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Abstract 

Miniature cameras play a key role in numerous imaging applications ranging from 

endoscopy and metrology inspection devices to smartphones and head-mount 

acquisition systems. However, due to the physical constraints, the imaging 

conditions, and the low quality of small optics, their imaging capabilities are 

limited in terms of the delivered resolution, the acquired depth of field, and the 

captured dynamic range. 

Computational imaging jointly addresses the imaging system and the 

reconstructing algorithms to bypass the traditional limits of optical systems and 

deliver better restorations for various applications. The scene is encoded into a set 

of efficient measurements which could then be computationally decoded to output 

a richer estimate of the scene as compared with the raw images captured by 

conventional imagers. In this dissertation, three task-based computational imaging 

techniques are developed to make low-quality miniature cameras capable of 

delivering realistic high-resolution reconstructions, providing full-focus imaging, 

and acquiring depth information for high dynamic range objects. 

For the superresolution task, a non-regularized direct superresolution 

algorithm is developed to achieve realistic restorations without being penalized by 

improper assumptions (e.g., optimizers, priors, and regularizers) made in the 

inverse problem. An adaptive frequency-based filtering scheme is introduced to 

upper bound the reconstruction errors while still producing more fine details as 

compared with previous methods under realistic imaging conditions. For the full-

focus imaging task, a computational depth-based deconvolution technique is 



 

 

15 

 

 

 

proposed to bring a scene captured by an ordinary fixed-focus camera to a full-

focus based on a depth-variant point spread function prior. The ringing artifacts 

are suppressed on three levels: block tiling to eliminate boundary artifacts, 

adaptive reference maps to reduce ringing initiated by sharp edges, and block-

wise deconvolution or depth-based masking to suppress artifacts initiated by 

neighboring depth-transition surfaces. Finally for the depth acquisition task, a 

multi-polarization fringe projection imaging technique is introduced to eliminate 

saturated points and enhance the fringe contrast by selecting the proper polarized 

channel measurements. The developed technique can be easily extended to 

include measurements captured under different exposure times to obtain more 

accurate shape rendering for very high dynamic range objects.  
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1. Introduction to Computational Imaging 

1.1. Basics of Imaging Systems 

Imaging is the process of collecting valuable information (e.g., spatial irradiance, 

angular distribution, spectral response, polarization information) about the scene 

by focusing the desired information through the optics onto the sensing medium 

(usually a two-dimensional (2D) focal plane array (FPA)). The conventional 

optical systems inherently apply a simple form of computation [1] to the captured 

object’s field to create the image. For instance, the imaging optics inherently 

implements a set of inversion, magnification, filtering, aberrating, and cropping 

transformations on the imaged field while the imaging sensor array inherently 

performs 3D to 2D mapping, sampling, quantization, and noise addition 

operations on the captured data. 

The optical system also sets the field of view (FOV) which is the extent of the 

scene to be captured, the depth of field (DOF) which is the depth range where the 

scene remains in acceptable focus, the numerical aperture (NA) which is the span 

of ray angles that can be captured by the optical system, and the magnification of 

the captured scene. Together the FOV, the DOF, the magnification, and the sensor 

array define how many image pixels are utilized to sample a certain region in the 

object space. 

Also, the objective lens through its aperture acts as a low-pass filter with 

optical resolution set by the diffraction limit (assuming no aberrations) given by 

the Rayleigh criterion as R = 0.61 𝜆/NA where 𝜆 is the wavelength of light. The 

image sensor, according to the Nyquist criterion, has to sample at less than half 



 

 

17 

 

 

 

the smallest feature size R (i.e. sampling rate is larger than twice the highest 

spatial frequency available in the captured data) so no aliasing is induced. Thus, a 

smaller pixel size in the image sensor is desired but this may also impose 

limitations on the dynamic range and the signal-to-noise ratio (SNR). In short, the 

image’s spatial resolution is determined by the number of resolvable points or 

lines per unit length which in turn is limited by the optics (e.g., lens blur, 

aberration effects, aperture diffraction) and the image sensors (e.g., sampling 

density, quantization, noise). 

1.2. The Design Factors of Imaging Systems 

The specifications of an imaging system, shown in Fig. 1.1, may fall in four 

categories: objects, optics, digitization, and application. The objects to be imaged 

can be characterized by their geometry, spectrum, bidirectional reflectance 

distribution function (BRDF), and polarization. The optics determines FOV, 

DOF, NA, and magnification of the system. The digitization stage governs the 

analog-to-digital conversion (ADC), the high dynamic range (HDR) capturing, 

SNR, and sampling resolution. Furthermore, parameters like camera size, 

acquisition time, monetary cost, and consumed power may be of special 

importance for certain applications (e.g., endoscopy, smartphones, and depth 

acquisition). 
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Fig. 1.1. The design parameters of an optical imaging system. 

From a design perspective, many of these parameters may conflict with each 

other in conventional imaging systems. For instance, larger NA mandates smaller 

FOV and narrower DOF [2, 3] given a fixed focal length and finite detector array. 

Also, better resolution requires high-quality optics and dense sensors which in 

turn increases the physical size and design cost. Moreover, smaller FPA detectors 

(finer resolution) results in a longer acquisition time to collect a sufficient number 

of photons (acceptable SNR) under the same illumination conditions. Therefore, 

there is a need for computational imaging techniques to break such traditional 

limitations. 

1.3. Limitations of Miniature Imaging Systems 

Miniature imaging devices such as endoscopes are usually designed to cover a 

relatively wide field of view (~120𝑜) but are also physically restricted in the lens 

aperture, the focal length, and the captured resolution. In addition, the low-

illumination conditions and temperature variations in the miniature scenes limit 
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the acquired dynamic range. These overall result in a small NA, more aberrations, 

low SNR, and low-resolution (LR) acquisition. Therefore, accurate image analysis 

is difficult to achieve as the fine features are not being captured. 

Furthermore, a fixed-focus camera can only bring the scene to focus beyond 

half its hyper-focal distance [4] (if focused at infinity) which blurs the close 

objects and narrows the DOF. As a result, tasks such as detection, recognition, 

and classification will be difficult to function on the blurred objects as they 

require a certain degree of clarity (i.e. retrieving certain spatial frequencies) [5]. 

In addition, traditional fringe projection imagers are unable to render a 

complete 3D shape of the captured scenes if specular reflections and high 

dynamic range objects are included. For example, saturated regions of specular 

reflections (e.g., seen on shiny surgical tools) in a surgical endoscopic scene may 

completely block any fringe patterns, leading to loss in the retrieved depth 

information. 

Finally in traditional imaging, it is generally accepted that higher performance 

comes at the cost of complexity. For instance, to increase the resolution of a 

camera, one needs to increase the number of elements in its lens to combat the 

aberrations that limit resolution. However, this may not be an acceptable solution 

for miniature applications. In contrast, computational imaging allows a designer 

to shift complexity from hardware to computations [6]. For instance, a high-

resolution (HR) image can be achieved by post-processing an image captured 

with simple optics. 
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1.4. Computational Imaging as a Solution 

Computational imaging introduces novel schemes to perform imaging by means 

of a powerful convergence [7] between the image processing algorithms and the 

imaging components (e.g., digital sensors, optical elements, and illuminating 

sources). In other words, the camera and the algorithms are designed to take 

computation into account. One motivation for developing computational cameras 

is to create new imaging functionalities that would be difficult, if not impossible, 

to achieve using the traditional camera model [8]. The new functionality may also 

give the ability to manipulate the optical settings of an image (e.g., focus, depth of 

field, viewpoint, resolution, lighting) after the image has been captured. 

Computational imagers apply computations throughout the imaging 

components, presented in Fig. 1.2, by either altering the illumination conditions 

(e.g., projecting fringe patterns, changing illumination angles), or modulating the 

propagated rays (e.g., coded aperture imaging, wave-front coding), or translating 

at least one of the optical elements (e.g., shifting sensor array, moving camera), or 

inserting new elements (e.g., lenslet array, pixelated polarizer array), or 

developing computational algorithms (e.g., deriving mathematical tools, 

implementing advanced image processing techniques), or even by better 

characterizing the imaging path (e.g., finding the multi-dimensional point spread 

function) and utilizing this knowledge in the reconstructing algorithms. 

 
Fig. 1.2. Imaging components of an optical system. 
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Instead of making a naive one-to-one mapping between the objects and the 

measurement, the scene could be encoded into a set of measurements which could 

then be decoded to estimate the scene. The general idea is to modify or better 

characterize the imaging system so that measurements of the scene can be made 

more intelligently to estimate the scene more efficiently [1]. This introduces an 

extra computation step in order to recover the original image from the recorded 

data. 

Through computational imaging, systems can be designed and optimized for 

specific applications as opposed to the traditional approach of putting high-quality 

lenses in front of dense detector arrays. A survey on various imaging trends and 

technologies that may enable the development of computational imaging systems 

can be found in [6, 9, 10]. 

In this dissertation, three computational imaging techniques have been 

developed to deliver a richer representation of the scene for various applications –

specifically, by achieving higher resolution, extending the depth of field, and 

acquiring depth information of a HDR scene. The optical system as well as the 

reconstruction strategies are discussed in detail. But first, the motivation behind 

each developed technique is described. 

1.4.1. Motivation to Develop a Realistic Superresolution Technique 

Superresolution (SR) techniques are employed to retrieve HR details beyond the 

diffraction limit mandated by the imaging optics and the sensing medium from a 

set of LR images. Each LR image has to contribute additional information which 

may be attained by non-integer-pixel shifts with respect to other LR 
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measurements. By SR techniques, multiple LR measurements are integrated to 

replace the need for a HR sensor array; hence, the hardware cost is traded for the 

computational cost [11]. 

In general, current SR techniques employ optimizers, priors, and regularizers 

to deliver stable, appealing restorations even though deviating from the real, 

ground-truth scene. For instance, objective functions may be set to enhance 

sharpness and reduce ringing artifacts, which makes the reconstructions visually 

better but may not necessarily resolve fine details (small features) which are 

critical for accurate image analysis. 

A non-regularized SR technique is developed to directly solve a fully-

characterized multi-shift imaging reconstruction problem and achieve realistic 

restorations without being penalized by improper assumptions made in the inverse 

problem. An adaptive frequency-based filtering scheme is further introduced to 

enable the technique to function and still produce more fine details as compared 

with other SR techniques when inaccurate shift estimation, boundary variations, 

noise, and blurring scenarios are considered. 

1.4.2. Motivation to Develop a Full-Focus Imaging Technique 

Hardware-based approaches extend the depth of field by inserting or modifying or 

even translating optical elements through the imaging process to produce a depth-

invariant point spread function (PSF). However, these solutions may result in 

reduction of SNR, longer acquisition time, larger physical size, and additional 

monetary cost. Software-based approaches can output an all-in-focus scene from a 

single image captured by ordinary compact cameras. However, most such 



 

 

23 

 

 

 

techniques imprecisely approximate the PSF as a 2D depth-invariant profile, 

which leads to suboptimal restorations with ringing artifacts especially when 

objects in the captured scene belong to a broad range of depth planes. 

A computational depth-based deconvolution technique is developed to bring a 

scene captured by an ordinary fixed-focus camera into full focus based on a 

depth-variant PSF prior. The captured image is brought into focus at different 

depth planes by deconvolving it with axial slices of the inverse PSF volume. The 

focused details from the deconvolved images are then stitched together to deliver 

the full-focus image. The ringing artifacts are suppressed on three levels: block 

tiling to eliminate boundary artifacts, adaptive reference maps to reduce ringing 

initiated by sharp edges, and block-wise deconvolution or depth-based masking to 

suppress artifacts initiated by multi-depth objects. 

1.4.3. Motivation to Develop a Depth Acquisition Technique for HDR Objects 

Conventional fringe projection imagers comprise a projector-camera pair in which 

successive phase-shifted fringe patterns are projected onto objects, become 

distorted, and are then captured by the camera. These captured distorted fringes 

carry valuable information about the object’s depth, which can be retrieved 

through phase shifting algorithms. However, these conventional imagers struggle 

to estimate the shape of high dynamic range objects where detected fringes are of 

limited visibility. Moreover, saturated regions of specular reflections can 

completely block any fringe patterns, leading to a loss in the depth information. 

In this work, the conventional camera is replaced by a pixelated polarizer 

camera capable of acquiring richer information about the scene. Besides, a multi-
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polarization fringe projection imaging technique is developed on the 

computational side to eliminate saturated points and enhance the fringe contrast 

by selecting the proper polarized channel measurements. The developed technique 

can be easily extended to include measurements captured under different exposure 

times to obtain more accurate shape rendering for very high dynamic range 

objects. 

