
FI盯ERING EFFECTS IN A SPREAD-SPECTRUM COMMUNICATION SYSTEM 

By W. H. HARMAN 

Summary. -Binary antipoda1 direct-sequence biphase modulation is 
employecI\íor the purpos e  of interference reduction) over a channe1 
disturbed by white noise and an "externa1" coherent sinusoida1 inter­
ference. Before these are added， 也e signa1 suffers distortion in the 
form of 1inear filtering whose effects are to be determined. The 
receiver is a coherent " rematched filter" (matched to the distorted 
signa1). 

The mean ar..d variance of the detection variab1e are expressed as an 
output SNR (signa1 to noise ratio). The variance is the sum of three 
components : due to noise， externa1 interference， and se1f interference. 
Concise formulas for the first two contributions are deve10ped. The 
third is approximated and found to be quite small in many cas es of 
interest. 

Results are applied in the case in which the filter has a bandpass 
characteristic and externa1 interference is dominant. With fixed 
signa1 power entering the filter， there is an optima1 cbip rate above 
which filter distortion effects increase faster tban process gain; the 
optimal cbip rate is approximate1y equal to the filter noise bandwidth 
B (Hertz). For an idea1 bandpass filter and a single p01e bandpass 
filter， the optima1 chip rates are 1. OB and O. 95B， respectively. 

system Considered. - The system under consideration is mode1ed 
by the block diagram of figure 1. Attention is restricte� to cases of 
narrowband signa1s， and comp1ex-enve10pe formulation1 is emp10yed， 
according to 位le convention 

jω J 
(rea1 signa1) = 2 Re [ (complex enve10pe) e 

... ] 
where ωc is the carrier frequency. Transmitted signa1 modulation is 
binary-antipodal direct-sequence biphase， which can be written 

α3 

叫t) = 拉 m(t)L a八 (t) (1 ) 

where P is the signal power， m(t) 扭 曲e information modulation， a 
function whicb is 

-
either +1 or - 1  for the duration of each bit， ( a，J 

is a set of statistically independent， binary random variab1es， 
" 

taking the values 士 1 equiprobably， and cbip function � is given by 
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， for (k-1) 'l" < t < k 'l" 
， otherwise 

in terms of 也e chip time 'l". We focus attention on a single-bit trans-
mission 土 s ' (t) given by K 

J{t) = ι L ak 九 (t) (2) 

k = 1 
where K is the number of chips per bit， and the information transmitted 
determines whether plus or minus applies. 
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As illustrated in figure 1 ，  the signa1 passes through a filter of transfer 
function H(w) in terms of frequency ω (re1ative to the carrier frequency 
ωc). Realizability is not required. The filtered version of s(t) is denoted 
吉(t)， and the filtered version of s ' (t) is denoted 玄I(t). 

A coherent sinusoida1 interference i(t) of power 1 

i(t) = {lï2 (3) 

and a white noise n(t) are added to the distorted signa1 emerging from the 
filter. The noise power per Hertz is denoted No• 

A coherent "rematched filter" receiver is emp10yed. For each bit 
transmission， this receiver forms a detection variab1e λ by corre1ating 
the received signa1 with the reference signa1 言， (t). 

，. '"  
. -λ =  2 Re I [s (t) + i(t) + n (t) ] [ ♂ (t) ] -，' dt (4) 

卒，﹒〈。
The output decision is based on the sign of À. 

Measure of Performance. - The measure of performance considered 
is the SNR (sîgna1-to-noise ratio) defined by 

SNR = (mean of ^) 2 

2 (variance of λ) 
when +s (t) is transmitted. It can readily be verüied that 也e SNR so 
defined would not change ü -s' (t) were transmitted. 

