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Abstract

In the wake of sequestration, Test and Evaluation (T&E) groups across the U.S. are quickly
learning to make do with less. For Department of Defense ranges and test facility bases in
particular, the timing of sequestration could not be worse. Aging optical tracking systems are
in dire need of replacement. What’s more, the increasingly challenging missions of today require
advanced technology, flexibility, and agility to support an ever-widening spectrum of scenarios,
including short-range (0 − 5 km) imaging of launch events, long-range (50 km+) imaging of
debris fields, directed energy testing, high-speed tracking, and look-down coverage of ground
test scenarios, to name just a few. There is a pressing need for optical tracking systems that
can be operated on a limited budget with minimal resources, staff, and maintenance, while
simultaneously increasing throughput and data quality.

Here we present a mathematical error model to predict system performance. We compare
model predictions to site-acceptance test results collected from a pair of multi-band optical
tracking systems (MBOTS) fielded at White Sands Missile Range. A radar serves as a point
of reference to gauge system results. The calibration data and the triangulation solutions ob-
tained during testing provide a characterization of system performance. The results suggest that
the optical tracking system error model adequately predicts system performance, thereby sup-
porting pre-mission analysis and conserving scarce resources for innovation and development of
robust solutions. Along the way, we illustrate some methods of time-space-position information
(TSPI) data analysis, define metrics for assessing system accuracy, and enumerate error sources
impacting measurements. We conclude by describing technical challenges ahead and identifying
a path forward.
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Introduction

The Multi-Band Optical Tracking System (MBOTS) is an indispensable component for testing and
evaluating systems. Its ability to track objects, characterize target motion dynamics and trajec-
tories to arcsecond-level accuracy, and test and evaluate weapon functionality and aerial systems,
supports the following key engineering activities: The test data may be analyzed to determine
how well a system under test satisfies its requirements, assess the system’s fieldworthiness, provide
feedback to designers on the quality of the design, determine system reliability, and determine if
the article under test is ready to go into production. While this wealth of quantitative information
puts the utility of the MBOTS beyond dispute, making the most of these systems—logistically,
operationally, and economically—is an ongoing challenge.

Drawing on the model defined in [2], this paper reviews the theoretical underpinnings of MBOTS
calibration, describes the system parameter estimation process, and culminates in the presentation
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of a model that predicts system performance for a dual-MBOTS configuration viewing a common
moving target. The model is also used to determine the ideal placement of MBOTS for a required
level of system accuracy, with the goal of aiding the test planner and improving the likelihood of a
successful mission.

The paper is structured as follows. Typical MBOTS applications are reviewed. Key MBOTS
components are introduced, followed by identification of systematic error sources. A MBOTS
mathematical error model provides a theoretical framework for managing systematic error sources.
Next, calibration methods and error model parameter estimation are covered. A model for predict-
ing system performance for a dual-MBOTS configuration viewing a common target is presented.
The model outputs are compared to real data collected during a site-acceptance test.

Mission Requirements and MBOTS Capabilities

A key mission requirement for test ranges is to track objects. Missions involve tracking targets
over a wide span of ranges and for a variety of viewing geometries. The ability to track an object
is a function of several factors, including the object characteristics, trajectory, and dynamics. The
tracker needs to track and discriminate multiple objects, handle object spawning events (e.g.,
submunitions), and handoff object tracks to other trackers. To maintain track on a given object,
the tracker must be able to “coast” (via predictive filters and/or pre-defined trajectories) through
track discontinuities when the object is not in the sensor’s line-of-sight. Usually, an object in
track cannot be kept exactly in the boresight of the MBOTS sensors, owing in part to time delays
and errors in filtering; the extent to which the object is off-boresight is quantifiable in real-time
with the use of an auto-tracker. Though manual tracking was prevalent on older tracking systems,
auto-tracking is now, for all practical purposes, a hard requirement.

In addition to tracking, some missions require phenomenological image analyses, e.g. to support
directed energy studies. If time-space-position information (TSPI) is needed, then the MBOTS
needs to have a ranging device to locate the object in 3D, or multiple MBOTS need to observe the
target under test to obtain spatial coordinates via triangulation. In some cases, the intermediate
results of a mission dictate how the remainder of the mission will unfold. The ability to process
the data in real-time and obtain instant feedback in the field supports agile testing.

