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ABSTRACT

Low-Density Parity-Check (LDPC) codes are powerful codes capable of nearly achieving the
Shannon channel capacity. This paper presents a tutorial introduction to LDPC codes, with a
detailed description of the decoding algorithm. The algorithm propagates information about bit
and check probabilities through a tree obtained from the Tanner graph for the code. This paper
may be useful as a supplement in a course on error-control coding or digital communication.

KEYWORDS

Error correction coding, iterative decoding, channel capacity, parity-check codes

Introduction

In 1948, Claude Shannon established the concept of the capacity of a channel, which is the max-
imum rate of transmission for reliable communication over the channel, and proved the existence
of a sequence of error-correcting codes that can achieve arbitrarily small probability of error as the
block length of the code increases [1]. Since that time, establishing a communications system with
a rate approaching the channel capacity that can be encoded and decoded with reasonable com-
plexity has been a holy grail of engineers and mathematicians. The end of the search was (nearly)
declared in 1993 with the introduction of a family of codes known as turbo codes [2]. Using an
iterative decoding algorithm, instances of these codes are able to reach within a fraction of a dB of
channel capacity in an additive white Gaussian noise (AWGN) channel.

Since the introduction of turbo codes, researchers have rediscovered a family of codes proposed
in 1962 by Robert Gallager [3, 4], the low-density parity-check codes (sometimes called Gallager
codes [5]), which have performance exceeding, in some cases, that of turbo codes (see, e.g., [6] and
[7]), with iterative decoding algorithms which are easy to implement (with the per-iteration com-
plexity much lower than the per-iteration complexity of turbo decoders) and are also parallelizable
in hardware [8]. There are other potential advantages to LDPC codes as well. In a very natural
way, the decoder declares a decoding failure when it is unable to correctly decode, whereas turbo
decoders must perform extra computations to determine if the algorithm has converged [9, 10, 11].
Also, LDPC codes of almost any rate and blocklength can be created simply by specifying the



shape of the parity check matrix, while the rate of turbo codes is governed largely by a puncturing
schedule, so flexibility in rate is obtained only through considerable design effort. Unlike turbo
codes, which can exhibit a noise floor phenomenon due to low-weight codewords [12], LDPC
codes do not exhibit a noise floor [3]. As an additional boon, LDPC codes are not patent protected
[13]. On the negative side, LDPC codes have a significantly higher encode complexity than turbo
codes, and decoding may require many more iterations than turbo decoding (with implications for
latency).

Itis a curious twist of history that LDPC codes, which are among “perhaps the best error-correcting
codes in the world” [13] should have been largely unnoticed for so long, and in fact, have occa-
sionally been perceived to be “bad” codes [14, p. 114].1 Among the reasons that the codes might
have been overlooked are that contemporary investigations in concatenated coding overshadowed
LDPC codes, and the hardware of the time could not support effective decoder implementations.
As a result, LDPC codes remained largely unstudied for over thirty years, with only scattered ref-
erences to them appearing in the literature, such as [15, 16, 17]. Recently, however, they have been
strongly promoted, beginning with the work of MacKay [5, 18, 13, 19, 7, 20, 21]. Because LDPC
codes have iterative decoding algorithms, they fall in the purview of graph-based algorithms for
decoding; see, e.g., [8, 11, 22, 23]. Both historically and recently, LDPC codes have been proven
to be capable of closely approaching the channel capacity. In fact, the proof of the distance proper-
ties of LDPC codes demonstrates such strong performance for these codes that it has been termed
a “semiconstructive proof of Shannon’s noisy channel coding theorem” [5, p. 400].

The study of LDPC codes provides an introduction to many of the themes of modern error-control
coding: block codes described by matrices, graphs associated with a code, trellis-based algorithms,
soft decision decoding, and iterative decoding. Given the strength of LDPC codes, it seems im-
portant for students to learn about them — they will be used in forthcoming communications and
data storage systems. Given the variety of concepts necessary to understand the decoding, it seems
pedagogically valuable — though challenging — to present the material to students.

Because of the “novelty” of these rediscovered codes, it is not surprising that current digital com-
munications textbooks do not discuss them. Recent books on error-control coding [24, 25] briefly
present them, but the presentations are too brief to explain the decoding algorithm. Furthermore,
the available literature on LDPC codes presumes a fairly high level of background. The intent of
this paper is to provide an introductory exposition of LDPC codes, with particular focus on clari-
fying the decoding algorithm. The paper could be used, for example, as a supplement to a course
in error-control coding.

Despite their relative novelty, work is underway in a variety of laboratories to implement LDPC
codes in DSL, wireless links, and high density magentic recording applications, as well as appli-
cations to space-time coding.

In fairness, it should be pointed out that in [5] and on the web version of the paper, the author retracts his
denigration of the LDPC codes, recognizing that they are “very good” codes.



Coding theory background

Error-correction codes are a way of introducing redundancy into a data stream in a precisely-
defined manner, so that errors that occur in the data stream can be corrected. For N > K, an
(N, K') block coder partitions a data stream into successive blocks of K bits, to which N — K
additional bits are adjoined; these additional bits are called the parity bits.? The block of IV bits is
called the codeword and the quantity N — K is the redundancy of the code. One measure of the
utility of a code is the number of errors that it can correct. The rate of a code is the ratio of the
number of input bits to the number of output bits, R = K/N. Itis typically desirable to have codes
with good error-correction capability and the highest possible rate (or smallest redundancy).