SNR Ca1culations. -From equation (4) we write λ as the sum of three 
components 

where 
λ = λ + λ. + λ  

S 1 n 

λs= 2 Rel: “) [ 言， (t) ] * dt

v 2 Rf i (以 (t) 〕 * dt

情 2 F!-e!"，'" n (t) [言 ， (叭
By substitution of eq's. (2) and (3)， we readily determine that Ài and 
λn both have zero means. Thus the mean of ^ equa1s the mean of ^s. 
From eq's. ( 1 )  and (2) 

α3 

X; PL L 叭 可∞∞ 吉t (叫
C(t) dt

t =-∞ k= 1 



where 俏_ is the fi1tered version of �. We separate ^-.， into two terms T 
and ðλ d語pending on whe位ler k = .{， or k 羊 毛 respectiveÏy; that is K _ 

T = P L lco'" 1 � 1 2  dt (5) 

k = 1 
k ∞ 戶 ∞
玄 之 a .{， ak Re j co ;.{， (心 平

(t) dt L.J 毛 k --� J-
k= 1 .{， = -∞ .{， 4 k  

We s ee by inspection that À is deterministic and tbat ðλ has zero mean. 
Therefore 7i. is the mean of λ. 

The variance σ2 of λ is， by definition， 

σ2 = ( ð ^- + λi + λn) '"  (6) 

where the bar denotes averaging. we can readily see that 
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勻，Hσ 2 2 . 2 where σ ， σ . ， and σ are the respective variances of 瓜， h and λn' s '.. 1'

.. n that is， '" the'" three cross terms resulting from eq. (6) are all zer。一
Therefore， we can write 

SNR = l 
l + l + 

吉RT
S 

Sï'rn:". SNR 
1 n 

where 
(τ/ SNR = s 2 σ  2 

s 

SNR. = ( i訂 ) 2 
1 Z σi 

Z 

SNR = (τ)2 
n Z σ n 

Z 

are separate signal-to-noise ratios accounting for self interference， 
external interference and noise. 

We now evaluate X. Applying Parseval's rule to the integral in 
eq. (5)， we see 品的 all terms in the sum are equal， 

τ =  PK f ∞ | ll {ω) 12 芳 = PKC | 吾1 (ω) 12 1 H (ω) 12去



γhere 吾k and .�k a，r
.: � Four�er trans�orms of �and �respective1y. It 

is now r'ècogni�ed that 1:' can be written 

入= λ Lo p 

where 入('1 is the va1ue of λ? o�tained with no filter ( H == 1 )  and Lp is the 
"power foss" due to filtering"、

L = p 

l 1 �1 (w) 12 I H (ω) 12 名
f HI (ω) |T C s b) l H(4 

in terms of the normalized signa1 power density spectrum 

hich has been normalized such that L_ = 1 when H ==  1. The 1ast 
equality in eq. (7) fpllows from the fac♂ that the chip energy density 
spectru.m 1 �l (ω>" 12 has the same shape as the 10ng term p�wer de�sity 
spectrum of - s (t). Furthermore， we ‘eva1uate λo as 

_C。

λ。 = 2 Re_l∞ | sYt) | z dt z PK T 

which equa1s the transmitted energy per bit E. Thus， 

1" = EL 
P 

(a) Self Interference. - Eq. (8) is rewritten as 

where 

K 

叫 = P L L ak a t O:'k_ t 
k =  1 t = -∞ 

毛 早已 k

心 = Re f: øt (t) ø::< (t) dt 

�'The nam己 "po，-，，:er 10ss" is suggcsted by the case of passive filtering 
obeying IH (ω) I � 1 at all w， which imp1ies L明 三 1. In other cases， 
Lp may exceed 1， but the results derived here s叫 app1y.

