
FRENQENCY SPECTRUM OF A FMjFM SIGNAL 

By J. C. HOLT 

Summary. -Several authors have atte口lpted to derive a mathematica! 
model that will describe the frequency spectrum of a FM/FM signa1.1•2 
However， to this author I s k.nowledge， none of the mathematical models 
that have been published is valid when the carrier is modulated by more 
than one subcarrier. In this paper an expression for a FM/FM signal 
is derived that is valid when IRIG specifications are applied. Then this 
expression is 口lanipulated into a for口1 that wiU yield the frequency spec­
trum when the carrier is modulated by any number of subcarriers. Then 
an illustration of a two subcarrier frequency spectru口1 is presented. 

Introduction!_ -FM/FM modulation systems with large numbers of 
subcarriers are used extensively today in the field of telemetry. In the 
design of these systems it is sometimes necessary to determine the 
amplitude and frequency of significant sidebands in order to predict 
bandwidth， calculate distortion， or otherwise measure and assess the 
i口lportance of the products of modulation. The calculation of these side­
bands does not follow the simple rules of linear superposition. 

In this paper an expression for a FM/FM signal， subjected to certain 
restrictions， is derived and manipulated into a form that will yield the 
amplitude and phase of the individual frequency components of the signal. 
Then an illustration of a two subcarrier frequency spectru口1 is presented 
and discussed. This mathematical model is useful since it provides a 
basis for a realistic and revealing description of frequency modulation. 

Mathematical Analysis � -The general expression for a frequency 
modulated wave is: 

川的= Ec sin [ωcl+kS'(t) dl] )

 

，目，.{

 where: 
Ec = carr ier voltage 

(Ùc = carrier frequency 

k = pr oportionality constant 

fl(仙= modulating signa� 
Since the purpose of this paper is to discuss a FM/FM signal， we 

shall let 1(1) be an ensemble of sinusoidal subcarriers， i. e. ， 
k _ tlú.九; 可I(t) = 2 ^ω'- cos 1 ω .， 1 + 一_�_l S川的: IJ - c ‘ - J ωm， ... ， -

j =1 �mJ 
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where: 
k = number of subcarriers 

ßα)c: = carr ier deviation 
W.j = frequency of the j th subcarrier 

aω﹒j = deviation of the j th subcarr ier 
ωmj = frequency of the modu�ating signal of the j th subcarrier 

A diagram of such a system is shown in Figure 1. 
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FIGURE 1 

In the following paragraphs we shall proceed to integrate 1(1) in 
order to obtain an expression for the 口lodulating signa1. We shall let: 

l =ff(t)dt= t aωr r cos r叫:1 +竺j側的tldlw l=l J E I GMj s s 

By elementary trigometric separation this yields: 
k _r ，ßw.， 、 ，ßW. i \ 1 I = ßω，主 Ilcosω0 ， 1 cos {_一� sin w_ : 1 \ - sin ω.: 1 sin (-一...! sinω... : I J I d I 

s l 士 lJ 1 .l lω"' j 
-，，- -�I / ﹒1 \ ω"'j 

-' 1 I J 



Then by integr ating by parts we have: 

1= òωc S L叫竺2mht}slnωJj= 1ω.j \ ωmj J I -， 

• ，!lCù.: \ Ò已九-_1_ r sinω.: 1 sin (一」sin fo.-t ) 一」ωm : COS ωm: t dt 
ω.j J Y I ωmj ï I ωmj l m 

+ _1_ 
Cù•j 

. 1\ω. ‘ sin (一一.1 sinωm: t ) cosωm:t 1ωmj J / J 

• � ，!lCùs: \ òCù.: - -'- I cosω.: t cos (一一斗 SIRω. : 1 ) cosωm: 1ωm: 一_， dl )----'， ---'-_-，- _ . --'， J -- ".， -'"， ωs j 、 ω門 ， ωmj
By recombination we have: 

J\Cù. 
1= ̂ Cùc I斗[sin仙s i t -一斗 M).. òCù. mωmit) _ _"1 I肌 肉ilm仙，戶 一!sin Cù•i t)dl] 

ωS j . ωmj ' ωS j . ωmj 

Now if the condition ω.j>>ωmj is imposed the term co，ωmjt can be 
considered a quasiconstant with' respect to the integral and 'removed 
írom the integral sign so that: 

k òω. 
I - òωc乏一!....[sin (ωS: t +一..J.

