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Summary.  We consider a centralized network model representing a teleprocessing or a
centralized computer communication network. The network is topologically described by a
tree structure. A single central node represents a data-processing center, while the other
nodes correspond to remote terminals. A maximal average message delay value is
prescribed. A cost function is assumed to incorporate a term representing link costs,
dependent only on the link flows, and a term involving weighted (distance related) sum of
the powers of the link-capacity values. We then solve for the optimal link capacity
assignment, yielding the minimal value of the cost function under the prescribed maximal
message delay value.

Introduction.  Centralized computer communication networks or corresponding
subnetworks and many teleprocessing networks require the connection of remote terminals
to a central processor. Actual examples are time-sharing, airline-reservation and on-line
banking networks. To efficiently utilize the capacity of the teleprocessing network
transmission lines, several terminals are often connected to a single line, called multidrop
or multipoint lines. The latter usually assume a tree topological structure. The central
processor in the centralized network under consideration can be a central computer
servicing all the other remote terminals. It can also be a concentrator (or a multiplexor,
message-switch, etc.) which accumulates the messages from the remote terminals and
appropriately schedules them for further transmission to a central computer or to another
message-switch in the associated centralized or distributed computer network.

Considering thus a tree graph to topologically model such a centralized teleprocessing and
computer communication network, we study here the problem of assigning optimally link
capacities. The message maximal average time-delay (response time) is prescribed, while
link capacities are chosen so that a network cost function is minimized. The latter cost
function is set to incorporate a sum of the link costs, under a specified link cost per unit
capacity (e.g.; proportional to the link geographical distance). It can furthermore involve
the sum of two terms; the first yielding a fixed sum depending on the traffic handled by the



link (associated buffer sizes, complexity of nodal processing devices, etc.); the second
term involves a weighted (e.g.; distance related) sum of powers of the link excess
capacities (i.e.; the link capacity above the minimal value, which is equal to the the link
traffic rate). Under a prescribed maximal message delay and the above network cost
function, we obtain the optimal link capacity assignment. We consider the situation at
which messages flow only between the remote terminals and the central processor. In
Section 4 we indicate the solution to the case at which, in addition, any two remote
terminals can send messages to each other if they both belong to a prescribed group of
remote terminals.

The situation at which any network node, being a user terminal or a computer, can
communicate with any other node, thus modeling a distributed tree computer
communication network, has been studied in [1]. In particular, the latter study presents the
solution to the capacity assignment problem, under a network maximal average delay
measure and a cost function given by the overall network link capacity. Thus, on one hand,
our results here correspond to a more specialized traffic matrix, representing the
centralized flow configuration, while on the other hand they generalize the results in [1] to
incorporate a more general (link distance, capacity and flow dependent) cost function.
Otherwise, the analysis and proof techniques are similar to those presented in [1] and the
reader is referred to it for further details.

An algorithm which yields the optimal link capacity assignment is described in [2], when a
maximal delay measure is considered as well as an available finite set of link capacities.
Utilizing parallel and series link merging procedures, this algorithm appropriately
enumerates all delay-cost candidate solutions at each node, incorporating the given
capacity-cost relationship for each link. In the problem studied here, no restrictions are
imposed on the set of capacities to be chosen and an analytic cost function is incorporated,
so that a simple and direct algorithm is developed to yield the optimal link capacity
assignment. For actual examples and further analysis and design considerations of
teleprocessing and centralized computer networks, see [3]-[4]. For terminal layout studies,
using heuristic techniques to yield sub-optimal algorithms, assuming generally given
(uniform) line capacity values and incorporating constraints such as maximal link flows (to
restrict message delays) and a maximal number of terminals per network branch (to
increase network reliability), the reader is referred to [5]-[6] and the references therein.
For design and capacity assignment considerations of reliable distributed computer
networks, see [7]-[8].

