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ABSTRACT 

In this research, a novel, unique systematic procedure was implemented to investigate 

the influence of the fracture networks and confining stresses on the jointed coal mass 

strength (JCMS). Both a laboratory experimental scheme and a numerical modeling 

scheme were carried out at the 3-D level.  

The laboratory experiments were performed to achieve the following three goals. Firstly, 

the geomechanical properties for the intact coal and coal discontinuities were estimated 

through the laboratory geomechanical property tests. Secondly, naturally existing fracture 

networks in the cubic coal blocks were first detected by the industrial Computed 

Tomography (CT) scanning technique and then quantified by the fracture tensor based 

methodology. Thirdly, polyaxial tests were conducted on the same cubic coal blocks to 

obtain the JCMS values under different confining stresses. 

With respect to the numerical modeling, PFC3D and 3DEC software packages were used 

to simulate the polyaxial compression tests for intact and jointed cubic coal blocks, 

respectively. From more than twenty intact rock strength criteria, nine criteria were 

selected for this research. The intact coal strength data bank obtained from PFC3D modeling 

was used to evaluate the applicability of nine different intact rock strength criteria. A 

modified grid search (MGS) procedure is proposed and used to find the best fitting 

parameter values and calculate the coefficient of determination (R2) values for each 

criterion. These criteria are compared in detail using the following features: R2 values, σ1 - 

σ2 plots for different σ3, shapes on the deviatoric planes, linearity or nonlinearity on the 

meridian planes. The regression analysis and the MGS procedure were found to be 



21 
 

equivalent in finding the best fitting parameter values for a certain intact rock strength 

criterion. Through the comparisons, the modified Wiebols-Cook and modified Lade 

criteria were found to provide the highest R2 values and fit the intact coal strength data best 

on the σ1 - σ2 coordinate plane and meridian planes. Based on the appearances on the 

deviatoric plane, the nine intact rock strength criteria are categorized into three types: the 

single shear stress criteria, the octahedral shear stress criteria and the criteria incorporating 

the maximum principal shear stress and partial intermediate principal shear stress. The 

relative positions of the different criteria on two specific meridian planes are also discussed. 

The geometric model of the jointed coal block was first set up by incorporating the 

fracture network constructed from the CT scanning into the intact coal block using a 

modified fictitious joint procedure. The numerical parameter values of intact coal and coal 

discontinuities were then calibrated and validated through a trial and error procedure using 

the laboratory test results of some selected samples. Next the JCMS data bank was 

consummated by performing a four-phase numerical investigation on several jointed coal 

blocks having selected fracture networks and five additional artificial fracture networks 

under different confining stress combinations. Finally, a new empirical coal mass strength 

criterion was developed to estimate the JCMS values at the 3-D level. The developed new 

model is capable of capturing the scale effect and anisotropic strength behaviors. It can 

also be applied to rock masses having approximately orthogonal fracture systems or for 

masses where fracture system can be reduced to an equivalent orthogonal fracture system. 

The following new contributions were made in this dissertation to advance the existing 

state-of-art on the dissertation topic: (a) A new, unique methodology as shown in Fig. 1.1 

incorporating the following aspects was used to develop a new 3-D coal mass strength 
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criterion: a complete set of geomechanical property tests, fracture network detection and 

quantification, polyaxial compression tests, numerical decomposition techniques; (b) A 

new procedure was developed to construct the fracture network in the coal cubes starting 

from CT scans to perform numerical modeling using 3DEC. In this procedure, a modified 

fictitious joint framework was also proposed to extend the applicability of the original 

fictitious joint framework, which allows incorporating a large quantity of non-persistent 

joints with acceptable numerical calculation effort; (c) A new 3-D coal mass strength 

criterion was developed to incorporate the fracture network and 3-D confining stress 

system to capture the anisotropy and scale effect of coal mass strength. The proposed 

criterion not only includes the influence of the intermediate principal stress, which is 

ignored by some existing strength criteria, but also includes the intensity and orientation 

and size probability distributions of the fracture system explicitly by a fracture tensor based 

methodology, which is far more advanced than most of the current criteria that are based 

on rock mass classification systems having only scalar indices; (d) A modified grid search 

procedure was proposed and used to evaluate the applicability of nine different intact rock 

strength criteria. The best intact rock strength criteria applicable for the intact coal data 

obtained through PFC3D modeling were found by performing the most detailed intact rock 

strength criteria evaluation incorporating σ1 – σ2 – σ3 plots and behaviors on the deviatoric 

and meridian planes, which improves the understanding of the available intact rock strength 

criteria. 
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CHAPTER 1 

INTRODUCTION 

1.1 Overview 

Most naturally occurring discontinuous rock masses comprise of intact rock interspaced 

with different types of discontinuities. The following different types of discontinuities exist 

in rock masses: fissures, fractures, joints, faults, bedding planes, shear zones and dykes. 

Due to the presence of discontinuities, the geomechanical response of discontinuous rock 

masses can be highly complicated under complex geology and in-situ stress systems. 

Therefore, civil and mining engineers face many difficulties in tackling design and 

construction tasks associated with geotechnical systems that are in or on discontinuous rock 

masses. Such geotechnical systems cover a wide range: tunnels for hydropower and 

transport, dams, deep foundations, natural and man-made rock slopes, surface and 

underground excavations made for ore extraction, and underground repository for oil, gas 

and hazardous waste. In dealing with these rock engineering projects, rock mass stability 

is the main concern for the engineers. To arrive at a safe and economical design, it is very 

important to have a good understanding of the rock mass strength. Rock mass strength 

depends on the (a) lithology, (b) discontinuity network, (c) geo-mechanical properties of 

the discontinuities, (d) geo-mechanical properties of the intact rock, (e) in-situ stress 

system, (f) size of the rock mass, (g) shape of the rock mass (h) loading/unloading stress 

path, (i) loading rate, (j) pore pressure in the rock mass and (j) environmental conditions 

(such as temperature, humidity etc.) of the rock mass [1]. The presence of complicated 
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fracture networks, the inherent statistical nature of their geometrical parameters, and the 

uncertainties involved in the estimation of their geometrical and geo-mechanical properties 

and in-situ stress make accurate prediction of rock mass strength a very difficult task [1]. 

Study of intact rock strength criteria is an important item in estimating the rock mass 

strength. Researchers have focused studies on strength of material and structures for more 

than one hundred years. For rock materials, more than twenty strength criteria have been 

developed. For mathematical convenience, all those criteria are established based on 

several simplifications and assumptions. Each criterion has its own characteristics and 

restrictions. However, nothing can compel the real rock to behave according to those 

theoretical models. Hence, it is very important to evaluate different intact rock strength 

criteria and choose appropriate models yielding the best fits. 

Representative elementary volume (REV) is a definition proposed by Hill [2] in the 

theory of composite materials. REV is the threshold volume beyond which property 

measurements will approach a constant and represent the equivalent behavior of the whole. 

Rock masses under their REV size show a marked scale dependent behaviors, while rock 

masses beyond their REV sizes can be considered as a geological homogeneous body.  

Based on the rock fracture data available from a dam site in China, Wu and Kulatilake [3] 

investigated the REV size with respect to fracture system as well as mechanical properties. 

They found that the REV size to be around 8-10 times the mean discontinuity size of the 

rock mass. For the REV size, they performed a series of strength and deformability 

numerical analysis to obtain rock mass mechanical parameter values in every 45° direction 

in 3-D. Their numerical results clearly indicated that the strength and deformability of rock 

masses are highly influenced by the pre-existing fracture system of the rock masses. 
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Because of the pre-existing fracture network systems, discontinuous rock masses show 

very significant scale effect and anisotropic behaviors. 

In this research, coal mass was chosen as our experimental objective. Coal mass is a 

typical sedimentary rock mass which has three approximately orthogonal discontinuity sets 

(bedding plane, face cleat and butt cleat). Bedding plane can be considered as a major 

discontinuity set and face and butt cleats may be considered as minor discontinuity sets. 

To investigate the influence of the fracture network on the jointed coal mass strength 

(JCMS), the fracture network must be detected and evaluated before subjecting the jointed 

coal masses to strength tests. Also it is necessary to have sufficient variability of the 

fracture networks. To investigate the influence of the confining stress on the JCMS, a 

certain number of polyaxial tests for jointed coal masses must be conducted under different 

confining stress combinations. The development of a new 3-D coal mass strength criterion 

requires a databank containing a large number of strength values of jointed coal mass with 

different fracture networks under different confining stress combinations. Therefore, a 

systematic research procedure incorporating all the aforementioned aspects must be 

implemented to achieve this goal. The used procedure (see the flowchart shown in Fig. 1.1) 

is described as follows: 

a) Geomechanical property tests for intact coal and coal discontinuities were 

performed in the laboratory to estimate the mean, standard deviation and coefficient 

of variation (C.O.V.) of the geo-mechanical properties of intact coal and coal 

discontinuities. Twenty-one cylindrical samples were tested in the laboratory (five 

100 mm×50 mm samples for uniaxial compression tests, four 25 mm×50 mm 

samples for Brazilian tests, four 100 mm×50 mm samples for conventional triaxial 
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compression tests, four 100 mm×50 mm samples with one horizontal saw cut joint 

at the middle of the sample for uniaxial compression tests and direct shear tests, 

respectively); 

b) Industrial computed tomography (CT) scanning tests were conducted for 110 mm 

side dimension coal cubes to detect the pre-existing fracture networks (bedding 

planes, face cleats and butt cleats) in each cubic coal block; 

c) The pre-existing fracture network that exists in each coal cube was constructed by a 

newly developed systematic computational procedure and quantified by the fracture 

tensor based methodology; 

d) The same cubic coal samples were subjected to laboratory polyaxial tests under 

different confining stress combinations to obtain the laboratory jointed coal mass 

strength (JCMSL) values; 

e) A numerical model was developed to simulate the laboratory polyaxial compression 

tests. Parameter values of the numerical model were first calibrated by trial and error 

procedures using a coal sample having a particular fracture network setup, and then 

validated by coal samples having several other fracture network setups; 

f) The numerical model with validated parameter values were used to run more 

numerical calculations for seven coal blocks having different fracture network 

setups and five other numerically created coal blocks having artificial fracture 

network setups under different confining stress combinations; 

g) The data bank of JCMS built up through the aforementioned calculations was then 

used to develop a new 3-D coal mass strength criterion by applying multiple 

regression analysis. 
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Fig. 1.1 Used flowchart to develop a new 3-D coal mass strength criterion.  

1.2 Research focus and scope 

This research aims at evaluating different intact rock strength criteria and developing a 
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networks and confining stresses. The new coal mass strength criterion should be capable 

of capturing the scale effect and anisotropic behavior of coal masses. Both the laboratory 

experimental scheme and the numerical modeling scheme are implemented at the 3-D level 

to achieve the goal. Two discrete element method based software packages PFC3D and 

3DEC were used to simulate the laboratory polyaxial tests for intact and jointed cubic coal 

blocks, respectively. The dissertation is structured as follows: 

In chapter 2, nine different intact rock strength criteria are reviewed. Literature reviews 

are also covered on the investigations of jointed rock mass strength using physical, 

empirical, analytical and numerical modeling methodologies.  

Chapter 3 describes the laboratory tests including geomechanical property tests, 

industrial CT scanning tests and polyaxial compression tests. Geomechanical properties 

for the intact coal and coal discontinuities estimated from the standard laboratory tests are 

summarized in this chapter. Examples of the CT slices constructed from the scanning data 

and experimental diagram of the polyaxial compression test are also reported in this chapter. 

Chapter 4 explains the procedures used to construct the fracture networks exist in the 

cubic coal blocks from the CT slices. The fracture tensor based methodology is also 

introduced and used to quantify and evaluate the constructed fracture networks. 

In chapter 5, PFC3D and 3DEC numerical modeling for intact cubic coal blocks and 

jointed cubic coal blocks are reported. A modified fictitious joint framework is proposed 

to incorporate a large quantity of non-persistent fractures into the geometric model of the 

cubic coal blocks. Calibrations and validations of the numerical models for intact and 

jointed cubic coal blocks are explained in this chapter. 
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Chapter 6 deals with the detailed comparisons of nine different intact rock strength 

criteria and the development of a new 3-D coal mass strength criterion. A modified grid 

search (MGS) procedure is suggested to find the best fitting parameters for intact rock 

strength criteria with complex expressions. 

The summary and conclusions of the dissertation research are given in chapter 7. 

1.3 Practical implications 

The detailed comparisons of nine representative intact rock strength criteria provide a 

comprehensive evaluation from different aspects. The developed MGS procedure provide 

an equivalent way to the regression analysis in finding the best fitting parameters for the 

intact rock strength criteria with complex expressions. The R2 from this procedure (similar 

to the square of the coefficient of determination from the regression analysis) is a favorable 

parameter which can be used to evaluate the fitting qualities of the different criteria. 

The fracture tensor based methodology serves as an advanced evaluation method to the 

jointed rock mass compared to the available scalar based rock mass classification systems 

with respect to the influence of the pre-existing discontinuity networks. The developed 

modified fictitious joint framework improves the geometric model establishment and 

numerical calculations for jointed rock blocks with a large quantity of non-persistent 

fractures.  

The developed new 3-D coal mass strength criterion describes the correlation of the 

JCMS with the fracture system and the two confining stresses. The fracture geometry 

parameters are explicitly expressed in terms of the fracture tensor components in the new 

strength criterion. This criterion has the following advantages: 
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a) Anisotropy and scale effect of rock mass strength can be captured in terms of the 

fracture tensor components; 

b) The criterion does not specify the intact rock strength by a particular equation. 

Therefore, the intact rock strength values can be estimated either through the 

laboratory tests, numerical modeling or any available intact rock strength criteria; 

c) Although this new criterion was developed based on the data of coal masses, it can 

also be applied to the rock masses having approximately orthogonal fracture systems 

or for rock masses whose fracture system can be reduced to an equivalent orthogonal 

system. 
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CHAPTER 2 

BACKGROUND AND LITERATURE REVIEW 

It has been more than fifty years since the International Society for Rock Mechanics 

(ISRM) was founded by Professor Leopold Müller on May 24th, 1962 in Salzburg, Austria. 

In the 12th congress of ISRM, Brown [4] briefly discussed the main developments and the 

progress made in rock mechanics and rock engineering in the fifty years since the 

establishment of ISRM with respect to the following five subtopics: site investigation and 

site characterization, rock and rock mass properties, design analysis, excavation and 

support and reinforcement, and monitoring and back analysis. Until today, the principles 

of rock mechanics has been applied to different areas, such as, civil engineering, mining 

engineering and petroleum engineering, etc. Hudson [5] pointed out some of the major 

unsolved problems needed to be tackled under seven subjects: geology, rock stress, intact 

rock, fractures, water flow, modeling and design at the 12th ISRM congress. Just as 

Leopold Müller’s comment in May 1962: “We do not know the rock mass strength, and 

that is why we need an International Society”, estimation of the rock mass strength is still 

a difficult and challenging topic. As mentioned in chapter 1, our main concern in this 

research is to evaluate the applicability of different intact rock strength criteria and to 

investigate the influence of pre-existing fracture networks and confining stresses on the 

rock mass strength. Literature review will be covered on nine different intact rock 

strength/failure criteria, different rock mass classification systems and on the evaluations 

of rock mass strength using physical, empirical, analytical and numerical modeling 

methodologies. 
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2.1 Intact rock strength/failure criteria 

Researchers have focused studies on strength of material and structures for more than 

one hundred years. Four strength theories proposed in the 19th century perhaps are the 

earliest efforts to describe the strength behaviors of materials: the maximum tensile stress 

criterion or Rankine criterion, the maximum strain theory or Saint-Venant’s criterion, the 

maximum shear stress criterion or Tresca criterion and the maximum distortion energy 

theory or Von Mises criterion. The early attempts made to explain the strength behaviors 

of rock materials were limited to testing rock samples through the conventional laboratory 

experiments and applying the existing strength theories. These early efforts, although 

insufficient, built up the foundation for the subsequent studies of the rock strength criteria. 

With the characteristics of equal tensile and compressive yield strengths and hydrostatic 

pressure independence, Tresca and Von Mises criteria are mainly used for metallic 

materials. Unlike most metallic materials, rock materials show appreciable difference 

between the tensile and compressive strengths, the so called SD or strength-differential 

effect. Drucker [6] correlated the SD effect to volume expansion. Drucker also pointed out 

that the presence of micro cracks or de-cohesion between particles and matrix results in 

higher resistance to compressive failure than tensile failure for some metals, plastics and 

granular media. Due to the presence of pre-existing discontinuities in rock masses, rock 

masses always show very strong SD effect. Even for the intact rock, because de-cohesion 

can happen along the interface of different minerals, the SD effect is also considerable. In 

a stress criterion, the SD effect can be achieved by incorporating the hydrostatic stress term 

(mean value of the three principal stresses). Extended Tresca, extended Von Mises 

(Drucker-Prager) and extended twin-shear yield criteria can be obtained by introducing a 
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linear term of octahedral normal stress, σoct, into the mathematical expressions of Tresca, 

Von Mises and twin shear yield criteria, respectively [7]. The influence of the intermediate 

principal stress, σ2, on the rock strength has been reported by many researchers [8-10]. The 

test results for several different types of rocks have shown remarkable differences under 

plane strain and axisymmetric triaxial loading conditions. Because of the strengthening 

effect of the intermediate principal stress, strength under plane strain condition is higher 

than that under axisymmetric triaxial loading condition. Wang and Kemeny [11] and 

Kulatilake et al. [12] observed that σ2 has a strong effect on σ1 at failure even under σ3 

equals to zero condition.  

Yu [7] has reviewed the work done prior to and in the 20th century on the strength 

theories for materials under complex stress states. For rock materials, more than twenty 

strength criteria have been developed, but only a few of the criteria are used in rock 

engineering. The ISRM Orange Book provides guidance on six intact rock failure criteria 

and suggests the circumstances when they should be applied [13]. The six intact rock 

failure criteria are the Mohr-Coulomb [7], Hoek-Brown [14], 3-D generalized Hoek-Brown 

[15-20], Drucker-Prager [21], Lade and Modified Lade [22-24] and polyaxial testing based 

criteria [25-29]. The 3-D generalized Hoek-Brown criteria include three different criteria, 

the Pan-Hudson [15], Priest [16-17], and Zhang-Zhu criteria [18-20]. The Pan-Hudson 

criterion has features similar to the Ducker-Prager criterion to some extent [15]. The Priest 

criterion is a combination of 2-D Hoek-Brown criterion and the Drucker-Prager criterion 

[16-17]. The Zhang-Zhu criterion is formed through applying the concept of the Mogi 1971 

criterion [25] and extending 2-D Hoek –Brown criterion to a generalized 3-D Hoek-Brown 

criterion [18-19]. Since the aforementioned three 3-D generalized Hoek-Brown criteria are 
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developed for the rock masses in a general case, they will be explained further more in 

section 2.3.2. The polyaxial testing based criteria were first proposed by Mogi [25] and 

then confirmed for several other rocks through performing curve fitting using the 

laboratory polyaxial test data for different polyaxial failure criteria [26-29]. The author 

feels that it is necessary to include a few more important ones. This literature review covers 

the following nine different intact rock strength criteria, which are considered as either the 

widely used or important ones out of the said 20 plus criteria: Mohr-Coulomb [7], Hoek-

Brown [14], Drucker-Prager [21], modified Lade [22-24], modified Wiebols-Cook [30-31], 

Mogi 1967 [9], Mogi 1971 [25], and linear and nonlinear unified strength criteria [32]. 

Each of the criteria considered here has the capability to capture the SD effect to a certain 

level, which is one of the important features of rock material. Except the Mohr-Coulomb 

and Hoek-Brown criteria, the rest of the criteria include the effect of σ2.  

Nomenclatures: a) Haigh–Westergaard stress space, or the principal stress space is a 

3-D space in which the three spatial axes represent the three principal stresses; b) The 

hydrostatic axis is the line σ1 = σ2 = σ3 in the principal stress space; c) The deviatoric planes 

and meridian planes are the planes perpendicular to the hydrostatic axis and passing 

through the hydrostatic axis in the principal stress space, respectively. The nomenclatures 

are illustrated in Fig. 2.1. 

In chapter 6, a modified grid search procedure is applied to polyaxial strength data 

generated for intact coal through PFC3D [33] modeling to find the best fitting parameter 

values as well as the coefficient of determination, R2, for all the aforementioned criteria. 

Each criterion represents a 3-D pyramid in the principal stress space. Detailed comparisons 
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of these criteria are also performed by making stress plots on the σ1 - σ2 coordinate plane, 

on a deviatoric plane and meridian planes in chapter 6. 

 

Fig. 2.1 Nomenclatures in the principal stress space or Haigh–Westergaard stress space. 

2.1.1 Mohr-Coulomb criterion 

The Mohr-Coulomb (M-C) criterion is perhaps the most widely applied criterion in rock 

engineering. This criterion, established in 1900, involved both Coulomb’s assumption with 

respect to the critical condition of sliding along a certain fracture plane and Mohr’s stress 

circle method. Coulomb assumed that sliding is due to fracturing along a certain plane, and 

that it occurs when the shear force along this plane overcomes the combination of cohesive 

resistance in shear along the same plane as well as the frictional resistance caused by the 

normal force acting on the same plane. Mohr’s theory is based on the assumption that the 

maximum shear stress is the decisive measure of yielding [7]. By encompassing Mohr’s 
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graphical representation of the state of stress with a straight-line envelope known as 

Coulomb’s equation, M-C criterion can be expressed by the following equation: 

 𝜏 = 𝑐0 + 𝜎𝑛𝑡𝑎𝑛𝜑 (2.1) 

where τ and σn are the shear stress and normal stress acting on the plane where failure 

occurs, respectively; c0 is the cohesion of the rock material and φ is the internal friction 

angle of the intact rock. 

The M-C criterion can be also written in terms of the principal stresses as follows: 

 𝜎1 = 𝜎𝑐𝑖 + 𝑡𝑎𝑛2 (
𝜋

4
+

𝜑

2
) 𝜎3 (2.2) 

where 

 𝜎𝑐𝑖 = 2𝑐0𝑡𝑎𝑛 (
𝜋

4
+

𝜑

2
) (2.3) 

In Eq. 2.2, σ1 and σ3 are the major and minor principal stresses at failure; σci is the 

uniaxial compressive strength of the intact rock. In the case of the saturated situation with 

pore pressure, σ1 and σ3 should be replaced by the corresponding effective stresses σ1' and 

σ3'. The shape of the M-C criterion on the deviatoric plane is a threefold symmetric hexagon 

(it is shown in Fig. 6.21 in chapter 6). 

