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ABSTRACT

Magnetic recording systems have reached a point where the grain size can no longer be

reduced due to energy stability constraints. As a new magnetic recording paradigm,

two-dimensional magnetic recording (TDMR) relies on sophisticated signal process-

ing and coding algorithms, a much less expensive alternative to radically altering the

media or the read/write head as required for the other technologies. Due to 1) the

significant reduction of grains per bit, and 2) the aggressive shingled writing, TDMR

faces several formidable challenges. Firstly, severe interference is introduced in both

down-track and cross-track directions due to the read/write head dimensions. Sec-

ondly, reduction in the number of grains per bit results in variations of bit boundaries

which consequently lead to data-dependent jitter noise. Moreover, the bit to grain ra-

tio reduction will cause some bits not to be properly magnetized or to be overwritten

which introduces write errors to the system. The nature of write and read processes in

TDMR necessitates that the information storage be viewed as a two-dimensional (2D)

system. The challenges in TDMR signal processing are 1) an accurate read channel

model, 2) mitigating the effect of inter-track interference (ITI) and inter-symbol in-

terference (ISI) by using an equalizer, 3) developing 2D modulation/error correcting

codes matching the TDMR channel model, 4) design of truly 2D detectors, and 5)

computing the lower bounds on capacity of TDMR channel. The work is concerned

with several objectives in regard to the challenges in TDMR systems.

1. TDMR Channel Modeling: As one of the challenges of the project, the 2D

Microcell model is introduced as a read channel model for TDMR. This model

captures the data-dependent properties of the media noise and it is well suited

in regard to detector design. In line with what has been already done in TDMR

channel models, improvements can be made to tune the 2D Microcell model for

different bit to grain densities. Furthermore, the 2D Microcell model can be
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modified to take into account dependency between adjacent microtrack borders

positions. This assumption will lead to more accurate model in term of closeness

to the Voronoi model.

2. Detector Design: The need for 2D detection is not unique to TDMR systems.

However, it is still largely an open problem to develop detectors that are close to

optimal maximum likelihood (ML) detection for the 2D case. As one of the im-

portant blocks of the TDMR system, the generalized belief propagation (GBP)

detector is developed and introduced as a near ML detector. Furthermore, this

detector is tuned to improve the performance for the TDMR channel model.

3. Channel Capacity Estimation: Two dimensional magnetic recording (TDMR)

is a new paradigm in data storage which envisions densities up to 10 Tb/in2 as

a result of drastically reducing bit to grain ratio. In order to reach this goal

aggressive write (shingled writing) and read process are used in TDMR. Kavcic

et al. proposed a simple magnetic grain model called the granular tiling model

which captures the essence of read/write process in TDMR. Capacity bounds

for this model indicate that 0.6 user bit per grain densities are possible, however,

previous attempt to reach capacities are not close to the channel capacity. We

provide a truly two-dimensional detection scheme for the granular tiling model

based on generalized belief propagation (GBP). Factor graph interpretation of

the detection problem is provided and formulated in this section. Then, GBP

is employed to compute marginal a posteriori probabilities for the constructed

factor graph. Simulation results show huge improvements in detection. A lower

bound on the mutual information rate (MIR) is also derived for this model

based on GBP detector. Moreover, for the Voronoi channel model, the MIR is

estimated for the case of constrained and unconstrained input.

4. Modulation Codes: Constrained codes also known as modulation codes are a
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key component in the digital magnetic recording systems. The constrained

code forbids particular input data patterns which lead to some of the dominant

error events or higher media noise. The goal of the dissertation in regard to

modulation codes is to construct a 2D modulation code for the TDMR channel

which improves the overall performance of the TDMR system. Furthermore, we

implement an algorithm to estimate the capacity of the 2D modulation codes

based on generalized belief propagation (GBP) algorithm. The capacity is also

calculated in presence of white and colored noise which is the case for TDMR

channel.

5. Joint Detection and Decoding Schemes: In data recording systems, a concate-

nated approach toward the constrained code and error-correcting code (ECC) is

typically used and the decoding is done independently. We show the improve-

ment in combining the decoding of the constrained code and the ECC using

GBP algorithm. We consider the performance of a combined modulation con-

straints and the ECC on a binary-input additive white Gaussian noise (AWGN)

channel (BIAWGNC) and also over one-dimensional (1D) and 2D ISI channels.

We will show that combining the detection, demodulation and decoding results

in a superior performance compared to concatenated schemes.
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Introduction

Due to energy stability constraints, magnetic recording systems have reached a point

where the grain size can no longer be reduced. A number of new technologies have

been proposed to increase the storage density via other avenues. The most promising

technologies include heat-assisted magnetic recording (HAMR) [4], microwave assisted

magnetic recording (MAMR) [5], bit-patterned media (BPM) [6] and two-dimensional

magnetic recording (TDMR) [7]. Each of these are at different stages of development

and pose various unique challenges. HAMR and MAMR rely on a novel read/write

head mechanism, while BPM relies primarily on novel methods for producing highly

ordered media. Although an important component, signal processing may not be a

deciding factor in determining the feasibility of such systems. TDMR is advantageous

because it uses conventional media, relying instead on sophisticated signal processing

and coding algorithms, a much less expensive alternative to radically altering the

media or the read/write head as required for the other technologies.

The TDMR approach is significantly different from those of today’s recording

systems as it attempts to store one bit in very few grains of conventional magnetic

media, the ultimate goal being that of storing 1 bit/grain (today’s systems achieve

about 20 grains per bit). To ensure sufficiently large magnetization field that is

capable of magnetizing materials with high coercivity, the head is made larger than

the track-width. This relaxes head design constraints, but in order to achieve very

narrow tracks, it uses shingled writing [7], that is, each sweep of the write head

partially overlaps with the previous track. As opposed to the traditional systems

where signal processing algorithms operate on data on individual tracks, TDMR

systems can achieve large performance improvements by processing read-back signals

from multiple tracks as a two-dimensional (2D) array. During read-back, the read-

head picks up magnetization from multiple bits in the down-track and cross-track
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directions. In traditional systems, the inter-track interference (ITI) is small, and the

inter-symbol interference (ISI) along the track is handled by a sequence detector.

However, in TDMR systems there is severe ISI both along a track and between tracks

as head size is much larger than a bit, and this 2D ISI and noise cannot be removed by

the existing sequence detectors. Also, in contrast to conventional recording systems,

the primary source of noise in TDMR comes from the irregular boundaries of grains

and the lack of knowledge of these boundaries during the read-back process (often this

is low enough to bring the signal to noise ratio (SNR) to below 0 dB [7]). Moreover,

such noise is correlated and data-dependent.

One of the major challenges in TDMR signal processing is the detector design.

The detector-design paradigm for TDMR is significantly different from approaches

used in the literature for two reasons. Firstly, there is severe interference in both

down-track and cross-track directions. Hence, it is desirable to develop 2D detectors

in lieu of multi-track detection schemes [8, 9]. Secondly, in contrast to conventional

magnetic media, the primary source of noise in TDMR arises from irregularities in

the recording medium. These differences also make the detector design difficult.

This dissertation considers the application of 2D detectors for TDMR channels with

data-dependent noise (DDN). Our focus is on two 2D sub-optimal detectors that are

applied to the TDMR system and to show how using the DDN information helps to

improve the performance.

Since random grain positions and boundaries form the primary source of noise

during readback, the detector design also necessitates the development of appropriate

TDMR read channel models. TDMR channel models have been studied in [10]. The

simplest TDMR channel model is the binary error and erasure channel (BEEC). It

models the TDMR channel as a channel where bits are either erased or flipped with

assigned erasure and flipping probabilities. Although simple, this model lacks the

accuracy needed for detector design. In [1], Kavcic et al. introduced a simple magnetic

grain media model called “granular tiling model”. In this model, the recoding medium
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is assumed to consist of randomly shaped tiles covering the medium plane where each

tile represent a grain. Using the model in [1], bounds for the capacities of TDMR

channels are derived. Detection and capacity estimation of the granular tiling model

is investigated in details in Chapter 5. However, granular tiling model is not well

suited for the purpose of detector design. In this dissertation, our focus is on the

Voronoi model [10] and the 2D Microcell model [11]. In the Voronoi model, the

recording medium is modeled as a Voronoi tiling of a plane with every Voronoi region

representing a grain. The Voronoi model captures the characteristics of the media

noise generally observed in TDMR. The 2D Microcell model is the generalization of

the traditional microtrack model [12] to two dimensions so that each bit is composed

of a small number of horizontal and vertical tracks. The 2D Microcell model is an

accurate model for densities which the bit to grain size ratio is on the order of 5− 10.

This model enables the analytical derivation of the pattern dependent distributions of

the read-head output samples. These models are relatively simple yet accurate which

can capture the properties of the media noise and well suited for detector designs.

The one-dimensional (1D) Maximum a-posterori (MAP) detection is theoretically

optimal for 1D inter-symbol interfernce (ISI) channels. However, unlike 1D MAP

detection, 2D MAP is NP-complete. Therefore, most of 2D detection techniques

are the extended version of 1D detectors. Various approaches are considered for 2D

detection. The first category of 2D detection are schemes that utilize BCJR detectors

[13] on multiple tracks which is called “Multi-Track” detectors [14]. The core of

these techniques is iterative algorithms that operate on multi-track detectors in both

directions. However, when the locally optimal multi-track detectors are combined,

the global detection becomes sub-optimal. An outline of these algorithms is provided

in Section 1.2. The second category is the 2D detectors which perform sub-optimal

decoding on the full graph. The generalized belief propagation (GBP [15]) algorithm,

which originates from statistical physics, is in the second category of detectors and has

been first considered in the context of 2D detection by Shental et al. [16]. The GBP
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detector operates on an undirected graphical model of a two-dimensional Gaussian

channel with memory. It infers the symbol a posteriori probabilities (APPs) using a

message passing algorithm which takes into account the existence of loops in a graph.

Using the GBP algorithm is a natural way of exploiting the 2D characteristics of ISI,

and it was shown in [16] that the performance of GBP is almost the same as the

MAP detector. In case of TDMR read channel model, the read-head output samples

are also contaminated by the data-dependent media noise. Therefore the detector

schemes have to be modified to incorporate with DDN model.

In TDMR systems as the conventional media is used to store information, irregular

boundaries of the magnetic grains and randomness of the grain shapes are the main

source of noise [10]. These harmful properties of such a storage system necessitate

utilizing a 2D constrained coding in order to improve the system performance. The

main idea is to store only patterns that will not be distorted significantly by the

TDMR channel, or, equivalently, to use only those patterns that are beneficial for

the detection process. Two-dimensional constraints are imposed locally and given

by a set of forbidden input data patterns in the bit neighborhood. The effect of

constrained coding is a reduced state space of a detector and, ultimately, better

detection performance which results from more distinguishable read-back signals (in

the spirit of [17]). However, a system must be designed carefully so that the rate

loss incurred by a 2D constraint does not offset the detector performance gain due to

more distinguishable read-back signals.

Constrained codes have been successfully utilized in 1D information storage sys-

tems. Marcus et al. established a systematic approach for generating 1D constrained

codes [18]. Moreover, they proposed a graph representation of a constraint to provide

a systematic procedure for code construction which is known as a state splitting algo-

rithm [18], [19]. The results of a state splitting algorithm are an encoder in the form

of a finite state machine and a sliding window decoder with limited error propagation.

The theory of 1D constrained coding is mature as well as practical aspects of 1D code
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and decoder design. Nevertheless, there is no systematic approach for designing 2D

encoders and decoders. Initial work on 2D constraints was done by Ashley and Mar-

cus [20] who proposed a 2D low pass constrained coding by extending 1D constraints

over 2D array of signals. The low-pass constraints eliminate bit patterns with large

high-frequency components thus making read-back signals at the output of a channel

more distinguishable, which results in a gain in the performance of the detector [21].

The 1D noiseless capacity of a constrained-input channel is defined as the asymptotic

growth rate of the number of admissible patterns for a block of sequences as the

block length goes to infinity. The noiseless capacity of a 2D constrained code can be

similarly defined based on the number of patterns which obey a constraint.

One of the main obstacles in estimating potential benefits of 2D constraints is

that, with an exception of a few cases, the capacity of 2D constrained channels is

unknown (see [22–24]). Considerable research was conducted on numerous classes

of 2D constraints. Examples include “hard-triangle constraint,” [25], 2D run-length

limited (RLL) constraints on the square lattice [26–30] and 2D checkerboard con-

straints [31, 32]. In spite of these efforts, only loose bounds of capacities exist. In

order to assign a constrained code to a N ×M array of variables, for large N and M ,

the GBP algorithm is utilized to estimate the 2D noiseless capacity for a wide family

of constraints [21]. The GBP as a capacity estimation algorithm computes the 2D

noiseless constrained channel capacity by counting the number of admissible patterns

over 2D array of variables. In [33], Sabato and Molkaraie proposed a method for gen-

erating 2D Run-Length-Limited (RLL) sequences according to the capacity achieving

distribution obtained from the GBP algorithm. The organization of this dissertation

is as follows:

In Chapter 1, the TDMR read-channel models are reviewed and the Voronoi and

the 2D Microcell model are summarized. The detection strategies are outlined and

most of the important 2D detectors for magnetic recording systems are reviewed in

this chapter.
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Chapter 2 provides the necessary definitions and preliminaries on the GBP detec-

tion and information rate estimation which is utilized in the rest of this dissertation.

The GBP message-passing formulation is provided, and the application of the GBP

algorithm in TDMR detection and information rate estimation for constrained and

constrained channels is explained in details.

In Chapter 3, we show that by combining the decoding of the constrained code and

the error correcting codes (ECC) and ISI channel detection significant improvement

in performance can be achieved. We implemented the GBP algorithm as the joint

ECC decoder and constrained code demodulator and showed its superior performance

compared to concatenated schemes such as reverse concatenation. Furthermore, sig-

nificant improvement is seen by combining detection and ECC decoder. Moreover,

we compute the capacity of the modulation codes with locally defined 1D and 2D

constraints.

In Chapter 4, we generalized the notion of microtrack modeling for TDMR. The

2D Microcell model is explained in details as an accurate and relatively simple read

channel model. The data-dependent media noise distributions are calculated for this

read-channel model. The feasibility of deriving analytical results for the distributions

of the data-dependent noise gives this model an advantage for detector design. Taking

these distributions into account, the GBP algorithm is modified to match the specific

problem. Since the GBP algorithm can work with cluster of nodes, it can work with

locally data-dependent media noise distributions. The media noise distributions are

approximated with Gaussian distribution and applied to the GBP detector to have

no additional computational complexity for the distribution adjusted GBP (DAGBP)

method.

In Chapter 5, we review the granular tiling model and the read/write process

is introduced. We outline the detection problem for an specific case of rectangular

grain model and provide necessary formulation for factor graph representation of

the detection problem. The GBP algorithm is utilized as a tool to compute the
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marginalized probabilities of the grain states of the factor graph. An estimation

of symmetric information rate (SIR) based on the numerical results for detection is

provided for this channel model.

Chapter 6 introduces the Voronoi read channel model and provides details on the

noise analysis of the Voronoi channel with 2D ISI as the magnetic recording chan-

nel model. We explained the framework utilized for the GBP-based 2D detection

and the mutual information rate (MIR) estimation of constrained and unconstrained

TDMR system. This chapter also formulates the capacity calculation problem of

constrained codes using the GBP algorithm. We introduce various locally defined

constrained codes that can be used in different TDMR systems. The BER perfor-

mance of the GBP-based joint detection/decoding of constrained and unconstrained

TDMR systems is provided which shows the improvements that can be achieved by

using constrained codes in TDMR. The performance evaluation of constrained and

unconstrained TDMR systems is provided in terms of BER and MIR. Moreover, the

lower and upper bounds on the MIR are calculated, and the bit aspect ratio of a

TDMR system is optimized by maximizing the MIR per unit area.
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1. Brief Summary on Read Channel Modeling and Detection for TDMR

Two dimensional magnetic recording (TDMR) is a novel scheme which envisions

reaching 10 Tb/in2 density in magnetic recording systems. The feasibility of this

density relies largely on sophisticated two-dimensional (2D) signal processing algo-

rithms. This chapter provides a survey on TDMR channel models and 2D detectors.