Problem Statement and Delay-Cost Product Functions.  The communication network is
described topologically as a tree graph T = (v,'), with set of vertices V = {vi, i =1,2, .... n}
and set of edges ' = {bi, i = 1,2,...,n-1}. Graph T is connected and has no cycles. Each
edge bi corresponds to a (symmetric duplex) communiation channel with capacity Ci



[bits/sec.]. Messages are sent between vertex vi and vj at random times, following Poisson
statistics, with rates 8ij [mess./sec.], i,j = 1,2,...,n . For notational simplicity, assume 8ij =
8ji for each i,j Since in a tree there is a unique path between any two vertices, we choose
this path to route the messages. The overall message flow intensity, in any one direction,
along edge bi , subsequently follows from the tree structure and is denoted as 8i

[mess./sec.].

Assuming message-lengths to be statistically independent and exponentially distributed
with average length µ-1 [bits/mess.], we model the underlying queueing network as
composed of independent queues. The queueing process at each node is described as an
M/M/1 queue, so that the average (steady-state) delay along edge bi , dentoed as (i , is
given by

(1)

when Ci > 8iµ
-1 , and (i = 4 when Ci < 8iµ

-1, The overall network delay measure ( is
chosen to be the maximal average message delay for any terminal flow. Thus,

(2)

where (ij is the average delay of a message directed from vi to vj along the unique
corresponding path.

We assume the topological structure of the tree graph T and the flow matrix {8ij} to be
given. (Furthermore, assume 8i > 0 each i , for otherwise bi can be deleted.) We wish to
assign edge capacities so that the network yields a prescribed maximal delay ( and an
appropriately chosen network cost function is minimized. The cost function D is chosen to
be given by

(3)

where N(·) is an arbitrary function, di > 0,each i, and " > 0 . Cost function (3) is
represented as the sum of two terms. The first term depends on the edge flow intensities
alone and thus yields a cost factor independent of the line capacity values (incorporating
factors such as buffer capacities, nodal information processing charges, traffic handling,
code conversions, etc.). The second term represents a cost factor which is equal to the
weighted sum of the powers of the line excess capacities. For line bi , weight di

(proportional, for example, to the distance or transmission quality associated with bi) of
cost per unit capacity is assumed, combined with the excess capacity (being the additional



required line capacity above the minima capacity value of 8iµ
-1 ) , Ci-8iµ

-1 to yield edge bi

cost factor di(Ci-8iµ
-1)" .

As a special case, cost function (3) assumes the form

(4)

(5)

where " > 0 , di > 0 , each i . For " = 1 , the network cost function D1 results,

(6)

We further note that the cost function D(") , given by

(7)

is related to D" as follows. We express D" as

(8)

(9)
Consider now the capacity assignment problem. We define

(10)

where a1 > 0, di> 0, each i, a> 0, a> 0. Setting in (4) a• a, 
ai • !i, each i, we obtain a further reduction to cost function 
Da,a • Da given by 

D(a) ... I di~ , O < a s 1 , 
i 

where pi= Ai/µCi is the traffic intensity at edge bi. Since Os P1 s 1, 
0 <as 1, we have [p1 + (1-pi)a] s 2 , so that 

D(a) $Das 21-a. D(a) , O<a:s.1. 

D*(y) • Min {D: yjk s y, each j,k}, 
{Ci} 



to denote the minimal network cost under a prescribed maximal delay (, over all choices
of link capacities. Similarly, for a given network cost value D , the minimal attainable
maximal delay value is expressed as

(11)

where D(T) denotes the cost function (3) associated with tree network T .