An important class of block codes is the linear block codes, which can be characterized by two
matrices, the generator matrix and the parity check matrix. The generator matrix of a linear block
code is an N x K matrix® G. The code is the span of the columns of G. That is, a vector c of
length V is a codeword if and only if

c=Gm Q)

(operations modulo 2) for some “message” vector m of length K. When the generator matrix
contains a K x K identity, so that
P
o-[1]

then the message vector m appears explicitly as part of the codeword c; such a generator is said to
be in systematic form.

The parity check matrix A of a linear block code is an M x N matrix, with M < N, with the
property that c is a codeword in the code if and only if

Ac = 0. )

Writing

we see that c is a codeword if and only if al c = 0 form = 1,2,..., M. The equation alc = 0 is
said to be a linear parity-check constraint on the codeword c. We will use the notation z,, = a’ c,
and call z,, a parity check, or, more simply, a check. By (1) and (2), AG = 0.

2While binary codes are the only codes discussed in this paper, it is straightforward to generalize to codes with
larger symbol sets.

3In most of the error-control coding literature, G is taken to be a K x N matrix, and message vectors and code
vectors are taken to be row vectors, so that c = mG. However, in the literature of low-density parity-check codes, the
convention is to use column vectors, which is followed in this paper.



Example 1 Let

17 1710011001
1 010110110
A=10 01 1101011 (3)
0O 1 01110101
17 17 01001110
be a binary parity check matrix. Then, for example, for a codeword ¢ = [cy, ¢y, . . ., ¢10], We must

have
01+CQ—|—03+06+C7+610:0

cites+est+cgtegteg=0

etc. Thus, bits ¢y, ¢, c3, cg, c7 @and ¢y participate in check z;. Also, from A it may be observed that
bit ¢, is involved in checks z1, z and z5. (The italicized elements of A are discussed below.)

A parity check code of length V is a linear block code whose codewords all satisfy a set of M
linear parity check constraints [26, 27]. That is, the code can be specified by an M x N parity
check matrix A. Each linearly independent constraint reduces the number of valid codewords in
the code by a factor of one half. Let » = rank(A) < M be the number of linearly independent
constraints; then the dimension of the code is K = N — r, and each codeword can represent K
information bits. The code rate is thus R = K/N.

For a code specified by a parity check matrix A, it is expedient for encoding purposes to determine
the corresponding generator matrix GG. A systematic generator matrix may be found as follows.
Using Gaussian elimination with column pivoting as necessary (with binary arithmetic) determine
an M x M matrix A;" so that

H=A A= A).

(If such a matrix A, does not exist, then A is rank deficient, » = rank(A) < M. In this case,
form H by truncating the linearly dependent rows from A;lA. The corresponding code has R =
K/N > (N — M)/N, so it is a higher rate — better — code than the dimensions of A would
suggest.) Having found H, form
_ | A
- 7]

Then HG = 0,s0 A,HG = AG = 0, so G is a generator matrix for A. While A may be sparse
(as discussed below), neither the systematic generator GG nor H will necessarily be sparse.

Associated with a parity check matrix A is a graph called the Tanner graph [15] containing two sets
of nodes. The first set consists of N nodes which represent the NV bits of a codeword; nodes in this
set are called “bit” nodes. The second set consists of M nodes, called “check” nodes, representing
the parity constraints. The graph has an edge between the nth bit node and the mth check node if
and only if nth bit is involved in the mth check, that is, if A,,,, = 1. Thus, the Tanner graph is a
graphical depiction of the parity check matrix. Figure 1 illustrates the graph for A from example
1. A graph such as this consisting of two distinct sets of nodes and having edges only between the
nodes in different sets is called a bipartite graph. The Tanner graph will be used below to develop



insight which will be used to develop the decoding algorithm. It should be pointed out that the
Tanner graph exists for every linear block code, so the decoding algorithm described here applies
not just to LDPC codes.
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Figure 1: Bipartite graph associated with the parity check matrix A. (The dashed edged correspond
to a cycle of length four, as discussed below.)

LDPC codes: construction and notation

A matrix is said to be sparse if fewer than half of the elements are nonzero. A LDPC code is
simply a code which has a very sparse parity check matrix [5].

The weight of a binary vector is the number of nonzero elements in it. The column weight of a
column of a matrix is the weight of the column; similarly for row weight. A LDPC is regular if
the column weights are all the same and the row weights are all the same. To generate a regular
LDPC code, a column weight w.. is selected (typically a small integer such as w. = 3) and values
for N (the block length) and M (the redundancy) are selected. Then an M x N matrix A is
generated, typically at random, which has weight w, in each column* and row weight w, in each
row. Attaining uniform row weight w, requires that w.N = w, M. This structure says that every
bit participates in w,. checks, and each check involves w,. bits.

Example 2 The parity check matrix A of (3) has column weight w. = 3. Strictly speaking, A
IS not a sparse matrix, since more than half of its elements are nonzero. However, it was chosen
as a small matrix to illustrate the concept of a random matrix with fixed-weight columns. Space
considerations preclude explicit presentation of more realistic parity check matrices.

In many LDPC codes, N is taken to be quite large (such as NV > 10, 000), while the column weight
is held at around 3 or 4, so the density of 1s in the matrix is quite low. (A column weight of

4Actually, it is not necessary for an LDPC code to have equal column weight. In fact, it has been shown [28] that
irregular codes having varying column weights can achieve superior performance to the regular codes described here.
However, for simplicity of exposition, attention is restricted in this paper to regular codes.



w. = 2 has been found to be ineffective [5].) For the Tanner graph representation of the parity
check matrix, each bit node is adjacent to w. check nodes, and each check node is adjacent to w.,
bit nodes.