Our discussion on channel models places an special emphasis on the suitability of the

read channel models for the purpose of detector design and capacity calculation. The

main focus of this chapter is on the 2D Microcell model and the Voronoi model for

TDMR. Furthermore, a comprehensive review on 2D detection is given focusing on

compatibility of the detectors for the TDMR channel models. Our main goal is to

provide a groundwork for addressing the challenges in incorporation of the TDMR

read channel models in detector design.

1.1. Channel model

In this section, we describe TDMR channel models which can easily applied in design

of near-optimum detectors. The read/write channel model for TDMR consists of three

components: the data writing process, 2D channel and the read-back process. The

write process, the TDMR channel and the readback process are briefly introduced in

Sections 1.1.1, 1.1.2 and 1.1.3, respectively.

1.1.1. Writing Process

The approach to data storage in TDMR is significantly different from those of to-

day’s recording systems. Firstly, TDMR attempts to store one bit in very few grains

of conventional magnetic media, the ultimate goal being that of storing 1 bit/grain
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(today’s systems use about 20 grains per bit). To ensure a sufficiently large mag-

netization field, the head is made larger than the track width. This relaxes head

design constraints, but in order to achieve very narrow tracks, each sweep of the

write head partially overlaps with the previous track. This technique is known as

shingled writing [7].

Such an aggressive write process, along with the lack of ordering of grains as in

the conventional media, may cause some bits to be over-written and some to not be

written at all. We note that bits lost to write-errors can never be recovered by any

detector. We can only hope to recover such information by the use of constrained

and error-correcting codes. This is an unavoidable price of making the dimension of

bits so small.

1.1.2. TDMR Channel Models

One of the critical challenges in TDMR is the channel modeling for detector design.

In contrast to conventional recording systems, the primary source of noise comes

from random grain positions and the lack of knowledge of these boundaries during

the readback process. The TDMR models discussed here, are the Voronoi and the

2D Microcell model.

1.1.2.1. Voronoi Model [10]

In this model, the recording medium can be visualized as the Voronoi tiling of the

shifted grain-centers with their regions representing the grains. The randomness in

the shape and position of grains is modeled by shifting the grain-centers randomly.

Each region represents a set of all points in the media closer to the selected grain

center. The shift of the grain-centers from their ideal positions is a random variable

(R.V.) of a known probability distribution.

The write-head simply assumes that the medium is ideal and attempts to write at
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(a) (b) (c)

Figure 1.1. Write/read model for the Voronoi medium: (a) Desired magnetization
of an ideal medium. (b) Magnetization of a non-ideal medium. (c) Readback signal
(before sampling). We assume the readback impulse response to be a truncated 2D
Gaussian pulse of unit energy with half-maximum of 1 bit-period and a span of 3
bit-periods in both dimensions.
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Figure 1.2. (a) A realization of the distribution of grains in the Microcell model.
(b) The 2D Microcell model for 2× 2 cell. (c) Grain regions of two neighboring bits
for the Voronoi model (bit to grain ratio = 9) (d) Magnetization of the medium after
the write process in the Voronoi model.
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the center of each cell in a raster fashion. The grain whose center is within the cell is

then appropriately magnetized. Fig. 1.1 shows writing/reading process on a square

lattice. It illustrates the difference between the magnetization of an ideal medium

and an actual medium as a result of the writing process. Figures 1.1(a) and 1.1(b)

show the magnetization of an ideal and the actual medium, respectively. The grains

with magnetization +1/− 1 are colored light and dark, respectively.

1.1.2.2. 2D Microcell Model [11]

In this model, the grains which straddle the cell boundaries are modeled by small

tracks displaced from the ideal cell borders. In the Microcell model, the cell on which

the signal is written, is divided into N equally sized smaller tracks called microtracks

which are oriented in vertical and horizontal directions. The perturbations are mod-

eled as the random position of microtrack boundaries. Thus, the irregularities of the

non-ideal cells are modeled by microtracks displaced from the ideal position. A non-

ideal cell with displaced transition boundaries is call a “microcell”. The transition

boundaries represented by a number of microtracks are independently and randomly

displaced from the desired (ideal) transition position. Fig 1.2(a) shows the Microcell

model as a simple and natural way to approximate the irregular boundaries of the

medium. Fig. 1.2(b) illustrates the differences between ideal cells and microcells in

the microcell model. 1/− 1 bits are colored as light/dark, respectively. Each shift is

chosen from a distribution which is typically considered to be a truncated Gaussian

distribution (see Fig. 1.2(b)). The Microcell model can be considered as a 2D gen-

eralization of the microtrack model [12]. The 2D Microcell model is characterized by

two parameters: the number of microtracks for a microcell in each direction, N , and

the normalized boundary transition shift standard deviation σJ where it is normalized

over the bit spacing T .
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Figure 1.3. ML estimations of σJ of the Microcell model for different number of
microtracks (2-6) based on the media noise values collected from the Voronoi model
with different σv.

1.1.2.3. Parameter Estimation for Microcell Model

We estimate the parameters of the Microcell model based on the Voronoi model. This

estimation is accurate for densities which the bit to grain size ratio is in the order of

5− 10, since the independency assumption of transition shifts is true for this range.

We consider a 3× 3 grain regions for a bit. Thus, the bit to grain size ratio is 9. Fig.

1.2(c) shows an instance of the grain regions of two neighboring bits. Fig. 1.2(d)

depicts the magnetization after the write process. The bit values 1/ − 1 are colored

as light/dark, respectively. The source of media noise is the area in the grain regions

straddling from their ideal position. We consider noise as a deviation of the recording

medium from the ideal medium. In Fig. 1.2(d), the difference of area between ideal

and non-ideal medium is considered as media noise for the Voronoi model. In order to

match the Microcell model to the Voronoi model, σJ is estimated using the Maximum

Likelihood (ML) estimator of the media noise collected from the Voronoi model. Fig.

1.3 shows the ML estimations of σJ of the Microcell model based on the Voronoi

model for different σv and different number of micro tracks N .
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1.1.3. Readback Process

During readback, the read-head picks up magnetization from multiple bits in the

down-track and cross-track directions. Hence, there is severe inter-symbol interfer-

ence (ISI) in both directions. The readback signal is obtained by convolving the

magnetization of the medium with the read-head response and then sampling at cell-

centers. The 2D Microcell model and Voronoi read channel model is expalined in

details in chapter 4 and chapter 6, respectively.

1.2. Detection

The problem of detection in 2D ISI channels arrises in many applications. The liter-

ature is rich with various methods for reducing the effect of 2D ISI. However, most of

2D detection techniques are the extended version of 1D detectors. We partition 2D

detectors into two categories. The first category is the multi-track extensions of 1D

algorithms such as the BCJR and the soft Viterbi algorithm. In [34], Nabavi et al.

proposed a 2D generalized partial response (GPR) equalizer followed by conventional

1D Viterbi detector for processing signals read from 3 adjacent tracks. A joint-track

detection using a 1D equalizer with a 2D GPR target was proposed in [35]. The 2D

soft output Viterbi algorithm (SOVA) detection using two 1D SOVAs for the along

and cross-track directions was proposed in [36]. However, because the 2D SOVA

detection is based on a 1D GPR target, it offers smaller gain than the multi-track de-

tection. In [37], an iterative algorithm to exchange soft information between two soft-

input soft-output (SISO) 1D detectors is implemented. The 2D Decision Feedback

Equalizer (DFE) and MAP-DFE hybrid equalization schemes are considered in [38].

In [39], separable 2D ISI channel is used for transmission. Non-binary column MAP

detector concatenated to a binary row MAP detector followed by LDPC decoder is

considered. Iterative techniques and coding gain enables [39] to approach the non-ISI

curve within 1 dB. In [40] Chen et al. developed an iterative soft-decision feedback



29

zig-zag MAP algorithm for good performance in low SNR. In a recent work [41], Chen

et al. developed several turbo feedback based multi-track MAP algorithm which show

2 dB SNR gain over non-iterative methods.

All these detection schemes are multi-track rather than 2D, and consequently

cannot fully exploit the characteristics of the channel detection with 2D interference.

The second category is the full-graph sub-optimal detector such as the generalized

belief propagation (GBP [15]). GBP algorithm has been first used for 2D detection

by Shental et al. [16]. The detector operates on an undirected graphical model of

a two-dimensional Gaussian channel with memory. It infers the symbol a posteriori

probabilities (APPs) using a message passing algorithm which takes into account the

existence of loops in a graph. The GBP algorithm is explained in details in Chapter

2.

In the next sub-section, we discuss two different 2D sub-optimal detectors that are

applied to the TDMR system. The first one is extended version of 1D MAP detector

for separable 2D channels and the second one is the GBP detector.

1.2.1. Separable 2D MAP Detector

In [39], separable 2D ISI channel is used for transmission. The ISI channel is separable

if the 2D ISI matrix can be written as a product of a column and a row vector.

Thus, H = Ū V̄ where Ū and V̄ are column and row vectors, respectively. It can be

shown that if the channel is separable, then the channel can be considered as two

1D channels which one results in ISI along the row and the other one results in ISI

along the column. So an iterative detector is developed accordingly which consists

of a 1D non-binary column MAP detector concatenated to a 1D binary row MAP

detector. In [39], an LDPC decoder is also incorporated which enables this detector

to approach the non-ISI curve within 1 dB.
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1.2.2. The GBP Detector

The main difference between GBP and belief propagation (BP) is that the messages

are sent between regions of nodes instead of node to node message passing. As it

is shown in Fig. 2.1 for a case of 4 × 4 grid, there exists many cycles in 2D ISI

channel factor graph. As a result, the tree-like assumption used in BP does not

hold and BP approximation is poor. In GBP algorithm, sets or regions of nodes will

send messages to other regions of nodes. GBP uses region graph method to specify

regions and messages. Fig. 2.2 shows the regions and the messages between the

regions. Yedidia et al explained GBP in details in [15]. The major advantage of GBP

is benefiting from region to region message passing instead of node to node message

passing.

1.2.3. Compatibility of Detection Methods to TDMR Read Channel

Models

In order to get close to optimal MAP detection, the detector needs to account for

the correlation between noise samples. Since the noise samples are dependent to

their local neighborhood input, the detector must incorporate the data-dependent

media noise distributions in calculating a posteriori probabilities. In multi-track

methods, the noise distributions must be accounted for calculating the metrics of

the branches. However, the incorporation of the noise distributions is not possible for

all the methods. In the GBP detector, by selecting the regions the same as the span

of the ISI, the data-dependent media noise distributions can be applied in calculating

local a priori probabilities to improve the performance of the detector.
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2. Generalized Belief Propagation Detection and Information Rate

Estimation

The probabilistic inference problems using graphical models are important in a wide

variety of applications, including statistical physics, artificial intelligence and signal

processing. Message-passing algorithms are a class of practical methods to solve such

problems. These problems can all be reformulated as the computation of marginal

probabilities on factor graphs [42]. The belief propagation (BP) algorithm is a well-

known and efficient way to solve these problems that is exact when the factor graph

is a tree, but only approximate when the factor graph has cycles. Often, the standard

BP algorithms provide surprisingly good approximate results, for factor graph with

cycles. Nevertheless, sometimes the results are quite poor, or the algorithm fails to

converge. The 2D ISI channel detection is considered as one of the problems corre-

sponding to a factor graph with many short cycles resulting BP to perform poorly. A

new class of message passing algorithm called “generalized belief propagation” (GBP)

is introduced in [15] to solve this problem. In contrast to BP where the messages are

sent between nodes, the messages are sent between regions of nodes in the GBP algo-

rithm. In practice, GBP algorithms can often dramatically outperform BP algorithms

in terms of either accuracy or convergence properties, for minimal computational cost.

2.1. GBP Preliminaries and Definitions

We start with definitions required for using the GBP algorithm for the problem of 2D

ISI detection and constrained coding. As the GBP is a message passing algorithm,

we first introduce the graphical representation for the procedure.

Factor graph corresponding to a local constraint is a bipartite graph consisting

of a set of variable nodes Vi,j (information bits) and a set of factor nodes fi,j (local
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constraints). A variable node Vi′,j′ is connected to a factor node fi,j if and only if

Vi′,j′ is an argument of fi,j. The set Ci,j is defined as the set of all the positions in

a 2D grid, (i′, j′), such that Vi′,j′ is connect to fi,j. We consider a 4 × 4 bit grid.

Suppose the read-head response spreads over 3 × 3 cells. The factor graph of this

model as an example is depicted in Fig. 2.1. Figure 2.1 depicts the factor graph

corresponding to a 4× 4 grid where each 3× 3 square region is locally constrained by

a factor node. Variable nodes, Vi,j, are shown with circles and factor nodes, fi,j, with

squares. An edge connects a variable node Vi,j to a factor node fi,j if and only if Vi,j

is an argument of fi,j.

Region graph of the given graphical model is generated according to the cluster

variation method [15]. In order to obtain the region graph, a parent region R is

specified by a set of variable nodes and factor nodes such that if fi,j ∈ R then

VCi,j
∈ R where VCi,j

= {Vi,j|(i, j) ∈ Ci,j}. The child regions of a region graph are

constructed by taking the intersection of the parent regions, the intersections of the

intersections, and so on. An example of a region graph for the factor graph of Fig.

2.1 is provided in Fig. 2.2 [21, 43]. In this case, each factor is included in only one

region.

Factor Function, fi,j(xCi,j
), is a function of variables of Ci,j defining the constraint.

In case of detection for TDMR, factor function is defined as

fi,j(xCi,j
) = p(yi,j|xCi,j

) (2.1)

In case of the constrained coded input,

fi,j(xCi,j
) =

{
1, xCi,j

∈ SCi,j

0, otherwise
(2.2)

where SCi,j
is the set of admissible patterns which defines the local constraint on the

variables of Ci,j. In general, the local constraint is the same for all the parent regions.
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Figure 2.1. Factor graph of a 4× 4 square of variable nodes with 3× 3 read-head.
The variable and factor nodes are specified by circles and squares, respectively.

Partition Function Z and the Helmholtz free energy FH are closely related terms

in statistical physics which is defined as FH = − lnZ. We define the partition function

as

Z =
∑
x

f(x) =
∑
x

∏
i,j

fi,j(xCi,j
) (2.3)

where fi,j(xCi,j
) is the factor function explained above for the detection and con-

strained input cases. For the case of constrained code, Z counts the number of

admissible patterns | X | in N × N grid for a specific local constraint defined by

fi,j(xCi,j
). For the case of detection,

Z(y) =
∑
x

∏
i,j

p(yi,j|xCi,j
) =

∑
x

p(y|x) (2.4)

2.2. Generalized Belief Propagation

One of the most well-known message passing algorithms is belief propagation (BP)

which is derived for tree like graphs and results in exact inference in these graphs. BP
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Figure 2.2. The region graph of a 4 × 4 cell of variable nodes. The arrows which
connect the basic regions to sub-regions are messages in our example.

has also been found to have good performance in many applications, e.g., in decoding

turbo codes and LDPC codes. The good performance of BP in these applications

may be attributed to the sparsity of the graph, which ensures that cycles (loops) in

the graph are long, and inference may be performed as if the graph were a tree. As

it is shown in Fig. 2.1, there exists many cycles in 2D ISI channel factor graph in

contrast to the sparse graphs of LDPC codes. As a result, the tree-like assumption

used in BP does not hold and BP approximation is poor. A common approach for

dealing with graphs that do have cycles is to convert them into equivalent cycle-free

graphs, and then use the standard BP algorithm. However, this is not possible for

our problem.

GBP algorithm can be used to resolve this issue. In this algorithm, sets or regions

of nodes will send messages to other regions of nodes. The standard BP algorithm

is a special case of a GBP algorithm, with a particular choice of regions. The main

difference between GBP and BP is that the messages are sent between regions of

nodes instead of node to node message passing. Different choices of regions will give

different GBP algorithms, and the user controls the trade off between complexity and
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accuracy.

GBP uses region graph method to specify regions and messages. The first step

in region graph method is to define the parent regions, which cover the whole graph

and include all the variable nodes, which are connected to the factor node included

in the region. In [15], Yedidia et al. explain how to choose the appropriate regions.

