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ABSTRACT 

A novel structural health assessment (SHA) technique is proposed. It is a finite 

element-based time domain nonlinear system identification technique. The procedure is 

developed in two stages to incorporate several desirable features and increase its 

implementation potential. First, a weighted global iteration with an objective function is 

introduced in the unscented Kalman filter (UKF) procedure in order to obtain stable, 

convergent, and optimal solution. Furthermore, it also improves the capability of the 

UKF procedure to identify a large structural system using only a short duration of 

responses measured at a limited number of dynamic degrees of freedom (DDOFs). The 

combined procedure is denoted as unscented Kalman filter with weighted global iteration 

(UKF-WGI). 

Then, UKF-WGI is integrated with iterative least-squares with unknown input (ILS-

UI) in order to increase its implementation potential. The substructure concept is also 

incorporated in the procedure. The integrated procedure is denoted as unscented Kalman 

filter with unknown input and weighted global iteration (UKF-UI-WGI). The two most 

important features of the method are that it does not need information on input excitation 

and uses only limited number of noise-contaminated response information to identify 

structural systems. Also, the method is able to identify the defects at the local element 

level by tracking the changes in the stiffness of the structural elements in the finite 

element representation. 

The UKF-UI-WGI procedure is implemented in two stages. In Stage 1, based on the 

location of input excitation, the substructure is selected. Using only responses at all 

DDOFs in the substructure, ILS-UI can identify the input excitation time-histories, 
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stiffness parameters of all the elements in the substructure, and two Rayleigh damping 

coefficients. The outcomes of the first stage are necessary to initiate UKF-WGI. Using 

the information from Stage 1, the stiffness parameters of all the elements in the structure 

are identified using UKF-WGI in Stage 2. 

To demonstrate the effectiveness of the procedure, health assessment of relatively 

large structural systems is presented. Small and relatively large defects are introduced at 

different locations in the structure and the capability of the method to detect the health of 

the structure is examined. The optimum number and location of measured responses are 

also investigated. It is demonstrated that the method is capable of identifying defect-free 

and defective states of the structures using minimum information. Furthermore, it can 

locate defect spot within a defective element accurately. 

The comparative studies are also conducted between the proposed methods and 

available methods in the literature. First, it is between the UKF-WGI and extended 

Kalman filter with weighted global iteration (EKF-WGI) procedure. Then, it is between 

UKF-UI-WGI and generalized iterative least-squares extended Kalman filter with 

unknown input (GILS-EKF-UI) procedure, developed earlier by the research team. It is 

demonstrated that the proposed UKF-based procedures are superior to the EKF-based 

procedures for SHA.  
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CHAPTER 1  

INTRODUCTION 

1.1 Statement of the Problem 

Civil infrastructure systems play important role in economic vitality of a community.  

They are designed to have long life spans. Unfortunately, they deteriorate with time and 

continuously accumulate damage throughout their service life due to the natural aging 

process, overloading, and/or lack of adequate maintenance. They may also experience 

sudden damage due to natural hazards such as earthquakes, storms, etc., or manmade 

events such as blasts, explosions, etc. If damage is left undetected and unmitigated, it 

could potentially cause more damage and eventually lead to catastrophic structural failure 

with loss of human life and severe economic consequences. Even if there is no loss of 

life, communities suffer if the structure is partially or completely out of service even for a 

limited period. In order to ensure the serviceability and safety of structures, structural 

damage detection is necessary at the earliest possible stage. 

Many civil infrastructure systems all over the world are in service for an extended 

period of time and some of their operating periods have exceeded their design lives. Most 

of them were built conforming to old design standards; they are not expected to satisfy 

up-to-date design guidelines and other safety requirements. Based on the American 

Society of Civil Engineers ASCE's 2013 Report Card for America's Infrastructure, the 

nation's infrastructure received an overall grade of D+ and estimated investment needed 

to bring them up to the current standard would be $3.6 trillion by 2020. And based on 

statistics of 2013 by the U.S. Department of Transportation Federal Highway 

Administration (U.S.D.O.T. FHWA), more than 30% of existing bridges have exceeded 
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their 50-year design life. In Canada, more than 40% of the bridges currently in use were 

built over 50 years ago (Bisby and Briglio, 2004) and a significant number of these 

structures need strengthening, rehabilitation, or replacement. The large amount of the cost 

to rehabilitate the infrastructures underlines the importance of developing reliable and 

cost effective methods in the near future.  

The deterioration process of a structure is expected to be different depending on the 

environment where it is located or the functionality for which it was built. The challenge 

is how to assess the rate of deterioration; how to locate defect spots and severity in a 

structure; decide whether the structure will remain safe during its expected design life; 

and who will decide if the structure is safe or unsafe, influencing economic activities of 

the region. 

1.2 Damage in Structure 

The definition of damage is difficult to conceptualize in a general and widely 

accepted manner. In general, damage can be defined as changes within a structural 

system which adversely affect its current and future performance (Farrar et al., 2001). 

Accordingly, structural damage is usually associated with changes to geometric and 

material properties of the structure, such as the occurrence of cracks in structural 

components, gradual deterioration of Young’s modulus of the structural materials and the 

yielding of some structural components. 

There are different types of damage simulation considered in this study. By 

reviewing the numerical or experimental studies in damage detection or assessment, the 

simulations of structural damage are classified into the following categories (Vo, 2003; 

Martinez-Flores, 2005; Bandara, 2013);  
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a) Reduction of thickness or cross section of the element;  

b) Reduction of Young’s modulus of the element; and 

c) Loss of stiffness of the structural element.  

1.3 Structural Health Assessment Methods 

The primary purposes of structural health monitoring and assessment are to ensure 

longevity and safety of the structures and to optimize the maintenance cost. The damage 

detection methods can be classified into four levels, as follows (Rytter, 1993): 

Level 1: Detection of damage 

Level 2: Location of damage 

Level 3: Evaluation of the severity of damage 

Level 4: Determination of the remaining service life of the structure due to damage 

The damage detection methods increase in robustness as the level of damage 

evaluation increases. In this way, level 1 methods consider only the determination 

whether the structure presents damage or not. Level 2 methods consider whether the 

structure is damaged and its location. In level 3 methods, the detected and located 

damage must be quantified in extension and severity, and finally, in level 4, the 

remaining service life of the structure needs to be determined considering the quantified 

damage. It is related to the fields of fracture mechanics, fatigue life analysis, or structural 

design assessment. 

The most widely used method for detecting structural damage is visual inspection. 

As the name implies, visual inspection requires personnel to physically observe damage 

and document its location and severity. However, this method can locate the damage only 

if it is so severe that its effects can be easily seen. Another drawback of visual inspection 
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is that often nonstructural elements must be removed or destroyed in order to uncover 

potentially damaged areas. For example, severe damages (fractures) at joints of steel 

structures after the 1994 Northridge earthquake were not found until removing fire-

protection coatings on beam-column joints. 

Alternative methods are local nondestructive evaluation (NDE), often used as a 

secondary step once suspected areas of damage have been identified. Some examples of 

these methods are acoustic emissions or ultrasonic methods, magnetic field methods, and 

radiography. The local NDE methods have been proven inefficient for a large structural 

system, as they require the vicinity of damage to be known a priori and the portion of 

structures inspected to be readily accessible. Furthermore, execution of these methods in 

such situations is expensive, time consuming, and labor intensive. The most significant 

challenge for any local NDE technologies is the difficulty in directly relating the test 

results to the health condition of the whole structural system. 

The need for cost-effective damage detection methods suitable for a large structural 

system has led to development of several structural health assessment techniques. Among 

various damage detection methods, the system identification (SI)-based methods are the 

most widely studied. 

1.4 System Identification Concept 

System identification (SI) is based on determining the underlying physical system 

from a given set of input/output relationships. The concept of SI is not new. It started 

evolving in structural engineering in the early 1970s. A considerable amount of work has 

been reported in the last decades. Doebling et. al (1996) and Kerschen et. al (2006) 

summarized the state-of-the-art in the related areas that used the concept of SI. 
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A typical SI technique has three components: input, system to be identified, and 

output, as shown in Figure 1.1. For structural system applications, the input is a loading 

that excites the system. The system is a mathematical model of the structure. It can be 

represented by a series of equations or represented in algorithmic form, e.g., in a finite 

element representation in terms of mass, stiffness, and damping properties of each 

element. The output is the response of a structural system due to the input excitation, 

reflecting the current state of the structure. Knowing the input excitation and the output 

response information, the third component (i.e., the system) can be identified.  

 

 

 

Figure ‎1.1 Concept of system identification 

1.5 Structural Health Assessment Based on SI 

Various structural health assessment (SHA) using SI techniques are currently 

available. Among them, methods based on vibration-based SHA have received great 

attention due to advancements in computing power, sensor, and data acquisition 

hardware. The basic premise of vibration-based SHA methods is that structural damage 

will alter the structural stiffness, mass, and/or energy dissipation, which in turn change 

the dynamic behaviors of structures. Thus, by tracking these changes, SHA methods can 

detect the occurrence of structural damages, and even locate and quantify them. 

In general, the vibration-based SHA can be classified into two categories: frequency 

and time domain. Since frequency domain modal properties represent global properties, it 

System Input Output 
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may not be efficient to locate defects at the local element level. This leads to the 

conclusion that a time domain approach will be more appropriate. 

In time domain approach, using information on the excitation and responses, the 

dynamic properties of each element in the structure in terms of mass, stiffness, and 

damping can be identified. In most studies, the masses of all structural members are 

considered to be known. Since the changes in damping of defective structure as compared 

to defect-free structure are not completely understood or correlated at present, the identified 

damping parameters cannot be effectively utilized for the defect identification purpose. In 

most cases, the stiffness parameters of elements in the finite element representation are 

used to identify a structural system. By comparing the identified stiffness properties with 

the expected values; reference values obtained from the design drawings; changes from 

the previous values if inspections are carried out periodically; or variations from one 

member to another with similar sectional properties, the location(s), number, and severity 

of defects can be established. The same procedure can also be applied to evaluate 

rehabilitated structures indicating the effectiveness of the rehabilitation and whether all 

the defects are properly identified and repaired or not. 

1.6 Challenges in SHA 

One of the major challenges in SHA using SI concept is the collection of input 

excitation information (Wang and Haldar, 1994; Lourens et. al., 2012). Outside the 

highly controlled laboratory environment, input excitations may come from different 

sources. Their types and magnitude are usually unknown. The information on input 

excitation may contain so much error that it compromises the fundamental concept of SI. 

The desirability of SI will be significantly improved if the system can be identified using 
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only output response information. The problem is mathematically more challenging since 

two of three components of a SI approach are unknown. 

Furthermore, measured response information is expected to contain noise even when 

it is recorded by smart sensors. For large complicated structural systems, it may not be 

possible or economical to instrument sensors at all dynamic degrees of freedom 

(DDOFs). The response information may be available only at a small part of the structure 

where sensors are placed. 

The structural model used should accurately represent a real structure. Some of SHA 

approaches applied only to shear buildings, the simplest structural model. The simplified 

models may not exactly describe the realistic behavior of the actual structure. 

Most structural system behaves nonlinearly; therefore, an ideal SHA should be based 

on the nonlinear SI concept. Also if the structural system is assumed to be a linear, the 

system identification procedure is nonlinear. In other words, the state vector of the 

system, which needs to be identified, includes system parameters and nonlinear dynamic 

responses and this makes the structural system identification nonlinear. However, 

nonlinear SI is not easy. The research team at the University of Arizona has developed 

several procedures based on extended Kalman filter for nonlinear system identification; 

however, these procedures can be used to identify the structure in the presence of mild 

nonlinearity. The nonlinearity in the structural behavior is expected to be high if the 

structure has severe defects. Since the level of nonlinearity is expected to be unknown at 

the initiation of the inspection, it is necessary to develop a SHA procedure capable of 

identifying a system in the presence of high nonlinearity.  
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To the best of the author’s knowledge, there is not an all-in-one solution to all the 

challenges mentioned above. Many researchers have proposed some new techniques, 

trying to solve one or several above problems and increase the implementation potential 

of SHA methods. 

1.7 Objectives of the Research 

The primary goal of the proposed research is to develop a robust yet simple and 

economical nondestructive health assessment procedure for large real structural systems 

at the local element level. The primary objective is met with the help of the following 

five objectives:  

Objective 1: Develop a novel finite element-based time domain nonlinear-SI 

procedure for large real structural systems using responses at a minimum number of 

DDOFs, denoted as unscented Kalman filter with weighted global iteration (UKF-WGI). 

Objective 2: Develop a novel finite element-based time domain nonlinear-SI 

procedure for large real structural systems using responses at a minimum number of 

DDOFs and without using information on input excitation, denoted as unscented Kalman 

filter with unknown input and weighted global iteration (UKF-UI-WGI). 

Objective 3: Verify the proposed procedures to identify defects in large real 

structural systems at the local element level and also defect spots within a defective 

element. 

Objective 4: Investigate how the uncertain factors required to implement the 

procedures will influence the accuracy of the identification process. 

Objective 5: Compare the capability of the proposed procedures for structural health 

assessment with the available procedures in the literature. 
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1.8 Scope of the Research 

The primary focus of this research is to develop and verify the novel approach 

described in the objectives. First, a weighted global iteration procedure with an objective 

function is incorporated with the unscented Kalman filter (UKF) algorithm in order to 

obtain stable, convergent, and optimal solution to the identification process. Then, 

iterative least-squares with unknown input (ILS-UI) is integrated with the UKF procedure 

in order to identify the structure without using input excitation. The integrated procedure 

is verified analytically. Numerical simulation of the structures are developed in the 

commercial software ANSYS (ver. 15) to collect noise-free time-history of dynamic 

response. Both types of structural behavior (linear and nonlinear) are considered. The 

structure is excited by different types of loadings such as sinusoidal, blast, and seismic 

loading. After the responses are generated, the information on the input excitation(s) is 

completely ignored. Noise-free responses are then contaminated with various levels of 

noises. The defects are modeled by reducing cross-sectional properties of the member. 

The integrated procedure to identify the structural system is developed in FORTRAN 

computer language. 

1.9 Significance of the Research  

This research is significant as its outcomes contribute towards the safe and efficient 

performance of realistic civil structures and result in reducing loss of lives and property 

when subjected to long term deterioration under service load or extreme events such as 

earthquake and impact loads. This research has a direct impact on developing an efficient 

damage identification and condition assessment strategy for civil structures, using 
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unscented Kalman filter. The outcome of the present study contributes towards the safety 

of structures and prevents unexpected structural failures. 

1.10 Layout of the Thesis 

This dissertation comprises seven chapters, and is organized as follows. 

Chapter 1 introduces the background of health assessment of civil structural systems, 

the issues to be addressed and the objectives, scope, significance, and layout of this 

dissertation. 

Chapter 2 contains a literature review on the available SHA approaches with 

emphasis on the research work of vibration-based SHA. The positive and negative 

aspects of the available approaches are identified. Finally, a summary of the literature 

review findings related to the selection of damage detection methodologies and their 

limitations are presented. 

Chapter 3 develops the mathematical concept of the proposed procedure (UKF-

WGI) to identify large structural systems using responses at a minimum number of 

DDOFs. 

Chapter 4 verifies UKF-WGI for health assessment of large real structures exhibiting 

linear and nonlinear behavior using a limited number of noise free and noise-

contaminated responses. 

Chapter 5 develops the mathematical concept of the proposed procedure (UKF-UI-

WGI) to identify large structural systems using responses at a minimum number of 

DDOFs and without using information on input excitation. 

Chapter 6 verifies UKF-UI-WGI for health assessment of large real structures in 

presence of different defect scenarios. The structures are excited by different types of 
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excitation. The parametric study of uncertain variables required to implement the 

procedure is presented. The optimum number and location of measured responses for 

SHA are also studied. 

Chapter 7 summarizes the contributions, findings, and conclusions achieved from the 

research in this dissertation. Recommendations for future work are also presented.  
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CHAPTER 2  

LITERATURE REVIEW 

2.1 Introduction 

Structural health assessment (SHA) and damage detection have been hot research 

topics for several decades; hundreds of approaches have been proposed using various 

hardware and algorithms. This chapter reviews the most significant works on the topic of 

SHA. Only important works related to the current study are emphasized; extensive 

reviews can be found in Doebling et al. (1996, 1998), Salawu (1997), Chang et al. (2003), 

Carden and Fanning (2004), Sohn et al. (2004), Kerschen et al. (2006), Montalvo et al. 

(2006), Fan and Qiao (2011), Farrar and Worden (2011), Haldar and Das (2012a, b), and 

Haldar et al. (2013).  In this study, the merits and demerits of the major works have been 

identified. The discussions will identify the major additional challenges in developing the 

framework for the present research. 

2.2 Non-Model-Based SHA Methods 

Visual inspection is the oldest and most commonly used inspection method in civil 

engineering, and it will probably never be abandoned. However, a visual inspection can 

only reveal defects at or close to accessible surfaces. This indicates that the method has to 

be supplemented with other inspection methods. 

Early evolutions in instruments helped in developing several nondestructive 

evaluation (NDE) techniques, including acoustic emission, ultrasonic wave, radiography 

imagining, eddy current detection, and many other methods (Chang et al., 2003). 
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NDE methods typically require carrying out some experiment near the damage 

location to test the physical properties of the structural materials in order to detect the 

presence and severity of damage inside the structure. For example, ultrasonic methods 

will generate incident ultrasonic sound waves on the surface of a structural component 

and will measure the reflective waves. If there are cracks inside the structure, additional 

reflective waves will be produced and captured by sensors. Therefore, analysis of 

reflective waves allows detection of hidden structural damage. 

Successful implementation of the NDE methods usually requires prior knowledge of 

the defect location and at the same time, ready access for physical inspection. Defect 

hidden behind obstructions is generally not detectable using these methods. Subject to 

such limitations, these local methods can detect damage on or near the surface of the 

structure. In addition, such methods are generally costly, time consuming, and ineffective 

when applied to large and complex structural systems. 

2.3 Model-Based SHA Methods 

The basic idea of model-based SHA methods is determining the underlying physical 

system from a given set of input/output relationships. They use the system identification 

concept. For non-model SHA methods, the physical system can be viewed as a “black 

box”; thus, no inherent knowledge of the structure of the system is required. 

The fundamental axiom of model-based SHA methods is that global level structural 

responses are altered by defects presented at the local level, i.e., in structural members. 

Thus, tracking the signature embedded in the measured responses, the information on the 

locations of defects and their severity can be obtained. According to the type of 
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measurement data used, damage detection methods can also be classified as either static-

based SHA methods or vibration-based SHA methods. 

2.4 Static-Based SHA Methods 

Static-based methods for damage detection are based on the premise that changes in 

the stiffness of a structure will give rise to changes in displacements or strains of the 

structure. Monitoring and measuring these changes under designated loading cases allow 

the evaluation of changes in structural stiffness. Since the static equilibrium equation is 

solely related to structural stiffness, and accurate static displacement and strain data can 

be obtained rapidly, the static damage identification methods have received considerable 

interest by the researchers. Problems of damage detection using displacements could be 

found in (Sanayei and Onipede, 1991; Banan et al., 1994a, b; Hjelmstad and Shin, 1997; 

Yeo et al., 2000; Nasrellah, 2009) and using strains could be found in (Sanayei and 

Saletnik, 1996a, b; Liu and Chian, 1997; Mehrabi et al., 1998; Nasrellah, 2009). 

Static-based SHA methods have several advantages, including that the amount of 

data needed to be stored is relatively small and simple, and no assumption on the mass or 

damping characteristics is required. Thus, fewer errors and uncertainties are introduced 

into the model. However, several challenges remain which prevent the widespread use of 

static-based methods including the means of measuring static response data. Deflection 

measurements can be obtained easily on scale models by means of displacement dial 

gauges. However, the same measurement devices cannot be used on full scale structures. 

The static strain measurements are often easier to obtain and less susceptible to noise. 

Strain gauges can be mounted at several points on a structure to monitor the structural 

response. The main drawback with strain data is the large cost due to the high level of 
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technical knowledge required when mounting each device. Faulty installation during 

construction can render a device or group of devices inoperable, and repair or 

replacement can be costly.  

Another challenge facing static-based SHA is the issue of measurement errors. As 

evidenced by the previous research results, measurement noise can significantly affect the 

accuracy of static-based methods (Aditya and Chakraborty, 2008; Anh, 2009). The 

number of measurement points required to identify the structure should be larger than the 

number of unknown parameters (Haldar and Al-Hussein, 2014). Civil engineering 

structures are generally large and complex with extremely high overall stiffness; 

therefore, it may require extremely large static load to obtain measurable deflections. 

2.5 Vibration-Based SHA Methods 

Vibration-based SHA methods have been receiving increased attention in recent 

years due to their significant advantages such as; it is possible to excite a structure with a 

small amplitude dynamic load relative to the required magnitude of the static load. In 

some circumstances, natural sources such as wind and earthquakes and human-made 

sources such as moving vehicles can be used. The use of acceleration responses 

eliminates the need for a fixed physical reference such as that required by the 

measurement of deflection. Vibration-based methods can accommodate higher levels of 

measurement error compared to static-based methods.  

The available vibration-based methods can be broadly divided into two categories; 

frequency domain SHA and time domain SHA. 
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2.5.1 Frequency Domain SHA 

Frequency domain methods are the most widely used in many disciplines. These 

methods typically use structural modal parameters, such as natural frequency, damping, 

and mode shape, to detect the damage in the structure.  

The underlying premise of damage detection methods in the frequency domain is 

that modal parameters of a structure are functions of its physical parameters (mass, 

damping, and stiffness). As a result, changes in these physical parameters, such as 

reduction in stiffness resulting from the onset of cracks or loosening of a connection, will 

cause changes in vibration characteristics of the structure such as modal properties. 

Therefore, measuring and monitoring these changes allows the evaluation of occurrence, 

localization, and severity of structural damage. 

The frequency domain methods can be classified as forward and inverse methods. 

For the forward methods, the patterns of measured structural modal parameters changes 

are compared with those of analytical structural modal parameters changes for all 

possible damage cases. Then the damage case which produces the best match to the 

measured structural modal parameters changes is regarded as the suspect one. These 

types of methods take the advantage that some patterns of measured structural modal 

parameters changes are a function of damage location only. The inverse methods 

typically use the structural modal parameters as the prediction model; by solving some 

inverse problems, the parameters of the physical structural model (like stiffness) are 

estimated. Hence, inverse methods can provide information about the presence of the 

damage. 

 



34 
 

2.5.1.1 Methods Based on Natural Frequency Shifts 

The most common and earliest approaches for vibration-based damage detection 

have implemented either the natural or the resonant frequencies of the structure to 

evaluate the existence of damage. The tangible relation between the changes of structural 

stiffness and the changes of structural natural frequency makes it a natural choice to use 

the estimated structural frequencies to identify damage. Salawu (1997) presented an 

extensive review on identifying structural damage using natural frequencies. 

An early study that treated damage detection as a forward problem was presented by 

Cawley and Adams (1979). They demonstrated that the ratio of the frequency changes in 

two modes is only a function of damage location. A collection of possible damage points 

was considered, and an error term was constructed that related the measured frequency 

shifts to predicted local stiffness reductions. A number of mode pairs were considered for 

each potential damage location, and the pair that gave the lowest error indicated the 

location of the damage. Penny et al. (1993) and Friswell et al. (1994) attempted to 

improve this method by using a least-squares fitting technique. 

The forward methods require the computation of modal frequency changes for all 

possible damage cases. Therefore, they are impractical for detection of damage in large 

structures. They become more complicated if multiple-damage cases existing in the 

structure. 

Lifshitz and Rotem (1969) were among the first to propose damage detection via 

modal frequency as an inverse problem. They looked at the change in the dynamic 

modulus, which can be related to shifts in natural frequencies, to detect damage in 

particle-filled elastomers. Stubbs and Osegueda (1990 a, b) developed a damage 
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detection method using the sensitivity of modal frequency changes, which relates changes 

in modal frequencies to changes in member stiffness. This method is essentially a 

sensitivity-based finite element model updating technique, and its accuracy, as most 

damage detection methods based on model updating, depends on the quality of the finite 

element model used to compute the modal sensitivities. 

Further examples of inverse methods for examining changes in modal frequencies 

for indications of damage have been presented by Adams, et al. (1978), Wang and Zhang 

(1987), Stubbs, et al. (1990), Hearn and Testa (1991), Richardson and Mannan (1992), 

Sanders, et al. (1992), Narkis (1994), Brincker, et al. (1995), Balis Crema, et al. (1995), 

and Skjaerbaek, et al. (1996). 

Frequency-based damage detection approaches have many desirable features. They 

are easy to implement and relatively inexpensive because modal frequency can be 

measured using very few sensors. However, the disadvantages seem to overwhelm their 

merits. Modal frequency is a global parameter and is insensitive to local damage. The 

damage that creates low frequency requires precise measurements (Doebling et al., 1998). 

Significant damage may cause very small changes in natural frequencies particularly for 

larger structures; these small changes may be undetected due to measurement errors. For 

example, tests conducted on the I-40 Bridge over the Rio Grande in Albuquerque, New 

Mexico (Farrar et al., 1994) also demonstrated this point. When the cross-sectional 

stiffness at the centre of a main plate girder had been reduced by 96%, reducing the 

bending stiffness of the overall bridge cross section by 21%, no significant reductions in 

the modal frequencies were observed.  
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Furthermore, frequency-based methods cannot distinguish damage at symmetrical 

locations in a symmetric structure. Another drawback is that natural frequencies are 

easily affected by environmental changes such as temperature or humidity fluctuations. 

Therefore, the natural frequencies alone are not sufficient to predict the damage (Maeck 

and De Roeck, 2002). 

2.5.1.2 Methods Based on Damping 

The damping properties have not been used as extensively as natural frequencies and 

mode shapes for damage diagnosis. Crack detection in a structure based on damping, 

however, has the advantage over detection schemes based on frequencies and mode 

shapes in that damping changes have the ability to detect the nonlinear, dissipative effects 

that cracks produce.  

Adams et al. (1975) found that, with fiber-reinforced plastics, a state of damage 

could be detected by a reduction in the stiffness and an increase in damping, whether this 

damage was localized, as in a crack, or distributed through the bulk of the specimen as in 

the case of many micro cracks. 

Modena et al. (1999) showed that visually undetectable cracks cause very little 

change in resonant frequencies and require higher mode shapes to be detected, while 

these same cracks cause larger changes in the damping. In some cases, damping changes 

on the order of 50% are observed. Their study focuses on identifying manufacturing 

defects or structural damage in precast reinforced concrete elements. 

Panteliou et al. (2001) showed analytically and experimentally that the damping 

factor increases with increasing the crack depth. They found that the identification of 
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crack by using change in damping factor has the advantage that it is relatively insensitive 

to boundary conditions in comparison to the shifts in natural frequencies. 

Yamaguchi et al. (2013) studied damage detection in steel and concrete bridges 

based on the identification of changes in their modal damping. They demonstrated that 

the energy-based damping analysis can be a powerful tool for the damage detection of 

bridges in the vibration-based SHM. They also noticed that the modal damping is very 

sensitive indictor against corrosion-induced damage in the reinforced concrete beams. 

Even at very small damage level without any visible crack, it was possible to detect this 

damage with damping identification, indicating that the local corrosion level might be 

detectable by measuring the modal damping ratio of reinforced concrete structure. 

2.5.1.3 Methods Based on Change of Mode Shapes 

(a) Direct change in mode shape 

Since the structural modal shapes are more sensitive to the damage than the natural 

frequency and damping ratios, researchers turned to use the mode shape to detect the 

damage. 

Two most commonly used methods to compare two sets of measured mode shapes 

are the modal assurance criterion (MAC) (Allemeng et al., 1982) and the coordinate 

modal assurance criterion (COMAC) (Lieven et al., 1988) where one set of data is 

measured from the intact structure and the other is measured after the structure is 

damaged. MAC indicates the correlation between two sets of mode shapes and COMAC 

indicates the correlation between the mode shapes at a selected measurement point on the 

structure. 
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West (1984) first demonstrated the possibility of using mode shape information for 

locating structural damage. The modal assurance criterion (MAC) was used to determine 

the correlation of the modes before and after damage. The mode shape was partitioned 

using various schemes and the change in the MAC across the different partitioning 

techniques was used to localize the structural damage. 

Srinivasan and Kot (1992) found that changes in mode shapes were a more sensitive 

indicator of damage than changes in resonant frequencies for a shell structure. These 

changes were quantified using changes in the MAC values comparing the damaged and 

undamaged mode shapes. 

Salawu and Williams (1995) conducted modal tests of a full-scale bridge before and 

after rehabilitation. They concluded that natural frequencies of the bridge did not change 

significantly as a result of structural repairs, and both MAC and COMAC were able to 

give good indications of the presence and location of the repairs. It was also concluded 

that the performance of MAC and COMAC depends on the modes and measurement 

locations used for damage localization. 

In the literatures, there are many other assurance criteria proposed to assess the 

consistence of modal shapes and other structural dynamic properties like frequency 

response function as well. These methods include partial modal assurance criterion 

(Heylen and Janter, 1990), modal assurance criterion using reciprocal modal vectors (Wei 

et al., 1990), coordinate orthogonality check (Avitabile and Pechinsky, 1994), the 

frequency response assurance criterion (Heylen and Lammens, 1996), scaled modal 

assurance criterion (Brechlin et al., 1998), coordinate modal error function (Catbas et al., 

1998), and frequency scaled modal assurance criterion (Fotsch and Ewins, 2001). 
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(b) Change in mode shape curvature 

An alternative to using mode shapes to obtain spatial information regarding the 

damage location is to utilize the mode shape derivatives, such as mode shape curvature. 

