
DOPPLER JITTER VERSUS DIGITAL ERROR RATE 
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Summary. - In the design of digital communication systems， the error 
rate is the criterion which is invariably emphasized. In many digital sys­
tems， however， there is relative 口lotion between transmitter and receiver 
which must be control1ed by making use of Doppler frequency information. 
A coherent digital system is herein mode1ed， in which the trade-off that 
exists between Doppler measurement capability and subcarrier demodu­
lation error rate is quantitatively presented. 

System parameters which effect only one of the two above criteria are 
initially optimized. The dependence of performance on the remaining sys­
tem parameters is then analytically and graphically presented. 

Introduction. - In digital communication systems， there often is the 
need to maintain continuous Doppler frequency information for range-rate 
and range determination as well as the need to maintain the error rate 
below a specified value. Range-rate and range data contribute to the 
specification and possibly the eventua1 contro1 of the trajectory or orbit 
of the vehic1e. In addition to specifying various system parameters， the 
allocation of the total available transmitted power to the various informa­
tion bearing subcarrier signals shou1d be carried out based on knowledge 
of the effect that this choice will have on Doppler tracking capabi1ity as 
wel1 as error rates. The goa1 herein is to provide this information for 
a general class of coherent digita1 communication systems. 

The type of coherent digital system to be considered is one which 
transmits the data signals by phase modulating the rf carrier with bi­
phase modu1ated data subcarriers. The frequencies of the several sub­
carriers are assumed to have been judiciously choosen so that the spectra 
of the modu1ated data are non-overlapping心，2 J . 

For definiteness， the demodulation of the subcarriers will be assumed 
to be carried out emp10ying squaring loops， Costas loops， etc.， so that all 
necessary subcarrier phase and synchronization reference information is 
obtained directly from the data signa1， thereby eliminating the need for 
separate sync channe1s and e1i口ünating the need for placing any power in 
the subcarrier reference. This has been termed sing1e-channel mechani­
zation with a suppressed subcarrier [3J. 

System Description. - A basic simp1ified diagram of the general type 
of system to be considered is depicted in Figure 1. In the transmitter por­
tion of the system， the data signals， {Sk(t)， k = 1， . . .， K L bi-phase modu­
late the frequency multiplexcd subcarrier waveforms {.J2P: cos ω肘，
k = 1，...， K}. Thc input to the carrier phase modulator， 百(t)， is therefore 
given by 
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。(t) = L � sk(t) cos wkt ( 1) 

th where P'_' k = 1， . ..， K is the average power in the k... bi-phase modulated 
subcarrrer waveform before carrier phase modulation. 

The trend in modern digital communication systems is to employ sub­
carriers with 100% modulation， that is， there is no rcsidual power at the 
subcarrier frequency for tracking purposes. The reason for this is that 
with the advent of squaring loops [4-6]， Costas loops [7 J，delay-locked 
loops， ctc.， coherent phase rcference and bit synchronization infor-
mation can be obtained directly from the 100% modulated data signal. The 
(Sk(t)， k - 1， . . .， K} are thus assumed to consist of a sequence of土l's with 
bit times， (Tbk' k = 1， . .. ， K} respectively. 

With this modulation scheme assumed， the output of the phase modu­
lator is then given by 

s(t) = {2p s川九t + 8 (t) + 90) (2) 

where P is the overall average transmitted powcr， and 8(\ is some unknown 
constant reference angle. The received waveform is theñ given by 

y(t) = � s川Uct+ j ωd(巾7 + 8(t) + 80) + n(t) (3) 

where n{t) is assumed to be white Gaussian noise with one-sided spectral 
density NO watts /hertz， and ωd( 7) represents the Doppler frequency shift 
due to the rclative range-rate between transmitter and receiver. 