The capacity assignment problem is reduced as follows. We decompose each capacity
value by setting

(12)

We need require

(13)

(14)

We can now define the reduced capacity assignment problem which determine the excess
capacities {     }, or equivalently the optimal line delay assignment. For the latter we obtain
the performance functions corresponding (10)-(11) to be given by

(15)

(16)

where the excess cost function D is equal to

(17)

Y*(D) • Min {y: D(T) s D} , 
{Ci} 

so that yi < m Thus, an overall capacity of at least c0 = l C~, with 

~orresponding cost D0 , is required to achi~e a finite messag! delay, 
y < m. In terms of fhe excess capacities Ci, we thus have 

-1 -
y i "' µ /Ci • 

r•<o> • M!n {y: 
{Ci} 

-D*(y) = M,in {D: 
{Ci} 

yjk ~ y, each j,k, yi • 1/C1} , 

_ n-1 
1 ' - a D = D - D • L d (C -Aµ ) 

0 1-1 i i i 



We then obtain

(18)

(19)

Following [1], we can prove the following “uncertainty principle” type property for the
reduced capacity-assignment problem.

Theorem 1. For the reduced capacity assignment problem, for each (,(0,4), D > 0, " > 0 
we have

(20)

where              is a unique constant, called the Delay-Cost number of the network, which
depends only on the topological structure of the tree network.

Having solved the reduced capacity assignment problem, obtaining               and the
optimal excess capacity values {      *} , the optimal edge capacity Ci* is subsequently
equal to

(21)

while the minimal cost function follows from (19) to be

(22)

where D0 = N({8iµ
-1}) for cost function (3).

We further note that the network Delay-Cost product function ((D)(() ,defined as

(23)

is subsequently expressed as

(24)

Expression (24) yields a separation of the network Delay-Cost product function into the
sum of two terms. The first one involves only the link flows, while the second one
incorporates the network Delay-Cost number                , which is determined by solving



the reduced capacity-assignment problem, satisfies property (20) for the latter problem,
and depends only on the tree topological structure, being independent of the link actual
flow values.

We also note that Theorem 1 and the separation property (24) hold for a general
topological structure, under any fixed routing discipline, with cost function (3) being the
general form of a cost function allowing these characteristics (see [7]-[8]).

Optimal Capacity Assignment for a Centralized Tree Communication Network.  We
consider a tree network G where vertex v, represents the central processor, while the other
vertices {vi, = 2,3,...,n} are the remote terminals. The terminal traffic flow intensities
satisfy

8ij > 0 iff i = 1 or j = 1 , i … j , (25)

so that 8ij > 0 , j $ 2 , 8ij > 0 , i > 2 , and only flows from and to vi are assumed. We wish
to obtain the link capacities {Ci} which yields a maximal delay ( and minimal cost D . We
have shown in Section 2 that we thus need solve only the reduced capacity assignment
problem, obtaining {     } . The link capacities are then found by Eq. (21). We thus solve
here the reduced problem, obtaining a simple procedure which yields the optimal line
excess capacity values {     *} .

Definition 1.  For a tree rooted at v G(v) , the distance measure Ru at each vertex u is
defined as follows: 

1.  RU × = 0   for each end vertex u of G(v).



2.  If od(u) = N $ 1 , and (u,u1) , (u,u2),...,(u,uN) are the lines incident from u , with
corresponding weights d1,d2,...,dN , we set

(26)

We note that for each sub-tree Gi(v) rooted at v , distance measures {Ru} are computed
starting from the end-vertices and proceeding backwards to vertex Vi .

The optimal capacity assignment proceeds as a sequence of series and parallel merges of
lines. Each such merge reduces a subgraph into a single line with an associated new line
weight. The final reduced graph is a two edge tandem graph. The optimal capacity
assignment for the latter graph yields the optimal capacity for (v,vi) and subsequently,
proceeding towards the end-vertices, for each line.

For a two edge tandem tree with edge weights d1 and d2 , and corresponding optimal delay
assignments, (1* and y2* , and capacity assignments       * and      * , respectively, we
readily obtain

(27a)

so that

(27b)

and (2* = (-(1* .