1.5. Organization of the Dissertation 

The theme for the work described in this dissertation is to develop computational 

techniques that empower low-quality miniature cameras to deliver multi-task 

imaging capabilities – in particular, developing realistic superresolution 

reconstructions, full-focus imaging, and depth acquisition for HDR objects. In 

order to develop these novel computational techniques, a deep understanding of 

both the imaging system as well as the reconstruction techniques is the key focus 

in this work. The following chapters are organized as follows. 

Chapter 2 starts by illustrating the resolvability of spatial frequencies captured 

by the optical system and explaining why multi-shift imaging systems are good 

candidates for the superresolution techniques. Then, different observation models 

are characterized and efficient parallel computation of the PSF matrix is 

prescribed. Next, the adaptive frequency-based filtering scheme is introduced and 

filtering masks are trained against different imaging conditions. Afterward, a 

thorough simulation study is carried out under ideal and realistic imaging 

scenarios and comparison with various SR techniques is presented. Finally, the 

conclusion and future research directions are listed. 
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Chapter 3 describes the computational depth-based deconvolution technique. 

First, the image boundaries are processed by a block tiling approach to eliminate 

artifacts. Then, the iterative deconvolution objective function is analyzed and an 

adaptive regularization scheme is introduced. Afterward, a block-wise 

deconvolution and depth-based masking are proposed. Simulation results are 

shown for planar objects set at different depths and for multi-depth objects. This 

is followed by the conclusion and future research directions. 

Chapter 4 illustrates the multi-polarization fringe projection technique and 

presents the improvement in depth estimation when merging distorted fringe 

images captured through different polarization channels. The algorithm is 

validated experimentally for different HDR objects and demonstrated for different 

exposure scenarios. 

Chapter 5 summarizes the developed computational imaging techniques and 

highlights the computational capabilities enabled in the miniature cameras.  
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2. Direct Superresolution for Realistic Image Reconstruction 

2.1. Introduction 

Many commercialized imaging systems do not capture the high-resolution (HR) 

features of scenes due to the additional monetary costs of the high-quality optics 

and the dense sensors, the longer acquisition time needed to collect sufficient 

photons at smaller imaging units, and the physical restrictions imposed by 

miniature imaging applications such as endoscopic systems and industrial 

fiberscopes which limits the number of detectors on the focal plane array (FPA). 

Superresolution (SR) techniques [11-13] are a powerful way to bypass the 

diffraction limits mandated by the imaging optics and the sensing medium so the 

HR details within the scene can be retrieved. Many SR techniques integrate 

multiple low-resolution (LR) images, each contributing additional information, 

through an inverse problem to output a relatively richer scene of greater resolving 

power with less aliasing. 

The SR inverse problem, in general, is an ill-posed problem as the solution is 

not guaranteed to be existent, stable, or unique [14]. Therefore, SR techniques 

approximate the HR image by optimizing weights for non-uniform interpolation 

[15], or implementing Tikhonov’s regularization component to overcome noise 

[16], or employing stochastic reconstruction methods such as maximum 

likelihood (ML) [17] or maximum a posteriori (MAP) estimation [18], or 

combining deterministic and stochastic regularizers such as sparse and non-sparse 

priors [19, 20] to constrain the restorations (i.e., the reconstructed images), or 

iterating the projections onto convex sets (POCS) of priors to assure convergence 
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while satisfying the assumed priors [21, 22], or adopting back-projection schemes 

[23] to iteratively minimize the differences between the measured LR images and 

the synthesized ones, or even alternating the optimization using deconvolution 

techniques [24] to reverse the acquisition process. These optimization schemes 

may ensure a converging solution, but at the cost of deviating from the real 

ground-truth restoration since they are inherently biased by the type of priors, the 

utilized regularizers, and the optimized objective functions. For instance, 

regularizing to enhance smoothness and reduce aliasing can make the 

reconstructions visually better but may not necessarily resolve the actual HR 

details critical for accurate image analyses (e.g., medical diagnostics). 

A fast SR technique [25] is proposed to deliver an unconstrained accurate 

physical HR solution without being biased by regularizing terms or optimization 

schemes. A forward observation model is first characterized using information 

such as an estimate of the blurring kernels (resulting from the imaging optics and 

the sensor’s finite size) and the relative shifts between the acquired LR images to 

find a full-rank matrix representation of the multi-shift imaging point spread 

function (PSF), and by characterizing the noise statistics. The HR reconstruction 

is then found by directly solving a set of sufficient linear equations to reconstruct 

a rich HR image. This technique produces a unique exact restoration under ideal 

shift estimates and in-focus noiseless measurements, making the inverse a well-

posed problem. The realistic scenarios of inaccurate shift estimates and blurred 

noisy measurements in some cases may result in more unknowns than the number 

of equations or small changes in some variables which may hurt the stability of 
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the solution. For such scenarios, an adaptive frequency-based filtering scheme is 

introduced to upper bound the reconstruction errors while still producing more 

fine details as compared with other regularized SR techniques. 

2.2. The Resolvability of Spatial Frequencies in the Imaging 
Systems  

The spatial frequency content captured by an optical systems is usually 

characterized by the modulation transfer function (MTF), shown in Fig. 2.1. 

Beyond the MTF cutoff 𝑓𝑐, spatial frequencies are permanently lost as they are 

extinguished by the optics (assuming no active illumination such structured 

projections or variably-illuminated scenes implemented for Fourier Ptychography 

[26-29]). The image sensor array through its sampling rate 𝑓𝑠 =
1

detector pitch
 

determines the maximum frequency 𝑓𝑚𝑎𝑥 = 𝑓𝑠/2 to be captured without aliasing 

(according to Nyquist criterion). The rest frequencies between 𝑓𝑚𝑎𝑥  and 𝑓𝑐 that 

pass through the optics will be aliased (folded in the low frequency range) but 

they can be unrolled by the SR techniques. SR removes the ambiguity in the 

aliased frequency components by integrating multiple aliased LR images of the 

scene, each taken with some change in the observation parameters (e.g., camera 

motion, sensor shift, aperture synthesizing). A mathematical proof of how HR 

details can be resolved from a set of shifted images (in the camera motion case) is 

discussed next. 
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Fig. 2.1. The resolvability of spatial frequencies through the MTF frequency 

response of an optical system. 

2.3. Mathematics of Multi-Shift Images for Superresolution 

Consider a 2× HR image that has a discrete Fourier transform (DFT) (1D notation 

is used here for simplicity) given by;               𝐼𝐻𝑅(𝑓) = 𝑆(𝑓)𝐻(𝑓)𝑠𝑖𝑛𝑐 (
𝑓

2𝑓𝑠
)  (1) 

where the 𝑠𝑖𝑛𝑐 term, 𝐻 and 𝑆 are the DFT of sensor blur, optical blur and the 

scene, respectively. 

By the aliasing property [30], the corresponding spectrum of the LR image is 

given by; 

𝐼𝐿𝑅(𝑓) = 𝑆(𝑓)𝐻(𝑓)𝑠𝑖𝑛𝑐 (
𝑓

𝑓𝑠
) + 𝑆(𝑓𝑠 − 𝑓)𝐻(𝑓𝑠 − 𝑓)𝑠𝑖𝑛𝑐 (1 −

𝑓

𝑓𝑠
)  (2) 

Capturing a second LR image translated by 𝛿 in the spatial domain results in 

phase terms in the Fourier domain as in the following; 

𝐼𝐿𝑅
′ (𝑓) = exp(𝑗2𝜋𝑓𝛿) 𝑆(𝑓)𝐻(𝑓)𝑠𝑖𝑛𝑐 (

𝑓

𝑓𝑠
) + exp(𝑗2𝜋(𝑓𝑠 − 𝑓)𝛿) 𝑆(𝑓𝑠 − 𝑓)𝐻(𝑓𝑠 −

𝑓)𝑠𝑖𝑛𝑐 (1 −
𝑓

𝑓𝑠
)  (3) 
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Let us define a term 𝐺(𝑓) = 𝑠𝑖𝑛𝑐(
𝑓

𝑓𝑠
)/𝑠𝑖𝑛𝑐(

𝑓

2𝑓𝑠
) to reflect the relative signal 

loss between the LR and HR images due to the pixelization term. Then equations 

(1), (2), and (3) can be rewritten in a matrix format [31] as follows; 

[
𝐼𝐿𝑅(𝑓)

𝐼𝐿𝑅
′ (𝑓)

] =  [
𝐺(𝑓) 𝐺(𝑓𝑠 − 𝑓)

exp(𝑗2𝜋𝑓𝛿) 𝐺(𝑓) exp(𝑗2𝜋(𝑓𝑠 − 𝑓)𝛿) 𝐺(𝑓𝑠 − 𝑓)
] [

𝐼𝐻𝑅(𝑓)
𝐼𝐻𝑅(𝑓𝑠 − 𝑓)

](4) 

This leads to a linear system relating the DFT of the pair of LR images to that 

of the HR image. By solving this system, the aliased frequencies will be unrolled 

leading to a richer HR scene. Note that the displacement must be a non-integer-

pixel value 𝛿 = 𝛼/𝑓𝑠 where 𝛼 is non-integer, otherwise the phase terms will be 

eliminated. i.e. exp(𝑗2𝜋𝑓𝛿) = exp(𝑗2𝜋𝛼𝑓/𝑓𝑠) = 1  since 𝑓/𝑓𝑠 is integer too. 

This will make the second measurement in (4) redundant and the SR algorithms to 

fail. Note also that due to the 𝑠𝑖𝑛𝑐 ripples, the frequencies at multiple integer of 𝑓𝑠 

are not retrievable, see Fig. 2.1. 

Finally the frequencies beyond 𝑓𝑐, which are extinguished by the optics 𝐻(𝑓), 

are independent of the application of the shift operator, hence, are permanently 

lost. From an information perspective, optical blur represents a true loss of 

information whereas aliasing is only a scrambling of information. The SR 

algorithms can only unscramble the existing information [31]. 

2.4. Multi-Shift Imaging Systems 

In multi-shift imaging systems, the LR images are linearly related to the unknown 

HR object through blurring, sampling, shifting, and addition of noise. To assure 

diversity in the collected LR measurements, consecutive non-integer (subpixel or 

large) shifts at the acquisition stage can be introduced by shifting the sensor array 
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itself or the camera as a whole. Shifting the sensor may be accomplished by small 

piezoelectric actuators while maintaining the optics and camera body fixed. 

Having actuators shifting only the sensor may be advantageous, for example, in 

endoscopic imaging since it enables automating accurate shifts within the limited 

physical space while maintaining the stability of the optics and reducing the 

translated load. Camera shift is a second possible case. For general imaging 

purposes, shifting the camera may be simpler as successive measurements are 

captured in motion (keeping in mind that multi-head systems are a special case of 

camera shift model). A distinction between sensor shift and camera shift, 

presented in Fig. 2.2, is the captured content itself; shifting the sensor resembles 

spatial resampling within the same angular bandwidth captured by the optics 

whereas shifting the camera represents spatial sampling of shifted angular 

bandwidth as new rays propagate through the system. 

 
Fig. 2.2. Illustration of the shift impact on spatial sampling and angular 

bandwidth: sensor shift (left) and camera shift (right) as compared with the non-

shifted case (center). 

Consider a vector notation such that the 2D image is rasterized block-wise 

lexicographically into a 1D vector. For the sensor shift (SS) case, the imaged HR 

object 𝑓 is first optically blurred by kernel 𝐵, then undergoes 𝐾 consecutive non-

integer-pixel shifts 𝑆𝑘 where 𝑘 = 1, … , 𝐾, then is subsampled by the FPA operator 

𝐷 which includes the sensor blur as well, and then perhaps is combined with an 

additive thermal noise 𝑛⃗⃗𝑘, resulting in a captured image. The mathematical 
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acquisition model for the SS case can be described by 𝑔⃗𝑘
𝑆𝑆 = 𝐷 (𝑆𝑘(𝐵 ∗ 𝑓)) +

𝑛⃗⃗𝑘, where 𝑔⃗𝑘
𝑆𝑆 is the kth captured image using sensor shift, 𝑛⃗⃗𝑘 is the kth additive 

noise, and ∗ is the convolution operator. For the camera shift (CS) case, the shift 

and blurring order is alternated so the observation model becomes 𝑔⃗𝑘
𝐶𝑆 =

𝐷 (𝐵 ∗ 𝑆𝑘(𝑓)) + 𝑛⃗⃗𝑘 where 𝑔⃗𝑘
𝐶𝑆 is the kth captured image using camera shift. The 

global shift vectors and the blurring and subsampling kernels are employed to 

generate the PSF matrix 𝑯, so the multi-shift imaging system can be simplified to 

a linear system incorporating all K measurements as 𝑔⃗ = 𝑯𝑓 + 𝑛⃗⃗. 