A region, which includes all the nodes in the shortest loop, can be an appropriate

choice of regions. In this case, we may avoid shortest loops, which cause BP to fail

since we are doing exact inference in parent regions. Therefore, a clear choice of

overlapping regions for an ISI channel with 3×3 interfering mask is 3×3 square. Fig.

2.3 shows a square of 3× 3 to specify the variable nodes which are connected to the

factor nodes in the center of the square. Sliding the square shows the variable nodes

connected to the factor node located at the center of the square. This size of region is

small enough to do the exact inference with not much computational complexity and

large enough to contain the shortest cycles in factor graph. After choosing the parent

regions, we construct child regions by the intersection of parent regions, intersection

of intersection and so on. The region graph can then be constructed using this set.

Fig. 2.2 is an example of a region graph for the 4 × 4 two-dimensional ISI channel

problem.

Yedidia et al explained GBP in details in [15]. In statistical physics, there are

several ways to create free energy approximation. They proved that the standard

BP corresponds to Bethe approximation. They also showed that using GBP leads

to compute an approximation of the free energy for a region graph method. In fact,

there are several ways to construct message passing algorithms whose fixed points

are equivalent to the stationary points of a region graph free energy. In all these

algorithms, messages are sent between regions on a region graph.

In this dissertation, the parent to child algorithm is implemented. In this method,

we only have one kind of message, which is message from parent to child. The arrows

in Fig. 2.2 which connect parent regions to child regions are the messages for our
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Figure 2.3. Sliding regions include all the nodes contributing to the corresponding
factor node.

example. In this algorithm, belief of any region is the product of all the local factors

in the region, multiplied by the messages coming into that region and to its decedents

from outside. Each region R has a belief bR(xR) given by:

bR(xR) ∝
∏
a∈AR

fa(xa)

 ∏
P∈P(R)

mP→R(xR)

 ∏
D∈D(R)

∏
P ′∈P(D)\E(R)

mP ′→D(xD)


(2.5)

where AR is the set of elements in region R and fa(xa) is the local factors of region

R. PR and D(R) is the set of regions that are parents and descendants to region

R, respectively. E(R) = R ∪ D(R) is the set of all regions that are descendants of

R and also region R itself, and P(D)\E(R) is the set of all regions that are parents

of region D except for region R or those those regions that are also descendants of

region R. Factor nodes, fi,j(xCi,j
), are defined in (2.1) and (2.2) where xCi,j

is a set

of all the variable nodes connect to factor node Ci,j. The message-update rules in the

parent-to-child algorithm is:
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mP→R(xR) =

∑
xP\R

∏
a∈FP\R

fa(xa)
∏

(I,J)∈N(P,R)mI→J(xJ)∏
(I,J)∈D(P,R)mI→J(xJ)

(2.6)

where the sets N(P,R) is the set of all connected pairs of regions (I, J) such that J

is in E(P ) but not E(R) while I is not in E(P ). D(P,R) is the set of all connected

pairs of regions (I, J) such that J is in E(R), while I is in E(P ), but not E(R). All

messages are initialized to 1 in our simulations. But in fact, other initializations are

also possible.

2.3. GBP-Based Detection

Let x = [xi,j] , xi,j ∈ {−1,+1} be the input data bit in an M × N bit medium and

y = [yi,j ] , yi,j ∈ R be the noisy readback signal samples for 0 ≤ i ≤ M − 1, 0 ≤

j ≤ N − 1. The maximum a posteriori (MAP) detector minimizes the bit error-rate

(BER) by minimizing the a posteriori probability P (xi,j|y) for each xi,j in x. The

first step is to realize that the joint conditional a posteriori probabilities P(x|y) can

be factored as

P(x|y) =
P(y|x)P(x)

P(y)

(a)
∝ P(y|x)

P(y|x) =
M∏
i=1

N∏
j=1

P(yi,j|x) =
M∏
i=1

N∏
j=1

fCij
(xCi,j

) (2.7)

where (a) comes from having uniform binary input and the local constraint func-

tions fCij
(xCi,j

) = P(yi,j|xCi,j
). Finding maximum a posteriori solution for the above

probabilities is intractable for large M and N . Therefore, one must resort to approxi-

mate inference methods. These local dependencies can be described by a probabilistic

graphical model and exploited in deriving an appropriate inference algorithm. The

factor graph corresponding to the TDMR channel is shown in Fig. 2.1.

One of the important aspects of factor graphs is the application of message passing

algorithms, which efficiently computes all the marginal probabilities of the individual



38

variables of the factor nodes. The GBP is a message passing algorithm which can

operate on the constructed factor graph to compute the marginal probabilities. The

GBP uses region graph method to specify regions and messages. The explanation

on how to choose the appropriate regions was given by Yedidia et al. in [15]. Each

region must contain all the variable nodes that are connected to the factor node

included in the region. Then, we construct a set of all primary regions, intersections of

intersections and so on. Having defined this set, a graphical model can be constructed.

An appropriate choice of overlapping regions is 3× 3 square since this size of region

is small enough to do the exact inference without much computational complexity

but large enough to contain the shortest cycles in the factor graph. An example of a

region graph for the 4× 4 2D ISI channel is shown in Fig. 2.2.

For the formulation of GBP, we use the parent to child algorithm. In this method,

we only have one kind of messages from parent to child. The arrows in Fig. 2.2 which

connect parent regions to child regions are the messages for our example. For a more

detailed explanation of GBP, we refer the reader to [15]. The number of iteration for

GBP is 50 in all the simulations.

2.4. GBP-Based Information Rate Estimation

Mutual information rate (MIR) can be considered as a figure of merit for measuring

the overall performance of the TDMR system. In spite of the bit error rate (BER),

MIR provides performance comparison in terms of reliably transmitted information

bits.

In this dissertation, MIR estimation is done for an M×N magnetic medium using

the GBP algorithm . The logarithm functions used in this section are base two. Note

that, for symmetric channels, the capacity is achieved while the input distribution is

uniform. We estimate the MIR for the Voronoi channel model in Chapter 6. The

choice of the constraint which maximizes the MIR on the uniform constrained input



39

for the Voronoi channel is a demanding problem which is answered by MIR estimation.

The constrained input MIR estimation consists of two parts. In the first step, the

uniform constrained input must be generated. For this purpose, the GBP algorithm

is used to obtain the marginal a priori probabilities for each 3× 3 bit region which is

afterward used in GBP MIR estimation. In the second step, MIR for the constrained

uniform input is estimated using Monto Carlo simulations.

2.4.1. GBP-Based Constraint Capacity Estimation

In this part, we explain our main idea of generating 2D constrained sequences achiev-

ing the maximum entropy based on the GBP algorithm. The capacity (or the maxi-

mum entropy) of a constrained 2D array is achieved when the admissible 2D arrays

are equi-probable. In order to obtain the uniform distribution over the set of admis-

sible patterns, the GBP as a capacity estimation algorithm is utilized. The noiseless

capacity of a constrained input is defined as the asymptotic growth rate of the number

of admissible patterns for a block of sequences as the block length goes to infinity.

In [21] and [33], the GBP algorithm is applied to estimate the 2D noiseless capacity

for a wide family of constraints providing with capacity achieving distribution over

the set of admissible patterns. The GBP algorithm provides the marginal distribu-

tions on the locally specified regions to achieve uniform distribution for an specific

constraint. Then, 2D constrained sequence is generated according to the obtained

distributions of the regions.

In order to compute the capacity of a constraint, the number of input patterns

that satisfy the constraint must be estimated. The capacity of 1D constraint is given

as:

C1D = lim
N→∞

logZ(N)

N
(2.8)

where Z(N), the partition function, denotes the number of 1D input patterns of size
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N that satisfy the constraint.

Similar to the 1D case, the 2D-noiseless channel capacity of a N ×M array of 2D

constrained sequence is defined by

C2D = lim
N,M→∞

log(Z(N,M))

N ×M
(2.9)

where Z(N,M), the 2D partition function, specifies the number of legitimate patterns

of the size N × M which satisfy the constraint. We can obtain the 2D partition

function by applying the GBP to the factor graph of a N ×M variable nodes with

local constraints. Since the Helmholtz free energy is FH = − lnZ, computing Z can

be done by obtaining the region-based free energy estimate. If the GBP algorithm

is used to estimate beliefs of each region bRi
(xRi

) (the marginal probability of Ri),

region-based free energy F̂H can be formulated by

F̂H =
∑
Ri∈R

cRi

∑
xRi

bRi
(xRi

)

ln bRi
(xRi

)− ln
∏

a∈FRi

fa(xa)

 (2.10)

where R is the set of all regions, cRi
is the counting number defined as

cRi
= 1−

∑
p∈PRi

cp (2.11)

where PRi
is the set of regions which are the parent regions of Ri, xRi

is the set of

variables in Ri, and finally FRi
is the set of local factors in region Ri. For more details

on GBP, we refer the reader to [15] and [33].

The 2D noiseless capacity or maximum entropy of a source X is achieved with

uniform distribution over the set of admissible input patterns X . Therefore, the

probability distribution achieving the 2D noiseless constrained channel capacity is

p(x) =

{
1
|X | , x ∈ X
0, otherwise

(2.12)
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where | X | is the cardinality of the set X . In order to generate 2D constrained

sequences with maximum entropy, we need to obtain the beliefs of regions (or the

marginal probability of each region) which results in uniform distribution over the set

of admissible patterns X . The beliefs of the regions is provided by using the GBP

algorithm. Then according to the obtained distributions achieving the 2D noise-

less channel capacity, 2D constrained sequences are generated to write on a storage

medium.

2.4.2. GBP-Based Information Rate Estimation for Constrained TDMR

Channel

For the case of information estimation for a TDMR Voronoi channel, f(x) = p(y|x)

is applied in the GBP algorithm as p(y|x) defines the channel. The GBP algorithm is

utilized to estimate the beliefs of each region. Then by using these beliefs of regions,

Helmholtz free energy is computed using (2.10).

The GBP algorithm as a message passing algorithm can operate on the region

graph of the TDMR channel to compute the marginal probabilities. The beliefs of

each region as an output of the GBP algorithm is an accurate approximation of the

marginal probability of each region. In the sequel, we first define the MIR and then

explain the method used to obtain the MIR by using the GBP algorithm.

The MIR of a channel with the transition function p(Y|X) is defined as the mutual

information between input X and output Y. In this part, we intend to compute the

MIR for an N × N bit TDMR system modeled by the Voronoi channel model. To

put this in a rigorous form, we have

MIR =
1

N2
I(X; Y) =

1

N2
H(Y)− 1

N2
H(Y|X) (2.13)

where p(X) = 1
|X | for a uniform constrained input.

Let y be the output of the non-ideal medium. The conditional entropy H(y|x)

is computed analytically by using the media noise distribution p(y|x), and can be
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formulated as

1

N2
H(y|x)

(a)
= H(yi,j|x = xCi,j

)
(b)
= Ex

1

2
log(2πeσ2

x=xCi,j
) (2.14)

where Ex is the expectation over all possible states of x and (a) is obtained by

p(y|x) =
N∏
i=1

N∏
j=1

p(yi,j|x = xCi,j
), (2.15)

since the noise distribution of each parent region is only dependent on its variables.

The equality (b) is provided using the entropy of a Gaussian random variable. There-

fore, the problem of estimating the MIR reduces to computing the entropy rate of the

received output y. For this purpose, we use the empirical averaging in the form of

H(y) = −Ey log p(y) ≈ − 1

L

L∑
l=1

log p(y(l)). (2.16)

where L is the number of samples y drawn according to p(y). Then, p(y(l)) can be

computed using

p(y(l)) =
∑
x

p(x)p(y(l)|x) =
1

| X |
∑
x

p(y(l)|x) (2.17)

where the right hand side equality is concluded by the uniform input since the channel

is symmetric. Therefore, the problem of estimating the mutual information rate of a

TDMR system reduces to the problem of computing
∑

x p(y
(l)|x) = Z(y(l)) as in (2.4).

According to (2.10), we can utilize the GBP algorithm in order to compute Z(y(l)).

We refer the reader to the original paper of GBP algorithm for further details [15].

The output entropy computation concludes to

H(Y) = − 1

L

L∑
l=1

1

| X |
log(Z(y(l))), (2.18)

where | X |= Z is computed in Section 2.4.1. MIR is then computed using (2.13).
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3. Joint Constrained Code, Error Correcting Code and 2D ISI

Detection and Decoding Using Generalized Belief Propagation

Constrained codes also known as modulation codes are a key component in the digital

magnetic recording systems. The constrained codes forbid particular input data pat-

terns which lead to some of the dominant error events or higher media noise. In data

recording systems, a concatenated approach toward the constrained code and error-

correcting code (ECC) is typically used and the decoding is done independently. In

this chapter, we show the improvement in combining the decoding of the constrained

code and the ECC using generalized belief propagation (GBP) algorithm. We con-

sider the performance of a combined modulation constraints and the ECC on a binary

symmetric channel (BSC). We show that combining demodulation and decoding re-

sults in a superior performance compared to concatenated schemes. Furthermore, the

joint detection and decoding scheme for 2D ISI AWGN channel is addressed and the

superiority of this scheme is shown. Moreover, we compute the capacity of the joint

ECC and modulation codes for 1D and 2D constraints.

3.1. Introduction

Modulation codes are first introduced for data storage by Marcus et al. [18] to improve

the performance of the system by matching the characteristics of the recorded signals

to those of the channel. Various classes of modulation codes have been developed for

different purposes in data storage systems. Run-length-limited (RLL) codes are one

of the widely used family of constrained codes [44]. RLL codes are usually used in

order to prevent the loss of clock synchronization. Maximum-transition-run (MTR)

codes limits the maximum run of transitions written on the disk [45]. Due to the

data-dependent nature of the media noise, consecutive transitions lead to increasing
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the media noise which results in degradation of the performance.

Typically, modulation codes are followed by an error correction code (ECC) while

the modulation code is designed to match the channel and the ECC is designed to

correct the errors caused by the channel or even in detection. An error sequence in

the input of the modulation decoder may result in error propagation since modulation

codes unlike ECC codes are nonlinear in nature. Error propagation would result in

overwhelming the error correcting capability of the ECC decoder. There are many

works in order to provide an encoder that captures both error-correction and mod-

ulation properties. In order to solve the error propagation issue, there have been a

lot of attention on reversed concatenation [46], where basically the encoders are con-

catenated in the reversed order. In this way, many channel errors can be corrected

before reaching to the modulation decoder, and therefore decreasing the chance of

error propagation.

In [47] and [48] , Wijngaarden and Immink introduced a novel concatenation

scheme in which a modulation code is designed in a way so that specific positions are

unconstrained such that those positions can take on any symbol without violating

the constraint. In these codes, a systematic ECC is used and the the parity bits are

inserted into the unconstrained positions without violating the constraint. Therefore

the codewords satisfy both parity-check constraints and the modulation constraints.

In a different approach, Vasic et al. [49] proposed a method in which deliberate bit-

flipping is used to impose the k-constraint in the LDPC codewords. In this way by

using strong codes with high minimum distance, it is expected that ECC would be

able to correct both the deliberate errors and the channel errors.

In this chapter, we propose a joint ECC-modulation decoder which performs sub-

optimal decoding on the full graph using GBP [15]. The GBP decoder operates on

an undirected graphical model. It infers the symbol a posteriori probabilities (APPs)

using a message passing algorithm which takes into account the existence of loops

in a graph. GBP decoder can be used with the modulation schemes in which the
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codewords generated by the scheme satisfy both the error-correction and modulation

constraints in order to perform joint decoding such as the unconstrained position

method [47]. Furthermore, the capacity of the low-pass constraints are calculated

based on [33]. The capacity of the joint ECC-modulation code is also determined.

3.2. Joint Modulation and Error Correcting Code Decoding

In digital storage systems, the constrained code is followed by an error-control code

(ECC). The inner modulation code serves the general function of matching the

recorded signals to the physical channel, while the outer error-correction code is de-

signed to remove any errors remaining after the detection and demodulation process.

