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ABSTRACT

This study presents structural identification techniques for dynamic modeling and 

simulation of flexible and rigid multibody systems. The aim of this study is to develop, 

based on experimentally obtained vibration data, more practical and suitable dynamic 

models of flexible bodies in multibody systems. Special attention is given to structural 

identification for extraction of correct modal data from available vibration data. The 

measured vibration data may be either a complete or an incomplete set.

In modal dynamics, modal data are primary known quantities that must be 

obtained either experimentally or analytically. In a multibody system, a flexible body 

may be connected to other bodies by springs and/or kinematic joints. However, for 

vibration measurements, the flexible body may be constrained differently than its actual 

conditions in the multibody system. Therefore, in order to apply the experimentally 

obtained modal data to the dynamic model, the measured vibration data must be properly 

identified. ~

Although recent research on the subject of flexible multibody dynamics has 

experienced a tremendous growth, most work in modeling a flexible body is based on the 

finite element method, where its application is limited to positive definite (adequately 

supported) flexible bodies. On the other hand, the study of semi-definite flexible bodies 

in multibody systems is still at a rudimentary stage. This study is focused on structural 

identification of semi-definite flexible bodies for multibody dynamic modeling.
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CHAPTER 1 

INTRODUCTION

1.1 Introductory Statements

Most mechanical systems with moving components such as automobiles, deployable 

spacecraft, and robots can be modeled as multibody systems. A multibody system, in 

general, consists of flexible or rigid bodies, kinematic joints, springs, dampers, and 

actuators. In designing such systems, computer simulations can provide necessary and 

important tools to inspect the dynamic behavior of the system being designed. The 

process of computer-aided analysis allows design engineers to observe the dynamic 

response of any given product and modify its design prior to actual production. 

Therefore, industries can dramatically reduce the design time and the cost associated with 

constructing prototypes and performing tests by utilizing the computer simulations in the 

design process [1].

In engineering fields, multibody dynamic analysis of mechanical systems has 

evolved dramatically over the years. During the past two decades, there have been many 

attempts to develop more accurate and more efficient methods for generating the 

equations of motion for complex mechanical systems. Most attempts have been initiated 

by advances in computer software and hardware as well as by advances in numerical 

methods [2]. Many different approaches have contributed to achieving the goal of a more 

efficient formulation describing the governing equations without losing any 

characteristics of the mechanical systems.
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In recent years researchers have been trying to develop efficient computer 

oriented methods to perform real-time simulation of multibody systems [3], Perhaps the 

main differences between existing methods for the dynamic analysis of mechanical 

systems lie in the formulation of the differential equations of motion and in the type of 

coordinates chosen to determine the position of every element in the system. Most 

currently developed methods, however, are not adequate or practical for efficient 

simulation of multibody systems, especially flexible multibody systems. Therefore, the 

demand for more realistic and powerful analytical tools is continued.

Today's advances in machine design require higher operation speeds and greater 

precision. To achieve these goals, a significant portion of mechanical engineering effort 

has been spent to develop more accurate, more powerful and more efficient analysis 

tools. During the last decade, although mathematical tools for analysis have experienced 

a tremendous growth, most research in multibody dynamics was based on the assumption 

that systems are composed of rigid bodies or that elastic deformation is insignificant. 

However, all mechanical systems are actually more or less flexible. Some multibody 

systems have been modeled successfully by using the rigid body assumption. However, 

in many situations, the rigid body dynamic modeling is not enough to predict a more 

accurate system response due to the flexibility effect of the deformable bodies.

Furthermore, with increasing usage of light-weight systems with high operation 

speeds, it is quite essential to understand the effects of the elastic behavior of flexible 

bodies in multibody systems. The effect of deformation is a serious problem when high 

precision, alignments, clearances, and interference become important factors. For these 

reasons, the study of flexible multibody dynamics has become a challenging research
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topic in recent years. As is stated in the following section, most studies on the dynamic 

modeling of flexible bodies in multibody systems are based on the finite element 

methodology [4]. Although it is well known that in the finite element formulation, the 

use of modal coordinates can reduce the number of integration variables, such approaches 

may not be adequate for complex flexible multibody dynamics.

As the modem technology is being developed, there are more demands for better 

and safer design. The automobile industry, for example, is seriously facing these 

demands due to keen competition in markets across the world. With the help of existing 

methodologies, now automobile engineers can have an advanced mathematical vehicle 

model for simulation purposes. For such a model, an engineer can select the necessary 

suspension models, advanced tire models, and the newest algorithm for integration 

variables. To make a more realistic model, the design engineer may finally choose a 

flexible body model representing the sprung mass of the vehicle. The actual sprung-mass 

includes chassis, doors, glasses, hood, transmission, engine, etc. In corporating the 

contribution of all these components in the flexible body model of the sprung-mass is not 

trivial task. As a matter of fact, existing methodologies are not sufficient or practical 

enough to accurately represent such a complex system.

Moreover, when utilizing experimental vibration data to generate a dynamic 

model, other problems must be faced. Such a problem is that flexible bodies are 

assembled to other bodies with various kinds of conditions. Therefore, in using these 

experimental data, many structural identification problems need to be solved. Especially, 

when a flexible body in a multibody system is categorized as a semidefinite system. This 

research presents some structural identification process of flexible bodies for multibody 

system dynamic modeling using vibration data.
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1.2 Literature Review

This section presents a literature review associated with multibody dynamics, structural 

identifications, and structural modifications. A brief review for the rigid and flexible 

multibody dynamics will be given. Detailed reviews will be found in Reference [4], This 

review section will mainly focus on the structural identifications and modifications.

In deriving dynamic equations, most researchers have used either Newtonian 

mechanics or Lagrangian dynamics [5]. In the Newtonian approach, Newton's second 

law is applied to describe the translational motion of a body. In addition, three moment 

equations, which are called Euler equations, are used for description of the rotational 

motion of the body [6]. On the other hand, the Lagrangian approach uses Lagrange's 

equations to formulate the dynamic equations. While the Newtonian mechanics uses 

vector quantities, Lagrangian dynamics uses scalar quantities such as kinetic energy, 

potential energy, and work done by external forces acting on a system. In the Lagrangian 

approach, the dynamic equations are written in terms of a set of generalized coordinates 

and corresponding generalized forces [7]. Another approach is Kane's method which is 

based on Lagrange's form of D'Alembert's principle. Kane's method uses a minimum 

number of generalized speeds. In this approach, the system equations provide the 

automatic elimination of the non-working internal constraint forces without the tedious 

calculation of derivatives [8].

Most previous studies on multi-rigid body dynamics can be categorized by two 

major approaches on the basis of coordinate selections: absolute (or Cartesian)
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coordinates and relative (or generalized) coordinates. In the first approach, the 

configuration of a system is described by a set of absolute coordinates. The translational 

positions and rotational coordinates (or angles) of the bodies in the system are identified 

by inertial reference coordinate frames [9-13]. The second approach is to use relative 

coordinates to formulate the equations of motion. This approach uses minimum number 

of generalized coordinates to describe the configuration of a system [14-17]. However, 

this method leads to a relatively complex formulation.

Another approach uses both coordinates to formulate the equations of motion for 

multibody systems. First, the equations of motion are derived in terms of the absolute 

coordinates. Then the absolute coordinates are replaced by relative joint coordinates 

through the use of a velocity transformation matrix [18-19]. By adapting the advantages 

of both methods, this combined approach generates an efficient set of equations of 

motion [20-22],

Instead of using the more classical set of translational and rotational coordinates, 

Garcia de Jalon [23] presents a non-conventional method for describing the configuration 

of a body in space using a set of dependent coordinates. This method uses a rudimentary 

idea that describes a body as a collection of points and vectors. Nikravesh [24] expands 

De Jalon's ideas and formulations for rigid body dynamics by applying the joint 

coordinate formulation. Based on this point-coordinate description, mass of a rigid body 

and applied loads are also distributed to the adjacent points. He shows that the process of 

combining the point-coordinate and the joint-coordinate techniques provides some 

interesting and computationally time saving features.
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In an actual design process, design engineers are interested in not only the 

dynamic history of the trajectories, velocities, and accelerations of interesting 

components, but also in the structural behavior of flexible bodies in the system. The use 

of flexible multibody systems can deal with both the gross reference motion of the system 

components and its structural deformations. In fact, several reviews [25-28] point out 

that the most popular procedure to represent the flexibility of a structure is the use of 

finite element method.

Song and Hang [28] (1980) suggested a finite element method that yields the 

coupled gross reference motion and elastic deformations by using reference frames fixed 

on flexible bodies. Sunada and Dubowsky [29] (1981) tried to take advantages of 

standard finite element programs. They generate the time-invariant matrices in a pre

processing by using commercial finite element codes and apply the modal superposition 

technique to reduce the number of elastic degrees of freedom. Later, Shabana and 

Wehage [30-31] (1983) presented a formulation to derive the equations of motion on the 

basis of an energy method. They used Cartesian coordinates to describe the reference 

rigid body motion and also used a set of generalized coordinates to describe the elastic 

deformations. To reduce the number of integration variables associated with the elastic 

deformations, substructuring technique and modal superposition method are utilized. 

This method is applied to the analysis of large scale vehicles.

Another area of research in flexible multibody systems is to allow large 

deformations with geometric nonlinearities as well as plastic deformations. Nikravesh 

and Ambrosio [32-33] (1992) developed a method for systematic formulation of 

equations of motion for rigid and flexible multibody systems. The method uses the joint 

coordinates for deriving the minimum number of equations of motion for rigid bodies.
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and employs the finite element method for flexible bodies. The developed rigid and 

flexible body formulation can be used to perform dynamic simulation in a variety of 

application: roll over and crash analyses of vehicles; space structure analyses.

The study on the structural identification was initiated by Archer in 1960. For the 

application of digital computers, Archer [34] (1960) presented a method of computation 

for stiffness matrix analysis. In the paper he discussed the formulation of the stiffness 

matrix for various types of structures. The method is adaptable to a systematic analysis 

of any structure that may be described as a composition of simple structural elements, 

such as beams and plates. After that. Archer [35-36] (1963-1965) attempted to improve 

the accuracy of the dynamic analysis by investigating the mass matrix. He reported that 

the natural frequencies obtained from a consistent mass matrix are upper bounds to the 

exact solution.

Przemieniecki [37] (1968) suggested a method for determination of frequencies 

and modes of unconstrained structures using experimental data of the constrained 

structures. Assuming an undamped free harmonic vibration, he extracted a general form 

of linear system equations for a free-free structure. When a complete set of vibration data 

of a constrained structure is given, he claimed that the derived equations could be used to 

determine the free-free vibration data for the unconstrained structure. However, his 

formulation first requires to determine the coefficients (or elements) of stiffness matrix 

related to the constraints from a series of static tests on the constrained structure. He also 

explains the experimental difficulties of determining mode shapes and frequencies for an 

unconstrained structure.
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Tong et al. [38] (1971) analytically investigate the rate of convergence of the 

mode shapes and frequencies by the finite element method using consistent and lumped 

mass formulations. They reported that a proper lumped mass formulation does not suffer 

any loss of rate of convergence with simple elements. However, they suggested that in 

the case of higher order differential equations, or when more complicated elements are 

used, a consistent mass formulation would provide a better rate of convergence.

Later, Hinton, Rock and Zienkiewicz [39] (1976) proposed a mass lumping 

scheme called HRZ lumping scheme. They discussed the general problem of mass 

lumping and related processes in the finite element method. They also reported that the 

use of consistent masses does not always lead to improved accuracy and it always 

involved additional computational work. They pointed out that in the mass lumping 

procedure, a positive definite matrix is essential in most problems. Moreover, Surana 

[40] (1978) presented a diagonal lumped mass formulation with non-zero inertia terms. 

He demonstrated the effect of coordinate transformation on the mass matrix. He showed 

that with some approximations, the mass matrix can be made diagonal without effecting 

the results appreciably.

In 1971, Berman and Flannelly [41] proposed a pseudo-inverse technique for 

identifying parameters in a linear, discrete model of a structure by using measured normal 

modes to modify an analytical model. The structure they considered had a relatively 

large number of points of interest but a relatively small number of identified modes. The 

analytical model which was introduced had fewer degrees of freedom (normal modes) 

than coordinates (points of interest). In the paper, they discussed the means of computing 

the effects of mass and stiffness changes on natural frequencies and normal modes. 

Later, Berman [42] (1975) extended the incomplete model method and used the extended
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method to obtain dynamic equations of motion of a helicopter transmission gearbox from 

shake test data. The paper demonstrated a simple and inexpensive procedure compared to 

the conventional finite element analysis.

Collins et al. [43] (1974) presented a statistical identification for systematically 

using experimental measurements of natural frequencies and mode shapes of a structure 

to modify mass and stiffness characteristics of a finite element model. Throughout the 

modification process, which does not require complete data, the finite element model 

remains consistent. Baruch and Bar-Itzhack [44] (1974) suggested a technique for 

optimal orthogonalization of measured modes. Baruch [45-48] (1978-1982) also 

proposed an optimization procedure to correct stiffness and flexibility matrices using 

vibration tests. Besides the authors already mentioned, Berman [49] (1979), Wei [50] 

(1980), and Kabe [51] (1985) also presented similar methods to correct the stiffness 

matrix based on experimental modal data.

Since then, most studies on structural identifications and modifications have been 

motivated by the need to improve the mass and stiffness matrices from an incomplete set 

of vibration test data. Most of the research has concentrated on updating or improving 

the corresponding finite element model by using experimental modal data.

Luk and Mitchell [52] (1981) investigated three approaches of modifying a 

structure analytically by using physical coordinates, modal coordinates, and a 

combination of both coordinates. Their structural modifications are based on the 

assumption that a mathematical model in the modal space is already obtained. By 

identifying the modal properties of individual modes, a mathematical model can be 

derived that can describe the dynamic characteristics of a structure in various vibration
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environments. They reported that the modifications made in modal coordinates model is 

the most efficient.

Caesar and Peter [53] (1987) presented two methods for direct updating of 

mathematical models based on modal test data. Both methods generate mass and 

stiffness matrices fitted exactly to the given modal test data. One method changes all 

coefficients of the mass with respect to the stiffness matrix and lessens the solution effort 

by eliminating the Lagrangian multipliers. The other method changes only those selected 

matrix coefficients requiring additional solutions for the numerical calculation of the 

Lagrangial multipliers.

Foster and Mottershead [54-55] (1990) proposed a method for improving finite 

element models by using experimental data. They used a least-squares technique to 

estimate the mass, stiffness, and damping parameters in the spatial model of a portal 

frame. Their method relies upon the availability of a reduced-order finite-element model 

which is improved by processing of incomplete experimental vibration measurements. 

They claimed that the approach is capable of correctly identifying the magnitude and 

location of an additional mass when attached to a leg of the portal frame. Mottershead 

[56] (1990) presented a general theory for the estimation of structural vibration 

parameters from incomplete test data.

Muscia [57] (1992) presented a method for calculating the mass and stiffness 

matrices of plane structures with or without a plane of symmetry. He attempted to 

identify the mass and stiffness matrices by using incomplete modal data. However, his 

procedure of computing requires the knowledge of half of the elastic modes of the system 

through modal testing. On the basis of the symmetry and orthogonality conditions of
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eigenmodes with respect to the mass and stiffness matrices, his formulation is completed 

for plane structures.

13 Objectives

This section presents the objectives of this dissertation. Since standard finite element 

techniques can handle structural deformation without rigid body motion, in this 

dissertation new methods of structural identification for dynamic modeling of flexible 

and rigid multibody systems are developed. The study on flexible bodies is based on the 

mode superposition methodology. Using modal data, an attempt is made to develop more 

practical and suitable flexible body models for multibody dynamic simulations. Special 

attention is given to structural identifications for the extraction of necessary nodal and/or 

modal data from the available vibration data. Finally the procedure is implemented in a 

computer code to perform simulations for complex flexible and rigid multibody systems.

Figure 1.1 shows a process from the experimental vibration data to the dynamic 

modeling and its simulation. Based on the available vibration data, the main part of the 

necessary structural identification is highlighted. As shown in the highlighted box, the 

structural identification consists of determination of mass distribution and nodal stiffness 

matrix, and correction of modal data. An alternate process, when we have both an 

analytical model and its experimental vibration data of a flexible body, is shown in Figure 

1.2. By evolving the analytical model correction techniques [45-56] with the measured 

vibration data, developed identification methodologies can be utilized for the flexible 

body dynamic modeling.
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Dynamic Simulation

Flexible-Rigid System Modeling:

Flexible Body Model 
Rigid Body Model

Vibration Measurements: 
Natural Frequencies 

and Mode Shapes

Experiment

a). Identifications of 
Full or Partial

Stiffness and Mass Matrices 
b). Modal Data Identifications 

Removing Effects of 
_________ Supports_________

Structural Identifications:

Figure 1.1 A process for dynamic modeling and simulation.
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Figure 1.2 An alternate modeling process with analytical model.
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1.4 Organization

Chapter 2 introduces the classification of flexible bodies and modal data. Also, this 

chapter explains the necessity of structural identification for multibody system dynamics, 

and it briefly compares the developed and the existing methods. Furthermore, the general 

relationships between nodal and modal quantities are reviewed. Subsequently, two 

methods for vibration data identification due to design change are presented in this 

chapter.

Chapter 3 presents methodologies to determine the constrained modal data— 

eigenvalues and corresponding mode shapes—by utilizing the modal data of the same 

unconstrained structure. To identify the necessary constrained modes, two cases of a 

complete set and an incomplete set of vibration data are studied. On the other hand, 

Chapter 4 presents several methods to determine the free-free modal data from the 

available vibration data for constrained structures. This chapter also considers two cases 

of a complete set and an incomplete set of vibration data.

In Chapter 5, the equations of motion for flexible and rigid multibody systems are 

presented. In this chapter, we first review the rigid body dynamics and then the flexible 

body dynamics. After that we derive the system equations for the combined rigid and 

flexible multibody systems. Also, the static equations and the linearization of the system 

equations are studied in this chapter.

Based on the available vibration data of a system. Chapter 6 presents methods for 

determination of mass distribution, determination of stiffness matrix, and identification of
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modal data of a flexible body in the system. Chapter 7 presents numerical examples and 

dynamic simulations that illustrate the developed methodologies and formulations. In 

this chapter, a Conceptual vehicle model with a flexible chassis is chosen as an example 

of a flexible and rigid multibody system. Two typical vehicle dynamic simulations, a 

sinusoidal depression simulation and an impulse steering simulation, are performed. 

Overall conclusions and some future work are provided in Chapter 8.
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CHAPTER 2

STRUCTURAL IDENTIFICATION  

BASED ON VIBRATION DATA

This chapter presents some introductory statements on multibody system dynamics, 

classification of flexible bodies and modal data, and the necessity of structural 

identification. A brief discussion on the existing and the developed methods is included. 

Fundamental relationships between nodal and modal quantities for structural identification 

are introduced. Two methods to compute the change in vibration characteristics due to 

design change by the use of the available vibration data are also presented.

2.1 Introductiom

A multibody mechanical system is defined as an assembly of rigid and/or flexible bodies 

interconnected by a set of kinematic joints. Figure 2.1 shows schematically a multibody 

system with one flexible body and several rigid bodies. The forces acting on the bodies 

may be externally applied to the individual bodies or they may be exerted on pair of bodies 

by force-elements such as springs, dampers and actuators.

The dynamics of a multibody mechanical system can be represented by a set of 

equations of motion. Usually, dynamic simulation of a multibody system requires the 

solution of the equations of motion with known initial conditions. Since it is not directly 

possible to obtain an analytical solution for the system equations, these equations are 

integrated numerically.
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Figure 2.1 A schematic representation of a rigid and flexible multibody system



30

In dynamic analysis of rigid multibody systems, numerical solution of the system 

equations of motion can be computationally time consuming due to the nonlinearities and 

the size Of system matrices. This problem is further magnified when one or more bodies in 

a multibody system are modeled as flexible. Since a flexible body is modeled through the 

use of finite element method, incorporating its nodal stiffness and mass matrices in the 

equations of motion leads to a large number of degrees-of-freedom. To overcome this 

problem, the modal superposition method is commonly used to reduce the number of 

coordinates of the flexible body. The necessary modal data can be extracted from the finite 

element model.

The above process is always possible as long as we have an analytical model which 

has the nodal mass and stiffness matrices as known quantities. In the case of an 

experimental approach, since these matrices may not be explicitly available, the problem 

becomes more complex. However, it is possible to identify the nodal mass and stiffness 

matrices from a set of experimental vibration data.