Derivatives of mode shapes are sensitive to small damages, so they can be used to detect 

damage. The curvature mode shapes are derived from the measured displacement mode 

shapes using a central difference approximation. 

Pandey et al. (1991) presented a method to detect damage in a beam structure by 

using absolute changes in mode shape curvatures. The curvature values were computed 

from the displacement mode shape using a central difference approximation. They 

demonstrated that absolute changes in mode shape curvature can be a good indicator of 

damage for beam structures. They also found that the modal curvature was a far more 

sensitive damage indicator than the MAC or COMAC values. 

Abdul Wahab and De Roeck (1999) successfully applied a modal curvature based 

method to the Z24 Bridge in Switzerland. They introduced a damage indicator which is 

determined by the difference in curvature before and after damage averaged over a 

number of modes. Also if the structure contained several damages, the method gave a 

clear identification of these locations. They concluded that the use of modal curvature to 

locate damage in civil engineering structures seems promising. 

Dutta and Talukdar (2004) investigated the change in mode shape curvature in more 

detail to detect and localize multiple damages in simply supported and continuous bridge 

structures. They noticed the higher peaks in modal curvature changes at damage location 

along the beam, both in longitudinal and transverse directions. They also showed that the 
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modal curvatures of the lower modes are in general more accurate than those of the 

higher modes. 

Despite the advantage of using the mode shapes and their derivatives to identify the 

damage, they suffer from several limitations in application (Hua, 2006): 1) dense array of 

measurement points is required for an accurate configuration of mode shapes and 

curvature mode shapes; 2) the mode shape has larger statistical variation than does modal 

frequency; 3) the mode shape based methods, especially the curvature mode shape based 

methods, are not readily applicable for structures with complex configuration; and 4) it is 

required to select a mode shape, yet it is a priori unknown which mode suffers from 

significant change due to particular structural damage. 

(c) Change of modal strain energy (damage index method) 

When a particular vibration mode stores a large amount of strain energy in some 

structural members, the frequency and shape of that mode are highly sensitive to the 

changes in those structural members. Some studies indicated that modal strain energy is 

useful in localizing structural damage.  

Stubbs et al. (1992) was the first introduced the concept of modal strain energy-

based damage detection. They developed a method based on the decrease in modal strain 

energy caused by damage in a region located between two structural degrees of freedom, 

as derived from the curvature of the measured mode shapes. This method is referred to in 

the literature as the damage index method. 

Kim and Stubbs (1995) applied the method to a model plate girder. It was observed 

that damage can be confidently located with a relatively small localization error and a 

relatively small false-negative (i.e., missing detection of true damage locations) error but 
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a relatively large false-positive (i.e., prediction of locations that are not damaged) error. It 

is also observed that severity of damage can be estimated with a relatively large error. 

Li et al. (2006) introduced a modal strain energy decomposition method for damage 

location identification of three-dimensional (3D) frame structures. This method was 

based on decomposing the modal strain energy of each structural member (or element). 

Axial damage indicator and transverse damage indicator were calculated for each 

member to perform the identification of damage location analysis. The method required 

only a small number of mode shapes of damaged and baseline structures. A 3D five-story 

frame structure was studied numerically. The results showed that the axial damage 

indicator was able to locate damage occurring in horizontal elements, and that the 

transverse damage indicator was able to locate damage occurring in vertical elements. 

However, false positive error was generated and damage severity was not identified well. 

Wang et al. (2010) presented an improved modal strain energy correlation method 

(MSEC) where the prediction of modal strain energy change vector was differently 

obtained by running the eigen-solutions on-line in optimization iterations. A genetic 

algorithm was used to operate the iterative searching process. The results demonstrate 

that the improved MSEC method sufficed to meet the demand in detecting the damage of 

truss bridge structures, even when noisy measurement is considered. 

2.5.1.4 Methods Based on Dynamically Measured Flexibility Matrix 

Another class of damage identification methods uses the dynamically measured 

flexibility matrix. The modal flexibility matrix includes the influence of both the mode 

shapes and the natural frequencies. It is defined as the accumulation of the contributions 

from all available mode shapes and corresponding natural frequencies (Huth et al., 2005). 
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Berman and Flannelly (1971) showed that higher modes contribute more to stiffness 

matrix than lower modes based on the governing equation of structural dynamics.  

Therefore, to obtain a good estimate of stiffness matrix or its change as required for 

damage localization, one needs to measure all the modes of a structure, especially the 

higher modes. Due to practical limitations, it is extremely difficult to measure higher 

frequency response data, and this presents a severe constraint to the accuracy of stiffness 

difference methods. Therefore, to avoid this difficulty, dynamically measured flexibility 

matrix was used to estimate the change in structural stiffness. 

Pandey and Biswas (1994, 1995) presented a method based on changes in the 

measured flexibility of the structure to detect and localize the damage. This method was 

applied to several numerical examples and to an actual spliced beam where the damage 

was linear in nature. Results of the numerical and experimental examples showed that 

estimates of the damage condition and the location of the damage could be obtained from 

just the first two measured modes of the structure. 

Zhao and Dewolf (1999) presented a theoretical sensitivity study comparing the use 

of natural frequencies, mode shapes, and modal flexibility for damage detection. The 

differences in sensitivities were evaluated for a spring-mass system. The results 

demonstrate that modal flexibility is more likely to indicate damage than the other two. 

Salehi et al. (2011) presented a method to localize the structural damage based on 

dynamically measured flexibility matrix. The method was successfully implemented on 

uniform beam structures. The method was verified via numerical as well as experimental 

case studies. They showed that the results in both cases are satisfactory and could be used 

for damage detection of real life structures. The main advantage of the method was that it 
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did not require theoretical model or baseline information about the intact state of the 

structure. 

2.5.1.5 Methods Based on Model Updating 

Another class of damage identification techniques is based on the modification of 

structural model matrices such as mass, stiffness, and damping to reproduce as closely as 

possible the measured static or dynamic response. These methods solve for the updated 

matrices by forming a constrained optimization problem based on the structural equations 

of motion, the nominal model, and the measured data. Comparisons of the updated 

matrices to the original correlated matrices provide an indication of damage and can be 

used to quantify the location and extent of damage. 

Liu (1995) presented an optimal updating technique for computing the elemental 

stiffness and mass parameters for a truss structure from measured modal frequencies and 

mode shapes. The method minimized the norm of the modal force error. The author 

demonstrated that if sufficient modal data were available, the elemental properties could 

be directly computed using the measured modal frequencies, measured mode shapes, and 

two matrices which represented the elemental orientations in space and the global 

connectivity of the truss. The method was able to locate a damaged member using the 

first four measured modes in sets of three at a time. 

Hu et al. (2001) developed two identification algorithms for assessing structural 

damages using the modal test data which were not strongly dependent on analytical 

models. For the first algorithm, they used a special perturbation technique which led to 

approximate estimation of the damage state and avoided the analytical evaluation of the 

global stiffness and mass matrices. In the second method, only the information on 
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analytically derived mass matrix was used to predict the extent of damage. These 

approaches first locate the damages using a special subspace rotation algorithm, and then 

identify the magnitude of damage using the quadratic programming technique. A ten-bay 

planar truss and two fixed ended beams were used to verify these algorithms. They 

modeled the damage states by reducing the modulus of elasticity by 10% and 50%. 

Teughels and De Roeck (2005) successfully applied the finite element model 

updating method to assess damage in a number of structures. The method was applied in 

two steps. In the first, the initial finite element model was tuned to the undamaged state to 

obtain a reference model, which was used afterwards in the second step, when the 

reference model was updated to the damaged state. The method was illustrated on 

prestressed and reinforced concrete beams, tested in laboratory, and on a prestressed 

concrete bridge. In all examples, the damage could be clearly identified. 

The frequency domain methods have several advantages. They are relatively simple 

approaches and the modal information can be expressed in countable forms in terms of 

frequencies and mode shape vectors instead of using enormous amount of response data. 

The changes in the modal information can be used to detect defects in structures. In this 

approach, the effect of noise in the responses is reduced due to an averaging effect. 

Despite these advantages, there are many disadvantages or deficiencies in these methods. 

Commonly used methods for damage detection, such as structural natural frequency, 

mode shape and so forth, are not very sensitive to local structural damage (Farrar et al., 

1994; Haldar et al., 1998; Katkhuda, 2004; Zhang, 2010). As a result, small or moderate 

structural damage are very difficult, if at all possible, to detect. In addition, other factors 

(like environmental temperature) may often lead to larger changes in the structural 
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frequency and mode shape than those caused by the damage, making the damage 

detection even more difficult. The modal parameters are not reliable if only the first few 

modes are measured (Raghavendrachar and Aktan, 1992). The information on higher 

modes is required. However, the higher order modes are very difficult to identify and 

they are considered extremely unreliable for large complicated structural systems (Oh 

and Jung, 1998). The minimum number of modes required to identify defects is not yet 

addressed in the literature (Ko et al., 1994; Salawu and Williams, 1994; Beck and Yuen, 

2004). 

2.5.2 Time Domain SHA 

Time domain SHA here refer to the methods that directly make use of the response 

time-histories to detect structural damage. These methods typically first select a 

mathematical model to represent the structure; then, the parameters of the model are 

identified by minimizing the difference between the measured structural responses and 

that predicted by the model. Although the time domain approach is better to locate and 

quantify defects at the local level, it is not widely used. Recent advances in the 

technology of the sensors, computers, and data acquisition systems are expected to make 

this approach more desirable than the modal approaches in the near future. 

In the past decades, a number of time domain techniques have been developed in 

civil engineering for structural system identification, including auto regressive moving 

average method (Shinozuka et al., 1982; Pandit and Wu, 1993), least-squares estimation 

(Smyth et al., 1999; Chen and Li, 2004; Yang and Lin, 2005; Xu et al., 2012), H filter 

(Sato and Qi, 1998, 1999), sequential Monte Carlo methods (Yoshida and Sato, 2002; 

Chen et al., 2005; Nasrellah and Manohar, 2011; Chatzi and Smyth, 2013), extended 
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Kalman filter (Yun and Shinozuka, 1980; Hoshiya and Saito, 1984; Loh and Tsaur, 1988; 

Yang et al., 2006), ensemble Kalman filter (Ghanem and Ferro, 2006; Khalil et al., 2007),  

unscented Kalman filter (Mariani and Ghisi, 2007; Wu and Smyth, 2007; Chatzi and 

Smyth, 2009; Chatzi et al., 2010) and genetic algorithms (Udwadia and Proskurowski, 

1998; Koh et al., 1999, 2000, 2003; Perry et al., 2006) 

Further reviews on available time domain methods were presented by Wang (1995), 

Katkhuda (2004) and Martinez-Flores (2005). The following section will focus on the 

time domain methods related to the proposal research. 

2.5.2.1 Least-Squares Based Methods 

The least-squares based methods are one of the most widely used in structural SI. In 

this approach, the unknown parameters of structural systems are estimated by minimizing 

the sum of squared errors between the predicted and the measured outputs. Caravani et al. 

(1977) were among the first to carry out SI study by means of a recursive least-squares 

algorithm. He used it to directly identify the stiffness and damping parameters of shear-

type structures. Torkamani and Ahmadi (1988a, b, c) estimated the stiffness using known 

frequencies and mode shapes identified in frequency domain. Here, the mode shapes and 

frequencies were expanded as functions of stiffness in a Taylor series. The least-squares, 

weighted least-squares and statistical SI techniques were used to identify the stiffness 

parameters of shear-type structures. A large number of extracted mode shapes and 

frequencies produces better estimates. However, this generally is difficult to achieve. 

Moreover, the identification of damping coefficients was not considered in these 

methods. Agbabian et al. (1991) used the least-squares method to identify stiffness and 

damping coefficients of a three DDOFs structural system. Yang and Lin (2005) presented 
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adaptive tracking technique, which was based on the least-squares estimation approach, 

to identify the time-varying structural parameters during a severe event, such as the 

earthquake. The method was applied to linear structures (Phase I ASCE structural health 

monitoring benchmark building) and a nonlinear elastic structure. 

Based on the least-squares method, other time domain SI techniques were developed 

such as and maximum likelihood method (DiPasquale and Cakmak, 1988; Imai et al., 

1989). They identified unknown parameters by maximizing the probability of the 

measured data. This probability is referred to as the likelihood function of the 

measurements. As the logarithm is monotonic, maximizing the likelihood function is 

usually replaced by maximizing its logarithm. Shinozuka et al. (1982) applied the 

maximum likelihood method to identify the parameters of a two-dimensional model of a 

suspension bridge. Shao et al. (1985) used the maximum likelihood method for parameter 

identification of a vibrating system. The instrumental variable method (Eykhoff, 1982) 

which utilizes a coefficient matrix, also known as the instrumental variable matrix, was 

used to identify a structure using the least-squares method. It is important to note that all 

the above mentioned methods require the information of the input excitation. 

To improve the application of least-squares based methods, the research team at the 

University of Arizona developed a number of least-squares based methods to identify the 

health of the structure without using input excitation. Wang and Haldar (1994) developed 

iterative least-squares with unknown input (ILS-UI) procedure. The procedure can 

identify the structural parameters, i.e., stiffness and damping at the local level using 

responses measured at all DDOFs and without using input excitation information. The 

structural damping is assumed to be viscous. Ling and Haldar (2004) improved the 
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efficiency of the method by introducing Rayleigh-type proportional damping and they 

called modified ILS-UI or MILS-UI. The method was further improved by Katkhuda et 

al. (2005) and it was called as generalized ILS-UI or GILS-UI. All these methods were 

applied for two dimensional structures. Later, the method was also further enhanced by 

Das and Haldar (2010a, 2010b) for 3D structures and it was called as 3D-GILS-UI. All of 

these methods were verified numerically using measured responses generated by 

commercially available finite element software. They also added artificially white noises 

to numerically generated noise-free responses. They verified the methods for shear-type 

buildings, trusses, and frames and showed that the methods could assess health of the 

structure for both noise-free and noisy responses (Wang and Haldar, 1994; Ling and 

Haldar, 2004; Katkhuda et al., 2005; Katkhuda and Haldar, 2006; Haldar and Das, 2010). 

After the effectiveness of the ILS-UI procedure and its variants demonstrated 

analytically, the research team at the University of Arizona verified them experimentally. 

Vo (2003) and Vo and Haldar (2004, 2008) tested one dimensional beams (simply 

supported and fixed ended beams) and Martinez-Flores and Haldar (2007) and Martinez-

Flores et al. (2008) tested a two dimensional frame built to one-third scaled three-story 

steel structure in the laboratory. They used actual experimental response information to 

identify the structural parameters of defect-free and defective structure without using the 

information on the input excitation. Both studies conclusively confirmed the validity of 

the procedure to assess the health of the structure. 

For the sake of completeness, recently available least-squares based methods with 

unknown input for SHA are reviewed briefly here. Smyth et al. (1999) presented least-

squares based adaptive identification algorithm to identify both the single degree of 
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freedom (SDOF) and multiple degrees of freedom (MDOF) nonlinear hysteretic systems 

under arbitrary dynamic environments. They showed that the method successfully 

tracked the restoring force corresponding to the experimental data from a reinforced 

concrete structural member.  

Chen and Li (2004) presented an iterative identification procedure consisting of the 

least-squares technique and a modification process between each recursive step. They 

verified the procedure using shear-type buildings and truss bridges. The results 

demonstrated that the method could accurately identify both the structural parameters and 

the input time-history when the responses are noise-free or slightly contaminated with 

noise. However, the identification accuracy of the damping coefficients was broadly 

acceptable at low noise level, and became relatively poor at high noise level. 

Yang et al. (2007) proposed a recursive least-squares estimation with unknown 

inputs (RLSE-UI) approach to identify the structural parameters, such as the stiffness, 

damping, and other nonlinear parameters, as well as the unmeasured excitations. It was 

used to identify abrupt changes in the stiffness and/or damping. Simulation results based 

on an ASCE benchmark building for structural health monitoring and nonlinear structures 

demonstrated that the proposed adaptive approach was quite effective and accurate. 

Xu et al. (2012) proposed weighted adaptive iterative least-squares estimation with 

incomplete measured excitations (WAILSE-IME) approach to identify the structural 

parameters and external loading. The performance of the proposed approach was verified 

by numerical simulation on a six-story shear model structure with noise-free 

measurement and noise-polluted simulation data and dynamic tests on a four-story frame 

structure built in the lab. They showed that the approach accurately identified the 
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structural parameters and unknown excitation. They also showed its robustness when 

noise-polluted structural response measurements are employed. 

2.5.2.2 Kalman Filter-Based Methods 

The Kalman filter (KF) was proposed in 1960 (Kalman, 1960) and has won wide 

acclamation among engineers, scientists, and managers. Since the time of its introduction, 

the Kalman filter has been the subject of extensive research and application. This is likely 

due in large part to advances in digital computing that made the use of the filter practical, 

but also to the relative simplicity and robust nature of the filter itself. The filter is an 

optimal recursive data-processing algorithm, such that all previous data, except the most 

recent, need not be kept in storage at the time when a new measurement is taken. The 

technique can process noisy measurement data.  

The Kalman filter (KF) is a linear filter that can be applied to a linear system. 

Unfortunately, linear structural systems may not exist - all structural systems possess 

some degree of nonlinearity. Moderate to high level of excitation may force the structure 

to behave nonlinearly. Presence of defects may also cause nonlinearity, even when the 

excitation is at the low level. Also if the structural system is linear, the estimation of the 

unknown parameters jointly with the state is a nonlinear estimation problem. Therefore, 

nonlinear system identification techniques need to be used to identify the structural 

system. In order to apply the mechanics of the Kalman filter to nonlinear problem, the 

extended Kalman filter, ensemble Kalman filter, and unscented Kalman filter were 

developed. 
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(a) Extended Kalman filter (EKF) 

The extended Kalman filter (EKF) is originally developed by Kalman and Bucy 

(1961) and Jazwinski (1970). The principle of the EKF is that it linearises all nonlinear 

models so that the basic Kalman filter can be applied. The EKF has been one of the most 

widely used tools for nonlinear state estimation and parameter identification based on 

vibration measurements in civil engineering. 

Carmichael (1979) incorporated the model parameter estimation by the EKF within 

the state estimation problem by suitably augmenting the state vector of dynamic behavior 

of the model. The method was verified using a single degree-of-freedom system. The 

adaptability of the reference state vector was not markedly stable due to the finite 

difference approximation. 

Yun and Shinozuka (1980) applied EKF to identify a nonlinear multiple degree-of-

freedom model of an offshore tower in which the response of each mass was observed. 

Analytical simulation studies were performed for structural systems on the basis of 

artificially generated input and output observations under the various output noise 

conditions. They showed that the EKF yielded good estimates even under the conditions 

of fairly large amounts of output noise. 

Hoshiya and Saito (1984) introduced a weighted global iteration (WGI) procedure 

with an objective function in the EKF algorithm in order to obtain stable solutions as well 

as their fast convergency to the optimal ones. The procedure is denoted as EKF-WGI. 

The weight factor is incorporated along with the initial covariance matrix in order to 

accelerate the EKF processing, while the stability might be sacrificed to some extent. 

When the algorithm tends to diverge, the best estimated values are obtained 
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corresponding to the minimum objective function. They reported that the weight seems to 

play an important role in the promotion of convergency. EKF-WGI was verified 

extensively by identifying structural parameters (Hoshiya and Saito, 1984; Hoshiya and 

Maruyama, 1987; Toki et al., 1989; Koh et al., 1991; Oreta and Tanabe, 1993, 1994; Lin 

and Zhang, 1994). 

The shortcoming of the EKF-WGI is that it requires the information of input 

excitation. As mentioned earlier, to improve implementation potential of the procedure, it 

should be able to identify the structural system without using the input excitation 

information. To overcome this challenge, the research team at the University of Arizona 

developed a two-stage approach by combining ILS-UI and its variants and EKF-WGI 

procedures. Based on the location of input excitation and available measured responses, a 

substructure can be selected that will satisfy all the requirements of the ILS-UI procedure 

in Stage 1. At the completion of Stage 1, the information on the unknown excitation and 

the damping and stiffness parameters of all the elements in the substructure will be 

available. The identified damping can be assumed to be applicable for the whole 

structure. The identified stiffness parameters will provide information on the initial 

values of the state vector required to implement EKF-WGI. With the information on 

initial state vector and excitation information, the EKF-WGI procedure can be initiated to 

identify the whole structure in Stage 2. Wang and Haldar (1997) were among the first 

developed a two-stage procedure and they denoted it as iterative least-squares extended 

Kalman filter with unknown input (ILS-EKF-UI) method. Then, Ling and Haldar (2004) 

modified the procedure and called it as MILS-EKF-UI. Later, Katkhuda and Haldar 

(2008) generalized the procedure to be applied for a different type of structural system 
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and it is known as GILS-EKF-UI. Finally, Das and Haldar (2012a) extended the 

procedure further to be applied to three-dimensional structural system and they named it 

as 3D GILS-EKF-UI. These procedures were successfully verified using analytically 

generated responses (Wang, 1995; Ling, 2000; Katkhuda, 2004; Das and Haldar, 2011a, 

b; Das et al., 2012; Das and Haldar, 2012a, b, c; Das, 2012). Then, the GILS-EKF-UI was 

verified experimentally in the laboratory for a two dimensional frame (Martinez-Flores, 

2005; Martinez-Flores et al., 2008). They considered defect-free and several defective 

states with different levels of severities, including broken members, loss of cross 

sectional area over the entire length of members, loss of area over small length of a 

member, presence of one or multiple cracks in a member, etc. 

For the sake of completeness, other recently proposed EKF-based SHA methods 

with unknown input for SHA are reviewed briefly. 

Ma and Ho (2004) proposed an inverse method, which comprises two parts; the 

extended Kalman filter and a recursive least-squares estimator. The method was used to 

identify input forces of nonlinear structural systems. The estimation performance of the 

proposed method was evaluated through numerical experiments of nonlinear lumped-

mass systems. They demonstrated that the inverse method successfully applied to identify 

the excitation forces. 

Yang et al. (2007) proposed EKF with unknown inputs (EKF-UI) to identify the 

structural parameters, such as the stiffness, damping, and nonlinear parameters, as well as 

the unmeasured excitations. They verified the approach to linear and nonlinear structures 

and demonstrated that the approach successfully identified the structural parameters, their 

variations due to damages, and unknown excitations. 
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(b) Ensemble Kalman filter (EnKF) 

The ensemble Kalman filter (EnKF) concept is a sophisticated sequential data 

assimilation method. It is a Monte Carlo approximation of the Kalman filter (KF), where 

the true covariance matrix in the KF is replaced by the sample covariance matrix 

computed from the ensemble. The EnKF propagates the samples using the full nonlinear 

model. It has been shown in many applications that EnKF resolves the issue of poor error 

covariance evolution associated with EKF. This method was first introduced by Evensen 

(1994) 

Although the EnKF has been applied extensively in recent years in various 

geophysical areas, its application to structural health assessment is very limited. The 

EnKF has just recently been introduced as a parameter identification tool by Ghanem and 

Ferro (2006). They presented approach combining the ensemble Kalman filter and non-

parametric modeling techniques to tackle structural health monitoring for nonlinear 

systems. Both location and time of occurrence of damage were accurately detected in 

spite of measurement and modeling noise. A comparison between ensemble and extended 

Kalman filters was also presented and they showed that the robustness of the EnKF with 

respect to severe nonlinearities. 

Khalil et al. (2007) explored the capabilities of the EKF, EnKF, and particle filter 

(PF) for joint state-parameter estimation for a simple nonlinear structural dynamical 

system. It was demonstrated that the EKF failed to track the true state of the system due 

to the highly non-Gaussian nature of the state variables, caused by the presence of strong 

nonlinearities. The EnKF and PF performed well in tracking the true state of the system. 

They also showed that even in the presence of relatively large model and measurement 
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noise, the estimates of the nonlinear stiffness coefficients given by the EnKF and PF 

matched reasonably well with the true values. 

(c) Unscented Kalman filter (UKF) 

Unscented Kalman filter (UKF) is a nonlinear filter, and was first proposed by Julier  

(Julier et al., 1995; Julier and Uhlmann, 1997; Julier et al., 2000) and further enhanced 

(Wan and van der Merwe, 2000; van der Merwe and Wan, 2001a; van Zandt, 2001; 

Julier, 2002; Julier and Uhlmann, 2002; Julier, 2003; Tenne and Singh, 2003). Unlike the 

extended Kalman filter (EKF), which is based on the linearizing the nonlinear function by 

using Taylor series expansions, UKF uses the true nonlinear models and approximates a 

Gaussian distribution of the state random variable. The principle of UKF is to generate a 

number of sampling points (sigma points) around the current state estimate based on its 

covariance. Then, these points are explicitly propagated through the nonlinear system 

equations to get more accurate estimation of the mean and covariance of the mapping 

results. 

The UKF concept has been shown to be a superior alternative to the EKF in a variety 

of applications in the areas of nonlinear state estimation and parameter identification 

including nonlinear dynamical system identification (Sitz et al., 2002; Popescu and 

Wong, 2003; Voss et al., 2004), navigation and tracking (Chen et al., 2003; Crassidis and 

Markley, 2003; van der Merwe et al., 2004; Lee and Alfriend, 2004; Julier and Uhlmann, 

2004), chemical engineering estimation (Romanenko and Castro, 2004; Romanenko et 

al., 2004), visual tracking (Li et al., 2004), and neural network training (Wan and van der 

Merwe, 2000; van der Merwe and Wan, 2001b; Choi et al., 2004, 2005). Despite the fact 
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that UKF apparently surpasses EKF, UKF has not been used widely in the field of civil 

engineering. 

Mariani and Ghisi (2007) applied EKF and UKF to a case of softening single degree-

of-freedom (SDOF) structural system. They showed that the performance of UKF, in 

terms of state tracking and model calibration, was significantly superior to that of EKF. 

Wu and Smyth (2007) compared the performance of EKF and UKF to nonlinear 

structural system identification problems. A single-degree of freedom nonlinear 

hysteretic dynamic system, a 2-DDOF linear structural system, and a two-story nonlinear 

elastic system were considered. The authors showed that the results of UKF were more 

accurate than EKF in highly nonlinear system and UKF was at least as good as EKF for 

weakly nonlinear systems. They also demonstrated that UKF was more robust to the 

measurement noise level than EKF and UKF could be applied to non-differentiable 

functions. 

Chatzi and Smyth (2009) presented a comparison on performance of UKF and two 

particle filter (PF)-based methods for unmeasured state and model parameter 

identification of 3-DDOF system with Bouc-Wen oscillator. The authors proved that 

UKF and Gaussian mixture sigma-point particle filter (GMSPPF) are the most efficient 

ones for identifying the final system parameters and as far as the computational cost is 

concerned the UKF method is considerably faster. 

Chatzi et al. (2010) presented a method for the on-line identification of nonlinear 

hysteretic systems where the nature of the analytical model describing the system is not 

clearly established.  It was a Bayesian approach based on the UKF method in order to 
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investigate the effects of model complexity and parameterization. The capability of the 

method was demonstrated through validation tests using the experimental data sets. 

2.5.2.3 Substructure Methods 

A localized structural identification procedure often referred to as substructuring 

approach. The localized substructuring procedure has the advantage that identification of 

input excitation is not necessary if the node of excitation does not belong to the 

substructure under consideration. However, multiple substructures will be necessary for 

complete structural identification. 

Koh et al. (1991) first proposed a substructure system identification method in the 

time domain. A large structure is divided into many smaller substructures and EKF-WGI 

was used to identify the unknown structural parameters (stiffness and damping 

coefficients) of each substructure separately. Numerical simulation studies were 

performed for three types of structures, namely a shear building, a plane frame building 

and a plane truss bridge. 

Oreta and Tanabe (1993) presented a procedure for localized identification of 

structural parameters using EKF-WGI. The concept of primary-secondary system was 

applied. A structure was decomposed into two substructures (primary and secondary 

system) which were attached at a common boundary (boundary system). The response at 

the boundary DDOFs in the substructure must be available as input so that the 

identification could be implemented.  The procedure was numerically verified for a shear 

building. 

Oreta and Tanabe (1994) identified structural parameters of a frame element isolated 

from the complete structure using substructuring procedure. The EKF-WGI procedure 
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was used to estimate the physical characteristics of a frame element; the axial rigidity, 

flexural rigidity, and damping parameters. Numerical simulation studies were performed 

on two-story plane frames. 

Law and Yong (2011) presented two substructural damage detection methods to 

identify external excitations and local damages in a substructure. In the first method, the 

finite element model of the whole structure was required and a selected substructure was 

assessed for its structural conditions. In the second method, the finite element model of 

the selected substructure was only required with both the dynamic measurement and 

excitation conducted within the same substructure. Numerical studies with a planar truss 

structure showed that both methods could fairly accurately identify the local damages 

with 10% noise in the measured responses. 

As mentioned earlier, the research team at the University of Arizona presented a 

substructure approach. The iterative least-squares with unknown input procedure was 

used to identify the input excitation and structural parameters (stiffness and damping 

coefficients). The information of response was only required to implement the procedure. 

They verified the procedure for different types of excitation; impulsive, sinusoidal, and 

irregular earthquake loading. 