Since the A matrix is sparse, it can be represented efficiently using lists of its nonzero locations.
This notation is used in practical software implementations, as well as to describe the decoding
algorithm to be presented below. In this notation, bits are typically indexed by n or n’ (e.g., ¢,)
and the checks are typically indexed by m or m’ (e.g., z,,). The set of bits that participate in check
zn (that is, the nonzero elements on the mth row of A) is denoted

Ny ={n:A,.,=1}
The set of bits that participate in check z,, except for bit n is denoted
N = N \n.

The notation |\, | indicates the number of elements in the set V,,,. These sets should be considered
ordered lists, with the ith element of V;,, being indicated by N, (7).

The set of checks in which bit ¢, participates (that is, the nonzero elements of the nth column of
A) is denoted
M, ={m: A,, =1}

For a regular LDPC code, |M,,| = w.. Let
Mym = Mp\m

be the set of checks in which bit ¢,, participates except for check m.

Example 3 For the parity check matrix of (3),
M =1{1,2,3,6,7,10}, N, ={1,3,5,6,8,9}, etc.

M] = {1,2,5}, ./\/lg = {1,4,5}, etc.
./\[271 = {3,5,6,8,9}, ./\[273 = {1, 9, 6,8,9}, etc.
Mg,l = {4, 5}, M274 = {1, 5}, etc.

Transmission through a Gaussian channel

The decoding algorithm described below is a soft-decision decoder which makes use of channel
information. We will develop the decoder for codewords transmitted through an additive white
Gaussian noise (AGWN) channel. When a codeword is transmitted through an AWGN channel,
as shown in figure 2, the binary vector c is first mapped into a transmitted signal vector t. For
illustrative purposes, a binary phase-shift keyed (BPSK) signal constellation is employed, so that



the signal a« = \/E}, represents the bit 1, and the signal —a represents the bit 0. The transmitted
signal vector t has elements ¢,, = (2¢,, — 1)a. This signal vector passes through a channel which
adds a Gaussian noise vector v, where each element of v is independent, identically distributed
with zero mean and variance o2. The received signal is

y=t+v. 4)
Given the received information, the posterior probability of detection can be computed as

Pr(c, = 1|y,) = Lol =pf(2£r<tn —a)

_ p(Ynltn = a) Pr(t, = a) 5)
p(yn|tn = CL) Pr(tn = a) +p<yn’tn = _a) Pr(tn = _a)
PYnltn = a)

© p(Yultn = @) + p(yalt, = —a)

where it assumed that Pr(c, = 1) = Pr(c, = 0) = 3. In (5), the notation Pr(-) indicates
a probability mass function, and p(-) indicates a probability density function. For an AWGN

channel,

1 1

n tn == = — 7ﬁ(yn7t")2 [ 720%(3””761)2, 6
P(Ynltn = a) = ——c T Vet (6)
Applying (6) in (5) we obtain
1
Pr(cn = 1|yn) 7)

- 1+ 6—2ayn/a2 :

We shall refer to Pr(c,, = z|y,), for z € {0, 1}, as the channel posterior probability, and denote it
by pn ().

v

Hé)—»
m c t y
—— | Encoder —a a |

1501

Y

Modulator

Figure 2: Transmission through a Gaussian channel.

Example 4 The message vector m = [1 010 1}T is encoded using a systematic generator
G derived from (3) to obtain the code vector

c=[0001010101]". (8)
This is mapped to a signal constellation with o = 2 to obtain the transmitted vector

t=[-2 -2 -2 2 -2 2 -2 2 -2 2]



which is transmitted through an AWGN channel with o2 = 2. The vector

y =[-0.63 —0.83 —0.73 —0.04 0.1 095 —0.76 0.66 —0.55 0.58]"

is received. Using (7), it is found that the channel posterior probabilities are

Pr(c=1ly) = [0.22 0.16 0.19 048 0.55 0.87 0.18 0.79 0.25 0.76]"  (9)

If y were converted to a binary vector by thresholding the probabilities in (9) at 0.5, the estimated
vector
000011010 1]

would be obtained. This differs from the original code vector at the two underlined locations. How-
ever, note that at the error locations, the channel posterior probability is only slightly different than
the threshold 0.5, so that the bits only “weakly’” decode to the values 0 and 1, respectively. Other
bits more strongly decode to their true values. These weak and strong indications are exploited by
a soft-decision decoder.

Decoding parity check codes

The optimal (minimum probability of decoding error) decoder seeks a codeword ¢ which max-
imizes Pr(c|ly, Ac = 0), that is, the most probable codeword which satisfies the parity checks,
given set of received data y = [y1,v9,...,yn]|. However, the decoding complexity for the true
optimum decoding of an unstructured (i.e., random) code is exponential in K [29], requiring an
exhaustive search over all 2% codewords, so a modified decoding criterion is employed. Instead,
the decoder will attempt to find a codeword having bits ¢,, which maximize

Pr(c,|y, all checks involving bit ¢,, are satisfied),

that is, the posterior probability for a single bit given that only the checks on that bit are satisfied.
As it turns out, even this easier, more computationally localized, task cannot be accomplished ex-
actly due to approximations the practical algorithm must make. However, this decoding algorithm
has excellent demonstrated performance, and the complexity of the decoding is linear in the code
length.

