
DEVELOPMENT, ANALYSIS, AND TESTING OF ROBUST NONLINEAR GUIDANCE 
ALGORITHMS FOR SPACE APPLICATIONS 

by 

Daniel R. Wibben 

____________________________ 

A Dissertation Submitted to the Faculty of the 

DEPARTMENT OF SYSTEMS AND INDUSTRIAL ENGINEERING 

In Partial Fulfillment of the Requirements 

For the Degree of 

DOCTOR OF PHILOSOPHY 

In the Graduate College 

THE UNIVERSITY OF ARIZONA 

2015 



THE UNIVERSITY OF ARIZONA 
GRADUATE COLLEGE 

As members of the Dissertation Committee, we certify that we have read the dissertation 
prepared by Daniel Wibben, titled Development, Analysis, and Testing of Robust Nonlinear 
Guidance Algorithms for Space Applications and recommend that it be accepted as fulfilling the 
dissertation requirement for the Degree of Doctor of Philosophy. 

_______________________________________________________________________ Date: June 12, 2015
Roberto Furfaro 

_______________________________________________________________________ Date: June 12, 2015
Eric Butcher 

_______________________________________________________________________ Date: June 12, 2015
Larry Head 

_______________________________________________________________________ Date: June 12, 2015
Ruiwei Jiang 

Final approval and acceptance of this dissertation is contingent upon the candidate’s submission 
of the final copies of the dissertation to the Graduate College.   

I hereby certify that I have read this dissertation prepared under my direction and recommend 
that it be accepted as fulfilling the dissertation requirement. 

________________________________________________ Date: June 12, 2015 
Dissertation Director:  Roberto Furfaro 

2



STATEMENT BY AUTHOR 

This dissertation has been submitted in partial fulfillment of the requirements for an 
advanced degree at the University of Arizona and is deposited in the University Library to be 
made available to borrowers under rules of the Library. 

Brief quotations from this dissertation are allowable without special permission, provided 
that an accurate acknowledgement of the source is made.  Requests for permission for extended 
quotation from or reproduction of this manuscript in whole or in part may be granted by the head 
of the major department or the Dean of the Graduate College when in his or her judgment the 
proposed use of the material is in the interests of scholarship.  In all other instances, however, 
permission must be obtained from the author. 

SIGNED: Daniel R. Wibben 

3



Acknowledgements 

First, I would like to thank Dr. Roberto Furfaro for his guidance and all of the opportunities he 

has given me in my years of graduate study. With his help and patience, he has opened many 

doors and provided me with many skills and connections that will be vital throughout my life. 

Without him, I would not be able to complete this work. Secondly, I would like to thank my 

parents, Stan and Cindy, and my brother, Derek, for supporting everything I do and for making 

me the person I am today. Finally, I would like to thank my wife, Angela for her never-ending 

support and motivation. I truly could not have completed this work without her. 

4



Table of Contents 
Abstract ........................................................................................................................................... 6 

Chapter 1: Introduction .................................................................................................................... 8 

Chapter 2: Background ................................................................................................................... 11 

Chapter 3: Motivation .................................................................................................................... 17 

Chapter 4: Research Summary ....................................................................................................... 19 

Appendix A: ZEM/ZEV Optimal Sliding Guidance ......................................................................... 23 

Optimal Sliding Guidance for Landing on Small Bodies ............................................................ 24 

Optimal Sliding Guidance Algorithm for Mars Powered Descent Phase .................................. 57 

Appendix B: 𝛿𝛿𝛿𝛿/𝛿𝛿𝛿𝛿 Optimal Sliding Guidance .............................................................................. 91 

Terminal Guidance for Lunar Landing and Retargeting using a Hybrid Control Strategy ......... 92 

Appendix C: Multiple Sliding Surface Guidance .......................................................................... 127 

Asteroid Precision Landing via Multiple Sliding Surfaces Guidance Techniques .................... 128 

Terminal Multiple Surface Sliding Guidance for Planetary Landing: Development, Tuning, and 
Optimization via Reinforcement Learning .............................................................................. 146 

Appendix D: Guidance Algorithm Comparison ........................................................................... 172 

Theoretical Derivation and Analysis of Optimal Sliding Guidance for Space Applications ..... 173 

Comparison of Robust Sliding Guidance Algorithms for Space Applications ......................... 204 

References .................................................................................................................................. 220 

5



Abstract 

This work focuses on the analysis and application of various nonlinear, autonomous guidance 

algorithms that utilize sliding mode control to guarantee system stability and robustness. While 

the basis for the algorithms has previously been proposed, past efforts barely scratched the 

surface of the theoretical details and implications of these algorithms. Of the three algorithms 

that are the subject of this research, two are directly derived from optimal control theory and 

augmented using sliding mode control. Analysis of the derivation of these algorithms has shown 

that they are two different representations of the same result, one of which uses a simple error 

state model (Δ𝑟𝑟/Δ𝑣𝑣) and the other uses definitions of the zero-effort miss and zero-effort 

velocity (ZEM/ZEV) values. By investigating the dynamics of the defined sliding surfaces and their 

impact on the overall system, many implications have been deduced regarding the behavior of 

these systems which are noted to feature time-varying sliding modes. A formal finite time 

stability analysis has also been performed to theoretically demonstrate that the algorithms 

globally stabilize the system in finite time in the presence of perturbations and unmodeled 

dynamics. 

The third algorithm that has been subject to analysis is derived from a direct application of 

higher-order sliding mode control and Lyapunov stability analysis without consideration of 

optimal control theory and has been named the Multiple Sliding Surface Guidance (MSSG). Via 

use of reinforcement learning methods an optimal set of gains has been found that make the 

guidance perform similarly to an open-loop optimal solution. Careful side-by-side inspection of 

the MSSG and Optimal Sliding Guidance (OSG) algorithms has shown some striking similarities. A 
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detailed comparison of the algorithms has demonstrated that though they are nearly 

indistinguishable at first glance, there are some key differences between the two algorithms and 

they are indeed not identical. 

Finally, this work has a large focus on the application of these various algorithms to a large 

number of space based applications. These include applications to powered-terminal descent 

for landing on planetary bodies such as the moon and Mars and to proximity operations 

(landing, hovering, or maneuvering) about small bodies such as an asteroid or a comet. Further 

extensions of these algorithms have allowed for adaptation of a hybrid control strategy for 

planetary landing, and the combined modeling and simultaneous control of both the vehicle’s 

position and orientation implemented within a full six degree-of-freedom spacecraft simulation. 
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CHAPTER 1 INTRODUCTION 

Over the past two decades, advancements in non-linear control theory have brought 

about innovative and more robust guidance laws for aerospace vehicles. For example, 

Yanushevsky et al. [1,2] showed that a Lyapunov-based approach can be effectively 

employed to determine a guidance law that yields superior performance in missile 

targeting when compared to the more conventional Proportional Navigation (PN) 

guidance law. Moreover, sliding control theory has been applied to design robust missile 

guidance algorithms and autopilots. In particular, sliding control methods have emerged 

as interesting techniques that can be applied to develop robust missile autopilots [3, 4], 

as well as guidance algorithms [5, 6]. Furfaro et al. [7] recently proposed a set of non-

linear guidance algorithms based on recent advancements of sliding control theory. 

In parallel, current and future robotic spacecraft missions are investigating more 

advanced on-board guidance, navigation, and control (GN&C) systems that will not only 

provide more autonomy, but also better accuracy and precision than previous concepts. 

In particular, there has been a recent increase interest in the development of robotic 

missions to small bodies including comets and Near Earth Asteroids (NEAs). One such 

mission, the OSIRIS-REx sample return mission, has been selected as part of NASA’s New 

Frontier program and will be launching in 2016 to travel to asteroid Bennu (previously 

known as 1999 RQ36), with an arrival scheduled in late 2018. After performing a series 

of close-proximity mapping operations for approximately 18 months in order to develop 

a good understanding of the asteroid, the spacecraft will descend toward the surface to 
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capture a sample to return safely to Earth by mid-2023 [8]. Another mission, ESA’s 

Rosetta recently arrived at comet 67P/Churyumov-Gerasimenko and successfully 

deployed the Philae lander to the comet’s surface [9]. Both of these missions have a 

large focus on a series of detailed and challenging close-proximity operations and 

descent maneuvers in order to meet mission requirements. The current approach for 

both missions rely heavily on human-in-the-loop and require significant staffing.  

Other future missions are looking to require ‘pinpoint’ accuracy for landing on 

planetary bodies. Mars in particular is of extreme interest to the community as various 

regions of the planet are being explored, higher and higher levels of precision are being 

required in order to safely land the vehicle near the desired target, possible to within 

10s of meters. For comparison, the recent Mars Science Laboratory (MSL) mission was 

designed to deliver the rover to the Martian surface within 10km accuracy using the ‘Sky 

Crane’ system [10]. 

In order to achieve these goals, new GN&C alternatives may be useful. In particular, 

the focus needs to be on solutions that can not only provide unprecedented levels of 

accuracy and precision, but are also robust to unknown perturbations or disturbances 

such that autonomous operations can be used reliably. As such, the focus of this 

research work is on a set of guidance algorithms that can be used for a variety of space 

applications, and the theoretical basis and behavior of the presented algorithms.  

Specifically, this work will focus on the development, analysis, and testing of three 

different guidance algorithms. The first two have their origins in optimal control theory, 

and are subsequently augmented using sliding mode control methods in order to 
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provide a more robust solution, while still providing near optimal performance. Much of 

the analysis done in this work will focus on the application of these algorithms and the 

similarities and differences between the two. These two algorithms, both of which are 

named Optimal Sliding Guidance (OSG) algorithms used different formulations of state 

variables in their definition. The first uses terms labeled as Zero-Effort-Miss (ZEM) and 

Zero-Effort-Velocity (ZEV), which define the position and velocity errors seen by the 

vehicle compared to the desired target position and velocity if no acceleration (‘zero-

effort’) was given between the current time and the final time to reach the target. The 

second formulation uses a simple error model in the state dynamics and considers the 

difference between the current and target position, 𝜹𝜹𝑟𝑟, and the difference between the 

current and final velocity, 𝜹𝜹𝒗𝒗.  

The final algorithm instead uses a Lyapunov-based approach and results from Higher 

Order Sliding Mode (HOSM) control theory to provide an algorithm that guarantees 

system stability but does not directly regard optimality. This algorithm at its core uses 

two intertwined sliding surface vectors to successfully reach the desired target. This 

algorithm has been named the Multiple Sliding Surface Guidance (MSSG) algorithm. 
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CHAPTER 2 BACKGROUND 

The traditional approach for guidance algorithm development for space applications 

dates back to the Apollo era, where the Apollo guidance algorithms accomplished the 

mission of delivering men to the moon and safely back to Earth. As such, they are widely 

considered for future mission architectures and as the basis for future development of 

spacecraft guidance, specifically for the problem of planetary landing.  

The approach used for the Apollo terminal landing guidance is as follows. The 

algorithm consists of two elements: an iterative, off-line reference trajectory generation 

algorithm, and a real-time linear guidance algorithm. An overview of the Apollo 

reference trajectory and landing phase is shown in Fig. 1. 

 

Figure 1   Apollo Landing Guidance Design 

The reference trajectory is defined as the desired position and velocity state of the 

vehicle during its final descent to the landing site, in terms of the time-to-go until 
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touchdown. In an ideal scenario, the vehicle should follow the reference trajectory 

exactly. For the Apollo missions, this trajectory was designed pre-mission on the ground 

and then loaded on to the vehicle. It was designed specifically as a 4th order Taylor 

polynomial expansion from the desired target point on the lunar surface. A 4th order 

expansion was chosen such that the problem was defined as a two-point boundary 

value problem with five degrees of freedom [11]. As such the reference trajectory 

polynomial is defined as: 

𝑹𝑹𝑹𝑹𝑹𝑹 = 𝑹𝑹𝑹𝑹𝑹𝑹 + 𝑽𝑽𝑹𝑹𝑹𝑹 𝑇𝑇 + 𝑨𝑨𝑹𝑹𝑹𝑹
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where 𝑇𝑇 < 0 is the time remaining until touchdown at 𝑇𝑇 = 0, 𝑹𝑹𝑹𝑹𝑹𝑹 is the position 

vector at time 𝑇𝑇, and 𝑹𝑹𝑹𝑹𝑹𝑹,𝑽𝑽𝑹𝑹𝑹𝑹,𝑨𝑨𝑹𝑹𝑹𝑹, 𝑱𝑱𝑹𝑹𝑹𝑹, and 𝑺𝑺𝑹𝑹𝑹𝑹 are the targeted position, velocity, 

acceleration, jerk, and snap defined on the reference trajectory in a coordinate system 

defined with origin at the desired landing site.  

The second element, the closed-loop, real-time guidance command which was used 

to generate the thrust commands necessary in order to fly the designed reference 

trajectory [11, 12, 13]. The commanded acceleration vector, 𝑨𝑨𝑨𝑨𝑹𝑹, is defined in a 

feedback form as follows: 

𝑨𝑨𝑨𝑨𝑹𝑹 = 𝑨𝑨𝑹𝑹𝑨𝑨 + 𝑱𝑱𝑹𝑹𝑹𝑹 𝑇𝑇 + 𝑺𝑺𝑹𝑹𝑹𝑹
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Where 𝑹𝑹𝑹𝑹 and 𝑽𝑽𝑹𝑹 are the current position and velocity vectors, and 𝐾𝐾𝑅𝑅 and 𝐾𝐾𝑉𝑉 are 

scalar gains on the errors between the expected position and velocity states, 

respectively. The result forms what has been named the Implicit Guidance equations for 

the Apollo lunar landing guidance. 

More recently, several missions have successfully landed rovers on the surface of 

Mars, with varying levels of accuracy. Usually described by a 3-sigma landing error 

ellipse, the landing accuracy has been established in previous missions to be on the 

order of 100km (e.g. Phoenix and the Mars Exploration Rover). As mentioned previously, 

the Curiosity lander on the Mars Science Laboratory (MSL) mission was delivered within 

10km of its desired target and provided an important step toward increasing the 

precision of Mars Entry, Descent, and Landing (EDL) missions. Importantly, the MSL 

system utilized an Apollo-derived guidance algorithm for employing bank angle control 

during the initial atmospheric, hypersonic entry phase, and utilized the ‘Sky Crane’ 

system to successfully bring the lander to the surface within 10km of the desired target 

landing site.  

Another recent solution which is often considered state of the art and was used by 

MSL for the Sky Crane flyaway maneuver, utilizes a convex programming approach for 

powered descent guidance [14]. In this approach, the guidance problem is modeled as a 

convex programming problem for generation of an optimal reference trajectory. Using 

this method, one key advantage is the ability to include various constraints in the 

problem formulation, including approach angle constraints to avoid subsurface flight. 
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When looking at problems beyond planetary landing guidance, various other 

methods are currently employed and usually involve human in the loop operations. In 

particular, the OSIRIS-REx mission features a Touch-And-Go (TAG) maneuver in order to 

collect a sample for the surface of asteroid Bennu. OSIRIS-REx will utilize humans in the 

loop in order to calculate deterministic burns in order to descend to the surface the 

heavily rely upon the most recent knowledge of the spacecraft’s state prior to departure 

from a safe home orbit. All previous methods have various advantages and 

disadvantages, thus the research work presented here is focused on another potential 

future alternative. 

Importantly, each of the three algorithms discussed in this work were previously 

derived and proposed in previous works. However, all previous work used the 

algorithms at face value and focused on their application to the problem of interest. 

Thus, this work is focused on revealing details of the algorithms not investigated 

elsewhere. 

The OSG algorithm has its roots in what was named the Optimal Guidance Law (OGL) 

for planetary landing, originally proposed by Battin [15] and later reformulated by 

D’Souza [16]. D’Souza utilized Calculus of Variations in order to solve an optimal control 

problem to find the OGL in terms of 𝜹𝜹𝒓𝒓 and 𝜹𝜹𝒗𝒗, as well as the optimal time-to-go, or 𝑡𝑡𝑔𝑔𝑔𝑔 

until landing, but he also used some important assumptions in order to arrive at his 

conclusion. The first assumption is that the gravitational acceleration is constant. While 

this is not generally true, it can be applied for the planetary landing problem specifically 

defined at low altitudes. The second assumption is that the final target velocity is zero, 
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i.e. this formulation is specifically defined for the soft-landing problem. As such, the 

work presented by D’Souza does not work well when targeting orbit transfers or other 

problems that require a non-zero final target velocity.  

A bit more recently, Ebrahimi et al. used these results to originally propose the OSG 

algorithm [17]. They utilized the terms of Zero-Effort-Miss and Zero-Effort-Velocity 

(ZEM/ZEV), more commonly seen in the missile community than in space, as well as 

basic results from sliding mode control theory to originally propose the ZEM/ZEV OSG 

law. This work was further taken and modified for application to lunar landing by 

Furfaro et al., while also showing that the algorithm is globally stable in an uncertain 

dynamical environment [7]. At this point, much work was done on various applications 

of the algorithm by Wie et. al, but importantly they did not utilize the additional sliding 

term. Using the ZEM/ZEV formulated OGL algorithm, here named the ‘Generalized Zero-

Effort-Miss/Zero-Effort-Velocity Feedback Guidance’, the algorithm and multiple 

variants were shown to work well in applications such as waypoint optimized Mars 

landing [18], ballistic missile intercept, asteroid proximity operations, and orbit transfer 

[19], and asteroid proximity operations [20]. Most recently, Zhou and Xia applied an 

additional constraint of non-subsurface flight to derive a new formulation of the 

generalized feedback guidance law that applies this constraint [21]. Importantly, all of 

these most recent set of work did not utilize the sliding augmentation, stating that it 

does not show an any significant advantage in either landing precision or fuel-

optimality, while also being impractical due to the chattering phenomenon, which can 

be a common side-effect of the switching function common to sliding mode control. 
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Likewise, the MSSG algorithm was also proposed previously, first by Harl and 

Balakrishnan, but used for hypersonic reentry guidance using bank angle control [22]. 

This algorithm was then applied to the problem of lunar landing by Furfaro et. al. [7] and 

subsequently used in various applications for asteroid proximity operations.  
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CHAPTER 3 MOTIVATION 

The current approach for spacecraft guidance has worked well for the intended 

missions, but like all solutions it has its own sets of benefits and disadvantages. 

Importantly, most previous methods focus on the generation of a reference trajectory 

by mission planners on the ground prior to execution in order to minimize fuel 

consumption while also allowing for traditional linear control methods to be applied in 

order to close the loop. The Apollo-based algorithms are one such example and have a 

large amount of heritage and have been proved to work well in many previous mission. 

However, this approach assumes both that the dynamical environment is well known 

and that the initial state when the guidance algorithm is first used is near the reference 

trajectory. Further, these approaches all require significant trajectory planning and 

generation on the ground pre-mission, which can be numerically complex. Perhaps most 

importantly, because linear control methods are used, overall global stability and 

optimality cannot be guaranteed with previous methods. 

In order to address some of these issues, this work focuses on using autonomous, 

non-linear techniques. These have the benefit that they do not require the generation 

of reference trajectories on the ground, and are completely autonomous. Further, they 

can be derived in such a way to globally minimize control effort using optimal control 

theory, and can also guarantee finite-time global stability and robustness against un-

modeled dynamics or perturbations. With the inclusion of sliding mode control, the 

algorithm can compensate for an unknown dynamical environment.  
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Each of the algorithms discussed in this dissertation address these issues. However, 

previous work used the algorithms at face value without detailed investigation of their 

theoretical basis, thus much was left uncertain in the design and behavior of these 

algorithms. Indeed the intention here is to unveil some of the unknown details behind 

these algorithms to better understand and compare them, and to investigate their 

application in various challenging or uncertain environments.   
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CHAPTER 4 RESEARCH SUMMARY 

The work that has been done has been divided into four different appendices. While 

the focus of each appendix is different, each focuses on a different aspect of the 

common theme of non-linear sliding guidance algorithms. 

Appendix A focuses on the development and applications of the Zero-Effort-

Miss/Zero-Effort-Velocity Optimal Sliding Guidance Algorithm (ZEM/ZEV). The two 

papers included in this appendix focus on the application of the ZEM/ZEM OSG 

algorithm to recent and future missions. The first examines the performance of the 

algorithm for landing on small bodies, i.e. comets and asteroids. The algorithm is used 

for landing in various scenarios on both comet 81P/Wild 2, which was the target body 

for the Stardust mission, and Bennu, which is the target of the future OSIRIS-REx 

mission. Comet 81P/Wild 2 features a large number of outgassing jets which provide an 

extreme environment in which to apply the algorithm, while the landing for Bennu 

largely follows the OSIRIS-REx Touch-And-Go mission design. The latter features an 

uncontrolled descent to the surface starting at 30m altitude in order to avoid 

contamination of the sample site. In order to meet mission requirements for landing on 

the surface, an especially high level of accuracy is required at the 30m attitude target 

point, called ‘Matchpoint’. A common theme between these two papers is to explicitly 

identify the benefits granted by using sliding mode control within the algorithms, which 

is done in response to recent reports stating that the sliding provides no benefits. These 

two papers show realistic scenarios in which the sliding-augmented guidance performs 

much better than the non-sliding equivalent. Another common element between the 
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two is a full proof of the finite time stability of the guidance algorithm, something that 

cannot be claimed without inclusion of the sliding mode control terms. 

Appendix B is focused on the other expression of the OSG guidance, instead using the 

𝛿𝛿𝑟𝑟/𝛿𝛿𝑣𝑣 formulation. There is just a single paper in this Appendix that uses this 

formulation, along with a LQR-based linear guidance in an overall hybrid control 

scheme. This work is unique in that it uses key methods and results from hybrid control 

theory and applies two different algorithms to accurately achieve the target. An 

important result here in particular is the exceptional accuracy provided by the proposed 

hybrid algorithm even in the presence of a retargeting maneuver. 

The Multiple Sliding Surface Guidance (MSSG), specifically its various applications, are 

the focus of Appendix C. The first paper uses the algorithm for precision landing on an 

asteroid and demonstrated its capabilities via Monte Carlo simulation. The second 

addresses the fact that the MSSG guidance is not derived with optimization as a 

consideration. The focus here is to use Reinforcement Learning techniques in order to 

‘learn’ an optimal set of parameters that minimize overall control activity. When 

compared to an open-loop optimal solution it is found that the MSSG algorithm can be 

very nearly optimal with the correct selection of parameters. The final two papers focus 

on a problem unique from any of the others included in this work. All other research 

focuses on the guidance and control of a vehicles position and velocity state. These two 

papers instead look at using MSSG for full six degree-of-freedom control, adding in the 

vehicle’s orientation and rotational rates, while also making an effort to couple the 

translational and rotational motions. The first paper examines the application to lunar 
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landing and uses the generated thrust command for translational motion to derive a 

desired target for the rotational motion. While this system is not truly integrated, the 

motions are coupled in this way in order to model a traditional auto-pilot system for a 

vehicle with a single large thruster typical for planetary landing. The second paper 

applies this approach to asteroid proximity operations and treats the translational and 

rotational motions independently, as spacecraft for these missions typically have a 

separate set of thrusters for attitude control. 

The final appendix moves away from the various applications of the algorithms and 

instead focuses on isolating and comparing them directly. The first takes a deep look at 

the two OSG formulations and their original derivations. The goal is to find parallels 

between the two and to determine where they differ. Upon examination it was 

discovered that the two algorithms are exactly identical, even when considering 

conditions under which assumption were previously made, such as a non-zero terminal 

velocity constraint. Various simulations further validate the analytical conclusion that 

the two algorithms are exactly equivalent. This last paper looks at the 𝛿𝛿𝑟𝑟/𝛿𝛿𝑣𝑣 formulation 

of the OSG and the MSSG algorithm and compares and contrasts them. With a small 

amount of reformatting, the two algorithms initially appear to be indistinguishable, but 

further analysis demonstrates that they are not equivalent. Due to this, the pros and 

cons of each algorithm are examined. It is concluded that while the OSG provides near 

optimal response, the MSSG algorithm has the benefit of flexibility to choose the values 

of the guidance gains to allow for meeting specific mission requirements.  
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With paper C1 being the exception, which first applied the MSSG algorithm to 

asteroid proximity operations, all other work here was led by the author. The author’s 

contribution to paper C1 was support of simulation coding and writing of the 

manuscript. 
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APPENDIX A: ZEM/ZEV OPTIMAL SLIDING GUIDANCE 

A.1 Optimal Sliding Guidance for Landing on Small Bodies (submitted to the Journal 

of Guidance, Control, and Dynamics) 

A.2 Optimal Sliding Guidance Algorithm for Mars Powered Descent Phase (submitted 

to Advances in Space Research) 
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Landing maneuvers on asteroids and comets (e.g. guided powered landing, touch-and-

go) are extremely challenging. In this paper, a robust guidance algorithm is proposed,

analyzed, and applied to various scenarios for autonomous landing on small bodies. The

Optimal Sliding Guidance (OSG) algorithm, which has foundations in both optimal and

sliding control theories, generates an acceleration command based purely on the current

estimated spacecraft state and desired final target state on the asteroid/comet surface.

With the inclusion of sliding mode, using Lyapunov theory for non-autonomous systems

one can formally prove that the OSG law is globally finite-time stable to unknown but

bounded perturbations. In this paper, the optimal guidance law is directly compared with

the generalized ZEM/ZEV feedback guidance to explicitly demonstrate the benefits of the

sliding mode augmentation. The optimal guidance is then applied to multiple scenarios

including passage through an outgassing jet on a comet, and a Touch-And-Go maneuver

for pristine sample collection on an asteroid. Results show that the optimal sliding guid-

ance algorithm performs well in a perturbed, uncertain environment and provides minimal

residual guidance errors.
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I. Introduction

Recently, the science community has had an increasing interest in the development of robotic missions to

small bodies, including both comets and Near Earth Asteroids (NEAs). From a scientific point of view,

such planetary bodies are especially interesting as they have been minimally processed since the birth of the

solar system. Consequently, analysis of sample material located on these bodies may provide insight on the

early history of our solar system.1 Furthermore, there has been an increasing interest toward small-body

robotic missions with goal of utilizing asteroids as a source of extraterrestrial natural resources, as well as

quantifying the risk that these objects pose to Earth in the event of a future collision, as shown by the recent

formation of several small companies.2,3 One such mission, the OSIRIS-REx sample return mission, has been

selected as part of NASA’s New Frontier program and will be launching in 2016 to travel to asteroid Bennu

(previously known as 1999 RQ36), with an arrival scheduled in late 2018.4 Another mission, ESA’s Rosetta,

recently arrived at comet 67P/Churyumov-Gerasimenko and successfully deployed the Philae lander to the

comet’s surface.5

Generally, close-proximity operations around small celestial bodies are extremely challenging. In par-

ticular, the dynamics of a spacecraft in such an environment are especially difficult due to several factors,

including: (1) irregular shape and mass distribution of the body, generating an erratic gravitational field, (2)

a generally weak and uncertain gravitational field, (3) due to the small gravitational forces, solar radiation

pressure and other small forces become more important. Due to these complicating factors, trajectories

around these small bodies are typically complex and non-periodic in nature. In such a challenging locale,

extended periods of observations and orbital activities necessitate that that spacecraft safely and seamlessly

transfer from one stage of operational activity to another. As an example, during the course of mapping

and observing a small body, it may be necessary to hover over several locations about the asteroid or land

repeatedly on different surface locations to fully characterize the nature of the small body under investiga-

tion. Although current practice requires heavy use of ground in the loop, autonomous operations including

guidance and orbit control may be desirable from both a human operations and spacecraft safety standpoint.

To achieve these goals, integrated navigation and control systems have recently been proposed and stud-

ied. Shuang et. al. proposed an integrated GNC scheme for close-proximity operations.6 First, an au-
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tonomous navigation algorithm based on feature tracking technology is devised; then two guidance control

schemes (i.e. error phase analysis method and Proportional-Derivative (PD) plus Pulse-Width Pulsed Fre-

quency (PWPF)) were studied and simulated to verify performances. More recently, Bhaskaran et. al.

coupled two independent frameworks that formed the basis of an autonomous navigation system for landing

on small bodies.7 Most of the above mentioned papers focused mainly on the navigation aspects of the small

body close-proximity operations problem. Indeed, standard reference trajectory tracking algorithms have

been implemented with these navigation schemes to verify the ability of the GNC system to drive the space-

craft toward the desired state. Nevertheless, advancements in non-linear control theory may be employed

to generate flexible, yet robust guidance algorithms for close proximity operations that may have potential

benefits over more traditional methods. For example, Furfaro et. al. proposed a non-linear guidance algo-

rithm for precision landing on an asteroid that utilized Higher Order Sliding Control which was shown to

perform well in uncertain environments.8 Further, another type of Higher Order Sliding Control law was

proposed from a different technical foundation and applied to the problem of hovering about small bodies.9

In this paper, we analyze the performance of a Zero-Effort Miss/Zero-Effort Velocity (ZEM/ZEV) guid-

ance scheme that is augmented with a sliding mode for close proximity operations and landing maneuvers

about small bodies, including asteroids and comets. The development of this guidance scheme is based on

what we call Optimal Guidance Law (OGL) also known as generalized ZEM/ZEV feedback guidance.10,11

Rooted in optimal control theory, the notion of this algorithm was originally developed by Battin12 and

D’Souza13 for planetary landing. It has since been adopted for a variety of problems, including some scenar-

ios of asteroid close-proximity operations around irregularly-shaped bodies11 Further, it has been analyzed

and demonstrated to be energy-optimal under a constant gravitational field.10 Furfaro et. al. recently

utilized the ZEM/ZEV guidance scheme and applied sliding mode control theory to devise a new guidance

algorithm,14 which was then demonstrated for the problem of asteroid landing.15 Here we propose the

development of the Optimal Sliding Guidance (OSG) algorithm for use during close-proximity operations

and landing on small bodies, specifically analyzing the scenarios of landing on a comet in the presence of

outgassing jets, and for a Touch-And-Go (TAG) maneuver16 for landing on an asteroid while keeping the

asteroid surface pristine. The theoretical proof of the Global Finite Time Stability (GFTS) of the proposed

algorithm is developed to demonstrate that OSG generates a class of reference-free, closed-loop trajectories
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that achieve the desired target state in finite time around small body exhibiting an uncertain and perturbed

dynamical environment with known upper bound.

The paper is organized as follows. First, the guidance problem is introduced and the Optimal Sliding

Guidance is developed. Lyapunov theory is then applied to demonstrate the global finite time stability of

the derived algorithm. The OSG is then compared to the Optimal Guidance Law, which does not include

the additional sliding term, in a simulation environment to demonstrate the capabilities provided by the

inclusion of sliding mode control. The OSG is then tested in a realistic 3-DOF simulation environment

to demonstrate the performance of the guidance algorithm for landing on comet 81P/Wild, which was the

target of the Stardust mission, featuring a large number of outgassing jets, and for close proximity operations

around 1999 RQ36 “Bennu”, which is the target of the NASA OSIRIS-REx Asteroid Sample Return Mission.

II. Guidance Problem Formulation

In formulating the spacecraft guidance problem for a spacecraft about a small-body, we model the space-

craft dynamics using a two-body gravitational model and we assume that the spacecraft has negligible mass.

Under such conditions, the equations of motion for the spacecraft in a body-fixed reference frame are of the

form:

ṙ = v (1)

v̇ = −2ω × v − ω × ω × r +
∂U

∂r
+ aC + p := −2ω × v − ω × ω × r +

∂U

∂r
+

T

m
+ p (2)

ṁ = − |T|
Ispgc

(3)

Here, r and v are the position and velocity vectors of the spacecraft, aC is the commanded acceleration

provided by the on-board thrusters, T is the thrust vector, m is the vehicle mass, Isp is the specific impulse

of the vehicle’s thrusters, U is the primary body’s gravitational potential, ω is the angular velocity vector

of the primary body, and p represents any perturbing or unmodeled accelerations, such as solar radiation

pressure or due to outgassing jets, with a known upper bound, pMAX . For this analysis, it is assumed that
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the shape of the primary body can be approximated as a triaxial ellipsoid, allowing the gravitational field

to be analytically expressed as the partial derivative of the potential field,17 as seen in Eq. (2).

All vectors and angles are assumed to be defined in a coordinate system with origin at the center of the

primary body, as shown in Figure 1.

Figure 1. Guidance Reference Frame Definition and Outgassing Jet Geometry

III. Review of Optimal Guidance Law Development

In this section, we review the basics of the OGL which provides the fundamental basis for developing

the sliding augmentation for OSG. The development of any guidance algorithms requires the definition of a

suitable guidance model. The model used in the derivation of the guidance laws is similar to that seen in Eq.

(1)-(3), however the guidance model used does not take into account perturbing accelerations (i.e. p = 0)

and the guidance model does not account for variation in spacecraft mass, i.e. Eq. (3) does not apply. Thus,

the equations for the guidance model can be represented as follows:

ṙ = v (4)
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v̇ = −2ω × v − ω × ω × r +
∂U

∂r
+ aC (5)

Next, we define the two zero-effort miss terms, accounting for both position and velocity errors.

First, given the current time t, we define the Zero-Effort Miss (ZEM) as the distance (vector) the

spacecraft will miss the target if no acceleration command (guidance) is generated after t:

ZEM(t) = rf − r(tf ), aC(τ) = 0, τ ∈ (t, tf ] (6)

Similarly, the Zero-Effort Velocity (ZEV) is defined as the error in velocity at the final time if no

acceleration is input to the system:

ZEV(t) = vf − v(tf ), aC(τ) = 0, τ ∈ (t, tf ] (7)

Here, rf and vf are the desired position and velocity at the final time. Both ZEM(t) and ZEV(t) can be

explicitly expressed as functions of the current position, velocity, and time-to-go by integrating the equations

of motion with ac = 0 and substituting into Eq. (6) and Eq. (7):

ZEV(t) = vf − v(t)−
∫ tf

t

gdτ (8)

ZEM(t) = rf − r(t)− v(t)tgo +

∫ tf

t

∫ tf

f

gdτ ′dτ (9)

where tgo = tf − t is defined as the time-to-go before reaching the terminal state.

The basis of the algorithm development is the ability to generate an optimal guidance law as a function of

ZEM and ZEV. Indeed, given the actual spacecraft position and velocity, both quantities can be estimated

on-line by the numerical integration of the (unperturbed) equations of motion as functions of the time-to-go

and the targeted conditions. One of the key ingredients is the ability to obtain a closed loop guidance law

that minimizes the overall guidance effort, i.e. a guidance law that minimizes the square of the magnitude

of the acceleration command. Indeed, the energy-optimal landing problem can be formulated as follows:

Find the aC as a function of ZEM(t) and ZEV(t) that minimizes the following performance index:

J(aC) =

∫ tf

t

aC(τ)>aC(τ)dτ (10)
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Subject to Eq. (4),(5) as physical constraints, with initial conditions (at time t) r(t) and v(t) and final

conditions (at time tf ) rf and vf .

Here, the acceleration command is assumed to be unconstrained, i.e. the thrust generated by the propul-

sion system is unbounded. The problem can be solved by either applying the Pontryagin Minimum Principle

to determine the necessary conditions for the existence of an optimal solution (Two Point Boundary Value

Problem, see Appendix A) or by a direct application of calculus of variations.15 It is found that the accel-

eration command is linear in time, i.e.:

aC(t) = A1t−A2 (11)

The constants A1 and A2 are determined by substituting aC in to Eq. (4) and (5), applying boundary

conditions and integrating. Finally, the optimal acceleration command can be expressed as a function of

ZEM(t), ZEV(t), and tgo as follows:

aC =
kR
t2go

ZEM(t) +
kV
tgo

ZEV(t) (12)

Where kR = 6 and kV = −2 are the optimal guidance gains.15 The formulation seen in Eq. (12) is

referred to as the Optimal Guidance Law (OGL).

The methodology employed to determine the OGL as a function of ZEM and ZEV is very similar to the

analysis presented by D’Souza,13 who derived the optimal acceleration command for a power landing descent

as a function of error in position (actual position minus target position), velocity (actual velocity minus target

velocity) and time-to-go. This same analysis was further analyzed and developed by Guo, et.al.10 Both

formulations do not impose any constraints in term of maximum thrust or minimum altitude. Nevertheless,

the algorithms presented here are easy to implement and mechanize which may justify the attractiveness of

the guidance approach. Numerical simulation of the closed-loop trajectories may be analyzed a-posteriori

to verify that both constraints are never violated and that the guidance algorithm works (i.e. guides the

spacecraft to the target) even in the presence of thrust saturation. Furthermore, OGL does not require a

reference trajectory but only knowledge of the current spacecraft state as well as the final desired (target)

state.
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IV. Optimal Sliding Guidance (OSG) Development

Whereas the OGL algorithm is developed by solving an optimal control problem, it does have some

drawbacks. Primarily, global stability of the guidance law cannot be formally proven. Importantly, the

energy-optimal guidance, as derived, does not account of unmodeled disturbing accelerations which may

negatively effect its performance in an uncertain environment , such as around an asteroid. Indeed, OGL

performances may be evaluated only via a comprehensive set of Monte Carlo simulations to ensure that the

guidance does not break when forced by unmodeled accelerations (e.g. external disturbing accelerations,

command delays and errors etc.). Thus, the notion of augmenting the optimal guidance with a non-linear

sliding mode may produce a non-linear guidance algorithm that is both robust to perturbations and can be

formally proven to be globally finite-time stable.

Before illustrating the development of the optimal sliding guidance, we first introduce some basics to

sliding mode control.

A. Sliding Mode Control Theory

The sliding control methodology is an elementary approach to robust control.18 Intuitively, it is based on

the observation that it is much easier to control non-linear and uncertain 1st order systems (i.e. described by

1st order differential equations) than nth-order systems (i.e. described by nth-order differential equations).

Generally, if a transformation is found such that an nth-order problem can be replaced by a 1st order

problem, it can be shown that, for the transformed problem, perfect performance can be in principle achieved

in presence of parameter inaccuracy. As a drawback, such performance is generally obtained at the price of

higher control activity.

In order to demonstrate how sliding mode theory can be applied, consider the following single-input

nth-order dynamical system:

dn

dtn
x = f(x) + b(x)u (13)

Here, x is the scalar output, u is the control variable and x = [x, ẋ, . . . , x(n)] is the state vectors. Both

f(x), which described the non-linear system dynamics, and the control gain, b(x) are not exactly known.

Assuming that both f(x) and b(x) have a known upper bound, the sliding control goal is to get the state
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x to track the desired state xd = [xd, ẋd, . . . , x
(n)
d ]> in presence of model uncertainties. The time varying

sliding surface is introduced as a function of the tracking error x̃ = x− xd by the following scalar equation:

s(x) = (
d

dt
+ λ)n−1x̃ = 0 (14)

For example, if n = 2 we obtain:

s(x) = ˙̃x + λx̃ = 0 (15)

With the definitions in Eq. (14) and Eq. (15), the tracking problem is reduced to the problem of

forcing the dynamical system in Eq. (13) to remain on the specified sliding surface. Clearly, tracking an

n-dimensional vector xd has been reduced to the problem of keeping the scalar sliding surface to zero, i.e.

the problem has been reduced to a 1st order stabilization problem in s. The simplified 1st order stabilization

problem can be now achieved by selecting a control law such that outside the sliding surface the following is

satisfied:

1

2

d

dt
s2 ≤ −η|s| (16)

Here, η is a strictly positive constant. Eq. (16), also called the ”sliding condition”, explicitly states

that the distance from the sliding surface decreases along all system trajectories. Generally, constructing a

control law that satisfies the sliding condition is fairly straightforward. For example, using the Lyapunov

direct method, one can select a candidate Lyapunov function as follows:

V (s) =
1

2
s>s =

‖s‖2

2
(17)

For the Lyapunov candidate to be a true Lyapunov function, the following conditions must hold true:

V (0) = 0

V (s) > 0 s 6= 0

V̇ (s) = s>ṡ ≤ 0 s 6= 0

(18)

By taking the derivative of Eq. (16), it is easily concluded that the sliding condition (Eq. (16)) is

satisfied. The control law is generally obtained by substituting the sliding control definition, Eq. (15), and

9 of 33

American Institute of Aeronautics and Astronautics 32



the system dynamical equations, Eq. (13), into Eq. (16). Thus by substituting in the sliding surface and its

dynamics into the final expression of Eq. (18) and assuming b(x) = 1 in Eq. (13), the control input is found

to be:

u = −f(x) + ẍd − λ ˙̃x (19)

However, this assumes that the plant dynamics f(x) in Eq. (13) are exactly known. In the case of an

uncertain system, Eq. (19) becomes the best approximation of the control law:

û = −f̂(x) + ẍd − λ ˙̃x (20)

In order to account of the uncertainties in state dynamics, a discontinuous term across the surface s = 0

is added to form the new control law:

u = û− Φsign(s) (21)

It is clear that by choosing a value of Φ := Φ(x, ẋ) > 0 that is sufficiently large, the sliding condition in

Eq. (16) is guaranteed to be satisfied.

B. Optimal Sliding Guidance (OSG) Design

Now, we can utilize the sliding control theory described above to integrate a non-linear sliding control mode

into the optimal guidance law and produce a robust, non-linear guidance algorithm for operations about

small bodies (e.g. comets or asteroids).

To integrate the sliding mode into the optimal guidance framework and derive the Optimal Sliding

Guidance (OSG) equations, we begin by noticing clear parallels between the sliding surface definition for

a second order system in Eq. (15), the uncertain dynamical system control in Eq. (21) and the optimal

guidance law found in Eq. (12). Thus, OSG is proposed as a simple augmentation to the OGL:

aC(t) =
kR
t2go

ZEM(t) +
kV
tgo

ZEV(t)− Φsign(s) (22)

With the associated sliding surface defined as:
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s = ZEV + λZEM (23)

In order to demonstrate the theoretical stability for the proposed guidance algorithm, we can define a

Lyapunov function in the same form as seen in Eq. (17) and must demonstrate that all conditions in Eq.