The constrained code and the ECC code are typically designed and decoded indepen-

dently. In one type of concatenation, message bits are first encoded by ECC and then

passed to the modulation codes. This type of concatenation is known as forward con-

catenation (FC). The problem with the forward concatenation is that the output of

the constrained encoder is not necessarily an ECC codeword, and the decoding of the

constrained code often results in error propagation which the outer ECC code could

not able to correct. An alternative approach is provided by reverse concatenation

(RC). The idea is to first encode the message bits using the modulation encoder, and

then apply a systematic ECC encoder to produce parity bits. Since the parity bits

do not necessarily meet the modulation constraint, they are then in turn encoded by

the second modulation encoder. The block diagram of the reverse concatenation is

shown in Fig. 3.1.

The separation of decoder and demodulator causes performance loss. Using GBP

method for joint demodulation-decoding allows us to recover the performance loss due

to separation of demodulation and decoding. The GBP demodulator performance

is very close to the MAP demodulation. Furthermore, GBP can also be utilized to

decode LDPC codes. An LDPC code can be defined by the parity check matrix Hm×n



46

Figure 3.1. Block diagram of the reverse concatenation technique

where there are m parity check constraints on n variable bits. These constraints can

also be represented by a Tanner graph. By adjoining the modulation code constraints

and the LDPC code constraints, GBP can be applied as a joint demodulator-decoder.

Fig. 3.2 depicts a Tanner graph which is a combination of the Tanner graphs of the 2D

modulation code and the LDPC code. The upper squares represent the 2D modulation

code constraints and the lower squares represent the LDPC code constraints. Variable

nodes are represented by circles inside the grid. This approach can be generalized

for 1D or 2D data and constraints. In order to get a sense of possible improvements

of joint demodulator-decoder compared to concatenated demodulator and decoder,

we simulated joint demodulation-decoding using GBP for 1D case and RC is also

simulated as a benchmark. The modulation code used in this simulation forbids two

consecutive transitions. Let C ⊂ X be the set of admissible patterns. The indicator

function is defined as:

f(x) =

{
1, x ∈ C

0, x /∈ C
(3.1)

The constraint, which is imposed on C, can be factored into smaller locally defined

constraints which contain the three consecutive bits. The local constraints can be

formulated as
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Modulation Code Constraints 

LDPC Constraints(Checks) 

Figure 3.2. Combined Tanner graph of the LDPC and the modulation code con-
straints for 2D channel.

fa(xi, xi+1, xi+2) =

{
0, if xi = xi+2 6= xi+1

1, else,
(3.2)

where xi, xi+1 and xi+2 are three consecutive bits and fa is the local constraint. The

indicator function for this code can be written as the product of local constraints of

(3.2) each having some subset of x as arguments:

f(x) =
∏
i

fa(xi, xi+1, xi+2) (3.3)

The ECC code used in the simulations, is C(155,64) Tanner code of rate 0.41 [50].

The rate of the constrained code is 0.6977. In the joint scheme, we only send the

codewords which satisfy our constraint. The overall rate is estimated by using the

GBP algorithm on the tanner graph of Fig. 3.2 [33] which is equal to 0.28. The rate

estimation algorithm is explained in section 2.4.1. We used the same ECC code for

RC method. The first constrained code is also the same. However, we used 0.5 rate

modulation code (repetition code) for the secondary constrained code. Therefore, the

overall block length of the codeword sent to the channel is (155 + 91) = 246 and

the overall rate is 0.18 for the RC scheme. Fig. 3.3 shows the performance of these
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Figure 3.3. Comparison of the GBP joint scheme and the RC method

schemes. Although the block length used for RC is higher and also the rate is lower,

the performance of the GBP joint demodulator-decoder is still slightly better.

3.2.1. Capacity of 2D modulation codes

For TDMR systems, the constrained codes are viewed as 2D codes. Therefore, we are

investigating 2D constraints to mitigate the media noise caused by grain size irregu-

larities. Since the input transition between the neighbors is the source of media noise,

we choose constraints based on 2D low-pass constraints which forbid two consecutive

transitions in both horizontal and vertical dimensions. In [20], Ashley et al. introduce

a framework for designing encoders that transform arbitrary data sequences into two-

dimensional arrays satisfying certain constraints, in particular, low-pass constraints.

Since a finite state machine can not be defined for 2D constraints, the decoding of

these codes is not trivial.
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(a) (b)

Figure 3.4. (a) Forbidden pattern for the 1D constrained code used in the results
of Fig. 3.5. (b) Forbidden pattern for the 2D constrained code used in the results of
Fig. 3.6.

In order to find the capacity of the constrained codes, the number of message

patterns that satisfy the constraint must be estimated. The capacity of 1D and 2D

constrained codes are given in (2.8) and (2.9). It is provided that computing partition

function, Z, leads to computing constrained code capacity. The partition function,

Z, and the Helmholtz free energy, FH , are important quantities in statistical physics

since they carry information about all thermodynamic properties of a system. Hence,

computing the partition function is related to find the capacity of the constrained

channel based on (2.8) and (2.9). The Helmholtz free energy is then estimated using

the region-based free energy approximation technique given in (2.10) [33]. GBP is

utilized to compute the beliefs which in turn used to estimate F̂H according to (2.5).

The region-based free energy F̂H can then be used to estimate the partition function

Z using (2.8). For more details, we refer the reader to [33].

Here we present the results of applying GBP to estimate the finite-sized noiseless

capacity of 1D and 2D low-pass constraints. Fig. 3.4(a) shows the forbidden patterns

which is defined in (3.2). For this constraint, Fig. 3.5 shows the estimated rate of

the constraint versus the channel width n over the interval [4, 155]. Fig. 3.4(b) shows

the forbidden patterns of the 2D constraint used in the results of Fig. 3.6. For this

constraint, Fig. 3.6 shows the estimated rate of the constraint versus the channel

width (n, n) over the interval [4, 20].
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Figure 3.5. Estimated capacity versus channel length for the 1D constraints with
the forbidden patterns shown in Fig. 3.4(a)

Figure 3.6. Estimated capacity versus channel length for the 2D constraints with
the forbidden patterns shown in Fig. 3.4(b)
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3.3. Joint Detection and Decoding for ISI AWGN Channel

Due to the huge complexity of the optimum joint detection and decoding, the sep-

aration of detector and decoder is wide-spread in most practical cases. However,

the performance loss is caused due to this separation [51]. An LDPC code can be

defined by the parity check matrix Hm×n where there are m constraints on n vari-

able bits. These constraints can also be shown as a Tanner graph. By adjoining

the ISI channel constraints to the LDPC code constraints, GBP can be applied as a

joint detector/decoder. Fig. 3.7 depicts a Tanner graph which is a combination of

the Tanner graphs of the 2D ISI channel and the LDPC code. The upper squares

represent the LDPC code constraints and the lower squares represent the 2D ISI

channel constraints. Variable nodes are represented by circles inside the grid. In

order to show the improvement of joint detector/decoder compared to concatenated

detector and decoder, we simulated a 13× 13 bit grid in which the message bits are

encoded by an LDPC code C(155, 64) (Tanner code [50]). The 14 bits which are

not included in the code, are assumed to have known values. As it is shown in Fig.

3.8, the GBP-BP iterative concatenated detector and decoder is compared with the

GBP joint detector-decoder over the 2D ISI AWGN channel. In the GBP/BP itera-

tive concatenated detector and decoder, we used 10 iteration between GBP detector

and BP decoder. Fig. 3.8 shows the performance improvement of the joint detector-

decoder scheme. It is also shown that the joint detector-decoder has about 0.6 dB

loss compared to the ISI-free channel.
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Figure 3.7. Tanner graph of the joint detector-decoder as a combination of the
Tanner graphs of the 2D ISI channel and the LDPC code.
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Figure 3.8. Comparison of the GBP joint detector-decoder and the iterative GBP-
BP concatenated detection and decoder.
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4. Generalized Belief Propagation Detector for TDMR Microcell Model

Signal processing in TDMR encounters several challenges such as read channel model-

ing and detection in the presence of severe two-dimensional inter-symbol interference

(2D ISI). The contribution of this chapter is twofold: 1) Recently, a number of con-

tributions have been made in the development of read channel models and detectors

for TDMR systems. In this chapter, we introduce a novel 2D read channel model

which we call the 2D microcell model. In this model, we use generalized 2D micro-

tracks called microcells to captures the properties of irregular grain boundaries of the

medium in a relatively simple yet accurate manner. The data-dependent noise dis-

tributions are analytically derived for this model. Derivation of the data-dependent

noise distributions makes the 2D microcell suitable for the detector design purposes.

2) Existing TDMR detectors rely on multi-track extensions of one-dimensional algo-

rithms such as the BCJR and the soft Viterbi algorithm. In this chapter, we propose a

new framework for designing truly two-dimensional detectors for the microcell model

based on near-optimal generalized belief propagation (GBP). The GBP algorithm is

purposefully applied for detection in this model in order to handle the data-dependent

media noise which is caused by irregular bit transitions in both dimensions. Results

are provided to show that the incorporation of the data-dependent noise distributions

into the GBP detection helps improving the detection performance.

4.1. Introduction

In TDMR, modeling of the read channel is one of the critical issues for detector

design. TDMR channel models have been studied in [10]. These models are presented

in the order of accuracy. The most accurate model for TDMR is the micromagnetic

model [52] which defines each process involved in modeling the channel. However its
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high complexity makes it inappropriate for detection algorithm design. Voronoi model

is presented in [10] as an accurate channel model with less complexity. Although

Voronoi model is relatively accurate, it is too complex to derive the data-dependent

noise properties analytically for the detector design. The discrete-grain model ( [1,52])

is a simpler model which attempts to model the recording medium by representing

its constituent grains as being one of a finite number of predefined shapes. Although

discrete-grain model is well-suited for the purpose of calculation of capacity of the

TDMR channel, it is not well suited in detector design.

We consider densities which the bit to grain size ratio is on the order of 5 − 10.

The 2D Microcell model is the generalization of the traditional Microtrack model [12]

to two dimensions so that each bit is composed of a small number of horizontal and

vertical tracks. The 2D microcell model is an accurate and relatively simple model

that captures the properties of irregular grain boundaries at these densities. This

model enables the analytical derivation of the pattern dependent distributions of the

read-head output samples. The resulting channel is a 2D ISI channel in which noise

depends on the input data pattern as well as on the random realization of microcells.

There have been several important works on 2D detection for ISI and magnetic

recording channels. The core of these techniques is iterative algorithms which operate

on multi-track detectors in both directions separately. In [34], Nabavi et al. proposed

a 2D generalized partial response (GPR) equalizer followed by conventional 1D Viterbi

detector for processing signals read from 3 adjacent tracks. A joint-track detection

using a 1D equalizer with a 2D GPR target was proposed in [35]. The 2D soft output

Viterbi algorithm (SOVA) detection using two 1D SOVAs for the along and cross-

track directions was proposed in [36]. However, because the 2D SOVA detection is

based on a 1D GPR target, it offers smaller gain than the multi-track detection.

In [37], an iterative algorithm to exchange soft information between two soft-input

soft-output (SISO) 1D detectors is implemented. 2D Decision Feedback Equalizer

(DFE) and MAP-DFE hybrid equalization schemes is considered in [38]. In [39],
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separable 2D ISI channel is used for transmission. Non-binary column MAP detector

concatenated to a binary row MAP detector followed by LDPC decoder is considered.

Iterative techniques and coding gain enables [39] to approach the non-ISI curve within

1 dB. In [40] Chen et al developed an iterative soft-decision feedback zig-zag MAP

algorithm for good performance for low SNR. In a recent work, Chen et al. developed

several turbo feedback based multi-track MAP algorithm which show 2 dB SNR gain

over non-iterative methods. The detection schemes proposed in [34,35,53,54] operate

along a single track and use samples from two side-tracks.

However, all these detection schemes are multi-track rather than 2D, and con-

sequently cannot fully exploit the characteristics of the channel detection with 2D

interference. Furthermore, these algorithms are not compatible with data-dependent

noise (DDN) ISI channel. We considered the GBP ( [15]) algorithm as a detec-

tion algorithm for the 2D Microcell model. The GBP algorithm, which originates

from statistical physics, has been first considered in the context of 2D detection by

Shental et al. [16]. Their detector operates on an undirected graphical model of a

two-dimensional Gaussian channel with memory. It infers the symbol a posteriori

probabilities (APPs) using a message passing algorithm which takes into account the

existence of loops in a graph. Using GBP is a natural way of exploiting the 2D char-

acteristics of ISI, and in [16] it was shown that the performance of GBP is almost the

same as maximum a posteriori (MAP) detector. Our main contribution is the for-

mulation of the GBP algorithm for 2D detection in 2D Microcell model. Unlike [16],

the read-head output samples are contaminated by the data-dependent media noise.

Since the Microcell model allows for the exact calculation of the data-dependent noise

distribution, we incorporate this into the GBP algorithm.
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4.2. Channel model

In this section we describe a TDMR channel model which can easily applied in design

of maximum likelihood (ML) and maximum a posteriori (MAP) detection schemes

that operate on a probabilistic graphical model of a TDMR channel. The model

is based on the 2D generalization of the well known microtrack model [12]. The

read/write channel model for TDMR consists of three components: 2D channel mod-

eling, the data writing process and modeling the read-back process. In Sections

4.2.1 and 4.2.2, the microtrack model for TDMR is introduced. and the consequent

data-dependent media noise distributions of this modeling is analytically computed

in section 4.3.

4.2.1. Microcell Model and Writing Process

To facilitate the discussions, we introduce the concepts of an ideal medium, an ideal

and non-ideal cell. A medium is “ideal” if the bit areas are equally sized and regularly

spaced squares. We refer to the bit areas in an ideal medium as “ideal cells”. In our

channel model, all instances of recording medium are assumed to be produced by

independent perturbation of the ideal medium. We refer to the perturbed bit areas

as “non-ideal cells”.

In a non-ideal medium, small number of grains form one cell in which some grains

straddle the cell boundaries. Fig. 4.1(a) shows a 2×2 non-ideal cells in micromagnetic

modeling [52]. Small equally sized squares represent the ideal cells. The grains which

mostly lie in the ideal cell form the boundaries of the non-ideal cell. In the microcell

model, the grains which straddle the cell boundaries are modeled by small tracks

displaced from the ideal cell borders. The microcell model can be considered as an

approximation of micromagentic modeling with small number of grains per bit as it

is shown in Fig. 4.1(a).

The irregularities of the non-ideal cell are estimated as a random process of per-
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Figure 4.1. a) Microtrack model approximation from micromagentic modeling. b)
Generalized 2D Microtrack model for TDMR

turbing the ideal cell. In the microcell model, the cell on which the signal is written,

is divided into N equally sized smaller tracks called microtracks which are oriented

in vertical and horizontal directions. The perturbations are modeled as the random

position of microtrack boundaries. Thus, the irregularities of the non-ideal cells are

modeled by microtracks displaced from the ideal position. A non-ideal cell with

displaced transition boundaries is call a “microcell”. The transition boundaries rep-

resented by a number of microtracks are independently and randomly displaced from

the desired (ideal) transition position. Fig. 4.1(b) illustrates the differences between

ideal cells and microcells in the microcell model. 1/−1 bits are colored as dark/light,

respectively. Each shift is chosen from a distribution which is typically considered to

be a truncated Gaussian distribution (see Fig. 4.1(b)). The microcell model can be

considered as a 2D generalization of the microtrack model.

We characterize the microcell model with two parameters: a number of micro-

tracks, N , and the boundary transition shift variance, σ2
J [12]. T is the bit spacing

and σ2
J/T is defined as the normalized jitter variance. Then each microcell contains N
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microtrack in horizontal and vertical directions to capture the media noise properties

in both directions. The microcell model [12] is effective to find the jitter noise of the

granular media, though is often used when the grain per bit ratio is moderate.

The write process of the TDMR system does not have any prior knowledge of

the non-ideal cell shapes and sizes in the medium. Therefore, the write head simply

assumes that the medium is ideal and attempts to write in the ideal cells. The non-

ideal cell which is mostly in the write area is then appropriately magnetized. Write

errors are not included in this work. Let xi,j ∈ {−1,+1} be the input data bits and

let xc(t1, t2) be the continuous magnetization of the recording medium after the write

process at position (t1, t2). Given xi,j, variation of xc(t1, t2) is due to the different

realizations of the non-ideal cells. Fig. 4.1(b) is a realization of 2× 2 non-ideal cells

which also shows the difference between ideal and non-ideal cells for the microcell

model. The squares with the ideal center of transition are ideal cells and the ones

with perturbed sides of transition are non-ideal cells.