The decoding algorithm deals with two sets of probabilities. The first set of probabilities is related
to the decoding criterion, Pr(c, |y, all checks involving bit ¢,, are satisfied). We will denote this by

qn(x) = Pr(e, = x|y, all checks involving ¢,, are satisfied), z € {0,1},
or, using the notation defined in section ,
qn(x) = Pr(c, = zly, {zmm = 0,m € M, }), xz € {0,1}. (10)

This probability is referred to as the pseudoposterior probability and is ultimately used to make
the decisions about the decoded bits. A variant of this probability, called ¢,,,(x), is also used (as
seen below) which is

¢mn(z) = Pr(c, = x|y, all checks, except z,,, involving ¢, are satisfied)



or, more briefly,
qmn(l') - Pl"(Cn - 'T|Y) {Zm’am/ € Mn,m})

The quantities ¢, (z) and ¢,,,(x) are probabilities of codeword bits given the observations and
the checks. The second set of probabilities employed in the algorithm has to do with the proba-
bility of checks given the bits. These indicate the probability that a check is satisfied, given the
value of a single bit involved with that check and the observations associated with that check:
Pr(the mth check is satisfied|c, = x,y). This probability is denoted by 7,,,(x), with r,,,,(x) =
Pr(z, =0|c, = z,y).

The quantities ¢, (z) and r,,,(z) are computed only for those values of (m,n) of A that are
nonzero. The decoding algorithm incorporates information from the measured data to compute
probabilities about the checks, as represented by r,,,,,(x). The information about the checks is then
used to find information about the bits, as represented by ¢,,..(z). This, in turn, is used to update
the probabilities about the checks, and so forth. Iteration between bit and check probabilities (¢s
and rs) proceeds until all the parity checks are satisfied simultaneously, or until a specified number
of iterations is exceeded. Algorithm 1 is a concise statement of the decoding algorithm; the details
are discussed in the sections below. (This particular formulation of the decoding algorithm is due
to [5], while concepts from the description are from [4].)

Algorithm 1 Iterative decoding algorithm for binary LDPC codes

Input: A, and the channel posterior probabilities p,,(x) = Pr(c,, = x|y, ), and the maximum # of iterations,
L.
Initialization: Set ¢,y (z) = pp(z) for all (m, n) with A(m,n) = 1.
Horizontal step: For each (m,n) with A(m,n) = 1:

CompUte 6le = qmi (0) - le<1)

Compute

5rmn = H 5an’ (11)
{n'ENm,n}

Compute 7y, (1) = (1 — d7mp) /2 and 7,0, (0) = (1 4 67r4mn) /2.
Vertical Step: For each (m, n) with A(m,n) = 1:

Compute

an(o) = amnpn(o) H Tm’n(o) and an(l) = amnpn(l) H Tm’n(l) (12)
{m'eMn,m} {m'eMn m}

where oy, s chosen SO ¢, (0) + gmn(1) = 1.
Also compute the “pseudoposterior” probabilities

0n(0) = ompn(0)  [[ rawn(0) and  gu(1) =anpa(l) [ rwa(D)
{m'eMyn} {m’eMy}

where a, is chosen so that ¢,,(0) 4+ ¢, (1) = 1.
Make a tentative decision: Set ¢, = 1if ¢, (1) > 0.5, else set ¢, = 0.



If A¢c = 0, then Stop. Otherwise, if #iterations < L, loop to Horizontal Step
Otherwise, declare a decoding failure and Stop.

The Vertical Step: Updating ¢,,,,,(z)

We will now explain in detail the decoding algorithm. Consider figure 3(a), which is obtained by
selecting an arbitrary bit node ¢,, from the Tanner graph and using it as the root of a tree, with
the subset of the Tanner graph connecting this bit to its checks and the other bits involved in these
checks as nodes in the tree. The bits other than ¢,, which connect to the parity checks are referred
to as bits in the Tier 1 of the tree. We shall assume that the bits represented in the first tier of the
tree are distinct, and hence independent.

In reality, the portion of the redrawn Tanner graph may not be a tree, since the bits on the first tier
may not be distinct. For example, figure 3(b) shows a portion of the actual Tanner graph from figure
1 with the root ¢;. In this figure, for example, bit ¢, is checked by both checks z; and z5. There is
thus a cycle of length four in the graph, indicated by the dashed lines. This cycle corresponds to
the italicized elements of the matrix A in (3). Such a cycle means that the bits in the first tier are
not independent (as initially assumed). However, for a sufficiently large code, the probability of
such cycles is small (at least for trees represented out to the first tier). We will therefore assume a
tree structure as portrayed in figure 3(a), with its corresponding independence assumption.

Ci, 1 € /\/m,n,m e M,
Tier 1

Zm,m € M,

(b)

Figure 3: A subset of the Tanner graph. (a) Viewed as a tree, with node for ¢,, as the root. (b) An
actual portion of the Tanner graph, with node for ¢; as root, showing cycle.



Under the assumption of independence of bits in the first tier (no cycles), the checks in the tree
are statistically independent, given c¢,,. The decoding algorithm uses information that the checks
provide about the bits, as indicated by the following.

Theorem 1 For a bit ¢,, involved in parity checks {z,,, m € M,}, if the checks are independent
then

gn(z) = aPr(c, = z|y,) H Pr(z,, = 0lc, = z,y), (13)

meMy,

where « is a normalizing constant.