2.6 Challenges for SHA  

Although many vibration-based SHA methods in the time domain have been 

developed so far, no method could be regarded sufficiently accurate, efficient, and robust 

for broader applications to assess health of real structures. The reasons are discussed 

below. 
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The LS-based approach is one of the most widely used in the identification of 

structural systems. However, it can be used only if the responses are available at all 

DDOFs in the structure. Therefore, its implementation can be limited; primarily it is 

applicable to relatively small structural systems (Haldar and Al-Hussein, 2015). 

The widely used EKF approach provides only an approximation to the optimal 

nonlinear estimation and it has three well-known drawbacks (Julier et al., 1995);  

(a) Linearisation can produce highly unstable filter performance if the timestep 

intervals are not sufficiently small.  

(b) The derivation of the Jacobian matrices is nontrivial in most applications and 

often lead to significant implementation difficulties.  

(c) Sufficiently small timestep intervals usually imply high computational overhead 

as the number of calculations demanded for the generation of the Jacobian and the 

predictions of state estimate and covariance are large.  

For strongly nonlinear structural systems, EnKF can be expected to have superior 

performance over EKF. However, since EnKF used Monte Carlo approximation, it often 

requires a very large number of sample points and is therefore very computationally 

expensive and practically inapplicable when dimension of the problem is large. 

Therefore, it is impractical for large structural systems.   

UKF has the advantage over the classical EKF of being able to handle any functional 

nonlinearity and it does not require the calculation of Jacobians. Furthermore, UKF is 

much more computationally efficient than EnKF and it can be applied for large structural 

systems. 
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The author observed that the UKF concept has been successfully applied to 

numerous practical estimation problems, mentioned earlier, and shown to be a powerful 

filter in many cases (Al-Hussein and Haldar, 2014). However, its uses for the health 

assessment of civil infrastructures are very limited and there are several shortcomings to 

its application including (Al-Hussein and Haldar, 2015a, b, d):  

(a) It was applied to simple structures represented by shear building with a small 

number of DDOFs, typically not greater than three. 

(b) The identification of the defective state of a structure was not considered in these 

studies.  

(c) The input excitation was assumed to be known in all of its applications. 

(d) At least one response time-histories (acceleration, velocity, or displacement) were 

assumed to be available at all DDOFs. 

(e) Relatively a large duration of response histories is needed. 

The most important challenge in the vibration-based SHA is to measure both the 

excitation and the response time-histories simultaneously at high sampling rates. The 

collection of input excitation information is not simple. As structural systems get larger 

and complicated, the identification of their health becomes increasingly challenging and 

the author observed that the traditional concept of UKF may not be able to identify them 

(Al-Hussein and Haldar, 2015e). In addition, for large complicated structural systems, it 

may not be possible or economical to measure responses at all DDOFs. For this class of 

systems, the response time-histories will be measured only at small part(s) of the 

structure, i.e., at a limited number of DDOFs. This will require a substructure approach. 

Also, it is difficult to confirm after the identification process whether or not the estimated 
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parameters are stable and convergent to the expected values. To overcome this challenge, 

additional mathematical sophistication is required. The use of a large duration of 

response histories may contaminate the responses from other sources of excitation during 

field investigations. 

Observing these deficiencies prompted the author to propose a comprehensive 

improvement of the UKF concept for the structural health assessment of real large 

structural systems. The new approach is a combination of LS and UKF-based approach 

and it uses the concept of substructure. Furthermore, the weighted global iteration with an 

objective function is incorporated with the UKF algorithm to obtain stable and 

convergent solution. The advantage of new integrated approach is that it can assess health 

of large structures at the local element level using only noise-contaminated responses at a 

limited number of DDOFs and without using excitation information. In addition, it uses 

small response time-histories; often fractions of a second.  
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CHAPTER 3  

THEORY OF IDENTIFICATION OF LARGE STRUCTURAL SYSTEMS USING 

LIMITED RESPONSE INFORMATION 

3.1 Introduction 

As mentioned in the previous chapter, the applications of UKF in civil engineering 

area are very limited and in all these applications there are some deficiencies. It was 

pointed out that the UKF procedure was applied for simple structural systems (shear-type 

building) with a small number of DDOFs and at least one response time-histories 

(acceleration, velocity, or displacement)  with a relatively large duration were assumed to 

be available at all DDOFs. Therefore, this chapter aims to develop an approach to 

overcome these deficiencies. In this approach, a weighted global iteration procedure with 

an objective function (Hoshiya and Saito, 1984) is incorporated with the UKF algorithm 

in order to obtain optimal, stable, and convergent solutions for the identification process. 

The approach is denoted as unscented Kalman filter with weighted global iteration (UKF-

WGI). The procedure is a time-domain nonlinear system identification technique where 

the structure is represented by finite elements. The desirable features of the proposed 

approach are that it can identify a large real structural system at a local element level 

using a limited number of noise-contaminated responses. The methodology of the UKF-

WGI procedure is presented in this chapter. For the sake of completeness, the main 

differences in mathematical formation of the UKF-WGI and EKF-WGI are also 

presented. 
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3.2 The Concept behind Kalman Filter 

Kalman filter (KF) is an optimal recursive data processing algorithm. One aspect of 

this optimality is that KF incorporates all information that can be provided to it. It 

processes all available measurements, regardless of their precision, to estimate the current 

value of the variables of interest. It is recursive because not all previous data need to be 

kept in storage and reprocessed every time a new measurement is taken. Information 

gained in successive steps is all incorporated into the latest result. It is a data processing 

algorithm or filter, which is useful for the reason that only knowledge about system 

inputs and outputs is available for estimation purposes. Variables of interest cannot be 

measured directly, but have to somehow be generated using the available data. A filter 

tries to obtain an optimal estimate of variables from data coming from a noisy 

environment (Maybeck, 1979). 

The basic concept of Kalman filter is shown in Figure 3.1. The concept can be 

summarized in three steps: (1) the prediction is obtained based on initial conditions and 

mathematical model; the uncertainty in the prediction is expected to be high, (2) the 

measurements are collected to enhance the prediction confidence, and (3) the corrected 

optimal estimate is obtained based on the prediction and measurement resulting in an 

improved identification. 

3.3 Mathematical Formulation of UKF-WGI 

In order to implement the UKF-WGI procedure, it is necessary to describe the 

dynamic system by a set of nonlinear differential equations. Assuming the governing 

differential equation of motion represents the dynamic system perfectly; the mathematical 

model does not include any process noise and can be written as:  
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(a) 

 

  

(b) 

Figure ‎3.1 Kalman filter concept 
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                          (‎3.1) 

It can be expressed in a state-space form by a set of first-order nonlinear differential 

equations as: 

            (‎3.2) 

where    is the state vector at time t;     is the derivative of the state vector with respect 

to time t;   is a nonlinear function of the state. 

For a structure with N degrees of freedom and L elements, an augment state vector 

can be defined as: 

    

    

     

  

  (‎3.3) 

where      and       are the N×1 vectors of displacement and velocity, respectively, for 

all DDOFs of the structure;    is the L×1 vector of the element stiffness parameters of the 

whole structure that needs to be identified. Therefore, the size of    is (2N+L)1. 

For instance,     ,      , and    vectors for a two dimensional frame elements can be 

expressed as: 

     

 
 
 
 
 
 
 
 
 
 
 
 
     
     
     
     
     
     

 
 

     
     
      

 
 
 
 
 
 
 
 
 
 
 

                 

 
 
 
 
 
 
 
 
 
 
 
 
      
      

  
    

      
      

  
    
 
 

      
      

  
     

 
 
 
 
 
 
 
 
 
 
 

              

 
 
 
 
 
  

  

 
 

   
 
 
 
 

 (‎3.4) 

where ki is the unknown stiffness parameter of the i
th

 frame element and it is assumed to 
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be invariant with time during the identification. ki is generally defined as EiIi/Li, where Ei, 

Ii, and Li are the Young’s modulus of the material, moment of inertia, and length of the i
th

 

element. 

Equation 3.2 can be rewritten as 

     
     

     
 

   
     

                       

 

  (‎3.5) 

where       is the N×1 vector of acceleration for all DDOFs of the structure; M, K, and C 

are the N×N global mass, stiffness, and damping matrices of the whole structure, 

respectively; and f(t) is the N×1 input excitation force vector. 

Since the changes in damping of defective structure as compared to defect-free 

structure are not completely understood or correlated at present, the identified damping 

parameters cannot be effectively utilized for the defect identification purpose. Therefore, 

to improve the efficiency of the UKF-WGI algorithm, Rayleigh-type mass and stiffness 

damping is used. For Rayleigh damping, matrix C in Equation (3.5) becomes: 

        (‎3.6) 

where a and b are the mass and stiffness proportional damping coefficients, respectively. 

These constants have close-form relationship with the first two natural frequencies, f1 and 

f2, of a structure. Knowing f1 and f2 and assuming the damping ratios are same for the first 

two natural modes, a and b can be estimated using analytical expressions (Clough and 

Penzien, 2003) as: 

 
 
 
  

  

     
 
    

 
  (‎3.7) 

where   is the damping ratio; and    and    are the first two natural circular 

frequencies. 
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Equation 3.5 can be rewritten as: 

     
     

     
 

   
     

                             

 

  (‎3.8) 

The discrete time measurements with additive noise at t = kt can be expressed as: 

              (‎3.9) 

where    is the measurement vector at t = kt; h is the nonlinear function that relates the 

state to the measurement;    is the state vector at t = kt; t is the constant time 

increment; and    is a measurement noise vector of zero mean white noise Gaussian 

processes with covariance matrix    . 

For the measurement model, acceleration responses will be measured at B number of 

DDOFs, where B is smaller than the total number of DDOFs N for the whole structure. 

Then the acceleration time-histories will be successively integrated to obtain the velocity 

and displacement time-histories (Vo and Haldar, 2003; Das, 2012; Das et al., 2013). 

Therefore, the discrete time measurement model can be expressed in a linear form as (Al-

Hussein et al., 2013; Al-Hussein and Haldar, 2015f, g, h): 

           (‎3.10) 

where    is the measurement vector comprising of the measured displacement and 

velocity at t = kt;            are vectors of size (2B1); and H is the 2B(2N+L) 

measurement matrix. For measured responses, their corresponding elements in matrix H 

have unit values. 

To implement the filtering process, the initial values of the state vector are assumed 

to be Gaussian random variable. The initial mean of the state vector       is: 
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  (‎3.11) 

The initial value of the displacement and velocity not measured at DDOFs in the 

state vector can be assumed to be zero.  

The uncertainty in the assumption of the initial mean of the displacement, velocity, 

and stiffness parameters is considered by the initial error covariance matrix     . It is 

generally assumed to be a diagonal matrix and can be expressed as: 

      
        

        
  (‎3.12) 

where         is the initial error covariance matrix of the displacement and velocity 

responses of size (2N2N) and         is the initial error covariance matrix of the 

stiffness parameters.          is a diagonal matrix of size (LL) containing large positive 

numbers to accelerate the convergence of the local iteration process (Al-Hussein and 

Haldar, 2015c, e). Its value depends on the magnitude of the stiffness parameters. 

After assigning the initial values for the state vector and its error covariance matrix, 

the filtering process of UKF-WGI is initiated to estimate the state mean vector and its 

error covariance matrix at time step k+1 using the following three steps:  

a. Sigma point calculation step 

To implement UKF-WGI, sets of 2n+1 sampling points or so-called sigma points 

will be generated around the current state vector (k) based on its covariance as: 

             (‎3.13) 

                                                (‎3.14) 
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                                              (‎3.15) 

where 

            (‎3.16) 

in which   is a square root of the covariance matrix such that        ;        is the i
th

 

column of  ’s matrix;   is the dimension of the state vector         , and   and   

are tuning parameters. The value of   can be (     or 0. In fact, parameter   can be 

used to reduce the higher order errors of the mean and the covariance approximations. 

The parameter   controls the size of the sigma point distribution and it should ideally be 

a small positive number (0 ≤   ≤ 1).  

Note that sigma points are a set of vectors whose components are real numbers. The 

Cholesky decomposition method should be used for the calculation of the matrix square 

root because this method is numerically efficient and stable. 

b. Prediction step 

The sigma points are propagated through the nonlinear dynamic equation as: 

                          
       

   

                 (‎3.17) 

The predicted state vector         can be shown to be: 

                    

  

   

 (‎3.18) 

and its predicted error covariance matrix        can be expressed as: 

          

  

   

                                    
 

                                              
 
 

(‎3.19) 
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where   is a parameter added to the weight on the zeroth sigma point of the calculation of 

the covariance. The value of   is greater than 0 and the best value is 2 for Gaussian 

distribution. The weight factor Wi can be shown to be: 

   
 

   
                      (‎3.20) 

   
 

      
                     (‎3.21) 

Since the measurement model is linear as mentioned earlier, Kalman filter (KF) will 

be used to compute the predicted measurement vector, its error covariance, and cross 

correlation matrix as suggested by Hao et al. (2007) instead of using the sigma points 

used in UKF. 

The predicted measurement vector         can be expressed as: 

                 (‎3.22) 

and its error covariance matrix       
   as: 

      
                  (‎3.23) 

and the cross correlation matrix       
   can be estimated as: 

      
            (‎3.24) 

c. Updating step:  

The state vector and the error covariance matrix are updated using the available 

measurements at time k+1 as follows: 

           
         

      (‎3.25) 

                                     (‎3.26) 
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  (‎3.27) 

in which      is the Kalman gain matrix;           is the updated state vector; and 

         is the updated error covariance matrix. 

The three steps of the UKF (sigma point, prediction and updating operations), 

described by Equation (3.13) through Equation (3.27), are carried out for all q time 

points. The iteration process at each time point is generally denoted as the local iteration. 

When the local iteration is carried out for all the time points, it is termed as the global 

iteration. The identified parameters obtained through local iteration may not be stable and 

convergent.  

From the literature, the author observed that the traditional UKF method successfully 

identified small defect-free structural systems consisting of very few DDOFs just by 

implementing local iterations assuming response time-histories are available over long 

time periods, sometimes 40 s (Wu and Smyth, 2007), and at least one response time-

histories (acceleration, velocity, or displacement) were assumed to be available at all 

DDOFs. Some of these assumptions make UKF-based method difficult to implement for 

the structural health assessment purpose. For large structural systems, it will be 

impractical to collect the response information at all DDOFs and collecting responses 

over a long period of time will make them vulnerable to contamination caused by 

multiple sources of excitation. The author experienced non-convergence problem with 

the traditional UKF when dealing with large systems. It is important to repeat the global 

iteration procedure until the two successive states are essentially identical. However, the 

author noted that the error covariance matrix of the stiffness parameters reduced 

significantly during the successive global iterations and the identified stiffness values 
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sometimes converge to the wrong values particularly when the initial values are far from 

the expected values representing defective states.  This prompted the author to introduce 

a weighted global iteration (WGI) factor, w, to the error covariance matrix after the first 

global iteration, as discussed below, so that the algorithm can converge to the correct 

values of the stiffness parameters representing the current state of the structure. The 

concept of WGI was first introduced by Hoshiya and Saito (1984) to improve the 

performance of the EKF procedure. In the present study, the same concept is incorporated 

to the UKF algorithm in order to obtain optimal, stable, and convergent solutions for the 

identification process. If no weight is used in the UKF procedure, the reduction in the 

stiffness covariance will continue as the global iteration progresses. This will cause a 

small change in the identified stiffness parameter between the initial and the end of a 

global iteration, i.e., it will satisfy the convergence tolerance before the stiffness 

parameter reaches to its correct value. Amplifying the stiffness covariance at the 

beginning of each global iteration helps the iterations to continue until the stiffness 

parameter converges to the correct value.  It is an important step in implementing UKF-

WGI. 

After the completion of the first global iteration, the state vector and its error 

covariance matrix are initialized for the second global iteration in the following manner: 

     
   

  

          

           

          

   

          

           

          

  (‎3.28) 

     
   

  
  

   
      

    
   

     
  (‎3.29) 
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Following the same procedure, global iterations are continued until all the structural 

parameters converge within a predetermined convergence criterion or tolerance level,      

i.e., 

      
   

     
     

       
   

      (‎3.30) 

where i represents the i
th

 global iteration.    is considered to be 1% in this study.  

Although the weighted global iteration plays an important role in the later stage to 

assure convergence, the global iteration procedure does not guarantee the convergence of 

the iteration scheme. In fact, it may diverge because of the incorrect assumption of the 

initial state vector, modeling error, and the specified numerical precision. When the 

identified system parameters tend to diverge, the best estimated values are obtained 

corresponding to the minimum objective function. The objective function is calculated in 

the following manner (Hoshiya and Saito, 1984): 

                  (‎3.31) 

       
 

 

   

     
 

 

   

  (‎3.32) 

   
 

 
   

 

   

 (‎3.33) 

            
 

 

   

 

   

 (‎3.34) 

in which B is the size of the measurement vector,   ;    is the normalized mean-square of 

the difference between the i
th

 measurement    and the corresponding estimate     where      

and    are the i
th

 elements of the vectors    and   , respectively;    is the average of   . 

The objective function,   , shows the scatterness in the root mean-square of each    from 
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the central value   . Therefore, minimum    indicates that the difference between each 

measurement and the corresponding estimate becomes totally minimum and thus keeping 

their balance.  

3.4 Implementation of the UKF-WGI Procedure 

The UKF-WGI procedure can be implemented using the following steps: 

1. Develop the initial state vector       and error covariance matrix      for the whole 

structure. 

2. Carry out the local iterations in the UKF procedure, i.e., generation of sigma point, 

prediction, and updating operations, for all the time points (q), completing the first 

global iteration and producing the updated state vector      
   

 and error covariance 

matrix     
   

 . 

3. Define the initial state vector      
   

 and error covariance matrix     
   

  for the second 

global iteration using the system parameters and their covariance values obtained in 

step 2 by scaling up the covariance values by a weight factor (w). 

4. Carry out the local iteration steps of the UKF procedure within the second global 

iteration to obtain      
   

 and     
   

. 

5. Continue the iterative process until a predetermined convergence criterion (  ), 

which is considered to be 1% in this study, is satisfied for all system parameters. 

Otherwise, the best estimated values are obtained corresponding to the minimum 

objective function (  ). 

A flow chart for the UKF-WGI procedure is shown in Figure 3.2. 
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Figure ‎3.2 Flow chart for the UKF-WGI procedure 

Yes 

Start 

i = 1, k = 1 

Initialize,     
   

 and     
   

 

Generate 2n+1 sigma points 

Prediction Step 

Predict,       
   

 and       
   

 

k = k+1, 

Is k = q? 

i = i+1, k = 1 

  
            

     
      

   Set                       , 

                       , 

                       , 

  
           

   
     , 

 

No 

Updating Step 

Calculate Kalman gain,      and then 

updated         
   

 and         
   

 

Yes 

Check stiffness convergency       

or   
    

End 

No 



76 
 

3.5 Finite Element Formulations for a Plane Frame 

In this section, the finite element formulations for a two dimensional frame is 

presented. This type of structure has three DDOFs at each node. Two of them are 

translational DDOFs; one is along the length of the element and the other is perpendicular 

to it, and the third one is the rotation as shown in Figure 3.3. This figure also shows the 

local and global coordinate system for a two dimensional frame element. 

 

 

 

 

 

 

 

 

Figure ‎3.3 Local and global coordinate system for a two dimensional frame element 

The consistent mass matrix     and stiffness matrix     for the i
th 

element of uniform 

cross section in the local coordinate system (     ), shown in Figure 3.3, can be 

represented as (Cook et al., 2002; Logan, 2007): 

    
     

   

 
 
 
 
 
 
 
   
        

        
 

       
           

          
          

  
 
 
 
 
 
 

 (‎3.35) 
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       (‎3.36) 

where      is the mass per unit length of the i
th

 element;     is the stiffness coefficients 

within the square bracket in Equation (3.36) for the i
th

 element in the local coordinate 

system. 

The local mass and stiffness matrices can be transformed to the global coordinate 

system as: 

     
       (‎3.37) 

     
       (‎3.38) 

where Mi and Ki are the mass and stiffness matrices, respectively, for the i
th

 element in 

the global coordinate system (   ), shown in Figure 3.3.    is the transformation matrix 

and can be written for the i
th

 two dimensional frame element as: 

   

 
 
 
 
 
 

            
             

      
            
             
       

 
 
 
 
 

 (‎3.39) 

where   is the angle between the global and local axis of the element as shown in Figure 

3.3. 

Equation (3.38) can be rewritten as: 
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            (‎3.40) 

The mass matrix Mi for the i
th

 element in the global coordinate system can be 

evaluated from Equation (3.37) as: 

   
     

   

 
 
 
 
 
 
 
           

                    

              
 

                              

                                  

               
               

  
 
 
 
 
 
 

 (‎3.41) 

and the stiffness matrix Ki for the i
th

 element in the global coordinate system can be 

evaluated from Equation (3.40) as (Logan, 2007): 

   
    
  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  

  
   

  

  
   

 
  

  
 

  

  
    

  

  
   

  

  
       

 
 

  

 
 

  

  

  
  

  
   

  

  
      

  

  
 

  

  
    

 

  

 
  

  
   

  

  
   

  
  

  
 

  

  
      

  

  
   

  

  
     

 

  

  
  

  
 

  

  
    

  

  
   

  

  
   

 
 

  

 
 

  

  
 

  

  
 

  

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 (‎3.42) 

where        and        
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3.6 Main Differences in Mathematical Formulations of EKF and UKF Procedures 

The main differences between the EKF and UKF procedure is in the prediction step, 

i.e., prediction of state vector and its error covariance using mathematical model of the 

system. However, they are the same in updating step, i.e., updating the predicted state 

vector and its error covariance using available measurements. 

In the prediction step of EKF, Jacobian matrices are used to linearize the nonlinear 

equations so that the linear KF can be used. However, in the prediction step of UKF, a 

number of state vectors or so-called sigma points is generated and then propagated 

through the nonlinear equations to get more accurate estimate. 

Thus, to implement the EKF procedure, instead of using Equation (3.13) through 

Equation (3.21) of the UKF procedure, the following equations are necessary.  

The nonlinear dynamic equation is expanded as a Taylor series about the estimate 

     . By neglecting second and higher order terms, the predicted state vector         and 

its error covariance matrix        can be estimated as: 

                           
       

   

 (‎3.43) 

and 

                         
  (‎3.44) 

where        is the Jacobian matrix of the state transition of the system and can be 

written in an approximate form as: 

            
        

   
 
        

 (‎3.45) 

in which I is a unit matrix. 
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It is important to point out here that in this study the measurement model is linear 

and linear KF is used to predict the measurement vector and its error covariance matrix. 

Therefore, Equation (3.22) to Equation (3.24) will be used for prediction of the 

measurement in the EKF procedure.  

3.7 Illustrative Example 

Before verifying the proposed UKF-WGI method in evaluating structural health, it 

will be informative to demonstrate the implications of using UKF and EKF-based 

procedures for nonlinear system identification. A simple example is presented below to 

demonstrate the effect of nonlinearity on the state estimation using these procedures. The 

following nonlinear function is considered: 

                  (‎3.46) 

Suppose that x is a normal random variable with mean of 1.1 rad and variance Px of 

0.16 (rad)
2
. The mean and variance of y are needed to be estimated. 

The true mean     and variance      can be calculated using the following equations as: 

                  
 

     

 

  

 
 

 
  

    
  

 
 

   (‎3.47) 

and 

                        (‎3.48) 

For UKF, three sigma points are propagated through the nonlinear function and the 

mean and variance of y are calculated as a weighted average using the sigma points. The 

mean and variance of y using EKF, denoting them as     and     , respectively, can be 

shown to be: 
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True mean and variance of y along with values obtained by UKF and EKF are shown 

in Table 3.1. The propagations of uncertainties using UKF and EKF are shown in Figure 

3.4. It can be observed that UKF approximates the propagation of the uncertainty in terms 

of the probability density function (PDF) through the nonlinearity more accurately than 

EKF. Since in general         , the mean value obtained by EKF introduces significant 

error. The superiority of UKF over EKF in propagating uncertainty for a highly nonlinear 

function can be clearly seen in Figure 3.4. 

 

 

Table ‎3.1 Comparison between true and predicted mean and variance of y = 100 sin(x) 

 True UKF EKF 

Mean of y 82.27 82.09 89.12 

Variance of y 368.54 411.00 329.20 
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 (i) Gaussian PDF of y         (ii) Sigma points 

 (a) Propagation of uncertainty using UKF 

 

   

 

 

 

 

 

 (i) Gaussian PDF of y                 (ii) Linearization 

(b) Propagation of uncertainty using EKF 

Figure ‎3.4 Propagation of uncertainties using UKF and EKF 
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CHAPTER 4   

VERIFICATION OF UKF-WGI TO HEALTH ASSESSMENT OF LARGE 

STRUCTURAL SYSTEMS 

4.1 Introduction 

In this chapter, the accuracy and effectiveness of the UKF-WGI procedure are 

demonstrated with the help of health assessment problems for relatively large realistic 

structural systems. The capability of the procedure for health assessment of structural 

systems exhibiting nonlinear behavior is also investigated. An attempt is made to identify 

the structures using absolute minimum number of measured responses, collected only 

over a short period of time. Both noise-free and noise-contaminated response information 

is considered. For appropriate verification, both defect-free and defective states of the 

structure are considered. Different defect scenarios of the structure are considered 

including small and relatively large defects introduced at single or multiple member(s) in 

the structure. Then, the capability of the method to detect the health of the structure is 

examined.  

To demonstrate the superiority of the proposed UKF-WGI method, it is compared 

with the EKF-WGI procedure. 

4.2 Health Assessment of Structural System 

4.2.1 Description of the Frame 

A one-bay three-story steel frame, as shown in Figure 4.1, is considered. The same 

frame was tested in the laboratory by the research team at the University of Arizona 

(Martinez-Flores and Haldar, 2007). To fit the testing facilities, the frame was scaled to 
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one-third of its actual dimensions. The scaled frame has a bay width of 3.05 m and story 

height of 1.22 m. The frame consists of 9 members; 6 columns and 3 beams. Steel section 

of size S4x7.7 was used for all the beams and columns in order to minimize the effects of 

fabrication defects and differences in material properties. The frame is represented by the 

finite element (FE) with 9 elements and 8 nodes. Each node has three DDOFs; two 

translational and one rotational. The support condition at the bases is considered to be 

fixed. Therefore, the total number of DDOFs for the frame is 18. The actual stiffness 

parameters ki, defined in terms of (EiIi/Li), for the beam and column are estimated to be 

96500 N-m and 241250 N-m, respectively. The first two natural frequencies of the 

defect-free frame are estimated to be f1 = 9.8985 Hz and f2 = 34.767 Hz. Then, the two 

Rayleigh damping coefficients a and b are estimated using the procedure suggested by 

Clough and Penzien (2003). The value of a and b is found to be 1.1628328 and 

0.00008559, respectively corresponding to 1.201% of the modal critical damping ratio. 

In this example, the frame is considered to behave linearly. As discussed earlier, 

although the structural system is linear, the estimation of the unknown parameters jointly 

with nonlinear dynamic responses in the state is a nonlinear estimation problem. The 

frame is excited by the same excitation load used during testing (Martinez-Flores, 2005). 

The sinusoidal excitation is f(t) = 1.4 sin(58.23t) N applied at node 1 as shown in Figure 

4.2. The responses are generated numerically using commercial software ANSYS (ver. 

15). The responses in terms of displacement, velocity, and acceleration time-histories are 

recorded at 9 DDOFs (nodes 1, 2, and 3) from 0.02 to 0.32 s with sampling interval of 

0.00025 s providing 1201 time points. The horizontal and vertical responses of defect-



85 
 

free frame at node 1 for the duration of 0.5 s are shown in Figures 4.3 and 4.4, 

respectively. 

In practical inspections, the measured excitation load and responses are expected to 

be noise-contaminated. To explore the capability of the proposed procedure for structural 

identification in the presence of noise, numerically generated zero-mean additive 

Gaussian white noise with intensity of 5%, 10%, and 20% of the root mean square (RMS) 

values of the simulated load and responses (acceleration, velocity, and displacement) at 

each DDOF are added separately to the corresponding load and responses. 

 

 

 

 

 

 

 

 

 

 

Figure ‎4.1 Finite element representation of one-bay three-story frame 

 

 

 

 

 

 

Figure ‎4.2 Sinusoidal force applied horizontally at node 1 
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(a) 

 

 

 

 

 

 

(b) 

 

 

 

 

 

 

(c) 

Figure ‎4.3 Horizontal responses at node 1; (a) Acceleration; (b) Velocity; and                

(c) Displacement 



87 
 

 

 

 

 

 

 

(a) 

 

 

 

 

 

 

(b) 

 

 

 

 

 

 

(c) 

Figure ‎4.4 Vertical responses at node 1; (a) Acceleration; (b) Velocity; and                    

(c) Displacement 
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4.2.2 Health Assessment of Frame 

The effectiveness of the proposed UKF-WGI procedure for structural health 

assessment in the presence of different levels of noise is examined by considering 

different state of the structure. Then, in order to demonstrate its superiority, the results of 

the UKF-WGI procedure are compared with the results of the EKF-WGI procedure. The 

following cases are considered:  

1. Defect-free frame 

2. Defect 1: defect in a single member 

3. Defect 2: defects in multiple members 

4.2.2.1 Health Assessment of Defect-Free Frame 

Initially the procedures are verified by identifying the defect-free frame. The number 

of responses used to identify the frame is only 9; responses at nodes 1, 2, and 3. The 

initial values of the stiffness parameters for all the elements in the frame are considered 

to be the nominal values. The diagonal of the initial error covariance of the displacement 

and velocity,        , and the initial error covariance matrix of the stiffness parameters, 

       , are considered to be 10
-3

 and  10
3
,  respectively. The dynamic responses 

generated theoretically from ANSYS are assumed to have a very small amount of noise. 

