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Summary This paper discusses the discrete-phase |ocked loop for demodulation of an
incoming frequency modulated analog signal imbedded in white noise. The discrete
samples admitted into the system adoptively, represent an estimate of the message at the
discrete instants of time which can be improved further with a correction factor.

The work isin two parts: (1) even without the noise, perfect demodulation is not possible.
To arrive at the best estimate, requirements are specified regarding the ratio of carrier
frequency to maximum frequency deviation, taking into consideration the lock range and
the Nyquist sample rate. A simulation study is performed to specify the bounds for the
estimate to be accurate enough. (2) With the above considerations, the receiver is analyzed
with noise. For high carrier to noise ratio, it is shown that the performanceis at least as
good as an analog discriminator. The only requirement being that the condition specified in
(1) is more stringent. Digital computer solutions of the system check the above and
provide a qualitative picture of the threshold behavior comparable to analog feedback
discriminators.

Introduction The advantages of digital demodulation of analog FM signals are utilization
of large scale integrated digital circuitry as well asthe digital computer itself. This takes
care of the problems associated with analog phase lock |oops such as phase comparator
Inaccuracies, non-linearities associated with voltage controlled oscillator, and the
possibility of the above components together with the filter, getting saturated due to noise
spikes. Digital circuitry has problems too, like quantization noise, round off, and overflow
errors, but normally these are minor compared to the overall gains. So thereis an
increasing interest in digital and discrete phase locked loops [1-6].

In reference [1], a discrete phase locked loop is proposed and analyzed without noise. As
an application, it is shown that by measuring actual time periods of the clock it is possible
to demodulate an FM signal. Comparison of its performance or analytical results with
noise are not available.



In this paper, the incoming sinusoidal FM signal embedded in white noise is considered.
The discrete samples admitted into the system adoptively are utilized to estimate the
message. The system is analyzed to arrive at a very simple implementable structure, whose
performanceis at least as good as an analog discriminator but with better threshold
behavior.

Operation of the Loop Figure 1 represents the block diagram of the discrete phase
locked loop [1]. The received FM signal embedded in noise is filtered to eliminate the
portion of the noise outside the Carson’ s rule band width. The analog output of the filter is
sampled when the clock signalsit to do so by sending a sharp pulse or other type of signal.
The discrete sample admitted into the loop controls the time period of the clock whichis
egual to the next sample period in such away as to decrease the difference between the
phase of the incoming signal and the output phase of the clock. The time period of the
clock when itsinput is zero is equal to the time period of the carrier. The samples of the
incoming signal at the discrete instants are passed through alow pass filter. The output of
the filter is an estimate of the message.

To understand the phase lock operation of the loop, reference should be made to the
incoming sinusoidal signal in Fig. 2.* Assuming the carrier as above for simplicity, the
basic purpose of the clock isto predict the positive going zero crossings and to lock the
sampling instants to them. The sampler takes the initial sample (0) at time t(0). This
indicates that the clock is lagging behind by sine(0) radians. The next time period T(1) of
the clock is given by

T(1) =T - Ge(0)

where T isthe period of the clock when itsinput is zero and equal to the period of the
incoming signal. The clock signals the sampler to take the next sample after T(1), i.e.,
second sample e(1) at time t(1) bringing the sampling instant closer to the zero crossing.
Thus, in afew sampling instants the loop catches up with the positive going zero crossings
of theincoming signal. The above refers to a phase step operation and the loop tracks it
with zero steady state error. Similarly the loop locks to the phase ramp with steady state
phase error within the lock range to be specified | ater.

Anaysis[1] First, considering the loop without noise, the incoming signal is:

A sin(wot + 6;(1)) (1)

! For the sake of continuity, the phase lock operation and the analysis without noise are explained
here. This loop has been proposed in reference [1].



where
t

ei(t) = d, J a(u)d(u)
0

T = period of the clock with itsinput equal to zero.

