A NEW BANDLIMITED M-ARY NON-COHERENT TELEMETRY SYSTEM
By M. S. STONE

Summary. -In this paper new M-ary non-coherent signal structures
that require less transmission bandwidth than conventional FSK are pre-
sented. A method of synthesizing these signal sets by the use of frequen-
cies or tones is given. In order to evaluate system performance, an ap-
proximation to the error probability for large signal energy-to-noise spec-
tral density ratio is derived. Using this formula certain signal structures
are evaluated for M = 8, 16, and 32. It is shown that for error rates of
less than 1 x 10-3, the signal structures that reduce the transmission
bandwidth by 25% are within 1 dB of the corresponding FSK signal set.
Thus these signal structures provide an efficient method of cornmunication
when the bandwidth is constrained to be less than required for the trans-
mission of FSK.

Introduction. -For some applications the bandwidth required for the
transmission of non-coherent M-ary FSK is not available. Therefore,
one must use signalling waveforms requiring less bandwidth, but for the
sake of efficiency yielding an error rate near that of FSK. In this paper
it is shown that such signal structures can be obtained by the methods of
Signal Design in which one finds signal sets that locally minimize the
error probability for a given allowable dimensionality or bandwidth. The
optirmal non-coherent signal structure for dimensionality D=2M-2 has been
given by Weber!. Stone? has obtained optimal signal structures for M 2 6,
D s 2M-K, K < [2M/3] where [] denotes 'integer part of."

The first part of this paper is devoted to presenting the system model
and resulting general expression for the probability of error. The re-
maining sections describe a method of synthesizing the above mentioned
signal structures and evaluating performance in terms of probability of
error.

Systemn Model and Detection Probability 3, .We assume that the trans-
mittable signal set consists of M equipowered, equiprobable narrowband
waveforms defined on the interval ?O,T] which are of the following form

sj(t. 8) = Aj{t)Cos[wct + ¢j(t) +9] (1)

where

w
) .
= carrier frequenc
bz q y

Aj(t) = amplitude modulation
¢j(t) = phase modulation

8 = random variable, uniformly distributed
in {0, 2m)
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The received waveform is then

V(t) = vsj(t,e) + N(t) (2)

where V is the channel scale factor and N(t) is a sample function from a
white Gaussian noise process with one-sided spectral density Nowatts/Hz.
Owing to the narrowband assumption, the signal energy is given by
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S.7(t,0) dt = — A (t)dt ={,...M
e Zfo ) j (3)

The optimum synchronous non-coherent receiver computes from the re-
ceived signal the following:

T 2
/. V(t)Aj(t)CO:.[wct + wj(t)] dt}

R, = [
J

: , 1/2
+ I[o V(t)Aj(t)sin[wct + ¢j(t)] dt] }

j=1,...M (4)

and using this data decides the kth signal was transmitted if

Ry = majanj (5)

With the model discussed above it can be shown that the probability
of detection is a function of the following parameters:

1} The signal waveform inner products
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and
2} the resulting signal inner product matrix [
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t denotes matrix transpose.

The range of values that aj; and Bjj can take on is specified by the
constraint that all admissible "I matrices must be non-negative definite.
The rauk of the I’ matrix is equal to the dimension of the signal set it de-
scribes. An approximation to the bandwidth necessary for D non-coherent
orthogonal waveforms can be obtained by assuming trigonometric wave-
forms. For an observation interval of T seconds, since such signals can
be placed 1/T Hz apart, the minimum bandwidth required is B = D/T,
thus establishing a linear relatiouship between allowed dimensionality
and minimal necessary bandwidth.

> 2 logZM
3y N = ZE/N 'S/N =i where R is the system
data rate in bits/sec and S/N _ is *the " transmitted signal power-
noise spectral deusity ratio.

The probability of detection is given by

»ﬁ exp(-M /ij II ()L maxJu )G{W O,T)dw

pD(x;F)

1 2 2 7
-ﬁexp[-l /Z]E»W- Io[k m;x s b K] (8)

"

where EW meauns expected value over W and R ) denotes 2M dimensional
real Euclidean space, 10 is the modified Bessel function of the first kind,
and G(W;O;l") is the Gaussian probability density of 2M random variables
described by the 2M dimensional vector

E!:

=(u1,...u » ¥ oL

) iy o M)

which has zero mean vector O and covariance matrixI'. The probability
of detection expression above is in general impossible to evaluate. There-
fore, for the purposes of analysis a more tractable formula is needed.