As stated in Chapter 1, the vibration analysis has been an essential step in mechanical 

system design. Through the use of vibration analysis, we obtain the modal data containing 

natural frequencies and corresponding eigenmode shapes. The boundary conditions for a 

flexible body, for under which the vibration measurements are obtained, may be different 

from the boundary conditions of that flexible body in its multibody setup. However, from 

the measured vibration data, we must obtain the necessary modal data for dynamic 

modeling of the flexible body in its multibody environment. Therefore, for the utilization 

of the experimental vibration data, some structural identification problems need to be 

solved. The following section will provide the necessary classification of flexible bodies 

and vibration data.
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2.1.1- Classification of Flexible Bodies and Modal Data

In general, flexible bodies in multibody systems can be categorized into three different 

groups. The first group contains flexible bodies that have typical structural boundary 

conditions. Therefore, any conventional approach may be used to obtain the necessary 

modal data by eliminating rows and columns associated with the boundary conditions from 

the structural dynamic equations. If all the rigid body degrees of freedom are properly 

eliminated, the reduced system will be positive definite—all of the eigenvalues will be non

zero.

The second group contains flexible bodies that have a maximum of six zero 

eigenvalues. This means that the flexible body has some rigid body degrees of freedom. 

These types of flexible bodies are classified as semidefinite systems [60]. Any floating 

body in space can be a good example of a semi-definite system. These flexible bodies 

generally undergo elastic deformation as well as rigid body motion. For these systems, we 

do not have any specific boundary condition to extract the modal data. As the results, the 

constructed equations of motion become singular.

The third group also contains the semidefinite systems, such as the flexible bar of a 

four-bar linkage, flexible rod of a crank-slider mechanism, and the chassis of an 

automobile supported by the suspension systems. These types of flexible bodies can also 

undergo elastic deformation as well as rigid body reference motions, but since these 

flexible bodies are constrained by moving kinematic joints, it is not possible to apply any 

standard boundary condition to extract modal data. Similar to the second group of flexible
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bodies, many difficulties for the dynamic modeling arise due to the singularity of the 

system.

On the basis of the applied boundary conditions, a set of vibration data may be 

classified into two groups—free-free modal data and constrained modal data. A set of free- 

free modal data is obtained from an unconstrained flexible body in space. On the other 

hand, a set of constrained modal data is obtained from a flexible body constrained by 

supporting springs and/or non-moving kinematic joints. Furthermore, the available modal 

data may be classified as a complete set containing all of the eigen data, or as an incomplete 

set which has fewer number of modes than the number of elastic degrees of freedom.

For modal data extraction, Appendix A presents a general scheme to obtain the 

modal data for semidefinte flexible bodies when we have an analytical model. Appendix 

B deals with the rigid-body modes and orthogonality relationships. The following section 

will introduce the necessity of structural identification for multibody dynamic modeling.

2.1.2 Necessity of S tructural Identification

The equations of motion for a flexible body within a multibody system can be described 

either in terms of the nodal or the modal coordinates. If the modal form of equations of 

motion is used, then there are several issues to be concerned about:

(a) Do the equations of motion require the mode shapes in free-free form 

or in constrained form?

(b) Are the modal data obtained from a finite element model or from laboratory or 

field experimentation?

(c) Are all (or only some) of the modal data available?
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If a finite element model representation of the flexible body is available, then its modal data 

can be extracted either in free-free form or in constrained form. However, as we stated in 

the previous section, a flexible body in a multibody environment has moving boundary 

conditions—the body is not free-free nor it has boundary conditions in the standard finite 

element sense. This issue has been discussed by many researchers during the past decade 

and various formulations have been suggested. Some formulations require the mode 

shapes to be obtained in a free-free state and some allow non-moving boundary conditions 

when the mode shapes are computed. Regardless of how the boundary conditions are 

described, some of these formulations can produce correct results only if all the modes are 

extracted and used in the model. If an incomplete set of modes is used, then the computed 

response can be far from being correct. This problem has led to the introduction of a 

variety of corrective techniques such as static mode correction.

The problem becomes even more complex if the modal data can only be obtained 

experimentally and not from a finite element model. In such cases usually only a few mode 

shapes associated with lower frequencies are obtained. Furthermore, if the multibody 

formulation requires the mode shapes to be obtained in a free-free state, it is obvious that in 

a laboratory setup, due to the presence of gravity, such experiments cannot be conducted. 

In a laboratory, the experiment is performed on a flexible body which is supported at some 

points either on springs or on kinematic joints.

The measured response represents the vibration characteristics of the constrained 

flexible body which is different from the actual flexible body with moving boundary 

conditions. Therefore, it is required to extract the necessary modal data from the available
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vibration data. The following section presents a short discussion on the existing and the 

developed methods.

2.1.3 Existing and Developed Methods

Most structural identification problems mainly deal with obtaining the mass and stiffness 

matrices based on an analytical model as reviewed in Chapter 1. Some recent studies in 

structural identification intend to update or improve the mass and stiffness matrices which 

are constructed from a crude finite element model of the structure. The updating processes 

use an incomplete set of vibration test data. Berman and Flannelly [41] presented a method 

for computing the effects of mass and stiffness changes on natural frequencies and normal 

modes. Their purpose was to also modify an analytical model identifying modal 

parameters by using measured vibration data.

An attempt to determine the vibration data of unconstrained structures, such as 

rockets and airplanes in flight, can be found in Reference [37]. In this reference, 

Frzemieniecki explains the difficulties of determining the free-free modal data for an 

unconstrained structure. He proposes an experimental approach for identifying modal data 

of a free-free structure using experimental data of the constrained structure. However, in 

order to apply this formulation, we need a full set of experimental vibration data. 

Furthermore, we must first determine the elements of some columns and rows of the 

stiffness matrix by a series of static tests on the constrained structure.

In order to overcome the drawbacks of the existing methods, analytical approaches 

are studied in this research. The essence of the developed methods is to obtain the 

necessary modal data from the available data without performing additional experiments.



35

These methods utilize either a complete set or an incomplete set of measured vibration data 

to determine the necessary modal data for a flexible body in a multibody system. In the 

next section, we review some of the basic relationships between some fundamental nodal 

and modal quantities.

2.2 General Relations Between Nodal and Modal Quantities

In this section we review some of the fundamental relationships in modal analysis. 

Consider a structure which is described in the finite element sense. For the structure we 

assume a nodal lumped mass matrix M, a nodal consistent stiffness matrix K, an 

eigenvalue matrix A, and a mode shape matrix VF. Furthermore, we assume that A and 

'P contain complete sets of modal data. Thus, these eigenvalue and modal matrices 

consisting of n eigenvalues and their associated modes, are represented as

A = diag[Xx, A2, •••, A„] (2.1)

and

¥  = [<F1, -P2, ¥„] (2.2)

Using the modal matrix (2.2), the generalized modal mass 

obtained as

and stiffness matrices

M = (2.3)

and

K = (2.4)

We also have
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A = M JK (2.5)

The inverse relationship to determine the nodal stiffness matrix is found from Eqs. (2.4) 

and (2.5) as

K = (tF7’)"1MATH

Using Eq. (2.3), this nodal stiffness matrix can also be written as 

K =  M'EA'F-1

(2 .6)

(2.7)

This computation of nodal stiffness matrix is always possible as long as we have a full set 

of modal data containing n natural frequencies and the associated eigenmode shapes. 

Postmultiplying Eq. (2.7) by 'EM"7 and utilizing Eq. (2.3), we have

KM-1(^ r)-1 = M'FAM-1 (2.8)

Postmultiplying Eq. (2.8) by 'Pr yields

KM-1 = MvFAM-lxFr (2.9)

In Eq. (2.9), the eigenvalue and modal mass matrices can be written as 

AM-1 = diag A. A  ... A
m, m2 m„

(2 . 10)
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where A, and m, are the z'th eigenvalue and the corresponding modal mass, respectively. 

Finally, postmultiplying Eq. (2.9) by M and using Eq. (2.10), the stiffness matrix 

representation of Eq. (2.9) can be equivalently expressed as

In this stiffness expression, if all the modes are available; i.e., if the number of modes is 

equal to the number of elastic degrees of freedom, then Eq. (2.11) is exact.

Although the stiffness matrix expression of Eq. (2.11) was derived under the 

assumption of a complete set of modal data, Eq. (2.11) can still be useful when we have an 

incomplete set of vibration data. For a truncated system having m number of modal data, 

the incomplete (or approximated) stiffness matrix can be expressed as

Equation (2.12) represents an incomplete stiffness matrix which is highly singular. Note 

that a complete stiffness matrix can be described by summation of the kept stiffness matrix 

K* due to the measured modes, and the residual stiffness matrix K / due to the neglected 

(or deleted) modes which are normally the higher mqdes [58]. Therefore, the residual 

stiffness matrix Kd can be given by ■

(2.11a)

or

(2.11b)

m ^
K* = Y

m  m,
(2 .12)
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K d = ^  (2.13)
i=m+l

By taking summation of Eqs. (2.12) and (2.13), we have a complete stiffness matrix as

K = K*+ K d (2.14)

From this equation it should be noted that a set of elastic modes can also be separated into 

the kept modes VP* and the deleted modes x¥ d. On the basis of Eq. (2.14) when we have 

an incomplete set of modal data, we can only determine the incomplete stiffness matrix K* 

from Eq. (2.11).

2.3 Mode IdemtiJKcaitioE Due to Design Change

This section presents two methods to compute the change in modal characteristics due to 

design changes by the use of an incomplete set of vibration data. In designing a mechanical 

system, the design engineer may change the design of a component by stiffening or by 

reducing the mass of a component. Due to the changes in mass and stiffness, the vibration 

characteristics will be altered. If the structural changes are relatively small compared to the 

original mass and stiffness, then the modified structure can be considered as a puterbation 

of the original structure. For such design modifications, it is possible to predict changes in 

the modal characteristics due to the changes in the mass and stiffness matrices.

For this identification, we assume that the vibration data (eigenvalues A and 

eigenmodes tP) of the original structure are available. We also assume that the mass and
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stiffness changes are known. Furthermore, we assume that the structural modification is 

between points that already exist in the representation of the original structure. Since the 

position of these points, the stiffness and the mass of the modified structure are known, a 

stiffness matrix and a mass matrix associated with the modification can be constructed 

explicitly. These matrices are denoted as AK and AM which have the same dimensions as 

the original structural stiffness and mass matrices. Note that only the entries of AK and 

AM corresponding to the rows and columns of the modified nodes may have nonzero 

values.

In structural dynamics, we can directly handle the mass changes by adding AM to 

the mass matrix M of the original structure. However, the stiffness changes due to 

structural modification can not be handled as directly as the mass changes.

2.3.1 Mentifflcatiomi in Physical Space

AS mentioned earlier, it is assumed that for the original structure M, A and Y are 

available. And for the modified structure AM and AK are also known. The objective is 

to determine A and 'F for the modified structure. In order to understand the problems 

associated with this identification, let us first assume that the available modal data for the 

original structure is complete. Thus, with a complete set of modal data, Eq. (2.11) yields a 

complete stiffness matrix K. Now we can extract the modal data for the modified structure 

from the modified mass matrix (M + AM) and the modified stiffness matrix (K + AK) 

directly.
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If the available modal data is an incomplete set, then Eq. (2.11) yields an incomplete 

stiffness matrix K*. It may appear at first that we could extract the modal data for the 

modified structure from (M +AM) and (K* + AK) matrices. However, since the 

dominant terms of K are missing in K \  even a small AK can easily have a greater 

magnimde than the elements of K*. Therefore, AK must be reasonably approximated for 

the modal data extraction of the modified structure. The following derivations for the 

approximation of the incomplete stiffness matrix will be made on the basis of Reference 

[41].

When we have an incomplete set of modal data for the original structure, the change 

in the stiffness matrix of the modified structure must be reflected as

(K + AK)* = K* + AK* (2.15)

In order to derive general relations for the above equation, Eq. (2.11) is expressed in

(2.16) 

(2.17)

Since TV's are linearly independent vectors and orthogonal to each other with respect to the 

mass matrix M, each can be determined from Eq. (2.16) as

a generalized form as

r ‘K =
i=i j=i

where

aij ir i f i - j

0 i f i * j
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atj = / m( m . (2.18)

From orthogonality condition of modal vectors with respect to the stiffness matrix K, we 

have

In Eq. (2.18), if 'P,. is an eigenvector of M *K, the numerator becomes zero except for 

i = j  and the expression for K becomes identical with Eq. (2.11). It is important to note 

that if the Y /s are not eigenvectors of M-1K, then there would be coupling terms in the

expression of Eq. (2.18). Therefore, if K +AK is expressed in terms of the eigenvectors 

of the original structure, then Eq. (2.16) is approximated as

if i = j  
if i * J

(2.19)

M-1(K +AK) =
i=V=i

(2 .20)

where

by = 'Pf (K + AK)'PJ. / m,.m ■ (2 .21)

Equation (2.19) leads to the simplification of the expression (2.21) as

(2 .22)

Substituting Eq. (2.22) in Eq. (2.20) for by and rearranging the terms yield
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('f'fAK'F,.)
mz.my

(2.23)

For an incomplete model, replacing the first term on the right-side of this equation by Eq. 

(2.12), and taking m incomplete set of modal data yield

(K + AK)*
/=1 y=l

('FfAK^.)
mfm;.

(2.24)

The second term of Eq. (2.24) can be utilized for the approximation of the stiffness change 

in Eq. (2.15) as

m m ('T'7’AKW )
AK* = -  - (2.25)

m m  m,m;

From Eqs. (2.12) and (2.25), we can now obtain the incomplete stiffness matrix of

the modified structure as expressed in Eq. (2.15). Finally, using the identified incomplete 

stiffness matrix (K* + AK*) and the mass matrix (M + AM), we can construct an

eigenvalue equation as

|(K* + AK*) -  A(M + AM)]1?  = 0 (2.26)

From this equation, we can determine an incomplete set of vibration data for the modified

structure.
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2.3.2 Idemtifflcaiticin in Modal Space

As an alternative approach, this section presents a scheme to obtain a set of modal data for a 

modified structure by the use of an incomplete set of vibration data from the original 

structure. For this case we also assume that we have the changes in the mass and stiffness 

matrices of a modified structure in explicit forms. The mode identification of an incomplete 

model will be made in a modal space.

As stated earlier, we cannot handle the effect of a change in the stiffness matrix as 

directly as the mass changes, since the dominant terms in the incomplete stiffness matrix, 

K \  are missing. Based on the assumption that the changes of stiffness and mass are 

relatively small compared to the original ones, we can consider the modified structure as a 

perturbation of the original structure. Therefore, the new modal vectors should be 

expressible as a linear combination of the columns of the modal vector matrix 'P of the 

original structure.

For the available modal data, we denote the eigenvalue and corresponding modal 

matrices as A, and tFI, respectively. The subscript stands for the current modal space, 

which is assumed for a free-free structure. In current modal space (I), we obtain an 

intermediate modal mass matrix as

Mc = tPIr (M + AM)xPI (2.27)

Since the available modes are orthogonal with respect to the mass matrix M, Eq. (2.3) 

yields
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(2.28) 

(2.29)

For an intermideate modal stiffness matrix, similarly, we have

KC= ¥ [ (K  + AK)1FI (2.30)

Since the available modes are also orthogonal with respect to the stiffness matrix K, using 

Eq. (2.4) leads

(2.31)

(2.32)

Now we have the corrected modal mass and stiffness matrices in the modal space (I). 

Using matrices (2.28) and (2.31), we can construct an eigenvalue equation in the modal 

space (I) as

K ^ K j+ Y f A K ^

where

MC= M I +'F[AMXPI

where

Mj = VF[MXFI

[KC-A M C] ¥ =  0 (2.33)

From this equation we extract a new set of modal data—eigenvalue matrix An and the 

corresponding modal matrix vPn/I. The subscript II stands for the second modal space. 

The new modal matrix xPn/I is a projection into the modal space (II) from the modal space
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(I). Therefore, the necessary transformation between the physical space and the modal 

space (II) is

(2.33)

The computed An and contain the vibration characteristics of the modified structure. 

Note that Tg is orthogonal through (M + AM) and (K + AK) of the modified stracture.

As we have observed, the identification process in modal space is much simpler than 

the process in physical space. By utilizing both methods, we can find the change of 

vibration characteristics due to design changes in a structure without performing additional 

vibration tests.
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CHAPTER 3

DETERMINATION OF CONSTRAINED MODES 

FROM FREE-FREE MODES

This chapter presents methodologies to determine the constrained modal data—eigenvalues 

and corresponding eigenmode shapes of a constrained structure—by utilizing the modal data 

of the same unconstrained structure. Two different forms of constrained modal data will be 

considered in this chapter. The first form is for structures supported by springs, and the 

second form is for structures supported by kinematic joints. The available free-free 

vibration data may be a complete set or an incomplete set. Both cases will be studied in this 

chapter.

3.1 Free-Free Structure

In this Chapter we assume that the mass and modal data for a free-free structure are 

available. In the finite element sense, assume that the structure has a total of n degrees of 

freedom (DoF), out of which, six are rigid-body degrees of freedom. The known n x n  

nodal mass matrix is M, the eigenvalue matrix is A , and the matrix of mode shapes is Y . 

Six of the eigenvalues, corresponding to the rigid-body modes, are equal to zero.

We may consider two cases where a complete or an incomplete set of modal data is

available:
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(a) If a complete set of modal data is available, then we use Eq. (2.11), which is 

repeated here for convenience, to obtain the complete stiffness matrix K:

Since this matrix is for a free-free structure without any boundary conditions, the matrix is 

singular—it has a rank deficiency of six.

(b) If an incomplete set of modal data is available, then we use Eq. (2.12), which is 

also repeated here for convenience, to obtain the incomplete stiffness matrix K*:

This matrix is highly singular.

In the next sections we will show how the modal data of a constrained structure can 

be extracted from its free-free modal data.

3.2 Spring Supported Structure

This section presents methods to extract the modal data of a structure supported by springs 

from its free-free modal data. We assume that the support springs have known 

characteristics and known attachment points. Furthermore, we assume that the spring 

attachment points on the structure are nodes that already exist in the free-free representation 

of the structure. Since the attachment points and the stiffness of the support springs are

(3.1)

K k =
/=i m/

(3.2)
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known, a stiffness matrix associated with the springs can be constructed explicitly. This 

matrix is denoted as K(i) which has the same dimensions as the free-free structural

stiffness matrix K or K*. Note that only the entries of K(i) corresponding to the rows and 

columns of the attachment nodes may have non zero values.

In most applications, the mass of the support springs is negligible compared to the 

mass of the structure. Therefore, we can assume that the nodal mass matrix M is the same 

for the free-free and the spring-supported structure. However, if it becomes necessary to 

adjust the mass matrix for the mass contributions from the springs, we can write

where M(c) is the "corrected" mass matrix and M(i) contains the contribution of the spring

masses to the attachment nodes. Since this is a trivial or possibly an insignificant 

adjustment to the mass matrix, without any loss of generality, we will not make a 

distinction between the original and the corrected matrices in this research.

3.2.1 Using A Complete Set of Free-Free Modes

Using a complete set of free-free modal data, the free-free stiffness matrix K is obtained 

from Eq. (3.1). The contribution of the springs to the stiffness matrix K w is computed

explicitly. Therefore, the constrained stiffness matrix is computed as

M(c) = M + MW (3.3)

K + K(i) (3.4)
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If the springs provide adequate support for all six rigid-body degrees of freedom, then K(c)

will be a positive definite symmetric matrix. Now we can construct an eigenvalue equation 

as

Finally from this equation we can obtain the corrected eigenvalues A(c) and the 

corresponding modal matrix tF(c) for the structure supported by external springs.

3.2.2 Using An Incomplete Set of Free-Free Modes

An incomplete stiffness matrix can be obtained by using Eq. (3.2) if we only have an 

incomplete set of modal data. In an incomplete set of modal data, normally the higher 

modes are eliminated, and therefore, the dominant terms in the reconstructed stiffness 

matrix are missing. Thus, to obtain the constrained incomplete stiffness matrix, it is not 

reasonable to add the spring stiffness matrix to the incomplete stiffness matrix directly as

If the spring stiffness is much softer than the incomplete stiffness associated with the 

lowest frequency, then Eq. (3.6) can be used to obtain the corrected incomplete stiffness

matrix of the spring supported structure. However, if the spring is stiff, then Eq. (3.6) is 

no longer valid. In this case, the spring stiffness Kw may contain entries much greater in

magnitude than those of K*. As explained in Section 2.6.1, for an incomplete modeling, 

an appropriate approximation can be given by

(3.5)

(3.6)
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(3.7)

In this equation, K* can be computed from Eq. (3.2). Since the free-free eigenmodes are 

orthogonal with respect to the incomplete stiffness matrix K \  but not with respect to the 

stiffness matrix K(s), we can recompute the incomplete portion of the spring stiffness

matrix from Eq. (2.25) as

After computing Eqs. (3.2) and (3.8), we can modify Eq. (3.5) for the incomplete model 

as

From this equation we can obtain the vibration characteristics for the spring-supported 

structure. Note that from Eq. (3.9) we obtain the same number of eigenmodes as the 

available number of free-free modes. Therefore, Eq. (3.9) generates as many zero 

eigenvalues as the number of deleted modes.