At the xth sample the signal admitted into the systemiis:
A sin Eot (k) + Bi{t(k)}j[ (2)

where t(k) is the time at the xth sampling instant. The phase of the incoming signal can be
written as

a(k) = wt(k) + 6;(k) 3)

A sample of the incoming signal is taken when the clock sends a pulse. This discrete
timing information which the clock provides to the sampler constitutes the phase of the
former. The clock phase advances by 2r on each sampling instant. On the kxth sampling
instant the clock phaseis given by

B(K) = 2rk (4)
It can also be written in the format of the phase of the incoming signal as

B(K) = wot(K) + B(K) ()

As said before the sampler compares the phases of the incoming signal and that of the
clock at the sampling instants. The output of the sasmpler at the kth sampling instant is
given by

e(k) = A sinfa(k) - B(K)]
= A sin[B;(k) - 0(K)] = A sin (k) (6)

where ¢(k) is the phase error and 0,(k) and 0,(k) are called input and output phases of the
loop respectively.

The output of the sampler is multiplied by a constant G, (refer to Fig. 1) to be defined
later. The jth clock period is given by

T() =T - AG sin ¢(-1)



The corresponding angular frequency is given by
2m
T - AG sin ¢(j-1)

w(j) =
From Equation (5)
Oo(k+1) = P(k+) - wt(k+1)

But by definition

k+1
B(k+1) = ) w(i)T(I)
i=1
and
k1
t(k+tl) = ) T(j)
3=1

(Ref: Fig. 2, considering starting time t(0) = 0) and
wo = 21/T

Using (9), (10) and (11) in (8), one gets

k+1 |
wAG ) sin $(3-1)

60 (k+1) 0
j=1

i

k
W AG .Z sin $(3)
j=0

Equation (12) can be rewritten as

Oo(k+1) = Oo(k) + wAG sin $(k)

Eliminating the output phase in equation (13) resultsin
d(k+1) - (k) + wAG sin dp(k) = 0;(k+1) - 0;(k)

Let it be assumed that the phase error is small. The equation (14) becomes

O(k+1) + (wAG-1)p(k) = 0;(k+1) - 6,(k)

(7)

(8)

9)

(10)

(11)

(12)

(13)

(14)

(15



In case of phase step input 0;(k+1) = 0,(K) the solution approaches zero on the next
sampling instant, i.e. ¢(k+1) -~ O for w,AG = 1. Even when the input is not a step,
wuAG = 1 will give minimum error. Hence unity is the best value of w,AG for best
tracking performance.

With w,AG equal to unity, equations (13) and (14) become

Oo(k+1) = Oo(k) + sin d(k)

or
Oy(k+1) = B(k) + sin [6,(k) - Oo(K)] (16)
d(k+1) - (k) + sin (k) = B;(k+1) - (k) (17)

Equations (16) and (17) give the output phase and phase error respectively in terms of the
input phase.

From Fig. 2 one can get an expression for the real time at the kth sampling instant as
k-1

t(k) = £(0) + kT - G ) - e(j) (18)
j=0

From equations (16) and (18), and using the condition w,AG = 1, one gets

6o ()
t(k) = t(0) + kT - —— (19)
0
Now, t(0) = 0 implies
o - 8,.(k)
£(k) = KT = —= (20)
0
and
0,(0)=0 (21)
For a phase step equation (17) reduces to
d(k+1) = p(K) - sin dp(k) (22)

Showing that the steady state error is zero. And for afrequency step of (w - w,), equations
(17) and (20) give

. . (w—wo)
d(k+l) = d(k) - a)-a sin ¢(k) = 27 o

(23)



indicating that the loop tracks the frequency step with afinite steady state error

(wwy)
-1
b, = sin " ———— 2m (24)
if and only if
2n . w . _2m
2m+1 wo 2m-1 (25)

The above refers to lock range condition.
Performance as a Frequency Demodulator (i) Without noise:

To reconstruct the message (assumed to be band limited) the sample rate should be at |east
twice the message band width, i.e.,

Wo - df a(t)max > 2W (26)

where
w, - ; at,,,, = min™ sampling frequency
W = one sided message band width

Consider that the discrete phase locked loop under lock condition is tracking the phase of
the FM signal with small phase error. Thisimplies that the variations in the incoming
frequency are well within the lock range, i.e.,

sno = ¢
Substituting this in equation (17),
¢(k+1) =~ (k+1) - 6,(k)
e,

sin ¢(k+1) = B;(k+1) - 0;(k) (27)

since sin of the phase error is available at each sample,

6, (k+1) - 8, (k)
sin ¢(k+l) = T (k+1)
T(k+1)