(18) are met. Therefore, we consider the dynamics of the sliding surface, i.e. the derivative of Eq. (23) with

a substitution of the expressions for the derivatives of ZEM and ZEV:

ṡ = ˙ZEV + λ ˙ZEM + λ̇ZEM = −(1 + λtgo)aC + λ̇ZEM (24)

By substituting in the optimal guidance law found in Eq. (22), the sliding surface dynamics can be

rewritten as:

ṡ = −(1 + λtgo)(
kr
t2go

ZEM +
kv
tgo

ZEV − Φsign(s)) + λ̇ZEM (25)

Consequently, the sliding surface dynamics can be expressed in the form:

ṡ = −K(t)s− Φ′sign(s) (26)

with the following relationships between the parameters:

K(t) = (1 + λtgo)
kv
tgo

λK(t) = (1 + λtgo)
kr
t2go
− λ̇

(27)

By equating these two expressions, the guidance parameter λ can be determined by solving a Ricatti

differential equation. The final result is found to be:

λ = − 2

tgo
(28)

Thus the analytical expression for ṡ is determined by substituting in the result:

ṡ = − 2

tgo
s− Φsign(s) (29)
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Importantly, OSG can be demonstrated to be globally finite-time stable. Global Finite-Time Stability

(GFTS) is an important property of non-linear dynamical systems.19 Such notion involves both autonomous

and non-autonomous dynamical systems whose trajectories converge to an equilibrium state in finite time.

Dynamical systems associated with guidance to a desired target are generally non-autonomous and must be

designed to achieve the desired target in a finite time. Thus, GFTS becomes a critical desired theoretical

property for any guidance system development as it guarantees that the system converges to the target set

in finite time. Formal proof of GFTS for non-autonomous systems is generally difficult as only few sufficient

conditions have been recently developed.20 Here, we prove the following important theorem:

Theorem (OSG Global Finite-Time Stability): Suppose there exists a globally defined, radially unbounded,

decrescent, and continuously differentiable Lyapunov function V : R≥ × V → R≥ and a continuous, positive

definite function r : R≥ → R≥ such that r(0) = 0 satisfies the following differential inequality:

V̇ ≤ −r(V ) (30)

and also for some ε > 0:

∫ ε

0

dz

r(z)
< +∞ (31)

Then the origin of the system ṡ = − 2
tgo

s− Φsign(s) is globally finite time stable.

Proof: Consider the dynamical system in Eq. (29). A Lyapunov function for this system can be defined

as:

V (s) =
‖s‖
2

(32)

Clearly, V (s) is decrescent, globally defined, and radially unbounded. Furthermore, the derivative of the

Lyapunov candidate can be expressed by substituting in the analytical solution for ṡ seen in Eq. (29):

V̇ = sT ṡ = sT
(
− 2

tgo
s− Φsign(s)

)
= − 2

tgo
sT s− Φ|s| (33)

Thus, the Lyapunov candidate is also continuously differentiable. Now, we find a positive definite function

providing an upper bound on V̇ as:
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V̇ = − 2

tgo
sT s− Φ|s| = − 2

tgo
‖s‖2 − Φ|s| ≤ −

√
2ΦV 1/2 < 0 (34)

Thus r(V (t, s)) can be selected as:

r(z) =
√

2ΦV 1/2 (35)

Using this continuous equation, the condition seen in Eq. (31) can be shown to hold true:

∫ ε

0

dz

r(z)
=

∫ ε

0

dz√
2Φz1/2

=

√
2

Φ

√
ε < +∞ (36)

Therefore, because the positive definite function r(V ) exists and meets the conditions expressed in Eq.

(31) in addition to the fact that V meets conditions of Eq. (30), is decrescent, globally defined, and radially

unbounded, the system is globally finite time stable about s = 0. �

V. Comparison between OGL and OSG Algorithms for Landing in Asteroids

and Comets Dynamical Environments

Prior to implementing the OSG algorithm in a full simulation scenario to demonstrate its effectiveness

during landing or TAG phases, it is beneficial to demonstrate the differences between the OGL and OSG

algorithms, specifically to point out the added value of the additional sliding term explicitly introduced in

the OSG algorithm. The comparison of these two algorithms is done by using a simple descent scenario

where the spacecraft is initially hovering above a comet modeled after the target of the Stardust mission,

comet 81P/Wild2, and execute a powered guided descent to land on the north pole.

The comet is assumed to be a tri-axial ellipsoid with known half-lengths, and has a constant uniform

density such that the gravitational potential has a closed-form solution as reported by MacMillan17 and

Scheeres.21 Once the analytical expression for the potential is known, the gravitational acceleration vector

can be determined as a function of the spacecraft position directly by deriving its gradient in closed form.21

It is assumed that the comet rotates purely about the body-fixed z axis with constant rate, Ω. The analyti-

cally determined gravitational field is then perturbed by Gaussian noise with zero mean and 10% standard

deviation. Solar radiation pressure forces are also added in to the model as Gaussian statistics with a mean
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Table 1. Comet Parameters

Variable Parameter Value Unit

xa Principle Comet Half-length 2.75 km

ya Principle Comet Half-length 2.00 km

za Principle Comet Half-length 1.65 km

ρ Comet Density 600 kg/m3

Ω Comet rotation rate 2π
12 rad/h

δ Jet half-angle 1.5 deg

Q∗ Mass Ejection Rate 3.4× 106 kg/h

B Spacecraft mass-to-area ratio 30 kg/m2

of 1.11963 × 10−7 m/s2 and a standard deviation of 3 × 10−8 m/s2. Additionally, the simulation model

features a constant force in the body z-axis direction with a magnitude of 1 × 10−3 m/s2, approximately 3

times the gravitational acceleration at the comet surface. This force is meant to represent a simple model

for an outgassing jet located at the north pole of the comet and provides a large disturbance on the vehicle.

All comet parameters used for the simulation are reported in Table 1.

The spacecraft is set to be initially hovering at an initial location defined by the vector r0 = [100, 100, 3500]>

m in the comet body-fixed coordinate system with zero velocity, and targets to land on the north pole of

the comet with zero velocity with an initial time-to-go of 3000 sec.

Under the same comet powered descent scenario, three different cases have been considered and analyzed

for the application of the generated guidance command, each more restrictive than the last, to provide a

full comparison between the two algorithms under various assumptions. First, the thrust is assumed to be

unbounded and continuous, i.e. the result from the guidance calculation is directly applied to the equations

of motion of the spacecraft. In this case, it is expected that both algorithms feature very low residual

guidance errors as an unlimited level of thrust can be applied to guide the spacecraft. In the second case,

the spacecraft is assumed to be configured such that each on-board thruster generates thrust as a function

of the acceleration command with a maximum magnitude of 1.5 N in each axis, both positive and negative,

i.e. the applied thrust is bounded but still continuous. In the final case, an on/off logic based on the Schmitt

trigger22 has been considered to implement a dead-band hysteresis switching, approaching a bang-off-bang
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Figure 2. Position and Velocity Comparison of OGL vs OSG powered descent to comet 81P/Wild2 - Unbounded

Thrust
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Figure 3. Applied Thrust Magnitude and Fuel Consumption Comparison of OGL vs OSG powered descent to

comet 81P/Wild2 - Unbounded Thrust
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Figure 4. Position and Velocity Comparison of OGL vs OSG powered descent to comet 81P/Wild2 - Bounded

Thrust
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Figure 5. Applied Thrust Magnitude and Fuel Consumption Comparison of OGL vs OSG powered descent to

comet 81P/Wild2 - Bounded Thrust
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Figure 6. Position and Velocity Comparison of OGL vs OSG powered descent to comet 81P/Wild2 - Pulsed
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limit cycle for the thrusters. In this implementation, the applied thrust again has a magnitude of 1.5 N in

each axis, and the upper and lower limits for the Schmitt trigger are set to be 1.5 N and 0.1 N, respectively.

In this last case, it is also assumed that the spacecraft’s thruster response to the guidance command follows

a first-order time delay dynamics with known time constant of 1 sec. Navigation uncertainties are included

in the model and assumed to be statistical in nature and modeled as Gaussian noise with zero mean and

σ = 5% standard deviation.

Figure 7. Applied Thrust Magnitude and Fuel Consumption Comparison of OGL vs OSG powered descent to

comet 81P/Wild2 - Pulsed

The described scenarios have been run using both OGL and OSG algorithms. The residual guidance
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errors for both position and velocity, as well as the total amount of fuel mass consumed for all three of the

described scenarios are captured in Table 2.

Figure 2 shows a direct comparison of the two guidance algorithms in terms of the vehicle’s position and

velocity time histories for the case of unbounded thrust. Clearly, both algorithms provide a similar response

and low residual guidance errors, as expected. Further, the OGL is shown to give slightly better performance

than the OSG algorithm in this case, even in the presence of perturbing dynamics. When comparing to the

following cases, it is clear that this is due to the ability to provide any desired level of thrust in order to

account for the disturbances. Indeed, it is seen in Fig. 3 that the OGL algorithm consumes substantially

more fuel in order to provide the high level of accuracy when compared to the OSG algorithm.

The results of the second scenario, which now bounds the thrust, are reported in Figs. 4 and 5. It is

clear to see that the OGL has massively degraded performance while the OSG algorithm provides similar

results when compared to the unbounded thrust case. Importantly, the velocity comparison between the

two algorithms shows that the OGL guided trajectory does not converge to the desired target and in fact

diverges away from the desired final velocity, implying that the OGL has failed to guide the vehicle to the

surface in this scenario. Under the same conditions, the OSG algorithm achieves the north pole location with

very low residual velocity. In addition, the OGL algorithm requires higher level of thrust and it is shown to

consume more fuel than the OSG algorithm.

Finally, Figure 6 shows the vehicle’s position and velocity time histories for both the OGL and OSG

algorithm for the on-off pulsed case for which the spacecraft utilizes a Schmitt trigger. Clearly, the two

algorithms demonstrate significantly different performance under these conditions. Indeed, the OGL algo-

rithm features much higher residual velocity errors than the OSG algorithm and has once again failed to

safely bring the vehicle to the desired final state with zero velocity. Figure 7 displays the comparison of the

magnitude of the applied thrust and the fuel consumption of both algorithms for the pulsed case. As before,

the OSG is shown to consume less fuel than the OGL algorithm in the course of the powered descent to the

comet north pole. Clearly, these results display key differences between the two algorithms and definitively

demonstrate the benefits of the inclusion of the sliding term in the guidance algorithm. As such, all following

performance analysis and results will purely use the OSG algorithm. The sliding parameter, Φ, is set such

that Φ = |pMAX |+ s0
tf

such that it is sufficiently large to ensure theoretical Global Finite-Time Stability.
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Table 2. OSG/OGL Comet Powered Descent: Comparison Results

Unbounded Bounded Pulsed

Parameter OGL OSG OGL OSG OGL OSG

Residual Position Magnitude Error (m) .071 0.139 52.87 0.705 480.4 0.604

Residual Velocity Magnitude Error (cm/s) .62 8.5 158 6.8 141 6.3

Total Fuel Consumed (kg) 1.99 1.39 1.91 1.53 2.02 1.82

VI. Powered Landing and Touch-And-Go Maneuvers: OSG Performance

Analysis and Monte Carlo Simulations

In order to demonstrate the performance of the OSG algorithm about small bodies, two simulation

scenarios have been developed. The first considers a spacecraft powered landing on the equator of comet

81P/Wild2, featuring several active outgassing jets. The second scenario considers an OSIRIS-REx-like

touch-and-go or TAG maneuver. Both of these scenarios are considered due to their applicability to recent

small-body missions as well as to implement and analyze the performance of the OSG scheme in realistic

environments for small body proximity operations.

A. Comet Powered Landing Scenario

The first simulation scenario considers the powered landing of a spacecraft on comet 81P/Wild2, i.e. the

target for the Stardust mission. Analysis of data collected by the Stardust spacecraft during its visit to

the comet identified many outgassing jets on the surface.23 For this simulation, the comet environment

dynamical model largely follows the work by Byram, Scheeres, and Combi, specifically the inclusion in the

model of outgassing jet dynamics.24

As before, the comet is assumed to be a tri-axial ellipsoid with known half-lengths, and has a constant

uniform density such that the gravitational potential has a closed-form solution as reported by MacMillan17

and Scheeres.21 The comet rotates purely about the body-fixed z axis with constant rate, Ω.

Comet 81P/Wild2 was observed by Stardust to have at least twenty active jets, each in an arbitrary

direction away from the surface. The outgassing from these jets will provide a large disturbing acceleration

on the vehicle should it pass through the plume emitted from the comet surface. Indeed, as seen in the work
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by Byram, Scheeres, and Combi, this acceleration can be expressed analytically as follows:24

ap = p0
1

B

(
r0
|rj |

)2

(37)

where r0 is the radius from the center of the comet to the center of the jet on the surface, and B is

the ratio of the mass of the spacecraft to the area of the spacecraft normal to the comet. p0 represents

the pressure of the outgassing on the surface, and rj = r − rvc is the relative distance of the spacecraft

to the virtual center of jet j. By using this closed form and assuming knowledge of the location and of

the parameters of the jets, the acceleration term in Eq. (37) can be applied as p in Eq. (2) if the angle

between the spacecraft position vector and the centerline of the jet is less than the half-angle of the jet δ.

The condition can formally expressed as θrel ≤ δ, where θrel is determined by:

θrel = acos
rog · rj
‖rog‖‖rj‖

(38)

where rog is the jet outgassing centerline vector expressed in the comet body-fixed frame. The jet

geometry is clarified in Fig. 1. All comet parameters used for the simulation are reported in Table 1. The

latitude and longitude location and orientations of the twenty jets used in the simulation are reported in the

Appendix.

Initially, the spacecraft is assumed to be in a 3.5 km, circular orbit about the comet with 20 deg inclination.

As the spacecraft crosses the x-axis of the fixed reference frame in orbit, the guidance algorithm is asked to

target the equator of the asteroid along the direction of the second principle inertia on the comet surface

with zero terminal velocity and an initial time-to-go of 7000 sec. The spacecraft is assumed to have an initial

wet mass of 500 kg. It is also assumed that the spacecraft is configured such that the thruster response is

again implemented via a Schmitt trigger, this time with a thrust magnitude of 5 N. In this implementation,

the upper and lower limits for the Schmitt trigger are set to be 1 N and 0.5 N, respectively. For this analysis,

no further perturbations or disturbances beyond the outgassing jets are included in the dynamical model.

Figure 8 shows the simulation results for the position and velocity histories during the comet powered

descent. Based on the comparison of velocity and acceleration histories reported in Fig 9, it is clear that

there is a jet crossing during the course of the simulated descent due to a spike in the vehicle’s velocity which

is not caused by an acceleration/thrust command. The windows during which the spacecraft is crossing the
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Figure 8. Position and Velocity Histories for Comet Powered Landing with Jet Crossings

outgassing jets are marked in the velocity history in Fig. 8.

The full three-dimensional trajectory of the spacecraft around the comet is shown in Figs. 10 and 11.

Figure 10 shows the complete trajectory of the spacecraft along with all jets on the comet surface as configured

at the time of landing at the end of the simulation. It is easy to see the impact of the jet crossing in the

trajectory as it is quickly pushed radially away from the surface. Based on the geometry and time of crossing,

it has been determined that the spacecraft crosses jet number 3 (see the table in the appendix) during the

course of the powered descent. Fig. 11 shows the full spacecraft trajectory with only jet 3 being displayed at

the time of crossing to highlight the immediate impact on the spacecraft trajectory by the comet outgassing.

Despite the trajectory experiencing a jet crossing with a large perturbing acceleration, the OSG accurately

guides the spacecraft to the desired state on the surface of the comet. As shown in Fig. 8 the landing state

exhibits low residual errors in both position and velocity. The final state along with the desired target is

also reported in Table 3. Clearly the OSG algorithm is able to compensate for the large disturbances both

due to the outgassing jet accelerations, as well as the dead-band acceleration input implementation which

provides additional error into the system by altering the normally continuous acceleration profile that is

directly output from the OSG algorithm. The total ∆v needed to perform the maneuver is found to be 1.68

m/s, which translates to an overall fuel consumption of 3.54 kg.
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Figure 9. Acceleration Command History for Comet Powered Landing with Jet Crossings

Figure 10. Full Comet Landing Trajectory with All Jets
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Table 3. OSG Comet Powered Landing Results

Parameter Desired OSG Achieved

X Position (m) 0 -.24

Y Position (m) 2000 1999.88

Z Position(m) 0 .09

X Velocity(m/s) 0 -.066

Y Velocity(m/s) 0 -.082

Z Velocity(m/s) 0 -.058

B. OSG for Asteroid Touch-and-Go Maneuvers

Another set of simulations has been implemented to simulate an autonomous Touch-And-Go (TAG) maneu-

ver, similar to the one designed for the upcoming NASA OSIRIS-REx asteroid sample return mission. TAG

maneuvers are designed such that the spacecraft touches down on the asteroid surface for a short time in or-

der to collect a sample via an acquisition mechanism. Importantly, the final leg of the descent to the surface

is unpowered in order to minimize the possible contamination of the sample due to propellant exhaust. The

OSIRIS-REx flight dynamics team has established a set of three open-loop maneuvers in order to satisfy the

projected sampling error ellipse requirements of < 25 meters. The three maneuvers include a) an initial orbit

departure burn to leave the established terminator parking orbit, b) an intermediate burn at 125 altitude

that targets approximately 30 m above the desired site with a vertical descent velocity of less than 10 cm/sec,

called the ‘’checkpoint” burn, and c) the final burn that matches the asteroid angular velocity and initiates

the vertical descent towards the surface, called ‘’matchpoint”. After the sample is collected, the thrusters

are activated to escape the asteroid surface. The TAG maneuver sequence is designed on the ground, with

the commands built and radiated to the spacecraft after careful testing in a comprehensive simulation envi-

ronment has been completed. Despite this, there is still a minimal level of autonomy available on-board the

spacecraft for this sequence of maneuvers.16 The spacecraft features a LIDAR on-board that is activated

for detecting the asteroid limb, providing valuable range-to-go information and altitude measurement. This

information is fed into an algorithm that adjusts the pre-designed burn magnitude, direction, and timing in

order to further reduce the TAG error ellipse.16
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Figure 11. Full Comet Powered Landing Trajectory, showing jet 3 at time of crossing

A similar TAG scenario around Bennu has been implemented using the OSG algorithm. Here, OSG is

designed to target two separate waypoints (checkpoint and matchpoint) in order to implement a TAG-like

sequence for sampling at the equator of the asteroid. Table 4 shows the desired target states, as well as the

initial and desired final state of the spacecraft. The two intermediate waypoints have been designed such

that the matchpoint location is 30m above the desired sampling site. Note that the state reported in Table 4

is not precisely above the targeted landing site in order to allow for some drift caused by the asteroid’s

rotation and solar radiation pressure forces during the course of the descent. Once the matchpoint location

has been achieved, the spacecraft slowly descends towards the surface unpowered, i.e. no thrust is input

after matchpoint is achieved.

A set of 1000 Monte Carlo simulations have been executed in order to analyze the performance of the OSG

algorithm in the TAG scenario. The asteroid is assumed to be a tri-axial ellipsoid with semi-axis (a > b > c)

such that a = 350 m, 287 m, and c = 250 m. The density of the asteroid is assumed to be constant

and uniform at 2400 kg/m3. It is assumed that the asteroid rotates with constant rate ΩA = 4.06 × 10−4

rad/sec about the body-fixed z-axis. The gravity field is perturbed by Gaussian noise with zero mean and

10% standard deviation. Here the spacecraft’s initial mass is varied randomly between its nominal values
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Table 4. TAG Maneuver States

Position (m) Velocity (m/s) Time of Flight (s)

Orbit Departure

(1500, 0, 0) + U(−100, 100) (−0.04,−0.047,−0.079) + U(−0.02, 0.02) 4000

Checkpoint

(150,−350, 0) (0, 0, 0) 800

Matchpoint

(3,−317,−3) (0, .1, 0) Unconstrained

Desired TAG Site

(0.− 287, 0) (0, 0, 0) N/A

and 10% less than the nominal with a uniform distribution. Solar radiation pressure forces are included

as Gaussian noise with mean of 0.0001 m/s2 and standard deviation of 0.00001 m/s2 to further stress the

algorithms. A statistical model has been implemented to account for navigation uncertainties in the form of

Gaussian distributions with zero mean and standard deviations of 1m and 0.5 cm/sec in each direction for

position and velocity, respectively. The guidance algorithm is updated at 1 Hz frequency and pulsed using

the same Schmitt trigger described previously. The initial state distributions are described in Table 4.

Figure 12 shows the results of the 1000 Monte Carlo cases, including the full 3-D trajectories and the

residual landing errors, along with the 3σ error ellipse. All statistics for the TAG results are reported in

Table 5, while the statistics of the residual errors magnitudes are visualized in Fig. 13. These results indicate

that the OSG algorithm provides accuracy much lower than the 25m requirement, with the radii of the

3-sigma error ellipse reported as 4.4m and 4.98m in the x and z-directions, respectively. Of the 1000 cases,

the largest miss distance is found to be 6.2 m. Additionally, as reported in Table 5, all cases feature small

residual velocity errors, with a maximum of 8 cm/sec which also meets the requirement of TAG on the

surface at less than 10 cm/sec. Note that in Fig. 12 one can see that all trajectories very nearly converge to

the “checkpoint” location, and follow similar paths to the “matchpoint” location and eventually to the TAG

site on the asteroid surface. Importantly, the residual velocities in the lateral directions (x and z) are very

small in all cases as desired such that the spacecraft is not translating across the surface during the TAG

event.
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Figure 14 reports the thrust commands in each spacecraft body-fixed direction for one case of the Monte

Carlo simulations. Note that these results show the commanded thrust profile instead of the applied thrust,

thus the time delays included to model the delay of thruster activation are not reported here. In total, the

number of thruster cycles (thrust goes from off to on or changes direction) during the reported case are 317,

401, and 292 for the x, y, and z directions respectively. The overall time to complete the maneuver for this

case was 5021 seconds, with the 30m unpowered terminal descent lasting slightly more than 3.5 minutes.

Figure 12. TAG Monte Carlo Results

Figure 13. Position and Velocity Error Magnitude Statistics

VII. Conclusion

In this paper, the Zero-Effort-Miss/Zero-Effort-Velocity (ZEM/ZEV) based Optimal Sliding Guidance

(OSG) algorithm is developed and analyzed for the application to operations about and landing on small

bodies. Derived using results from the Optimal Guidance Law (OGL), which has its foundation in optimal
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Table 5. TAG Monte Carlo Statistics

Value Mean Standard Deviation Min Max

X Miss (m) 0.687 1.46 -4.76 5.13

Y Miss (m) 0.090 0.048 0.001 0.22

Z Miss (m) -0.684 1.66 -5.88 4.60

Miss Magnitude (m) 2.15 1.11 0.134 6.20

X Velocity (m/s) -0.01 0.006 -0.03 0.009

Y Velocity (m/s) 0.055 0.005 0.04 0.073

Z Velocity (m/s) 0.021 0.007 -0.001 0.045

Velocity Magnitude (m/s) 0.06 0.005 0.04 0.08

control theory, the OSG incorporates key theoretical results from sliding mode control theory and finite-

time stability of non-autonomous dynamical systems to provide an algorithm that is robust and formally

proven to be Globally Finite-Time Stable, even when accounting for model uncertainties and disturbances

with known upper bound. Moreover, via numerical simulation the algorithm was demonstrated to be robust

and generally more accurate than the OGL non-sliding counterpart, while also featuring lower levels of fuel

consumption in a perturbed environment. The OSG was then applied to a series of topical simulations based

on recent missions to small bodies; first to landing on a comet featuring outgassing jets and then to a Touch-

And-Go maneuver for sample collection on an asteroid. A series of Monte Carlo simulations were used in

the latter case to further demonstrate the capabilities provided by the sliding mode algorithm under initial

state dispersions, as well as the previously described perturbations and uncertain dynamical environment

to definitively differentiate the OGL and OSG algorithms. These results also provide explicit evidence that

the theoretical results on Global-Finite Time Stability are sound and that the addition of the sliding term

provides robustness not observed in its absence.

Appendix

The jet locations and orientations in Table A1 are as reported in Byram, Scheeres, and Combi,24 and

originally from Sekanina et al.23
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Figure 14. Example Thrust Commands for TAG Scenario
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Table A1. Comet Jet Locations and Orientations

Location Angles, deg Orientation Angles, deg

Jet Longitude, Φr Latitude, λr Longitude,Φv Latitude, λv

1 169 1 161 4

2 16 14 -7 36

3 38 13 25 26

4 42 38 22 59

5 353 -7 -15 -20

6 23 9 9 23

7 294 2 -65 3

8 238 2 -130 4

9 60 19 40 31

10 45 28 30 47

11 266 43 -59 56

12 260 43 -49 57

13 27 10 20 25

14 45 9 34 17

15 272 38 -64 51

16 95 36 97 49

17 252 39 -101 53

18 14 -3 16 -10

19 5 -3 16 -10

20 350 -2 1 -7
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Optimal Sliding Guidance Algorithm for Mars Powered

Descent Phase
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Department of Systems and Industrial Engineering, The University of Arizona, Tucson,
AZ, 85721

Abstract

Landing on large planetary bodies (e.g. Mars) with pinpoint accuracy presents
a set of new challenges that must be addressed. One such challenge is the de-
velopment of new guidance algorithms that exhibit a higher degree of robust-
ness and flexibility. In this paper, the Zero-Effort-Miss/Zero-Effort-Velocity
(ZEM/ZEV) optimal sliding guidance (OSG) scheme is applied to the Mars
powered descent phase. This guidance algorithm has been specifically de-
signed to combine techniques from both optimal and sliding control theories
to generate an acceleration command based purely on the current estimated
spacecraft state and desired final target state. Consequently, OSG yields
closed-loop trajectories that do not need a reference trajectory. The guid-
ance algorithm has its roots in the generalized ZEM/ZEV feedback guidance
and its mathematical equations are naturally derived by defining a non-linear
sliding surface as a function of the terms Zero-Effort-Miss and Zero-Effort-
Velocity. With the addition of the sliding mode and using Lyapunov the-
ory for non-autonomous systems, one can formally prove that the developed
OSG law is globally finite-time stable to unknown but bounded perturba-
tions. Here, the focus is on comparing the generalized ZEM/ZEV feedback
guidance with the OSG law to explicitly demonstrate the benefits of the
sliding mode augmentation. Results show that the sliding guidance provides
a more robust solution in off-nominal scenarios while providing similar fuel
consumption when compared to the non-sliding guidance command. Further,
a Monte Carlo analysis is performed to examine the performance of the OSG
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law under perturbed conditions.

Keywords: ZEM/ZEV; Optimal guidance law; precision landing; sliding
mode control

1. Introduction

Recently, there has been much interest in the development of more ad-
vanced, robust systems for landing vehicles on Mars. Over the past decade,
landing systems developed specifically for missions to the Martian surface
have been critical to ensure successful deployment of agents (e.g. rovers, lan-
ders) on the surface and these will continue to grow in importance due to the
sustained interest to further explore the red planet (Wolf et al., 2006, 2007).
As various regions of the planet are explored, it becomes more important
than ever to deliver the vehicle precisely to the desired target on the surface
to guarantee that the proper regions of scientific interest will be explored.
Naturally, these demands translate into more stringent requirements on the
landing system, calling for more precise guidance systems that are capable of
delivering rovers and/or landers with a higher degree of precision than past
missions. Usually described by a 3-sigma landing error ellipse, the landing
accuracy has been established in past missions to be on the order of 100 km
(e.g. Phoenix and the Mars Exploration Rover). More recently, the Mars
Science Laboratory (MSL) has taken important steps towards increasing the
precision of the Mars Entry, Descent, and Landing (EDL) missions. Indeed,
the MSL system architecture included an Apollo-derived guidance algorithm
that employed bank angle control during the initial atmospheric, hypersonic
entry phase, as well as a powered descent algorithm designed to deliver the
rover to the surface within 10km accuracy using the ‘Sky Crane’ system
(Steltzner et al., 2006; Singh, SanMartin, & Wong, 2007). Despite these im-
provements, future missions may require an even higher level of precision for
landing, possibly to the pinpoint level featuring accuracy on the order of 10s
of meters.

The Mars EDL mission profile consists of roughly four phases. First, the
hypersonic entry phase, which may consist of bank angle control as used by
MSL, is used to drive the vehicle to a desired parachute deployment region.
Next is a subsonic parachute descent phase, which is generally uncontrolled.
Afterwards the parachute is detached and the vehicle enters the powered
descent phase, which will be the primary focus of this work. Finally, the

2

58



touchdown phase safely lands the vehicle on the surface.
Generally, powered descent guidance algorithms consist of two compo-

nents: a targeting or trajectory planning algorithm and a trajectory-following,
real-time guidance algorithm. The former is responsible for generating a ref-
erence trajectory, consisting of position, velocity, and thrust profiles, that
explicitly defines the optimal path for driving the vehicle to the desired tar-
get location. Subsequently, the real-time guidance algorithm is designed to
close the loop such that the vehicle closely tracks the planned path. Current
practice for Mars landing employs this type of approach where the reference
trajectory is generated on-board (Singh, SanMartin, & Wong, 2007). Specifi-
cally, the trajectory is computed as a fifth-order polynomial whose coefficients
are determined by solving a two-point boundary value problem. Originally
implemented to compute the reference trajectory used by the Lunar Explo-
ration Module (Klumpp, 1968, 1971, 1974), the method was used to generate
a feasible reference trajectory comprising of three segments for the powered
descent phase for MSL. (Singh, SanMartin, & Wong, 2007). The fifth-order
polynomial in time is of minimal order such that all boundary conditions for
each of the three segments may be satisfied. Thus, the necessary coefficients
can be determined analytically as a function of a predetermined time until
the end of the phase (time-to-go).

Many recent research efforts have been dedicated towards methods of de-
termining feasible trajectories and guidance commands that are fuel opti-
mal, i.e. optimal open-loop trajectories that satisfy all boundary conditions
as well as any other constraints while minimizing the overall fuel consump-
tion (Topcu, Casoliva, & Mease, 2005; Najson & Mease, 2005; Acikmese
& Ploen, 2007). A variety of methods and software packages may be em-
ployed to solve the optimal guidance problem ( e.g. GPOPS (Rao et al.,
2010)). In cases that utilize the assumption of constant gravity and uncon-
strained thrust, analytical solutions for the energy-optimal problem can be
found (Dsouza, 1997). Recently, Acikmese and Ploen proposed a convex op-
timization approach where the minimum-fuel soft landing problem is cast as
a Second Order Cone Programming problem (Sturm, 1999). The authors
showed that the appropriate choice of slack variables can make the problem
convex, and as such, the optimal problem can be solved using interior-point
methods (Acikmese & Blackmore, 2011; Nesterov & Nemirovsky, 1994). In
this case, with a prescribed accuracy, convergence is guaranteed to the global
minimum in a finite number of iterations making it especially attractive for
future on-board implementation. Furthermore, any desired constraint can
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be applied to the problem and as such, the method has been extended to
find minimum error solutions where no feasible trajectory to the desired tar-
get exists. In such cases, the proposed algorithm determines the closest safe
trajectories to the desired target landing location. (Blackmore, Acikmese,
& Scharf, 2010) However, the above mentioned methods generate open-loop
guidance commands that are not robust against disturbances and uncertain-
ties. Consequently, the reference guidance command must be coupled with a
closed-loop control algorithm capable of tracking the reference optimal path.

Recently, Ebrahimi et al. (Ebrahimi, Bahrami, & Roshanian, 2008) pro-
posed a new missile-based sliding guidance law for fixed-interval propulsive
maneuvers. Based on definitions of zero-effort miss (ZEM) and zero-effort ve-
locity (ZEV), which will both be defined later in this work, the guidance was
proposed as an alternate formulation of an energy-optimal optimal guidance
law originally derived by Battin (Battin, 1987) and D’souza (Dsouza, 1997)
in the context of landing guidance. The now-called Optimal Sliding Guidance
(OSG) was further modified by Furfaro et al. for application to lunar landing
(Furfaro et al., 2011). The authors showed that OSG is globally stable in
an uncertain dynamical environment and can achieve good performance in
Monte Carlo simulations for lunar landing. More recently, Guo et al. (Guo
et al., 2013) proposed a waypoint-optimized ZEM/ZEV feedback guidance
augmentation that utilizes the generalized ZEM/ZEV feedback control law
without sliding mode to reach intermediate targets that define the descent
profile. Further, Zhou and Xia applied an additional constraint of non sub-
surface flight to derive a new formulation of the optimal feedback guidance
law that applied this constraint (Zhou and Xia, 2014). However, they did
not utilize the sliding augmentation, stating that the OSG does not show
any significant advantage in either landing precision or fuel-optimality, and
also is unpractical due to the chattering phenomenon, which is a potential
side-effect of sliding mode control.

In this paper, we analyze in detail the feasibility of applying the OSG
algorithm to the Mars powered descent problem and we compare the perfor-
mance of the proposed guidance with the conventional ZEM/ZEV feedback
guidance (here called Optimal Guidance Law or OGL) without sliding aug-
mentation. More specifically, the goal is to show that the OSG outperforms
the OGL by showing realistic cases where OGL breaks whereas OSG is shown
to maintain stability and accuracy during the powered descent landing phase.
Importantly, while OSG has been shown to be robust and globally stable in
the previous work done by Furfaro et al (Furfaro et al., 2011; Furfaro, Cer-
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sosimo, & Wibben, 2013), further theoretical development has been made to
explicitly demonstrate that the algorithm provides global, finite-time stabil-
ity to the system, therefore providing a solid theoretical and practical basis
for preferring OSG to OGL in the powered descent landing phase. By show-
ing the differences between the two algorithms and by demonstrating the
capabilities of the sliding augmentation under a variety of disturbances us-
ing Monte Carlo simulations, we aim at correcting the statement put forward
by Zhou and Xia who claim that ”from massive simulation, the OSG does
not show any significant advantage in landing precision and fuel-optimality
compared to OGL in this Mars power descent problem.” ( (Zhou and Xia,
2014) page 2447).

The paper is organized as follows. First, the powered descent guidance
problem is introduced and the Optimal Guidance Law (OGL) derivation is
provided. Next, the Optimal Sliding Guidance (OSG) is developed, including
its theoretical foundations and a full proof of finite-time stability. Section 5
gives a simple simulation under realistic conditions used to provide a side-
by-side comparison of the two algorithms to shed light on the differences
between them. In addition, a set of Monte Carlo simulations of the OSG
are provided to demonstrate the full capabilities of the sliding mode aug-
mentation. Finally, the conclusions are drawn from the results in Section
6.

2. Guidance Problem Development

In formulating the spacecraft guidance problem for the powered descent
phase of Mars landing, we model the spacecraft dynamics near the Mars
surface using a 3-DOF dynamical model. Due to the location of the spacecraft
near the Martian surface for the duration of the powered descent phase, the
drag and lift forces on the vehicle due to Martian atmosphere can be neglected
and instead modeled as perturbations to the nominal model. Making this
assumption, the equations of the motion for the system can be expressed as:

ṙ = v (1)

v̇ = g + aC + p := g +
T

m
+ p (2)

ṁ = − |T|
Ispgc

(3)
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Here, r and v are the position and velocity vectors of the spacecraft, aC
is the commanded acceleration provided by the on-board thrusters, T is the
thrust vector, m is the vehicle mass, Isp is the specific impulse of the vehicle’s
thrusters, and g is the gravitational acceleration vector. p represents any
perturbing or unmodeled accelerations with a known upper bound, pMAX .
Due to the relatively low change in altitude during the powered descent phase,
the acceleration due to gravity is assumed to be constant. In addition, the
curvature of Mars can be neglected in the dynamical model, once again due
to the low altitude at which the problem is defined. It can be seen that the
overall thrust vector can be expressed as follows:

T = [Tx, Ty, Tz]
> = |T|

cosα sin β
cosα cos β

sinα

 (4)

where α is the angle between the thrust vector and the horizontal plane
of the guidance coordinate system, and β is the thrust roll angle. In addi-
tion, the landing system exhibits a fixed number of thrusters with a known
maximum thrust value and canted off of the vertical direction such that the
thrust magnitude can be expressed as:

|T| = nkTmcos(θ) (5)

where n is the total number of thrusters, Tm is the maximum thrust level
of each individual thruster, θ is the cant angle of the thrusters to the net
thrust direction, and k is the throttle level of each thruster. All vectors and
angles are assumed to be defined in a coordinate system with origin at the
target landing location on the planet’s surface, as shown in Figure 1.

3. ZEM/ZEV Optimal Guidance Law (OGL) Development

The goal of this paper is to analyze the performance of a zero-effort
miss/zero-effort velocity based guidance algorithm, augmented with sliding
mode control for use in Mars terminal powered landing. The basis for the
sliding augmentation builds on the OGL which is outlined in this section.
Importantly, any guidance algorithm requires the definition of a suitable
guidance model. The model used in the derivation of the guidance laws is
similar to that seen in Eq. (1)-(3), however the guidance model used does
not take into account perturbing accelerations (i.e. p = 0) and the guidance
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Figure 1: Guidance Reference Frame Definition

model does not account for variation in spacecraft mass, i.e. Eq. (3) is not
considered. Thus, the equations for the guidance model can be represented
as follows:

ṙ = v (6)

v̇ = g + aC (7)

Next, we define the two zero-effort miss terms, accounting for both position
and velocity.

First, given the current time t, we define the Zero-Effort Miss (ZEM) as
the distance (vector) the spacecraft will miss the target if no acceleration
command (guidance) is generated after t:

ZEM(t) = rf − r(tf ), aC(τ) = 0, τ ∈ (t, tf ] (8)

Similarly, the Zero-Effort Velocity (ZEV) is defined as the error in velocity
at the final time if no acceleration command is input to the system after t:

ZEV(t) = vf − v(tf ), aC(τ) = 0, τ ∈ (t, tf ] (9)
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Here, rf and vf are the desired position and velocity at the final time.
Both ZEM(t) and ZEV(t) can be explicitly expressed as functions of the
current position, velocity, and time-to-go by integrating the equations of
motion with ac = 0 and substituting into Eq. (8) and Eq. (9):

ZEV(t) = vf − v(t)−
∫ tf

t

gdτ (10)

ZEM(t) = rf − r(t)− v(t)tgo +

∫ tf

t

∫ tf

f

gdτ ′dτ (11)

where tgo = tf− t is defined as the time-to-go before reaching the terminal
state.

The basis of the algorithm development is the ability to generate an opti-
mal guidance law as a function of ZEM and ZEV. Indeed, given the actual
spacecraft position and velocity, both quantities can be estimated on-line
by the numerical integration of the (unperturbed) equations of motion as
functions of the time-to-go and the targeted conditions. One of the key in-
gredients is the ability to obtain a closed loop guidance law that minimizes
the overall guidance effort, i.e. a guidance law that minimizes the square
of the magnitude of the acceleration command. Indeed, the energy-optimal
landing problem can be formulated as follows:

Find the aC as a function of ZEM(t) and ZEV(t) that minimizes the
following performance index:

J(aC) =

∫ tf

t

aC(τ)>aC(τ)dτ (12)

Subject to Eq. (6),(7) as physical constraints, with initial conditions (at
time t) r(t) and v(t) and final conditions (at time tf) rf and vf .

The acceleration command is assumed to be unconstrained, i.e. the thrust
generated by the propulsion system is unbounded. The problem can be
solved by either applying the Pontryagin Minimum Principle to determine
the necessary conditions for the existence of an optimal solution (Two Point
Boundary Value Problem, see Appendix A) or by a direct application of
calculus of variations.(Furfaro et al., 2013) It is found that the acceleration
command is linear in time, i.e.:

aC(t) = A1t−A2 (13)
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The constants A1 and A2 are determined by applying boundary conditions
followed by substituting aC in to Eq. (6) and (7) and integrating. Finally, the
optimal acceleration command can be expressed as a function of ZEM(t),
ZEV(t), and tgo as follows:

aC =
kR
t2go

ZEM(t) +
kV
tgo

ZEV(t) (14)

Where kR = 6 and kV = −2 are the optimal guidance gains.(Furfaro et
al., 2013).

The methodology employed to determine the optimal guidance law (OGL)
as a function of ZEM and ZEV is very similar to the analysis presented by
D’Souza(Dsouza, 1997), who derived the optimal acceleration command for
a power landing descent as a function of error in position (actual position
minus target position), velocity (actual velocity minus target velocity) and
time-to-go. This same analysis was further analyzed and developed by Guo,
et. Al (Guo et al., 2013). Both formulations do not impose any constraints
in term of maximum thrust or minimum altitude. Further, Zhou and Xia
recently proposed an alternative improvement to this derivation that results
in a modified ZEM/ZEV guidance law that can take into account minimum
altitude and subsurface constraints. (Zhou and Xia, 2014). Importantly,
this algorithm is easy to implement and mechanize which may justify the
attractiveness of the guidance approach. Furthermore, OGL does not require
a reference trajectory but only knowledge of the current spacecraft state as
well as the final desired (target) state.

4. Optimal Sliding Guidance (OSG) Development

Whereas the OGL algorithm is developed by solving an optimal control
problem, it does have some drawbacks. Primarily, global stability of the
guidance law cannot be formally proven. Importantly, the energy-optimal
guidance, as derived, does not account of unmodeled disturbing accelerations
which may negatively effect its performance in an uncertain environment.
Indeed, OGL performances may be evaluated only via a comprehensive set
of Monte Carlo simulations to ensure that the guidance does not break when
forced by unmodeled accelerations (e.g. external disturbing accelerations,
command delays and errors etc.). Thus, the notion of augmenting the optimal
guidance with a non-linear sliding mode may produce a non-linear guidance
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algorithm that is both robust to perturbations and can be formally proven
to be globally stable.

Before illustrating the development of the optimal sliding guidance, we
first introduce some basics to sliding mode control.

4.1. Sliding Mode Control Theory

The sliding control methodology is an elementary approach to robust con-
trol.(Slotine & Li, 1991). Intuitively, it is based on the observation that
it is much easier to control non-linear and uncertain 1st order systems (i.e.
described by 1st order differential equations) than nth-order systems (i.e. de-
scribed by nth-order differential equations). Generally, if a transformation is
found such that an nth-order problem can be replaced by a 1st order problem,
it can be shown that, for the transformed problem, perfect performance can
be in principle achieved in presence of parameter inaccuracy. As a drawback,
such performance is generally obtained at the price of higher control activity.

