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ABSTRACT 
 
This paper describes the system performance analysis of the dynamically reconfigurable FMCW 
medical ultrasound imaging systems. Full-scale resolution analysis, for mono-static, bi-static, 
and multi-static data-acquisition formats, and laboratory experiment are included in the analysis. 
 
 

INTRODUCTION 
 
The main focus of this paper is the performance analysis of the resolving capability of an FMCW 
ultrasound imaging system with dynamically reconfigurable illuminating waveforms and 
transceiver arrays. The paper consists of two parts. The first part is a full-scale resolution 
analysis both in the range and cross-range directions of the ultrasound imaging system, based on 
the coverage of the spatial-frequency spectral bandwidth. This approach allows us to formulate 
the resolution limit of the system for the multi-static data-acquisition modality with discrete and 
unstructured transceiver array elements.  
 
The second part is the development of the laboratory prototype of the ultrasound imaging array. 
We present the fabrication of the array elements, hardware integration, and data-acquisition 
experiments. The array elements of the laboratory prototype are rectangles of size 8 mm x 13 
mm spaced in a linear array with 9 mm pitch. Two separate operating frequency bands are 
available for laboratory experiments. The first version has the center frequency of the transceiver 
array at 190 kHz with an FMCW bandwidth of 140 kHz. The corresponding resolution in range 
direction is 10 mm. The operating mode of the second version is at higher frequency, with a 375 
kHz center frequency and 550 kHz bandwidth. The range resolution is 2.5 mm. 
 
This paper includes theoretical analysis, system integration, and results from laboratory 
experiments.  
 
 
 
 



SPATIAL FREQUENCY CONTENTS OF COHERENT SYSTEMS 
 
For simplicity, we first examine the resolving capability of a passive coherent imaging system in 
two dimensions with a one-dimensional aperture. Resulted from a centered point source at (x, z), 
the coherent wave-field pattern the receiver position at (x’, z’) over the aperture is in the form 
of  
 
 

 (1/jλr) exp(j2πr/λ) = (1/jλr)exp(j2π((z-z’)2+(x-x’)2)1/2/λ)     (1) 
 
 
where λ is the coherent wavelength and r = ((z-z’)2+x-x’)2)1/2 is the distance from the point 
source at (x, z) to the receiver at (x’, z’). By definition, the local spatial frequency, in the x-
direction, of the wave-field at the receiver position (x’, z’) is 
 
 

 fx = 
'x∂

∂ ((z-z’)2+(x-x’)2)1/2/λ) 

 
    = (1/λ) (x’-x)/((z-z’)2+(x-x’)2)1/2 
 
    = (1/λ) sin(θ) 

(2) 

 
 
where θ is defined as sin(θ) =(x’-x)/((z-z’)2+(x-x’)2)1/2. The perspective angle θ is bounded 
within the interval of (θmin, θmax), which is governed by the angular span of the aperture. 
Similarly, the local spatial frequency, in the z-direction, of the wave-field pattern at the position 
(x’, z’) is 
 
 

 fz = 
'z∂

∂ ((z-z’)2+(x-x’)2)1/2/λ) 

 
    = (1/λ) (z’-z)/((z-z’)2+(x-x’)2)1/2 
 
    = (1/λ) cos(θ)  

(3) 

 
 
If we define the spatial-frequency vector f as 
 
 

                f = [ fz,  fx ]  
 
= (1/λ) [ cos(θ),  sin(θ)] 

(4) 

 



we can also describe the spatial-frequency vector as a complex scalar f = (1/λ) exp(jθ) and the 
magnitude is 1/λ [2] 
 

 |  f | = ( fz
2 + fx

2)1/2 = 1/λ (5) 
 
This suggests that the spatial-frequency vector is located on a circle in the spatial-frequency 
domain and the radius of the circle is 1/λ. The location of the spatial-frequency vector on the 
circle is specified by the perspective angle θ, which is defined by the receiver position with 
respect to the point source.  
 