2.5. Parameters Estimate from the LR Images 

2.5.1. Shift Estimate 

The relative shifts between captured images can be estimated using spatial-based 

or frequency-based registration techniques [32-34] with subpixel accuracy of 

about 1/10-1/100 pixel. Yet this accuracy is not adequate for solving the linear 

system as a small variation in any of the parameters can result in a large deviation 

from the correct solution; therefore, a more accurate approach, which may involve 

setting an iterative simulated annealing search [35], may be used to find the best 

shift combinations in XY directions for all the LR images. 

An iterative subpixel shift estimate scheme, sketched in Fig. 2.3, starts by 

estimating the coarse relative shifts between the captured LR Images and feeding 

them as initial values to the simulated annealing search. The search through the 

iterations aims to find the best shifts that minimize the root mean square errors 

(RMSE) between the reconstructed images delivered by the developed direct SR 
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technique and at least one reference SR technique. Since the LR images may be 

originally captured with large non-integer shifts (larger than pixel pitch), they are 

first registered with pixel-accuracy and the overlapped LR regions are extracted 

and input into various SR techniques to calculate the reconstruction errors. Note 

that the non-overlapped measurements are ignored as they are insufficient to 

make the PSF matrix 𝑯 a full-rank matrix. 

 
Fig. 2.3. An iterative subpixel shift estimate scheme using simulated annealing 

search. 

To demonstrate the subpixel estimation accuracy that can be delivered in the 

proposed scheme, 4 LR images of USAF target were captured at 2× SR factor 

with (X,Y) shifting vectors set as (0,0; Shift𝑥,0; 0,Shift𝑦; Shift𝑥,Shift𝑦) where 

Shift𝑥 =  14.4349 and Shift𝑦 = 7.92 in LR pixel unit. The simulated annealing 

algorithm was configured to find two unknown variables (Est_Shift𝑥, Est_Shift𝑦) 

over 2000 iterations at max with searching window ±0.25 around the coarse 
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estimated shifts (14.5, 8). Three reference SR techniques were used to increase 

the reliability by minimizing the RMSE averaged over all; Bicubic SR [15], 

MCBD SR [24], and dictionary-based SR [36]. The iterative RMSE vs. the 

iterative shifts are shown in Fig. 2.4. The best combination of shift vectors 

estimated were Est_Shift𝑥 =  14.4370643 and Est_Shift𝑦 =  7.91964983. This 

shows subpixel accuracy of 
1

462
×

1

2855.7
 pixel which is one-to-two orders better 

than what is reported so far in the literature on other registration techniques [32-

34]. Yet this simulated annealing search is too slow (~6 hours) as compared with 

others (~1 min). 

 
Fig. 2.4. RMSE calculated at iterative shifts searched by the simulated annealing 

algorithm. The final reconstructed image with the estimated shifts using direct 

SR technique is shown on right. 

2.5.2. Blurring Estimate 

The blurring kernel is assumed to be a spatially invariant operator (ignoring 

aberrations) and representing the optical blur due to the finite aperture of the 

imaging optics. The blurring profile (shape and strength) may be estimated 

through blind deconvolution techniques [24, 37]. 
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2.5.3. Noise Estimate 

The additive noise is assumed to follow the normal distribution (additive white 

Gaussian noise) where the noise statistics (mean and variance) can be estimated 

using the pixel-wise adaptive Wiener method [38]. 

2.6. Direct Superresolution Algorithm 

Assuming 𝑁 pixels at the HR level and the dimensional subsampling factor 𝑑, the 

minimum number of LR images (each having 𝑁/𝑑2 pixels) required to make the 

linear imaging system a well-posed SR problem is 𝐾 = 𝑑2. Fig. 2.5 illustrates the 

direct SR algorithm by a simple case of a 4×4 object 𝑓𝑗  (𝑗 indexing the HR pixels) 

divided into 2×2 blocks, subsampling factor 𝑑 = 2, four LR captured images 𝑔𝑖
𝑘 

with noise 𝑛𝑖
𝑘 (𝑘 indexing the LR image and 𝑖 indexing its pixels), and equal non-

integer-pixel shifts in a noisy environment to obtain a full-rank system 𝑯. Each 

column in 𝑯 is found by letting the associated object’s pixel be one while setting 

the rest of the pixels to zero and recording the response through the observation 

model on the FPA. The weighted linear combinations of HR pixels, as shown in 

Fig. 2.5, form the measured LR images; solving this set of unique linear equations 

can grant the exact restoration of the HR object under ideal imaging conditions. 
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Fig. 2.5. Simple imaging scheme illustrating the linear combinations of HR 

pixels including the boundaries forming the LR images (top) and the resulting 

vector-matrix representation that direct SR solves (bottom) in a noisy 

environment. 

However, there is an inherent dependency between the adjacent LR pixels 

(including the boundary conditions involved in the subsampling process, which 

are shown as 𝑓𝑗
′ in Fig. 2.5) which forces us to solve the whole system globally 

(and not individually at the block level). This may result in a giant 𝑯 matrix for 

large images; nevertheless, imposing block-wise lexicographical ordering in both 

the object and the measurement domains results in a diagonal-like sparse matrix, 

shown in Fig. 2.6, that can be directly and efficiently solved using Gaussian 

elimination or linear least-squares techniques [39, 40] (without the need to find its 

inverse). For the boundary pixels, the assumption made is that the HR objects are 

smoothly varying at the boundaries, which allows us to approximate their values 

by the closest HR pixels 𝑓𝑗′ ≈ 𝑓𝑗 so no additional unknowns are introduced and 

the related boundary weights ℎ(𝑖−1)𝐾+𝑘,𝑗
𝑢𝑙,𝑢𝑟,𝑏𝑙,𝑏𝑟

 can be compacted into ℎ(𝑖−1)𝐾+𝑘,𝑗
∗  (with 
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superscript ∗) in the 𝑯 matrix; see boundary weights of block 4 in Fig. 2.5 for 

extra clarification. 

An additional advantage of adopting the block approach is the repetitive 

pattern found in the 𝑯 matrix for similar blocks (inner blocks, boundary blocks, 

corner blocks), where repetitive blocks are color coded in Fig. 2.6. For instance, 

when generating 𝑯, the response of the object’s points is first computed for a 

single inner block (the columns of 𝑯 associated with that block) and then the 

computed response is copied to all other columns of 𝑯 associated with the other 

inner blocks while maintaining the proper shifts representing the spatial location 

of these blocks within the HR image. This means that only the impulse response 

of a single block within each of the nine color-encoded groups, displayed in 

Fig. 2.6-left, needs to be computed and then copied (with the relative circular 

shifts) to other blocks belonging to the same group. The size of the blocks is also 

set adaptively according to the subsampling rate and the size of the HR object so 

the computational loads made to find and copy the blocks’ responses are 

balanced. This makes generating the sparse 𝑯 matrix computationally efficient 

(highly parallelized), highly scalable (for large images and subsampling factors), 

and with an efficient memory allocation. For instance, superresolving to get an 

HR image of size 512×512 using 2× and 4× subsampling factors takes 3.25 min 

(𝑇𝑃𝑆𝐹 = 1.54 min, 𝑇𝑅𝑒𝑐𝑜𝑛 = 1.43 min) and 20.8 min (𝑇𝑃𝑆𝐹 = 4.43 min, 𝑇𝑅𝑒𝑐𝑜𝑛 =

 15.83 min) respectively on a computer with 12 cores, each having a 2 GHz clock 

rate and 16 GB of RAM. 
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Fig. 2.6. Structure of the H matrix (right) showing the sparse diagonal-like 

distribution (locations of nonzero elements) and the color-coded repetitive 

blocks for a 16×16 object (left) using 4×4 blocks and 4 LR images. The colored 

blocks below the horizontal axis of the 𝑯 matrix are highlighting a group of 

columns that can be copied (with circular shifts) from any other block’s columns 

belonging to the same colored group. 

Finally, it should be noted that the mechanism of simulating the 𝑯 matrix may 

require an accurate knowledge of the shifting vectors (it can work with random 

non-integer large shifts, too), fast acquisition of the LR images (so that global 

shifts are sufficient as the captured scene can be assumed static), and smooth 

variations at the boundaries (since replications are considered when finding the 

responses at boundaries). Also, to deliver a stable solution, the direct SR 

technique favors acquisition of the LR images with good focus and low noise. The 

steps and a block diagram summarizing all the operations in the direct SR 

technique is presented in Fig. 2.7. 
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Fig. 2.7. The steps (top) and a block diagram (bottom) summarizing the direct 

SR technique. 

2.7. Adaptive Frequency-Based Filtering Scheme 

A closer look at the impact of non-idealities on the linear imaging equations, 

given in Fig. 2.5, reveals challenges that may prevent any robust solution: 1) The 

misestimate of shifting vectors or blurring kernel will result in global deviations 

in the H weights. 2) Out-of-focus or noisy measurements may prevent the 

uniqueness or existence of the reconstruction. 3) The nonconformity of the 

replication assumption at the boundaries may affect the starred weights (ℎ∗), 

altering some equations, hence, affecting the whole system. 

To enable the direct SR technique to function in such realistic scenarios while 

maintaining its merit by not incorporating priors and optimizers directly, an 

adaptive frequency-based filtering scheme (AFFS) has been developed to 

adaptively combine the direct SR reconstruction with reference SR 

reconstructions in a frequency-by-frequency manner based on trained masks to 
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output an improved HR reconstruction having bounded errors. At least one 

reference SR technique (indexed 𝑟 = 1, … , 𝑅) is chosen to upper bound the 

reconstruction errors due to non-idealities. 

At the training stage, shown at the top of Fig. 2.8, a set of HR images is used 

to generate noisy blurred LR images through the observation model at predefined 

shifting vectors, blurring kernel, and subsampling factor. This can be repeated to 

generate multiple realizations of LR images. The LR images are then inputted into 

multiple SR techniques to generate corresponding HR reconstructed images, and 

the discrete Fourier transform (DFT) of the reconstructed images is calculated and 

ordered so the DC frequency component is at the center of the DFT array. Next, 

masking information is generated to associate each frequency with a 

corresponding preferred direct SR technique or a reference SR technique. An 

outward spiral scanning path can be chosen to step through the frequency 

locations in the mask, starting with zero frequency as the current frequency 

component. The calculation of the mask starts by taking only the currently 

selected frequency components of the reference reconstructed image DFT and the 

direct reconstructed image DFT while setting the other frequency components to 

zero, computing the inverse discrete Fourier transform (IDFT), and then 

calculating the root mean square error (RMSE) with respect to the original HR 

image in the spatial domain. The current frequency location in the mask is then 

associated with the SR technique whose frequency component results in the 

lowest RMSE, and a new search to find the best next frequency component (along 

with the already selected frequency components) is conducted till all frequency 
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locations have been associated with a preferred SR technique. The outward spiral 

pattern can be beneficial as lower frequencies usually carry more energy as 

compared with higher frequencies for natural scenes. The masks resulting from 

each realization in the training stage represent binary decision maps for the given 

HR image, subsampling factor, translating information, blurring kernel, noise 

statistics, and noise realization. By averaging masks over many different 

realizations, the training stage outputs multiple filtering masks (𝑤Ref𝑟
 for each 

reference SR technique and 𝑤Direct for the direct SR technique) scaled to have 

real values (optimized weights) from zero to one. 

Similarly at the testing stage, shown at the bottom of Fig. 2.8, the captured LR 

images are used to calculate reconstructed images using both the reference SR 

techniques and the direct SR technique. The DFT of each reconstructed image is 

computed, yielding ƑRef𝑟
 and ƑDirect. In the testing stage, the filtering masks 

𝑤Ref𝑟
 and 𝑤Direct (averaged over all cases) are used to weight the frequency 

components, i.e. perform filtering, to obtain the DFT of the final reconstructed 

image: ƑAFFS = ∑ 𝑤Ref𝑟
 ƑRef𝑟𝑟 + 𝑤Direct ƑDirect. The IDFT of ƑAFFS is then 

computed to deliver the final reconstructed image. 

Example training images to be used in this chapter are presented in Fig. 2.9. 

For validation purposes, any test image may be selected from this set, and the 

training procedure will then use masks averaged over the other images (not 

including the test image) with noise realizations for a given noise strength (NS), 

blurring kernel of standard deviation 𝜎, and subsampling factor d. 
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Fig. 2.8. Block diagram illustrating the adaptive frequency-based filtering 

scheme in the training stage (top) and the testing stage (bottom). 