ð.Cù. : ÒCù. sinCùm:t) - --'， COSωmit f cos (fo.;t +-」isinωs :t)dtJ
j = 1ω. j ， ωmj Cù.. Cù... : Sj .....，mj 

However， the expres sion in the integral is identically I so that we may 
write: 

k òω-I òωc ( l +一一斗
) c 1 ω.j 

COS Cù"'i t) f叫 It +竺ï.
ω'"j 

� Iv，) ð. <:ùa : =三 ;三三sin (ω'.: t +一� sin ω"，，1) 
j = 1ω'.j J ω"'j J 

sin ω. j t) d t 

N ow ií the c ondition ð.ω.1/'ω'1 <<1 is also applied， then: 

k M，).， k òι九
三� ò Cùc f cos (ω81 t + 二斗sinω8il)dt � I. -:-:-一二

J Ð 1 J ω'") 
， j軍lω' )

ð.Cù8 ， 
sln (ω8jl+ � slnω'") t) 

山'"j



and thus we have our expression for J f (1) dl or the modu1ating signa1 
which can be submitted into expression (1) to obtain the expres sion for 
the FM/FM wave， i. e. ， 

where: 

V (1) = Ec sin [ωcl + 三 β? sin (ω.: 1 +β1. S IOωm: I)J 
j :- l' "j . -， " .i .." 

β，. = ð.ω.， /ωm " -， .. .." 
p2j= &ωIC /ω· j 

This simp1y means that we have a sine wave m odu1ated by k sine 
waves which are in turneach modulated bya sine wave. In otherwords， 
we have a doub1e FM signal. Now in order to obtain the frequency spec­
trum we must manipu1a，te expression (2) in such a manner that the re­
sult will be of the form: 

where: 

V(I) = A， sin a， + A2 sin α2 +﹒. . + Ai sinαi+﹒. . 

Ai = some amp1itude factor 

αI = an argument expressed on1y in a linear combination 
of angu1ar frequencies 

With our expression in this form it is possib1e to say that at frequency 
位; there is � 

.
sideband with energy Ai﹒ 

， Since， eiX =cosX+isin X  the';; !�[eìX ] =SinX where 1m [X ] denotes 
the imaginary part of some number X. Then if we 1et: 

k 
χ=ωc 1 + L {>'). sin (ωs: 1 +β， . slnωm;1) � j . . ï . 'j j = 1 ' 

expres sion (2) becomes: 

or 

v (1) = Ec 1m I exp i rωc 1 + L fL) . sin (ωs; 1 +β1 . slnωmj 1)1 L --". - ， � i "， . I j ... J 
， � 1 ' 

k 
v (1) = Ec 1m I exp [iωc 1] exp [ i L β? sin (ω1 +β1 . sinωm; 1)11 2 j _ ，.. '-Sj . I"'lj j = 1 

However eLi Xi = 1TeXi hence， 

v (1) = Ec 1m I exp (iωcl) π exp[iß'1.sin ω。t + ß 1. sinωm: t) Jl 
j = l 2j -1 1l l 

Now by the Jacobi-Anger relationship﹒ 

elXsine=三 Jn (χ) ein 

( 2) 



Where Jn (X ) is known as the Bessel function3of the first kind of argu­
ment X and-order n and where: 

Jn (X)� 三 (-1)1( χ"+ 21( 
\ I k: 0 2 n + 21( K! (n + K)! 

By applying this relationship twice we have: 
k ∞ 曲

V (1) = Ec 1m I exp [ iωct]佇 I exp[inj ω t l I exp[ i Vjωm ; t] JVI (njß l，)Jnj(ß ，，) 
j =1 "i=-∞ '

�
'j " 

Vj 三∞ ，-mj " "j ' ''' 1" 1 j' ' ''j '1" 2j 

which can be written as: 
k .. 