3.3 Structures Supported by Kinematic Joints

This section presents approaches for obtaining the modal data of a structure supported by 

kinematic joints from its free-free modal data. It is assumed that the structure is constrained 

by kinematic joints, such as revolute joints, translational joints, or roller supports. Using

(3.8)

(3.9)
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either a complete or an incomplete set of free-free modal data with known mass 

distributions, we will derive the necessary formulations to obtain the modal data for the 

kinematically constrained structure.

3.3.1 Using A Complete Set of Free-Free Modes

Using a complete set of free-free modal data, the free-free stiffness matrix K is obtained 

from Eq. (3.1). Since we have the complete stiffness matrix, we can directly eliminate the 

columns and rows associated with the constrained degrees of freedom. As the results, we 

may have obtained a positive definite stiffness matrix. By applying any conventional eigen 

solver to these identified matrices, we can obtain another complete set of constrained modal 

data. This process is very conventional and straight forward.

3.3.2 Using An Incomplete Set of Free-Free Modes

Here we assume that the mode shape vectors in the modal matrix form the basis in the 

modal space (I). Therefore, we denote the eigenvalue and modal matrices as A, and 'FI, 

respectively. Since we wish to obtain the constrained modal data from the modal data of 

the free-free structure, we derive the constrain equations from the description of the 

kinematic joints. Each constraint equation is given in terms of nodal displacement vector u 

as

<3> = <$>(u) = <0> (3.10)

The first time derivative of this constraint yields
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4> = Bo = 0 (3.11)

where D is the Jacobian matrix and u is nodal velocity vector. Equation.(3.11) can be 

transformed by the modal coordinates as

<j> = (B'FI)£I = 0  (3.12)

where ij is the modal velocity vector in the modal space (I).

From the free-free modal data and the constraint equation, it is possible to construct 

the generalized equations for modal dynamics as

Mj (BtFI)T"
_L_

'Kj o'
_(BtI'I) 0

T
0 0 W

(3.13)

where z, is the modal acceleration vector and v is the Lagrange multiplier vector in the 

modal space (I). The modal mass and stiffness matrices are respectively given by

(3.14)

(3.15)

From Eq. (3.13), let us define the following generalized mass and stiffness matrices

Mj = '¥T1 MXFI 

and

Kj = MjAj

as
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(D'Pj) 0 (3.16)

and
K, 0

(3.17)0 0

From the generalized mass and stiffness matrices of Eqs. (3.16) and (3.17), we can 

compute another set of modal data—eigenvalue matrix and its associated modal matrix

vf/n/1. The computed modal matrix vPq/i denotes a transformation to the constrained modal

space (II) from the free-free modal space (I). Using the second modal set, we can 

symbolically derive the modal dynamic equations in the modal space (II) as

Where and are the generalized modal acceleration and velocity vectors in the modal 

space (II), respectively.

Here we do not want to solve Eq. (3.18). Our intention is to extract only the 

constrained modal data sets from the equation. In Eq. (3.18), the modal data can be 

intentionally decomposed. Consequently, we can have the reduced modal data sets by 

eliminating the zero eigenvalues and modal vectors associated with the Lagrange multipliers 

simply as

(3.18)

(3.19)

and

(3.20)
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Using the reduced modal matrix (3.20), the modal coordinate transformation between two 

modal spaces (I) and (II) is given by

Zj = 'P ji/i Zji (3.21)

Furthermore, the coordinate transformation between the physical space and the modal space 

(II) is expressed as

u = VFIVF n/I zn (3.22)

From Eq. (3.22), we can finally obtain the constrained modal matrix as

n = ^ n / i  0.23)

It should be noted that in order to obtain the constrained modal data with reduced 

dimension, we must also eliminate the columns and rows associated with the rigid-body 

modes from Eqs. (3.19) and (3.23). When we use a complete set of modal data, the above 

process will give the exact same solution as the previous method. Therefore, when we 

have an incomplete set of modal data, the above process can be used as an alternative 

method to obtain an approximate solution.

Validation Example 3,1;

Consider the 3-mass slider mechanical system shown in Fig. 3.1, containing three degrees- 

of-freedom. The bodies are interconnected by linear elastic springs. For this system, three
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coordinates, ux, u2 and w3 are defined, where ux represents the translation between 

moving body 1 and the ground.

Figure 3.1 A 3-mass slider mechanical system.

Assume that the free-free modal data is available as

'0. '1.0 -0 .5 -0.067"

A I = 1.0 1.0 0.5 1.000
2.4 1.0 1.0 -0 .333

Note that for simplicity, the mass m and the spring stiffness k are assumed to be of unit 

magnitude. Now, using the given vibration data of the free-free system, we want to obtain 

the modal data of a constrained system as shown in Fig. 3.2.
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(2) k  | (3) k
AAA/V m "AAAyV- ?m AAA^

r> n o  o
5m (1)

Figure 3.2 A constrained example of the 3-mass slider mechanical system.

The constraint equation can be expressed as

O (m) = w. = 0

The time derivative of this constraint yields

O = [1 0 0] u2

The coefficients of the velocity components is the Jacobian matrix D = [l 0 0].

For the given mass matrix M , the modal mass and stiffness matrices are
2
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determined as:
"8 "0

M, = tFIrM'F1 = 3.5
1.244_

, K, = M^A, = 3.5
2.987

The generalized mass and stiffness matrices are

and

M ' M, (BvPI)r 
(DTi) 0

8 0 0 1
0 3.5 0 -0.5
0 0 1.244 -.0667
1 —0.5 -.0667 0

k ;
® 0

0 0 0 o'
0 3.5 0 0
0 0 2.987 0
0 0 0 0

Using any conventional eigen solver, these generalized mass and stiffness matrices yield 

the new modal data as

An

0
0.634

2.366
0

and

VU'T n/i

0 0.1204 -0.0323 0 
0 0.2384 0.0639 0
0 0.0185 -0.9634 0
1 -0.9635 0.2582 1

By ehminating the columns and rows associated with the Lagrange multipliers, we obtain
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An
0

0.634
2.366

and
0 0.1204 -0.0323 
0 0.2384 0.0639 
0 0.0185 -0.9634

Then, from Eq. (3.23), we get

'FI'Fn/i
0 0 0 
0 0.2582 -.9638 
0 0.3527 0.3528

Finally, the modal data of the constrained system can be obtained by eliminating the column 

and row associated with the rigid-body mode, and normalizing with respect to the 

maximum values, as:

and

0.634
2.366

0.7321 1.0000
1.0000 -0.3660

These results are exactly the same modal data which would result from the conventional 

approach by applying boundary conditions.
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CHAPTER 4

DETERMINATION OF FREE-FREE MODES 

FROM CONSTRAINED MODES

In this chapter, an attempt will be made to determine the free-free modal data—eigenvalues 

and corresponding eigenmode shapes of an unconstrained structure—by utilizing the modal 

data of the same structure in a constrained form. Similar to Chapter 3, we will consider 

two different forms of constrained modal data—the structure is supported by springs or the 

structure is supported by kinematic joints. The available modal data of a constrained 

structure can also be either a complete set or an incomplete set. Both cases will be studied 

in this chapter.

4.1 Free-Free Modes from Spring Smpported Modes

This section presents methods to obtain the free-free modal data of a structure from the 

modal data of the same structure supported by springs. We assume that the supporting 

springs do not provide any kinematic constraints. Furthermore, we assume that the 

attachment points of the springs to the structure are also considered as measurement nodes. 

Thus, these support points appear as finite element nodes in the model. Assuming that we 

know the characteristics of the springs, we can explicitly construct that portion of the 

stiffness matrix associated with the springs. We will refer to the combination of the 

structure and the supporting springs as the "system".
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As explained in Chapter 3, for a complete set of modal data we use Eq. (3.1) to 

compute the complete stiffness matrix K. If an incomplete set of modal data is available, 

then we use Eq. (3.2) to obtain the incomplete stiffness matrix K*. Before computation of 

the stiffness matrix, first we may eliminate the mass effect due to the spring masses. As 

explained in Chapter 3, the mass matrix M of a free-free structure is given by

M = M(() -  M (s) (4.1)

where M(() is the mass matrix of the complete system, and M(s) is the mass matrix 

associated with the springs.

We may consider two cases where a complete set or an incomplete set of constrained 

modal data is available. In each case, we will show how the modal data of the free-free 

structure can be extracted from its constrained modal data.

4.1.1 Using A Complete Set of Spring Supported Modes

Since we have the full set of constrained modal data, we use Eq. (3.1) to obtain the 

stiffness matrix K(f) of the structure supported by springs. This computed stiffness matrix

is a combined stiffness of the structure stiffness matrix K and the spring stiffness matrix 

K(J). Therefore, the corrected stiffness matrix K for the free-free structure can be

described as

K = K(t)-  Kw (4.2)
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Here we realize that by subtracting the spring stiffness matrix from the definite stiffness 

matrix of the constrained structure, the resultant stiffness matrix becomes a semidefinite 

stiffness matrix for the unconstrained structure. Applying the corrected mass matrix and 

stiffness matrix, Eqs.(4.1) and (4.2), to Eq. (A.3), we obtain the corrected eigenvalues and 

the corresponding mode shapes for the free-free structure (refer to Appendix A).

4.1.2 Using An Incomplete Set of Spring Supported Modes

Based on an incomplete set of spring supported modes, we want to obtain a set of free-free 

modal data for the structure. As stated earlier, using the incomplete set of modal data, we 

can identify a partial stiffness matrix, in other words an incomplete stiffness matrix from 

Eq. (3.2).

To completely eliminate the effects of support-springs, we must correct the mass and 

stiffness matrices from Eqs. (4.1) and (4.2), respectively. However, the stiffness matrix 

correction can not be directly performed. As explained in Section 3.1, a reasonable 

approximation to the stiffness matrix for an incomplete model can be made as

K* = K*f) -  (4.3)

The term K*t) can be obtained from Eq. (3.2) from an incomplete set of vibration data.

Since the stiffness matrix associated with the support springs is not orthogonal with respect 

to the measured modes, we can recompute the incomplete portion of the spring stiffness 

matrix from Eq. (2.25) as
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(4.4)

After computing Eqs. (4.1) and (4.3), we may construct the eigenvalue equation for the 

incomplete model as

From this equation, we can obtain the corrected natural frequencies and eigenmodes for the 

free-free structure. Note that from Eq. (4.5) we obtain the same number of eigenmodes as 

the available number of constrained modes. Therefore, Eq. (4.5) generates as many zero 

eigenvalues as the number of deleted modes including six rigid-body modes.

Validation Example 4.1:'

Assume that a block structure is supported by four tri-axial springs, as shown in Figure 

4.1. Based on the developed process, we would like to perform the free-free mode 

identification. The three dimensional finite element model consists of 42 nodes and 24 

elements. The material of the block has a Young's Modulus of 207 GPa, a Poisson's ratio 

of 0.292, and a mass density of 76.5 KN / m3. The stiffness components of tri-axial 

support-springs are identically assigned to be 6 KN/m. We assume that each spring 

attachment point has an additional mass of 2 Kg due to the support-springs. The model has 

a mass of 458 Kg and an inertia tensor

(4.5)
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J
63.7

165.0
228.0

The modal analysis of the finite element model was conducted by ABAQUS program 

[65]. The first twenty modal frequencies of the computed modal data are listed in column 2 

of Table 4.1. Note that since we selected softer stiffness for the support springs relative to 

the stiffness of the flexible body, the first six frequencies are mainly reference rigid-body 

modes due to the support springs.

Figure 4.1 A finite element model constrained by support-springs
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Table 4.1 Identified frequencies of complete and incomplete models 

Spring 
'. 

Free-Free Free-Free 

Mode . . Supported .... Complete Fre~~Free Incomplet Models FEM 

No. ~ \ . FEM :. Model (Hz) (Hz) 
I / 

(Hz) (Hz) 

1·•:' .:: .... ·,::• 
,. m=90 m=20 m=12 m=9 

.•:·· 

01 
i i 1.152 0.008 0.000 0.000 0.000 0.020 

02 I • '1.153 0.004 0.004 0.004 0.004 0.007 

03 ! 1.153 0.006 0.006 0.006 0.006 0.004 
) 

04 :. : 1.153 0.005) 0.006 0.006 ' 0.007 0.000 

05 1.385 0.007 0.007 0.007 0.007 0.049 

06 : l:R54 0.008 0.008 0.009 0.009 0.024 

~ 

07 
I · 

16/Z12 16.997 17.021 17.021 17.031 17.010 
I 1 

08 I · 109.160 111.640 111.804 111.821 111.820 111.632 
,. 09 1 84.~$b ·~, , ' 188.497 188.802 1,88.802 188.802 188.493 

10 231.750 236.066 236.346 236.510 236.064 

11 I 271.370 274.418 274.620 274.620 274.408 

12 I··· 421.520 425.673 426.056 426.422 425.669 

13 422.640 431.108 431.968 431.103 

14 464.990 473.560 474.082 473.554 

15 470.620 475.854 476.202 475.850 

16 490.450 491.838 491.931 491.830 

17 506.980 513.102 513.712 513.106 

18 545.690 555.951 557.266 555.950 

19 600.180 610.467 611.234 610.472 

20 616.360 626.427 627.134 626.425 

·, 
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The free-free mode identifications for the complete and three incomplete models are 

formulated on the basis of Eq. (4.5). The identified results are summarized in Table 4.1. 

Column 3 gives the results if we consider all 90 modes (complete set). The results for 

considering an incomplete set of modal data with 20, 12, or 9 modes are given in columns 

4, 5, and 6, respectively. In order to verify the accuracy of the identified modes, the free- 

free modes are also extracted directly from the finite element model of the block structure, 

as shown in column 7. It can be observed that all the models give excellent approximation 

of the free-free modal data by eliminating the effect of the support-springs from the 

complete or the incomplete set of constrained modal data.

4.1.3 An Alternative Method

This section presents an alternative and efficient method to obtain the modal data for a free- 

free structure from the modal data of the same structure supported by springs. We can use 

this method with either a complete set or an incomplete set of constrained modal data. 

Based on the assumptions made in the previous sections, in this section we perform the 

mode identification in the modal spaces—free-free modal space (I) and constrained modal 

space (II).

Here we assume that the constrained modal vectors form the basis of a constrained

modal space (II). Thus, we denote the eigenvalue and the corresponding modal matrices as 

An and respectively. Using these matrices, the generalized modal mass and

stiffness K('()II in the current modal space (II) are given by

M'on = 'f'n M(t)Y n (4.6)

and
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■̂ 0)n — ^(o^n  — (4.7)

where M(z) and K(t) are the system nodal mass and stiffness matrices, respectively. As

stated earlier, the mass contributions and the stiffness entries of support-springs are known 

quantities. Therefore, we can compute the portion of generalized modal mass and stiffness 

matrices associated with the springs as

M(; )n = n  (4.8)

and

K y a = ^ n ^ n  (4-9)

In Eqs. (4.8) and (4.9), the eigenvectors are not orthogonal with respect to the spring mass 

and stiffness matrices. By eliminating these modal mass and stiffness matrices, we can 

obtain a new set of modal mass and stiffness matrices in the modal space (II) as

(4.10)

(4.11)

In these equations, and K,', are the corrected structural modal mass and stiffness 

matrices in the current modal space (II). Whether we have a complete set or an incomplete 

set of modal data, it is always possible to compute Eqs. (4.10) and (4.11). From these 

matrices we can extract a set of modal data—eigenvalue matrix A, in free-free space (I) and 

the corresponding intermediate modal matrix 'FI/n. Here note that the modal matrix XF[/II

is a transformation to the free-free modal space (I) from the constrained modal space (II).

and

K ;= K (',)n- K (; )n
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Since we want to obtain a transformation between the physical space and the free-free 

modal space (I), the modal matrix is identified as

T , = 'F„n (4.12)

where %  is the modal matrix of the free-free structure. Furthermore, if we have a 

complete set of modal data from this relation, we can get an inverse relationship as

'Fi/n %  = I (4.13)

By applying this relation to Eq. (4.12), a constrained modal matrix vFn is obtained as

>p„ = '?, ^ ; n (4.14)

This inverse relationship is useful when we have a complete set of 

modal data.

4.2 Free-Free Modes from Kinematically Constrained Modes

This section presents a methodology for obtaining the modal data for a free-free structure 

from the modal data of the same structure supported by kinematic joints. We assume that 

the available vibration data is obtained for a structure supported by kinematic joints, such as 

the standard fixed boundary conditions (examples of spherical joints or roller supports). 

Using a complete set of constrained modal data with known mass distribution, we will
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derive the necessary formulations to identify the free-free modes for the unconstrained 

structure.

4.2.1 M athematical Approach

This section presents the general form of eigenvalue equations for a free-free structure. In 

order to utilize the available modal data of a structure supported by kinematic joints, in this 

section the eigenvalue equations will be derived in terms of modal quantities.

Without considering the rigid-body motion of a free-free structure, the undamped free 

vibration equation for the structure is written as

M ii + Kiu = (0i (4.15)

In this equation, we assume that the displacement u can be divided into two displacement 

vectors, iu/  and uc. Vector nc contains the nodal displacements of those degrees of

freedom that will be constrained by the boundary conditions later on, and uf contains the

nodal displacements which will remain free from the constrained conditions. Based on 

these displacement vectors, the nodal mass and stiffness matrices are also partitioned, and 

as a result, Eq. (4.15) is written as

M/c" _4_ V f u A
_MC/ Mcc_ i

K K~_ w (4.16)
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For the same structure, if we constrain the degrees of freedom associated with uc,- 

since nc = iic = 0, the rows and columns associated with the constrained degrees of 

freedom can be eliminated to get

= 0 (4.17)

This equation represents a positive definite system if all rigid body degrees of freedom are 

properly eliminated.

At this point we consider Eq. (4.16) for the free-free structure. The first row from 

Eq. (4.16) is written as

M ffiif + M fJic + K ffuf + K fcuc = 0 (4.18)

Since Eq. (4.16) represents an unforced free vibration, the harmonic solution can be 

described as

u /  = ^  (4.19)

and

uc = (4.20)

where tF/  and XPC are column matrices of the amplitudes of displacements uii/ and uic,

respectively, A is an eigenvalue of the free-free structure, and t is the time. Using Eq.

(4.20) and its second time derivative, Eq. (4.18) becomes
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M#ti/  + K#u/ = (/IM/C -  (4.21)

In this equation, we observe that the right-side forcing term represents a harmonic loading. 

Therefore, using Eq. (4.19) and its second time derivative, and canceling the common 

terms yield

(AM, -  K , ) ¥ ,  -  (AM, -  KJfc)'Pc (4.22)

Now consider the second equation in Eq. (4.16). The second row in Eq. (4.16) is 

rewritten as

M cfuf  + M cciic + Kc/u/  + Kccuc = ® (4.23)

By applying the defined displacements of Eqs. (4.19) and (4.20), and their second time 

derivatives, and cancelling the common terms, we obtain

(K , -  AM ,) V , + (K« -  AM„) -F, = 0 (4.24)

Equating Eqs. (4.22) and (4.24), and rearranging the terms yields

/r K ff K fc
■X *-ff

1 / L W
(4.25)

If we use a lumped mass formulation, then Eq. (4.25) can be written as
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fTK , K ,1
- X

~Mff 0 ‘ \

I K  K~J 0 MC(,_) W W
(4.26)

Based on Eq.(4.26), the following section deals with an analytical approach to obtain 

the free-free modal data using the constrained modal data.

4.2.2 Stiffness Identification and Free-Free Modes

On the basis of Eq.(4.26), this section presents an analytical method to determine the 

free-free nodal stiffness matrix by using the modal data of a kinematically constrained 

structure. In this approach we assume that the nodal mass distribution of the structure is 

known. After identifying the stiffness matrix, the free-free modes of the structure will be 

extracted from the nodal mass and stiffness matrices.

From Eq.(4.26), if we apply the standard boundary conditions, then we can extract 

an eigenvalue equation for a constrained structure as

(K# - i M # ) xF/ = 0 (4.27)

A

where X and 'Pare the eigenvalue and the associated eigenmode matrix, respectively. 

From this equation, we may extract the constrained modal data. However, in this study we 

assume that the constrained modal data are known quantities as

A = diag[ix K  K  k )  ' (4.28)

and
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¥ =  [¥ , Y (4.29)

With known modal data and known mass matrix M# , the stiffness matrix K# is computed 

from Eq. (3.1) as

Here we observe that the sub-matrices are associated with the constrained degrees of 

freedom. By eliminating these sub-matrices, we can obtain a positive definite stiffness 

matrix which gives all the elastic eigenmodes. As long as these sub matrices exist, the full 

stiffness matrix is singular.

In order to utilize Eq. (4.31) to compute the free-free modal data, first we must 

recover K# from Eq. (4.30) based on the available modal data. And also we need to

determine the sub stiffness and mass matrices K/e, Kc/, Kcc, which must be identified

either from experimental tests or by analytical methods on the constrained structure. Since 

it is not practical to determine the sub stiffness matrices experimentally, it will be valuable if 

an analytical method is developed by using the existing modal data.

