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spatiotemporal evolution of a central erythema, showing normalized bacterial 

(blue) and macrophage (red) densities at three separate time points. (h) 
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2
/day (red), 0.25 cm
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represents a traction force of 30 Pa. (c) The average magnitude of the traction 
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motility...................................................................................................................70 
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Prologue 
 

“Argh, another long Ph.D. thesis on cellular motility!” screamed the 

disciplined researcher searching the internet for a short but descriptive 

explanation for how a cell moves. “What possible reason could this student have 

for forcing another hundred plus page thesis on us?” My reasoning is simple – the 

following work sets out to illustrate that examining motility at the single cell level 

allows us to delve down into sub-cellular mechanisms, while simultaneously 

forging upwards to show how the dynamics of cell populations arise from single 

cell behavior. Here we focus on two seemingly disparate fields of biology: Lyme 

disease and mammalian collective cell migration and show that specific physical 

features of single cells are sufficient to explain the complex behavior observed at 

the multi-cellular level.  

 

  

 

Dhruv Kumar Vig 

Tucson, AZ  

May 22, 2015 
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Abstract 
 

 A cell's ability to sense and respond to mechanical signals highlights the 

significance of physical forces in biology; however, to date most biomedical 

research has focused on genetics and biochemical signaling. We sought to further 

understand the physical mechanisms that guide the cellular migrations that occur 

in a number of biological processes, such as tissue development and regeneration, 

bacterial infections and cancer metastasis. We investigated the migration of single 

cells and determined whether the biomechanics of these cells could be used to 

elucidate multi-cellular mechanisms. We first studied Borrelia burgdorferi (Bb), 

the bacterium that causes Lyme disease. We created a mathematical model based 

on the mechanical interactions between the flagella and cell body that explained 

the rotation and undulation of the cell body that occurs as the bacterium swims. 

This model further predicts how the swimming dynamics could be affected by 

alterations in flagellar or cell wall stiffnesses. Fitting the model to experimental 

data allowed us to calculate the flagellar torque and drag for Bb, and showed 

that Treponema pallidum (Tp), the syphilis pathogen, is biomechanically similar 

to Bb. Next, we used experimentally-determined parameters of Bb's motility to 

develop a population-level model that accounts for the morphology and spreading 

of the "bulls-eye" rash that is typically the first indicator of Lyme disease. This 

work supported clinical findings on the efficacy of antibiotic treatment regimes. 

Finally, we investigated the dynamics of epithelial monolayers. We found that 

intracellular contractile stress is the primary driving force behind collective 

dynamics in epithelial layers, a result previously predicted from a biophysical 
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model. Taken together, these findings identify the relevance of physics in cellular 

migration and a role of mechanical signaling in biomedical science. 
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Chapter 1 

 

Introduction 

 
Stop! Look around the room you are sitting in and think about the number 

of air molecules in the room. How many particles do you think there are? Do you 

have a reasonable guess? Good. The mathematical equation that can be used to 

answer this question is the ideal gas law, BPV Nk T , where we want to solve for 

N which is the number of particles in the room.  

 
B

PV
N

k T
                                        (1.1) 

P is the atmospheric pressure in the room at 101.3 kPa, kB  is Boltzmann's constant 

defined as 1.38   10
-23

 J/K, T is the room temperature at 295 K and V is the cubic 

volume of the room you are sitting in. For the purposes of this example we will 

assume that the volume of the room is 5,000 ft
3
 or roughly 142 m

3
. Plugging these 

numbers in Eq 1.1, we get 3.510
27

 or 3.5 octillion particles. Now imagine 

writing down a mathematical equation for the interaction between each of these 

particles - I can guarantee you the result would be a thesis much longer than this 

one! Instead, consider averaging over these discrete particles to form a continuous 

mass; therefore, rather than solving for particle-particle interactions now you are 

only solving for a single continuous mass and how it interacts with objects within 

the room
5
. This concept forms the foundation of continuum mechanics and the 

works presented here applies this very idea to cell biology.  

                                                 
5
 Molecular dynamics simulations have shown that a continuum-level approach is appropriate   

even in volume elements that only contain ten water molecules (15).  
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 Cells, which are the basic unit of all living organisms, are small (16). A 

typical mammalian cell is ~ 10 µm in length, while bacteria (such as Escherichia 

coli) are about a tenth of the size at ~ 1 µm in length
6
 (18). While single cells are 

small, in various biological systems they do come together to form multi-cellular 

systems, which can produce larger-scale coordinated motion (19, 20).  

 In the coming pages the reader will embark on a journey that begins with 

investigating the motility of single bacterial pathogens and ends with the multi-

cellular motion of mammalian epithelial cells. In both of these biological systems 

we will apply a continuum-level approach when considering the population 

dynamics of the cells. In addition, I do want to note that a continuum-level 

description isn't only applicable to systems which contain a large number particles 

or cells, for example in Chapter 2, we will learn that it is possible to apply a 

continuum-level approach to a single filament (21). Therefore, despite studying 

two unrelated biological processes we will use the same physical approach to span 

the scale from single cells to collective motion. 

Chapter 2 

Biomechanics of the Lyme disease and Syphilis Spirochetes 

 Spirochetes are a unique phylum of eubacteria with many characteristics 

distinguishing them from the common Gram-positive or Gram-negative 

classifications (22, 23). One striking difference is the means by which they swim.  

Like many other swimming bacteria, the spirochetes generate thrust against a 

fluid by rotating long helical filaments, known as flagella. However, spirochete 

                                                 
6
 In the biological cases discussed here, we will be in a low Reynolds number regime due to the 

small size of a cell, thus inertia is negligible and viscous forces will dominate (17). 
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flagella are internal, residing within the periplasm, the space between the inner 

and outer membranes (24, 25).  Therefore, the flagella are never in direct contact 

with the external fluid.  Rotation of the flagella, which is driven by flagellar 

motors that are anchored near the ends of the bacteria, produces rotations and/or 

undulations of the entire bacterial cell body that propel these organisms through 

fluids (Figure 1) (24, 25).   

 

 

 

 

 

 

 

 

 

 

 

Figure 1 | The planar flat-wave morphology of B. burgdorferi that is produced by 

the flagella (purple) wrapping around the cylindrical cell body (green). (a) The 

pathogen has a wavelength λ ~ 3 µm, amplitude   ~ 1.0 µm and travels at ~ 6 

µm/s in growth media. A torque τ is applied to each flagellum, causing the 

flagella to rotate and the cell body to undulate. Cross-sectional view, (b) 

illustrates the flagella's locations in the periplasm and  reveals the cells have a 

circular cross-section with diameter D ~ 0.30 µm and periplasm  width δ ~ 30 nm 

(5, 6). Figure adapted from (2, 5). 
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 It is also likely that undulation of the entire body of the bacterium allows 

spirochetes to wiggle through tight spaces, enabling them to penetrate dense, 

polymer-filled environments, such as the extracellular matrix (ECM), which can 

hinder the movement of externally-flagellated bacteria (26, 27). This unique mode 

of locomotion, then, may be a major reason why some of these bacteria are such 

successful pathogens (25, 28). Indeed, two of the most invasive pathogens in 

humans are Borrelia burgdorferi (Bb) and Treponema pallidum (Tp), the bacteria 

that cause Lyme disease and syphilis, respectively (28, 29). Interestingly, these 

two spirochetes both have flat-wave morphologies (6, 30), planar, sinusoidal 

shapes that distinguish them from many other spirochetes, such as Treponema 

denticola and the Leptospiraceae, which are helical (31).  

 

 It is widely accepted that the motility of Bb and Tp is essential for the 

pathogenesis of both Lyme disease and syphilis (24, 25). The transmission of Bb 

from its arthropod vector (the deer tick Ixodes scapularis) into the mammalian 

host, typically the white-footed mouse Peromyscus leukopus (28), requires the 

bacterium to exit the tick midgut by penetrating through the epithelium and a 

dense basement membrane (32). They then swim through the viscous hemolymph 

to the salivary glands, which they penetrate in order to access the salivary stream 

that transports them into the dermis of the mammal. Once within the skin, the 

clinical symptoms of Lyme disease are a direct manifestation of the spirochetes’ 

ability to infiltrate and reside within the connective and soft tissues of organisms 

in which they incite tissue-damaging inflammatory responses. Acquisition of 

venereal syphilis occurs when Tp is inoculated onto mucosa or skin, often in the 
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genital or anorectal areas (33). Tp then rapidly disseminates, as exemplified by 

experiments in animals where treponemes were found in the blood, lymph nodes, 

bone marrow, spleen and testes within 48 hours after inoculation (34, 35). In 

humans, Tp also readily breaches the blood-brain barrier and infects the central 

nervous system (33). For both Bb and Tp, dissemination through the host requires 

traversing a range of circulatory and interstitial viscous fluids while withstanding 

shear and drag forces due to fluid flow. In addition, these bacteria cross many 

seemingly impenetrable barriers, such as basement membranes and endothelial 

layers. Many studies have examined the motility of B. burgdorferi in viscous 

media that roughly approximates the blood or hemolymph (see, for example,(6)); 

however, these investigations have not systematically studied the effect of 

viscosity on swimming dynamics.  Viscous effects, though, are likely important, 

as recent work found that the speed that Bb migrates through complex gel-like 

matrices that mimic the ECM is largely determined by the viscosity, not the 

elasticity, of the environment (36). Less is known about the motility of T. 

pallidum, as it is still not possible to culture this bacterium in the lab (37). 

However, the qualitative similarity between the shapes of Bb and Tp suggests that 

B. burgdorferi is a good model organism for understanding Tp motility in vivo. 

 Here we focus explicitly on the motility and morphology of B. burgdorferi 

and T. pallidum in order to address the following questions: 

1. How do the swimming dynamics of B. burgdorferi maintain their planar 

flat-wave shape? 

2. How does the rotation of the flagella lead to traveling wave undulations? 
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3. How does the external viscosity of the environment affect the swimming 

of these spirochetes? 

4. How much torque does the flagellar motor in B. burgdorferi exert and how 

much drag force do the flagella experience within the periplasmic space?  

5. Is B. burgdorferi a useful model organism for studying the motility and 

invasiveness T. pallidum? 

Sections 2.1-2.3 will focus on answering questions 1 and 2, while Sections 2.4-2.5 

will address questions 3-5.    

2.1 Treating B. burgdorferi as an elastic filament  

 

 Recall that during its enzootic cycle, B. burgdorferi swims through a 

myriad of viscous fluids and polymeric environments, such as blood and the 

extracellular matrix(38, 39). Unlike other bacteria whose motility would be 

inhibited in these environments, these spirochetes maneuver through them by 

undulating the entire ~ 10 µm length of their ~ 0.3 µm diameter bodies as a 

planar, traveling wave (6, 31).  In B. burgdorferi, there are 7 to 11 flagella 

attached to flagellar motors near each end of the bacterium; the flagella wrap 

inward down the length of the cell body and are long enough to overlap at the cell 

middle with flagella emanating from the other end (40, 41). Because the flagella 

are encased in the periplasm, rotation of the flagella causes the cell body to 

undulate, which, in turn, produces the force that propels the cell (6, 41) (Figure 2 

a-b).  
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Figure 2 | (a) Time course of the swimming of B. burgdorferi. Over the 0.1 s 

shown here, the cell undulates slightly more than half a period; i.e., the frequency 

is ω ~ 10π s
−1
. The cell has wavelength λ ~ 3.0 µm and amplitude   ~ 1.0 µm. 

Over this 0.1 s, the cell moves slightly up the page, with a swimming speed that is 

proportional to  2
ω/λ (6-8). (b) The periplasmic flagella (dark gray) are 

constrained to lie on the surface of the cell body (light gray). Rotation of the 

flagella produces rotation and undulation of the cell body. We use orthonormal 

triads at each point along the centerlines of the flagella and cell body to define the 

local orientations of these filamentary objects. For example, the periplasmic 

flagella are located in the direction −sinα ŷ + cosα ẑ from the centerline of the cell 

body, where α is the angle of rotation with respect to ŷ. See text for further 

details. 

 The preceding explanation, though, is deceptive; the physics by which 

rotation of helical flagella in the periplasmic space produces the roughly planar 

traveling waves of the cell body remains unclear. In order for the flagella to reside 

in the periplasmic space, they must bend. The elastic forces required to bend the 

flagella cause the cell body to bend into the characteristic flat-wave shape of B. 

burgdorferi, via Newton’s third law (42). When the flagella are rotated, they must 
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continually deform, and the force and torque balance between the flagella and the 

cell must conspire to produce traveling waves along the cell body. In this section, 

we examine the physics by which flagellar rotation produces these periodic 

undulations of the cell body. Our work is similar to previous work on  

Leptospira (43); however, we take into account the finite size of the cell radius 

and a more complete description of the resistive forces between the cell body and 

flagella. While we focus on the swimming dynamics of B. burgdorferi, it is likely 

that our results are generally applicable to the physics of spirochete locomotion, 

and specifically to Treponema pallidum, the spirochete that causes syphilis, which 

also has a flat-wave morphology (5). 