Accordingly, a value of 10
-4 

is considered in the diagonal of the covariance matrix of 

measurement noise vector,   . A value of 10
-2 

is considered to    for all the other three 

noise cases (5%, 10%, and 20%) since the level of noises in the responses are expected to 

be unknown during the inspection.  A value of 10 for the weight factor, w, has been used 

in this example. 
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Using the above information, the stiffness parameters of all the elements in the 

structure are identified for all noise level cases using the UKF-WGI procedure. The 

results of the identification are presented in Table 4.1. The error is defined as percentage 

change in identified stiffness parameter with respect to the actual value. The acceptable 

error in the identification process was reported to be about 10% (Hoshiya and Saito 1984; 

Toki et al., 1989; Koh et al., 1991). For all four noise cases, the errors in the 

identification are much smaller than the acceptable error. It can be observed that the error 

in identification increases as noise level increase as expected. Since the changes in 

stiffness parameter identification for all four cases are very small among the members, it 

is clear that the algorithm identified the state of the frame as defect free accurately.  

The same frame is then identified using the EKF-WGI procedure and the results of 

identified stiffness parameters are summarized in Table 4.2. The maximum error in the 

identification is still within the acceptable level but the results are less accurate than that 

of the proposed method. For this case also, the defect-free state can be predicted. 
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Table ‎4.1 Stiffness parameter (EI/L) identification using UKF-WGI for defect-free 

Member 
Nominal 

(N-m) 

RMS noise intensity 

0% 5% 10% 20% 

Identified 

(N-m) 

Change 

(%) 

Identified 

(N-m) 

Change 

(%) 

Identified 

(N-m) 

Change 

(%) 

Identified 

(N-m) 

Change 

(%) 

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 

k1 96500 96505 0.01 96410 -0.09 96362 -0.14 96293 -0.21 

k2 96500 96513 0.01 96305 -0.20 96191 -0.32 96049 -0.47 

k3 96500 96491 -0.01 96333 -0.17 96046 -0.47 95418 -1.12 

k4 241250 241318 0.03 241186 -0.03 241088 -0.07 240874 -0.16 

k5 241250 241321 0.03 241198 -0.02 241098 -0.06 240894 -0.15 

k6 241250 241443 0.08 241227 -0.01 241163 -0.04 241058 -0.08 

k7 241250 241269 0.01 241239 0.00 241234 -0.01 241261 0.00 

k8 241250 241223 -0.01 241264 0.01 241258 0.00 241199 -0.02 

k9 241250 241240 0.00 241269 0.01 241262 0.00 241166 -0.03 

Note: Px(0|0) =10-3; Ps(0|0) =103; w =10 

 

 

Table ‎4.2 Stiffness parameter (EI/L) identification using EKF-WGI for defect-free 

Member 
Nominal 

(N-m) 

RMS noise intensity 

0% 5% 10% 20% 

Identified 

(N-m) 

Change 

(%) 

Identified 

(N-m) 

Change 

(%) 

Identified 

(N-m) 

Change 

(%) 

Identified 

(N-m) 

Change 

(%) 

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 

k1 96500 96485 -0.02 96343 -0.16 96166 -0.35 95817 -0.71 

k2 96500 96686 0.19 96220 -0.29 95930 -0.59 95386 -1.15 

k3 96500 96308 -0.20 96388 -0.12 96223 -0.29 95895 -0.63 

k4 241250 241069 -0.07 241314 0.03 241387 0.06 241493 0.10 

k5 241250 239295 -0.81 241251 0.00 241051 -0.08 239893 -0.56 

k6 241250 241445 0.08 241229 -0.01 241181 -0.03 241103 -0.06 

k7 241250 240793 -0.19 241230 -0.01 241149 -0.04 240849 -0.17 

k8 241250 241795 0.23 241249 0.00 241227 -0.01 241159 -0.04 

k9 241250 241533 0.12 241286 0.01 241334 0.03 241377 0.05 

Note: Px(0|0) =10-3; Ps(0|0) =103; w =10 
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4.2.2.2 Health Assessment of Defective Frame - Defect 1 

After successfully assessing structural health of the defect-free frame, the defective 

state of the frame is considered. In Defect 1, member 3 connecting nodes 5 and 6, is 

considered to be defective. The moment of inertia of the member over the entire length is 

considered to be reduced by 20% of the defect-free value. The values of the parameters 

required to initiate the procedure, i.e., Px(0|0), Ps(0|0), and w are indicated at the bottom 

of Table 4.3 and the value of    is considered to 10
-4

 for noise free and 10
-2

 for all the 

noise cases. The responses are considered to be available at 9 DDOFs. 

First, the UKF-WGI procedure is implemented to identify the health of the frame 

using noise-free excitation load and responses. The identified stiffness parameters and 

corresponding changes in identification are shown in Columns 3 and 4 of Table 4.3, 

respectively. The bold values in the table represent the reduction in the identified stiffness 

parameter of defective member. The maximum reduction in stiffness parameters is about 

20% for member 3 indicating UKF-WGI accurately identified the location and the 

severity of the defects. 

Then, the procedure is implemented to identify the frame using noise-contaminated 

load and responses with different level of noises, i.e., 5%, 10%, and 20% RMS. The 

results are summarized in Columns 5-10 of Table 4.3. For all cases, the maximum 

reductions in stiffness parameters are in member 3 indicating that it is defective. It can be 

seen that as the levels of noise increase the errors in the identification also increase. 

However, it is still within the acceptable errors.  

The EKF-WGI procedure is then used to identify the frame considering the same 

information considered above. The results of identification are shown in Table 4.4. For 
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noise-free case, EKF-WGI is capable of identifying the defect but not as accurate as 

UKF-WGI. However, the results of all three noise cases show that the reduction in 

stiffness parameters is not only at defective member 3 but also in other members 

indicating erroneously there are more than one defective member. For an example, for 

5% RMS noise case, in addition to 23.65% reduction in the stiffness parameter of 

member 3, the stiffness parameter of member 8 is also reduced by 17.54%. Moreover, the 

stiffness parameter of member 9 is increased by 31.31%. Similar observations can be 

made for the other two noise cases. Therefore, the EKF-WGI procedure failed to identify 

the state of each member in the frame in the presence of noise.  

This example clearly shows the superiority of the UKF-WGI over the EKF-WGI 

procedure for structural system identification in the presence of noise. 
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Table ‎4.3 Stiffness parameter (EI/L) identification using UKF-WGI for Defect 1 

Member 
Nominal 

(N-m) 

RMS noise intensity 

0% 5% 10% 20% 

Identified 

(N-m) 

Change 

(%) 

Identified 

(N-m) 

Change 

(%) 

Identified 

(N-m) 

Change 

(%) 

Identified 

(N-m) 

Change 

(%) 

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 

k1 96500 96263 -0.25 96919 0.43 97038 0.56 97032 0.55 

k2 96500 96969 0.49 95024 -1.53 94227 -2.36 93429 -3.18 

k3 96500 76627 -20.59 78683 -18.46 79683 -17.43 80639 -16.44 

k4 241250 240682 -0.24 240698 -0.23 241604 0.15 241906 0.27 

k5 241250 239884 -0.57 240962 -0.12 241026 -0.09 240925 -0.13 

k6 241250 244157 1.20 238680 -1.07 238975 -0.94 238838 -1.00 

k7 241250 241268 0.01 241130 -0.05 240614 -0.26 238902 -0.97 

k8 241250 241649 0.17 239461 -0.74 237193 -1.68 235022 -2.58 

k9 241250 242302 0.44 239286 -0.81 236086 -2.14 231637 -3.98 

Note: Px(0|0) =10-3; Ps(0|0) =103; w =10 

 

 

Table ‎4.4 Stiffness parameter (EI/L) identification using EKF-WGI for Defect 1 

Member 
Nominal 

(N-m) 

RMS noise intensity 

0% 5% 10% 20% 

Identified 

(N-m) 

Change 

(%) 

Identified 

(N-m) 

Change 

(%) 

Identified 

(N-m) 

Change 

(%) 

Identified 

(N-m) 

Change 

(%) 

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 

k1 96500 94945 -1.61 96411 -0.09 97187 0.71 94996 -1.56 

k2 96500 99304 2.91 96772 0.28 93366 -3.25 89659 -7.09 

k3 96500 74172 -23.14 73675 -23.65 80781 -16.29 83675 -13.29 

k4 241250 235757 -2.28 239274 -0.82 247353 2.53 250808 3.96 

k5 241250 229016 -5.07 229140 -5.02 218309 -9.51 213968 -11.31 

k6 241250 253566 5.10 236950 -1.78 238643 -1.08 237288 -1.64 

k7 241250 235208 -2.50 218070 -9.61 228426 -5.32 231908 -3.87 

k8 241250 247922 2.77 198924 -17.54 219542 -9.00 226070 -6.29 

k9 241250 244776 1.46 316792 31.31 257691 6.81 247382 2.54 

Note: Px(0|0) =10-3; Ps(0|0) =103; w =10 

 



94 
 

4.2.2.3 Health Assessment of Defective Frame - Defect 2 

In Defect 2, two members at a time in the frame are considered to be defective. The 

moment of inertia of the members 1 and 2 over the entire length is considered to be 

reduced by 20% and 10%, respectively of the defect-free value. The value of parameters 

required to initiate the procedure is the same as that in the previous example. The results 

of identification for noise free and three noise levels using the UKF-WGI and EKF-WGI 

procedure are shown in Tables 4.5 and 4.6, respectively. All the observations made for 

Defect 1 in the previous section are also applicable for this defective state. However, for 

this example of multiple defects, the EKF-WGI also failed to identify the state of each 

member in the frame for noise free case. 
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Table ‎4.5 Stiffness parameter (EI/L) identification using UKF-WGI for Defect 2 

Member 
Nominal 

(N-m) 

RMS noise intensity 

0% 5% 10% 20% 

Identified 

(N-m) 

Change 

(%) 

Identified 

(N-m) 

Change 

(%) 

Identified 

(N-m) 

Change 

(%) 

Identified 

(N-m) 

Change 

(%) 

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 

k1 96500 77203 -20.00 77721 -19.46 78301 -18.86 80423 -16.66 

k2 96500 86919 -9.93 86741 -10.11 86520 -10.34 86181 -10.69 

k3 96500 96360 -0.15 94311 -2.27 93410 -3.20 92307 -4.35 

k4 241250 241318 0.03 239346 -0.79 237507 -1.55 235219 -2.50 

k5 241250 241238 0.00 239937 -0.54 237433 -1.58 233405 -3.25 

k6 241250 242274 0.42 241893 0.27 242571 0.55 242798 0.64 

k7 241250 241388 0.06 243410 0.90 245494 1.76 246269 2.08 

k8 241250 241236 -0.01 246172 2.04 247880 2.75 249293 3.33 

k9 241250 241333 0.03 246211 2.06 246695 2.26 244809 1.48 

Note: Px(0|0) =10-3; Ps(0|0) =103; w =10 

 

 

Table ‎4.6 Stiffness parameter (EI/L) identification using EKF-WGI for Defect 2 

Member 
Nominal 

(N-m) 

RMS noise intensity 

0% 5% 10% 20% 

Identified 

(N-m) 

Change 

(%) 

Identified 

(N-m) 

Change 

(%) 

Identified 

(N-m) 

Change 

(%) 

Identified 

(N-m) 

Change 

(%) 

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 

k1 96500 74638 -22.65 77078 -20.13 79073 -18.06 81938 -15.09 

k2 96500 92335 -4.32 88454 -8.34 85913 -10.97 86821 -10.03 

k3 96500 88342 -8.45 86693 -10.16 94015 -2.58 92705 -3.93 

k4 241250 231541 -4.02 238114 -1.30 238663 -1.07 241588 0.14 

k5 241250 217217 -9.96 229054 -5.06 216972 -10.06 212742 -11.82 

k6 241250 266857 10.61 241230 -0.01 240846 -0.17 239025 -0.92 

k7 241250 219562 -8.99 218247 -9.53 231592 -4.00 232941 -3.44 

k8 241250 259686 7.64 213427 -11.53 238268 -1.24 240506 -0.31 

k9 241250 252736 4.76 330462 36.98 263757 9.33 253145 4.93 

Note: Px(0|0) =10-3; Ps(0|0) =103; w =10 
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4.3 Health Assessment of Geometrically Nonlinear Structural System 

4.3.1 Description of the Problem 

The frame shown in Figure 4.1 is considered again; however, it is considered to 

behave geometrically nonlinear in this example. The frame is considered to be excited by 

similar excitation load conducted experimentally by Martinez-Flores (2005) but with 

much higher amplitude to force the frame to behave nonlinear. The excitation is f(t) = 1.4 

sin(58.23t) kN applied at node 1 as shown in Figure 4.5. For the theoretical verification 

of the methods, the responses of the frame in the presence of geometric nonlinearity are 

generated numerically using commercial software ANSYS (ver. 15). The responses in 

terms of displacement, velocity, and acceleration time-histories are recorded at 9 DDOFs 

(nodes 1, 2, and 3) from 0.02 to 0.32 s with sampling interval of 0.00025 s providing 

1201 time points. The horizontal and vertical responses of defect-free frame at node 1 for 

duration of 0.5 s are shown in Figures 4.6 and 4.7, respectively. 

 

 

 

 

 

 

 

 

Figure ‎4.5 Sinusoidal force applied horizontally at node 1 
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(c) 

Figure ‎4.6 Horizontal responses at node 1; (a) Acceleration; (b) Velocity; and                

(c) Displacement 
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(a) 
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(c) 

Figure ‎4.7 Vertical responses at node 1; (a) Acceleration; (b) Velocity; and                    

(c) Displacement 
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4.3.2 Health Assessment of Frame 

The capabilities of the proposed UKF-WGI procedure are examined and compared 

with the EKF-WGI procedure in the presence of geometric nonlinearity by considering 

the following cases: 

1. Defect-free and a small defect in a single member 

2. Moderate to severe defect in a single member 

3. Defects in multiple members 

4.3.2.1 Defect-Free and a Small Defect in a Single Member 

Initially the frame is considered to be defect-free. The number of responses used to 

identify the frame is 9 as mentioned in the previous example. The diagonal of the 

covariance matrix of measurement noise vector,   , the initial error covariance of the 

displacement and velocity,        , the initial error covariance matrix of the stiffness 

parameters,        ,  and the weight factor, w, are considered to be 10
-4

, 10
-3

, 10
3
, and 

10, respectively.  

Using only responses at 9 DDOFs (nodes 1, 2, and 3), the stiffness parameters of all 

the members in the frame are identified for the defect-free state using UKF-WGI. The 

results of identified stiffness parameters are summarized in Column 3 of Table 4.7 and 

the errors in identification are summarized in Column 4 of Table 4.7. The maximum error 

in the identification is 0.08%. Obviously, the proposed UKF-WGI is very accurate. Since 

the identified stiffness parameters did not vary significantly from one member to another 

and from the expected values, the proposed method correctly identified the defect-free 

state of the frame.  
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The same frame is then identified using the EKF-WGI procedure and the results of 

identified stiffness parameters and corresponding errors are summarized in Columns 3 

and 4, respectively of Table 4.8. The maximum error in the identification is 0.81%. It is 

still within the acceptable level but not as good as the proposed method. 

After the successful verification of the defect-free state, the following two defect 

scenarios are considered: 

a. Defect 1 - loss of cross-sectional area over a finite length in member 3 

b. Defect 2 - reduction in stiffness of member 3 by 10% 

For Defect 1, the cross-sectional area of member 3 is considered to be corroded over 

a length of 20 cm, located at a distance of 0.5 m from node 5, as shown in Figure 4.8. The 

web and flange thicknesses are considered to be reduced by 40% of their original values. 

The loss of thicknesses will result in the reduction of the cross-sectional area by 38.70% 

and the moment of inertia by 35.46% from the nominal values. For Defect 2, the moment 

of inertia of member 3 over the entire length is considered to be reduced by 10% of the 

defect-free value. 

Using only responses at 9 DDOFs (nodes 1, 2, and 3), the stiffness parameters of all 

members in the frame are identified for the two defective cases using both UKF-WGI and 

EKF-WGI procedures. The results of UKF-WGI and EKF-WGI are summarized in 

Tables 4.7 and 4.8, respectively. The bold values in the table represent the reduction in 

the identified stiffness parameter of defective member. The results indicate that both 

procedures identified the location and severity of defects correctly.  

It can be concluded that both methods are capable of identifying the state of the 

frame if it is defect-free or having a small defect in a single member.  
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As mentioned earlier, defects are assessed by tracking the changes in the responses. 

To show those changes, the responses, i.e., acceleration, velocity, and displacement, 

along horizontal direction at node 1 are compared in Figure 4.9 among defect-free and 

Defects 1 and 2. 

 

 

 

 

Figure ‎4.8 Defect 1 representation 
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(a) 

 

 

 

 

 

 

(b) 

 

 

 

 

 

 

(c) 

Figure ‎4.9 Horizontal responses at node 1 for defect-free and Defects 1 and 2;               

(a) Acceleration; (b) Velocity; and (c) Displacement 
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Table ‎4.7 Stiffness parameter (EI/L) identification for defect-free and small defect using 

UKF-WGI 

Member 
Theoretical 

(N-m) 

Defect-Free Defect 1 Defect 2 

Identified 

(N-m) 

Change 

(%) 

Identified 

(N-m) 

Change 

(%) 

Identified 

(N-m) 

Change 

(%) 

(1) (2) (3) (4) (5) (6) (7) (8) 

k1 96500 96505 0.01 96435 -0.07 96571 0.07 

k2 96500 96513 0.01 96580 0.08 96390 -0.11 

k3 96500 96491 -0.01 92386 -4.26 87241 -9.59 

k4 241250 241318 0.03 241460 0.09 241726 0.20 

k5 241250 241321 0.03 241084 -0.07 241851 0.25 

k6 241250 241443 0.08 240817 -0.18 241557 0.13 

k7 241250 241269 0.01 241217 -0.01 241365 0.05 

k8 241250 241223 -0.01 240459 -0.33 240032 -0.50 

k9 241250 241240 0.00 240436 -0.34 240290 -0.40 

Note: Rk =10-4; Px(0|0) =10-3; Ps(0|0) =103; w =10 

 

 

Table ‎4.8 Stiffness parameter (EI/L) identification for defect-free and small defect using 

EKF-WGI 

Member 
Theoretical 

(N-m) 

Defect-Free Defect 1 Defect 2 

Identified 

(N-m) 

Change 

(%) 

Identified 

(N-m) 

Change 

(%) 

Identified 

(N-m) 

Change 

(%) 

(1) (2) (3) (4) (5) (6) (7) (8) 

k1 96500 96485 -0.02 96453 -0.05 96706 0.21 

k2 96500 96686 0.19 96582 0.09 95978 -0.54 

k3 96500 96308 -0.20 92334 -4.32 87766 -9.05 

k4 241250 241069 -0.07 241065 -0.08 241035 -0.09 

k5 241250 239295 -0.81 239424 -0.76 240099 -0.48 

k6 241250 241445 0.08 240990 -0.11 240826 -0.18 

k7 241250 240793 -0.19 240699 -0.23 240443 -0.33 

k8 241250 241795 0.23 240960 -0.12 240061 -0.49 

k9 241250 241533 0.12 240726 -0.22 239880 -0.57 

Note: Rk =10-4; Px(0|0) =10-3; Ps(0|0) =103; w =10 
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4.3.2.2 Moderate to Severe Defect in a Single Member 

In this case, the following three defective scenarios are considered: 

a. Defect 3 - reduction in stiffness of member 3 by 20% 

b. Defect 4 - reduction in stiffness of member 2 by 30% 

c. Defect 5 - reduction in stiffness of member 1 by 80% 

In these defects, the moment of inertia of the member over the entire length is 

considered to be reduced by the specified percentage from the defect-free value. The 

horizontal responses at node 1 are compared in Figure 4.10 among defect-free and 

Defects 3, 4, and 5. The results of all three defects using UKF-WGI and EKF-WGI are 

summarized in Tables 4.9 and 4.10, respectively.  For Defect 3 with 20% reduction, both 

procedures appear to locate the defective member correctly. However, in detecting the 

severity of the defect, EKF-WGI is less accurate. Also, by considering the changes in the 

stiffness parameter of all the members, EKF-WGI is less conclusive.  Differences of the 

two approaches become very significant for Defects 4 and 5. 

In fact, one can conclude that EKF-WGI failed to identify the defective states. 

Changes in the stiffness parameter of defect-free members for Defect 4 are higher than 

the defective member.  For Defect 5, one can erroneously conclude that more than one 

member are defective. An inspector should not have any such assessment difficulties if 

UKF-WGI is used. The proposed method is accurate and superior to EKF-WGI in every 

aspect. 
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(c) 

Figure ‎4.10 Horizontal responses at node 1 for defect-free and Defects 3, 4, and 5;          

(a) Acceleration; (b) Velocity; and (c) Displacement 
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Table ‎4.9 Stiffness parameter (EI/L) identification for moderate to severe defect using 

UKF-WGI 

Member 
Theoretical 

(N-m) 

Defect 3 Defect 4 Defect 5 

Identified 

(N-m) 

Change 

(%) 

Identified 

(N-m) 

Change 

(%) 

Identified 

(N-m) 

Change 

(%) 

(1) (2) (3) (4) (5) (6) (7) (8) 

k1 96500 96703 0.21 95988 -0.53 19369 -79.93 

k2 96500 96129 -0.38 68224 -29.30 96065 -0.45 

k3 96500 78082 -19.09 95416 -1.12 97182 0.71 

k4 241250 242146 0.37 240138 -0.46 241213 -0.02 

k5 241250 242487 0.51 238831 -1.00 243095 0.76 

k6 241250 240756 -0.20 245811 1.89 239939 -0.54 

k7 241250 241487 0.10 238192 -1.27 245577 1.79 

k8 241250 239065 -0.91 239795 -0.60 238505 -1.14 

k9 241250 239076 -0.90 245816 1.89 240982 -0.11 

Note: Rk =10-4; Px(0|0) =10-3; Ps(0|0) =103; w =10 

 

 

Table ‎4.10 Stiffness parameter (EI/L) identification for moderate to severe defect using 

EKF-WGI 

Member 
Theoretical 

(N-m) 

Defect 3 Defect 4 Defect 5 

Identified 

(N-m) 

Change 

(%) 

Identified 

(N-m) 

Change 

(%) 

Identified 

(N-m) 

Change 

(%) 

(1) (2) (3) (4) (5) (6) (7) (8) 

k1 96500 94914 -1.64 89596 -7.15 18926 -80.39 

k2 96500 99334 2.94 77319 -19.88 102977 6.71 

k3 96500 74190 -23.12 79365 -17.76 80227 -16.86 

k4 241250 235770 -2.27 227074 -5.88 240830 -0.17 

k5 241250 229060 -5.05 205014 -15.02 203276 -15.74 

k6 241250 252869 4.82 283547 17.53 277569 15.05 

k7 241250 234577 -2.77 176189 -26.97 210000 -12.95 

k8 241250 246939 2.36 353955 46.72 356277 47.68 

k9 241250 245965 1.95 217192 -9.97 199653 -17.24 

Note: Rk =10-4; Px(0|0) =10-3; Ps(0|0) =103; w =10 
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4.3.2.3 Defects in Multiple Members 

In this case, the following three defective scenarios are considered: 

a. Defect 6 - reductions in stiffness of members 1 and 2 by 60% and 30%, respectively 

b. Defect 7 - reductions in stiffness of members 2 and 3 by 25% and 15%, respectively 

c. Defect 8 - reductions in stiffness of members 1, 2, and 3 by 30%, 20%, and 10%, 

respectively 

In these defect scenarios, the moment of inertia of more than one member over the 

entire length is considered to be reduced by the specified percentage from the defect-free 

value. The horizontal responses at node 1 are compared in Figure 4.11 among defect-free 

and Defects 6, 7, and 8. The identified stiffness parameters of all the members for all the 

defect scenarios using UKF-WGI and EKF-WGI are summarized in Tables 4.11 and 

4.12, respectively. All the observations made for Defects 3-5 in the previous section are 

also applicable for these defective states. The proposed UKF-WGI not only identified the 

defective members correctly, it also estimated the severity of the defects accurately. On 

the other hand, EKF-WGI failed to identify the frame and cannot be used for the SHA of 

the frame under consideration.  

From the examples given, it can be concluded that the applicability of the two 

procedures will depend on the level of nonlinearity, which depends on the severity of the 

defects and the level of geometric nonlinearity. Both methods will be appropriate for 

weakly nonlinear cases, i.e., for identifying the defect-free structure and structure with a 

small defect in a single member. However, the EKF-WGI method failed to identify the 

structure for highly nonlinear cases, i.e., structure with moderate to severe defect and also 

small defects in multiple members. Since the level of nonlinearity is expected to be 
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unknown at the initiation of the inspection, to be on the safe side, the proposed UKF-

WGI method should be used to assess structural health.  
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(c) 

Figure ‎4.11 Horizontal responses at node 1 for defect-free and Defects 6, 7, and 8;          

(a) Acceleration; (b) Velocity; and (c) Displacement 
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Table ‎4.11 Stiffness parameter (EI/L) identification for multiple defects using UKF-WGI 

Member 
Theoretical 

(N-m) 

Defect 6 Defect 7 Defect 8 

Identified 

(N-m) 

Change 

(%) 

Identified 

(N-m) 

Change 

(%) 

Identified 

(N-m) 

Change 

(%) 

(1) (2) (3) (4) (5) (6) (7) (8) 

k1 96500 38536 -60.07 96309 -0.20 67598 -29.95 

k2 96500 67827 -29.71 72603 -24.76 77190 -20.01 

k3 96500 95684 -0.85 82011 -15.01 86952 -9.89 

k4 241250 240686 -0.23 240994 -0.11 241600 0.15 

k5 241250 239772 -0.61 240726 -0.22 241747 0.21 

k6 241250 243545 0.95 242901 0.68 241928 0.28 

k7 241250 240320 -0.39 240310 -0.39 241243 0.00 

k8 241250 241987 0.31 240294 -0.40 240420 -0.34 

k9 241250 243079 0.76 241164 -0.04 241000 -0.10 

Note: Rk =10-4; Px(0|0) =10-3; Ps(0|0) =103; w =10 

 

 

Table ‎4.12 Stiffness parameter (EI/L) identification for multiple defects using EKF-WGI 

Member 
Theoretical 

(N-m) 

Defect 6 Defect 7 Defect 8 

Identified 

(N-m) 

Change 

(%) 

Identified 

(N-m) 

Change 

(%) 

Identified 

(N-m) 

Change 

(%) 

(1) (2) (3) (4) (5) (6) (7) (8) 

k1 96500 36633 -62.04 89300 -7.46 63048 -34.67 

k2 96500 74140 -23.17 82816 -14.18 86999 -9.85 

k3 96500 80688 -16.39 65454 -32.17 69909 -27.56 

k4 241250 231775 -3.93 225094 -6.70 227146 -5.85 

k5 241250 205656 -14.75 203039 -15.84 202774 -15.95 

k6 241250 286954 18.94 287864 19.32 288914 19.76 

k7 241250 188708 -21.78 190159 -21.18 191787 -20.50 

k8 241250 348092 44.29 332438 37.80 330295 36.91 

k9 241250 211515 -12.33 233682 -3.14 234084 -2.97 

Note: Rk =10-4; Px(0|0) =10-3; Ps(0|0) =103; w =10 
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4.4 Observations and Discussions 

The proposed UKF-WGI procedure is verified to assess the health of a relatively 

large realistic structure. It is a two-dimensional three-story frame. The procedure is 

verified for both linear and geometrically nonlinear structural systems. Different damage 

scenarios are considered to demonstrate the effectiveness of the proposed procedure. 

Small, moderate, and severe defect(s) in single or multiple members in the structure are 

considered. For verification purposes, both noise-free and noise-contaminated input 

excitation and output response information are used for identification. Three levels of 

noise (5, 10, and 20% of RMS values) are considered. The absolute minimum number of 

measured responses, collected only over a short period of time is used to identify the 

structures. 

The numerical examples demonstrated that the proposed procedure is capable of 

identifying the health of both linear and geometrically nonlinear structural systems using 

minimum number of response information. Furthermore, the procedure is able to identify 

the location and severity of defects at the local element level accurately. The examples 

also showed the robustness of procedure in the presence of noise. Even if the levels of 

noises in excitation and response information are high, the procedure is still able to 

identify the structure very well at the element level. 

The capabilities of UKF-WGI and EKF-WGI are also studied. It confirmed the 

superiority of UKF-WGI over EKF-WGI in all aspects.  
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CHAPTER 5   

THEORY OF IDENTIFICATION OF LARGE STRUCTURAL SYSTEMS USING 

LIMITED RESPONSE INFORMATION WITH UNKNOWN INPUT 

5.1 Introduction 

The UKF-WGI procedure, presented in Chapter 3, has been developed to assess 

health of a large structural system using a limited number of noise-contaminated 

responses. The UKF-WGI procedure, however, can be implemented only if the input 

excitation is known. The collection of input excitation information is not simple. Outside 

the control laboratory environment, the measurements of excitation information could be 

very expensive, troublesome and so error-prone that the SI concept may not be 

applicable. In many cases, e.g., after an earthquake, the excitation time-history may not 

be available for a structure under investigation. It will be extremely desirable if a large 

system can be identified using only response information completely ignoring the 

excitation information. This will make the SI-based concept mathematically more 

challenging since two of the three components of SI will be unknown. 

