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ABSTRACT
We explore the idea of matching a scaling function - the basic building block of a wavelet function - to a
desired spectrum. This would allow the scaling function to be used as the signal pulse for a digital
communication system that is matched to the channel, avoiding problems such as energy loss or noise
amplification due to spectral nulls. An unconstrained parameterization of the scaling function coefficients
represents the scaling functions. This parameterization is adapted using gradient descent. Tests indicate
that the adaptation is able to capture major features of a desired spectrum, including spectral nulls and
major lobes.
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INTRODUCTION
In most digital communication systems, the signalling waveform shape is chosen primarily without regard
to the channel through which the signal passes, except for the most pressing consideration of channel
bandwidth. Thus, close attention is paid to spectral efficiency in signal selection, and waveforms such as
GMSK or square-root raised cosine are frequently used [1]. However, there are other influences in a
channel that may have bearing on the signal design. Consider the common circumstance in which the
passband of the channel is not a perfect bandpass filter; more specifically, consider the case in which there
is a significant notch in the passband. Ideally, less power should be expended at such frequencies, since
they are attenuated by the channel. Or consider the case that the noise power spectrum density (PSD) is
not white. Then the transmitted power should ideally be concentrated at those frequencies where the noise
PSD is smallest. In fact, information theory prescribes exactly such a signal design in order to achieve
capacity [2, Chapter 8]. Influences such as channel spectrum and noise spectrum are frequently dealt with
at a receiver using equalizers or whitening filters, but these are suboptimal approaches. In conjunction with
these methods there is the possibility of explicitly shaping the transmitted waveform to match some desired
spectrum based on the channel and noise. In combination with other techniques, such as preceding to shape
the correlation structure of the waveform, there is thus considerable flexibility available to the system
designer in matching the signal to the channel. This moves us closer toward the view of digital
communication expressed by Blahut [3, p. vii]:

We can give a whimsical definition of a digital communications system as a communication
system designed to best use a given channel, and an analog communication system as one
designed to best fit a given source. The spectrum of a well-designed digital communication
waveform is a good match to the passband characteristics of the channel; the only way the
source affects the spectrum of the waveform is by the bit rate.
In many channels, the response or noise PSD may change over time, so it is desirable to provide for
adaptation of the transmitted waveform. This suggests the need for a parameterized signal that can be
tuned, or adapted, to the changing channel. The goal of this paper is to introduce a parameterized family of
waveforms which can be tuned to provide some degree of match to a desired spectrum D(T). These
waveforms could be used as the baseband waveforms for a digital communications system, where D(T)
represents the signal desired spectrum as determined by the channel response and the noise PSD. (The
problem of determining D(T) is not addressed by this paper; the literature of channel and spectral
estimation introduces several approaches to the problem in a communications setting.) Another approach
to this problem has also been explored in [4].
The family of waveforms explored here are instances of scaling functions (associated with wavelet
functions). These offer many potentially interesting attributes in a communication setting, such as
bandwidth efficiency, multi-scale transmission, and performance benefits in fast fading channels [5]. Using
a parameterization due to Zou and Tewfik [6], scaling functions may be parameterized by only a few
parameters. Hence, they make interesting candidates for baseband waveforms.
SUMMARY OF WAVELET PARAMETERIZATION
Scaling functions are the basic building blocks of dyadic wavelet transforms. A scaling function N(t) is a
low-pass function that satisfies the two-scale dilation equation [7, 6]
(1)

Wavelets are built from scaling functions using a two-scale relation

In order to satisfy orthogonality requirements of wavelet transforms, the sequences of coefficients {ck}
must satisfy the the constraints

(2)

for m = 1,...,M - 1, where M is said to be the number of vanishing moments of the scaling function. The
number of coefficients N must be even. Also, the {dk} coefficients satisfy
(3)
that is, they are reverse in order, and alternate in sign. Subject to (2) and (3), the set of functions
forms an orthonormal basis for
[7] . As the coefficients {ck} are
changed, subject to (2), various scaling and wavelet functions are produced.
Suppose now that some desired spectrum D(T) is specified, and it is desired to determine a scaling
function N(t) whose transform
matches the desired spectrum as closely as possible, so that
is minimized. We will use the L2 norm, so that

(where only the positive frequency terms are used because of an assumed symmetry). Let c denote the
vector of N parameters, c = [c0, c1,..., cN-1]T. We will represent the parameterization of the scaling function
by
. The minimization problem can be stated as

subject to the conditions in (2).
Satisfying the constraints in as stated in (2) is quite complicated. However, there is a different
parameterization of c which automatically enforces the constraints. Let

and

be the discrete-time filters corresponding to the coefficient sequences. The polyphase representations of
H(z) and G(z) are obtained by collecting the even- and odd-exponent terms together as

This can be written in matrix form as
(4)
It can be argued [6, 8,
9] that if the matrix E(z) is lossless, then constraints (2) are satisfied, where a lossless matrix E(z) is a
stable matrix for which

and where

and where E* indicates conjugation of the coefficients without conjugating z. If we restrict our attention to
purely real filters, we have

A parameterization for a lossless matrix is thus a parameterization for a scaling function. It can also be
shown [10, 11] that every 2 x 2 lossless matrix E(z) of degree k can be written as

where

where H indicates conjugate transpose, and where vi is a unit vector. The matrix V0 is a constant unitary
matrix, which we will take as

Without loss of generality, we can take

Since H(z) has N coefficients, the polynomials in E(z) of (4) has N/2 coefficients (degree N/2 - 1), so it can
be parameterized as
Using (4), we now have a parameterization of the coefficients of H(z) in terms of 2 = {20,21,... ,2N/2-1}, and
these parameters are unconstrained. The vanishing moment condition can be shown [6] to lead to the
condition that 20 = 3B/4. There are thus N/2 - 1 free parameters 20,21,... ,2N/2-1 to describe the scaling
function with N coefficients. We will let the scaling function 2 parameterized by the coefficient set 2 be
denoted by 2(t; 2), and its Fourier transform by
.