To support this wide variety of mission parameters, MBOTS need to detect the object, keep the
object in its line of sight by moving sufficiently quickly, provide auto-tracking, support real-time
quick-look feedback to operators, and store images and data products for post-mission data reduc-
tion. The data needs to be time-synchronized to support time-correlation of data products across
all measuring devices, and the data rate needs to support the analysis requirements. The MBOTS
data products include: time-stamped azimuth and elevation angles and/or time-space-position in-
formation; video and image files; and spectral data.

Basic features of MBOTS

The key components of MBOTS, shown in Figure 1, include the following:

• Sensors: includes multi-band cameras and optics to acquire images

• Precision time source: provides a common time source for all subsystems, to enable time-
synchronized data collection

• Controller: controls subsystems and integrates system data

• Servo controller: sends command signals to amplifier dictating motor speed and direction
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Figure 1: MBOTS Block diagram.

�

�

������	
�

����


������	
�

����


������

�����


��
���

Figure 2: Off-boresight target pixels from center.

• Auto-tracker: tracks objects via image processing algorithms

• Data recorder: records images, video, and other data products

• Amplifier: sends current to motors as a function of servo controller command signals

• Motors (for azimuth and elevation): used to point MBOTS toward target(s) of interest;
supports rotational movement along azimuth axis and elevation axis

• Encoders (for azimuth and elevation): converts angular positions into digital signals

• Operator interface: includes keyboards, monitors, switches, and other controls for an end-user
to manage MBOTS

One essential feature absent from Figure 1 is the mechanical frame on which the gimbal rests.
To enable arcsecond accuracy measurements, both the site (preferably a concrete slab) and the
frame need to be stable (although MBOTS can be operated on moving platforms, albeit at reduced
accuracy). The frame is designed so as to minimize base motion, resonances, thermal gradients due
to solar heating or other heat sources, and the impact of any mechanical disturbances. For trailer-
mounted mobile systems, the frame is supported by jacks for stability and precisely leveled prior
to operating the system. The bearings on which the gimbal rotate are manufactured and tested to
ensure that flatness and wobble are virtually non-existent during rotation about the azimuth axis.

Error Sources

The MBOTS collects two primary sets of raw measurements. The first set of raw measurements
are the pointing angles, and include the azimuth and elevation encoder angle measurements. The
second set of raw measurements are the off-boresight azimuth and elevation angles. The target
image center ideally coincides with the boresight. As shown in Figure 2, the target is some number
of pixels off-boresight from the y-axis; these pixels correspond to an off-boresight azimuth angle.
Similarly, the target is some number of pixels off-boresight from the x-axis; these pixels correspond
to an off-boresight elevation angle.

Raw measurements have contributions from both random and systematic errors. Random errors
are handled by taking repeated measurements and applying statistics. Systematic errors are char-
acterized using calibration data, and their estimated contributions are subtracted from the raw
measurements. Here we describe the MBOTS systematic error sources. Since the mathematical
derivations of the error sources are covered in [2], the main focus here is on visualizing the error
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sources. Only those error sources that contribute substantially to the overall error budget are
discussed here.

To describe the errors, it is convenient to define the following angles. The first pair of angles are
relative to the (mount) bearing plane, the plane on which the gimbal rests and rotates.

em = [ẽenc + ε̃el]− e0 − ec (1)

am = [ãenc + ε̃az sec em]− a0 − ac sec em − γ tan em (2)

where, respectively,

• em and am are the target elevation and azimuth angles in the (mount) bearing plane,

• ẽenc and ãenc are the elevation and azimuth angles as determined from the encoders,

• ε̃el and ε̃az are the off-boresight elevation and azimuth angles as determined by the auto
tracker,

• e0 and a0 are the elevation and azimuth zero-offsets,

• ec and ac are the elevation and azimuth collimation angles. Here “elevation collimation” is an
artificial construct used to carry the difference in elevation zero-offset e0 of different sensors.

The tilde above the encoder angle and off-boresight terms indicates that these are measured items.

The second pair of angles are relative to the local horizontal plane, the plane perpendicular to the
gravity vector at the MBOTS center of rotation.

eg = em + etilt − edroop (3)

ag = am + atilt tan em (4)

where the g subscript denotes gravity, m denotes the mount, tilt denotes the tilt contribution, and
droop denotes the droop contribution.
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(a) Azimuth zero off-
set.

(b) Azimuth collima-
tion.

(c) Elevation “collima-
tion”. (d) Nonorthogonality.

Figure 3: Representative error sources visualized.