The other drawback of UKF-WGI is that the initial value of the state vector must be 

known to implement the procedure. However, it is unknown at the beginning of the 

inspection. To address the challenges, a novel approach is proposed in this study. The 

approach integrates the UKF-WGI concept with an iterative least-squares technique. In 

addition, to increase implementation of the approach, a substructure concept is also used. 

The integrated approach denoted as unscented Kalman filter with unknown input and 

weighted global iteration (UKF-UI-WGI). 
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5.2 The Concept behind UKF-UI-WGI 

To incorporate all the desirable features discussed earlier, the proposed UKF-UI-

WGI procedure requires a two-stage. In Stage 1, iterative least-squares with unknown 

input (ILS-UI), developed by the research team at the University of Arizona, is used. 

Then, the unscented Kalman filter with weighted global iteration (UKF-WGI) procedure 

is implemented in Stage 2. 

To implement the UKF-UI-WGI concept, the system is represented by finite 

elements and the mass of all the elements is assumed to be known, as is commonly 

considered in other studies. Rayleigh-type mass and stiffness proportional damping is 

considered to improve the efficiency of the algorithm. 

Based on the location of the input excitation(s) and available measured response 

information, substructure(s) need to be introduced in Stage 1. The responses at all 

DDOFs of the substructure(s) must be available so that ILS-UI can be used to identify it. 

ILS-UI identifies the time-history of unknown input excitation(s), stiffness parameters of 

all the elements in the substructure(s), and the two Rayleigh damping coefficients. The 

information on damping is assumed to be applicable to the whole structure. Initial 

unknown state vector containing information on stiffness parameters of all the elements 

in the whole structure can be generated judicially considering the identified stiffness 

parameters for the substructure as will be discussed later in detail. 

 At the completion of Stage 1, all the required information to implement the UKF-

WGI procedure is available and the whole structure can be identified in Stage 2. In this 

way, the health of the whole system can be assessed using only noise-contaminated 

responses measured at a limited number of DDOFs completely ignoring the excitation 
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information. By tracking the stiffness properties of all the elements, in the finite element 

representation, identified by the proposed method, the location and severity of defect(s) 

in any element can be assessed as will be clarified in more details later. 

5.3 Substructure Concept 

The first step in the proposed procedure is to select the substructure. Some of the 

terminologies, used in this section for selection of substructure, are needed to be 

introduced first. They are: 

(a) Substructure:  a small part of the structure. 

(b) Key nodes (kn): nodes where the unknown input excitations are applied. A 

substructure is defined around the key nodes at which the equilibrium equations are 

satisfied. 

For earthquake excitation, since the inertia forces due to seismic excitation act at all 

the nodes of the structure, any nodes in the structure can be considered as key 

nodes. 

(c) Related elements (re): elements connecting directly to key nodes. They contribute 

to the equilibrium equations at the key nodes. 

(d) Related nodes (rn): nodes attached to the related elements other than the key nodes. 

They also contribute to the equilibrium equations. 

(e) Total number of nodes in the substructure (nsub): summation of the number of key 

nodes and related nodes; nsub = kn + rn. 

(f) Support conditions (sc): number of constraints to dynamic degrees of freedom at the 

external support in the substructure. For example for a plane framed structure, sc = 

3, 2, and 1 for a fixed, hinged, and roller support, respectively. 
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(g) Total number of DDOFs in the substructure (dsub): total number of nodes in the 

substructure times the number of DDOFs at a node (ddof ) subtracting the number 

of support conditions; dsub= nsub × ddof – sc. 

5.3.1 Substructure Selection Steps  

The steps required to define the substructure are mentioned below and they are 

clarified using a frame shown in Figure 5.1, where the substructure is shown in double 

lines.  

Step 1: identify the key node(s), kn. For the substructure shown in Figure 5.1, kn= 1. 

Step 2: Determine the number of DDOFs at key node(s), dkn. For the substructure 

shown in Figure 5.1, dkn = 3; two translational along horizontal and vertical axis and one 

rotational. 

Step 3: Determine the number of related elements, re. For the substructure shown in 

Figure 5.1, the related elements are 1 and 5. Thus, re = 2. 

Step 4: Determine the number of related nodes, rn. For the substructure shown in 

Figure 5.1, the related nodes are 2 and 3. Thus, rn = 2. 

Step 5: Determine the total number of nodes in the substructure, nsub. For the 

substructure shown in Figure 5.1, nsub = 1+2 = 3. 

Step 6: Determine the total number of support conditions in the substructure, sc. For 

the substructure shown in Figure 5.1, sc = 0. 

Step 7: Determine the total number of DDOFs in the substructure, dsub. For the 

substructure shown in Figure 5.1, dsub = 3×3 – 0 = 9. 
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Figure ‎5.1 Finite element representation of a four-story frame 

5.3.2 Substructure Selection Examples 

The selection of substructure is considered for different types and locations of 

loading in this section. The four-story frame shown in Figure 5.1 is considered to 

demonstrate the substructure selection process. Five different cases are considered. They 

are: 

1.  One unknown input excitation applied horizontally at node 1. 

2. Two unknown input excitations applied horizontally at node 1 and 3. 

3. Two unknown input excitations applied horizontally at node 1 and 5. 

4. Two unknown input excitations applied horizontally at node 1 and 7. 

5. Unknown earthquake excitation. 
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kn = 1 

dkn = 3 

re = 2 
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dsub = 9 

Figure ‎5.2 Substructure needed for loading case 1 
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Figure ‎5.3 Substructure needed for loading case 2 
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Figure ‎5.4 Substructure needed for loading case 3 
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kn = 1, 7 

dkn = 6 

re = 5 

rn = 5 

nsub = 7 

sc = 3 

dsub = 18 

Figure ‎5.5 Substructure needed for loading case 4 
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Figure ‎5.6 Substructure needed for loading case 5 

 

 

 

f(t) 1 

1 2 

5 

3 

9 
5 

11 

4 

7 8 
f2(t) 

9 

f1(t) 
1 

1 2 

5 

3 



118 
 

5.4 The UKF-UI-WGI Procedure 

The mathematical formulations of the two-stage procedure of UKF-UI-WGI are 

presented in this section. 

5.4.1 Stage 1 - Substructure Identification Using ILS-UI 

The governing differential equation of motion for the key node(s) in the substructure 

in the presence of Rayleigh damping can be expressed as: 

                                                                  (‎5.1) 

where         and         are the dkn×dsub global mass and stiffness matrices, 

respectively, related to the key nodes and they can be constructed by taking all the 

components of rows related to the key nodes from the global mass and stiffness matrices 

of the substructure;         ,         , and         are dsub×1 vectors containing the 

dynamic responses, in terms of acceleration, velocity, and displacement at time t, 

respectively, of all DDOFs in the substructure;        is the dkn×1 input excitation 

vector at time t; and a and b are the mass and stiffness proportional Rayleigh damping 

coefficients, respectively. The subscript ‘sub’ is used to denote substructure. 

The mass matrix         is generally assumed to be known (Wang and Haldar, 

1994). The input excitation vector        is considered to be unknown. The parameters to 

be identified are the stiffness parameter of each element in the substructure and the 

Rayleigh damping coefficients a and b. To identify the unknown parameters, Equation 

(5.1) can be reorganized as: 

                                                                  (‎5.2) 

The global stiffness matrix for the i
th

 element can be written as: 
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        (‎5.3) 

where ki is the stiffness parameter of i
th

 element defined as EiIi/Li for a frame element and 

EiAi/Li for a truss element. Li, Ai, Ii, and Ei are the length, cross-sectional area, moment of 

inertia, and modulus of elasticity, respectively of the i
th

 element.    is the dsub×dsub 

global stiffness coefficient left after taking ki out from the i
th

 stiffness matrix. 

The global mass and stiffness matrices for the substructure can be assembled from 

the mass and stiffness matrices of all the elements in the substructure as: 

        

    

   

 (‎5.4) 

        

    

   

 (‎5.5) 

where esub is the total number of elements in the substructure and it is equal to the 

related elements; esub = re. 

Using Equations (5.3) to (5.5), Equation (5.2) can be rearranged as: 

                                  

                                     

                                         

(‎5.6) 

or, 

                                                                         

                                             

(‎5.7) 

Equation (5.7) can be rearranged in matrix form as: 

                  (‎5.8) 

Considering that the responses are measured at all q time points, Equation (5.8) can 
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be reorganized with dkn×q equilibrium equations at the key node(s) in a matrix form as: 

            (‎5.9) 

where 

                                             (‎5.10) 

                                           (‎5.11) 

    

 
 
 
 
                              

                              
 

                               
 
 
 

 (‎5.12) 

in which      is the usub×1 vector composed of unknown system parameters (stiffness 

and damping coefficients) that need to be identified;     is the (dkn×q)×1 vector 

composed of unknown input excitations and inertia forces at all time points;     is the 

(dkn×q)×usub matrix composed of measured responses in terms of displacement and 

velocity at all time points; and        is the dkn×usub matrix at time point t. 

It is important to note that only acceleration time-histories of all DDOFs of the 

substructure will be measured for q time points. Then, the velocity and displacement 

time-histories required to implement UKF-UI-WGI will be obtained by successive 

integration of the acceleration time-histories as discussed in more detail by Vo and 

Haldar (2003) and Das (2012). 

In Equation (5.9), the number of equations are greater than the number of unknowns 

(dkn×q > usub) indicating an over-determined system of equations. The least-squares 

technique is used to solve for the unknown system parameter vector     . It leads to the 

following expression: 

         
          

     (‎5.13) 
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If all elements of the matrix     and the force vector     are known, the unknown 

parameter vector      can be straightforwardly evaluated using Equation (5.13). 

However, since the input excitation is not known, the force vector     in Equation (5.9) 

becomes partially unknown. The method proposed by Wang and Haldar (1994) and 

modified by Katkhuda et al. (2005) is used to solve for vector      by starting an 

iteration process where it is assumed that the unknown input forces to be zero at all time 

points since they are not known. It is observed that the proposed method is not sensitive 

to this initial assumption. The iteration process continues until a predetermined 

convergence tolerance level      on the input excitation at all time points is obtained. The 

convergence requires     
       

      where    
    and    

  are the forces estimated in 

two consecutive time steps.  

5.4.1.1 Implementation of Stage 1 – ILS-UI Procedure 

The basic steps required to implement the ILS-UI procedure are as follows: 

Step 1: Considering the location of the input excitation and available response 

information, select the most appropriate substructure(s). 

Step 2: Develop matrix     in Equation (5.10) and assume the unknown input 

excitation vector to be zero at all time points      . 

     

      
      

 
      

   

 
 
 
 

  (‎5.14) 

Step 3: Using Equation (5.13), the first estimation of the system parameter vector 

     can be obtained. 

Step 4: Substitute estimated system parameters      in step 3 into Equation (5.1) to 
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obtain unknown input excitation vector     at all q time points. 

Step 5: Apply force constraints to the input excitation    , obtained in step 4. If the 

input excitation is zero at the jth DDOF, the constraint fj(t) = 0 at all q time points, needs 

to be introduced. 

Step 6: Update      using Equation (5.13), then update     using Equation (5.1) and 

then update      again.  

Continue the iteration procedure until a predetermined convergence level      on the 

input excitation at all time points is satisfied. The tolerance level    is considered to be 

10
-8

 in this study. 

The flow chart for Stage 1 is shown in Figure 5.7. 

 

 

 

 

 

 

 

 

 

 

 

 

 



123 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure ‎5.7 Flow chart for Stage 1 of UKF-UI-WGI procedure 
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5.4.1.2 Application of ILS-UI Approach for a Plane Frame 

In this section, the general concept of the ILS-UI approach is applied to a two 

dimensional frame. This type of structure has three DDOFs at each node. Two of them 

are translational DDOFs; one is along the length of the element and the other is 

perpendicular to it, and the third one is the rotation as shown in Figure 3.3. 

The mass matrix and stiffness matrix for each element in the global coordinate 

system can be evaluated from Equation (3.41) and Equation (3.42), respectively. The 

global mass matrix      and stiffness matrix      for the substructure can be assembled 

from the mass and stiffness matrices of all the elements in the substructure using 

Equation (5.4) and Equation (5.5), respectively. 

Let’s consider the substructure shown in Figure (5.2). The substructure consists of 

three nodes (nsub = 3) with nine DDOFs (dsub = 9) and two elements (esub = 2). For 

convenience, the number of element 5 will be changed to 2.   

The next step is to develop         matrix at time point t, which is expressed as: 

                                                                             (‎5.15) 

For element 1, the local and global coordinates coincide, i.e.,    . Thus,        

and       ,           is formed in the following way: 
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 (‎5.16) 

and            is formed in the following way: 

           

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  

  
   

  

  
     

 
  

  
 

 

  
  

  

  
 

 

  
   

 
 

  
   

 

  
    

 
  

  
  

  

  
     

  
  

  
  

 

  
 

  

  
  

 

  
   

 
 

  
   

 

  
    

         
         
          

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

      

      

  
    

      

      

  
    

      

      

  
     

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

 (‎5.17) 

For element 2, the angle between the local and global coordinates   is -90
o
. Thus, 

        and       ,           is formed in the following way: 
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 (‎5.18) 

and            is formed in the following way: 
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             is formed in the following way:  
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(‎5.20) 

Then,        matrix is constructed by taking all the components of the first three 

rows of         matrix, which is related to the key node. 

The      vector in Equation (5.8) is defined as: 

     

 
 
 
 
 
  

  

   

   

  
 
 
 
 

 (‎5.21) 

The        vector in Equation (5.8) is expressed as:  

                              (‎5.22) 

where        vector at time point t contains the input excitation force at all DDOFs of the 

key node and it is defined as: 

        

      
      

      

  (‎5.23) 

and           vector at time point t contains the acceleration responses at all DDOFs in 

the substructure and it is defined as: 
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 (‎5.24) 

Although nine equations are developed for all DDOFs of the substructure, only three 

equilibrium equations at three DDOFs of the key node are considered to identify the 

structure. Considering that the responses are measured at all q time points, the matrix     

in Equation (5.9) can be formed using Equation (5.10) where the size of        is 3×5 

and thus the size of     is 3q×5. 

The     vector is formed in the following way: 

     

      
      

 
      

  (‎5.25) 

where the size of        is 3×1 and thus the size of     is 3q×1. 

5.4.2 Stage 2 - Complete Structural Identification Using UKF-WGI 

The outcomes of Stage 1 will be used to implement UKF-WGI. They are the time-

history of unknown input excitation(s), stiffness parameters of all the elements in the 

substructure(s), and the two Rayleigh damping coefficients. The information on damping 

will be assumed to be applicable to the whole structure. Initial unknown state vector 

containing information on stiffness parameters of all the elements in the whole structure 

can be generated judicially considering the identified stiffness parameters for the 



129 
 

substructure. Since all the beams and all the columns in a structure are expected to have 

respective similar stiffness parameters. All the beam elements will be assigned the same 

stiffness value obtained for beam element(s) in the substructure. Similarly, all the column 

elements will be assigned the same stiffness value of the column element(s) in the 

substructure. Therefore, all the required information to implement the UKF-WGI 

procedure will be available and the whole structure can be identified using the 

formulations mentioned in Chapter 3. A flow chart for implementation of a two-stage of 

the UKF-UI-WGI procedure is shown in Figure 5.8. 
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Figure ‎5.8 Flow chart of the UKF-UI-WGI procedure 
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CHAPTER 6   

VERIFICATION OF UKF-UI-WGI TO HEALTH ASSESSMENT OF LARGE 

STRUCTURAL SYSTEMS 

6.1 Introduction 

This chapter aims to verify the performance, efficiency, and accuracy of the 

proposed procedures for health assessment of large structural systems. The verification 

will be based upon a variety of combinations of simulation with respect to input 

excitation, the configuration of an analytical model, number of measured responses and 

their location, sampling rates, and so on. Different type of input excitations is considered 

including impulsive, harmonic, and earthquake excitation. Single and multiple loading(s) 

are used to excite the structure. Different damage scenarios in the structures are 

considered including small and large defect in single and multiple member(s). The 

capability of the procedure is also examined to identify the defect spot in the defective 

element. The minimum number of measured responses required to implement the 

procedure is explored and the best locations of the measured responses are also 

investigated. Different sampling rates of responses are used. The stability and 

convergence characteristics of the proposed procedure are studied comprehensively. To 

demonstrate the effectiveness of the proposed procedure, it is compared with the basic 

UKF procedure and also with the EKF-based procedure. 
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6.2 Health Assessment of One-Bay Five-Story Frame 

6.2.1 Description of the Frame 

A two-dimensional one-bay five-story steel frame, shown in Figure 6.1, is 

considered. The frame consists of 15 members; 5 beams and 10 columns. The bay width 

is 9.14 m and the story height is 3.66 m. The beams and columns are made of W2168 

and W1461 sections, respectively of Grade 50 steel. The frame is represented by the 

finite element (FE) with 15 elements and 12 nodes. Each node has three DDOFs; two 

translational and one rotational. The support at the bases is considered to be fixed. 

Therefore, the total number of DDOFs for the frame is 30. The nominal stiffness 

parameters ki, defined in terms of (EiIi/Li), for the beam and column are estimated to be 

13476 kN-m and 14553 kN-m, respectively. The Rayleigh-damping coefficients a and b 

can be estimated using a procedure suggested by Clough and Penzien (2003). In this 

procedure, the damping ratios are assumed to be the same for the first two natural 

frequencies. The first two natural frequencies of the defect-free frame are estimated to be 

f1 = 3.6973 Hz and f2 = 11.715 Hz, respectively. The corresponding Rayleigh damping 

coefficients a and b are calculated to be 1.0594748 and 0.000619589, respectively, 

equivalent to 3% of the modal critical damping ratio. The frame is excited by a harmonic 

force f(t) = 10sin(20t) kN, shown in Figure 6.2, applied horizontally at the top floor at 

node 1. 

For a theoretical verification of the proposed method, responses in terms of 

displacements, velocities, and accelerations are numerically generated using a 

commercial software ANSYS (ver. 14.0). The responses generated from 0.02 to 0.32 s 

with sampling time interval of 0.00025 s providing 1201 time points are used in the 
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subsequent health assessment process. The responses of defect-free frame at node 1 for 

duration of 0.5 s are shown in Figures 6.3 through 6.5. After the responses are obtained, 

the information on input excitation is completely ignored. 

 

 

  

 

 

 

 

 

 

 

 

Figure ‎6.1 Finite element representation of a five-story frame 

 

 

 

 

 

 

Figure ‎6.2 Sinusoidal force applied horizontally at node 1 
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(c) 

Figure ‎6.3 Horizontal responses at node 1; (a) Acceleration; (b) Velocity; and        

(c) Displacement 
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(c) 

Figure ‎6.4 Vertical responses at node 1; (a) Acceleration; (b) Velocity; and             

(c) Displacement 
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(c) 

Figure ‎6.5 Rotation responses at node 1; (a) Acceleration; (b) Velocity; and            

(c) Displacement 
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6.2.2 Substructure Selection 

The first step is to select an appropriate substructure to implement Stage 1 of the 

UKF-UI-WGI procedure. The substructure for this example is shown in double lines in 

Figure 6.1 and the information required about the substructure is summarized in Figure 

6.6. At the minimum, responses at 9 DDOFs (nodes 1, 2, and 3) must be available to 

implement the ILS-UI procedure. The same substructure is used for all cases including 

defect-free and defective states in the subsequent sections for this frame. 

 

kn = 1 

dkn = 3 

re = 2 

rn = 2 

nsub = 3 

sc = 0 

dsub = 9 

Figure ‎6.6 Substructure needed to implement Stage 1 of UKF-UI-WGI 

6.2.3 Health Assessment of Defect-Free Frame 

Initially, the frame is considered to be defect-free. In Stage 1, using responses 

analytically generated at 9 DDOFs, the time-history of the unknown input excitation is 

identified accurately as shown in Figure 6.7. The stiffness parameters of elements 1 and 6 

are identified as summarized in Column 3 of Table 6.1a-i and the two Rayleigh damping 

coefficients a and b are identified as summarized in Column 3 of Table 6.1a-ii. The error 

in the identification of stiffness parameters is only 0.001%. As commonly used in the 

literature, the errors are defined as the percentage deviation of identified values, 

f(t) 1 

1 2 

6 

3 
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representing the current state, with respect to the initial theoretical values. In actual field 

inspections, the information on the initial theoretical values can be obtained from design 

drawings, or from previous inspections, if available. The acceptable error in identification 

is about 10% as mentioned earlier. The error in identified damping coefficients a and b 

are 0.01% and 1.91%, respectively. 

 

 

 

 

 

 

 

Figure ‎6.7 Theoretical and identified sinusoidal force at node 1 

In Stage 2, the initial state vector       and its error covariance matrix      need to be 

developed. The initial state vector can be expressed as: 

     
   

  

          

           

          

   

The initial value of the displacement            and velocity             for measured 

DDOFs, i.e., responses at nodes 1, 2, and 3, is assumed to have the same corresponding 

measured values and for not measured DDOFs is assumed to be zero. The initial value of 

stiffness parameters            is developed judiciously using the information of 
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identified stiffness parameters in the substructure. The initial values of all the 5 beams 

and 10 columns in the frame are 13476 and 14553 kN-m, respectively. 

The diagonal of the covariance matrix of measurement noise vector,   , the initial 

error covariance of the displacement and velocity,        , the initial error covariance 

matrix of the stiffness parameters,        , and the weight factor, w, are considered to be 

10
-4

, 0.1, 10
3
, and 10, respectively as summarized at the bottom of Table 6.1b.  

The whole frame is then identified using UKF-WGI. The identified stiffness 

parameters of all the elements and the corresponding errors in identification are presented 

in Columns 3 and 4, respectively of Table 6.1b. The maximum error in the identified 

stiffness parameter is 0.25% when only responses at 9 DDOFs are used. The error in 

identification is very small. Moreover, if more response information is used in the UKF-

WGI algorithm, the errors are expected to decrease. To show that, assume the responses 

are available at 12 DDOFs (9 DDOFs in the substructure plus 3 DDOFs at node 5). The 

results are shown in Columns 3 and 4 of Table 6.2. The maximum error in the identified 

stiffness parameter is 0.20%. It is obvious that the results based on 12 DDOFs are better 

than that of using 9 DDOFs indicating the value of additional response information. This 

is expected. Since the identified stiffness parameter of the members did not significantly 

change from the expected values, the frame can be correctly identified as defect-free. 

6.2.4 Health Assessment of Defective Frame 

After the successful verification of the defect-free state, defects at different locations 

and severity are introduced in the members and the efficiency of the proposed procedure 

is examined. The following three defect scenarios are considered: 

(i) Defect 1 - stiffness of member 3 is reduced by 20% from the defect-free value. 
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(ii) Defect 2 - stiffness of member 4 is reduced by 50% from the defect-free value. 

(iii) Defect 3 - stiffness of members 2 and 4 are reduced by 50% and 30%, respectively, 

from the defect-free value. 

Obviously, the location and severity of defects will be unknown at the beginning of 

the inspection, but the measured responses should reflect their presence, if there are any. 

For this illustrative example, the responses are analytically generated by appropriately 

modeling the location, nature, and extent of defects. 

In Stage 1, considering only the responses at 9 DDOFs in the substructure, the input 

excitation time-history, the two Rayleigh damping coefficients and the stiffness 

parameter of elements 1 and 6 are identified for each defective state. The identified 

stiffness parameters for all three defect scenarios are summarized in Columns 5, 7, and 9 

and the corresponding errors in identification (percentage changes in identified stiffness 

parameters with respect to the actual values) are summarized in Columns 6, 8, and 10 of 

Table 6.1a-i. The errors in the identified damping coefficients are shown in Columns 5, 7, 

and 9 of Table 6.1a-ii. As in the defect-free case, the substructure is identified very 

accurately for all 3 defective states. Then, the information obtained from Stage 1 is used 

to initiate UKF-WGI in Stage 2 to assess the health of the whole frame. In Stage 2, using 

only the responses at 9 DDOFs in the substructure, the whole frame is identified and the 

results are summarized in Columns 5, 7, and 9 of Table 6.1b. The values of all the 

parameters to initiate Stage 2, i.e., Rk, Px(0|0), Ps(0|0), and w are indicated at the bottom 

of Table 6.1b. UKF-WGI identified locations and severity of defects correctly for all 

cases. However, for Defect 3, member 11 is also reduced by 12.32% incorrectly 

indicating that it may also be defective. The error in identification should go down if 
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more responses are used. At this time, the absolute minimum number of responses 

required to implement the proposed method is still under development. The frame is 

again identified considering responses at 12 DDOFs, i.e., 9 DDOFs in the substructure 

and 3 DDOFs at node 5. The results are summarized in Columns 5-10 of Table 6.2. It is 

clear from the results that UKF-UI-WGI successfully identified all defect scenarios. The 

maximum error in the identification went down significantly when the frame is identified 

with responses at 12 DDOFs. This improvement is much more noticeable than that of 

defect-free case. Results also indicate that the identifications of the defective states are 

more challenging than the defect-free state. In any case, it can be concluded that the 

UKF-UI-WGI procedure can assess health of defect-free and defective structure very 

well. 
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Table ‎6.1 Structural parameter identification 

 (a) Stage 1: Identification of substructure using ILS-UI 

(i) Stiffness parameter (EI/L) identification 

Member 
Nominal 

(kN-m) 

Defect-Free Defect 1 Defect 2 Defect 3 

Identified 

(kN-m) 
Change

(%) 

Identified 

(kN-m) 
Change

(%) 

Identified 

(kN-m) 
Change

(%) 

Identified 

(kN-m) 
Change

(%) 

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 

k1 13476 13476 0.001 13476 0.001 13476 0.001 13476 0.001 

k6 14553 14553 0.001 14553 0.001 14553 0.001 14553 0.001 

 

(ii) Damping coefficient identification 

Damping 

Coefficients 

Defect-Free Defect 1 Defect 2 Defect 3 

Nominal 

(kN-m) 
Change

(%) 

Nominal 

(kN-m) 
Change

(%) 

Nominal 

(kN-m) 
Change

(%) 

Nominal 

(kN-m) 
Change

(%) 

(1) (2) (3) (4) (5) (6) (7) (8) (9) 

a 1.05947 -0.01 1.04472 -0.01 1.00177 -0.02 0.99955 -0.01 

b × 10-4 6.19589 -1.91 6.28260 -1.88 6.30317 -1.86 6.62649 -1.80 

 

(b) Stage 2: Identification of whole structure using UKF-WGI with 9 DDOFs 

Member 
Nominal 

(kN-m) 

Defect-Free Defect 1 Defect 2 Defect 3 

Identified 

(kN-m) 
Change

(%) 

Identified 

(kN-m) 
Change

(%) 

Identified 

(kN-m) 
Change

(%) 

Identified 

(kN-m) 
Change

(%) 

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 

k1 13476 13477 0.01 13475 -0.01 13477 0.01 13460 -0.12 

k2 13476 13488 0.09 13502 0.19 13499 0.17 6755 -49.88 

k3 13476 13510 0.25 10755 -20.19 13376 -0.74 13304 -1.28 

k4 13476 13482 0.04 13725 1.84 6964 -48.33 10032 -25.56 

k5 13476 13456 -0.15 13223 -1.88 13090 -2.87 12712 -5.67 

k6 14553 14554 0.01 14551 -0.02 14551 -0.01 14527 -0.18 

k7 14553 14553 0.00 14539 -0.10 14544 -0.06 14490 -0.43 

k8 14553 14567 0.10 14742 1.30 14922 2.53 15369 5.61 

k9 14553 14562 0.06 14695 0.98 14787 1.61 14739 1.28 

k10 14553 14557 0.03 14298 -1.75 14033 -3.57 14142 -2.83 

k11 14553 14558 0.04 14192 -2.48 13619 -6.42 12759 -12.32 

k12 14553 14550 -0.02 14612 0.41 14506 -0.32 13897 -4.50 

k13 14553 14550 -0.02 14258 -2.03 14388 -1.13 14349 -1.40 

k14 14553 14543 -0.07 14593 0.28 14744 1.32 15053 3.43 

k15 14553 14543 -0.07 14925 2.55 15105 3.79 15635 7.43 

Note: Rk =10-4; Px(0|0) =0.1; Ps(0|0) =103; w =10 
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Table ‎6.2 Identification of whole structure using UKF-WGI with 12 DDOFs 

Member 
Nominal 

(kN-m) 

Defect-Free Defect 1 Defect 2 Defect 3 

Identified 

(kN-m) 
Change

(%) 

Identified 

(kN-m) 
Change

(%) 

Identified 

(kN-m) 
Change

(%) 

Identified 

(kN-m) 
Change

(%) 

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 

k1 13476 13482 0.04 13476 0.00 13478 0.01 13471 -0.04 

k2 13476 13487 0.08 13480 0.03 13481 0.04 6747 -49.93 

k3 13476 13493 0.12 10809 -19.79 13506 0.22 13509 0.24 

k4 13476 13497 0.16 13416 -0.45 6744 -49.96 9444 -29.92 

k5 13476 13450 -0.20 13502 0.20 13433 -0.32 13446 -0.23 

k6 14553 14557 0.03 14556 0.02 14555 0.02 14548 -0.03 

k7 14553 14557 0.02 14546 -0.05 14549 -0.03 14527 -0.18 

k8 14553 14553 0.00 14558 0.04 14560 0.05 14578 0.17 

k9 14553 14548 -0.04 14497 -0.38 14523 -0.20 14451 -0.70 

k10 14553 14581 0.20 14771 1.50 14695 0.98 14696 0.98 

k11 14553 14574 0.14 14692 0.96 14718 1.13 14724 1.17 

k12 14553 14550 -0.02 14591 0.26 14300 -1.74 14218 -2.30 

k13 14553 14552 -0.01 14608 0.38 14620 0.46 14582 0.20 

k14 14553 14541 -0.08 14445 -0.74 14685 0.91 14732 1.23 

k15 14553 14540 -0.09 14490 -0.43 14442 -0.76 14438 -0.79 

Note: Rk =10-4; Px(0|0) =0.1; Ps(0|0) =103; w =10 
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6.2.5 Robustness, Convergence, and Stability of UKF-UI-WGI  

To successfully implement a new concept for wider applications, its robustness, 

convergence, and stability characteristics need further consideration. Since the proposed 

method incorporates several important features, their relevance in improving some of 

these characteristics are specifically discussed in the following sections.  