[t}

8, [t(k) + t(kﬂ% n t(k)] T(k+1)

o 28
&; a l:t(k+1?2 + t(k)'l T(ktl) (28)

IR




asthe-sampling is at IF frequency, T(k+1) for al k could be considered small.

m 27
max T(k+1) -
wO df a <t)m.a.x

for all k
m - 27

min T (k+1) w0+df a(t)max (29)
If (’*)O >> df a(t)max

T(k+1) =T
From equation (28)

t (k)+t (k+1) . sin ¢(k+1) _ 1

a [ 2 ] B Tdg - [ATdf:[ e (k+l) (30)

e, ﬂf—%‘%]— IS an estimate of a [ﬂlﬁf—l—)}t—@—] showing a delay of half
f

a sample period on an average. But equation (29) appears to be quite arestriction. To
improve this, consider equation (27)

sin ¢(k+l) = d; a [ t(kﬂ);t(k) ] (T-AG sin (k)]

q a( t(k+1)+t(k)J
sin ¢(k+l) = Td, a [ e L+e () ] - AL w02 sing(k) (3

t (k+1)+t (k) ]
2

d
Since w, is at IF frequency and for £ [ reasonably small, we can

w

write 0
4 a [ t(k)+t(k+l)J
sin $(k+l) = Td, a (t—(ﬁ}t(ﬁ'—l—l] L w 2 . sin &(k+l)
0

states essentially sample rate/message rate is large enough (which isrealy so) and is
needed for practical implementation since sample period is varying and particularly with
noise giving rise to random sample periods creating delay implementation difficulties.
Equation (31) becomes

2 o
(.00 f

£ (kHL)+t (k) J |
~ T4

ic < |
sin ¢(k+1) 1+ f a [HE)_;LQCLD_]

d
sin ¢(k+l) |:l + —u-)-i' a [ ——————t(k);t(k"'l) ]:l

(32)

s [ t (k)+t (let1) ] .

2
'I‘df



i a [ t (k+1)+t (k)
£

Since 2 ] < 1 for al k, the value of the estimate

Wy

a [ L(E)-*%“‘—*—ll] = 2D s aways less than the exact value. A reasonably thing to
£

consider is the second order approximation, i.e., in equation (32) the right hand side

a[ £Ck)+t (lctl) ] is replaced by equation (30), i.e.,

2

[t (k)+t(k+1) _ sin ¢(k+l) f sin Q(k+l
| 2 T T4, u

[ t(k)+t(k+l) | _ sin ¢(k+1) [ sin ¢ (k+l)
2 | 2 ] * TTa, T ] (33)

e,
o [ EG)+E(etl) | e(etl) [T, elktl)
a 2 " ATd, 2TA
I:l + e(ltl) = correction factor
2TA

2
: [ - +t2: — ] ) l:e(kﬂ) + = 55?11) ATldf
Figures 1 and 3 show the block diagrams for the estimate of a(t) without and with
correction factor.

Before introducing noise, a simulation study of the above is essential to check the validity
of the above estimates. Tone modulation is considered, an example of which is shown in
the Appendix.

The conclusions are:

a. Asshownin Figs. 4 and 5, the estimate is always better with the correction factor and
Is very significant when the ratio of carrier frequency to maximum frequency derivation
from the carrier frequency (wy/d:a(t),,) 1S not large enough. Quantitatively one could
consider the estimate good enough with the correction factor for ratios of wy/da(t), .. as
low as ten, whereas the ratio is amost limited to double the value without correction
factor.



b. The estimate is good enough provided the ratio of sample rate to message rate is at
least ten, although w/da(t),., satisfies the conditionsin (a).

c. For the sameratios of wy/da(t),,,, ahd sample rate to message rate, the performance of
the estimator is almost the same.

(ii) In the presence of noise:

Referring to Fig. 1, the input to the band passfilter is
t
A cos (.uot + df I a(u)du | + n'(t)
0

where n'(t) is white gaussian noise with zero mean and spectral density ny/2.