Below are error sources that are accounted for, estimated, and managed via calibration.
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• Zero Offset (e0 for elevation, a0 for azimuth): Captures the residual non-zero value that
separates the true value from the zero point of the encoder axis. This value is a function of
the park position and true North, as shown in Figure 3a.

• Collimation (ec for elevation, ac sec em for azimuth): Azimuth collimation captures non-
orthogonality between optical boresight and the elevation rotation axis, as shown in Figure 3b.
Elevation “collimation” is an artificial construct to capture the different zero offset elevation
angles that each sensor has, as shown in Figure 3c.

• Tilt (etilt for elevation, atilt tan em for azimuth): Measures tilt of the azimuth assembly with
respect to the local gravity vector.

• Vertical Deflection (η sin ag + ξ cos ag for elevation, [η cos ag − ξ sin ag] tan eg for azimuth):
Deviation of local gravity vector from the normal to the ellipsoid.

• Droop (edroop for elevation only): Bending of optics due to gravity; measures the elevation
error induced by gravitational loading on the mechanical structure which supports the sensor.

• Non-orthogonality (γ tan em for azimuth only): Deviation from 90 ◦ of the angle between the
azimuth and the elevation rotation axes. Figure 3d illustrates the ideal orthogonal case.

• Parallax (eplx for elevation, aplx sec em for azimuth): Error arising from the fact that not all
sensors are located at the rotation center of the tracking mount. Comparison of sensor data
requires corrections.

• Refraction: Bending of light due to atmosphere; effect is pronounced at low elevation angles.

Linear Error Model

The systematic MBOTS errors are incorporated into a linear model. This model assumes that
there are no interactions between error sources, e.g. droop is independent of vertical deflection. It
also assumes that the systematic errors are constant. The linear error model equations are

êtgt = ẽenc + ε̃el − e0 − ec + etilt − (η sin ag + ξ cos ag)− edroop + eplx (5)

âtgt = ãenc + ε̃az sec em − a0 − ac sec em + atilt tan em + (η cos ag + ξ sin ag) tan eg−
γ tan em + aplx sec em

(6)

System Calibration

Calibration eliminates systematic errors from measurements. Ideally, the system is calibrated
near in time to the data collection, and under conditions where the atmosphere and temperature
are stable. Calibration is typically performed whenever the MBOTS has been moved to a new
site, and/or when any of the sensors have been adjusted or replaced. Using a set of measurements
where target positions are accurately surveyed, along with measurements acquired from a tilt meter,
calibration coefficients are estimated. Subsequent raw encoder angle measurements are “corrected”
by applying the linear model. Following is a brief description of the basic calibration types.

Encoder calibration Prior to insertion into the system, each encoder is checked for linearity
of response. For a fixed change in angle, the encoder angle is expected to increase linearly. The
encoder is installed and zeroed after the system is in park position (mechanical zero degrees in both
azimuth and elevation).
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Tilt and wobble calibration Prior to use, the MBOTS frame is leveled, and then a tilt meter
collects tilt measurements as the gimbal is rotated. These measurements characterize the systematic
error due to tilt and wobble. Wobble arises in part due to imperfections in the bearings, and due
to supports between which sagging can occur.

Target board calibration Since target boards’ locations and the MBOTS location are deter-
mined via survey, target board and field-of-view calibration are used to determine some of the
systematic errors (measured = truth + error). The operator points the MBOTS sensors to a given
target board, and the measured encoder angles are compared to the true angles. Target board data
is also used to calculate field-of-view scaling factors (the conversion constants that relate pixels to
angles) and sensor rotation, the angle by which a given sensor is rotated along its boresight axis
(e.g., due to mechanical imperfections in sensor mounting plates).

Stellar calibration Similarly to target boards, where the locations are determined in advance
of data collection, the locations of stars can be calculated. By taking measurements for a number
of stars, distributed in different parts of the sky, data with diversity in both azimuth and elevation
angles is collected. An additional benefit of stellar calibration is that the stars are effectively at
infinity, so parallax error is negligible.

With measurements obtained, the calibration coefficients are estimated via weighted least squares.
Post-calibration, the linear model is used to convert raw measurements to corrected measurements.