6.2.5.1 Effect of Weighted Global Iteration 

As mentioned earlier, one of the most important features of UKF-UI-WGI is the 

introduction of weight factor, w, before initiating the second and subsequent global 

iterations. Since identification of the defective states is more challenging, the 

convergence characteristics of the algorithm to identify all three defective states with 

different weight factors are studied in this section.   

For Defect 1, the process of convergence of the stiffness parameter of defective 

member 3, a beam, is studied first. The nominal stiffness parameter of defective member 

3 is 10781 kN-m. In Stage 1, the stiffness parameter of the defect-free beam element in 

the substructure is identified as 13476 kN-m. As discussed earlier, to define the initial 

state vector of the whole frame, required to initiate UKF-WGI, the stiffness parameter of 

all beam elements are considered to be 13476 kN-m. Obviously, for defective member 3, 

it will be incorrect. It will be interesting to know the optimum value of w that will help 

UKF-WGI to converge to the real value. At the end of the first global iteration, the 

identified stiffness parameter of member 3 is 12331 kN-m, as shown in Table 6.3; 

essentially this value would have been obtained by the traditional UKF method using 

only one global iteration. The result clearly indicates that the traditional UKF cannot 

identify a large structural system using short response time-histories. The accuracy of the 
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identification may be slightly improved by using longer response time-histories but it still 

cannot identify the structure correctly. The identified stiffness parameter of defective 

member 3 for various weight factors are summarized in Table 6.3. When w =1, i.e., no 

weight is used, the algorithm converged after 4
th

 global iteration satisfying 1% 

convergence criterion, as discussed in Equation (3.30), but the error in the identification 

is 9.45%, i.e., the stiffness parameter did not converge to the nominal or expected value. 

When w is considered to be 10, 50, 100, and 1000, it needed 6, 5, 4, and 3 global 

iterations, respectively, to converge to the expected value with very small errors. The 

convergence behavior as a function of w is also plotted in Figure 6.8a. 

The reason for this beneficial effect of the weight factor is examined further with the 

help of Figure 6.9. As can be seen from Figure 6.9a with w = 1, the variance of the 

stiffness parameter of member 3 went down to 386 after 4
th

 global iteration; however, it 

is 16752 after the same global iteration with w = 10. Low variance will cause a small 

change in the stiffness parameter between the initial and the end of each global iteration. 

This may satisfy the convergence tolerance criterion (  ) before the stiffness parameter 

reaches to its correct value and the algorithm will stop.  As shown in Figure 6.9b for w = 

10, the amplified variance facilitates the iteration to continue without satisfying the 

convergence criterion but ultimately it converges to the correct value. 

To study the significance of w further, the author reduced the convergence criterion 

from 1% to 0.1% with w =1 to identify the stiffness parameter of member 3. The 

algorithm converged to 11289 kN-m after 21 global iterations with 4.71% error in the 

identification. The error is still higher than that of the weighted global iteration 

procedure, i.e., when w is greater than 1. It can also be seen from Table 6.3 and Figure 
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6.8a that the total number of global iterations required to identify the stiffness parameter 

decreases with the increase in the weight factor. It is also important to note that the use of 

a very large value of w may compromise the convergence. 

For Defect 2, the stiffness parameter of defective member 4 is reduced by 50% 

indicating that it should be around 6738 kN-m. For this defect scenario with w = 50 and 

100, the algorithm converged for the defective member but did not converge satisfying 

the 1% convergence criterion for other defect-free members. Obviously, the convergence 

criterion must be satisfied for all members; defect-free and defective.  Therefore, in this 

situation the use of the objective function becomes necessary. At end of each global 

iteration, the corresponding objective function is also evaluated. Then, the stiffness 

parameters for all the members at a specific global iteration corresponding to the 

minimum objective function,   
   , are used to assess the structural health.  As shown in 

Table 6.4 with w = 50, the objective function is minimum at the 7
th

 global iteration; 

therefore, the identified stiffness parameters at this global iteration are used to assess the 

structural health. The bold values in Table 6.4 represent the minimum objective function. 

When w = 1, the algorithm converged after 6
th

 global iteration to 8917 kN-m with 

32.34% error in the identification and the objective function became minimum at the 

same time, indicating that when w =1, the   
    concept cannot be used as an alternative 

solution to identify the system.  When w = 10 and 1000, the algorithm converged to the 

correct value and the objective function also became minimum at the same global 

iteration. From this example, it can be concluded that the weighted global iteration 

concept with objective function will be appropriate to assess health of large structural 

systems with reasonable accuracy. As expected, by comparing results in Tables 6.3 and 
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6.4, one can observe that to identify a more severe defective state, i.e., a large difference 

between the initial assumed and correct values, will require more global iterations. The 

convergence behavior as a function of w is also plotted in Figure 6.8b. 

For Defect 3, members 2 and 4 are considered to be defective. The convergence 

behavior for members 2 and 4 are shown in Figures 6.8c and 6.8d, respectively. All the 

observations made earlier for the two defective states are applicable here also.  With w 

=1, the algorithm also failed to identify the defective states correctly. This example 

shows that the weighted global iteration procedure is also capable of locating multiple 

defects and their severity accurately.  
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Table ‎6.3 Identified stiffness parameter (EI/L) of member 3 for Defect 1 

NGI* 
Nominal 

(kN-m) 
w = 1 w = 10 w = 50 w = 100 w = 1000 

(1) (2) (3) (4) (5) (6) (7) 

0 10781 13476 13476 13476 13476 13476 

1 10781 12331 12331 12331 12331 12331 

2 10781 12070 11445 11108 11022 10894 

3 10781 11911 11030 10857 10823 10811 

4 10781 11800 10890 10804 10795   

5 10781   10829 10797     

6 10781   10809       

Error % at convergence 9.45 0.26 0.15 0.13 0.28 

Note: Rk =10-4; Px(0|0) =0.1; Ps(0|0) =103 

 *NGI: number of global iterations 

 

Table ‎6.4 Identified stiffness parameter (EI/L) of member 4 for Defect 2 and objective 

function 

NGI 
Nominal 

(kN-m) 

w = 1 w = 10 w = 50 w = 100 w = 1000 

EI/L   *10-5 EI/L   *10-5 EI/L   *10-5 EI/L   *10-5 EI/L   *10-5 

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) 

0 6738 13476  13476  13476  13476  13476  

1 6738 9715 1331 9715 1331 9715 1331 9715 1331 9715 1331 

2 6738 9437 619.1 8644 390.5 8284 203.3 8189 151.3 7665 53.99 

3 6738 9243 538.3 8197 96.60 7515 23.23 7369 16.25 6990 6.01 

4 6738 9103 477.9 7648 35.01 7112 7.82 6993 5.17 6742 4.29 

5 6738 8998 431.8 7292 28.78 6885 3.92 6795 4.07   

6 6738 8917 395.2 7102 11.50 6765 3.86 6723 4.05   

7 6738   6962 4.04 6722 3.85 6727 4.14   

8 6738   6862 3.28 6722 3.91 6720 4.19   

9 6738   6800 3.45 6717 3.98 6726 4.12   

10 6738   6764 3.34 6725 3.91 6717 4.05   

11 6738   6744 3.25 6718 3.89 6727 4.10   

12 6738     6725 3.90 6717 4.06   

13 6738     6718 3.90 6726 4.10   

Error % at   
    32.34  0.09  -0.23  -0.22  0.06  

Note: Rk =10-4; Px(0|0) =0.1; Ps(0|0) =103  
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(a) Member 3 of Defect 1 

 

 

 

 

 

 

(b) Member 4 of Defect 2 

 

 

 

 

 

 

 

 (c) Member 2 of Defect 3 
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(d) Member 4 of Defect 3 

Figure ‎6.8 Convergence behaviors using different weight factor 

 

 

 

 

 

 

 

 

(a) w = 1 
 

 

 

 

 

 

 

(b) w = 10 

Figure ‎6.9 Stiffness variance behavior of member 3 for Defect 1 with w = 1 and 10 
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6.2.5.2 Effect of Value of Initial Stiffness Covariance 

The value of initial stiffness covariance         is one of the important factors in the 

identification process. The value of         depends on the magnitudes of the stiffness 

parameters of the structural elements. For the frame under consideration, the defect-free 

stiffness parameter for a beam and a column are estimated to be 13476 and 14553 kN-m, 

respectively. To study the convergence behavior, the covariance of the initial stiffness is 

considered to be 10
3
, 10

4
, 10

5
,
 
and 10

6
 for all three defective cases. For this example, the 

covariance of magnitude 10
3
 and 10

4
 are relatively small. The convergence characteristics 

are shown in Figure 6.10 for w = 10 and Rk = 10
-4

. The results show that faster 

convergence can be obtained by using a large value of        . The results also 

demonstrate the robustness of the UKF-WGI procedure. Even with relatively smaller 

value of        , the stiffness parameter converges to the nominal value with the help of 

the weight factor. Defect 2 can be considered further to clarify the above statement. In 

this example, the initial value of the stiffness parameter of defective member is assumed 

to be 13476 kN-m instead of 6738 kN-m, but the algorithm still converged to the real 

value even when         is assumed to be 10
3 

and 10
4
, using weighted global iteration. It 

can be concluded from above observation that the large initial covariance is desirable to 

accelerate the UKF-WGI processing. However, its value should not be very large so that 

the stability might be compromised in some cases. 
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(a) Member 3 of Defect 1 

 

 

 

 

 

 

 

(b) Member 4 of Defect 2 

 

 

 

 

 

 

 

(c) Member 2 of Defect 3 
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(d) Member 4 of Defect 3 

Figure ‎6.10 Convergence behaviors using different value of initial stiffness covariance 
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6.2.5.3 Effect of Covariance of Measurement Noise 

Another important factor to implement UKF-WGI needs further consideration is the 

covariance of measurement noise (Rk). The convergence characteristics of the algorithm 

are studied by considering Rk to be 10
-2

, 10
-3

, 10
-4

, 10
-5

, and 10
-6 

for all three defective 

cases. The larger value of Rk indicates the poor quality of measured responses. The filter 

will be slower to respond to the response data and the algorithm will converge slowly 

requiring more global iteration. The total numbers of global iteration required to identify 

the structures in all three defect scenarios are plotted in Figure 6.11 for w = 10 and 

        = 10
3
. The figures clearly indicate that the UKF-WGI procedure correctly 

identified the locations and the severity of defects, even when the quality of the measured 

responses is not good.  

 

 

 

 

 

 

 

 

 

(a) Member 3 of Defect 1 
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(b) Member 4 of Defect 2 

 

 

 

 

 

 

 (c) Member 2 of Defect 3 

 

 

 

 

 

 

(d) Member 4 of Defect 3 

Figure ‎6.11 Convergence behaviors using different value of measurement noise 

covariance 
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6.3 Health Assessment of Three-Bay Three-Story Frame 

6.3.1 Description of the Frame 

A two-dimensional three-bay three-story frame shown in Figure 6.12 is considered. 

The frame comprised of 21 members; 9 beams and 12 columns. The width of each bay is 

9.14 m and the height of each story is 3.66 m. The beams and columns are made of 

W2168 and W1461 sections, respectively of Grade 50 steel. The frame is represented 

by the finite element (FE) with 21 elements and 16 nodes. Each node has three DDOFs; 

two translational and one rotational. The support at the bases is considered to be fixed. 

Therefore, the total number of DDOFs for the frame is 36. The theoretical stiffness 

parameters ki, defined in terms of (EiIi/Li), for the beam and column are estimated to be 

13476 kN-m and 14553 kN-m, respectively. The first two natural frequencies of the 

defect-free frame are estimated to be f1 = 6.0023 Hz and f2 = 18.944 Hz. Then, assuming 

the same damping for the first two significant frequencies, a procedure suggested by 

Clough and Penzien (2003) is used to calculate the Rayleigh damping coefficients a and 

b. They are found to be 2.86393 and 0.00063799, respectively, for the equivalent modal 

damping of 5%, commonly used in developing design guidelines. The frame is excited by 

two types of loading; impulsive and seismic excitations. 

6.3.2 Frame under Two Impulsive Loadings 

In the first example, the capability of UKF-UI-WGI is verified for a structural health 

assessment problem already available in the literature in order to demonstrate the 

superiority of the proposed method. Das et al. (2012) assessed health of the frame shown 

in Figure 6.12 using the GILS-EKF-UI procedure.  The frame was excited simultaneously 
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by two impulsive loadings applied at nodes 1 and 9 in the horizontal direction as shown 

in Figure 6.13. For the theoretical verification of the method, the information on 

responses is numerically generated using a commercial software ANSYS (ver. 14.0). 

After the responses are generated, the information on the excitation force is completely 

ignored. In this example, the health of the frame is assessed using responses from 0.05 to 

0.37s with the time increment of 0.00025s providing a total of 1281 time points 

 

 

 

 

 

 

 

 

Figure ‎6.12 A three-bay three-story steel frame under impulse excitation 

 

 

 

 

 

 

 

Figure ‎6.13 Impulse excitation at nodes 1and 9 
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6.3.2.1 Substructure Selection 

The substructure for this example is shown in double lines in Figure 6.12 and the 

information required about the substructure is summarized in Figure 6.14. At the 

minimum, responses at 15 DDOFs (nodes 1, 2, 5, 9, and 10) must be available to identify 

the two input excitations using the ILS-UI procedure. This substructure is used for all 

cases; defect-free and defective states in the subsequent sections related to this example. 

 

 

kn = 1, 9 

dkn = 6 

re = 5 

rn = 4 

nsub = 6 

sc = 3 

dsub = 15 

Figure ‎6.14 Substructure needed to implement Stage 1 of UKF-UI-WGI 

6.3.2.2 Health Assessment of Defect-Free Frame 

The defect-free state of the frame is considered first. In Stage 1, using only responses 

at 15 DDOFs in the substructure, the stiffness parameters of all 5 elements in the 

substructure, two Rayleigh damping coefficients and the time-history of two unknown 

input forces are identified using ILS-UI. The identified stiffness parameters for all 5 

elements in the substructure and Rayleigh damping coefficients are given in Table 6.5a. It 

can be noticed that all the stiffness and damping parameters were identified well. The 

convergence process of the two Rayleigh damping coefficients is shown in Figure 6.15. 
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The identified excitation forces at nodes 1 and 9 are shown in Figure 6.16. The accuracy 

of the identifications can be easily seen from these figures. Using the information from 

Stage 1, the stiffness parameters for all 21 elements of the whole frame are then 

identified. The values of all the parameters required to implement UKF-WGI in Stage 2, 

i.e., Rk, Px(0|0), Ps(0|0), and w are indicated at the bottom of Table 6.5b. The results of 

identification are summarized in Table 6.5b, Column 3. The maximum error in the 

identification is about 0.08% indicating that the frame was identified accurately. 

Furthermore, the frame can be considered defect-free since the identified stiffness 

parameters did not differ significantly from the expected values. 

 The results of identified stiffness parameters reported by Das et al. (2012) using 

GILS-EKF-UI with assuming responses measured at 15 DDOFs are shown in Table 6.5c, 

Column 3. As pointed out in Table 6.5c, Column 4, the maximum error in the 

identification is about 273%. The results indicate that GILS-EKF-UI failed to identify the 

frame and thus its health cannot be assessed. 

This example clearly establishes the superiority of UKF-UI-WGI over GILS-EKF-

UI in assessing structural health. The problem was further investigated considering 

responses measured at a different number of DDOFs in order to explore the minimum 

number of responses required for the successful identification of the whole frame. The 

errors in the identified stiffness parameter of all elements of the frame using UKF-UI-

WGI with responses available at 18 DDOFs (nodes 1, 2, 3, 5, 9, and 10), 21 DDOFs 

(nodes 1, 2, 3, 4, 5, 9, and 10), and 24 DDOFs (nodes 1, 2, 3, 4, 5, 9, 10, and 12) are 

investigated and the results are summarized in Columns 6, 8, and 10, respectively, of 

Table 6.5b. The maximum error in the identification did not improve significantly with 
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using additional response information.  However, when the whole frame was identified 

using GILS-EKF-UI and the responses at 18, 21, and 24 DDOFs, the corresponding 

maximum errors in the identification reported to be 67.7%, 49.7%, and 4.3%, 

respectively as shown in Table 6.5c. As mentioned earlier, the acceptable error in 

identification is about 10% as reported in the literature. The optimal number of responses 

required for the successful identification of the whole frame using GILS-EKF-UI is 24 

DDOFs for this example. The maximum error in the identification using UKF-UI-WGI 

and responses at 15 DDOFs is much smaller than that of GILS-EKF-UI with responses at 

24 DDOFs.  

It is to be noted that Kalman filter-based algorithms estimate the stiffness parameters 

of the whole frame by predicting responses at all DDOFs and then correcting the 

predicted responses and stiffness parameters using available measurements. For the 

nonlinear SI, the linearization process used in the EKF procedure is not accurate and 

requires more response information to compensate for the error. Since UKF-based 

procedures propagate uncertainty more efficiently, they require much smaller response 

information to assess structural health. For the example considered here, the optimum 

number of responses required for successful identification of the whole frame is 15 for 

UKF-UI-WGI and 24 for GILS-EKF-UI. 
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Table ‎6.5 Stiffness parameter (EI/L) identification for defect-free case using UKF-UI-

WGI 

 (a) Stage 1: Identification of substructure 

Member 
Theoretical 

(kN-m) 
Identified Error (%) 

k1 13476 13482 0.04 

k4 14553 14559 0.04 

k11 14553 14580 0.18 

k15 13476 13501 0.18 

k18 14553 14580 0.19 

a 2.863935 2.870977 0.25 

b×10-4 6.379902 6.245979 -2.10 

 

(b) Stage 2: Identification of whole structure 

Member 
Theoretical 

(kN-m) 

15 DDOFs 18 DDOFs 21 DDOFs 24 DDOFs 

Identified 
Error 

(%) 
Identified 

Error 

(%) 
Identified 

Error 

(%) 
Identified 

Error 

(%) 

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 

k1 13476 13487 0.08 13483 0.05 13485 0.07 13485 0.07 

k2 13476 13466 -0.08 13484 0.06 13484 0.06 13483 0.05 

k3 13476 13486 0.07 13484 0.05 13485 0.07 13484 0.06 

k4 14553 14557 0.03 14557 0.03 14557 0.03 14558 0.03 

k5 14553 14558 0.03 14555 0.02 14556 0.02 14556 0.02 

k6 14553 14560 0.05 14557 0.03 14558 0.03 14560 0.05 

k7 14553 14551 -0.01 14559 0.04 14558 0.03 14559 0.04 

k8 13476 13477 0.00 13475 -0.01 13474 -0.02 13471 -0.03 

k9 13476 13476 0.00 13475 -0.01 13473 -0.03 13472 -0.03 

k10 13476 13470 -0.04 13472 -0.03 13471 -0.04 13469 -0.05 

k11 14553 14557 0.03 14559 0.04 14559 0.04 14560 0.05 

k12 14553 14553 0.00 14558 0.04 14558 0.04 14559 0.04 

k13 14553 14563 0.07 14559 0.04 14561 0.06 14561 0.06 

k14 14553 14563 0.07 14560 0.05 14561 0.05 14561 0.05 

k15 13476 13476 0.00 13474 -0.02 13474 -0.02 13471 -0.04 

k16 13476 13471 -0.04 13470 -0.04 13469 -0.05 13474 -0.02 

k17 13476 13470 -0.04 13469 -0.05 13469 -0.05 13471 -0.04 

k18 14553 14560 0.05 14559 0.04 14559 0.04 14559 0.04 

k19 14553 14560 0.05 14557 0.03 14558 0.03 14557 0.02 

k20 14553 14549 -0.03 14557 0.02 14557 0.03 14557 0.03 

k21 14553 14557 0.03 14559 0.04 14560 0.05 14559 0.04 

Note: Rk =10-4; Px(0|0) = 1.0; Ps(0|0) =103; w = 50 
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(c) Identification of (EI/L) for defect-free case using GILS-EKF-UI (Das et al. 2012) 

Member 
Theoretical 

(kN-m) 

15 DDOFs 18 DDOFs 21 DDOFs 24 DDOFs 

Identified 
Error 

(%) 
Identified 

Error 

(%) 
Identified 

Error 

(%) 
Identified 

Error 

(%) 

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 

k1 13476 11549 -14.3 14249 5.7 13473 0.0 13545 0.5 

k2 13476 6384 -52.6 15241 13.1 13244 -1.7 13681 1.5 

k3 13476 24229 79.8 8321 -38.3 13779 2.2 13497 0.2 

k4 14553 27805 91.1 16037 10.2 14514 -0.3 14601 0.3 

k5 14553 10595 -27.2 15485 6.4 14410 -1.0 14542 -0.1 

k6 14553 11857 -18.5 12273 -15.7 14693 1.0 14547 0.0 

k7 14553 13325 -8.4 24412 67.7 14333 -1.5 14432 -0.8 

k8 13476 2930 -78.3 10149 -24.7 11680 -13.3 13109 -2.7 

k9 13476 50270 273 15249 13.2 11170 -17.1 13519 0.3 

k10 13476 40685 202 17062 26.6 16639 23.5 13458 -0.1 

k11 14553 11798 -18.9 10859 -25.4 12672 -12.9 14192 -2.5 

k12 14553 9602 -34.0 10497 -27.9 11716 -19.5 14552 0.0 

k13 14553 14115 -3.0 18201 25.1 14494 -0.4 14903 2.4 

k14 14553 22920 57.5 21218 45.8 21784 49.7 14547 0.0 

k15 13476 12047 -10.6 10015 -25.7 11737 -12.9 13153 -2.4 

k16 13476 6082 -54.9 10387 -22.9 10303 -23.5 13705 1.7 

k17 13476 14577 8.2 17322 28.5 18879 40.1 13808 2.5 

k18 14553 17465 20.0 10272 -29.4 12572 -13.6 14375 -1.2 

k19 14553 10073 -30.8 11568 -20.5 11671 -19.8 14312 -1.7 

k20 14553 9499 -34.7 19770 35.8 13730 -5.7 14351 -1.4 

k21 14553 28112 93.2 17496 20.2 20806 43.0 15177 4.3 

Note: Rk =10-4; Px(0|0) = 1.0; Ps(0|0) =103; w = 1000 
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(a) Damping coefficient, a 

 

 

 

 

 

 

 

 

(b) Damping coefficient, b 

Figure ‎6.15 Convergence behavior of identified Rayleigh damping cofficients for defect-

free case 
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(a) Impulse excitation at node 1 

 

 

 

 

 

 

 

 

(b) Impulse excitation at node 9 

Figure ‎6.16 Theoretical and identified impulse excitation for defect-free case 
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6.3.2.3 Health Assessment of Defective Frame 

After successfully identifying the defect-free frame, several defective states of the 

frame are considered. Three defect scenarios, similar to the cases presented by Das et al. 

(2012), are considered. They are:  

(i) Defect 1 - stiffness parameter of one member is reduced by different amounts  

(ii) Defect 2 - stiffness parameters of multiple members are reduced by different 

amounts 

(iii)Defect 3 - cross sectional area over a finite length of a member is reduced 

In all cases, the capability of UKF-UI-WGI to assess locations and severity of 

defects is checked using responses measured at 15 DDOFs in the substructure. As 

mentioned earlier, Das et al. (2012) reported the results of identification using GILS-

EKF-UI and responses measured at 24 DDOFs.  

(i) Defect 1- Reduction in stiffness of a single member 

In this defect scenario, the stiffness parameter of member 15 connecting nodes 9 and 

10 is reduced by 15%, 30%, 50%, and 90% of the defect-free value by assuming that the 

moment of inertia of the member is reduced over the entire length. In all four defective 

cases, the FE representation of the frame and the substructure required in the first stage 

are considered to be the same as that of the defect-free case. Using the reduced moment 

of inertia of the member in ANSYS simulation, the responses at 15 DDOFs (nodes 1, 2, 

5, 9, and 10) are generated in all four cases. Then, only response information is used in 

the first stage to identify the excitation force and the stiffness parameters of the 

substructure and damping coefficients. It is important to note that the defective member is 

in the substructure. The identified stiffness parameters of all 5 elements in the 
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substructure are shown in Table 6.6a. Using information from Stage 1 in UKF-WGI, the 

whole frame is identified and the results are summarized in Table 6.6b. The reduction in 

the identified stiffness parameter of member 15 is found to be 14.82%, 29.76%, 49.80%, 

and 90.02% for the four different defect scenarios, respectively.  The reduction in the 

identified stiffness parameters of member 15 are very similar to the actual reductions 

introduced in the member. The identified stiffness parameters for all other members 

change slightly to satisfy the underlying requirements of the FE formulation. Obviously, 

UKF-UI-WGI successfully identified the location and the severity of the defects. The 

example also indicates that the proposed UKF-UI-WGI can identify relatively small 

amount of defects in a member. 