2.1.2 Hoek-Brown criterion 

The Hoek-Brown (H-B) rock mass strength criterion was introduced in 1980 as an 

attempt to provide input data for the analyses required for the design of underground 

excavations in hard rock [14]. It is an empirical criterion developed through trial and error 

curve fitting of different parabolic functions to standard triaxial test data. It involved both 

Hoek’s experience on research results with respect to the brittle failure of intact rock [34] 
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and Brown’s experience on research results of model studies of jointed rock mass behavior 

[35]. The empirical parameters of the criterion were first developed for the intact rock and 

then those parameter values were reduced by linking them to Bieniawski’s Rock Mass 

Rating (RMR) classification system [36]. Since 1980 the criterion has been updated several 

times [37-39]. In the most recent 2002 version, the empirical parameters of this criterion 

were related to the Geological Strength Index (GSI) introduced by Hoek et al. [37, 40]. At 

failure, H-B criterion predicts the rock mass strength by the following expressions: 

 𝜎1 = 𝜎3 + 𝜎𝑐𝑖 (𝑚𝑏

𝜎3

𝜎𝑐𝑖
+ 𝑠)

𝑎

 (2.4) 

where mb is the H-B constant for the rock mass, which can be obtained through deduction 

from the H-B constant for the intact rock mi as follows: 

 𝑚𝑏 = 𝑚𝑖𝑒𝑥𝑝 (
𝐺𝑆𝐼 − 100

28 − 14𝐷
) (2.5) 

s and a are constants which depend on the rock mass characteristics as follows: 

 𝑠 = 𝑒𝑥𝑝 (
𝐺𝑆𝐼 − 100

9 − 3𝐷
) (2.6) 

 

 𝑎 =
1

2
+

1

6
(𝑒−𝐺𝑆𝐼/15 − 𝑒−20/3) (2.7) 

where D is a factor which depends on the degree of disturbance due to blast damage and 

stress relaxation as a result of nearby excavations. It varies from 0 for undisturbed rock 

masses to 1 for very disturbed rock masses. 

For the intact rock, mb should be replaced by mi, and s, a equals 1 and 0.5, respectively. 

Therefore, Eq. 2.4 is reduced to the following equation: 
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 𝜎1 = 𝜎3 + 𝜎𝑐𝑖 (𝑚𝑖

𝜎3

𝜎𝑐𝑖
+ 1)

0.5

 (2.8) 

Similarly, In the case of the saturated situation with pore pressure, σ1 and σ3 should be 

replaced by the corresponding effective stresses σ1' and σ3'. Similar to the M-C criterion, 

the H-B criterion also takes a threefold symmetric hexagonal shape on the deviatoric plane 

(it is shown in Fig. 6.23 in chapter 6). 

2.1.3 Drucker-Prager criterion 

The Drucker-Prager (D-P) criterion, formulated in 1952, resulted from a modification 

of Von Mises criterion by introducing a hydrostatic pressure term [21]. Mathematically, 

the D-P criterion is expressed as: 

 √𝐽2 − 𝛼𝐼1 − 𝑘 = 0 (2.9) 

where 

 𝐽2 =
1

6
[(𝜎1 − 𝜎2)2 + (𝜎2 − 𝜎3)2 + (𝜎3 − 𝜎1)2] (2.10) 

and 

 𝐼1 = 𝜎1 + 𝜎2 + 𝜎3 (2.11) 

In Eq. 2.9, α and k are material constants; J2 is the second invariant of the deviatoric 

stress tensor and I1 is the first invariant of the stress tensor.  

The D-P criterion takes a circular shape on the deviatoric plane (it is shown in Fig. 6.21 

in chapter 6), which can be adjusted to match the M-C criterion. For the circumscribed D-

P criterion, D-P circle is made to coincide with the outer apices or the compressive meridian, 

ρc, of the M-C hexagon (it is shown in Fig. 6.21 in chapter 6). For this condition, α and k 

can be expressed as: 
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 𝛼 =
2𝑠𝑖𝑛𝜑

√3(3 − 𝑠𝑖𝑛𝜑)
, 𝑘 =

6𝑐0𝑐𝑜𝑠𝜑

√3(3 − 𝑠𝑖𝑛𝜑)
 (2.12) 

If the D-P circle is modified to pass through the tensile meridian, ρt, of the M-C hexagon 

(it is shown in Fig. 6.21 in a chapter 6), the so called inscribed D-P criterion, the parameters 

of the two criteria can be related by the following equation: 

 𝛼 =
2𝑠𝑖𝑛𝜑

√3(3 + 𝑠𝑖𝑛𝜑)
, 𝑘 =

6𝑐0𝑐𝑜𝑠𝜑

√3(3 + 𝑠𝑖𝑛𝜑)
 (2.13) 

2.1.4 Modified Lade criterion 

Lade and Duncan [22] proposed a strength criterion for the cohesionless soils as follows: 

 
𝐼1

3

𝐼3
= 𝜅 (2.14) 

where κ is a material constant depending on the density of the soil and 

 𝐼3 = 𝜎1𝜎2𝜎3 (2.15) 

This criterion was later modified by Lade [23] to accommodate the cohesionless soils 

with curved failure envelopes. The modified criterion is applicable to the soils whose 

friction angle decreases with increasing hydrostatic stress. It takes the following 

mathematical form: 

 (
𝐼1

3

𝐼3
− 27) (𝐼1/𝑝𝑎)𝑚′

= 𝜂1 (2.16) 

where pa is the atmospheric pressure expressed in the same units as the stresses, and m' and 

η1 are material constants. 

Ewy [24] proposed a modified Lade criterion to incorporate the influence of cohesion 

and applied it to the wellbore stability predictions. In order to predict a linear shear strength 
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increase with increasing I1, m' in Eq. 2.16 was set to 0. An adjustment parameter related to 

the cohesion of the rock was introduced to the modified Lade criterion as follows: 

 
𝐼1

′ 3

𝐼3
′ = 27 + 𝜂 (2.17) 

where 

 𝐼1
′ = (𝜎1 + 𝑆) + (𝜎2 + 𝑆) + (𝜎3 + 𝑆) (2.18) 

and 

 𝐼3
′ = (𝜎1 + 𝑆)(𝜎2 + 𝑆)(𝜎3 + 𝑆) (2.19) 

where S and η are the material constants, which can be expressed in terms of c0 and φ as: 

 S =
𝑐0

𝑡𝑎𝑛𝜑
 (2.20) 

and 

 η =
4𝑡𝑎𝑛2𝜑(9 − 7𝑠𝑖𝑛𝜑)

1 − 𝑠𝑖𝑛𝜑
 (2.21) 

2.1.5 Modified Wiebols-Cook criterion 

Wiebols and Cook [30] proposed an effective strain energy criterion with the following 

features: a) for the triaxial compressive stress state (σ2 = σ3), the strength increases with the 

increasing confining stresses linearly; b) for the triaxial extension stress state (σ1 = σ2), the 

strength also increases linearly as σ3 increases. The rate of increase was found to be equal 

to that for the triaxial compressive stress state; c) if σ3 is held a constant and σ2 increases 

from σ2 = σ3 to σ2 = σ1, the strength first increases to a peak value at a certain σ2, and then 

decreases to a value greater than the starting value. The strengths under the triaxial 
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compressive and extension stress states can be expressed through Eq. 2.22 and 2.23, 

respectively as given below: 

 𝜎1 = 𝜎𝑐𝑖 + 𝑞𝜎3 (2.22) 

 

 𝜎1 = 𝜎𝑏𝑖 + 𝑞𝜎3 (2.23) 

where σbi is the strength of the intact rock under triaxial extension stress state for σ3 = 0; q 

is a material constant determined by a certain function of the coefficient of friction relevant 

to the theory. If the rock strength follows the Coulomb’s theory, Eq. 2.22 becomes Eq. 2.2 

and q is related to φ as follows: 

 𝑞 = 𝑡𝑎𝑛2 (
𝜋

4
+

𝜑

2
) (2.24) 

It is difficult to work with the Wiebols-Cook (W-C) criterion because it is not expressed 

in a closed form. Zhou [31] presented an extended D-P criterion which inherits the 

aforementioned three features of the original W-C criterion. This criterion is called 

modified W-C criterion, which can be expressed through the following equations: 

 𝐽2
1/2 = 𝐴 + 𝐵𝜎𝑜𝑐𝑡 + 𝐶𝜎𝑜𝑐𝑡

2 (2.25) 

where 

 𝜎𝑜𝑐𝑡 =
𝐼1

3
=

1

3
(𝜎1 + 𝜎2 + 𝜎3) (2.26) 

The parameters A, B, and C are determined such that Eq. 2.25 is constrained by rock 

strengths under the triaxial compressive (σ2 = σ3) and triaxial extension (σ1 = σ2) conditions. 

By substituting the given conditions plus the uniaxial rock strength (σ1 = σci, σ2 = σ3 = 0) 

into Eq. 2.25, the following relations can be obtained for A, B and C: 
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 𝐴 =
𝜎𝑐𝑖

√3
−

𝜎𝑐𝑖

3
𝐵 −

𝜎𝑐𝑖
2

9
𝐶 (2.27) 

 

 𝐵 =
√3(𝑞 − 1)

𝑞 + 2
−

𝐶

3
(2𝜎𝑐𝑖 + (𝑞 + 2)𝜎3) (2.28) 

and 

 𝐶 =
√27

2𝜎𝑏𝑖 + (𝑞 − 1)𝜎3 − 𝜎𝑐𝑖
× (

𝜎𝑏𝑖 + (𝑞 − 1)𝜎3 − 𝜎𝑐𝑖

2𝜎𝑏𝑖 + (2𝑞 + 1)𝜎3 − 𝜎𝑐𝑖
−

𝑞 − 1

𝑞 + 2
) (2.29) 

The σbi/σci ratio was found to vary linearly with the coefficient of friction tan φ by 

Wiebols and Cook [30]. In Colmenares and Zoback’s [41] reference, this ratio was set 

equal to 1+(3/5) tanφ, which may be obtained through the plot between the σbi/σci  ratio and 

the coefficient of friction provided by Wiebols and Cook [30]. Therefore, the following 

relation can be obtained: 

 𝜎𝑏𝑖 = (1 +
3

5
𝑡𝑎𝑛𝜑) 𝜎𝑐𝑖 (2.30) 

2.1.6 Mogi 1967 criterion  

Mogi [9] worked with different rock types (granite, limestone and dolomite) to 

investigate the influence of the intermediate principal stress on failure.  He performed 

triaxial compression tests (σ1 > σ2 = σ3), triaxial extension tests (σ1 = σ2 > σ3) and biaxial 

tests (σ1 > σ2 > σ3 = 0) on different rocks. It was found that the intermediate principal stress 

σ2 had an influence on the rock strength, though smaller than that of the minor principal 

stress σ3. The following empirical formula for rock strength prediction was suggested from 

his research: 
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(𝜎1 − 𝜎3)

2
= 𝑓1 (

𝜎1 + 𝛽𝜎2 + 𝜎3

2
) (2.31) 

where β is a constant smaller than 1.  The left hand side is the maximum shear stress and 

the right hand side incorporates a constant β to consider the contribution of σ2 to the normal 

stress on the fault plane. The argument for this adjustment is the fault surface is usually 

irregular and not exactly parallel to σ2. The deviation would be approximately arcsin (β). 

The form of the function f1 in Eq. 2.31 depends on the rock type and it should be a 

monotonically increasing function. This criterion can be interpreted as follows: failure will 

take place when the distortional energy increases to a threshold which increases 

monotonically with the mean normal pressure on the fault plane. 

2.1.7 Mogi 1971 criterion  

Mogi [25] studied the fracture and flow of rocks under general triaxial stress states by a 

new triaxial compression technique and proposed two empirical criteria for fracture and 

yielding, respectively. The criterion for yielding will not be explained here. The criterion 

for fracture takes the following form: 

 𝜏𝑜𝑐𝑡 = 𝑓2(𝜎1 + 𝜎3) (2.32) 

where τoct is the octahedral shear stress and f2 is also a monotonically increasing function. 

The new criterion for fracture assumes that the failure will occur when the distortional 

strain energy reaches a critical value which increases monotonically with the effective 

mean pressure σm,2 = (σ1 + σ3)/2. 

2.1.8 Linear unified strength criterion 

Since 1961, Yu have been developing the twin shear stress yield and strength criteria: 

twin shear yield criterion, extended twin shear yield criterion, linear twin shear strength 
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criterion and nonlinear twin shear strength criterion. Yu [32] categorized strength criteria 

into three types: single shear criteria or lower bound criteria, octahedral shear criteria or 

intermediate criteria and twin shear criteria or upper bound criteria. Based on the linear 

twin shear strength criterion, Yu [32] suggested the linear unified strength criterion. Unlike 

all the previous criteria, in the mathematical sense, the linear unified strength theory is 

expressed by two equations and a choice condition as follows: 

 𝐹 = 𝜏13 + 𝑏𝜏12 − 𝛿(𝜎13 + 𝑏𝜎12) = 𝐶′, when 𝜏12 −  𝛿𝜎12 ≥ 𝜏23 −  𝛿𝜎23 (2.33a) 

 

 𝐹′ = 𝜏13 + 𝑏𝜏23 − 𝛿(𝜎13 + 𝑏𝜎23) = 𝐶′, when 𝜏12 −  𝛿𝜎12 ≤ 𝜏23 −  𝛿𝜎23 (2.33b) 

where τ13 is the major principal shear stress, τ12 and τ23 are the intermediate principal shear 

stress or minor principal shear stress; σ13, σ12, σ23 are the corresponding normal stresses 

acting on the τ13, τ12, τ23 planes respectively. Three principal shear stresses and 

corresponding normal stresses are given as follows: 

 𝜏𝑖𝑗 =
1

2
(𝜎𝑖 − 𝜎𝑗); 𝜎𝑖𝑗 =

1

2
(𝜎𝑖 + 𝜎𝑗);  𝑖, 𝑗 = 1, 2, 3. (2.34) 

where C' is a parameter which can be expressed in terms of the cohesion, c0, and the internal 

friction angle, φ, and δ is a parameter related to φ; b is the intermediate principal stress 

parameter. The linear unified strength criterion considers the contributions of both the 

major and intermediate principal shear stresses to the failure. The linear unified strength 

criterion can also be expressed in terms of the three principal stresses as follows: 

 𝐹 = 𝜎1 −
𝜔

1 + 𝑏
(𝑏𝜎2 + 𝜎3) = 𝜎𝑐𝑖, 𝑤ℎ𝑒𝑛 𝜎2 ≤

𝜎1 + 𝜔𝜎3

1 + 𝜔
 (2.35a) 
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 𝐹′ =
1

1 + 𝑏
(𝜎1 + 𝑏𝜎2) − 𝜔𝜎3 = 𝜎𝑐𝑖, 𝑤ℎ𝑒𝑛 𝜎2 ≥

𝜎1 + 𝜔𝜎3

1 + 𝜔
 (2.35b) 

where ω = σci/σti, the ratio of uniaxial compressive strength to uniaxial tensile strength of 

the intact rock. Note that in Yu reference [32], the linear unified strength criterion was 

written adopting tensile stresses as positive. Because the convention for rock material is 

compressive stress positive, in this dissertation this criterion is rewritten to accommodate 

this rule. The features of the linear unified strength criterion will be discussed later. 

2.1.9 Nonlinear unified strength criterion 

Yu [32] extended the Hoek-Brown strength criterion to a 3-D version and called it the 

nonlinear unified strength criterion. Similar to the linear unified strength criterion, the 

nonlinear unified strength criterion is also composed of two equations and a choice 

condition as given below: 

 𝐹 = 𝜎1 −
1

1 + 𝑏
(𝑏𝜎2 + 𝜎3) − 𝜎𝑐𝑖 [𝑚𝑏

𝑏𝜎2 + 𝜎3

(1 + 𝑏)𝜎𝑐𝑖
+ 𝑠]

𝑎

= 0, 𝑤ℎ𝑒𝑛 𝐹 ≥ 𝐹′ (2.36a) 

 

 𝐹′ =
1

1 + 𝑏
(𝜎1 + 𝑏𝜎2) − 𝜎3 − 𝜎𝑐𝑖 [𝑚𝑏

𝜎3

𝜎𝑐𝑖
+ 𝑠]

𝑎

= 0, 𝑤ℎ𝑒𝑛 𝐹 ≤ 𝐹′ (2.36b) 

For the intact rock, the nonlinear unified strength criterion can be expressed as follows: 

 𝐹 = [𝜎1 −
1

1 + 𝑏
(𝑏𝜎2 + 𝜎3)]

2

− 𝑚𝑖𝜎𝑐𝑖

𝑏𝜎2 + 𝜎3

1 + 𝑏
− 𝜎𝑐𝑖

2 = 0, 𝑤ℎ𝑒𝑛 𝐹 ≥ 𝐹′ (2.37a) 

 

 𝐹′ = [
1

1 + 𝑏
(𝜎1 + 𝑏𝜎2) − 𝜎3]

2

− 𝑚𝑖𝜎𝑐𝑖𝜎3 − 𝜎𝑐𝑖
2 = 0, 𝑤ℎ𝑒𝑛 𝐹 ≤ 𝐹′ (2.37b) 

The features of the nonlinear unified strength criterion will also be discussed later. 
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2.2 Effect of the discontinuities and rock mass classification systems 

The failure criteria reviewed in section 2.1 is limited to the intact rock. It has been 

assumed that the mechanical behavior of rock material is isotropic. However, due to the 

presence of different types of discontinuities, the mechanical response of the naturally 

occurring rock masses is hardly isotropic. The existence of rock discontinuities not only 

leads to anisotropic behaviors of rock masses, but also cause the strength reduction of rock 

materials to a large extent.  

2.2.1 Effect of the discontinuities on the rock mass strength 

Consider a rock specimen with a set of preferred orientated bedding planes as shown in 

Fig. 2.2 a. If the inclined angle β shown in Fig. 2.2 a changes continuously from 0° to 90°, 

the triaxial strength of the rock specimen varies as shown in Fig. 2.2 b [42].  If the value 

of β approaches 90° or is in the range 0° to φw, failure will occur in the intact rock part. For 

any other β value, the failure is dominated by the slip on the weak plane. It is clearly shown 

that the specimen yields different triaxial strength values depending on the loading 

direction, i.e., anisotropic strength behavior. 

Now imagine a hypothetical rock specimen containing four sets of discontinuities 

mutually inclined at 45° as shown in Fig. 2.3 and assume that the mechanical properties of 

each set of discontinuity are the same [42]. If the orientation angle α as defined in Fig. 2.2 

a varies from 0° to 90°, by considering the influence of all four sets of discontinuities, the 

final curve given in Fig. 2.3 can be obtained through the superimposition of four 

appropriate curves similar to the one shown in Fig. 2.2 b. From the plot, with more sets of 

discontinuities considered, the failure will never occur in the intact rock and the rock 
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specimen suffers a significant strength loss. Please note that, the strength of this 

hypothetical rock mass may be considered to be isotropic to a very good approximation, 

which means an equivalent continuum isotropic model may be assumed for a highly 

fractured rock mass having highly randomly oriented fracture systems. However, if 

different discontinuity sets have different mechanical properties, the mechanical response 

of the rock mass will be much more complicated. This theoretical analysis can only be 

applied to simple fracture systems. For a naturally occurring rock mass with a more 

complicated fracture system, the evaluation of strength behavior needs to be done by 

resorting to a numerical method. 

 

Fig. 2.2 Anisotropic behaviors of the rocks with a set of preferred orientated bedding planes 

(reproduced from [42]). a) Rock specimen with a set of preferred orientated bedding planes in 

triaxial compression; b) Relations between triaxial strength under constant confining stress and the 

inclined angle of the normal to the plane of weakness to the compression axis (β). 
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Fig. 2.3 Composite triaxial strength characteristics for a hypothetical rock mass containing four 

sets of discontinuities mutually inclined at 45° (source: [42]). 

2.2.2 Review of different rock mass classification systems 

Through the simplified analysis given in section 2.2.1, it was shown that due to the 

presence of the discontinuities, the rock mass properties are more complicated than that of 

the intact rock. In practice, a rock mass classification scheme can be of considerable benefit 

when very little detailed information is available on a rock mass in the initial stage of a 
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project [43]. Rock mass classification is a specific system or principle used to arrange and 

combine different features of a rock mass into different categories [44]. A rock mass index 

obtained through a certain classification system not only can be combined with a failure 

criterion to estimate the rock mass strength, but also may be used to provide some 

guidelines for necessary rock support. Since all the rock mass classification schemes have 

limitations [45], it is very important to understand that rock mass classification systems 

should be applied appropriately with great caution and their use cannot replace some of the 

more elaborate design procedures [43]. As the information of the rock mass becomes 

available in the process of the project, the rock mass classification index obtained through 

a certain system should be updated accordingly and used in conjunction with site specific 

analyses [43]. In different rock mass classification systems, some parameters are 

commonly used, such as, intact rock strength, joint strength, joint spacing and ground water 

condition. Since different classification systems proposed for different purposes assign 

different weights on various parameters, it is recommended that at least two schemes 

should be implemented for a project simultaneously [43].  

Despite of different factors taken into account for different classification systems, all of 

them work in a similar way: collect rock mass information – estimate the parameters based 

on a certain scheme – evaluate the rock mass quality qualitatively or using a scalar index 

within a particular range. In this literature review, three commonly used rock mass 

classification systems are briefly reviewed: Rock Mass Rating system (RMR) [36, 46], 

Rock Tunneling Quality Index (Q) [47] and Geological Strength Index (GSI) [40]. The 

RMR and Q systems involve the Rock Quality Designation (RQD) index [48-50], which is 

also briefly introduced. 
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The RQD index was developed by Deere et al. [48] in 1966 to quantitatively estimate 

the rock mass quality from drill core logs. The core should be at least NX-size (54.7 mm 

or 2.16 in diameter) and obtained using double-tube core barrels [49]. The index denotes 

the percentage of intact and sound rock retrieved from a borehole without specification of 

the orientation [50]. It is calculated through dividing the sum of all pieces of intact and 

sound rock core equal to or greater than 100 mm long by the total length of the core run. 

The RQD index itself is also a simple method of rock mass classification. 

Bieniawski [36] published the guideline of the RMR system in 1976. This system has 

been refined several times over the years in practice. Please note that significant changes 

have been made in the ratings assigned to different parameters since the original version. 

The following discussion is based on the 1989 version [46]. Six parameters are used to 

evaluate a rock mass in the RMR system: uniaxial compression strength of rock material, 

RQD, spacing of discontinuities, condition of discontinuities, groundwater conditions and 

orientation of discontinuities. Condition of discontinuities includes the qualitative 

evaluations of discontinuity surface, separation of the discontinuities and weathering 

condition of wall rock around the discontinuity surface. The orientation of discontinuities 

is not explicitly included; it is only roughly considered as an adjustment factor. A scalar 

index is assigned to each parameter when applying the RMR method. The final RMR index 

within the range from 0 to 100 is the summation of all six indices. Bieniawski also provided 

a guideline for excavation and support of underground rock tunnels according to the RMR 

system. 