(4.30)

where m. is the z'th modal mass. Using this representation, Eq.(4.26) becomes

(4.31)
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As shown in Appendix B, it is possible to directly construct the rigid-body modes 

without computing the characteristic equations. The rigid-body modes are mutually 

orthogonal to the physical mass distribution [37]. Moreover, the semidefinite stiffness 

matrix and the rigid body modes are also mutually orthogonal. Utilizing the orthogonality 

and symmetric conditions, it might be possible to obtain the stiffness matrix, explicitly.

The directly constructed rigid modal matrix T/0 can be decomposed as

: ] h

1m

X 5J
(4.32)

where I is a (n x 3) matrix containing 3x3 identity matrices, and s is a (n x 3) matrix 

containing 3x3 skew matrices of nodal position vectors. Detailed construction of the rigid- 

body modes is explained in Appendix B. Here, subscripts /  and c represent the 

unconstrained and constrained nodal degrees of freedom, respectively. According to the 

defined nodal degrees of freedom, it is required that the rigid-body modal matrix to be 

adjusted. Since the semidefinite stiffness matrix and the rigid-body modes must be 

mutually orthogonal, we have

K 'F , %  V

4, J* 1 __ k  d
(4.33)

Equation (4.33) provides the following four matrix equations as

r- II 1 £ (4.34a)

k /A  - (4.34b)
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K J c  = (4.34c)

^ c Sc -  ~ ^ c fSf (4.34d)

Using Eqs. (4.34), it is possible to determine the unknown entries in sub stiffness 

matrices. For more explicit expressions, a semidefinite stiffness matrix is expressed as

K:
^ M r o »

^ c ( r r ) ■^c(rco)

.■^/c(rto) - K ^ ,

(4.35)

where the subscripts r and 6) stand for rigid-body translational and rotational degrees of 

freedom, respectively. The rigid-body modal matrix associated with the constrained nodal 

degrees of freedom can be decomposed as

Ic
I
0

and

(4.36)

(4.37)

Using Eqs. (4.35) through (4.37), Eqs. (4.34) become

K /c(rr) =

KMro.) “  “  K ffSf  ~  K Mrr)Sc(r)

(4.38a)

(4.38b)
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(4.38c) 

(4.38d)

From Eq. (4.30) we can compute and from Eq. (4.32) we can explicitly construct the

rigid-body modal matrix. Using these computed quantities, it is possible to determine all of 

the unknown entries in the sub matrices K/c and Kc associated with the constrained

degrees of freedom.

The computational procedure is as follows: From Eq. (4.38a), we determine the 

unknown entries associated with the translational degrees of freedom. With these 

computed entries, from Eq.(4.38b) we determine the remaining unknown entries associated

with the rotational degrees of freedom. Now we have the complete sub stiffness matrix of 

K/c. Finally using the computed matrix K fc with symmetric condition, we compute the

unknown entries in the sub stiffness matrix Kc from Eqs. (4.38c) and (4.38d).

It should be noted that in this section, we have assumed that the constrained structure 

is a deterministic one; i.e., a structure that is not over constrained. If the structure is over 

constrained, then it is not possible to recover the complete stiffness matrix of the 

corresponding free-free structure. As the results, we may lose some accuracy in 

identifying the free-free modes for such a structure. The following two examples will 

show the developed process to determine the free-free modes from constrained modal data.

^c(rr) - K Tfci f

and

' K cOw»)' -  ~  K lfcS/  ~  ^ fiw y S eW
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Validation Example 4.2:

Consider the constrained multibody system shown in Fig. 4.2, containing two degrees of 

freedom. As explained in Example 3.1, the bodies are interconnected by linear elastic 

springs. In this example, the third body is fixed to the ground. For simplicity, the mass m 

and stiffness k are assumed to be of unit magnitude.

(3) 5m
Ground

Figure 4.2. A constrained multibody system.

Assume that the modal data for this constrained system is available as

'0.634 "0.7321 1.0000 "
A =

2.366
and Y =

1.0000 -0.3660

Using this data, we want to obtain the modal data for the free-free system shown in Fig. 

3.1. The solution steps are as follows:
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For the given mass matrices M ff
" 1.0

2.0 the modal mass matrix is

computed as M = xFrM#vF
"2.536

1.268 From Eq. (4.30), the stiffness K ff is

determined as

1=1 m i

1.9998 -0.9998 
-0.9998 1.9998

Since there is no rotational degrees of freedom in this particular example, the rigid-body 

modes are given as

¥ O I = V where ly =
T

J c . 1
and ic=[i]

From Eq. (4.38a), the sub-stiffness matrix K/c is computed as

K fc

" 1.9998 -0.9998" T " - 1"

-0.9998 1.9998 _ 1 — 1

From Eq. (4.38b), the sub-stiffness matrix Kc is determined as

K c - ^ / J /  -1 ]
1
1 [2]

Using the identified sub matrices, the full stiffness and mass matrices are found to be
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" 1.9998 -0.9998 - f "1 0 O'
-0.9998 1.9998 -1 and M = 0 2 0

—1 —1 2 0 0 5_

Using any conventional eigen solver, these stiffness and mass matrices yield the free-free 

modal data as

"0. "1.0 -0.5 -0.067"
1.0 and \F = 1.0 0.5 1.000

2.4_ 1.0 1.0 -0.333

These results are the modal data for the free-free system which are exactly the same as the 

modal data shown in Example 3.1.

Validation Example 4.3:

As another example, consider a simple 3-D block finite element model consisting of eight 

nodes as shown in Figure 4.3. The structure is constrained by kinematic joints such as a 

fixed spherical joint and three roller joints. As shown in Table 4.2, the spherical joint at 

node (1) eliminates three degrees of freedom, and each roller joint at nodes (2), (3), and (4) 

eliminates one degree of freedom so that these kinematic joints can eliminate six rigid-body 

degrees of freedom from the structure. In this example, we assume that the modal data 

for the constrained structure is available, and from that, we would like to identify the free- 

free modes when the kinematic joints are eliminated.
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Table 4.2 The constrained nodal degrees of freedom.

Node
No.

Constrained Degrees of Freedom

s n c
(1) X X X
(2) - X -

(3) - - X
(4) - - X

Note X stands for the killed degrees of freedom by the kinematic joints.

/ / / / /

Figure 4.3 A structure constrained by kinematic joints.



80 

Table 4.3 Identified frequencies for a free-free block structure 

Mode Constrained Free-Free Direct Extraction 

No. FEM Model ,·./'. Identification from 

by .. ·. Fixed-Constraints Results FEM Model 

(Hz) (Hz) (Hz) 

01 - 0.000 0.011 

02 - 0.000 0.011 

03 - 0.000 0.011 

0~ 1•1 3 ·•·.(. 0.000 0.000 
) 

o:.5 - 0.000 0.000 
;. 

06 ·- 0.000 0.000 

07 22.580 94.023 94.026 

08 36.293 94.028 94.026 
... 

09 54.861 99.110 99.112 

10 76.297 
I 

99.112 99.112 
_.,_ ' 

11' t'(J~ ~'224 99.1~5 99.112 

12 96.219 121.384 121.386 

13 I 97.596 121.386 121.386 

14 106.990 121.390 121.386 

15 121.060 162.849 162.857 

16 132.070 162.857 162.857 

17 150.520 162.862 162.857 

18 166.700 188.040 188.051 

19 183.620 230.307 230.315 

20 201.250 230.309 230.315 

21 205.820 230.317 230.315 

22 221.190 230.320 230.315 

23 226.200 230.327 230.315 

24 357.420 ·, 405.891 405.888 



81

For the constrained system the modal data are obtained by the finite element program, 

ABAQUS [65]. The computed frequencies are listed in the second column of Table 4.2. 

Following the procedure explained in section 4.2, the identified frequencies for the 

corresponding free-free structure are summarized in the third column of Table 4.2. For 

validation purposes, the free-free modal data are also computed directly from the free-free 

structure. The corresponding frequencies are listed in the fourth column of Table 4.2. It 

can be observed that the identified free-free frequencies are in excellent agreement with the 

results obtained directly from the free-free finite element model.

Note that the constrained finite element model in this example is a deterministic 

structure; i.e., the boundary conditions have eliminated only 6 degrees of freedom. 

Therefore, it was possible to obtain all of the free-free modes without losing any 

information.
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CHAPTER 5

RIGID AND FLEXIBLE MULTIBODY  

SYSTEM EQUATIONS

On the basis of the schematic representation shown in Figure 2.1, a multibody system can 

be replaced with a mathematical description that is a set of equations. The equations for a 

multibody system are expressed in different forms depending upon the choice of 

coordinates that describe the configuration and the motion of the systems. Based on the 

assumptions of rigid or flexible bodies, the system equations are also differently derived. 

In this chapter, we first review the rigid body dynamics and then the flexible body 

dynamics. After that, we derive the system equations for the combined rigid and flexible 

multibody dynamics. Subsequently, the static analysis and the linearization of the system 

equations will be studied.

5.1 Rigid Body Dynamics

In order to derive the equations of motion, in this section we assume that all bodies are 

rigid. We also assume that the configuration and the dynamic behavior of a rigid body can 

be described by a set of coordinates. The derivation of equations of motion has been 

probably one of the most interesting fields in the theory of multibody dynamics. With the 

computational ability of computers, many researchers have preferred to derive the equations 

of motion in terms of a set of absolute coordinates. However, the use of such set of 

coordinates results in some difficulties and computational inefficiency due to the presence 

of large set of algebraic kinematic equations. Recently, more efficient schemes have been
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developed. Such a method is known as the joint coordinates method. This chapter 

provides a brief review of the Cartesian (absolute) coordinate formulation and the joint 

(relative) coordinate formulation for rigid body dynamics.

5.1.1 Cartesian Coordinate Formulation [1]

In order to describe the position of a rigid body in a global non-moving xyz coordinate 

system, it is sufficient to specify the spatial location of the origin and the angular orientation 

of a body-fixed t,r\C, coordinate system, as shown in Figure 5.1. For the ith body in a 

multibody system, vector q,- denotes a vector of coordinates that contains a vector of 

Cartesian translational coordinates, r, , and a set of rotational coordinates, such as Euler 

parameters. Matrix A; represents the 3 x 3 rotational transformation of the axes 

relative to the xyz axes. A 6-vector of velocities for body i is defined as v( which contains 

a 3-vector of translational velocities, r f, and a 3-vector of angular velocities, G), . The 

components of the angular velocity vector to,, can be defined either in the coordinate 

system or in the xyz coordinate system. However, for later transformation of the Cartesian 

quantities to the joint coordinate space, here we define the angular velocities in the xyz 

coordinate system rather than the body-fixed coordinate system. A 6-vector of 

accelerations for this body is denoted by v, , which contains r, and to, . For a detailed

discussion on the absolute coordinate formulation refer to reference 1.

A multibody system may contain b interconnected bodies. Therefore, vectors of 

coordinates, velocities, and a accelerations are denoted by q, v, and v, which contain the 

elements of q,., v,., and v,., respectively, for i = 1, 2,..., b. The dimension of v (and v) is

n = 6 x b.
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Figure 5.1 Body-fixed and global coordinate systems

The translational and rotational equations of motion for a single unconstrained rigid 

body can be written as

M,v, = g, (5.1)

where [19]

ml -mp 
mp J

(5.2)

and
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f -  mtotop 
D — OOjto (5.3)

In these expressions, m; is the mass, ff,. is the resultant force acting at the origin, n, is the 

resultant moment, and J, is the inertia tensor about the body-fixed coordinate axes 

expressed in global coordinate system. Vector p; locates the center of the mass of the body 

relative to its origin. Note that all of the vectors in these equations are expressed in terms 

of their global xyz components. Furthermore, note that if the origin of the body-fixed 

coordinate system is at its mass center, i.e., p; = 0, then Eq. (5.1) will become the

standard Newton-Euler equations, with the rotational equations being expressed in terms of 

the global coordinate system instead of the more customary body-fixed coordinate system. 

Note that an overhead ~ denotes a 3 x 3 skew-symmetric matrix made out of the 

components of a corresponding 3-vector. For example, to is made out of the components 

of to.

For a system of b unconstrained bodies, the equations of motion of Eq. (5.1) are 

repeated for all b bodies and are written in matrix form as

Mv = g (5.4)

For a system of b constrained bodies, the kinematic joints between the bodies can be 

described by m independent holonomic constraints as

5>(q) = 0 (5.5)
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The first and second time derivatives of the constraints yield the kinematic velocity and 

acceleration equations,

4> = Dv = 0 . (5.6)

and

0  = Dv + Dv = 0 (5.7)

where D is the coefficient matrix of the velocity constraints and is a modified form of the 

constraints' Jacobian. For this system of b bodies, Eq. (5.4) is modified to [1]

M v -D rA,= g (5.8)

where X represents a vector of m Lagrange multipliers and the term DrX represents the 

joint reaction forces and moments. By combining Eqs. (5.7) and (5.8), we obtain the 

complete system of equations of motion as

"M D7" '  g ^
_D 0 _ V-D vy

Equation (5.9) represents a set of differential-algebraic equations of motion for a 

constrained multibody system when absolute coordinates are used. Note that Eq. (5.9) is a 

set of n+m linear equations in n+m unknowns, where the number of degrees of freedom of 

such a system is k = n - m.

The bodies and the kinematic joints in a multibody system may form an open-loop 

system or the system may contain one or more closed loops. The equations of motion in
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terms of the absolute acceleration will have the same form whether the system is open or 

closed loop.

5.1.2 Joint Coordinate Formulation

5.1.2.1 Open-loop System

For a multibody system containing only open-loops, as shown in Figure 5.2, Eq. (5.9) can 

be converted into a minimal set of differential equations equal to the number of degrees of 

freedom by using the joint coordinate method [21-22]. The joint coordinate formulation is 

based on the idea that the relative configuration of two adjacent bodies can be defined by 

one or more joint coordinates equal in number to the number of relative degrees of freedom 

between the two bodies.

An open-loop multibody system may be attached to the ground by a kinematic joint, 

in which case it is a nonfloating system; otherwise, it is a floating system. In a floating 

system, one of the bodies is selected as the reference or base body; in a nonfloating system, 

the ground is the reference body. An open-loop system forms a tree structure with the base

Figure 5.2 An open-loop system
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(or reference) body as the root and the bodies farthest away from the root in each branch as 

the leaves. Two adjacent bodies connected to each other by a kinematic joint are referenced 

to as bodies "j" and "j-1", where body j-1 is closer to the base; the joint between these 

bodies will carry the index "j".

In an open-loop system, the relative configuration of two adjacent bodies is defined 

by one or more so-called joint coordinates equal in number to the number of relative 

degrees of freedom between the two bodies. The vector of joint coordinates for an open- 

loop system is denoted by 0 containing all of the joint coordinates. If the system contains 

a floating base, then vector 0 contains the absolute coordinates of the base body. The 

vector of joint velocities and accelerations are defined as 0 and 0. Vector 0 has a 

dimension equal to the number of degree of freedom of the system.

In an open-loop system, if vectors 0 and 0 are known, then vectors q and v can be 

evaluated. This process is done by the absolute coordinates and velocities of body j from 

the absolute coordinates and velocities of body j-1 and the joint coordinates and velocities 

of joint j. It can be shown that there is a linear transformation between 0 and v [19-20]:

v = B0 (5.10)

The time of derivative of this equation yields a transformation formula for the acceleration:

v = B0 + B0 (5.11)

The elements of matrix B can be found from expressions for the absolute velocities of each 

body in terms of the joint velocities between that body and the base. An observation of the
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nonzero entries of B reveals that its structure follows the connectivity and the topology of 

the open-loop system and furthermore, that it is made of small sub-matrices representing 

different joints [21-22]. One characteristic of matrix B is that it is orthogonal to B; i.e.,

BB = 0 (5.12)

Substitution of Eq. (5.11) into Eq. (5.8), premultiplying the result by Br , and using 

Eq. (5.12) yields

M 6 =  f  (5.13)

where

M  = BrMB (5.14)

and

f  = Br (g-M B 6) (5.15)

Equation (5.13) represents the generalized equations of motion for an open-loop multibody 

system when the number of the selected coordinates is equal to the number of degrees of 

freedom.

5.1.2.2 Closed-loop systems

In practical problems, there may exist one or more closed kinematic loops in the multibody 

system. In order to derive the equations of motion for such a system, each closed 

kinematic loop can be cut at one of the kinematic joints to create an equivalent open-loop 

system as shown in Figure 5.3. For this so-called reduced system, the joint coordinates 

are defined as for any open-loop system.
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To derive the equations of motion for a multibody system containing one or more 

closed loops, each closed loop is cut at one of the kinematic joints in order to obtain an 

open-loop system. For this reduced open-loop system, the joint coordinates are defined, as 

for any open-loop system, without defining any joint coordinates for the cut joints. If the 

cut joints are reassembled, the joint coordinates within the loops are no longer independent 

[22].

i + 4
cut-joint

Figure 5.3 A system containing a closed-loop 

(a) a closed-loop system, and (b) its reduced open-loop representation

Assume that a cut joint connects two bodies, i and j, This joint provides algebraic 

constraints between q and q; , which can be expressed as [1]

*"(q„ qy) = o (5.16)
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where a superscript asterisk (*) denotes a quantity associated with a cut joint. The time 

derivative of Eq. (5.16) is

<£>* = B*v = § 
= C0 = 0

(5.17)

where Eq. (5.10) has been used and

C = B*B (5.18)

Since q; and qy. can be evaluated from the joint coordinates, Eq. (5.16) can be expressed 

implicitly as

'E(O) =  0 (5.19)

Hence, Eq. (5.17) is the time derivative of Eq. (5.19), i.e.,

'E = CO = O (5.20)

and its time derivative is

'F = C0 + C0 = 0 (5.21)
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Equations (5.19)-(5.21) provide the constraints on the joint coordinates, velocities, and 

accelerations for the closed loops. Note that in these equations only the joints that are 

within a closed loop are involved.

Due to the topology of a closed loop, some of the equations in Eq. (5.19) may be 

redundant and, therefore must be eliminated. Accordingly, some of the rows of the 

product B*B must be eliminated to obtain the Jacobian of the constraints on the joint 

coordinates. In our discussion, we assume that Eqs. (5.19)-(5.21) and matrix C represent 

the constraints and the Jacobian after the elimination of redundant equations. The elements 

of matrix C can also be generated directly from the topology of the closed loop instead of 

multiplying B* and B matrices.

Equation (5.13) can now be modified for a closed-loop system as

M Q - C tv = f  (5.22)

where v i s a  vector of Lagrange multipliers. Equations (5.19) and (5.22) represent the 

equations of motion for a multibody system when the number of selected joint coordinates 

is greater than the number of degree of freedom.

5.2 Flexible Body Bymamics

This section presents a description of kinematics and dynamics of flexible bodies. In this 

section we assume that a flexible body undergoes large translational and rotational motion 

but its structural deformation is based on small strains and material linearities. Also we 

assume that all the nodes on the flexible body have three translational elastic degrees of
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freedom. Based on these assumptions, kinematic descriptions and dynamic equations of 

motion for a flexible body will be reviewed here [61].

5.2.1 Kinematics of A Node

For a complete description of a flexible body in a multibody system, it is essential to 

understand the kinematics of deformation for each one of its components. In order to 

define the position and orientation of a body, we need effective and properly defined 

coordinate systems. First we define an absolute coordinate system xyz and a relative 

coordinate system as shown in Figure 5.4. The absolute coordinate system is an 

inertial frame and the relative coordinate system is a moving frame.

Node i

Flexible body

Figure 5.4 Reference frame and relative coordinate system for a flexible body.
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Referring to Figure 5.4, the position vector d' of node i can be described as

d' = r  + s' + 8' (5.23a)

where r  is the position vector of the body fixed frame associated with current 

configuration, s' is the undeformed position vector of the reference configuration of node i, 

and S' is the displacement from the present underformed configuration to the current 

deformed configuration. Equation (5.23a) can be rewritten as

d! = r  + A fs! + '8 ') (5.23b)

where 's' and 8' are the undeformed position vector and the deflection vector of node i 

expressed in the body-fixed coordinate system, respectively, and A is the 3 x 3  

transformation matrix between the and the xyz coordinate frames. The first and 

second time derivatives of Eq. (5.23b) are

d' = r  + coAO s' + v5'i) + A'8' 

and

d' = f  + d)A(V + '§ ') + totoAfs' + '8 ') + 2(oA'8' + A'8''

As shown in Figure 5.4, let us define a position vector as

b' = s' + 8' = A fs' + '8 ') (5.26)

Using Eq. (5.26), Eqs. (5.24a) and (5.25a) are written as

(5.24a)

(5.25a)
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d' = r — S'co + 5' 

and

d '  =  r  — b !’cb +  Q)(lb' +  8 ' )  +  8

(5.24b)

(5.25b)

From Eqs. (5.23b) and (5.24b), the nodal velocity v' and the nodal acceleration a' at 

node i can be written as

and

v1

a' + ©(bi + 8 /)

(5.27)

(5.28)

From Eqs. (5.27) and (5.28), we can construct a velocity vector v and an acceleration 

vector a containing all the nodal velocities and accelerations as

fvM fa 1)

V = v2 and a = a2

S ' ) va%

(5.29)

It will be seen later that the equations of a flexible body can be simplified by referring 

the nodal accelerations to the inertial reference frame rather than to the body attached local 

coordinate system [62]. The nodal vectors in Eq. (5.29) can be rewritten in the local 

coordinate system as
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fA rdn pdn f A ^ 1)

>  = 'd2 = Ard2 hi1 'd2 Ard2

vArd% 0d% vArd%

(5.30)

As stated earlier, a nodal deformation is considered as the translational deflection 

only. Therefore, we construct a nodal displacement vector '5 containing all the nodal 

displacements as

f'S1)

(5.31)

In this section we have derived the necessary kinematic equations for a flexible body. 