System Accuracy Model

A model was developed in preparation for the site-acceptance test for the Mobile Multi-Sensor
Time-Space-Position Information System (MMTS), a Photo-Sonics tracking system. The scenario
involves two MMTS operating simultaneously to triangulate the 3D location of a target under test,
a low-flying projectile that follows a straight path. A radar provides range data, to evaluate the
dual-MMTS performance. The goal of the model is to predict system accuracy, determine the
optimal viewing locations for the tracking mounts, and extrapolate the results to faster targets and
greater distances between target and observers. It should be noted that the model assumes that
the target is observed and tracked continuously throughout its trajectory.
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Figure 4: Test scenario config-
uration. Figure 5: Beam overlap given target position.

The accuracy requirement of the MMTS is to resolve the position of the target within 100 mi-
croradians at a range of 10 kilometers (this corresponds to a positional accuracy of within one
meter). Since no currently-available targets provide the desired flight range of 10 km, a simulation
was developed to supplement the experimental data analysis. Two MMTS observing a target are
modeled as shown in Figure 4, where the target begins at position x = 0km and ends at position
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x = 10km. To estimate the positional accuracy, the scenario is modeled as a 2D problem where
the elevation angle is assumed to be zero degrees. Azimuth encoder angle accuracy at 20◦C is ±1.5
arcseconds. The starting point for this model is the linear error model discussed previously. The
goal is to capture any sources of uncertainty that are not addressed by calibration. For example,
the calibration coefficients are treated as constants in the linear model, but there is in fact some
calibration drift (due to changing environmental conditions, etc.). To incorporate the uncertainty
due to encoder accuracy limitations as well as any other uncertainty sources and random errors,
the optical path is modeled as having width. Using real MMTS data, the magnitude of the uncer-
tainty is estimated and used in the simulation. Triangulation provides an estimate of the spatial
target location, as shown in Figure 5. To facilitate visualization, Figure 5 was generated using a
large uncertainty parameter value, so the area of overlap would be readily seen. The target is then
estimated to be in the area of overlap, with a function specifying the likelihood that the target is at
a given position. The most stressing viewing geometry occurs when the target is at the start and
end of its trajectory, which also is the location where the area of overlap is the largest (maximum
uncertainty). The most favorable viewing geometry corresponds to the target at the midpoint of
its trajectory, when the area of overlap is smallest (minimum uncertainty). Put another way, un-
certainty is smallest when the lines-of-sight are orthogonal, and uncertainty increases as the angle
between the lines-of-sight approaches zero.
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(a) Distance between true and
estimated target locations. (b) Distribution at starting point.

(c) Distribution at midpoint.

Figure 6: Distance defined, and distance distributions of estimated target positions, when the
target is at the starting point (x = 0km; middle figure) and when the target is at the midpoint
(x = 5km; rightmost figure) of the trajectory.

To characterize the target location likelihood function, we use a Monte Carlo approach. Referring
back to Figure 4, α and β represent the true angles between the line connecting the two MMTS and
the lines-of-sight to the target. The intersection of the two lines-of-sight is the true target location.
Angles are drawn from the normal distributions

αi ∼ N(μ = α, σ2), i = 1, ..., n (7)

βi ∼ N(μ = β, σ2), i = 1, ..., n (8)

where the variances for both MMTS are assumed to be equal. An optical path is then propagated
from the left MMTS along the line defined by αi, and another optical path is propagated from
the right MMTS along the line defined by βi, until the two lines intersect. The distribution of
intersection points is shown in Figure 6b for the target at the starting point of the trajectory, and
Figure 6c for the target at the midpoint of the trajectory. The figures are bright white at the
locations with the greatest density of data points, and approach black as the density decreases.
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(a) Target at x = 0km. (b) Target at x = 5km.
(c) Target sampled across trajec-
tory.

Figure 7: Euclidean distance distributions for the starting point, the midpoint, and across the
full trajectory.

Comparing Figure 5 (left panel) with Figure 6b and Figure 5 (right panel) with Figure 6c, the non-
probabilistic areas are quadrilaterals, while the corresponding probabilistic distributions occupy
a similar region but are ellipsoidal. The Euclidean distance from the intersection point to the
true target location is calculated. A total of n draws are made, following the same process. The
distribution of Euclidean distances is used to characterize the positional accuracy of the system.