Pr oof

Pr(c, =0,{zm =0,m € M, }|y)
Pr({z, = 0},m € M,}|y)

Pr(cn = l’|y) PI‘({Zm = 07m € Mn}|cn = an)

qn(x) = Pr(cn = 0‘3’7 {Zm = 07 m e Mn}) =

1
- Pr({zm = 0},m € M, }|y)

Due to independence of bits and noise, the conditional probability Pr(c,, = x|y) can be written as
Pr(c, = z|y,). Under the assumption that the checks are independent, the joint probability on the
checks can be factored, so that

1
Gn(®) = Pr({z, =0},m € M,}) Pr

(en = x|Yn) H Pr(z, = 0|c, = z,y).

meMn

The factor dividing this probability can be obtained by marginalizing:

_ Pr(c, = z|yn) [[nepq, Pr(zm =0lc, = 2,y)
> o Pr(cn = 2lyn) [T ner, Pr(zm = Olc, = 2,y)’

that is, the factor is just a normalization constant, which we denote as «, which ensures that ¢,, ()
is a probability mass function with respect to z. O

qn(T)

In (13), ¢n(x) has two probability factors. The factor [] ...\, Pr(zn = 0Olc, = x,y) has been
called the extrinsic probability [26]. Like the extrinsic probability used in turbo code decoding
[30], it expresses the amount of information there is about ¢,, based on the structure imposed by
the code. The other factor in (13), P(c,|y.), expresses how much information there is about c,,
based on the measured channel output y,, corresponding to c,,.

As before, let
Tmn(2) = Pr(z, = 0|c, = z,y) (14)

denote the probability that the mth check is satisfied, given bit ¢,,. We will derive in section an
expression to compute this probability. Using (14) and theorem 1 we can write

qn(x) = aPr(c, = zly) H Tmn (). (15)

mEMn



If the Tanner graph were actually a tree with a single tier, as in figure 3(a), theorem 1 could be
used immediately for decoding. However, each bit in tier 1 of the tree has its own set of checks,
each with their own corresponding checked bits. This leads to a situation as in figure 4. To do
decoding on this tree, we again invoke an independence assumption: the set of bits connected to a
check subtree rooted at a bit in the first tier are independent. (As before, cycles in the Tanner graph
violate this assumption.) The probability of a bit in the first tier of the tree is computed using using
bits from the second tier of the tree. Let n’ be the index of a bit in the first tier connected to the
check z,,. Let

Gmn' () = Pr(c,y = x|all checks involving ¢, except for check z,,)

or, more briefly,
Amn’ («T) = Pr<cn’ = .7§'|{Zm/, m/ € Mn’,m}a y)

Then, slightly modifying the results of theorem 1,

G () = aPr(cy = z|y) H Tt (). (16)
m'eM.

n’,m

If there are w, parity checks associated with each bit, then the computation (16) involves w. — 1
checks. Using (16), the probabilities for bits in the first tier can be computed from the checks in
the second tier, following which the probability at the root ¢,, can be computed using (15).

Process from
leaves toward

Tier 2 root

Cn

Figure 4: The two-tier tree

Since the product in (16) is computed down the columns of the A matrix (across the checks),
updating g, () is called the vertical step of the decoding algorithm. Equation (16) computed for
each nonzero element of A corresponds to (12). The process can be described in words as follows:
For each nonzero position (m,n) of A, compute the product of r,, ,(x) down the nth column
of A, excluding the value at position (m,n), then multiply by the channel posterior probability.
There are w.N values of ¢,,, to update, each requiring O(w,) operations, so this step has O(N)
complexity.

If the graph associated with the code were actually a tree with independence among the bits as-
sociated with the checks on each tier, this procedure could be recursively applied, starting at the
leaf nodes of the tree — those not connected to further checks — and working toward the root.
The probabilities at the leaf nodes could be computed using the channel posterior probabilities,



pn(z) defined in (7). Working from leaves toward the root, the probability ¢,,, () would be com-
puted for each node ¢, on the second-to-last tier, using the leaf nodes (the last tier). Then q,,,
would be computed for each node on the third-to-last tier, using the probabilities obtained from the
second-to-last tier, and so forth until the root node is reached.

However, it is time to face reality: The graph associated with the code is not actually a tree. The
node ¢, which we have called the root of the tree is not a distinguished root node, but is actually
an arbitrary node. We deal with this reality by considering each node c¢,, in turn as if it were the
“root” of a tree. For each c,, we consider each parity check z,,, m € M,, associated with it, and
compute ¢, (), as defined in (16), involving other w. — 1 checks and the other bits of the first tier
of the “tree” with that ¢,, as the root. The algorithm does not actually propagate information from
leaf to root, but instead propagates information throughout the graph as if each node were the root.
If there were no cycles in the tree, this algorithm would, in fact, result in an exact computation
at each node of the tree [31]. But as bits connect to checks to other bits through the iterations,
there must eventually be some cycles in the graph. These violate the independence assumptions
and lead to only approximate results. Nevertheless, it has been found [5] that the approximation is
very good, and excellent decoded results are obtained by this approximate algorithm.

Horizontal Step: Updating r,,, ()

The probability of the satisfaction of the check z,,, 7., (x) = Pr(z,, = 0lc, = z,y), depends on
all of the bits {c,/,n’ € N,,} that participate in z,,, so an expression involving all of the bits that
influence check z,, is necessary. The desired probability can be computed by marginalizing,

Pr(z, =0[c, = z,y) = Z Pr(z, =0,{cv = zy,n € Npputlen =2,y), (17)
{xnhn/ENm,n}

where the sum is taken over all possible binary sequences {z,/} with n’ € N,,,. (Continuing
example 1, for N5, = {3,5,6,8,9}, the variables in the sum {z3, x5, z¢, 23,79} take on all 2°
possible binary values, from (0,0, 0,0, 0) through (1,1,1,1,1).) The joint probability in (17) can
be factored using conditioning as