In order to demonstrate how sliding mode theory can be applied, consider
the following single-input nth-order dynamical system:

dn

dtn
x = f(x) + b(x)u (15)

Here, x is the scalar output, u is the control variable and x = [x, ẋ, . . . , x(n)]
is the state vectors. Both f(x), which described the non-linear system dy-
namics, and the control gain, b(x) are not exactly known. Assuming that
both f(x) and b(x) have a known upper bound, the sliding control goal is to

get the state x to track the desired state xd = [xd, ẋd, . . . , x
(n)
d ]> in presence

of model uncertainties. The time varying sliding surface is introduced as a
function of the tracking error x̃ = x− xd by the following scalar equation:

s(x) = (
d

dt
+ λ)n−1x̃ = 0 (16)

For example, if n = 2 we obtain:

s(x) = ˙̃x + λx̃ = 0 (17)

With the definitions in Eq. (16) and Eq. (17), the tracking problem is
reduced to the problem of forcing the dynamical system in Eq. (15) to remain
on the specified sliding surface. Clearly, tracking an n-dimensional vector xd
has been reduced to the problem of keeping the scalar sliding surface to zero,
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i.e. the problem has been reduced to a 1st order stabilization problem in
s. The simplified 1st order stabilization problem can be now achieved by
selecting a control law such that outside the sliding surface the following is
satisfied:

1

2

d

dt
s2 ≤ −η|s| (18)

Here, η is a strictly positive constant. Eq. (18), also called the ”sliding
condition”, explicitly states that the distance from the sliding surface de-
creases along all system trajectories. Generally, constructing a control law
that satisfies the sliding condition is fairly straightforward. For example,
using the Lyapunov direct method, one can select a candidate Lyapunov
function as follows:

V (s) =
1

2
s>s =

‖s‖2

2
(19)

For the Lyapunov function candidate to be a true Lyapunov function, the
following conditions must hold true:

V (0) = 0
V (s) > 0 s 6= 0

V̇ (s) = s>ṡ ≤ 0 s 6= 0
(20)

By taking the derivative of Eq. (18), it is easily concluded that the sliding
condition (Eq. (18)) is satisfied. The control law is generally obtained by
substituting the sliding control definition, Eq. (17), and the system dynam-
ical equations, Eq. (15), into Eq. (18). Thus by substituting in the sliding
surface and its dynamics into the final expression of Eq. (20) and assuming
b(x) = 1 in Eq. (15), the control input is found to be:

u = −f(x) + ẍd − λ ˙̃x (21)

However, this assumes that the plant dynamics f(x) in Eq. (15) are
exactly known. In the case of an uncertain system, Eq. (21) becomes the
best approximation of the control law:

û = −f̂(x) + ẍd − λ ˙̃x (22)

In order to account of the uncertainties in state dynamics, a discontinuous
term across the surface s = 0 is added to form the new control law:
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u = û− Φsign(s) (23)

It is clear that by choosing a value of Φ := Φ(x, ẋ) > 0 that is sufficiently
large, the sliding condition in Eq. (18) is guaranteed to be satisfied.

4.2. Optimal Sliding Guidance (OSG) Design and Global Finite-Time Sta-
bility

Now, we can utilize the sliding control theory described above to integrate
a non-linear sliding control mode into the optimal guidance law and produce
a robust, non-linear guidance algorithm for the powered planetary descent.

To integrate the sliding mode into the optimal guidance framework and
derive the Optimal Sliding Guidance (OSG) equations, we begin by noticing
clear parallels between the sliding surface definition for a second order system
in Eq. (17), the uncertain dynamical system control in Eq. (23) and the
optimal guidance law found in Eq. (14). Thus, OSG is proposed as a simple
augmentation to the OGL:

aC(t) =
kR
t2go

ZEM(t) +
kV
tgo

ZEV(t)− Φsign(s) (24)

With the associated sliding surface defined as:

s = ZEV + λZEM (25)

In order to demonstrate the theoretical stability for the proposed guidance
algorithm, we can define a Lyapunov function in the same form as seen in
Eq. (19) and must demonstrate that all conditions in Eq. (20) are met.
Therefore, we consider the dynamics of the sliding surface, i.e. the derivative
of Eq. (25) with a substitution of the expressions for the derivatives of ZEM
and ZEV:

ṡ = ˙ZEV + λ ˙ZEM + λ̇ZEM = −(1 + λtgo)aC + λ̇ZEM (26)

By substituting in the optimal guidance law found in Eq. (24), the sliding
surface dynamics can be rewritten as:

ṡ = −(1 + λtgo)(
kr
t2go

ZEM +
kv
tgo

ZEV − Φsign(s)) + λ̇ZEM (27)

Consequently, the sliding surface dynamics can be expressed in the form:
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ṡ = −K(t)s− Φ′sign(s) (28)

with the following relationships between the parameters:

K(t) = (1 + λtgo)
kv
tgo

λK(t) = (1 + λtgo)
kr
t2go
− λ̇ (29)

By equating these two expressions, the guidance parameter λ can be de-
termined by solving a Riccati differential equation, the details of which are
described in Appendix B. The final result is found to be:

λ = − 2

tgo
(30)

Thus the analytical expression for ṡ is determined by substituting in the
result:

ṡ = − 2

tgo
s− Φsign(s) (31)

Importantly, OSG can be demonstrated to be globally finite-time stable.
Global Finite-Time Stability (GFTS) is an important property of non-linear
dynamical systems (Bhat & Bernstein, 2000). Such notion involves both au-
tonomous and non-autonomous dynamical systems whose trajectories con-
verge to an equilibrium state in finite time. Dynamical systems associated
with guidance to a desired target are generally non-autonomous and must be
designed to achieve the desired target in a finite time. Thus, GFTS becomes
a critical desired theoretical property for any guidance system development
as it guarantees that the system converges to the target set in finite time.
Formal proof of GFTS for non-autonomous systems is generally difficult as
only few sufficient conditions have been recently developed (Moulay & Per-
ruquetti, 2008). Here, we prove the following important theorem:

Theorem (OSG Global Finite-Time Stability): Suppose there exists a glob-
ally defined, radially unbounded, decrescent, and continuously differentiable
Lyapunov function V : R≥ × V → R≥ and a continuous, positive definite
function r : R≥ → R≥ such that r(0) = 0 satisfies the following differential
inequality:

V̇ ≤ −r(V ) (32)
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and also for some ε > 0: ∫ ε

0

dz

r(z)
< +∞ (33)

Then the origin of the system ṡ = − 2
tgo

s− Φsign(s) is globally finite time

stable.
Proof: Consider the dynamical system in Eq. (31). A Lyapunov function

for this system can be defined as:

V (s) =
‖s‖
2

(34)

Clearly, V (s) is decrescent, globally defined, and radially unbounded. Fur-
thermore, the derivative of the Lyapunov candidate can be expressed by sub-
stituting in the analytical solution for ṡ seen in Eq. (31):

V̇ = sT ṡ = sT
(
− 2

tgo
s− Φsign(s)

)
= − 2

tgo
sT s− Φ|s| (35)

Thus, the Lyapunov candidate is also continuously differentiable. Now, we
find a positive definite function providing an upper bound on V̇ as:

V̇ = − 2

tgo
sT s− Φ|s| = − 2

tgo
‖s‖2 − Φ|s| ≤ −

√
2ΦV 1/2 < 0 (36)

Thus r(V (t, s)) can be selected as:

r(z) =
√

2ΦV 1/2 (37)

Using this continuous equation, the condition seen in Eq. (33) can be
shown to hold true:∫ ε

0

dz

r(z)
=

∫ ε

0

dz√
2Φz1/2

=

√
2

Φ

√
ε < +∞ (38)

Therefore, because the positive definite function r(V ) exists and meets
the conditions expressed in Eq. (33) in addition to the fact that V meets
conditions of Eq. (32), is decrescent, globally defined, and radially unbounded,
the system is globally finite time stable about s = 0. �
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Figure 2: Position and velocity comparison of OGL vs. OSG
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5. Comparison Between OGL and OSG

5.1. Nominal Scenario

In order to demonstrate the performance of the OSG law, and specifically
the value added of the sliding component, a simulated powered descent sce-
nario can be devised. In this particular simulation, the parameters of the
descent vehicle follow directly as seen in Acikmese and Ploen (Acikmese &
Ploen, 2007) and Zhou and Xia (Zhou and Xia, 2014) which are as seen
in Table 1. The initial position and velocity of the vehicle are given as
r(t0) = r0 = [0,−2000, 1500]>m and v(t0) = v0 = [0, 100,−75]> m/s while
the desired final position is r(tf ) = rf = [0, 0, 100]>m with zero final velocity
(soft landing). The desired target altitude of 100 m is set in order to allow
for execution of the final touchdown phase and in order to perform any nec-
essary hazard avoidance maneuvers. The sliding parameter, Φ, is set such
that Φ = |pMAX | + s0

tf
such that it is sufficiently large to ensure theoretical

Global Finite-Time Stability. The full simulation is set to run for 45 sec-
onds (optimal simulation time as determined in (Zhou and Xia, 2014)) with
a guidance update frequency of 10 Hz.

Table 1: Spacecraft Parameters

Parameter Value

m0 1905 kg

g [0, 0,−3.7114]> m/s2

n 6

θ 27 deg

Isp 225 s

ge 9.807 m/s2

Tm 3100 N

In an ideal scenario, it is expected that the OGL algorithm performs as
well as the OSG (sliding-augmented algorithm) based on the system stability
exhibited without the presence of perturbations. However, a perfect scenario
is not truly realistic, thus perturbations and uncertainties in the model must
be inserted in order to truly analyze the response of the system. First, the
vehicle’s engines are assumed to be thrust-limited with set minimum and
maximum limits on the throttle level of the engines. The constraints applied
to this simulation follow both Acikmese and Ploen (Acikmese & Ploen, 2007)
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and Zhou and Xia (Zhou and Xia, 2014) such that the thrust magnitude is
constrained according to:

0.3Tm ≤ |T| ≤ 0.8Tm (39)

Errors in the spacecraft mass, the gravitational acceleration, and atmo-
spheric forces are assumed to be approximated as perturbation accelerations
in the simulation, modeled as 30% of the gravitational acceleration in each
coordinate direction. In addition, thruster firing and pointing errors have
been implemented as random errors on the thrust angles α and β following
a normal distribution with zero mean and standard deviations of 0.03 rad
and 0.05 rad, respectively. Finally, a first-order time delay on the applied
acceleration command was incorporated in order to simulate actuator delay,
which was modeled as follows:

ȧc =
acideal − ac

τ
(40)

Where the ideal command is as produced by the guidance laws and the
actual is the value applied to the dynamics of the vehicle. The time constant
τ was chosen to be 1 sec for this simulation.

Figure 2 shows a side by side comparison of the performance of the two
guidance algorithms under the described conditions in term of the vehicle’s
position and velocity time histories. Clearly, both algorithms demonstrate
relatively similar performance. However further inspection of the final miss
values, which are reported in Table 2, reveals significant differences. Indeed,
the OSG algorithm demonstrates much lower residual errors, especially in
overall velocity magnitude at the end of the phase when compared to that of
the algorithm without the sliding augmentation. Further, Figure 3 includes
a comparison of the applied acceleration commands and fuel consumption
of both algorithms. Importantly, in addition to providing lower residual
guidance errors, the OSG also consumes less fuel throughout the course of
the simulation when compared to the OGL. To compensate for dynamical
disturbances, the latter tends to generate acceleration commands higher over
a sustained period of time throughout the powered descent causing larger fuel
requirements. Conversely, OSG exhibits a peak acceleration over a shorter
period necessary for the system to achieve the desired sliding surface. These
results display key differences between the two algorithms and definitively
demonstrate the benefits of the inclusion of the sliding term in the guidance
algorithm.
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Figure 3: Commanded Acceleration and fuel consumption comparison of OGL vs. OSG
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Table 2: Nominal Simulation Results
Parameter OGL OSG

Residual Position Error Magnitude 1.0721 m 0.0282 m

Residual Velocity Error Magnitude 2.7132 m/s 0.4156 m/s

Total Fuel Consumed 217.5 kg 209.7 kg

5.2. Thruster Failure Scenario

To further compare the capabilities of the two algorithms, they have both
been applied to a more extreme scenario in which the vehicle experiences two
thruster failures during the powered descent phase. Using the same primary
model environment as described in the previous section, a failure of two of the
on-board thrusters was implemented by reducing the value of the parameter
n in Eq. (5) from 6 to 4 after 20 seconds (tgo = 25sec). The comparison of
the final state results are reported in Table 3 and are shown in Figs. 4 and
5.

Table 3: Thrust Failure Simulation Results
Parameter OGL OSG

Residual Position Error Magnitude 114.67 m 0.0257 m

Residual Velocity Error Magnitude 20.43 m/s 0.5411 m/s

Total Fuel Consumed 210.3 kg 209.5 kg

In this scenario, the OSG algorithm performs much better than the OGL.
In fact, as seen in Fig. 4, under thruster failure conditions OGL breaks,
i.e. the target is missed with large position residual errors. Furthermore,
with large residual velocities in all coordinate directions, it is clear that the
OGL algorithm has not provided an acceptable solution. Conversely, the
OSG algorithm provides similar performance to that as seen in the previous
simulation, further solidifying the theoretical results that make it preferable
over the non-sliding algorithm.

6. Effect of Φ

It is important to note that the value chosen for the sliding parameter
Φ greatly effects the performance of the OSG algorithm. As mentioned in
the previous section, all simulation results shown thus far have used a value
for Φ that depends on the upper bound of perturbations such that Φ =
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Figure 4: Thruster Failure Position and Velocity Results
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Figure 5: Thruster Failure Commanded Acceleration and Fuel Consumption Results
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|pMAX | + s0
tf

. This value was chosen due to the fact that, as mentioned in

the introduction to sliding mode control, it must be large enough such that
the sliding condition is guaranteed to be satisfied even in the presence of
disturbances with known upper bound. However, as is the case with any
guidance gain, setting the value too high will result in using more propellant
than is necessary to achieve the desired accuracy. Thus, one can properly
select the value of Φ to reduce the impact on fuel consumption. In order to
demonstrate the effect that Φ has on the performance of the algorithm, the
thruster-failure simulation above was repeated with varying values of Φ. The
results of these runs are reported in Table 4.

Table 4: Thrust Failure Simulation - Comparing Values of Φ

Parameter Φ = 0.1 Φ = 1.0 Φ = 5 Φ = 10 Φ = 50

Residual Position Error Magnitude (m) 101.84 20.02 0.0202 0.0301 0.1637

Residual Velocity Error Magnitude (m/s) 18.43 7.59 0.4854 0.4606 1.4638

Total Fuel Consumed (kg) 210.3 210.8 209.3 208.44 218.83

For this specific set of simulations, it is clear that values between Φ = 5
and Φ = 10 provide the best results. Note that for the simulation described
in the previous section, Φ was selected equal to |pMAX |+ s0

tf
≈ 5.87 to ensure

GFTS. As Φ nears zero, it is expected that OSG approaches OGL, as the
sliding term disappears. Conversely, if Φ becomes too large, not only does
the consumed fuel increase as expected, but due to the domination of the
sliding term the accuracy begins to degrade somewhat as well. This effect can
be seen directly in the thrust magnitude results, reported in Fig. 6 as higher
values of Φ translate directly into higher levels of oscillation in the thrust
command. Fig. 6 also contains the time evolution of the fuel consumption
for these simulations showing the clear outlier of Φ = 50 consuming much
more fuel mass than the other cases. Due to these results, it is clear that
selection of the sliding term must be performed carefully with the specific
problem in consideration.

7. Monte Carlo Simulation

In order to further demonstrate the performance of the OSG algorithm
and compare it to the OGL, a series of Monte Carlo simulations have been
performed for both algorithms. In addition to all previously described dis-
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Figure 6: Thrust magnitude and fuel consumption results for different values of Φ
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turbances seen in the previous simulation excepting the thruster failure, the
initial state follows the dispersions list in Table 5 for both algorithms.

Table 5: Monte Carlo Initial State Dispersions

Parameter Mean Standard Deviation

X Position 0 m 50 m

Y Position -2000 m 150 m

Z Position 1500 m 100 m

X Velocity 0 m/s 10 m/s

Y Velocity 100 m/s 10 m/s

Z Velocity -75 m/s 5 m/s

Initial Mass 1905 kg 30 kg

The landing statistics for both algorithms are reported in Table 6. Figures
7 to 10 report only the results from the OSG algorithm for sake of brevity.
Figures 7 and 8 show the position and velocity histories for the set of 500
Monte Carlo simulations. Figure 9 shows the commanded acceleration in
all three directions, and Fig. 10 shows the overall acceleration command
magnitude and vehicle mass history for all Monte Carlo simulations.

Table 6: Monte Carlo Results
OGL OSG

Parameter Mean Value St Dev Mean Value St Dev

X Position (m) -0.2506 0.6673 0.0034 0.0062

Y Position (m) -0.1750 1.1574 -0.0054 0.0100

Z Position (m) 99.4078 3.1598 100.0083 0.0078

X Velocity (m/s) -1.5768 1.1556 -0.2932 0.0503

Y Velocity (m/s) -1.2692 2.2025 -0.1326 0.1013

Z Velocity (m/s) -2.1481 0.9595 -0.4086 0.0743

Fuel Mass (kg) 216.23 27.31 206.41 26.22

Clearly, the sliding guidance algorithm performs better when compared to
the OGL without the sliding term. While both algorithms perform well in
terms of residual position errrors, the difference in residual velocities is much
greater. Importantly, the maximum residual velocity magnitude for the OGL
case was seen to be 17.91m/s, signifying that at least one case resulted in the
spacecraft not being in an appropriate state to begin the terminal descent
phase. Conversely, the OSG algorithm had a maximum residual velocity
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Figure 7: OSG Position Results and Landing Dispersion. a) X Position, b) Y Position, c)
Z Position, d) Landing Dispersion with 3-σ error ellipse

magnitude of 0.1696m/s, implying that no poor cases of such magnitude
existed under the simulated conditions.

The landing dispersion and the 3-σ error ellipse seen in Fig. 7 shows that
all cases result in very low final position error and all run Monte Carlo cases
converge near the final desired target. The acceleration command results seen
in Fig. 9 show that the OSG algorithm quickly accounts for the initial state
dispersion, and in many cases quickly converges to a steady state value in
each coordinate direction. Those that do not are the result of more extreme
cases in the initial dispersion statistics resulting in a longer convergence time.

In addition to generally featuring lower residual errors in both position
and velocity, the sliding guidance algorithm also demonstrates less fuel con-
sumption across the course of the Monte Carlo runs further demonstrating
the difference between the two algorithms. It is also important to mention
that a small number of cases do travel below the final 100m final desired
altitude at an earlier time during the descent as the current algorithm does
not include the augmentation proposed by Zhou and Xia (Zhou and Xia,
2014) though it could be easily implemented to resolve this if desired.
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Figure 8: OSG Velocity Results. a) X Velocity, b) Y Velocity, c) Z Velocity, d) Velocity
Magnitude
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Figure 9: OSG Acceleration Command Results. a) X Acceleration, b) Y Acceleration, c)
Z Acceleration

Figure 10: OSG Acceleration Magnitude and Vehicle Mass Results. a) Acceleration Mag-
nitude, b) Vehicle Mass History
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8. Conclusions

For the Mars powered descent problem, the ZEM/ZEV based Optimal
Sliding Guidance (OSG) algorithm is developed and analyzed. Derived using
the results from the Optimal Guidance Law (OGL), which has its founda-
tion in optimal control theory, the OSG incorporates key theoretical results
from sliding mode control theory and finite -time stability of non-autonomous
dynamical systems to yield a robust algorithm that is Globally Finite-Time
Stable under model uncertainties and disturbances with known upper bound.
Moreover, the algorithm was demonstrated to be robust and generally more
accurate than the OGL counterpart while also consuming less fuel mass when
placed in a perturbed simulation environment. A series of Monte Carlo sim-
ulations were used to further demonstrate the capabilities of the sliding al-
gorithm under initial state dispersions in addition to previously mentioned
disturbances to clearly demonstrate the differences between the OGL and
OSG algorithms, providing explicit evidence that the sliding term provides
robustness and further extends the capabilities of the ZEM/ZEV based guid-
ance algorithms.

Appendix A. Derivation of OGL using Pontryagin’s Minimum Prin-
ciple

Let the optimal control problem in terms of the ZEM/ZEV system be
defined as follows:

minimize
ac

J =
1

2

∫ tf

t

a>c acdτ

subject to ˙ZEM = −actgo
˙ZEV = −ac

(A.1)

Subject to the following boundary conditions:

ZEM(tf ) = 0

ZEV(tf ) = 0
(A.2)

The constraints in Eq. (A.1) represent the dynamics of the ZEM/ZEV
system and can be found by taking the derivative of Eq. (10), and (11) and
applying the Fundamental Theorem of Calculus:
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˙ZEV =
d

dt

(
vf − v(t)−

∫ tf

t

gdτ

)
= −v̇(t) + g = −ac (A.3)

˙ZEM =
d

dt

(
rf − r(t)− v(t)tgo −

∫ tf

t

∫ tf

f

gdτ ′dτ

)
= −v̇(t)tgo+gtgo = −actgo

(A.4)
Importantly, the commanded acceleration must be unbounded for this

problem to be solved analytically. In order to find a solution to this nonlinear
optimization problem, we will utilize Pontryagin’s Minimum Principle. First,
we can define the Hamiltonian of the system as follows, incorporating the cost
function and constraints together via Lagrange multipliers λ1 representing
Eq. (A.3) as a constraint, and λ2 representing Eq. (A.4):

H =
1

2
a>c ac + λ>1 (−actgo) + λ>2 (−ac) (A.5)

The condition for optimality of the Hamiltonian according to Pontryagin’s
Minimum Principle is such that the following is true:

∂H

∂ac
= ac − λ1tgo − λ2 = 0 (A.6)

Thus the optimal acceleration command is found to be expressed as a
linear function of time with two unknown coefficients, to be solved for by
utilizing the final conditions of the equations of motion:

ac = λ1tgo + λ2 (A.7)

Using this result, we can integrate the equations of motion to analytically
solve for the unknown Lagrange multipliers λ1 and λ2. Beginning with Eq.
(A.3), using the result above in Eq. (A.7) and the boundary conditions in
Eq. (A.2):

ZEV(t) = λ2tgo +
1

2
λ1t

2
go (A.8)

This result can be used to similarly integrate Eq. (A.4) to find the follow-
ing (again using the condition at the final time in Eq. (A.2)):

ZEM(t) =
1

2
λ2t

2
go +

1

3
λ1t

3
go (A.9)
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Using these two equations, we can finally solve for the two coefficients to
explicitly express ac as a function of the current vehicle state, the desired
final position, and the time to go:

λ1 = 12
t3go

ZEM− 6
t2go

ZEV

λ2 = − 6
t2go

ZEM + 4
tgo

ZEV
(A.10)

Thus, substituting into Eq. (A.7), the optimal acceleration is found to be:

ac =
6

t2go
ZEM− 2

tgo
ZEV (A.11)

Appendix B. Determining Sliding Parameter λ

By combining the two results in Eq. (29), the following differential equa-
tion for λ can be found:

λ̇ = −kvλ2 +
kr − kv
tgo

λ+
kr
t2go

(B.1)

Importantly, Eq. (B.1) is in the format of a Ricatti Differential Equation,
which has a known solution method and its solution contains both transient
and steady state results. By using a transformation of variables, the solution
for λ can be found. First, perform the following substitution of variables:

λ = ẋ
kvx

λ̇ = xẍ−ẋ2
kvx2

(B.2)

By substituting this into Eq. (B.1), the following second order, homoge-
neous differential equation is found:

ẍ+
kv − kr
tgo

ẋ− kvkr
t2go

x := ẍ+
k1
tgo
ẋ+

k2
t2go
x = 0 (B.3)

We can assume the solution will take the following form, as a linear com-
bination of functions in order to solve the second order, linear, homogeneous,
non-constant coefficient differential equation:

x = c1t
a
go + c2t

b
go

ẋ = −ac1ta−1go − bc2tb−1go

ẍ = a(a− 1)c1t
a−2
go + b(b− 1)c2t

b−2
go

(B.4)
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Substituting this into Eq. (B.3) results in the following quadratic equa-
tion. Note that the solutions for the unknown constants a and b are the
same, thus the result will use both possible solutions of the quadratic.

c1t
a−2
go (a2 − a− k1a− k2) + c2t

b−2
go (b2 − b− k1b− k2) = 0

a, b =
1+k1±

√
(−1−k1)2−4k2
2

(B.5)

Thus the solution to the differential equation is:

x = c1t
1+k1+

√
(1+k1)

2−4k2

2
go +c2t

1+k1−
√

(1+k1)
2−4k2

2
go = c1t

1+k1+kN
2

go +c2t
1+k1−kN

2
go (B.6)

Following, its derivative is:

ẋ =
1 + k1 + kN

2
c1t

1+k1+kN
2

−1
go +

1 + k1 − kN
2

c2t
1+k1−kN

2
−1

go (B.7)

We can express x and ẋ as follows:

x =
(
c1 + c2t

−kN
go

)
t
1+k1+kN

2
go

ẋ =
(
1+k1+kN

2
c1 + 1+k1−kN

2
c2t
−kN
go

)
t
1+k1+kN

2
−1

go

(B.8)

We can now substitute these results back in to the variable substitution
in Eq. (B.2) to determine λ.

λ = − ẋ
kvx

= − 1
kv

(
1+k1+kN

2
c1+

1+k1−kN
2

c2t
−kN
go

)
t
1+k1+kN

2 −1
go(

c1+c2t
−kN
go

)
t
1+k1+kN

2
go

= − 1
kv

(1+k1+kN )c1+(1+k1−kN )c2t
−kN
go

2tgo
(
c1+c2t

−kN
go

)
(B.9)

As λ (and in effect, x) is a design parameter, the initial conditions for the
integration can be selected such that either c1 = 0 or c2 = 0, thus the final
form of λ can take on one of two possible solutions:

λ1 = −1−k1−kN
2kvtgo

λ2 = −1−k1+kN
2kvtgo

(B.10)

By substituting in the values of kr = 6 and kv = −2 from the original
optimal guidance law derivation, these values become:
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λ1 = − 3
2tgo

λ2 = − 2
tgo

(B.11)

The value of λ can be chosen based on the desired behavior of the system,
but by analyzing the evolution of s we find that only λ2 provides the needed
dynamics, thus it is selected as the final result.
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A novel non-linear spacecraft guidance scheme utilizing a hybrid system model for 

pinpoint lunar landing and retargeting is presented. The development of this model is 

motivated by a) the desire to formulate a hybrid system model for the implementation of 

lunar landing guidance that is flexible to different mission architectures, and b) the interest 

in analyzing the ability of a system using the hybrid model to perform retargeting 

maneuvers during the descent to the lunar surface. Based on hybrid system theory, the 

proposed Hybrid Guidance Law (HGL) utilizes a combination of multiple controllers to 

bring the lander safely to the desired target on the lunar surface with zero velocity in a finite 

time. The hybrid system approach utilizes the fact that the behavior and logic of switching 

between guidance laws is inherent in the definition of the system. The presented case of a 

sample hybrid system utilizes a global controller that implements an optimal guidance law 

augmented with a sliding mode to bring the lander from an initial state to a predetermined 

reference trajectory and a Linear Quadratic Regulator (LQR) based local controller to 

bring the lander to the desired point on the lunar surface. The individual controllers are 

shown to be stable in their respective regions and the stability of the full hybrid system is 

proven. The behavior and performance of the proposed case is examined via an initial 

simulation of nominal and off-nominal landing scenarios (e.g. retargeting). Furthermore, the 

HGL is tested in a set of Monte Carlo simulations under realistic conditions. Results 

demonstrate the inherent capability of the hybrid guidance law to switch between guidance 

laws and reach the desired target point on the lunar surface with low residual guidance 

errors. Further, the hybrid guidance law is exercised for the problem of retargeting in order 
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to examine the performance of the algorithm under the conditions that the initial target site 

is unsuitable for landing. 

Nomenclature 

    =  stability set for hybrid system 

    =  flow set 

        =  flow set for global and local controllers 

    =  jump set 

        =  jump set for global and local controllers 

         =  flow map 

       =  jump map 

    =  hybrid system 

     =  Positive definite function 

    =  switching variable 

            =  position, velocity, and acceleration vectors of reference trajectory 

     =  local neighborhood of origin 

       =  hybrid system Lyapunov candidate functions 

    =  hybrid state vector 

      =  zero-effort miss 

      =  zero-effort velocity 

        =  hybrid system Lyapunov function lower and upper bounds 

    =  composite error state (position and velocity) 

     =  position error vector 

     =  velocity error vector 

        =  hybrid system constraints 

        =  hybrid system Lyapunov condition functions 

    =  timer variable 
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I. Introduction 

HE problem of achieving pinpoint landing accuracy on the lunar surface presents new challenges which may 

require the development of more advanced guidance algorithms. Such new class of guidance algorithms must bring 

the spacecraft to the lunar surface at the desired point with zero velocity and unprecedented precision (e.g. accuracy 

of less than 10 meters for pinpoint landing [1]). More specifically, such algorithms must be able to a) autonomously 

target the desired point on the lunar surface within a specified error bound and b) execute retargeting during the 

terminal descent phase. The Guidance, Navigation and Control (GNC) subsystem is generally responsible for safely 

driving the lander to the surface. The lunar descent guidance algorithm is part of the GNC suite and it ultimately 

computes the acceleration that must be generated by the propulsion system to safely and precisely land the probe at 

the desired location on the Moon’s surface. Most of the guidance algorithms available to perform such important 

tasks date back to the Apollo-era [1-3]. Mostly based on linear control theory, such algorithms may not be sufficient 

to meet the more severe requirements imposed by novel mission architectures which advocate a higher degree of 

flexibility (e.g. precision landing must be executable at any time during the mission). 

In general, lunar descent algorithms are comprised of two major parts, i.e. a) a targeting algorithm and b) a 

trajectory-following, real-time guidance algorithm. The targeting algorithm is responsible for generating a reference 

trajectory that explicitly outlines the path that drives the lander to the desired location on the lunar surface. The real-

time guidance algorithm generates commands compatible with the vehicle force effectors (acceleration commands) 

that force the landing spacecraft to track and fly the reference trajectory, therefore ensuring that the target point is 

achieved with low touch-down velocity (soft landing). The original Apollo real-time targeting and guidance 

algorithm [2], which was successfully employed to land Apollo 11’s Lunar Exploration Module (LEM) on the Sea 

of Tranquility, relied on an iterative algorithm to generate a reference trajectory (i.e. a quartic polynomial). 

Moreover, the closed-loop linear guidance, whose equations were obtained by a 4
th

 order McLaurin approximation 

of the reference trajectory [2, 3], was implemented to track the desired quartic polynomial. More recently, gravity 

turn-based guidance laws have been considered for real-time implementation. Such laws rely on targeting algorithms 

capable of generating gravity turns as a reference trajectory. The gravity turn guidance law works on the assumption 

that during the descent, the lander’s autopilot keeps the thrust always parallel and opposite to the instantaneous 

velocity vector. Such class of trajectories has the beneficial property of guaranteeing that landing is always vertical 

[4, 5]. However, gravity turn guidance does not optimize fuel conservation and it is very sensitive to error injections. 

T 
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Nevertheless, gravity turn guidance is easy to implement which may explain the attention devoted by researchers 

over the past few decades. Indeed, by using appropriate simplifying assumptions (constant gravity, constant mass 

and vertical thrust always oriented in the direction opposite to the velocity vector), the lander equations of motion 

become separable and can be directly integrated to obtain an explicit analytical solution [6]. The thrust-to-mass ratio 

that enables the gravity turn as a function of the initial altitude, speed, and flight path angle is obtained by solving a 

simple second-order algebraic equation. More recently, Chomel and Bishop [7] have proposed a gravity turn-based 

analytical targeting algorithm that generates a two-dimensional reference trajectory in real-time. The reference 

trajectory is comprised of N segments, each exhibiting a constant thrust-to-mass ratio that is computed via matrix 

inversions as a function of the cumulative altitude and downrange distance. In addition to the targeting program, 

gravity turn-based guidance laws also require a control algorithm that is able to track the analytical reference 

trajectory. The classical guidance approach is based on linear feedback control theory [4]. However, non-linear 

control methods have been successfully applied to the problem of tracking a gravity turn trajectory including 

Feedback Linearization [8], Direct Adaptive Control [6] and Lyapunov-based real-time guidance algorithms [7, 9]. 

In addition to gravity turns, another class of trajectories has been considered as the basis for the development of 

analytical lunar targeting algorithms, i.e. tangent guidance laws. Such laws are based on optimal control theory. The 

targeting algorithm is constructed by solving an optimal control problem for the simplified lander dynamics (2-D, 

constant mass and constant gravity). Analytical solutions for the reference trajectory can be obtained for the planar 

dynamics case via careful application of the perturbation theory [10]. However, closed-form trajectory solutions 

cannot be obtained for the full three-dimensional problem. Recently, Li et. al. [11] obtained an analytical optimal 

reference trajectory by expanding thrust acceleration, gravitational acceleration, and cosine of the vertical attitude in 

higher order polynomials. Real-time guidance algorithms based on direct adaptive control have been used to 

evaluate the performance of the proposed approach. 

Over the past two decades, non-linear control theory has been employed to develop innovative and more robust 

algorithms for endo-atmospheric flight system guidance systems (e.g. missiles). For example, Yanushevsky [12] and 

Yanushevsky and Boord [13] showed that a Lyapunov approach can be effectively employed to determine a 

guidance law that yields superior performance in missile targeting especially when compared to more conventional 

laws based on Proportional Navigation (PN). In particular, sliding control methods have emerged as interesting 

techniques that can be applied to develop robust missile autopilots [14, 15] and guidance algorithms [16, 17]. 
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Importantly, some of the missile guidance methodologies can be modified to the planetary landing guidance 

problem [18-20].  Recently, Furfaro et. al. proposed a set of non-linear guidance algorithms based on recent 

advancements of sliding control theory with applications to both lunar landing and asteroid proximity operations 

[21, 
 
22]. Further, Acikmese and Ploen recently proposed the powerful approach of forming the landing problem as a 

convex optimization problem, which guarantees convergence to the global optimal solution [23].  

In any of the above mentioned cases, the proposed lunar guidance algorithm utilized only a single guidance 

scheme. Although some of these algorithms have been shown to be effective for past mission (e.g. Apollo 

algorithms [1-3]), those that have been used may not exhibit the degree of flexibility required by future lunar 

missions (e.g. robustness against perturbations, ability to adapt in an uncertain environment, ability to retarget in 

real-time). Importantly, a single guidance law may limit the number of potential landing sites that are reachable by 

the system whereas multiple controllers can utilize a ‘catch-and-throw’ methodology of combining controllers that 

‘throw’ the system open-loop to a local neighborhood that allows for successful landing near the desired target 

point, thus increasing the reachability of the system [24]. A recent advancement in the modeling of complex 

nonlinear systems, known as hybrid control theory, allows for the modeling of systems that incorporate both 

continuous and discrete dynamics, gaining new insight on the behavior of dynamical systems [25]. The development 

of such hybrid systems is motivated by the fact that many control applications cannot be solved by the means of a 

single controller. One technique that has gathered much attention is the application of uniting global and local 

controllers, where two controllers are used for the system: one that is used only locally, and another that steers the 

system globally to a neighborhood where the local controller can be used effectively. This technique has been 

applied in the case of a locally optimal controller [26], for the stabilization of an inverted pendulum [27], and also 

for the position and orientation of a mobile robot [28]. However, to the best of our knowledge, such methods have 

not been applied to spacecraft systems and, more specifically, to the landing problem. The use of multiple 

controllers may allow for the utilization of controllers that work well only in certain regions, i.e. the combination of 

a controller that works well globally with one that is more efficient near the desired target point [29]. 

In this paper, we introduce a novel, robust guidance approach for lunar pinpoint landing that incorporates a 

hybrid control strategy. The approach, called the Hybrid Guidance Law (HGL), which was originally presented in 

preliminary form in late 2012 [30], utilizes the idea of a switching system, which combines multiple controllers, for 

the landing guidance problem. The switching system is one that has different continuous dynamics based on a 
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switching signal. A switching logic between the two control laws is implemented in a hybrid controller to develop a 

more robust guidance law, with the potential for better performance than what can be achieved with a single 

guidance law. The proposed hybrid control approach has the inherent ability to incorporate multiple guidance 

schemes under a single coherent framework. Thus, the HGL autonomously selects and switches between guidance 

algorithms that have the potential to offer the highest landing performance. Moreover, the hybrid guidance 

framework has a higher degree of flexibility which may be effectively employed for retargeting during the descent 

phase. Notably, the ability to retarget is inherent in the development of the system, and if the chosen desired landing 

point is changed during the descent, the proposed approach will adjust accordingly. Importantly, algorithms such as 

the classical Apollo guidance [1-3] or fuel-efficient open-loop planning schemes [23] can be employed as part of the 

framework to combine their strength and overcome their limitations. Guidance stability is naturally addressed in the 

development of the hybrid framework. Previously proposed algorithms (e.g. [1-3], [23]) have not adequately 

quantified the effectiveness of the system guidance in a perturbed and uncertain environment. For example, 

Acikmese and Ploen [23] generated fuel-efficient, open-loop trajectories that must be tracked in a perturbed 

environment. The tracking performance depends on the real-time algorithm as well as on the stability domain. For a 

given tracking law, if the spacecraft initial condition is outside of its stability domain, the ability of the guidance to 

drive the system to the desired target may be compromised. The hybrid framework may overcome this limitation by 

initially switching to guidance algorithms that drive the system to the stability domain of the tracking algorithm. 

Once the latter is achieved, an additional switching to the original tracking algorithm enables the implementation of 

an effective trajectory-following phase. 

Although the proposed hybrid approach is quite general, this paper features a specific application of the hybrid 

system approach that combines a local and global controller, both of which are formally defined in later sections. 

The global guidance law uses an algorithm named Optimal Sliding Guidance (OSG), which determines an optimal 

acceleration command and augments it with a sliding mode to provide robustness against perturbations [21]. The 

OSG law can be seen as the ‘throw’ portion of the throw-and-catch control strategy. The OSG law ‘throws’ the 

lander from any initial state to a neighborhood about a pre-defined reference trajectory. The second law, based on a 

Linear Quadratic Regulator, is designed to follow the reference trajectory. The chosen guidance laws are two that 

have been seen previously in the literature and have generally been unchanged from their original forms, other than 

necessary changes in order to fit them within the hybrid framework. As both of these guidance laws have been 
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previously and more thoroughly developed elsewhere, this paper will only introduce the individual control laws to 

the reader in a manner that is functional to show the hybrid guidance framework in the context of lunar landing. 

Included is a set of simulation results to provide an initial demonstration of the capability of the hybrid guidance 

law. Further, a set of Monte Carlo simulations has been performed to demonstrate the performance of the guidance 

algorithm under more realistic off-nominal conditions. Finally, in a scenario where information learned during the 

descent shows that the original site is not satisfactory for landing due to any number of conditions, including safety 

hazards such as boulders, it may be necessary for the guidance algorithm to actively target a different landing site. 

The inherent ability of the guidance law to guide the lander to a new landing site midway through the descent to the 

lunar surface is analyzed in an additional set of Monte Carlo simulations. 

The paper is organized as follows. First, the guidance problem and the equations of motion for the system are 

introduced. Section III introduces some basic theory behind hybrid control systems and formulates the landing 

guidance problem as a generic hybrid control problem. Section IV introduces the details of the specific application 

of the hybrid guidance, including the development of the local and global controllers, as well as demonstrating the 

global stability properties of the full hybrid system. In Section V, the simulation results using the proposed hybrid 

system application are presented for both the nominal landing and retargeting scenarios.  

II. Guidance Problem Formulation 

The lunar descent and landing guidance problem can be formulated as follows: given the current state of the 

spacecraft, determine a real-time acceleration command program that brings the spacecraft to the target point on the 

lunar surface with zero velocity.  

 Guidance Model: Equations of Motion A.

The fundamental equations of motion of a spacecraft moving in the lunar gravitational field can be described 

using Newton’s law. In a drag-free central force field, the only forces acting on the body are the gravitational force 

from the moon and the thrust forces generated by the vehicle’s propulsion system, as shown in Fig. 1. 
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Assuming a system with variable mass, the equations of motion can be written as follows: 

  ̇     (1) 

  ̇   
  

‖     ‖ 
        

 

  
   (2) 

  ̇   
     

     
 (3) 

Here,    and    are, respectively, the position and velocity of the lander with respect to a coordinate system with 

origin on the lunar surface,    us the gravitational constant of the moon,    is the moon’s radius,   is the 

commanded thrust vector,    is the mass of the lander,     is the specific impulse of the spacecraft’s thrusters, and 

   is the constant gravitational parameter. If     [        ]
 
and     [        ]

 
, where the x, y, and z directions 

represent the respective coordinates of the lander, the equations of motions can be written by components as 

follows:  

  ̇     (4) 

  ̇     (5) 
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Fig. 1 Guidance Reference Frame and Free-Body Force Diagram for the Lunar Lander during the 

Powered Descent to the Designated Target 
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  ̇     (6) 

  ̇   
    

‖     ‖  
  

  
    (7) 

  ̇   
    

‖     ‖  
  

  
    (8) 

  ̇   
    

‖     ‖   
  

  
    (9) 

Clearly, the considered mathematical model, as shown in Eq. (4-9) and Eq. (3), is a 3-DOF model with varying 

mass. This model is employed to simulate spacecraft descent dynamics driven by the proposed guidance laws which 

require the formulation of an appropriate guidance model as discussed in the next sections. 

III. Hybrid Landing Guidance Control Law Development 

Generally, the dynamics of the system are such that the guidance law can be formulated in a hybrid framework. 