 In order to construct a dynamic model for the swimming motility of B. 

burgdorferi, we treat the cell body and periplasmic flagella as continuous elastic 

filaments (i.e. a filament that is consists of several shorter segments where the 

displacements within each segment is assumed to be small (21)). The flagella 

in B. burgdorferi form a ribbon-like structure that is localized circumferentially in 

the periplasm (44). Therefore, we further assume that the flagella can be treated as 

a single elastic filament, as has been done previously to describe the static 

conformation of B. burgdorferi (42).  The shape of the cell body and flagella are 

then defined by the positions of their centerlines, cr  and fr , respectively, and we 

define a local, orthonormal triad for the cell body  1 2 3
ˆ ˆ ˆ, ,e e e where 3ê  is the 

tangent vector, and 1̂e  points to material points on the surface of the cell body, 

and a similar orthonormal triad  1 2 3
ˆ ˆ ˆ, ,   for the flagella (Figure 2b). The strain 

http://www.ncbi.nlm.nih.gov/pmc/articles/PMC3757510/figure/F1/
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vectors for the cell body and flagella,  and  , respectively, are related to the 

spatial derivatives of the orthonormal triads as ˆ ˆ/i is   e e and ˆ ˆ/i is     

, where i = 1, 2, 3. Because the flagella reside in the periplasmic space, their 

position can be written in terms of the centerline of the cell body, 1
ˆa f cr r p  

where a is the radius of the cell body and 1p̂  points from the centerline of the cell 

body to the flagella (Figure 2b). The amplitude of the shape of B. burgdorferi is 

smaller than the wavelength. We, therefore, consider the small amplitude 

dynamics of a cell aligned predominantly with the x-axis, ˆ ˆ ˆ( ) ( )x y x z x  cr x y z .  

(This approximation is not entirely justified as the ratio 2π /λ ~ 1. Therefore, the 

results of our model may not quantitatively match observations of B. burgdorferi, 

but we expect they will still capture the dynamics qualitatively.) The location of 

the flagellum can then be defined by the angle with respect to the y-axis, α(x) 

(Figure 2b). We also define the angles ϕ and β which describe the rotation of the 

orthonormal triads about the tangent vectors of the cell body and flagella, 

respectively (Figure 2b). The twist densities are then 3 / x    and 

3 / x    . 

 In mutants lacking flagella, the equilibrium shape of B. burgdorferi is 

straight; purified flagella are preferentially helical with preferred curvature κ0 ~ 

1.5 µm
−1

 and torsion τ0 ~ 1.2 µm
−1

 (42). Treating the cell body and flagella as 

linearly elastic filaments, the restoring moments for these filaments are related to 

the strain vectors as  

http://www.ncbi.nlm.nih.gov/pmc/articles/PMC3757510/figure/F1/
http://www.ncbi.nlm.nih.gov/pmc/articles/PMC3757510/figure/F1/
http://www.ncbi.nlm.nih.gov/pmc/articles/PMC3757510/figure/F1/
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 1 1 2 2 3 3
ˆ ˆ ˆ

c c cA A C     cM e e e     (1.2) 

 1 0 1 2 2 3 0 3
ˆ ˆ ˆ( ) ( )f f fA A C        fM      (1.3) 

where Ac and Af are the bending moduli and Cc and Cf are the twist moduli for the 

cell body and periplasmic flagella, respectively. For simplicity, we assume 

that Cf = Af and Cc = Ac (45). 

 The dynamics of the cell body and flagella are defined through force and 

moment balance equations that equate the elastic restoring forces to the resistive 

forces. Movement of the cell body through the external fluid is resisted by fluid 

drag, which is modeled here using resistive force theory. We assume that the 

motor torque is independent of rotational speed; however, in E. coli, the motor 

torque is only constant in the counterclockwise direction but drops linearly with 

speed in the clockwise direction (46). In the small amplitude approximation, we 

need only consider movements perpendicular to the tangent vector of the cell 

body which are resisted by a force proportional to the velocity with drag 

coefficient ζ⊥ ~ 4πη, where η is the viscosity of the fluid. Rotation of the cell body 

about its tangent vector experiences a resistive torque proportional to ∂ϕ/∂t, with 

rotational drag coefficient ζr. In addition to these forces and torques from the 

external fluid, movement of the flagella within the periplasmic space also 

produces resistive forces and torques. Recently, Yang et al. showed that rotation 

of the periplasmic flagella with respect to the cell body at speed produces a 

resistive force proportional to the speed  / /u d dt d dt    , and the resistive 

force is likely negligible (5). Similarly, they showed that translation of the flagella 
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in the periplasm produced a resistive force, with negligible torque. We define the 

drag coefficients for rotation and translation of the flagella to be ζβ and ζα. The 

force and moment balance equations are then (7) 

 2
ˆˆ ˆc y z

a
x dt dt dt dt

 

       
        

    

F
K y z p  (1.4) 
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M
ε F ε  (1.7) 

where Fc and Ff are the forces on the cell body and flagella, respectively, and  

2 1
ˆ ˆ ˆ p x p . The normal forces between the flagella and the cell body, K, point in 

the direction 1
ˆ p . 

 To simulate the dynamics of B. burgdorferi, we solved Eq. (1.4) – (1.7) 

using a fourth-order, finite-difference spatial discretization and a semi-implicit 

time stepping routine. We used a total cell length of 10 µm on a grid of 100 nodes 

with a time step of 10
−6

s.  

 We implement free boundary conditions at both ends of the bacterium, 

such that there is no total applied force or moment. Thus, Fc + Ff = 0 

and Mc +Mf = 0. At x = 0 the flagella are anchored into flagellar motors via the 

flexible hook (47), which redirects the torque from the flagellar motor to be along 

the tangent vector of the flagellum but is assumed to provide no torque along the 

direction of 1p̂ . Therefore, our boundary conditions at x = 0 are α − ϕ = 0, 

http://www.ncbi.nlm.nih.gov/pmc/articles/PMC3757510/#FD3
http://www.ncbi.nlm.nih.gov/pmc/articles/PMC3757510/#FD6
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1
ˆ 0 fM p , and 1

ˆ  fM x . At the other end of the bacterium (x = L), we 

assume torque-free conditions 1
ˆ 0 fM x . In addition, we either consider that the 

flagella are long enough to overlap in the center, in which case α − ϕ is constant, 

or zero force on the flagella in the 2p̂  direction, 2
ˆ 0 fF p . 

 

2.2 Simulated Dynamics of B. burgdorferi 

 

 Using this model, we address the question of whether this physics will 

produce planar, traveling waves. In the absence of applied torque, we find static 

flat-wave morphologies, as in (42). Starting from this equilibrium shape, we 

consider the dynamics when the flagellar motors exert torque on the flagella. We 

begin by considering that the flagella are free at x = L, which represents that the 

flagella from one end do not overlap with flagella from the other end of the 

bacterium. We further consider that the flagellar motor can rotate in either a 

clockwise or counter clockwise sense (i.e., the torque from the motor can either be 

positive or negative) (48). For both situations we considered a range of cell body 

and flagellar bending moduli around the biologically measured values (10–80 pN 

µm
2
) (42). Because the flagella are free at one end, they can readily move and 

change their circumferential position with respect to the cell body, which drives 

the cell shape away from a flat wave. For positive torques, we find that the cell 

body flips into a rotating, helical morphology (Figure 3a). For negative torques, 

the cell body converts into a non-planar undulating and rotating morphology 

(Figure 3b). While either of these torques produce cell body undulations or 

rotation, neither produces planar, traveling waves. For the case where the flagellar 

http://www.ncbi.nlm.nih.gov/pmc/articles/PMC3757510/figure/F2/
http://www.ncbi.nlm.nih.gov/pmc/articles/PMC3757510/figure/F2/
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ribbon extends from end to end of the bacterium, we find planar, traveling wave 

solutions for torques in either direction (Figure 2c,d). The traveling-wave 

undulates with the rotational speed of the flagella, ωu. In addition, we also find 

that the cell body rotates with frequency  1
2

/ /r d dt d dt    . This rotation is 

observed experimentally (6) (see also Figure 2a). 

 

 

 

 

 

 

 

 

Figure 3 | Snapshots of the simulated dynamics of B. burgdorferi. Simulations 

were run for a total time of 1–3 s with a ~ 0.15 µm, Af = 20 pN µm
2
 and Ac = 10 

pN µm
2
. (a, b) When the flagella are anchored only at a single end of the 

bacterium, traveling, flat-waves are not observed for either positive or negative 

torques, respectively. (c, d) When the flagella are anchored at both ends of the 

bacterium, planar, traveling waves result for either positive or negative torques, 

respectively. Bottom panels show an end-on view of the cases where the flagella 

are anchored at both ends, which highlights the rotation of the flat-wave shape. 

 The fact that planar, traveling waves require the flagella to be effectively 

anchored at both ends of the cell suggests that it is important that the length of the 

http://www.ncbi.nlm.nih.gov/pmc/articles/PMC3757510/figure/F2/
http://www.ncbi.nlm.nih.gov/pmc/articles/PMC3757510/figure/F1/
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flagella in B. burgdorferi be long enough to overlap with flagella from the 

opposite end. As anchoring at both ends seems to be the physiologically relevant 

scenario, we only consider this case further. 

 Of the model parameters, the ones that are least known are the flagellar 

drag coefficients, ζα and ζβ. Therefore, we explored how variations in these 

parameters affected the dynamics. We found that variations of ζα between 

10
−1

 and 10
−3

 produced only small decreases in the undulation frequency for 

positive torque and negative torque and did not noticeably affect cell shape. 

Variations of ζβ between 10
−4

 and 10
−6

produced a ~ 9 fold increase in the 

bacterium’s undulation frequency for positive torque conditions and a ~ 5 fold 

increase under negative torque conditions. 

 We next looked at how the undulation and rotational frequencies depended 

on the torque from the flagellar motor. Because the dynamics are highly 

dissipative, we expected that the undulation frequency would vary linearly with 

the applied torque. While we found this linear relationship to hold at |τ| > 0.4 pN 

µm, at low torques the undulation frequency was near zero (Figure 4). In this low 

torque regime, the entire cell rotates without undulating. In effect, the applied 

torque produces crankshafting motions of the flagellum (43). At larger torques 

crankshafting (rotation) and speedometer cable motion (undulation) occur (43). 

 

http://www.ncbi.nlm.nih.gov/pmc/articles/PMC3757510/figure/F3/
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Figure 4 | Flagellar rotational and undulatory frequencies as a function of the 

torque from the flagellar motor. At low torque, the undulation frequency is near 

zero, and the cell rotates without undulating. At torques |τ| > 0.4 pN µm, the 

bacterium swims by undulating and rotating. 

2.3  Cell Body and Flagellar Stiffness affects Swimming Dynamics 

 

 Finally, if the preferred curvature and torsion of the periplasmic flagella 

are known, then the static shape of B. burgdorferi only depends on the ratio of the 

flagellar bending modulus to the bending modulus of the cell cylinder, Af/Ac (42). 

We, therefore, examined the effect of this ratio on the dynamics of the flat-wave 

undulation. We began by varying Af  with Ac held fixed at 10 pN µm
2
. For positive 

or negative torques, the magnitude of the undulation frequency decreased with 

increases in Af/Ac (Figure 5). We attribute this decrease in frequency to the fact 

that as the flagella become more stiff, the amplitude of the flat-wave shape 

increases (42). Since the flagellar motor is a roughly constant torque motor (47), 

balancing the power input from the flagellar motor with the power dissipated by 

the cell body undulations, we expect that ω ∝ τ/ 2
, which is consistent with our 

http://www.ncbi.nlm.nih.gov/pmc/articles/PMC3757510/figure/F4/
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findings. We then varied Ac holding Af fixed at 20 pN µm
2
. For this case, we 

observed a decrease in the frequency when the flagellar motor torque was 

negative and the bending moduli ratio was small; however at large values of the 

ratio, the undulation frequency dropped to zero, thus indicating the presence of 

crankshaft motion over speedometer cable motion (Figure 4). For all of these 

simulations, we found that there was less than a 2%–8% increase in the amplitude 

between positive and negative torques (Figure 5, insets). Overall, our simulations 

provide the best agreement with the experimentally observed morphology and 

frequency when Af /Ac ≈ 2. 

 

Figure 5. The undulation frequency depends on the ratio of Af/Ac. Increasing this 

ratio at fixed Ac leads to a decrease in the magnitude of the undulation frequency. 

When Af is held fixed, the behavior depends more strongly on the direction of the 

torque. When the torque is negative and Ac is increased, the cell’s undulation 

frequency drops to zero. The insets show snapshots of the shape of B. 

burgdorferi for the different scenarios. 

http://www.ncbi.nlm.nih.gov/pmc/articles/PMC3757510/figure/F3/
http://www.ncbi.nlm.nih.gov/pmc/articles/PMC3757510/figure/F4/
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 Here, we developed a model for the physics of the swimming dynamics 

of B. burgdorferi. This model reproduces the bacterium’s planar, traveling wave, 

but only if the periplasmic flagella are effectively anchored at both ends of the 

cell, which may explain why the flagella of B. burgdorferi are long enough to 

overlap at the cell middle. Our model predicts that at low torque the cell rotates 

without undulating, and at higher torque the cell rotates and undulates with 

distinct frequencies that are roughly linearly proportional to the applied torque. In 

addition, we predict how these frequencies depend on cell stiffness. Since cell 

speed is proportional to the undulation frequency (7, 8), our results offer testable 

predictions for how cell speed is affected by mutations or chemical perturbations 

that affect cell or flagellar stiffness. In addition, this model can serve as a basis for 

understanding the complex physical interactions between the bacterium and its 

hosts (38) and as we will see in the next section, will be applicable to the study of 

the syphilis spirochete.   

2.4 Swimming Behavior of B. burgdorferi and T. pallidum at Various 

Viscosities 

 

 In order to determine how the swimming speeds of Bb and Tp were 

affected by the viscosity of the environment, we used Ficoll, a hydrophilic 

polysaccharide that readily dissolves in solution, to increase medium viscosity
7
.  