Tmn () = Z Pr(zy, = 0lc, = 2, {cp = : 0 € Ny}, y) Pr({cw = 2 0" € N Hy)-
{2,y ENm n}
(18)
Under the assumption that the bits {c,,,n" € N, .} are independent — which strictly speaking is
true only if there are no cycles in the graph — (18) can be written as

Tmn(2) = Z Pr(zy, = 0lc, =z, {cp = 2 : 0 € Nipn}) H Pr(cy = ayly), (19)

{2, ENm.m } VENmm

where the conditioning on y in the first probability has been dropped since the parity is independent
of the observations, given the values of the bits. The conditional probability in the sum, Pr(z,, =
Olc, = @, {coy = xp : 0" € N,y }) is either 0 or 1, depending on whether the check condition for



the bits in WV, is actually satisfied. Only those terms for which ane/vm x,y = 0 — or, in other
words, for which z,, = ane Ny Tt — contribute to the probability, so

Tmn () = Z H Pr(c, = xi]y). (20)

{{(En/ ,nleNm,n}ZCE:Zl 1} lENm,n

That is, r,,(x) is the total probability of sequences {z,,,n" € N,,,} of length |V, | whose
sum is equal to x, where each element z,,, in each sequence occurs with probability Pr(c,/|y). At
first appearance, (20) seems like a complicated sum to compute. However, there are significant
computational simplifications that can be made using a graph associated with this problem.

For a sequence of bit values {xz,,,n’ € N} involved in check m, let

k
Ck) = an,,a
1=1

be the sum of the first & bits of {x,.}. Then

L
C(L) = Zx/\fm,n(i) = Z xy, (21)

lENmn

where L = |N,,,|. The sum in (21) appears in the index of the sum in (20).

The values of ((k) as a function of £ may be represented using the graph® shown in figure 5. There
are two states in the trellis, 0 and 1, representing the possible values of (k). Starting from the 0
state at £ = 0, ((1) takes on two possible values, depending on the value of ., . 1. Then ((2)
takes on two possible values, depending on the value of ((1) and z,, (2. The final state of the
trellis represents ((L).

N (1) =0 E N (2)0

0 e

Nm,n ()7 &N (2)7L

¢(0) ¢(1) ¢(2)

Figure 5: The trellis associated with finding r,,., (). The probability of all possible paths through
the trellis is computed inductively.

Let the values x,,» occur with probability Pr(z,,) = Pr(c,|y). Using this graph, it may be observed
that r,,.,, () is the probability that = = {(L), where the probability is computed over every possible

5Because of its regular structure, a graph of this form is called a trellis.



path through the trellis. The problem still looks quite complicated. However, due to the structure
of the trellis, the probabilities can be recursively computed. Note that

Pr(((1) = z) = Pr(an;, 1) = ©) = Pr(cn,. 1) = 2]y),

Knowing Pr(¢(1) = 0) and Pr(¢(1) = 1), the event that ((2) = 0 can occur in two ways: either
¢(1) =0and z;, .2y = 0,0r ((1) = 1 and z;,, .2y = 1. Similarly, the event that ((2) = 1 can
occur in two ways. Thus,

Pr(¢(2) = 0) = Pr(¢(1) = 0,2x;,,.2» = 0) + Pr(C(1) = 1, 2., (2) = 1)
Pr(¢(2) = 1) = Pr(¢(1) = 1, a2 = 0) + Pr(¢(1) = 0,245, (2) = 1).

By the (assumed) independence of the bits, the joint probabilities in (22) can be factored, so (22)
can be written

(22)

Pr(¢(2) = 0) = Pr(¢(1) = 0) Pr(ixg, 0 = 0) + Pr((1) = D Prla, () = 1) o
Pr(¢(2) = 1) = Pr({(1) = 1) Pr(zn,, .2y = 0) + Pr(¢(1) = 0) Pr(zy;, . (2) = 1
Let wy () be the probability
wy(z) = Pr(¢(k) = z).
Then (23) can be written
w2(0) = w1(0) Pr(zn, .2) = 0) + w1 (1) Pr(an, .2y = 1)
wa(1) = wi(1) Pr(zn, .2 = 0) + wi(0) Pr(zn, .2 = 1),
and, in general (under assumptions of independence)
wk(O) = wk,1<0) Pr(a:/\/m’n(k) = 0) + wk,1<1) Pr(l’j\/’mm(k) = 1) (24)
wk(l) = wk_l(l) Pl"(ﬂfj\[m’n(k) = 0) + wk_l(O) Pr(:BNmﬁn(k) = 1).

This recursion is initialized with wy(0) = 1, wy(1) = 0. (It may be noted that the recursion (26) is
a particular instance of the celebrated BCJR algorithm, named after its originators [32], which also
appears in turbo decoding and hidden Markov model scoring, and a variety of other applications.
In this case, the w probabilities are directly analogous to the forward probabilities of the BCJR
algorithm, usually denoted by «.)

By the recursive computation (24), the probabilities of all possible paths through the trellis are
computed. By the definition of wy(x), Pr({(L) = ) = wy(x) and by (20),

Tmn(0) = wr(0) Tmn(1) = wr(1). (25)
Now consider computing Pr(z,, = 0|¢,, = z,y) for a check node z,, in the first tier of a multi-tier
tree, such as that portrayed in figure 4. In this case, the bit probabilities Pr(z!,) = Pr(c.|yn’)

necessary for the recursion (24) are obtained from the bit nodes in Tier 1 of the tree, which depend
also upon check nodes in Tier 2, excluding check z,,. That is, we use

Pr(cw = xly) = gmw (7)



as the bit probabilities. Then the recursive update rule is written

wi(0) = We—1(0)Gm A (k) (0) + W1 (1) @rnpv () (1)

o (26)
Wi (1) = We—1(1) @A (k) (0) + Wr—1(0) @A (i) (1)

This recursive computation is used for each iteration of the decoding algorithm.