The goal is to develop a guidance approach based on hybrid control theory where the overall system may take 

advantage of a set of multiple controllers integrated in a unified hybrid framework. More specifically, the system is 

designed to utilize two different continuous time controllers expressed in a single set of equations to provide 

flexibility and performance that are not possible with just one controller. Here, we construct and integrate a global 

and a local controller which are employed by the hybrid framework via a switching mechanism as a function of the 

lander state space. Importantly, the hybrid formulation provides a means to perform an integrated system analysis to 

verify the global stability of the proposed guidance law. The local controller is designed to track a reference 

trajectory that drives the system to the desired landing location whenever the spacecraft is in the neighborhood of 

the planned path. Conversely, the global controller is designed to drive the system to close to the reference trajectory 

and operates in regimes where the local controller is not guaranteed to be effective (i.e. outside of a suitable 

reference trajectory neighborhood). Figure 2 helps to clarify the type of switching system being described. In the 

specific case of this paper, globally the lander will utilize the Optimal Sliding Guidance (OSG) until it has reached a 

point that is close to the reference trajectory, at which point it will switch to the Linear Quadratic Regulator (LQR) 

control-based guidance. Each of these guidance laws will be formally introduced in later sections. 
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In order to model the switching behavior of the guidance laws in a proper hybrid system framework, the 

dynamics of the system must be expressed solely as functions of the state variables. Therefore, new state variables 

are introduced. First, the guidance model used for the derivation of the guidance laws will use a constant mass 

system, i.e. Eq. (3) does not apply. This is done solely for the derivation and formulation of the hybrid system in 

order to facilitate the formal proof of global stability. It is important to note that all results shown in this manuscript 

are created using a simulation model that does in fact account for varying mass of the vehicle as well as other 

environmental disturbances and state errors. Due to the fact that the lander will be taken to the target point on the 

lunar surface if it tracks the reference trajectory exactly, the states for position and velocity are set to be the error 

difference between the current state and the desired state on the reference trajectory. Next, due to the time 

dependence of the global guidance law, a timer is introduced. Finally, a switching variable is included to model the 

switching behavior of the system. The new hybrid system state is defined as follows: 

   [

      

      

 
 

]   [

  

  

 
 

] (10) 

where the new state variable   is the switching logic variable,   is the timer,    and     are the lander’s position and 

velocity as defined in Eq. (1-2), and     and     are the position and velocity of the desired reference state, 

respectively. The addition of the timer variable   allows for the use of time varying controllers in the hybrid 

framework. By recasting them as functions of the timer variable   as opposed to  , the system is then only dependent 

on state variables and the input   . The value of   specifies which guidance law is currently being used, with 

  {   } where     represents the global law and     represents the local. This switching property of the 

variable   introduces discrete time dynamics into the system which makes the system inherently hybrid. 

 
Fig. 2 Closed-loop system combining local and global guidance laws 
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 Formal Hybrid System Definition A.

For this problem, the hybrid system is defined as: 

             (11) 

where   is the flow map,   is the jump map,   is the flow set, and   is the jump set. That is,   is defined as the 

set of states of   in which the system will follow the continuous time dynamics defined by  . Likewise,   and   are 

defined similarly for the discrete time dynamics. In the sense of the landing guidance problem, this translates to   

representing the equations of motion of the spacecraft, and   incorporating the switching logic into the system, with 

  defining the states in which the guidance law that is used by the system will change.  

The definition of the flow map   follows the equations of motion seen in Eq. (1-2) to model the continuous time 

dynamics of the system, with a slight augmentation due to the new state variables defined in Eq. (10). 

         [

  

            

 
   

] (12) 

where     is the optimal acceleration command as determined via the generation of the optimal reference trajectory 

using the GPOPS software, and the commanded acceleration,    
 

  
, will change depending on the value of the 

switching variable. Importantly, the gravitational acceleration vector here has been expressed as       solely for 

sake of simplicity in the derivation of the hybrid guidance framework. While     is normally a function of time, for 

this problem it can be recast as a function of   such that   is purely a function of the state variables. Note that the 

dynamics of   are such that it does not change in continuous time, for the chosen controller should remain constant 

between jumps. The form of the dynamics of   are such that while the global controller is in use,   has equivalent 

dynamics to  , while it will be set to zero when the local controller is being used, thus preventing   from becoming 

unbounded. By forming the system in this way, the standard analysis used for hybrid systems is applicable. 

Next the jump map  , i.e. the discrete dynamics of the system, is defined. When the state of the lander is in the 

set   (defined later in this section), the system will jump according to the dynamics of  . During a jump, the only 

variables in the system that experience discrete dynamics are the switching variable  , as the system switches 

between guidance laws during jumps, and the timer  ,which is reset to zero. The value of     is used so that when 

102



 

the global controller is being used       and the system jumps, the new value of   (     will represent the local 

controller, and vice versa. 

      [

  

  

   
 

] (13) 

Finally, the flow and jump set,   and  , respectively, are defined. In the definition of the lunar landing problem, 

there are two clear criteria that define where the system will jump, i.e. switch the guidance law that is being used. In 

order for the system to switch from the global guidance law (     to the local (    , the state of the lander must 

enter a neighborhood   near the reference state, which can be defined as a sublevel set of a Lyapunov-type function 

of the lander state: 

              ̃   (14) 

              (15) 

   {                   } (16) 

Where  ̃   ̃    is a strictly positive function of time, the value of which is detailed in section IV and the 

appendix. Here,    is a parameter defining the size of the set about the reference state at which the guidance law will 

switch. Importantly, the quadratic equation defined in Eq. (15) is exactly the same Lyapunov function used to 

demonstrate stability of the global guidance law in section IV below. By defining   in this way, i.e. as a sublevel set 

of the Lyapunov function, assuming the chosen guidance law is stable, the jump set for the switch from the global 

guidance law to the local can be easily defined as this neighborhood about the reference state with an additional 

condition on   such that the correct guidance law is being used prior to switching: 

    {                 } (17) 

Similarly, the jump set for the switch from local to global can be defined with the knowledge that the system will 

switch when straying far away from the reference state when using the local controller: 

    {                 } (18) 

Here,       is a parameter defining the distance from the reference that the lander is allowed to stray while 

using the local controller. The constraint that   must be larger than    is in place to allow for hysteresis between the 
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two sets, i.e. as the jump map   does not change the lander state (position and velocity), this prevents constant 

switching. The complete system jump set is then defined as the union between these two sets: 

         (19) 

As the jump sets precisely define the states in which the system will switch, the flow sets can easily be defined 

as any other state in which the system is not switching, i.e. the flow sets    and    take the form of the complement 

of the respective jump sets, with the caveat that the corresponding sets require the same value of  . 

    {                 } (20) 

    {                 } (21) 

         (22) 

Specifically, the system is defined such that it will switch when the errors cross a certain threshold, assuming the 

chosen global guidance law will provide an    such that the errors are converging to zero as     . Thus, with the 

definition of the four vital components, the landing guidance problem has been fully modeled in the hybrid system 

framework. Notably, this hybrid framework is, with small exceptions, independent of the guidance laws that are 

used, which allows for the flexibility to utilize algorithms that fit the specific scenario best. Further, the hybrid 

model can be expanded to allow the system to use more controllers, i.e. the amount of jump and flow sets can be 

increased to match the amount of controllers being used. This could have potential use when considering the 

combination of multiple controllers that feature good performance only in certain local areas. Regardless of the 

application, the hybrid framework has the benefit of the necessary switching logic inherent in its definition. 

In the nominal case, following the equations of motion, the system will flow under the influence of the global 

guidance law until the lander’s state is sufficiently close to the predetermined state of the reference trajectory. At 

this time, the system will jump and change the guidance scheme to that of the local law and the lander will track the 

reference trajectory to the desired target point. However, the hybrid system is defined in such a way that it has the 

capability to deal with off-nominal conditions. In particular, if the lander is forced to target a new position on the 

lunar surface during the descent due to hazards or other undesired conditions at the initial landing site, the hybrid 

system will utilize the global guidance law to enter a neighborhood of a reference trajectory that will bring the 

spacecraft to the secondary landing site. This inherent capability is further demonstrated in the results seen in section 

V. 
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The local and global guidance laws employed to demonstrate the hybrid approach are introduced next.  

IV. Global and Local Guidance Laws Development 

Although the proposed hybrid framework for landing guidance is general enough to include any numbers of 

controllers, we have chosen two specific guidance laws that are implemented to demonstrate the potential of the 

overall approach. The guidance laws have been designed to fit the global and local controller ideas and are familiar 

to the authors and have been more thoroughly developed in previous works [21, 22, 31]. Importantly, the hybrid 

framework is not constrained to a specific choice and can be extended for a different set of guidance algorithms. 

More specifically we selected the ZEM/ZEV based Optimal Sliding Guidance (OSG, [21]) as global controller and a 

linear, LQR-based guidance approach as local controller for this paper. 

 Global Guidance Law: Optimal Sliding Guidance (OSG) A.

The development of the Optimal Sliding Guidance (OSG) Law seen here is explained more thoroughly in 

Furfaro, et.al [21]. Note that the development here is written in terms of the timer variable   in order to facilitate 

implementation into the hybrid system framework, with the initial value of   being zero. 

The OSG algorithm is designed by combining some known results from optimal control theory as applied to the 

landing problem with sliding control theory to devise a globally stable guidance law. Proper development of the 

sliding-based guidance algorithm requires the definition of an appropriate guidance model, which is seen in a 3-DOF 

framework in Eq. (4-9). These equations can be formally integrated from knowledge of the current position and 

velocity at time  , to determine the position and velocity at a final time,   : 

   (  )                 ∫ ∫ (        )  
  
 

  
 

   (23) 

   (  )        ∫ (        )  
  
 

 (24) 

Here,          is the time-to-go. Next, we define the following quantities: 

Definition #1. Given the time  , we define the Zero-Effort Miss (ZEM) as the distance (vector) the lander will 

miss the target point if no acceleration command (guidance) is generated after  : 

              (  )                                 (25) 

Definition #2. Given the time  , we define the Zero-Effort Velocity (ZEV) as the error in velocity at the final 

time, if no acceleration command (guidance) is generated after  : 
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              (  )                              (26) 

Here,    
 and    

 are fixed parameters that define the desired target state. The basis of the algorithm 

development is the ability to generate an energy-optimal (minimum effort) guidance law as a function of ZEM and 

ZEV. One of the key pieces is the ability to obtain a closed loop guidance law that minimizes the overall guidance 

effort, i.e. a guidance law that minimizes the overall acceleration command. The optimal problem can be formulated 

as follows: 

Given the current position and velocity,    and   , as initial conditions, and the final desired conditions,    
 and    

, 

find the       as a function of        and        that minimizes the following performance index: 

       ∫      
        

  
 

 (27) 

Subject to the equations of motion as physical constraints. 

The acceleration command is assumed to be unconstrained, i.e. the thrust generated by the propulsion system is 

unbounded. It is found that the acceleration command is linear in time [21] and can be expressed as a function of 

               and     as follows: 

       
  

   
        

  

   
       (28) 

Here kR = 6, and kV = -2 are the optimal guidance gains [21]. The derived guidance law can also be written in 

terms of the error state,    and   , as presented in Eq. (10) by using the definitions of     and     [18].
 

       
  

   
     

  

   
             (29) 

The mathematical expression of the acceleration command is fairly simple and may be attractive for direct 

implementation. However, the optimal guidance, as derived, does not account for unmodeled disturbances which 

may negatively affect performance. In order to make the optimal control law robust against perturbations, a sliding 

control mode has been integrated. Here, we reformulate the OSG as derived by Furfaro et al. [21] to fit the hybrid 

framework. 

 We begin by defining a time varying sliding surface as a function of    and    as follows: 

              ̃   
  

 ̃
      (30) 
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Where  ̃ is strictly positive. Clearly, the surface goes to the null value as    and    both approach zero. 

Subsequently, the idea is to construct the guidance law in such a way that the system is always driven to the sliding 

surface in a finite time. Therefore, we consider the dynamics of the sliding surface, i.e. take the derivative of Eq. 

(30) and substitute the definitions of    and    and their derivatives: 

 
 

  
         

 

  
         

 

  
   ̇   ̃ ̇   ̇̃                 ̃    ̇̃   (31) 

If the optimal   , as shown in Eq. (29) is substituted into Eq. (31), we obtain: 

 
 

  
  

    ̃   

   
   

    ̇̃   
 

   
         (    ̃  )         (32) 

The following relationships between the parameters can be easily found: 

       
    ̃   

   
 (33) 

  ̃      
    ̇̃   

 

   
  (34) 

  ̃  
  

   
 ̃  

  

   
   ̇̃ (35) 

  ̃  
   √  

             

    
 

  

    
 (36) 

Eq. (36) is the result of solving Eq. (35) (see the Appendix). By using this value, Eq. (33) and Eq. (32), 

respectively, can be written as: 

       
      

    
 (37) 

 
 

  
         

      

    
  (38) 

The sliding surface behaves as a non-linear first order system, and its dynamics depend explicitly on the time-to-

go, or     . The sliding mode is incorporated into the optimal guidance law to guarantee that the sliding surface 

behaves as follows: 

 
 

  
         

 

   
             (39) 
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Here,          . Importantly, the addition of the sliding term 
 

   
        is necessary in order to provide 

robustness and stability against perturbations and unmodeled dynamics, defined here by the vector     . By 

incorporating the sliding mode, the OSG equations are subsequently determined: 

       
  

   
    

  

   
     

 

   
        (40) 

This guidance law can now be shown to be globally stable through the use of Lyapunov’s second method using 

the specific case of      . Consider the following quadratic function as a Lyapunov candidate: 

   
 

 
    

 

 
(    ̃  )

 
     ̃    (41) 

Differentiating with respect to time, we obtain: 

 
 

  
  

 

  
  

 

  
     

  
    ( ̇   ̃ ̇   ̇̃  ) (42) 

Inserting the expressions for the derivative of    and   : 
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            )    

  
      

    
      ( 

 

   
            ) (43) 

Now, substituting       and      [18] and assuming that Φ > ||p|| we get: 

 
 

  
   

 

   
‖ ‖    (

 

   
            )    (44) 

Here  ̇    is guaranteed due to the assumption on the term  , which if set to be greater than the maximum 

magnitude of the pertubations, ensure that the second term is less than or equal to zero. This conclusion ensures 

global stability for the OSG for all      . In order to demonstrate attractivity and finite time convergence, the 

Lyapunov function must be shown to be decrescent. First, the result shown in Eq. (38) can be integrated by applying 

separation of variables: 

 
   

  
 

      

 

  

   
 (45) 

Where         are the components of the sliding surface vector. Eq. (45) can be integrated to obtain: 
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             (46) 

By imposing the initial conditions and taking the exponential of both sides, the solution becomes: 

          
   

( 
      

 
)
 (47) 

           

( 
      

 
)
 (48) 

By inserting Eq. (48) into Eq. (41) and Eq. (44) and ignoring the perturbations, we obtain: 
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 (49) 
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 (50) 

The Lyapunov function is obviously decrescent with time and goes to zero as     . However the statement can 

be formally proven by finding a uniform function that provides an upper bound on  ̇: 

  ̇    ‖  ‖
    

         
                        

( 
      

 
)
   ‖  ‖

    
         

 (51) 

The proof of uniform global asymptotic stability follows with the upper bound defined as 

        ‖  ‖
    

         
 (52) 

 Local Guidance Law: Linear Quadratic Regulator (LQR) B.

The local controller used for this demonstration was chosen to be based on the well-known Linear Quadratic 

Regulator (LQR) controller. Using this approach, the selected LQR-based guidance not only provides optimal 

tracking of the reference trajectory, but also insures local asymptotic stability for the linearized system. Details on 

the development and proof of stability of an LQR controller can be found in many linear control system textbooks 

and is not included here [31]. 

 Stability Analysis of the Combined Hybrid System C.

The individual guidance laws have been introduced and reformulated according to the hybrid framework defined 

in section III. Importantly, the derived hybrid model must be examined as the stability of the individual controllers 

does not guarantee stability of the hybrid system as a whole. 
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The lunar landing problem is defined in such a way that it makes the stability set for the hybrid system easy to 

recognize. The system will reach stability at the set: 

   {                   } (53) 

i.e., stability is achieved when the spacecraft reaches the reference state, which will bring the lander to the 

desired target point on the lunar surface. 

 In order to demonstrate stability of the hybrid system, let us define two continuously differentiable functions 

    
            representing global and local controller, respectively, which satisfy the following three 

properties as expressed in Example 3.23 of [29]: 

1) There exist          such that, for      , 

                                     (54) 

2) There exists a function       such that 

 〈              〉                     (55) 

3) There exist an open neighborhood    of the origin and a function       such that 

 〈              〉                     (56) 

Where the following definition is used: 

Definition #3: A scalar function      is said to belong to class    if at    ,       , it is strictly increasing 

for all     , and        as     [32] 

1. Proof of Property 1 (Eq. (54)): 

 From the global controller, i.e.    , we recall that the Lyapunov function was defined as: 

           
 

 
                        ̃   (57) 

  If we define a new vector   [      
 , Eq. (57) can be expressed as: 

    
 

 
     

 

 
  [ ̃

  ̃
 ̃  

]   (58) 

where   is a positive semi-definite matrix for any value of  ̃, which means that the condition in Eq. (54) 

does not truly hold in this case. However, we do have attractivity as a result of Eq. (44), i.e. 
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  ̇    (59) 

Importantly, Eq. (44) and Eq. (59) are equivalent. Let us split the convergence of the global guidance law to 

the origin into two separate portions: convergence to the sliding manifold, and sliding along the manifold to 

the origin. During the first portion, we are guaranteed to converge to the surface due to the chosen controller 

seen previously: 

   (    )        (60) 

In other words, due to the finite time convergence of the Lyapunov function, as shown in Eq. (52), it will 

reach 0 in some time      . This can be expressed in the   notation as: 

     ̃     (61) 

After     , i.e. after the system has reached the sliding surface, the system evolves according to the 

function: 

  ̇   
 

 ̃
   (62) 

Integrating, we see that      asymptotically. By picking a neighborhood of the origin of the   system,  , 

that represents the region at which the system will switch to the local controller, we can see that for every 

    and     , there exists a     such that 

                     (63) 

Thus we have proven uniform, global, practical attractivity of the origin of the error system for the global 

controller. 

For the local controller, i.e.    , we can define a new Lyapunov function as: 

    
 

 
     (64) 

where   is defined as in the global controller, and   is a positive definite matrix that is defined as the solution 

to the Reduced Ricatti Equation [31]. Due to the quadratic form of Eq. (64), it is easy to define the bounds: 

    
      

 

 
            (65) 

    
      

 

 
            (66) 
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2. Proof of Property 2 (Eq. (55)): 

From Eq, (44): 

 〈              〉      ̇    ̇   (67) 

  ̇   
 

   
 ‖ ‖    (

 

   
            ) (68) 

Now, due to the ability of the function         to cancel the unmodeled perturbations, it is seen that if the 

function         is chosen as: 

         
 

   
 ‖ ‖  (69) 

 Then the condition in Eq. (55) is satisfied. 

3. Proof of Property 3 (Eq. (56)):  

From the stability of the LQR controller: 

 〈              〉                     (70) 

 This allows us to define the function    as: 

                          (71) 

which is guaranteed to be positive definite due to the positive definiteness of  . The local neighborhood in 

which this is applicable is easily defined as the set in which the lander will be using the local controller: 

       (72) 

Thus, with all three conditions satisfied, the hybrid system can be said to be globally, asymptotically stable and 

the proof is complete. 

V. Implementation and Performance Analysis 

The proposed Hybrid Guidance Law (HGL) that implements the hybrid framework as discussed in the previous 

sections is simulated to show the potential of the proposed approach. Importantly, a set of Monte Carlo simulations 

is executed to evaluate the performance of the integrated local and global controller for two scenarios that may be 

encountered while executing lunar landing. 

 Initial Implementation and Results A.
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A set of nominal simulations have been completed in order to initially demonstrate the application of the 

proposed hybrid framework. The first simulation is a single scenario that represents the nominal condition for the 

rest of the results presented in this paper. The second demonstrates the inherent logic of the hybrid framework by 

forcing the global guidance law to converge (i.e. the framework ‘jumps’) at different times. Finally, the framework 

is truly tested in a scenario that calls for two retargeting maneuvers. 

Importantly, the generic hybrid framework, as developed in Eq. (10-22), has been directly implemented into a 

MATLAB
®
 environment with the switching logic built inherently into the system. In addition, the mass varying 

model as expressed in Eq. (3) is implemented in these simulation, though it was not used in the derivation of the 

guidance algorithms. This is an important distinction in that by incorporating this into the simulation we can 

compare the fuel usage of the proposed HGL to an optimal solution. The particular guidance algorithms used in this 

paper for initial demonstration were then plugged in to this fully developed framework and the results analyzed. The 

implemented framework has the powerful capability to use the appropriate guidance law in accordance with the 

logic shown in Eq. (17-22). 

1. Nominal 

The nominal simulation used for the presented results is as follows. The initial mass of the lander is assumed to 

be         with a specific impulse of        . The lander is assumed to be capable of a maximum allowable thrust 

 
Fig. 3  Nominal Simulation Results. A) Full Trajectory History with Reference Trajectory; B) Velocity 

Magnitude History; C) Thrust Command History; D) Switching Variable (   History 
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of 30 kN. The initial conditions for the optimal reference trajectory are set to be       [              . These 

conditions are very close to the ideal entry point of the trajectory designed for the Apollo approach phase [1-3]. The 

nominal lander entry point, which is the simulation initial condition, is set to be       [                . This 

allows the guidance law to begin with the global OSG algorithm and then switch to the local law. Here, it is assumed 

that an initial de-orbiting maneuver (the lander is initially parked in a lunar orbit) is followed by a braking phase 

with an ad-hoc guidance routine that targets the ideal nominal entry point that sets the stage for the terminal phase 

that guides the lander to the desired position on the lunar surface. 

In the presented simulations, the algorithm is asked to target a reference trajectory that ended in a point that is 

located at an altitude of 10 m above the desired landing point located at the origin of the reference frame. The 

reference trajectory that was used, as seen in Fig. 3, is a fuel-optimal reference trajectory that has been determined 

numerically using pseudospectral method instantiated via the general pseudospectral optimal control software 

(GPOPS [33]). The output from the generation of the optimal trajectory via GPOPS results in both position and 

velocity states, as well as the optimal acceleration commands over time. These three sets of results are used to define 

the reference parameters    ,    , and    as seen in the formulation of the hybrid system in Eq. (10) and (12). 

The algorithm also targets a final velocity of zero in all axes (soft landing). The Hybrid Guidance algorithm does 

not target a point directly on the surface to account for additional final maneuvers that may be required to a) divert 

for surface hazards avoidance (e.g. big rocks or uneven surface on desired landing point) and b) adjust the lander 

attitude for vertical descent. The nominal simulation results are shown in Fig. 3. The hybrid guidance law 

demonstrates very good accuracy in the nominal scenario as it delivers the vehicle to the desired target point with 

little residual position and velocity errors. Further, as can be seen in Fig. 3D, the nominal time at which the system 

switches to the local guidance law is approximately 15 seconds. This implies that the necessary switching 

conditions, as built into the logic of the hybrid guidance, are first satisfied at that time. The spacecraft is then in the 

region near the reference trajectory where the local guidance law is used for all subsequent times.  

2. Change in Switching Time 

In order to further examine the implementation of the hybrid framework, a set of simulations have been 

performed that change the time at which the global guidance law converges to the reference trajectory, i.e. the 

system switches guidance laws, rather, the conditions in Eq. (17) are met for the first time. These simulations feature 

the same initial conditions and reference trajectory as seen in the nominal case. The results in Fig. 4 show switching 

at four different times. The times used for the results in Fig. 4 are at the nominal time, nominal       , and nominal 
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      . As can be seen in Fig 4D, the framework adapts accordingly and switches at the appropriate time. Further, 

all cases demonstrate low residual position and velocity guidance errors, as seen in Fig. 4A and Fig. 4C.  

 

3. Multiple Retargeting 

Modern landing algorithms should have the flexibility and capability to react in real-time to mission critical 

decision that may enforce an alternative target for landing on the surface of a planetary body. Indeed, during the 

descent, one may decide that the current targeted site is no longer desirable due to safety or scientific reasons. After 

selecting a new site, the guidance law must be able to adapt and safely bring the lander to the new location. In a 

more conventional guidance algorithm, a new trajectory must be developed that will take the lander from its current 

state to the new target. Indeed, Chomel and Bishop [7] showed that their proposed algorithm is capable of 

effectively retargeting the landing site while en route to the lunar surface. Once the new landing point was selected, 

their algorithm computed a new trajectory assuming that the downrange was the shortest distance between the 

vehicle’s current position and the desired final target site. Once the states were properly defined, the guidance 

algorithm autonomously converged to the new trajectory.  

The proposed Hybrid Guidance Law has the inherent ability to guide the lander to a new landing site if a 

decision to change from the original location is made. Further, when the landing location is updated, the Hybrid 

 
Fig. 4  Results Demonstrating System Switching at Various Times: A) Full 3-D Trajectory Histories; B) Top-

View of Trajectory Histories; C) Velocity Magnitude Histories; D) Switching Variable     Histories 
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Guidance inherently switches to the global guidance law in order to bring the lander to the neighborhood of the new 

translated reference trajectory, following the logic presented in the definition of the flow and jump sets, Eq. (17-22). 

Clearly, retargeting can be easily implemented by simply shifting the target position (the final velocity is assumed to 

be zero as before), and subsequently the reference trajectory, and letting the algorithm generate the acceleration 

command required to drive the lander to the new location.  

An example of such a retargeting scenario is shown in Fig. 5. In this case, the desired landing point is moved 500 

m in the X-axis direction and 500 m in the Y-axis position, and then returned to the original location. As a proof of 

concept for the hybrid framework, the same optimal reference trajectory is translated to the new point. The guidance 

system is initially asked to drive the lander toward the original site for the first 40 seconds of the descent. At this 

time, the lander has converged to the original reference trajectory and is using the local guidance law. This is also 

when the new target location is specified and the guidance is required to target the new location. When the new 

reference is successfully reached, the target location again changes back to the original location and the hybrid 

framework adapts accordingly. This situation of returning to the original target may occur if the secondary landing 

site features even worse conditions than the first. Importantly, the full time of the simulation was not increased for 

this set of simulations, as the algorithm was able to quickly converge to the translated reference trajectory after the 

target landing point was changed. Additionally, the maximum allowable thrust limit that was applied to the previous 

results has been removed for purpose of demonstration of the guidance law to adapt and target the new location 

successfully. 

The results of the retargeting scenario can be seen in Fig. 5. Importantly, it can be seen that the framework 

successfully converges to the appropriate reference trajectory each time the target location switches. The change in 

control logic as implemented by the hybrid framework can be seen in Fig. 5D, as the framework switches at the 

necessary times based on the jump sets as defined in Eq. (17-18). For this specific case, the algorithm switches 

guidance (global to local and vice versa) five times while maintaining the system stability as proven in section IV. 

This case represents an extreme landing scenario. Nevertheless, it has been specifically defined to highlight the 

ability of the guidance system to effectively employ the hybrid framework. At this stage, we have not accounted for 

all possible design constraints that may be arising when designing real-mission guidance systems (e.g., thrust angle 

constraints). Importantly, guidance algorithms and parameters can be selected and/or adjusted to impose specific 

mission constraints within the hybrid framework approach. 
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 Montecarlo Simulations of the Hybrid Guidance Law for Lunar Descent and Landing B.

Generally, any properly designed guidance algorithm is expected to perform well under ideal conditions. 

However, a test campaign must be planned to verify that the proposed approach works under realistic conditions. 

The guidance routines are therefore tested using a more realistic model to verify their performance for real-time 

implementation. A 3-DOF model that simulates the translational dynamics of the landing vehicle as shown in Eq. (1-

3) has been implemented in a MATLAB
®
 environment for Monte Carlo analysis. The model includes: 1) a more 

realistic model of the moon spherical gravitational field that account for the moon’s non-flat surface; 2) a linearly 

time-varying mass model with a nominal mass flow-rate subjected to perturbations; 3) a random perturbing 

acceleration to account for unmodeled dynamics; and 4) a fuel-optimal reference trajectory that has been determined 

numerically using pseudospectral method instantiated via the general pseudospectral optimal control software 

(GPOPS [33]). Details of the problem formulation and implementation can be found in Ref. [21].  

Table 1  Monte Carlo Simulation Perturbation Values 

   

Initial Condition Mean Value Standard Deviation 

X-Axis Position 0 m 100 m 

Y-Axis Position -9000 m 100 m 

Z-Axis Position 3000 m 100 m 

Velocity Magnitude 180 m/sec 60 m/sec 

Flight Path Angle 1.77 rad 20 mrad 

 
Fig. 5 Results Demonstrating Multiple Retargeting Maneuvers: A) Full 3-D Trajectory History; B) Top-View 

Trajectory History; C) Velocity Magnitude History; D) Switching Variable     History 
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Crossing Angle 1.57 rad 20 mrad 

Mass 1900 kg N/A 

Mass Flow Rate 0% 20% 

Thrust Angle Bias 0 rad 30 mrad 

Roll Angle Bias 0 rad 50 mrad 

Disturbing Acceleration 0 m/sec
2 

10%  

Further, because of guidance errors during the de-orbiting and braking maneuvers, the initial conditions for the 

terminal guidance are not the nominal. A set of Monte Carlo simulations have been conducted assuming a dispersion 

of the initial conditions as reported in Table 1. All dispersions in the initial position and velocity have been drawn 

from Gaussian distributions with prescribed mean and standard deviation. Moreover, as reported in the same table, 

perturbations were introduced in both thrust magnitude and direction simulating effects of fluctuating mass flow rate 

and misalignment in the thrust direction. A random disturbing acceleration (uniform distribution with maximum of 

20% of the overall acceleration vector) has been introduced in the lander dynamics to further verify the robustness 

of the proposed algorithm.  

 

 

 
Fig. 6 Monte Carlo histories for the Hybrid Guidance algorithm simulations. A) 3-D trajectories of the 

descending lander. B) Top-down view of the trajectory histories. C) Final Lander Position Error Dispersion. 

D) Thrust command histories. 

118



 

Figure 6 and Figure 7 show the state history of the trajectory for the 1000 Monte Carlo simulations of the Hybrid 

Guidance algorithm. The guidance parameters employed in the simulations are reported in Table 2 and the terminal 

state statistics are reported in Table 3. 

Table 2  Hybrid Guidance Parameters 

  

Guidance Parameter Value 

Position gain,    -6 

Velocity gain,    -4 

Sliding parameter,   0.4 

        

        

      

      

 

Table 3  Monte Carlo Final State Error Statistics 

   

 Nominal Mean Standard Deviation 

X-Axis Position (m) 0 0.0185 0.0022 

Y-Axis Position (m) 0 -0.8634 0.0608 

Z-Axis Position (m) 10 10 0 

Velocity Magnitude (m/sec) 0 1.7686 0.0418 

 

Generally, the algorithm performs very well. Figure 6C shows the landing dispersion that highlights the 

precision capabilities of the Hybrid Guidance algorithm. On the average, the desired target point was achieved with 

 
Fig. 7 Monte Carlo state history results for the Hybrid Guidance Monte Carlo simulations. A) X-Axis 

Position History B)Y-Axis Position History C)Z-Axis Position History D)Velocity Magnitude History 
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accuracy within a few centimeters. Notably, there is a bias found in the y-axis component of the terminal position. 

This is most likely due to the interpolation of the optimal reference trajectory which is causing the final position to 

be slightly offset from the origin. Regardless, the algorithm performs well from a precision point of view.  

Importantly, all the final landing points resulting from the 1000 simulated guided trajectories fall within a 

dispersion characterized by mean position error of 0.864 m with a standard deviation of .061 m, assuming a normal 

distribution. The statistics of the terminal velocity magnitude of the lander are seen in Table 3. The acceleration 

command generated by the Hybrid Guidance algorithm is generally higher at the beginning of the landing descent, 

reaching its maximum close to when the guidance law switch occurs. However, as can be seen in Fig. 4D, the thrust 

is very near the maximum allowable level for many of the simulations. On average, the thrust level decreases 

dramatically once the lander has reached the reference trajectory and is using the local LQR-based guidance. This is 

due to the fact that the only effort necessary at this point is minor corrections to track the trajectory locally. The 

acceleration peaks as it approaches the switching point near the reference trajectory, most likely due to the LQR 

controller quickly accounting for the error in state of the lander directly after the guidance switch occurs. This large 

peak in control activity then quickly reduced the error between the current state and the reference state, at which 

point the commanded acceleration has a much lower magnitude. In general, even with the maximum thrust limit of 

30 kN applied, the guidance law still performs well demonstrating low residual errors in position and velocity. 

 Hybrid Guidance Law for Retargeting C.
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The investigation of the performance of the hybrid framework can be further extended to examine the 

performance for retargeting under off-nominal conditions. A set of 1000 Monte Carlo simulations have been 

implemented to verify the ability of the proposed guidance law to actively retarget a new landing site. The nominal 

initial conditions are as explained previously, and the simulation experiences the same disturbances and 

uncertainties as shown for the original Monte Carlo simulations seen previously.  Figure 8 shows the performance of 

the framework when retargeting, while the terminal state statistics are shown in Fig. 9. These statistics are reported 

in Table 4. Note that Fig. 8A includes the two reference trajectories, with the original being the dark, dashed line on 

the left and the final being the lighter, dashed line on the right. As can be seen, the algorithm accurately tracks both 

of these trajectories when necessary, bringing the lander very close to the new desired target location. As can be 

seen by these results, the hybrid framework is quite adept at retargeting to a new landing site while descending to the 

lunar surface even under off-nominal conditions. 

 
Fig. 8 Monte Carlo state history results for the Hybrid Guidance Monte Carlo simulations. A) Top View 

Trajectory History with Original Reference Trajectory (Left) and New Reference Trajectory (Right) B)Z-

Axis Position History C)Final Landing Position Dispersion D)Velocity Magnitude History 
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Table 4  Retargeting Monte Carlo Final State Error Statistics 

    

 Nominal Mean Mean Error Standard Deviation 

X-Axis Position (m) 500 499.9964 -0.0036 0.0045 

Y-Axis Position (m) 500 500.1791 0.1791 0.0652 

Z-Axis Position (m) 10 10 0 0 

Velocity Magnitude (m/sec) 0 0.1870 0.1870 0.2348 

Generally, each case of the simulation successfully converged to the original reference trajectory for a short 

amount of time before switching back to using the OSG to target the new reference trajectory. At this point, the 

trajectories successfully converge to the new trajectory and track it to the desired target point. Under the condition of 

retargeting, the algorithm is shown to perform very well. The results in Fig. 8 and 9 show that the residual error in 

both position and velocity are near zero for all cases. The final velocity has a maximum magnitude of           . 

While some cases do feature significant residual velocity, the values are still low, with most cases being much lower 

than the maximum, as can be seen by the mean error in Table 4. Despite these errors, the algorithm is still shown to 

be not only capable, but accurate at effectively retargeting the lander to a new location on the lunar surface. 

VI. Conclusions 

The guidance algorithm responsible for driving the Apollo lander in its journey toward the Moon has shown to 

be effective in accomplishing its goal, i.e. take the three astronauts on-board safely to the lunar surface. 

Nevertheless, a new class of guidance algorithms must be developed to satisfy more stringent requirements imposed 

by a new desire to explore the Moon with an unprecedented degree of flexibility. Such algorithms should have both 

a) the ability to land the spacecraft with more stringent precision and b) increased flexibility to meet new mission 

requirements. In this paper, a hybrid guidance framework was presented that may be an excellent option to satisfy 

both of these requirements. The local controller is a Linear Quadratic Regulator (LQR) controller algorithm that 

generally comprises of two major elements, i.e. targeting algorithm (optimal open-loop trajectory generation) and 

 
Fig. 9 Monte Carlo Result Statistics. A) Final Miss Distance Magnitude Statistics; B) Residual Velocity Error 

Magnitude Statistics 
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real-time guidance (trajectory tracking). The global controller breaks that paradigm, using a formalism borrowed 

from recent advancements in integrating optimal guidance with sliding control theory for planetary landing which 

generates an acceleration command that requires only knowledge of the current lander state and the desired (final) 

state on the reference trajectory. The algorithm has been demonstrated on a set of specified simulations representing 

nominal and off-nominal (i.e. retargeting) conditions. Furthermore, the framework has been tested by running 

multiple sets of Monte Carlo simulations, which show that the hybrid guidance law is quite effective in driving the 

lander to the desired position with very minimal residual guidance error, and that they are robust against large 

perturbations. Importantly, the Hybrid Guidance Law is shown to work well with a guidance loop running at 10 Hz. 

Further analysis was performed to examine the capability of the algorithm to actively retarget a different landing site 

during the descent. An additional set of Monte Carlo simulations show that the algorithm is quite capable of 

successfully targeting a new site if the original location is deemed unacceptable for landing.  

While the application and simulation scenarios presented provide a representation of the capability of the 

application of hybrid control schemes to the spacecraft landing problem, it is by no means limited to the example 

provided. The presented hybrid framework provides a large amount of flexibility, and as such, there is still quite a 

large amount of research and exploration that can be done into the true potential of using such a framework for 

spacecraft landing guidance. One can define any number of combinations of guidance algorithms and the regions in 

which they can be used to be fit into the generic logical framework. Future efforts will involve the incorporation of 

other guidance schemes and landing scenarios into the proposed hybrid framework, such as asteroid proximity 

operations or terminal powered landing guidance on Mars, and the inclusion of additional design constraints, such as 

thrust angle constraints. In addition, further analysis is necessary to test the limits of the flexibility of the hybrid 

framework, such as the inclusion of multiple (more than 2) guidance schemes on-board that are used in regions 

where they are the most optimal from a fuel-usage standpoint.  
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Appendix: Dynamics of the Sliding Surface Parameter 

As seen in Eq. (34), the sliding surface parameter is obviously a function of  . Indeed, as seen in section IV, we 

have: 
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If the optimal   , as shown in Eq. (29) is substituted into Eq. (A1), we obtain: 
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The following relationship can be found: 
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Eq. (A3) can be rewritten as: 

  ̇̃   ̃  
  

   
 ̃  

  

   
  (A4) 

Eq. (A4) is a first order, non-linear, inhomogeneous differential equation describing the time-evolution of the 

parameter  ̃. Notably, Eq. (A4) is in the form of a Riccati equation, i.e. it has a known solution method and its 

solution contains both the transient and steady state results. By using a transformation of variables, this equation can 

be explicitly solved [34] to find:   

  ̃  
   √  

              

    
 

  

    
 (A5) 

Importantly,  ̃ is a function of     because of the forcing term in Eq. (A4). 
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Autonomous close-proximity operations (hovering, landing) in the low-gravity environment exhibited by asteroids

are particularly challenging. A novel nonlinear landing guidance scheme has been developed for spacecraft that are

required to execute autonomous closed-loop guidance to a designated point on the asteroid surface. Based on high-

order sliding-mode control theory, the proposed multiple sliding surface guidance algorithm has been designed to

take advantage of the ability of the system to reach the sliding surface in a finite time. High control activity typical of

sliding control design is avoided, resulting in a guidance law that is robust against unmodeled yet bounded

perturbations. The proposed multiple sliding surface guidance does not require any off-line trajectory generation,

and therefore it is flexible enough to target a large variety of points on the surface without the need of ground-based

trajectory analysis. The global stability of the proposed guidance algorithm is proven using a Lyapunov-based

approach. The behavior of the multiple sliding surface guidance-based feedback asteroid landing trajectories is

investigated via a parametric analysis, and a full set of Monte Carlo simulations in realistic landing scenarios is

implemented to evaluate the guidance performance. Based on such results, the multiple sliding surface guidance

algorithm is demonstrated to be very accurate and flexible, and it has the potential to be implemented as real-time

guidance during asteroid landing and possibly for close-proximity operations.