Using a standard deviation value of 22.5 arcseconds for the sampling distributions (estimated
based on the encoder accuracy specification, auto-tracker errors, and other uncertainty sources),
the distribution of Euclidean distances across a sampling of points along the target trajectory is
shown in Figure 9c. In this case, the probability of accuracy d being less than or equal to one
meter is p(d ≤ 1m) = 0.75. The distribution of Euclidean distances for the most stressing points
in the trajectory, at the start and end of the trajectory, is shown in Figure 7a. The distribution of
Euclidean distances for the most favorable point in the trajectory, at the midpoint of the trajectory,
is shown in Figure 7b. Comparing the two distributions, it can be seen that the target location
when at the trajectory midpoint tends to be estimated with higher accuracy, p(d ≤ 1m) = 0.89,
than in the case when the target is at the trajectory starting point, p(d ≤ 1m) = 0.44. Figure 8
shows the probability that a positional accuracy of better than one meter is met, as a function of
target position along the 10 km straight-line trajectory. A quadratic equation fits the data well,
and the peak accuracy at the trajectory midpoint agrees with previous results.
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(a) Target at midpoint of trajec-
tory.

(b) Target at starting point of
trajectory.

(c) Target sampled across trajec-
tory.

Figure 9: MBOTS site placement parameter plots. White indicates higher accuracy relative to
black indicating lower accuracy.

This method is readily extended to determine the optimal sites for two MMTS, to achieve the
desired accuracy. Figure 9a shows the simulation results, which tested various site locations relative
to the target trajectory and the accuracy levels, when the target is at the midpoint of its trajectory
(x = 5km). Owing to the geometry of the problem (see Figure 4), symmetry may be exploited, and
the two MMTS locations may be varied symmetrically about the vertical line at x = 5km. The
horizontal axis corresponds to the distance (in km) of the MMTS from the left/right rectangular
boundary. The vertical axis corresponds to the perpendicular distance between the line connecting
the two MMTS either MMTS and the target trajectory line. It can be seen that the bright white
region, the lower right hand corner of the parameter space, where the distance from the left/right
edges is between 3 and 4 km and the minimum distance from observer and target is between 1 and
2 km, yields high accuracy levels. Somewhat surprisingly, the “sweet spot” for MMTS placement
occupies a large portion of the parameter space. However, the original MMTS placement is seen to
be sub-optimal if the goal is to optimize accuracy when the target is at the midpoint of the trajectory.
Figure 9b shows results when the target is at the starting point of its trajectory (x = 0km). In this
case, the favorable locations for MMTS are near the left and right boundaries; here at least one
MMTS is close to the target, but accuracy is reduced relative to the previous case where the target
was at the trajectory midpoint. Figure 9 shows site-placement results averaging across several
points along the target trajectory. Under these conditions, the optimal MMTS site placement
is at (xL, yL) = (2.1 km, 1.8 km) and (xR, yR) = (7.9 km, 1.8 km), which happens to be close to
the original placement specified in Figure 4. These results raise two questions: should accuracy be
optimized for a specific point within a trajectory, or should the accuracy across the entire flight path
be optimized? The particular needs of a mission need to be evaluated to answer this. Additionally,
the ability to reach some accuracy criterion is statistically defined here; could MBOTS accuracy
requirements be specified statistically, rather than as a hard threshold?

The MMTS performance was assessed during the site acceptance test in 2012, at White Sands
Missile Range. When the test was conducted, no targets with the desired flight characteristics
(straight-line 10 km range at extremely low altitude) were available. Instead, a target travelling
for a 2 km+ distance was tracked. Figure 10 shows the positional accuracy achieved during one
of the tests (a 10-step moving average was applied to the data). The results are of the same
order of magnitude as the model predictions. A radar was added to the MMTS configuration
to determine if performance could be improved by having a source of range data. The average
Euclidean distance and standard deviation between the radar/MMTS configuration versus the
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MMTS-only configuration was 0.012 meters and 0.04 meters, respectively.
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Figure 10: Distance accuracy obtained during MMTS site-acceptance test.

Conclusion

This paper provided an overview of the key MBOTS features and capabilities, and described sys-
tematic errors and a linear error model. Using the linear error model as a starting point, a model
to predict system performance and determine the optimal MMTS placement for triangulation of
a target was presented, along with results. Photo-Sonics MMTS site acceptance test results were
included for comparison.

Additional investigation is warranted to characterize the nature and magnitude of the calibration
drift, to determine the appropriate uncertainty levels to use in the model, and to gain insight into
how often calibration should be performed to maintain a desired level of system accuracy. Further,
the target-tracking process and optics can be modeled. Support for 3D trajectories and complex
motion dynamics using a six-degrees-of-freedom trajectory propagator is planned as future work.
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