(7) 



We note the symmetry 

α'k' for all k -α -k 
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Omitting terms which are zero and employing symmetry we obtain 
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A general evaluation of SNRs follows directly 

(8) K ，.2 L 2 
P 

8 L 九z
k = 1 

SNR = s 

While this is a simple formula， we will go on to develop a far simpler 
approximation to it， applicable to cases in which α1 dominat�.s . all of 
the other interchip interference factors， α

2
' α3' . .- . ， a condition to be 

expected when filtering is not severe. 
Note that the quantity A defined by 

α， 

z k= - ∞  
九A = 

By definition 

RefL (七) ;;+ l M = ReCL tt已[ Øk+1 (川

has the following concise evaluation: 

A =L 
Using linearily of the filter 

三芝; [川丸恥+ 1川(牡例t吋)*仙圳h圳(圳t份)川J = [�二 九仙+刊+ 1 (tμ戶(抖川色
k = -∞ k = -∞ 

The remaining integral 
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so this factor can be removed from the integral. 
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Thus we obtain 
A = T | H (0) iz 

(9) 

If 呃， 勻， • • •  are neg1ected we obtain the approximations 
A = α + 2 α. o 1 
00 

在 = α12 =(毛主)2 (10)  
2
心

where 九 is eva1uated as simp1y 
i ∞ rv . .  ，2 τ 失 = I I 壘1 (t) l dh m = T  LR 
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When eq's. (9)， (10)， and ( 1 1 )  are substituted in eq. (8)， 
the desired appr。ximathn to SNRU 

KL 2 
SNR = P s 2 [ I 日 (0) |z - LP ]Z 

the result is 

( 12) 

(b) E>eterna1 Inte白rence- - The component h can be rewritten as 
K 

入i -‘r'L ak � k 
k = 1 

where � k is the deterministic quantity 

� k = Reloo
oo �t.，川t = T Re H (O) 

which is the same for all k. Thus the varianc e 。f ki is 
2 _ 2 σ i = PIK T Re H(0) 

fr。zn which we readily obtain SNRi ﹒ 
「 一一.， .... L 可 Z

SNR. = I � I I 一____E一一 |
L 2 I J L Re H (O)J 

( 1 3) 

The first factor KP/21 may be identified as the SNRi that would be 
achieved if 位lere were no filtering. The second factor is 位lUS a 
10ss or gain due to the filter H. 

(c) Noise. - The noise c。mp。nent k can be rewritten as 
K 

λ =  �' 2P > n ，， -- � -k ' k 
k = 1 



where Î"k is a random quantity defined by 

在 = 吼 叫t) 干 (t

The noise variance becomes 
K 

σ: = Z PEJ ET 
k= 1 

Routine eva1叫…f 才1eads t。
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 which is the same for all k. 
SNR . n 

Thus we have solved for J and hence n 
EL 

SNRrl= τ� 。
( 14) 

Discussion of Prob1em and Results. - In the prob1em considered here， 
位lefilter H can represent for examp1e a gradua1 non-uniformity of 
channe1 frequency response， a predictab1e mu1tipath characteristic， 
or simp1y an e1ectrica1 bandpass filter. We note that our results include 
the effects of inter-chip and inter-bit interferences which result from 
a b1urring of the signa1 details in passing 位lrough the filter. 

In many cases， the probability distribution of λ is approximate1y 
Gaussian， due to a centra1 1imit theorem phenomenon. If λ were 
assumed to be exactly Gaussian， then its SNR as defined here would 
comp1ete1y determine error probability. 

When 1 = 0 ， one w∞1d conc1ude by inspection that ELp/No is an 
upper b?_

und to SNR_， ?ased on �he fact �at Lp is 也e physica1 power 
10ss in filtering and that inter-bit interferenëe cou1d presumab1y not 
improve SNR. Our results confirm this conc1usion and indicate the 
amount of degradation beyond ELo/No， expressed in the form of the 
self interference SNRo. • 

The simplicity of tlle resulting expres sions， eq!s. (12)，  ( 1 3)， and 
(14)， is remarkab1e. Filtering effects are e}中ressed sole1y in terms 
of Lp and H(O); and since this 1atter parameter may be considered 
a scã1e factor， the entire dependence on the shape of the filter transfer 
function is given by the sing1e figure Lp. Fur商討more， SN丸，t SNRh SN凡， and SNR 于re all monotoniç fur叫i

_
o�s of Lp (for_ a1.1 Lp 至 1 H (0 ) 尸)，

and as a result Ln is a particu1ar1y usefu1 measûre of signâ1-filter 
interaction. 不 A

* The figure Lo has been used as a measure of bandwidth in 
signa1 desigñ， for examp1e in reference 2. 