I. Introduction

T HE space exploration community is currently experiencing a
renewed interest in near-Earth asteroids (NEAs) missions. The

surge in NEA mission activities, for which various space agencies
around the world (e.g., NASA, ESA, and the Japan Aerospace
Exploration Agency) are commissioning studies to determine the
next generation of feasible robotic precursors and humanmissions, is
justified by a variety of scientific and technological reasons, includ-
ing 1) the scientific contribution provided byNEAs exploration to the
understanding of the origin and evolution of the solar system [1];
2) the characterization and quantification of the risk associated with
possible Earth collision [2]; and 3) the characterization and quantifi-
cation of NEAs as a source of extraterrestrial natural resources,
especially metals [3]. Indeed, robotic science missions are currently
planned to investigate carbonaceous asteroids [4]. It is expected
that the elemental composition of such objects, which are gener-
ally considered as “pristine” (i.e., virtually unprocessed since their
formation from the solar protodisk), may provide scientists with a
window to unveil the early history of the solar system.
Asteroids and comets are very small when compared with other

objects in the solar system (e.g., Mars, the moon, Titan, etc.). Their
small size and irregular shape induce aweak gravitational pull, which

tends to rapidly vary in intensity and direction as a function of the
spatial coordinates of the visiting spacecraft. In addition, the
contribution from solar gravity and radiation pressure is an important
factor. Orbital trajectories are generally complex and nonperiodic,
and, for many small bodies, stability is guaranteed only for a limited
set of latitudes [5]. Accurate information about size, density,
rotational state, the number of orbital companions, surface charac-
teristics, and heliocentric orbit is vital for both scientists and mission
engineers. Acquisition of such critical information requires the
execution of a set of close-proximity maneuvers to allow the
spacecraft to collect data at specific locations, both remotely and in
situ. It is important to note that, design and implementation of close-
proximity maneuvers is highly coupled to the environmental factors
around the target [6]. Two particular types of close-proximity
maneuvers that are especially critical are hovering and landing.
Before landing, a global mapping and surface characterization

effort may be carried out to identify a safe and scientifically valuable
landing site. A potential strategy for this task is hovering at an
arbitrary altitude from the surface of an asteroid. There are two
types of hovering modes: inertial hovering and body-fixed
hovering. Inertial hovering consists of fixing the spacecraft position
relative to the body with respect to the asteroid–sun reference
frame by creating an artificial equilibrium point by applying
the necessary thrust for canceling the gravitational pull from the
asteroid. Body-fixed hovering consists of fixing the position of the
spacecraft relative to the body-fixed frame of the asteroid [7]. In this
way, the spacecraft appears static for an observer on the surface
asteroid. Analyses on the dynamics of these hovering modes were
performed during the past decade, concluding that both hovering
modes can be sustained by implementing multidimensional dead-
band controllers [7–10]. In fact, the Hayabusa spacecraft operated
in inertial hovering while performing global observations of
asteroid Itokawa, and, during its final descent maneuver, Hayabusa
switched to body-fixed hovering at about 20 m from the surface of
Itokawa [11–13].
Descent and landing on a small body demands the design of

systems that provide high levels of navigation accuracy and
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autonomy. Yet, these systems must be flexible and robust enough to
implement a closed-loop approach that guides the spacecraft to the
desired targeted point on the asteroid surface with zero velocity (e.g.,
a soft landing is consideredwhen the impact velocity is <3 m∕s [14]).
Alternatives for precision landing guidance and control strategies
were proposed in the literature, including autonomous closed-loop
guidance based on optical navigation [15–18]. For example,
Hayabusa used laser altimetry and landmark tracking to navigate
during its descent on Itokawa [11,12].
This paper investigates a novel class of nonlinear guidance

algorithms applicable to closed-loop guidance for asteroid
descent and landing. Here, we propose a multiple sliding surface
guidance (MSSG) approach to autonomous asteroid landing that
is robust against perturbations and unmodeled dynamics. MSSG has
its roots in the high-order sliding-mode (HOSM) control theory
[19,20] in which multiple sliding surfaces are employed to generate
online targeting trajectories that are guaranteed to be globally
stable under bounded perturbations (with a known upper bound).
Two sliding surface vectors are concatenated in such a way that
an acceleration command program that drives the second surface
to zero automatically drives the dynamic system on the first
surface in a finite time, forcing a zero error in both position and
velocity.
This paper is organized as follows. In Sec. II, the asteroid landing

guidance problem is formulated and the equations of motion are
described. In Sec. III, the principles behind the HOSMmethodology
are introduced and the MSSG law is derived. In Sec. IV, a parametric
analysis of the guidance law is executed and discussed. The results of
a set of Monte Carlo simulations are presented and discussed to
evaluate the accuracy of the guidance algorithm in realistic scenarios.
Conclusions and future work are presented in Sec. V.

II. Guidance Problem Formulation

Here, the asteroid powered descent and landing guidance problem
is considered. The guidance problem can be formulated as follows:
Given the current state of the spacecraft (i.e., position and velocity),
determine a real-time acceleration command program that reaches
the target point on the asteroid surface with zero velocity. Next, the
guidance model employed to derive the MSSG equations is
presented.
In formulating the asteroid landing guidance problem, we model

the spacecraft dynamics near the asteroid using a two-body
gravitational model (the spacecraft has negligible mass). The
equations of motion for the spacecraft in a uniformly rotating,
asteroid-fixed Cartesian coordinate frame, having the origin at the
asteroid center of mass, are written as follows:

_rL � vL (1)

_vL � 2ω × vL � ω × ω × rL � g�rL� � ac � ap (2)

Here, rL � �x; y; z�T is the position vector in the body-fixed rotating
frame, vL � �vx; vy; vz�T is the velocity vector, g�rL� � �gx; gy; gz�T
is the local gravitational field,ac � �acx; acy; acz�T is the acceleration
command, and ap � �apx; apy; apz�T is the perturbing acceleration,

accounting for unmodeled/unknown forces (e.g., gravity field
inaccuracies, solar radiation pressure, and nth-body perturbations).
For this analysis, it is assumed that the shape of the asteroid can

be modeled as a triaxial ellipsoid, allowing analytical determination
of the asteroid gravitational field [21]. The gravitational field can

Fig. 1 Parametric analysis of the MSSG algorithms: effect of the guidance gain Λ on the trajectory history.
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be expressed as a partial derivative of the potential field, that is,

g�rL� � ∂V∕∂rTL.
The equations of motion can be explicitly written in their scalar

form:

_x � vx (3)

_y � vy (4)

_z � vz (5)

_vx � 2ωvy � ω2x� ∂V
∂x
� aCx � apx (6)

_vy � −2ωvx � ω2y� ∂V
∂y
� aCy � apy (7)

_vz �
∂V
∂z
� aCz � apz (8)

The mathematical model described in Eqs. (1–8) is employed to
derive the guidance equations. In the development of the guidance
law, the mass of the spacecraft is assumed to be constant. However,
in more realistic Monte Carlo simulations, required to test the
performance of the proposed MSSG law, the model is upgraded to
account for mass variation as given by the classical rocket equation:

_m � −
kTk
Ispgc

(9)

where kTk �
�����������������������������
T2
x � T2

y � T2
z

q
is the magnitude of the thrust vector

T � �Tx; Ty; Tz�T , andg0 is the gravitational acceleration at sea level.
The thrust vector is linked to the acceleration command, according to
the conventional thrust-to-mass ratio ac � T∕m relationship.

III. Nonlinear Asteroid Landing Guidance
Laws Development

A. Sliding Control Theory for Systems with Higher Relative Degree

The sliding control methodology can be best defined as an
elementary approach to robust control [22]. The methodology relies
on the fundamental principle that it is much easier to control
nonlinear and uncertain first-order systems (i.e., systems described
by first-order differential equations) than nth-order systems (i.e.,
systems described by nth-order differential equations). The key
element behind the sliding theory is the ability to replace or transform
an nth-order problem into a first-order problem. If such transforma-
tion exists, it can be shown that, for the derived problem, perfect
performance can be achieved in spite of the system parameters
uncertainty.
Consider the following single-input/single-output (SISO) nth-order

dynamic system:

dn

dtn
x � f�x� � b�x�u (10)

Here, x is the scalar output, u is the control variable, and x �
�x; _x; : : : : : : ; x�n−1��T is the state vector. Both the nonlinear plant

Fig. 2 Parametric analysis of the MSSG algorithm for various guidance gains Λ.
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dynamics f�x� and the control gain b�x� are assumed to be not
exactly known. Under the condition that both f�x� and b�x� have a
known upper bound, the sliding control goal is to get the state x to

track the desired state xd � �xd; _xd; : : : : : : ; x�n−1�d �T in the presence
of model uncertainties. The time-varying sliding surface is
introduced as a function of the tracking error ~x � x − xd �
b ~x; _~x; : : : : : : : : : ; ~x�n−1�cT by the following scalar equation:

s�x; t� �
�
d

dt
� λ

�
n−1

~x � 0 (11)

Here, λ is a strictly positive constant. For example, if n � 2, we obtain

s�x; t� � _~x� λ ~x � 0 (12)

Under the preceding conditions, the general tracking problem is
reduced by forcing the dynamic system in Eq. (10) to remain on the
time-varying sliding surface described by Eq. (11). Using this
approach, the specified SISO control problem is greatly simplified
because the trackingof ann-dimensional vectorxd has been reduced to
the problem of keeping the scalar sliding surface at zero [i.e., the
problem has been reduced to a first-order stabilization problem in the
sliding surface s�x; t�]. The simplified first-order stabilization problem
can be achieved by selecting a control law such that, outside the sliding
surface s�x; t�, the following condition is satisfied:

1

2

d

dt
s2 ≤ −ηjsj (13)

Here, η is a strictly positive constant. Equation (13), also called the
“sliding condition,” explicitly states that the distance from the sliding
surface decreases exponentially along all system trajectories. Gen-

erally, constructing a control law that satisfies the sliding condition is
fairly straightforward. For example, using the Lyapunov directmethod
[22,23], one can select a candidate Lyapunov function as follows:

V�s� � 1

2
sTs (14)

Equation (14) satisfies the following two conditions: V�0� � 0 and
V�s� > 0 for s > 0. By taking the derivative of Eq. (14), and applying
the sliding condition [Eq. (13)], it is easily verified that the derivative
of the selected Lyapunov function is negative everywhere (i.e., the
dynamic system is globally stable). The control law is generally
obtained by substituting the sliding control definition, Eq. (11), and
the system dynamic equations, Eq. (10), into Eq. (13). It is worth
mentioning that, if the system ismulti-inputmulti-output (MIMO), i.e.
both controller and output states are vectors, the sliding surface be-
comes a vector. Generally, the sliding vector contains as many com-
ponents as the controller (e.g., see Slotine and Li [22]). Here, we
anticipate that, for our guidance development, any defined sliding
surface will be a three-dimensional vector [e.g., Eq. (15) in the next
section].
Generally, constraining the system to “slide” on the surface

defined by Eq. (11) can be achieved only at the price of higher control
activity. This represents one major drawback of the sliding meth-
odology because high-frequency control switching may cause
undesirable chattering. The conventional slidingmethodology can be
applied only if the system is of relative degree one [i.e., the controller
explicitly appears on the first derivative of the sliding surface
(Eq. (11)]. If the dynamic system has a higher relative degree, the
application of a high-order sliding control (HOSC) mode can be an
effective way to eliminate chattering, yet maintain closed-loop
robustness in a highly uncertain environment. Here, the following
definition is introduced [19,24,25]:

Fig. 3 Parametric analysis of the MSSG algorithm: effect of the guidance gain Λ on the thrust history during the guided descent.
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Consider a smooth dynamic system with a smooth output s�x; t�
(sliding function). Then, provided that s; _s; �s; : : : : : : ; sr−1 are
continuous and that s � _s � �s � : : : � sr−1 � 0, themotion on the
set fs; _s; �s; : : : : : : ; sr−1g � f0; 0; 0; : : : : : : ; 0g is said to exist on an
r-sliding mode.
In the dynamic problem of descending and landing on an asteroid,

as well as in many other close-proximity operations around small
bodies, the acceleration command shows up at the second derivative
of a properly defined sliding vector. Consequently, two-sliding
control principles can be applied to take advantage of such properties
and eliminate or attenuate chattering. Recently, HOSC has been one
of the central topics of modern nonlinear control theory. Indeed,
asymptotically stable higher-order sliding modes appear naturally in
systems that are traditionally treated with conventional sliding-mode
control [26]. Whereas theoretical studies on the finite convergence
properties of arbitrary-order sliding-mode control are currently
underway [25], two-sliding controllers have already been applied in
practical problems of interest in space and aerospace applications,
including missile guidance [27,28], reentry terminal guidance [29],
as well as lunar landing guidance [30].
Harl and Balakrishnan [29] set the stage on applying HOSC

principles for terminal landing guidance problems. The keypoint is to
guarantee that both the sliding surface and its derivative will reach
zero in a finite time, while ensuring that the sliding surface will not
cross zero until the final time, in contrast with the approach described
by Levant [19], where two-sliding homogeneous control can “twist”
around the sliding surface, zeroing it out in a finite time. However,
Levant’s approach is not suitable for guidance applications because
the problem is considered over when the sliding surface is crossed.

Notably, the idea of devising robust guidance algorithms such that
the sliding surface is reached in a finite time for the first time at the
landing location can be effectively employed using standard sliding-
mode control as demonstrated for lunar landing [30]. The application
of such methodology for the problem of asteroid landing guidance is
investigated in the following sections.

B. Multiple Sliding Surface Guidance Design for Asteroid

Powered Descent

The goal of this section is to develop a novel nonlinear guidance
approach for asteroid powered descent and landing that employs the
recent advancements in HOSC theory. The proposed guidance law,
named the MSSG algorithm, is built on the basic principles of two-
sliding control mode [19,29]. The overall objective is to derive
a guidance law (acceleration command) that is 1) robust against
unmodeled dynamics and 2) guarantees higher performance (i.e.,
accuracy in targeting with zero velocity) as required by stringent
precision requirements. The guidance model employed to develop
the guidance algorithm is the three-degree-of-freedom (3-DOF)
model described by Eqs. (1–8) assuming ap � 0. For the class of
sliding surfaces that are of interest to the asteroid descent and landing
guidance problem, the dynamics of the sliding system has relative
degree two (i.e., the acceleration command appears at the second
derivative of the sliding surface vector). Let us define the first sliding
vector surface in the following way:

s1 � rL − rLd (15)

Here,rLd is the position of the desired (target) landing point on the
asteroid surface. Taking the derivative of s1 with respect to time, one
obtains:

_s1 � _rL − _rLd � vL − vLd (16)

Here, vLd is the desired landing velocity (set to zero for soft landing).
The guidance problem can be formulated as a standard control
problem: Find the acceleration command law such that, in a finite
time tF, s1 → 0 and _s1 → 0. It is easily verified that, for landing
problems, the sliding surface is of relative degree two:

�s1 � _vL � 2ω × vL � ω × ω × rL �
∂VT

∂r
� aC (17)

The goal is achieved by setting _s1 as a virtual controller and using a
backstepping approach. More specifically, _s1 is found such that the
first sliding surface is driven to zero in a finite time. The virtual
controller can be conveniently selected as follows:

_s1 � −
Λ

�tF − t� s1 (18)

Here, Λ � diagfΛ1;Λ2;Λ3g is a diagonal matrix of guidance gains.
To drive the first sliding surface to zero, the virtual controller _s1 must
be globally stable. Global stability of _s1 can be shownby choosing the
following candidate Lyapunov function:

V1 �
1

2
sT1 s1 (19)

V1 has the following properties:

V1�0� � 0 if s1 � 0

V1�s1� > 0 ∀ s1 ≠ 0

V1�s1� → ∞ if s1 → ∞ (20)

In addition, for stability, the time derivative of V1 must be negative
definite everywhere. Imposing positive guidance gains
fΛ1;Λ2;Λ3g > 0 and setting s1 � fs1ii � 1; 2; 3g, one obtains

Fig. 4 Norm of the first and second surfaces as a function of time with
the guidance gain Λ as a parameter.
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_V1 � sT1 _s1 � −
1

�tF − t� s
T
1Λs1

� −
1

�tF − t�
�Λ1s

2
11 � Λ2s

2
12 � Λ3s

2
13� < 0 (21)

However, to ensure that both the sliding surface and its derivative
approach zero in a finite time, it is generally desirable for the matrix
gains to be all greater than one. Indeed, the time variation of the
sliding surface vector s1 can be explicitly derived as a function of
the guidance gains. Applying separation of variables to Eq. (18), one
obtains

ds1i
s1i
� −

Λidt
tF − t

(22)

where i � 1,2,3 are the components of the sliding surface vector.
Equation (18) can be formally integrated:

ln�s1i� � Λi ln�tF − t� � Ci (23)

By imposing the initial conditions s1�0� � s10 and taking the
exponential of both sides, the solution becomes

s1i�t� � s1i�tF − t�Λi (24)

or in vector form

s1�t� � s10�tF − t�Λ (25)

The derivative of the sliding surface vector can also be computed
explicitly:

_s1i�t� � Λis1i�tF − t�Λi−1 (26)

or in vector form

_s1�t� � Λs10�tF − t�Λ−I (27)

As can be seen from Eq. (24), as long as Λi > 0 (i � 1,2,3), the
sliding surface vector will reach zero in finite time. However, if
Λi < 1 (i � 1,2,3), the derivative of the sliding surface vector blows
up for t � tF. Therefore, if the matrix gains are selected such that
Λi > 1 (i � 1,2,3), both the sliding surface vector and its derivative
go to zero as t→ tF.
At the time when the descent maneuver is initiated, the spacecraft

is generally characterized by position and velocity such that Eq. (18)
is not satisfied.Ameaningful guidance law requires _s1 to be explicitly
linked to the acceleration command aC, which must be executed to
drive both s1 and _s1 to zero. The correct acceleration command that
drives _s1 from its original state to a trajectory defined by Eq. (18)
can be obtained by employing a second sliding surface vector s2.
In addition, the commanded acceleration must be able to keep
the system on the second surface until s1, _s1 → 0 is achieved.
Consequently, the second sliding surface vector is defined in the
following way:

s2 � _s1 �
Λ

�tF − t� s1 � 0 (28)

The new sliding surfacevector s2 is of relative degree onewith respect
to the acceleration command. Indeed, it can be easily verified that the
acceleration command appears explicitly within the expression of the
first derivative of s2:

Fig. 5 Parametric analysis of the MSSG algorithms: effect of the parameter n on the trajectory history.
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_s2 � �s1 �
Λ

�tF − t� _s1 �
Λ

�tF − t�2 s1 (29)

Using Eq. (17), it is explicitly found that

_s2 � 2ω × vL � ω × ω × rL �
∂VT

∂r

� ac�t� �
Λ

�tF − t� _s1 �
Λ

�tF − t�2
s1 (30)

The desired acceleration command ac�t� (guidance law) is deter-
mined using the Lyapunov direct method. Here, second Lyapunov
candidate function V2 is defined as follows:

V2 �
1

2
sT2 s2 (31)

V2 satisfies conditions similar to the one defined forV1 [see Eq. (20)].
Moreover, its time derivative can be explicitly computed as follows:

_V2 � sT2 _s2 � sT2
�
2ω × vL � ω × ω × rL

� ∂VT

∂r
� ac�t� � Λ

�tF − t�_s1 � s1
�tF − t�2

�
(32)

The acceleration command can be selected accordingly:

ac�t� � −
�
2ω × vL � ω × ω × rL

� ∂VT

∂r
� Λ
�tF − t�_s1 � s1
�tF − t�2

�Φsgn�s2�
�

(33)

Equation (33) is what we named MSSG. The matrix coefficients
Φ � diagfΦ1;Φ2;Φ3g are given as follows:

Φi �
s2i�0�
t�F

(34)

Using Eq. (34), one can show that the second sliding surface vector is
driven to zero in a finite time t�F < tF. In fact, by replacing the
guidance law explicitly derived in Eq. (33) into Eq. (30), the
dynamics of the second sliding surface vector becomes

_s2 � −Φsgn�s2� (35)

Noting that s2 does not change sign before reaching zero, Eq. (35) can
be integrated between zero and t to yield

s2i�t� � s2i�0� −
js2i�0�j
t�F

t (36)

Clearly, the second sliding surface vector goes to zero as t→ t�F.
The derived MSSG law is globally stable. Inserting Eq. (33) into
Eq. (32) and augmenting the equations of motion to account for
the perturbing acceleration, the derivative of V2 has the following
expression:

_V2 � sT2 _s2 � sT2 fap�t� −Φsgn�s2�g < 0 (37)

The time derivative of the second Lyapunov function is always less
than zero if an upper bound for the perturbing acceleration aMAX

P is
available. In such a case, the matrix coefficients Φ can be selected
such that Φi > jaMAX

Pi j. The second Lyapunov function is therefore
decrescent and, by virtue of the Lyapunov stability theorem for

Fig. 6 Parametric analysis of the MSSG algorithm for various values of n.
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nonautonomous systems, s2 → 0 as t→ t�F. Consequently, s1, _s1 →
0 as t→ tF.
As pointed out by Harl and Balakrishnan [29], the adaptive nature

of the guidance law is such that the system cannot be maintained on
the first sliding surface for t > tF [see Eqs. (24–27)]. However, for
the soft landing guidance problem, the latter is a nonissue because the
problem is over as soon as the system reaches the final time (landing
conditions).

IV. Multiple Sliding Surface Guidance Implementation
and Performance Analysis

The goal of this section is to implement the MSSG algorithm in a
simulation environment to 1) evaluate the behavior of the class of
closed-loop landing trajectories guided by the proposed MSSG
algorithm as a function of guidance parameters; 2) explore the fuel
efficiency of the proposed guidance law; and 3) integrate the
continuous MSSG-based acceleration command in a pulse-width
pulse-frequency (PWPF) modulation scheme and run a set of
Monte Carlo simulations under realistic conditions to evaluate the
landing accuracy of the proposed guidance law.

A. Parametric Analysis of the Guidance Algorithm

The first step toward validation and verification of the proposed
algorithm is to analyze the behavior of the landing trajectories guided
by the derived MSSG law as a function of the selected guidance
parameters. The 3-DOF model described by Eqs. (1–8) has been
implemented in a MATLAB simulation environment to generate
MSSG-guided landing trajectories.
The analysis of the guidance algorithm is conducted on a flight

dynamics scenario simulating the powered landing descent on an
Eros-like asteroid. The gravitational field is modeled assuming that
the asteroid is a perfect triaxial ellipsoid with semi-axis (a > b > c)

such that a � 20; 000, b � 7000, and c � 6500 m. The density ρ
of the asteroid is assumed to be constant and equal to 3200 kg∕m3.
Tri-axial ellipsoids are often reasonable approximations to small-
bodies and provide with a closed form solution for the gravitational
potential as reported by MacMillan [21] and Scheeres [31]. Once
the expression for the analytical potential is known, the gravity
acceleration vector can be determined as a function of the position
by directly deriving its gradient in closed form [31]. Finally, the
asteroid rotation rate has been set to be kωk � 3.3118 × 10−4 rad∕s,
which is consistent with an Eros rotation period of 5 h and 16 min
[32].
For this set of simulations, it is assumed that the spacecraft is

in a near-hovering state above the asteroid surface, in a location
identified by the vector rL�t0� � �25; 000;−1000;−1000�T m. The
latter identifies the coordinates of the spacecraft with respect to a
body-fixed reference frame, having its origin at the center of the
ellipsoid and the axis oriented along its principal axis. In the same
coordinate frame, the initial velocity of the spacecraft is assumed to
be vL�t0� � b0; 0;−1cT m∕s. The guidance algorithm is required to
drive the spacecraft to a surface point located at an equatorial region,
with coordinates specified by rLd�tF� � b20; 000; 0; 0cT m and
zero final velocity (soft landing). The spacecraft is assumed to have
an initial (wet) mass of 500 kg. It is also assumed that the spacecraft
is configured such that the attitude is kept fixed and the thrusters are
oriented to generate an independent thrust-based acceleration in
each of the three directions of the asteroid-centered, body-fixed
reference frame. For this initial analysis, it is also assumed that each
of the thrusters generates a continuous thrust. The guidance law
formulation is implemented in the simulation platform according
to Eq. (33). The algorithm depends on the available gravitational
model as well as on five guidance parameters (i.e., tF t�F and
Λ � diagfΛ1;Λ2;Λ3g), where, t�F has been parameterized as a
function of the time of flight according to t�F � ntF, for 0 < n < 1.

Fig. 7 Parametric analysis of the MSSG algorithm: effect of the parameter n on the thrust history during the guided descent.
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1. Effects on Performance due to Λ and t�F
The first set of simulations is directed at analyzing the effect of

the guidance matrix Λ on the guided trajectories. For this specific
case, tF and t�F are fixed. The simulations are initiated at time t � 0
and conducted until a fixed final time selected to be tF � 7778.3 s.
Assuming that the guidance matrix is spherical (i.e., Λ �
Λ diagf1; 1; 1g), the trajectory and the acceleration command
histories depend on only one single guidance gain Λ as well as n.
Assuming a fixed value of n � 0.5 (i.e., the second sliding surface is
reached in half of the total flight time), the guidance gain Λ is varied
parametrically. Four MSSG-guided trajectories have been simulated
withΛ equal to 1.5, 2, 4, and 8, respectively. Figure 1 shows the three-
dimensional (3-D) guided descent and landing trajectories, as well as
the history of the position components along the asteroid-centered
body-fixed coordinates. Figure 2 shows the history of the three
velocity components. Figure 3 shows the history of the three
components of the acceleration command. The MSSG algorithm
generates trajectories that can be subdivided in two phases. In the first
phase of the flight (0 < t < t�F), the acceleration command drives the
second sliding surface to zero. Once the second surface is reached
(t � t�F), the second phase is initiated. During this phase, the first

surface is driven to zero according to the nonlinear first-order
dynamics dictated by Eq. (18). For each of the three components, the
magnitude of the acceleration command tends to increase with the
parameter Λ, which regulates the rate at which the first surface is
reached. Although the time of flight is fixed (i.e., the first surface is
reached exactly at t � tF), the rate of convergence depends on Λ.
Figure 4 shows the time history of the first and second sliding surface
(Figs. 4a and 4b, respectively). The norm of the second sliding
surface is driven to zero at t � t�F and maintained within a prescribed
tolerance for the rest of the flight. The effect of the rate of
convergence can be clearly seen in Fig. 4a, in which the guidance
parameter influences the shape of the sliding surface norm. All cases
precisely achieved the desired location with a very low terminal
landing velocity, but the performances degraded for lower values of
Λ. Indeed, it is observed that, whereas the three components of the
terminal velocity are always less than 0.0015 m∕s for Λ � 2, 4, and
8, the values of the terminal velocity components are close to
0.02 m∕s if Λ � 1.5. In this specific case, the rate of convergence of
the sliding surface is slower and the MSSG algorithm tends to
generate, on average, acceleration commands of lower magnitude
during the flight. For a fixed time of flight, the errors tend to be larger
toward the end. Consequently, the MSSG algorithm tries to
compensate by increasing the terminal acceleration command.
Despite such guidance command reaction (see Fig. 3), the accuracy is
slightly degraded.
The second set of simulations is executed to analyze the behavior

of MSSG-guided landing trajectories as function of the parameter n
(i.e., the time at which the second sliding surface is achieved). In this
case, both final time and guidance gain are kept fixed at values
tF � 7778.3 s and Λ � 2 s, respectively. The parameter n assumes
four possible values (i.e., 0.25, 0.5, 0.75, and 1.0). Figure 5 shows the
3-D guided descent and landing trajectories, as well as the history of
the position components along the asteroid-centered body-fixed
coordinates. Figure 6 shows the history of the three velocity
components. Figure 7 shows the history of the three components of
the acceleration command, and Fig. 8 shows the histories of the norm
of the two sliding surfaces. It is important to note that,t�F has a strong
influence in both shaping the trajectory and on the overall
accelerationmagnitude.As seen in the previous case, the components
of the acceleration command are generally discontinuous at t � t�F. If
t�F � tF the acceleration exhibits a smooth behavior during the
powered descent phase and drastically increases close to the final
time. In this case, the two sliding surfaces are reached at the same time
(i.e., at the desired landing point).

B. Guidance Parameters Selection Analysis: Multiple Sliding Surface
Guidance Fuel Performance

To shed light on how to properly select the guidance parameters, an
MSSG fuel-efficiency study has been conducted. Here, the goal is to
understand how the propellant mass required for landing varies as a
function of the guidance parameters. To this end, MSSG-based
closed-loop trajectories are compared with an open-loop, fuel-
optimal landing guidance solution. The latter is determined by
finding an acceleration program that, starting from a selected initial
condition, lands the spacecraft at a desired location using the
minimum amount of propellant. Optimal trajectories for asteroid soft
landing have been studied and are shown to be computationally
intensive [33]. For the sake of comparison, in our analysis, we have
selected an open-loop powered descent profile, in which the
spacecraft descent is initiated exactly above the selected (Eros-like)
asteroid north pole with the following initial conditions:
rL�t0� � b0; 0; 7300cT m, vL�t0� � b0; 0;−1cT m∕s, and termi-
nates at the final desired condition defined by rLd�tF� �
b0; 0; 6500cT m (north-pole landing) with zero velocity. The initial
and final conditions have been selected to simplify the problem and
obtain an optimal guided descent that occurs only in the vertical
dimension. The problem has been solved numerically using
pseudospectral methods instantiated via the general pseudospectral
optimal control software (GPOPS [34]). Details of the problem
formulation and implementation are reported in the Appendix.

Fig. 8 Norm of the first and second surfaces as a function of time withn
as a parameter.

Table 1 Comparison of MSSG and optimal solution fuel usage as a
function of Λ

Optimal,
kg

Λ � 2 s,
kg

Λ � 4 s,
kg

Λ � 8 s,
kg

Λ � 10 s,
kg

t�F � 0.5tF 1.01 1.39 1.87 2.30 2.42
t�F � 0.75tF 1.01 1.20 1.57 1.91 2.00
t�F � tF 1.01 1.11 1.43 1.71 1.79
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Fig. 9 Comparison of MSSG trajectories and acceleration command history to optimal solution for n � 0.5.

Fig. 10 Comparison of MSSG trajectories and acceleration command history to optimal solution for n � 1.
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A set of MSSG-guided trajectories starting very close to the
optimal descent problem have been generated and the mass of
propellant consumed during the closed-loop descent recorded.
All MSSG simulations are implemented with the following
initial conditions: rL�t0� � b0; 0; 7300cT m and vL�t0� �
b0; 0;−1cT m∕s. The guidance algorithm is required to drive the
spacecraft to the asteroid north polewith zero velocity for a variety of
guidance parameters. For the initial set of simulations, the time of
flight is set to be equal to the optimal value obtained via GPOPS.
Table 1 shows the mass of propellant employed by the MSSG
trajectories with fixed tF � 417.3 s for a set of three t�F (n � 0.5,
0.75,1) and four guidance gains (Λ � 2, 4, 8, 10 s). For this specific
case, the verticalminimum-fuel, open-loop powered descent requires
a mass of propellant equal to 1.01 kg. As seen in Table 1, the best
MSSG fuel performances are obtained for lower guidance gains Λ
and t�F � tF n � 1). The best case is achieved for Λ � 2, requiring
10% more propellant with respect to the optimal case. As seen in the
preceding section, guidance gains lower than 2 s are not
recommended because it may result in performance degradation
(e.g., higher impact velocity). Figure 9 shows the trajectory histories
in the y and z directions, as well as the vertical acceleration
commands as compared with the optimal solution for t�F � 0.5tF
(n � 0.5). Consistent with the analysis reported in the preceding
section, the Λ � 2 s case exhibits a discontinuous behavior exactly
when the second sliding surface is achieved. Nevertheless, the
acceleration command spike is less than the one observed for the
higher guidance gains, resulting in less fuel consumption. Figure 10

shows the trajectory histories in the y and z directions, as well as the
vertical acceleration commands as compared with the optimal
solution for t�F � tF (n � 1). Here, the vertical acceleration has
values close to zero formost of the descent and dramatically increases
as the final location is approached. Despite the final spike, such
guidance parameters achieve the best MSSG fuel consumption.
Next, a second set of simulations has been implemented to analyze

the impact of tF on fuel efficiency. Here, the parameter n has been
kept constant and equal to one, whereas four values for tF (300, 400,
500, 600) s and two values for Λ (2, 10) s have been considered.
Table 2 shows themass of propellant employed to drive the spacecraft
to the landing location via MSSG. Figure 11 shows the vertical
velocity and acceleration command histories as compared with the
optimal solution forΛ � 2 s. It is observed that, if tF is selected to be
less than the optimal value, MSSG fuel efficiency increases (e.g.,
1.07 kg for tF � 300 s) but exhibits a significant degradation of
performance. Indeed, for such cases, zero terminal velocity is never
achieved. As shown in Fig. 12, increasing the guidance gain value
may improve terminal impact velocity but results in higher propellant
consumption. Similarly, it was found that, for final times lower
than the optimal, reducing the value of t�F increases the ability of
MSSG to meet terminal conditions, but results in higher propellant
consumption. In conclusion, underestimating tF (with respect to the
optimal tF) may result in a dramatic increase in fuel consumption if

Fig. 11 Comparison of velocity and acceleration command histories of
MSSG and optimal solution for Λ � 2.

Fig. 12 Comparison of velocity and acceleration command histories of
MSSG and optimal solution for Λ � 10.

Table 2 Comparison of MSSG and optimal solution fuel usage as a function of tF

Optimal, kg tF � 300 s, kg tF � 400 s, kg tF � 500 s tF � 600 s

Λ � 2 s 1.01 1.07 1.09 1.16 1.34
Λ � 10 s 1.01 1.80 1.78 1.76 1.79
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stringent accuracy landing requirements are desired. Conversely,
overestimating tF has a mild effect on fuel efficiency.

C. Multiple Sliding Surface Guidance Pulse-Width Pulse-Frequency
Implementation and Monte Carlo Simulations

Figure 13 shows the schematic of a possible guidance navigation
and control (GNC) architecture hosting the proposed guidance
algorithm. The next generation of robotic spacecraft for autonomous
close-proximity operations around asteroids will have the ability to
autonomously perform navigation and guidance functions, including
landing site selection and obstacle detection and avoidance [16,35].
Position and velocity determination comes from filters capable of

processing optical navigation data (e.g. camera and LIDAR) to
correctly estimate the relative position and velocity of the spacecraft
around the asteroid. Attitude is determined using a combination of
inertial measurement units (IMUs) and star trackers. Position and
velocity are fed to the guidance module, which implements the
MSSG logic to determine the three components of the acceleration
commandwith respect to the body-fixed, asteroid-centered reference
frame. In the configuration shown in Fig. 13, it is assumed that the
guidance and attitude functions are independent.More specifically, it
is assumed that the only function of the attitudemodule is to maintain
the body-fixed spacecraft reference frame aligned with the asteroid-
centered frame. In this case, the guidance algorithm can generate

three independent acceleration commands along the asteroid-fixed
directions.
The acceleration command generated by the MSSG is usually

continuous. Conventional hydrazine thrusters have an on–off
operation mode and cannot directly process continuous signals.
The three acceleration commands are therefore fed to a set of
PWPF algorithms to generate on–off acceleration commands, which
approximates the three continuous commands generated by the
guidance algorithms. Indeed, the PWPFmodulator produces a pulsed
command sequence of the thrusters’ valves by adjusting both pulse
width and frequency. The PWPF is composed of a Schmidt trigger, a
linear prefilter, and a feedback loop [36]. The continuous acceleration
command is compared with the modulator output and the error
processed by a first-order filter. The filter output is then fed to the
Schmidt module, which triggers a constant positive, zero, or negative
command. The outputs of the three modulators are passed to the
thruster activation logic module, which selects the thrusters to
be fired accordingly. The parameters of interest are the prefilter
parameters Km, τm, as well as the Schmidt-trigger’s parameters Uon,
Uoff .
In the preceding guidance parameters analysis, the MSSG

algorithm is shown to have good performance in driving the system
toward the desired point on the asteroid surface. Indeed, a properly
designed guidance algorithm is expected to perform well under
idealized conditions (e.g., perfect knowledge of the dynamic
environment, no guidance delays, etc.). To verify the robustness of
the MSSG algorithm and its ability to drive the spacecraft to the
desired point under an uncertain environment, a set of Monte Carlo
simulations has been implemented. In this set of simulations, the

Fig. 13 Schematic of the GNC architecture for MSSG implementation.

Table 3 Dispersion parameters used in the Monte Carlo
simulations

Mean value Standard deviation

Cross range (x axis) −1; 000 m 50 m
Downrange (y axis) 1,000 m 50 m
Altitude (z axis) 11,500 m 50 m
Velocity (x axis) 0 m∕s 0.5 m∕s
Velocity (y axis) 0 m∕s 0.5 m∕s
Velocity (z axis) 0 m∕s 0.5 m∕s
Mass 500 kg —

Mass flow rate 0% Uniform (�10% max)
Solar pressure (x, y axes) 10−5 m∕s2 10−6 m∕s2
Gravity (x, y, z axes) Nominal 10%

Table 4 Guidance gains and

PWPF parameters

ΛMatrix diagf4; 10; 2g s
tf 1200 s
t�f 600 s
Km 1 (adimensional)
τm 1 s
UOn 0.0042 m∕s2
UOff 0.0021 m∕s2
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Fig. 14 MonteCarlo histories for theMSSGalgorithm: a) three-dimensional landing trajectories, b) top-view trajectories (from the asteroid north pole),
and c) landing ellipse (1σ value).

Fig. 15 Monte Carlo position histories for the MSSG algorithm: a) crossrange vs. time, b) downrange vs. time, and c) altitude vs. time.
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guidance algorithm is asked to determine and execute commands
under more realistic conditions. The 3-DOF model [Eqs. (1–9)],
describing the mass-varying translational dynamics of the spacecraft
in close proximity of the triaxial asteroid described in the preceding
section, has been implemented in a MATLAB environment. The
model includes 1) a linearly, time-varyingmassmodelwith a nominal
mass flow-rate subjected to perturbation; 2) perturbing acceleration
that accounts for unmodeled dynamics, including accelerations due
to mass-flow rate perturbations , perturbing accelerations simulating
the influence of solar radiation pressure, and perturbing acceleration
coming from uncertain knowledge of the gravitational acceleration.
The Monte Carlo analysis has been conducted by running

1000 simulations of the MSSG algorithm in the described 3-DOF
framework. Table 3 shows the parameters employed in the
simulations, as well as their dispersion. Table 4 shows the MSSG
guidance and PWPF parameters. The nominal unperturbed case
assumes that a 500 kg spacecraft is hovering with zero velocity on a

location above the asteroid polar region determined in the body-
fixed, asteroid-centered reference frame by the vector rL�t0� �
b−1000; 1000; 11; 500cT m. The MSSG algorithm is required to
drive the system to a location on the north pole of the asteroid defined
by the vector rL�t0� � b0; 0; 6500cT m. The spacecraft is assumed to
be equipped with a set of two thrusters per principal axis. The
thrusters can generate a 10 N thrust in each direction and have a
specific impulse of 170 s (pulsed mode). The selected asteroid is
assumed to be perfectly triaxial, mimicking an Eros-like body (see
preceding section). For each of the simulations, both initial position
and velocity are sampled from a normal (Gaussian) distribution with
standard deviation reported in Table 1. For each firing, mass flow rate
is perturbed using a uniform distribution (�10% upper value).
Additional perturbing acceleration acting on the x-y plane is added to
simulate the influence of the solar radiation pressure. During the
Monte Carlo simulations, for each of the two components, the
perturbing acceleration is sampled from a normal distribution with
mean and standard deviation as specified in Table 1. The nominal
gravity field computed using the closed-form solution for a
homogeneous, Eros-like triaxial ellipsoid is perturbed using a
Gaussian noise with zero mean and 10% standard deviation with
respect to the nominal value. The MSSG is implemented assuming
that the guidance module generates a command every 0.5 s (2 Hz).
TheMSSG law requires knowledge of the current spacecraft state,

i.e., position and velocity. Accurate navigation around small bodies
may require onboard autonomous navigation schemes (e.g.,
AutoNav [37]), which rely on real-time optical images analysis and
onboard state and covariance propagation algorithms [35]. Here, we
model the navigation error using a simple statistical model, in which
the true state is perturbed using a Gaussian noise with zero mean and
0.5m and 0.1 m∕s standard deviation (1σ) for each component of the
position and velocity, respectively.
Figures 14–16 show the history of the MSSG-guided trajectories

for the 1000Monte Carlo simulations. Note that in Fig. 15, altitude is
with respect to the x-y plane (equatorial plane of the asteroid). The

Fig. 16 Monte Carlo velocity histories for the MSSG algorithm: a) cross-range velocity vs time, b) downrange velocity vs time, and c) vertical
velocity vs time.

Fig. 17 Terminal vertical velocity statistics.
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Fig. 18 Landing statistics for the Monte Carlo simulations: a) cross range, b) downrange, c) cross-range velocity, and d) downrange velocity.

Fig. 19 One example of the acceleration command histories generated by the MSSG algorithm.
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terminal state statistics are reported in Figs. 17 and 18.As evident, the
MSSG algorithm performs very well. For example, Fig. 14c shows
the landing dispersion ellipse for the 1000 simulated cases alongwith
a 1σ ellipse.MSSG is shown to be very accurate in spite of perturbing
accelerations and navigation errors. Maximum errors in the x and y
directions are 0.75 m with a 1σ value of 0.23 m, and 1.0 m with a 1σ
value of 0.215 m, respectively, with their statistical distribution
reported in Figs. 18a and 18b. The x- and y-axis terminal velocities
are reported to be in the range �−0.09; 0.10� and �−0.12; 0.11� m∕s,
respectively (Figs. 18c and 18d). The maximum terminal vertical
velocity is−0.98 m∕swith amean of−0.17 m∕s (Fig. 17). Figure 19
shows the three components of the acceleration command both
continuous and modulated.

V. Conclusions

In this paper, a novel nonlinear guidance algorithm for asteroid
powered descent and landing is presented. The algorithm is based on
higher-order sliding-mode control theory and it has been named
multiple sliding surface guidance (MSSG) algorithm. The guidance
algorithm is robust against perturbations and unmodeled dynamics. It
is theoretically demonstrated to be globally stable if an upper bound
for the perturbing acceleration is known. The class of closed-loop
landing trajectories generated by this algorithm has been investigated
via an in-depth parametric analysis. A comparison with a nominal
minimum-fuel, open-loop guided solution has been presented to
understand the performance of the proposed guidance in terms of ac-
curacy and propellant consumption. Moreover, a set of Monte Carlo
simulations has been implemented to evaluate the performance of
the algorithm in realistic asteroid descent scenarios and its feasibility
to be operated in a modulated fashion. Such scenarios included
perturbing accelerations (thrust, solar radiation pressure, and
uncertain gravitational field), as well as navigation errors in both
position and velocity. It is shown that the MSSG algorithm is very

accurate and yields very low residual guidance errors in both position
and velocity. The algorithm is extremely fast and suitable for real-
time onboard implementation. Indeed, no precomputed reference
trajectory is required. The only input is the state to be targeted, that
is, position on the asteroid surface and desired landing velocity
(typically zero for a soft landing). The ability of theMSSG algorithm
to target a desired state makes it extremely flexible for close-
proximity operations. For example, landing retargeting can be
implemented by simply shifting the desired landing point while en
route toward the asteroid surface. Future work will investigate the
implementation of the algorithm for other close-proximity operations
including 1) transition between two hovering states and 2) transition
between two points on the surface.

Appendix: Powered Descent Optimization Using General
Pseudospectral Optimal Control Software

For the asteroid powered descent case, the minimum-fuel optimal
guidance problem can be formulated as follows: Find the thrust
program that minimizes the following cost function (negative of the
lander final mass; equivalent to minimizing the amount of propellant
during descent):

maxtF;Tc�·�mL�tF� � mintF;Tc�·�

Z
tF

0

kTck dt (A1)

subject to the following constraints (equations of motion)

_rL � vL (A2)

_vL � 2ω × vL � ω × ω × rL � g�rL� �
Tc
mL

(A3)

Fig. A1 Optimal trajectory generation results: a) z-axis position, b) vertical velocity, c) total spacecraft mass, and d) thrust command.