We chose Ficoll as it has been shown to increase the viscosity of a solution 

without producing non-Newtonian effects (i.e., the fluid remains Newtonian with 

the stress in the fluid being proportional to the gradient of the velocity) (49). We 

varied the Ficoll concentrations from 0-30% (wt/vol) and found that, in general 

                                                 
7
 For a full description of the methods see Appendix B 
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and as expected, the speed of Bb and Tp decreased with increases in Ficoll 

concentration (Figures 6 and 7E).  These Ficoll concentrations represent a range 

of viscosities from 1-50 times the viscosity of water (Figure 7E [Inset]), which is 

characteristic of the viscosities that spirochetes encounter in biologic fluids, such 

as blood that has viscosities 5-30 times greater than that of water (50). For Bb, we 

found that the speed in BSKII medium without Ficoll was 6.8 ± 0.4 m/s, which 

is consistent with previous measurements (6). The 1% Ficoll solutions showed a 

marked decrease in speed (3.1 ± 0.2 m/s) that may have been due to the fact that 

this data set included fewer measurements and there was a noticeable day-to-day 

variation in the average swim speed of the spirochetes.  At higher concentrations 

of Ficoll, the speed of Bb decreased from 5.9 ± 0.4 m/s in 6% solutions to 3.5 ± 

0.3 m/s in 20% solutions. Compared to Bb, the swimming speed of Tp was more 

strongly affected by Ficoll concentration, which is likely due to the fact that Tp is 

thinner and has fewer flagella (30).  In CMRL medium without Ficoll, the average 

swimming speed of Tp was 1.9 ± 0.2 m/s; this value dropped monotonically to 

1.3 ± 0.1 m/s in 9% solutions.  We were unable to accurately measure speeds 

below approximately 0.8 m/s and, therefore, did not examine the motility of Tp 

in solutions above 9% Ficoll.  
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Figure 6 | Time courses of Bb and Tp swimming in liquid growth media and in 

Ficoll solutions.  In BSK II medium (a), Bb makes noticeably larger net 

displacement in 6.0 s than in 20% Ficoll solution (b).  Tp shows similar behavior, 

swimming farther in CMRL medium (c) than in 9% Ficoll solution (d), where 

there is minimal net displacement.  Frame numbers are given in the top right 

corner, with a time step of ~0.05 sec/frame.  Scale bar = 10 µm. 

 At low Reynolds number, the speed of a thin swimmer that produces 

traveling wave undulations depends only on the wavelength (λ), amplitude (A) 

and undulation frequency (ω) (47, 48). We, therefore, sought to determine which 

of these parameters was affected by changes in the external viscosity. We 
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measured the wavelength and amplitude of Bb and Tp as a function of Ficoll 

concentration and found that the average wavelength and amplitude of Bb (3.29 ± 

0.07 m and 0.77 ± 0.03 m, respectively) and Tp (1.56 ± 0.04 m and 0.28 ± 

0.01 m, respectively) did not change with viscosity (Figure 7a-d).  

 

Figure 7 | Quantitative analysis of spirochete swimming at varying viscosities.  

The wavelengths of Bb (a) and Tp (b) do not change significantly with changes in 

Ficoll concentration. Likewise, there are not significant changes in the amplitudes 

of Bb (c) or Tp (d) with changes in Ficoll concentration.  (e) The peak swimming 

velocity for Bb (filled circles) and Tp (open squares) decreases with viscosity.   

Inset shows the dependence of fluid viscosity on Ficoll concentration. 
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 Our measurements of the wavelength of Bb are consistent with previous 

measurements (6, 36, 42, 51). The value reported herein for the amplitude is 

lower than that previously reported, which is likely due to the fact that we did not 

selectively analyze frames where the flat-wave is in the imaging plane. Our value 

for the amplitude, therefore, represents an average over all possible orientations. 

Assuming equal probabilities for all orientations, we estimate that the actual 

amplitude is /2 times larger, or 1.21 ± 0.04 m, which agrees well with previous 

reports (6, 42, 51). By similar reasoning, we expect that the actual amplitude of 

Tp is 0.44 ± 0.01 m.  To our knowledge, this is the first time that the speed, 

wavelength and amplitude of Tp have been reported.  It is interesting to note that 

the ratio of the wavelength to amplitude for Bb and Tp is nearly identical (~3).  

These values are very close to , the optimal ratio that maximizes swimming 

speed at fixed frequency, which can be shown by optimizing the speed with 

respect to /A using resistive force theory (36, 48). 

 Because the wavelength and amplitude are not affected by viscosity, the 

decrease in swimming speed must be due to a decrease in the undulation rate of 

the spirochetes, which is predicted to be the same as the rotational speed of the 

flagella (1). Therefore, increasing the external viscosity slows the rotation of the 

flagella, which are never in contact with the external environment. A similar 

effect was recently observed for Bb swimming through gelatin matrices, and a 

power balance argument was used to suggest that the affect on the speed was only 

influenced by the viscosity of the gelatin matrices, not the elasticity (36). This 

power balance argument attempts to side-step the complexity of the swimming 
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mechanism of the spirochetes by considering only the power that is put in by the 

flagellar motors to drive motility and the power dissipated by the movement of 

the spirochete through the fluid.  Specifically, the power input by the motors is 

equal to the product of the number of motors, N, the torque per motor,  and the 

rotational speed, .  Power is predominantly dissipated in two ways: (i) rotation 

of the flagella in the periplasm, where the power dissipated is proportional to the 

number of flagella, the length of the flagella, L, the square of the rotational speed 

and a drag coefficient,  (52), and (ii) undulation of the cell body through the 

surrounding fluid.  Therefore, equating the power in with the power dissipated, 

 
2 2 2

Power in

Power dissipated

1
N N

8
L LA         (1.8) 

where 4   is the perpendicular drag coefficient with  the viscosity (53). 

We have assumed that we can neglect dissipation due to the swimming speed 

compared to the undulation speed, since the undulation speed is roughly 5-10 

times the swimming speed (6). Our solutions are purely viscous, which suggests 

that the power balance argument should be directly applicable to our experiments 

and, furthermore, allows us to accurately estimate the drag coefficients that 

describe the resistive forces that act against the undulating bacterium.  Because 

the wavelength and amplitude are constants, we can rewrite this equation in terms 

of the swimming speed which is proportional to the rotational rate, v = c, where 

c is a constant that is approximately equal to 0.05 m.  Therefore, we expect that 

the relationship between the swimming speed and the viscosity should be 
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which predicts that the inverse of the velocity is linearly related to the viscosity.  

In addition, this relationship predicts that the slope of the inverse velocity with 

respect to viscosity is inversely related to the number of flagella and will, 

therefore, be steeper for Tp than for Bb, assuming that the torques from the 

flagellar motors are the same in these bacteria. In addition, using this relationship, 

it should be possible to estimate the torque from the flagellar motor and the drag 

coefficient for rotating the flagella in the periplasmic space.   

2.5  Flagellar Physics determined by Theory and Experiment 

 

 To test the predictions of  Eq. 1.9, we re-plotted our data as the inverse 

swimming speed of Bb and Tp with respect to viscosity (Figure 8).  For both 

species there is an approximately linear relationship with slopes of 0.011 m/pN 

(Bb) and 0.13 m/pN (Tp) and y-intercepts of 0.21 s/m (Bb) and 0.36 s/m (Tp); 

however, the plots for both species also show some concavity.  Some of the 

deviation from linearity observed in the Tp data may be due to the fact that the 

average velocity in the highest viscosity solution approaches the limits of our 

measurement resolution.  As predicted by power balance, the average slope of the 

Tp data is steeper than that of Bb. Therefore, there is at least qualitative agreement 

between the Eq. 1.9 and our data. We would like to be able to use these slopes to 

determine the flagellar motor torques, with the y-intercepts then giving the 

periplasmic drag coefficients. Using the known values for the amplitudes and 

estimates for the length and number of flagella of 10 m and 10 for Bb, and 10 
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m and 2 for Tp, respectively, we estimate the torques to be 2700 pN nm for Bb 

and 800 pN nm for Tp, which are within the range of values of  the stall torques 

measured in Caulobacter crescentus and Escherichia coli (350 pN nm and 4500 

pN nm, respectively) (54, 55).  Using these values for the torque, along with our 

values of the y-intercepts, we estimate that the drag coefficient for rotating the 

flagella in the periplasm is approximately 3.0 x 10
-3 

pN s for Bb and slightly 

lower, 7.0 x 10
-4 

pN s, for Tp. However, it is not clear whether the power balance 

equation can be used to give quantitative information regarding these values.   

 

Figure 8 | Inverse velocity (s/m) vs. viscosity for Bb (a) and Tp (b).  The filled 

circles show the experimental results and the lines show predictions from our 
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model with = 10
-2

 pN s (solid line) and10
-3

 pN s (dashed line) for Bb and = 

10
-3

 pN s (solid line) and 10
-4

 pN s (dashed line) for Tp. Viscosity is relative to 

that of water, which is assumed to have a viscosity of 0.001 Pa s. 

 To determine the accuracy of the torque and drag coefficients predicted 

from the power balance equation, we used the biophysical model for Bb 

swimming that was developed in Section 2.1 to explore how changes in viscosity 

affected the undulation frequency.  We simulated flat-wave spirochetes swimming 

through fluids with a range of viscosities, as described Figure 7E [Inset]. We 

mimicked the difference between Tp and Bb by adjusting the preferred shape of 

the flagella, the flagellar stiffness and the total torque applied to the flagella. For a 

given torque and viscosity, the simulation predicts the undulation frequency of the 

spirochete. We then estimated the swimming speed from the undulation frequency 

using that v = c and plotted the inverse velocity as a function of viscosity 

(Figure 8). As in our experiments, we always found a roughly linear, monotonic 

increase in the inverse velocity with increases in the viscosity. The biophysical 

model shows that there is a complex relationship between the velocity of the cell 

body and the forces and torques that are exerted back on the flagella. In effect, 

viscous resistance from the external fluid exerts forces on the cell body that are 

transmitted to the flagella via the resistive forces from the periplasmic fluid and 

normal forces from the outer membrane and cell wall. The resulting forces and 

torques on the flagella resist the torque from the flagellar motors, causing the 

rotation of the motors to slow down as the viscosity is increased. Our simulations 

that represented Tp also showed a steeper slope than the simulations of Bb, and 

for some simulations, the relationship between the inverse velocity and viscosity 
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showed concavity for larger values of the flagellar drag coefficient . Therefore, 

our simulations are in qualitative agreement with our experiments and with the 

predictions from Eq. 1.9. However, we know the torque and drag coefficient that 

were used in the simulations.  We, therefore, fit our simulated data to the results 

from Eq. 1.9 and extracted the torques and drag coefficients using the same 

procedure that we used for our experimental data.  For all values of the torques 

and drag coefficients that we used in our simulations, we found that the values 

predicted from the power balance equation were always within a factor of 5 of the 

input parameters. Furthermore, we found that for lower values of , the estimate 

of the torque was more accurate.  In addition, the values for the torque computed 

using the power balance equation were always overestimates for the value that we 

imposed in our simulations, which suggests that the value for the torque that we 

calculated using our experimental data represents an upper limit on the actual 

torque.  

 We then fit our simulated data to our experimental data (Figure 8).  Our 

simulations match the data well for Bb with a torque value of 1300 pN nm and 

10
-2

 pN s.  For Tp, we find good agreement with our experiments with a 

torque of 500 pN nm and 10
-3

 pN s.  Since our simulations treat the flagellar 

ribbon as a single flagellum, we expect that these values represent the total torque 

and drag coefficient.  Obtaining the values for a single flagellum requires dividing 

these numbers by the number of flagella.  Therefore, our simulations suggest that 

the torque and drag coefficient for Bb are ~200 pN nm and ~1.5 x 10
-3

 pN s, 

respectively, and for Tp ~250 pN nm and 5 x 10
-4

 pN s, respectively.  In both 
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cases, we find that the values are within the same order of magnitude as those 

predicted by the power equation. 

 In the last two sections, we examined two questions.  First, we asked how 

the swimming speed of Bb and Tp were affected by external viscosity and 

whether this effect could be used to determine the torque from the flagellar motor.  

We showed that changes in external viscosity slowed down the spirochetes.  

Then, by considering the power balance during swimming, we predicted that the 

velocity should vary inversely with viscosity. Comparing our experimental data to 

the simple power balance equation (Eq. 1.9) and to a more complete biophysical 

model for the swimming of spirochetes, we were able to estimate the torque that 

is produced by the flagellar motors of the Lyme disease and syphilis spirochetes.  

In addition, we were able to estimate the drag coefficient for rotating the flagella 

in the periplasmic space, a value that will be potentially difficult to measure 

experimentally. Our value for this drag coefficient is in rough agreement with 

theoretical predictions for the drag coefficient in Bb that were based on Stokes 

flow around a rotating cylinder confined between two walls (52).  In addition, the 

similarity between the observed decrease in speed with viscosity and the 

predictions from the biophysical model of (1), provide further support for the 

relevance of this model of flat-wave spirochete swimming. Our results also 

suggest that the flagellar motor of these two spirochete species produces a 

constant torque that is independent of rotational speed, as is assumed in our 

biophysical model and has been shown for the flagellar motors of E. coli and C. 

crescentus (49, 54).  
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 The second question that we addressed was how the swimming behavior 

of Bb compares with that of Tp in viscous fluids. Our analysis showed that both 

these organisms respond to changes in viscosity in a similar manner and could be 

explained by the same biophysical model.  The inability to culture Tp in the lab 

prevents constructing genetically-modified strains, such as ones that express 

fluorescent markers, which would enable the study of the invasion and 

dissemination of Tp through environments that better resemble the diversity of the 

host milieu. These types of experiments, however, are possible and have been 

done with Bb (36). As both of these spirochetes migrate through the ECM and 

penetrate intracellular junctions in the mammalian host, it is attractive to consider 

Bb as a good model for Tp. While previous researchers have related Bb to Tp 

based primarily on morphological similarities, invasion and dissemination 

through the host require similarities in motility. Though there is a notable 

difference in the range of viscosities over which these organisms can swim, our 

results suggest that this can be attributed to the greater number of flagella in Bb 

than in Tp. Therefore, the work presented here provides further evidence that Bb 

is a good model organism for understanding some aspects of the pathogenesis of 

syphilis, while also providing clearer insight into Lyme disease. 