Neglecting frequency shifters， frequency synthesizers， bandpass limit­
ers， etc.， the coherent carrier tracking loop generates the reference signal 

叫t) = �∞s(tv (4) 

The data bearing waveforms which comprise 9(t) are assumed to be 
at frequencies outside the bandwidth of the carrier phase locked loop (PLL). 
The Doppler frequency is assumed to be varying slowly enough to be within 
this bandwidth， however， so that the carrier PLL is able to track this signal. 
Therefore， the output data bearing signal of the carrier tracking loop which 
goes into the various subcarrier demodulators is given by 

where 

Y (\(t) = s (\(t) + n(\(t) 0'.' ..0 

so(t) = VP'ω(6(t)+￠r{t)) ， 

(5 ) 



and the additive noise <1> _ (t) = 8^ - 8f\(t) is the carrier loop phase error， 。 onô (t) hasVthe s ame statistics as n(t) [8]. 
With the Doppler frequency slowly varying， any cycle slipping can 

be assumed to be due only to the additive noise. No detuning will be 
assumed to exist between the received carrier and the voltage con­
trolled oscillator (VCO) rest frequency. Then the approximate steady 
state mod 2n probability density function of ø_ is given by [8， 9J r 

(6) -η < ø < π， 一 r-
exp(αr cos ør) 

Z 行 I^(α)u r 
p(6r) ~ F可、，

where I^(﹒) is the modified Bessel function of the first kind of order 
zero， añd 

(7) 
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α r 

is the signal-to-noise ratio of the carrier tracking loop. In (7)， BL _ is 
the one-sided noise bandwidth of the carrier PLL based on the linear 
theory of PLL's [8-10 J and Pc is the average power of the received sig­
nal at the carrier frequency. The overall signal-to-noise ratio of the 
received signal is given by 

(8) 一
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In order to ultimately specify the trade off between Doppler tracking 
capability and digital demodulation capability， the distribution of power 
between the carrier tracking loop and the subcarrier demodulation loops 
must be specified. To do this， s(t) is represented by the series (see， e.忌，
Lindsey [ 5 J) 

I m[exp[j(ωct + 8(t) + 80)J} 

Im[exp(叭

� 

� -
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where Jmk( ﹒ )  is the Bessel function of order mk. and 1 m  means "the 
imaginary part Of". The signal which enters the carrier tracking 100p is 

Fc 吋l(ωct + 80) + n(t) 

where the average power in the tracking signa1. P c. is given by the average 
power of the component of s(t) in (8) at ωc﹒ This is obtained by s etting 
mk = O. k = 1. . . . • K. from which we obtain the percent of the total power 
that enters the carrier tracking loop. name1y. 

P K 
_ 手 = 77; 而(何) ( 1 0) 

To obtain the power in 
.�

he subcarriers. sO(t) is similarly expanded. 
The average power in the kth subcarrier data �ignal at the output of the kth 
extraction filter (see Fig. 1) is obtained by assuming九(t) is essentially 
constant over the bit time Tbk of the kth data signal. and setting mk = :1: 1 
and mk' = 0 for all k' f: k. This average power. PSk' is given by 
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th The input signa1 to the k-" subcarrier demodu1ator is then given by 

r于一一一一叮 叮
九(t) = '\}2P sk 

cos(Wkt + '2 sk(t)) + nk(t) (13) 

where nk(t) also has the same statistics as n(t). This follows from the 
fact that the extraction filters Hk(jω). k = 1. . . . • K. in Figure 1 are norm­
ally broadband with respect to the bandwidths of the synchronization track­
ing 1oop. the phase tracking 1oop. and the matched filter in the subcarrier 
d emodu1ator. 

1n the important specia1 case where all subcarrier channe1s are a.fforded 
the sa口le perfor口lance 1eve1. we have that 

Pk = P .  k = 1.. . . • K • 

from which ( 1 0) and (11 ) reduce to 
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and 
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=吋(�)[JO(�)J2K-2 [E(cos仁) ] 2 (15 ) 

respective1y. Note that p affects E(cos ø_) as well as the other factors in r (14) and ( 15). Since Psk/P is dependent ôn E(cos ør)， we see that the per-
formance of the digita1 demodulation of the subcarrier signals is not directly 
dependent upon the occurance of cycle slipping events， but only indirectly 
to the extent that cyde slipping broadens the steady state mod 2TT p. d. f. of 
the carrier phase error ør﹒ Cyde slipping， as would be expected， is a 
fundamental concern in determining Dopp1er tracking capability. P10ts of 
these power distributions versus p for various values of ßr are shown in 
Fig. 2 for the case of one subcarrier. Note that the maximum value of 
PS 1)P is seen to occur for values of p ranging from 0.4 at ßr = 1 to 1. 45 
at ßr = 100. This demonstrates that when designing a bi-phase digita1 
communication system (as well as when designing a PLL) a design point 
must be picked; that 泊， an input signa1-to-noise ratio， 丸， must be choosen 
at which the system will be designed to operate optimally. 