The output of the B.P.F. is

V(t) = A cogw,t + 0,,(t)] + n(t) (34)
where
t
Gm(t) = df J a(u)du
0

and
n(t) = x(t) codwgt + B, ()] - y(t) sSinfwqt + B, (1)]

where x(t), y(t) are gaussian zero mean with spectral density n, for |f| < B where 2B isthe
FM band width and

E[x*(t)] = E[y*(t)] = E[n*(1)] = 2Bn, = N (35)

Equation (34) can be written as

V(t) = A'cos(wot + B,(t) + 8,(1)] (36)
where
-1
Gn(t) = tan E‘}K

A" = V[A + x(£)]% + y2(t)



(@) High carrier to noiseratio, i.e., for A%2>>N

A=A
0, ~y/A

i.e., the effect of noise, is essentially to add a random phase 0, (t) to the incoming signal to
the sampler implying 0,(t) = 0,,(t) + 0,,(t). It has been proven analytically and by simulation
results:

8, (k+1)-9, (k)

IR

2
l:e(kﬂ) + & (k) k+1):l :%,f

T(k+1) 2mA
0, (k¥1)=0, (k) ) 8_(k+1)-0_(k) . 6_(k+1)-9_(k)
T (k+1) - T(k+1) T(k+1)
Ly [ e Y, 0, (kt1)-6 (k)
" “m 2 T (kt1)
0 (k+1)-6 (k)
5 t (k)+t (k+1) n n
=dg 8 [ 2 ] e
8 (k+1)-9 (k) 2
£ (k)+t (k+1) n nt 1 e (k+1) 1
2 ] T TG i~ [e(kﬂ) * Toma ATd,

Gn (k+l? —Sn (k)

the output noise term = TGrDd,

which is coupled to the signal term through T(k+1). A reasonable way to study the effects
of noiseterm classically isto decouple it from the signal and to see what design criteria it
specifies. Consider output noise power for agiven T(k+1)

E{l'en(k+1)-en(k) :{2
T(kH)d,

T(k+l)} = —2—-1———-—-5 E[ei(kﬂ)]w[ei(k)]—ZE[en(kﬂ)en(k)]}

T (k+l)df




At the output of low pass filter the spectral density of 0,,(t) =n/Afor |f| < f,
n

Ry (1) = F']‘se (f) = —— sin amf T
n n AT
2
8 (k+1)-9 (k) (2n.f :
n n 2 Om
E T(k+l) } = - R. [T(k+1)]
{{: T(ktl)dg :} } Tz(k+1)d§ { A2 % }
2n f n '
= = 2 5 g o _ 7 Q sin 27Tf T(k+l)}
T (let1)dg A ASTT (k+1) m
0 1 [2mf T(k+1)]  [27E_ (kt1) 1>
_ 0 26 - m _ m
[AT(k+l)df]2 o (k)T 1t 31
[2mf T(k+1)]°
m
+ -— S80S
51

(i.e., by writing the sin term in power series). Simplifying the above we get

2 2 .3 2
B_(k+1)-8_(k) 81°n £ TE_T(k+1)
E 4|2 L T(k+1)} = 202‘“ [1 - {—m———} + ‘J
T(k+l)d, 3d;A 5 (37)

The first term refers to the output noise power of a conventional discriminator. The
conditional output noise power is less than this. The actual output noise power may be less
compared to the discriminator type. To make sure of the above point the best thing isto
make

mE T(k+l)
V5

so that all the other terms in equation (37) could be neglected except the first term. That is,

£
(k1) T (39)

fn /5

where f(k+1) is the instantaneous frequency at t(k+1). Under high carrier to noiseratio, the
lowest frequency of theincoming signal is ~f,-B. Equation (38) reducesto

i1
fO—B >> f

5o (39)

<< 1

n f3
. : : _8 2 0m
That is, output noise power is N, = = 7 55

0" 3 and is independent of T(k+1)
for all k. The above shows that the output noise has parabolic spectral density. This leads



to the well known result

[signal j)owexil_ - 362 [ B ][carrier power:l
noise power output fm noise power at IF

for A%/2 >> N where 3 is the modulation index.