Chapter 3 

Spatiotemporal Evolution of Erythema Migrans, the Hallmark 

Rash of Lyme disease 

3.1 A Model for Early Lyme disease 
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 A goal of modern biomedical research is to develop patient-specific 

treatment plans. A potential step in this direction would be determining effective, 

non-invasive measures that correlate clinical observations with states of disease. 

In the case of infections, the ability to achieve this goal requires a clear link 

between the microscopic pathogen-host interactions and the macroscopic, 

observable host response. Quantitative modelling of pathogen-host dynamics can 

potentially bridge the gap between these seemingly disparate length scales.  Here 

we explore this hypothesis in the context of Lyme disease, the most prevalent 

vector-borne illness in the United States and the 6th most notifiable disease in the 

nation, which, if untreated, can lead to complications in the heart, joints or 

nervous system (56, 57). Specifically, we consider how pathogen-host interactions 

lead to the spatial and temporal evolution of erythema migrans (EM), the 

characteristic rash that is typically the first indicator of the disease. 

 Lyme disease is transmitted to humans by the bite from Ixodes scapularis 

ticks that are infected with the bacterium Borrelila burgdorferi.  In the tick, the 

spirochetes inhabit the midgut. During feeding, the bacteria replicate and a small 

fraction penetrate out of the midgut and migrate to the salivary glands, where they 

are then transported into the dermis of the host via the saliva (9). It takes at least 

48 hours for the spirochetes to move from the gut into the dermis (9, 57), and the 

tick remains attached to the host for approximately 4 to 5 days (9, 57). Therefore, 

at the end of the bloodmeal, a small inoculum of spirochetes is introduced into the 

dermis at the bite site.  In the dermis, the spirochetes replicate and begin to 

disseminate both locally and hematogenously. While migration through the 
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dermis can be fairly rapid (at speeds of a few microns per second (38),  the 

spirochetes also bind to extracellular matrix (ECM) proteins and can become 

transiently adhered to the matrix (38, 58). The tick bite along with the presence of 

the spirochetes in the dermis activates the innate immune response, which 

includes uptake of spirochetes by immune effector cells (57, 59, 60).  

Consequently, dendritic cells release cytokines that act as a signal to monocytes 

from the bloodstream to differentiate into phagocytic cells, such as macrophages 

(61, 62).  The release of pro-inflammatory cytokines by macrophages leads to 

further recruitment of innate immune cells and T cells to the infected region (57, 

60).  This inflammatory cascade also causes hyperaemia in the capillaries, leading 

to the characteristic rash that is usually the first symptom of infection (9, 57).  The 

EM rash, then, serves as a marker for the innate immune response during the 

initial stages of Lyme disease and should be sensitive to the pathogen-host 

dynamics that accompany this disease.  But what features of the spirochetal 

infection and immune response are the most important factors of the spread of this 

rash?  Clearly, since most infections do not produce similar rashes, the behaviour 

of the bacterium must be important.  In this chapter, we hypothesize that the 

motility of the bacterium is a prime factor and that the details of the immune 

response are less important.  To test this hypothesis, we developed a mathematical 

model that contains many of the basic features of the dynamics of each of these 

processes (Figure 9). We show that this minimalistic model is sufficient to explain 

the clinically-observed progression of the early stages of Lyme disease and 

predicts which pathogen-host interactions are most relevant in determining the 
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morphology and spreading rate of the EM rash. These results suggest that this 

simple yet quantitative model can be informative about the efficacy of antibiotics.  

Simulations then predicted the rate that spirochetes are cleared from the dermis 

under typical treatment.   

Figure 9 | Schematic of the model. (a) The pathogen-specific dynamic processes 

that occur in the host.  Our model includes translocation of the spirochetes 

through the dermis with velocity ν, binding and unbinding of the spirochetes to 

the ECM with rate constants kon and koff, respectively, and replication at a rate r.  

(b) The pathogen-host interactions.  We consider macrophage activation from a 

pool of monocytes, which is proportional to the concentration of bacteria and a 

rate constant a.  The macrophages then use chemotaxis to pursue the bacteria, 

which are cleared by the macrophages with a rate constant c. The macrophages 

are cleared or die at a rate d. Parameters values are given in Table 1.   

 Our model for pathogen-host dynamics captures the spread of the Lyme 

disease rash using parameters that have direct physical interpretations.  The model 
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contains spirochetes that grow with a replication rate, .r   As the spirochetes 

disseminate through the collagen rich extracellular matrix, transient adhesions, to 

the matrix results in the formation of two spirochete populations, a translocating 

population, which we denote as T, and a stationary population (38), S. The switch 

between these two states are defined by first-order reactions with transition rate 

constants kon for binding to the matrix (T→S) and koff for unbinding from the 

matrix (S→T).  When stationary spirochetes release from the matrix and become 

translocating spirochetes, they often change direction. Therefore, on long time 

scales, the spirochetes exhibit diffusive behavior.  The diffusion coefficient is 

then related to the average velocity of the translocators divided by the off rate, D 

= ν
2
/koff, where ν is the velocity of the spirochetes.   

 The host's innate immune system responds to these invading pathogens via 

a complex signaling pathway that involves recognition of the pathogen and 

activation and inhibition of immune cells by pro- and anti-inflammatory cytokine 

release (63, 64).  Here we simplify this system by lumping many of these affects 

together into a local immune response.  Pro-inflammatory cytokines activate 

monocytes from the blood, which differentiate into macrophage cells (61).  These 

activated macrophages are significantly more effective at clearing spirochetes 

than the monocytes and are the first phagocytes to arrive at the site of spirochete 

inoculation (65). We denote the dermal density of active macrophages as M, and 

use this population to track the immune response.  We assume that the pool of 

monocytes in the blood is fairly constant and that macrophage activation is 

proportional to the local spirochete burden. We, therefore, use a first order 
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reaction to describe the activation of the macrophages with an activation rate 

constant a . This assumption is consistent with in vitro data that cytokine release 

increases monotonically with the concentration of spirochetes (66). While these 

assumptions are an oversimplification, it can serve as a test for how important the 

details of the immune response are to the spread of the EM rash.    

 Macrophages migrate toward invading spirochetes.  Movement of the 

macrophages is modeled using the Keller-Segel model for chemotaxis (67), which 

sets the speed that the macrophages migrate toward a population of bacteria as 

being proportional to the gradient of the bacterial concentration. A chemotactic 

rate constant, defines the speed. Using that macrophages can move at a rate of 

microns per minutes, allows us to estimate . Active macrophages phagocytose 

the spirochetes. Experiments suggest that the rate of phagocytosis is dependent on 

the ratio of macrophages to spirochetes (68). We, therefore, model phagocytosis 

as a second-order reaction that depends on both the macrophage and spirochete 

concentrations with a clearing rate constant c . Finally, macrophages are cleared 

from the dermis with a clearing rate constant, d.  

 Other groups (see (69), and (70)) have derived complex reaction-diffusion 

equations to describe the innate immune signaling that leads to the formation of a 

skin rash.  Our model is based on a highly reduced version of  this previous work.  

Therefore, we propose the following model for the pathogen-host interactions that 

occur during the early stages of Lyme disease:  
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 We assume circular symmetry about the bite site and that the dermis is 

thin compared to the lateral extent of the rash. Therefore, we simulated the 

dynamics of Eqs. 1.10–1.12 in axially symmetric, polar coordinates using a 

discrete finite volume method with a semi-implicit Crank-Nicholson time-

stepping routine. The equations were solved in MATLAB using a 40-cm grid of 

300 nodes and a time step of 10
-2

 days, with runs simulated for a total time of 20–

30 days. The discretization of the equations are located in Appendix C. Parameter 

values are given in Table 1 below.  

Table 1. List of parameters and their values for the model.   

Parameters Symbol Value Reference 

Diffusion coefficient D
 

2 11cm day
 2 1

offk 
 

Spirochete replication rate r  12days  (71) 

Phagocytosis rate c  15days  Estimated 

Dermal binding constant 
onk  1100days  (38) 

Dermal release constant 
offk  150days  (38) 

Chemotaxis constant   5 10.05cm day
 Estimated 

Macrophage activation  a  11day
   (61)* 

Macrophage clearing  d  10.05 0.3day  (72) 

Spirochete velocity   11 5 ms   (38) 
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*value estimated based on the data in this reference. 

3.2 Pathogen-Host Dynamics Recreate the Lyme disease Rash 

 Clinical observations of erythema migrans in patients with Lyme disease 

are classified into three separate morphologies:  homogenous erythemas, which 

are solid, fairly uniform colored rashes (Figure 10a); central clearing rashes, 

which are rashes whose cleared center is surrounded by a single ring (Figure 10b), 

and central erythemas, which are the characteristic bull’s-eye rashes that can have 

single or multiple rings (Figure 10c). We used our model to simulate the 

spatiotemporal dynamics of spirochetes and activated macrophages in the dermis.  

Since inflammation causes the rash, we use the density of macrophages as an 

indicator of the rash appearance.  Simulations of this model then reproduce all 

three rash morphologies (Figure 10d,e,f) and predict that the principle contributor 

to the formation of the different Lyme disease rashes is the rate at which active 

macrophages are cleared from the dermis. A four-fold increase in this parameter 

is sufficient to transform a homogenous erythema to a central clearing rash, and 

less than two-fold further increase leads to a central erythema. Combinations of 

the macrophage clearing rate with the bacterial replication rate and the incubation 

period for the infection were also found to affect the morphology of the Lyme 

disease rash (Figure 10j,k). 

 One benefit of the model is that it allows us to predict the densities of the 

bacteria in relationship to the rash as a function of time during spreading.  Figure 

10g shows a radial slice through a simulated central erythema and shows how the 

spirochete and macrophage populations change as the rash progresses. The model 
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predicts that the rash begins as a small homogeneous rash.  Activation of the 

innate immune response is strongest at the center of the rash and clears most, but 

not all, of the bacteria from the center within ~1 week. However, bacteria at the 

edge of the rash continue to spread outward, further activating the immune 

response away from the edge. Therefore the rash grows, but the center becomes 

less inflamed. As time progresses, though, the spirochetes resurge at the center, 

leading to the characteristic bull’s-eye pattern often observed with Lyme disease 

(Figure 10g). This local resurgence near the site of the initial inoculation has been 

observed in experiments on mice where spirochete burden was measured in the 

dermis of an infected foot over the course of 55 days (73). Our simulations and 

these experiments both show an initial resurgence within approximately one week 

after infection. 

Figure 10 | Pathogen-host dynamics recreate the Lyme disease rash. Clinical 

images of (a) homogeneous erythema, (b) central clearing, and (c) central 

erythema (arrow points at punctum) taken from (9, 10) reprinted with permission 

from Elsevier and Robert Nadelman.  (d-f) The model recreates all three rash 



53 

 

 

 

morphologies using realistic parameter values.  (g) Time series of the 

spatiotemporal evolution of a central erythema, showing normalized bacterial 

(blue) and macrophage (red) densities at three separate time points. (h) 

Comparing the model results with different bacterial diffusion coefficients (2 

cm
2
/day (green), 1 cm

2
/day (blue), 0.5 cm

2
/day (red), 0.25 cm

2
/day (cyan), and 0.1 

cm
2
/day (magenta)) to clinical data on the spread of the rash (11) suggests that D 

~ 0.25 cm
2
/day.  (i) The model predicts that spreading rate is proportional to the 

square root of the replication rate and diffusion coefficient. The yellow box 

indicates the clinically-observed range of spreading velocities; the dashed lines 

then show the predicted range for the product of the bacterial replication and 

diffusion rates. (j-k) Phase diagrams for the rash morphologies at two time points 

illustrate that the primary parameters controlling rash morphology are the 

macrophage clearing rate, spirochete replication rate and time since infection. (d-

f). 

 A clinical trial with 24 Lyme disease patients measured the diameter of the 

Lyme disease rash after an incubation period (11).  Fitting the clinical data with 

our model, we concluded that a diffusion coefficient 1 cm
2
/day was necessary to 

recreate the clinically observed spreading velocity range of 1 to 3 cm/day (9, 11, 

74) (Figure 10h). This approximate value for the diffusion coefficient is exactly 

what is predicted based on the speed that the bacteria move through the dermis 

and the rate that they unbind from the ECM (38) (Figure 9).  An alternative 

mechanism driving the spread of the EM rash could be that cytokine reactions and 

diffusion are sufficient to account for the spatiotemporal dynamics.  However, if 

spreading were controlled by cytokine diffusion, then any localized skin infection 

could lead to a large rash.  In addition, measurements of cytokine mobility 

through epidermal mimics suggest that cytokine diffusion coefficients are ~10-

fold smaller than the coefficient that we estimate for B. burgdorferi (75).  
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Therefore, it is unlikely that the EM rash is solely determined by cytokine 

dynamics.  

 Our model lets us further examine what pathogen-host interactions 

determine the rate that the rash spreads.  We find that the two most dominant 

parameters are the bacterial diffusion and replication rates.  Indeed, we find that 

the spreading velocity is linearly dependent on the square root of the product of 

these two parameters (Figure10i).  In addition, we find that macrophage 

chemotaxis toward the bacteria does not affect the rash appearance or the overall 

clearing of the bacteria. Instead, monocytes in the immediate vicinity must be 

activated into macrophages in order to clear the spirochetes from a given region. 

