer contour levels resulted
in an azimuthal variation of the shear layer thickness. Samet and Petersen (1988) had
great success using the locally parallel model in the axisymmetric jet when the forcing
consisted of a single mode. Non-linearities were implicitly accounted for by using the
locally measured mean velocity profile. Carrying the locally parallel concept one step
further and looking at azimuthal positions with similar thickness, the region near the
nozzle exit scaled with the azimuthally local momentum thickness. Beyond jc/D = 0.5, the
nonlinear effects became more prominent so that, for instance, in the comers of the
cos(4<|>) distorted jet the flow field could no longer be considered locally linear. In fact,
i

the comers of the cos(4<j>) distortion deviate substantially from the classic hyperbolic
tangent profile. The radial profiles of streamwise mean velocity develop multiple
inflection points, particularly those profiles in the thicker regions of the shear layer.
Naturally, the variations in the shape of the radial profiles of velocity depend on
the azimuthal location. For the m = ±1 forcing, locations on the major axis of the cos(2(j))
distortion experience more severe distortions than locations on the minor axis with the
data blending smoothly between adjacent azimuthal locations. The magnitude of the
distortion is directly related to the local forcing amplitude at the nozzle exit, which
depends on the azimuthal coordinate due to the superposition of two opposite signed
azimuthal modes which have the same frequency. The distortion to the radial profiles of

163
streamwise mean velocity is more or less independent of Reynolds number since the shear
layer instabilities are primarily inviscid. The dependence of the distortions on the initial
forcing amplitude was minimized in these experiments since the initial amplitudes were
so high that the forced waves saturated very quickly, usually within the first 0.5D. The
distortion of the mean velocity profiles exhibits a strong dependence on the initial
wavelength of the forced disturbances. The distortions of the radial profiles of velocity
were quite drastic for the StD = 1.30 forcing case, in some instances resulting in multiple
maxima and minima in the radial profiles. Changing the jet Reynolds number while
holding the Strouhal number constant at StD = 0.65 had little or no effect on the
development of the mean flow distortion.
Since the second derivative of the radial profile of the streamwise mean velocity
enters directly into the solution of the stability equations, the number and severity of the
inflection points can have a significant impact on the stability of the flow field. An
inviscid, linear, spatial stability analysis showed that a second instability mode develops
in connection with the multi-inflection point velocity profiles in the comers of the cos(4<j>)
distortion. Two different instabilities exist: one with a range of amplified frequencies
similar to that of a hyperbolic tangent velocity profile but with stronger amplification
rates and one with amplification rates similar to those of hyperbolic tangent velocity
profile but a much larger range of unstable frequencies and azimuthal mode numbers. The
second mode is also non-dispersive for various azimuthal modes over approximately 80%
of the unstable frequency range. Thus, the inviscid instability of the disturbed velocity
profile provides a mechanism by which the coherent waves can be used to control the
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spatial behavior of the small scale fluctuations.
Both the cos(2<|)) and the cos(4<j)) distorted jets have significantly higher
entrainment than either the unforced or the axisymmetrically forced jet at the same
Reynolds number. The entrainment of the distorted jets was comparable to the
entrainment measured by Ho and Gutmark (1987) in a jet issuing from a 2:1 elliptical
nozzle at slightly higher Reynolds number. Since the distorted flows did not have the
variable vortex curvature of the elliptical jet, the vortex curvature arguments invoked by
Ho and Gutmark were not necessary for explaining enhanced entrainment.
Another feature of non-axisymmetric jets which is commonly attributed to the
effects of vortex curvature is axis switching. Not surprisingly, since vortex curvature is
small, no definite signs of axis switching were observed in the distorted mean flows. This
determination is not straightforward, however, as the inner and outer contours of
streamwise mean velocity have different initial orientation and shift in phase as the
disturbances propagate downstream. One measure of axis switching, say the streamwise
development of the half velocity points along the various axes in the non-axisymmetric
flow, may suggest that the axes do switch while another measure, say the streamwise
development of the momentum thickness, may suggest that the axes do not switch.
Therefore, when dealing with non-axisymmetric jet flows generated by distorting
axisymmetric jets care must be taken to consider the entire flow field and not just one
aspect of it.
The large scale structures in the distorted axisymmetric jet are quite different from
the large scale structures in jets issuing from non-axisymmetric nozzles. The jets issuing
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from non-axisymmetric nozzles generally are symmetric about the axes of the nozzle. The
phase averaged velocity in the distorted axisymmetric jets, however, tends to flap back
and forth in an anti-symmetric fashion about the axes defined by the nodal points in the
standing wave at the nozzle exit and thus generate the distortion. The difference in
behavior might depend on how the vorticity sheds from the nozzle lip. In studies of nonaxisymmetric nozzles, the jet is usually either unforced or forced with a plane disturbance
so that the vorticity is contained in a plane parallel to the nozzle exit just after being shed
from the nozzle lip. As the non-circular vortex "ring" propagates downstream, any
variations in its curvature, such as occur at the comers of a square jet, lead to azimuthal
variations in the induced velocity which cause further variations in the vortex curvature
and enhancement of the azimuthal variation of the induced velocity. This process
frequently leads to axis switching.
The azimuthal distortion of the axisymmetric jet, however, is accomplished by
forcing the jet with two modes, at least one of which must vary azimuthally, so that the
helical vortices are shed from the nozzle lip. The helical vortices convect downstream
with negligible interaction between each other until they intersect. Each intersection
creates a lobe in the cross-section of the streamwise mean velocity. The number and
location of the intersections depends on the specific azimuthal modes employed. If the jet
is forced with single helical modes of opposite sign and equal frequency, two intersections
occur per wavelength of the disturbance which are 180° out of phase in azimuth. As the
phase advances through tc radians the lobe appears to flip to the opposite of the jet. When
averaged over time the phase information is lost and both lobes appear in the mean flow