SPECTRAL PROPERTIES OF SCALING FUNCTIONS
Let
denote the Z-transform of the scaling coefficient sequence. By (1) and the
properties of Fourier transforms, if follows that

and, by induction,

since
upper limit.

. In practice, the infinite product is approximated by choosing some finite

For the problem of matching a scaling function to a desired spectrum D(T), we want to minimize
(5)
GRADIENT DESCENT OPTIMIZATION
Let
denote the parameter set at the pth iteration of the algorithm. The
gradient descent update of 2 is obtained from

where µ is a step size parameter. The gradient can be computed from The gradient can be computed as
follows:

(6)

(7)
where (6) follows since the energy of N does not depend on the coefficients and (7) follows since D(T) is
not a function of 2. Then the gradient can be computed as,
(8)
To be practically implemented, this product must be truncated at a finite number of terms, P. Let

(9)

Then

Because of the product, it is convenient to using the logarithmic differentiation rule Lf = f L log f to obtain

(10)

(11)

where

with

The integral in (7) may be discretized for rapid computation, and written as

(12)
where Np represents the number of discretization intervals and Td represents the frequency points of
interest. By iteratively running the loop either till J(2) has a satisfactory minimal value or until a minimum
is reached, a good estimate of the parameter 2 can be made.

Figure 1: A plot of J(2) and its derivatives.

Figure 2: A plot of J(2) and its derivative. The plot J represents J(2) and delJ1 the derivative of J(2) with
respect to the parameter 21. The plot of J shows more than one minimum.
TESTING
Because of truncation in the infinite product, the derivative is only an approximation to the true derivative.
This is demonstrated in figure 1, which shows J(2) and its derivatives with respect to 21 and 22. In this
figure, the desired spectrum is obtained from a four-coefficient scaling function. The horizontal axis in the
figure is the 22 parameter, and the other parameter is fixed. When 22 = 2, J(2) = 2, but the computed
derivatives, indicated by delJ1 and delJ2, are not zero at the point of minimum, due to truncation.
As with most gradient descent methods, there is always the potential for the algorithm to converge to a
local minimum. This combines with the approximate gradient problem to lead to only approximate
solutions. As an example, figure 2 shows J(2) (again where D(T) is a scaling function) as a function of a
parameter 2 and also the derivative with respect to 2. As observed before, the gradient is not zero at the
points of minimum (because of the approximation). If the starting value of 2 = 0.9 is used, the gradient
descent algorithm converges to a final value of 2 = 1.135 (the value where the derivative is zero), and if
the starting point of 2 = 2.2 is chosen, the gradient descent algorithm converges to 2 = 2.718.
Figure 4(a) illustrates a desired spectrum D(T) generated at random with only one side lobe. With N = 6
parameters, starting from an initial 2 of (3.1, 2.0), the gradient descent algorithm gave a final solution of
2 = (2.0, 0.246), producing the scaling function shown in figure 4(b). After convergence, J(2) = 13.14.
Note that the algorithm has found a function which captures the major features of the desired waveform,
including the point of zero spectrum and the presence of the sidelobe, but has not captured all the fine
detail.
Figure 3(a) illustrates another randomly selected desired spectrum D(T) having multiple lobes. Figure 3(b)
illustrates the scaling function spectrum found by gradient descent when N = 4, starting from 2 = 3.1 and
converging to 2 = 0.322. Figure 3(c) illustrates the spectrum when N = 6, starting from 2 (3.1, 1.0) and
converging to 2.969, 0.621); the fitness function was J(2) = 11.60. Figure 3(d) illustrates the spectrum
when N = 8 starting from 2 = (3.1, 1.0, 2.5) and converging to (0. 289, 0.445, 2.62), with J(2) = 15.0186.

In each case, the major features of the desired spectrum are found, including the locations of the zero
response frequencies and approximations to the peaks.

Figure 3: A desired signal spectrum generated randomly for checking the performance of gradient descent
algorithm, and matched spectra for values of N
SUMMARY
A method of matching scaling function waveforms to desired spectra has been discussed using gradient
descent on an unconstrained parameterization of scaling functions. Tests indicate that due to
approximations in the spectrum the gradient descent produces results that are biased and may converge
only to a local minimum. Nevertheless, tests with randomly generated desired spectra indicate that the
major features of a spectrum are obtained when the algorithm is used.
Application of this may be appropriate to slowly varying channels with spectral nulls, for which
transmission of energy at spectral null frequencies would be wasteful and for which equalization would be
difficult. Because it is a gradient descent approach, the method may be appropriate for an on-line
adaptation technique when used in conjunction with an on-line channel estimator.

Figure 4: A desired spectrum generated randomly with one sidelobe, and its wavelet match
using gradient descent. side lobe
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