 
Fig. 2.9. Training images used in adaptive frequency-based filtering scheme. 

2.8. Simulation Results 

A simulation study has been conducted to evaluate the performance of the direct 

SR technique described herein and the AFFS visually and numerically in 

idealistic and realistic scenarios. Unless noted differently in the evaluated 

scenarios, the observation model to be used assumes a sensor shift with 2× 

subsampling factor, equal known non-integer-pixel shifts along X-Y directions, 

in-focus capturing (B has Gaussian distribution with standard deviation 𝜎blur = 

0.5 pixel), replicated boundary conditions, and noiseless environment. As case 



 

 

43 

 

 

 

studies, the imaging parameters in 𝑔⃗𝑘 = 𝐷 (𝑆𝑘(𝐵 ∗ 𝑓)) + 𝑛⃗⃗𝑘 are varied one at a 

time and their impact on the restored images are studied; I either vary the 

boundary conditions in 𝑓, or modify the blurring variance in 𝐵, or introduce shift 

misestimates in 𝑆𝑘, or alter the sequence order between 𝐵 and 𝑆𝑘, or change the 

subsampling in 𝐷, or even apply different noise strengths in 𝑛⃗⃗𝑘. At the end, the 

performance is evaluated at a combination of these variations. 

2.8.1. Evaluating Various SR Techniques under Ideal Imaging Conditions 

Four different SR techniques are implemented to visualize the impact of biasing 

priors and optimization schemes on the reconstructions of 2× and 4× subsampling 

factors, shown in Fig. 2.10. The multi-image SR techniques utilized here are the 

non-uniform bicubic interpolation [15], SR with mixed priors [19] (sparse ℓ1-

norm of horizontal and vertical first-order differences and non-sparse 

simultaneous autoregressive prior with 𝜆 = 0.5), the multi-channel blind 

deconvolution (MCBD) [24], and the direct SR technique. To quantify the 

reconstruction errors (at pixel level) between different SR techniques for various 

objects, the relative numerical error is calculated by RMSE = sqrt (
1

𝑁
∑ (𝑓𝑗 − 𝑓̂𝑗)

2
𝑁
𝑗=1 ) /

𝐿, where 𝑓𝑗 and 𝑓𝑗  are the 𝑗𝑡ℎ pixels of the HR image and the recon. image, 

respectively, 𝑁 is the number of pixels, and 𝐿 is the maximum allowed intensity 

(e.g., 255 for an 8-bit image); see Fig. 2.10. More simulation results are available 

in [41]. 
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Fig. 2.10. Visual comparison of various SR techniques at 2× and 4× 

subsampling factors using sensor shift model, known non-integer-pixel shifts, 

𝜎blur= 0.5 pixel, and noiseless environment for U.S. Air Force (USAF) target 

and cameraman image. Shown at the first row: sample of LR images and the HR 

images. Rows 2-5 displays from left to right: bicubic interpolation, SR of mixed 

priors, MCBD, and direct SR. The associated RMSE% is shown at their left. 

The visual quality of the restorations (especially at the resolved HR features of 

the USAF target, the camera body and its aligning stick) and the numerical errors 

of the implemented SR techniques in idealistic scenarios confirm that the direct 

SR technique described herein resolves the true features with fewer artifacts than 

the other SR techniques. 
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2.8.2. Studying the Adaptive Frequency-Based Filtering Scheme at Noisy 
Environments 

Two reference SR techniques, bicubic and MCBD, are implemented besides the 

direct SR technique in the training stage to increase the degrees of freedom in 

selecting best frequencies and weighting masks that minimize the reconstruction 

errors. The resulting masks are averaged over 11 training images (since the test 

image is not included) and 20 noise realizations of normal distribution 

𝒩(0, 𝜎noise
2 ) at the given noise strength NS related to 𝜎noise = NS × 𝐿, where 𝐿 is 

the maximum allowed intensity. The sharpness circle is used as a test image, and 

Fig. 2.11 shows the calculated reconstruction RMSE vs. NS, averaged over 20 

noise realizations using the direct SR technique, bicubic, MCBD, and the AFFS. 

The RMSE curves, shown in Fig. 2.11, demonstrate that while the bicubic and 

MCBD SR techniques experience insignificant changes, the reconstructed images 

using direct SR suffer as NS increases. Yet, the AFFS succeeded in picking the 

best frequencies to suppress any artifacts while maintaining the fine structures 

leading to the lowest RMSE values; see also Fig. 2.12. Note that in the noiseless 

scenario at NS = 0, due to the spiral path utilized in the AFFS, the filtering masks 

are not picking all frequencies from the direct SR technique, leading to slightly 

larger errors (black curve) than the direct SR results (red curve). 
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Fig. 2.11. Reconstruction error vs. noise of various SR techniques and the AFFS 

results for the sharpness circle. 

A visual assessment of the reconstruction results, presented in Fig. 2.12, 

shows that despite the noisy restorations, there are still additional fine details 

resolved by the direct SR technique as compared with the bicubic and MCBD SR 

techniques. The pixelated artifacts reside in the high-frequency regions while 

washed-out areas exist in the low-frequency regions of the direct SR 

reconstructed image; thus, the trained filtering masks succeeded in assigning the 

low and high-frequency locations to the reference SR techniques instead leading 

to the donut shape in the direct mask 𝑤Direct encoded in the red channel of the 

displayed masks. More noise means more frequencies to be selected from, or 

greater weight given to, the reference SR techniques. Note that the noise has no 

direct impact on generating the point spread function’s matrix 𝑯, yet the noise 

distorts the captured images 𝑔⃗𝑘 and drives the solution, i.e. the reconstructed 

image, far from the optimal answer. 
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Fig. 2.12. Visual comparison of the reconstructed sharpness circle (zoomed) at 

NS = 0.1% and 0.5% for various SR techniques and averaged over 20 noise 

realizations. A sample LR image and the ground-truth HR image are shown on 

the left of the first row. The three trained multi-gray masks 

(𝑤Direct , 𝑤Bicubic,  and 𝑤MCBD) are color encoded as red for direct, green for 

bicubic, and blue for MCBD in the composite RGB masks displayed on the right 

of the first row. 

2.8.3. Assessing the Impact of Blurring When Imaging Through Different 
Observation Models 

Simulating out-of-focus imaging can be done by widening the blurring kernel (i.e. 

increasing 𝜎blur), which in turn affects 𝑯 globally besides blurring the LR 

measurements. As a test case, the boat image (bottom left image in Fig. 2.9) was 

imaged through two different observation models, sensor shift (SS) and camera 

shift (CS), at various 𝜎blur values (in LR pixel units). 
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The general trend in all RMSE curves, plotted in Fig. 2.13, is the increment in 

RMSE as more blurring is introduced. Comparing the RMSE curves of the two 

observation models, insignificant impact can be seen in the results of the bicubic 

and MCBD SR techniques as they are not relying directly on 𝑯 in their 

calculation of the reconstructed image. However, when using the direct SR or the 

AFFS, the performance of the CS model outperforms the SS model since the 

blurring in SS precedes and hence impacts the shifting, causing an additional 

source of error. 

 

Fig. 2.13. Reconstruction errors vs. 𝜎blur when imaging the boat image through 

two observation models: solid curves for sensor shift (SS) and dashed curves for 

camera shift (CS) using various SR techniques. 

The blurring through SS results in dappled artifacts in the reconstructed image 

of the direct SR technique, yet many fine details survived and were later chosen 

by the filtering masks (trained for different 𝜎blur values and observation models 

and averaged over the other training images), leading to much richer content (e.g., 

see the outrigger poles of the boats) than both the bicubic and MCBD SR 
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techniques (see the third row in Fig. 2.14). The same blurring amount in the CS 

model seems to be ineffective; thus, the masks favored the direct SR output, 

leading to sharp reconstruction.  
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Fig. 2.14. Visual comparison of the reconstructed boat at 𝜎blur = 0.75 and 1 

pixel for various SR techniques using sensor shift (second and third rows, 

respectively) and 𝜎blur = 1 using camera shift (forth row). A sample LR image is 

shown on the left of the first row. The three trained averaged masks 

(𝑤Direct , 𝑤Bicubic,  and 𝑤MCBD) are color encoded as red for direct, green for 

bicubic, and blue for MCBD in the composite RGB masks displayed on the right 

of the first row. 



 

 

51 

 

 

 

2.8.4. Validating the Replicating Boundary Assumption Made in the Direct SR 
Technique 

The subsampling operator D inherently makes the boundary values part of the 

generation of 𝑯 at the starred PSF values ℎ∗; see Fig. 2.5. A replication boundary 

condition is assumed in order to avoid having more unknowns than the number of 

equations, so the full-rank property of 𝑯 is preserved. To verify the impact of this 

assumption, the boundary values are derived from normal distributions 

𝒩(nearest image values, 𝜎bound
2 ) while varying the boundary tolerance BTol 

related to the standard deviation 𝜎bound = BTol × 𝐿, where 𝐿 is the maximum 

allowed intensity. Again, the filtering masks to be used here are trained for each 

BTol and averaged over 20 boundary realizations. 

 

Fig. 2.15. Reconstruction errors vs. BTol when reconstructing the peppers image 

with various SR techniques. 

The RMSE curves and visual reconstructions in Fig. 2.15 and Fig. 2.16 show 

that the direct SR technique is still capable of resolving fine details even with 

large BTol, which validates the boundary assumption made earlier. The additional 
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filtering step, AFFS, indeed assists in eliminating many of the boundary artifacts. 

Note that both the bicubic and MCBD SR techniques are totally insensitive to the 

boundary conditions, and their HR reconstructions are either too smooth (in the 

bicubic case) or have artificial ripples (in MCBD case; see the edges of the 

objects in the peppers image). 

 
Fig. 2.16. Visual comparison of the reconstructed peppers (zoomed) at 

BTol=10% (middle row) and 20% (bottom row) for various SR techniques. A 

sample LR image and the original HR image are shown on the left of the first 

row. The three trained multi-gray masks (𝑤Direct , 𝑤Bicubic,  and 𝑤MCBD) are 

color encoded as red for direct, green for bicubic, and blue for MCBD in the 

composite RGB masks displayed on the right of the first row. 

2.8.5. Evaluating the Impact of the Shift Misestimates on the Direct SR 
Restorations 

The direct SR technique requires accurate subpixel shift estimation for all 

captured LR images as any tiny error in the estimated shift vectors affects the 
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generation of 𝑯 globally. For the 2× subsampling case, there are 6 random 

variables (in X-Y directions) that need to be estimated with respect to one of the 

captured LR images selected as a reference. To test how accurate the shift 

estimate needs to be, the estimated shifts are set to follow normal distributions 

𝒩(true shifts, 𝜎shift
2 ) while varying the shift tolerance STol related to the 

standard deviation 𝜎shift = STol × DetectorPitch. Similarly, the filtering masks 

are trained for each STol and averaged over 20 shift misestimate realizations. 

The RMSE curves and visual reconstructions in Fig. 2.17 and Fig. 2.18 show 

that direct SR technique is significantly sensitive to the STol even as low as 0.1%. 

Yet, there are still some fine details that survived (see blood and black edges in 

the reconstructed endoscopy images) and were successfully picked up by the 

additional AFFS (see red channels in the filtering masks) without propagating any 

of the shift artifacts. 

 

Fig. 2.17. Reconstruction errors vs. STol when restoring the endoscopy image 

using various SR techniques. 
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Fig. 2.18. Visual comparison of the reconstructed endoscopy image (zoomed) at 

STol=0.1% (middle row) and 1% (bottom row) for various SR techniques. A 

sample LR image and the original HR image are shown on the left of the first 

row. The three trained multi-gray masks (𝑤Direct , 𝑤Bicubic,  and 𝑤MCBD) are 

color encoded as red for direct, green for bicubic, and blue for MCBD in 

composite RGB masks displayed on the right of the first row. 

2.8.6. Evaluating the Performance at a Combination of Non-idealities 

As a final evaluation, the SR techniques are tested over two combinations of non-

idealities in the imaging conditions; Set1 (NS = 0.1%, BTol = 10 %, STol = 0.1 

%) and Set2 (NS = 0.5%, BTol = 20 %, STol = 1 %). The reconstructions are 

carried using SS observation model, 2× SRFactor, 𝜎blur= 0.5 pixel, and averaged 

over 100 realizations. The filtering masks are trained for each set and averaged 

over 100 statistical realizations. 
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The visual reconstructions, shown in Fig. 2.19, demonstrate the fine features 

(e.g., elements 2 and 3 of group 2) recovered by the direct SR while both Bicubic 

and MCBD SR techniques failed in that. AFFS again picked such details with 

minimal artifacts leading to lowest RMSE errors. Having significant non-

idealities (e.g., Set2) will lead to a degraded performance in direct SR results and 

AFFS reconstructions will be similar to those produced by the reference SR 

techniques. 