In the appendix it is shown that for large A2

M M
PO\ T) = _ﬁ Z=) jL H(x,aij) (9)
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Q{a, b) is called Marcum's Q-function®  and is given by

© 2l =g
Q(a,b) = f t e"(t +a )/2 Io(at)dt
b

Bandlimited Signal Structures and Their Mechanization.~-The optimal
signal structure for D = 2ZM-2, is described by a matrix ot the form

|
rM: 0
Fo= iy
1 ™M
i
where a. denotes an M x M regular simplex matrix

M

The optimal signal structures for M2 6, D = 2M-K, K=< {ZM/3]'
where [] denotes "integer part of"' is described by
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where 2 Mi = M and the Mi are chosen so that
i=t
M, = {a2m/K}, i=1,...K-1
My = M - (K-1){2M/K]

where {} "denotes integer closest to"



As one can see from Equation (1), realizing the transmitted signal
set {S:(t,0)} is equivalent to realizing {A;(t)cos 8:(t)} and {Aj(t] sin 8;(t)}.
The si’gnal structures described by an arElaitrary I'Jk matrix can be synthe-
sized by the use of M - (K/2) frequencies by letting

Ak(t) =1, 0st<T; k=1,...M

%(t) = 2met/T, £4=1,...M - (K/2) {10)
and writing K
cos ¢.(t) = MZ-)_Z S, , COS _T_Zﬂ!'t j=1 M
] =M 4
M K
: . 2mit .
sind(t) = 2 s, b =1,...M t1
in J() o stsm T ) (11)

where the {sjz]l,j=1, ..+ M are chosen so that
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£Srp = q.jr (12)

Using Equations (11) and (12) in (6é) then yields the desired result.

Performance Analysis.-For M = 8, 16, and 32 Figure 1 presents
curves of probability of error versus S/NiR for FSK and for various
bandlimited signal structures. The curves for the bandlimited signal
structures we obtained using Equation ( 9). For the range of error rates
shown this formula is a valid approximation to the probability of error.
The curves for the FSK signal structure were obtained from Lindsey~. For
each M, thel', signal structure that yields a bandwidth reduction of ap-
proximately 15% and that yielding a reduction of 25% are shown. The
calculations show that these signal structures require approximately 0.5
dB and 1. 0 dB increase in transmitted signal power, respectively, to give
the same error rate as the corresponding FSK system.

Conclusions. -We have described a new class of signalling waveforms
requiring less transmission bandwidth than non-coherent FSK. A method
of synthesizing these waveforms by the use of tones was given. An ap-
proximate expression for the error rate was derived and used to evaluate
the performance of the signal structures yielding approximately 10% and
25% bandwidth reduction for M = 8, 16, and 32. The above analysis showed
that these waveforms provide an efficient method of communication when
the bandwidth necessary for the transmission of FSK is not available.

Appendix: Derivation of Equation (9). -Suppose signal Sik(t) was trans-
mitted. An error in correct decoding occurs if at least one R, ifk is
greater than Rk. et ;) denote the event {Rj > R)/Sk(t) sent}l. Then the
probability of error, given that Sy (t) was transmitted is given by

I

m, k)

P(error/Sk(t)) = Prob(Z,, U=, ,... UZ, | U:k+1,k . U ( :
A-1



Using the Union Bound yields

M
P(error/Sk(t)) s 2 Prob(Eik) (A-2)
i=1

i#x

This bound is valid, of course, for all )\2 but at large )\2 it becomes an
approximation to the probability of error, given Sy(t) was transmitted.
One may see this by noting that the probability of any finite number of in-

tersections of the Eik approaches zero as \#%», That is

ProbfﬁEik} 40 as )90 (A-3)

Hence as \+«, the probability of the union of a finite number of H;) is ap-
proximately equal to the sum of the probabilities of the E;), Prob(fj)) =
H{\, Gi.) has been evaluated by Helstrom® and is as stated above. This
then leads to
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Figure 1. Probability of Error vs. S/NOR for M = 8, 16, and 32