In the next section, these kinematic equations are used to formulate the dynamic equations 

of motion for the flexible body.

5.2.2 Dynamic Equations for A Flexible Body

On the basis of kinematic expressions derived in the previous section, we can formulate the 

equations of motion for a flexible body by the use of Newtonian mechanics or other 

principles. The equation of motion is given by

M'a + AC'8 + AK'8 = f  (5.32a)

or

M 'a  + C '5  + K'5=' ff  (5.32b)
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where M is the inertia matrix containing the nodal mass for all the nodes, C is the structural 

damping matrix, K is the stiffness matrix, and f  is a vector containing all of the external 

forces acting on the nodes.

The equations of motion as depicted by Eq. (5.32) may present a nonconstant mass 

matrix of large dimensions. The numerical procedures being used in multibody dynamics 

require the inversion or factorization of this matrix in every time step, hence the process can 

be computationally expensive. The form of Eq. (5.32) can be substantially simplified if a 

lumped mass assumption is used. By applying the lumped mass formulation to this 

equation, and arranging the nodal deflection and velocity dependent terms to the right-side, 

the nodal equations of motion for node i can be written as [61]

m 'd* = f  -  AK(0 '5 -  AC(i) '5 

or

m' W = T  -  K(,) "5 -  C(0 "5

where m‘ is the lumped mass of node i, f ‘ is the external force acting on node i, 

K(,) and C0) are the stiffness and damping matrices associated with node z, respectively. 

By using the kinematic relation of relation of Eq. (5.25) and rearranging the terms, Eq. 

(5.33b) becomes

= (T  -  m ''«)(%'' + '5 !') - K(i) '5 -  € (0 '5) (5,34a)|m ‘A r -m 'A rb' m 'lj co
'8'

(5.33a)

(5.33b)
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Equation (5.34a) can be simplified by the use of all prime vectors as

/ ' j ; \

v'5'y
[m i -m ' W m i] v(b = (T  - m '^Cb'' + '& )-K(0 '5 -  C(i) v5) (5.34b)

In this equation, the following definition is used.

vjf = Arr (5.35)

By collecting all the nodal equations of motion for nodes i = 1, 2, we obtain

where

co
V8y

[m i  Mvb m ] vcb = ('g^ -K 'S -C 'b )

Diag^m1!, m2I, •••, m"l]

(5.36)

(5.37)

and

i r = [i, i, •••, i]

V ;['blT, 'b2T, •••, 1 . » T

' f - m 1 '© C ^+ 'b 1) 
'f 2 -  m2 '©Cb2 + '52)

Nr - m ”<toCb”+ K5”)

(5.38)

(5.39)

(5.40)

In Eq. (5.36) we observe that there exist six more unknown accelerations than the number 

of equations, and hence it is not directly possible to solve this equation. Therefore, we
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need six additional equations, such as boundary conditions or constraint equations, in order 

to solve these equations. It turns out that the additional equations are obtained from the 

reference conditions of the flexible body. As two examples of reference conditions, we 

consider the fixed-axis conditions and the mean-axis conditions for the coordinate system 

in the flexible body.

5.2.2.1 Fixed-Axis Conditions

In order to provide a unique displacement field, we need a properly selected number of 

reference conditions for a flexible body within a multibody system. These conditions 

should eliminate the rigid body motion of the nodes relative to the body fixed reference 

frame. As stated in the previous section, the reference conditions for a flexible body are 

not uniquely determined. Thus, in this section, the use of a fixed-axis system is described 

for the reference conditions.

As explained earlier, Eq. (5.36) has six more unknown accelerations than the number 

of equations. Therefore, we need six conditions or additional equations in order to 

determine the unknown accelerations. In fact, if the body-fixed frame is attached to a few 

properly selected nodes, then it is possible to obtain the necessary six conditions by 

constraining one or more nodal degrees of freedom. These conditions will provide a 

unique displacement field by eliminating the six rigid body motions.

As shown in Figure 5.5, if the origin of the body-fixed frame is attached to a typical

node o, then the node will only undergo rigid body reference motions. This yields three 

boundary conditions as ='^° ='< °̂ = 0 . Further, to define the three axes of the body

reference system, it is sufficient to provide two independent base vectors. Since a direction
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is defined by two points, we choose node o  and another typical node i to identify the first 
axis and we impose two boundary conditions at node z as = &' =0 . These two

boundary conditions are sufficient to define the first axis. A second axis T] is defined 

orthogonal to y-axis in such a way th^ another node j  is on the Z;r) plane. This impose the 

boundary condition = 0. The third axis is obtained by the cross product of the first two

axes. These six fixed-axis conditions on nodes u, i, and j  can be written in a symbolic 

form as

'8K' = 0 (5.41)

Taking the second time derivative of Eq. (5.41) yields

= 0 (5.42)

node j

node o node i

Figure 5.5 A body-fixed frame defined by the nodes.

By appending Eq. (5.42) to Eq. (5.36), we obtain
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MI M'b MJ
o o rc)] (5.43)

where I(c> is a (6 x 6) identity matrix associated with the boundary conditions due to the 

fixed-axis system. Equation (5.43) is the equations of motion for an unconstrained flexible

For practical purposes* this process is equivalent to eliminating six rows and corresponding 

columns from the mass* stiffness, and damping matrices. Note that in order to specify the 

body-fixed frame by the node ve may arbitrarily choose the nodes. However, it should 

be noted that these fixed-axis conditions should not pose any kinematic constraints on the 

flexible body.

5 .2 .2 * 2  Mean-Axis Conditions

The fixed-axis frame provides six conditions on the deflection of the three almost arbitrarily 

selected nodes. The mean-axis frame provides six conditions on all the nodes in the 

system. The mean-axis condition is related to the linear and angular momenta due to the 

structural deformation which can be obtained by minimizing the kinetic energy with respect 

to the reference inertial frame [61]. Based on the assumption made in the beginning of this 

chapter, since a node has three translational nodal degrees of freedom and no rotation* the 

kinetic energy of the flexible body due to its deflection is given by

body. From this equation we can uniquely determine all of the unknown accelerations.

(5.44a)

or
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r *  = (d‘ - r + bito]r(d‘ - r  + frto) (5.44b)

Finding the stationary values of the kinetic energy with respect to reference velocity vectors 

yields er̂ '-

7) n
= = 0 (5.45)

and

= = 0 (5.46)

Equations (5.45) and (5.46) are the mean-axis conditions. The integration of Eq. (5.45) 

leads to

%m'S' = 0 (5.47)

9
Furthermore, if the origin of the body-fixed frame is initially located at the center of mass, 

then we have

%m'b' = 0 (5.48)
1 ■ . ' '

Equation (5.48) is the condition for the position vector of the body-fixed frame to be at the 

instantaneous center of mass. The time derivative of Eq. (5.45) yields

^ m l 8' = 6 (5.49a)



103

Alsovby taking the time derivative of Eq. (5.46), we get

% m' {6' (6& + 8') -  &' (mb' + S' )l = 0

After eliminating (he last term and rearranging the terms, this equation becomes

+6)%m'b'8' = 0
I 1

By applying Eq. (5.46) to this equation, we obtain

%m'b'8' = 0

In the prime (body-fixed) coordinates, Eqs. (5.49a) and (5.52a) are written as

and

o
i

j-V'b'NS' = 0

Equations (5.49b) and (5.52b) can be rewritten in matrix form as

iTM '8 = 0

and

'brM '8 = 0

{

(5.50)

(5.51)

(5.52a)

(5.49b)

(5.52b)

(5.53)

(5.54)
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By appending Eqs. (5.53) and (5.54) to Eq. (5.36), we obtain

" 0 0 i rM" ' 0
0 0 ‘brM 'to 0

ME M 'b M V 5J ^ - K ' S - C ' S ^
(5.55)

Equation (5.55) is the equations of motions for an unconstrained flexible body, 

equation we can compute all of the unknown accelerations.

5.2.2.J Flexible Body Equations of Motion

Equation (5.55) can be converted to a different form with the following manipulation [61]. 

Consider the nodal dynamic equation (5.33) in the absolute coordinates. By taking the 

summation of all the nodal equations for nodes f=/, 2,.... w, we get

%m'd' = f (5.56)

where f  is identified as the resultant of all the applied forces. Note that in this equation 

two right-side terms of summations of all the internal forces due to structural stiffness have 

vanished. By replacing d* with Eq. (5.25b), and using the conditions of Eqs. (5.45), 

(5.48), and (5.49a), Eq. (5.56) becomes

nn = f (5.57)
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For the angular equation, once again consider Eq. (5.33) in the absolute coordinates. 

Premultiplying Eq. (5.33) by b \ and taking summation for /= /, 2 , zi, we get

= (5.58)
i i

The right-side vector of Eq. (5.58) represents the sum of the applied moments and 

moments resulting from transporting the external applied forces from their point of 

application to the center of mass. In this equation, also note that two right-side terms of 

summations of all the internal moments due to the structural stiffness have vanished. 

Plugging Eq. (5.25b) into Eq. (5.58), and applying the conditions of Eqs.(5.48) and 

(5.52a), we get

-  cô zzi'b'b'co + = %bT (5.59)

Since the instantaneous inertia tensor J is given by

J = -]Tm'b'b' (5.60)

and the resultant moment m is defined as

n = % bT (5.61)

then Eq. (5.59) becomes
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Jti) = n tojko -  Z^/w^'daS1

body-fixed coordinates, this equation becomes

xJsd) = sn -W r c o - -2 £ m ,'b,W 8/

(5.62a)

(5.62b)

Although Eqs. (5.57) and (5.62) are derived from the same equation, these equations 

are two independent sets. Therefore, we can use these as the necessary additional 

equations. After replacing all the absolute vectors in Eq. (5.57) by the prime vectors and 

combining with Eqs. (5.62b) and (5.36), we obtain

ml 0 0 f'if
f  \

'f n
o .: j  o xri)

_Ml M'b M_UJ
, g/ -K 'S -C 'S

(5.63)

Note that in this equation, the definition of Eq. (5.35) is also used. By imposing the mean- 

axis conditions, Eq. (5.63) uniquely defines the dynamic motion for an unconstrained 

flexible body. In this equation, we observe that if the body is rigid, then the deformation 

vector 8 of elastic coordinates vanishes. As a result, the equation is reduced to the general 

rigid body dynamic equation. On the other hand, if we consider the case where the 

reference motion is not allowed, that is, the body reference frame is fixed, then Eq. (5.63) 

reduces to the standard equation for structural dynamics.

■ , ' N  ■
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Equation (5.63) can be easily applied to any complex multibody system undergoing 

large translational and rotational motions as well as elastic deformation. Equation (5.63) 

can be further simplified if we apply the modal superposition method. As stated in 

Appendix B, when we have a set of free-free modal data, the elastic eigenmodes and rigid- 

body modes are mutually orthogonal with respect to nodal mass and stiffness matrices. 

Therefore, Eq. (5.63) can be transformed to the modal coordinates as

ml 0 0
0 \I 0 'to

' T  n

n -'to'J'to -  2% m‘ b 'a>'8‘_ 0 0 M,_UJ , 'F:'g/ -M eA z -'P crC 4\z ,

(5.64)

where Mcis the modal mass matrix, 4% is the elastic eigenmode shape matrix, z, z, and z 

are modal coordinate, modal velocity, and modal acceleration vectors, respectively.

5.3 Sysdem Equations for Rigid and FlexibBe Multibody Dynamics

This section presents formulations for system equations of motion for rigid and flexible 

multibody system dynamics. The system dynamic analysis involves numerical solutions of 

a system of second-order differential equations combined with an additional set of algebraic 

equations. The additional set of algebraic equations are obtained from constraints due to 

kinematic joints between adjacent bodies. The total number of coordinates used to set up 

the equations of motion for all bodies is generally larger than the number of degrees of 

necdom of the interconnected system. Therefore, the algebraic constraints are necessary to 

describe the dependency between such coordinates.
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A kinematic joint reduces the relative motion between adjacent bodies. In this 

section, constraint formulations of two typical kinematic joints, a spherical joint and a 

spherical-spherical joint between a flexible body and a rigid body, will be presented. Other 

constraint formulations between rigid bodies can be found in Reference [ 1 ].

(a) Spherical Joint

A spherical joint between rigid body / and node c  of a flexible body is shown in 

Figure 5.6. The spherical joint requires the position of node c to coincide with the position 

of a point on the rigid body.

Figure 5.6 A spherical joint between a rigid body and a node.
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The requirement for the spherical joint leads to a vector equation as

r . + s f - d ' s O  (5.65)

Equation (5.65) provides three algebraic constraint equations leaving three relative degrees 

of freedom between the rigid body / and node c. T   ̂first time derivative of Eq. (5.65) 

yields

4>l5) = r, -  s,r(0, -  df =T$Sr (5.66a)

Replacing dc with Eq. (5.24), and arranging the terms by two groups associated with the 

rigid body and the flexible body coordinates, we can rewrite this equation as

+ H  A'br -A ]

' T \ 
'(0

U rJ
(5.66b)

By taking the time derivative of this equation, using Eq. (5.35). and rearranging the terms, 

we get

The quadratic velocity term in the acceleration equation is given by 

Y1; ’ = -to.tb.s;+A'tb('bc+'5c)

(5.67)

(5.68)
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(b) Spherical-Spherical Joint

#

A spherical-spherical joint is a typical composite joint. Figure 5.7 shows a spherical- 

spherical joint between rigid body / And node c  on the flexible body. As shown in Figure 

5.7. a rigid body i and a node c  on the flexible booy,are connected by a rigid link that 

contains two spherical joints.

Figure 5.7 A spherical-spherical joint between a rigid body and a node.

For this composite joint, only one constraint equation is required. It is given by

tD'-'-*'= d rd -  / ’ = 0 (5.69)
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where

d = r , .+ s '- d c (5.70)

and l is the length of rigid link.

The first time derivative of the constraint equation (5.57) becomes

& s-s)= drd = 0 (5.71a)

where

d =  r I. - s 1f(D|. - d c (5.72)

By replacing dc with Eq. (5.24) and arranging the terms by two groups, Eq. (5.71a) can 

be rewritten as

r
to + dr [ - I  A'b' (5.71b)

After taking the time derivative of this equation, using Eq. (5.35), and rearranging the 

terms, we get

(5.73)

where
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y<-*-s) = - d rto,.d),.i,c + d rA 'a ) ( 'r  + V8C) -  d rd (5.74)

After collecting all of the constraint equations for the kinematic joints between the 

rigid and the flexible bodies of a multibody system, the acceleration constraint equations 

can be represented in a symbolic form as

-Y * = 0  (5.75)<i> = v + -  Ic 'b c - I cj
r

'CO
'8C

where B^ is the Jacobian matrix associated with the rigid body coordinates, Bc contains 

the transformation matrix A for spherical joints, or drA for spherical-spherical joints. t c 

contains the identity matrices, 'b e contains the skew-symmetric matrices of all the

constrained nodal position vectors with respect to the body-fixed frame, and V8C contains 

all of the nodal acceleration vectors of the constrained nodes. Yr/  contains all of the right-

side-acceleration vectors of the constraint equations. In Eq. (5.75), as explained in section 

5.1.2, all of the absolute coordinates for the rigid bodies can be replaced with the 

associated joint coordinates by the use of the velocity transformation matrix. In a symbolic 

form, Eq. (5.75) can be written in joint coordinates as

d = c , e + [ D ci c b ; |  b j ,]
r

'(b 
'8C .

— + B^B0 — 0 (5.76)

where 0 and 0 are the joint velocities and accelerations, and is the Jacobian matrix 

associated with the joint coordinates, and B is the time derivative of the velocity
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transformation matrix. Applying the modal transformation, the nodal coordinates of Eq. 

(5.76) can be transformed to modal coordinates as

c> = c ^6+ [d ci c b ;6c B ^ ]
/ 'j ; \

V ^ 7

— Yrf + B^.B0 = 0 (5.77)

where XF(C) is a modal matrix consisting of the modal vectors where the coordinates are 

associated with the constrained nodes.

5.3,1 Nodal Coordinate Formnlation

In addition to the constraint equations of Eq. (5.76), the system equations can be 

systematically assembled from Eq. (5.22) for a rigid multibody system and Eq. (5.63) for a 

flexible body as [61]

~Mr 0 0 0 CTr C* '  ̂ 6 "
f BT(gr - M rB0)

0 ml 0 0 0 'f 'f
n

0 <0>
' J „

0 0 $ crBcr 'to <E - 'to 'J 'to -2 % m ''b ''to '6
0 M l MTb M 0 % '5 V - K '6 -
c r 0 0 0 0 0 -v r -c ,e

k DJc d A Dci c 0 0 C v f J
V

where the subscripts r and/stand for rigid body and flexible body, respectively. In this 

system of equations, vr/ is the vector of Lagrange multiplier associated with the constraints

between rigid and flexible bodies.
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By defining the following sub matrices as

M

C

M r 0 0 O'
0 ml 0 0
0 0 'J O'
0 MI M 'b M

Cr 0 0 0
C , d J c d ;6 , d , i ,

f.
0 s

Z6 X
'f
'd)

z v, x
\ VrfJ

BT(gr - M rB0)
xf

xn - xto T G )-2 2 =,m'xb''tox5 

vg/ -  K'8

Z -C r6 x
Yr/ -  Dr/B0

(5.79)

(5.80)

(5.81)

(5.82)

(5.83)

(5.84)

Eq. (5.78) is concisely written as

M Cr " 0
C 0 _ v"Vj a ;

(5.85)
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These are the nodal equations of motion for the dynamics of rigid and flexible multibody 

systems. In order to use this formulation, we must have the nodal mass and stiffness 

matrices explicitly. These matrices can be obtained from an analytical model or by 

structural identification.

5.3,2 Modal Coordinate Foram lation

In Eq. (5.85), the nodal coordinates are used to describe the elastic deformation of the 

flexible body. When we have the vibration data for the flexible body, the equations can be 

transformed to modal coordinates by the use of mode superposition technique. To express 

the equations in modal coordinates, Eqs. (5.22), (5.64), and (5.77) are combined. As the 

result, we have [61]

Mr 0 0 0
0 ml 0 o
0 0 •J o
0 0 0 i
cr 0 0 0

K D A d ;6c DcA

C f  C j r 0  ^
0  l TcB Tc ' r
o 'cb
0 z
0  0 - w
0  0 C Vrf>

BT(gr - M rB6)
'f

'n -  WJTo) -  2]h ml 'd>'8

'C & y - A a
-C r9

v 7 ^ -R yA e y

(5.86)

As explained in Appendix B, since elastic eigenmodes and rigid body modes of a 

free-free flexible body are mutually orthogonal about the nodal mass matrix, we have a 

symmetric system mass matrix. In this equation, we use a set of eigenmodes that are 

normalized by the modal masses. Therefore, the modal mass matrix contains identities in 

the diagonal, and the modal stiffness matrix contains just the eigenvalues along the 

diagonal. Here it should be noted that this system of equations requires the free-free modal 

data of the flexible body. These modal data can be obtained from experimental
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identifications, or from an analytical process. Observe that when we use modal data in 

these equations, the nodal mass matrix is explicitly required, however, the nodal stiffness 

matrix is not required.

5.4 Static Analysis for Multibody Systems

In general, it is essential to know the coordinates of a complex multibody system at the 

static equilibrium state. Sometimes, the dynamic analysis of a multibody system requires 

initial coordinates at the static equilibrium state. In the case of a large-scale constrained 

multibody system, it is a complicated task to find the correct values of the coordinates at a 

state of static equilibrium. In Reference [1], several different methods for static analysis 

are presented. All methods are based on the general formulation of the dynamic equations 

of motion. On the basis of nodal coordinate formulation (5.85), this section presents a 

formulation for static analysis.