 
Fig. 2.19. Visual comparison of the reconstructed USAF (zoomed) at two 

combinations of non-idealities; Set1 (middle row) and Set2 (bottom row) for 

various SR techniques. A sample LR image and the original HR image are 

shown on the left of the first row. The three trained multi-gray masks 

(𝑤Direct , 𝑤Bicubic,  and 𝑤MCBD) are color encoded as red for direct, green for 

bicubic, and blue for MCBD and displayed on the right of the first row. 
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2.9. Conclusion and Future Work 

Direct superresolution (SR) is a non-regularized technique that uniquely solves a 

set of linear equations representing the multi-shift image reconstruction problem 

with sufficient measurements to deliver realistic reconstructions without any 

inherent bias imposed by priors, regularizers, and optimization schemes. This 

approach guarantees an optimal ground-truth solution in a well-posed ideal 

imaging conditions (in-focus noiseless measurements with known relative shifts, 

smoothly varying boundaries, and static scene). 

An adaptive frequency-based filtering scheme (AFFS) is introduced to gain 

robustness against out-of-focus, shift misestimate, boundary variations, and noisy 

scenarios while maintaining the merit of direct SR to achieve optimal restorations 

without being penalized by the improper assumptions made in the inverse 

problem. AFFS selects at each frequency a weighted combination of discrete 

Fourier transform (DFT) values of reconstructed reference SR and direct SR 

images based on a trained masking information to output, after inverse DFT 

operation, a filtered image recovering the fine details besides suppressing the 

reconstruction artifacts. 

The simulation studies show that the developed direct SR technique is less 

sensitive to the boundary variations as compared to the blurring, shift 

misestimates, and noisy environments. Yet in all simulated non-idealistic 

reconstruction conditions, direct SR is still capable of resolving extra details even 

though they were embedded in various artifacts. AFFS then successfully retrieves 
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these details from various artifacts leading to better reconstructions than those 

resulted from the SR techniques considered in the AFFS scheme. 

As a future work, I will continue to address physical imaging issues in the 

direct SR technique and the AFFS approach to make them applicable for the 

physical experiment where a combination of all imperfections exists. The 

development will address the following additional challenges: 

2.9.1. The Motion Blur and Dynamic Scenes 

Each super resolved image requires sufficient low resolution (LR) images taken at 

multiple non-integer-pixel shifts for the exact scene. Thus for dynamically 

changing scenes, the multi-shift acquisition process should be fast enough so the 

scene appears static over the time extent that the shifted LR images are captured 

within. Also, the number of successive measurements may be minimized and the 

linear least-squares solution can be computed using Moore-Penrose pseudoinverse 

or linear minimum mean square error techniques. Furthermore, the whole multi-

shift acquisition process has to be repeated at least 30 times if real-time 

acquisition is required. This raises issues about the stability and motion blur 

caused by the moving actuators during the acquisition. Accounting for jittering 

and the motion blur can either be done through digital image stabilization 

techniques between the multi-shift images as preprocessing stage or be done by 

estimating the relative motion blur vectors and adding them to the translating 

shifts 𝑆𝑘 it in the observation model to be part of the computed multi-shift point 

spread function. 
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2.9.2. Shift Type 

To improve the resolution content in two dimensions (2D), two translating 

actuators are traditionally implemented in X-Y directions to impose the required 

non-integer-pixel shifts. This adds to the complexity of the imaging system and 

demands accurately estimating two variables per shifted image essential for any 

SR technique to function. To relax these constraints, a single rotating stage may 

replace the need for the X-Y motion and simplify the shift estimate process to 

only one variable per image, which is the rotation angle. The origin of rotation 

can also be part of the investigation to guarantee non-integer radially increasing 

shifts for all image pixels. 

2.9.3. The Chromatic and Off-Axis Aberrations 

Ray tracing or experimental calibration procedure can be followed to find the 

impulse response associated with RGB wavelengths over the field of view in a 

non-shifted imaging setup. Once fully characterized, the spatio-spectral variant 

point spread function is modified according to various estimated shifts and then 

applied locally on various image pixels and color channels within the direct SR 

technique to accurately super resolve the scene. 

2.9.4. The Scanning Filtering Path and the Selection Criteria 

The current adaptive training approach adopted in AFFS generates the masking 

information at each frequency in an outwardly spiral trajectory starting at the zero 

frequency. At each frequency, it identifies which of the direct SR reconstruction 

and reference SR reconstructions has the minimum reconstruction error based on 

training images at the estimated forward observation model parameters. 
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The simulation results using the outward spiral path show good filtering 

performance, however, in ideal scenarios the spiral path is favoring the reference 

reconstructed images at few frequency locations leading to suboptimal 

performance. This suggests non-optimality of the spiral path, hence other 

scanning trajectories need to be examined to achieve a better filtering results. One 

possibility might be a multiplexed random scan where multiple masking 

locations, selected at random from the DFT of direct SR reconstruction and 

reference SR reconstructions, will favor either SR technique according to the 

selection criteria. 

The selection criteria itself can be further optimized so that minimizing the 

root mean square error (RMSE) may be substituted by a task-based metric that 

consider only the effectiveness of the SR techniques regardless the deblurring or 

denoising aspects (usually enhanced by different priors and regularizers). For 

instance in a noisy environment, the extra smoothness imposed by the bicubic SR 

technique may mistakenly let it score better RMSE that the direct SR although the 

later one may include more fine features, hence it should be the one to be chosen. 

The type of the task (e.g., recognition or classification) highlighted in such metric 

is an open question and part of a future investigation. 

2.9.5. Categorized Training and Reference SR Techniques 

The training images can be selected from the same category that the objects of 

interest belong to whether the SR application is face recognition, endoscopic 

imaging, or others. The training set should be captured experimentally under the 

same imaging conditions so the filtering masking information becomes more 
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representative. Also as seen in the simulations, the reconstruction errors of AFFS 

is upper bounded by the implemented SR techniques, hence, utilizing a variety of 

stat-of-art SR techniques can help to further improve the filtering performance. 

Finally, a more thorough characteristic study about the AFFS masks will be 

taking into consideration the impact of the number and the category of the 

training images, the various implemented SR techniques, the type and the 

tolerance of parameters’ misestimate, and the type of the scanning filtering path.  
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3. Computational Depth-Based Deconvolution for Full-Focus 
Imaging 

3.1. Introduction 

Conventional optical systems have a limited imaging capability beyond their 

depth of field (DOF) set by the numerical aperture of the optics and the pixel 

pitch of the focal plane array. Researchers have traditionally invested in the 

imaging optics and the acquisition mechanism to extend the DOF by making an 

imaging system that holds a depth-invariant point spread function (PSF). This has 

been accomplished either by reducing the imaging aperture [42], stacking 

multiple images taken at different focus distances [43], sweeping the focus during 

the image acquisition [44], or utilizing diffusion or wavefront coding photography 

[45]. However, the insertion, modification, or even translation of optical elements 

may result in reduction of signal-to-noise ratio (SNR), degradation in the captured 

resolution, longer acquisition time, larger physical size, and additional monetary 

cost. 

To avoid many of the hardware-based limitations, software-based deblurring 

approaches have been developed to output an all-in-focus scene from a single 

image captured by ordinary cameras, trading off the hardware complexity for the 

computational cost. This has been achieved by multi-scale deconvolution [46], 

two-phase processing for edge and texture restoration [47], blur map estimation 

with sharp edge prior and guided image filter [48], edge detection and focus map 

estimation with blind deconvolution [49], and adaptive local regularization to 

impose edge and smoothness priors [50, 51]. Most such techniques imprecisely 

approximate the PSF as a two-dimensional (2D) depth-invariant entity which 
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leads to suboptimal restorations with ringing artifacts especially when objects 

included in the captured scene belong to a broad range of depth planes. 

Ordinary fixed-focus cameras, such as low-end hand-held cameras, 

smartphone cameras, and surveillance cameras, have a depth-variant PSF that can 

be visualized as double cones when focusing at finite distances or as a single cone 

when focusing at infinity with apex at the on-axis in-focus point located at the 

hyperfocal distance. Objects become progressively more defocused as their 

distance to the lens gets smaller than half of the hyperfocal distance [4]. The prior 

knowledge of the volumetric PSF can be utilized effectively to deblur the 

captured image at different depth planes. 

Image deconvolution is a computational technique that undoes the optical 

blurring to retrieve the true scene. Deconvolution, in its simplest implementation, 

can be carried out by a division between the captured image and the blurring 

kernel in the Fourier domain [52]. However, several factors can inevitably cause a 

boost in noise and ringing artifacts in the deconvolution process: the missing 

boundary information that participated in the blurring process, the discontinuity 

between the image boundaries, the distortion of high-frequency components of 

the sharp edges, the division by weak kernel values in the Fourier domain (due to 

PSF profiles of large support when deblurring close objects), and the unmatched 

depth planes between the image regions and the deconvolving PSF kernels. 

Besides the ringing artifacts, traditional deconvolution techniques also narrow the 

DOF as they usually blindly approximate the PSF as a 2D depth-invariant entity. 
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A framework for non-blind depth-based deconvolution [53, 54] is developed 

so that it computationally brings a captured blurred scene to focus at different 

depth planes by deconvolving it with axial slices of a pre-characterized PSF 

volume. A full-focus image is then formed by merging the focused details across 

all axially deconvolved images based on focus decision metrics or depth map 

prior. The ringing artifacts associated with the deconvolution are addressed on 

three levels. The boundary artifacts are eliminated by adopting a block-tiling 

approach [55]. The sharp edges’ artifacts are adaptively controlled by reference 

maps working as local regularizers through an iterative deconvolution process 

[50]. Finally, artifacts initiated by neighboring depth-transition surfaces are 

suppressed by block-wise deconvolution approach or depth-based masking 

approach if the depth map is available. 

3.2. Depth-Based Deconvolution Technique 

A three-dimensional (3D) object 𝑓 is blurred by an imaging PSF kernel ℎ to form 

an image 𝑔 that is captured along with noise 𝑛. Here, ℎ acts as a 3D-to-2D 

mapping operator as shown in the following imaging process: 

𝑔(𝑥𝑖 , 𝑦𝑖) = ∫ 𝑑𝑧𝑜 ∬ 𝑑𝑥𝑜𝑑𝑦𝑜 ℎ(𝑥𝑖, 𝑦𝑖 , 𝑥𝑜 , 𝑦𝑜 , 𝑧𝑜)𝑓(𝑥𝑜 , 𝑦𝑜 , 𝑧𝑜) + 𝑛(𝑥𝑖 , 𝑦𝑖) 

where 𝑜 and 𝑖 subscripts denote object and image coordinates, respectively. 

Realizing the depth-dependent nature of the PSF, a computational depth-based 

deconvolution technique is developed, presented in Fig. 3.1. The technique inputs 

the single blurred image 𝑔, the multi-dimensional PSF ℎ, and a depth map if 

available, and outputs a fully focused image 𝐼. First, the blurred image is padded 
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by interpolated smoothed blocks to eliminate the boundary artifacts. Next, the 

PSF volume is sliced axially into various depth planes 𝑧𝑑 (where 𝑑 = 1, 2, … , 𝑁) 

and fed along with the padded blurred image into an iterative adaptive non-blind 

deconvolution stage. The algorithm iterates to get a better estimate of a reference 

map employed to locally regularize a smoothing prior, which in turns balances the 

suppressible ringing and the resolvable details in the deconvolved image 𝐼𝑍𝑑
 

associated with the applied axial PSF slice. The axially deconvolved images 

undergo a focus detection process to locate the focused points across them in case 

the depth map is not provided. Note that details in each axial image are only 

brought to focus if they are located at the exact depth plane defined by the applied 

deblurring PSF slice. Finally, these focused points are stitched together to form a 

full-focus image 𝐼. 

 

Fig. 3.1. Block diagram of the computational depth-based deconvolution 

technique. 

Note that the proposed depth-based deconvolution technique differs from the 

2.5 and 3D deconvolution techniques [56-58] which operate on a stack of images 

and demand a larger computational cost. For instance, deconvolving by 2D axial 
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PSF profiles as proposed in the developed technique is a highly parallelized 

process which outputs refocused images without any further processing. 