Q system was proposed by Barton et al. [47] in 1974 to determine the rock mass 

characteristics and tunnel support requirements. It is based on the evaluation of a large 
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number of case studies of underground excavations. The index Q can take any value from 

0.001 to 1,000 on a logarithmic scale and be calculated by the following equation: 

 𝑄 =
𝑅𝑄𝐷

𝐽𝑛
×

𝐽𝑟

𝐽𝑎
×

𝐽𝑤

𝑆𝑅𝐹
 (2.38) 

where RQD is the Rock Quality Designation; Jn is the joint set number; Jr is the joint 

roughness number; Ja is the joint alteration number; Jw is the joint water reduction factor; 

SRF is the stress reduction factor. The first quotient (RQD/Jn), representing the structure 

of the rock mass, is a crude measure of the block or particle size, with the two extreme 

values (100/0.5 and 10/20) differing by a factor of 400. The second quotient (Jr/Ja) 

represents the roughness and frictional characteristics of the joint walls or filling materials. 

The third quotient (Jw/SRF) consists of two stress parameters. SRF is a measure of: a) 

loosening load in the case of an excavation through shear zones and clay bearing rock, b) 

rock stress in competent rock, and c) squeezing loads in plastic incompetent rocks. It can 

be regarded as a total stress parameter. The parameter Jw is a measure of water pressure, 

which has an adverse effect on the shear strength of joints due to a reduction in effective 

normal stress. Water may, in addition, cause softening and possible outwash in the case of 

clay-filled joints [47]. Similar to the RMR method, the Q index also may be used to evaluate 

the stability of underground excavations and provide guidelines for support requirements. 

The GSI system introduced by Hoek et al. [40] in 1995 may be used to estimate the 

reduction in rock mass strength for different geological conditions when combined with 

the intact rock properties. This system considers structure and surface conditions to 

characterize the blocky rock masses. When used for heterogeneous rock masses such as 

flysch, the composition, structure, and surface conditions of discontinuities are mainly 
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considered. Two charts are provided for two categories of rocks, which are not shown here. 

Since the descriptive and qualitative nature of the original GSI charts may cause some 

ambiguities when used by the inexperienced engineers, some researchers have introduced 

some quantitative parameters to make the original GSI system more user-friendly. In 2002, 

Sönmez and Ulusay [51] suggested two terms for the GSI chart: ‘structure rating, SR’ based 

on the volumetric joint count (Jv) and ‘surface condition rating, SCR’ estimated from the 

roughness, weathering and infilling of the discontinuities. Block volume Vb and joint 

condition factor Jc were introduced by Cai et al. [52] in 2004 as supplementary parameters 

for the descriptive block size and joint condition in the original version, respectively. 

The evaluation indices obtained from different rock mass classification systems can be 

correlated by some empirical equations, such as the RMR - Q, GSI - RMR and GSI - Q [44]. 

Please note that these empirical equations sometimes can be misleading and must be used 

with great caution, because different systems usually take into account different parameters. 

As mentioned by Hoek [43], the correlation between the GSI and RMR systems has proved 

to be unreliable, particularly for poor quality rock masses and for rocks with lithological 

peculiarities that cannot be accommodated in the RMR system. Edelbro [44] discussed 

some important parameters in the rock mass classification systems: uniaxial compression 

strength of the intact rock, block size and shape, joint strength and physical scale of the 

rock construction. For a more comprehensive review of different rock mass classification 

systems the reader is referred to Edelbro’s report [44] and paper [53].  A list of different 

rock mass classification systems is provided in Table 2.1. 
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Table 2.1 Major rock classification/characterization systems (source: [53]). 

Name of classification Author and first version Applications Remarks 

Rock load theory Terzaghi (1946) Tunnels with steel supports  Unsuitable for modern 

tunnelling 

Stand up time Lauffer (1958) Tunnelling Conservative 

NATM Rabcewicz (1964, 1965, 1975) Tunnelling in incompetent 

(overstressed) ground 

Utilized in squeezing ground 

conditions 

RQD Deere et al. (1966) Core logging, tunnelling In Deere (1968) 

A recommended rock 

classification for rock 

mechanical purposes 

Coates and Patching (1968) For input in rock mechanics  

The unified classification of 

soils and rocks 

Deere et al. (1969) Based on particles and blocks 

for communication 

In Deere and Deere (1988) 

RSR concept Wickham et al. (1972) Tunnels with steel support Not useful with steel fibre 

shotcrete 

RMR-system (CSIR) Bieniawski (1974) Rock support and stand-up 

times in tunnels, mines, 

foundations, etc 

351 case histories are listed in 

Bieniawski (1989) 

Q-system Barton et al. (1974) Rock support, rock load in 

tunnels, large chambers 

 

Mining RMR Laubscher (1975) Rock support in mining In Laubscher (1977) 

The typological classification Matula and Holzer (1978) For use in communication  

The unified rock classification 

system (URCS) 

Williamson (1984) For use in communication In Williamson (1984) 

Basic geotechnical description 

(BGD) 

ISRM (1981) For general use  

Rock mass strength (RMS) Stille et al. (1982)  Modified RMR 

Modified basic RMR (MBR) Cummings et al. (1982) Mining  

Simplified rock mass rating Brook and Dharmaratne (1985) Rock support in mines and 

tunnels 

Modified RMR and MRMR 
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Name of classification Author and first version Applications Remarks 

Slope mass rating Romana (1985) Slopes  

Ramamurthy/Arora Ramamurthy and Arora (1993) For intact and jointed rocks Modified Deere and Miller 

approach 

Geological strength index – 

GSI 

Hoek et al. (1995) Mines, tunnels  

Rock mass number – N Goel et al. (1995)  Stress-free Q-system 

Rock mass index – RMi Palmstrӧm (1995) Rock engineering, 

communication, 

characterisation 

 

 

According to Table 2.1, each system is applied to a specific area, such as tunneling, rock support, mining or rock slopes. All these 

rock mass classification systems only provide a rough evaluation for the rock mass quality with the following shortcomings: a) all the 

parameters used in these rock mass classification systems are scalar based, which is not adequate for the description of the anisotropic 

behavior of the rock masses; b) RQD used in some rock mass classification systems is highly direction and location dependent; c) RQD 

can be considered as a measure of one dimensional joint frequency; in the rock mass classification systems which include both RQD 

and joint spacing, the same factor is counted twice; d) the most important geometric feature of the discontinuities, the joint orientation 

is not explicitly used in any of the systems, even though some systems provide an adjustment for joint orientation. 

 



55 
 

2.3 Evaluations of rock mass strength using physical, empirical, 

analytical and numerical modeling methodologies 

Due to the presence of complex discontinuity networks, estimation of rock mass 

strength is a challenging and difficult topic. Currently, the methods used to evaluate rock 

mass strength can be categorized into direct and indirect methods. In this section, different 

methods used to evaluate rock mass strength are reviewed. The reader is referred to 

Kulatilake [1] for a comprehensive state-of-the-art report given on use of different 

methodologies in estimating rock mass strength. Note that a significant amount of material 

is taken from this report in writing the sections 2.3.1 through 2.3.4 given below. 

2.3.1 Evaluation of rock mass strength using physical modeling 

The direct way to estimate rock mass strength is through laboratory or in-situ tests. In 

the laboratory scale, most commonly used samples are cylindrical samples with the 

diameter 50 mm. Although some testing facilities allow larger size of rock samples, such 

as 110 mm, 160 mm or even larger side dimension cubic rock blocks, the limited sample 

size can only include a few randomly distributed fractures. Therefore, the test results 

always show a high variability and scale dependence. To obtain realistic results for jointed 

rock mass mechanical properties, many large volumes of rock of different sizes having a 

number of different known joint configurations should be tested at significant stress levels 

under different stress paths. Such an experiment program is almost impossible to carry out 

in the laboratory. With in-situ tests, such an experimental program would be very difficult, 

time-consuming and expensive. Results of laboratory model studies on rock-like materials 

(Einstein and Hirschfeld [54]; Yang et al. [55]; Kulatilake et al. [56-57, 12]) have shown 
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that many different failure modes are possible with jointed rock and that the internal 

distribution of stresses and strains within a jointed rock mass can be highly complex. Even 

though these jointed blocks included a significant number of joints, all the included joints 

were persistent joints. Only a few experimental studies have been done using a significant 

number of non-persistent joints (Prudencio and Van Sint Jan [58]; Chen et al. [59-60]). 

Although the above research reveal the influence of the fractures on the rock mass 

behaviors, the fracture networks involved are far more simplified than in the naturally 

occurring rock masses. With respect to the in-situ tests, Bieniawski [61] conducted a large 

scale in-situ test on 2 m cube samples. Bieniawski and Van Heerden [62], and Heuze [63] 

have reviewed the work done prior to their publications on scale effects on rock mass 

strength. The reported results from these investigations clearly show that the rock mass 

strength reduces with size and approach a constant value after the rock mass size has 

reached a certain size known as the REV size. Jahns [64], Bieniawski [61] and Pratt et al. 

[65] reported the REV size for iron ore, coal and diorite, respectively. It is important to 

note that the relations developed from in-situ tests in the above stated studies primarily 

depend on the discontinuity network of the tested rock masses. However, unfortunately, in 

these early investigations, no attempt had been made to map the discontinuity network 

before subjecting the rock mass to mechanical behavior testing. Therefore, the reported 

relations are highly site dependent and have qualitative value only. 

2.3.2 Evaluation of rock mass strength using empirical methods 

One indirect way to estimate the rock mass strength is through the empirical equations. 

The most widely used and oldest one may be the M-C criterion. The M-C criterion provides 

a linear prediction to the rock mass strength without consideration of intermediate principal 
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stress (σ2). This criterion may over-predict the rock mass strength at higher confining stress 

level and also provides an unreasonable tensile strength value. Therefore, for practical use 

this criterion is always combined with a tension cut-off. Singh et al. [67] applied Barton’s 

critical state concept for rocks [66] and proposed a modified M-C criterion for intact rocks 

which can capture the non-linear and σ2 dependent rock strength behaviors. This criterion 

was later extended to the jointed rock masses [68]. Most of the rest of the rock mass 

strength criteria are used with a certain rock mass classification system, which are reviewed 

in the following paragraphs. 

The H-B rock mass strength criterion reviewed in section 2.1.2 is a non-linear strength 

criterion. This criterion provides more reasonable predictions under high confining stress 

level and tensile condition compared to that of the M-C criterion. However, it fails to 

incorporate the effect of σ2 and cannot capture the anisotropy and scale effects. Due to the 

assumption of isotropic behavior of the rock mass, this criterion can only be applied to the 

highly fractured rock masses having highly randomly oriented fracture systems. Some 

investigators extended this criterion to 3-D versions to incorporate the influence of σ2 [15-

20].  

Pan and Hudson [15] extended the original H-B criterion to a 3-D criterion under a 

special case (H-B parameter a = 0.5). On the deviatoric planes, this criterion is represented 

by a circle which lies between the inner apices and out apices of the H-B hexagon. However, 

as pointed out by Zhang [18-20], the Pan-Hudson (P-H) criterion cannot reduce to the form 

of original H-B equation at both the triaxial extension stress state (σ1 = σ2) and the triaxial 

compressive stress state (σ2 = σ3). In addition, the P-H criterion inherits the isotropic feature 

of the original H-B criterion. Although the circular shape on the deviator planes brings 
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convenience in the numerical calculations, it seems to contradict the polyaxial feature of 

the rock materials. The generalized P-H criterion can be expressed in the following 

equations [13]: 

 𝑠𝜎𝑐𝑖 = 𝜎𝑐𝑖
(1−

1
𝑎

) (
3𝜏𝑜𝑐𝑡

√2
)

1
𝑎

+
3𝑚𝑏𝜏𝑜𝑐𝑡

2√2
− 𝑚𝑏

𝐼1

3
 (2.39) 

Priest [16] proposed another 3-D version of the generalized Hoek-Brown strength 

criterion by circumscribing Hoek-Brown criterion with Drucker-Prager criterion and 

provided a numerical procedure to apply this criterion through numerical calculations. 

Melkoumian et al. [17] later deducted the explicit expressions for Priest’s criterion. Zhang 

[19-20] pointed out that Priest’s criterion yields the same strength with Hoek-Brown 

criterion at the triaxial compressive stress state while higher strength at the triaxial 

extension stress state. This criterion inherits the Lode angle independent characteristic of 

Drucker-Prager criterion, which seems unrealistic for rock like materials. Similar to the P-

H criterion, the Priest criterion cannot capture the anisotropy and scale effect. The closed 

form of the generalized Priest criterion is provide in the ISRM Orange Book [13]. 

Zhang and Zhu [18] developed a generalized 3-D criterion (Z-Z criterion) by combining 

Mogi’s (1971) theory [25] with the original Hoek-Brown criterion under a special case (H-

B parameter a = 0.5). Zhang [19] extended his criterion to a general case. This criterion is 

non-smooth at both biaxial stress state and triaxial stress state and non-convex at biaxial 

stress state on the deviatoric planes. Zhang et al. [20] modified this criterion by using three 

different Lode angle dependences to make it smooth and convex at the aforementioned 

stress states. The Z-Z criterion is a true 3-D Hoek-Brown strength criterion because it 

reduces to the 2-D Hoek-Brown strength criterion at both the triaxial extension and 
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compressive stress states. However, this criterion also inherits the isotropic feature of the 

H-B criterion and does not include joint size explicitly to capture the scale effect. In 

addition, the Z-Z criterion yields the same rock mass strength at the triaxial compressive 

stress state and the triaxial extension stress state, which inherits from the Mogi 1971 

criterion. The generalized the Z-Z criterion take the following mathematical form: 

 𝑠𝜎𝑐𝑖 = 𝜎𝑐𝑖
(1−

1
𝑎

) (
3𝜏𝑜𝑐𝑡

√2
)

1
𝑎

+
3𝑚𝑏𝜏𝑜𝑐𝑡

2√2
− 𝑚𝑏

𝐼1 − 𝜎2

2
 (2.40) 

Yudhbir et al. [69], Sheorey et al. [70] and Ramamurthy [71] proposed different form 

of σ1 = f (σ3) equations to estimate the rock mass strengths. Out of the three criteria, only 

Ramamurthy criterion includes factors considering the effect of the orientation of a sliding 

joint or joint set. The joint orientation is not explicitly considered in all three criteria. It is 

important to note that all three criteria cannot capture the influence of intermediate 

principal stress, scale effect and anisotropic rock mass behaviors. Jaiswal and Shrivastva 

[72] proposed a smooth convex generalized failure function on the deviatoric planes. This 

proposed failure function could be combined with any 2-D failure criterion to extend it to 

a 3-D version. In their paper, the 2-D H-B criterion was extended to a 3-D H-B criterion 

with this method. The disadvantages for the P-H, Priest and Z-Z criteria also holds true for 

Jaiswal and Shrivastva’s criterion. 

Kulatilake et al. [12] proposed a rock mass strength criterion for biaxial loading 

conditions. This criterion relates the rock mass strength to the fracture tensor component 

(which combines the directional effect of 3D fracture density, orientation and size) and 

intermediate principal stress. The concept of fracture tensor will be explained in chapter 4. 

Kulatilake’s criterion clearly show the influence of intermediate principal stress on the rock 
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mass strength even under biaxial loading conditions. Because the joint orientation, joint 

size and 3-D joint intensity are explicitly included in the fracture tensor component, this 

criterion is capable of capturing the anisotropic strength behavior and scale effect. The new 

3-D coal mass strength criterion developed in chapter 6 is an extension of Kulatilake et 

al.’s criterion to the 3-D stress space, which will be explained in detail in chapter 6. 

2.3.3 Evaluation of rock mass strength using analytical methods 

The second indirect approach to study rock mass strength behavior is through the 

analytical methods. Amadei [73] described the strength a regularly jointed rock mass under 

the full range of state of stress that are likely to be encountered in-situ with one or several 

stress components being tensile. The intact rock strength is evaluated through the H-B 

criterion and the joints are assumed to have no tensile strength and a shear strength 

following the Coulomb criterion. The interaction between the intact rock and joints were 

ignored in the deduction. Chen et al. [74] established an anisotropic strength criterion for 

the jointed rock masses. An orientation distribution function (ODF) of joint connectivity, 

is introduced to relate the anisotropic strength of jointed rock masses to the directional 

distributed joint sets. Coulomb failure condition is formulated for each plane of jointed 

rock masses by joint connectivity, where the friction coefficient and cohesion of the jointed 

rock mass are related to those of the intact rock and joint and become orientation dependent. 

The equations derived through analytical methods are obtained under certain 

simplifications and assumptions and can hardly predict the naturally occurring rock mass 

behaviors in an accurate manner. 
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2.3.4 Evaluation of rock mass strength using numerical methods 

The third indirect approach available is the numerical decomposition technique. This 

technique combines the geomechanical properties of intact rock and rock discontinuities to 

solve the problems numerically. In contrast to the aforementioned three methods, 

numerical technique can accommodate the whole spectrum of different size discontinuity 

network encountered in the practical rock engineering. Interactions between the intact rock 

and rock discontinuities can also be realized. With the increasing growth in the calculating 

power of the computers, numerical technique has become a powerful and popular tool to 

tackle rock engineering problems. Jing [75] has reviewed the work done prior to his 

publication on different numerical methods used in rock mechanics and rock engineering. 

The numerical methods can be categorized into three main types: continuum methods, 

discontinuum methods and hybrid continuum/discontinuum methods. The continuum 

methods include the Finite Difference Method (FDM), the Finite Element Method (FEM) 

and the Boundary Element Method (BEM). In discontinuum methods, two methods are 

used: the Discrete Element Method (DEM) and Discrete Fracture Network (DFN) methods. 

With respect to hybrid methods, two main types are the hybrid BEM/FEM, DEM/BEM 

models. The BEM is most commonly used for simulating far-field rocks as an equivalent 

elastic continuum, and the DEM or FEM for the fractured or non-linear near-field where 

explicit representation of fractures or non-linear mechanical behavior, such as plasticity, is 

needed [75]. The hybrid DEM/FEM models are also developed. The following three types 

of numerical modeling have been used to model rock mass strength: a) Finite Element 

Modeling (FEM); b) Particle Flow Modeling through PFC2D or PFC3D (Itasca [33]; Mas 
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Ivars et al. [76]) and c) Distinct Element Modeling through UDEC and 3DEC (Itasca [77]). 

Both particle flow modeling and distinct element modeling belong to the DEM modeling. 

Kulatilake [78] performed a research on scale effect at 2-D level using the FEM 

modeling with Goodman’s joint element (Goodman et al. [79]). His research showed 

anisotropic, scale dependent mechanical behavior of jointed rock masses. Pouya and 

Ghoreychi [80] developed a mesh-generating tool for a medium with high density of 

fractures and worked with the FEM modeling to study the REV and the equivalent 

continuum behavior for mechanical properties of a granite formation in France. Chalhoub 

and Pouya [81] performed a 2-D FEM numerical simulation for a jointed rock mass with 

randomly distributed fractures. Their research showed the feasibility of deducing the 

mechanical REV from the geometrical REV obtained for the fracture spacing. Yang et al. 

[82] worked with FEM modeling to investigate the REV of jointed rock masses with 

respected to the strength and deformability properties at the 2-D level. Although some 

techniques have been developed to accommodate the discontinuous rock masses, 

simulations of large displacements and large rotations, which very likely occur in jointed 

rock masses, is difficult to realize with FEM modeling. 

PFC3D makes use of the assembly of small particles to simulate the rock blocks. This 

method allow one to study the mechanical interaction between intact rock and rock 

discontinuities. In PFC3D modeling, the failure can occur through both the intact rock and 

rock discontinuities under complex stress states, which makes it very useful in investigating 

the cracking behaviors. In addition, since PFC3D uses interactions between particles 

involving micro-mechanical parameters in performing stress analysis, it can be used to 

simulate the mechanical response of intact rock without the influence of a certain failure 
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criterion. Kulatilake et al. [57] used PFC3D modeling to investigate the influence of 

persistent joints on the jointed rock block strengths. Mas Ivars et al. [76] described a new 

approach for simulating the mechanical behavior of jointed rock masses termed synthetic 

rock mass (SRM) modeling. This technique uses the bonded particle model for rock to 

simulate intact rock deformation and brittle failure, and the discrete fracture network (DFN) 

modeling for the representation of the rock mass with non-persistent in-situ joints. The 

SRM modeling technique was used by Bahaaddini et al. [83] through PFC3D to investigate 

the effect of geometric parameters of joints on the rock mass failure mechanism, 

unconfined compressive strength and deformability modulus. Gao et al. [84] also employed 

SRM and DFN modeling to study the REV and anisotropic behaviors in the strength and 

deformability of coal. Fan et al. [85] and Yang et al. [86-87] performed PFC3D simulations 

to investigate the effect of joint orientation and joint persistency on the strength, 

deformability and failure modes of jointed rock blocks with non-persistent joints. In 

chapter 5, PFC3D is used to simulate the laboratory polyaxial tests of an intact cubic coal 

block under different confining stress levels. 

In the distinct element method, the rock mass is modeled as an assemblage of rigid or 

deformable blocks. Discontinuities are considered as distinct boundary interactions 

between these blocks; joint behavior is prescribed for these interactions. The distinct 

element algorithm includes not only continuum theory representation for the blocks, but 

also force displacement laws which specify forces between blocks and a motion law which 

specifies the motion of each block due to unbalanced forces acting on the block. By taking 

into account the interaction of intact blocks and joints, the distinct element method can 

effectively calculate the mechanical behavior of block systems under different stress and 
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displacement boundary conditions. The method employs an explicit solution procedure. 

An advantage of the explicit method is that, because matrices are never formed, large 

displacements, rotations and complex constitutive behavior for both intact material and 

joints are possible with no additional computing effort [1]. To perform stress analysis by 

3DEC, the problem domain should be discretized into polygons in 2-D or polyhedral in 3-

D first. Since 3DEC only allows the persistent joints cutting through the blocks, Kulatilake 

et al. [88] developed a framework based on fictitious joint concept to accommodate non-

persistent or finite size joints and provided guidelines to select the geomechanical 

parameter values for the fictitious joints. Kulatilake et al. [89-90] implemented this 

procedure to investigate the effect of finite size joints on the geomechanical behaviors of 

jointed rock masses at both the 2-D and 3-D levels. In a recent study, Wu and Kulatilake 

[3] applied this procedure to study the effect of a fracture system existing in a limestone 

rock mass located at the Yujian River Dam site, China on rock block REV sizes and 

strength and deformability properties in 3-D. Based on the developed REV 3-D rock mass 

deformability properties, they finally developed an orthotropic constitutive model for the 

rock mass. Bidgoli et al. [91-92] worked with UDEC to perform numerical analysis on the 

strength and deformability of a fractured rock mass and the anisotropy caused by the 

fracture network. In chapter 5, 3DEC is used to perform numerical polyaxial tests for the 

jointed cubic coal blocks having different pre-existing or artificial fracture networks under 

different confining stress combinations. 
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CHAPTER 3 

LABORATORY TESTS 

The experimental part of this research is a collaborative research effort between the 

University of Arizona (U of A) and the State Key Laboratory for Geomechanics and Deep 

Underground Engineering (SKLGDUE), China University of Mining and Technology, 

Beijing (CUMTB). The laboratory tests which include the frequently-used geomechanical 

property tests, CT scanning tests and polyaxial compression tests were carried out at the 

SKLGDUE using their equipment but following the experimental plan designed by the U 

of A under the leadership of Prof. Pinnaduwa H. S. W. Kulatilake. The rest of the research 

work was fully conducted at the U of A (construction and quantification of the fracture 

network in the cubic coal blocks, numerical modeling of intact coal using PFC3D, numerical 

modeling of jointed coal masses using 3DEC, and evaluations of different intact rock 

strength criteria and development of the new 3-D coal mass strength criterion). Coal blocks 

were collected from the Yongli colliery, Dongsheng coal field, Inner Mongolia, China. The 

coal seam belongs to Yan’an formation, Lower Jurassic-Middle Jurassic (200 Ma - 160 

Ma). Twenty-one 50 mm diameter cylindrical samples were drilled from the coal blocks 

for geomechanical property tests. The rest of the coal blocks were cut into 110 mm side 

dimension coal cubes. Both the coal cubes as well as cylindrical samples were purchased 

from a vendor in China. 
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3.1 Geomechanical property tests conducted for intact coal 

The geomechanical property tests conducted for intact coal are reported with respect to 

uniaxial compression tests, Brazilian splitting tests and standard triaxial tests. The samples 

used should be relatively intact. The used geomechanical property testing facilities and the 

conducted different tests are explained in detail in the following sections. 