The static equations can be obtained from Eq. (5.85) by eliminating all the velocity 

and acceleration dependent terms. From Eq. (5.85), the necessary static equations can be 

obtained as

g + Cr V = 0 (5.87)

where vector g contains only the forces and moments that are not velocity dependent. In 

Eq. (5.87), the Jacobian matrix C can be obtained from the kinematic constraints. The 

constraint equations for kinematic joints between flexible and rigid bodies are expressed as

0(0) =  0 (5.88)
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Since we are using the joint coordinate formulation for rigid body systems, only constraints 

between flexible and rigid bodies, and constraints for the closed-loops between rigid bodies 

appear in Eq. (5.88).

For the static equilibrium state of a system, we must simultaneously solve the static 

equation (5.87) and constraint equation (5.88). These equations can be solved iteratively 

using the linearized Newton-Raphson formulation:

^ { g  + Crv} Cr ^g+ c V

C 0 _UvJ 4.(8) J

In order to solve this equation, first we must determine an initial estimate for the Lagrange 

Multiplier vector v corresponding to the initial values of the coordinates. The initial values 

of Lagrange multiplier for Newton-Raphson iterations can be determined by solving the 

following equations:

CCrv = -C g (5.90)

Since CCr in the above equation is a square matrix, we can solve for the initial values of 

Lagrange multipliers based on the given initial estimates on the coordinates. Using Eq. 

(5.80), Eq. (5.90) can be written as

c rc^ C,Brg, )
C„c£ + a w ^ B rg,+Pj

(5.91)
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where

(5.92)

and

P = (Dcl c)Icr'i + (D;bc)vbcr'f + (BjUfff -  K'8) (5.93)

Once we determine the initial estimates for the Lagrange multipliers, we can solve Eq. 

(5.89) iteratively. Now, all the necessary equations for static equilibrium analysis are 

described in symbolic linear forms. In order to obtain the coefficient matrices, we need to 

evaluate the necessary partial derivatives associated with all the coordinates [63]. It may be 

a complex task to acquire these necessary partial derivatives by an analytical approach. 

Therefore, a finite difference method is usually utilized due to its simplicity.

5.5 Linearized. Equations off Motion ffor Multibody Systems

One of the important advantages of linearization formulation for nonlinear models is to 

provide some useful characteristic properties of the models, for example, eigenvalues and 

corresponding eigenmodes. It is normally possible to extract the natural frequencies and 

corresponding modes of nonlinear systems by knowing the linearized system mass and 

stiffness matrices. By the use of the linearized mass and stiffness matrices, we can 

construct the system equations. Then, we can carry out the transient dynamic analysis by 

solving the linearized system equations. We can also apply the mode superposition method 

to the linearized system. In addition, the knowledge of the eigenvalues may be extended 

for stability analyzes. When we carry out a parameter variation, the parameter values for 

which the system becomes unstable can be detected. Therefore, it is possible to find such a 

parameter that may be a critical one for the system.
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In general, the system intrinsic properties can be obtained from the characteristic 

equations of the system. The characteristic system equations can be extracted from the 

transient dynamic equations (5.85) by the use of linearization technique. A set of dynamic 

equations can be linearized at an equilibrium state.

From Eqs. (5.85) and (5.89), the linearized equations for the flexible and rigid 

multibody system can be given by

— /\  ̂T’"]/  n \
M c r de
C o _l-5 v j

dB
{g.+ CTv} 0

0 0 l . o j liv (5.94)

At an equilibrium state, from this equation we can obtain the linearized system mass matrix 

M  and the stiffness matrix K  as

M M  CT
C 0

(5.95)

K <99
{g + Crv} 0

o e
(5.96)

Using the generalized mass and stiffness matrices, we may extract the eigenvalues and 

corresponding system modal matrix. Here note that the system mass matrix (5.95) is 

positive definite, but the linearized stiffness matrix is highly singular. Therefore, there 

exist many zero-eigenvalues, especially due to the constraint equations and the associated 

Lagrange multipliers.
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CHAPTER 6

FLEXIBLE BODY MODES 

FROM SYSTEM VIBRATION DATA

In Chapter 5, two formulations for the rigid and flexible multibody system dynamics were 

presented. One was the nodal coordinate formulation and the other was the modal 

coordinate formulation. If we use a set of experimental vibration data in the dynamic 

modeling, then either formulation requires some structural identification. For example, the 

nodal coordinate formulation of Eq. (5,85) needs explicitly the nodal mass and stiffness 

matrices for the flexible body. On the other hand, the modal coordinate formulation of Eq. 

(5.86) requires the nodal mass matrix and the free-free modes of the flexible body in the 

system. Therefore, in order to perform dynamic simulation with these formulations, it is 

necessary to identify the required information from the available vibration data.

Figure 6.1 illustrates a flow chart of dynamic modeling and simulation process. For 

the identification process, we assume that the vibration data of a system is available. On 

the basis of the system modal data, this chapter focuses on the portion of structural 

identification highlighted in Figure 6.1. As shown in the highlighted box, this chapter 

presents a methodology to determine the nodal mass distribution and stiffness of a flexible 

body in a multibody system. Subsequently, using the identified nodal mass and stiffness 

matrices, the necessary free-free modal data of the flexible body are extracted.



System Modal Data 
A & T

Vibration Test

Rigid & Flexible Mnltibody System

Rigid & Flexible System Dynamic Modeling 
and

Dynamic Simulation

i) . Determination off 
Nodal mass M  & 
System mass M

ii) . Determination off 
System stiffness K &

Nodal stiffness K  
iii). Extraction off Modal Data 

off Flexible Body:
A& 'F

Structural Identifications.

Figure 6.1 Structural identification process from system vibration data.
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6.1 Identification of Mass M atrix

This section presents a method for identifying the mass distribution of a flexible body using 

either a complete set or an incomplete set of system vibration data. In this process we are 

concerned with distributing the total mass of a flexible body to a dynamically equivalent 

mathematical model having the same elastic characteristics. In general, the mass matrix 

identification is a first step toward subsequent structural identification.

6.1.1 Requirements for Mass Distribution

In this section we review some of the basic concepts and necessary requirements for mass 

distribution. In order to obtain convergent solutions of a dynamic model, it is essential to 

determine a positive-definite mass distribution for the model. To satisfy this, the finite 

element approache uses complete and compatible displacement functions. As a result, a 

finite element formulation yields a symmetric and positive-definite mass matrix [64].

Unlike the classical finite element models, it is possible to generate a dynamic model 

by the use of measurement points of vibration data, making the model to appear as a 

random collection of lumped-masses. Since the number of data measurement points are 

limited and the locations of measurement points are arbitrarily determined for the test 

convenience, it is not reasonable to distribute the total mass over the data measurement 

points in a finite element sense. In order to represent the physical system accurately, such a 

model must be forced to satisfy some other conditions.

In classical dynamics, two bodies are said to be dynamically equivalent if they have 

the same behavior under the same loading conditions [6], In rigid body dynamics, the
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equivalent model can be constructed such that it has the same mass, the same position of 

center of mass, and the same inertia tensor with reference to any coordinate frame as the 

original body. Utilizing these conditions, a rigid body can be represented by an equivalent 

mathematical model. Based on this idea of equivalent mathematical model, a simple 

method for multi-rigid body dynamics has been developed [24]. In this method, a rigid 

body is replaced by a dynamically equivalent system of particles (or lumped nodal masses). 

For general motion, the equality of mass, the position of center of mass, and the elements 

of inertia tensor lead to ten algebraic equations. From the use of these ten equations, a rigid 

body can be replaced by a system of particles.

In rigid body dynamics, these ten algebraic equations are the necessary and sufficient 

conditions to replace a rigid body with a system of lumped masses. On the other hand, in 

flexible body dynamics, those conditions are not enough. This is the case because the 

lumped nodal masses on the flexible body are not rigidly connected, and they are allowed 

to undergo relative motions. The relative motion between nodal masses leads to the 

deformation of the flexible body. For an elastic flexible body, the deformation will totally 

depend upon its own flexible characteristics. In order to replace a flexible body with a 

collection of nodal masses in a finite element sense, we must consider some flexibility 

conditions in addition to the original ten algebraic conditions.

In flexible body dynamics, structural vibration of a flexible body can be determined 

by the modal characteristics such as natural frequencies and the associated modes. The 

vibration modes must be orthogonal about the nodal mass distribution. Therefore, these 

orthogonality requirements between the nodal mass distribution and the vibration modes 

may provide the necessary equations for the nodal mass identification [41]. The next
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section presents a method of determining the nodal mass distribution that satisfies the initial 

requirements of a set of system vibration data.

6.1.2 Computation of Mass Distribution

In order to determine the nodal mass distribution of a flexible body in a multibody system, 

we first assume that the necessary data for all rigid bodies, such as masses, inertia tensors, 

and coordinates of each rigid body, are available. For a flexible body, we assume that the 

minimum necessary information, for example, the total mass, the position vector of the 

center of mass, the inertia tensor, and coordinates of measurement points, are known 

quantities. We also assume that m natural frequencies and corresponding eigenmodes of 

the multibody system are known. Here, each of the vibration modes contains n elements 

representing the relative motion of all points of interest.

From Eq. (5.78), the system mass matrix of a rigid and flexible multibody system is 

rewritten as:

M r 0 0 0
<0i ml 0 0 0 i TM
<0 0 'J 0 0 'b J X
<0> Ml M b M 0

€ r 0 0 0 0 0
Bci c D ;bc B J C 0 0

(6. 1)

Since we are dealing with the vibration of the entire system, the system can undergo 

harmonic oscillations around an equilibrium state. In the matrix of Eq. (6.1), the 

coordinates and geometry dependent terms at an equilibrium state can be obtained from
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either a static analysis or direct measurements. In addition to the nodal mass matrix M of 

the flexible body, it is also possible to construct the system mass matrix by the use of all 

the available known quantities. In the constructed system mass matrix, the only unknowns 

are the nodal masses. The remaining problem is, therefore, how to determine the nodal 

mass distribution for the flexible body in a multibody system.

As explained in Chapter 5, the system modal data can be obtained from the linearized 

system mass and stiffness matrices, or from experiments as shown in Figure 6.1. In 

modal dynamics, the system modal matrix T  is simply a transformation between the 

physical space and the modal space. This modal matrix is also required to be orthogonal 

about the system mass matrix M :

= 0 if i * j  (6.2)

This relationship provides the necessary and sufficient conditions between the mode shape 

vectors and the mass distribution. In Eq. (6.2), the system modal matrix can be described 

with the sub-modal matrices according to the associated coordinates as:

'F =

'Ff ^2 'Ff

^2 'Ff

'Ff 'Ff
'Ff

11/0
x  m

"xj/fl"

'P : xpr
XT/to 1 m =
XI/5
T  m

xp5
vprc x|/c

(6.3)

where vFe, tF r, 'F®, tF 5, and VFC are the sub-modal vector matrices corresponding to the 

joint coordinates, the reference translational and rotational coordinates, the nodal
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coordinates, and Lagrange multipliers, respectively. Using expression (6.3) and system 

mass matrix (6.1), Eq. (6.2) can be rewritten as

+ ' i ' f  M'FJ + 'PfM'P; = - y  (6.4)

where

y = (6.5)

Note that the Jacobian matrix of the constraints and the corresponding eigenmode vectors 

are mutually orthogonal as

O F  = 0  (6.6)

where C is defined in Eq. (5.80). For the derivation of Eq. (6.4), the orthogonality 

conditions of Eq. (6.6) is used. Equation (6.4) is satisfied as long as the modes are 

linearly independent. If the mass, inertia tensor, geometry and coordinates of all bodies are 

known, Eq. (6.4) can be used to compute the right-side terms. Therefore, from Eq. (6.4) 

we can extract a certain number of necessary equations based on the available number of 

modes. When m sets of modal data are available, Eq. (6.4) gives m(m-1 )/2 independent 

algebraic equations having the unknown masses with the elements of the known mode 

shapes as their coefficients. These equations are the flexibility conditions for a flexible 

body in a multibody system.

As stated earlier, a rigid body can be represented by a dynamically equivalent system 

of lumped masses by the use of ten required conditions [24]. These conditions must be
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applied to a dynamically equivalent system of lumped masses for a flexible body in addition 

to the flexibility conditions. First, the sum of the diagonal elements may be considered as:

jS n '' = m (6.7)
i = l

where m is the known total mass of the structure and m' is the lumped mass at node i. For 

any finite system, the first and second mass moments/products of inertia must be satisfied:

1=1
0

and

i=i

(6.8)

(6.9)

where s. is the position vector of node i from the body-fixed coordinate system located at 

the center of mass, and J  is the inertia tensor of the flexible body. In the above equations, 

the index n is the number of nodal points which may be the same as the number of 

measurement points or the selected nodal points from an analytical model.

Equations (6.2) and (6.7) through (6.9) are the necessary and sufficient conditions 

for the mass matrix identification for a flexible body. For computational convenience, 

these equations can be written in a matrix form as:

(6 .10)
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where x is a column matrix made up of n unknown nodal masses, A is a matrix formed by 

the coefficients of Eqs. (6.4) and (6.7) through (6.9), and b is a column matrix made up of 

the right-side known terms.

When the number of equations in Eq. (6.10) is less than the number of unknowns , a 

unique solution is not expected. Usually there will be a "number of equations - number of 

unknowns" dimensional family of solutions. Therefore, we may need to find a least- 

square sense solution by the use of singular value decomposition (SVD) method [65] or a 

pseudo-inverse technique [41]. However, it should be noted that the identified mass matrix 

must be positive-definite for a convergent solution. Also note that different valid mass 

distributions used with the measured vibration modes can effectively predict identical 

responses of the system.

After determining the nodal mass distribution of the flexible body, the system mass 

matrix can be constructed. The modal masses from Eq. (6.4) are computed using the 

identified system mass matrix. These computed modal masses also provide a positive- 

definite mass matrix. In modal dynamics, not only the eigenvalues but also the modal 

masses are intrinsic properties of the structure itself. Therefore, these characteristics of the 

flexible body remain quantitatively the same as long as they have the same structure even if 

different finite mass models are chosen.

6.2 Identification of Stiffness Matrix

This section presents a method to identify the system stiffness and nodal stiffness matrices 

of a flexible body in multibody systems. After determining mass distribution for a 

multibody system, the stiffness of the system and the stiffness of a flexible body in the
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system can be determined as a subsequent identification process. According to the 

available vibration data, the identified stiffness matrices can be either a complete or an 

incomplete model. To identify these stiffness matrices, in this section it is assumed that a 

complete set or an incomplete set of vibration data of the multibody system is available. It 

is also assumed that the system mass matrix defined in Eq. (6.1) is determined in advance.

6.2.1 System Stiffness Matrix

As explained in Chapter 5, a system stiffness matrix can be obtained from the linearized 

equations of motion for a multibody system. The linearized stiffness matrix of Eq. (5.96) 

can be rewritten as

| (B'g) f ( B 'g ) i (Brg) i (Brg) 0

&F'f)dr 4 <r,) 0

| 0 b r'f) dr i rbr'f) J E ci,T'n
0

A c g/-Kr8) £fg,-K :5) ^ f g , - i c 5 )  j | f g , - J « )  «
(0> 0 <0> 0 0

where 'Qf  is the rotational coordinate associated with the angular velocity 'to of the flexible 

body. Here note that since the stiffness is independent from constraint equations, the last 

row and the last column associated with the Lagrange multipliers are all zero entries. This 

linearized system stiffness matrix can be symbolically represented as
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*ee &er 6̂a> ^es 0

^r6 K r Z m K s 0

K e K r Z " K s 0

^se &5r Z * ^ss 0
0 0 0 0 0

(6 . 12)

In this representation, the subscripts, 6, r,co, and 8 stand for the degrees of freedom 

corresponding to the joint coordinates of rigid bodies, the translational coordinates, 

rotational coordinates, and nodal deformations of the flexible body, respectively. This 

system stiffness matrix can be computed by the use of the system mass matrix (6.1) and the 

available modal data. For this computation, Eqs. (3.1) and (3.2) are rewritten as

(6.13)

(6.14)

i=i m,.

and

,=; mi

A* /s
where A, and m, are the i th eigenvalue and corresponding modal mass of the system, 

respectively. When summed over all sets of modal data that are equal to the total number of 

degrees of freedom of the system, Eq. (6.13) will give a complete stiffness matrix which is 

exact. The computed matrix from Eq. (6.14) represents an incomplete stiffness matrix.

From the identified stiffness matrix, it may be possible to extract a sub-stiffness 

matrix associated with any particular degrees of freedom. For example, if we are interested 

in obtaining the stiffness matrix of the flexible body, then we can subtract the sub matrix 

Ks$ associated with the elastic degrees of freedom. However, this sub-stiffness matrix

might be a combined stiffness matrix containing external springs and structural stiffness of
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the flexible body. Therefore, further identification from the sub-stiffness matrix is needed 

to obtain the structural stiffness of the flexible body.

6.2.2 Identification of Nodal Stiffness Matrix of A Flexible Body

In Chapter 5, two sets of formulations were derived for rigid and flexible multibody system 

dynamics. For a flexible body in a multibody system, the first formulation uses nodal 

coordinates and the second formulation uses modal coordinates. In nodal coordinate 

formulation of Eq. (5.85), nodal mass and stiffness matrices are incorporated. Therefore, 

this formulation requires nodal mass and stiffness matrices explicitly. On the other hand, 

the modal coordinate formulation of Eq. (5.86) requires the nodal mass matrix with a set of 

vibration data of the flexible body. The necessary vibration data for this formulation can 

also be obtained by identifying the nodal stiffness matrix of the flexible body in the 

multibody system.

As explained in the previous section, when we have the system modal data and mass 

matrix, we can recover the system stiffness matrix. Since we want to identify the structural 

stiffness of a flexible body, we are interested in the sub-stiffness matrix Kss associated

with the elastic degrees of freedom. From the system stiffness matrix of Eq. (6.11), we 

have

This stiffness matrix can be rewritten as

■̂55 = “ ^ gC g/-^ '8 )  (6.15)
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(6.16)

In Eq. (6.16), the first term is the stiffness due to the external support springs. Note that 

the forcing vector '£ in this equation contains all the external forces acting on the nodes of 

the flexible body. However, since we are dealing with the stiffness representing the 

system or the flexible body based on its own property, all the velocity dependent forces and 

external forces acting on the flexible body will disappear. Only spring forces will remain in 

the forcing vector. Therefore, the first term of Eq. (6.16) can be defined as:

Consequently, if we have the stiffness of Eq. (6.17) in an analytic form, then we can 

obtain the nodal stiffness from Eq. (6.16).

Figure 6.2 illustrates a spring between rigid body i and node j  on a flexible body. A 

spring vector 1 is defined as [1]

(6.17)

1 = r  + foy — r, - s (6.18)

The magnitude of this vector is

/ =Vfi (6.19)

A unit vector m, along the spring axis is obtained as
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Figure 6.2 A spring between rigid body i and node j  on flexible body.

u ( 6.20)

For a spring with linear characteristics, the spring force can be found as

(6.21)

where ks is the spring stiffness, / is the deformed length and l0 is the undeformed length 

of spring. The linearization of the spring forces has been derived in an analytic form in
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Reference [63]. The linearization of a spring force with respect to the associated nodal 

deformation vector 5j is given by

<98j

l
( —  - 1)1 + A

<?8j
(6.22)

The partial derivative of the spring vector (6.18) can easily be obtained as

<91
<95j

I (6.23)

By applying Eq. (6.23), Eq. (6.22) yields

<98j
( y - l ) I  + UsU* (6.24)

Furthermore, if we can assume that there is no spring deformation at a static equilibrium 

state, then we get

A i i
<98j

(6.25)

From Eqs. (6,24) and (6.25) if we know the unit vector of the springs between a rigid 

body and a node on the flexible body, we can explicitly construct a (3 x 3) stiffness matrix 

due to the springs. Therefore, by collecting every 3 x 3  sub-stiffness matrix for all the 

springs attached to the flexible body, we may construct the stiffness matrix of Eq. (6.17). 

Here note that the transformation matrices between two bodies can be obtained from the 

static analysis. Finally, we can extract the structural stiffness K of the flexible body as
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^  -  K S S  ~  K ( s s ) (6.26)

When we have an incomplete set of system modal data, Eq. (6.26) is no longer valid. 

As mentioned in Chapter 3, the same technique for a reasonable approximation can be 

utilized. Since we have an incomplete set of system modal data, the sub-stiffness K5S is

also an incomplete model which is highly singular. For incomplete models, therefore, Eq.