3.3. Addressing the Ringing Artifacts 

The deconvolution’s ringing artifacts are suppressed on three levels; block tiling 

to eliminate boundary artifacts, local regularization to reduce ringing initiated by 

sharp edges, and block-wise deconvolution or depth-based masking to mitigate 

artifacts raised by neighboring depth-transition surfaces. 

3.3.1. Tackling the Boundary Artifacts 

Deconvolution is simply a division in the Fourier domain between the image and 

the blurring kernel. However, the discrete Fourier transform (DFT) assumes data 

periodicity which is not present within the captured images. Moreover, parts of 

the scene beyond the field of view (FOV) participate in the blurring process but 

are missing in the captured images. These cause the boundary artifacts to 

propagate through the deconvolved images, and the artifacts become more severe 

when the PSF profile is of a large support (usually for close objects that are far 

from the hyperfocal plane). Constrained image extrapolation, smoothing 

gradients, and block tiling [51, 55] may be applied to achieve periodicity without 

introducing discontinuities or sharp edges at the borders that may additionally 

contribute to the ringing artifacts. 

Inspired by the tiling scheme presented in [55], the content of tiled blocks is 

calculated by a simple linear interpolation between the given boundary values, 

followed by adaptively blurring incrementally toward the center of the tiled 

blocks to impose smoothness. These pre-processing steps are sufficient to reduce 
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boundary artifacts without the need for heavy computations to optimize the 

objective function given in [55] especially when large images are being 

processed. 

3.3.2. Tackling the Edges Artifacts 

Ringing initiated by the image content is typically controlled by various 

regularization techniques such as Tikhonov regularization [59] which may also 

over-smooth the image, iteratively reweighted least squares [60] which requires 

hundreds of iterations, Gaussian scale mixtures [61] with conjugate gradient 

optimization which is a slow solver to converge, total variation [62] with 

Laplacian prior which may not exactly fit the image gradients, and adaptive 

sparse priors [63] implementing smoothness via first and second-order derivative 

filters. The image gradients of real-world scenes usually follow distributions of 

heavy tails that may be better approximated by hyper-Laplacian priors [64, 65] 

although being much slower than the Gaussian and Laplacian priors. 

Assuming a Gaussian noise model and hyper-Laplacian prior, the maximum a 

posteriori (MAP) estimator after computing the negative log becomes a 

minimization problem: 

min
𝑓

∑ ((ℎ ∗ 𝑓 − 𝑔)𝑗
2 + 𝜂 (|(𝛿𝑥 ∗ 𝑓)𝑗|

𝛼
+ |(𝛿𝑦 ∗ 𝑓)

𝑗
|

𝛼

))

#𝑃𝑖𝑥𝑒𝑙𝑠

𝑗=1

 

where ∗ denotes a convolution, j indexes the image’s pixels, 𝜂 is a scalar 

regularization, 𝛼 is the hyper-Laplacian order, and 𝛿𝑥 and 𝛿𝑦 represent the 

horizontal and vertical gradient operators. 
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Giving 𝜂 a higher value means favoring more ringing smoothing over edge 

sharpening. To gain a better control, local regularization based on a reference map 

[50, 51] (𝜂 becomes a 2D matrix) can adaptively assign larger weights to the 

smooth regions where ringing suppression is of interest and smaller weights for 

the sharp edges where maximizing the details is desired. The reference maps are 

found through an iterative deconvolution process to refine the edge strength 

calculation and assign lower weights to the texture regions and higher weights to 

the smooth regions. Solving the minimization problem can be done efficiently in 

the frequency domain through an alternating minimization procedure [66, 67], and 

analytical derivations can be found for certain 𝛼 values (e.g., 1/2, 2/3) [65], 

reducing the computational effort. 

3.3.3. Tackling the Depth-Transition Artifacts 

In the case of multi-depth (MD) objects, surfaces belonging to different depth 

planes will be blurred uniquely with their corresponding blurring kernels. 

Deconvolving these blurred surfaces by unmatched axial PSF profiles will result 

in ringing denoted here as depth-transition artifacts. Two different approaches are 

proposed to deal with this challenge: The first approach relies on local application 

of the deconvolution operator while the second one relies on object’s depth map 

to eliminate depth transitions in the axially deconvolved images. 

3.3.3.1. Block-Wise Deconvolution 
In this approach, the deconvolution is being applied on distinct blocks (or 

overlapping blocks for finer results) rather than on the image as a whole. This 

assumes that the blocks’ content is most likely to belong to same depth plane 

especially when these blocks are small enough. As a result, ringing artifacts 
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initiated by different depth surfaces may be reduced. This approach also assumes 

that objects are smoothly varying in depth, hence, complex scenes of depth-

varying fine-texture such as trees with leaves and branches will be problematic. 

3.3.3.2. Depth-Based Masking Approach 
Tackling depth-transition artifacts for complex scenes requires prior knowledge 

about the depth map, which can be acquired from a depth sensor or a stereo 

system. The depth map provides the masking information needed to prevent 

simultaneous processing of surfaces belonging to different depth planes, hence 

eliminating the source of such artifacts. Fig. 3.2 summarizes the depth-based 

masking steps proposed to suppress the depth-transition artifacts. First, the 

masking information is extracted from the depth map and applied to the raw 

blurred image to output N masked images. The masked-out (black) areas are then 

filled by bilinear interpolation to maintain continuity with the mask’s boundaries. 

Scattered data interpolation [68] is used so masked-out regions of any shape for 

complex scenes can be inpainted. Afterward, the interpolated areas are blurred 

with the exact PSF profile to be used at the deconvolution step. This step will 

assure smoothness in the interpolated regions and guarantee matching with the 

deconvolving kernel so no depth-transition artifacts are induced. Finally, the N 

masked interpolated blurred images are adaptively deconvolved by the 

corresponding PSF profiles using reference maps which have also been masked 

accordingly (so interpolated areas are considered smooth regions during the 

regularization) to produce N axially deconvolved images to be merged later to 

form the full-focus image. 
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Fig. 3.2. Sketch illustrating the developed depth-based masking approach for 

planar USAF target set at the three depth planes utilized in the simulation study. 

3.4. Local Focus Decision Metrics 

In the event that depth map is not given as prior information, it can be estimated 

by identifying the depth planes of the focused details along the axially 

deconvolved images, see Fig. 3.3. This may be carried out block-wise reliably 

using predefined focusing metrics that exploit the fact that a block at its best focus 

has the maximum contrast [69], the highest energy after high pass filtering, the 

maximum absolute coefficient values in the wavelet transform domain [70], and 

the least ringing content. A survey of various focus metrics including gradient-, 

Laplacian-, wavelet-, statistics-, and discrete cosine transform- based operators 

can be found in [71]. An overlapping block-wise approach may also be adopted to 

have a consistent focusing decision across the neighboring pixels while 

maintaining a pixel-precision decision. Once the depth map is known, the focused 
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details are extracted and stitched together to produce a 2D full-focus image, 

giving the ordinary camera an extended DOF capability. 

 

Fig. 3.3. Block-wise depth map estimation by finding the best focus over the 

axially deconvolved blocks. Samples of the axial blocks are encoded in different 

colors. 

3.5. Simulation Results 

A ray-tracing program, OpticStudio by Zemax, is utilized to simulate the imaging 

of planar objects placed at different depth planes through an off-the-shelf fixed-

focus objective lens (4.5 mm focal length, 2.4 f-number, and 1.5 m hyper-focal 

distance) to a focal plane array of resolution 600×800 pixels with pitch size 

1.4×1.4 m. The blurring kernels have been similarly estimated by calculating the 

Huygens PSF [72] of on-axis points placed at the desired depths. The 1951 U.S. 

Air Force (USAF) resolution test target and cameraman image are chosen to 

assess the ringing artifacts and the resolved details achieved by the proposed 

deconvolution technique. The blurred images along with their associated axial 

PSF profiles, displayed in Fig. 3.4, show the variation in FOV, magnification, and 

amount of blur as the depth varies. 
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Fig. 3.4. USAF (first row) and cameraman (second row) images captured at 

various object distances. The associated axial PSF profile of 64×64 pixels is 

shown at the bottom-right corner of each USAF image. 

To imitate MD objects, different regions of planar objects traced at various 

depth planes are stitched together according to a customized depth map, presented 

in Fig. 3.5. 

 
Fig. 3.5. Stitching planar regions according to a depth map (left) to form MD 

objects for USAF (center) and cameraman (right). 

The adaptive deconvolution technique [50], reported here, operates using the 

regularization parameters: 3 iterations, 3 reference levels, hyper-Laplacian 𝛼 =

2/3, threshold 𝑇 =  0.1×max value of the reference map, and 𝜂 ∈ [10−5, 10−3]. 

Note that in the case of color images, the deconvolution is applied to the 

luminance channel only, which is afterward recombined with the chrominance 

channels. The deconvolution numerical errors are quantified using two metrics: 
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the structural similarity index measure (SSIM) [73] which mimics the human 

visual system to extract information based on structure, and the root mean square 

error (RMSE) which quantifies the errors on a pixel level compared to a reference 

image. For illustration purposes, the various ringing artifacts are addressed one at 

a time through the following simulation scenarios. 

3.5.1. Impact of Pre-Processing the Boundaries of the Blurred Images 

The impact of pre-processing the image boundaries is evaluated in three 

scenarios: zero padding by 32 pixels (i.e., half the blurring kernel) along each 

boundary, edge tapering by blurring the boundaries with the exact PSF profile to 

be used for deconvolution, and block tiling to impose continuity and smoothness 

across the boundaries. The blurred images for close USAF and cameraman 

objects after pre-processing the boundaries are presented in Fig. 3.6 and their 

deblurred results using adaptive regularization technique are displayed in Fig. 3.7.  
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Fig. 3.6. Blurred images after preprocessing the boundaries with various 

techniques: zero padding (left), edge taper (center), and block tiling (right) for 

USAF (first row) and cameraman (second row) objects captured at 100 mm 

distance. 

 
Fig. 3.7. Comparison of deblurred images under various boundary pre-

processing techniques using adaptive regularization for planar USAF (first row) 

and cameraman (second row) objects at 100 mm distance. The numerical errors 

in terms of SSIM and RMSE are shown to the left of each image, respectively. 

Fig. 3.7 shows how a simple zero padding (and similarly in the case of no 

boundary pre-processing) can lead to ringing all over the deconvolved images 

especially when the PSF has large support. Tapering the boundaries can help 

reduce the ringing, but rippling can still be observed near boundaries (see both 

USAF and cameraman deblurring results in Fig. 3.7). These results demonstrate 



 

 

74 

 

 

 

that the block tiling approach is superior with the highest SSIM values and barely 

noticeable boundary artifacts. 

3.5.2. Impact of Adaptive Regularization for Planar Objects set at Different 
Depth Planes 

To study the impact of adaptive regularization at different depth planes, the planar 

objects shown in Fig. 3.4, captured at various depth planes were deconvolved by 

their corresponding axial PSF profiles. Four deconvolution techniques are 

evaluated: the Lucy-Richardson Bayesian-based iterative method [74, 75] with 

100 iterations, Fortunato’s deconvolution using sparse adaptive priors [63] with 

regularization parameters (0.001, 20, 0.033, 0.05), Krishnan’s method with hyper-

Laplacian prior [65] of 𝛼 = 2/3 and scalar regularization 𝜆 = 104, and Tsai’s 

adaptive deconvolution [50] with the regularization parameters defined at the 

beginning of section 3.5. The parameters are chosen so the deconvolution 

techniques can resolve the same level of details (as quantified by USAF) so the 

ringing appearance can be fairly judged between them. The visual reconstructions 

and numerical errors for USAF and cameraman images are shown in Fig. 3.8 and 

Fig. 3.9, respectively. The regularizing reference maps of Tsai’s algorithm are 

shown at the last row of each figure, where the white regions represent the areas 

to be smoothed and the black regions represent the edges to be preserved. 
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Fig. 3.8. Visual comparison of different deconvolution techniques for USAF 

target at different depth planes when deconvolved with the corresponding axial 

PSF profiles. The last row shows the final reference maps used as local 

regularizers in Tsai’s technique. The numerical errors in terms of SSIM and 

RMSE are shown to the left of each image, respectively. 



 

 

76 

 

 

 

 
Fig. 3.9. Visual comparison of different deconvolution techniques for 

cameraman image at different depth planes when deconvolved with the 

corresponding axial PSF profiles. The last row shows the final reference maps 

used as local regularizers in Tsai’s technique. The numerical errors in terms of 

SSIM and RMSE are shown to the left of each image, respectively. 

