
A NEW BANDLlMITED M-ARY NON-COHERENT TELEMETRY SYSTEM 

By M. S. STONE 
Summary. -ln this paper new M-ary non-coherent signal structures 

that require les s  transmission bandwidth than conventional FSK are pre­
sented. A method of synthesizing these signal sets by the use of frequen­
cies Or tones is given. 1n order to evaluate system performance， an ap­
proximation to the error probability for large signal energy-to-noise spec­
tral density ratio is derived. Using this formula certain signal structures 
are evaluated for M = 8， 泊， and 3 2. It is shown that for errOr rates of 
less than 1 x 10-3， the s ignal structures that reduce the transmission 
bandwidth by 25% are within 1 dB of the corresponding FSK signal set. 
Thus these signal structures provide an efficient method of communication 
when the bandwidth is constrained to be less than required for the trans­
mission of FSK. 

Introduction. -For some applications the bandwidth required for the 
transmîssîon of non-coherent M-ary FSK is not available. Therefore， 
one must use s ignalling waveforms requiring less bandwidth， but for the 
sake of efficiency yielding an error rate near that of FSK. 1n this paper 
it is shown that such signal structures can be obtained by the methods of 
Signal Design in which one finds signal sets that locally minimize the 
error probability for a given allowable dimensionality or bandwidth. The 
optimal non-coh.

erent sig_nal structure for dimensionality D=2M- 2 has been 
given by Weber 1 . Stone{; has obtained optimal sig閣1 structures for M � 6， 
D :S:  2M-K， K s: (2M/3J where 口 denotes "integer part of. " 

The first part of this paper is devoted to presenting the system model 
and resulting general expression for the probability of error. The re­
maining sections describe a method of synthesizing the above mentioned 
signal structures and evaluating perfor口l3.nce in terms of probability of 
error. 

3 System Model and Detection ProbabilitY J • _ We as sume that the trans咽
mitta61e signal set consists of M equipowered， equiprobable narrowband 
waveforms -defined on the interval [ 0 ， 叮 which are of the following form 

sj( 叫 } = Aj{恥osftdct + 可 (t) + a J  ‘‘.，
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Aj(t) z amplitude modulation 

oj{t) = phase modulation 

。 = random yariable， uniformly distributed 
in [0 ， 2TTJ 
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The received waveform is then 

V(t) = VSj抖， e )  + N(t) ( 2) 

where V is the channel scale factor and N(t) is a sample function from a 
white Gaussian noise process with one-sided spectral density N ，...，watts/Hz . 
Owing to the narrowband assumption. the signal energy is given�by 

峙 _ T � ..2 5 有
E = V � I s! �(t， e )  dt = 二τ I A �!(t)dt -0 " 可3

j= 1 ，  . . . M (3) 

The optimum synchronous non- coherent receiver computes from the re­
ceived signal the following: 

Rj = [ lf v{t)Aj(t)心川川
2

+ I� T 
V(t)A川

th and using this data decides the k�'. signal was transmitted if 
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With the model discussed above it can be shown that the probability 
of detection is a function of the following parameters: 

1) The signal waveform inner products 

“2 _ T 
勻 = 詰 L Ai(t)Aj(仰sui(t) " ψ)]dt

叮2 _ T 
P ij = 主E L Ai(tMj(Mfh(t) . φj(tn dt 

i. j=1 . . . . M  (6) 

and 
2) the re sulting signal inner product matrix r 

r = liJT1 (7 ) 
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t denotes matrix transpose. 

The range of values that αij !nd �ij_ can take
. 

�n is specifi�，d by
. 

t�，e 
constraint that all admissible v r matilces must be non- negative definite. 
The rank of the r matrix is equal to the dimension of the signal set it de­
scribes. An approximation to the bandwidth necessary for D non-coherent 
orthogonal waveforms can be obtained by a s s uming trigonometric wave﹒ 
forms. For an observation interval of T seconds， since such signals can 
be placed 1fT Hz apart， the minimum bandwidth required is B = D/T， 
thus establishing a linear relationship between allowed dimens ionality 
and minimal necessary bandwidth . 

.， 2 10g.，M 
3) γ =  2EjN� = SjN 一一� where R is the system ， --'.':..tJ，�. -'， " 0 .. R data rate in bitsj sec and S7N� is � the "�transmitted signal power-

noise spectral density ratio. -

The probabi1ity of detection is given by 

PD 川 = 走 叫_}..2/2)

( 8 )  = 如
where E布 means expected value over 宵 and R2M denotes 2M dimensional 
real Euclidean space， I_ is the modified Bessel function of the first kind， o and G(W;O;T') is the Gau�ssian probability density of 2M random variables 
descrf5ëaby the 2M dimens ional vector 

W � = ( u 1 ' . . . UM' v 1 ' . . .  vM) W. = ( u  

which has zero mean vector 0 a n d  covariance matrix r .  The probability 
。f detection expr e s s ion aboveis in general imposs ible to evaluate. There­
fore ，  for the purposes of analysis a more 甘actable formula is needed. 
In the appendix it is shown that for large λ ι 