These findings suggest then that the rate of rash spreading is determined by 

pathogen-specific parameters. The model then suggests that strains of Borrelia 

found in Europe and Asia, which cause larger skin lesions, may replicate or 

disseminate faster than strains that produce rashes that spread more slowly.   

3.3  New Treatment Paradigm for Lyme disease 

 For B. burgdorferi to evade the immune response, it seems 

counterproductive that the spirochetes bind to the ECM.  It was recently 

suggested, though, that this stationary population of bacteria could be beneficial, 

with the stationary state acting as decoys that allow the translocating bacteria to 

escape (38).  We used our model to explore this hypothesis and found that the 

stationary state does not assist immune evasion.  However, the presence of the 

stationary state only leads to minor increases in the number of bacteria that get 

cleared and similarly small reductions in the spreading rate.  Therefore, binding to 



55 

 

 

 

the ECM is not strongly detrimental to infection and likely provides some other 

benefit to the bacterium. 

 The standard treatment plan for a patient presenting with Lyme disease is 

doxycycline or amoxicillin administered for no more than 30 days (76).  The 

dosage of these treatments is set to maintain the antibiotic concentration in the 

blood above the minimum inhibitory concentration (MIC) over this time period.  

While this treatment plan is usually successful in clearing the bacterial infection, 

our model provides a means for predicting the efficacy of different modes of 

antibiotic therapies on clearing spirochetes from the dermis.  We, therefore, 

modelled antibiotic treatment by assuming that a patient presenting with a given 

rash morphology was administered antibiotic such that the effective antibiotic 

concentration in the dermis was maintained at the MIC.  We then simulated the 

progression of each rash type over the course of 4 weeks of treatment.  For all 

three rash morphologies, we found that bacteria were cleared from the dermis 

within roughly the first week of treatment; however, the dynamics of 

disappearance of the rash appearance varied depending on the type of EM with 

which the patient presented (Figure 11).   
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Figure 11| Effects of antibiotic therapy on the clearing of the three rash types.  (a-

c) Homogeneous rashes are predicted to take longer to clear than central clearing 

and central erythemas. (d-f) Normalized total number of bacteria (blue) and 

macrophages (red) as a function of time.  For all rashes, the bacteria are mostly 

cleared within a few days; however, for homogeneous rashes, the macrophages 

take longer to clear due to the slower clearing rate.  Parameter values for the 

rashes are the same as in Fig. 10. 

 Rashes characterized by central erythema or central clearing rashes 

resolved within the first week of antibiotic treatment, whereas homogenous 

erythemas were still present even after 4 weeks, in some cases. The model 

suggests that the homogeneous EM will persist longer than the other rash types, 

because the appearance of this type of rash is predicted to depend most strongly 

on the clearing rate of the macrophages, which is slower for homogeneous 

erythemas.  Therefore, the inflammation is predicted to persist longer in patients 

with homogeneous rashes.  Clinical findings support some of these predictions.  

For example, studies done in the United States and Europe have found that 10-day 

antibiotic regimes are as effective as longer term treatments and that the 
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persistence of the EM rash beyond the treatment time-frame is not necessarily an 

indicator of the efficacy of the therapy (77, 78).  

 Here we have described a simple model for the pathogen-host interactions 

that occur during the first weeks of Lyme disease. This model captures the 

spreading rate and morphological characteristics of EM rashes, which suggests 

that the six fundamental processes that we consider, replication and migration of 

the spirochetes, activation and subsequent chemotaxis of phagocytic cells, such as 

macrophages, that then track down and kill the bacteria, and, finally, deactivation 

or death of the macrophages, are the dominant features affecting the spread of the 

infection through the host.  Each of these processes is characterized by a single 

parameter, which can, in principle, be experimentally measured and/or clinically 

perturbed.  Other models have also investigated skin rash dynamics but have 

focused primarily on describing the complex signalling that is involved in the 

innate immune response (63, 64, 69, 70, 79, 80).   

 Our results suggest that, at least in the context of the Lyme disease rash, 

the details of the immune response are not as important as the fundamental 

processes that we considered. However, we expect that a full description of the 

innate immune response will produce quantitative differences to what we predict 

here and would provide a more complete description of the spreading of the rash.  

Therefore, our model can stand as a basis for subsequent work in this field.  In 

addition, the quantitative agreement between the model, experimental data and 

clinical findings suggest the possibility for developing mathematically-guided 
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treatment paradigms for this disease and possibly other emerging infectious 

diseases, similar to what has been done with HIV (81, 82). 

Chapter 4 

How Single Cells Drive Epithelial Dynamics 

 When cells migrate to close a wound or remodel tissue they often move as 

collective groups or sheets (83). This collective cell migration is, at least partially, 

due to cell-cell adhesion and shows strikingly different behavior than the 

migration of individual cells (19). The standard in vitro technique for studying 

collective migration is the wound healing assay, which involves observing groups 

of cells moving across a free surface created by either the removal of a barrier or 

by physically scratching away cells (19, 84). For example, these assays have been 

used to study the migratory potential of tumor cells (85-88) or the re-

epitheliziation process (19, 89). Many previous studies have shown that after 

confluent epithelial cells are presented with a free surface, migration begins with 

the leading edge destabilizing to form migration fingers that are guided by 

phenotypically different cells at their tips, known as leader cells (12, 19, 90-92). 

These leading cells have been shown to exert large traction forces that allow them 

to pull on the cells behind them, thus driving the advance of the wound border 

(93).  However, developmental processes in vivo, such as branching 

morphogenesis, lack defined leaders and are driven forward by multiple cells that 

dynamically rearrange their positions (91, 94).  

 Coordinated motion requires coordinated force. While many experimental 

investigations have examined traction force distributions during wound healing 
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(93, 95-98), how single cells coordinate to drive collective migration remains 

elusive. Recently, though, there have been several physical theories proposed to 

describe collective migration, primarily aimed at explaining the complex motions 

that occur during wound healing assays. While these models use different 

theoretical frameworks, including discrete, propelled point particles (99, 100), 

hybrid cellular models, such as Dirichlet domains (101) or the Cellular Potts 

Model (102, 103),  and continuum-level approaches (104, 105),  they all consider 

the importance of single cell forces and are primarily based on the notion that 

collective behavior arises from the constrained motion of adhered single cells. 

Because the models are posed in different mathematical representations, though, it 

is difficult, even for experts, to judge the similarities and differences between 

these models (106, 107), and there has yet to be a clear effort to identify whether 

any or all of these models can accurately predict how cellular or global 

perturbations alter collective behavior.   

 In this chapter, we directly investigated the correlation between the 

physical characteristics of individual cells and collective cell migration. For our 

experiments, we chose Madin-Darby canine kidney (MDCK) epithelial cells, 

because they are the prototypical cell-line used in wound healing experiments (19, 

93, 95, 97, 108-111). We study the behavior of MDCK type I and type II cells, 

which are both derived from the parental MDCK (NBL-2) strain (112). In order to 

perturb cellular dynamics, we chose to alter the adhesive interaction between the 

cells and the substrate using fibronectin (FN) and poly-L-lysine (PL) coated 

substrates, where fibronectin promotes integrin binding (113), and  poly-L-lysine 
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binds non-specifically to anionic substances on the cell surface (114). We 

measured the motility and morphology of individual MDCK I cells on fibronectin 

(I-FN) or poly-L-lysine (I-PL), and individual MDCK II cells on fibronectin (II-

FN) or poly-L-lysine (II-PL) and then quantified the collective migration of these 

cells on these substrates using wound healing assays. For clarity, we have 

assigned each cell-type/substrate combination a specific color that is used 

throughout the work presented here: I-FN (red), I-PL (green), II-FN (magenta) 

and II-PL (blue). Surprisingly, we find that cell speed at the single cell level is not 

indicative of wound closure rates; i.e., cells that move slowly as individuals can 

migrate rapidly in collectives and vice versa. Guided by predictions from an 

existing mathematical model (104), we show that this speed enhancement is 

attributable to an increase in intracellular contractile stress. In addition, for most 

cases, the migration rates of wound borders do not depend on leader cells. Finally, 

we show that changes in intracellular contractile stress and adhesion can increase 

motility in confluent epithelial monolayers, transitioning a stationary epithelium 

into a dynamic, migratory population. Taken together, this work links single cell 

force production to multi-cellular motion, shedding light on the fundamental 

mechanisms of collective cell migration (104).   

4.1  Substrate effects on single MDCK cell motility  

 

 To determine how single cell biophysics influences collective migration, 

we began by quantifying the motility of individual cells. Cells at low density were 

allowed to adhere to fibronection or poly-L-lysine coated surfaces and were then 

imaged at 3 minute intervals for 12 hours. Cell motility and morphology were 
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characterized by segmenting DIC images and measuring cell centroids, areas, and 

perimeters (Figure 12a-d). Instantaneous velocities were computed from the 

change in centroid position between frames. We found that the I-FN cells were 

highly dynamic with an average cell speed of 27 ± 1.0 µm/hr, whereas on PL their 

speed decreased by approximately 3-fold to 10 ± 0.4 µm/hr. MDCK-I cells were 

always more mobile than MDCK-II cells, whose average speed of 2.3 ± 0.1µm/hr 

was not strongly affected by surface alterations (Figure 12e).  

Figure 12 | The motility and morphology of MDCK epithelial cells on coated 

surfaces. Cell contours of  MDCK type I cells on (a) fibronectin (red) and (b) 

poly-L-lysine (green) and  MDCK type II cells on (c) fibronectin (magenta) and 

(d) poly-L-lysine (blue) were automatically tracked from DIC images taken at 3 

minute intervals over 12 hr time periods. Average cell speeds (e) and areas (f) 

were measured for each combination (p < 0.05, two-sample t-test for all cases 

unless otherwise specified. I-FN, n = 255; I-PL, n = 413; II-FN, n = 246; II-PL, n 

= 665). Error bars are SEM; scale bar is 50 m. 
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 The morphology of MDCK-I and -II cells were noticeably different. We 

found that MDCK-II cells were always significantly less spread and more circular 

than MDCK type I cells (Figure 12f, Appendix E: Supplementary Figure 1). In 

addition, substrate adhesion did not greatly alter cell shape or area (Figure 12f, 

Appendix E: Supplementary Figure 1). For example, we found I-FN to have an 

average cell area of 845 ± 12 µm
2
, which only increased to 997 ± 10 µm

2
 on PL, 

and the spread area of MDCK-II cells was not substantially altered by surface 

coating (Figure 12f). 

4.2   Cell speed fails to predict wound healing dynamics 

 

 We performed scratch assays to investigate wound healing dynamics using 

the same cell types and surface coatings. Wound border velocities were measured 

from segmented images of the wound region and intra-layer cell velocity fields 

were determined using a gradient-based optical flow method (115)  (Figure 13a-j). 

We expected to find that border and intra-layer velocity measurements were 

correlated with one another and also with individual cell speed.  For example, we 

expected that the I-FN cells would show the largest velocities in these assays.  

Surprisingly, though, this was not the case. While the average border velocity for 

the I-FN cells was 11 ±  0.5 µm/hr, the I-PL wounds exhibited an average border 

velocity of 21 ± 2 µm/hr (Figure 13k). We found that the intra-layer velocity 

fields had average speeds that were roughly comparable to the rate of the wound-

border advance, with I-PL cells moving significantly faster than I-FN cells 

(Figure 13l). In other words, while collective motion on FN was inhibited nearly 

3-fold compared to single cell motility, collective motion on PL was enhanced by 
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a factor of 2. This more dynamic velocity field also produced shorter velocity 

correlation lengths for the I-PL cells compared to the I-FN cells (Figure 13m). 
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Figure 13 | Wound-healing dynamics are affected by surface coating. The leading 

edge of wounded I-FN (red) (a), I-PL (green) (b), II-FN (magenta) (c), and II-PL 

(blue) (d-e) were tracked over 14 hr periods. A region approximately 150 µm 

behind the border (yellow lines) was used for intra-layer velocity measurements. 

II-PL cells showed two distinct behaviors, slow, steady advance of the border (d) 

and retraction (e). Scale bar is 100 µm. Representative velocity fields from (a-e) 

are shown for I-FN (red) (f), I-PL (green) (g), II-FN (magenta) (h), and II-PL 

(blue) (i-j), with the white boxes in (a-e) indicating the corresponding time and 

location of these sub-regions. Scale bar is 50 µm; arrow represents a velocity of 

30 µm/hr. (k) Average border velocities for each scenario (p < 0.05, two-sample t-

test for all cases unless otherwise specified. I-FN n = 135; I-PL n = 33; II-FN n = 

71; II-PL n = 6; n = 18). (l) Average intra-layer velocity and (m) spatial 

correlation were measured for all cases (p < 0.05, two-sample t-test for all cases 

unless otherwise specified. I-FN n = 130; I-PL n = 42; II-FN n = 69; II-PL n = 6; 

n = 18). Error bars are SEM. 

 Since the migration of the MDCK II cells were not strongly affected by 

substrate coating, we didn’t expect to find a substantial difference between the 

wound healing dynamics for IIs on these substrates. As expected, the II-FN cells 

had slower wound border speeds and intra-layer velocities than either the I-FN or 

I-PL cells, with an average wound speed of 3.7 ± 0.4 m/hr and an average intra-

layer speed of 6.4 ± 0.2 m/hr (Figure 13k,l). However, on PL the wounded 

MDCK-II cells exhibited two distinct types of motions. The first type was similar 

to that seen with the II-FN cells: a slow, relatively constant migration into the 

denuded region (Figure 13c-d). In the other phase, the border pulled inward, 

resulting in a negative average border velocity (Figure 13k). Despite the variation 

in the direction of the border advancement for II-PL, no difference in the velocity 

fields within the monolayer was measured (Figure 13l).  