(6.26) can be modified as

where K*ss) is an incomplete stiffness matrix due to the external springs by the use of the 

kept modes. This incomplete stiffness matrix can be taken from (3.21) as

From this approximation, again note that the experimental system modes are orthogonal 

about the system stiffness matrix, but the stiffness matrix due to the suspended springs 

may not be orthogonal. As shown in Chapters 3 and 4, Eq. (6.28) provides a reasonable 

approximation. In order to use this equation, first we must construct a full size spring

(6.27)

(6.28)

stiffness matrix K iss). After computing K iss) from Eq. (6.28), we can extract the sub- 

stiffness K*ss) associated with the elastic degrees of freedom.
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6.3 Mode Ideratifficatiom and Validation Example 

• 6.3.1 Mode Identification Process

In order to identify the modal data of a flexible body in a multibody system, the necessary 

equations have been developed in the previous sections. The identification process can 

now be summarized as:

1) Determine nodal mass matrix M using Eq. (6.10)

2) Construct system mass matrix M  using Eq. (6.1)

3) Compute system modal masses using Eq. (6.4)

4) Recover system stiffness matrix K  using Eq. (6.13)

5) Extract sub stiffness matrix Ks5 from K

6) Identify K(ss) using Eq. (6.17)

7) Determine nodal stiffness matrix K using Eq. (6.26)

8) Compute modal data using the identified matrices M and K

Note that during this identification, we may need some additional computation, such as the 

generalized mass matrix M r of the rigid body system and the unit vector of the springs

attached to the flexible body. These quantities can be determined through a static analysis 

of the rigid system model.

Using this identification process, we can obtain the necessary modes for the modal 

coordinate formulation (5.86). If a flexible body in a multibody system is constrained by 

non-moving kinematic constraints, then it is possible to apply the associated boundary
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conditions. The resultant modal data will be a set of constrained vibration data. However, 

for a flexible body such as an automotive body constrained by moving kinematic joints, we 

cannot assume fixed boundary conditions. Since it is not possible to apply any particular 

boundary conditions for the flexible body, the identified matrices provide the modal data 

for the unconstrained flexible body. For the modal data computation of such semidefinite 

systems. Appendix A provides the necessary detailed derivations. Note that the computed 

modal data can be a complete set or an incomplete set depending upon the available system 

vibration data.

6.3.2 Validation Example: A Rigid and Flexible Pendnlum

This section presents an example to validate the developed identification process. Consider 

the rigid-flexible pendulum system shown in Figure 6.3. This pendulum system consists 

of a rigid body, a flexible body and two external springs. This system is constrained by 

five kinematic joints—a revolute joint and four spherical joints. Two moving bodies are 

constrained by four spherical joints such that the system allows a rigid-body rotational 

motion around the revolute joint. This example system has one rigid-body degree of 

freedom and thirty six elastic degrees of freedom.

The flexible body in the pendulum system is suspended by two external springs and 

each spring stiffness is 3KN/m. Since the flexible body is constrained by four spherical 

kinematic joints, the flexible body is an over constrained example. For this system, the 

masses and inertia tensors for the rigid body and the flexible body are listed at Table 6.1.
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Sperical joint
Revolute joint

Rigid body Flexible body

Figure 6.3 A rigid and flexible pendulum system.

Table 6.1 Masses and inertia tensors of bodies

Item Rigid body Flexible body

Mass

(Kg)
10.0 23.4

Inertia tensor 
( K g - m 2) J  =

"1.0
10.0

10.0
J  =

"0.117
0.273

0.273
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Now on the basis of the developed identification methodologies, we would like to 

identify the free-free modal data of the flexible body in the pendulum system. Since the 

experimental vibration data of the system is not available, we would like to extract the 

vibration data first. The vibration data may be extracted from the linearized system 

equation (5.94). The nodal mass and stiffness matrices of the flexible body are 

incorporated in the linearized system equation. For this example, the nodal mass and 

stiffness matrices of the flexible body are obtained from ABAQUS finite element program. 

The finite element model consists of sixteen nodes and three 3-D solid elements. In order 

to construct the linearized system equation (5.94), we also need the coordinates at a static 

equilibrium state. The static analysis is carried out using Eq. (5.89).

After constructing the mass and stiffness matrices of the linearized system, we can 

extract the system modal data from any general eigensolver instead of performing an 

experiment. The computed eigenvalues and frequencies are listed in Table 6.2. Note that 

the system equation (5.94) has a total of sixty seven equations in this example. Among 

them, twelve equations are the constraints. Therefore, the system equation provides 

twenty four zero-eigenvalues due to the constraints and the associated Lagrange multipliers.

Now assume that we have the system modal data such as eigenvalues and associated 

modes. For simplicity we assume that we have the system mass matrix as known in this 

example. Based on the identification process in Section 6.4.1, the identified free-free 

frequencies are listed in Table 6.3. Although in this example the flexible body is over 

constrained, most of the significant frequencies are well identified. As shown in this table, 

they are in good agreement with the frequencies obtained directly from the finite element 

model. However, we observe that there exist six missing modes, 8, 12, 18, 19, 36, and
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37. Since there are twelve constrained elastic degrees of freedom by four spherical joints, 

therefore, it is obvious to lose six over-constrained elastic degrees of freedom.

Table 6.2 System frequencies of the rigid and flexible pendulum.

Mode No Frequencies (Hz) Mode No Frequencies (Hz)

1 1.007 23 54.3308
2 4.7747 24 54.3599
3 4.7747 25 60.4509
4 4.7747 26 61.6601
5 4.7747 27 61.6615
6 4.7747 28 66.1671
7 4.7747 29 66.2789
8 5.2290 30 73.0233
9 5.8114 31 75.5928
10 10.6373 32 75.6120
11 22.7408 33 ' - 76.5222
12 23.1897 34 80.2079
13 28.9673 35 86.6065
14 29.7597 36 88.4170
15 39.4388 37 89.1165
16 43.0077 38 89.1169
17 44.2371 39 98.2811
18 44.2572 40 98.4682
19 46.0676 41 106.771
20 46.3521 42 138.178
21 46.5491 43 162.503
22 54.0641
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Table 6.3 Identified free-free frequencies for the flexible body.

Mode
No.

Identified Results 
(Hz)

Mode
No.

Direct Computation 
Results from FE model 

(Hz)
1 20.2232 1 20.4045
2 20.5881 2 20.4375
3 20.5982 3 20.4375
4 35.2377 4 35.3416
5 40.7650 5 40.8090
6 41.4106 6 41.1386
7 41.4106 7 41.1386
8 - 8 42.2245
9 43.3195 9 43.0164
10 44.4767 10 43.0164
11 44.4768 11 43.0164
12 - 12 46.7987
13 48.0158 13 46.7987
14 . 55.5225 14 46.8085
15 55.6156 15 52.6841
16 55.6645 16 54.1526
17 55.6649 17 55.5231
18 - 18 58.9523
19 - 19 58.9523
20 60.0022 20 60.0937
21 60.0022 21 60.0937
22 64.8147 22 65.7875
23 64.8149 23 65.7875
24 66.5520 24 70.6832
25 73.5928 25 74.8598
26 . 75.9738 26 76.0784
27 75.9738 27 76.0784
28 77.6300 28 77.9179
29 86.2800 29 79.0262
30 88.1754 30 83.7542
31 88.4429 31 87.8590
32 88.4429 32 88.4646
33 89.7098 33 88.4646
34 89.7099 34 89.7194
35 90.0682 35 89.7194
36 - 36 93.5051
37 - 37 94.7179
38 98.5934 38 99.9611
39 98.8091 39 99.9611
40 135.905 40 136.1939
41 152.147 41 157.5592
42 163.829 42 165.7185
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CHAPTER 7

NUMERICAL EXAMPLES AND DYNAMIC SIMULATIONS

This chapter presents numerical examples and simulations that illustrate the developed 

methodologies and formulations discussed in the previous chapters. Our purpose is to 

demonstrate the feasibility and applicability of the developed methodologies and 

formulations to the dynamics of systems of interconnected flexible and rigid bodies. In this 

chapter, a conceptual automobile model with a flexible chassis is chosen as an example of a 

flexible-rigid multibody system.

7.1 Automobile with Flexible Chassis

This idealized vehicle consists of a main chassis, four complete suspension systems, and 

four wheel assemblies. Figure 7.1 illustrates a schematic diagram of the model used in the 

analysis. In this figure, bodies (1) and (4) are the front suspension links; bodies (2) and 

(5) are the front knuckles, (7),-and (9) are the rear combined suspension links and 

knuckles; bodies (3), (6), (8), and (10) are the tire and wheel assemblies; and body (15) 

represents the flexible chassis. All bodies in this multibody system model are assumed to 

be rigid except for the chassis. As a constrained multibody system, this model can be 

represented as a combination of eleven bodies. As stated in Chapter 5, our dynamic 

formulations of Eqs. (5.85) and (5.86) treat a flexible body as a force element. Therefore, 

this system consists of four kinematic open-loops. Each open-loop contains a knuckle or a 

suspension link as its floating base body. One end of each loop is attached to two nodes on 

the flexible chassis. The data for this model are provided in Appendix C.
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Rear suspension

^wheel-axis 
(Rev. Joint)

Steering-axis 
fRev. Joint)

Spherical joint Wheel-axis 
(Rev. Joint)

Front suspension (2)

Figure 7.1 An automobile with flexible chassis.
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Suspension model

The suspension and wheel systems are assembled with a single wishbone which is 

connected to the main chassis. For the simplification of the model, the suspension springs 

and the shock absorbers are modeled by point-to-point spring-damper elements with linear 

characteristics. Each suspension system is represented by a spring and a damper connected 

between the knuckle or the link and a node on the flexible chassis. Each spring has a 

stiffness of 47 KN/m and each damper has a damping coefficient of 4 KN-m/s. The spring 

and damper attachment points relative to the body-fixed coordinate systems are given in 

Table C.5.

Tire model

For the driving simulations, the U-of-A tire model is used [66]. This tire model is based 

on a comprehensive pneumatic tire which is equivalent to a three dimensional spring 

system. In this tire model, the dynamic properties are derived as functions of the tire 

geometry rather than from the experimental test results [67]. The concept of a friction- 

ellipse is employed to compute the traction and braking forces. The tire forces and 

moments that are computed by the U-of-A tire model are supplied to each tire at every time 

step.

Flexible chassis models

As stated in earlier chapters, a flexible body can be identified from the available vibration 

data. In this example, however, since this is an idealized automobile, we extract its
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vibration data from a finite element model. For simplicity, the selected flexible chassis is 

considered as a block structure which has a length of 2.4 m, a width of 0.4 m, and a height 

of 0.4 m. Using the ABAQUS [65] program, we generate a finite element model of this 

flexible chassis. The finite element model consists of four 3-D equal size block elements 

and twenty nodes. The element and node numbering is shown in Figure 7.2.

Figure 7.2 A finite element model of flexible chassis.

The flexible chassis is assumed to have the material properties:

Young's modules E = 207 MPa

Poisson's ratio v = 0.3

material density p = 2600 KN / m*.
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As stated earlier, the finite element chassis model has twenty nodes with fifty four 

elastic degrees of freedom. From this finite element model, we can obtain the nodal mass 

and stiffness matrices. Moreover, utilizing these matrices, we can extract the free-free 

modes of the flexible chassis. Based on this finite element model, we consider the 

following five different models:

Model (1) when the nodal stiffness and mass matrices are available, we use Eg. (5.85).

Model (2) when the modal data of the free-free chassis is available, we use Eg. (5.86). 

The complete set of the free-free freguencies is listed in the fourth column of Table C.6.

Model (3) when the modal data of the chassis supported by springs is available, based on 

Section 4.1, first we identify the free-free modes, and then use Eg. (5.86). In this case the 

flexible chassis is supported by axial springs at nodes (1), (2), (17), and (18) as shown in 

Figure 4.1. The stiffness components of these springs are egually assigned to be 47 

KN/m. Table C.6 lists the available constrained freguencies by the supporting springs and 

the identified free-free freguencies.

Model (4) when the modal data of the chassis supported by kinematic joints is available, 

based on Section 4.2, first we identify the free-free modes, and then use Eg. (5.86). In 

this case the flexible chassis is supported by the kinematic joints as shown in Figure 4.3. 

Four nodes (1), (2), (17), and (18) are constrained by a non-moving spherical joint and 

three roller joints. All the constrained nodal degrees of freedom associated with the 

kinematic joints are listed in Table 7.1. Note that this constrained chassis is a deterministic 

structure which is not over constrained. Table C.7 lists the available constrained 

freguencies and the identified free-free freguencies.
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Table 7.1 The constrained nodal degrees of freedom.

Node
No.

Constrained Degrees of Freedom
X y z

1 X X X
2 - - X
17 - X -

18 - - X

Note: X stands for the constrained degree of freedom associated with the kinematic joints.

Model (5) when the vibration data is available for the vehicle, we first identify the free-free 

modes of the chassis, and then use Eq. (5.86). This model is intended to demonstrate the 

developed identification process in Chapter 6. In this example, since the experimental 

vibration data of the automobile is not available, we extract the vibration data from the 

analytical system model and we identify the necessary modal data as shown in Figure 6.1.

In order to obtain the system vibration data of the vehicle, four tires are replaced by 

four supporting springs. Then, the vehicle system is easily linearized at the equilibrium 

state. From the linearized system model, we obtain the mass and stiffness matrices. 

Subsequently, we extract the necessary system vibration data from these matrices. In this 

particular example, the eigen solver produces 66 meaningful eigenvalues and 

corresponding modes. The computed system frequencies of the constrained vehicle are 

listed in Table C.8.

Once we obtain the system vibration data, by using all of the known quantities, we 

can construct the system mass matrix of Eq. (6.1). Based on the formulation stated in 

Section 6.3, we can identify the vibration data for a flexible body in a multibody system. 

The identified frequencies of the free-free flexible body are listed in Table C.9.
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7.2 Dynamic Simulations and Results

For the developed five flexible chassis models and a rigid chassis model, the transient 

dynamic simulations are a sinusoidal depression simulation and an open-loop impulse 

steering simulation. The simulations presented here use the Multi-BOdy System 

Simulation (MBOSS) program [66]. This is a general purpose computer program for the 

dynamic analysis of mechanical systems. This program uses the joint coordinate 

formulation and velocity transformations in order to represent rigid multibody systems. In 

order to improve the capabilities of MBOSS to handle the systems of flexible and rigid 

multibody dynamics, the nodal coordinate and modal coordinate formulations described in 

Chapter 5 are implemented in this package. All the simulations were conducted on a 

desktop SPARC-5 workstation.

7.2.1 Simusoida! Depression Simulation

The sinusoidal depression simulation is a typical vehicle simulation. This simulation is 

performed to examine the vehicle suspension system for different road profiles with 

different vehicle driving speeds. Out of many sinusoidal depression simulations for the 

developed models, some samples are selected and presented in this section. Figure 7.3 

illustrates the road profile of a sine wave for the sinusoidal depression simulations. The 

amplitude h of the sine wave is chosen equal to 0.03 meters. Its span l is determined in 

order to attain certain frequencies at different vehicle speeds. The span of twelve meters 

and the lateral slope angle of six-degree are selected. The initial driving speed is 120 

Km/hr (75 MPH or 33.33 m/sec).
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Figure 7.3 Road profile for the sinusoidal depression simulations.

The intention of this simulation is to show the major differences of five flexible 

body models and a rigid body model. As stated earlier, all bodies in the flexible chassis 

models are assumed to be rigid, except for the chassis. Note that all the computer models 

for the comparison used the same initial and simulation conditions. To compare the 

influence of the flexibility of the chassis, some selected simulation results are plotted 

against the results from the rigid body model.

Since the driving speed of the vehicle is 120 km/h (33.33 m/s), at about 0.18 

seconds, the front wheels meet the sine wave path, and at about 0.36 seconds, the rear
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wheels complete to pass the sinusoidal path. For the vehicle reference motion, Figures 7.4 

presents the vehicle trajectory in the sine wave road simulation. The lateral locations of the 

origin of the body-fixed frame of the chassis is shown in Figure 7.5. Figures 7.6 and 7.7 

present the vehicle roll and yaw velocities, respectively. Here it should be noted that the 

origin of the body-fixed coordinate system of all the flexible models is the instantaneous 

center of mass. When we carried out a simulation with zero-degree of lateral-slope angle, 

we observed that the reference motion of all the models including the rigid body model 

show very similar dynamic response. However, when we performed the same simulation 

with six degrees of lateral-slope angle, the discrepancy of the reference motion between the 

flexible model and the rigid model is significant. As shown in Figures 7.4 through 7.7, all 

flexible models generate smoother curves than that of the rigid model. From the figures, 

we can clearly observe the influence of the flexibility of the chassis. Also, it can be seen 

that the solutions of all the flexible models are in close agreement.

From the simulations we realized that all of the suspension attachment points 

undergo relatively significant deformations. The maximum deflection occurs at Node # 20, 

the front suspension spring attachment point at the simulation time t = 0.27 second. The 

magnitude of the deflection is 4.5 mm in the vertical direction. Figure 7.8 presents the 

vertical deformation at Node # 20 with no structural damping. Figure 7.9 shows the nodal 

deflections at Node # 20 when we performed the same simulation with a five percent 

structural damping. Note that the reference motions of all the flexible chassis models with 

the structural damping are identical.
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Figure 7.8 Vertical deformation without structural damping. 
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7.2.2 Impulse Steering Simulation

The steering performance is one of the most significant characteristics of a vehicle. In 

general, the steering command is achieved by changing the relative angles between the 

automobile chassis and the wheels through the steering mechanism. In this section we 

carry out the open-loop impulse steering simulations based on the Ackermann steering 

scheme [68]. The steering command is an impulse function with vehicle's initial driving 

speed of 120 Km/h (75 MPH or 33.33 m/s). At time t = 0.3 seconds a steering command 

of one degree is initiated. After a time increment At = 0.25 seconds, the reverse steering 

command of negative one degree is applied. This steering command is a pulse excitation as 

shown in Figure 7.10.

The intention of this simulation is to also show the major differences of five flexible 

models and the rigid body model. All six computer models used the same initial and 

simulation conditions. As shown in the previous section, all the five flexible models also 

produced almost identical results in the open-loop impulse steering simulation. To 

investigate the influence of the flexibility of the chassis, therefore, some simulation results 

of the flexible model (2) are presented with the results of the rigid model.

For the vehicle reference motion, Figures 7.11 and 7.12 present the lateral and 

vertical locations of the origin of the body-fixed coordinate system of the chassis, 

respectively. The side-slip angle of the vehicle, which is the angle between the direction of 

vehicle travel and the direction of vehicle heading, is shown in Figure 7.13. Figures 7.14 

and 7.15 present the roll and yaw velocities of the vehicle, respectively. Again note that the 

origin of the body fixed coordinates of all the flexible body models is the instantaneous 

center of mass.
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Figures 7.16 and 7.17 show two selected histories of the radial deformation of the 

front driver-side tire and rear driver-side tire, respectively. From these simulations, we 

observe that the tire deformations are also influenced by the flexibility of the chassis. As 

shown in these plots, small oscillations of the tire radial deformations can be observed. 

Although the magnitudes of the oscillations are small, the effect to the vehicle response is 

significant.

In this simulation, we observe that all flexible models generate smoother curves 

than those of the rigid model. From the simulation results, we also observe that the 

solutions of all the flexible models are in close agreement, while the rigid model is not 

sufficient to accurately represent the dynamic response of the vehicle. The discrepancy of 

the dynamic response between the flexible models and the rigid model is accounted for the 

influence of the flexibility of the chassis.

The simulations reveal that the maximum deflection occurs at Nodes #19 and 20, 

the front suspension spring attachment points at the simulation time t = 0.09 second. The 

magnitude of the deflection is 3.10 mm in the vertical direction. Figures 7.18 and 7.19 

present lateral deflections at a selected node # 20. From these plots, it can be seen that the 

lateral component of deflection of all flexible chassis models undergoes relatively critical 

deformation. This phenomenon is natural because the lateral pulse steering input generates 

the external forces in the lateral direction. Note that the reference motions of all the flexible 

chassis models of both cases without or with five percent structural damping are almost 

identical.
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7.3 Simelatioini Results of Incomplete Models

In the previous section, we used all of the modes for four flexible chassis models. For the 

modal dynamic formulation, in this section we carry out a dynamic simulation for two 

incomplete models. The first incomplete model uses the lowest 10 modes (20%) and the 

other uses the lowest 27 modes (50%). The simulation is the open-loop impulse steering 

as shown in Figure 7.10. The driving speed and all the initial conditions are the same as 

used in the section 7.2.2.

The purpose of this simulation is to investigate the major differences of two 

incomplete flexible models (20 % and 50 %) against the complete flexible model. To 

compare the influence of the incompleteness, therefore, some selected simulation results are 

presented with the results of the complete flexible body model and the rigid body model.

For the vehicle reference motion. Figures 7.20 and 7.21 present the lateral and 

vertical locations of the origin of the body-fixed coordinate frame of the chassis, 

respectively. The lateral velocity of the mass center is plotted in Figure 7.22. From the 

simulation results, we observe that the reference motions of two incomplete models are also 

influenced by the neglected high modes. It can be seen that the level of discrepancy is up to 

the number of the neglected modes.

Figure 7.23 presents the lateral deflection at a selected node # 20 which is a front 

suspension spring attachment point. Note that in this section we used five percent 

structural damping for all the simulations. From Figure 7.23, we can observe the
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discrepancies of each component of the nodal deformation between two incomplete models. 