Corresponding to the coverage of the aperture, the spatial-frequency content occupies an arc 
segment of the circle and the span of the segment governs the resolving capability of the imaging 
system. In the cross-range direction, the projection of spatial-frequency segment can be written 
as 
 
 

 ∆fx = fxmax – fxmin = (1/λ) sin(θ1) - (1/λ) sin(θ2) 
 
         = (1/λ) [ sin(θ1) - sin(θ2) ]  

(6) 

 
 
where θ1 and θ2 denote the maximum and minimum of the angular span of the aperture in the x-
direction. Similarly, in the range direction, we have 
 
 

 ∆fz = fzmax – fzmin = (1/λ) cos(θ3) - (1/λ) cos(θ4) 
 
        = (1/λ) [ cos(θ3) - cos(θ4) ] 

(7) 

 
 
where θ3 and θ4 denote the maximum and minimum of the angular span defined by the aperture 
in the z-direction respectively. 
 
To illustrate the formula, we consider a point source at (x, z) = (0, 0) and a centered aperture 
with the span from (-xo, zo) to (xo, zo). The spatial-frequency content is on the circle of radius 1/λ, 
occupying the angular segment from -θo to θo. So, the projection of the spatial-frequency band in 
the x-direction is 
 
 
 

 ∆fx = fxmax – fxmin = (1/λ) sin(θo) - (1/λ) sin(-θo) 
 
         = (2/λ) sin(θo)  

(8) 

 
 
where sin(θo) = xo/(zo

2+xo
2)1/2. Thus, the resolution in the x-direction is 



 
 ∆x = λ/2 sin(θo) (9) 

 
 
which is in complete agreement with the Rayleigh resolution limit [1]. And then in the z-
direction, the spatial-frequency bandwidth is 
 
 

 ∆fz = fzmax – fzmin = (1/λ)  - (1/λ) cos(θo) 
 
              = (1/λ) [1 - cos(θo)] 

(10) 

 
 
The maximum fzmax is when θ = 0. So, fzmax is typically 1/λ for the case of centered apertures. The 
corresponding resolution in the range direction becomes 
 
 

 ∆z = λ/( 1 - cos(θo)) (11) 
 
 
This spatial-frequency coverage based resolution analysis provides a clear and concise 
perspective of the resolving capability of an imaging system. It is important to point out that the 
resolution limit is fundamentally defined by the distribution of the spatial-frequency distribution 
along a circle in the frequency domain. The projections of this arc segment onto the fx and fz axes 
formulate the bandwidths in the x and z directions, which subsequently translates into the range 
and cross-range resolution.  
 
The arc segment in the spatial-frequency domain is different for different source location, since 
the angular perspective with respect to the aperture span changes. This formulate also indicates 
that the resolution at different positions in the source region varies, although likely minor. In 
addition, one of the most important elements of this approach is that it provides a quantitative 
and accurate formulation for resolution analysis and can be applied to various aperture 
configurations, continuous, detached, or discrete. 
 
 

ACTIVE ILLUMINATION 
 
For active multi-static systems, the region of interest is illuminated by the transmitted waveforms 
and the reflected wave-field is then detected over the aperture. From a transceiver located at (x”, 
z”), the target region is modulated by the illumination waveform of 
 
 

 m(x, z) = (1/jλr) exp(j2πr/λ)  
 
           = (1/jλr) exp(j2π((z –z”)2+(x – x”)2)1/2/λ) 

(12) 

 



 
The illumination waveform can be regarded as a modulation pattern and the local modulation 
frequency, in the neighborhood of the source (x, z), in the x-direction is 
 
 

            fx = x∂∂ / [((z –z”)2+(x – x”)2)1/2/λ]  
 
             = (1/λ) [(x – x”)/((z – z”)2+( x – x”)2)1/2]  
 
             = sin(-θ’)/λ  = - sin(θ’)/λ, 

(13) 

 
 
So, locally, the component of the modulation waveform in the x-direction can be approximated 
as 
 
 

 mx(x, z)  ≅  (1/jλr) exp(-j2πx sin(θ’)/λ). (14) 
 
 
Also, in the z-direction, the modulation waveform can be approximated as 
 
 

 mz(x, z)  ≅  (1/jλr) exp(-j2πz cos(θ’)/λ). (15) 
 
 
This means, in combination, the illumination of the source region is mathematically equivalent to 
a modulation process with the spatial-frequency vector 
 