A visual and numerical comparison of the reconstruction results in Fig. 3.8 

and Fig. 3.9 demonstrate the effectiveness of Tsai’s adaptive deconvolution over 

other techniques in suppressing the edge artifacts and the noisy appearance while 

maximizing the image details and sharpness. This becomes more noticeable as the 

objects get far from the DOF range (e.g., when the power of the blurring kernel is 
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spread over a larger support in the case of shorter imaging distances). Note that 

the adaptive deconvolution results in a higher structural similarity (SSIM) as 

compared with others. The RMSE metric seems to be inaccurate in reflecting the 

visual quality of Tsai’s adaptive deconvolution as compared with Fortunato’s 

deconvolution since RMSE is more related to errors on a pixel level (which 

cannot capture the ringing presence) rather than the overall appearance of the 

deconvolved images. 

3.5.3. Impact of Block-Wise Deconvolution 

Blocks, extracted from the captured blurred MD object then pre-processed by the 

block tiling approach, are adaptively deconvolved (using Tsai algorithm) by 

various axial PSF profiles and then stitched together to form the axially 

deconvolved images, shown in Fig. 3.10. Two different block sizes 100×100 and 

200×200 pixels are investigated to evaluate the deconvolution results. Smaller 

blocks will better suit the assumption made in the block-wise deconvolution to 

reduce the depth-transition artifacts (e.g., see the left vertical bars of USAF when 

deconvolving with PSF @ 100 and 200 mm). However, the deconvolution process 

itself requires sufficient extent of spatial regions in order to converge to the right 

solution (e.g., see the three vertical bars at the upper left corner of USAF when 

deconvolving with PSF @ 100 mm).  
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Fig. 3.10. Visual comparison of block-wise deconvolution results for MD USAF 

and cameraman images using two different block sizes of 100×100 pixels (first 

two rows) and 200×200 pixels (last two rows) when deconvolved with different 

axial PSF profiles (sorted column-wise). The numerical errors in terms of SSIM 

and RMSE are shown to the left of each image, respectively. 

3.5.4. Impact of Depth-Based Masking Approach 

Given the depth map, shown on the left in Fig. 3.5, the regions belong to different 

depth planes can be masked out according to the procedure described in section 

3.3.3.2. To evaluate the effectiveness of depth masking, bilinear interpolation, and 

blurring by the associated axial PSF profile, the resulting axially deconvolved 

images (last two rows in Fig. 3.11) are compared against deblurring results when 

no depth processing is implemented (first two rows in Fig. 3.11). It is clear from 

the visual restorations, in addition to the low RMSE and the high SSIM values, 
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that many of the depth-transition ringing artifacts are successfully filtered out by 

the depth-based masking approach. 

 
Fig. 3.11. Visual comparison of deconvolution results for MD USAF and 

cameraman images without any depth processing (first two rows) and with 

depth-based masking approach (last two rows) when deconvolved with different 

axial PSF profiles (sorted column-wise). The numerical errors in terms of SSIM 

and RMSE are shown to the left of each image, respectively. 

3.5.5. Comparison of Full-Focus Deconvolution Results after Stitching  

The final step to form a full-focus image is merging the axially deconvolved 

images according to a given or estimated depth map, presented on the left in 

Fig. 3.5. To completely isolate the depth-transition artifacts, raw planar single-

depth (SD) images, shown in Fig. 3.4, are block tiled, adaptively deconvolved by 

Tsai’s technique with their corresponding PSF profiles, and finally stitched 
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according to the depth map (see second row in Fig. 3.12) to mimic the MD 

deconvolution scenario. On the other extreme, the depth-transition artifacts can 

dominate the MD deconvolution results if no special processing is involved (see 

third row in Fig. 3.12). The depth-based masking approach can help a lot in 

reducing such artifacts (see last row in Fig. 3.12), although it is not fully restoring 

some of the image details (e.g., compare the vertical bars on the right of restored 

USAF images between the depth-based masking case and the SD deblurred case). 
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Fig. 3.12. Visual comparison of final full-focus deconvolution results after 

stitching based on a depth map for USAF and cameraman images showing 

reference MD objects (first row), deblurring results when considering SD 

objects followed by stitching to mimic MD object (second row), deblurring 

results of MD object without any depth processing (third row), and deblurring 

results of MD object with depth-based masking approach (last row). The 

numerical errors in terms of SSIM and RMSE are shown to the left of each 

image, respectively. 



 

 

82 

 

 

 

3.6. Conclusion and Future Work 

This chapter introduces a computational depth-based deconvolution technique that 

equips ordinary cameras with an extended depth-of-field capability by 

deconvolving the captured scene with pre-calibrated depth-variant point spread 

function (PSF) profiles. This can bring the blurred scene to focus at different 

depth planes. Afterward, the focused features from the axially deconvolved 

images are stitched together based on prior or estimated depth map to form a full-

focus image. The developed technique can accomplish the tasks of depth map 

estimation, image refocusing, and full-focus imaging simultaneously. 

The ringing artifacts have been analyzed and addressed on three levels. The 

boundary artifacts are eliminated by adopting a block-tiling approach that imposes 

continuity and smoothness along the boundaries. The edge artifacts are adaptively 

controlled by iterative reference maps which penalize the ringing in the smooth 

regions and favor the details in the textured regions. Finally, artifacts initiated by 

neighboring depth-transition surfaces are suppressed by a block-wise 

deconvolution or depth-based masking approach to isolate processing surfaces 

belonging to different depth planes simultaneously, hence eliminating the source 

of such artifacts over a wide depth range. The effectiveness of the proposed 

ringing processing is demonstrated for planar objects and multi-depth objects. 

Future work will experimentally validate the performance of the developed 

deconvolution technique on continuous multi-depth objects captured by a real 

camera. Also, other filtering schemes to deal with depth-transition artifacts will be 

explored while relaxing the need for a depth map as an extra prior. Moreover, to 
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eliminate the need for frequent calibration as the depth-variant PSF volume varies 

with time, temperature, or due to mechanical shock, a hybrid deconvolution 

scheme will be investigated to combine the adaptive depth-based deconvolution 

with iterative blind deconvolution techniques so the PSF volume is kept updated 

with minimal calibration effort.  
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4. Multi-Polarization Fringe Projection Imaging for High 
Dynamic Range Objects 

4.1. Introduction 

Shape acquisition of three-dimensional (3D) objects is of significant importance 

for various real-world applications including machine vision, reverse engineering, 

industrial inspections, and medical imaging. An economic reliable real-time 

technique that delivers such information is fringe projection imaging [76-78]. The 

imaging system comprises a projector-camera pair in which successive phase-

shifted fringe patterns are projected onto objects, become distorted, and are then 

captured by the camera. These captured distorted fringes carry valuable 

information about the object’s depth, which can be retrieved through phase 

shifting algorithms [76, 77]. 

However, conventional structured light imagers fail to recover depth data 

from objects of high dynamic range (HDR) where fringe visibility is greatly 

reduced in dark regions, bright areas, or over surfaces of large reflectivity 

variations. For instance, shiny metal objects reflect illuminating light specularly 

and saturate the camera without carrying any depth content. 

Researchers have tackled these challenges through various approaches, 

achieving restricted success. Employing polarizers to filter the projected and 

captured fringe images results in a reconstruction trade-off between 

complementary reflecting surfaces. A crossed polarizer-analyzer pair [79] 

eliminates shiny areas, but with the cost of unresolving the dark zones. On the 

contrary, a parallel polarizer-analyzer alignment [80, 81] can maintain good fringe 

quality at the dark regions, but not in the bright places. 
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A different approach that better suits HDR cases without such a trade-off is to 

take multiple-shots of fringe images at various exposures [82] or automatically 

adapt the exposure times to fit the scene [83]. In these schemes, areas of dark 

intensities are picked from the long exposure patterns while regions of bright 

appearance are chosen from the short exposure ones. An alternative technique to 

avoid saturation and maintain good fringe quality is to adaptively adjust the 

projected fringe pattern intensities and then combine the captured fringes [84]. A 

more developed fringe acquisition approach [85] combines both different camera 

exposures and various fringe projection intensities to guarantee good depth 

recovery. However, taking multiple shots or adaptively adjusting either the 

exposure times or the projected fringe intensities, or both, may not permit fast 

capture of dynamic scenes, hence limiting the technique to slow or static scenes. 

In this chapter, a single-shot multi-polarization fringe projection (MPFP) 

algorithm [86] that combines the advantages of most previous solutions is 

developed, allowing broader applications. Unlike prior techniques, the novelty of 

the developed approach is the use of snapshot multi-polarization measurements to 

process HDR dynamic scenes. Additionally, the MPFP algorithm can easily 

exploit combined-exposure measurements if further enhancement is desired. 

4.2. Multi-Polarization Fringe Projection Imaging Algorithm 

In the MPFP imaging system, shown in Fig. 4.1, the projected fringes are linearly 

polarized prior to incidence on the object and being captured after reflection 

through a multi-polarization camera. The employed camera has a pixelated 

polarizer array of four states (𝑃0𝑜 , 𝑃45𝑜 , 𝑃 90𝑜 , and 𝑃135𝑜) attached to the 
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sensor [87-89]. Upon reflection, various object surfaces will modulate the 

polarized fringes differently, leading to dissimilar measurements in the multi-

polarized channels. 

 

Fig. 4.1. Multi-polarization fringe projection (MPFP) imaging system. 

The imaging equation of the proposed MPFP system can be mathematically 

described by 

𝑔⃗𝑝,𝑘 = 𝐻𝑝 𝑓 𝐼𝑘 + 𝑛⃗⃗𝑝,𝑘     (1) 

where 𝑝 and 𝑘 subscripts represents the polarization and fringe indices, 

respectively. Also, 𝑔⃗, 𝑓, 𝐼, and 𝑛⃗⃗ are the measurements, object, fringe, and noise 

vectors, respectively. Finally, 𝐻 forms the impulse response projection matrix that 

is dependent on the captured polarization state. 

The aim of this imaging technique is to render the shape of HDR objects 𝑓 

from the captured multi-polarization distorted fringes 𝑔⃗𝑝,𝑘 through the six steps 

presented in Fig. 4.2. 
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Fig. 4.2. Steps of multi-polarization fringe projection technique (MPFP) for 

HDR objects, vectors denote image-level operations while scalars denote pixel-

level operations. 

The algorithm starts by extracting M raw polarized images out of the B-bit 

sensor measurements for each of N sinusoidal fringe patterns. Next, steps 2 to 4 

target eliminating any saturation and improving the fringes’ quality by finding the 

best polarization channel for each pixel across all fringe images. For each pixel at 

the 𝑘𝑡ℎ fringe image, index of the maximum polarized channel is identified as 

𝑝𝑚𝑎𝑥 = arg max
𝑝

{𝑔𝑝,𝑘 for 𝑝 = 1, … , 𝑀}. If 𝑔𝑝𝑚𝑎𝑥,𝑘 = 2𝐵 − 1 then the maximum 

polarized channel is saturated at that pixel belonging to fringe k. In this case, the 

saturated channel is replaced by the next largest channel, 𝑝′, across all fringe 

images: 𝑔𝑝𝑚𝑎𝑥,𝑘  = 𝑔𝑝′,𝑘 for all 𝑘 =  1, … , 𝑁 (can be repeated if there are multiple 

saturated channels as normally seen in specular reflection regions). If all channels 

are saturated, then the algorithm may simply pick any channel, and the fringes’ 

distortions cannot be restored (here it is recommended to recapture the fringe 

images using shorter exposure time to avoid any loss). Once saturation has been 

eliminated, a maximization decision map of selected channel indices is found: 𝑝" 
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= arg max
𝑘

{𝑔𝑝𝑚𝑎𝑥 ,𝑘 where 𝑘 = 1, … , 𝑁} . This map identifies the maximum non-

saturated channel for each pixel. Next, the decision map is utilized to merge the M 

modified polarized images located in the same fringe pattern into a single high-

contrast image, 𝑔⃗𝑘 = 𝑔⃗𝑝",𝑘. This results in a total of N enhanced fringe images. It 

is important to note that when the algorithm picks a certain polarization channel at 

a particular pixel, this channel will be utilized at the corresponding pixel in all 

other fringes to maintain the sinusoidal modulation needed for accurate depth 

estimation. 