The results of stiffness parameters for whole structures using GILS-EKF-UI with 24 

DDOFs are shown in Table 6.6c as reported by Das et al. (2012). It can be noticed that 

the error in identification for all four defective cases using GILS-EKF-UI with responses 

at 24 DDOFs is higher than that of using UKF-UI-WGI with responses at 15 DDOFs. 
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Table ‎6.6 Identification of EI/L for defect 1 using UKF-UI-WGI with 15 DDOFs 

 (a) Stage 1: Identification of substructure 

Member 
Theoretical 

(kN-m) 

15% Reduction 

in k15 

30% Reduction 

in k15 

50% Reduction 

 in k15 

90% Reduction 

in k15 

Identified 
Change 

(%) 
Identified 

Change 

(%) 
Identified 

Change 

(%) 
Identified 

Change 

(%) 

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 

k1 13476 13482 0.04 13482 0.05 13482 0.05 13482 0.05 

k4 14553 14559 0.04 14559 0.04 14559 0.04 14559 0.04 

k11 14553 14593 0.27 14606 0.37 14625 0.49 14663 0.75 

k15 13476 11486 -14.77 9468 -29.74 6771 -49.75 1358 -89.92 

k18 14553 14593 0.28 14607 0.37 14626 0.50 14665 0.77 

 

(b) Stage 2: Identification of whole structure 

Member 
Theoretical 

(kN-m) 

15% Reduction 

in k15 

30% Reduction 

in k15 

50% Reduction 

 in k15 

90% Reduction 

in k15 

Identified 
Change 

(%) 
Identified 

Change 

(%) 
Identified 

Change 

(%) 
Identified 

Change 

(%) 

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 

k1 13476 13496 0.14 13505 0.22 13520 0.32 13664 1.40 

k2 13476 13474 -0.02 13478 0.02 13484 0.06 13549 0.54 

k3 13476 13487 0.08 13488 0.09 13491 0.11 13694 1.62 

k4 14553 14588 0.24 14608 0.38 14634 0.56 14499 -0.37 

k5 14553 14583 0.20 14602 0.34 14633 0.55 14682 0.88 

k6 14553 14586 0.23 14605 0.36 14633 0.55 14527 -0.18 

k7 14553 14582 0.20 14602 0.34 14632 0.54 14893 2.34 

k8 13476 13469 -0.05 13463 -0.10 13452 -0.18 13437 -0.29 

k9 13476 13461 -0.12 13446 -0.22 13425 -0.38 13264 -1.58 

k10 13476 13450 -0.20 13433 -0.32 13409 -0.50 13557 0.60 

k11 14553 14592 0.27 14622 0.47 14666 0.77 14465 -0.61 

k12 14553 14581 0.19 14613 0.41 14660 0.74 14783 1.58 

k13 14553 14606 0.37 14650 0.67 14710 1.08 15407 5.87 

k14 14553 14604 0.35 14639 0.59 14689 0.94 15436 6.07 

k15 13476 11479 -14.82 9466 -29.76 6765 -49.80 1345 -90.02 

k16 13476 13457 -0.14 13448 -0.21 13433 -0.32 13291 -1.37 

k17 13476 13459 -0.13 13453 -0.17 13433 -0.32 12047 -10.61 

k18 14553 14623 0.48 14675 0.84 14733 1.24 14545 -0.05 

k19 14553 14625 0.50 14682 0.89 14746 1.33 14938 2.64 

k20 14553 14607 0.37 14660 0.73 14719 1.14 15357 5.53 

k21 14553 14616 0.43 14666 0.78 14726 1.19 15447 6.14 

Note: Rk =10-4; Px(0|0) = 1.0; Ps(0|0) =103; w = 50 
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(c) Identification of (EI/L) for Defect 1 using GILS-EKF-UI with 24 DDOFs (Das et al., 

2012) 

Member 
Theoretical 

(kN-m) 

15% Reduction 

in k15 

30% Reduction 

in k15 

50% Reduction 

 in k15 

90% Reduction 

in k15 

Identified 
Change 

(%) 
Identified 

Change 

(%) 
Identified 

Change 

(%) 
Identified 

Change 

(%) 

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 

k1 13476 13660 1.36 13800 2.40 14022 4.05 14132 4.87 

k2 13476 13660 1.36 13604 0.95 13516 0.30 14011 3.97 

k3 13476 13403 -0.54 13339 -1.02 13224 -1.87 12015 -10.84 

k4 14553 14850 2.04 15135 4.00 15635 7.44 16068 10.41 

k5 14553 14612 0.41 14657 0.72 14757 1.40 15803 8.59 

k6 14553 14471 -0.56 14366 -1.28 14096 -3.14 13402 -7.91 

k7 14553 14184 -2.54 13952 -4.13 13491 -7.30 12110 -16.79 

k8 13476 13309 -1.24 13545 0.51 13884 3.03 13338 -1.03 

k9 13476 13124 -2.61 12722 -5.60 12037 -10.68 12318 -8.59 

k10 13476 13612 1.01 13796 2.37 14257 5.79 15219 12.93 

k11 14553 14558 0.03 14985 2.97 15573 7.01 14642 0.61 

k12 14553 14706 1.05 14796 1.67 14743 1.31 14370 -1.26 

k13 14553 14929 2.58 14924 2.55 15081 3.63 18502 27.14 

k14 14553 14292 -1.79 14098 -3.13 13938 -4.23 13103 -9.96 

k15 13476 11407 -15.35 9610 -28.69 7085 -47.43 1496 -88.90 

k16 13476 13343 -0.99 12960 -3.83 12372 -8.19 11843 -12.12 

k17 13476 13453 -0.17 13197 -2.07 12958 -3.85 10902 -19.10 

k18 14553 14682 0.89 15029 3.27 15415 5.92 14668 0.79 

k19 14553 14417 -0.93 14477 -0.52 14466 -0.60 15039 3.34 

k20 14553 14651 0.67 14847 2.02 15158 4.16 18497 27.10 

k21 14553 14905 2.42 14745 1.32 14660 0.74 12948 -11.03 

Note: Rk =10-4; Px(0|0) = 1.0; Ps(0|0) =103; w = 1000 for all cases except for 90% reduction, w=10 
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(ii) Defect 2 - Reduction of stiffness of multiple members 

In Defect 2, two members in the frame are considered to be defective at the same 

time. Two different combinations are considered:  

(a) Stiffness parameter of members 1 and 17 are reduced by 30% and 20%, respectively  

(b) Stiffness parameter of members 15 and 17 are reduced by 30% and 20%, respectively 

It is important to point out that in both cases one of the defective members is in the 

substructure. Using the same substructure as shown in Figure 6.14 and responses at 15 

DDOFs, the stiffness parameters of the substructure are identified as shown in Table 6.7a, 

Columns 3 and 5. Then, using information from Stage 1, the whole structure is identified 

following the same procedures discussed for Defect 1. The identified stiffness parameters 

of all members are presented in Table 6.7b, Columns 3 and 5, respectively, for the two 

defect scenario cases. In both cases, the locations of the defective members are identified 

properly. This example clearly indicates that the proposed method can identify defects in 

several members and the defective members need not to be in the substructure. However, 

the defect detection capability increases significantly if the defective member is in the 

substructure or close to it. As in the previous example, the detection capability of UKF-

UI-WGI is found to be better than that of GILS-EKF-UI even using responses at 24 

DDOFs. 

(iii)Defect 3 - Reduction of area over a finite length of a member 

In Defect 3, a less severe defect is considered. The cross-sectional area of member 

16 connecting nodes 10 and 11 is considered to be corroded over a length of 40 cm and 

located at a distance of 1.2 m from node 10 as shown in Figure 6.17. The reduction of the 

flange and web thicknesses caused the reduction in the cross-sectional area by 75.23% 
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and the moment of inertia by 76.40% from the nominal values. A similar defect scenario 

was considered by a research team member earlier in laboratory investigations. To 

simulate the defective spot in ANSYS, a new element of length 40 cm with reduced 

cross-sectional properties is introduced and the responses are analytically generated. 

Since the presence of defect is unknown before the inspection, the same FE 

representation of the whole frame and the substructure considered earlier for the defect-

free case are used for the defect detection. Using responses at 15 DDOFs and the 

proposed method, the frame is identified. The identified stiffness parameters for the 

substructure are shown in Table 6.7a, Column 7 and for the whole frame are summarized 

in Table 6.7b, Column 7. The stiffness parameter of member 16 is reduced by the 

maximum amount indicating that it is the defective member. The example clearly 

indicates that the proposed UKF-UI-WGI procedure can detect less severe defect in a 

small part of a member.  

Considering all the defect-free and defective cases in this example, it can be 

concluded that the proposed method is robust to detect defects of different levels of 

severity at different locations in the structure. Defects need not to be in the substructure. 

It is also established that the proposed UKF-UI-WGI is superior to GILS-EKF-UI for 

nonlinear SI. 
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Table ‎6.7 Identification of EI/L for Defects 2 and 3 using UKF-UI-WGI with 15 DDOFs 

 (a) Stage 1: Identification of substructure 

Member 
Theoretical 

(kN-m) 

Defect 2 Defect 3 

Reduction in k1 and k17  Reduction in k15 and k17 Reduction in k16 

Identified Change (%) Identified Change (%) Identified Change (%) 

(1) (2) (3) (4) (5) (6) (7) (8) 

k1 13476 9454 -29.85 13482 0.05 13482 0.04 

k4 14553 14582 0.20 14559 0.04 14559 0.04 

k11 14553 14580 0.18 14605 0.36 14575 0.15 

k15 13476 13501 0.18 9467 -29.75 13496 0.15 

k18 14553 14580 0.19 14606 0.36 14575 0.15 

 

 (b) Stage 2: Identification of whole structure 

Member 
Theoretical 

(kN-m) 

Defect 2 Defect 3 

Reduction in k1 and k17  Reduction in k15 and k17 Reduction in k16 

Identified Change (%) Identified Change (%) Identified Change (%) 

(1) (2) (3) (4) (5) (6) (7) (8) 

k1 13476 9524 -29.32 13699 1.66 13465 -0.08 

k2 13476 13385 -0.68 13522 0.34 13481 0.04 

k3 13476 13841 2.71 13781 2.26 13834 2.66 

k4 14553 14692 0.96 14760 1.42 14375 -1.22 

k5 14553 14615 0.43 14683 0.89 14661 0.74 

k6 14553 14731 1.22 14629 0.52 14745 1.32 

k7 14553 14879 2.24 14961 2.81 14708 1.07 

k8 13476 13295 -1.34 13328 -1.10 13316 -1.19 

k9 13476 13178 -2.21 13184 -2.17 13673 1.46 

k10 13476 12716 -5.64 13054 -3.13 13192 -2.11 

k11 14553 14471 -0.56 14541 -0.09 14422 -0.90 

k12 14553 14396 -1.08 14379 -1.20 15273 4.95 

k13 14553 14459 -0.65 14705 1.05 14318 -1.62 

k14 14553 15066 3.52 15105 3.79 13948 -4.15 

k15 13476 13239 -1.76 9314 -30.89 13190 -2.12 

k16 13476 13384 -0.68 13225 -1.86 12391 -8.05 

k17 13476 11762 -12.72 11666 -13.43 13074 -2.98 

k18 14553 14423 -0.89 14605 0.36 14267 -1.97 

k19 14553 14266 -1.97 14403 -1.03 15485 6.40 

k20 14553 14319 -1.61 14578 0.17 14124 -2.94 

k21 14553 14620 0.46 14911 2.46 14154 -2.74 
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  (a) Location of defect        (b) Reduction in cross-sectional area  

Figure ‎6.17 Location and details of loss of area for Defect 3 

6.3.3 Frame under Seismic Excitation 

To demonstrate further the capabilities of UKF-UI-WGI for the SHA, a more 

complicated form of dynamic loading excitation is considered. The frame shown in 

Figure 6.12 is considered again; however, it is now excited by seismic instead of 

impulsive loading. The frame is excited by the N-S component of 1994 El. Centro 

earthquake ground motion, as shown in Figure 6.18. The information on responses is 

numerically generated by applying the ground motion at the base using ANSYS. After 

the responses are generated, the information on the input excitation is completely 

ignored. In this example, the health of the frame is assessed using responses from 1.52 to 

2.37s with the time increment of 0.00025s providing a total of 3401 time points. Defect-

free and two defective states (Defect 1 with 15% and 30% reduction in stiffness 

parameter of member 15) are considered to demonstrate the SHA capabilities of UKF-UI-

WGI. 
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Figure ‎6.18 N-S component of 1994 El. Centro earthquake acceleration time-history 

6.3.3.1 Substructure Selection 

The substructure for this example is considered to consist of 2 members (1 and 4) 

and 3 nodes (1, 2, and 5). The information about the substructure is summarized in Figure 

6.19. The responses at 9 DDOFs are required to implement Stage 1 of the UKF-UI-WGI 

procedure. 
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dkn = 3 
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sc = 0 

dsub = 9 

Figure ‎6.19 Substructure needed to implement Stage 1 of UKF-UI-WGI  
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6.3.3.2 Health Assessment of Defect-Free Frame 

The defect-free state of the frame is considered in this section. Using responses at 9 

DDOFs in the substructure, the stiffness parameter for the two elements in the 

substructure, the two Rayleigh damping coefficients, and the ground motion are 

identified in Stage 1. The identified stiffness parameters and the errors in identification 

are summarized in Columns 3 and 4, respectively of Table 6.8a. From the results, it can 

be observed that the errors in identification are very small. The two damping coefficients 

and the input ground acceleration are also identified accurately. The theoretical and 

identified ground acceleration time-histories are shown in Figure 6.20. 

Then, using information obtained from Stage 1 and responses at 15 DDOFs (nodes 1, 

2, 5, 9, and 10), as in the example of impulsive excitation, the whole frame is identified 

and the results are summarized in Table 6.8b, Columns 3 and 4. The results clearly 

indicate the defect-free state of the frame.  

6.3.3.3 Health Assessment of Defective Frame 

Defect 1 with 15% and 30% reduction in stiffness parameter of member 15, as 

mentioned in details in example of impulsive loads, is considered in this section. In Stage 

1, the substructure is identified using responses at 9 DDOFs and then using the 

information of Stage 1 and 15 DDOFs (nodes 1, 2, 5, 9, and 10), the whole structure is 

identified. The results of identification of stiffness parameters in Stages 1 and 2 for two 

defects are shown in Table 6.8a and b, respectively. The convergence process of the 

stiffness parameter of defective member 15 with 15% reduction is shown in Figure 6.21. 

The results clearly indicate the defective states of the frame and the location of the 

defective member and the severity of defects.  
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Table ‎6.8 Identification of EI/L for seismic excitation using UKF-UI-WGI 

 (a) Stage 1: Identification of substructure 

Member 
Theoretical 

(kN-m) 

Defect-free 15% Reduction in k15 30% Reduction in k15 

Identified Change (%) Identified Change (%) Identified Change (%) 

(1) (2) (3) (4) (5) (6) (7) (8) 

k1 13476 13477 0.006 13477 0.006 13477 0.006 

k4 14553 14554 0.006 14554 0.006 14554 0.006 

 

 (b) Stage 2: Identification of whole structure 

Member 
Theoretical 

(kN-m) 

Defect-free 15% Reduction in k15 30% Reduction in k15 

Identified Change (%) Identified Change (%) Identified Change (%) 

(1) (2) (3) (4) (5) (6) (7) (8) 

k1 13476 13481 0.03 13440 -0.27 13380 -0.71 

k2 13476 13475 -0.01 13455 -0.16 13447 -0.22 

k3 13476 13480 0.03 13476 0.00 13487 0.08 

k4 14553 14557 0.03 14518 -0.24 14457 -0.66 

k5 14553 14561 0.05 14545 -0.06 14506 -0.32 

k6 14553 14561 0.06 14471 -0.57 14659 0.73 

k7 14553 14557 0.03 14518 -0.24 14420 -0.91 

k8 13476 13478 0.01 13416 -0.44 13327 -1.10 

k9 13476 13479 0.02 13410 -0.49 13301 -1.30 

k10 13476 13478 0.01 13768 2.16 13813 2.50 

k11 14553 14554 0.01 14527 -0.18 14405 -1.02 

k12 14553 14551 -0.01 14668 0.79 14473 -0.55 

k13 14553 14551 -0.01 14869 2.17 15223 4.61 

k14 14553 14554 0.01 14001 -3.80 13992 -3.86 

k15 13476 13476 0.00 11374 -15.60 9228 -31.52 

k16 13476 13476 0.00 13181 -2.19 12884 -4.40 

k17 13476 13470 -0.05 13317 -1.18 13633 1.16 

k18 14553 14556 0.02 14387 -1.14 14114 -3.02 

k19 14553 14557 0.03 14214 -2.33 13956 -4.10 

k20 14553 14557 0.03 14944 2.69 15471 6.31 

k21 14553 14558 0.03 15027 3.26 14923 2.54 

Note: Rk =10-4; Px(0|0) = 1.0; Ps(0|0) =103; w = 50 
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Figure ‎6.20 Theoretical and identified input ground acceleration 

 

 

 

 

 

 

 

 

Figure ‎6.21 Convergence process of stiffness of member 15 in Defect 1-15% reduction 
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6.4 Health Assessment of Two-Bay Five-Story Frame 

The verification of the UKF-UI-WGI procedure to assess defect-free and defective 

states of a structure at the element level is further studied to a larger structural system, as 

discussed next. 

6.4.1 Description of the Frame  

A two-dimensional two-bay five-story frame with a bay width of 9.14 m and a story 

height of 3.66 m, as shown in Figure 6.22, is considered. The frame has a total of 25 

members; 10 beams and 15 columns. The beams and columns are made of W21×68 and 

W14×61 sections, respectively, of Grade 50 steel. The frame is modeled by 18 nodes in 

the FE representation. Each node has three dynamic degrees of freedom (DDOFs); two 

translational and one rotational. The support condition at the base (nodes 16, 17, and 18) 

of the frame is considered to be fixed. The total number of DDOFs for the frame is 45. 

The actual theoretical stiffness parameter values ki evaluated in terms of (EiIi/Li) are 

calculated to be 13476 kN-m and 14553 kN-m for a typical beam and column, 

respectively. First two natural frequencies of the defect-free frame are estimated to be f1 = 

3.5981 Hz and f2 = 11.231 Hz, respectively. Following the procedure described in Clough 

and Penzien (2003), Rayleigh damping coefficients a and b are calculated to be 

1.7122088 and 0.00107326, respectively, for an equivalent modal damping of 5% 

(commonly used in model codes in the US) of the critical for the first two modes. 

The frame is excited by sinusoidal loading, f(t) = 4.5 sin(20t) kN, applied 

horizontally at node 1, as shown in Figure 6.22. Instead of conducting the experiments 

and following the general practices, the information on responses are numerically 

generated using a commercially available software ANSYS (ver. 15.0). The responses are 
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obtained at 0.0001 s time interval. After the responses are simulated, the information on 

input excitations is completely ignored. Responses between 0.02 s and 0.32 s providing 

3001 time points are used in the subsequent health assessment process. 

 

 

 

 

 

 

 

 

 

 

 

Figure ‎6.22 Finite element representation of a two-bay five-story frame 

6.4.2 Substructure Selection 

The information required to select the substructure is summarized in Figure 6.23. 

The substructure consists of 2 elements (1 and 3) and 3 nodes (1, 2, and 4) as shown in 

Figure 6.22 with double lines. Accordingly, at least responses at 9 DDOFs are available 

to identify the input excitation using the ILS-UI procedure. 
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kn = 1 

dkn = 3 

re = 2 

rn = 2 

nsub = 3 

sc = 0 

dsub = 9 

Figure ‎6.23 Substructure needed to implement Stage 1 of UKF-UI-WGI 

6.4.3 Structural Health Assessment Using UKF-UI-WGI 

To demonstrate the effectiveness of the proposed procedure for large structural 

systems, the following five cases are considered: 

(i) Defect-free frame 

(ii) Defect 1 - stiffness of member 22 is reduced by 30% 

(iii)Defect 2 - stiffness of member 17 is reduced by 20% 

(iv) Defect 3 - stiffness of member 12 is reduced by 50% 

(v) Defect 4 - loss of cross sectional area over a finite length of member 22 

6.4.3.1 Substructure Identification Using the ILS-UI Procedure 

The substructure mentioned above is the same for all five cases. Using only 

responses at 3 nodes in the substructure, the stiffness and damping parameters and the 

time-history of unknown input force are identified using the ILS-UI procedure in Stage 1. 

The errors in identification of the stiffness parameter are shown in Table 6.9 for all cases. 

From the results, it can be observed that the errors in the identified stiffness parameter of 
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the two members in the substructure are very small. The excitation time-history was also 

identified very accurately for all five cases. Figure 6.24 shows the theoretical and 

identified excitation load for the defect-free case. 

 

Table ‎6.9 Change (%) in (EI/L) identification of substructure using ILS-UI 

Member 
Theoretical 

(kN-m) 
Defect Free Defect 1 Defect 2 Defect 3 Defect 4 

(1) (2) (3) (4) (5) (6) (7) 

k1 13476 0.0012 0.0012 0.0012 0.0012 0.0012 

k3 14553 0.0012 0.0012 0.0012 0.0012 0.0012 

 

 

 

 

 

 

 

 

 

Figure ‎6.24 Theoretical and identified excitation load for defect-free frame 

6.4.3.2 Complete Structure Identification Using the UKF-WGI Procedure 

The information of Stage 1 is used to initiate UKF-WGI. Then, the stiffness 

parameters of all 25 elements of the frame for all five cases are estimated in Stage 2. The 

values of the parameters required to initiate the procedure,   , Px(0|0), Ps(0|0), and w are 
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considered to be 10
-4

, 0.1, 10
3
, and 10, respectively as summarized at the bottom of the 

tables.  

(i) Defect-free frame 

Using only responses at the substructure, i.e., 9 DDOFs (nodes 1, 2, and 4), the 

whole structure is identified. The errors in the identified stiffness parameters are shown in 

Column 4 of Table 6.10. The maximum error in the identification is only 0.5%. The 

frame can be considered as defect-free since the identified stiffness parameters of all the 

elements did not differ significantly from the expected values.  The results also indicate 

that the responses available at 9 DDOFs are sufficient to identify the defect-free state of 

the frame. 

(ii) Defect 1 - stiffness of member 22 is reduced by 30% 

After assessing structural health of the defect-free frame, the defective cases are 

considered to examine the capability of the proposed procedure if it can identify the 

location and severity of defects. In Defect 1, member 22 connecting nodes 14 and 15, is 

considered to be defective. From the figure, it can be observed that the defective beam is 

located in the second floor and it is furthest from the substructure. The moment of inertia 

of the member over the entire length is considered to be reduced by 30% of the defect-

free value. As mentioned earlier, for this illustrative example, the responses are 

numerically generated using ANSYS by appropriately modeling the location, nature, and 

extent of defects. In real inspections, they will be measured. After generating the 

responses, the information on excitation is completely ignored.  
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Using responses at 9 DDOFs in the substructure, as used for the defect-free case, the 

stiffness parameter for all the elements in the frame is identified. The results are 

summarized in Table 6.11, Column 3. The algorithm correctly identified location of the 

defective element, member 22; however, its stiffness is reduced by 17.7% not the 

theoretical value of 30%. Furthermore, the maximum error in the identification for other 

defect-free members is about 6.4%. The accuracy of identification can be improved as 

discussed next.  

The author observed that to identify defective states with reasonable accuracy will 

require more number of responses than the defect-free case. The absolute minimum 

numbers of required responses are still open questions, and since the author is the first to 

use the concept, it is still unknown. To study the issue comprehensively, the frame is 

identified using 9 responses at the substructure plus few more responses at other nodes. 

The results are summarized in Table 6.11, Columns 5, 7, and 9 using responses at 12, 15, 

and 18 DDOFs, respectively. They represent responses at the substructure plus at nodes 

(7), (7 and 10), and (7, 10, and 13), respectively. It can be observed that the reduction in 

the stiffness parameter of member 22 approaches the true value of 30% with the increase 

in the total number of responses used for the identification. Also, differences in the 

identified stiffness parameters for the defect-free and defective members get wider with 

the increased responses making the defect identification relatively simpler. It can be 

concluded that the proposed algorithm accurately identified the location of the defective 

element using responses at 9, 12, 15, and 18 DDOFs; however, whenever possible, as 

many additional responses as practicable beyond that of measured at the substructure 

should be used for SHA.  
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Table ‎6.10 Identification of (EI/L) of whole structure for defect-free using 9 DDOFs 

Member 
Theoretical 

(kN-m) 
Identified  Change (%) 

(1) (2) (3) (4) 

k1 13476 13475 0.0 

k2 13476 13468 -0.1 

k3 14553 14552 0.0 

k4 14553 14548 0.0 

k5 14553 14577 0.2 

k6 13476 13476 0.0 

k7 13476 13479 0.0 

k8 14553 14555 0.0 

k9 14553 14543 -0.1 

k10 14553 14575 0.1 

k11 13476 13485 0.1 

k12 13476 13503 0.2 

k13 14553 14535 -0.1 

k14 14553 14575 0.2 

k15 14553 14575 0.2 

k16 13476 13491 0.1 

k17 13476 13459 -0.1 

k18 14553 14569 0.1 

k19 14553 14552 0.0 

k20 14553 14628 0.5 

k21 13476 13481 0.0 

k22 13476 13459 -0.1 

k23 14553 14550 0.0 

k24 14553 14536 -0.1 

k25 14553 14503 -0.3 

Note:   Rk =10-4; Px(0|0) = 0.1; Ps(0|0) =103; w = 10 
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Table ‎6.11 Identification of (EI/L) of whole structure for Defect 1 

Member 
Theoretical 

(kN-m) 

Available responses at substructure (nodes 1, 2, 4) and at nodes 

- 7 7, 10 7, 10, 13 

9DDOFs 12DDOFs 15DDOFs 18DDOFs 

Identified 
Change 

(%) 
Identified 

Change 

(%) 
Identified 

Change 

(%) 
Identified 

Change 

(%) 

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 

k1 13476 13439 -0.3 13465 -0.1 13475 0.0 13466 -0.1 

k2 13476 13555 0.6 13734 1.9 13991 3.8 14132 4.9 

k3 14553 14507 -0.3 14538 -0.1 14552 0.0 14546 0.0 

k4 14553 14562 0.1 14571 0.1 14669 0.8 14698 1.0 

k5 14553 14678 0.9 14293 -1.8 13845 -4.9 13669 -6.1 

k6 13476 13507 0.2 13461 -0.1 13488 0.1 13429 -0.4 

k7 13476 13374 -0.8 13494 0.1 13377 -0.7 13425 -0.4 

k8 14553 14423 -0.9 14507 -0.3 14616 0.4 14520 -0.2 

k9 14553 14368 -1.3 14468 -0.6 14559 0.0 14652 0.7 

k10 14553 14309 -1.7 14769 1.5 14437 -0.8 14519 -0.2 

k11 13476 13705 1.7 13526 0.4 13642 1.2 13484 0.1 

k12 13476 13532 0.4 13440 -0.3 13424 -0.4 13386 -0.7 

k13 14553 15169 4.2 14719 1.1 14751 1.4 14678 0.9 

k14 14553 15186 4.4 14739 1.3 14347 -1.4 14692 1.0 

k15 14553 14932 2.6 14111 -3.0 14550 0.0 13971 -4.0 

k16 13476 13374 -0.8 13936 3.4 13693 1.6 13621 1.1 

k17 13476 12611 -6.4 13162 -2.3 13372 -0.8 13511 0.3 

k18 14553 14214 -2.3 14703 1.0 15248 4.8 14534 -0.1 

k19 14553 14145 -2.8 13770 -5.4 14555 0.0 13630 -6.3 

k20 14553 14695 1.0 14213 -2.3 14359 -1.3 15998 9.9 

k21 13476 13079 -3.0 12861 -4.6 12484 -7.4 13644 1.2 

k22 13476 11085 -17.7 10519 -21.9 10127 -24.9 9734 -27.8 

k23 14553 14563 0.1 14395 -1.1 14005 -3.8 14547 0.0 

k24 14553 13857 -4.8 14624 0.5 14864 2.1 14258 -2.0 

k25 14553 13977 -4.0 14324 -1.6 14701 1.0 14568 0.1 

Note: Rk =10-4; Px(0|0) = 0.1; Ps(0|0) =103; w = 10 
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6.4.3.3 Locations of Additional Responses 

Suppose that the inspector has resources to collect responses at 18 DDOFs; 3 nodes 

in the substructure (1, 2, and 4) plus 3 additional nodes. For the clarity of the 

presentation, let us consider that responses at 18 DDOFs have two parts; 9 responses are 

at substructure and the other 9 responses are not in the substructure. The responses at the 

substructure are fundamental to implement the procedure and their locations are known. 

However, the locations of responses not in substructure conceptually can be anywhere in 

the structure. The most desirable locations of 3 additional nodes in order to detect the 

defective beam 22 are explored using five different locations for them. It is important to 

note that the responses at the substructure are at fifth and roof level and they are the 

farthest from the defective beam 22 at the second floor level. The locations of 3 

additional nodes are considered to be: 

Case 1: Fifth floor and roof level (nodes 3, 5, and 6) 

Case 2: Fourth floor level (nodes 7, 8, and 9)  

Case 3: Third to fifth floor levels at right hand exterior column (nodes 6, 9, and 12) 

Case 4: Second to fourth floor levels at left hand exterior column (nodes 7, 10, and 13) 

Case 5: Second to fourth floor levels at right hand exterior column (nodes 9, 12, and 15) 

The whole frame is identified using response information for all five cases 

mentioned above and the results are summarized in Table 6.12. In all cases, the defective 

member is identified but with various levels of accuracy. In Case 1, since the locations of 

measured responses are the furthest from the defective member, the accuracy is the worst, 

as expected. Case 5 is found to be the best. In this case, one measured node point is 

connected to the defective element. It can be concluded that the capability of the 
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proposed algorithm to detect defect location and its severity will be the best if it is closer 

to the measurement points. The other three cases are between these two limit cases based 

on the proximity of the defective element. The results indicate that the proposed 

algorithm will identify the health of a structure even when the defect spot is away from 

the measurement points; however, attempts should be made to measure responses at 

different locations in a structure so that at least one of them will be closer to defective 

spot. For SHA in the presence of other defect scenarios, only results for Case 5 are given.   
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Table ‎6.12 Change (%) in EI/L identification using different locations of measured 

additional nodes for Defect 1 

Member 
Theoretical 

(kN-m) 

3 additional nodes 

3, 5, 6 7, 8, 9 6, 9, 12 7, 10, 13 9, 12, 15 

Case 1 Case 2 Case 3 Case 4 Case 5 

(1) (2) (3) (4) (5) (6) (7) 

k1 13476 0.0 -0.1 0.0 -0.1 0.0 

k2 13476 0.0 3.4 1.5 4.9 2.8 

k3 14553 0.0 -0.1 0.0 0.0 0.0 

k4 14553 0.0 0.8 0.5 1.0 0.6 

k5 14553 0.0 -4.2 -1.8 -6.1 -4.0 

k6 13476 -0.1 -0.4 -0.2 -0.4 -0.1 

k7 13476 0.2 -0.4 -0.6 -0.4 -0.2 

k8 14553 -0.7 -0.2 -1.1 -0.2 -0.2 

k9 14553 0.0 0.7 1.4 0.7 0.6 

k10 14553 -0.4 -0.4 -0.4 -0.2 -1.0 

k11 13476 -1.4 -0.1 0.2 0.1 0.2 

k12 13476 0.9 0.0 -0.9 -0.7 -0.2 

k13 14553 -2.0 0.1 -3.4 0.9 -1.8 

k14 14553 2.8 -0.9 2.3 1.0 0.6 

k15 14553 6.9 2.0 -0.3 -4.0 0.3 

k16 13476 5.9 4.2 0.8 1.1 -0.3 

k17 13476 -8.1 -1.8 -1.0 0.3 0.4 

k18 14553 6.6 4.9 13.6 -0.1 2.4 

k19 14553 -2.9 -5.0 -2.6 -6.3 -1.4 

k20 14553 -8.2 -4.8 -3.4 9.9 0.2 

k21 13476 -8.4 -5.3 -5.1 1.2 0.5 

k22 13476 -18.9 -23.6 -26.0 -27.8 -29.7 

k23 14553 -3.4 -3.3 -6.4 0.0 -0.7 

k24 14553 -2.4 0.4 2.0 -2.0 -0.1 

k25 14553 4.1 3.1 3.1 0.1 0.0 

Note: Rk =10-4; Px(0|0) = 0.1; Ps(0|0) =103; w = 10 
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(iii) Defect 2: reduction in the stiffness of member 17 by 20% 

In Defect 2, member 17 connecting nodes 11 and 12, is considered to be defective.  