 

 fm = [ fmz,  fmx ] = [ -(1/λ) cos(θ’), -(1/λ) sin(θ’) ]  
 
                         = (-1/λ) [ cos(θ’), sin(θ’) ]  

(16) 

 
 
In the image reconstruction process, subsequent to the formation of the sub-image, a 
demodulation procedure is added for the removal of the effects of the illumination wave-field, 
prior to the superposition process for the formation of the final image. The demodulation process 
is equivalent to shifting the spatial-frequency content of the sub-image back by the frequency 
vector - fm. As a result, the modulation-demodulation process associated with the multi-static 
illumination is equivalent to moving the original spatial-frequency distribution, shown in Eq. (4), 
to the region 
 
 

  f  - fm = (1/λ) [ cos(θ)+cos(θ’),  sin(θ)+sin(θ’) ] (17) 
 
 



Alternatively, in the form of complex phasor, the frequency shift associated with the 
demodulation process can be written as 
 
 

  f  - fm = (1/λ) [exp(jθ) + exp(jθ’)] (18) 
 
 
When θ’= θ1, after the frequency shift, the maximum of the spatial-frequency content in the x-
direction reaches 
 
 

 fxmax = (1/λ) [ sin(θ1)+sin(θ1)] = (2/λ) sin(θ1) (19) 
 
 
Similarly, the minimum is achieved when θ’= θ2, 
 
 

 fxmin= (1/λ) [ sin(θ2)+sin(θ2)] = (2/λ) sin(θ2) (20) 
 
 
As a result, the bandwidth is changed to 
 
 

 ∆fx = fxmax – fxmin = (2/λ) ( sin(θ1) - sin(θ2))  (21) 
 
 
And, similarly, in the range direction, we have 
 
 

 ∆fz = fzmax – fzmin = (2/λ) ( cos(θ3) -  cos(θ4)) (22) 
 
 
One simple and profound description of the modulation-demodulation effect is that the multi-
static illumination moves the arc segment of the original spatial-frequency contents from the 
circle of radius 1/λ up to a bigger circle of radius 2/λ. Yet, the angular coverage defined by the 
aperture span remains exactly the same as the passive case. This means the active multi-static 
illumination expands the spatial-frequency distribution by a factor of two. As a result, the 
resolution is also improved by the same factor. 
 
If we again consider the case of a target at (x, z) = (0, 0) and a centered aperture, the spatial-
frequency bandwidth in the x-direction is 
 

 ∆fx = (2/λ) ( sin(θ0) - sin(-θo)) 
 
                      = (4/λ) sin(θo)  

(23) 

And the resolution in the x-direction is 



 
 

 ∆x = λ/4 sin(θo) (24) 
 
 
Then, in the z-direction, the spatial-frequency bandwidth is 
 
 

 ∆fz = (2/λ) [1 - cos(θo)] (25) 
 
 
The corresponding resolution in the range direction becomes 
 
 

 ∆z = λ/2( 1 - cos(θo)) (26) 
 
 
 

STEPPED-FREQUENCY FMCW SYSTEMS 
 
If we consider the case of FMCW systems with wideband waveforms with a temporal bandwidth 
B, instead of coherent signals,  
 
 

 ∆ft = B = f2  - f1 (27) 
 
 
where  f1 and  f2  are the lower and upper bounds of the temporal frequency band. Their 
corresponding wavelengths are λmax = v/ f1 and λmin  = v/ f2. 
 
For consistency, we consider the same case of centered aperture as described previously. In the 
x-direction, the span of the spatial-frequency distribution ranges from -2sin(θo)/λmin to 
2sin(θo)/λmin. The total spatial-frequency bandwidth in the x-direction is 
 
 

 ∆fx = fxmax – fxmin = (2/λmin) ( sin(θo) - sin(-θo))  
 
      = 4 sin(θo)/λmin 

(28) 

 
 
Thus, the cross-range resolution is 
 
 

 ∆x = λmin/4 sin(θo) = v/4 f2 sin(θo) (29) 
 