Afterward, the phase 𝜙 can be retrieved from the N merged distorted fringes 

through a phase shifting algorithm given by the following arctan equation [80]: 

𝜙⃗⃗ = tan−1 (
∑ 𝑔⃗𝑘sin (2𝜋𝑘/𝑁)𝑁

𝑘=1

∑ 𝑔⃗𝑘cos (2𝜋𝑘/𝑁)𝑁
𝑘=1

)     (2) 

The final step is converting the phase information into depths that are 

calculated with respect to a reference plane determined at the calibration stage. 

Once depths are calculated, the object shape can be rendered in a 3D coordinate 

system. 

4.3. Evaluation of Multi-Polarization Fringe Projection Algorithm 
with Various Objects 

To validate the performance of the MPFP technique, it had been tested in four 

different scenarios using N = 5 successive equally phase-shifted sinusoidal fringe 

patterns, M = 4 polarization channels, and PolarCam micropolarizer camera [90] 

with B = 8 bits for the sensor resolution and pixelated sensor array of 1208 × 1608 

pixels. The sinusoidal patterns are projected by a digital light projection (DLP 
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3000) device that has 768 × 1024 micro-mirrors. The experiments were carried in 

normal room light conditions where fringe illumination strength and image 

acquisition time were set to obtain good fringe contrast on the targeted objects. 

4.3.1. Simple Object with Three Different Surfaces 

A simple custom-made HDR object, shown in Fig. 4.3(a), is formed with three 

different material surfaces made of a black tape, a white tape, and a metal surface. 

The four captured polarization fringe images carry different reflectance 

content that are presented in Fig. 4.3(b) for the first fringe pattern. To gain more 

insight on fringe contrast of the raw images, two cross-sections have been taken 

across the black-white-black tapes and the metal surface; the locations and 

profiles are illustrated in Fig. 4.3(b) and Fig. 4.3(c), respectively. The fringe 

profiles elucidate the dynamic range for each surface and the differences between 

the polarization channels especially at the saturated regions. 

If utilized separately, the distorted fringes belonging to the same polarization 

channel may not be sufficient to reconstruct a complete object’s shape, as shown 

by the rendered images in Fig. 4.3(d). Note that the specular reflections at the 

𝑃0𝑜 , 𝑃 90𝑜 , and 𝑃135𝑜 channels prevent any depth estimation since fringes are 

absent; however, this is not the case in the 𝑃45𝑜 channel. 

When all polarizations are evaluated together, the proposed algorithm 

attempts to find the best fringe visibility existing in them. Fig. 4.4(a) shows a 

color-coded maximization decision map that delivers contrast-enhanced fringes 

after the merging process, presented in Fig. 4.4(b). As seen from the colored 

decision map and the MPFP cross-section profiles plotted in Fig. 4.3(c), the 
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technique succeeded in assigning the unsaturated polarization intensity (𝑃45𝑜) to 

the bright metal surface while attaching the relatively high polarization intensity 

(𝑃135𝑜) to the black tape region. Fig. 4.4(c) shows the phase image, which was 

calculated from the five enhanced fringes and used to find the depths of the 

targeted object. The whole 3D shape is successfully produced, as shown in 

Fig. 4.4(d), demonstrating the performance improvement of the MPFP technique 

over traditional fringe projection, which uses independent polarization channels, 

as shown in Fig. 4.4(d). 



 

 

91 

 

 

 

 
Fig. 4.3. Single-polarization fringe projection imaging of simple object. (a) 

Simple three-surface object captured by unpolarized camera. (b) Raw polarized 

data of first distorted fringes. (c) Fringe contrast of various polarization channels 

at two cross-sections of first distorted fringes (black-white-black tapes on left 

and metal surface on right). (d) Shape rendering of five fringe images at separate 

polarizations. 
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Fig. 4.4. Multi-polarization fringe projection imaging of simple object. (a) 

Multi-polarization decision map. (b) Merging results of first fringe images. (c) 

Phase retrieval. (d) Shape rendering of five enhanced fringe images. 

The decision map is a result of a pixel-by-pixel maximization procedure after 

eliminating saturation. Hence, in regions where two or more different polarizers 

behave similarly (e.g., diffusing surfaces), the decision may alternate between the 

neighboring pixels, leading to a noise-like appearance in the decision map with 

negligible impact on the depth estimation, see the white tape area at the top-center 

of Fig. 4.4(a) where the decision alternates between 𝑃45𝑜, 𝑃90𝑜, and 𝑃135𝑜. 

Such noisy appearance of the decision map can be removed by making decisions 

for blocks of pixels instead of individual pixels; however, this may limit the depth 

resolution. 

Also, note that the dynamic range of the merged fringe images has been 

extended when using four polarization channels as compared with two 
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perpendicular ones. However, the significance of having further polarization 

channels (more degrees of freedom) may be reduced as channels of adjacent 

polarization angles will show insignificant visual differences. Besides, such a 

setup will either sacrifice the spatial resolution or imply sequential measurements 

to account for all employed polarizers. 

4.3.2. Microscopic Spatial Filter Stage as HDR Object 

Another tested HDR scene was the microscopic spatial filter stage, shown in 

Fig. 4.5(b), which had microscopic objective causing specular reflections and 

black mounting stage leading to poor fringe visibility. The captured raw polarized 

images, presented in Fig. 4.5(a), reveal the different intensities acquired for the 

same fringe image where fringe visibility is the best at 𝑃45𝑜channel for the 

saturated regions and at other polarization channels for the dark regions. The 

produced MPFP decision map shown in Fig. 4.5(c) reflects these trends by 

selecting the proper channels for the merging step so high quality fringe images 

are obtained as shown in Fig. 4.5(d) that enable accurate shape rendering shown 

in Fig. 4.5(e). 
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Fig. 4.5. Multi-polarization fringe projection imaging of microscopic spatial 

filter stage. (a) Raw polarized data of first distorted fringes. (b) Stage captured 

by regular camera. (c) Decision map. (d) Merging results of first fringe images. 

(e) Shape rendering of five enhanced fringe images. 

4.3.3. Circuit Board of Various Intensities  

The MPFP algorithm is further tested by imaging a circuit board, Fig. 4.6(a), as an 

example of real-world objects that contain a variety of intensity levels. Again, the 

MPFP decision map, Fig. 4.6(b), successfully assigned the high reflectivity 

components (metal ports and capacitor tops) to the unsaturated polarization 

channels and most of the dark background to the brightest channel (𝑃135𝑜), 

producing high-contrast fringe images, Fig. 4.6(c). The rendered shape derived 

from the enhanced fringe images is presented in Fig. 4.6(d). The false shadows 

surrounding some components (e.g., capacitors) are not a shortcoming of the 

MPFP algorithm, but are produced by the components’ shadows in the original 

image, which blocked the projected fringes from reaching these surfaces. A little 

roughness may still appear on some surfaces where saturation dominates all 

polarization channels (e.g., bottom metal plugs in Fig. 4.6(d)). This occurs due to 

the upper truncation of sinusoidal fringes which distorts the phase calculations. 
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Finally, the depth resolution can be further improved using a higher resolution 

camera lens and a denser sensor array. 

 
Fig. 4.6. Multi-polarization fringe projection imaging of circuit board object. (a) 

Circuit board captured by unpolarized camera. (b) Decision map. (c) Merging 

results shown for first fringe. (d) Shape rendering of five enhanced fringe 

images. 

4.3.4. Object at Different Exposures  

A further challenge occurs when the object has a very HDR or is unequally 

illuminated so that the rendered object’s shape is only partially visible even when 

incorporating all polarization channels acquired under the same exposure. Here, 

the MPFP algorithm can easily be extended to include sufficient measurements 

captured under various exposure times and through different polarization 

channels. The algorithm obtains a more complete view of the object by selecting 

the exposure and polarization pairs that yield the maximum unsaturated pixels.  

As an example, scissors were imaged, Fig. 4.7(a), using four polarization 

angles and two different exposure times. The left-side images in Fig. 4.7(b) and 
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Fig. 4.7(c) show that short exposure results in a poor decision map and imperfect 

rendering at the scissors’ handles, whereas the middle images in Fig. 4.7(b) and 

Fig. 4.7(c) reveal that long exposure produces holes on the metal surfaces due to 

the limited decision options. When using measurements from both exposure 

times, MPFP selects the exposure-polarization pair that yields the maximum 

unsaturated value at each pixel (see Fig. 4.7(b) right), leading to more complete 

3D shape rendering (see Fig. 4.7(c) right). This illustrates the combined 

polarization/exposure capability of MPFP in the very HDR or non-uniform 

illumination cases. 

 

Fig. 4.7. Multi-polarization fringe projection imaging of an object under 

different exposures. (a) Scissors captured by unpolarized camera. (b) Decision 

map. (c) Shape rendering. The images shown in (b) and (c) are sorted left to 

right according to the utilized exposure time. 
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4.4. Conclusion 

In summary, a multi-polarization fringe projection imaging technique is proposed 

to be capable of delivering complete depth estimation of HDR objects. The 

algorithm eliminates saturated or low-contrast fringe regions by selecting 

different polarization measurements, or the right combination of polarization 

angle and exposure time, in order to maintain good fringe visibility. This leads to 

greater coverage of the object in the shape rendering, better measurement of 

object topography, and thus a more accurate rendering of the object shape.  
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5. Summary 

Computational imaging is a powerful concept that brings innovative imaging 

capabilities to the miniature applications. It enables the development of miniature 

cameras at a higher performance-to-complexity ratio where camera complexity 

can be formulated as a function of size, weight, and cost. Moreover, it provides 

flexibility in the imaging designing space where any trade-off to be made 

becomes more straightforward to be analyzed and quantified. 

In computational imagers, the captured image is optically encoded and later 

computationally decoded given the knowledge of the forward imaging system to 

produce a new type of image or a richer representation of the scene. The 

computational decoding of such measurements can facilitate post-capture control 

of a variety of imaging parameters, including resolution, depth of field, and 

dynamic range. 

5.1. Summarizing the Direct Superresolution Technique 

A non-regularized direct superresolution technique has been developed to 

uniquely solve a set of linear equations representing the multi-shift image 

reconstruction problem with sufficient measurements to deliver realistic 

reconstructions without any inherent bias imposed by priors, regularizers, and 

optimization schemes. An adaptive frequency-based filtering scheme is 

introduced to gain robustness against poor focus, misestimated shift, boundary 

variations, and noisy scenarios while maintaining the merit of direct 

superresolution to achieve optimal restorations with minimal artifacts. Simulation 

results demonstrate that more fine features can be resolved with the developed 
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technique as compared with other superresolution techniques. Simulations also 

show that the retrieved high-resolution features are successfully transferred by the 

adaptive frequency-based filtering scheme to produce an artifact-suppressed high-

resolution image under realistic imaging conditions. 

5.2. Summarizing the Full-Focus Depth-Based Deconvolution 

A computational depth-based deconvolution technique has been developed to 

equip ordinary cameras with an extended depth of field capability.  This is 

achieved by deconvolving the captured scene with pre-calibrated depth-variant 

point spread function profiles to bring it into focus at different depth planes. 

Afterward, the focused features from the depth planes are stitched together to 

form a full-focus image. 

The ringing artifacts are processed on three levels. First, the boundary artifacts 

are eliminated by adopting a block-tiling approach. Second, the sharp edges’ 

ringing artifacts are adaptively controlled by reference maps working as local 

regularizers through an iterative deconvolution process. Finally, artifacts initiated 

by different depth surfaces are suppressed by a block-wise deconvolution or 

depth-based masking approach. The developed algorithm is demonstrated for 

planar objects and multi-depth objects scenarios. 

5.3. Summarizing the Depth Acquisition for HDR Objects 

A pixelated polarizer camera has been implemented in a fringe projection system 

to collect richer brightness information about HDR scene through its four 

polarization channels. In accordance with the hardware modification, a multi-

polarization fringe projection algorithm has been developed to eliminate saturated 
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or low-contrast fringe regions. This is achieved by selecting different polarization 

measurements, or the right combination of polarization angle and exposure time 

according to a decision map to output enhanced fringe images. This leads to 

greater coverage of the object in the shape rendering, better measurement of 

object topography, and thus a more accurate rendering of the object shape. 

5.4. Closing Thoughts 

Although computational imaging techniques seem to be very promising, but there 

is always a compromise that has to be made in order to advance in other imaging 

dimensions. For instance, superresolution and fringe projection depth acquisition 

techniques lack the snapshot functionality as they require a set of measurements 

captured successively over time. 

The design focus of conventional photographic imaging platforms is the 

collection optics. More and more lens elements are used in the optical design to 

correct for aberrations. The computational imaging shifts the focus to 

computation to acquire richer information with a simpler optics. Exceeding the 

limits of optical systems with minimal compromises will continue to motivate 

researchers to further innovate in the field of the computational imaging.  
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