65 

 

 

 

 While it would seem reasonable that cells which are faster would produce 

more rapid collective dynamics, comparison across our four experimental 

conditions showed that there is no correlation between single cell speed and 

collective dynamics (Figure 14a).  

4.3  Wound closure does not depend on leader cells or border shape 

 

 Many groups have described the importance of finger-like projections 

driven by leader cells to wound healing dynamics (12, 19, 90, 93, 116).  Under 

most of our conditions, though, we rarely observed migration fingers, even when 

cells that resembled leaders were present near the border (Figure 14b).  To 

determine whether the migration dynamics that we previously observed were 

dependent on the number of leader cells, we measured the average border velocity 

as a function of the number of leader cells in a field of view (Figure 14c-f). We 

found that in all but one case (i.e., for the I-FN, I-PL, II-FN cells), the frequency 

of leader cells did not influence wound closure rates (Figure 14c-e); however, for 

the II-PL cells there was a correlation between the number of leader cells and 

wound border advance (Figure 14f). For this singular case, the presence of leader 

cells helped stabilize the border and drove finger-like projections that helped pull 

the collective into the denuded region, similar to what other groups have 

described. Since finger-like projections cause the border to be rougher (i.e., less 

straight), we also compared border shape to the wound velocity and found that 

there was not a statistically-significant correlation under any of our experimental 

scenarios (Appendix E: Supplementary Figure 2). 
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Figure 14 | Leader cells and single cell speed are insufficient to explain wound 

dynamics. (a) Average border velocity (blue) does not correlate with single cell 

speed (green). (b) Characteristic leader cell observed in our experiments, 

identified when the perimeter of the lamellapodia (red line) was 2 to 3-fold larger 

than a typical cell on the boundary (12, 13). Scale bar is 20 µm. The border 

velocity does not depend on leader cell number for I-FN (c), I-PL (d), or II-FN 

(e), but does increase for MDCK IIs on (f) poly-L-lysine. Box-and-whisker plots 

indicate the median, extrema, quartiles and outliers for the indicated number of 

leader cells (n). The green box indicates a statistically significant increase in 

border velocity (p < 0.05 Tukey's test).   

4.4  Intracellular contractile stress is indicative of wound healing dynamics 

 

 Many of the computational models put forth for collective migration drive 

the active component of cell movements solely with a propulsive force, with some 

using leader cells to accentuate the dynamics (99, 100).  These models would 

suggest that cell speed and/or leader cells should correlate with border velocity. If 
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these factors don’t drive wound healing dynamics, then what does?  One 

alternative is intracellular contractile stress, the importance of which was 

proposed in a continuum-level model for wound healing by Lee and Wolgemuth 

(104, 105). A simplified 1D version of that model predicts that border velocity is 

proportional to the contractile stress divided by the square root of the cell-

substrate adhesion coefficient(104). The contractile stress in their model can be 

approximately measured using traction force microscopy (TFM) (Figure 15a), 

with the average traction force fo times the cell diameter (or square root of the cell 

area) being roughly equal to the contractile stress in the mathematical model. If, 

we also assume that traction force is proportional to substrate adhesion, which is 

justifiable at slow to moderate intracellular actin flow rates (117), then the model 

predicts that the average border velocity should increase proportional to 

 Cell Areaof  . To test this prediction, we used TFM to measure the average 

traction force, fo (Figure 15a-c). Then, using our single cell area measurements 

(Figure 12c) we computed the intracellular contractile stress and found that, as 

predicted, the average border velocity varies roughly linearly with the square root 

of traction stress times cell area (Figure 15d).   
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Figure 15 | Contractile stress correlates with wound closure rate. (a) Schematic 

representation of traction force microscopy (TFM). A cell (green lamellipodium 

and purple nucleus) is imaged on top of a flexible PDMS substrate (tan) of height 

h ~ 30 µm that has fluorescent beads (red) embedded in the top and bottom layers. 

Intracellular contraction transmits forces to the substrate that displace the top 

layer of fluorescent beads. (b) These displacements are used to compute the 

traction forces exerted by the cell on the substrate (14). Scale bar is 10 µm; arrow 

represents a traction force of 30 Pa. (c) The average magnitude of the traction 

stress was determined for all cell/substrate combinations. (p < 0.05, two-sample t-

test for all cases unless otherwise specified. I-FN n = 40; I-PL n = 30; II-FN n = 

19; II-PL n = 26). Error bars are SEM. (d) Contractile stress divided by the square 

root of adhesion, measured as  Cell Areaof   , (green) correlates with the 

wound closure rate (blue). 

4.5 Collective effects can either inhibit or accentuate epithelial dynamics 

 

 A number of experiments have shown that cell movements are inhibited in 

confluent epithelial monolayers (108, 111, 118). Since I-PL cells show greatly 
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enhanced motility in wound healing assays, it suggests that collective effects may 

not always inhibit cell motions. In addition, the Lee and Wolgemuth model also 

predicts that changes in contractile stress or adhesion can convert a relatively 

stationary epithelium into a highly dynamic one (105). We, therefore, examined 

collective motion in confluent layers for all four of our previously described 

scenarios (Figure 16a-d, Appendix E: Supplementary Figure 3a).   
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Figure 16 | Cellular contraction and adhesion can produce highly dynamic 

confluent epithelia. Confluent monolayers of I-FN (a), I-PL (b), II-FN (c) and II-

PL (d) cells were imaged for 5 hrs. Scale bar is 100 µm. (e-h) Characteristic 

velocity fields from the sub-regions (white boxes) shown in (a-d). Velocity fields 

are color coded as described in the text. Scale bar is 50 µm and arrow represents a 

velocity of 35 µm/hr. (i-l) Trajectories of simulated tracer particles were used to 

measure the displacements of cells in the monolayer. (m) The spatial velocity-

velocity correlations (inset specifies the value of the correlation length) were 

calculated for each scenario (p < 0.05, two-sample t-test for all cases unless 

otherwise specified. I-FN n = 81; I-PL n = 55; II-FN n = 84; II-PL n = 83). Error 

bars are SEM. The migratory index (m) and speed enhancement (n) (see text for 

descriptions) provide quantitative measures of collective effects on cell migration 

and show that under different environmental conditions it is possible to get 

enhanced or attenuated dynamics compared to single cell motility.  

 The first and most notable observation from the time-lapse movies from 

these experiments is that the I-PL cells show dramatically different dynamics than 

the other three cases. Where the MDCK II and I-FN cells show small random 

movements, the I-PL cells undergo large-scale, highly coordinated motion. We 

quantified these dynamics by measuring the intra-layer velocity fields and found 

that the confluent I-PL cells had significantly larger average velocities (20 ± 1 

m/hr) within the monolayer when compared to I-FN cells (7.9 ± 0.3 m/hr), II-

FN cells (7.4 ± 0.3 m/hr), or II-PL cells (11.4 ± 0.3 m/hr) (Figure 16e-h, 

Appendix E: Supplementary Figure 3a). We also used the velocity fields to 

compute the velocity-velocity spatial correlation (Figure 16m) (111).  The spatial 

correlation functions for the I-FN, II-FN, and II-PL cells were nearly identical and 

showed a rapid decrease in correlation with distance.  Effectively, these cells were 
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not overly coordinated, with correlation lengths of only 1-2 cell diameters.  

However, the spatial correlation for the I-PL cells was significantly different and 

showed larger correlation over longer distances (Figure 16m). To further quantify 

the dynamics within the monolayers, we “tracked” cells in the monolayer by 

simulating the motion of tracer particles driven by the extracted velocity fields 

(Figure 16i-l).  Overlays of these tracer particles onto the original movies also 

confirm that the extracted velocity fields are accurate. As is apparent in the 

movies, the I-PL cells migrate over much larger distances than the other cells, 

showing a 4-fold increase in displacement over a 5 hour period compared to the I-

FN cells (Appendix E: Supplementary Figure 3b).  Substrate coating did not 

strongly affect the MDCK IIs, with only a small increase in the particle 

displacements for II-PL compared to II-FN (Appendix E: Supplementary Figure 

3b).  

 Taken together, our findings show that collective effects can either 

enhance or inhibit cell movements and that this difference can be driven by 

simply altering the interaction of the cells with their environment. While the 

change in speed from single cell to collective migration is one measure of this 

effect, in regard to processes such as cancer metastasis, how far cells migrate in a 

given amount of time is likely more relevant. Speed and displacement are only 

correlated if the cells have persistent motion. Therefore, we quantify how much 

motility is enhanced or inhibited within the collective by defining two parameters 

that relate motions in the collective to single cell movements. First, we define the 

migratory index, which is the ratio of the average displacement of a cell in a 
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collective compared to the average displacement of single, isolated cells over the 

same time period. This parameter is presumed to be the most relevant for cancer 

metastasis. The second is the speed enhancement, which is the ratio of the average 

speed in a monolayer to the average speed of single, isolated cells. Taken 

together, these two parameters are predictors of the persistence and speed within a 

monolayer due to coordinated motion.  For three of our combinations (I-PL, II-

FN, and II-PL), we find migratory indices and speed enhancements that are larger 

than one, indicating that confluence accentuates epithelial dynamics in these 

cases, whereas both of the parameters are less than one for I-FN cells (Figure 16n-

o). For II-FN cells, the migratory index (4.3) is larger than the speed enhancement 

(3.3), which suggests that confluence increases both speed and persistence; 

however, II-PL cells show a lower migratory index than speed enhancement, 

which suggests that confluence causes more random (i.e, less persistent) motion 

than is observed at the single cell level.  For both I-FN and I-PL, the migratory 

indices are approximately the same as the speed enhancement, which suggests 

that confluence does not alter the persistence of the single cell motions.  

4.6  Conclusion 

 While the dynamics of collective migration have been extensively studied 

of late (19, 93, 96, 98, 110, 111, 116, 119), how single cell behavior is harnessed 

to produce these coordinated motions has been largely ignored. Here we showed 

that it is possible to link single cell behavior to epithelial dynamics; however, the 

result was somewhat unexpected: neither the speed of single cells nor the 

presence of notorious leader cells correlated with the velocities of the collective.  
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Instead, the biophysical feature of a single cell that determined the magnitude of 

the communal motion was the intracellular contractile stress, a result anticipated 

by the collective migration model of Lee and Wolgemuth (104, 105).   

 Our experiments on single cell migration of MDCK Is and IIs on either 

FN or PL substrates showed that even though these cell types are closely related, 

they respond differently to these substrates.  MDCK Is migrated significantly 

faster on FN than on PL, while the speed of MDCK IIs was barely altered. One 

explanation for the differences that we see is that PL increases cell adhesion for 

MDCK Is, but decreases adhesion for MDCK IIs.  Spread area is typically an 

indicator of substrate adhesion strength (120). Therefore, the increase in area of 

MDCK Is on PL compared to FN, is indicative of an increase in adhesion and is 

also consistent with the increase in traction force on PL. While MDCK IIs did not 

show a significant decrease in spread area on PL, the large reduction in traction 

force may be attributable to a decrease in adhesion, which would also explain why 

II-PL wound healing assays showed a retraction of the wound border. It is not 

clear why Is and IIs would respond differently to FN and PL. Regardless of the 

actual changes in adhesion that are induced by FN and PL, our data conclusively 

rules out cell speed as the driving force behind wound healing.   

 This last point is important. Eukaryotic cells crawl by contracting. Only a 

small fraction of this contractile stress is used to generate the propulsive force that 

pushes the single cell across the substrate at a specific velocity. A couple of recent 

models for epithelial dynamics treat the collective as a population of discrete, 

point-like cells driven by a propulsive force (99, 100) and, therefore, ignore the 
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substantial contractile stresses inside the cells. In these models, collisions inhibit 

the motility of the individual, consequently causing the velocities in the collective 

to be substantially slower than the discrete cells would be in isolation. Our results 

provide evidence that these models are lacking crucial components of the driving 

physics.    

 Another important consequence of this result is that it draws into question 

the use of wound healing assays as a general measure of cell motility. In 

morphogenesis and early-stage cancer invasion and metastasis it remains a 

mystery how migratory cell populations emerge from homogenous, seemingly-

stationary multi-cellular systems (95, 121). Wound healing assays have been a 

ubiquitous technique for investigating this question (84, 87, 122-126), mostly due 

to the simplicity of the assay and the ease of analysis.  However, the principal 

assumption made when using these assays is that wound closure rates correlate 

with the migratory potential of the cells. What we’ve shown here raises two 

issues. First, while wound healing assays may be informative for cancers and 

developmental processes where collective migration is involved, they should not 

be used to study single cell processes, such as the metastases from leukemias, 

lymphomas and most solid stromal tumors (121). Likewise, single cell 

experiments are not informative for processes that involve collective migrations. 

Second, we also showed that simple modifications of the interaction between the 

cell and the substrate can lead to drastically different behavior at the collective 

level, which suggests that conclusions drawn from in vitro assays that don’t 

exactly reproduce the in vivo environment could be vastly misleading.  However 
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grim that consequence may be for in vitro experiments, our work has identified a 

key aspect of the biophysics of collective migration, which should provide some 

guidance as we stream, crawl, branch and sprout our way toward a better 

understanding of coordinated cellular movements.  

Chapter 5 

 

Final Remarks & Future Directions 

 
 To reiterate, in the biological systems discussed here, we used a 

continuum-level approach to study not only the mechanics of single cells, but also 

used single cell behavior to elucidate mechanisms of multi-cellular dynamics. 