The probability update algorithm (26) can be extended to codes with larger than binary alphabets,
by creating a trellis with more states. For binary codes, however, (26) can be re-expressed in an
elegant way in terms of differences of probabilities. Let ¢,y = ¢ (0) — ¢mu(1) and dr,,; =
Tm1(0) — 7 (1). From (26),

wi(0) — wi(1) = (wr—1(0) = we—1(1))(@mAs (k) (0) = G (k) (1))

Inductively,
k

wi(0) = wi(1) = [ [(@mni ) (0) = Gz iy (1))-

i=1

using 6rn = 7mn(0) — rmn(1), we have

5rmn = H 5qm7l" (27)

VeNmn

This is (11). In words, what this update says is: For each nonzero element (m,n) of A, compute
the product of the d¢,,,» across the mth row, except for the value at column n. The entire update
has complexity O(N).

Having found the dr,,, and using the fact that 7,,,(0) + 7,,,(1) = 1, the probabilities can be
computed as

Tmn(0) = (14 6rimn) /2 Tmn(1) = (1 = 6700n) /2. (28)

Terminating and initializing the decoding algorithm

As before, let ¢, (z) = Pr(c,, = x|{z : m € M, }). This can be computed as

qn(T) = anpn(T) H Tmn (),

mEMn

where «,, is chosen so that ¢,(0) + ¢,(1) = 1. These pseudoposterior probabilities are used to
make decisions on z: if ¢, (1) > 0.5 a decision is made to set ¢,, = 1.

Since the decoding criterion computes Pr(c,, = z|y, checks involving ¢,,), with each bit proba-
bility computed separately, it is possible that the set of bit decisions obtained by the decoding
algorithm will not initially simultaneously satisfy all of the checks. This observation can be used



'

Direction of Processing

Figure 6: Processing information through the graph determined by A. The dashed line illustrates a
cycle of length 4.

to formulate a stopping criterion. If A¢c = 0, that is, all checks are simultaneously satisfied, then
decoding is finished. Otherwise, the algorithm repeats from the horizontal step.

Having the ability to determine when decoding is complete distinguishes LDPC codes from other
iteratively-decoded codes such as turbo codes, in which either a fixed number of iterations is used,
or convergence is declared when the probabilities computed in the algorithm cease changing sig-
nificantly from one iteration to the next [9, 10, 11].

It may happen that Ac = 0 is not satisfied after the specified maximum number of iterations. In
this case, a decoding failure is declared; this is indicative of an error event which exceeds the
ability of the code to correct within that number of iterations. Knowledge of a decoding failure is
important, but not available with many codes, including turbo codes. In some systems, a decoding
failure may invoke a retransmission of the faulty codeword.

The iterative decoding algorithm is initialized by setting ¢, () = p,(z). That is, the probability
conditional on the checks g¢,,.,(z) is set to the channel posterior probability, which is what would
be used if the Tanner graph were actually a tree.

M essage passing viewpoint

The decoding algorithm can be viewed as an instance of a message passing algorithm, of the sort
used for inference in the artificial intelligence literature [11, 22, 23, 31, 33]. In this viewpoint,
messages are passed among the nodes in the Tanner graph. In the horizontal step, “messages”
in the form of probability vectors ¢,,,(z) are passed to the check nodes, where the messages are
combined using (27). In the vertical step, “messages” in the form of probability vectors r,,,(z)
are passed to the bit nodes, where the messages are combined using (16). The iteration of the
algorithm may be viewed as message passing through the graph obtained by concatenating several
copies of the Tanner graph, as shown in figure 6.



In the absence of cycles, such message passing algorithms compute exact probabilities [33]. How-
ever, the presence of cycles in this graph means that the decoding algorithm computes only approx-
imate solutions. Careful analysis of graphs with cycles, however, [34] has shown theoretically that
the approximate algorithm still provides effective decoding capability; this conclusion is borne out
by repeated simulation studies.

A numerical example

For the parity check matrix (3) of example 1 and the received probability vector of example 4, the
decoding proceeds as follows:

Initialization: Set g,,,,(x) = p,(x) from (9)

q"Ln(l)
0.22 0.16 0.19 0.87 0.18 0.76
0.22 0.19 0.55 0.87 0.79 0.25
0.19 048 0.55 0.18 0.25 0.76
0.16 0.48 0.55 0.87 0.79 0.76
0.22 0.16 0.48 0.18 0.79 0.25

Iteration 1: Horizontal Step:

0Tmn
0.1 0.086 0.094 —0.079 0.091 —0.11
—0.013 —0.012 0.075 0.01 0.013 —0.015
0.00067 0.01 —0.0041 0.00064 0.00083 —0.00079
0.00089 0.015 —0.0061 —0.00082 —0.001 —0.0012
—0.005 —0.0042 —0.071 —0.0044 0.0049 —0.0057

Tmn (1)
0.45 0.46 0.45 0.54 0.45 0.56
0.51 0.51 0.46 0.49 0.49 0.51
05 049 0.5 0.5 0.5 0.5
0.5 049 0.5 0.5 0.5 0.5
0.5 0.5 0.54 0.5 0.5 0.5

Iteration 1: Vertical Step:

qmn(l)
0.23 0.16 0.19 0.87 0.18 0.76
0.19 0.16 0.56 0.89 0.79 0.25
0.17 0.51 0.52 0.16 0.26 0.8
0.14 0.51 0.51 0.88 0.78 0.8
0.19 0.14 0.47 0.15 0.79 0.26

qn(1)
[0.19 0.14 0.17 0.5 0.52 0.88 0.16 0.78 0.26 0.8}

C z
0 00 1 1 1 0 1 0 1 0 1 1 1 0

At the end of the first iteration, the parity check condition is not satisfied. The algorithm runs
through two more iterations (not shown here). At the end, the decoded value

¢=[0 00101010 1]



is obtained, which exactly matches the transmitted code vector c of (8).