The reason is obvious due to the neglected higher modes. For the incomplete models, 

many researchers have proposed improving techniques by the use of static modes; such as 

attachment modes or constraint modes [69].
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CHAPTER 8'

CONCLUSIONS AND FUTURE WORK

In this study general methodologies are developed to perform the necessary structural 

identification from the available vibration data for modal dynamics of flexible and rigid 

multibody mechanical systems. From the work presented in the preceding chapters, the 

following conclusions are obtained:

(1) When the vibration data of a structure is available, and the changes in the mass 

and stiffness due to the structural modification are known, it is possible to 

identify the modal data of the modified structure from the known quantities.

(2) From the available vibration data, we can identify the necessary modes 

for dynamic modeling as either a free-free set or a constrained set.

(3) Using the available system vibration data, we can identify the mass matrix and 

possibly the stiffness matrix of the system. We can also extract the necessary 

modes for the flexible body in a multibody system.

Modeling a mechanical system as a flexible multibody model provides valuable 

information about the dynamic behavior of the system. Most existing conventional 

methods that are used to generate flexible body models for multibody system dynamics are 

based on the finite element method. These methods are generally restricted to bodies 

composed of relatively simple elements like beam or shell elements. Nevertheless, the 

finite element method finally leads to computationally inefficient formulation due to its large
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dimensions. An important advantage of this research is that it allows for coordinate 

reduction by using the mode superposition technique and a small set of generalized 

coordinates. Another main advantage of the dynamic modeling in this study is that the 

experimental results can be used as an alternative to the modal data from a finite element 

model. Natural frequencies and mode shapes based on physical tests can be utilized in the 

same manner as in the analytical approach.

There are a number of promising research directions for efficient and useful 

dynamic modeling, and structural identifications utilizing vibration data for complex 

flexible and rigid multibody systems. From the discussion, it is concluded that the 

extraction of the correct vibration data has the most significant effect on both accuracy and 

computational efficiency. The problem of extracting correct modal data from experiments 

has not been conclusively solved and it remains for future investigation. There are a 

number of schemes to improve the accuracy of the solutions for incomplete models by 

incorporating correction terms containing the static modes. This correction technique for an 

incomplete model is also considered as a demanding topic for future study. Furthermore, 

the developed methodologies for system identification in Chapter 6 can be extended to 

damage prediction and detection as a nondestructive inspection method. On the basis of 

experimental vibration data, it may be possible to observe the system degradation by 

identifying local changes of the system stiffness in a multibody system.
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APPENDIX A

Modal Data for SemMeffimte Systems

The stiffness matrix for an unconstrained (no boundary conditions) deformable body is 

singular. A modal analysis on the mass and the stiffness matrices of a singular system 

will yield one or more zero eigenvalues. This means that the system can move as a rigid 

body in space. These types of systems are classified as semidefinite systems [60]. This 

section presents an analytical method to obtain the modal data for semidefinite systems.

Consider a completely unconstrained flexible body undergoing undamped free 

vibration. In matrix form, the linear dynamic equation is given by

M ii(t) + K u (t)  = 0 (A.l)

where M and K are n x n mass and stiffness matrices, ii and n are the nodal acceleration 

and displacement vectors, and t is the time.

Since the free vibration is harmonic, the displacement can be expressed by

u(t) = ¥  e,VI' (A.2)

where T  is an eigenvector matrix containing the amplitudes of displacements, and X is 

an eigenvalue. Here the square root of the eigenvalue ( VA = to ) is the circular 

frequency of the vibration. Using the trial solution (A.2), Eq. (A.l) is written as
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(K -AM )V = 0 ' (A.3)

Equation (A.3) has a non zero solution for Y when the following condition is satisfied: 

det (lEC — AMt) = 0 (A.4)

Equation (A.4) provides a characteristic polynomial of A . Only the eigenvalues 

calculated from this equation will give non-trivial solutions.

Since there are six zero eigenvalues for an unconstrained flexible body in space, 

the computed eigenvalues from Eq. (A.4) are

A = diag(0 0 0 0 0 0 17 V ’A )  (A.5)

and the associated eigenvector matrix from Eq. (A.3) are

T  = %  ••• S', T , Y , X ]  (A.6)

In Eq. (A.l), the Stiffness matrix is semidefinite. Thus, in three dimensional space the 

equation produces six zero eigenvalues as shown in Eq. (A.5). The other non zero 

eigenvalues and corresponding eigenvectors represent the frequencies and the elastic 

eigenmodes of the flexible body, respectively. In general, the eigenvalue matrix (A.5) 

can be rewritten as
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A
'0

(A.7)

where <0> is a 6 x 6 null matrix associated with the rigid-body modes and Ae contains all 

the non zero eigenvalues as

A, = diag(X7 X8 ••• Xn) (A.8)

The mode shape vector matrix (A. 6) can also be decomposed into rigid-body modes x¥ 0 

and elastic eigenmodes y¥ e as

^  = K  ^e]  - (A.9)

where T/0 contains all rigid-body modes as

-  'K.. i (A. 10)

and includes all elastic eigenmodes as

T , .. -F„] (A.11)

Equation (A.l) can be transformed by the modal coordinates as

¥ )  m  + ( ^ K  ¥ )  z(t) = # (A. 12)
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where z and z are the modal acceleration and modal coordinate vectors, respectively. 

The following transformation equations are used in deriving Eq. (A. 12) from Eq. (A.l).

u (f)= 'P z(f) (A. 13)

and

M(>) = 'Pz(r) (A. 14)

In. the above equations, the modal coordinate vector z can be divided into the rigid modal 

coordinates z0 and the elastic modal coordinate ze as

z = [zo (A. 15)

where

z0 =[z, z2

and

(A. 16)

[z7 (A. 17)

In the following Appendix B, some fundamental relationships between rigid-body 

modes and elastic eigenmodes are reviewed.
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APPENDIX B

MgM-Body Modes and Ortlkogoiniality Relations

This appendix provides a brief review of the relations between rigid-body modes and 

elastic eigenmodes. All the derivations and extensions in the following sections are 

based on References [37] and [61].

B .l Rigid-Body Modes and Semidefimte Stiffness Matrix 

The second time derivative of Eq. (A,2) yields

As stated in Appendix A, in general, a semidefinite system in space has six null 

eigenvalues. The associated eigenvectors form the rigid-body modes. The rigid-body 

modes can explicitly be constructed as [37]

u(t) = - 'F A e ,'vrt (B.l)

(B.2)

where I and s are the n x 3 matrices associated with the rigid-body translational and 

rotational modes, respectively. These sub-matrices are defined as
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I =

T
0
I
0 (B.3)

I
0

and

I

s = I (BA)

I

where I and 0 are 3 x 3 identity and null matrices, and '§' is the position vector of the 

node i in the body-fixed frame located at the mass center. Note that these sub-matrices 

(B.3) and (B.4) are for a flexible body undergoing free-free motion in space. If there 

exists any constraint, then these matrices must be corrected according to the system’s 

degrees of freedom.

Based on the definition of rigid-body modes, when an eigenvalue is equal to zero, 

the displacement representation of Eq. (A.2) becomes

(B.5)

The corresponding nodal acceleration vector (B.l) becomes

(B.6)0
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Plugging Eqs. (B.5) and (B.6) into Eq. (A.l), we obtain

K¥0=e (B.7)

Equation (B.7) shows that the stiffness matrix of a semi definite flexible body and its 

rigid-body modal matrix are mutually orthogonal. This relationship should be obvious 

since the rigid-body displacement alone can not produce any elastic forces in the flexible 

body. In other words, the rigid-body modes cannot generate any elastic energy.

B.2 Rigid-Body Modes and Elastic Modes

This section presents the orthogonality relations between the rigid-body modes and 

elastic eigenmodes with respect to the mass matrix.

Using the decomposed modal matrix (A.9), a generalized mass matrix is 

expressed as

vPrM.'F X m tV 'P^M'P, 
T^M Y , 'FjM'F,

(B.8)

The investigation of the orthogonality relationships can be started from this equation. 

Consider the first diagonal term of Eq. (B.8). By using the rigid-body modal matrix of 

Eq. (B .2), the first diagonal term can be written as

= ' t rMI srMl" 
0_ I rMs stMs

T'lM T' (B.9)
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Each element of the right-side becomes

ml (B.10)

I rMs = = 0
1=1

and

srMs = = VJ
z = l

(B.ll)

(B.12)

where m is the total mass of flexible body, m' is the nodal mass of node i, and "J is the 

inertia tensor. Note that the applied relationships in Eqs. (B .ll) and (B.12) are valid if 

we have the body-fixed coordinate system at the mass center. By using the above results, 

we obtain the rigid-body modal mass matrix M as

M0
ml <D
e 'j (B.13)

As a subsequent analysis, consider the off diagonal elements of Eq. (B.8). With the rigid- 

body modal matrix (B.2), the off diagonal term also is written as

x¥ e = [lrM ¥ e sTM ¥ e] (B 14)

Since the rigid body modes and the elastic eigenmodes are mutually orthogonal with 

respect to the nodal mass matrix, we have
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I rMtFc = 0 (B.15)

and

srMY, = 0 (B.16)

These relationships between the rigid-body and elastic modes with respect to the mass 

distribution can be obtained by considering the equilibrium conditions [37] or the elastic 

momentum balance conditions [61]. On the other hand, the elastic modal mass matrix of 

the last diagonal term in Eq. (B.8) is given by

VF^M x¥ e = Me (B.17)

where is the modal mass matrix associated with the elastic modes. By utilizing Eqs. 

(B. 13) through (B.17), Eq. (B.8) can be written as

'FrM 'F
ml 0 0
0 'J  0 
0 0 Me

(B.18)
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APPENDIX C

This appendix provides the necessary data for the conceptual vehicel model in Chapter 7.

Table C.l lists the inertial properties defined relative to the body mass centers. In this 

table, m represents mass, J^, Jw  and represent moments of inertia about the body-

fixed coordinate axes. Table C.2 shows the initial coordinates of body mass centers with 

respect to the inertial frame. Tables C.3 and C.4 describe the connections between 

various bodies and the location of the attachment points with respect to their body-fixed 

coordinate systems.

Table C.l Inertia properties of the vehicle model
Body

Number
Mass
(Kg)

Moment of Inertia (Kg —m2)
Jim

1 20.0 1.0 : 1.0 1.0
■2 20.0 1.0 1.0 1.0
3 30.0 1.0 2.0 1.0
4 20.0 1.0 1.0 1.0
5 20.0 1.0 1.0 1.0
6 30.0 1.0 2.0 1.0
7 20.0 1.0 1.0 1.0
8 30.0 1.0 2.0 1.0
9 20.0 1.0 1.0" 1.0
10 30.0 1.0 2.0 1.0
11 998 79.9 579.0 579.0
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Table C.2 Initial coordinates of the centers of mass
Body

Number
Global Coordinates (m)

X(0 y(o Z(0

1 1.2 0.4 0.3
2 1.2 0.6 0.3
3 1.2 0.6 0.3
4 1.2 -0.4 0.3
5 1.2 -0.6 0.3
6 1.2 -0.6 0.3
7 -1.2 0.4 0.3
8 -1.2 0.6 0.3
9 -1.2 -0.4 0.3
10 -1.2 -0.6 0.3
15 0.0 0.0 0.5

Table C.3 Kinematic joints between rigid bodies.
Joint

Number
Joint
Type

Body
i

Body

j

Local Coordinates (m)

<̂0 X C(0 ^0) X Q;)

1 Revolute 1 2 0 0.2 0 0 0 0

2 Revolute 2 3 0 0 0 0 0 0

3 Revolute 4 5 0 -0.2 0 0 0 0

4 Revolute 5 6 0 0 0 0 0 0

5 Revolute 7 8 0 0.2 0 0 0 0

6 Revolute 9 10 0 -0.2 0 0 0 0
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Table C.4 Kinematic joints between rigid and flexible bodies

Joint

Number

Joint

Type

Rigid 

Body (i)

Node No.

(i)

Loca Coordinates (m)

e . Qo to.

1 Spherical 9 i 0.0 0.2 0.0 -1.2 -0.2 -0.2

2 Spherical 7 2 0.0 -0.2 0.0 -1.2 0.2 -0.2

3 Spherical 14 5 0.0 0.2 0.0 -0.6 -0.2 -0.2

4 Spherical 13 6 0.0 -0.2 0.0 -0.6 0.2 -0.2

5 Spherical 12 13 0.0 0.2 0.0 0.6 -0.2 -0.2

6 Spherical 11 14 0.0 -0.2 0.0 0.6 0.2 -0.2

7 Spherical 4 17 0.0 0.2 0.0 1.2 -0.2 -0.2

8 Spherical 1 18 0.0 -0.2 0.0 1.2 0.2 -0.2

Table C.5 Spring and damper element attachment points

Spring- 

Damper No.

Body

i

Node

j

Local Coordinates (m)

% Qo %

1 7 3 0.0 0.0 0.0 -1.2 0.2 0.2

2 9 4 0.0 0.0 0.0 -1.2 -0.2 0.2

3 1 19 0.0 0.0 0.0 1.2 0.2 0.2

' 4 4 20 0.0 0.0 0.0 1.2 -0.2 0.2
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Table C.6 The available constrained frequencies and the identified free-free frequencies.

Mode
No.

Frequency (Hz)
Constrained Chassis 

by Springs 
(Available data)

Free-Free Chassis 
(Identified results)

Free-Free Chassis 
(Results from FEM)

1 1.1770 0.0179 0.0045
2 2.1329 0.0102 0.0045
3 2.1464 0.0102 0.0000
4 2.8018 0.0183 0.0000
5 3.4599 0.0251 0.0166
6 3.5102 0.0282 0.0187
7 17.7000 17.3532 17.3532
8 17.7010 17.3532 17,3532
9 20.8900 20.6590 20.6592

10 38.2990 38.1737 38.1733
. 11 40.1650 40.0692 40.0694

12 40.1650 40.0695 40.0694
13 49.9720 49.8757 49.8758
14 54.0300 53.9854 53.9852
15 57.4930 57.4110 57.4112
16 67.4070 67.3664 67.3666
17 67.4080 67.3669 67.3666
18 75.3100 75.2785 75.2787
19 77.9510 77.9205 77.9209
20 77.9510 77.9206 77.9209
21 78.9420 78.8743 78.8741
22 84.2640 84.2053 84.2058
23 84.2650 84.2061 84.2058
24 85.3860 85.3581 85.3581
25 89.8080  ■ 89.7460 89.7464
26 101.8300 101.7870 101.7836
27  . 101.8300 101.7872 101.7836
28 102.3200 102.2996 102.3013
29 102.3200 102.3005 102.3013
30 102.3600 102.3235 102.3187
31 103.1700 103.1330 103.1349
32 111.6700 111.6572 111.6606
33 117.9900 117.9510 117.9543
34 117.9900 117.9515 . 117.9543
35 120.5700 120.5186 120.5163
36 . 121.1100 121.0967 121.0936
37 121.1100 121.0967 121.0936
38 126.5700 126.5454 126.5484
39 126.5700 126.5480 126.5484
40 126.6300 126.6087 126.6065
41 130.6200 130.5804 130.5767
42 131.3400 131.3194 131.3190
43 138.0300 138.0236 138.0220
44 138.0300 138.0236 138.0220
45 139.4700 139.4357 139.4404
46 145.6500 145.6164 145.6132
47 152.2400 152.1992 152.1961
48 152.2400 152.1993 152.1961
49 152.8100 152.7707 152.7727
50 152.8100 152.7708 152.7727
51 166.4200 166.3913 166.3935
52 169.0300 169.0007 169.0052
53 189.5800 189.5548 189.5520
54 189.6900 189.6808 189.6812
55 190.1700 190.1447 190.1408
56 198.3700 198.3580 198.3542
57 198.3700 198.3580 198.3542
58 246.3800 246.3640 246.3602
59 300.7000 300.6831 300.6806
60 317.4100 317.4009 317.4051
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Table C.7 The available constrained frequencies and the identified free-free frequencies

Mode Frequency (Hz)
No. Constrained Chassis Free-Free Chassis Free-Free Chassis

by Kinematic Joints (Identified results) (Results from FEM)
(Available data)

1 0.0000 0.0045
2 0.0000 0.0045
3 0.0000 0.0000

. 4 0.0000 0.0000
5 0.0000 0.0166
6 0.0000 0.0187
7 6.6103 17.3529 17.3532
8 8.3550 17.3533 17.3532
9 11.8470 20.6593 20.6592

10 17.6690 38.1719 38.1733
11 23.5530 40.0696 40.0694
12 34.3140 40.0704 40.0694
13 34.9460 49.8755 49.8758
14 39.1950 53.9856 53.9852
15 48.0030 57.4111 57.4112
16 50.8840 67.3664 67.3666
17 55.8770 67.3684 67.3666
18 61.5280 75.2768 75.2787
19 66.0030 77.9222 77.9209
20 69.0270 77.9227 77.9209
21 71.3310 78.8741 78.8741
22 73.8700 84.2034 84.2058
23 76.2790 84.2052 84.2058
24 79.6850 85.3591 85.3581
25 83.8790 89.7478 89.7464
26 • 87.9250 101.7832 101.7836
27 90.6970 101.7860 101.7836
28 94.9840 102.2993 102.3013
29 99.0570 102.3032 102.3013
30 101.9600 102.3209 102.3187
31 102.4000 103.1385 103.1349
32 103.2300 111.6656 111.6606
33 104.4200 117.9549 117.9543
34 106.6600 117.9591 117.9543
35 111.2700 120.5158 120.5163
36 115.3800 121.0903 121.0936
37 117.1400 121.0937 121.0936
38 119,3200 126.5439 126.5484
39 120.9500 126.5469 126.5484
40 123.4800 126.6063 126.6065
41 126.4500 130.5746 130.5767
42 127.3200 131.3159 131.3190
43 129.0200 138.0208 138.0220
44 135.4100 138.0254 138.0220
45 136.4800 139.4437 139.4404
46 137.9900 145.6142 145.6132
47 139.9900 152.1931 152.1961
48 148.2700 152.1968 152.1961
49 149.7100 152.7626 152.7727
50 150.0000 152.7692 152.7727
51 158.0000 166.3919 166.3935
52 160.5500 169.0092 169.0052

' 53 177.9500 189.5517 189.5520
54 182.7900 189.6838 189.6812
55 186.7400 190.1391 190.1408
56 193.4300 198.3522 198.3542
57 196.5300 198.3536 198.3542
58 231.4700 246.3583 246:3602
59 279.7000 300.6801 300.6806
60 306.7200 317.4074 317.4051
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Table C.8 The available constrained system frequencies.

Mode
No.

Frequencies of 
Constrained Vehicle 

System (Hz)

Mode
No.

Frequencies of 
Constrained Vehicle 

System (Hz)

1 1.2029 34 92.6528
2 1.2134 35 92.9909
3 1.4082 36 96.7829
4 2.1791 37 97.8546
5 3.1079 38 101.3683
6 3.7517 39 103.5563
7 3.9513 40 103.6917
8 5.5296 41 106.3226
9 6.4943 42 111.5509
10 6.9473 43 112.5721
11 9.0376 44 115.0525
12 9.0474 45 117.2712
13 13.0956 46 117.4800
14 14.1249 47 119.7121
15 18.2277 48 123.4623
16 . 29.6775 49 126.6168
17 31.6318 50 127.4168
18 32.0477 51 135.1462
19 40.1870 52 135.3263
20 47.2111 53 136.1851
21 48.6492 54 139.7198
22 52.2250 55 141.2106
23 56.7924 56 144.1488
24 59.6314 57 157.1078
25 60.0161 58 157.5720
26 61.1447 59 175.7054
27 63.5642 60 177.8204
28 68.7508 61 179.1623
29 72.5101 62 191.3739
30 78.7954 63 192.8705
31 79.9459 64 224.3676
32 82.2190 65 269.6565
33 87.7494 66 299.8953
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Table C.9 The identified free-free frequencies for flexible chassis.

Mode
No.

Identified Frequencies 
of Free-Free Flexible Chassis 

(Hz)

Mode
No.

Identified Frequencies 
of Free-Free Flexible Chassis 

(Hz)

1 16.1394 31 120.7640
2 16.8322 32 122.3370
3 20.6742 33 125.3690
4 36.7607 34 127.0210
5 38.8381 35 127.2720
6 41.3935 36 131.5340
7 50.0427 37 135.7750
8 53.7250 38 136.5590
9 54.5583 39 139.4630
10 64.4761 40 143.8880
11 66.9321 41 151.0410
12 75.2088 42 152.5250
13 77.7628 43 155.0820
14 77.8030 44 165.6810
15 78.4762 45 166.3090
16 82.7715 46 169.1940
17 84.5551 " 47 183.3560
18 85.8552 48 189.0480
19 89.9641 49 . 191.8830
20 100.7130 50 200.0260
21 101.2980 51 201.7570
22 101.6230 52 246.5790
23 102.3720 53 294.9240
24 102.9390 54 323.1060
25 104.2830
26 111.6810
27 116.4420
28 116.9250
29 118.6750
30 118.8550
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