3.1.1 Geomechanical property testing facilities 

The geomechanical property testing facilities available at the SKLGDUE is composed 

of five components: the loading frame, triaxial cell, hydraulic pressure system, servo 

controller and data acquisition system (see Fig. 3.1). The axial loading capacity of the 

loading frame is 2000 KN and the confining pressure can reach up to 100 MPa. Multiple 

variables can be chosen to control the test, such as the force, displacement, stress and strain. 

Axial and radial extensometers (see schematic diagram in Fig. 3.2) can be attached to 

the cylindrical rock specimen to record the axial and lateral deformation throughout the 

test as needed. The extensometers provide the average deformations, other than the local 

deformations obtained through the strain gauges. Also the extensometers are reusable. Fig. 

3.3 shows an example of a cylindrical coal sample with the installed axial and radial 

extensometers. 
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Fig. 3.1 Geomechanical property testing facilities. a) Loading frame; b) Triaxial cell; c) Hydraulic 

pressure system; d) Servo controller and data acquisition system. 

 

Fig. 3.2 Schematic diagram of extensometers used for the deformation measurement. a) Radial 

extensometer; b) Axial extensometer. 
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Fig. 3.3 An example of the experimental setup with the axial and radial extensometers. 

3.1.2 Uniaxial compression test 

Five 50 mm diameter cylindrical coal samples with height to diameter ratio around 2:1 

were tested under the uniaxial compression conditions. The test results were used to 

estimate the Young’s modulus (E), Poisson’s ratio (υ), uniaxial compressive strength (σci) 

of the intact coal. Throughout the uniaxial compression test, both the axial and radial 

extensometers were attached to the cylindrical coal samples to record the axial and lateral 

deformations. Fig. 3.4 provides the salient features of the uniaxial compression test of 

sample C2 as an example. Tensile failures occurred in all five uniaxial samples. 

Fig. 3.5 shows the obtained experimental diagram of sample C2 as an example. Since 

the stiffness of the testing facility is higher than the specimen in the post-peak region, the 

post-peak behavior can be captured [42]. The peak axial stress was selected as σci and E, υ 

were estimated from the linear portion of the experimental curve. 

Bolt 
Bolts 

Ring Base 

Claw Claw 

Bottom ring 

Top ring 

Rock specimen 



69 
 

 

Fig. 3.4 Uniaxial compression test of sample C2 as an example. a) Before test; b) Under test; c) 

After test. 

 

Fig. 3.5 Experimental diagram of sample C2 as an example. 

Table 3.1 lists the geometric, physical and geomechanical parameter values of each 

sample, the mean values, standard deviations and the values of the coefficient of variation 

(C.O.V.) of each parameter. Please note that sample C3 is marked with red color and was 

excluded before calculating the mean values, standard deviations and C.O.V.s. Because of 
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the unexpected breakdown of the axial extensometer during the test, the experimental 

curves of C3 experienced a high oscillation and yielded significantly low values for E and 

υ compared to the rest of the samples. Even though the geometric and physical parameters 

of the samples are very close, the geomechanical parameters show significant variability 

due to the presence of minor fractures in the samples. 

Table 3.1 Summary of the test results from the conducted uniaxial compression tests. 

Sample 

No. 

Diameter 

(mm) 

Height 

(mm) 

Mass 

(g) 

Density 

(g/cm3) 

σci
 

(MPa) 

E 

(GPa) 
υ 

C2 50.03 101.95 237.3 1.184 15.89 2.03 0.36 

C3 50.02   99.26 236.3 1.212 18.01 1.15 0.18 

C4 50.08 101.42 237.2 1.187 28.01 2.74 0.37 

C5 50.08 101.47 241.7 1.209 18.45 2.29 0.40 

C24 50.23 100.24 242.0 1.218 24.24 4.66 0.46 

Mean 50.11 101.27 239.6 1.200 21.65 2.93 0.40 

Std. Dev.   0.09     0.73     2.7 0.017   5.49 1.19 0.05 

C.O.V.   0.00     0.01     0.0 0.014   0.25 0.41 0.13 

3.1.3 Brazilian splitting test 

Four 50 mm diameter cylindrical coal samples with height to diameter ratio around 1:2 

were subjected to the Brazilian splitting test. The Brazilian test is convenient for obtaining 

the tensile strength of rock. The configuration used for Brazilian test is shown in Fig. 3.6. 

When the compressive load is applied to the top side of the rock disk, the horizontal tensile 

stresses occur along the diameter of the disk. In such a configuration, the horizontal stresses 

along the loaded diameter are uniform with the magnitude [93]: 

 𝜎𝑡,𝐵 =
2𝑃

𝜋𝑑𝑡
 (3.1) 

where σt,B
 
is the Brazilian tensile strength, P is the compressive load, and d and t are the 

diameter and thickness of the Brazilian disk, respectively. Please note that the Brazilian 

tensile strength (σt,B) is different from the tensile strength obtained through the direct 
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tension test. Because of the effect of fissures, the Brazilian test usually gives a tensile 

strength higher than that of the direct tension test. As the lengths of pre-existing fissures 

grow larger, the ratio of Brazilian to direct tensile strength was found to vary from one to 

more than ten [93].  

Fig. 3.7 provides the salient features of the Brazilian test for C9 sample as an example. 

In the case of samples with initial fractures, the loading direction subparallel to those 

fractures should be avoided. Otherwise, extremely low σt,B values obtained can interfere 

the interpretations of the test results. Table 3.2 provides the geometric and physical 

parameter values, the maximum compressive load (Pmax), σt,B of each sample, the mean 

values, standard deviations and C.O.V.s of each parameter. Same as the uniaxial test results, 

σt,B also has a significant variability because of the imperfections of the samples. 

 

Fig. 3.6 Schematic diagram of Brazilian splitting test. 
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Fig. 3.7 Brazilian test of C9 as an example. a) Before test; b) Under test; c) After test. 

Table 3.2 Summary of the test results from the conducted Brazilian tests. 

Sample No. 
Diameter 

(mm) 

Height 

(mm) 
Mass (g) 

Density 

(g/cm3) 

Pmax 

(KN) 

σt,B

（MPa） 

C7 50.06 24.76 55.8 1.145 2.826 1.45 

C8 50.10 27.96 62.3 1.130 2.471 1.12 

C9 50.09 25.28 57.0 1.144 2.616 1.32 

C10 50.06 25.63 61.5 1.219 1.906 0.95 

Mean 50.08 25.91 59.2 1.160 2.455 1.21 

Std. Dev.   0.02   1.41   3.2 0.040 0.394 0.22 

C.O.V.   0.00   0.05   0.1 0.034 0.160 0.18 

 

3.1.4 Standard triaixal compression test  

Four standard triaxial compression tests on 50 mm diameter cylindrical coal samples 

with height to diameter ratio around 2:1 were conducted to estimate the cohesion c0 and 

internal friction angle φ of the intact coal. The schematic diagram of used standard triaxial 

test is shown in Fig. 3.8. The specimen was placed inside a pressure vessel and the 

confining pressure (σ2 = σ3) was applied though the injection of hydraulic fluid into the cell. 

A plastic jacket was used to isolate the rock specimen from the hydraulic fluid. Once the 

confining pressure reached the pre-determined level, the axial load was applied until the 

sample failed. 

a) b) c) 
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Fig. 3.8 Schematic diagram of the standard triaxial test. 

Under the standard triaxial compression conditions, different types of failure can be 

observed depending on the confining stress level. In our experiments, two types of failure 

occurred in the samples: a ductile failure (see Fig. 3.9 a) and a shear failure (see Fig. 3.9 

b). The obtained experimental diagrams for four triaxial compression samples are provided 

in Fig. 3.10. 
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Fig. 3.9 Different types of failure observed under the standard triaxial conditions. a) Ductile failure 

(C20); b) Shear failure (C23). 

 

Fig. 3.10 Experimental diagram of four standard triaxial compression tests. 

The results obtained for the four standard triaxial compression tests are listed in Table 

3.3. Out of the four triaxial samples, shear failure occurred in three of them. Sample C20 
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uniaxial data points were used to fit the Mohr-Coulomb equation (Eqs. 2.2 and 2.3) as 

shown in Fig. 3.11. The estimated c0 and φ values are given in Table 3.3. 

Table 3.3 Summary of the standard triaxial compression test results. 

Sample 

No. 

Confining stress, 

σ2 = σ3 (MPa) 

Triaxial compressive 

strength, σ1 (MPa) 

Cohesion, 

c0 (MPa) 

Internal friction 

angle, φ (°) 

C6   7.9 58.7 

6.95 28.64 
C20 12.1 17.6 

C22   3.5 41.2 

C23 15.9 60.5 

 

Fig. 3.11 Linear regression analysis for the standard triaxial compression data. 

3.2 Geomechanical property tests conducted for coal discontinuities 

The geomechanical property tests conducted for coal discontinuities include uniaxial 

compression test for the cylindrical coal samples with one horizontal saw-cut joint and 

direct shear test. The former test was carried out on the testing facility explained in 3.1.1. 

The used direct shear testing machine is explained in section 3.2.1. The conducted uniaxial 

compression tests on cylindrical coal samples with one horizontal saw cut joint to estimate 

joint normal stiffness (JKN) are covered in section 3.2.2. The performed direct shear tests 
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on coal discontinuities to estimate discontinuity strength parameters and joint shear 

stiffness (JKS) are explained in section 3.2.3. 

3.2.1 Direct shear testing machine 

The rock direct shear testing machine (BC-100D) available at The University of Science 

and Technology, Beijing (USTB) was used to conduct direct shear tests on coal 

discontinuities. This testing facility is composed of three different parts: the loading frame, 

direct shear boxes and servo controller and data acquisition system (see Fig. 3.12 a). The 

loading capacity of this machine is 100 KN. Linear Variable Differential Transformers 

(LVDTs) are used to monitor the normal and shear deformations. Fig. 3.12 b and c show 

the mold of encapsulation and casting of encapsulating materials, respectively.  

 

Fig. 3.12 Rock direct shear testing machine and its accessories. a) Rock direct shear testing machine; 

b) Mold of encapsulation; c) Casting of encapsulating materials. 

 

 

Loading Frame 

Direct Shear Box 

Servo Controller and Data 

Acquisition System 

a) 

b) 

c) 



77 
 

3.2.2 Conducted uniaxial compression tests for the coal samples with one horizontal joint 

Goodman [94] studied the normal deformation behavior of rock discontinuities. The 

normal deformation of rock joints is schematically explained in Fig. 3.13. When the axial 

load is applied to a cylindrical rock sample with one horizontal joint, the total axial 

deformation of the rock sample can be divided into two components: intact rock 

deformation and joint deformation. Once the axial load is increased to a certain level, the 

joint is fully closed and only intact rock contributes to the axial deformation of the rock 

sample. Therefore, the joint deformation approaches the vertical line with the increasing 

normal stress (see Fig. 3.13 d). Such behavior can be observed for both natural joints as 

well as saw cut joints. From this test, the relation between joint normal stiffness (JKN) and 

normal stress level can be obtained as explained below. 

 

Fig. 3.13 Schematic diagram of joint normal deformation (reproduced from [93]). a) Rock 

specimen with a joint; b) Idealization of a joint; c) Behavior of rock samples with different types 

of joints; d) Behavior of different types of joints. 
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Four uniaxial compression tests for the cylindrical coal samples with one horizontal 

saw-cut joint were performed in this research. In this test, only the axial extensometer was 

attached to the cylindrical coal sample to measure the normal displacement. Fig. 3.14 

provides the salient features of the performed uniaxial compression test for C19 sample as 

an example. 

 

Fig. 3.14 Uniaxial compression test of C19 as an example. a) Example of the cylindrical coal 

sample with one horizontal saw-cut joint; b) C19 with the axial extensometer. 

The procedure used to calculate the JKN coefficient is as follows (Kulatilake, personal 

communication): a) The total axial deformation – normal stress curve is obtained from the 

uniaxial compression test (see Fig. 3.15 as an example); b) From the linear portion of the 

total axial deformation – normal stress (last part of the curve), deformability modulus of 

the intact part can be estimated. This deformation modulus is used to calculate the 

deformation of the intact part. By subtracting the intact rock deformation from the total 

axial deformation, the joint deformation – normal stress relation can be obtained (see Fig. 

3.16 as an example). Please note that the most accurate way to obtain the intact rock 

deformation is to subject an exact same rock specimen without the joint under the same 

a) b) 
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experimental conditions. However, this is physically impossible; c) Regression analysis is 

performed to the normal stress – joint deformation curve to find the best relation; most 

likely an exponential function provides a good fit (see Fig. 3.17 as an example); d) then 

finally the relation between JKN and normal stress can be obtained through taking the 

derivative of the exponential function and variable substitution (see Fig. 3.18 as an 

example). The constant obtained in the equation given in Fig. 3.18 is termed the JKN 

coefficient. The JKN coefficients obtained for samples C16, C17, C18 and C19 were 20.12, 

12.84, 20.77 and 19.55, respectively. By calculating the average value and standard 

deviation of JKN coefficients of C16, C18 and C19 samples, the relation JKN (GPa/m) = 

(20.15 ±0.61) σn (MPa) was finally obtained. The C.O.V. obtained was 0.03. 

 

Fig. 3.15 Total axial deformation – normal stress diagram of C16 as an example. 
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Fig. 3.16 Joint deformation – normal stress diagram of C16 as an example. 

 

 

 

Fig. 3.17 Exponential fit between normal stress and joint deformation of C16 as an example. 
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Fig. 3.18 Linear relation obtained between JKN and normal stress for sample C16 as an example. 

3.2.3 Conducted direct shear tests  

The direct shear test (see the schematic diagram shown in Fig. 3.19) is used to observe 

the shear behavior of the following rock discontinuities: natural rough joint, saw-cut 

smooth joint, interface between two different rock types. Joint friction angle and the 

relation between the joint shear stiffness (JKS) and normal stress in terms of the JKS 

coefficient (JKS0) (similar to the JKN coefficient) can be obtained from the direct shear 

test. Before the test, the two halves of the rock specimen need to be encapsulated by a 

certain hard material, such as cement or hydrostone. The use of the encapsulating material 

can accommodate different shapes of the rock samples and also can function as a support 

to avoid the undesired failure which may occur on the cylindrical surface of the rock sample 

adjacent to the discontinuity. The exposure of the rock sample out of the encapsulating 

material should be as less as possible. The testing procedure used followed the instructions 

of ASTM standard D5607-08 as follows [95]: a) Set the normal load to the lowest selected 

level until it is stabilized; b) Apply the shear load continuously at the selected rate. The 
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readings should be taken continuously before and after reaching the peak shear strength. 

For a natural joint, after reaching the peak shear strength, loading should continue and 

readings should be taken until a residual shear strength is established. For a saw-cut joint, 

the residual shear strength most likely will not appear and the readings should continue 

until reaching a certain shear displacement; c) Reset the sample and the testing machine, 

increase the normal load to the next level and then start the next round of test. Four rounds 

of direct shear tests for four different saw-cut joints were conducted in this research. 

 

Fig. 3.19 Schematic diagram of the direct shear test. 

The direct shear sample C28 is shown in Fig. 3.20 as an example. Fig. 3.21 provides the 

obtained shear stress – shear displacement diagram of sample C27 as an example. Using 

the peak point at each normal stress level, the shear strengths of the saw-cut coal joint under 

different normal stress levels can be estimated. The shear strength – normal stress diagram 

of sample C26 is shown in Fig. 3.22 as an example. Linear regression was performed for 

the data points by setting the intercept to 0. The coefficient obtained from the regression 

equals tanφb, where φb is the basic friction angle for the saw-cut joint. For natural rough 

joints, both the peak friction angle φp and residual friction angle φr can be calculated from 
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the test results. From Fig. 3.21, the pre-peak portion of the curve for each normal stress 

level was used to compute the JKS value under the particular normal stress level. Then the 

relation between the JKS and normal stress can be obtained through linear regression as 

for the relation between the JKN and normal stress. The obtained shear strength under each 

normal stress level, JKS0 value and φb for each saw-cut joint, mean values, standard 

deviations and C.O.V.s of JKS0 and φb are summarized in Table 3.4. Please note that the 

two JKS0 values marked in red color in Table 3.4 were not used in calculating the mean 

value, standard deviation and C.O.V. 

 

Fig. 3.20 Direct shear test of sample C28 as an example. a) Picture of sample C28; b) Sample C28 

on the testing machine. 

a) b) 
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Fig. 3.21 Shear stress – shear displacement diagram of sample C27 as an example. 

 

 

 

Fig. 3.22 Shear strength – normal stress diagram and the estimated basic friction angle for sample 

C26 as an example. 
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Table 3.4 Summary of the calculation results from the direct shear tests. 

Sample 

No. 

Normal Stress 

σn (MPa) 

Shear Strength 

τmax (MPa) 
JKS0 (MPa) 

Basic Friction 

Angle φb (°) 

C25 

0.25 0.18 

0.34 32.05 
0.50 0.32 

0.75 0.48 

1.00 0.61 

C26 

0.25 0.17 

0.42 32.78 
0.50 0.35 

0.75 0.48 

1.00 0.63 

C27 

0.25 0.20 

0.89 29.98 
0.50 0.30 

0.75 0.43 

1.00 0.56 

C28 

0.50 0.40 

0.19 32.37 
1.00 0.73 

1.50 0.87 

2.00 1.26 

JKS (GPa/m) 

= (0.38 ± 0.06) σn (MPa) 
 

Mean 0.38 31.80 

Std. Dev. 0.06   1.25 

C.O.V. 0.16   0.04 

3.3 CT scanning tests for the cubic coal blocks 

Industrial CT scanning is a computer-aided tomographic process. Similar to the CT 

scanning in medical image diagnosis, this technique uses irradiation (most frequently X-

rays) to create cross sections of 3-D targets. The cross-sectional images (virtual ‘slices’) 

can be used to construct the 3-D structures of the targets. Since this technique is capable of 

providing the 3-D internal structures without any destruction, the industrial CT scanning 

has been applied in many areas such as: detection of flaws and cavities, analyses of pores 

and morphology of objects, failure analysis, assembly analysis and reverse engineering 

applications [96-97]. The details about the testing facility, data processing and CT scanning 

slices are covered in the following sections. 
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3.3.1 Industrial CT scanning facility 

The industrial CT scanning facility ACTIS300-320/225 (see Fig. 3.23) available at the 

State Key Laboratory of Coal Resources and Safe Mining, CUMTB is used to detect the 

fractures in the 110 mm side dimension cubic coal blocks. The used testing facility is 

capable of providing the 3-D structures and physical properties of targets, such as defect 

sizes and locations, density variation, the shape and accurate dimension of abnormalities 

and the distribution of impurities. The schematic diagram of the CT scanning process is 

shown in Fig. 3.24. X-ray beam is produced from the generator and shot at the rock 

specimen. The rock specimen is placed on a turntable. After penetrating the specimen, the 

X-rays continue to transmit and are received by the detector. The raw data obtained from 

the detector is transmitted to the controlling and processing center for data processing, 

image processing and display. The movable plate is controlled by the controlling and 

processing center. 

Based on the differences of the used X-ray beams and image reconstruction algorithms, 

the industrial CT scanners can be categorized into two main types: line/fan beam or cross-

sectional CT scanners and cone beam or volume CT scanners [98].  The line beam CT 

scanner can be sub-categorized into rotate and translate-rotate scanners. The line beam of 

rotate scanners must span the entire width of the object. The translate-rotate scanners are 

used for extended objects. Comparing to the line beam scanners, cone beam scanners are 

capable of acquiring the data much faster, but less suitable on objects requiring a high-

energy X-ray source for penetration [98]. The schematic diagrams of the line beam and 

cone beam scanners are shown in Fig. 3.25 and Fig. 3.26, respectively. The CT scanner 
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used in this research experienced an upgrade from line beam scanning to cone beam 

scanning between June 2012 and Feb. 2013. 

 

Fig. 3.23 Panorama of industrial CT scanning machine (ACTIS300-320/225) available at the 

State Key Laboratory of Coal Resources and Safe Mining, CUMTB. 
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Fig. 3.24 Schematic diagram of the CT scanning process. 

 

Fig. 3.25 Schematic diagram of the line/fan beam or cross-sectional CT scanners. 

 

Fig. 3.26 Schematic diagram of the cone beam or volume CT scanners. 
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3.3.2 Data processing and CT slices  

Thirty-six 110 mm side dimension coal cubes were subjected to CT scanning to obtain 

the fracture information in the coal cubes. The first twelve samples (CB1-CB12) were 

scanned before the upgrade. For the first batch of scanned samples, values of the scanning 

parameters are listed in Table 3.5. The used specimen setup on the CT scanner for the 

different scanning directions is shown in Fig. 3.27 (CB1 as an example). The photographs 

of the six faces of sample CB10 are provided as an example in Fig. 3.28. Out of the six 

faces, the two faces E and F are subparallel to the bedding planes. The rest of the four faces, 

A, B, C and D, are approximately perpendicular to the bedding planes. The CT slices 

constructed subparallel and approximately perpendicular to the bedding planes from the 

CT scanning test performed for sample CB 10 are given as examples in Figs. 3.29 and 3.30, 

respectively.  From Fig. 3.29, some cleats (either face cleats or butt cleats) can be seen. 

The sub horizontal fractures in Fig. 3.30 are the bedding planes. For the first twelve samples, 

because all the scanned CT slices are quite far away from the faces of the block, 

comparisons between the CT slices and the photographs of the block faces are not available.  

Table 3.5 Parameter values of the CT scanning test for the first batch of samples. 