V (1) = Ec 1111 !txp (1ωcl)佇 I
可 j - 1 "j=-" 

主叩門)JVj吶j) exp i [仙j 1 +叭jt) I 

Recalling the eiX=cosχ+ i s in X and that Im[eiX) =sin χ and by wr iting 
ln a口"lore compact notation our expression becomes: 

V (1) - Ec I. I. ， TT， [Jnj (ß 1j ) JVj (njß 1 j ))sin ωIC t +主仙jt+ I VjCùmJ t) 
"j﹒-..呵- -.. j ﹒1

、
j � l '  . ， 

Now since the Bessel functions口lay be viewed as a訂單litude fac­
tors and since the argument of the sine function is expressed as a 
linear combination of angular frequencies， our expression is in the 
form necessary to yield the frequency spectrum. 

An Illustration!. -Now that the desired expression has been derived， 
an illustration of the manner in which this expression may be used 
shall be presented. As an example let us consider a FM/FM signal 
with two subcarriers. In this case expression (3) could be written as: 

V (t) = Ec[ I I. Jn (ß 1) Jm (nβ2)豆豆Jp(β3) Jq (pβA)) 
n m p q 

{ sin t (ωc � nω" -+ P w'_ -+ mωm. ... qωm_)J 1 � -'， 

It is obvious that each sideband is proportional to the product of 
2K Be ssel functions wher e k is the number of subcarr ier s and the 

proportionality factor is Ec . For instance if we consider the part 
of the expression where m， n， p， q are all zero and Ec = 1 we 
have a sideband of amplitude Jo (βI)JO (0β2) Jo (戶3)JO (0β..) at frequency 

。ω'1+ 0ω.2+hn fohfh﹒ However ， if we consider the part 
of the expre.ssion ' where "， m， p， q arc all equal to one， wc 
have a sideband of amplitude Jl (ß1)J1 (內)Jl們3)J 1 (九) at fr equency 
(J)，. + (1)__ +益)._ -j W__ + w酬‘ '1 -'2 -_ "'1 - "'2 

The following chart illustrates how these and other sidebands could 
be formed. 



Amplitude of Sideband Frequency 

Jo (伊，)Jo (Oß2)JO (β3) JO (β4) We + O'W.， + O'WI2 + O'Wm1 + O.Wm2 

We + O. W.2 + O'W. 2 + O.α)m， + 1.也)m2

We + O'Ws， + 1，W•2 + O'Wm1 + O，Wm2 

(L)c + O'W﹒， + O. W.2 + 1，W"'1 + O. Wm2 

Jo (ß，)JO (0β2)JO (ß3)Jj (0β4) 

J。但I)JO (Oß2)1)的3)J。但4)

J。但l)h (0β2)J。但3)JO (Oß4) 

h(βI)JO (ß2)JO (ß3)JO (0β4) GJc+1.ttJS1+0.已>.2+ O.Wm， + O. Wm2 

Now all that need be done in order to form a sideband is have some 
method of approximating the Besse1 functions. These functions could 
be approximated by summing the series: 

Jn(X)"， J �(X)= 主州Kxn+2K
、f 、 I k = 0 2"+2K(n+k)!k1 

a sufficient numþer of terms， L， where L could be亡hosen by requir ­
i_ ng tþat IJn ( χ)-J�\X )I <(. However， if the argument is fairly 

'
larg� (X>s) it 

'
is

' m'orë 'có;'venient to approximate the Bessel fun�tions
-
with 

the quickly converging asymptotic expansion: 

and 

Jn(X)= (�l給r cos (x- � -E. )Cn (X)- s in(X- �-E.)Sn(X) 1 佇X l \ 2 4 I口、， 、 2 4 I " 、I j 

你) = 1 -川- 1)州_ 3
2
L+州1)州- 32)(4n

2 - 52)(4n
2 
_ 72) -

均持2 吋功
4

Sn( X) = 牟其 - 州 - 1)(4于自 己
(4n2 -的+

自λ 31(8 X )3 

For a given argument， these ser ies need be evaluated for only two 
orders since the recursive relationship， 

咐=特拉 Jn -1秋)-川χ)

can be used to obtain the Bessel functions for higher orders. 
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