 In Chapter 2, we treated the cell body and flagella of the Lyme disease and 

Syphilis spirochetes as elastic filaments to create a predictive mathematical model 

of their swimming behavior. This model was able to simulate the effects of a 

viscous environment on the swimming velocity of these bacteria. These 

simulations were then compared to experimental data to extract the spirochete's 

internal flagellar torque and drag. The use of mathematical modeling to predict 

values for these two biophysical parameters, which cannot be measured 

experimentally,  is a perfect example of the benefits of modeling to the spirochete 

motility community. For example, using the immersed boundary method (IBM) 

(127), would make it  possible to model the physical interactions between these 

pathogens and their surrounding Newtonian and non-Newtonian environments. 

Treating these viscous and polymeric environments as continuous entities the 

IBM would enable the creation of a mathematical model that investigates the 
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fluid-structure interactions observed when B. burgorderi and T. pallidum invade 

their hosts.  

 In Chapter 3, we illustrated that a simple pathogen-host model was 

sufficient to recreate the erythema migrans rash that is typically a clinical 

indicator of Lyme disease. This model draws attention to specific signals that may 

be more important in the formation of an erythema, therefore, indicating that this 

approach could be used to study other diseases that also result in a similar 

inflammatory response. One example, is a clinical condition known as 

Dermatophytosis, or ringworm. Incidentally, ringworm is not caused by 

ringworms, but instead by different types of fungus (128).  In response to the 

fungus, the human body mounts a similar immune response as seen in Lyme 

disease i.e. there is an increase in cytokine produce, activation of macrophages 

and the result is again a erythema on the surface of a patients skin (129, 130). Due 

to the similar biological responses  between ringworm and Lyme disease it may 

be possible to take the mathematical model that is presented in Chapter 3 and 

substitute different fungus species in place of the B. burgdorferi equations, 

therefore, our model can serve as the basis for modeling other types of biological 

diseases.  

 In Chapter 4, we switched gears from bacteria motility to investigate 

epithelial cell migration. To date, experiments in the field of mammalian 

collective cell migration have focused on a systems-level approach to study multi-

cellular behavior, without regard for how and which single cell forces are relevant 

for coordinating the masses. In this chapter, we instead took a more reductionist’s 
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point-of-view and showed for the first time how single cell behavior determines 

mammalian collective migration. Keeping in this tune, it would be beneficial to 

apply a similar point-of-view to study bacterial collective cell migration, where 

similar fluid-like motion have been observed (20, 131). 

 Taken together, these results make it apparent that forces and movements 

are implicit in biological mechanisms, and that mathematical modeling provides a 

means of disentangling the cause and effect within the labyrinth of biological 

complexity. 
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Epilogue 

 

 Congratulations! You have survived reading another long dissertation, 

with any luck you haven't pulled out all your hair. Somebody once told me that 

while we all dislike reading long scientific papers, we often forget that some poor 

soul had to write it. So, the next time you come across a student's thesis and rush 

to find the shorter published manuscript, I ask you to consider the lonely, 

underappreciated, underpaid student, sitting at their coffee stained lab desk being 

forced to write the damn thing.  

 

Dhruv Kumar Vig 

Tucson, AZ 

July 31, 2015 
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Appendix A 

 

Methods for B. burgdoferi and T. pallidum swimming in various 

viscosities 
 

Bacterial strains and media 

Borrelia burgdorferi 

 All experiments with B. burgdorferi were done using the virulent, GFP-

expressing strain Bb914 (parental strain 297) unless otherwise stated (32).  

Spirochetes were temperature-shifted to 37°C in BSK-II medium supplemented 

with 6% normal rabbit serum (Pel-Freeze Biologicals, Rogers, AK) and harvested 

in mid-log phase for imaging.   

Treponema pallidum 

 Male New Zealand White rabbits (approximately 3.5 kg), maintained on 

antibiotic-free food and water and housed at 16°C, were inoculated by injection of 

each testis with 1 x 10
8
 T. pallidum. Ten days later, the animals were euthanized 

and the testes were aseptically removed. Several lengthwise cuts were made in 

each testis, following which the treponemes were extracted on a rotary shaker in 

CMRL 1066 (Invitrogen, Carlsbad, CA).  Gross testicular contaminants were 

removed from the extract by centrifugation at 400 × g for 15 min. The animal 

protocols for this work were approved by the University of Connecticut Health 

Center Animal Care Committee and the Animal Care Committee of the Centers 

for Disease Control and Prevention under the auspices of Animal Welfare 

Assurance numbers A3471-01 and A4365-01, respectively.  

Ficoll solution preparation 
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 A 45% stock solution of Ficoll PM-400 (Sigma-Alrdich, St. Louis, MO) 

was prepared in sterile phosphate buffered saline by slowly dissolving 67.5 grams 

of Ficoll powder into PBS till reaching a final volume of 150 mL.  This solution 

was autoclaved at 121°C for 25 minutes to ensure sterility.  The appropriate 

volumes of this stock solution were diluted with sterile PBS to produce 10 mL 

homogeneous solutions of the desired concentrations (1-30%).  Solutions were 

stored at 4°C until the time of imaging.   

Slide Preparation 

 Small chambers were constructed with grease on clean slides to seal the 

samples and prevent environmental fluctuations. Spirochete cultures were diluted 

to approximately 2 x 10
7
 cells/mL in media (BSK II (Bb) or CMRL (Tp)), then 

mixed 1:1 with Ficoll solution to reach the desired final Ficoll concentration.  70 

µL of this solution were plated in the chambers and a coverslip was carefully 

attached to prevent bubbles.   

Microscopy setup 

 Images of spirochetes in media with or without Ficoll were captured at 40 

frames per second on a BX41 microscope (Olympus) equipped with a Retiga Exi 

Fast CCD camera (QImaging) with StreamPix 3 software (Norpix).  

Epifluorescent wide-field microscopy was used to capture images of Bb while 

darkfield illumination was used for Tp.  Ten second duration image sequences 

were captured with a 40X oil immersion objective to observe spirochete 

swimming and morphology.  The image-plane was acquired nearly equidistant 

from the coverslip and glass slide to remove fluid effects near the chamber 
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boundaries.  Three separate experiments were performed for each 

spirochete/viscosity condition, with at least 100 bacterial trajectories captured 

during each trial.   All imaging of Tp was done within 3 hours of extraction. 

Ficoll viscosity measurements 

 The stock Ficoll solutions were diluted 1:1 with BSK-II or CMRL 

medium to reach the appropriate working concentrations used during imaging.  10 

mL of solution were carefully added to a Size #2 Gilmont falling ball viscometer 

(Thermo-Scientific) per the manufacturer’s instructions.  A glass bead was used 

for lower viscosity solutions (2-20 cP) and a stainless steel bead was used for 

higher viscosities (10-100 cP). The time required for the bead to drop a set 

distance was recorded. Three separate trials were performed for each sample, and 

the average time, t, was used to calculate viscosity  using the following formula: 

= K ( c -  ) t 

where K is a constant, c is the density of the bead and  is the density of the 

solution.  The drop time for the bead in water, which was assumed to have a 

viscosity of 1 cP, was used to determine the value of K.   The same method was 

used to measure the viscosity of CMRL and BSK-II media without Ficoll.  We 

found that both of these media have viscosities comparable to that of water. 

Image analysis 

 Noise was removed from the image sequences using ImageJ software 

(NIH) to enhance the contrast prior to analysis, and saved as uncompressed .avi 

files.  An in-house tracking algorithm coded in Matlab (MathWorks, Natick, MA) 

was then utilized to extract the center of mass position, cell orientation, and the 
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amplitude and wavelength of the flat-wave shape from the timelapse images, as 

previously described in (36).  Velocity for spirochetes that remained in the field of 

view for at least 20 frames was then determined using the difference between the 

center of mass positions between subsequent frames, and the average 

translocation velocity over the course of a time series was computed using the 

power spectrum of the Fourier transform of the velocity and extracting the 

dominant four modes.  These modes were used to reconstruct a smoothed velocity 

from which the translocation velocity was defined as the maximum amplitude of 

this smoothed velocity. This maximum amplitude corresponds well with the speed 

of the cell during constant swimming (i.e., ignoring stops and reversals of 

direction), which was verified by a number of direct measurements of the speed 

during continuous swimming.  The respective measurements were averaged 

across three separate experiments and the standard error of the mean was 

calculated.     

Modeling the swimming dynamics of B. burgdorferi and T. pallidum  

 We used the mathematical model developed for the swimming dynamics 

of B. burgdorferi (see Chapter 2.1) to examine the effect of fluid viscosity on the 

undulation frequency of the Lyme disease and syphilis spirochetes. The dynamics 

of Bb and Tp were simulated by solving (Eqs. 1.5 to 1.8) using a fourth-order, 

finite difference spatial discretization and a semi-implicit time stepping routine 

(1).  Simulations were performed in Matlab using a spatial discretization of 100 

nodes and a time-step of 10
-6 

s, with each run simulated for a total time of 10 

seconds.  For simulations that corresponded to Bb, the bending moduli of the cell 
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body and periplasmic flagella were defined using experimentally measured values 

for Bb (1, 42) .   

 The diameter of the cell body of Tp is roughly half that of Bb, and Tp only 

has 2 flagella per end (30). For simulations corresponding to Tp, we therefore 

used cell body and flagellar bending moduli that were four-fold smaller than those 

of Bb (the bending modulus scales roughly like the cube of the cell diameter).  

Our experiments determined that the wavelength and amplitude of Tp were 1.56 

m and 0.44 m, respectively (See the Chapter 2.4). In order to approximate this 

shape in our simulations, we set the preferred curvature and torsion of the flagella 

to be 2 m
-1

 and 3 m
-1

, respectively. With these values, our simulations 

produced a flat wave shape with a wavelength of ~ 2 m and amplitude of ~ 0.4 

m.  We, therefore, expect that the shape of purified Tp flagella should have a 

curvature of ~ 2 m
-1

 and torsion of ~ 3 m
-1

. 

 The value of  is not known. Therefore, we used a range of values 

between 10
-6

 and 10
-2

 pN s for our simulations. For each value of  we 

determined the value of the torque τ that resulted in an undulation frequency of 10 

Hz when the fluid viscosity was equal to that of water. We then used these values 

of τ to determine how the undulation frequencies depended on external viscosity.  

Appendix B 

 

Numerical Methods for Pathogen-Host Equations 

 
 Here we describe the procedure used to solve the coupled system of 

equations (1.11-1.13). To simplify the notation, we define the total bacteria 

population (T + S) to be equal to τ.  We employ a semi-implicit Crank-Nicolson 
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scheme to handle the temporal discretation and discretize the spatial derivatives 

using a finite volume scheme (132). The resulting discrete equations are then 

given by:   
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The second-order reaction terms in S1 and S2 are non-linear and therefore 

handled explicitly. We next define a 2
nd

 derivative operator
, 1, , 1,2i j i j i j i j     L

and a matrix that encompasses the finite-volume terms   , 1 1, ,i j i i i j i jA         

  1 1, ,i i i j i j        where ,i j is the kronecker delta function. Equations S1 can 

then be rewritten. 
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In a similar manner, Equation S2, the stationary state equation becomes 
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Finally, Equation S3, the macrophage equation becomes 
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It should be noted that in BM  we have split τ back into its T and S pieces.  

Taken together, these system of equations gives the following linear system of the 

form Âx b . 
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the input in the Â matrix are 
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and the source terms are 
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This system of equations with periodic boundary conditions can be solved for x in 

MATLAB using the backslash ( \ ) function. 

 These system of equations were also solved in 2D assuming circular 

symmetry about the tick bite site and that the dermis is thin compared to the 

lateral extent of the rash. This allowed us to perform simulations in axially 

symmetric, polar coordinates with a no-flux boundary condition.  The additional 

dimension only effects discretization of the diffusion term in Equation S1 and the 

Keller-Segel term in Equation S3. These additions were incorporated into the 

diffusion and advection operators that we defined. In 2D, the diffusion operator is 

now 
, 1, , 1,1 2 1

2 2
i j i j i j i j

x x

x x
   

    
       
   

L  

and the advection operator becomes 

     , 1 1, , 1 1, ,1 1
2 2

i j i i i j i j i i i j i j

x x
A

x x
          

    
          
   

 

 Finally, the color of the simulated erythema migrans was created using a 

custom scheme in MATLAB. We interpolated the macrophage concentration 

along the radial direction and then shaded the concentration using a gradient RGB 

color-map specified on an interval from 0 to 1.  

Appendix C 

 

Methods for Epithelial Cell Migration 
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Cell Culture 

  Madin-darby canine kidney (MDCK) type I and type II epithelial cells 

were a generous gift from J. Wilson (University of Arizona, Tucson, AZ). The 

cells were cultured in Dulbecco's modified Eagle's media (Cellgro) supplemented 

with 10% fetal bovine serum (FBS; Omega) and 1% antibiotics solution [pencillin 

(10,000 units/mL) + streptomycin (10,000 µg/mL); Gibco] at 37 
o
C and 5% CO2.  