1090 FURFARO, CERSOSIMO, ANDWIBBEN

D
ow

nl
oa

de
d 

by
 U

N
IV

E
R

SI
T

Y
 O

F 
A

R
IZ

O
N

A
 o

n 
Fe

br
ua

ry
 2

7,
 2

01
5 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.5
82

46
 

143



d

dt
mL � −

kTck
Ispg0

(A4)

and the following boundary conditions and additional constraints

0 < Tmin < Tcx;y;z < Tmax (A5)

rL�0� � rL0; vL�0� � _rL�0� � vL0 (A6)

rL�tF� � rLF; vL�tF� � _rL�tF� � vLF (A7)

Here, each of the thrust components in the asteroid-fixed reference
frame is limited to operate between a minimum value Tmin and a
maximum value Tmax. Generally, the problem formulated in
Eqs. (A1–A7) does not have an analytical solution andmust be solved
numerically. To obtain the open-loop, fuel-optimal thrust program
GPOPS [34] has been employed. GPOPS is an open-source optimal
control software that implements Gauss and Radau HP-adaptive
pseudospectral methods. After formulating the landing problem as
described earlier, the software allows the direct transcription of the
continuous-time, fuel-optimal control problem to a finite-dimen-
sional nonlinear programming problem (NLP). In GPOPS, the
resulting NLP is solved using the SNOPT solver [38]. The
pseudospectral approach is very powerful because one can
approximate both state and control using a basis of Lagrange
polynomials. Moreover, the dynamics is collocated at the Legendre–
Gauss–Radau points. The use of global polynomials coupled with
Gauss quadrature collocation points is known to provide accurate
approximations that converge exponentially to continuous problems
with smooth solutions.
For our analysis, the open-loop, fuel-optimal asteroid landing

problem is solved assuming that the motion of the spacecraft is
constrained to occur in a vertical direction (altitude). The latter is
imposed by assuming that the spacecraft is initially located above the
asteroid north pole as defined by rL�0� � �0; 0; 7300�T m, that is,
800 m above the desired landing location defined by rL�tF� �
�0; 0; 6500�T m in the asteroid-fixed coordinate frame. The initial
spacecraft velocity is downward vertical as defined by vL�0� �
�0; 0;−1�T , which constrains the motion to occur in the vertical
direction only. The spacecraft is assumed to have an initial wet mass
of 500 kg and is capable of a maximum (allowable) thrust of 17 N
with Tmin � 0 N. A GPOPS scripts has been generated to determine
a numerical solution of the optimal asteroid landing problem. The
descent interval has been discretized in 40 intervals with two nodes
per interval. The HP-adaptive method with a maximum of 10 mesh
refinements (iterations) has been selected out of the options available
via the GPOPS platform. Figure A1 shows the open-loop, fuel-
optimal guided vertical descent. As expected, the optimal solution is
extremal, that is, the control variable (thrust) switches between the
minimum and maximum value. Indeed, starting from the initial
condition, the spacecraft follows a free-fall trajectory, until it
switches to the maximum allowable value and soft landing is
achieved.
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TERMINAL MULTIPLE SURFACE SLIDING GUIDANCE FOR 
PLANETARY LANDING: DEVELOPMENT, TUNING AND 

OPTIMIZATION VIA REINFORCEMENT LEARNING 

Roberto Furfaro*, Daniel R. Wibben,†Brian Gaudet‡, Jules Simo§ 

The problem of achieving pinpoint landing accuracy in future space missions to planetary bodies such as 

the Moon or Mars presents many challenges, including the requirements of higher accuracy and degree of 

flexibility. These new challenges may require the development of a new class of guidance algorithms. In 

this paper, a non-linear guidance algorithm for planetary landing is proposed and analyzed. Based on 

Higher-Order Sliding Control (HOSC) theory, the Multiple Sliding Surface Guidance (MSSG) algorithm 

has been specifically designed to take advantage of the ability of the system to reach multiple sliding 

surfaces in a finite time. As a result, a guidance law that is both globally stable and robust against 

unknown, but bounded perturbations is devised. The proposed MSSG does not require any off-line 

trajectory generation, but the acceleration command is instead generated directly as function of the current 

and final (target) state. However, after initial analysis, it has been noted that the performance of MSSG 

critically depends on the choice in guidance gains. MSSG-guided trajectories have been compared to an 

open-loop fuel-efficient solution to investigate the relationship between the MSSG fuel performance and 

the selection of the guidance parameters. A full study has been executed to investigate and tune the 

parameters of MSSG utilizing reinforcement learning in order to truly optimize the performance of the 

MSSG algorithm in powered descent scenarios. Results show that the MSSG algorithm can indeed generate 

closed-loop trajectories that come very close to the optimal solution in terms of fuel usage. A full 

comparison of the trajectories is included, as well as a further Monte Carlo analysis examining the guidance 

errors of the MSSG algorithm under perturbed conditions using the optimized set of parameters. 

INTRODUCTION 

Future planetary missions, both robotic and human, will require unprecedented levels of 

landing accuracy and system flexibility. As an example, over the past decade, landing systems 

developed for Mars missions have been critical to ensure the successful deployment of agents 

(e.g. rovers, landers) on the Martian surface and it will continue to grow in importance due to the 

sustained interest of the scientific community to explore the red planet [1],[2]. In addition, there 

has been recent renewed interest in the Moon and its potential economic returns by mining for the 

various resources that it contains[3]. In both cases, more demanding planetary exploration 

requirements translate to technology development that calls for more precise guidance systems 

capable of delivering rovers and/or landers with higher degree of precision. In past missions to 

both the Moon and Mars, delivery of robotic agents to the ground was ensured with a safe landing 
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 2 

without the need of higher precision. In the case of Mars, the landing accuracy, usually described 

by a 3-sigma landing ellipse, has been established to be on the order of 100 km (e.g. Phoenix 

Mission, MER). The recent landing of the Mars Science Laboratory (MSL) has taken important 

steps towards increasing the precision of landing on Mars. Indeed, the MSL system architecture 

included an Apollo-derived guidance algorithm employing bank angle control during the initial 

atmospheric entry as well as a powered descent algorithm designed to deliver to the surface the 

newly designed “Sky Crane” system within 10 km accuracy [4]. Despite these improvements, 

future missions may require an even higher landing precision to possibly pinpoint level (10s of 

meters). 

Powered descent algorithms generally comprise of two major components: a) a targeting 

(trajectory planning) algorithm and b) a trajectory-following, real-time guidance algorithm. The 

targeting algorithm is responsible for generating a reference trajectory (position, velocity, and 

thrust profile) that explicitly defines the path for driving the vehicle to the desired landing 

location. Subsequently, the trajectory-tracking algorithm is designed to close the loop on the 

desired trajectory ensuring that the spacecraft follows the planned path. Current practice for Mars 

landing employs a guidance approach where the reference trajectory is generated on-board
5
. More 

specifically, the trajectory is computed as a fifth-order polynomial whose coefficients are 

determined by solving a Two-Point Boundary Value Problem (TPBVP). Originally devised to 

compute the reference trajectory used by the Lunar Exploration Module [6]-[8], the method is 

currently employed to generate a feasible reference trajectory comprising of the three segments of 

the MSL powered descent phase
5
. A fifth-order (minimal) polynomial in time satisfies the 

boundary condition for each of the three position components. The required coefficients can be 

determined analytically as a function of the pre-determined time-to-go.  

Recently, more research efforts have been devoted towards determining reference trajectories 

(and guidance commands) that are fuel-optimal, i.e. trajectories that satisfy both the desired 

boundary conditions and any additional constraints while minimizing the fuel usage [9]-[11]. 

Whereas analytical solutions are possible for a limited number of cases (e.g. the energy-optimal 

landing problem with constant gravity and unconstrained thrust [12]), fuel-efficient trajectories 

can be found numerically using either direct or indirect methods. Solutions based on direct 

methods are generally obtained by converting the infinite-dimensional optimal control problem 

into a finite constrained Non-Linear Programming (NLP) problem [13]. Recently, Acikmese et 

al.[11] devised a convex optimization approach where the minimum-fuel soft landing problem is 

cast as a Second Order Cone Programming problem (SOCP)[14]. The authors showed that the 

appropriate choice of a slack variable can convexify the problem [15]. Consequently, the 

resulting optimal problem can be solved in polynomial time using interior-point method 

algorithms [16]. In such a case and for a prescribed accuracy, convergence is guaranteed to the 

global minimum within a finite number of iterations. The latter makes the method attractive for 

possible future on-board implementation. Moreover, the method has been extended to find 

solutions where optimal trajectories to the target do not exist, i.e. the guidance algorithm finds 

trajectories that are safe and closest to the desired target [17].
 

Despite these advancements in trajectory-generating algorithms for on-board determination of 

minimum-fuel flyable trajectories, such algorithms require a significant amount of real-time 

computation and are very dependent on the designed reference trajectory. In this paper, we 

present a method for generating real-time, closed loop, planetary powered descent trajectories that 

take advantage of the finite-time reaching phase of the sliding mode control [18],[19]. The 

proposed algorithm has its theoretical foundation on the well-known sliding control theory as 

well as on the more recently developed Higher Order Sliding Control (HOSC) approach [20]-

[22]. Sliding mode control has been recently employed to develop innovative and more robust 
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algorithms for endo-atmospheric flight system guidance (e.g. missiles [23]). In particular, sliding 

control methods have emerged as attractive techniques that can be applied to develop robust 

missile autopilots [24],[25] and guidance algorithms [26],[27]. However, such non-linear 

guidance design methods have rarely been used to design guidance algorithms for planetary 

precision landing. Recently, Furfaro et al. have explored sliding control theory as a mean to 

develop two classes of robust guidance algorithms for precision lunar landing [28]. In addition, 

the potential use of HOSC for asteroid close proximity-operation has been studied [30]. In the 

context of autonomous guidance for missions to small bodies, Furfaro et al. [29] developed a 

Multiple Surface Sliding Guidance (MSSG) algorithm for asteroid precision landing. The MSSG 

approach results in a guidance algorithm that is robust against perturbations and unmodeled 

dynamics. MSSG, which is designed on the principles of 2-sliding mode control, employs 

multiple sliding surfaces to generate on-line targeting trajectories that are guaranteed to be 

globally stable under bounded perturbations (with known upper bound [18],[21]). Two sliding 

surface vectors are concatenated in such a way that an acceleration command program that drives 

the second surface to zero automatically drives the dynamical system on the first surface in a 

finite time. The on-line trajectory generation and the determination of the guidance command 

require only knowledge of the system state (position and velocity) and the desired landing 

position. Importantly, one of the key principles behind the proposed methodology is that the 

landing problem is considered complete once the sliding surface is reached, i.e. the dynamical 

system reaches the surface for the first time at the landing location (with the desired velocity). 

Such approach has been first proposed and discussed by Harl and Balakrishnan who applied 

HOSC to design a class of sliding-based guidance algorithms for the terminal guidance of an 

unpowered lifting vehicle during the approach and landing phase [31].
 

In this paper we demonstrate that the MSSG algorithm can be potentially employed as 

terminal guidance for general planetary pin-point landing, i.e. it is possible to generate closed-

loop landing trajectories on large planetary bodies that are precise and robust against 

perturbations and un-modeled dynamics. Importantly, while the proposed algorithm has been 

shown to be robust and globally stable in the previous work done by Furfaro et al. [28]-[30],  

preliminary results have demonstrated that it is sensitive to the guidance parameters and it is 

generally sub-optimal for any given set of parameters. Whereas the latter may not be a limiting 

factor for small body guidance, fuel-efficiency becomes critical for landing on planets and 

moons. This paper aims at investigating the general behavior of the MSSG guidance for planetary 

bodies as well as employing Reinforcement Learning (RL
 
[32])

 
to select (learn) the set of 

guidance gains that optimize MSSG in terms of both residual guidance error and fuel usage. 

Within the RL framework, the guidance problem is cast as a Markov Decision Problem (MDP) 

which enables the determination of a set of guidance parameters that are optimized in a stochastic 

environment. The goal is to demonstrate that RL can be effectively used to tune the MSSG 

algorithm to maximize performance in terms of landing error and fuel consumption while 

preserving the intrinsic characteristic of stability and robustness. 

The paper is organized as follows. First, the guidance problem for planetary landing is 

formulated and the equations of motion derived. Subsequently, after an introduction to the HOSC 

theory, the MSSG algorithm for planetary landing is derived and global stability demonstrated. 

An initial parametric study is presented to show the behavior of the closed-loop trajectories as 

function of the guidance parameters. The powered descent landing problem is subsequently cast 

as a Markov Decision Process and RL employed to tune the MSSG guidance gains. A comparison 

with a numerically-generated open-loop solution is subsequently presented. A set of Monte Carlo 

simulations of the optimized MSSG is executed and performance reported to show the robustness 

of the algorithm in a perturbed environment. Finally conclusions and future work are discussed. 
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TERMINAL GUIDANCE PROBLEM FORMULATION 

We consider the terminal planetary descent and landing guidance problem that can be 

formulated as follows: given the current state of the spacecraft, determine a real-time acceleration 

program that reaches the target point on the surface with zero velocity. 

Dynamical Model: 3-D Equations of Motion 

The fundamental equations of motion of a spacecraft moving in the gravitational field of a 

planetary body can be described using Newton’s law (Figure 1). Assuming a mass variant system, 

the equations of motion can be written as:  

 

  ̇     (1) 

  ̇   
 
 

‖     ‖
 
(     )  

 

  
    (2) 

  ̇   
     

     
 (3) 

Here,    and    are the position and velocity of the lander with respect to a coordinate system 

with origin on the planet’s surface,    is the gravitational constant of the moon,    is the planet 

radius,   is the thrust vector,    is the mass of the spacecraft,     is the specific impulse of the 

lander’s propulsion system,    is the reference gravity, and    is a vector that accounts for 

unmodeled forces (e.g. thrust misalignment, effect of higher order gravitational harmonics, 

atmospheric drag, etc.). If    [     ]  and    [        ]
 

 the equations of motion can be 

written by components as: 
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 ̇   

     

     
 (10) 

 

Importantly, the reference frame is assumed to be fixed on the planet surface with the origin 

located at the desired target point. Because only the terminal guided phase is considered, the 

planet’s rotation rate is not included in the model. 
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The considered mathematical model is a 3-DOF model with variable mass. This model is 

employed to simulate spacecraft descent dynamics by the proposed guidance law. 

 

Figure 1.Guidance Reference Frame and Free-Body Force Diagram for a Planetary Lander 

during the Powered Descent to the Designated Target 

 

NON-LINEAR LANDING GUIDANCE LAW DEVELOPMENT 

Sliding Control Theory for Systems of Higher Relative Degree 

The sliding control methodology is an elementary approach to robust control [33]. Intuitively, 

it is based on the observation that it is much easier to control non-linear and uncertain 1
st
 order 

systems (i.e. described by  first-order differential equations) than n
th
-order systems (i.e. described 

by n
th
-order differential equations). Generally, if a transformation is found such that an n

th
-order 

problem can be replaced by a  first-order problem, it can be shown that, for the transformed 

problem, perfect performance can be achieved in presence of uncertain modeled dynamics.  

Consider the following single-input, n
th
-order dynamical system: 

 

  

   
   ( )   ( )      (11) 

 

Here   is the scalar output,   is the control variable and   [   ̇      (   )]
 
 is the state 

vector. Both  ( ), which describes the non-linear system dynamics, and the control gain  ( ) are 
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assumed to be not exactly known. Under the conditions that both  ( ) and  ( ) have a known 

upper bound, the sliding control goal is to get the state   to track the desired state    

[    ̇        
(   )

]
 
 in presence of model uncertainties.  The time varying sliding surface is 

introduced as a function of the tracking error  ̃       by the following scalar equation: 

 

 (   )  (
 

  
  )    ̃       (12) 

 

For example, for the case    , one obtains: 

 

 (   )   ̇̃    ̃       (13) 

 

Here,   is a positive constant. According to Eq. (12) and Eq. (13), the tracking problem is 

reduced to the problem of forcing the dynamical system in Eq. (11) to remain on the time-varying 

sliding surface (Eq. (13)). Clearly, tracking an n-dimensional vector    has been reduced to the 

problem of keeping the scalar sliding surface to zero. The system’s stabilization can be now 

achieved by selecting a control law such that outside the sliding surface the following is satisfied: 

 

 

 

 

  
             (14) 

 

Here, η is a strictly positive constant. Eq. (14), also called “sliding condition”, explicitly states 

that the distance from the sliding surface decreases along all system trajectories. Generally, 

constructing a control law that satisfies the sliding condition is fairly straightforward. For 

example, using the Lyapunov direct method [34], one can select a candidate Lyapunov function 

as follows: 

 

 ( )  
 

 
        (15) 

 

where  ( )    and  ( )    for    . By taking the derivative of Eq. (15), it is easily 

concluded that the sliding condition (Eq. (14)) is satisfied. The control law is generally obtained 

by substituting the sliding control definition, Eq. (13), and the system dynamical equations, Eq. 

(11), into Eq. (14).  

Constraining the system to “slide” on the surface defined by Eq. (12) can be maintained only 

at the price of higher control activity. The latter is one major drawback of the methodology as 

high–frequency control switching may cause chattering. Importantly, the methodology can be 

applied only if the system is of relative degree one, i.e. the controller explicitly appears on the 

first derivative of the sliding surface (Eq. (14)). If the system under consideration has higher 

relative degree, the application of HOSC can be useful to ameliorate chattering yet maintain 

robustness of the controller in a highly uncertain environment. Here, the following definition is 

introduced. 
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Definition: Consider a smooth dynamical system with a smooth output  ( ) (sliding function). 

Then, provided that    ̇  ̈        are continuous and that    ̇   ̈          , then the 

motion on the set {   ̇  ̈        }  {          } is said to exist on a r-sliding mode. 

As it will be shown shortly, the dynamics of the soft landing problem are such that the 

acceleration command appears in the second derivative of a properly defined sliding vector. Thus, 

2-sliding control principles can be applied to take advantage of such properties and 

ameliorate/reduce the chattering by pushing it at higher order. Recently, HOSC has been one of 

the central topics of modern non-linear control theory [18]-[22]. Indeed, asymptotically stable 

higher-order sliding modes appear naturally in systems that are traditionally treated with 

conventional sliding-mode control [35]. Whereas theoretical studies on the finite-convergence 

properties of arbitrary-order sliding mode control are currently underway (e.g. Levant [20]), 2-

sliding controllers have been already applied in practical problems of interest in space and 

aerospace applications including missile guidance [24]-[27], reentry terminal guidance [31] as 

well as lunar and asteroid landing guidance [28],[30]. Importantly, Harl and Balakrishnan [31] set 

the stage on how to apply HOSC principles for terminal landing guidance problems. The key 

point is to enforce that the sliding surface and its derivative will go to zero in a finite time while 

ensuring that both will not cross zero until the final time is achieved. In contrast with one of the 

most popular approaches described by Levant [21] where 2-sliding homogeneous control can 

“twist” around the sliding surface zeroing it out in a finite time, such approach is not suitable for 

guidance applications as the problem is considered over when the sliding surface is crossed (i.e. 

the lander has reached the desired target point). Notably, the idea of devising robust guidance 

algorithms such that the sliding surface is reached in finite time for the first time at the landing 

location can be also effectively employed in standard sliding mode control as demonstrated for 

lunar landing [28]. 

The proposed MSSG for terminal planetary pinpoint landing is designed around the principles 

of HOSC. The overall approach to the MSSG development is to employ the notion that the 

motion of the guided vehicle during the powered descent toward the planet surface is forced to 

exist in a 2-sliding mode. The guidance law is derived in the next section. 

Multiple Sliding Surface Guidance Development: HOSC approach to the Design of 

Terminal Planetary Landing Guidance 

The overall goal is to derive a guidance law (acceleration command) that is a) robust against 

unmodeled disturbances, b) does not require a reference trajectory and c) guarantees the high 

performance requested by stringent precision requirements (i.e. pinpoint landing). The guidance 

model employed to develop the MSSG algorithm is a 3-DOF model similar to the one presented 

in the previous section (see Eq. (1)). However, the guidance model does not account for mass 

variation. The equations can be synthetically represented as follows: 

 

 

  
            (16a) 

 

  
     ( )    (  )           (16b)  

 

Here,    is the closed-loop acceleration command and   (  )   
  

‖     ‖
 
(     ). To 

derive the guidance law, the perturbing acceleration is set to zero (i.e., disturbances are not 

included in the model for guidance development). For a class of sliding surfaces that are of 
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interest to the planetary powered descent problem, the dynamics of the sliding system has relative 

degree 2. Let us define the first sliding vector surface in the following way: 

 

               (17) 

 

Here,     is the position of the desired (target) landing point on the planet’s surface. Taking 

the derivative of    ,  one obtains: 

 

 ̇   ̇   ̇              (18) 

 

Here,     is the desired landing velocity (i.e. zero for soft landing). The guidance problem can 

be set as a standard control problem where the acceleration (guidance) command must be found 

such that           ̇    in a finite time   . It is easily verified that the sliding surface is of 

relative degree 2: 

 

 ̈   ̇    (  )        (19) 

 

Here the controller appears in the second derivative of the sliding surface. The acceleration 

algorithm is constructed by setting  ̇  as a virtual controller and employing a backstepping 

approach. More specifically,  ̇  is found such that the first sliding surface is driven to zero in a 

finite time. The virtual controller can be conveniently selected as follows: 

 

  ̇   
 

(    )
        (20) 

 

where,       {        } is a diagonal matrix of guidance gains. It is easily shown that the 

virtual controller  ̇  is a) globally stable and b) it is able to drive the first sliding surface to zero in 

a finite time. Indeed, consider the following candidate Lyapunov function: 

 

   
 

 
  
          (21) 

 

  has the following properties: 

 

  ( )                 (22a) 

  (  )                (22b) 

                                              (  )                (22c) 
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The time-derivative of    is negative definite everywhere: 

 

  ̇     
   ̇   

 

(    )
  
      

 

(    )
(     

       
       

 )    (23) 

 

Here,    {           } are the cartesian components of the first sliding surface vector. Eq. 

(23) holds if {        }   . Generally, it is desirable that the matrix gains are all greater than 

one. Indeed, this can be seen in the time variation of the sliding surface vector   , which can be 

explicitly derived. Applying separation to Eq. (20), one obtains: 

 

    

   
  

    

    
     (24) 

 

Eq. (24) can be integrated to obtain the following: 

 

  (   )      (    )        (25) 

 

By imposing the initial conditions   ( )       and taking the exponential of both sides, the 

solution becomes: 

 

   ( )     (    )       (26) 

Or in vector form:          

  

  ( )     (    )      (27) 

 

The derivative of the sliding surface vector can be also computed explicitly: 

 

 ̇  ( )        (    )         (28) 

 

Or in vector form 

 

 ̇ ( )       (    )        (29) 

 

First, it can be seen from Eq. (26) that, as long as      (       ), the sliding surface 

vector will achieve zero in a finite time. However, if       (       ), its derivative becomes 

undefined as the final time is achieved. Therefore, if the matrix gains are selected such that 
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     (       ), both the sliding surface vector and its derivative go to zero for      (i.e. at 

the desired reaching time). 

At the point where the power descent is initiated, the spacecraft is generally characterized by a 

position and velocity such that Eq. (20) is not satisfied. Importantly,  ̇ must be explictly 

connected to the acceleration command that drives both    and  ̇ to zero. Consequently, a second 

surface can be defined such that the acceleration command drives  ̇  from its initial value to a 

trajectory defined by the first-order non-linear equation Eq. (20) which must be maintained until 

    ̇   . A second sliding surface vector is defined in the following way: 

 

    ̇  
 

(    )
         (30) 

 

Importantly, the new sliding surface vector is of relative degree 1 with respect to the 

acceleration command. It can be easily verified that the acceleration command appears explicitly 

on the first derivative of    : 

 

 ̇   ̈  
 

(    )
 ̇  

 

(    ) 
     (  )      

 

(    )
 ̇  

 

(    ) 
   (31) 

 

The acceleration command    is determined via a Lyapunov approach. Let us define a second 

Lyapunov candidate function as follows: 

 

   
 

 
  
         (32) 

 

   satisfies conditions similar to the one defined for    (see Eq. (22)). Moreover, its time 

derivative becomes: 

 

  ̇     
  ̇     

 {  (  )      
(    ) ̇    

(    ) 
}   (33) 

 

The acceleration command can be selected as follows: 

 

    {  (  )   
(    ) ̇    

(    ) 
     (  )}   (34) 

 

Here, the matrix coefficients       {        }are defined as follows: 

 

   
   ( )

  
       (35) 
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With the parameter   established by Eq. (35), it is guaranteed that the second sliding surface 

vector is driven to zero in a finite time   
    . In fact, using Eq. (34), the equation describing the 

dynamics of the second sliding surface vector (Eq. (31)) becomes: 

 

 ̇       (  )     (36) 

 

Noting that    does not change sign before reaching zero, Eq. (36) can be integrated between 

zero and   to yield: 

 

   ( )     ( )  
    ( ) 

  
       (37) 

 

Clearly, the second sliding surface vector goes to zero as     
 . The MSSG law can be 

shown to be globally stable. Eq. (33) can be recast to consider the perturbing acceleration as well 

as the derived guidance law: 

 

  ̇     
  ̇     

 {  ( )      (  )}       (38) 

 

Thus, the time derivative of the second Lyapunov function is always less than zero if an upper 

bound for the perturbing acceleration,   
   , is available. In such a case, the matrix coefficients 

  can be selected such that    |   
   |. The second Lyapunov function is therefore decrescent 

and by virtue of the Lyapunov theorem for finite-time stability of non-autonomous systems, 

     as     
 . Consequently,     ̇    as     .  

As pointed out by the Harl and Balakrishnan [31] the adaptive nature of the guidance law is 

such that the system cannot be maintained on the first sliding surface for      (see Eq. (26-29)). 

However, for the soft landing guidance problem, the latter is a non-issue as the problem is over as 

soon as the system reaches the final time. 

 

Markov Decision Process and Reinforcement Learning: Tuning the Guidance Parameters 

Sometimes called approximate dynamic programming, Reinforcement Learning [32] is a 

machine learning technique concerned with how an agent (e.g. the lander) must take actions in 

uncertain environments to maximize a cumulative reward (e.g. minimize the landing errors, 

minimizing fuel consumption). The stochastic environment is conventionally formulated as a 

Markov Decision Process (MDP) where the transition between states for a given action is 

modeled using appropriate transition probability.  A MDP consists of: 

• A set of states   (where   denotes a state     ) 

• A set of actions   (where   denotes an action    ) 

• A reward function  ( )   that maps a state (or possibly a state-action pair) to the set of 

real numbers 
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• State transition probabilities, which defines the probability distribution over the new state 

     that will be transitioned to given action   is taken while in state   

• An optional discount rate that is typically used for infinite horizon problems 

RL algorithms can learn a policy   ( )     that maps each state to an optimal action. For a 

given state, these actions are considered optimal if they maximize the policy’s utility over the 

resulting system’s trajectory. The utility is defined as the expected value of the sum of discounted 

rewards computed starting from state   and following the policy  . For a single trajectory i , one 

can write the following:  

  ( )( )   [ (  
( )

)    (  
( )

)     (  
( )

)

  ] 
(39) 

Here, the expectation accounts for the stochastic nature of the environment, whereas the 

sequence   
( )

   
( )

   
( )

    defines the trajectory associated with starting from initial condition  . 

To conceptually illustrate how the RL theory can be applied to design adaptive controllers, 

consider the problem of stabilizing an inverted pendulum attached to a cart on a bounded track. 

From a control design point of view, for any possible starting location on the track, it is desired to 

generate an acceleration command that keeps the angle of the pendulum with the vertical axis 

within some specified target value. Any possible starting location will define a unique trajectory - 

possibly over an infinite horizon, unless the controller finds a steady state control that keeps the 

pendulum balanced. For the cart control problem and given the current system state, 

reinforcement learning means that a policy that will generate an optimal action (i.e. an 

acceleration along the track) is learned through real or simulated experience. The action will be 

determined to be optimal with respect to the problem’s definition of utility. For this type of 

problem, one can estimate a policy’s utility using a sampling approach. In such a case, the 

estimate would be calculated as either the average or minimum utility over the sample 

trajectories: 

 

 ( )  
 

 
∑ ( )( )

 

   

                   ( )     
 

 ( )( ) (40) 

Note that the concepts used to define the reinforcement learning problem have a clear 

counterpart to those used to define the optimal control problem: the policy becomes the 

controller, the action becomes the control, the state transition probabilities becomes the plant, the 

utility becomes the negative cost, while the state remains the same.  

Many RL-based algorithms approach the problem of determining the optimal policy 

indirectly, i.e. through the value function. For a given policy  , the value function is defined as 

the expected sum of rewards given that the system is in state   and executes policy  . The value 

function can be expressed in terms of the reward associated with being in the current state plus 

the discounted expectation over the distribution of the next states given that the controller is 

following policy  : 

   ( )   ( )   ∑    ( )( 
 )  (  )

     

 (41) 

The optimal value function,   ( ) is generally found using dynamic programming algorithms, 

e.g. value iteration. Once the optimal value function is determined, the optimal policy is 
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determined by taking the action that maximizes the expected sum of future rewards for the given 

current state; using Equation (39), the optimally policy can be formally expressed as follows: 

 

   ( )        
   

∑    ( 
 )  (  )

     

 (42) 

 

The principal limitation of this approach is that both the state and action space must be 

discretized. As a result, the number of discrete states and actions grow exponentially with the 

dimensionality of the state and action spaces. Often the state space has higher dimensionality than 

the action space; consequently it is often easier to discretize the action space than the state space. 

When this is the case, fitted value iteration, which learns a model that represents the value 

function as a continuous function of the state, may be effectively employed to determine the 

optimal policy. Suitable value approximation functions for fitted value iteration include least 

squares, weighted least squares, and neural networks using on-line learning. When it is desired to 

work with continuous state and action spaces, one approach (policy optimization) is to dispense 

with the value function, and directly search for the optimal policy. 

The RL framework can be employed to optimize the MSSG guidance parameters. In this case, 

the RL theory is not directly applied to determine the optimal action as function of the state, but 

rather to determine (learn) the set of optimal guidance gains as function of the state (current or 

initial). Importantly, the landing problem is cast as MDP and the MSSG-guided descent is 

simulated in a stochastic environment where the guidance gains are iteratively updated to 

maximize a properly chosen reward function. Details of the optimization process are presented in 

the next sections.  

RESULTS AND ANALYSIS 

Initial Comparison to an Open-Loop Optimal Solution 

As shown in Eq. (34), the guidance algorithms depends on five guidance parameters:      
 , 

and       (        ). The general behavior of the MSSG-generated trajectories can be 

assessed. The algorithm performance analysis is investigated in a powered lunar landing scenario. 

In order to investigate the effect of these parameters on the closed-loop trajectories, the MSSG 

guidance algorithm is compared from a fuel-usage standpoint to an open-loop, fuel-optimal lunar 

landing guidance solution found numerically via pseudo-spectral methods for the problem of 

lunar landing. The minimum-fuel optimal guidance problem can be formulated as follows [11]:
 

Minimum-Fuel Problem: Find the thrust program that minimizes the following cost function 

(negative of the lander final mass; equivalent to minimizing the amount of propellant during 

descent): 

 

   
    ( )

  (  )     
    ( )

∫‖ ‖

  

 

   (43) 

Subject to the following constraints (equations of motion): 
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 ̈      

 

  
 (44) 

  

  
    

‖ ‖

     
 (45) 

and the following boundary conditions and additional constraints: 

 

        ‖ ‖        (46) 

   ( )        ( )   ̇ ( )      (47) 

   (  )        (  )   ̇ (  )      (48) 

   ( )         (49) 

Here, the thrust is limited to operate between a minimum value (    ) and a maximum value 

(    ). In this formulation, the lunar gravity,    is considered to be constant over the range of 

altitudes used for the terminal descent problem.The problem formulated in Eq. (43-49) does not 

have an analytical solution and must be solved numerically. To obtain the open-loop, fuel-optimal 

thrust program, the General Pseudospectral Optimal Control Software (GPOPS [36]) has been 

employed. GPOPS is an open-source optimal control software that implements Gauss and Radau 

hp-adaptive pseudospectral methods. After formulating the landing problem as described above, 

the software allows the direct transcription of the continuous-time, fuel-optimal control problem 

to a finite-dimensional Nonlinear Programming Problem (NLP). In GPOPS, the resulting NLP is 

solved using the SNOPT solver [37]. The pseudospectral approach is very powerful as it allows 

one to approximate both state and control using a basis of lagrange polynomials. Moreover, the 

dynamics is collocated at the Legendre-Gauss-Radau points.  The use of global polynomials 

coupled with Gauss quadrature collocation points is known to provide accurate approximations 

that converge exponentially to continuous problems with smooth solutions. 
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Figure 2. Comparison of MSSG System Trajectories to Optimal Solution 

The open-loop,fuel-optimal lunar landing problem is solved assuming that the lander’s initial 

position and velocity are   ( )  [              ]  and   ( )  [          ]     , 

respectively. Note that this initial state is similar to the apollo lander’s state at the beginning of 

the approach phase [8]. The guidance reference frame is fixed to the lunar surface with the origin 

located at the targeted landing point. The desired final state of the vehicle is set to be   (  )  

[      ]   and   (  )  [     ]      . Targeting a point 10 meters above the lunar surface 

provides additional margin if any hazard avoidance maneuver is required.The lander is assumed 

to be a small robotic vehicle, with six throttlable engines (            ). For these simulations, 

the only dynamical force included is the gravitational force of the moon, as seen in Eq. (44). The 

lander is assumed to weigh 1900 kg (wet mass) and is capable of a maximum (allowable) thrust 

of 15 kN as well as a minimum (allowable) thrust of 1.5 N. While this lower thrust limit may not 

be truly realistic, it provides an extremely idealistic optimal case with which we can compare to 

the MSSG trajectories. The terminal position is set to be at the origin of the guidance reference 

frame to be achieved with zero velocity (soft landing). For comparison, the MSSG algorithm is 

initiated at the same initial conditions and defined to target the same terminal state. Figure 2 

shows the trajectories and total velocity histories for the open-loop, fuel-optimal landing guidance 

found via GPOPS and two MSSG-guided cases. GPOPS found a total optimal flight time equal to 

            which is also assumed to be the    employed by the MSSG guidance scheme. The 

MSSG guidance gains are set to be       (     ) and   
       for the first MSSG simulation 

and       (        ) and   
        for the second MSSG simulation.These values were 

chosen based on simulations reported in previous studies [28]-[30], the knowledge that 

convergence is guaranteed for values of      (Eq. 28), as well as to show the range of the 

parameter space and how their selection alters the behavior of the guidance law. In both cases 

presented, the guidance updates at a frequency of 10 Hz. Figure 3 shows the behavior of the 

thrust magnitude and the total lander mass as a function of time for the three cases presented. A 

comparison between the mass of propellant employed by the three algorithms is reported in Table 

1. Notably, it can be seen that the MSSG trajectory thrust profiles do not produce values near the 
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lower thrust limit imposed on the optimal solution, but instead feature a minimum thrust limit of 

approximately 3000 N. For the same descent time, the MSSG algorithm tends to require more 

fuel mass than the optimal case. The fuel-efficient thrust profile is extremal, i.e. the optimal 

algorithm thrusts at a maximum value until it switches to the minimum allowable thrust, and 

finally returns to the maximum value (bang-bang type). The MSSG algorithms reduce the thrust 

command until the second surface is reached. At   
     , the thrust command experiences a 

large shift and then decreases monotonically until the first surface is achieved. The thrust spike 

can be in principle reduced by increasing   . However, arbitrarly increasing (or decreasing) the 

time of flight can increase the fuel consumption [29]. 

Table 1. Comparison Between the Open-Loop Fuel-Optimal Guidance and the MSSG Guidance 

(Propellant Mass) 

 Optimal 

(GPOPS) 

MSSG 

      {     } 

  
        

MSSG 

      {       } 

  
        

Mass of Propellant/Optimal 

Value 
1 1.36 1.16 

 

 

Figure 3.A) Lander Mass and B) Thrust Magnitude Histories Comparing Optimal Solution to MSSG 

Clearly, MSSG is sub-optimal. Indeed, in order to better characterize the performance and to 

find the optimal guidance gains for MSSG, reinforcement learning is implemented. By using 

reinforcement learning policies to determine a set of optimal guidance gains, the performance of 

MSSG can truly be optimized in terms of both fuel optimality and landing accuracy.  

Parameter Optimization via Reinforcement Learning 

In order to determine the set of guidance gains that yield a close-to-optimal behavior of the 

MSSG algorithm,  a policy-iteration scheme has been employed to determine (learn) an optimal 

set of guidance gains. The vehicle state [   ] at the start of the powered descent phase (i.e.    ) 

is used for the policy optimization for this particular application and the parameters that were to 

be learned by this technique are the guidance parameters       (        ), the final time of 

the descent    as well as the time of convergence of the second sliding surface,   
 . Indeed, these 

parameters make up the five-dimensional action space for this problem. By utilizing the initial 
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vehicle state, a set of these five parameters was chosen and used for the entirety of that scenario, 

i.e. only one set of parameters are used and the parameters do not update adaptively during the 

course of the simulation. The learning process occurs off-line, i.e. the RL-learned parameters are 

set to verify the performance of the MSSG algorithm. 

Importantly, by utilizing reinforcement learning, the guidance algorithm parameters are 

optimized in a stochastic environment. That is, the guidance parameters are being learned to be 

optimal over a range of starting condition and in an environment that accounts for sensor or 

navigation errors. By including these in the learning process, the resulting parameters will not 

only provide optimality from a fuel consumption standpoint, they will also include robustness to 

initial state perturbations and sensor errors, which is not accounted for in the given optimal 

trajectory seen in Figure 2 and 3. The reinforcement learning simulation used to calculate the 

utility of a certain combination of parameters uses conditions which are very similar to those 

provided in the previous section. The initial wet mass of the spacecraft remains 1900 kg. The 

range of initial conditions employed to learn the optimal guidance parameters are reported in 

Table 2. Each of these values are uniformly distributed between the respective minimum and 

maximum values, providing a total of 144 samples that are used to learn an optimal set of 

parameters. Further, these simulations included uncertainties of     and           in position 

and velocity, respectively, which are provided to the guidance algorithm to simulate sensor noise 

when estimating the current state of the spacecraft. Finally, the utility function, which is 

determined at the end of the simulation of each sample, which is used in order to determine which 

set of parameters is optimal, was chosen to be quadratic: 

 

  ( )   ‖     ‖
 
  ‖     ‖

 
  (     )

 
 (48) 

 

Here, the terms ‖     ‖ and ‖     ‖ represent the final position and velocity errors that 

result from the chosen guidance parameters,       represents the difference between the final 

lander mass resulting from the chosen parameters and the final mass computed by numerically 

solving the open-loop optimal landing problem as discussed in the previous section. Additionally, 

     and   represent the parameters that weight the importance of each of their respective terms. 

Essentially, this utility function is attempting to minimize the residual error of the guidance law 

as well as minimizing the fuel usage over the given set of initial conditions. The values are 

selected as a trade-off between the importance of errors in position, velocity and fuel mass. It was 

found via numerical simulations that velocity has the highest contribution to the overall error and 

required a higher weight. Final weights were selected to be      ,         and        . 

The policy is optimized using a gradient-free stochastic search algorithm [39]. This class of 

algorithms has the potential for faster convergence and tends to be less prone to get trapped in a 

local minimum. The policy iteration algorithm is initiated by setting an initial value for the 

guidance gains. 144 initial conditions are selected by drawing from uniform distributions with 

maximum and minimum as reported in Table 2. For each initial condition and guidance gains, the 

MSSG-guided powered descent is simulated. The baseline utility is computed as the minimum 

utility out of the 144 possible cases. Subsequently, the algorithm enters in a loop. The old 

guidance gains are saved and then perturbed by adding a normally distributed random number 

with zero mean and standard deviation equal to a selected epoch scale factor (here selected to be 

0.05) which determines the level of randomization of the guidance gains. After the gains are 

perturbed, as set of 144 new initial conditions is established, the power descent simulated and the 

utility computed. The best (minimum) utility is compared to the best utility computed in the 
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previous iteration: if the new utility is lower, the set of guidance gains is retained. Otherwise, the 

new set of gains is replaced by the one at the previous iteration. The process continues until 

convergence. More specifically, the algorithm is declared to have converged when the variation 

in utility over the current epoch falls below a specified threshold. 

 

Table 2. Initial Condition Range for Reinforcement Learning Parameter Optimization 

Initial Condition Minimum Value Maximum Value 

X-Axis Position              

Y-Axis Position                 

Z-Axis Position               

X-Axis Velocity                    

Y-Axis Velocity                     

Z-Axis Velocity                     

 

 

The results of the RL optimization are captured in Table 3. Importantly, the final time of the 

simulation    determined by reinforcement learning is very close to the value determined by the 

optimal solution,          
            . 

Table 3. Optimal Parameter Results of Reinforcement Learning 

              
  

                                             

 

These results have been further validated by inputting the resulting parameters into the MSSG 

simulation environment used to produce Figure 1 and 2 for direct comparison to the open-loop 

optimal solution (Fig. 4 and 5). 
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Figure 4. Comparison of Reinforcement Learning Optimized MSSG System Trajectories to Optimal 

Solution 

 

Figure 5. A) Thrust Magnitude and B) Lander Mass Histories Comparing Optimal Solution to 

Reinforcement Learning Optimized MSSG 

 

Figure 4 shows a comparison between trajectory and velocity histories for both the open-loop 

optimal case and the reinforcement learning optimized MSSG case. As expected, both algorithms 

bring the spacecraft to the desired target point with minimal residual velocity. Figure 5 compares 

both the fuel consumption and the thrust magnitude histories of the two cases under investigation. 