(9)  
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 . _ � .. 4 Q柄， b) is called Marcum's Q-function A and is given by 

f
曲 _(t2+a 2)/ 2 Q(a， b) = I t e ' " ，- " � I�(at)dt Jb -

Bandlimited Signal Structures and Their Mechanization. -The optimal 
signal structure for D = 2M-2， is described by a matrix of the form 

包 ，
rM ' 0 

rz = | - 了 -;-r 申
u ， rM 

where Q._ denotes an M x M regular simplex matrix - M 

The optimal signal structures for M 這 6， D = 2M-K， K � [ 2M/刊 ，
where [ ] denotes "integer part of" is described by 

ar . . 4 O  lVJ.1， 
_ -- - r- - ­

- 、o ; 、
' \ : 。

、 自四 - -可n- - - I 
O s-r R Z E 

， .o.v.LK I 

。

rk = 
lQ.r‘ ， 0 
l - rq- -
， 0 J'、

o I 
I 、

\ : 。
- _ _.J.. _ _ _ 

o ，Q.r‘' ， …K 

k 
where :B 

i=1 
M. = M and the M. are chosen so that 

1 1 

Mi = ( 2M/K) ， i=1， . . . KA 

MK = M - (K- 1> {2M/K) 

where [ } 刊denotes integer closest to" 



As one_can see from Equation ( 1). _realizing the _transtpitted signal 
的 (Sj(t.的) is equivalent tó realizing" 

(A﹒(t)cos 自 ﹒(t)) and (Ai(t) siõ e i(t)) . 
Th� l ;r�;:a'í/� t;�;t�-;'
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sized by the use of M ﹒ (K/2) frequencies by letting 
Ak(t) = 1. 0 � t � T; k= 1. . . . M  

and writing 

φ1， (t) = 2TT1，t/T . 且 = 1. . . . M - (K/2)

K M-T 
叭 叭(t} = f s i t c。s 平!

J 1， = 1  J 

( 10) 

j= 1. . . .  M 

K M-T - 2π1，t sin φ i( t) = Z s i A sm -T一J 1，=1 J 
j=1.  . • • M ‘.'，
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where the ( s  j1， ) 且， 但 1 . • • • M are chosen so that 

K M -2 6 6 s . . s = α -
1， : 1  p= 1 �j 1， - rp - -jr ( 12) 

Using Equations ( 1 1) and ( 12) in (6) then yields the desired result. 

Performance Analysis. -For M ";  8. 16， and 32 Figure 1 presents 
curves of probability of error versus S/NoR for FSK and for various 
bandlimited signal structures .  The curves for the bandlimited signal 
structures we obtained using Equation ( 9 ). For the range of error rates 
shown this formula is a valid approximation to the probability of erro，.l" 
The curves for the FSK signal structure were obtained from Lindsey .... ﹒ For 
each M， the rk signal structure that yields a bandwidth reduction of ap﹒ 
proximately 10% and that yielding a reduction of 25% are shown. The 
calculations show that these signal structures require approximately 0. 5 
dB and 1. 0 dB increase in transmitted signal power， respectively. to give 
the same error rate a s  the corre sponding FSK system. 

Conclusions. -We have described a new class of signalling waveforms 
requh-ing less transmission bandwidth than non-coherent FSK. A method 
of synthesizing these waveforms by the use of tones was given. An ap­
proximate expression for the error rate was derived and used to evaluate 
the performance of the signal structures yielding approximately 10% and 
25% bandwidth reduction for M = 8，  16， and 32. The above analysis showed 
that these waveforms provide an efficient method of communication when 
the bandwidth necessary for the transmission of FSK is not available. 

Appendix: Derivation of Equation (9).  -Suppose signal Sk(t) was trans­
mitted.-An errOrln correct decodmg occurs if at least one Rj， 拼k is 
greater than Rk. Let 宮ik denote the event ( Ri > Rk!Sk(t) sentT. "Then the 
probability of error. given that Sk(t) was transmitted is given by 

P(err。r/SK(t) ) = Pr。b( 法 1kU22k.. . . U2k_ 1 ， k  U2k+ 1 . k . . �  U:=:m. 以
(A- 1) 



Using the Union Bound yields 

此4
P{error/sdt) ) 豆 戶

i
prob(2ik) (A-2) 

ifk 

2 This bound is valid， of course， for all λ but at large λ it becomes an 
approximation to the probability of error， given Sk(t) was transmitted. 
One 口lay see this by noting that the probability of any finite number of in­
tersections of the E!，_ approaches zero as λ→∞. That is ik 

Prob[(ìEik} → o  as >.. → ∞  (A-3) 

Hence as λ→(1)， the probability of the union of a finite number of Eik is ap­
proximately equal to the sum of the probabilities of the E;k. Prob(同k) = 
H(^-， õ ;J  has been evaluated by Helstrom6 and is a s  stated 三bove. This 
then -J leads to 

• MM • MM 
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言 古 �� Prob(:::: ; õJ = 占 �� 日(λ， Õ ，，_)  ..... �T. i k ... ." �VL i k "'"" 
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(A-4) 
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Figure 1 . Probability d Error vs. s/NOR for M = 8， 16， and 32 