Scanning 

power 

Starting 

height 

(mm) 

Scanning 

interval 

(mm) 

Ending 

height 

(mm) 

Number 

of slices 

Scanning 

diameter 

(mm) 

Scanning 

direction to the 

bedding planes 

320 KV 

3 mA 
10 10 100 10 160 Subparallel 

320 KV 

3 mA 
18.3 18.3 91.5 5 160 

Approximately 

perpendicular 
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Fig. 3.27 CB1 on the CT scanner (as an example). a) Scanning direction subparallel to the bedding 

planes; b) Scanning direction approximately perpendicular to the bedding planes. 

 

Fig. 3.28 Photographs of the six faces of sample CB10 as an example. a) Face A; b) Face B; c) 

Face C; d) Face D; e) Face E; f) Face F. 

a) b) 

a) b) c) 

d) e) f) 
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Fig. 3.29 CT slices constructed subparallel to the bedding planes from sample CB10 as an example. 

a) Hh=10 mm; b) Hh=20 mm; c) Hh=30 mm; d) Hh=40 mm; e) Hh=50 mm; f) Hh=60 mm; g) Hh=70 

mm; h) Hh=80 mm; i) Hh=90 mm; j) Hh=100 mm. 

 

Fig. 3.30 CT slices constructed approximately perpendicular to the bedding planes from sample 

CB10 as an example. a) Hv=18.3 mm; b) Hv=36.6 mm; c) Hv=54.9 mm; d) Hv=73.2 mm; e) Hv=91.5 

mm. 

The rest of the twenty-four samples (CB14, CB15, CB18, CB21, CB22, CB24, CB26, 

CB28, CB30, CB31, CB32, CB33, CB34, CB35, CB40, CB41, CB46, CB47, CB48, CB49, 

CB52, CB57, CB59 and CB60) were scanned after the upgrade. The parameter values of 

the scanning are given in Table 3.6. The raw data processed by the Matlab software 

package can be converted to hundreds of matrices. Each matrix is composed of the gray-

scale value of each point on the same cross section of the scanned cubical coal block. The 

gray-scale value varies from 0 (pure black: void) to 255 (pure white: solid). Through image 

processing, these matrices can be converted to gray-scale CT slices of the cross sections at 

a) b) c) d) e) 

f) g) h) i) j) 

a) b) c) d) e) 
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different levels. According to the specific configuration of the cubical coal blocks, the CT 

slices first obtained are subparallel to the bedding planes spaced at 0.125 mm, the so called 

horizontal CT slices. These horizontal CT slices are only capable of capturing the fracture 

geometric information of face cleats and butt cleats that are usually approximately 

perpendicular to the bedding planes. To detect the bedding planes, the CT slices of the 

cross sections approximately perpendicular to the bedding planes are required. The same 

rows or columns of the matrices used to construct the horizontal CT slices can be extracted 

and rearranged into a new matrix of the cross section approximately perpendicular to the 

bedding planes (see Fig. 3.31 a).  These new matrices are used to construct the vertical CT 

slices, which are capable of capturing the geometric information of the bedding planes. A 

constructed example of the vertical CT slices is shown in Fig. 3.31 b. To validate the 

effectiveness of these horizontal and vertical CT slices, the CT slices closest to the faces 

of the block were compared with the photographs of the corresponding faces A, C, E and 

F. Fig. 3.32 shows that the CT slices are in good agreement with the photographs of the 

corresponding faces. This indicates that the used CT scanning technique is a feasible and 

effective way to detect the fracture networks in the coal masses at the laboratory scale.  

Table 3.6 Parameter values of the CT scanning test for the second batch of samples. 

Parameter 
Scanning 

power 
Amplification Resolution Offset 

Number of 

slices 

Value 200 KV, 2 mA 1.471 1229×1229 12.9 800 
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Fig. 3.31 Construction of the vertical CT slices approximately perpendicular to the bedding planes. 

a) Schematic diagram of construction; b) An example of a completed construction. 

 

Fig. 3.32 Comparison between the CT slices and photographs of the corresponding faces of CB40 

sample as an example. a) Face A and corresponding CT slice; b) Face C and corresponding CT 

slice; c) Face E and corresponding CT slice; d) Face F and corresponding CT slice. 

3.4 Polyaxial compression tests for the cubic coal blocks 

The traditional triaxial compression test, as described in section 3.1.4, uses the stress 

state σ1 > σ2 = σ3 > 0. Though widely used and convenient to conduct in the laboratory, 

such test is incapable of investigating the effect of the intermediate principal stress. 

a) b) 

a) b) c) d) 
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Polyaxial compression tests (σ1 ≥ σ2 ≥ σ3 ≥ 0) in which all three principal stresses may have 

different values are sometimes desired to carry out to study the rock behavior under 

complex stress states. In contrast to the cylindrical samples used in the traditional triaxial 

compression tests, the prismatic samples are commonly used in the polyaxial compression 

tests. Such tests have sometimes been referred to as the “true-triaxial compression test”, 

which is more self-explanatory [99]. Several researchers designed and built different 

equipment to perform the polyaxial compression tests (Hojem and Cook [100], Mogi [25], 

Haimson and Chang [26]).  Hunsche and Albrecht [101] used a special polyaxial testing 

apparatus with heaters placed between the specimen and the pistons to study the 

thermomechanical properties of rock salt. Sayers et al. [102] introduced ultrasonic 

transducers to the polyaxial tests to investigate the ultrasonic anisotropy of Berea sandstone 

under complex stress states. 

3.4.1 Polyaxial testing facility 

The cubical coal blocks that were subjected to CT scanning were then subjected to 

polyaxial compression tests by a testing facility available at the SKLGDUE, CUMTB (see 

Fig. 3.33). The testing facility is composed of the following four different parts: loading 

frame, data acquisition system, servo controller and oil pump. The loading frame has 

individually servo-controlled loading platen in each of the three mutually perpendicular 

directions with a loading capacity of 500 KN. The loading deviation is less than 0.5%. The 

maximum displacement of each loading platen is 150 mm with deviation less than 0.4%. 

The six steel loading platens are frustum shaped to avoid the collision of any two mutually 

perpendicular platens during the polyaxial loading process. LVDTs are attached to each 

loading platen to measure the change in the distance between the opposing platens in the 



95 
 

corresponding direction to estimate the deformation of the specimen in the same direction. 

The servo control system is capable of implementing different loading processes: 

asynchronous loading and unloading from three loading directions, synchronous loading 

and unloading from any two directions or all three directions. 160 mm or 110 mm side 

dimension cubic rock blocks can be tested in this machine. The smaller size was chosen 

for the convenience of preparation of the cubic coal blocks. Also with the limited loading 

force capacity, more stress levels can be applied on a smaller cross sectional area. 

 

Fig. 3.33 The polyaxial testing facility available at the SKLGDUE, CUMTB. 

3.4.2 Polyaxial compression test results 

Thirty-six jointed cubic coal blocks were subjected to both the CT scanning tests and 

polyaxial compression tests. Out of the thirty-six, three cubic coal blocks got crushed 

because of some malfunction of the testing facility. Ten relative intact cubic coal blocks 
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were subjected only to polyaxial compression tests. For each test, a three-stage loading 

scheme was implemented to avoid unwanted early damage (see Fig. 3.34) : a) apply the 

lower confining stress from all three directions at the loading rate of 0.5 KN/s until the 

sample reaches the hydrostatic stress state; b) keep the lower confining stress in the pre-

determined direction and increase the stresses from the other two directions to the higher 

confining stress level at the same loading rate; c) maintain the two confining stresses and 

load the sample in the third direction at the loading rate of 0.004mm/s until the sample fails. 

 

Fig. 3.34 Schematic diagram of the three-stage loading scheme. 

Figs. 3.35 and 3.36 show two experimental stress-strain diagrams obtained from the 

polyaxial compression tests as examples. Note that the confining stress applied to sample 

CB3 is higher than that applied to sample CB1. The higher confining stress has resulted in 

more ductile behavior in CB3 sample compared to that of CB1 sample. These stress-strain 

diagrams were also used to obtain the JCMSL values under different confining stresses. For 

the convenience of analyses, the obtained polyaxial compression test results for forty-three 

cubic coal blocks are provided in Chapter 4 with the fracture tensor calculation results. 
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Fig. 3.35 Obtained stress-strain diagram for CB1 sample as the first example. 

 

Fig. 3.36 Obtained stress-strain diagram for CB3 sample as the second example. 
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CHAPTER 4 

CONSTRUCTION AND QUANTIFICATION OF PRE-

EXISTING FRACTURE NETWORKS 

As described in section 3.3.2, from the industrial CT scanning, two orthogonal sets of 

virtual slices were obtained: horizontal slices subparallel to the bedding planes and vertical 

slices approximately perpendicular to the bedding planes. The horizontal slices are capable 

of capturing the fracture geometric information of face cleats and butt cleats that are usually 

approximately perpendicular to the bedding planes. The geometric information of bedding 

planes and other cleats are obtained through the vertical slices. In chapter 4, the 

aforementioned two sets of CT slices obtained for each coal cube are used to construct the 

pre-existing fracture network in the corresponding cubic coal block. The constructed 

fracture networks are then quantified and evaluated by the fracture tensor based 

methodology. 

4.1 Construction of the pre-existing fracture networks 

A systematic procedure used to construct the fracture network will be explained first in 

section 4.1.1. Then examples of construction results will be provided in section 4.1.2. 

4.1.1 Construction procedures of the fracture networks 

The procedure developed to construct the fracture networks that exist in the cubic coal 

blocks using the horizontal and vertical CT slices is explained as follows: 
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Nomenclatures: a) Strike or strike angle: the horizontal angle between the strike line 

and the north direction, usually measured clockwise from the north. The strike line of a 

discontinuity is the intersection of the discontinuity with the horizontal plane; b) Dip 

direction: the direction of the horizontal trace of the dip line, measured clockwise from the 

north; c) Dip angle: the vertical angle of the line of the greatest slope of a discontinuity 

plane. It is measured in the vertical plane perpendicular to the strike. Dip angle gives the 

steepest angle of descent of a discontinuity plane to a horizontal plane; d) Apparent dip 

angle: the vertical angle of a discontinuity plane measured in a vertical plane not 

perpendicular to the strike. The orientation or attitude of a geological feature is illustrated 

in Fig. 4.1. 

 

Fig. 4.1 Nomenclature of the orientation or attitude of a geological feature. 

Assumptions: let the spacing of the CT slices used for the fracture network 

constructions be T; a) If more than one trace is available from the CT slices, the fracture is 

extended T/2  along the negative direction from the CT slice where it first appears and T/2 

along the positive direction from the CT slice where it finally disappears as long as the 
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extended part does not exceed the block surface; b) If only one trace is available from the 

CT slice, the fracture is extended T/2 along both the positive and negative directions from 

the trace unless the extension exceeds the block surface. 

a) The traces belonging to the same fracture plane were marked starting from the CT 

slice where the fracture first appears to the subsequent CT slices until no trace was 

seen on the next CT slice. Even though the CT slices of the second batch of the cubic 

coal blocks were available at an extremely close spacing (0.125 mm), to reduce the 

construction time and to be consistent with the fracture network constructions of the 

first twelve cubic coal blocks, the CT slices spacing at 10 mm were used for the 

fracture network constructions; 

b) On each trace, several key points were marked and their 3-D coordinates were read. 

The number of key points must be sufficient to capture the necessary geometric 

changes of each trace; 

c) The 3-D coordinates were subjected to multiple linear regression analysis to find the 

equation of the fracture plane. Obtained reasonably high multiple R values (≥ 0.75) 

indicated successful fracture plane fits; 

d) For the fracture planes with only one trace available from the CT slices, 2-D linear 

regression analysis was used instead of multiple linear regression analysis; 

e) The aforesaid equations were then used to calculate the orientation of each fracture 

plane;  

f) The irregular fracture plane was first simplified as a polygon. The polygon was then 

discretized into several triangles. The area and 3-D coordinates of the center of the 
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area (Gx, Gy and Gz) for each fracture plane were calculated based on the discretized 

triangles; 

g) The equivalent diameter for each fracture plane was calculated based on the fracture 

area to compute the fracture tensor components, which will be covered in section 

4.2. The side lengths of the equivalent square or rectangle were also computed for 

the convenience of application in the subsequent numerical simulations. 

The following rules were used to calculate the fracture orientations and model the 

fractures in 3DEC: 

a) For a fracture plane, when more than one trace is available from CT slices, it is 

possible to calculate the equation of the fracture plane and its true dip and its dip 

direction. These fractures were simplified as equivalent squares in 3DEC; 

b) For a fracture plane, when only one trace is available from the CT slices 

approximately perpendicular to the bedding planes, only the apparent dip angle and 

the apparent dip direction angle of the fracture plane can be estimated for the fracture 

plane. These fractures, which belong to either the bedding planes or cleats, were 

idealized as equivalent rectangles in 3DEC; 

c) For a cleat, when only one trace is available from the CT slices subparallel to the 

bedding planes, only the strike of the fracture planes can be estimated. Therefore, 

for each fracture plane, the dip angle was assumed to be 90°. These fractures were 

also represented as equivalent rectangles in 3DEC. 

The aforementioned procedure was implemented to construct the fracture networks in 

the second batch of the cubic coal blocks. For the first twelve cubic coal blocks, the 

construction procedure used was very similar to the aforementioned except the following 
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three differences: a) the photographs of the block surfaces were used at the boundaries 

instead of the CT slices; b) the interval of the vertical CT slices used was 18.3 mm; c) the 

rules used to calculate the fracture orientations were adjusted according to the particular 

setup of the coal cubes on the CT scanning facility. 

4.1.2 Examples of the fracture network constructions 

The horizontal and vertical CT slices of sample CB33 are given as examples of steps a) 

and b) of the construction procedure in Figs. 4.2 and 4.3, respectively. The results of the 

fracture network construction of sample CB6 are listed in Tables 4.1 - 4.3 as examples. In 

the three tables, fractures with dip angle close to 0° are the bedding planes. The rest of 

them are either face cleats or butt cleats. 
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Fig. 4.2 Horizontal CT slices of sample CB33 marked with key points as examples. a) Hh=0 mm; 

b) Hh=10 mm; c) Hh=20 mm; d) Hh=30 mm; e) Hh=40 mm; f) Hh=50 mm; g) Hh=60 mm; h) Hh=70 

mm; i) Hh=80 mm; j) Hh=90 mm; k) Hh=100 mm; l) Hh=110 mm. 
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Fig. 4.3 Vertical CT slices of sample CB33 marked with key points as examples. a) Hv=0 mm; b) 

Hv=10 mm; c) Hv=20 mm; d) Hv=30 mm; e) Hv=40 mm; f) Hv=50 mm; g) Hv=60 mm; h) Hv=70 

mm; i) Hv=80 mm; j) Hv=90 mm; k) Hv=100 mm; l) Hv=110 mm. 
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Table 4.1 Estimated 3-D fracture geometry parameter values for sample CB6 from CT scans as examples. 

No. R C A B 
Dip  

angle (°) 

Dip 

direction (°) 

Gx 

(mm) 

Gy 

(mm) 

Gz 

(mm) 

Area 

(mm2) 

ED 

(mm) 

ES 

(mm) 

  1 0.97  72.16  0.68  -0.02  89.01 124.29 80.57  12.50  5.55  284.39  19.03  16.86  

  2 0.95  46.69  -2.93  -0.33  83.92   18.83 22.29  2.81  49.02  564.36  26.81  23.76  

  3 0.98  41.54  0.76  -0.02  88.92 127.09 48.69  11.00  49.46  478.33  24.68  21.87  

  4 0.98  52.59  0.15  0.02  88.99 278.67 62.54  53.08  104.53  438.26  23.62  20.93  

  5 0.96  46.61  0.22  0.14  82.31 282.45 63.97  13.20  104.48  234.76  17.29  15.32  

  6 1.00  122.64  -5.95  0.43  85.91 189.53 103.15  10.85  104.37  81.93  10.21  9.05  

  7 0.99  38.88  -0.07  -0.06    5.46   48.62 26.43  75.50  32.22  172.40  14.82  13.13  

  8 0.98  26.97  0.05  -0.06    4.50 318.34 29.20  18.27  27.43  426.76  23.31  20.66  

  9 0.82  21.14  -0.03  -0.02    2.00   58.68 27.05  11.51  20.13  415.58  23.00  20.39  

10 0.79  86.59  0.00  -0.04    2.39 356.76 75.21  55.41  84.46  6598.28  91.66  81.23  

Note: R is the square root of the coefficient of determination in the regression analysis; C, A, B are the regression coefficients of the equation 

obtained for the fracture plane; Gx, Gy, Gz are x, y, z coordinates of the center of the area of the fracture plane; Area is the area of the fracture plane; 

ED is the diameter of an equivalent circular shaped fracture; ES is the side length of an equivalent square shaped fracture. 

Table 4.2 Estimated fracture geometry parameters for the cleats of sample CB6 from single traces coming from horizontal CT slices. 

No. R C A B 
Dip  

angle (°) 

Dip 

direction (°) 

Gx 

(mm) 

Gy 

(mm) 

Gz 

(mm) 

Area 

(mm2) 

ED 

(mm) 

EL 

(mm) 

EH 

(mm) 

1 1.00 -5.32 0.21 0 90 102.03 2.65 37.38 2.50 61.41 8.84 12.28 5.00 

2 1.00 528.55 -12.09 0 90 184.73 6.24 43.20 2.50 23.25 5.44 4.65 5.00 

3 1.00 143.35 -3.00 0 90 198.42 26.47 38.92 2.50 39.60 7.10 7.92 5.00 

4 1.00 -6.34 0.25 0 90 104.26 9.64 62.88 2.50 182.90 15.26 36.58 5.00 

5 1.00 -19.27 0.77 0 90 127.59 24.85 57.29 2.50 44.30 7.51 8.86 5.00 

6 1.00 29.80 0.14 0 90 277.76 37.24 54.61 2.50 57.91 8.59 11.58 5.00 

7 0.91 -5002.06 77.82 0 90 179.26 27.59 64.63 2.50 78.80 10.02 15.76 5.00 

8 0.99 371.06 -4.93 0 90 191.46 19.98 71.16 2.50 173.63 14.87 34.73 5.00 

9 0.90 245.53 -3.13 0 90 197.69 44.51 64.13 2.50 49.37 7.93 9.87 5.00 
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No. R C A B 
Dip  

angle (°) 

Dip 

direction (°) 

Gx 

(mm) 

Gy 

(mm) 

Gz 

(mm) 

Area 

(mm2) 

ED 

(mm) 

EL 

(mm) 

EH 

(mm) 

10 1.00 290.71 -3.62 0 90 195.45 29.81 72.10 2.50 23.23 5.44 4.65 5.00 

11 1.00 307.45 -3.91 0 90 194.34 35.07 69.65 2.50 27.54 5.92 5.51 5.00 

12 1.00 283.17 -3.19 0 90 197.42 8.61 86.17 2.50 56.26 8.46 11.25 5.00 

13 1.00 -10.11 0.28 0 90 105.89 14.53 86.53 2.50 72.69 9.62 14.54 5.00 

14 1.00 -9.75 0.57 0 90 119.82 37.29 82.06 2.50 77.09 9.91 15.42 5.00 

15 1.00 -20.52 0.91 0 90 132.19 47.43 74.97 2.50 35.05 6.68 7.01 5.00 

16 1.00 -254.91 4.09 0 90 166.26 49.87 74.54 2.50 18.90 4.91 3.78 5.00 

17 1.00 36.22 0.17 0 90 279.66 50.43 83.50 2.50 36.43 6.81 7.29 5.00 

18 1.00 21.23 0.35 0 90 289.13 52.69 90.70 2.50 16.75 4.62 3.35 5.00 

19 0.96 -231.35 2.85 0 90 160.64 41.20 95.76 2.50 68.52 9.34 13.70 5.00 

20 1.00 265.83 -2.15 0 90 204.96 47.45 101.64 2.50 108.62 11.76 21.72 5.00 

21 1.00 -18.05 0.64 0 90 122.67 45.96 99.82 2.50 24.16 5.55 4.83 5.00 

22 1.00 9.29 0.41 0 90 292.28 49.90 99.13 2.50 11.96 3.90 2.39 5.00 

23 1.00 -26.91 0.87 0 90 130.97 61.05 101.31 2.50 53.48 8.25 10.70 5.00 

24 1.00 -23.52 0.70 0 90 124.82 48.68 103.81 2.50 18.04 4.79 3.61 5.00 

25 1.00 83.78 -0.32 0 90 252.07 49.31 106.53 2.50 13.06 4.08 2.61 5.00 

26 0.98 39.64 0.13 0 90 277.39 53.13 104.01 2.50 48.48 7.86 9.70 5.00 

27 1.00 30.62 0.71 0 90 305.29 31.83 1.71 2.50 20.99 5.17 4.20 5.00 

28 1.00 31.25 0.58 0 90 300.04 35.73 7.74 2.50 32.29 6.41 6.46 5.00 

29 1.00 40.28 0.13 0 90 277.40 40.87 4.59 2.50 46.27 7.68 9.25 5.00 

30 1.00 43.33 0.04 0 90 272.56 43.94 13.72 2.50 60.37 8.77 12.07 5.00 

31 1.00 15.09 0.80 0 90 308.55 35.14 25.16 2.50 44.60 7.54 8.92 5.00 

32 1.00 41.51 0.16 0 90 279.01 46.52 31.64 2.50 22.09 5.30 4.42 5.00 

33 1.00 66.58 -0.31 0 90 252.92 54.91 37.99 2.50 27.19 5.88 5.44 5.00 

34 1.00 119.06 -2.63 0 90 200.79 102.67 6.22 2.50 40.12 7.15 8.02 5.00 

35 0.98 379.48 -5.57 0 90 190.18 70.51 55.49 2.50 153.82 13.99 30.76 5.00 

36 1.00 41.33 0.60 0 90 300.85 77.05 59.80 2.50 37.66 6.92 7.53 5.00 

37 1.00 135.72 -1.09 0 90 222.63 84.68 46.98 2.50 19.56 4.99 3.91 5.00 
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No. R C A B 
Dip  

angle (°) 

Dip 

direction (°) 

Gx 

(mm) 

Gy 

(mm) 

Gz 

(mm) 

Area 

(mm2) 

ED 

(mm) 

EL 

(mm) 

EH 

(mm) 