While the optimized MSSG provides a suboptimal solution, the fuel consumption of the MSSG-

generated trajectory is less than 4% off of the optimal, as shown explicitly in Table 4. Figure 5 

also shows that the MSSG-guided case has an approximate minimum thrust level of more than 

4000 N, which is larger than the typical constraint of a minimum thrust level of        . 

Importantly, in addition to be close to the optimal solution, the MSSG algorithm generated a 

closed-loop, real-time acceleration command that is guaranteed to be globally stable in an 

uncertain environment with known upper bound for the perturbing accelerations. 
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Table 4. Comparison Between the Open-Loop Fuel-Optimal Guidance and the Reinforcement 

Learning Optimized MSSG Guidance (Propellant Mass) 

 Optimal 

(GPOPS) 

RL Optimized MSSG 

Mass of Propellant/Optimal 

Value 
1 1.032 

Mass of Propellant                     

 

Monte Carlo Analysis of Optimized MSSG 

In order to further validate and analyze the behavior of the guidance algorithm employing the 

learned MSSG guidance parameters, a Monte Carlo analysis has been performed to test the 

system under off-nominal conditions. The Monte Carlo analysis has been conducted by running 

1000 simulations of the MSSG algorithm in the described 3-DOF framework (Eq. (1)-(10)). In 

simulating the MSSG-guided powered descent, we included additional perturbing accelerations 

and navigation errors to simulate a more realistic descent and landing. Table 5 shows the 

parameters used in the simulations, as well as their dispersions. All values are assumed to follow 

a normal (Gaussian) distribution described by their respective means and standard deviations. The 

MSSG parameters and gains are selected to be exactly those reported in Table 3. The nominal 

case for the Monte Carlo simulation is the same as seen in the previous analysis. Furthermore, the 

main thruster mass-flow rate is perturbed using a normal distribution which is set assuming an 

upper value of 10% deviation from the mean value. An additional random acceleration (Gaussian 

distribution with zero mean and 10% standard deviation) has been added to account for 

unmodeled dynamics. 

Table 5. Initial Condition Dispersions for Monte Carlo Simulation 

Initial Condition Mean Value Standard Deviation 

X-Axis Position           

Y-Axis Position               

Z-Axis Position              

X-Axis Velocity                  

Y-Axis Velocity                    

Z-Axis Velocity                     

Navigation Error – Position         

Navigation Error - Velocity               
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Figure 6. Monte Carlo Simulation Results: A) X-Axis Position; B) Y-Axis Position; C) Z-Axis 

Position; and D) Final Landing Location Dispersion 

 

Figure 7. Monte Carlo Simulation Results: A) X-Axis Velocity; B) Y-Axis Velocity; C) Z-Axis 

Velocity; and D) Velocity Magnitude 

Figures 6 and 7 show the position and velocity histories for the set of 1000 Monte Carlo 

simulations. The terminal state statistics for position and velocity are reported in Figure 8 and 9. 

Additionally, Figure 10 shows the mass fuel consumption and thrust command histories resulting 

from the Monte Carlo simulations. These results show that not only is the chosen set of gains are 

near optimal from a fuel consumption perspective, but that they are also robust to perturbations 
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and off nominal conditions. Figures 8 and 9 show that the residual errors in position and velocity 

are very close to zero. The statistics of the Monte Carlo simulations are reported in Table 6. 

 

Figure 8. Monte Carlo Simulation Results: A) X-Axis Miss Distance; B) Y-Axis Miss Distance; and 

C) Magnitude of Miss Distance 

 

 

Figure 9. Monte Carlo Simulation Results: A) Residual X-Axis Velocity Error; B) Residual Y-Axis 

Velocity Error; C) Residual Z-Axis Velocity Error; and D) Magnitude of Residual Velocity Error 
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Table 6. Monte Carlo Simulation Result Statistics 

Initial Condition Mean Final Value Standard Deviation 

X-Axis Position                   

Y-Axis Position                    

Z-Axis Position          

X-Axis Velocity                            

Y-Axis Velocity                           

Z-Axis Velocity                            

 

 

 

Figure 10. Monte Carlo Simulation Results: A) Lander Mass History; and B) Thrust Magnitude 

History 

Clearly the performance of the algorithm with the given parameters is quite good. Figure 6d 

shows that the final miss distance is very near zero for all cases, demonstrating the accuracy of 

the algorithm with the optimized parameters. However, as can be seen in Figure 9, and Table 6, 

some cases did contain significant residual velocity error. The residual final velocity has a 

maximum value of          , which is mostly in the    direction (Figure 9c). However, most 

of the cases exhibit residual velocity errors much smaller than the worst case. This error can be 

attributed in part to the amount of training that was performed within the reinforcement learning 

environment. Importantly, the MSSG parameters were determined for the nominal initial 

condition as opposed to a set of parameters that work best over the entire space defining all 

possible initial conditions. It is likely that the worst case was very near the edge of the design 

space that was used in the learning environment, and as such further training will likely remove 

these errors. 

Notably, there is a bias seen in the final landing position dispersion shown in Fig. 6d. This can 

be attributed to the difference in the stopping paradigm for the Reinforcement Learning 

simulation environment and the Monte Carlo Simulation environment. That is, the simulation 

generating the Monte Carlo trajectories seen here is forcibly ended when the spacecraft state 

reaches 10m altitude whereas the reinforcement learning simulation leaves this parameter open. 

In the latter case, the algorithm attempts to learn a set of guidance parameters that will bring the 

lander to this final altitude, but does not guarantee that this is the final altitude. In this case, the 
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final altitude achieved in the reinforcement learning environment was seen to be 9.57 meters. 

Consequently, a small undershoot in the y-axis position is expected, and if the Monte Carlo were 

run with this cutoff altitude, the bias removal from the results would be expected. 

 

CONCLUSIONS AND FUTURE WORK 

A non-linear guidance algorithm for planetary pinpoint landing using Higher Order Sliding 

Mode (HOSM) control is presented and analyzed. In previous work, the algorithm was developed 

and applied as possible guidance scheme for close-proximity operations around small bodies. It 

was theoretically proven to be globally stable under the assumption that an upped bound for the 

perturbing accelerations is known. Moreover, the algorithm was demonstrated to be both robust 

and accurate under perturbations and unmodeled dynamics arising in operating in uncertain 

environments typically found around small-bodies. Here, the MSSG algorithm is revised and 

extended for the general problem of terminal landing guidance for large planetary bodies. 

Whereas the stability properties and robustness are preserved also for the planetary landing case, 

the closed-loop guidance algorithm is generally shown to be suboptimal from a fuel consumption 

standpoint. Indeed, a comparison between a numerically computed fuel-efficient open-loop 

guidance solution and the MSSG algorithm has been executed. The comparison highlights the 

need to tune the required five guidance gains to achieve competitive accuracy and fuel efficiency. 

The RL framework has been employed to learn the guidance gains that generate a close-to-

optimal behavior for the proposed guidance algorithm. Indeed, the resulting implementation of 

the reinforcement learning scheme has numerically generated a set of guidance parameters that 

bring the performance of the MSSG algorithm very close to that provided by an optimal open-

loop solution while maintaining its inherent feedback nature. Further, the algorithm does not 

require the generation of a reference trajectory, and as such is more flexible under off-nominal 

conditions and perturbations. The features of accuracy, flexibility, and good fuel usage make the 

RL-tuned MSSG algorithm very applicable for future planetary missions that require pin-point 

landing. 

The RL framework has been extremely useful in providing the tuning for the MSSG guidance 

parameters. Nevertheless, in this paper we have only explored one possible usage of the RL 

framework, i.e. determining a set of fixed guidance parameters that minimize the fuel 

consumption during a MSSG-guided powered descent on the planetary body of interest. 

However, RL may be implemented to adaptively learn and select the guidance parameters, 

therefore generating closed-loop trajectories that meet specific mission needs. Indeed, glide-slope 

constraints as well as thrust direction constraints can be enforced by appropriately re-defining the 

utility function (Eq. (48)). In this work, we considered a case where the descent does not need to 

satisfy specific thrust-direction constraints. This specific case may be applicable to mission 

architectures where the lander sensors (e.g. navigation camera) provide a precise initialization of 

position and velocity before the powered descent phase is initiated. Subsequently, the lander 

relies on accelerometers and a closed-loop guidance to drive the system toward the targeted 

location on the planet surface [38]. Conversely, alternative mission architectures may take 

advantage of terrain relative navigation during the powered descent phase. In this case, the lander 

sensors may be required to be constantly pointed at the surface. Such attitude/thrust constraints 

may require the MSSG to continuously change the guidance gains to ensure that such constraints 

are satisfied. In such a case, the RL framework can be extended to learn how to change the 

guidance parameters as function of the lander state to enforce the desired attitude behavior 

(constrained optimization problem). In previous work focused on asteroid close-proximity 

operations, Furfaro et al. [30] showed that MSSG can generate closed-loop guided trajectories 
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that are shaped by changing the guidance gains  . For the general landing close-loop guidance 

problem, such gains can be learned as function of the state to shape the trajectory as dictated by 

mission-specific needs (e.g. altitude angle or glide-slope constraint). 

Future work for the MSSG algorithm include a) inclusion of additional constraints in the 

reinforcement learning process, including glide-slope constraints and attitude/thrust constraints b) 

shifting the paradigm of one set of guidance parameters to that of a more adaptive approach, 

which will allow the reinforcement learning algorithm to learn an optimal set of guidance 

parameters that update during the descent phase, and c) the application of reinforcement learning 

of the MSSG algorithm to other scenarios, including asteroid proximity operations and Mars 

hypersonic reentry and terminal powered landing guidance. These additional features and analysis 

will allow the MSSG algorithm to be further refined and analyzed under more strenuous 

conditions and provide further understanding into the true application of the algorithm for future 

mission architectures. 
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APPENDIX D: GUIDANCE ALGORITHM COMPARISON 

D.1 On Optimal Sliding Guidance Algorithms (to be submitted) 

D.2 Connections, Similarities, and Comparison of Sliding Guidance Algorithms (to be 

submitted) 
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Theoretical Derivation and Analysis of Optimal Sliding Guidance for

Space Applications

Daniel Wibben∗, and Roberto Furfaro †

ABSTRACT

A detailed theoretical analysis is performed on a set of guidance algorithms for space applications known as the

Optimal Sliding Guidance. While the algorithms have been previously proposed, little work was done to understand

the theoretical details and implications of these algorithms. First, the definitions of Zero-Effort-Miss (ZEM) and

Zero-Effort-Velocity (ZEV) are used to derive what is known as the optimal guidance law from optimal control theory.

Using sliding mode control methods, this algorithm is augmented to form the Optimal Sliding Guidance. The response

of this algorithm and the associated sliding vector surface are analyze to unveil details on its nature and the algorithm

is subsequently proven to be globally, finite-time stable in the presence of unknown but bounded perturbations. By

instead using typical error terms for position and velocity, δr and δv , a different algorithm can be derived using similar

methods. The Optimal Sliding Guidance is shown to feature superior performance to the optimal sliding guidance,

and results demonstrate that both formulations of the sliding algorithm are exactly equivalent.

INTRODUCTION

Recently, there has been much interest in the application of the optimal guidance law (OGL) for planetary landing.1

Also known as the generalized Zero-Effort-Miss/Zero-Effort-Velocity (ZEM/ZEV) feedback guidance,2, 3, 4, 5 the algo-

rithm is derived from optimal control theory in order to provide a solution for the problem of planetary landing in order

to minimize the overall controller acceleration. This algorithm is of particular interest to the general community in that

it can theoretically drive the spacecraft to a target landing site with high precision autonomously. Previous work has

demonstrated that the original optimal algorithm can be generalized to be applied to a variety of space-based applica-

tions in addition to planetary landing, including proximity operations about an asteroid (intercept, landing, hovering,

etc.) and orbital transfer.2, 4 The algorithm has also been applied using optimized way-points to reach intermediate

targets defining a descent profile for planetary landing. More recently, a variation of this algorithm was proposed for

∗Ph.D. Candidate, Department of Systems and Industrial Engineering, University of Arizona, 1127 E. James. E. Roger Way, Tucson, Arizona, 85721,
USA.
†Assistant Professor, Department of Systems and Industrial Engineering, University of Arizona, 1127 E. James. E. Roger Way, Tucson, Arizona,
85721, USA.
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landing on Mars, which takes into account constraints for avoiding subsurface trajectories during the terminal descent

phase.5

Further work has demonstrated while this algorithm works well in a theoretical environment, when uncertainties

are included in the dynamical model, it cannot be shown to always provide an acceptable solution. Thus, an alternate

solution was proposed using sliding mode control theory to derive what has been named the Optimal Sliding Guidance

(OSG).6 This algorithm has been further modified and applied to various applications by Furfaro et Al. including plan-

etary landing and asteroid close proximity operations, which has shown that even in highly uncertain environments,

the algorithm will still bring the vehicle near the desired target state.4, 7, 8 While all previous work has demonstrate the

algorithm gives promising results, most work was taken at face-value, i.e. there are many theoretical implications that

are yet to be explored,

In this paper, we analyze the details of the OSG algorithm using the definitions of ZEM and ZEV to better understand

the response of the algorithm and the nature of the defined sliding vector surface using the OSG formulation. In

particular, focus is given to the derivation of the algorithm itself, and the dynamics of the defined sliding surface with

respect to time. Importantly, while further work has demonstrated that the OSG algorithm is robust and stable to

perturbations, this paper provides a complete analysis to formally prove the global, finite-time stability of the OSG

algorithm. Further, an important point in order to determine the values of ZEM and ZEV, the equations of motion

must be propagated forward, which can be taxing on the on-board computer, thus an alternate formulation of the OSG

guidance is provided that requires only the error between the current state and the desired target state. Significant

analysis is performed in order to compare and contrast the different formulations of the OSG algorithm.

The paper is organized as follows. First the guidance problem is introduced and the original guidance algorithm

is derived from optimal control theory as reference for the reader. Next, the Optimal Sliding Guidance (OSG) law

is developed, its theoretical foundations are analyzed, and the global finite-time stability of the algorithm is proven.

Afterwards, an alternate formulation of the algorithm is presented and the two are compared analytically. Simula-

tion results are then used to directly compare and contrast the two algorithm formulations in practice. Finally, the

conclusions are drawn from the results.

GUIDANCE PROBLEM FORMULATION

In formulating the spacecraft guidance problem, we model the spacecraft dynamics using a simple, generic dynam-

ical mode. Making the assumption that the spacecraft has negligible mass in comparison to the primary body, the

equations of motion for the system can be expressed as:

ṙ = v (1)
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Figure 1. Guidance Reference Frame Definition

v̇ = g(r) + aC + p := g +
T

m
+ p (2)

ṁ = − |T|
Ispgc

(3)

Here, r and v are the position and velocity vectors of the spacecraft, aC is the commanded acceleration provided by

the on-board thrusters, T is the thrust vector,m is the vehicle mass, Isp is the specific impulse of the vehicle’s thrusters,

and g is the gravitational acceleration vector. p represents any perturbing or unmodeled accelerations. Importantly, for

the problem of terminal descent on a large planetary body, the gravitational acceleration can be assumed to be constant,

i.e. g(r) = g. In addition, any acceleration due to a moving coordinate frame can be accounted for as unmodeled and

be included in the vector p. Figure 1 shows an example of the definition of these vectors for the scenario of powered

terminal decent on a planetary body.

OPTIMAL GUIDANCE LAW (OGL) DEVELOPMENT

The goal of this paper is the analyze the performance of a zero-effort miss/zero-effort velocity based guidance

algorithm, augmented with sliding mode control for use in terminal powered planetary landing. First, development

of the guidance algorithms requires the definition of a suitable guidance model. The model used in the derivation of

the guidance laws is similar to that seen in Eq. (1)-(3), however the guidance model used does not take into account

perturbing accelerations (i.e. p = 0) and the guidance model does not account for variation in spacecraft mass, i.e.
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Eq. (3) does not apply. Thus, the equations for the guidance model can be represented as follows:

ṙ = v (4)

v̇ = g + aC (5)

Eqs. (4) and (5) can be integrated starting from knowledge of the position and velocity at time t to formally determine

position and velocity of the spacecraft at a specified final time tf :

v(tf ) = v(t) +

∫ tf

t

(g + aC (τ)) dτ (6)

r(tf ) = r(t) + v(t)tgo +

∫ tf

t

∫ tf

f

(g + aC(τ ′)) dτ ′dτ (7)

Here, tgo = tf − t is defined as the time-to-go, i.e. the time required to reach the desired position (target) with the

desired velocity. Next, we define the two zero-effort miss terms, accounting for both position and velocity terms.

Definition #1: Given the current time t, we define the Zero-Effort Miss (ZEM) as the distance (vector) the space-

craft will miss the target if no acceleration command (guidance) is generated after t:

ZEM(t) = rf − r(tf ), aC(τ) = 0, τ ∈ (t, tf ] (8)

Similarly, the Zero-Effort Velocity (ZEV) is defined as the error in velocity at the final time if no acceleration is

input to the system:

ZEV(t) = vf − v(tf ), aC(τ) = 0, τ ∈ (t, tf ] (9)

Here, rf and vf are the desired position and velocity at the final time. Both ZEM(t) and ZEV(t) can be explicitly

expressed as functions of the current position, velocity, and time-to-go by substituting Eq. (6), (7) with aC = 0 into

Eq. (8) and Eq. (9):

ZEV(t) = vf − v(t)−
∫ tf

t

gdτ (10)

ZEM(t) = rf − r(t)− v(t)tgo −
∫ tf

t

∫ tf

f

gdτ ′dτ (11)

The basis of the algorithm development is the ability to generate an optimal guidance law as a function of ZEM

and ZEV. Indeed, given the actual spacecraft position and velocity, both quantities can be estimated on-line by
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the numerical integration of the (unperturbed) equations of motion as functions of the time-to-go and the targeted

conditions. One of the key ingredients is the ability to obtain a closed loop guidance law that minimizes the overall

guidance effort, i.e. a guidance law that minimizes the overall acceleration command. The problem can be formulated

as follows:

Find the aC as a function of ZEM(t) and ZEV(t) that minimizes the following performance index:

J(aC) =

∫ tf

t

aC(τ)>aC(τ)dτ (12)

Subject to Eq. (4),(5) as physical constraints, with initial conditions (at time t) r(t) and v(t) and final conditions

(at time tf ) rf and vf .

The acceleration command is assumed to be unconstrained, i.e. the thrust generated by the propulsion system

is unbounded. The problem can be solved by either applying the Pontryagin Minimum Principle to determine the

necessary conditions for the existence of an optimal solution (Two Point Boundary Value Problem, see Appendix A)

or by a direct application of calculus of variations.4 It is found that the acceleration command is linear in time, i.e.:

aC(t) = A1t−A2 (13)

The constants A1 and A2 are determined by substituting aC in to Eq. (6) and (7). Finally, the optimal acceleration

command can be expressed as a function of ZEM(t), ZEV(t), and tgo as follows:

aC =
kR
t2go

ZEM(t) +
kV
tgo

ZEV(t) (14)

Where kR = 6 and kV = −2 are the optimal guidance gains.4

The methodology employed to determine the optimal guidance law (OGL) as a function of ZEM and ZEV is very

similar to the analysis presented by D’Souza,1 who derived the optimal acceleration command for a power landing

descent as a function of error in position (actual position minus target position), velocity (actual velocity minus target

velocity) and time-to-go. This same analysis was further analyzed and developed by Guo, et. Al,2 where it was

called the generalized ZEM/ZEV feedback guidance law. Both formulations do not impose any constraints in term

of maximum thrust or minimum altitude. Further, Zhou and Xia recently proposed an alternative improvement to

this derivation that results in a modified ZEM/ZEV guidance law that can take into account minimum altitude and

subsurface constraints.5 Nevertheless, both algorithms presented here are easy to implement and mechanize which

may justify the attractiveness of the guidance approach. Numerical simulation of the closed-loop trajectories may

be analyzed a-posteriori to verify that both constraints are never violated and that the guidance algorithm works (i.e.

guides the spacecraft to the target) even in the presence of thrust saturation.
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Linear Stability of OGL

Importantly, using the OGL result and the dynamics of ZEM and ZEV, the system can be written as a linear,

time-varying system to which classical system analysis methods can be applied. Indeed, substituting Eq. (14) into

Eq. (A3) and (A4), the system can be formatted as follows:

 ˙ZEM

˙ZEV

 =

− kR
tgo

−kV

− kR
t2go

− kV
tgo


ZEM

ZEV

 (15)

Equivalently, in short hand the above system can be written as:

ẋ = Ax (16)

It is not possible to easily determine the stability of this system as it is varying in time. In order to analyze the

stability, the state transition matrix, Φ(t, t0), must be found. In order to do so, we can utilize properties of linear

systems in order to find an equivalent system to help find the solution. Using some of the theorems from Wu,9 the

linear time-varying system in Eq. (15) can be transformed into a linear time-invariant one by using a combination

of an algebraic transformation along with a change in time basis. Based on the work from Wu,9 if the algebraic

transformation:

x = T (t, t0)x̄ (17)

can be applied such that

˙̄x = Rġ(t, t0)x̄ (18)

where R is a constant matrix, then the state transition matrix of the original system can be found as:

Φ(t, t0) = T (t, t0) exp[Rg(t, t0)] (19)

Indeed, by substituting Eq. (17) into Eq. (16) and comparing to Eq. (18), it can be seen that:

Rġ(t, t0) = T−1(AT − Ṫ )x̄ (20)

In this case, we choose the following transformation:
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T =

1 0

0
tf
tgo

 (21)

Thus we can determine the transformed system. Substituting in the known values of the guidance parameters from

the optimal control problem, the result is:

Rġ(t) =

−6 2tf

−6
tf

1

 1

tgo
(22)

Importantly, the x̄ system is still time-varying but it is now in a form such that it is a constant matrix multiplied

by a single function of tgo. In order to make this system LTI, we can utilize a change in time basis, i.e. using

τ = g(t, t0) =
∫

1
tgo

= − ln(tgo).

Thus the state transition matrix for the transformed system, Φ∗ can be used using classical methods due to its form.

In order to find the state transition matrix of the original system, a transformation following Φ = TΦ∗ is applied,

resulting in the original system solution:

Φ(t, t0) =

 4
t3go
t3f
− 3

t2go
t2f

2
(
t2go
tf
− t3go

t2f

)
6
(
t2go
t3f
− tgo

t2f

)
4
tgo
tf
− 3

t2go
t2f

 (23)

In order to the LTV system to be stable, Φ must be bounded at all time 0 ≤ t ≤ tf , which is clearly true, thus the

linear system is stable about the origin without the presence of disturbances. �

OPTIMAL SLIDING GUIDANCE (OSG) DEVELOPMENT

While the above guidance algorithm is developed by solving an optimal control problem, it does have some draw-

backs. Primarily, global stability of the guidance law as written cannot be guaranteed. Importantly, the optimal

guidance, as derived, does not account of unmodeled disturbances which may negatively effect its performance in

an uncertain environment, such as around an asteroid. Thus, the notion of augmenting the optimal guidance with a

non-linear sliding mode will produce a non-linear guidance algorithm that is both robust to perturbations and can be

formally proven to be globally stable.

The sliding control methodology is an elementary approach to robust control.10 Intuitively, it is based on the

observation that it is much easier to control non-linear and uncertain 1st order systems (i.e. described by 1st order

differential equations) than nth-order systems (i.e. described by nth-order differential equations). Generally, if a

transformation is found such that an nth-order problem can be replaced by a 1st order problem, it can be shown that,

for the transformed problem, perfect performance can be in principle achieved in presence of parameter inaccuracy.

As a drawback, such performance is generally obtained at the price of higher control activity. Indeed, with a properly
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defined time-varying sliding surface, s, the general tracking problem is reduced to foring a dynamical system to remain

on the sliding surface, i.e. the problem is reduced to a 1st order stabilitization in s. Importantly, the simplified 1st order

stabilization problem can be achieved by selecting a control law such that outside the sliding surface the following is

satisfied:

1

2

d

dt
s2 ≤ −η|s| (24)

Eq. (24), also called the ”reaching condition”, explicitly states that the distance from the sliding surface decreases

along all system trajectories, i.e. the system is stable and controlled in such a way that the state will move towards

and reach the sliding surface in a finite time. Generally, constructing a control law that satisfies the sliding condition

is fairly straightforward. However, in the case of an uncertain system, the designed controller for a general system, u,

becomes the best appoximation of the control law, û, necessary in order to meet the reaching condition in Eq. (24). In

order to account of the uncertainties in state dynamics, a discontinuous term across the surface s = 0 is added to form

the new control law:

u = û− Φsign(s) (25)

It is clear that by choosing a value of Φ that is sufficiently large, the sliding condition in Eq. (24) is guaranteed to

be satisfied.

Now, we can utilize the sliding control theory described above by integrating a non-linear sliding control mode

into the optimal guidance law to produce a robust, non-linear guidance algorithm.Using the result in Eq. (25), we can

naturally define what has been named the Optimal Sliding Guidance (OSG) law as a simple augmentation to the OGL:

aC(t) =
kR
t2go

ZEM(t) +
kV
tgo

ZEV(t)− Φsign(s) (26)

With the associated sliding surface defined as:

s = ZEV + λZEM (27)

Clearly, the defined sliding surface goes to the null value as ZEM and ZEV approach zero. In order to demonstrate

stability, we can define a Lyapunov function in the form of:

V =
1

2
s>s (28)

We consider the dynamics of the sliding surface, i.e. the derivative of Eq. (27) with a substitution of the expressions

8

180



for the derivatives of ZEM and ZEV in order to determine the negative definiteness of V̇ :

ṡ = ˙ZEV + λ ˙ZEM + λ̇ZEM = −(1 + λtgo)aC + λ̇ZEM (29)

By substituting in the optimal guidance law found in Eq. (26), the sliding surface dynamics can be rewritten as:

ṡ = −(1 + λtgo)(
kr
t2go

ZEM +
kv
tgo

ZEV − Φsign(s)) + λ̇ZEM (30)

It can be seen that the dynamics can be expressed in the form:

ṡ = −K(t)s− Φsign(s) (31)

with the following relationships between the parameters:

K(t) = (1 + λtgo)
kv
tgo

λK(t) = (1 + λtgo)
kr
t2go
− λ̇

(32)

By equating these two expressions, the guidance parameter λ can be determined by solving a Ricatti differential

equation, the details of which are described in the Appendix. The final result is found to be:

λ = − 2

tgo
(33)

Thus the analytical expression for ṡ is found by substituting in the result:

ṡ = − 2

tgo
s− Φsign(s) (34)

Sliding Surface Dynamics and Properties

The dynamics and evolution of the sliding surface can be examined by first examining the dynamical equation of s

in Eq. (34).

ṡ +
2

tgo
s = −Φsign(s) (35)

This equation is in the form of a non-homogeneous, second order differential equation which can be solved by

finding both the homogeneous and particular solutions. The homogeneous solution is found by using separation of

variables:
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sH = c1t
2
go (36)

The particular solution can be found by utilizing an integrating factor, first dividing Eq. (44) by t2go:

sP = −Φsign(s)tgo (37)

Thus the complete solution for s as a function of time is:

s(t) = c1t
2
go − Φsign(s)tgo (38)

The constant c1 can be solved for by using the initial condition s(0) = s0. Substituting in this result gives the final

form for the time-based evolution of the sliding surface s.

s(t) =

(
s0 + Φsign(s0)tf

t2f

)
t2go − Φsign(s)tgo (39)

Finally, the time-based dynamics of the sliding surface, ṡ, are found by differentiating the result in Eq. (38):

ṡ(t) = −2

(
s0 + Φsign(s0)tf

t2f

)
tgo + Φsign(s) (40)

The reaching time to the surface can be found by setting Eq. (38) equal to zero and solving for t:

tr = tf −
Φ

c1
(41)

Clearly, the sliding surface evolves following a quadratic equation with a constant slope that is determined by the

initial conditions and the sliding parameter, Φ until the condition s = 0 is reached. Similarly, ṡ evolves linearly with

respect to time. The effect is shown graphically in Fig. 2 in which a simple 1-D simulation was devised using the

OSG algorithm. These figures each contain two sets of data. The first is the true value of s and ṡ as determined by

Eq. (27) and (34) while the second is using the analytical time-based solutions in Eq. (39) and (40). Clearly, the two

solutions directly coincide, confirming that the analytical solution provide the correct response for the time-evolution

of the sliding surface.

While the system is easily expressed in the time-domain, the system displays interesting behavior in the phase-plane,

that is when a plot of ZEM vs ZEV is generated. Importantly, because the sliding parameter λ, which represents the

slope of the line defining s = 0 in the phase plane, is time-varying, the sliding surface is time-varying as well. Thus,

the controller remains in a reaching-type phase for the entirety of the simulation, even after the surface is initially

reached at time tr. The full phase plane is shown in Figure 3 Importantly, the slope of the sliding surface in the phase
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Figure 2. Time-evolution of s and ṡ
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Figure 3. Phase-plane for ZEM/ZEV system with time-dependent sliding surface

plane is seen in increase as time-to-go decreases due, as they are inversely proportional as seen in the solution for λ in

Eq. (33). Figure 3 also plots the values of ZEM and ZEV through the course of the simulation. At time t = 0, the

state is clearly not on the sliding surface, as expected. However, at time t = tr, the state is shown to reach the sliding

surface, with the current slope value, for the first time. This is clarified in Fig. 4, which first shows the evolution of

the system state and the s = 0 until t = tr. Afterwards, as shown most clearly in the second chart within Fig. 4, the

state remains near the surface s = 0 until convergence at the origin.

Global Finite-Time Stability Analysis of OSG

Using the above results, it is possible to demonstrate that the OSG is globally finite-time stable. Global Finite-Time

Stability (GFTS) is an important property of non-linear dynamical systems,11 especially those that must achieve a

desired state within a finite time in which asymptotic convergence is not sufficient, as is the case for the guidance

problem discussed here. Such notion involes both autonomous and non-autonomous dynamical systems whose trajec-

tories converge to an equilibrium state in finite time. Thus, GFTS is a critically desired theoretical property for any

non-linear guidance system development as it guarantees that the system will reach the desired target in a finite time.

A formal proof of GFTS for non-autonomous systems is generally difficult as only a few sufficient conditions have

been developed.12 Here, wwe prove the following important theorem for the OSG:

Theorem: Suppose there exists a globally defined, radially unbounded, decrescent, and continuously differentiable

Lyapunov function V : R≥ × V → R≥ and a continuous, positive definite function r : R≥ → R≥ such that r(0) = 0

satisfies the following differential inequality:
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Figure 4. Phase-plane for ZEM/ZEV system, before and after first reaching surface s = 0
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V̇ ≤ −r(V ) (42)

and also the for some ε > 0:

∫ ε

0

dz

r(z)
< +∞ (43)

Then the origin of the system ṡ = − 2
tgo

s− Φsign(s) is globally finite time stable.

Proof: Consider the dynamical system in Eq. (34). A Lyapunov function for this system can be defined as:

V (s) =
‖s‖
2

(44)

Clearly, V (s) is decrescent, globally defined, and radially unbounded. Furthermore the derivative of the Lyapunov

candidate can be expressed as follows by substituting in the analytical solution for ṡ seen in Eq. (34):

V̇ = sT ṡ = sT
(
− 2

tgo
s− Φsign(s)

)
= − 2

tgo
sT s− Φ|s| (45)

Thus, the Lyapunov candidate is also continuously differentiable. Now, we find a positive definite function providing

an upper bound on V̇ as:

V̇ = − 2

tgo
sT s− Φ|s| = − 2

tgo
‖s‖2 − Φ|s| ≤ −

√
2ΦV 1/2 < 0 (46)

Thus r(V (t, s)) can be selected as:

r(z) =
√

2ΦV 1/2 (47)

Using this continuous equation, the condition seen in Eq. (43) can be shown to hold true:

∫ ε

0

dz

r(z)
=

∫ ε

0

dz√
2ΦV 1/2

=

√
2

Φ

√
ε < +∞ (48)

Therefore, because the positive definite function r(V ) exists and meets the conditions expressed in Eq. (43) in

addition to the fact that V meets conditions of Eq. (42), is decrescent, globally defined, and radially unbounded, the

system is globally finite time stable about s = 0. �

ALTERNATE FORM OF OSG

Previous sections showed the derivation of the OSG using the terms ZEM/ZEV. Here, the derivation will be

demonstrated using a different definition of the position and velocity errors. For completion, the OGL was found to
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be:

aC =
6

t2go
ZEM(t)− 2

tgo
ZEV(t) (49)

In parallel, this guidance command equation can be formulated purely as a function of the errors in position and ve-

locity, without propagating forward to determine the zero-effort miss terms, creating obvious parallels and connections

between the two formulations. Indeed, define the position and velocity errors as:

δr = r(t)− rf

δv = v(t)− vf

(50)

Following D’Souza,1 the optimal guidance law is found to be:

aC = − 6

t2go
δr −

4

tgo
v − g(r) (51)

Alternatively, a similar approach as used for the derivation of the ZEM/ZEV optimal guidance law as described

in Appendix A can be used. These details are captured in Appendix C. Importantly, the work from D’Souza is focused

on soft landing and uses the implicit assumption that vf = 0 in order to provide the result seen in Eq. (51). The rest of

this work will continue to use this assumption as well. Using the definitions of ZEM,ZEV, δr, and δv , the following

equalities are found to be true:

ZEV(t) = −δv −
∫ tf

t

g(r)dτ (52)

ZEM(t) = −δr − v(t)tgo −
∫ tf

t

∫ tf

f

g(r)dτ ′dτ (53)

It should be noted that the alternate form of the OGL can also be found by instead directly using the definition of

ZEM/ZEV as seen in Eq. (52) and (53) and substituting them into the previous formulation of the OGL, Eq. (49):

aC =
6

t2go

(
−δr − v(t)tgo −

∫ tf

t

∫ tf

f

g(r)dτ ′dτ

)
− 2

tgo

(
−δv −

∫ tf

t

g(r)dτ

)
(54)

If we use the assumption that gravity is constant, this simplifies to:

aC =
6

t2go

(
−δr − v(t)tgo −

1

2
gt2go

)
− 2

tgo
(−δv − gtgo) (55)

Simplification of this provides the same form seen as the final result of the derivation in Appendix C:
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ac = − 6

t2go
(δr + vf tgo)−

4

tgo
δv − g (56)

Using a similar methodology as described previously, the OSG algorithm using this formulation is determined to

be:

ac = − 6

t2go
(δr + vf tgo)−

4

tgo
δv − g − Φsign(s) (57)

There are very clear parallels between this form of the OSG and that shown previously in Eq. (26). Again using the

definitions of ZEM and ZEV, we can substitute into Eq. (27) to find the sliding surface defined as:

s = v +
2

tgo
(δr + vf tgo) (58)

Following a similar procedure as before, we can determine the dynamics of this surface in order to gain insight on

the stability of the system. Indeed, by taking the derivative of s, we find the following:

ṡ = v̇ +
˙̃
λδr + λ̃δ̇r +

˙̃
λvf tgo − λ̃vf = g + aC +

˙̃
λδr + λ̃v +

˙̃
λvf tgo − λ̃vf (59)

Once again, it is desired to have the dynamics of the sliding surface in the following form:

ṡ = −K(t)s− Φsign(s) (60)

with the following relationships between the parameters:

K(t) = 4
tgo
− λ̃

λK(t) = 6
t2go
− ˙̃
λ

(61)

Thus the analytical expression for ṡ is found by substituting in the result:

ṡ = − 2

tgo
s− Φsign(s) (62)

This result is critical as it provides the exact same dynamics for s as found using the ZEM/ZEV formulation,

implying that the sliding surface in both cases features the same time-based dynamics, i.e. Eq. (34) holds for the

δr/δv system as well. Even further, all subsequent analysis through Eq. (48) also holds in this case, most importantly

including the proof of GFTS. This linkage between the two algorithms is critical as it identifies them as equivalent

from a theoretical standpoint. It should also be noted that by taking the value of λ found in Eq. (33), one can arrive at

the same conclusion without needing to solve the differential equation.
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COMPARISON BETWEEN OGL AND OSG ALGORITHMS

Prior to analyzing the similarities and differences between the two OSG formulations, it is beneficial first to

demonstrate the difference between the OGL and OSG algorithms, specifically to identfy the added value of the

additional sliding term in the OSG algorithm. The comparison of these two algorithms is done by using applying

the algorithms to the Mars terminal powered descent problem. The parameters for this simulation follow as used

by Acikmese and Ploen13 and are reported in Table 1. The initial position and velocity of the vehicle are given

as r(t0) = r0 = [0,−2000, 1500]>m and v(t0) = v0 = [0, 100,−75]> m/s while the desired final position is

r(tf ) = rf = [0, 0, 100]>m with zero final velocity (soft landing). The desired target altitude of 100 m is set in

order to allow for execution of the final touchdown phase and in order to perform any necessary hazard avoidance

maneuvers. The sliding parameter, Φ, is set such that Φ = |pMAX | + s0
tf

such that it is sufficiently large to ensure

theoretical Global Finite-Time Stability. The full simulation is set to run for 45 seconds (optimal simulation time as

determined in5) with a guidance update frequency of 10 Hz.

Table 1. Spacecraft Parameters

Parameter Value

m0 1905 kg
g [0, 0,−3.7114]> m/s2

n 6
θ 27 deg
Isp 225 s
ge 9.807 m/s2

Tm 3100 N

Under the described scenario, three different cases have been considered and analyzed to provide a full comparison

between the two algorithms under various assumptions. First, the thrust is assumed to be unbounded. Further, errors

in the spacecraft mass, gravitational acceleration, and atmospheric forces are assumed to be modeled as perturbations

and are included as constant accelerations at 30% of the gravitational acceleration in each lateral direction. In the

latter two cases cases the vehicle’s engines are assumed to be thrust-limited with set minimum and maximum limits

on the throttle level of the engines. The constraints applied to this simulation follow Acikmese and Ploen13 such that

the thrust magnitude is constrained according to:

0.3Tm ≤ |T| ≤ 0.8Tm (63)

In the first bounded case, no perturbations or disturbances are included. In the second, the previously described

errors are included.

The described scenarios have been run using both OGL and OSG. For further comparison, an open-loop optimal
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solution generated using the GPOPS software,14 is also included for reference. This optimal solution is generated with

bounded thrust as described above, but using a nominal dynamical model (i.e. perturbations are not included in the

open-loop solution). The residual guidance errors for both position and velocity, as well as the total amount of fuel

mass consumed for all three of the described scenarios are captured in Table 2.

Table 2. OSG/OGL Comparison Results

Unbounded Thrust Bounded Thrust Bounded Thrust + Perturb
GPOPS

Parameter OGL OSG OGL OSG OGL OSG

Position Error Magnitude(m) 0 0 2.82 0.0217 4.64 0.035 0
Velocity Error Magnitude (cm/s) 0 0 175 47.02 661.7 63.6 0

Total Fuel Consumed (kg) 178.2 176.3 183.22 184.8 174.11 183.73 183.75

Figure 5 shows the results of the algorithms when applied to the unbounded thrust case. Both are seen to perform

well, as expected when an unlimited amount of thrust can be applied. However, an important distinction can be

made between the two algorithms in that the OSG is seen to consume less fuel than the OGL, i.e. the algorithm

with an additional term performs better from a fuel consumption point of view than the non-sliding version. The

reason for this can be taken from the acceleration command plot in Fig. 5. Early on in the simulation, the OSG

command is seen in increase quickly in order to compensate for disturbances and move the system to s = 0. After

this is achieved, the guidance commands drops to a lower level in order to maintain the system near the sliding vector

surface. In comparison, the OGL command continuously increases throughout the simulation as it attempts to correct

for disturbances by brute force, leading to a massive spike as tgo → 0.

Figure 6 shows a direct comparison of the two guidance algorithms in terms of the vehicle’s position and velocity

time histories for the case with no perturbing forces, but bounded thrust. Clearly, even with no perturbation, the OSG

algorithm out performs the OGL in terms of residual guidance error. In addition, both demonstrate near optimal fuel

consumption when compared to the GPOPS solution in this case.

The results of the final scenario are reported in Fig. 7. It is clear to see that the OGL has massively degraded

performance while the OSG algorithm provides similar results when compared to the unperturbed case. Importantly,

the velocity comparison between the two algorithms shows that the OGL guided trajectory does not converge to the

desired target, implying that the OGL has failed to guide the vehicle to the target in this scenario. Under the same

conditions, the OSG algorithm achieves the desired target very low residual velocity. In addition, while OGL has

consumed less fuel, it is clearly not a desired solution due to the high residual velocity errors. Contrarily, the OSG still

demonstrates near optimal performance.

A similar effect to the unbounded thrust case is seen in the last set of results as once again there is a large spike in

thrust early on by the OSG but it quickly levels off as the system enters the sliding phase. In comparison the OGL

continually attempts to re-correct for the disturbance, while also missing the target velocity. Thus, it is clearly demon-
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Figure 5. Comparison of OGL vs OSG powered descent - Unbounded Thrust with perturbation

Figure 6. Comparison of OGL vs OSG powered descent - Bounded Thrust with no perturbation
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Figure 7. Comparison of OGL vs OSG powered descent - Bounded Thrust with perturbation

strated that the sliding term in the OSG provides direct benefits in the performance of the algorithm in comparison to

the OGL.

COMPARISON OF OSG FORMULATIONS

In order to further demonstrate that the two formulations are identical, a simplified set of simulations have been

devised. In these simulations, a vehicle is set target a soft landing on the surface of the Moon. In order to ease

comparison of the two algorithms, the simulation is focused to be one dimensional, i.e. the initial position and velocity

are given as r(t0) = [0, 0, 2500]> m and v(t0) = [0, 0,−60] m/s with the desired final state to be at the origin of the

guidance coordinate frame with zero velocity. The duration of the simulation is determined following the optimal time-

to-go procedure seen in D’Souza,1 found to be approximately 65 seconds. All simulation parameters are described in

Table 3.

Table 3. Simulation Parameters

Parameter Value

m0 1900 kg
g [0, 0,−1.635]> m/s2

Isp 300 s
ge 9.807 m/s2

Tmax 15000 N

Figure 8 shows a direct comparison of the described simulation without any disturbance between the two formula-
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Figure 8. Comparison of two formulation of OSG algorithm - no disturbance

tions of the OSG algorithm. Clearly, the two show identical results in all areas: the position and velocity trajectories,

the evolution of the sliding vector surfaces, and the overall acceleration command are indistinguishable between the

two algorithms. Thus, the formulation of these two algorithms is seen to be exactly identical despite their different

definitions and forms when targeting a state with zero final velocity and no disturbances are included in the model.