To perform a parallel merge, we note the following property. We consider in each
subgraph Gi(v1) the rooted sub-tree Gj(u) which contains line (u,uj) and the component

R. = 
u 

N 
[ l 
i=l 

N -1 "' [ l R.l~G (u)]](l+Cl) 
i=l i • 

(l+ct)-1 
where i[G

1
(u)] = tu. + d1 denotes the distance associated with 

rooted subtree Gi(J-). The distance measure of the tree rooted at v is 
i = i[G(v)] • I 

V 

c * y * 1 2 
D= y * = 

2 1 

-1 
(d ) (l+a) 

2 
-1 , 

(d ) (l+a) 
1 

• 



connected to uj when (u,uj) is removed. In Gj(u), the paths from u to the Li end-vertices are
denoted as {Bij , k = 1,2,...,Lj) . An optimal assignment will induce the latter paths to have
delays {(*(Bjk)} , for which we can state the following property. (The proofs follow as in
[1] with the appropriate modifications to incorporate the present weights, and are thus
deleted.)

Lemma 1. For each Gi (v1) and a rooted sub-tree Gj(u) , we have

(28)

Using Lemma 1, we can thus subsequently show that each sub-tree Gj(u) can be replaced
with a single weighted edge eu , incident from u , with associated weight R[Gj(u)] . Under
the latter reduction, the delay-capacity product of G is shown to remain unchanged, and
the optimal excess-capacity assignment thus follows as summarized by the following
Theorem.

Theorem 2. For subgraph Gi(v1) , each i , the optimal delay and excess-capacity values
assigned to any edge Rmn = (vm,vn) , whose cost-weight is dmn  (*(emn) and C

˜
*(emn) ,

respectively , are given by

(28a)

(29b)

(29c)

(29d)

where             are the distance measures evaluated for Gi(v1) rooted at v1. The Delay-Cost
product for  Gi(v1 ) is subsequently given by

(30)



Theorem 2 thus yields a simple algorithm for the evaluation of the optimal link delay or
link excess-capacity assignment, for each subgraph Gi(V1) . We first evaluate the node
distance measures, starting from the end-vertices of Gi(V1  and proceeding to v1 following
Definition 1. Then, proceeding in the opposite direction from v1 to the end-vertices we use
cost-weights {di} and above distances {Ru} to evaluate (*(e), following iterative procedure
(29). The optimal link capacity value is then computed using this C

˜
*(e) value and Eq. (21).

Note that the Delay-Cost product number ((D)"* is given in terms of the subgraph
distance measure as indicated by Eq. (30).

Conclusions and Extensions.  We have derived a solution to the link capacity assignment
problem in a centralized computer communication network, assuming a tree structure. A
maximal message average delay is prescribed. The cost function incorporates a weighted
sum of the powers of the line capacities, as well as a separate term yielding link-flow
related costs.

If we allow terminal nodes to communication between themselves, in addition to directing
messages to and from the central processing node v1, we note the following. Assume the
set of vertices V-{v1} can be decomposed into disjoint sets {Vi, i = 1,2,...,L} ,

so that for i,j; 1. Aii > 0 iff vie Vk. u e Vk. some k. so that 
Aij • 0 if vie Vk • v1 J Vk • some K. Then,jterm1nals within a node 
su~set Vi can communicate between themselves, in addition to being 
connected to v1 • We then define subgraph Ti(v1) to be the maximal 
subgraph of the tree network T which spans viU {v1}. Clearly, to 
guarantee a maximal delay value y for T • we just need to gurantee such 
a value for each subtree Ti(v1) • The problem has thus been reduced to a 
set of separate capacity assignment problems, each solved independently for 
the corresponding subtree Ti(v1) • The latter problem is however not 
identical to that prsented in Section 3 since the traffic flows within each 
subtree do not correspond to a centralized flow pattern. Using the algorithm 
derived in Section 3 can thus result with a path between two remote termin
als assuming a message delay higher than y. However, the problem now has 
been reduced to a capacity assignment problem in a distributed network under 
maximal delay y and cost function D. Therefore, this problem is solved 
by utilizing the solution algorithm derived in (1], with the node distance 
measure defined here by Definition 1 replacing that used in (1] (where the 
cost function assumed is D = l Ci) • 

i 
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