4.2.2. Readback Process

The readback signal samples are obtained by convolving the magnetization of the

recording medium with the 2D read-head response and then sampling the resulting

signal at cell centers (iT+ T
2
, jT+ T

2
) where i, j are integers. The response of the read-

head, h(t1, t2), can be obtained by using the method proposed in [55]. In this section,

we assume the read-head response to be a truncated 2D Gaussian pulse which spans

3× 3 cells. We choose a 3× 3 for the read-head response since it is reasonably small

yet sufficient to consider the ISI effect. Moreover, it is also the typical size considered

in many pervious works ( [10], [16]). The impulse response of the read-head is of the

form:

h(t1, t2) = Vmax exp

(
−ln2

(
t21 + t22
T 2
50

))
(4.1)
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Figure 4.2. Visualization of read channel model. a) Read-head impulse response
(T50/T = 0.471). b) Input signal for N = 10 with (normalized jitter variance)
σ2
J/T = 0.2. c) Output signal after convolution of the read-head

where T50 is the distance from the center where the read-head response reaches half

of its maximum amplitude. Fig. 4.2(a) shows an example of the read-head impulse

response with T50/T = 0.471.

Let si,j ∈ R be the noiseless readback signal samples and yi,j ∈ R be the noisy

readback signal samples. Due to major improvements in magnetic recording readers,

the noise is mostly composed of media noise with small portion of electric noise. The

noise free readback signal samples can be written as:

si,j =

∞∫
−∞

∞∫
−∞

h(iT +
T

2
− τ1, jT +

T

2
− τ2)xc(τ1, τ2)dτ1dτ2

In this dissertation, we do not consider equalization and simply assume that the

read-head impulse response spans only a square of 3× 3 bits. So si,j can be written

as:

si,j =
+1∑

k1=−1

+1∑
k2=−1

x

Ai−k1,j−k2

h(iT +
T

2
− τ1, jT +

T

2
− τ2)xc(τ1, τ2)dτ1dτ2

where Ak1,k2 is the square area covering the ideal cell (k1, k2) in which k1T − T
2
<

t1 < k1T + T
2

and k2T − T
2
< t2 < k2T + T

2
. Fig 4.2 illustrates the read channel

model for a 20×20 bits medium. Fig. 4.2(b) shows xc(t1, t2) for 2D microcell channel

model. yi,j can be obtained by sampling the read-head output signal in Fig. 4.2(c) at
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the center of cell (i, j). In this figures, lighter color means more positive values and

darker means more negative values.

In an ideal medium, the non-ideal cell boundaries coincide with cell boundaries,

thus xc(t1, t2) is constant in Ak1,k2 and (4.2) can be rewritten as:

si,j =
+1∑

k1=−1

+1∑
k2=−1

hk1,k2xi−k1,j−k2 (4.2)

where

hk1,k2 =
x

Ak1,k2

h(τ1, τ2)dτ1dτ2 (4.3)

Hence, the noise free read-head signal can be expressed as the discrete convolution

of the input data bits (xi,j) and the discretized read-head response (hk1,k2). The read-

head response introduces ISI to the channel as follows:

si,j = h0,0xi,j +
+1∑

k1=−1

+1∑
k2=−1,

(k1,k2)6=(0,0)

hk1,k2xi−k1,j−k2 (4.4)

The last term represents the interference caused by the bits in span of the read-

head response. Let Ci,j = {(k1, k2)|i− 1 ≤ k1 ≤ i+ 1, j − 1 ≤ k2 ≤ j + 1} be the set

of local neighborhood indices of bit (i, j) and xCi,j
= {xk1,k2|(k1, k2) ∈ Ci,j} be all the

input data bits which contribute to the read-back signal sample yi,j.

To capture the non-linearities of the medium using the microcell model, a random

variable with truncated Gaussian distribution is used for the position of transition in

the magnetization on each track. Thus for the non-ideal case, (4.2) can be rewritten

as follows:

yi,j =
+1∑

k1=−1

+1∑
k2=−1

x

A′i−k1,j−k2

h(iT +
T

2
− τ1, jT +

T

2
− τ2)xi−k1,j−k2dτ1dτ2 (4.5)

where A′k1,k2 is the area spanning the (k1, k2)
th microcell. The non-ideal read-back

signal sample can also be written as

yi,j = si,j + ni,j (4.6)
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Figure 4.3. a) gm(t) is the integral of the read-head from the ideal transition point
to the random variable t. d ∈ Di,j is the coefficient for gm(t) to compute the noise
component. b) data-dependent media noise distributions for N = 10, σ2

J/T = 0.1,
T50/T = 0.471 for various input data patterns.

This change in output for the ideal and non-ideal case is considered as “media

noise”. ni,j is the media noise component for cell (i, j). This noise depends not only

on microcell shapes in Ci,j, but also on the polarity of the magnetization as it will

be discussed later. As a result, the media noise is a data-dependent noise and from

(4.2), its conditional probability density function (pdf) given the local neighborhood

data bits can be written as

p(yi,j|xCi,j
) = p(yi,j − si,j|xCi,j

) = p(ni,j|xCi,j
) (4.7)

4.3. Data-Dependent Noise Distributions

The goal of this part is to characterize p(ni,j|xCi,j
). Let Ni,j be the set of all neigh-

boring cells of the (i, j)th cell. Two cells are neighbors if they share a common side.

The data-dependent noise ni,j is caused by the difference between the input data for

two neighboring bits in Ci,j. Therefore, ni,j can be broken down into a summation

of smaller noise components caused by the common sides of the cells with different

input data bits in Ci,j. The noise component caused by each common side can also

be interpreted as a summation of noise due to each microtrack which intersects with

that common side. The noise caused by each microtrack can be obtained by the

integration of read-head response from the ideal transition position to the perturbed
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transition position in the common microtrack. The noise component introduced by

the microtrack m is denoted by the random variable (RV) gm(t) where t ∼ N (0, σ2
J)

is a RV of the transition position. Fig.4.3(a) illustrates how the difference between

two neighboring bits values cause the noise component. The d parameter (will be

introduced later) can be interpreted as the sign of the noise component. The noise

component of microtrack m, gm(t) is

gm(t) = 2

∫
T
N

∫ t

0

hmi,j(τ1, τ2)dτ1dτ2 (4.8)

where hmi,j is the response of the read-head over the corresponding microtrack m. Fig.

4.3(a) shows a microtrack along two neighboring cells. A microtrack with polarity

1/ − 1 is colored black/white, respectively. gm(t) is defined such that the bit which

includes the maximum of hmi,j(t) (near the center bit) has value −1 and the other

bit has value 1. Media noise components caused by the common sides depend on

the value of the corresponding neighboring bits. If two neighboring bits have the

same value, there is no media noise caused by their common side. If the polarity of

bits is flipped, then the noise component from that track corresponds to RV −gm(t).

The distribution −gm(t) is symmetric about y-axis to the distribution of gm(t). Fig.

4.3(b) shows the media noise distributions for several inputs. As it is shown, flipping

the input data results in a symmetrical distribution about y-axis.

Since gm(t) is an integral of a positive function, it is a differentiable and increasing

function. Therefore, the probability density function of gm(t), f(g(t)), is calculated

as follows:

f(g(t)) =
fN (t)

|g′(t)|
(4.9)

where fN (t) is the probability density function of t. The probability density function

of gm(t) can be interpreted as the distribution of the noise caused by a single micro-

track. Fig. 4.4 shows the noise probability density function of one single microtrack

estimated experimentally by means of histogram and compared with the analytical
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result. To find the distribution of the noise for one side, we sum all noise components

corresponding to each microtrack included in that side to calculate the noise total

noise caused by that side. Summation of the random variables,
∑N

m=1 gm(t), results

in the convolution of the corresponding distributions of the random variables.

To calculate the total noise, ni,j, all the noise components corresponding to the

sides inside the 3× 3 local neighborhood of (i, j) are summed. So the distribution of

ni,j can be obtained just by convolving all the noise distributions corresponding to the

noise components of the sides inside the neighborhood (Ni,j). The number of possible

3 × 3 binary inputs is 29 which implies that 512 distributions are needed. However,

the symmetry of the read-head response can be exploited to reduce the number of

distributions required. Furthermore, it is easy to see that there are just two kinds of

distribution for the noise caused by sides. Fig. 4.5(a) shows the two kinds of sides in

terms of distribution. The dashed sides are the ones which share just one vertex with

the centering cell and the solid sides are the sides of the centering cell. In accordance

to definition of gm(t), gV and gE are denoted as the vertex and edge sharing random

variable, respectively. Fig. 4.6 shows the distribution of the RV, gV and gE. Since

read-head response over vertex sharing sides is smaller than the edge sharing sides,

the distribution of gV is more concentrated.

As an example, consider xCi,j
to be [(1 − 1 − 1); (−1 1 − 1); (−1 − 1 1)] and

[(1 − 1 − 1); (−1 1 − 1); (1 − 1 − 1)]. This input are shown in Fig. 4.5(b) and

4.5(c). Cells with magnetization 1 are colored black and cells with magnetization −1

are colored white. The noise distribution corresponding to these input data bits are

equal since they have the same of kinds of sides as it is shown in Fig. 4.5. To be

precise, they have 4 side with distribution gV and 4 sides with distribution −gE.

To put the notion in rigorous form , we denote Di,j as:

Di,j = {xm1,n1 − xm2,n2

2
|{(m1, n1), (m2, n2)} ⊂ Ci,j,

(m1, n1) ∈ Nm2,n2 , |m1 − i| ≥ |m2 − i|, |n1 − j| ≥ |n2 − j|}
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Figure 4.4. The comparison of the noise pdf of one single track estimated experi-
mentally by means of histogram with the analytical result.

where Di,j is the set of differences between the input data for two neighboring bits

in Ci,j in an order according to Fig. 4.7. Each element of Di,j is assigned to each

side inside the 3 × 3 region of the bit (i, j). The elements of Di,j are calculated by

subtraction of two neighboring input data bits located at the head and the tail of the

arrow of Fig. 4.7. The bit on the head of the arrow is minuend and the bit located

at the tail of the arrow is the subtrahend. Fig. 4.3(a) shows all values of d ∈ Di,j for

the different cases of two neighboring input data bits.

Thus, ni,j can be written as

ni,j =
∑

dk∈Di,j

dk

N∑
m=1

gm(t) (4.10)

where dk
∑N

m=1 gm(t) is noise component caused by the common side of two neigh-

boring bits corresponding to dk ∈ Di,j.

The rest of the computations to calculate the distribution of ni,j is the summation

of the random variables according to (4.10) which is obtained by the convolution of

the corresponding distributions. Fig. 4.3(b) is an example of the distributions of the

media noise for several input signals.
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Figure 4.5. a) The dashed sides and the solid sides cause the noise component
relative to r.v. gV and gE, respectively. b,c) The media noise distributions are equal
for the input data bits because of the symmetry of the read-head
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4.4. Detection using Distribution Adjusted GBP (DAGBP)

GBP was implemented in [16] as a method to cancel the 2D interference. We call this

method the conventional GBP (CGBP) in simulation results. In this case, the media

noise distributions are not considered and only Gaussian electric noise is taken into

account. The local factor fCi,j
in (2.1) is:

fCi,j
= p(yi,j|xCi,j

)

= p(yi,j −
+1∑

k1=−1

+1∑
k2=−1

hk1,k2xi−k1,j−k2|xCi,j
)

= p(wi,j|xCi,j
) = p(wi,j) (4.11)

where (4.11) is derived from (4.2) and (4.6). The electric noise, wi,j, is AWGN.

Since applying microcell model leads to corrupted input data for GBP algorithm,

GBP performance drops accordingly. The major advantage of GBP is benefiting from

region to region message passing instead of node to node message passing. By selecting

the regions in GBP the same as the sliding square in Fig. 2.3, data-dependent media

noise distributions can be applied in calculating fCi,j
to improve the performance of

the detector.

fCi,j
= p(ni,j(xCi,j

) + wi,j|xCi,j
) (4.12)

where ni,j(xCi,j
) is the data-dependent noise of cell (i, j). The data-dependent noise

distributions are calculated analytically in Section 4.2.2 (Fig. 4.3(b)).

To make the computations tractable, the data-dependent distributions are ap-

proximated by Gaussian distributions. Mean and variance of Gaussian distributions

are set to mean and variance of the computed distributions for each state of the input.

Therefore the computational complexity of DAGBP and CGBP are exactly the same

by the Gaussian approximation.
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4.4.1. Comparison of GBP detectors

Although GBP is more complex than the pervious works on detector design, it

achieves near maximum likelihood (ML) performance for 2D ISI channels. There-

fore, the purpose of this section is not to compare GBP with other detectors, but to

incorporate it to the data-dependent noise in microcell model. In this section, the

performance of the CGBP and DAGBP detectors are evaluated for 2D ISI channel

using Monte Carlo simulations. We simulated a 8 × 8 cell two-dimensional channel.

The symbols were assumed to have known value in marginal cells of the grid. SNR

definition used in the simulations is defined as follows:

SNRw = 10 log

(
Eb

N0

)
= 10 log

(
Eb

2σ2
w

)
(4.13)

where σ2
w is the electric noise which is considered to have Gaussian distribution and

Eb is the message bit energy. N0 is the one-sided power spectral density and σ2
w is

the electric noise variance.

Fig. 4.8 compares the CGBP and DAGBP performance in terms of BER as a

function of SNRw for different values of media jitter (σ2
J/T ). As it is shown, the

performance improvement for σ2
J/T = 0.2 is about 2dB and 1dB for σ2

J/T = 0.1.

The number of microtracks in each microcell is set to N = 10.

We simulated the GBP detector for a 8 × 8-bit TDMR channel. In conventional

GBP (CGBP), we ignored the DDN distributions and assumed the noise to be AWGN.

The DDN distributions are accounted for the detection by distribution adjusted GBP

(DAGBP). Fig. 4.8 compares the CGBP and DAGBP performance in terms of BER

as a function of SNR for different values of media jitter variance (σ2
J). As it is shown,

the performance improvement for σ2
J = 0.2 is about 2 dB and 1 dB for σ2

J = 0.1,

where T = 1. The number of microtracks in each microcell is set to N = 10.
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5. GBP-Based Detection and Symmetric Information Rate for

Rectangular-Grain TDMR Model

Two dimensional magnetic recording (TDMR) envisions densities up to 10 Tb/in2

as a result of drastically reducing bit to grain ratio. In order to reach this goal

aggressive write (shingled writing) and read process are used in TDMR. Kavcic et

al. proposed a simple magnetic grain model called the granular tiling model which

captures the essence of read/write process in TDMR. Capacity bounds for this model

indicate that 0.6 user bit per grain densities are possible, however, previous attempt

to reach capacities are not close to the channel capacity. In this chapter, we provide

a truly two-dimensional detection scheme for the granular tiling model based on the

generalized belief propagation (GBP). Factor graph interpretation of the detection

problem is provided and formulated. Then, GBP is employed to compute marginal

a posteriori probabilities for the constructed factor graph. Simulation results show

huge improvements in detection. A lower bound on the symmetric information rate

(SIR) is also derived for this model based on GBP detector.

5.1. Introduction

In the pioneer work of Wood et al. [7], TDMR was first introduced as a technology

for approaching magnetic recording density of 10 Tb/in2 resulting 0.5 user bits per

grain. The key component of TDMR is the aggressive write process called shingled

writing [7], that is, to achieve narrow track width comparable to the grain diameter,

each sweep of the write head partially overlaps and overwrites previously written

adjacent track. Evidently, this creates challenges including severe 2D inter-symbol

interference (ISI) and modeling of a nonlinear channel.