The moment of inertia of the member over the entire length is considered to be reduced 

by 20% of the defect-free value. This defect is less severe than Defect 1. Using responses 

at 18 DDOFs with their location as in Case 5 mentioned above, the whole frame is 

identified using UKF-UI-WGI. The identification results are presented in Table 6.13, 

Columns 3 and 4. The maximum reduction in the identified stiffness parameter is found 

to be about 19.7% for member 17. The results clearly indicate that the UKF-UI-WGI 

procedure is capable of identifying the location and relatively less severe defect.  

(iv) Defect 3: reduction in the stiffness of member 12 by 50% 

In this example, the capability of the proposed procedure is checked if it can identify 

a relatively severe defect. In Defect 3, the moment of inertia of member 12 is reduced by 

50% of the defect-free value over the entire length. Following the similar procedures 

discussed earlier, using responses at 18 DDOFs with their location as in Case 5, the frame 

is identified and the results are presented in Table 6.13, Columns 5 and 6. All the 

observations made earlier for the two defective states are also applicable here. 
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Table ‎6.13 Stiffness parameter (EI/L) identification of whole structure for Defects 2 and 3 

Member 
Theoretical 

(kN-m) 

Defect 2 Defect 3 

Identified Change % Identified Change % 

(1) (2) (3) (4) (5) (6) 

k1 13476 13464 -0.1 13483 0.1 

k2 13476 13820 2.6 14073 4.4 

k3 14553 14546 0.0 14569 0.1 

k4 14553 14613 0.4 14679 0.9 

k5 14553 14082 -3.2 13704 -5.8 

k6 13476 13527 0.4 13484 0.1 

k7 13476 13423 -0.4 13393 -0.6 

k8 14553 14658 0.7 14553 0.0 

k9 14553 14481 -0.5 14496 -0.4 

k10 14553 14441 -0.8 14494 -0.4 

k11 13476 13577 0.7 13527 0.4 

k12 13476 13488 0.1 6789 -49.6 

k13 14553 14584 0.2 14377 -1.2 

k14 14553 14473 -0.6 14396 -1.1 

k15 14553 14571 0.1 14702 1.0 

k16 13476 13423 -0.4 13513 0.3 

k17 13476 10817 -19.7 13610 1.0 

k18 14553 14095 -3.1 15019 3.2 

k19 14553 14766 1.5 14285 -1.8 

k20 14553 14657 0.7 14569 0.1 

k21 13476 13343 -1.0 13441 -0.3 

k22 13476 13503 0.2 13498 0.2 

k23 14553 14879 2.2 14295 -1.8 

k24 14553 14413 -1.0 14748 1.3 

k25 14553 14528 -0.2 14564 0.1 

Note: Rk =10-4; Px(0|0) = 0.1; Ps(0|0) =103; w = 10 
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(v) Defect 4: loss of cross sectional area over a finite length  

The capability of the UKF-UI-WGI procedure is further examined if it can identify 

defect spot in a defective member. For this defect, the cross-sectional area of member 22, 

a beam at the second floor level, is considered to be corroded over a length of 20 cm, 

located at a distance of 0.5 m from node 15, as shown in Figure 6.25. The web and flange 

thicknesses are considered to be reduced to one fourth of their original values. The loss of 

thicknesses will result in the reduction of the cross-sectional area by 74.44% and the 

moment of inertia by 73.20% from the nominal values. The identification of stiffness 

parameter of the whole frame using UKF-UI-WGI with responses at 18 DDOFs and their 

location as in Case 5 is shown in Column 3 of Table 6.14 and the error in the 

identification is shown in Column 4 of Table 6.14. The stiffness parameter for member 

22 is reduced by the maximum amount of 16.6%, significantly more than other members, 

indicating that it is defective. To locate the defective spot more accurately within the 

defective member, the defective member can be represented by more number of finite 

elements and then identify the segment of the defective element with the largest reduction 

in the stiffness parameter. This procedure can be implemented without conducting any 

new experiment. To implement the concept, defective member 22 can be represented by 

two elements. Suppose, at first, a new node is introduced at the mid-span of member 22; 

a new node 19 is located at 4.57 m from node 14. In the FE representation, the two 

elements are denoted as 22a and 22b, as shown in Figure 6.25. The identified stiffness 

parameter of the whole frame using responses at 18 DDOFs is shown in Column 6 of 

Table 6.14. The stiffness parameter for element 22b is reduced by the maximum amount 

of 19.5%, significantly more than other members. It is clear that element 22b contains the 
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defect. To locate the defect more accurately, the length of element 22b can be reduced by 

moving the new node. Suppose, the new node is located at 6.0 m from node 14. Thus, the 

lengths of the two elements 22a and 22b are 6.0 m and 3.14 m, respectively. The 

identified stiffness parameters for this case are shown in Column 9 of Table 6.14. The 

results confirm that element 22b is defective. The process can be continued until the 

desired length of the segment is obtained. It can also be observed that the reduction in the 

identified stiffness parameter of the modified segment containing the defect increases 

with the reduction of its length. This example confirms that UKF-UI-WGI can detect 

defect spot accurately in a defective element.  

 

 

 

 

Figure ‎6.25 Defect 4 representation 
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Table ‎6.14 Stiffness parameter (EI/L) identification for Defect 4 

Member 

Locating the defective 

member 

Additional node at 

mid-span of member 22 a distance 6m from node 14 

Theoretical 

(kN-m)  

Identified 

(kN-m) 
Change 

% 

Theoretical 

(kN-m)   

Identified 

(kN-m) 
Change 

% 

Theoretical 

(kN-m)   

Identified 

(kN-m) 
Change 

% 

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 

k1 13476 13487 0.1 13476 13475 0.0 13476 13484 0.1 

k2 13476 13877 3.0 13476 13812 2.5 13476 14154 5.0 

k3 14553 14572 0.1 14553 14557 0.0 14553 14569 0.1 

k4 14553 14638 0.6 14553 14648 0.7 14553 14687 0.9 

k5 14553 13927 -4.3 14553 14025 -3.6 14553 13602 -6.5 

k6 13476 13463 -0.1 13476 13459 -0.1 13476 13454 -0.2 

k7 13476 13455 -0.2 13476 13446 -0.2 13476 13427 -0.4 

k8 14553 14511 -0.3 14553 14489 -0.4 14553 14539 -0.1 

k9 14553 14577 0.2 14553 14736 1.3 14553 14515 -0.3 

k10 14553 14521 -0.2 14553 14332 -1.5 14553 14589 0.2 

k11 13476 13438 -0.3 13476 13512 0.3 13476 13418 -0.4 

k12 13476 13547 0.5 13476 13360 -0.9 13476 13638 1.2 

k13 14553 14260 -2.0 14553 14278 -1.9 14553 14239 -2.2 

k14 14553 14573 0.1 14553 14750 1.4 14553 14490 -0.4 

k15 14553 14701 1.0 14553 14532 -0.1 14553 14780 1.6 

k16 13476 13357 -0.9 13476 13395 -0.6 13476 13383 -0.7 

k17 13476 13645 1.3 13476 13538 0.5 13476 13621 1.1 

k18 14553 14689 0.9 14553 15081 3.6 14553 14186 -2.5 

k19 14553 14403 -1.0 14553 14104 -3.1 14553 14865 2.1 

k20 14553 14692 1.0 14553 14633 0.5 14553 14656 0.7 

k21 13476 13913 3.2 13476 13573 0.7 13476 13861 2.9 

k22a 
13476 11243 -16.6 

26952 27258 1.1 20529 20786 1.3 

k22b 26952 21702 -19.5 39227 22664 -42.2 

k23 14553 14614 0.4 14553 14341 -1.5 14553 14994 3.0 

k24 14553 14593 0.3 14553 14521 -0.2 14553 14510 -0.3 

k25 14553 14434 -0.8 14553 14545 -0.1 14553 14424 -0.9 

Note: Rk =10-4; Px(0|0) = 0.1; Ps(0|0) =103; w = 10 
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6.4.4 Structural Health Assessment Using GILS-EKF-UI Procedure 

To demonstrate the superiority of the proposed procedure, its performance is 

compared with the GILS-EKF-UI procedure developed by the team members earlier. The 

results of the GILS-EKF-UI procedure for the defect-free and four defective cases, 

considered earlier, are summarized in Table 6.15. For the defect-free case, responses at 9 

DDOFs are used to identify the structure. The results indicate that the maximum error in 

the identification is about 76.3% using GILS-EKF-UI. It is only 0.5% for UKF-UI-WGI.  

Obviously, the EKF-based procedure failed to assess the defect-free state of the frame.   

For four defective cases, the EKF-based procedure identified the defect locations and 

their severity reasonably well. However, for SHA, its use may not be straightforward. For 

Defect 1, the stiffness parameter of the defective member 22 reduced by 29.8%; however, 

it reduced for member 5 by 14.8%, incorrectly indicating that they may also be defective. 

In addition, it increased for member 2 by 13.9%. Therefore, it can be concluded that the 

EKF-based procedure failed to assess the health of the frame. Results in Tables 6.13 and 

6.14 indicate that there is no such assessment problem when UKF-UI-WGI is used, 

establishing its superiority. Similar conclusions can be made when other defect scenarios 

are considered. To avoid any similar problems in structural health assessment, the author 

recommends using UKF-UI-WGI instead of GILS-EKF-UI procedures developed by the 

team earlier. 
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Table ‎6.15 Change (%) in EI/L identification of whole structure using GILS-EKF-UI 

procedure 

Member 
Theoretical 

(kN-m) 

Defect-Free Defect 1 Defect 2 Defect 3 Defect 4 

9DDOFs 18DDOFs 18DDOFs 18DDOFs 18DDOFs 

(1) (2) (3) (4) (5) (6) (7) 

k1 13476 -1.4 -0.3 -0.4 -0.5 -0.2 

k2 13476 -8.9 13.9 13.6 22.7 13.3 

k3 14553 -1.6 -0.3 -0.4 -0.5 -0.2 

k4 14553 -1.5 3.1 3.0 4.8 2.9 

k5 14553 24.7 -14.8 -14.2 -21.2 -14.2 

k6 13476 0.6 -1.7 -1.5 -2.3 -1.6 

k7 13476 -3.1 -1.0 -1.1 -1.5 -1.0 

k8 14553 -1.9 -2.1 -1.6 -2.5 -2.0 

k9 14553 -5.1 2.9 2.2 2.8 2.4 

k10 14553 0.1 -1.7 -1.6 -1.9 -1.0 

k11 13476 13.4 0.4 0.9 1.0 0.1 

k12 13476 -0.4 -0.6 -0.4 -49.9 0.1 

k13 14553 4.8 -2.4 -0.8 -1.7 -2.5 

k14 14553 -5.1 0.6 -0.2 -0.9 0.3 

k15 14553 -9.8 0.4 0.2 0.8 1.0 

k16 13476 -5.5 0.1 0.0 0.4 -0.9 

k17 13476 1.4 0.6 -19.6 1.1 1.5 

k18 14553 3.1 8.1 3.5 8.2 5.1 

k19 14553 -9.0 -4.2 -2.1 -4.6 -3.5 

k20 14553 76.3 -0.3 0.1 -0.1 0.7 

k21 13476 -3.9 1.3 0.5 1.2 4.6 

k22 13476 0.5 -29.8 0.3 0.4 -16.4 

k23 14553 -3.5 -3.5 -1.6 -4.1 -1.7 

k24 14553 2.1 1.6 0.9 2.1 1.1 

k25 14553 -3.7 0.1 0.0 0.1 -0.8 

Note: Rk =10-4; Px(0|0) = 0.1; Ps(0|0) =103; w = 10 
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6.4.5 Optimum Number of Measured Responses 

In this section, the absolute minimum of measured responses required to identify the 

frame is further explored considering the location of the defective member known. First, 

the responses are assumed to be available at the substructure and a node connecting to the 

defective member, i.e., at 12 DDOFs. Then, they are assumed to be available at the 

substructure and 2 additional nodes, i.e., at 15 DDOFs, where one of them is connecting 

to the defective member. The results of identification using UKF-UI-WGI with 12 and 15 

DDOFs for Defects 1-3 are shown in Table 6.16. The results show that in all cases, the 

UKF-UI-WGI is able to identify the locations of the defects and their severity reasonably 

well using responses only at 12 DDOFs. However, the results also show that the 

reductions are not only in the defective member but also in some other members 

incorrectly indicating that they may also be defective. To improve the capability of defect 

detection, the responses at 15 DDOFs should be used. The results of 15 DDOFs for all 

cases show that the location and severity of defect are identified accurately. 

Therefore, it can be concluded here that if the location of defect is known, responses 

at 15 DDOFs, including responses at a node connecting to defective member, are 

sufficient to identify the structure. However, if the location of defect is not known, 

responses at 18 DDOFs are required to identify the structure and it is preferred to be 

measured at all floor levels. 
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Table ‎6.16 Change (%) in (EI/L) identification using UKF-UI-WGI with 12 and 

15DDOFs 

Member 
Theoretical 

(kN-m) 

Defect 1 Defect 2 Defect 3 

12DDOFs 15DDOFs 12DDOFs 15DDOFs 12DDOFs 15DDOFs 

Available responses at substructure (nodes 1, 2, 4) and at nodes 

15 9, 15 12 9, 12 9 9, 12 

(1) (2) (3) (4) (5) (6) (7) (8) 

k1 13476 0.3 0.0 -0.2 0.0 0.0 0.2 

k2 13476 -1.3 -0.4 1.6 1.2 11.3 0.6 

k3 14553 0.4 0.0 -0.2 0.1 0.0 0.2 

k4 14553 -0.6 0.1 0.9 0.3 2.7 0.1 

k5 14553 0.2 0.7 0.9 -2.1 -12.6 -1.5 

k6 13476 0.8 -0.1 0.9 0.2 -0.6 0.4 

k7 13476 1.2 -0.1 -3.9 -0.1 -1.9 -0.2 

k8 14553 0.0 0.0 4.3 0.1 -0.5 0.3 

k9 14553 0.6 0.6 -1.3 0.8 1.3 -0.3 

k10 14553 -1.5 -0.7 -6.5 -1.2 -2.4 -0.3 

k11 13476 0.8 0.6 1.0 -0.1 1.9 -0.1 

k12 13476 -3.6 -0.8 8.0 -0.5 -50.3 -49.8 

k13 14553 9.7 2.9 -2.6 -1.9 2.2 -1.2 

k14 14553 5.9 0.2 -6.2 1.1 0.2 -0.3 

k15 14553 -7.4 -1.2 -5.5 0.3 -3.7 0.7 

k16 13476 -9.7 -1.8 6.1 -0.4 -5.6 0.4 

k17 13476 7.8 1.9 -21.0 -19.6 3.8 0.7 

k18 14553 0.9 0.9 -3.8 2.1 2.3 5.7 

k19 14553 2.7 -1.9 2.8 -1.0 3.7 -1.5 

k20 14553 -11.4 -1.0 -9.3 1.1 4.2 0.6 

k21 13476 4.7 1.6 -12.6 0.0 3.1 -1.0 

k22 13476 -31.4 -29.2 3.4 0.4 -7.1 0.0 

k23 14553 -4.4 -1.9 3.1 -0.6 -2.2 -3.4 

k24 14553 0.9 -1.0 3.7 0.1 2.8 2.4 

k25 14553 0.2 0.9 7.0 -0.6 -1.4 -0.4 

Note: Rk =10-4; Px(0|0) = 0.1; Ps(0|0) =103; w = 10 
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6.5 Observations and Discussions 

The proposed UKF-UI-WGI procedure is verified to identify the health of large 

structural systems. Three different size and configuration of structures are considered. 

The structures are excited by different types of loadings including impulsive, sinusoidal, 

and seismic loading. One and multiple input excitation(s) are considered. Small and 

relatively severe damages are numerically simulated in single and multiple members in 

the structure. Different damage scenarios are also considered in terms of reduction in the 

stiffness parameters or cross-sectional areas. Different number of measured responses 

and their locations with respect to the location of defect is also studied in order to show 

their effects on the identification accuracy. 

Several important observations can be made from the numerical examples. The 

proposed method is capable of identifying the location and severity of defects at the local 

element level using only a limited number of noise-contaminated responses and without 

using input excitation information. Moreover, it can detect defect spot accurately in a 

defective element. The procedure can identify the defect even if the measured responses 

are not close to the defective member; however, the accuracy of identification improves 

as the measured responses become closer to the defective member. One of the advantages 

of the integrated procedure is that it does not need to guess the initial values of the 

unknown stiffness parameters; it can be generated from the first stage of the procedure. 

The substructure approach is important to identify the input excitation time-history using 

only a limited number of measured responses. 

The global weighted iteration with an objective function, introduced in the 

traditional UKF algorithm, plays an important role in the stability and convergency of the 
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algorithm. It also improves the UKF algorithm to identify a large structural systems using 

only a short duration of measured responses. The robustness of the proposed procedure is 

also demonstrated by conducting parametric studies. They showed that the procedure is 

able to identify the structure also if the values of the parameters, required to implement 

the procedure, are not close to the true values. 

The comparative study between the proposed UKF-UI-WGI and the GILS-EKF-UI 

procedure developed earlier by the research team shows the superiority of the proposed 

procedure for structural health assessment. Moreover, the measured responses required to 

identify the structural systems using UKF-UI-WGI procedure is smaller than that of 

GILS-EKF-UI.  
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CHAPTER 7   

SUMMARY AND CONCLUSIONS 

7.1 Summary 

A novel robust structural health assessment (SHA) procedure is developed in two 

stages. The procedure is vibration-based nonlinear system identification (SI) technique. 

The structure is represented by finite element. The basic premise of SI-based SHA 

methods is that structural defect will alter the parameters of the structural elements, i.e., 

stiffness, mass, and/or energy dissipation, which in turn change global structural 

responses. Thus, by tracking the signature embedded in the structural responses, the 

information on the locations of defects and their severities can be obtained. 

The unscented Kalman filter with weighted global iteration (UKF-WGI) procedure is 

developed first. In this procedure, a weighted global iteration (WGI) with an objective 

function is incorporated with the traditional UKF algorithm in order to obtain stable, 

convergent, and optimal solution. In addition, it improves the UKF algorithm in order to 

be able to identify a large structural system using short response time-histories measured 

at a limited number of dynamic degrees of freedom (DDOFs). The UKF-WGI procedure 

is extensively verified for several SHA problems including linear and nonlinear structural 

systems; considering small and severe defects in single and multiple members, and using 

noise free and noisy dynamic responses. The comparative study between the results of 

UKF-WGI and extended Kalman filter with weighted global iteration (EKF-WGI) 

procedure is also conducted to demonstrate the superiority of the UKF-WGI procedure. 

Then, the unscented Kalman filter with unknown input and weighted global iteration 

(UKF-UI-WGI) procedure is developed. It is integration of iterative least-squares with 
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unknown input (ILS-UI) and the UKF-WGI procedures. The substructure concept is also 

incorporated in the approach. The procedure is implemented in two stages. In the first 

stage, based on the location of input excitation(s), the substructure is selected. Then, 

using only the responses at all DDOFs of substructure, the ILS-UI procedure is 

implemented to identify the input excitation time-histories, the stiffness parameters of all 

the elements in the substructure and the two Rayleigh damping coefficients. The 

information extracted from the first stage satisfies all the requirements to implement 

UKF-WGI in the second stage. After implementing the UKF-WGI procedure, the 

stiffness parameters of all the elements in the structure are identified. By comparing the 

identified stiffness properties with the expected values; reference values obtained from 

the design drawings; or previous values if inspections are carried out periodically, the 

location(s), number, and severity of defects can be established. 

The effectiveness of UKF-UI-WGI procedure is verified with the help of several 

numerical SHA problems. The health assessment of relatively large real structural 

systems under various types of excitation, i.e., harmonic, impulsive, and earthquake, is 

studied. Small and severe defects in single and multiple members are considered. The 

optimum number and location of measured responses required to identify the structure 

are explored. The effects of various parameters on the SHA are also investigated. With 

the help of these studies, it is documented that the proposed method is robust, accurate, 

and stable in assessing health of large structural systems using only a limited number of 

responses and without using input excitation information. 

Finally, two comparative studies are considered to demonstrate the superiority of the 

proposed procedure. First, it is between UKF-WGI and the traditional UKF procedure 
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and then between UKF-UI-WGI and the generalized iterative least-squares extended 

Kalman filter with unknown input (GILS-EKF-UI) procedure, developed earlier by the 

research team. 

7.2 Conclusions 

Based on this study, several important conclusions can be made. They are: 

1. The proposed UKF-UI-WGI procedure is a nondestructive SHA procedure. It can 

identify the structure using only limited response information and without using 

input excitation information and it is capable of identifying: 

a. location of the defect at the local element level and also severity of the defect 

accurately, 

b. single and multiple defects in the structure, 

c. small and severe defects considering different kinds of defect simulation such as 

reduction in stiffness parameter or reduction in the thickness or cross section of 

the member, 

d. a defect spot within a defective member, and 

e. the state of structures excited by any type of loadings such as harmonic, 

impulsive, and earthquake loadings, applied at any location. 

2. The weighted global iteration with an objective function incorporated with the UKF 

algorithm plays important role in the identification as follows: 

a. obtain stable, convergent, and optimal solution, 

b. improve the UKF procedure to identify a large structural system, and 

c. use only a limited number of responses with short time-histories, often fractions 

of a second. 
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3. The integration of the ILS-UI procedure with the UKF-WGI procedure, producing a 

two-stage approach,  has significant impact on the latter as follows: 

a. The input excitation time-histories, required to implement UKF-WGI, are 

identified using ILS-UI. 

b.  The identified stiffness parameters of all the members in the substructure using 

ILS-UI help to generate the initial stiffness parameters of the whole structure, 

required to initiate the UKF-WGI procedure. 

c.  The identified damping coefficients using ILS-UI is used as known parameters in 

the UKF-WGI procedure. 

4. The substructure approach is useful in order to identify the input excitation time-

histories using only responses measured at the substructure. 

5. The finite element representation of the structure is important in order to identify the 

structure at the local element level. 

6. The accuracy of identification of the defective member in the structure improves 

when the responses at a node connected to the defective member are measured. 

7. A large value of weight factor accelerates the convergency of the UKF-WGI 

algorithm; however, it must not be so large that the stability might be compromised. 

8. A large value of initial stiffness covariance matrix is desirable to accelerate the 

UKF-WGI processing. However, its value should not be very large so that the 

stability might be compromised. 

9. The proposed procedure correctly identified the locations and the severity of defects, 

even when the quality of the measured responses is not good. 
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10. The comparative study between the proposed UKF-based procedure and the EKF-

based procedure showed that: 

a. The UKF-based procedure is superior to the EKF-based procedure for 

identification of nonlinear structural systems. 

b. The UKF-based procedure is more robust to structural identification in the 

presence of measurement noises than the EKF-based procedure. 

c. The number of measured responses required to identify the structure using the 

UKF-based procedure is much less than that using the EKF-based procedure. 

d. In general, the errors in identification using the UKF-based procedure are much 

smaller than that using the EKF-based procedure. 
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7.3 Recommendations for Future Work 

Although significant improvements have been achieved in this study toward the 

ultimate goal of developing robust method for SHA to real large structural systems, there 

are still several issues which need further investigation. The following topics can be 

addressed in the future: 

1. The method needs to be extended for three dimensional structures. 

2. The method needs to be extended further to identify highly nonlinear hysteretic 

structural systems. 

3. The method needs to be verified using experimental responses obtained from full 

scale real structures. 

4. The method needs to be extended to framed structure with semi-rigid connections. 
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APPENDIX A 

 NOTATIONS AND SYMBOLS 

The following symbols are used in this dissertation: 

       = matrix resulting from multiplication of global stiffness coefficient matrix 

related to key nodes and measured displacement and velocity in substructure at time t 

        = matrix resulting from multiplication of global stiffness coefficient matrix and 

measured displacement and velocity in substructure at time t 

  = mass proportional damping coefficient 

  = stiffness proportional damping coefficient 

B = total number of measured acceleration responses 

  = global viscous damping matrix for whole structure 

       = i
th

 column in square root of the error covariance matrix of the state 

dkn = total number of dynamic degrees of freedom of key nodes in substructure 

dsub = total number of dynamic degrees of freedom in substructure 

Ei = Young’s modulus of elasticity of i
th

 element 

     = total number of elements in substructure 

     = excitation force vector for whole structure at time t 

       = excitation force vector applied at key nodes at time t 

       = vector of unknown input excitations and inertia forces for key nodes at time t 

   
  = identified excitation force at i

th
 iteration 

    = nonlinear function of the state vector 

f1, f2 = first two natural frequencies of the structure 

    = nonlinear function relating state to measurement vector 
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  = measurement matrix relating state to measurement vector 

I = unit matrix 

Ii = moment of inertia of i
th

 element 

  = global stiffness matrix for whole structure 

     = global stiffness matrix for substructure 

        = stiffness matrix containing all rows related to the key nodes extracted from the 

global stiffness matrix of the substructure 

   = stiffness matrix of i
th

 element in the global coordinate system 

    = stiffness matrix for i
th

 element in the local coordinate system 

   = vector of unknown stiffness parameters of whole structure 

        = initial mean of unknown stiffness parameters of whole structure 

     = Kalman gain matrix at discrete time k+1 

    
   

 = identified stiffness parameter at the end of i
th

 global iteration 

   = stiffness parameter of i
th

 element 

kn = total number of key nodes in substructure 

L = total number of unknown stiffness parameters of whole structure 

Li = length of i
th

 element 

  = global mass matrix for whole structure 

     = global mass matrix for substructure 

        = mass matrix containing all rows related to the key nodes extracted from the 

global mass matrix of the substructure 

   = mass matrix for i
th

 element in the global coordinate system 

    = mass matrix for i
th

 element in the local coordinate system 
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    = mass per unit length for i
th

 element 

N = total number of dynamic degrees of freedom in whole structure 

  = dimension of the state vector 

nsub = total number of nodes in substructure 

     = vector of unknown system parameters in substructure 

     = initial error covariance matrix of the state 

        = initial error covariance matrix of the stiffness parameters of whole structure 

        = initial error covariance matrix of the displacement and velocity responses 

       = predicted error covariance matrix at discrete time k+1 given measurements up 

to discrete time k 

         = updated error covariance matrix at discrete time k+1 by incorporating 

measurements at discrete time k+1 

      
   = predicted measurement error covariance matrix at discrete time k+1 given 

measurements up to discrete time k 

      
   = predicted cross correlation matrix at discrete time k+1 given measurements up 

to discrete time k 

q = total number of measurement time points 

   = measurement noise covariance matrix at discrete time k 

re = total number of related elements in substructure 

rn = total number of related nodes in substructure 

sc = total number of constraints to dynamic degrees of freedom in substructure at support 

   = global stiffness coefficient matrix of i
th

 element in the global coordinate system 

    = stiffness coefficient matrix of i
th

 element in the local coordinate system 
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   = transformation matrix for i
th

 element 

usub = total number of unknown parameters in substructure 

   = zero mean white measurement noise vector at discrete time k 

   = weighted factor for sigma points and their error covariance 

w = weight factor 

                    = horizontal displacement, velocity, and acceleration of i
th

 node 

     = displacement response vector for whole structure at time t 

      = velocity response vector for whole structure at time t 

      = acceleration response vector for whole structure at time t 

        = displacement response vector for substructure at time t 

         = velocity response vector for substructure at time t 

         = acceleration response vector for substructure at time t 

        = initial mean of displacement vector for all dynamic degrees of freedom in the 

structure 

         = initial mean of velocity vector for all dynamic degrees of freedom in the 

structure 

    = global coordinate system 

      = local coordinate system 

                    = vertical displacement, velocity, and acceleration of i
th

 node 

     = i
th

 measured response at discrete time k 

   = measurement vector at discrete time k 

     = measurement vector at discrete time k+1 
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        = predicted measurement vector at discrete time k+1 given measurements up to 

discrete time k 

   = state vector at time t containing displacement, velocity, and unknown stiffness 

parameter of whole structure 

    = time derivative of state vector at time t 

   = state vector at discrete time k 

      = initial mean of state vector 

      = mean values of the state vector at discrete time k given measurements up to 

discrete time k 

        = predicted mean values of the state vector at discrete time k+1 given 

measurements up to discrete time k 

          = updated state vector at discrete time k+1 by incorporating measurements at 

discrete time k+1 

       = i
th

 sigma points generated around the state vector at discrete time k given 

measurements up to discrete time k 

         = i
th

 predicted sigma points at discrete time k+1 given measurements up to 

discrete time k 

  = scaling parameter 

  = scaling factor determining the extent of the spread of the sigma points around the 

prior mean 

  = secondary scaling factor and is usually set to 0 

  = scaling factor used to emphasize the weighting on the zeroth sigma point for the 

posterior covariance calculation 
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    = difference between measured and corresponding estimated response for i
th

 element 

in measurement vector at discrete time k 

   = normalized mean-square of the difference between i
th

 measurement and 

corresponding estimated response 

   = average of normalized mean-square of the difference between i
th

 measurement and 

corresponding estimated response 

   = objective function showing the scatterness in the root mean-square   from the central 

value    

        
       

      = rotational displacement, velocity, and acceleration of i
th

 node  

t = time increment 

       = Jacobian matrix of the state transition of the system from discrete time k to k+1 

   = predetermined convergence criterion for force excitation 

   = predetermined convergence criterion for stiffness parameter identification 

  ,    = first two natural circular frequencies of the structure 

  = damping ratio 
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