Even though the minimum distance of the code is 4, the code was able to decode beyond the
minimum distance (in this case), and correct two errors.

More on code construction

The code construction described previously is very simple: simply generate columns at random
with the appropriate weight. However, there are some practicalities to be dealt with. First, if
the columns of A are not linearly independent, some columns can be eliminated, which serves
to increase the rate of the code by decreasing V. Second, it is important to reduce the number
of cycles in the graph associated with the code. Therefore, eliminating or regenerating columns
which would contribute to short cycles is advised. It can be seen that when two columns of A have
an overlap of more than 1 bit (as in the italicized elements of (3)) there is a cycle of length 4 in the
iterated graph. For large IV, this is a very easy condition to check for and eliminate in the random
generation process. With somewhat more work, longer cycles can be detected and removed.

Why low-density parity-check codes?

The iterative decoding algorithm described in this paper applies to any parity check code. For
example, Hamming codes are able to benefit from decoding using this algorithm; [26] reports
coding gains of 1.5 dB using the iterative decoding algorithm compared with conventional hard
decoding of the (7,4) Hamming decoder. Since any linear code can be decoded with this algorithm,
why, then, should low-density parity-check codes be contemplated?

First, the codes have excellent distance properties. Gallager showed that the minimum distance
dmin Detween codewords increases with N when column and row weights are held fixed [3, p. 5],
that is, as they become increasingly sparse. Sequences of LDPC codes as N — oo have been
proven to reach channel capacity [5]. (Incidentally, these proofs establish the fact that there is
no “error floor” for these codes.) LDPC codes thus essentially act like the random codes used in
Shannon’s original proof of the channel coding theorem.

Second, the decoding algorithm is tractable. As observed, the decoding algorithm has complexity
linearly proportional to the length of the code. (For a nonsparse parity check matrix, the decoding
complexity would be proportional to N2.) Thus we get the benefit of a random code, but without
the exponential decoding complexity usually associated with random codes. These codes thus
fly in the face of conventional coding wisdom, that there are “few known constructive codes that
are good, fewer still that are practical, and none at all that are both practical and very good.” [5,
p. 399]. While the iterative decoder algorithm may be applied to any parity check code, it is the
extreme sparseness of the parity check matrix for LDPC codes that makes the decoding particularly
attractive. The low-density nature of the parity check matrix thus, fortuitously, contributes both to
good distance properties and the relatively low complexity of the decoding algorithm.



For finite length (but still long codes), excellent coding gains are achievable as we briefly illus-
trate with two examples. Figure 7(a) shows the BPSK probability of error performance for two
LDPC codes, a rate 1/2 code with (N, K') = (20000, 10000) and a rate 1/3 code with (N, K) =
(15000, 10000) from [13], compared with uncoded BPSK. These plots were made by adding sim-
ulated Gaussian noise to a codeword then iterating the algorithm up to 1000 times. As many as
100000 blocks of bits were simulated to get the performance points at the higher SNRs. In all
cases, the errors counted in the probability of error are detected errors; in no case did the decoder
declare a successful decoding that was erroneous! (This is not always the case. We have found that
for very short toy codes, the decoder may terminate with the condition Ac = O, but ¢ is erroneous.
However, for long codes, decoding success meant correct decoding.)
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Figure 7: Illustration of the decoding performance of LPDC codes, and the number of iterations to
achieve decoding.

Figure 7(b) shows the average number of iterations to complete the decoding. (The peak number of
iterations, not shown, was in many instances much higher.) The high number of iterations suggests
a rather high potential decoding complexity, even though each iteration is readily computed. It has
been estimated [5, p. 420] that the decoding complexity per bit is 6w./R multiplies per bit per
iteration. For the R = 1/2 code with w. = 3, this is 36 multiplies per bit per iteration. For 50
iterations, this is 1800 multiplies per decoded bit. For comparison, the turbo code of [2] is reported
to require 3800 operations per decoded bit.

There are some potential disadvantages to LDPC codes. First, the best code performance is ob-
tained for very long codes (as predicted by the channel coding theorem). This long block length,
combined with the need for iterative decoding, introduces latency which is unacceptable in many
applications. Second, the encoding operation is quite involved, since the G matrix is not necessarily
sparse, so the encoding complexity is O(N?). Work is underway to find structured encoder matri-
ces that can encode with lower complexity or to otherwise efficiently encode; see e.g., [35, 36].



It should also be pointed out that, while this introduction has focused on regular binary codes, the
best known LDPC codes are irregular and over GF'(2™) for m = 3 or 4.

Summary and Conclusion

LDPC codes are very strong codes, capable of approaching channel capacity. It is easy to create a
parity check matrix for them, and the decoding algorithm has complexity only linear in the code
length. It is expected that LDPC codes will be used in a variety of upcoming applications. Work
is underway to implement LDPC in DSL, wireless links, and high density magentic recording
applications, as well as applications to space-time coding.
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