Several TDMR channel models have been studied in [10, 56]. In [3], Kavcic et al.
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introduced a relatively simple 2D magnetic grain model of TDMR channel. The gran-

ular tiling model assumes that the medium consists of tiles where each tile represents

a grain and is chosen from a predefined set of tile shapes (prototiles). In [57], bounds

on capacity of the 1D version of the granular tiling model are derived. The upper and

lower bounds for the capacity of the 2D granular tiling model is also provided in [3]

showing the feasibility of 0.6 user bits per grain, which translates to 12 Tb/in2 at typ-

ical 20 Teragrains/in2 media grain density. This chapter considers a novel detection

scheme for the granular tiling model.

In [58] and [2], BCJR [13] based detection algorithms are provided for the granular

tiling model. In [58], Pan et al. provided a BCJR detection algorithm operating on

one track at a time. The BCJR detector is then followed by a rate 0.25 serially con-

catenated convolutional code (SCCC) and puncturing is used in order to achieve the

highest possible rate at 10−5 bit error rate (BER). In [2], Carasino et al. generalized

the detection algorithm to two rows. Their detector considers output from two rows at

a time over two adjacent columns. Soft decision feedback is also employed to further

improve the estimation of the grain states. Considering more grain and data states,

the two row BCJR outperforms the one row BCJR in [58]. Moreover, the iterative

exchange of soft information is employed to further improve the performance.

These detection techniques are multi-track rather than 2D, and consequently are

not able to fully exploit the 2D nature of the channel. As opposed to conventional

systems where signal processing algorithms operate on a single track of data, large

performance improvements are achieved by processing read-back data as 2D array.

This chapter presents a novel 2D detection technique using the GBP detector [11,43].

In this chapter, the factor graph [42] interpretation of the 2D detection problem

is provided for granular tiling model. The variables and factor nodes are specified

and formulated for the 2D detection. Then, we applied GBP to operate on the

constructed factor graph. Moreover, based on the GBP detector performance, a

numerical lower bound on the symmetric information rate (SIR) of the granular tiling
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model is provided.

5.2. Channel model

In this chapter, we adapt a simple granular tiling model for the channel model intro-

duced in [1,2,58]. In this model, four possible types of rectangular tiles are considered

to cover the whole medium where each tile represents a grain. The grain sizes are

1 × 1, 2 × 1, 1 × 2 and 2 × 2 relative to one channel bit to be of 1 × 1 grain size.

Fig. 5.1 shows the four grain types. The 1× 1 subgrains are labeled from A-I called

grain states [2] which are used in the state definition in detection. The arrangement

of prototiles on a medium is unknown to the reader, thus the reader naively assumes

that the medium is composed of 1x1 prototiles only. The channel bits are assumed

to be written in a raster-scan fashion from left to right and top to bottom. Since the

track-width (channel bit length) can be smaller than the grain size, it is possible for

a grain to be overwritten several times before the final polarization remains. In this

model, the channel bits written on the grain states A, C, E and I dominate the final

polarization of their grains. We denote SD = {A,C,E, I} as the set of “dominant

states” and SE = {B,D, F,G,H} as the set of “erased states” since the values writ-

ten on these channel bits are erased and overwritten. To put the write process in a

rigorous form, we define the write function, φ, as

yi,j = φ(X, si,j) =


xi,j, si,j ∈ SD

xi+1,j, si,j ∈ {B,H}
xi,j+1, si,j ∈ {D,G}
xi+1,j+1, si,j = F.

where X is the input data array, yi,j and si,j are the readback and grain state of the

channel bit (i, j), respectively.

We consider a random realization of a medium with area N ×M channel bits,

where M and N are large. Let us suppose that within this realization of the medium,

there are N1, N2, N3 and N4 tiles of sizes 1× 1, 2× 1, 1× 2 and 2× 2, respectively.



72

A 
B 

C 
D E 

F 

G 

H 

I 

𝑁1 𝑁2 𝑁3 𝑁4 

𝑝1 𝑝2 𝑝3 𝑝4 

Figure 5.1. The discrete grain model with 4 sizes of 1×1, 2×1, 1×2 and 2×2, the
probability of occurrence of the tiles and the total number of tiles of each size [1, 2].

For large N and M , we have

NM = N1 + 2N2 + 2N3 + 4N4. (5.1)

The probabilities of occurrence of 1 × 1, 2 × 1, 1 × 2 and 2 × 2 tiles are denoted by

p1, p2, p3 and p4, respectively and are defined as

pi =
Ni

N1 +N2 +N3 +N4

(5.2)

where i ∈ {1, 2, 3, 4}. The density in channel bits per grain is defined as

D = p1 + 2p2 + 2p3 + 4p4. (5.3)

We assume D = 2, similarly to [1, 2, 58]. The probability of occurrence of 2 × 1

and 1 × 2 tiles is assumed to be equal (symmetry condition p2 = p3). By choosing

p2 ∈ [0, 0.5], it can be easily seen that the occurrence probabilities, pi, i ∈ {1, 2, 3, 4},

are obtained from (5.3) and the fact that
∑4

i=1 pi = 1. Assuming large M and N ,

Ni, i ∈ {1, 2, 3, 4} can be approximated by solving the system of linear equations of

(5.1) and (5.2).

Fig. 5.1 demonstrates that any channel bit (1×1 subgrain) takes on one of the nine

states A-I. We now define the grain state probability for a single channel bit based

on occurrence probability of the tiles which helps us compute the state probabilities

for 2 × 2 channel bits. The grain states probabilities are necessary in detection to

compute the regional probability in GBP described in Section 5.3.2. Let S denote the
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grain state of a single channel bit and P (S = s) = ps as the grain state probability

which is calculated as

ps =
N (S = s)

N ×M
(5.4)

where s ∈ {A,B, .., I} and N (S = s) denotes the number of channel bits with state

s in the medium. Clearly,

N (S = A) = N1,

N (S = B) = N (S = C) = N2,

N (S = D) = N (S = E) = N3,

N (S = F ) = N (S = G) = N (S = H) = N (S = I) = N4,

and the state probabilities can be calculated using (5.4).

5.3. Detection for Rectangular-Grain Model

Let X = [xi,j] and Y = [yi,j] with xi,j, yi,j ∈ {0, 1} be the input and the readback

channel bits, respectively in anN×M channel bit medium. The input, xi,j, is assumed

to be independent and identically distributed (i.i.d.), equiprobable binary random

variable. The optimal maximum a posteriori (MAP) detector calculates the joint

conditional a posteriori probabilities P(X|Y). Since the input bits are independent,

we have

P(X|Y) =
N∏
i=1

M∏
j=1

P(xi,j|Y) (5.5)

P(xi,j|Y) =
∑
s

P(xi,j|Y, Si,j = s)P(Si,j = s|Y) (5.6)
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where s ∈ {A,B, .., I} and Si,j denotes the grain state of channel bit (i, j). Moreover,

P(xi,j|Y, Si,j = s) only depends on yi,j, which is

P(xi,j|Y, Si,j = s) = P(xi,j|yi,j, Si,j = s)

=


1
2

s ∈ SE

1 xi,j = yi,j, s ∈ SD

0 xi,j 6= yi,j, s ∈ SD.

Now, (5.6) can be rewritten as follows

P(xi,j = yi,j|Y) =
1

2
× P(Si,j ∈ SE|Y) + 1× P(Si,j ∈ SD|Y),

P(xi,j 6= yi,j|Y) =
1

2
× P(Si,j ∈ SE|Y).

This shows that in order to calculate P(xi,j|Y), it is sufficient to obtain P(Si,j ∈

SE|Y) = 1− P(Si,j ∈ SD|Y). Therefore, the detection problem is reduced to finding

the erasure probabilities for all the bits.

5.3.1. Factor Graph Interpretation of Detection

Finding MAP solution for P(Si,j|Y) is intractable for the large N and M , therefore

approximate inference methods such as message passing algorithms are employed. As

an intermediate tool for message passing algorithms, the factor graph [42] representa-

tion of the channel model used in detection is shown in Fig. 5.2. The variable nodes

are shown as circles referring to grain state of the channel bit and the factor nodes

are depicted as squares expressing the local dependencies of the grain states. A factor

node represents a function of the variable nodes which are connected to it. Fig. 5.2

demonstrates the fact that the grain state of a channel bit directly depends on its

neighboring grain states since the largest grain size is 2 × 2. Every factor node is

connected to a 2× 2 channel bit region. Each variable node can accept 9 grain states

(A-I), however, in a 2× 2 channel bit region, there are only 393 possible grain states

out of the total 94 grain states. Let region R represent a 2×2 channel bit region. We
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Figure 5.2. The factor graph representation of the channel model used in detection
and corresponding regions in GBP.

denote YR as the read-back bits and SR as the grain state of region R. For the factor

graph representation of the detection problem, P(SR|YR) is the factor node function

connected to the variable nodes of region R.

Using the Bayes’ rule,

P(SR|YR) =
P(YR|SR)P(SR)

P(YR)
∝ P(YR|SR)P(SR) (5.7)

Since YR is given, P(YR) can just be considered as the normalization factor.

5.3.1.1. Calculating Grain State Probabilities P(SR)

As it is mentioned, there are 393 possible grain states in a 2 × 2 region. Here,

we compute the probability of the grain states based on ps, s ∈ {A,B, .., I} given in

Section 5.2. For simplicity, let SR be [S1,1, S1,2, S2,1, S2,2] and let s = [s1,1, s1,2, s2,1, s2,2]

be one of the possible grain states in a 2× 2 region. Using the chain rule, we have

P(SR = s) = P(S1,1 = s1,1)P(S1,2 = s1,2|S1,1 = s1,1)

.P(S2,1 = s2,1|S1,2 = s1,2, S1,1 = s1,1) (5.8)

.P(S2,2 = s2,2|S2,1 = s2,1, S1,2 = s1,2, S1,1 = s1,1)

To make the problem clear, the probability calculation is explained through an exam-

ple. Based on (5.8), the probability of grain state P(SR = [A,D, F,H]) is calculated
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as follows:

P(SR = [A,D, F ,H]) = P(S1,1 = A)P(S1,2 = D|S1,1 = A)

.P(S2,1 = F |S1,1 = A, S1,2 = D)

.P(S2,2 = H|S1,1 = A, S1,2 = D,S2,1 = F )

where P(S1,1 = A) = pA which is calculated in (5.4). Then,

P(S1,2 = D|S1,1 = A) = P(S1,2 = D|S1,2 /∈ {E,H, I})

=
P(S1,2 = D,S1,2 /∈ {E,H, I})

P(S1,2 /∈ {E,H, I})

=
P(S1,2 = D)

P(S1,2 /∈ {E,H, I})
=

pD
1− pE − pH − pI

Similarly, we have

P(S2,1 = F |S1,1 = A, S1,2 = D)

= P(S2,1 = F |S2,1 /∈ {C,G, I}) =
P(S2,1 = F )

P(S1,2 /∈ {C,G, I})

=
pF

1− pC − pG − pI
,

and

P(S2,2 = H|S1,1 = A, S1,2 = D,S2,1 = F )

= P(S2,2 = H|S2,1 = F ) = 1.

The probabilities of all the 393 possible grain states, P(SR), are obtained in a

similar manner and stored.

5.3.1.2. Calculating P(YR|SR)

The calculation of P(YR|SR) is demonstrated through three examples.

1.

P(YR = [1, 1, 0, 1]|SR = [A,D, F,H]) = 0
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since it violates the invariant nature of a grain polarization which means that

the readback value of the channel bits of one grain must be the same.

2.

P(YR =[1, 0, 1, 1]|SR = [A,D, F,H])

=P(Y1,1 = 1|S1,1 = A)P(Y1,2 = 0|S1,2 = D)

.P(Y2,1 = 1, Y2,2 = 1|S2,1 = F, S2,2 = H)

=P(X1,1 = 1)P(X1,3 = 0)P(X3,2 = 1)

=
1

2
.
1

2
.
1

2
=

1

8

3.

P(YR =[1, 1, 1, 1]|SR = [F,H,G, I]) = P(X2,2 = 1) =
1

2

The conditional probabilities, P(YR|SR), are calculated and stored in a 16× 393

array since there are 16 data states in YR and 393 grain states in SR.

5.3.2. GBP-based Detection of Rectangular-Grain Model

One of the important aspects of factor graphs is the application of message passing

algorithms, which efficiently computes all the marginal probabilities of the individual

variables of the factor nodes. In message passing algorithms such as belief propagation

(BP) and GBP messages are sent from node to node in order to compute marginal a

posteriori probabilities of each node. Belief propagation is derived for tree like factor

graphs and results in exact inference in these graphs. As it is shown in Fig. 5.2, there

exists many small cycles in the detection factor graph. Since the tree-like assumption

used in BP does not hold, the BP approximation is poor. To resolve this issue, GBP

algorithm is used. In this algorithm, messages are sent from regions of nodes to other

regions of nodes. GBP uses region graph method to specify regions and messages.
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As the first step in region graph method, the parent regions are defined. All the

variable nodes connected to the factor node included in the region, are included in

that region. Then, we construct a set with all parent regions, intersection of parent

regions, intersection of intersection and so on. A graphical model is then constructed

using this set. The explanation on how to choose the appropriate regions was given

by Yedidia et al. in [15]. Overlapping regions of 2× 2 channel bits are chosen as the

parent regions in our detection problem since the number of states in this region is

small enough to do exact inference and large enough to encompass small cycles in

the factor graph. The dashed squares in Fig. 5.2 represent the parent regions. The

parent to child algorithm is used for the formulation of GBP. In this message passing

algorithm, messages are only sent from parent regions to child regions. For a more

detailed explanation of GBP, the reader is referred to Chapter 2.

5.4. Numerical Results

In this section, we provide numerical results of the GBP-based detector. In order

to minimize the effect of the boundary conditions, the bits near the borders are not

considered and just the middle bits in the medium are counted for the simulations.

5.4.1. Probability of Correct Decision

As described in the previous sections, the GBP detector provides the erasure proba-

bility of the channel bits. If this probability is greater than 1
2
, the bit is considered

as an erased bit; otherwise, it is considered as a correctly transmitted bit (dominant

state). We simulated 16000 realizations of the medium for p2 ∈ [0, 0.45] with 0.05

step size. In each simulation, a medium of 14×14 channel bits is generated. Uniform

random binary input is written on the generated medium. The readback signal is

provided to the GBP detector which produces erasure probabilities for all the chan-

nel bits of the medium. Hard decision is applied to the erasure probabilities with
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Figure 5.3. GBP detector performance for p2 ∈ [0, 0.45].

threshold 1
2
. Then, a region of 2 × 2 in the middle of the 14 × 14 is selected for

performance evaluation of the GBP detection in order to avoid any boundary effect.

In the selected 4 bits, the GBP decision and the state of the channel bits (erased or

dominant) is compared. We define the GBP “probability of correct decision” as the

number of the GBP correct decisions divided by the total number of compared bits.

Fig. 5.3 shows the GBP performance over p2 ∈ [0, 0.45].

5.4.2. GBP-based SIR Estimation

In this section, the symmetric information rate (SIR) of the input data and the GBP

detector output is estimated. SIR is denoted by the information rate between input

and output while the input is uniform, independent, and identically distributed (i.i.d).

As Data Processing Inequality suggests, the post processing in GBP detector does

not increase the information, therefore, the SIR estimation between the channel input

and the GBP detector output is a lower bound on the SIR of the rectangular granular

tiling model. There are two possible cases for each bit after the detection process:

The GBP either correctly detects the bit as erased or dominant, or GBP fails and

does not detect if a bit has been erased or not. In the first case, the detector correctly
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detects if the bit is erased or not, thus the channel is modeled as a binary erasure

channel (BEC) C1 which is shown in Fig. 5.4(a). Since the number of channel bits

per grain is 2, each bit is erased with the probability 1
2
. In the second case, since the

detector does not know if the bit is erased, the erased bit either remains the same

or gets flipped from the original channel bit value with probability 1
2
. Recall that

the input data is a binary i.i.d. equiprobable random variable. The channel model

corresponding to the second case is considered as a concatenation of a binary erasure

channel and a ternary-input, binary-output channel C2 as depicted in Fig. 5.4(b).

Thus, if the GBP detector does not detect if a bit has been erased or not, the erased

bit is detected to 0 or 1 with probability 1
2
. It is easy to see that this concatenated

channel can be considered as a binary symmetric channel (BSC) with the crossover

probability 1
4

in Fig. 5.4(b).