38 1.00 81.46 0.28 0 90 285.76 93.09 41.24 2.50 25.57 5.71 5.11 5.00 

39 1.00 92.03 0.13 0 90 277.27 97.07 39.47 2.50 13.81 4.19 2.76 5.00 

40 1.00 18.63 1.90 0 90 332.26 99.15 42.35 2.50 17.04 4.66 3.41 5.00 

41 0.92 77.03 0.68 0 90 304.30 104.45 40.20 2.50 42.30 7.34 8.46 5.00 

42 1.00 183.02 -1.91 0 90 207.68 106.97 39.89 2.50 8.25 3.24 1.65 5.00 

43 1.00 63.81 0.58 0 90 300.31 91.29 47.00 2.50 23.23 5.44 4.65 5.00 

44 1.00 163.92 -1.46 0 90 214.45 95.99 46.61 2.50 36.33 6.80 7.27 5.00 

45 1.00 453.78 -7.37 0 90 187.72 105.75 47.20 2.50 31.39 6.32 6.28 5.00 

46 0.99 242.64 -2.11 0 90 205.39 102.02 66.73 2.50 76.65 9.88 15.33 5.00 

47 1.00 45.20 0.70 0 90 305.17 92.32 66.89 2.50 38.35 6.99 7.67 5.00 

48 0.08 121.05 -0.46 0 90 245.19 93.67 59.22 2.50 1.36 1.31 0.27 5.00 

49 1.00 49.06 0.82 0 90 309.19 97.73 59.70 2.50 36.75 6.84 7.35 5.00 

50 1.00 198.50 -1.68 0 90 210.77 100.84 58.14 2.50 12.95 4.06 2.59 5.00 

51 1.00 24.91 1.35 0 90 323.42 106.83 60.80 2.50 22.62 5.37 4.52 5.00 

52 0.98 94.42 0.18 0 90 280.19 104.58 56.55 2.50 29.50 6.13 5.90 5.00 

53 1.00 -1667.99 33.03 0 90 178.27 106.15 53.71 2.50 21.42 5.22 4.28 5.00 

54 0.98 70.62 0.76 0 90 307.11 82.41 15.59 12.50 195.46 15.78 39.09 5.00 

55 0.99 40.78 -3.43 0 90 196.25 19.38 6.24 27.50 139.87 13.34 27.97 5.00 

56 1.00 38.53 1.16 0 90 319.26 44.30 4.97 37.50 76.18 9.85 15.24 5.00 

57 0.94 39.29 1.26 0 90 321.51 41.64 1.88 62.50 30.13 6.19 6.03 5.00 

58 1.00 22.72 -3.00 0 90 198.42 17.82 1.63 82.50 42.55 7.36 8.51 5.00 

59 1.00 29.79 -2.30 0 90 203.53 27.48 1.01 80.00 40.89 7.22 4.09 10.00 

60 0.97 55.31 0.13 0 90 277.69 62.61 54.11 97.50 238.67 17.43 47.73 5.00 

61 0.98 60.61 0.21 0 90 281.71 63.37 13.32 97.50 130.56 12.89 26.11 5.00 

62 1.00 164.90 -5.86 0 90 189.68 104.05 10.38 97.50 48.64 7.87 9.73 5.00 

63 0.99 -88.06 0.99 0 90 134.84 16.48 105.12 106.76 47.07 7.74 10.45 4.51 

64 1.00 170.23 -1.96 0 90 207.04 1.97 85.89 106.76 15.32 4.42 3.40 4.51 

65 0.94 787.03 -10.36 0 90 185.51 7.06 75.29 106.76 30.02 6.18 6.66 4.51 
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No. R C A B 
Dip  

angle (°) 

Dip 

direction (°) 

Gx 

(mm) 

Gy 

(mm) 

Gz 

(mm) 

Area 

(mm2) 

ED 

(mm) 

EL 

(mm) 

EH 

(mm) 

66 0.90 -97.55 1.45 0 90 145.45 12.73 75.93 106.76 15.26 4.41 3.39 4.51 

67 0.98 -16.84 0.48 0 90 115.73 20.34 77.16 106.76 11.47 3.82 2.55 4.51 

68 0.97 1675.53 -21.77 0 90 182.63 20.30 76.05 106.76 33.20 6.50 7.37 4.51 

69 0.95 207.47 -2.89 0 90 199.06 22.59 63.86 106.76 167.56 14.61 37.19 4.51 

70 0.21 44.79 0.02 0 90 271.22 46.06 59.67 106.76 16.95 4.64 3.76 4.51 

71 1.00 -300.76 4.90 0 90 168.46 4.36 62.28 106.76 12.08 3.92 2.68 4.51 

72 0.98 42.23 -0.59 0 90 239.60 7.00 60.04 106.76 26.18 5.77 5.81 4.51 

73 0.96 770.46 -14.11 0 90 184.05 4.44 54.27 106.76 40.57 7.19 9.01 4.51 

74 1.00 -39.72 0.84 0 90 130.19 4.93 52.85 106.76 55.26 8.39 12.27 4.51 

75 1.00 -15.12 0.58 0 90 120.08 42.38 99.27 106.76 21.80 5.27 4.84 4.51 

76 1.00 -28.69 0.71 0 90 125.22 35.64 91.12 106.76 18.77 4.89 4.17 4.51 

77 0.91 18.44 -0.15 0 90 261.56 10.71 52.12 106.76 14.47 4.29 3.21 4.51 

78 1.00 -39.38 0.93 0 90 132.84 13.67 57.20 106.76 42.90 7.39 9.52 4.51 

79 1.00 26.46 -0.16 0 90 261.05 16.64 62.38 106.76 15.36 4.42 3.41 4.51 

80 1.00 -28.71 0.71 0 90 125.40 24.96 75.52 106.76 126.69 12.70 28.12 4.51 

81 0.94 442.36 -5.47 0 90 190.36 30.15 75.34 106.76 15.58 4.45 3.46 4.51 

82 0.61 8.39 0.22 0 90 282.59 22.18 61.75 106.76 41.90 7.30 9.30 4.51 

83 0.87 39.60 -0.24 0 90 256.73 23.79 67.02 106.76 44.65 7.54 9.91 4.51 

84 1.00 11.24 0.23 0 90 282.73 24.77 59.86 106.76 21.60 5.24 4.79 4.51 

85 0.99 2.86 0.36 0 90 289.77 26.55 65.92 106.76 29.21 6.10 6.48 4.51 

86 0.98 -79.08 1.65 0 90 148.83 33.27 67.94 106.76 29.91 6.17 6.64 4.51 

87 1.00 332.87 -4.07 0 90 193.81 42.33 71.42 106.76 58.39 8.62 12.96 4.51 

88 1.00 61.48 -0.19 0 90 259.38 48.56 68.90 106.76 9.00 3.38 2.00 4.51 

89 1.00 204.61 -2.30 0 90 203.53 51.13 66.84 106.76 24.29 5.56 5.39 4.51 

90 1.00 -17.80 0.86 0 90 130.75 39.97 67.04 106.76 70.16 9.45 15.57 4.51 

91 0.99 20.15 0.27 0 90 285.28 35.95 57.84 106.76 19.29 4.96 4.28 4.51 

92 0.94 610.76 -10.33 0 90 185.53 28.72 56.36 106.76 79.08 10.03 17.55 4.51 

93 0.95 -46.80 1.25 0 90 141.44 13.86 48.36 106.76 75.67 9.82 16.80 4.51 
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No. R C A B 
Dip  

angle (°) 

Dip 

direction (°) 

Gx 

(mm) 

Gy 

(mm) 

Gz 

(mm) 

Area 

(mm2) 

ED 

(mm) 

EL 

(mm) 

EH 

(mm) 

94 1.00 56.10 -0.85 0 90 229.63 16.38 46.72 106.76 13.57 4.16 3.01 4.51 

95 1.00 -14.35 0.78 0 90 128.05 19.58 43.35 106.76 26.02 5.76 5.78 4.51 

96 0.88 64.20 -0.96 0 90 226.26 18.63 47.63 106.76 24.98 5.64 5.54 4.51 

97 0.97 17.37 0.13 0 90 277.45 24.02 50.89 106.76 51.05 8.06 11.33 4.51 

98 0.97 -61.71 1.97 0 90 153.06 28.23 45.71 106.76 26.14 5.77 5.80 4.51 

99 0.99 74.43 -0.92 0 90 227.51 31.00 47.42 106.76 20.82 5.15 4.62 4.51 

100 0.97 26.57 0.21 0 90 281.90 37.44 51.55 106.76 36.47 6.81 8.10 4.51 

101 1.00 21.76 0.30 0 90 286.91 35.34 44.69 106.76 20.53 5.11 4.56 4.51 

102 0.95 290.97 -6.66 0 90 188.54 27.93 39.52 106.76 202.97 16.08 45.05 4.51 

103 0.31 23.44 -0.01 0 90 269.58 23.18 34.97 106.76 87.53 10.56 19.43 4.51 

104 1.00 97.21 -2.92 0 90 198.89 26.39 24.24 106.76 28.34 6.01 6.29 4.51 

105 0.99 33.83 -1.11 0 90 221.91 8.31 22.91 106.76 82.67 10.26 18.35 4.51 

106 0.88 7.09 0.12 0 90 276.61 9.84 23.71 106.76 13.97 4.22 3.10 4.51 

107 0.99 -13.60 1.24 0 90 141.21 14.84 22.86 106.76 32.72 6.45 7.26 4.51 

108 0.72 17.90 0.04 0 90 272.57 18.69 17.52 106.76 124.17 12.57 27.56 4.51 

109 0.89 15.85 0.13 0 90 277.29 17.16 10.22 106.76 60.52 8.78 13.43 4.51 

110 1.00 26.52 -3.28 0 90 196.93 13.23 4.05 106.76 43.97 7.48 9.76 4.51 

111 1.00 17.59 0.10 0 90 275.72 17.73 1.32 106.76 11.80 3.88 2.62 4.51 

112 1.00 12.61 0.58 0 90 300.30 13.66 1.81 106.76 18.85 4.90 4.18 4.51 

113 1.00 -53.16 3.06 0 90 161.93 21.18 24.26 106.76 13.43 4.14 2.98 4.51 

114 1.00 17.54 0.20 0 90 281.55 22.76 25.53 106.76 7.45 3.08 1.65 4.51 

115 1.00 65.83 -1.02 0 90 224.41 28.87 36.21 106.76 38.09 6.96 8.45 4.51 

116 1.00 186.20 -4.64 0 90 192.16 49.81 29.38 106.76 165.27 14.51 36.69 4.51 

117 1.00 128.86 -4.29 0 90 193.13 35.22 21.84 106.76 30.08 6.19 6.68 4.51 

118 0.98 31.57 0.37 0 90 290.25 37.87 17.07 106.76 35.01 6.68 7.77 4.51 

119 1.00 125.48 -4.13 0 90 193.61 41.87 20.24 106.76 20.38 5.09 4.52 4.51 

120 1.00 25.61 0.68 0 90 304.09 41.27 23.14 106.76 25.77 5.73 5.72 4.51 

121 0.95 35.96 -0.19 0 90 259.17 33.84 11.10 106.76 33.10 6.49 7.35 4.51 
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No. R C A B 
Dip  

angle (°) 

Dip 

direction (°) 

Gx 

(mm) 

Gy 

(mm) 

Gz 

(mm) 

Area 

(mm2) 

ED 

(mm) 

EL 

(mm) 

EH 

(mm) 

122 1.00 33.40 0.18 0 90 280.31 33.98 3.22 106.76 21.45 5.23 4.76 4.51 

123 0.98 79.94 -3.49 0 90 196.00 38.05 12.01 106.76 23.38 5.46 5.19 4.51 

124 0.93 72.78 -2.81 0 90 199.58 44.58 10.03 106.76 35.56 6.73 7.89 4.51 

125 0.97 69.23 -1.10 0 90 222.32 51.29 16.34 106.76 35.36 6.71 7.85 4.51 

126 0.97 36.95 0.55 0 90 298.81 49.24 22.34 106.76 34.54 6.63 7.67 4.51 

127 1.00 52.51 0.40 0 90 291.87 61.17 21.59 106.76 48.06 7.82 10.67 4.51 

128 1.00 95.44 -5.21 0 90 190.86 56.89 7.39 106.76 35.68 6.74 7.92 4.51 

129 1.00 52.29 -0.01 0 90 269.24 50.89 104.80 106.76 31.57 6.34 7.01 4.51 

130 0.11 46.83 0.00 0 90 270.18 47.09 81.20 106.76 76.49 9.87 16.98 4.51 

131 0.98 -50.63 1.34 0 90 143.24 53.85 78.04 106.76 53.44 8.25 11.86 4.51 

132 0.94 71.86 -0.12 0 90 263.23 60.75 93.68 106.76 72.83 9.63 16.17 4.51 

133 0.90 39.88 0.17 0 90 279.76 50.72 63.04 106.76 32.05 6.39 7.11 4.51 

134 0.90 53.19 -0.19 0 90 259.18 45.15 42.07 106.76 35.97 6.77 7.98 4.51 

135 0.98 -10.93 1.32 0 90 142.89 47.64 44.32 106.76 24.61 5.60 5.46 4.51 

136 0.98 97.20 -1.00 0 90 225.10 53.05 44.32 106.76 27.03 5.87 6.00 4.51 

137 0.93 138.18 -1.95 0 90 207.20 58.15 41.13 106.76 20.97 5.17 4.66 4.51 

138 0.99 -5.96 1.47 0 90 145.84 51.57 39.03 106.76 26.08 5.76 5.79 4.51 

139 0.98 98.86 -1.33 0 90 216.85 48.68 37.61 106.76 27.25 5.89 6.05 4.51 

140 1.00 460.52 -5.85 0 90 189.70 66.42 67.40 106.76 78.37 9.99 17.40 4.51 

141 0.92 449.28 -6.49 0 90 188.76 76.44 57.46 106.76 36.86 6.85 8.18 4.51 

142 0.97 65.50 0.18 0 90 280.02 76.41 61.80 106.76 37.30 6.89 8.28 4.51 

143 0.99 563.86 -7.40 0 90 187.70 92.03 63.76 106.76 142.38 13.46 31.60 4.51 

144 0.85 84.15 0.10 0 90 275.66 90.32 62.32 106.76 13.43 4.14 2.98 4.51 

145 0.98 125.98 -1.24 0 90 218.94 74.28 41.78 106.76 30.69 6.25 6.81 4.51 

146 0.23 188.61 -2.68 0 90 200.47 83.05 39.40 106.76 6.21 2.81 1.38 4.51 

147 0.75 98.95 -0.13 0 90 262.39 93.57 40.26 106.76 27.13 5.88 6.02 4.51 

148 1.00 209.71 -3.16 0 90 197.58 91.97 37.30 106.76 17.73 4.75 3.94 4.51 

149 1.00 75.65 0.50 0 90 296.36 93.38 35.78 106.76 9.28 3.44 2.06 4.51 
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No. R C A B 
Dip  

angle (°) 

Dip 

direction (°) 

Gx 

(mm) 

Gy 

(mm) 

Gz 

(mm) 

Area 

(mm2) 

ED 

(mm) 

EL 

(mm) 

EH 

(mm) 

150 0.94 171.16 -3.96 0 90 194.17 80.03 23.00 106.76 77.57 9.94 17.22 4.51 

151 1.00 77.87 0.73 0 90 306.23 80.13 3.08 106.76 23.97 5.52 5.32 4.51 

152 1.00 79.42 0.50 0 90 296.77 84.27 9.63 106.76 22.17 5.31 4.92 4.51 

153 1.00 215.41 -10.01 0 90 185.71 92.34 12.30 106.76 38.41 6.99 8.52 4.51 

154 1.00 189.50 -2.83 0 90 199.48 105.45 29.72 106.76 29.59 6.14 6.57 4.51 

155 1.00 95.30 0.23 0 90 282.96 100.23 21.42 106.76 86.86 10.52 19.28 4.51 

156 0.99 405.35 -3.75 0 90 194.92 102.11 80.78 106.76 63.75 9.01 14.15 4.51 

157 0.97 0.27 1.08 0 90 317.22 102.09 94.20 106.76 43.88 7.47 9.74 4.51 

158 0.99 152.66 -0.54 0 90 241.85 98.92 100.41 106.76 49.24 7.92 10.93 4.51 

159 1.00 116.99 -0.22 0 90 257.79 94.48 104.01 106.76 31.64 6.35 7.02 4.51 

160 1.00 -45.21 1.38 0 90 144.14 91.77 99.00 106.76 12.13 3.93 2.69 4.51 

Note: EL is the length of an equivalent rectangular fracture; EH is the height of an equivalent rectangular fracture. 

Table 4.3 Estimated fracture geometry parameters for the bedding planes and other cleats of sample CB6 from single traces coming from vertical 

CT slices. 

No. R C A B 
Dip  

angle (°) 

Dip 

direction (°) 

Gx 

(mm) 

Gy 

(mm) 

Gz 

(mm) 

Area 

(mm2) 

ED 

(mm) 

EL 

(mm) 

EH 

(mm) 

1 1.00 -1663.92 0 146.14 89.61 180 4.58 12.02 92.34 33.74 6.55 3.69 9.15 

2 1.00 278.76 0 -12.15 85.30 0 4.58 15.39 91.76 39.41 7.08 4.31 9.15 

3 0.57 189.69 0 -4.27 76.81 0 4.58 23.77 88.23 34.03 6.58 3.72 9.15 

4 0.82 14.25 0 3.12 72.23 180 4.58 29.28 105.61 47.89 7.81 5.23 9.15 

5 0.95 234.32 0 -4.81 78.25 0 4.58 28.55 97.02 74.11 9.71 8.10 9.15 

6 1.00 7647.72 0 -254.24 89.77 0 4.58 29.73 88.83 37.49 6.91 4.10 9.15 

7 0.91 -448.25 0 12.83 85.54 180 4.58 42.96 103.15 78.68 10.01 8.60 9.15 

8 0.76 88.52 0 0.25 14.17 180 4.58 40.62 98.78 59.97 8.74 6.55 9.15 

9 0.63 256.62 0 -4.12 76.37 0 4.58 40.32 90.32 28.43 6.02 3.11 9.15 

10 1.00 4671.15 0 -82.58 89.31 0 4.58 55.27 106.65 35.95 6.77 3.93 9.15 

11 0.91 386.75 0 -4.85 78.36 0 4.58 57.55 107.44 22.65 5.37 2.48 9.15 
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No. R C A B 
Dip  

angle (°) 

Dip 

direction (°) 

Gx 

(mm) 

Gy 

(mm) 

Gz 

(mm) 

Area 

(mm2) 

ED 

(mm) 

EL 

(mm) 

EH 

(mm) 

12 1.00 -807.66 0 14.01 85.92 180 4.58 65.24 106.55 17.05 4.66 1.86 9.15 

13 0.82 430.28 0 -5.66 79.99 0 4.58 59.39 93.89 27.71 5.94 3.03 9.15 

14 1.00 11346.11 0 -166.16 89.66 0 4.58 67.72 94.38 36.38 6.81 3.98 9.15 

15 0.90 1704.18 0 -20.91 87.26 0 4.58 76.59 102.76 65.54 9.13 7.16 9.15 

16 0.37 1623.14 0 -20.08 87.15 0 4.58 76.15 93.74 8.80 3.35 0.96 9.15 

17 0.94 102.35 0 -0.15 8.61 0 4.58 74.60 91.06 24.30 5.56 2.66 9.15 

18 1.00 2231.54 0 -26.02 87.80 0 4.58 81.75 103.97 23.54 5.47 2.57 9.15 

19 0.94 108.65 0 -0.08 4.48 0 4.58 80.17 102.37 64.55 9.07 7.05 9.15 

20 0.99 10.51 0 1.09 47.55 180 4.58 85.16 103.62 39.91 7.13 4.36 9.15 

21 0.94 459.96 0 -4.28 76.84 0 4.58 84.05 100.48 18.38 4.84 2.01 9.15 

22 0.51 105.12 0 -0.04 2.20 0 4.58 87.93 101.74 70.73 9.49 7.73 9.15 

23 0.03 -26.55 0 1.45 55.33 180 4.58 83.00 93.46 0.03 0.18 0.00 9.15 

24 0.86 102.10 0 -0.14 7.84 0 4.58 81.79 90.83 22.27 5.32 2.43 9.15 

25 1.00 123.68 0 -0.25 14.29 0 4.58 104.44 97.08 49.66 7.95 5.43 9.15 

26 1.00 106.98 0 -0.18 10.05 0 4.58 104.87 88.39 73.34 9.66 8.02 9.15 

27 0.30 81.54 0 0.01 0.76 180 4.58 10.86 81.68 198.70 15.91 21.72 9.15 

28 1.00 377.77 0 -30.53 88.12 0 4.58 10.04 71.28 56.23 8.46 6.15 9.15 

29 0.78 -128.75 0 12.93 85.58 180 4.58 16.01 78.28 22.06 5.30 2.41 9.15 

30 0.76 -106.13 0 7.87 82.76 180 4.58 23.51 78.87 23.65 5.49 2.58 9.15 

31 0.70 -32.44 0 3.50 74.04 180 4.58 28.89 68.56 43.47 7.44 4.75 9.15 

32 1.00 796.12 0 -19.85 87.12 0 4.58 36.11 79.21 31.11 6.29 3.40 9.15 

33 0.88 -181.28 0 7.35 82.25 180 4.58 34.59 72.91 30.59 6.24 3.34 9.15 

34 1.00 390.06 0 -7.44 82.35 0 4.58 41.63 80.16 44.69 7.54 4.88 9.15 

35 1.00 -959.55 0 24.19 87.63 180 4.58 43.02 81.20 36.09 6.78 3.94 9.15 

36 1.00 463.49 0 -9.41 83.93 0 4.58 41.40 73.92 30.22 6.20 3.30 9.15 

37 0.98 69.30 0 -0.21 12.01 0 4.58 43.13 60.12 37.56 6.92 4.10 9.15 

38 0.92 774.78 0 -10.82 84.72 0 4.58 64.09 81.04 46.21 7.67 5.05 9.15 

39 0.81 -2562.41 0 39.66 88.56 180 4.58 66.63 80.18 36.66 6.83 4.01 9.15 



113 
 

No. R C A B 
Dip  

angle (°) 

Dip 

direction (°) 

Gx 

(mm) 

Gy 

(mm) 

Gz 

(mm) 

Area 

(mm2) 

ED 

(mm) 

EL 

(mm) 

EH 

(mm) 