The performance of the subcarrier demodu1ators and the Dopp1er measur­
ing subsyste口'1 must next be determined so that their trade-off can be estab­
lished. 

th Digita1 Performance. - The output signa1 of the k- -- extraction filter which 
is thc input signal to the kth subcarrier demodulator is given by 

YK(t) r JE; c叫MKt + i sk州+ nk(t) (16) 

wherc nk(t) has the same statistics as n(t)， and where the assumption is 
maintained that the tota1 available subcarrier power is shared equally among 
the K data channels. The data signal sk(t) fully bi-phase modulates the sub-
carrier reference signa1 cosωkt. In order to obtain a simplified description 
of the trade-ofí betwecn te1emelry performance and Dopp1er tracking capa-
bility， we shall make the realistic assumption that bit synchronization is 
obtained directly from the data channel as opposed to placing a certain amount 
of rcsidual power in the subcarrier reference， and in addition that the syn­
chronization jitter is negligib1e with respect to phase jitter in the carrier 
tracking loop. 

We further takc the point of view that the squaring 10op， Costas loop， 
or other method which is emp10yed to obtain coherent phase information is 
functioning with negligib1e jittcr with respect to that in the carrier loop. 



This is realistic， since the noise bandwidth of the subcarrier tracking 
loop can often be

� 
made 10-3 to 10-6 times narrower than that of the 

carrier tracking loop. 
Therefore， the subcarrier telemetry demodulation will be assumed 

to perform like a perfectly coherent system which has perfect synchroni­
zation information. The probability of a bit error for this is given by 
(see， e. g.， [ 1 1]) 

pe =叫c(�)

where erfc is the complementary error function， defined by 

f p( - 主 u2)erfc(P) = I 一 '" - 1 du 
' ρ 、12 n

(17) 

and Rs is signal-to-noise ratio per bit which is defined as the ratio of 
signal energy per bit to noise spectral density: 

R S 
P T I:J. � s - b 

N O 
(18) 

In (18) the bit time， 丸， has been assumed the same for all digital sub-
carrier channels. In ferms of the parameters which describe the carrier 
tracking loop， Rs can be expressed as 

P 
R = ß 一s 1 

s .... r P Õ ( 19) 
r 

where 

6 A 
r TbBL 

r 
is defined as the reciprocal of the product of the bit time and the noise band­

width of the carrier loop﹒ 
With this description of the digital subcarrier demodulation performance， 

we now consider Doppler measurement capability. 

Doppler Measuremen!. - The signal from which Doppler frequency infor­
mation is to be obtained， is the carrier VCO output， r(t)， which has the repre­
sentation 

r(t) = ..J2ω(tv 

The carrier frequency is removed by mixing with a noncoherent carrier 



reference， � sin(叭， in 訓仙 … the output of伽D叫er mixer 
becomes (neglecting the double frequency term) 

c(t) = cos 6(t) (20) 

where 
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The signal c(t) is the input waveform to the Doppler measurement 
device. 

Whatever scheme is employed， we shall assume it ideally obtains the 
instantaneous frequency of c(t)， namely 6(t). Denoting this signal by d(t)， 
we have 
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The measurement disturbances in (22) are seen to be ør(t). 1n this 
initial approach to provide a trade-off between Doppler and error rate， 
we shall assumeωd(t) is sufficiently slowly varying so that it can be 
assumed constant. 1n general， d(t) would be filtered to provide the best 
estimate，ωd(t)， of wd(t) from d(t). 

The fundamental task in acquiring knowledge of Doppler measurement 
capability is in obtaining necessary statistical information about �r(t)， 
name ly the first and second moments. The difficulty centers around the 
fact that， in order to obtain a tractable mathematical model of a PLL， the 
assumption is generally made that the additive noise is white. In most 
choices of loop filters， this leads to the conclusion that ør(t) is also white. 
This problem can be partially overcome with the following approach. Let 
us model the total phase error冉(t)的

九(t) = Jt
Z刊州 (23 ) 

where N(T) is a stochastic process consisting of a sequence of pulses which 
are each of unit area and of short time duration. A pulse is positive when­
ever the loop slips a cycle to the right and negative whenever the loop slips 
to the left. The process ø __ (t) is the mod 2TT phase process [的. When 冉(t)m is modeled as in (23)， the ë-ÿ cle-slipping part and the phase jitter part be-
tween cycle slips are additive. At low signal-to-noise ratios the predom­
inate contribution to overall phase error will be due to cycle slips， while 



at large signal-to-noise ratios， cycle-slips will occur very rarely， and 
the predominate variation in冉(t) will be due to the mod 2TT phase jitter 
Ø""，(t). 