Single cell measurements 

 Low-density (2,500 cells/cm
2
) MDCK I and MDCK II cells were grown in 

sterile, two-chamber dishes (Lab-Tek II). The surface of the dishes were coated 

with either 2 µg/ml fibronectin solution (Sigma) for at least 1 hr at 37 
o
C(19) or 

0.001% poly-L-lysine (Sigma), diluted in PBS, and allowed to dry at room 

temperature. The dishes were then rinsed with sterile 1X PBS and the cells were 

cultured for 12-24 hours in the incubator at 37 
o
C with 5% CO2 and 90% relative 

humidity. The cells were imaged using a Zeiss Axio Observer inverted, wide-field 

microscope using a 20x air, 0.8 numerical aperture (NA) objective equipped with 

a Hamamatsu ORCA - Flash 4.0 CMOS camera. The microscope was equipped 

with a CO2 Module S (Zeiss) and TempModule S (Zeiss) stage-top incubator 

(Pecon) that was set to 37 
o
C with 5% CO2 for long-time imaging. Images were 

captured every 3 minutes for 12 hours using differential interference contrast 

(DIC) microscopy. 

 Individual cells were tracked using a custom-written MATLAB algorithm. 

A brief description of the algorithm follows. To eliminate uneven lighting in the 

images, we fit each image to a quartic polynomial using a least squares method. 
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This polynomial defines the background intensity, which is then subtracted from 

the image. The background subtracted image is then segmented by identifying 

intensities that deviate more than 1.0 to 1.5 standard deviations from zero. To 

close gaps or holes in the binary images, we performed a morphological closing 

operation with a disk kernel of radius 15 pixels. This operation also acts to 

smooth the outer perimeter of each cell. From the smoothed binary images, we 

were able to accurately identify the contour of individual cells, which allowed us 

to measure cell area, cell perimeter and the geometric center of the cell. A nearest 

neighbor method was used to connect the location of a cell in one frame of a 

movie to the same cell in the subsequent frame. The center of mass locations of 

the cells were then used to calculate the velocities for cells that were tracked for at 

least 3 hrs. Manual inspection of each movie was performed to identify 

improperly tracked cells, multi-cell clusters and tracked debris. 

Wound healing measurements 

 The epithelial cells were grown to confluency (160,000 cells/cm
2
 for 

MDCK Is and 200,000 cells/cm
2 

for MDCK IIs) on either poly-L-lysine or 

fibronectin coated slides, as described above. Scratch assays were performed by 

scraping a sterile scalpel across the bottom of the dish to create a “wound”. Cell 

debris was washed away by rinsing with sterile 1X PBS. The PBS was then 

removed from the dish and 2 mL of growth media was added. Images were 

captured every 5 minutes for 14 hours using the microscope system described 

above and a 20x air (0.8 NA).  
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 Wound edge detection was performed with a custom-written MATLAB 

algorithm. The edge of the wound was detected from a smoothed binary image 

that was created using the same segmentation procedure described in the single 

cell measurement section. A signed distance map representation of the border was 

then computed using the fast sweeping method on the binary image, as has 

previously been implemented for tracking the migration of nematode sperm 

cells(133). This signed distance map was used to exclude a region within 150 

pixels from the border (depicted by the yellow border in the images) in our intra-

layer velocity and correlation measurements, which ensures that border motion 

does not bias these measurements. The global border velocity perpendicular to the 

wound edge was calculated as the change in free area between t and t + dt divided 

by the perimeter of the cellular region. The border perimeter was computed by 

determining the number of pixels on the edge of the segmented wound region, 

with corners counted as 2  pixels. The intra-layer velocity field was determined 

using an adapted form of the Lucas-Kanade method (115), a description of which 

follows.  

 Local intra-layer velocities are calculated assuming that the intensity in the 

images is transported between frames by a velocity field v. The image intensity 

then obeys the advection equation  

 
   I t t I tI

I
t t

 
   

 
v   (13) 

Time-lapse images are handled in pairs, e.g., the first frame with the second 

frame, the second with the third, and so on. To account for uneven lighting in the 
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images, we begin by subtracting the background from the images. The 

background is determined by fitting the intensity profile in the image to a cubic 

function using a Least Squares Algorithm. That is, we minimize 

  
2

2

, ,

,

1

2
i j i j

i j

I h           (14) 

where  

 
2 2 3 2 2 3

, 0 1 2 3 4 5 6 7 8 9i jh a a i a j a i a ij a j a i a i j a ij a j           (15) 

Eq. 2 is minimized with respect to the 10 coefficients of h by taking the derivative 

of 
2
 with respect to each of the coefficients. This defines a linear system of ten 

equations and ten unknowns, which is solved using the mldivide command in 

MATLAB. The background is subtracted from each image, so that the image that 

gets passed to the next step of the algorithm is I 
new

 = I – h. 

 Each image in the pair is then blurred using a radially symmetric Gaussian 

blur with user-defined kernel size BlurSize and standard deviation BlurSTD. The 

BlurSize is chosen to be larger than the characteristic velocity in the movie (given 

in pixels per frame), and the BlurSTD is set to approximately ½ this value.  

Blurring the images spreads the intensity profile over a distance comparable to the 

characteristic displacements in the movie. 

 The advection equation (Eq. 1) relates the time rate of change of the image 

intensity to gradients of the intensity.  Over finite time intervals, t, this equation 

is approximately equal to      I I t t I t t I      v .  We compute the 

left-hand side of this equation by subtracting the first image of the image pair 
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from the second.  The gradient in the intensity on the right-hand side of the 

equation is computed using a central difference approximation for the spatial 

derivatives of the average intensity profile for the image pair: 

 

   

   

1, 1, 1, 1,

,

, 1 , 1 , 1 , 1

,

4

4

t t t t t t

i j i j i j i j

i j

t t t t t t

i j i j i j i j

i j

I I I II

x x

I I I II

y x

 

   

 

   

  


 

  


 

       (16) 

where the subscript i,j denotes the x,y pixel location of the node and x is the 

linear pixel size. 

 Over small subregions of the image (of size BoxSize × BoxSize), we 

expect that the velocity is approximately constant. The BoxSize is set such that 

there is at least one image feature per subregion.  Within these subregions, the 

advection equation should be approximately correct; i.e.,  I t I R   v , 

where R is a small residual and the velocity v is a constant vector. To determine 

the velocity, we then minimize the squared residuals in the subregion with respect 

to the velocity.  That is, we define an error function 

   
2

2

, ,

subregion

1

2
i j i jI t I     v         (17) 

In this equation, if the subregion is centered at location m,n, then the sum is over 

the range from i = m – BoxSize/2 to m +BoxSize/2, and j = n – BoxSize/2 to n 

+BoxSize/2. Minimizing this error with respect to the velocity leads to a linear 

system of two equations and two unknowns: 
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where the coefficients are 
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The sums in Eq. 7 are calculated using an image filtering operation, and, if a 

binary ROI has been used in the input, the velocities are only calculated within 

the masked ROI. This algorithm is conceptually similar to a method previously 

developed (134); however, our use of blurring and a least squares minimization 

over a small window allows for the calculation of instantaneous velocity fields 

where movements occur over tens of pixels between frames. 

 We smooth the resulting vector field using a Gaussian filter of size 

SmoothSize and standard deviation SmoothSTD by filtering the x and y 

components of the velocity independently. The velocity field is then output on a 
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coarser domain with spacing defined by the user (the arrow spacing is defined as 

ArrowSize).  

 The long range correlation reported in Fig. 2m was calculated using the 

uncentered Pearson product-moment coefficient. The drift in the system was 

calculated by picking a region in the denuded region and measuring the velocities 

within this region using the adapted Lucas and Kanade method(115) described 

above. The drift was then subtracted from the velocities before the calculation of 

the correlation coefficient. 

( , ) ( , )
( )

( , ) ( , ) ( , ) ( , )

x t t x t
J t

x t t x t t x t x t

 


     

v v

v v v v
 

  The uncentered coefficient allows for the preservation of information 

about the net velocity in the wound healing experiments. For the long range 

correlation report in Fig. 5m the drift in the system was calculated was by 

subtracting the average velocity in the monolayer at each frame from each 

velocity vector within the field. This resulted in the centered correlation being 

calculated.  
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Confluent epithelial monolayer measurements 

 Epithelial monolayers were grown to confluency (160,000 cells/cm
2
 for 

MDCK Is and 200,000 cells/cm
2 

for MDCK IIs) on fibronectin or poly-L-lysine 

coated dishes. Images were captured every 5 minutes for 14 hours using a 20x 
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(0.8 NA) objective. The flow fields within the confluent monolayers were 

extracted using the adapted Lucas and Kanade method(115) described above.  

 The displacements within the monolayer were determined using simulated 

tracer particles.  We seeded the first frame of a time-lapse movie with 100 

randomly distributed tracer particles.  The trajectories of these particles were then 

simulated using a forward Euler method to integrate the positions of the particles 

given the extracted, time-dependent intra-layer velocity fields.  Overlaying the 

particles on the DIC images showed that the particles followed the motions of the 

cells. 

Traction force microscopy 

 Silicone substrates for traction force microscopy were prepared following 

the procedure in Mertz et al.(2013)(135). Briefly, silane (3-aminopropyl 

triethoxysilane) (Sigma) was vapor-deposited onto a 29 mm glass-bottom dish 

with a 14 mm micro-well (In Vitro Scientific). Fluorescent  beads were covalently 

attached to the surface by filling the dish with a fluorescent bead solution 

containing dark-red fluorescent (580/605) carboxylate-modified microspheres 

with a radius of 100 nm (Life Technologies) at a volume ratio of 1:3000 and 0.1 

mg/mL of 1-ethyl-3-(3-dimethylaminopropyl) carbodiimide (EDC) in borate 

buffer solution (pH ~7.4). Silicone elastomer was then prepared by mixing a 1:1 

weight ratio of CY52-276A and CY52-276B (Dow Corning Toray). The 

elastomer was vacuum degassed for ~5 min to eliminate bubbles, the polymer was 

then spin-coated onto the micro-well of the dish at 1,000 rpm for 60 s. The dish 

was cured overnight and resulted in a ~ 30 µm thick layer of silicone. Silane was 
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then vapor-deposited again on top of the now cross-linked elastomer and a second 

layer of fluorescent beads was deposited at a volume ratio of 1:1000 and 0.1 

mg/mL EDC in borate buffer. The dish was allowed to dry before being coated 

with fibronectin (20 µg/ml; Sigma), which sat at room temperature for ~ 20 

minutes before being washed off with PBS. We estimated the Young's modulus, 

E, of the cured elastomer to be ~ 3kPa(14, 135).  

 Cells on top of the TFM substrates were maintained at 37 
o
C and 5% CO2 

using a stage-top incubator and heated stage. Images for TFM experiments were 

captured with the microscope system described above, using a 40x (1.2 NA) 

water-immersion objective. While cells were adhered to the surface, we acquired 

epifluorescence images of the stressed state of the top layer of fluorescent beads 

and the bottom bead layer as well as a DIC image of the cells. Trypsin-EDTA 

(0.25%; Life Technologies) was then used to remove the cells from the surface, 

and a set of epifluorescence images of the top and bottom layers of beads was 

acquired.    

 The displacements between the stressed (with cells) and unstressed 

(without cells) state of the beads were calculated using the MATLAB algorithm 

described in Style et al. (2014)(14). The DIC images were segmented to identify 

cells. Since traction force measurements are known to smear the forces over 

distances that are larger than the cell (136), we dilated the segmented images, 

typically using a morphological dilation operation with a disk kernel of radius 15 

pixels. At times a slightly smaller or larger dilation kernel was used to prevent 
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over or under representation of the traction force smearing. The average 

magnitude of the traction force was then computed over this region.  

Statistical Analyses 

The significance between independent cell populations was assessed by 

measuring the p value determined using a two-sample t-test. Statistically 

significant p value were those lower than 0.05. We performed these tests using the 

ttest2 routine in MATLAB. When considering multiple comparisons, we 

performed a Tukey's test using the multcompare routine in MATLAB. 

Appendix D 

 

Supplementary Figures for Epithelial Cell Migration 

 

 

 

 

 

 

 

Supplementary Figure 1| Substrate effects on cell morphology. Average cell 

shape during the migrations of individual MDCK type I and type II cells on 

fibronectin and poly -L-lysine coated surfaces. Cell shape is defined as

   
2

4 Cell Area Cell Perimeter , which equals 1 for a purely circular cell and 
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decreases as the cell becomes more elongated. Sample size are n = 255 for 

MDCK Is on fibronectin, n = 413 for MDCK Is on poly-L-lysine, n = 246 for 

MDCK IIs on fibronectin and n = 665 for MDCK IIs on poly-L-lysine. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Supplementary Figure 2| Border shape is not a predictor of border velocity. 

Average border velocity is independent of border shape for (a) MDCK Is on 

fibronectin, (b) MDCK Is on poly-L-lysine, (c) MDCK IIs on fibronectin and (d) 

MDCK IIs on poly-L-lysine (p > 0.05 by Tukey's test). To determine the border 

shape, we fit the border to a line using a least squares method.  Border shape was 

then defined by subtracting the length of this line from the perimeter of the border 

perimeter and dividing the result by the border perimeter. This definition of 

border shape is zero for a straight border and increases as the border roughens, 

with a maximum value of 1. Border shape was binned using a bin width of 0.1, 

and the x-axis labels the value at the center of each bin. The box-and-whisker 

plots indicate the median, extrema, quartiles and outliers for the indicated number 

of borders (n) in each bin.  
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Supplementary Figure 3 | Collective speed and Particle displacements in 

confluent monolayers. (a) The average speeds within confluent monolayers were 

calculated (p < 0.05, two-sample t-test for all cases). (b) Simulated tracer particles 

were interpolated onto the AIV extracted velocity field and their average 

displacements measured for each scenario (p < 0.05, two-sample t-test for all 

cases unless specified). Sample sizes were n = 81 for MDCK Is on fibronectin, n 

= 55 for MDCK Is on poly-L-lysine, n = 84 for MDCK IIs on fibronectin and n = 

83 for MDCK IIs on poly-L-lysine.  
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