40 1.00 91.93 0 -0.17 9.83 0 4.58 67.54 80.23 16.17 4.54 1.77 9.15 

41 1.00 -1883.01 0 28.69 88.00 180 4.58 68.39 79.36 13.20 4.10 1.44 9.15 

42 1.00 78.91 0 -0.04 2.08 0 4.58 70.49 76.35 50.81 8.04 5.55 9.15 

43 1.00 -570.51 0 8.67 83.42 180 4.58 74.99 79.99 30.70 6.25 3.36 9.15 

44 1.00 138.47 0 -0.71 35.39 0 4.58 81.41 80.64 20.54 5.11 2.24 9.15 

45 0.96 1132.94 0 -12.80 85.53 0 4.58 82.24 80.47 34.67 6.64 3.79 9.15 

46 0.89 47.40 0 -0.07 4.18 0 4.58 6.76 46.91 53.12 8.22 5.81 9.15 

47 0.78 159.20 0 -10.02 84.30 0 4.58 11.44 44.65 56.84 8.51 6.21 9.15 

48 0.08 60.36 0 -1.55 57.13 0 4.58 13.89 38.87 0.41 0.72 0.04 9.15 

49 1.00 -1053.45 0 59.56 89.04 180 4.58 18.38 40.92 19.70 5.01 2.15 9.15 

50 0.96 41.80 0 -0.17 9.76 0 4.58 21.11 38.17 46.81 7.72 5.12 9.15 

51 1.00 25.18 0 0.53 27.78 180 4.58 24.47 38.07 17.46 4.71 1.91 9.15 

52 0.95 27.51 0 0.25 14.09 180 4.58 9.17 29.82 59.08 8.67 6.46 9.15 

53 1.00 31.93 0 -0.05 2.82 0 4.58 12.77 31.30 6.70 2.92 0.73 9.15 

54 0.19 31.04 0 0.00 0.23 180 4.58 18.44 31.12 79.20 10.04 8.66 9.15 

55 0.94 22.69 0 0.22 12.28 180 4.58 21.85 27.45 41.14 7.24 4.50 9.15 

56 1.00 2924.85 0 -97.59 89.41 0 4.58 29.64 31.97 88.98 10.64 9.72 9.15 

57 0.72 38.20 0 -0.02 1.37 0 4.58 36.08 37.34 104.14 11.52 11.38 9.15 

58 0.46 555.56 0 -12.46 85.41 0 4.58 41.87 33.96 25.14 5.66 2.75 9.15 

59 0.50 31.65 0 0.01 0.71 180 4.58 46.89 32.23 87.20 10.54 9.53 9.15 

60 1.00 1214.26 0 -23.67 87.58 0 4.58 49.87 33.83 28.71 6.05 3.14 9.15 

61 1.00 28.34 0 -0.04 2.22 0 4.58 49.09 26.44 22.71 5.38 2.48 9.15 

62 1.00 33.90 0 -0.01 0.48 0 4.58 56.08 33.42 72.25 9.59 7.90 9.15 

63 1.00 22.18 0 0.23 13.04 180 4.58 62.96 36.76 57.26 8.54 6.26 9.15 

64 0.99 1840.14 0 -30.11 88.10 0 4.58 59.96 34.73 57.67 8.57 6.30 9.15 

65 1.00 45.80 0 -0.25 13.81 0 4.58 60.83 30.85 14.45 4.29 1.58 9.15 

66 1.00 1140.45 0 -18.02 86.82 0 4.58 61.63 29.97 12.70 4.02 1.39 9.15 

67 1.00 34.83 0 -0.02 1.25 0 4.58 63.68 33.43 36.47 6.81 3.99 9.15 
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No. R C A B 
Dip  

angle (°) 

Dip 

direction (°) 

Gx 

(mm) 

Gy 

(mm) 

Gz 

(mm) 

Area 

(mm2) 

ED 

(mm) 

EL 

(mm) 

EH 

(mm) 

68 0.92 41.85 0 -0.14 8.15 0 4.58 68.80 32.00 56.00 8.44 6.12 9.15 

69 1.00 -1099.59 0 15.75 86.37 180 4.58 71.88 32.43 49.97 7.98 5.46 9.15 

70 1.00 -502.99 0 7.46 82.36 180 4.58 71.20 27.83 30.03 6.18 3.28 9.15 

71 1.00 39.68 0 -0.06 3.53 0 4.58 75.26 35.04 40.37 7.17 4.41 9.15 

72 1.00 26.56 0 -0.02 0.88 0 4.58 76.95 25.38 51.69 8.11 5.65 9.15 

73 0.60 22.30 0 0.03 1.57 180 4.58 98.07 24.99 179.05 15.10 19.57 9.15 

74 1.00 82.43 0 0.05 2.61 180 18.30 35.55 84.05 148.43 13.75 8.11 18.30 

75 1.00 36.76 0 -0.05 3.02 0 13.73 76.73 32.72 114.75 12.09 12.54 9.15 

76 1.00 28.33 0 -0.09 4.93 0 13.73 14.68 27.07 90.96 10.76 9.94 9.15 

77 1.00 20.40 0 0.00 0.18 0 13.73 13.03 20.36 234.96 17.30 25.68 9.15 

78 0.83 89.76 0 -0.08 4.59 0 32.03 64.27 84.60 645.62 28.67 70.56 9.15 

79 1.00 39.38 0 -0.11 6.01 0 41.18 73.96 31.58 57.34 8.54 6.27 9.15 

80 0.99 28.85 0 -0.06 3.25 0 41.18 20.71 27.67 335.37 20.66 36.65 9.15 

81 1.00 20.30 0 -0.04 2.49 0 41.18 9.86 19.87 180.55 15.16 19.73 9.15 

82 0.12 55.26 0 -1.57 57.46 0 91.47 1.34 53.16 6.13 2.79 0.34 18.23 

83 1.00 12691.70 0 -128.12 89.55 0 105.12 98.34 92.52 53.10 8.22 5.85 9.08 

84 0.96 105.16 0 -0.10 5.47 0 105.12 81.33 97.38 38.57 7.01 4.25 9.08 

85 0.04 129.55 0 -0.38 20.59 0 105.12 80.62 99.26 5.36 2.61 0.59 9.08 

86 1.00 98.59 0 -0.10 5.83 0 105.12 82.61 90.15 31.37 6.32 3.46 9.08 

87 0.86 -410.05 0 6.14 80.74 180 105.12 81.15 87.92 20.88 5.16 2.30 9.08 

88 0.55 101.58 0 -0.04 2.04 0 105.12 76.33 98.87 56.84 8.51 6.26 9.08 

89 1.00 -7616.87 0 108.10 89.47 180 105.12 71.44 105.93 47.94 7.81 5.28 9.08 

90 0.83 92.71 0 0.10 5.67 180 105.12 71.08 99.77 28.95 6.07 3.19 9.08 

91 0.61 -1036.36 0 16.30 86.49 180 105.12 69.24 92.25 63.64 9.00 7.01 9.08 

92 0.42 365.60 0 -4.17 76.52 0 105.12 62.56 104.55 12.33 3.96 1.36 9.08 

93 1.00 -118.77 0 3.39 73.58 180 105.12 62.75 94.21 51.19 8.07 5.64 9.08 

94 1.00 2184.12 0 -38.04 88.49 0 105.12 54.83 98.63 36.75 6.84 4.05 9.08 

95 0.47 232.03 0 -2.56 68.64 0 105.12 51.92 99.25 13.93 4.21 1.53 9.08 
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No. R C A B 
Dip  

angle (°) 

Dip 

direction (°) 

Gx 

(mm) 

Gy 

(mm) 

Gz 

(mm) 

Area 

(mm2) 

ED 

(mm) 

EL 

(mm) 

EH 

(mm) 

96 0.94 -226.19 0 5.97 80.49 180 105.12 53.09 90.65 43.54 7.45 4.80 9.08 

97 0.96 684.41 0 -11.88 85.19 0 105.12 49.83 92.30 44.49 7.53 4.90 9.08 

98 1.00 118.50 0 -0.24 13.42 0 105.12 45.99 107.52 36.09 6.78 3.97 9.08 

99 1.00 153.53 0 -1.22 50.63 0 105.12 44.94 98.76 14.53 4.30 1.60 9.08 

100 1.00 19964.63 0 -458.46 89.88 0 105.12 43.33 98.49 10.51 3.66 1.16 9.08 

101 1.00 366.67 0 -6.30 80.98 0 105.12 42.95 96.09 15.15 4.39 1.67 9.08 

102 1.00 196.03 0 -2.42 67.59 0 105.12 41.13 96.31 14.48 4.29 1.60 9.08 

103 1.00 280.74 0 -4.47 77.39 0 105.12 42.04 92.78 9.60 3.50 1.06 9.08 

104 1.00 264.66 0 -4.31 76.94 0 105.12 40.31 90.84 6.33 2.84 0.70 9.08 

105 0.93 -0.67 0 2.70 69.66 180 105.12 39.44 105.71 22.13 5.31 2.44 9.08 

106 0.82 -44.23 0 4.17 76.52 180 105.12 34.15 98.21 21.74 5.26 2.39 9.08 

107 0.98 152.23 0 -1.70 59.60 0 105.12 34.94 92.66 22.22 5.32 2.45 9.08 

108 0.85 209.44 0 -3.68 74.79 0 105.12 29.75 100.06 15.69 4.47 1.73 9.08 

109 0.94 -475.33 0 22.52 87.46 180 105.12 25.18 91.81 68.99 9.37 7.60 9.08 

110 0.92 301.82 0 -9.84 84.20 0 105.12 19.78 107.12 24.77 5.62 2.73 9.08 

111 0.73 -6.01 0 11.06 84.84 180 105.12 9.69 101.24 111.05 11.89 12.23 9.08 

112 1.00 -1995.81 0 22.42 87.45 180 105.12 92.62 80.88 25.75 5.73 2.84 9.08 

113 0.43 75.22 0 -0.03 1.73 0 105.12 88.36 72.56 64.82 9.08 7.14 9.08 

114 1.00 -6441.10 0 77.57 89.26 180 105.12 83.94 70.69 36.47 6.81 4.02 9.08 

115 1.00 -657.51 0 9.01 83.67 180 105.12 81.92 80.50 29.63 6.14 3.26 9.08 

116 0.92 -1178.25 0 16.37 86.50 180 105.12 76.36 71.37 34.85 6.66 3.84 9.08 

117 1.00 -2168.39 0 30.89 88.15 180 105.12 72.84 81.25 31.18 6.30 3.43 9.08 

118 1.00 3359.64 0 -47.38 88.79 0 105.12 69.20 81.25 20.49 5.11 2.26 9.08 

119 0.92 100.12 0 -0.39 21.10 0 105.12 69.85 73.16 90.21 10.72 9.94 9.08 

120 0.91 -716.72 0 11.73 85.13 180 105.12 67.27 72.12 30.72 6.25 3.38 9.08 

121 1.00 1031.90 0 -15.21 86.24 0 105.12 62.45 81.80 29.16 6.09 3.21 9.08 

122 0.99 -634.30 0 11.26 84.93 180 105.12 62.62 70.84 78.55 10.00 8.65 9.08 

123 0.76 -705.62 0 14.68 86.10 180 105.12 53.65 81.98 17.20 4.68 1.89 9.08 
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No. R C A B 
Dip  

angle (°) 

Dip 

direction (°) 

Gx 

(mm) 

Gy 

(mm) 

Gz 

(mm) 

Area 

(mm2) 

ED 

(mm) 

EL 

(mm) 

EH 

(mm) 

124 0.92 84.21 0 -0.11 6.48 0 105.12 55.01 77.96 73.21 9.65 8.06 9.08 

125 1.00 -416.38 0 10.01 84.29 180 105.12 49.79 81.98 33.24 6.51 3.66 9.08 

126 0.07 110.28 0 -0.67 33.63 0 105.12 50.01 77.02 2.93 1.93 0.32 9.08 

127 1.00 -8759.39 0 196.19 89.71 180 105.12 45.07 82.30 26.43 5.80 2.91 9.08 

128 0.91 -381.43 0 9.57 84.03 180 105.12 47.75 75.40 30.07 6.19 3.31 9.08 

129 0.35 274.20 0 -6.74 81.56 0 105.12 29.59 74.90 1.26 1.27 0.14 9.08 

130 1.00 602.37 0 -22.22 87.42 0 105.12 23.40 82.46 31.24 6.31 3.44 9.08 

131 1.00 -185.64 0 10.56 84.59 180 105.12 24.76 75.69 32.76 6.46 3.61 9.08 

132 1.00 -176.86 0 11.81 85.16 180 105.12 21.34 75.20 33.29 6.51 3.67 9.08 

133 1.00 78.37 0 0.02 1.20 180 105.12 15.45 78.70 31.65 6.35 3.49 9.08 

134 0.93 325.42 0 -14.57 86.07 0 105.12 17.20 74.82 45.26 7.59 4.98 9.08 

135 1.00 -111.15 0 29.36 88.05 180 105.12 6.64 83.73 40.41 7.17 4.45 9.08 

136 1.00 325.65 0 -31.46 88.18 0 105.12 7.91 76.73 50.51 8.02 5.56 9.08 

137 0.98 65.96 0 -0.12 7.10 0 105.12 16.31 63.93 115.54 12.13 12.72 9.08 

138 0.92 66.46 0 -0.12 6.86 0 105.12 4.97 65.86 90.90 10.76 10.01 9.08 

139 0.00 0.00 0 5.24 79.19 180 105.12 10.89 57.05 0.00 0.00 0.00 9.08 

140 0.91 43.49 0 -0.18 10.42 0 105.12 78.71 29.02 54.88 8.36 6.04 9.08 

141 0.92 392.72 0 -5.52 79.73 0 105.12 63.76 40.92 32.91 6.47 3.62 9.08 

142 1.00 -5684.01 0 90.42 89.37 180 105.12 63.22 32.46 74.64 9.75 8.22 9.08 

143 0.79 20.55 0 0.11 6.00 180 105.12 68.12 27.71 59.56 8.71 6.56 9.08 

144 1.00 6.97 0 0.63 32.03 180 105.12 49.85 38.16 20.11 5.06 2.21 9.08 

145 1.00 -3093.44 0 62.56 89.08 180 105.12 49.97 32.84 37.17 6.88 4.09 9.08 

146 1.00 16.48 0 0.28 15.54 180 105.12 51.74 30.86 22.20 5.32 2.44 9.08 

147 0.99 -358.66 0 9.03 83.68 180 105.12 44.50 43.42 44.05 7.49 4.85 9.08 

148 1.00 -309.20 0 8.01 82.88 180 105.12 43.44 38.65 29.20 6.10 3.22 9.08 

149 0.63 371.05 0 -9.07 83.71 0 105.12 36.12 43.59 17.63 4.74 1.94 9.08 

150 1.00 -549.89 0 17.02 86.64 180 105.12 34.31 33.98 48.13 7.83 5.30 9.08 

151 0.87 25.04 0 0.47 25.32 180 105.12 24.44 36.61 25.79 5.73 2.84 9.08 
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No. R C A B 
Dip  

angle (°) 

Dip 

direction (°) 

Gx 

(mm) 

Gy 

(mm) 

Gz 

(mm) 

Area 

(mm2) 

ED 

(mm) 

EL 

(mm) 

EH 

(mm) 

152 0.06 31.50 0 1.03 45.98 180 105.12 15.01 47.04 0.18 0.48 0.02 9.08 

153 1.00 -909.57 0 59.31 89.03 180 105.12 16.05 42.26 29.87 6.17 3.29 9.08 

154 0.89 32.53 0 -0.13 7.67 0 105.12 16.98 30.24 45.86 7.64 5.05 9.08 

155 0.52 -3.32 0 6.00 80.53 180 105.12 6.20 33.89 7.21 3.03 0.79 9.08 

156 0.61 30.74 0 -0.07 3.89 0 105.12 7.49 30.23 24.58 5.59 2.71 9.08 

157 0.60 30.58 0 0.06 3.40 180 105.12 3.09 30.76 50.49 8.02 5.56 9.08 

158 0.51 18.74 0 -0.04 2.55 0 105.12 84.21 14.99 80.91 10.15 8.91 9.08 

159 1.00 -8104.68 0 125.12 89.54 180 105.12 64.84 8.18 43.10 7.41 4.75 9.08 

160 0.99 24.32 0 -0.18 10.19 0 105.12 36.49 17.77 82.49 10.25 9.08 9.08 

 

The fracture network in sample CB6 constructed from the CT scans are projected using the Rocscience software package Dips 6.0 

on the lower hemispherical equal angle stereonet in terms of the pole vectors in Fig. 4.4. The pole vector is the vector normal to a fracture 

plane. From Fig.4.4, the fractures in sample CB6 can be divided into three joint sets. The mean dip angle and dip direction of each joint 

set are calculated using Dips 6.0 and listed in Table 4.4. The results show that the three joint sets are approximately orthogonal to each 

other. 

Table 4.4 Summary of three joint sets of sample CB6 constructed from CT scans. 

Joint set ID Type Mean dip angle Mean dip direction 

1 Bedding plane 3 1 

2 Face cleat or butt cleat 90 7 

3 Butt cleat or face cleat 90 292 
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Fig. 4.4 Contour plot of pole vectors of all the fractures in sample CB6 constructed from CT scans projected on equal angle stereonet. 
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4.2 Quantification of the pre-existing fracture networks 

The concept of the fracture tensor and directional fracture tensor component will be 

explained first in section 4.2.1. The fracture tensor calculation results with the polyaxial 

compression test results will be summarized in section 4.2.2. Some preliminary analyses 

will also be provided. 

4.2.1 Concepts of the fracture tensor and directional fracture tensor component 

Oda [103] proposed the concept of fracture tensor. Fracture tensor is a comprehensive 

index of the joint geometry parameters – joint density, orientation, joint size and the 

number of joint sets. Fractures are idealized as circular discs in this theory. Please note that 

the vectors are differentiated from the scalars by the bold characters. 

As shown in Fig. 4.5, let us consider a scanning line parallel to a unit vector i. Circular 

fractures with specific normal vector n and diameter 2r are defined as (n, 2r) – fractures. 

n is selected with respect to the scanning line so that it makes an acute angle with i. The 

(n, 2r) – fracture has an area A. Assume a column of volume with height h and the cross 

sectional area of the column equal to the projection of (n, 2r) – fracture on the imaginary 

plane perpendicular to the scanning line i. Considering the infinitesimal area with respect 

to n on a unit sphere as shown in Fig. 4.6, the number of (n, 2r) – fractures belonging to 

this volume can be expressed by the following equation: 

 𝑑M𝑖 = πρhr2nif(𝐧, r)𝑑Ω𝑑𝑟 (4.1) 

where ρ is the joint density (which means the average number of joints per unit volume), 

ni is the scalar product of vector n and i. f(n, r) is the joint probability density function of 

(n, 2r) – fractures, dΩ is the infinitesimal solid angle with respect to n. A fracture vector 
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is then introduced for each (n, 2r) – fracture as 2rn. The vector sum of all (n, 2r) – fractures 

associated with the unit length of the scanning line can be obtained through the following 

expression: 

 𝑑𝑭𝒊 =
𝑑M𝑖

ℎ
∙ 2r𝐧 = 2πρr3nif(𝐧, r)𝑑Ω𝑑𝑟𝒏 (4.2) 

This vector can be projected on a direction given by j as dFij. The fracture tensor 

component Fij is computed through integrating dFij over Ω/2 and 0 ≤ r < ∞. For the rock 

masses with several joint sets, the fracture tensor component can be calculated with respect 

to each joint set. The general form of the fracture tensor for the kth joint set can be 

expressed as: 

 Fij
(k)

= 2πρ ∫ ∬ r3ninjf(𝐧, r)dΩdr
Ω/2

∞

0

 (4.3) 

where Ω/2 is a solid angle corresponding to the surface of a unit hemisphere. If the joint 

orientation, n, and joint radius, r, are mutually independent, the above equation can be 

reduced to equation (2) for the fracture tensor for kth joint set: 

 Fij
(k)

= 2πρ ∫ r3f(r)dr
∞

0

∬ ninjf(𝐧)dΩ
Ω/2

 (4.4) 

where f(n) and f(r) are the probability density functions for unit normal vector n and radius 

r, respectively. If a rock mass have N sets of joints, the fracture tensor for the rock mass 

can be expressed as: 

 Fij = ∑ Fij
(k)

N

k=1

 (4.5) 

In the conducted study, the fracture tensor was computed using the discretized form of 

the fracture tensor expression given below: 
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 Fij = 2πρ
1

M
∑ rm

3 ni
mnj

m

M

m=1

 (4.6) 

where M is the number of fracture planes in the rock mass. 

Kulatilake et al. [90] proposed the concept of directional fracture tensor component and 

related this parameter to the directional deformability and strength of jointed rock masses. 

The directional fracture tensor component in direction l for a rock mass can be expressed 

as: 

 F𝑙𝑙 = ∑ F𝑙𝑙
(k)

N

k=1

 (4.7) 

 

 

Fig. 4.5 A column of volume of Ah (n ∙ i) with rotational axis along the scanning line i (reproduced 

according to [103]). 
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Fig. 4.6 Solid angle dΩ in a unit sphere. 

4.2.2 Calculations of the fracture tensor and preliminary analyses 

Based on the above Eq. 4.6 and the fracture networks constructed from the CT scans, 

fracture tensors for the cubical coal blocks were calculated. Table 4.5 shows the calculation 

results of the fracture tensor for nine blocks as examples (nine fracture tensor components, 

principal values, principal directional vectors, the first invariant of the fracture tensor I1 

and the second invariant of the deviatoric fracture tensor J2). I1 is a measure of the porosity 

of the rock mass resulting from the fractures. J2 is a measure of the degree of anisotropy of 

the fracture system. In this research, only three directional fracture tensor components were 

used to be related to the JCMS values. The other components, principal values, principal 

directional vectors and invariants were calculated to show the capability of this advanced 

methodology, which may be investigated more in the future research. The values given in 

Table 4.5 show that in most of the samples the fracture system is dominated by the bedding 
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planes that are oriented approximately perpendicular to the x direction. This finding was 

also verified by the photographs. As mentioned at the end of Chapter 3, the polyaxial 

compression test results with the relevant directional fracture tensor components are 

summarized together in Table 4.6. To initially investigate the influence of the fracture 

network and confining pressure on JCMSL, eleven sets of samples with approximately the 

same Fxx+Fyy value and two sets of samples with the same confining stress combination 

were selected to give a preliminary interpretation in Figs. 4.7-4.9. From the three figures, 

the following two statement can be made from the observations:  

a) When the summation of the fracture tensor components in the two perpendicular 

directions to the loading direction is more or less the same, the higher the confining 

stress, the higher the JCMSL value in the loading direction (Figs. 4.7 and 4.8); 

b) The summation of the fracture tensor components in the two perpendicular 

directions to the loading direction is a favorable parameter to evaluate the effect of 

anisotropic fracture system on the coal mass strength in the loading direction. When 

the confining stress system is the same, the higher the summation of the fracture 

tensor components in the two perpendicular directions to the loading direction, the 

lower the JCMSL value (Fig. 4.9). 

The JCMS depend on the geology, the discontinuity system, the geomechanical 

properties of intact coal and coal discontinuities and the in-situ stress system. The above 

two statements just qualitatively illuminate the influence of the fracture network and 

confining stresses. To incorporate all the factors in a quantitative way, data bank of a 

significant number of JCMS values with various fracture networks under different 

confining stress combinations is needed to develop a new 3-D coal mass strength criterion. 
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This data bank is hard to be completed only with laboratory true triaxial tests because of 

the following two reasons: a) Polyaxial compression tests are very expensive, thus only a 

limited number can be tested; b) The fracture networks from the natural samples are 

uncontrollable and hard to provide enough variety of the fracture tensor components. 

Therefore, the numerical simulation method was resorted to tackle the difficulties, which 

will be covered in Chapter 5. 

Table 4.5 Calculation results of fracture tensors obtained for nine coal blocks. 