Having modeled the channel, we are now able to estimate the SIR of the channel.

Let X = {0, 1} be the input and Y = {0, ε, 1} be the output the channel. Thus,

I(X;Y ) = H(Y )−H(Y |X) (5.9)

where H(Y ) and H(Y |X) are the entropy and conditional entropy, respectively. To

find H(Y ) and H(Y |X), we need to calculate P(y) and the conditional probabilities

P(y|x) for all x ∈ {0, 1} and y ∈ {0, ε, 1}. Let D be the event that the GBP detects

the grain state of the bit correctly and let p be the probability of occurrence of D.

That is P(D) = p and consequently, P(D̄) = 1− p where D̄ is the event of incorrect

decision. Probability of correct detection P(D) for different values of p2 is calculated

in Fig. 5.3. Then,

P(0|0) = P(0|0, D)P(D) + P(0|0, D̄)P(D̄)

=
1

2
p+

3

4
(1− p). (5.10)

Similarly,

P(1|1) = P(0|0) =
1

2
p+

3

4
(1− p),
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Figure 5.4. The channel model for the GBP detector. (a) the channel corresponding
to C1 (correct detection) (b) the channel corresponding to C2 and its equivalent binary
symmetric channel (incorrect detection).

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45
0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

p
2

B
its

/G
ra

in

 

 

GBP SIR Estimation
Lower Capacity Bound
Upper Capacity Bound

Figure 5.5. GBP-based SIR estimation of the granular tiling model for p2 ∈ [0, 0.45].
The lower and upper bounds on capacity from [3].

P(0|1) = P(1|0) =
1

4
p,

P(ε|0) = P(ε|1) =
1

2
p.

By the Total Probability Formula, P(y) for all y ∈ Y can be obtained as follows:

P(0) = P(1) =
1

2
(1− 1

2
p), P(ε) =

1

2
p.

Replacing the above equations in H(Y ) and H(Y |X) gives an estimation for the SIR.

Fig. 5.5 shows the SIR estimation of the GBP for this channel. The lower and upper

bounds on capacity derived in [3] are also shown in Fig. 5.5.
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6. Constrained Coding, Detection and Information Rate Estimation for

TDMR Voronoi Channel

In this chapter, we propose 2D detection for constrained and unconstrained input for

TDMR systems using generalized belief propagation (GBP) algorithm. Furthermore,

the Mutual Information Rate (MIR) is estimated for TDMR Voronoi read channel

model. Lower and upper bounds on the MIR are obtained using the GBP algorithm.

The dominant component of noise in TDMR caused by the imperfections of the

medium is called “media noise”. The nature of the media noise is data-dependent,

however, the media noise can be closely approximated by additive white Gaussian

noise (AWGN) with variance and mean dependent on channel bits written on the

magnetic medium. Since the main source of media noise in the TDMR channel is

the boundary distortion of the bit area which is manifested in presence of transitions

of the input data, the constraints utilized for TDMR systems limit the number of

transitions in the input patterns. Such 2D constraints result in an order of magnitude

improvement in the bit error rate (BER). This improvement is demonstrated on

TDMR systems with realistic grain, bit, track and head dimensions. However, BER

is not a proper figure of merit to compare various input distributions for a fixed

channel since the rate loss due to using constrained input is not accounted for. On

the other hand, computing the MIR for different input distributions can serve as the

ultimate measure of the achievable storage densities. Finally, the bit aspect ratio of

a TDMR system is optimized by maximizing the MIR per unit area.

6.1. Introduction

The irregular boundaries of the magnetic grains and randomness of the grain shapes

are the main source of noise [10]. These harmful properties of such a storage system
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necessitate utilizing a 2D constrained coding in order to improve the system perfor-

mance. The main idea is to store only patterns that will not be distorted significantly

by the TDMR channel, or, equivalently, to use only those patterns that are benefi-

cial for the detection process. Two-dimensional constraints are imposed locally and

given by a set of forbidden input data patterns in the bit neighborhood. The effect

of constrained coding is a reduced state space of a detector and, ultimately, better

detection performance which results from more distinguishable read-back signals (in

the spirit of [17]). However, a system must be designed carefully so that the rate

loss incurred by a 2D constraint does not offset the detector performance gain due to

more distinguishable read-back signals.

In this chapter, we address the challenging problem of finding a trade off between

the 2D constraint rate loss and the detector performance gain. We propose a joint

constrained coding/detection which performs a sub-optimal decoding on the graphi-

cal model by combining the constraints introduced by constrained code and the ISI

channel. This joint scheme is based on the GBP algorithm [15] or more precisely the

noise-predictive GBP discussed in [56] and [43].

As a completely different avenue to evaluate the system performance, we estimate

the Mutual Information Rate (MIR) as the natural optimization criterion of TDMR

detection as it provides a measure for achievable user storage density. The capacity

of a system can serve as the ultimate performance benchmark for channel coding and

detection methods indicating the achievable storage densities. Therefore, the MIR

as a lower bound on the channel capacity, can be used for achieving this purpose.

In [59], the MIR is computed for one-dimensional (1D) AWGN channel with memory

by using the forward recursion BCJR algorithm. It is shown that the MIR can be

accurately computed using Monte Carlo methods [60]. In [16], Shental et al. utilized

the GPB algorithm [15] for detection and the MIR estimation of 2D AWGN channels

with memory using Monte Carlo methods. In this chapter, we estimate the MIR for

the Voronoi channel with 2D ISI for constrained and unconstrained uniform input
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using the GBP algorithm [16,33].

Due to irregularities of the medium captured in the Voronoi model ( [10, 21]),

the noise statistic of the Voronoi channel model with 2D ISI is investigated for the

MIR estimation. We model the noise distribution of the Voronoi channel with the

Gaussian distribution with mean and variance dependent on input data written on

the magnetic medium. In this chapter, the MIR of the TDMR Voronoi channel model

is computed for constrained and unconstrained uniform binary input using the GBP

algorithm. We note that the TDMR channel is symmetric and any input distribution

which maximizes the MIR must be uniform on all the acceptable input patterns.

Since media noise is caused due to input data transitions, the constraints utilized for

TDMR systems limit the number of transitions in the input patterns. By imposing

restrictions on 2D input patterns results in an order of magnitude improvement in

the bit error rate. However, using BER as the optimizing criterion, the constraint

code rate must be compensated in the bit aspect ratio in order for the comparison

to be fair. Therefore, BER is not a proper figure of merit to compare various input

distributions for a fixed channel. On the other hand, the computed the MIR for

different input distributions and bit aspect ratios can be easily translated to amount

of reliably transmitted bits per magnetic grain and areal density gains.

Lower and upper bounds on the MIR of the Voronoi channel are obtained. We

illustrate that the lower and upper bounds merge to the MIR value as the size of the

magnetic medium becomes large enough. Furthermore, the bit-aspect ratio which

defines the dimensions of a bit in a TDMR system, is optimized by maximizing the

mutual information rate per unit area [61].

6.2. System Model

In this section, we introduce a read channel model utilized in the TDMR systems. In

the model, the input alphabet (channel bits alphabet) is M = {−1,+1} where, −1
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Figure 6.1. The block diagram of the TDMR system includes constrained encoder,
read channel and joint detector/constrained decoder. Prior to being written to the
channel, user data is first encoded by a constrained code in which occurrence of
harmful patterns is forbidden or suppressed (constrained encoding).

and +1 represent the binary bits 0 and 1, respectively. Let x = [xi,j] ∈ {−1,+1}M×N

be the channel input array written on an M ×N medium. Channel bits are written

on the magnetic medium modeled by the Voronoi model [10] in which each grain is

represented by a Voronoi region. The magnetic reader is utilized to read information

on the medium, and produces symbols from the output alphabet Y = R. We denote

y = [yi,j ] ∈ RM×N be an array of noisy read-back signal samples. The channel’s input

and output are given to the 2D GBP algorithm for detection or the MIR estimation

of the channel.

Figure 6.1 provides a block diagram of the TDMR system used in this chapter.

The constrained encoder block is optional and is used for constrained input systems.

The constrained encoder encodes the information bits by a constrained code (low-pass

constraints in this chapter) and written on the magnetic medium. The reader output

is sent to the GBP algorithm for detection or MIR estimation. The GBP algorithm is

discussed in Chapter 2. In the following, we introduce the details of the read channel

model.

6.2.1. Voronoi Read Channel Model

The read channel model consists of three components: (i) the recording medium, (ii)

the write process, and (iii) the read process. For the sake of completeness, we provide

the essential details of these processes.
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Figure 6.2. Magnetization of the medium using the Voronoi model with TW = 30
nm , BL = 15 nm and CTC = 10 nm. The bit areas are specified by white horizontal
and vertical lines.

6.2.1.1. Recording Medium

The Voronoi model is used to simulate the grains’ irregularities. A grain is considered

as the smallest region that is uniformly magnetized. Every Voronoi region (tile)

represents a grain of the recording medium. In order to construct a Voronoi tiling

on a 2D (Euclidean) plane, let C be the set of grain centers. The grain centers are

the unique representatives of each region. The Voronoi region of a grain center c ∈ C

is defined as the set of points closer to c than to any other grain center in C. We

generate grain centers with Poisson-disk distribution with the boundary sampling

described in [62]. In this method, the grain centers are not allowed to be closer than

a predefined parameter r and there is at least one grain center at a distance r for

every grain center. The parameter r determines the distribution of the grain size.

Figure 6.2 shows an instance of the 90nm× 90nm magnetic medium generated using

this model. The black and gray colors correspond to two different magnetization

polarities. The length of the bit area in the down-track dimension is denoted by the

bit-length (BL) and the width of the bit area in the cross-track dimension is denoted

by the track-width (TW ) (as specified in Fig. 6.2). The parameter r is referred to as

“center to center” (CTC) parameter for the rest of the chapter.
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6.2.1.2. Write Process

During the write process, the write-head magnetizes bit areas and channel bits are

written on the magnetic recording medium. To simplify the discussion in this section,

we define an ideal medium in which the grains are rectangular and of equal size. Thus

the magnetization of a bit in an ideal medium results in perfect polarization of the

bit area. In order to put the write process of the ideal medium in a rigorous form, we

define the ideal input signal x(t) by the form

x(t1, t2) =
∑
i

∑
j

xi,jΠTW (t1 − i× TW )ΠBL(t2 − j ×BL),

where

ΠT (t) =

{
1 0 ≤ t < T
0 Otherwise

and xi,j is the channel bit which is written on the (i, j)th bit. By passing the

write-head over each track of the magnetic medium, the polarization of grains change

according to the values of xi,j.

Non-ideal medium, however, consists of irregular grains. The write process of the

TDMR system does not have any prior knowledge of the positions nor shapes of non-

ideal grains. Therefore, the write head simply assumes that the medium is ideal and

attempts to write in the ideal grain areas. The grains whose centers are within the

ideal bit areas are magnetized with the polarization of that channel bit. In TDMR,

the grain size and the bit area are comparable. Thus, there is a possibility of having

no grain centers in the bit area resulting in loss channel bits. This is the reason of

using low-pass constrained codes in order to minimize this loss.

6.2.1.3. Read Process

In this chapter, we do not consider equalization. However, the read-head impulse

response can be considered as an equalized 2D generalized partial response target.
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We assume the read-head response, h(t1, t2), to be a truncated 2D Gaussian pulse

which spans 3 × 3 bit areas [10, 16]. The read-head output samples are obtained

by convolving the magnetization of the recording medium with the 2D read-head

response and then sampling the resulting signal at the centers of the bit areas. We

denote PW50 as the width of Gaussian pulse when it reaches half of the maximum

value in the down-track dimension. Similarly, TW50 denotes the pulse width when the

reader response reaches half of the maximum value in the cross-track dimension. Let

si,j ∈ R be the noiseless read-back signal samples which denotes the reader output

for the case of the ideal medium, and yi,j ∈ R be the noisy read-back signal samples

for bit (i, j) for the case of non-ideal medium. The ideal read-back signal, si,j, can be

written as:

si,j =
+1∑

k1=−1

+1∑
k2=−1

hk1,k2xi−k1,j−k2 (6.1)

where

hk1,k2 =
x

Ak1,k2

h(τ1, τ2)dτ1dτ2 (6.2)

where Ak1,k2 is the rectangular area covering the area of bit (k1, k2). The non-ideal

read-back samples is as follows

yi,j = si,j + ni,j (6.3)

where ni,j denotes the media noise component for bit (i, j). The “media noise” is

defined as the change in reader output samples between the ideal and non-ideal case.

This noise depends on three parameters.

(i) The distortion of the bit area: As it is shown in Fig. 6.2, due to grain shapes

composing a bit, the bit area is distorted from the ideal rectangular shape.

(ii) The read-head impulse response: Since the 2D magnetization signal is con-

volved by the read-head impulse response, the media noise is colored and its power

is dependent on the reader impulse response.
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Figure 6.3. The media noise distribution p(yi,j|x) for different states of x. The black
and white squares correspond to -1 and 1 channel bits, respectively. More transitions
result in wider distribution interpreted as more media noise.

(iii) Input data: In this read channel model, It is clear that consecutive transitions

in the value of the neighboring bits is the main reason of media noise. If the input

message is all zero or all one, there is no media noise generated in the channel model

regardless of the bit areas and the read-head impulse response.

6.2.2. Noise Statistics of the Voronoi Channel

In this section, we discuss about the statistics of the media noise for the Voronoi

channel model. The reader output for the case of the non-ideal magnetic medium is

obtained by convolving the polarization of the non-ideal magnetic medium with the

impulse response of the read-head and sampling at the ideal bit area centers. In order

to model the effects of irregular boundaries of the magnetic medium, we define the

media noise ni,j as an additive noise.

The main part of the media noise is caused due to imperfections of the borders of

the bit areas. If two neighboring bits have the same polarization, there is no media

noise caused from that border. As a result, the media noise is data-dependent and



90

since the span of the read-head impulse response is 3× 3, ni,j is dependent on a 3× 3

span of input data, where (i, j) is the coordinate location of the center bit of a region

of 3 × 3. The distribution of the media noise is dependent on the input data in the

3× 3 span resulting in 29 different noise distributions.

We denote xCi,j
= {xk,l|(k, l) ∈ Ci,j} by the channel bits in Ci,j where Ci,j is

denoted by the 3× 3 bit region centering bit (i, j) which contributes to the read-back

signal sample yi,j. As shown in Fig. 6.3, we determine the probability distribution

of the media noise for different input patterns. The dashed red curves show the dis-

tribution of the input data with inverse polarity resulting in symmetric distributions

over the y-axis. As the number of transitions in the neighboring bits of 3× 3 region

increases the media noise also increases. Based on extensive simulations, the media

noise distribution is shown to be close to Gaussian distribution for the input states of

a 3× 3 bit region. Thus, we approximated the media noise distribution of each state

of input xCi,j
, i.e. each 3 × 3 bit region, with the Gaussian distribution with mean

and variance dependent on input information such that

p(yi,j|x = xCi,j
) =

1√
2πσ2

xCi,j

exp

(
−

(yi,j − si,j −mxCi,j
)2

2σxCi,j
2

)
,

where mxCi,j
and σ2

xCi,j
are the mean and variance of the media noise for the 3 × 3

input states of xCi,j
.

6.3. Constrained codes

The complex nonlinear interactions among bits and grains during the writing process

are handled by the constrained code. These constraints are imposed locally and given

by a set of permissible input data patterns in the neighborhood Cij. The effect of

constrained coding is reducing the state space in the graphical model. Since the

constraints in constrained codes are defined locally within 3 × 3 span which is the

same as the reader response, they can be embedded in the ISI channel constraints
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of detection. The a priori probabilities of the ISI constraints for all the forbidden

patterns are set to zero. Therefore, without adding any computational complexity,

GBP can be used for joint constrained decoding/detection.

The constraints utilized in this chapter are motivated by the work on 2D con-

straints by Ashley and Marcus [63] and referred to as 2D low-pass constraints. These

constraints eliminate bit-patterns with large high-frequency components and conse-

quently reduce the media noise. The 2D low-pass constraints can be also viewed as a

generalization of Moon and Brickner’s maximum transition run (MTR) constraints,

which limit the maximum run of transitions in one dimension [45].