The algorithms can also be compared when disturbances are included in the equations of motion. It is important to

note that when the disturbances are non zero in the equation of motion, some of the derivation and theoretical results

presented previously change slightly. Starting with the dynamics of the ZEM and ZEV terms as originally seen in

Eq. (A3) and (A4), substituting in the dynamics with p 6= 0 gives the following results for the dynamics of the sliding

surface, in comparison to the original results in Eq. (30) and (59) (assuming zero target velocity):
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Figure 9. Comparison of two formulation of OSG algorithm - included disturbance

ṡ = −(1 + λtgo)(aC + p) + λ̇ZEM

ṡ = g + aC + p +
˙̃
λδr + λ̃v

(64)

As stated previously, due to the different values of λ and λ̃, the time-based dynamics of s have identical forms,

thus the following results hold for both formulations. Note that same general method as used previously to arrive at

Eq. (39) and (40) are applied here as well.

s(t) =
(

s0+(Φsign(s0)−p)tf
t2f

)
t2go − (Φsign(s)− p)tgo

ṡ(t) = −2
(

s0+(Φsign(s0)−p)tf
t2f

)
tgo + Φsign(s)− p

(65)

While it is not realistic to expect to know the disturbances on a system, in a simulated environment with known

perturbations we can analyze how the system changes when they are included in the equations of motion. In this case,

a simulation has been run with a constant 1.5 m/s disturbing acceleration is added to the simulation in the positive Z
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Figure 10. Comparison of two formulation of OSG algorithm - non-zero target velocity

direction. The results, showing the dynamics of s as described above, are shown in Fig. 9. Clearly the results from

both algorithms still match exactly, but the disturbances do change the dynamics significantly. Based on all sets of

results above, it is clear that these two formulations are still identical in the case of system disturbances.

Finally, we examine the case of non-zero target velocity. In this case, perturbations are not included, and we must

use the δr/δv formulation seen in Eq. (C10). Another set of simulations are run that now change the desired final

state to r(tf ) = [0, 0, 10]> m and v(tf ) = [0, 0,−1] m/s, allowing for execution of an final touchdown maneuvers for

hazard avoidance. As before, the dynamics of the system change slightly when a non-zero target velocity is desired.

Importantly, the ZEM/ZEV formulation already takes into account any potential target velocity, thus all previous

results still hold. However, due to the changes in the acceleration command for the δr/δv form, the definition of the

sliding surface changes includes all terms shown in Eq. (58).

The results of this scenario are shown in Fig. 10. Here, once again the results match between algorithm formulations,

as expected. Thus it is clear to conclude that the two algorithms are exactly identical in all respects.
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CONCLUSION

An Optimal Sliding Guidance (OSG) algorithm was developed and theoretically analyzed. Derived using the results

from the Optimal Guidance Law (OGL), which has its foundation in optimal control theory, the OSG incorporates key

theoretical results from sliding mode control theory and finite-time stability of non-autonomous dynamical systems to

yield a robust algorithm that is Globally Finite-Time Stable under model uncertainties and disturbances with known

upper bound. Analysis of this algorithm revealed that the defined sliding surface is time-varying, thus the behavior

during the sliding phase of motion is determined based on the evolution of the sliding surface. Moreover, the algorithm

was demonstrated to be robust and generally more accurate than the OGL counterpart while also consuming less fuel

mass when placed in a perturbed simulation environment. Additionally, a second derivation of the OSG algorithm

was presented using an alternate definition of the vehicle state that was directly compared to the original definition to

demonstrate that despite the disparate forms, both formulations of the algorithm are exactly identical in all respects.

APPENDIX A: DERIVATION OF OGL USING PONTRYAGIN’S MINIMUM PRINCIPLE - ZEM/ZEV

FORMULATION

Let the optimal control problem in terms of the ZEM/ZEV system be defined as follows:

minimize
ac

J =
1

2

∫ tf

t

a>c acdτ

subject to ˙ZEM = −actgo

˙ZEV = −ac

(A1)

Subject to the following boundary conditions:

ZEM(tf ) = 0

ZEV(tf ) = 0

(A2)

The constraints in Eq. (A1) represent the dynamics of the ZEM/ZEV system, can be found by taking the derivative

of Eq. (10), and (11) and applying the Fundamental Theorem of Calculus:

˙ZEV =
d

dt

(
vf − v(t)−

∫ tf

t

gdτ

)
= −v̇(t) + g = −ac − p (A3)

˙ZEM =
d

dt

(
rf − r(t)− v(t)tgo −

∫ tf

t

∫ tf

f

gdτ ′dτ

)
= −v̇(t)tgo + gtgo = −(ac + p)tgo (A4)

Note that in the formulation above, the perturbing acceleration vector, p is included and is important when analyzing

an uncertain system, as is the case when sliding mode control is applied. However, for the purposes of the rest
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of this derivation from a purely optimal control standpoint, it is assumed that p = 0. Importantly, the commanded

acceleration must be unbounded for this problem to be solved analytically. In order to find a solution to this nonlinear

optimization problem, we will utilize Pontryagin’s Minimum Principle. First, we can define the Hamiltonian of the

system as follows, incorporating the cost function and constraints together via Lagrange multipliers λ1 representing

Eq. (A3) as a constraint, and λ2 representing Eq. (A4):

H =
1

2
a>c ac + λ>1 (−actgo) + λ>2 (−ac) (A5)

The condition for optimality of the Hamiltonian according to Pontryagin’s Minimum Principle is such that the

following is true:

∂H

∂ac
= ac − λ1tgo − λ2 = 0 (A6)

with associated costate equations found as:

λ̇1 = − ∂H
∂ZEM = 0

λ̇2 = − ∂H
∂ZEV = 0

(A7)

Thus the optimal acceleration command is found to be expressed as a linear function of time with two unknown

coefficients, to be solved for by utilizing the final conditions of the equations of motion:

ac = λ1tgo + λ2 (A8)

Using this result, we can integrate the equations of motion to analytically solve for the unknown Lagrange multi-

pliers λ1 and λ2. Beginning with Eq. (A3), using the result above in Eq. (A8) and the boundary conditions in Eq.

(A2):

ZEV(t) = λ2tgo +
1

2
λ1t

2
go (A9)

This result can be used to similarly integrate Eq. (A4) to find the following (again using the condition at the final

time in Eq. (A2)):

ZEM(t) =
1

2
λ2t

2
go +

1

3
λ1t

3
go (A10)

Using these two equations, we can finally solve for the two coefficients to explicitly express ac as a function of the

current vehicle state, the desired final position, and the time to go:
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λ1 = 12
t3go

ZEM− 6
t2go

ZEV

λ2 = − 6
t2go

ZEM + 4
tgo

ZEV
(A11)

Thus, substituting into Eq. (A8), the optimal acceleration is found to be:

ac =
6

t2go
ZEM− 2

tgo
ZEV (A12)

APPENDIX B: DETERMINING SLIDING PARAMETER λ

By combining the two results in Eq. (32), the following differential equation for λ can be found:

λ̇ = −kvλ2 +
kr − kv
tgo

λ+
kr
t2go

(B1)

Importantly, Eq. (B1) is in the format of a Riccati Differential Equation, which has a known solution method and

its solution contains both transient and steady state results. By using a transformation of variables, the solution for λ

can be found. First, perform the following substitution of variables:

λ = ẋ
kvx

λ̇ = xẍ−ẋ2

kvx2

(B2)

By substituting this into Eq. (B1), the following second order, homogeneous differential equation is found:

ẍ+
kv − kr
tgo

ẋ− kvkr
t2go

x := ẍ+
k1

tgo
ẋ+

k2

t2go
x = 0 (B3)

We can assume the solution will take the following form, as a linear combination of functions in order to solve the

second order, linear, homogeneous, non-constant coefficient differential equation:

x = c1t
a
go + c2t

b
go

ẋ = −ac1ta−1
go − bc2tb−1

go

ẍ = a(a− 1)c1t
a−2
go + b(b− 1)c2t

b−2
go

(B4)

Substituting this into Eq. (B3) results in the following quadratic equation. Note that the solutions for the unknown

constants a and b are the same, thus the result will use both possible solutions of the quadratic.

c1t
a−2
go (a2 − a− k1a− k2) + c2t

b−2
go (b2 − b− k1b− k2) = 0

a, b =
1+k1±

√
(−1−k1)2−4k2

2

(B5)

Thus the solution to the differential equation is:
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x = c1t
1+k1+

√
(1+k1)2−4k2

2
go + c2t

1+k1−
√

(1+k1)2−4k2
2

go = c1t
1+k1+kN

2
go + c2t

1+k1−kN
2

go (B6)

Following, its derivative is:

ẋ =
1 + k1 + kN

2
c1t

1+k1+kN
2 −1

go +
1 + k1 − kN

2
c2t

1+k1−kN
2 −1

go (B7)

We can express x and ẋ as follows:

x =
(
c1 + c2t

−kN
go

)
t
1+k1+kN

2
go

ẋ =
(

1+k1+kN
2 c1 + 1+k1−kN

2 c2t
−kN
go

)
t
1+k1+kN

2 −1
go

(B8)

We can now substitute these results back in to the variable substitution in Eq. (B2) to determine λ.

λ = − ẋ
kvx

= − 1
kv

(
1+k1+kN

2 c1+
1+k1−kN

2 c2t
−kN
go

)
t
1+k1+kN

2
−1

go(
c1+c2t

−kN
go

)
t
1+k1+kN

2
go

= − 1
kv

(1+k1+kN )c1+(1+k1−kN )c2t
−kN
go

2tgo
(
c1+c2t

−kN
go

) (B9)

As λ (and in effect, x) is a design parameter, the initial conditions for the integration can be selected such that either

c1 = 0 or c2 = 0, thus the final form of λ can take on one of two possible solutions:

λ1 = −1−k1−kN
2kvtgo

λ2 = −1−k1+kN
2kvtgo

(B10)

By substituting in the values of kr = 6 and kv = −2 from the original optimal guidance law derivation, these values

become:

λ1 = − 3
2tgo

λ2 = − 2
tgo

(B11)

The value of λ can be chosen based on the desired behavior of the system, but by analyzing the evolution of s we

find that only λ2 provides the needed dynamics, thus it is selected as the final result.

APPENDIX C: DERIVATION OF OGL USING PONTRYAGIN’S MINIMUM PRINCIPLE - δR/δV FOR-

MULATION

Let the optimal control problem be defined as follows:
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minimize
ac

J =
1

2

∫ tf

t

a>c acdτ

subject to ṙ = v

v̇ = g + aC + p

(C1)

Subject to the following boundary conditions:

r(tf ) = rf

v(tf ) = vf

(C2)

The constraints in Eq. (A1) represent the dynamics of the original system from Eq. (4) and (5). Again, as in

Appendix A, the rest of the derivation assumes that there are no perturbations in the system, i.e. p = 0. Importantly,

the commanded acceleration must be unbounded for this problem to be solved analytically. In order to find a solution

to this nonlinear optimization problem, we will utilize Pontryagin’s Minimum Principle. First, we can define the

Hamiltonian of the system as follows, incorporating the cost function and constraints together via Lagrange multipliers

λ1 and λ2 representing Eq. (C2) as physical constraints:

H =
1

2
a>c ac + λ>1 v + λ>2 (g + aC) (C3)

The co-state equations for this system can be found as follow:

λ̇1 = −∂H∂r = 0

λ̇2 = −∂H∂v = −λ1

(C4)

λ2 can be found by solving the above via direct integration:

∫ tf
t

λ̇2 = λ2(tf )− λ2(t) = −
∫ tf
t

λ1dt = −λ1tgo

λ2(t) = λ1tgo + λ2(tf )
(C5)

The condition for optimality of the Hamiltonian according to Pontryagin’s Minimum Principle is such that the

following is true:

∂H
∂ac

= ac + λ2 = 0

aC = −λ2 = −λ1tgo − λ2(tf ) = Atgo + B
(C6)

Thus the optimal acceleration command is found to be expressed as a linear function of time with two unknown

coefficients, just as in the previous formulation. Once again, the coefficients can be solved for by utilizing the final

conditions of the equations of motion:
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Beginning with the equations and using the result above in Eq. (C6) along with the boundary conditions in Eq.

(C2):

v(t) = vf − gtgo −
1

2
At2go −Btgo (C7)

This result can be used to similarly to find the following (again using the condition at the final time in Eq. (C2)):

r(t) =
1

6
At3go +

1

2
Bt2go +

1

2
gt2go + rf − vf tgo (C8)

Using these two equations, we can finally solve for the two coefficients to explicitly express ac as a function of the

current vehicle state, the desired final position, and the time to go:

B = 6
t2go

(r− rf ) + 2
tgo

v + 4
tgo

vf − g

A = − 6
t2go

v + vf − 12
t3go

(r− rf )
(C9)

Thus, substituting into Eq. (C6), the optimal acceleration is found to be:

ac = − 6

t2go
(δr + vf tgo)−

4

tgo
δv − g (C10)

Note that if vf = 0, i.e. soft landing, the familiar results as provided by D’Souza1 is found:

ac = − 6

t2go
δr −

4

tgo
v − g (C11)

APPENDIX D: LINEAR STABILITY ANALYSIS FOR δR/δV OGL

Similar to the previous formulation, the OGL closed-loop system can be represented as a linear system, assuming

vf = 0: δ̇r
δ̇v

 =

 0 1

− 6
tgo

− 4
tgo


δr
δv

 (D1)

In order to demonstrate the system stability, we must again find the state transition matrix, Φ(t, t0). In order to do

this we must find an equivalent system that is an LTI system using a similar transformation as used previous. In fact,

we can again choose the following transformation:

T =

1 0

0 1
tgo

 (D2)

Just as before, this system can be solved with a change in basis and the following result is reached:
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Φ(t, t0) =

 3
t2go
t2f
− 2

t3go
t3f

(
t2go
tf
− t3go

t2f

)
6
(
t2go
t3f
− tgo

t2f

)
3
t2go
t2f
− 2

tgo
tf

 (D3)

Thus the linear system is once again stable about the origin without the presence of disturbances. �

It is important to note the differences in the solutions to both linear systems. While the forms of each component

of the two Φ matrices are very similar, the coefficients change between the two formulations. Analyzing the dynamics

of the two systems, which feature state variables that are related, show that they are very different, even though both

systems demonstrate stability and converge to the origin at t = tf . Indeed, this likely has to do with the large difference

in how the state variables are defined. As an example, the initial state for ZEM is generally much larger than that for

the simple difference between the current and desired position, δr.
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Comparison of Robust Sliding Guidance Algorithms for Space

Applications

Daniel R. Wibben∗, and Roberto Furfaro†

INTRODUCTION

In recent years, nonlinear control methods have been gaining popularity as a potential spacecraft guidance and

control solution due to their autonomy, inherent robustness, and performance in challenging environments. In par-

ticular, there has been a large focus on the application of missile-type guidance schemes to the problem of planetary

landing1, 2, 3, 4, 5 and asteroid proximity operations6, 5, 7 due to their applicability to current and future mission concepts.

Indeed, all previous work has demonstrated that these methods are valid options for a guidance solution that will

successfully guide a vehicle to the desired state in a finite time. Importantly such methods are designed in order to

minimize the overall control effort such that the solution implemented will be optimal. Further, there has been recent

interest in the application of sliding mode control for such applications.8, 5, 7, 9, 10 Indeed, the inclusion of sliding mode

control has many beneficial factors, such has inherent stability and robustness in uncertain dynamical environments,

that are not seen in the use of other methods. This note will focus on two such sliding guidance algorithms, each

derived from a different source, in order to determine their similarities, differences, benefits, and drawbacks. While

both of these algorithms have been proposed and shown to work well in various applications in previous work, the

focus here is instead to analyze the behavior and nature of the algorithms.

The first algorithm to be examined is derived from optimal control theory. By solving an optimal control problem

to find a solution that minimizes the overall control effort, the optimal guidance law for planetary landing, as first

derived by D’Souza, is found.1 However, it is not possible to prove that this algorithm is globally stable against

unmodeled dynamics, thus it is augmented using results from sliding mode control theory to form what has been

called the Optimal Sliding Guidance.8 The second algorithm analyzed here is instead derived using a Lyapunov-based

approach while relying on key results from Higher Order Sliding Control (HOSC) theory, in which the system utilizes

multiple, concatenated sliding surface vectors in order to drive the system to the desired target. Due to its Lyapunov-

based derivation, this algorithm, called the Multiple Sliding Surface Guidance (MSSG), is inherently stable so long

∗Ph.D. Student, Department of Systems and Industrial Engineering, University of Arizona, 1127 E. James. E. Roger Way, Tucson, Arizona, 85721,
USA.
†Assistant Professor, Department of Systems and Industrial Engineering, University of Arizona, 1127 E. James. E. Roger Way, Tucson, Arizona,
85721, USA.
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as the chosen gains satisfy basic constraints. Previous work has applied this algorithm to the problem of asteroid

proximity operations9 and has also investigated means to optimize the algorithm’s guidance gains using reinforcement

learning techniques.11 These two algorithms have been seen to feature many similarities in their definitions, despite

being the solution of different problems, thus this note will investigate the reason for this and will give insight on key

components of each algorithm.

This note will first look in depth at the derivation of each algorithm from its respective source, and demonstrate

global, finite-time stability for both that is provided via sliding mode control. The two algorithms will then be com-

pared, first analytically, and then via simulation to determine if they are indeed identical. Further if they are not, the

benefits and drawbacks to each algorithm that make them unique will be explored.

GUIDANCE PROBLEM FORMULATION

For the development of the presented guidance algorithms, we use a simple dynamical model. For simplicity in

derivations, we make the assumption that the only forces on the vehicle are gravity, which is further assumed to

be constant, and the forces generated by the on-board thrusters. All other forces are modeled as uncertainties and

perturbations to the nominal dynamics. Making these assumptions, the equations of the motion for the system can be

expressed as:

ṙ = v (1)

v̇ = g + aC + p := g +
T

m
+ p (2)

ṁ = − |T|
Ispgc

(3)

Here, r and v are the position and velocity vectors of the spacecraft, aC is the commanded acceleration provided

by the on-board thrusters, T is the thrust vector, m is the vehicle mass, Isp is the specific impulse of the vehicle’s

thrusters, and g is the gravitational acceleration vector. p represents any perturbing or unmodeled accelerations.

OPTIMAL SLIDING GUIDANCE (OSG) DEVELOPMENT

The first algorithm to be discussed is derived from optimal control theory and augmented with sliding mode control.

First, development of the guidance algorithms requires the definition of a suitable guidance model. The model used

in the derivation of the guidance laws is similar to that seen in Eq. (1)-(3), however the guidance model used does

not take into account perturbing accelerations (i.e. p = 0) and the guidance model does not account for variation in

spacecraft mass, i.e. Eq. (3) does not apply. Thus, the equations for the guidance model can be represented as follows:
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ṙ = v (4)

v̇ = g + aC (5)

The problem optimal control can then be formulated as follows:

Find the aC as a function of the current state that minimizes the following performance index:

J(aC) =

∫ tf

t

aC(τ)>aC(τ)dτ (6)

Subject to Eq. (4),(5) as physical constraints, with initial conditions (at time t) r(t) and v(t) and final conditions

(at time tf ) rf and vf .

The acceleration command is assumed to be unconstrained, i.e. the thrust generated by the propulsion system

is unbounded. The problem can be solved by either applying the Pontryagin Minimum Principle to determine the

necessary conditions for the existence of an optimal solution or by a direct application of calculus of variations.1 By

solving the optimal problem and applying the boundary conditions, the optimal acceleration command is found to be:

ac = − 6

t2go
(δr + vf tgo)−

4

tgo
δv − g (7)

Where δr = r − rf and δv = v − vf are the traditional error states. This algorithm, titled the Optimal Guidance

Law (OGL), has an equivalent formulation using defined zero-effort-miss and zero-effort-velocity terms and has been

applied to a variety of problems as the generalized ZEM/ZEV feedback guidance.2, 3, 6

While the above guidance algorithm is developed by solving an optimal control problem, it does have some draw-

backs. Primarily, global stability of the guidance law as written cannot be guaranteed. Importantly, the optimal

guidance, as derived, does not account of unmodeled disturbances which may negatively effect its performance in an

uncertain environment.. Thus, the notion of augmenting the optimal guidance with a non-linear sliding mode will

produce a non-linear guidance algorithm that is both robust to perturbations and can be formally proven to be globally

stable.

The sliding control methodology is an elementary approach to robust control.12 Intuitively, it is based on the

observation that it is much easier to control non-linear and uncertain 1st order systems (i.e. described by 1st order

differential equations) than nth-order systems (i.e. described by nth-order differential equations). Generally, if a

transformation is found such that an nth-order problem can be replaced by a 1st order problem, it can be shown that,

for the transformed problem, perfect performance can be in principle achieved in presence of parameter inaccuracy.

As a drawback, such performance is generally obtained at the price of higher control activity. Indeed, with a properly

3

206



defined time-varying sliding surface, s, the general tracking problem is reduced to foring a dynamical system to remain

on the sliding surface, i.e. the problem is reduced to a 1st order stabilitization in s. Importantly, the simplified 1st order

stabilization problem can be achieved by selecting a control law such that outside the sliding surface the following is

satisfied:

1

2

d

dt
s2 ≤ −η|s| (8)

Eq. (8), also called the ”reaching condition”, explicitly states that the distance from the sliding surface decreases

along all system trajectories, i.e. the system is stable and controlled in such a way that the state will move towards

and reach the sliding surface in a finite time. Generally, constructing a control law that satisfies the sliding condition

is fairly straightforward. However, in the case of an uncertain system, the designed controller for a general system, u,

becomes the best appoximation of the control law, û, necessary in order to meet the reaching condition in Eq. (8). In

order to account of the uncertainties in state dynamics, a discontinuous term across the surface s = 0 is added to form

the new control law:

u = û− Φsign(s) (9)

It is clear that by choosing a value of Φ that is sufficiently large, the sliding condition in Eq. (8) is guaranteed to be

satisfied.

Now, we can utilize the sliding control theory described above by integrating a non-linear sliding control mode into

the optimal guidance law to produce a robust, non-linear guidance algorithm.

Now, we can utilize the sliding control theory described above by integrating a non-linear sliding control mode

into the optimal guidance law to produce a robust, non-linear guidance algorithm. Using the result in Eq. (9), we can

naturally define what has been named the Optimal Sliding Guidance (OSG) law as a simple augmentation to the OGL:

aC(t) = − 6

t2go
(δr + vf tgo)−

4

tgo
δv − g − Φsign(s) (10)

With the associated sliding surface defined as:

s = v + λ(δr + vf tgo) (11)

Clearly, the defined sliding surface goes to the null value as δr, δv , and tgo approach zero. In order to demonstrate

stability, we can define a Lyapunov function in the form of:
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V =
1

2
s>s (12)

We consider the dynamics of the sliding surface, i.e. the derivative of Eq. (11) with a substitution of the expressions

for the system dynamics in order to determine the negative definiteness of V̇ :

ṡ = v̇ + λ̇δr + λδ̇r + λ̇vf tgo − λvf = g + aC + λ̇δr + λv + λ̇vf tgo − λvf (13)

It can be seen that the dynamics can be expressed in the form:

ṡ = −K(t)s− Φsign(s) (14)

with the following relationships between the parameters:

K(t) = 4
tgo
− λ

λK(t) = 6
t2go
− λ̇

(15)

By equating these two expressions, the guidance parameter λ can be determined by solving a Ricatti differential

equation. The final result is found to be:

λ =
2

tgo
(16)

Thus the analytical expression for ṡ is found by substituting in the result:

ṡ = − 2

tgo
s− Φsign(s) (17)

This equation is in the form of a non-homoegenous, second order differential equation which can easily be solved

with initial conditions s0 to find the solution for s as a function of time:

s(t) =

(
s0 + Φsign(s0)tf

t2f

)
t2go − Φsign(s)tgo (18)

Using the above results, it is possible to demonstrate that the OSG is globally finite-time stable. Global Finite-

Time Stability (GFTS) is an important property of non-linear dynamical systems,? especially those that must achieve

a desired state within a finite time in which asymptotic convergence is not sufficient, as is the case for the guidance

problem discussed here. Such notion involes both autonomous and non-autonomous dynamical systems whose trajec-

tories converge to an equilibrium state in finite time. Thus, GFTS is a critically desired theoretical property for any

non-linear guidance system development as it guarantees that the system will reach the desired target in a finite time.
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A formal proof of GFTS for non-autonomous systems is generally difficult as only a few sufficient conditions have

been developed. Here, we demonstrate GFTS for the OSG algorithm following the proposition put forward by Moulay

and Peruquetti as a sufficient condition for GFTS.13

First, consider the dynamical system in Eq. (17). A Lyapunov function for this system can be defined as:

V (s) =
‖s‖2

2
(19)

Clearly, V (s) is decrescent, globally defined, and radially unbounded. Furthermore the derivative of the Lyapunov

candidate can be expressed as follows by substituting in the analytical solution for ṡ seen in Eq. (17):

V̇ = sT ṡ = sT
(
− 2

tgo
s− Φsign(s)

)
= − 2

tgo
sT s− Φ|s| (20)

Thus, the Lyapunov candidate is also continuously differentiable. Now, we find a positive definite function providing

an upper bound on V̇ as:

V̇ = − 2

tgo
sT s− Φ|s| = − 2

tgo
‖s‖2 − Φ|s| ≤ −

√
2ΦV 1/2 < 0 (21)

In order to determine GFTS, a continuous, positive definite function r : R≥ → R≥ such that r(0) = 0 must be

defined as an upper bound for V̇ the meets the following criterion for some ε > 0:

∫ ε

0

dz

r(z)
< +∞ (22)

In this case r(V (t, s)) can be selected as:

r(z) =
√

2ΦV 1/2 (23)

Using this continuous equation, the condition seen in Eq. (22) can be shown to hold true:

∫ ε

0

dz

r(z)
=

∫ ε

0

dz√
2ΦV 1/2

=

√
2

Φ

√
ε < +∞ (24)

Therefore, because the positive definite function r(V ) exists and meets the conditions expressed in the proposition,

in addition to the fact that V is decrescent, globally defined, and radially unbounded, the system is globally finite time

stable about s = 0.
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MULTIPLE SLIDING SURFACE GUIDANCE (MSSG)

Previous sections focused on a guidance algorithm that is based upon optimal control theory in order to minimize

overall control effort, while global stability was analyzed and determined afterwards. Here an algorithm is instead

developed with global stability as the primary driver, and subsequent analysis reveals details about its optimality.

As before, we will utilize sliding mode control theory in the development of this algorithm. Importantly, one of the

major drawbacks seen in conventional sliding mode control is a phenomenon called “chattering”, which is generally

undesirable in most systems and not physically feasible. However, chattering is physically manifested in the system

only if the system is of relative degree one, i.e. the controller appears explicitly in the first derivative of the sliding

surface (Eq. (13)). If the system under consideration instead has higher relative degree, the application of what is called

Higher Order Sliding Mode Control (HOSC) can be useful to ameliorate chattering at the physically observable levels

of the system while still maintaining the benefits provided by sliding mode control. Here, the following definition is

introduced:

Definition: Consider a smooth dynamical system with a smooth output s(x) (sliding function). Then, provided that

s, ṡ, s̈, . . . , sr−1 are continuous and that s = ṡ = s̈ = . . . = sr−1 = 0, then the motion on the set {s, ṡ, s̈, . . . , sr−1} =

{0, 0, 0. . . . , 0} is said to exist on an r-sliding mode.

Indeed, by defining a sliding surface such that the acceleration command appears in a higher-order derivative,

higher-order sliding control principles can be applied to help ameliorate or reduce chattering by pushing it to a higher

level. Using the same general equations of motion, let us define a sliding vector surface as follows:

s1 = r− rf + vf tgo = δr + vf tgo (25)

Taking the derivatives of this vector surface, we find that indeed the acceleration command is seen in its second

derivative. For this algorithm, the acceleration command can be determined by setting ṡ1 as a virtual controller and

employing a backstepping approach. Specifically, ṡ1 is to be set such that s1 is driven to zero in a finite time. This is

possible if the virtual control is selected as follows:

ṡ1 = − Λ

tgo
s1 (26)

where Λ = diag{Λ1,Λ2,Λ3} is a diagonal matrix of guidance gains. The virtual control can easily be shown to

both be globally stable, and drive s1 to zero in a finite time using a Lyapunov approach. Indeed, define the following

candidate Lyapunov function:

V1 =
1

2
s>1 s1 (27)
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In addition, for stability, the time derivative of V1 must be negative definite everywhere. Imposing positive guidance

gains [Λ1,Λ2,Λ3] > 0 and letting s1 = {s1i, i = 1, 2, 3}, the time derivative is found to be:

V̇1 = sT1 ṡ1 = − 1

tgo
sT1 Λs1 = − 1

tgo

(
Λ1s

2
11 + Λ2s

2
12 + Λ3s

2
13

)
< 0 (28)

In order to ensure that both the sliding surface and its derivative approach zero in a finite time, it is generally

desirable for the matrix gains to all be greater than one. Indeed, the time variation of the sliding surface vector s1 can

be explicitly derived as a function of the guidance gains. By applying separation of variables, one can integrate and

solve for the time-based representation of s1 while imposing initial conditions s1(0):

s1(t) = s1(0)tΛgo (29)

The dynamics of this surface are subsequently determined:

ṡ1(t) = −Λs1(0)tΛ−Igo (30)

As can be seen from Eq. (29), if Λi > 0(i = 1, 2, 3), the sliding surface vector will reach zero in finite time.

However, as seen in Eq. (30), if Λi < 1, i = (1, 2, 3) the derivative of the sliding surface vector diverges for t = tf .

Therefore, if the matrix gains are selected such that Λi > 1, both the sliding surface vector and its derivative go to

zero as t→ tf .

At the time when the motion to the desired target point begins, the initial conditions of the spacecraft are generally

not such that Eq. (26) is true. The correct command that drives s1 from its original state to a trajectory defined by Eq.

(26) can be obtained by employing a second sliding surface vector s2. Consequently, the second sliding surface vector

is defined in the following way:

s2 = ṡ1 +
Λ

tgo
s1 = 0 (31)

Notably, the new sliding surface vector s2 is of relative degree one with respect to the acceleration command.

Indeed, it can be easily verified that the command appear explicitly within the expression of the first derivative of s2.

Using the definition of s1, the first derivative of s2 can be expressed explicitly as:

ṡ2 = g + aC +
Λ

t2go

(
tgoṡ1 + s1

)
(32)

The desired acceleration command aC can be determined using the Lyapunov direct method. Here, a second

Lyapunov function V2 is defined as:

8

211



V2 =
1

2
s>2 s2 (33)

Its time derivative can be explicitly computed as follows:

V̇2 = s>2 ṡ2 = s>2

(
g + aC +

Λ

t2go

(
tgoṡ1 + s1

))
(34)

The acceleration command vector aC can then be selected accordingly:

aC = −g − Λ

tgo
ṡ1 −

Λ

t2go
s1 − Φsign(s2) (35)

Eq. (35) is what has been named the Multiple Sliding Surface Guidance (MSSG) algorithm. The matrix coefficients

Φ = diag[Φ1,Φ2,Φ3] are given as follows:

Φ =
s2(0)

t∗f
(36)

Importantly, the gains Λ can be chosen by the user. Optimization of these gains from a fuel consumption standpoint

have previously been investigated using reinforcement learning techniques, which provides some insight on selection

of the gain values for a specific problem.11

Using Eq. (36), one can show that the second sliding surface vector is driven to zero in a finite time t∗f < tf . Indeed,

by replacing the guidance law explicitly derived in Eq. (35) into Eq. (32), the dynamics of the second sliding surface

vector becomes

ṡ2 = −Φsign(s2) (37)

Noting that s2 does not change sign prior to reaching zero, Eq. (37) can be integrated between zero and t to yield

s2(t) = s2(0)− |s2(0)|
t∗f

t (38)

Clearly, the second sliding surface vector goes to zero as t → t∗f . The derived MSSG algorithm can further be

proven to globally stable by inserting Eq. (35) into Eq. (34), as well as augmenting the equations of motion to now

account for any perturbing accelerations, p. By doing this, the derivative of the candidate Lyapunov function V2

becomes:

V̇2 = s>2 (p− Φsign(s2)) ≤ 0 (39)
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Eq. (39) is always less than or equal to zero (i.e. the MSSG is globally asymptotically stable) if an upper bound

for the perturbing acceleration pMAX is available. In such a case, the matrix coefficients Φ can be selected such that

Φi > |pMAX
i |. The second Lyapunov function is therefore decrescent and, by virtue of the Lyapunov stability theorem

for non-autonomous systems, s2 → 0 as t→ t∗f . Consequently, s1 and ṡ1 → 0 as t→ tf .

Again referring back to the theorem from Moulay and Perruquetti, both sliding surfaces for the MSSG can be shown

to be globally, finite-time stable about the origin. Indeed, starting with V̇2, we can find a bounding function such that

s2 converges in a finite-time. Let us define Φ = |pMAX | + Φ∗. Thus in the bounding case, when p = |pMAX |,

Eq. (39) becomes:

V̇2 = −s>2 Φ∗|s2| (40)

If we select r(V2) =
√

2Φ∗V
1/2
2 , a bound on V̇2 is found, and also meets the condition seen in Eq. (22), thus s2 is

globally, finite-time stable. Further, once s2 reaches the origin, the dynamics of s1 now follow Eq. (26). Using the

definition of V1 seen in Eq. (27), the following is found to be true:

V̇1 = − 1

tgo
s>1 Λs1 ≤ −

1

tf
s>1 s1 = − 2

tf
V1 (41)

Thus we can define r(V1) as follows:

r(V1) =


0, if V1 = 0

2
tf
V1, if V1 6= 0

(42)

This can be seen to meet the condition in Eq. (22), thus as s2 → 0 in a finite-time, s1 → 0 in a finite time as well,

therefore the MSSG algorithm is globally, finite time stable.

COMPARISON OF OSG AND MSSG

With both algorithms derived and presented, we can begin comparing them. First from an analytical point of view,

using the definitions of the sliding vector surfaces presented in previous sections, the MSSG algorithm can be written

equivalently as:

aCMSSG
= − Λ

t2go
(δr + vf tgo)−

Λ

tgo
δv − g − Φsign

(
v +

Λ

tgo
(δr + vf tgo)

)
(43)

This form is noted to have many parallels with the OSG algorithm, which is repeated below for convenience:

aCOSG
= − 6

t2go
(δr + vf tgo)−

4

tgo
δv − g − Φsign

(
v +

2

tgo
(δr + vf tgo)

)
(44)
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Indeed, the only difference between the two that immediately jumps out is value of the guidance gains. The values

for the OSG are provided by solving the optimal control problem, and solving the Riccati differential equation for λ

to give the desired dynamics for s while for the MSSG they are parameters that can be chosen, so long as they meet

the constraints shown in Eq. (30) and (36). In particular, the single value of Λ is seen in multiple terms of the MSSG

algorithm, while the OSG coefficients do not match. However, if Λ = 2 is selected, one can see that the in this specific

case, s = s2, i.e. the sliding terms in the acceleration commands become identical. By doing so, we can subtract the

MSSG result from the OSG one to find the following:

aCOSG
− aCMSSG

= − 4

t2go
(δr + vf tgo)−

2

tgo
δv = −K(t)s (45)

Interestingly enough, the difference between the two algorithms is exactly the chosen form of the dynamics of the

sliding vector surface for the OSG algorithm. Thus the conclusion is that the difference lies specifically in the chosen

form of the dynamics of the two sliding surfaces. Noting this, there are two possibilities available that would make the

two algorithms equivalent, both of which require relaxations on assumptions made in their derivation.

First, it is easy to see a common underlying form of the acceleration command in the following form:

aC = − k1

t2go
(δr + vf tgo)−

k2

tgo
δv − g − Φsign(s) (46)

where k1, k2, and Φ are generic but unknown constants. Starting from OSG, we must relax the values of these

parameters, which were originally determined in the derivation from optimal control theory and set parameters such

that ṡ = 0. By doing so, we come to the result that k1 = k2, essentially providing the MSSG result.

If one instead starts from the MSSG algorithm, the assumption must be made that k1 6= k2 6= Λ. Doing so and

attempting to find parameters such that ṡ2 = −K(t)s2 −Φsign(s2) will result in a quadratic equation for Λ, of which

there are multiple possible solutions:

Λ2 − (1 + k2)Λ− k1 = 0 (47)

By setting Λ = 2 as stated before, we find a linear relation between k1 and k2 such that

k1 = 2(k2 − 1) (48)

The OSG values of the parameters are one possible value defined by this line and can be found via optimization of

the overall control effort. Thus, the two algorithms are specific cases of a general form non-linear, sliding guidance

laws that meet specific conditions, i.e. optimality in the case of OSG and stability in the case of MSSG. However, the

two algorithms are definitively different.
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In order to further analyze these two algorithms side by side, a simple 1-D simulation has been devised, using the

dynamical model described in Eq. (1) and (2). A lunar model has been implemented, with the assumption that there

are no atmospheric forces present. The spacecraft is assumed to start at an initial altitude of 2500 m directly above

the target landing site. The desired touchdown location is set to be at the origin of the coordinate system with zero

velocity, with a time-to-go of 65 seconds. The guidance command is updated with a frequency of 10 Hz, and no

additional disturbances are included in the model. All simulation parameters used are reported in Table 1. The results

of this comparison are shown in Fig. 1.

Table 1. Simulation Parameters

Parameter Value

m0 1900 kg
g [0, 0,−1.635]> m/s2

Isp 300 s
ge 9.807 m/s2

Tmax 15 kN

The results demonstrate that while the algorithms provide a similar response, they do feature some key differences.

The position and velocity trajectories are almost identical, providing comparable residual guidance errors in position

and velocity. Both result in near zero residual position error and a final velocity error of approximately 3 cm/sec,

with the MSSG providing a residual error 0.1 cm/sec lower than the OSG algorithm. However, the input acceleration

commands show an important difference between the two algorithms, specifically the sliding terms. One of the primary

difference lies in the definition of the sliding surfaces, and the Φ terms in both algorithms. As seen in Eq. (36), the

value for the MSSG gain is set based on the convergence of the sliding vector s2 at time t∗f < tf , while for the OSG, it

is set based on convergence at t = tf . This results in a larger sliding term in the acceleration command of the MSSG

algorithm when compared to the OSG, at least until t = t∗f . At this point, s2 = 0 and as such the sliding term goes to

zero for the remainder of the simulation. However, as the results show the difference is relatively minor and has little

effect on the overall fuel consumption. Indeed, both show very similar amount of fuel usage during the course of the

simulation, with the MSSG algorithm shown to use slightly more fuel, just 1.5 grams more.

Another key difference seen between the two algorithms is the time evolution of the sliding surfaces. Indeed, when

comparing the analytical solution for s for the OSG algorithm in Eq. (18), and s2 for the MSSG algorithm in Eq. (38),

one can see that while the OSG is quadratic with respect to time while the MSSG is linear. Both converge to zero at

roughly the same point in time, as in this simulation t∗f = tr, but the order at which they converge is different between

the two algorithms. This is further exemplified by the difference in the sliding surface dynamics in the final plot of

Fig. 1, which displays the slope of the sliding vector over time, and demonstrates that they are not at all equivalent.

To take one step further, another simple simulation has been devised. Again in just one dimension, this simulation
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Figure 1. Initial Comparison of MSSG and OSG algorithms - 1D simulation with no disturbance
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Figure 2. Comparison of MSSG and OSG algorithms - 1D simulation with constant disturbance

adds a constant 1.5 m/s perturbing acceleration in the positive Z direction, i.e. against the motion of the vehicle. The

results of this simulation are shown in Fig. 2.

There are a few distinguishing factors arising from these results that were not seen in the simulation without dis-

turbances. First, the residual errors between the two algorithms are different in the case where a disturbance has been

applied. The residual guidance errors for this simulation are shown in Table 2. Importantly, the OSG algorithm is

shown to feature lower errors for both position and velocity. However, this is tightly related to the guidance parame-

ters Λ chosen for the MSSG algorithm. Indeed, if the gains are increased from Λ = 2 to Λ = 4, the errors are greatly

reduced, as shown in Table 2.

Another notable result is that with the initial parameter settings, the MSSG algorithm consumes less fuel than

the OSG algorithm, though this is obviously not the case when the gains are increased. This leads to an important

conclusion regarding the guidance algorithms. As the MSSG parameters can be selected so long as basic constraints

are met, the MSSG algorithm features more flexibility for various applications than the OSG, without impacting the
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overall stability of the system. This is not true for the OSG, as a different set of parameters will remove the optimality

of the algorithm and may also compromise the stability, depending on the gains used.

Table 2. Comparison of MSSG and OSG Algorithms with Constant Disturbance

Algorithm Position Error Magnitude (m) Velocity Error Magnitude (cm/s) Fuel Consumed (kg)

OSG 0.0019 22.1 43.22
MSSG(Λ = 2) 0.0117 51.9 43.03
MSSG(Λ = 4) 0.0009 4.04 52.87

CONCLUSIONS

Two non-linear, sliding guidance algorithms are analyzed and compared. The first, derived from optimal control

theory, features set gain values that are determined from solving an optimal control problem to minimize the overall

control effort. The second is derived using a Lyapunov approach and key results from Higher Order Sliding Control

theory. Both algorithms are shown to be globally stable in the presence of unmodeled dynamics and perturbing

forces. The algorithms in their final forms are very near identical in appearance and indeed share many similar traits.

However, careful side-by-side examination has demonstrated that the two are very different algorithms, each with its

own benefits. While the first guidance algorithm is designed with optimality and fuel consumption in consideration,

the second provides a set of gains that can be selected by the user to provide more flexibility. Despite this, both

algorithms have been shown to work well in a variety of space-based applications and scenarios.
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