Evidently s elf interference， according to our approximation， is so 
small that it can often be neg1ected. For examp1e， the ratio 

is much less than unity in many cases of practical interest. Appearance 
of the factor K in eq. ( 12) indicates that self interference， like externa1 
interference， is reduced by the "process gain" of the spread-spectrUIIl 
modulation. 

Application. - As an application of thes e results， we consider the 
specia1 case in which H is a passive bandpass filter satisfying 

H (0) = 1 

I H (w) I � 1 ，  for all ω 

Under thes e  conditions， eq's. ( 1 2) and (13) become simp1y 

KL 2 
SNR 肉 = p .， ( 15) 
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( 16) 

Furthermore， we consider caSes dominated by externa1 interference， 
and restrict attention to SNR.. 

1 
Consider the effect of chip rate 1 / 'T on eq. (16). At 10w chip rate 句 � 1 so 也at

S叭 自 告)午 ， 心 fi叫ng ( 17) 

Performance increases in proportion to chip rate， to be expected in 
a spead-spectrum syste口1. At the other extreme， high chip rate， 
on1y 位le center of the signa1 spectrUIIl is passed by the filter. 

A ∞ 

丘 (0) I 而L 何 斗了=- '- <n I H (ω) 1" dω = 'TB p � TT J ﹒∞ -
where B is the filter noise bandwidth defined by 

B =  f∞ I H (w) 12 話

thus 
SNRi 何 (手) 'T ， …e 叫ng ( 18)  



Here performance decreases inverse1y wi也 chip rate. Thus if the 
transmitted power (entering the filter) is fixed. there is an optima1 
chip rate between these two extremes which maximizes SNRi. The 
optimum point occurs near where the asymptotes (17)  and ( 18) intersect. 
name1y where 

1 _ 
T 

B 

that is. a chip rate equa1 to the filter noise bandwidth in Hertz. The 
precise 10cation of the optimum depends on the detailed shape of the 
filter transfer function. 

Figure 2 is a graph10f SNR; with fixed power P for two specific 
filters: an idea1 bandpass filter. defined by 

| ω I s 竹B( 。 …ise
and a sing1e tuned bandpass filter obeying * 

• for I 
H (ω) = 

4B2 
2 ，  .2 4B'" + ω 

I H (ω) 1 2 = 

The optima1 chip rate to be emp10yed through t1!.e idea1 bandpass filter 
is 1. 0B and the filtering 10ss at this point is 工J = -z. z z db. For a 
sing1e tuned filter. there is a much broader maximum with the optima1 
chip rate falling at 0. 95 B. and a filtering 10ss at this point of L，，=2 = -4. 7db. 

If the power 1eaving the filter. PLn. is fixed. an appropriate宅。nstraint
in some situations. the performance át high chip rate follows the asymp­
tote EL B 

SNR 但
1 

一一且一
2 1  

( 19)  

which is independent of chip rate. Thus there is generally no optima1 
chip rate. but rather SNRi approaches a constant va1ue at high chip 
rate. The 10w chip rate performance is still given by eq. ( 17). The 
two asymptotes ( 1 7) and (19 )  intersect at 

B 

so 也at there is re1ative1y litt1e to be gained by increasing chip rate 
beyond B. Figure 3 is a graph of SNRi under these conditions for the 
same two spec江ic filters. 

↑ 
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The 3-db bandwidth of this filter is 2B /竹.
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