To facilitate incorporating the constraint into a graphical model on which the GBP

operates, we define the constraints using local indicator functions. This representation

turns out to be also convenient for the capacity calculation.

2D Low-Pass Constraints

Let C ⊆ {−1,+1}M×N be a set of all admissible M × N patterns. We define an

indicator function as:

f(x) =

{
1, x ∈ C

0, x /∈ C

where x is a random input pattern.

Consider a set of cells a in the neighborhood Cij of the cell (i, j). Let xa be a 2D

input pattern indexed by the elements of a, and let fa(xa) be the indicator function of

xa. fa is referred to as a local constraint. The indices a may correspond, for example,

to the set of all the three adjacent bits in the horizontal and vertical directions.

The indicator function of the M×N pattern is the product of all local constraints

f(x) =
∏
a

fa(xa) (6.4)
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Here, we introduce five (1D and 2D) constraints which can be applied in TDMR

systems with different parameters:

1) C1D: This constraint forbids the occurrence of two consecutive transitions.

It involves any triplets of consecutive bits (xi, xi+1, xi+2) in down-track direction at

positions a = (i, i+ 1, i+ 1) in the following way.

fa(xi, xi+1, xi+2) =

{
0, if xi = xi+2 6= xi+1

1, else,

The forbidden patterns for the local kernel of this constraint is the pattern in Fig.

6.4(a) and its bitwise complement.

2) C12D: We consider the generalization of the C1D to two dimensions. Thus, we

extend the C1D constraint to the cross-track direction. The only difference is that

the index i will represent the cross-track direction too. The forbidden patterns for

the local kernel of this constraint are the patterns in Fig. 6.4(b) and its bitwise

complement.

3) C22D: Here we prohibit the input patterns which generate the highest media

noise for the 2D inputs which is a 1 surrounded by −1s and a −1 surrounded by 1s.

This constraint is known as the “no isolated bit” (NIB) constraint [32]. The local

constraint for bit (i, j) of the code is given as

fa(xi,j−1, xi−1,j, xi,j, xi+1,j, xi,j+1) =

{
0, if xi−1,j = xi+1,j = xi,j−1 = xi,j+1 6= xi,j

1, else,

where (i,j) are the indices of the the input bit in down-track and cross-track, respec-

tively. The forbidden patterns for the local kernel of this constraint is the pattern

depicted in Fig. 6.4(c) and its bitwise complement.

4) C32D: This constraint is defined on the same span as C22D. The patterns in which

there exist more than two (three and four) transitions in the neighboring bits are

prohibited. We define two bits as neighbors when they share an edge. Note that
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(a) (b) (c)

(d)

(e)

Figure 6.4. Forbidden pattern for the low-pass constraints a) C1D b) C12D c) C22D d)
C32D e) C42D. (Note that their bitwise complements are also forbidden)

C22D can be defined in the same manner in which the patterns with more than three

transitions in the neighboring bits are prohibited. The forbidden patterns for the local

kernel of this constraint are the patterns in Fig. 6.4(d) and their bitwise complement.

5) C42D: Since track-width is usually larger than bit-length, low-pass constraints are

more needed in down-track direction rather than cross-track direction. Therefore, this

constraint is defined in a manner where the restrictions are more strict in down-track

direction. The patterns in which there exist two consecutive transitions in the down-

track direction are not allowed and the patterns with two consecutive transitions in

cross-track direction and one transition in the down-track direction are also forbidden.

The forbidden patterns for the local kernel of this constraint are the patterns in Fig.

6.4(e) and their bitwise complement.

It is worth noting that the product of local kernels in (6.4) is similar to ISI channel

constraints in (2.7) as they are both the product of some local functions. Therefore,

the GBP method can be applied here just as it is used in detection.

Using the GBP based capacity estimation, Table 6.1 shows the estimated capac-

ities of the constrained codes mentioned in the previous section. The input dimen-
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Table 6.1. The capacity of the 1D and 2D constrained codes defined in Section 6.3 using the
GBP based estimation.

C1D C12D C22D C32D C42D

0.694242 0.466326 0.923829 0.571756 0.518650

Table 6.2. The TDMR system parameters in the simulations are chosen such that the same
amount of information bit is transmitted in the comparing TDMR systems. RS-CT (RS-DT) denotes
the reader response span in cross-track (down-track) dimension. All the parameters in the table is
in nanometer.

TW BL RS-CT RS-DT TW50 PW50

TDMR1 20:1:24 23 60 48 30 20
TDMR2 20:1:24 16 60 48 30 20

TDMR3 38 11:1:15 59 32 26 25
TDMR4 20 11:1:15 59 32 26 25

TDMR5 10:1:20 7 30 21 20 14

TDMR6 10:1:20 5:0.5:10 30 15 20 10

TDMR7 10:1:20 7 30 21 20 14
TDMR8 10:1:20 7.5 30 21 20 14

sions, M ×N , are large enough such that the estimated capacities will not change by

increasing M or N . Note that the bounds on 2D constraints are generally unknown.

6.4. Performance of joint Detection/Constrained decoding

As discussed in Section 6.1, in TDMR systems, decreasing the bit size to the limits

comparable to grain size leads to a reduction of signal to noise ratio (SNR) due to

augmentation of media noise. Figure 6.3 shows that the input patterns with more

transitions in their neighboring bits contribute more to media noise. Constrained

codes are then used to increase the SNR by placing constraints on the written signal.



95

Since the main cause of media noise is a grain magnetization polarity change caused

by consecutive transitions in the input data, these constraints are basically “low-pass

constraints” which do not allow consecutive transitions to occur. Note that there

is unavoidable rate loss associated to using a constrained code. For the purpose of

comparison to an uncoded system, we assume that the bit size of a coded system is

reduced by the factor of 1/Rc, where Rc ≤ 1 is the code rate of the constrained code.

Such reduction is justifiable only if the SNR gain due to constrained coding is high

enough to have the overall performance gain. Therefore, the choice of the constrained

code is dependent to the parameters of the TDMR systems as well as the detector.

We have simulated TDMR systems with different parameters denoted by TDMRi

where 1 ≤ i ≤ 8. The parameters are listed in Table 6.2. These parameters corre-

spond to arbitrary but realistic physical values. As it is discussed, there is unavoidable

rate loss associated to using constrained codes. Therefore, the bit area of a coded

system is reduced according to the code rate of the constrained code. All the param-

eters for the compared TDMR systems are the same except the bit areas. Figures 6.5

and 6.6 show that the SNR gain due to constrained coding. Not only the rate loss of

constrained coding is compensated but an overall performance gain is also achieved.

The read-head parameters are chosen such that the ISI span does not exceed 3 × 3

bit area throughout the simulations.

Figure 6.5 shows the performance comparison of the TDMR1 and TDMR2. The

bit area has to be modified based on the rates of the codes used in each TDMR system

(see Table 6.1). TDMR1 is a constraint free system and TDMR2 is encoded by C1D.

Based on the rate of C1D (shown in table 6.1), the BL is modified accordingly in order

to compensate for the rate loss due to using constrained code. In other words

BLTDMR2

BLTDMR1

' RC1D .

In Fig. 6.5, the BER performance of the these systems is plotted as a function of



96

20 20.5 21 21.5 22 22.5 23 23.5 24
10−4

10−3

10−2

10−1

Track Width(nm)

B
E

R

 

 
TDMR

1

TDMR
2
 with C

1D
     

Figure 6.5. Comparison of TDMR1 and TDMR2. TDMR1 is constraint free and
TDMR2 is encoded by C1D

TW .

Figure 6.6 shows the comparison of TDMR3 and TDMR4. TDMR3 is constraint

free and TDMR4 is encoded by C42D. The bit area is modified based on the rate of

C42D provided in Table 6.1. In this simulation, TW is modified accordingly in order

to compensate for the rate loss due to using constrained code. In other words:

TWTDMR4

TWTDMR3

' RC42D .

In Fig. 6.6, the BER performance is plotted as a function of BL. As it is shown

in Fig. 6.5 and 6.6, using constrained code for these TDMR systems improves the

performance in terms of BER.

6.5. Computation of Information Rate for TDMR Systems

As a lower bound on the capacity of a TDMR channel, mutual information rate is

a useful measure for comparing storage capability of different TDMR systems. We

intend to estimate the MIR by using the GBP algorithm for an M × N magnetic

medium. The logarithm functions used in this section are base two unless stated
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Figure 6.6. Comparison of TDMR3 and TDMR4. TDMR3 is constraint free and
TDMR4 is encoded by C42D

otherwise. Note that, for symmetric channels, the capacity is achieved while the input

is uniform. The choice of the uniform input for the Voronoi channel is a demanding

problem which will be demonstrated in the Section 6.5.3.

6.5.1. Lower and Upper Bounds on the MIR

In this section, we obtain lower and upper bounds on the MIR for the TDMR channel

by considering two cases. The estimated MIR by the GBP algorithm is bounded by a

lower and upper bound in which the lower and upper bound merge to the MIR of the

Voronoi channel by increasing the dimensions of the magnetic medium. We investigate

the convergence rates of these bounds for different sizes of magnetic medium. In the

sequel, we explain the cases of obtaining lower and upper bounds of the MIR.

Lower bound: No information about the boundaries of the magnetic medium is

provided to the GBP MIR estimator. In order to compute the beliefs of the boundary

regions, we assume that all the states of the boundary regions are equi-probable.

Under this assumption and using the GBP algorithm as described before, we establish

a lower bound on the MIR of a TDMR system.
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Figure 6.7. Lower and upper bounds on the MIR of the TDMR5 system with the
Voronoi channel model. It is shown that increasing the track-width decreases media
noise leading to the MIR increment.

Upper bound: The boundary information of the medium is known to the MIR

estimator. In the case, for boundary regions, the values of the boundary variable

nodes are given and treated as deterministic in the GBP algorithm. For this case, we

compute an upper bound on the MIR of the Voronoi channel.

Figure 6.7 shows the MIR lower and upper bounds for 20×20 and 40×40 bit array.

The parameters of the TDMR5 system simulated for Fig. 6.7 is given in Table 6.2.

Figure 6.7 demonstrates the convergence of the MIR lower and upper bound when the

array dimensions increases. It is worth noting that in Fig. 6.7, convergence rate of

the upper bound is much faster than the lower bound. In other words, having infinite

array provides sufficient information such that the boundary bits can be considered

to be known in the MIR estimation for a large enough but finite case like 40 × 40

array.

6.5.2. MIR-Based TDMR Parameter Optimization

We define the information rate per grain as the amount of channel bits that can be

reliably stored on a single grain in average denoted by D. Let us denote ρ as the
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Figure 6.8. Finding the optimal TW and BL by maximizing information rate per
grain, D, for the TDMR6 system with the parameters provided in Table 6.2.

average number of grains per nanometer square. Then, D can be written as

D =
MIR(BL, TW )

ρ.BL.TW
(6.5)

Let us suppose that in the TDMR system, the reader and the medium parameters

are fixed. Therefore, in order to achieve the highest achievable areal density, we have

to optimize TW and BL by maximizing D. Figure 6.8 shows the optimal TW and

BL by maximizing the bit per grain for the TDMR6 system in which the parameters

are given in Table 6.2.

6.5.3. Information Rates for Constrained Systems

Constrained codes are used to increase the SNR by placing constraints on the input

patterns with more transitions. The constraint used in this subsection is the NIB

constraint. The NIB local factor is given in (6.5). The GBP-based capacity approxi-

mation of NIB constraint using (2.9) is CNIB = 0.924 which is also provided in Table

6.1. In this subsection, we have simulated two TDMR systems with different param-

eters denoted by TDMRi for i = 7, 8. The parameters are listed in Table 6.2. The
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Figure 6.9. MIR performance of the TDMR7 and TDMR8 for the constrained (NIB
constraint) and unconstrained input as a function of TW .

read-head parameters are chosen such that the ISI span does not exceed 3×3 bit area

throughout the simulations. The BL is modified accordingly in order to compensate

for the rate loss due to using constrained code. Thus, BLTDMR1/BLTDMR2 ≈ CNIB.

Figure 6.9 shows the MIR performance of the TDMR7 and TDMR8 for the con-

strained and unconstrained input as a function of TW . In lower TW , the MIR gain

of the constrained input is higher which shows that the SNR gain due to constrained

coding not only compensates for the rate loss of constrained coding but an overall

performance gain is also achieved. As TW increases, there is a cross-over point in the

MIR curves where the SNR gain due to constrained coding is the same as it’s rate

loss. As shown in Fig. 6.9, the cross-over occurs in TW = 19 nm and TW = 17 nm

for BL = 7 nm and BL = 7.5 nm, respectively. This is due to the fact that there is

more performance gain of using constrained coding for lower BL.

In Fig. 6.10, the BER performance is plotted as a function of TW for the same

set of systems as Fig. 6.9. It is clear that using constrained input improves the BER

performance for both TDMR systems, however BER comparison of the constrained

and unconstrained input for the same TDMR system is not fair since the rate loss
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Figure 6.10. BER comparison of the TDMR7 and TDMR8 for the constrained (NIB
constraint) and unconstrained input as a function of TW .

due to using constrained input can is not compensated in the unconstrained input

BER curve. Figure 6.10 shows that the BER performance gain due to constrained

coding for BL = 7 nm is higher than the BER performance gain of increasing BL

from 7 nm to 7.5 nm.
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Conclusion

Two-dimensional magnetic recording (TDMR) is one of the most promising technolo-

gies which envisions reaching areal densities up to 10 Tb/in2 in magnetic recording

systems. In order to approach to these areal densities, TDMR relies on sophisticated

two-dimensional (2D) signal processing algorithms. TDMR faces several challenges

to get closer to these areal densities. Some of the important challenges in TDMR

signal processing are 1) an accurate read channel model, 2) mitigating the effect of

inter-track interference (ITI) and inter-symbol interference (ISI) by using an equal-

izer, 3) developing 2D modulation/error correcting codes matching the TDMR chan-

nel model, 4) design of truly 2D detectors, and 5) computing the lower bounds on

capacity of TDMR channel.

In this dissertation, we tackled the aforementioned challenges. We generalized the

notion of microtrack modeling for TDMR. The 2-D Microcell model is explained in

details in Chapter 4 as an accurate and relatively simple read channel model. The

data-dependent media noise distributions are calculated for this read channel model.

Taking these distributions into account, the GBP detector is modified to match the

specific problem. Since GBP can work with cluster of nodes, it can work with locally

data dependent media noise distributions to improve the performance. We showed

that by combining the decoding of the constrained code and the ECC significant

improvement in performance can be achieved. We implemented the GBP algorithm

as the joint decoder-demodulator and showed its superior performance compared to

concatenated schemes such as reverse concatenation. Moreover, we implemented the

joint detector and ECC decoder which results in performance improvement over the

concatenated approach.

In this dissertation, the GBP detection is formulated and applied for the rectan-

gular grain model of TDMR. We showed that the data state detection can be reduced
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to grain state detection. The factor graph representation for detection and its nec-

essary formulation are provided. Then, GBP is used to compute the marginalized

probabilities of the grain states in the factor graph. Simulation results show huge

improvement in detection of the grain states which in turn result in the derivation of

a lower bound on the SIR of the granular tiling model in TDMR.

We proposed a novel GBP-based 2D detection scheme for constrained and uncon-

strained input TDMR systems. For Voronoi read channel model, the performance

improvements are shown by applying constrained codes in TDMR systems without

adding any additional complexity in detection. We introduced a new class of 2D

lowpass constrained codes properly designed for TDMR systems. The capacity of

these locally defined 1D and 2D constraints are also calculated using the GBP algo-

rithm. Furthermore, we have estimated the MIR as a lower bound on the capacity

of TDMR systems using the GBP algorithm by approximating the media noise dis-

tribution by AWGN with variance and mean dependent on information bits written

on the magnetic medium. The performance of the constrained and unconstrained

TDMR systems are evaluated in terms of MIR and BER which concludes that MIR

is a superior figure of merit for TMDR system evaluation. Moreover, a lower and

upper bound on the MIR of TDMR systems is computed, and the bit aspect ratio of

a TDMR system is optimized by maximizing MIR per unit bit area.
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