Empirical data taken on PLL [1月lead one to believe that the cycle 
slipping events in disjoint intervals are statistically independent. This， 
plus the fact that N(t) is a jump process， is sufficient to conclude [13J 
that it is a generalized Poisson process. 

The cumulative number of cycle slips， N(t)， actually can be expressed 
as 

N(t) = N+(t) - N (t) (24 ) 
where N+(t) consists of the positive pulses in N(t) and thus represents cycle 
slips in the positive ør(t) direction， and similarly for N_(t) the negative 
φr(t) direction. If there is no detuning in the carrier VCO， then the expect­
ed number of cycle slips to the right wiU equal that to the left. Hence 

E(N(t)) = 0 

The individual processes， N+(t) and N _(t) are genera lized Poisson processes， 
and will be assumed to be statistically independent. Therefore， since the 
steps are always taken to be of unit size， 

2 σ�. = E (N . ) = E (N ) N+ 
- N _ 

- ，- + ﹒ 

which corresponds to the expected number of steps to the right or left， or 
equivalently to the expected number of cycles slipped to the right or left 
respectively. Combining 2 σ 
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The expected number of cycle slips to the right or left per unit time 
has been shown to be [8J 

B L 
E (N. ) = 笠(N ) = r

+' � \"- ' 2 2 TT αr1o(αr) 
(26) 

This is the exact result for first order PLL's and an approximation for 
higher order loops. Since 

￠r(t) ZTT N(t) +￠m(t) (27) 

we can therefore write 

2 2 2 2 = 4TT σ +σ. ør . " - N 的
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where the additional assumption has been made that N(t) is statistically 
independent of ø___ (t). 

Z The remainìng task is to determine σ ♂ . As previously indicated， 
models of PLL's have exclusively assumeCfllthe ad<;iitive disturbance 
to be white and Gaussian， with the conclusion that ø is also white. Since 
Doppler measurement is inherently concerned with cycle slipping， all of 
the various linear theories of PLL1s breakdown when attempting to deter­
mine Doppler measurement capability. One way， .however， in which real­
istic statistical information can be obtained about øm(t) is to assume the 
loop filter of the PLL is of the form 

F(S)=-L一TS + 1 

With this filter， the Fok耳er-Planck equation for the p. d. f. of the 
Markov vector process (ø(t)， ø(t)) can be solved [14] in the steady state， 
from which伽variance品，σí ， is given by 
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(29) 

At high SNR， the princirle disturbance in ør is due to Øm' 
cycle-slips occur rarely at high SNR. Therefore， at high SNR 
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(30 ) 

This representation has an additional assumption imbedded; namely， 
this result is approximately independent of the structure of the loop filter. 
These results， namely the first term in (28) for the cycle slipping， and 
(30) for phase jitter are plotted in Figure 3. Cycle -slipping decreases 
exponentially， while phase jitter between cycle-slips decreases only as 
(αr)-l. Thus， we can qualitatively determine when σ 至一 becomes the 
predominant disturbance in Doppler measurement. T líe cumulative 
effect of cycle-slipping and phase﹒jitter is also shown in Fig. 3 as the 
dotted line. 

Doppler Error Versus Error Rate. - With these results， the trade­
off between Doppler measurement capability and error rate can be estab­
lished. For the case of orie subcarrier and ôr = 3， the representation of 
probability of error versus Doppler measurement error， normalized by 
the r-f loop bandwidth， is displayed in Figure 4. In the vicinity of the 
minimum value of PE' for a given丸， the Doppler variance can be decreas­
ed somewhat by varying p， without detracting appreciably from the error 
rate. As indicated earlier， however， the choice of p to minimize error 
rate is quite dependent on SNR. 
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Figure 1. General System Configuration. 
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