To achieve the above performance for a given d: and f,, choose that f, to satisfy equation
(39). This essentially takes care of the conditions specified in the previous sections such as
the ratio of sample rate to message rate, nyquist sample frequency and lock range
condition. An example of tone modulation is shown in the Appendix.

The above is simulated with high carrier to noise ratio. The results are: 1. Figure 6 shows
the performance with noise which could be compared to Fig. 2 without noise.

2. At very high signal to noise ratio, the effect of noise is negligible and the error variance
is dominated by the errors introduced even without noise in estimating, round off, and
truncation.

This resultsin a constant error variance and as the modulation index is increased, the error
variance increases as shown in Fig. 7, since wy/dia(t),., 9ets reduced.

3. At fairly high signal to noise ratio the error variance reduces linearly as the carrier to
noise power ratio increases for a fixed modulation index.

The error variance reduces as the modulation index is increased amost in a quadratic
manner for afixed carrier to noise power ratio. These are shown in Fig. 7 and verifies the
theoretical results for output signal to noise ratio and compares favorably to analog phase
locked loop.

(b) Low carrier to noise ratio:

An attempt is made to come up with an analysis similar to Rice’s click analysis, but the
problems like adaptive sampling and the non-linear nature of the problem with perturbed
arguments of time makesiit just not possible to arrive at analytical results. But, it is
intuitively clear that the threshold behavior should be better compared to conventional
discriminator types since thisis a feedback type of system.

The digital computer solution for tone modulation provides the following qualitative
information. Cycle skipping has been observed for carrier to noise power ratios less than
or equal to one. The loop goes out of lock ultimately as the noise isincreased. Figure 8
shows the carrier to noise power versus inverse phase error variance for the modulation



index between 0.75 to 2.0 and indicates that the threshold is at carrier to noise ratio equal
to one. These support the intuitive observations.

Conclusions The analytical results supported by digital computer solutions indicate that it
Is indeed possible to achieve a performance at |least as good as a discriminator for high
carrier to noise ratio and better threshold behavior for low carrier to noise ratio with the
discussed discrete phase locked loop for FM demodul ation with the specified restrictions
on IF frequency for the given modulation index and the bandwidth of the message. The
digital structure is very simple to implement and should find wide applications particularly
in the narrow band cases. It is needless to say that the loop could be used efficiently for
synchronization purposes.

Appendix (a) Without noise:
t

Incoming signals = sin l:wot + .df f a(u)d{l
0

at)=cosw,t , D;=pw,

The maximum value of the incoming signal, i.e., A, isnormalized to 1 since the interest is
in e(k)/A =sin ¢(Kk) |
0 carrier frequency _ 0 0

sample rate 0 - =
message rate W

w W W

B

max" frequency duration fdfa(t)max &um
from carrier frequency

Lock range condition:
211 w0+8wm cos mmt . _om

211 wo 2m7-1

reduces to wy/Pw,, > (2n-1) since pw,,« 0. condition for nyquist sample rate

“o 2
- —— > 1 + =
W me > Zwm ’ me [ B ]



for analytical results:

) eo.(k)
0 , t(0) =0 for k=0 , t(k) = KT - ==
0
ei(k) = B sin wmt(k) , e(k) = sin[ei(k)—eo(k)] = gin ¢(k)
B(k) = 8,(k-1+e(k-1) éi(k) = 8, (k1)

a(t(k)+12:(k—12] - cos wm[t(k)ﬂz:(k-l):[

2 (t (k)+§ (k-l)]

e(k)

278 .

“o

(without R - —2) iy 4 2:? (with
] correction) w correction)

For ssmulation:

e(k) = sinfw, t(K)+0, {t(K)}] , t(0)=0atk=0and0,(0)=0
t(k) = t(k-1)+T-e(k-1) . T =21/,

and therest isasfor analytical results.

(b) With noise for smulation:
e(k) = sinEumt(k)-f-Bi(t(k)]:[ + n(k)

equation (39) requiresthat wy-Bw >> m/V5 +w , i.e., wo/Bw_>>(L+m/V/5 B).
Therest is Smilar to Ssmulation without noise.
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