166
so that the jet is distorted into an elliptical shape.
The lobes in the flow are created because of locally increased small scale activity
which increases the spreading rate of the shear layer. Azimuthal positions that correspond
to nodal points of the forcing waves are essentially unforced since they are only affected
by the local forcing amplitude. The antinodes, on the other had, are subject to large
amplitude forcing and higher initial spreading rates than the nodes. The antinodes also
represent the azimuthal location of vortex filament intersections which aid in the
generation of small scales through three dimensional velocity fluctuations.
The mean flow distortion and the small scale fluctuations are both manipulated by
the large scale input waves. All three quantities are related through the triple
decomposition Reynolds averaged equations (equation 3-18). While the mean flow appears
to lose its organized deformation around one diameter downstream of the nozzle exit, the
confusion is actually brought about by a competition between the two components of the
Reynolds stress; the wave stress and the turbulent stress. Initially, the wave stress
dominates the total stress, which balances the mean flow distortion in the mean
momentum equation. As the wave stress decays and the turbulent stress grows, the shift
in azimuthal orientation of the wave stress orientation of the mean flow distortion
becomes muddled. Once the wave stress has dissipated the mean flow distortion is
determined by the orientation of the modulated turbulent stress, which has peak locations
at the antinodes of the forcing waves. Thus, the original orientation of the mean flow
distortion reappears towards the end of the potential core.
In conclusion, controlled interaction of large scale modes in an axisymmetric jet
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can have significant effects on the mean flow, the large scales, and the small turbulent
scales. The mean flow distortion can be specified by selecting the proper mode numbers
for the large scale waves. The distorted mean flows are particularly intriguing since they
reproduce to a degree some of the results of non-axisymmetric nozzles like local increases
in the small scale activity and enhanced entrainment over axisymmetric jets. The small
scale activity and the enhanced entrainment are particularly useful in mixing and
combustion problems. Additional large scale structures can be induced in the flow through
the use of triad resonances. The small scale fluctuations are modulated in both space and
time by the large scale fluctuations so that by proper choice of the input disturbances
enhanced small scale activity can be placed at various azimuthal orientations.
While some interesting results have been presented here, particularly with respect
to the mean flow distortion and the resulting control of the small scale structures,
numerous avenues are available for further work. From a strictly experimental standpoint,
the measurements were somewhat limited by the azimuthal resolution of both the speakers
and the hot wire probes. The competition between the large scale stresses and the small
scale stresses creates a situation where mode 8 (for the cos(4<j>) distortion) may dominate
the mean flow. The eight hot wire probes can only resolve U < 4 and thus are unable
to accurately determine the mean flow structure in the plateau region of the cds(4<|))
distortion.
The measurement of the small scale turbulence with the filtering method was
somewhat arbitrary. A more refined method of calculating the phase averaged variance
might allow the discussion of the small scale amplitude as well as the spatial structure.
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All of the measurements reported here were taken with single wire probes and thus were
limited to a single component of the velocity. The use of multi-wire probes to measure
multiple components of velocity combined with an improved method of measuring the
small scale turbulence could provide a great deal of information regarding the flow of
energy between the various components and scales of the velocity field.
The weakly non-linear theory of Cohen and Wygnanski was restricted to parallel
flow. At the Reynolds numbers used in this research, however, the jet starts to spread
fairly early in its development. The spreading is partially responsible for the rotation of
the mean flow contours with downstream distance as well as for the dissipation of the
vorticity. Since the non-linear interaction is clearly effected by the jet spreading, the
application of the slightly diverging approximation to the theory of Cohen and
Wygnanski should improve the predictive capabilities of the theory.
The stability of the flow is altered drastically by the mean flow distortion. The
changes in the stability have only been presented for representative analytic velocity
profiles. The importance of the additional instability modes could be better analyzed if
suitable analytic profiles could be matched to the existing velocity data. In addition, the
stability analysis was presented without any consideration to the temporal behavior of the
profiles. The proper method for analyzing the stability of an oscillating flow requires the
use of Roquet theory. The formal secondary instability theory, though, has yet to be
applied to the axisymmetric jet in cases where the flow distortion is minimal, so there is
much work to be done before the theory is used for the highly distorted jet which was
investigated here.
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Finally, only one special case of the triad resonance conditions was considered;
forcing two waves of opposite signed mode number and equal frequency. Many other
combinations can used as well. Forcing with two axisymmetric modes, frequently with
a subharmonic-fundamental frequency relationship, has been studied extensively. Using
two waves with different azimuthal mode numbers and different frequencies has received
very little attention, however. General interactions of this sort could very well be very
important in the enhanced generation of small scale activity near the comers of the
cos(4<|)) distortion where the stability characteristics have been modified so that the shear
layer is locally unstable and non-dispersive over a wide range of frequencies and
azimuthal mode numbers.
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