For the wave-field component corresponding to the wavelength λmax , the projection of the 
spatial-frequency contents along the fz axis covers from (2/λmax) cos(θo) up to (2/λmax). And the 
swing is from (2/λmin) cos(θo) up to (2/λmin) for the wavelength λmin and operating frequency f2 . In 
combination, the overall spatial-frequency span becomes 
 
 

  ∆fz  =  fzmax – fzmin  
 
       = (2/λmin) - (2/λmax) cos(θo) 
 
  = (2/λmin) - (2/λmax) +  (2/λmax) [1 - cos(θo)] 
 
       =  2(f2 – f1 )/v +  2(f1/v) [1 - cos(θo)] 
 
       = (2/v) { B + f1 (1 - cos(θo)) } 
 

(30) 

 
This spatial-frequency bandwidth translates into the range resolution in the space domain, 
                               
 

 ∆z =  v /2 [B + f1 (1 – cos(θo))] (31) 
 
This simple formula gives the range resolution in terms of both the waveform bandwidth and 
aperture coverage, which is of great interest and importance to the design of advanced imaging 
systems 
 
 

LABORATORY EXPERIMENT 
 
The image formation procedure of this FMCW imaging system is based on the superposition of 
range profiles corresponding to the multi-static transceiver pairs. The estimation of the range 
profiles governs the resolution in the range direction [3,4]. Therefore, a series of laboratory 
experiments were performed to evaluate the performance of the range-estimation process. 
 
The array elements are a piezoelectric ceramic composition of lead zirconate titanate (PZT).  The 
rectangular elements were machined to size, electroded, and polarized.  They were not supplied 
with either electrical or acoustic matching networks.  These elements were then adhered to a 
mounting framework which held them in the form of a linear array and connected by coaxial 
cables to the system’s electronics.  Fig. (1) shows the 4-element transceiver array in linear form, 
and Fig. (2) is the test jig of the transceiver platform. 
 
The system electronics generate a continuous sinusoid of a selected frequency which is then 
applied to a selected transducer element via a multiplexer.  The transmitting amplifier has a 50 
ohm output impedance and does not incorporate a tuned matching network.  All transducer 
voltages, including the transmitter, are buffered by high input impedance receiver amplifiers and 
digitized. 



 
The transfer coefficients from transmitting to receiving transducers are computed at each 
selected frequency for each possible bistatic pair, giving rise to a set of discrete-frequency 
transfer functions. The data sequences from the I/Q channels will be preprocessed for the 
adjustment for the system delay, alignment of the frequency band, and removal of phase errors in 
data acquisition. The corrected FMCW sequences are then processed for the estimation of the 
range profiles. 
 
The data was taken with a metallic cylinder target 9 cm in front of the array.  The top two traces 
represent the attenuation of two pairs of transducer elements: the two central elements (#2 and 
#3) and the two end elements (#1 and #4).  The bottom trace represents attenuation between the 
central elements (#2 and #3) with the receiving element disconnected from its cable. This 
represents the electrical crosstalk within the system. Fig. (3) shows the frequency responses with 
target and crosstalk. 
 
 

  
Fig. (1) Four-element transducer array Fig. (2) Test jig with two 4-element arrays  

 

  
Fig. (4) Range profiles without and with 
background subtraction  

Fig. (3) Frequency response with target and 
with crosstalk 

 
We also conducted experiments to illustrate the role of background subtraction in the estimation. 
Two data sets taken with the above target first absent, then present.  For this experiment, only the 



center elements (#2 and #3) were utilized.  The top plot shows estimated time-delay profile with 
the target present. The bottom plot shows the estimated time-delay profile when background 
fluctuation is subtracted from the response. 
 
 

CONCLUSION 
 
The main objective of this paper is to present the overall system performance analysis of the 
dynamically reconfigurable FMCW medical ultrasound imaging systems. The first component is 
the quantitative resolution analysis of the FMCW systems. The resolution analysis is based on 
the bandwidth coverage of the spatial-frequency spectrum, and the analysis includes the 
modalities of mono-static, bi-static, and multi-static data-acquisition formats, in both range and 
cross-range direction. The second component is the hardware implementation for the system, 
including the construction of the transceiver array, characterization of the signal waveforms, and 
range estimation with data from laboratory experiments. 
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