Item CB1 CB2 CB3 CB4 CB5 CB6 CB7 CB8 CB9 

Fxx 0.156 0.142 0.219 0.023 0.253 0.507 0.305 0.101 0.060 

Fxy 0.008 0.003 0.003 0.001 0.029 0.017 0.027 0.005 0.010 

Fxz 0.018 0.011 0.016 0.010 0.021 0.021 0.133 0.025 0.002 

Fyx 0.008 0.003 0.003 0.001 0.029 0.017 0.027 0.005 0.010 

Fyy 0.130 0.017 0.042 0.009 0.035 0.075 0.067 0.050 0.167 

Fyz 0.021 0.013 0.025 0.028 0.009 0.026 0.307 0.024 0.030 

Fzx 0.018 0.011 0.016 0.010 0.021 0.021 0.133 0.025 0.002 

Fzy 0.021 0.013 0.025 0.028 0.009 0.026 0.307 0.024 0.030 

Fzz 0.039 0.032 0.061 0.151 0.026 0.045 1.586 0.055 0.015 

F1 0.033 0.010 0.025 0.004 0.021 0.030 0.007 0.026 0.010 

n1x -0.130 0.020 0.035 0.040 -0.012 -0.021 -0.005 0.188 -0.010 

n1y -0.196 0.860 0.815 0.981 -0.511 -0.495 0.982 0.671 -0.184 

n1z 0.972 -0.510 -0.579 -0.190 0.860 0.869 -0.191 -0.717 0.983 

F2 0.130 0.038 0.076 0.023 0.034 0.089 0.291 0.064 0.059 

n2x -0.372 -0.105 0.104 0.996 -0.160 -0.061 0.995 0.465 -0.996 

n2y 0.918 0.510 -0.579 -0.054 0.850 0.868 -0.014 -0.704 0.089 

n2z 0.136 0.854 -0.809 -0.069 0.503 0.493 -0.099 -0.537 0.006 

F3 0.162 0.144 0.221 0.157 0.259 0.509 1.660 0.115 0.174 

n3x -0.919 -0.994 -0.994 0.078 -0.987 -0.998 0.100 -0.865 -0.089 

n3y -0.344 -0.036 -0.032 0.187 -0.132 -0.043 0.190 -0.232 -0.979 

n3z -0.192 -0.100 -0.105 0.979 -0.092 -0.049 0.977 -0.445 -0.184 

I1 0.325 0.191 0.322 0.183 0.314 0.627 1.958 0.206 0.243 

J2 0.005 0.005 0.010 0.007 0.018 0.068 0.781 0.002 0.007 

Note: x direction is perpendicular to the bedding planes and E-F faces; y direction is parallel to the 

bedding planes and perpendicular to B-D faces; z direction is parallel to the bedding planes and 

perpendicular to A-C faces. 
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Table 4.6 Summary of polyaxial compression test results and relevant fracture tensor components 

Sample σy (MPa) σx (MPa) 
JCMSL 

(MPa) 
Fxx Fyy Fzz Fxx+Fyy 

CB4 0 0 15.78 0.02 0.01 0.15 0.03 

CB41 0 2.367 23.39 0.51 0.08 0.05 0.58 

CB2 0 4.734 27.19 0.14 0.02 0.03 0.16 

CB6 0 7.101 32.74 0.51 0.08 0.05 0.58 

CB5 0 9.468 32.90 0.25 0.03 0.03 0.29 

CB52 0 11.835 35.40 0.40 0.02 0.01 0.42 

CB26 2.367 4.734 49.17 1.42 0.04 0.04 1.45 

CB32 2.367 4.734 34.10 0.56 0.10 0.06 0.66 

CB15 2.367 7.101 41.97 0.65 0.06 0.08 0.71 

CB21 2.367 9.468 49.76 0.33 0.10 0.08 0.43 

CB31 2.367 11.835 48.88 1.56 0.25 0.06 1.81 

CB9 4.734 0 17.60 0.06 0.17 0.02 0.23 

CB18 4.734 2.367 36.32 0.16 0.04 0.05 0.20 

CB24 4.734 2.367 36.42 0.41 0.01 0.07 0.42 

CB48 4.734 2.367 35.69 1.74 0.08 0.07 1.82 

CB59 4.734 2.367 33.15 0.18 0.53 0.03 0.71 

CB60 4.734 2.367 35.38 0.83 0.07 0.08 0.90 

CB1 4.734 4.734 38.14 0.16 0.13 0.04 0.29 

CB10 4.734 7.101 49.53 0.42 0.05 0.07 0.47 

CB3 4.734 9.468 46.99 0.22 0.04 0.06 0.26 

CB57 7.101 0 23.38 0.12 0.03 0.03 0.15 

CB35 7.101 2.367 32.77 0.47 0.11 0.07 0.58 

CB46 7.101 4.734 45.69 0.56 0.14 0.12 0.70 

CB14 7.101 7.101 47.75 0.58 0.12 0.05 0.69 

CB22 7.101 7.101 52.28 0.32 0.12 0.15 0.44 

CB8 9.468 0 20.32 0.10 0.05 0.05 0.15 

CB28 9.468 2.367 42.02 0.47 0.06 0.04 0.52 

CB7 9.468 4.734 39.21 0.31 0.07 1.59 0.37 

CB40 9.468 7.101 56.44 0.36 0.09 0.58 0.45 

CB34 11.835 0 24.73 0.28 0.05 0.15 0.32 

CB33 11.835 2.367 38.47 0.41 0.09 0.34 0.50 

CB49 11.835 4.734 50.30 0.16 0.21 0.05 0.38 

CB11 14.202 4.734 43.65 0.53 0.11 0.05 0.64 

CB36 0 7.101 46.36 - - - - 

CB37 0 0 14.74 - - - - 

CB42 0 11.835 35.40 - - - - 

CB51 0 2.367 27.32 - - - - 

CB54 0 4.734 35.89 - - - - 

CB58 0 9.468 36.83 - - - - 

CB38 0 11.835 35.62 - - - - 

CB50 2.367 0 17.38 - - - - 
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Sample σy (MPa) σx (MPa) 
JCMSL 

(MPa) 
Fxx Fyy Fzz Fxx+Fyy 

CB53 4.734 0 19.11 - - - - 

CB56 7.101 0 18.40 - - - - 

Note: σx is the confining stress applied on E-F faces perpendicular to the bedding planes; σy is the 

confining stress applied on B-D faces parallel to the bedding plane; JCMSL is the jointed coal mass 

strength obtained from the laboratory tests in the z direction parallel to the bedding planes and 

perpendicular to the A-C faces. 

 

Fig. 4.7 Influence of confining stress σx on JCMSL. 

 

Fig. 4.8 Influence of confining stress σy on JCMSL. 
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Fig. 4.9 Influence of the fracture network in terms of fracture tensor components on JCMSL. 
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CHAPTER 5 

NUMERICAL SIMULATION OF LABORATORY 

POLYAXIAL COMPRESSION TESTS 

As mentioned in the previous chapter, because of the limitation of laboratory tests, the 

data bank needed to reach the goals of this research is consummated through numerical 

simulations. The intact coal strength data bank and JCMS data bank are obtained through 

PFC3D modeling and 3DEC modeling, respectively. The PFC3D numerical modeling part 

was done by a visiting research student (who was directed and supervised by Professor 

Pinnaduwa H.S.W. Kulatilake), Xuxu Yang from China University of Mining and 

Technology, who was supported by the Chinese Scholarship Council. 

5.1 Numerical modeling of polyaxial compression tests for intact coal 

First, a synthetic coal cube of side dimension 110 mm was created using the PFC3D 

software package. The micro-mechanical properties of the particle and parallel bonds were 

then calibrated. The synthetic coal cube with the calibrated parameters was next subjected 

to the numerical polyaxial compression tests under different confining stress combinations. 

Finally, the results of the numerical polyaxial compression tests were reported. 

5.1.1 Establishment of the synthetic coal cube and calibration of the micro-mechanical 

parameters 

As mentioned in chapter 3, laboratory polyaxial tests were performed on thirty-six 

jointed cubic coal blocks and ten relatively intact cubic coal blocks of 110 mm side length 

under different confining stress combinations. The 3DEC was used to numerically simulate 
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some of the laboratory polyaxial tests conducted on the jointed cubic coal blocks. One of 

the jointed cubic coal samples, CB22, was used to calibrate the numerical parameters in 

3DEC modeling. Those calibrated parameters were then validated through the numerical 

modeling of ten other jointed cubic coal samples, which will be explained in detail in 

sections 5.2.2 and 5.2.3. 

Because none of the aforementioned 10 intact coal samples can be considered as fracture 

free, experimentally, it was not possible to obtain intact coal strength and deformability 

(Young’s modulus and Poisson’s ratio) of cubic coal blocks of 110 mm side length. This 

led to estimating the first or the reference intact coal strength, Young’s modulus and 

Poisson’s ratio using the calibrated and validated 3DEC cubic model having only the intact 

coal parameter values. The confining stress range used for the jointed cubic coal block tests 

was between 0 and 14.202 MPa. Therefore it was decided to use the mid-level confining 

stress of 7.101 MPa for both lateral stresses σx and σy in estimating the reference intact 

cubic coal block strength using the calibrated and validated 3DEC cubic model having only 

the intact coal parameter values. It is important to note that the intact cubic coal block 

strengths calculated through 3DEC are based on the elastic-perfectly plastic Mohr-

Coulomb constitutive model used for the intact coal in the 3DEC model. Even though it 

may be alright to obtain the reference intact cubic coal block strength in the absence of an 

experimental value, it is not appropriate to calculate a series of intact cubic coal block 

strengths using 3DEC to evaluate different intact rock strength criteria because the values 

are governed by the chosen constitutive model.  On the other hand, PFC3D algorithm does 

not use any strength criterion in performing stress analysis. It uses interactions between 

particles involving micro-mechanical parameters in performing stress analysis. Therefore, 
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PFC3D was used as the software package to perform stress analysis for the intact cubic coal 

blocks under various confining stress combinations to evaluate the applicability of the 

aforementioned different intact rock strength criteria. The aforementioned reference intact 

coal cubic block strength, Young’s modulus and Poisson’s ratio obtained through the 

calibrated and validated 3DEC model was used to calibrate the intact micro-mechanical 

parameters of the PFC3D cubic coal model. 

To simulate the intact cubic coal block, a synthetic coal cube of side dimension 110 mm 

was created by the PFC3D software package (see Fig. 5.1). The synthetic cubic coal block 

was assembled by particles bonded with each other. The following procedures were used 

to create this model: a) compact the initial assembly of particles, b) apply the specific 

isotropic stresses, c) reduce the number of the floating particles, and d) finalize the model. 

The frictionless walls around the model worked as a container first, and then as the loading 

plates in the numerical stress analysis. The synthetic cubic coal block was composed of 

63600 particles. 

 

Fig. 5.1 Synthetic cubic coal block created by PFC3D. 
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A trial and error procedure was used to calibrate the micro-mechanical parameters. By 

changing micro-mechanical parameter values with an iterative method, the macro-

mechanical properties, such as the strength value, Young's modulus and Poisson's ratio, 

obtained from the PFC3D based synthetic cubic coal block were compared with the 

aforementioned reference values obtained from 3DEC modeling until reaching a 

satisfactory agreement. In this research, a special calibration procedure was implemented 

to improve the micro-mechanical parameter calibration and optimize the iterative process. 

First, the particle and parallel bond moduli as well as the ratios of normal stiffness to shear 

stiffness of the particles and parallel bonds were set equal to reduce the number of 

independent parameters. Secondly, assuming a large material strength value and varying E 

(particle Young’s modulus) and Ē (parallel bond Young’s modulus), Young’s modulus was 

calibrated through minimizing the difference between the PFC3D and 3DEC modeling. 

Thirdly, by changing 𝑘𝑛/𝑘𝑠 (particle normal stiffness/particle shear stiffness) and �̅�𝑛/�̅�𝑠 

(parallel bond normal stiffness/parallel bond shear stiffness), the Poisson's ratio of the 

synthetic cubic coal block was determined in a similar way. From the calibration, the 

macro-mechanical parameter values of the synthetic cubic coal block showed a satisfactory 

match with that used in the 3DEC modeling. The deviations for strength, Young's modulus 

and Poisson's ratio were only 0.27%, 0.0% and 3.75%, respectively. The obtained 

calibrated micro-mechanical parameter values are listed in Table 5.1. 
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Table 5.1 Calibrated micro-mechanical parameter values for the synthetic intact cubic coal block. 

Parameter of particle Value Parameter of parallel bond Value 

𝜇   0.75 �̅�   1.00 

𝑘𝑛/𝑘𝑠   5.00 �̅�𝑛/�̅�𝑠   5.00 

𝐸 (GPa) 11.00  �̅� (GPa) 11.00 

𝑅𝑚𝑖𝑛 (mm)   1.05 𝜎𝑐 (mean± std. dev., MPa)   5.14±1.03 

𝑅𝑟𝑎𝑡 = 𝑅𝑚𝑎𝑥/𝑅𝑚𝑖𝑛   1.50 𝜏�̅� ( mean± std. dev., MPa) 30.83±6.17 

Note: 𝜇 is the friction coefficient of the particle; �̅� is the radius multiplier used to set the parallel 

bond radii; 𝑘𝑛/𝑘𝑠 and �̅�𝑛/�̅�𝑠 are the ratios of normal stiffness to shear stiffness for the particle and 

parallel bonds, respectively; 𝐸 and  are the �̅� Young's modulus for the particle and parallel bonds, 

respectively;
 
𝑅𝑚𝑖𝑛 and 𝑅𝑚𝑎𝑥 are the minimum and maximum radii of the particles, respectively; 

�̅�𝑐 and �̅�𝑐 are the normal and shear strength of the parallel bond, respectively. 

5.1.2 Results of the numerical polyaxial compression tests for the intact cubic coal blocks 

Based on the micro-mechanical parameter values listed in Table 5.1, further stress 

analysis for the synthetic intact cubic coal blocks were performed under different confining 

stress combinations. The obtained strength data under each confining stress combination is 

listed in Table 5.2. The Lode angle (θ), the abscissa and ordinate of the meridian planes (ρ 

and ξ) for each data set were also calculated, which will be explained in section 6.1.4-6.1.5. 

Please note that the intact cubic coal blocks were assumed to be isotropic. The variation of 

the obtained intact cubic coal block strength with σ2 for each σ3 level is shown in Fig. 5.2. 

The figure shows that the polyaxial compressive strength of the intact cubic coal block 

changes in a nonlinear way with σ2 under each σ3 level. Also for each σ3, σ1 first increases 

with the increasing σ2 and then decreases when σ2 is further increased. All the fifty-four 

data points were used to fit different intact rock strength criteria reviewed in section 2.1, 

which will be covered in section 6.1.2. 

Table 5.2 Polyaxial strength values of the synthetic intact coal blocks obtained from PFC3D 

modeling. 

No. σ3 (MPa) σ2 (MPa) σ1 (MPa) θ (°) ρ (MPa) ξ (MPa) 

  1   0   0   26.21   0 21.40   15.13 

  2   0   2.367   32.59   3.73 25.70   20.18 
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No. σ3 (MPa) σ2 (MPa) σ1 (MPa) θ (°) ρ (MPa) ξ (MPa) 

  3   0   4.734   35.85   6.98 27.54   23.43 

  4   0   7.101   38.19 10.07 28.73   26.15 

  5   0   9.468   39.17 13.39 28.90   28.08 

  6   0 11.835   41.44 16.09 30.19   30.76 

  7   0 14.202   42.47 19.17 30.57   32.72 

  8   0 20.000   44.13 26.91 31.25   37.03 

  9   0 25.000   44.80 33.83 31.75   40.30 

10   0 30.000   44.17 41.69 31.89   42.82 

11   0 35.000   42.41 50.59 32.03   44.69 

12   2.367   2.367   40.59   0 31.21   26.17 

13   2.367   4.734   45.18   2.82 34.03   30.18 

14   2.367   7.101   48.49   5.35 35.88   33.46 

15   2.367   9.468   50.95   7.78 37.11   36.25 

16   2.367 11.835   52.68 10.20 37.81   38.61 

17   2.367 14.202   53.78 12.70 38.08   40.62 

18   2.367 30.000   60.40 28.42 41.05   53.56 

19   2.367 40.000   59.16 40.64 40.86   58.62 

20   2.367 50.000   53.43 56.56 40.37   61.08 

21   4.734   4.734   50.75   0 37.57   34.77 

22   4.734   7.101   55.10   2.39 40.19   38.64 

23   4.734   9.468   58.31   4.58 41.95   41.86 

24   4.734 11.835   60.95   6.66 43.29   44.76 

25   4.734 14.202   63.06   8.70 44.27   47.34 

26   4.734 30.000   72.59 21.61 48.50   61.96 

27   4.734 40.000   73.57 30.81 48.68   68.30 

28   4.734 50.000   71.54 41.59 48.22   72.90 

29   4.734 60.000   66.75 54.31 48.12   75.91 

30   7.101   7.101   60.18   0 43.34   42.94 

31   7.101   9.468   64.27   2.10 45.74   46.67 

32   7.101 11.835   67.41   4.05 47.43   49.85 

33   7.101 14.202   70.16   5.90 48.85   52.81 

34   7.101 30.000   83.09 17.08 55.13   69.39 

35   7.101 50.000   85.42 33.16 55.46   82.28 

36   7.101 70.000   75.19 56.07 53.60   87.93 

37   9.468   9.468   68.82   0 48.46   50.67 

38   9.468 11.835   72.97   1.88 50.91   54.43 

39   9.468 14.202   76.33   3.64 52.77   57.74 

40   9.468 30.000   92.00 13.82 60.76   75.90 

41   9.468 50.000   97.61 27.35 62.39   90.69 

42   9.468 70.000   92.05 45.06 60.47   99.03 

43   9.468 80.000   84.31 57.06 59.43 100.33 

44 11.835 11.835   77.30   0 53.45   58.30 

45 11.835 14.202   81.33   1.72 55.80   61.99 

46 11.835 30.000 100.40 11.20 66.16   82.12 

47 11.835 50.000 108.17 23.16 68.61   98.15 
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No. σ3 (MPa) σ2 (MPa) σ1 (MPa) θ (°) ρ (MPa) ξ (MPa) 

48 11.835 70.000 106.34 37.59 67.42 108.64 

49 11.835 90.000   91.98 58.76 64.64 111.90 

50 14.202 14.202   85.84   0 58.49   65.96 

51 14.202 30.000 107.97   9.05 71.00   87.86 

52 14.202 50.000 117.84 19.88 74.44 105.10 

53 14.202 70.000 118.07 32.46 73.51 116.78 

54 14.202 90.000 109.29 48.94 71.08 123.26 

Note: θ is the Lode angle; ρ and ξ are the abscissa and ordinate of the meridian planes, respectively. 

 

Fig. 5.2 Variation of the intact cubic coal block strength with σ2 at each σ3. 

5.2 Numerical modeling of polyaxial compression tests for jointed coal 

This section deals with the numerical modeling of the laboratory polyaxial compression 

tests for the jointed cubic coal blocks. The geometric model for the jointed cubic coal block 

was first built up numerically. Then a systematic procedure was implemented to calibrate 

and validate the mechanical parameters of the intact coal and coal discontinuities of the 

numerical model. Finally the numerical model established for the jointed cubic coal block 

with the calibrated and validated geomechanical parameters was used to perform a four-
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stage comprehensive numerical investigation. The results were used to study the effect of 

the fracture networks and confining stress combinations on the JCMS. 

5.2.1 Build-up of the geometric model 

Before any stress analysis is made using the UDEC or 3DEC, the problem domain 

should be first discretized into polygons in 2-D or polyhedral in 3-D. Since almost all the 

discontinuities appearing in the cubic coal blocks are non-persistent and 3DEC only allows 

persistent joint cutting through the blocks, the fictitious joint procedure developed by 

Kulatilake et al. [88] was implemented to make the initial attempt to build up the geometric 

model. With this method, the fictitious joints are created in such a way to discretize the 

rock blocks into polygons in 2-D or polyhedral in 3-D when those are combined with the 

actual joints. The concept of the fictitious joint in 2-D is shown in Fig. 5.3. The dash lines 

represent the fictitious joints while the solid lines are real joints. First, two fictitious joints 

are created as shown in Fig. 5.3 to discretize the rock block into polygonal blocks 1, 2 and 

3. Then by hiding blocks 1 and 2 the real joint is placed in block 3 as shown in Fig. 5.3 to 

separate block 3 into two polygons. Depending on the inclination angle the real joint makes 

with the horizontal line, the fictitious joints are set to be either vertical (inclination angle ≤ 

45°) or horizontal (inclination angle > 45°) to reduce the stress concentration which may 

happen around the sharp corners during the numerical calculations. In a 3D case, a non-

persistent real joint should first be simplified as a rectangular fracture plane with the same 

area. Then, the first pair of fictitious joints should be two vertical planes passing on the two 

opposite sides along the dip direction of the rectangular fracture plane.  The second pair of 

fictitious joints should pass on the other two opposite sides parallel to the strike of the 

rectangular fracture plane. Similar to a 2-D case, depending on the dip angle of the real 
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joint, the second pair of fictitious joints should be set either vertical (dip angle ≤ 45°) or 

horizontal (dip angle > 45°) to reduce the stress concentration which may happen around 

the sharp corners during the numerical calculations (see Fig. 5.4 a for a case of joint dip 

angle ≤ 45° as an example). The Matlab software package was first used to write a code to 

transform the fracture data into the format easily accessible to 3DEC. A FISH (built-in 

programming language in 3DEC) code was written to introduce all the fractures 

constructed from the CT scans into the intact cubic coal block using the fictitious joint 

framework. 

 

Fig. 5.3 Concept of fictitious joint in 2-D. a) Inclination angle of real joint ≤ 45°; b) Inclination 

angle of real joint > 45°. 

 

Fig. 5.4 Schematic diagram of fictitious joint in 3-D (Dip angle ≤ 45°). a) Original framework; b) 

Modified framework.  

1 2 

3 

3 

≤ 45° 

1 

2 

3 3 

> 45° 

a) b) 

Modified 

Z 

X 

Y 

Z 

X 

Y 

a) b) 

Dip 

direction 

Dip 

direction 

Strike 

Strike 



137 
 

According to the original fictitious joint framework, four fictitious joints are needed 

whenever a non-persistent joint is inserted into a rock block. Therefore, application of this 

technique results in a large number of rock blocks when the number of non-persistent joints 

is high. Because of the significant numbers of pre-existing non-persistent discontinuities 

involved in the cubic coal blocks encountered in this research, it took a considerable 

amount of time to build up the geometric model (more than 24 hours) and even more time 

to mesh the problem domain and perform the stress analysis by 3DEC using the original 

fictitious joint framework. To reduce the numerical effort to an acceptable range, a 

modified fictitious joint framework was developed to cut down the number of the fictitious 

joints needed. As shown in Fig. 5.4 b, the 110 mm cubic coal block is pre-cut by three sets 

of fictitious joints perpendicular to X, Y and Z axes. Simultaneously, the three coordinate 

planes, XY plane, YZ plane and XZ plane, are divided into a certain number of square 

grids. The spacing of each fictitious joint set can be selected based on the acceptable 

accuracy. Among the joint sets, the spacing between the fictitious joints can be different.  

In this research, the spacing of the fictitious joints was set equal to the spacing of the CT 

slices. Then, the coordinate plane providing the maximum projection area of a given 

fracture plane can be found. This maximum projection area is used to find an equivalent 

rectangular area coinciding with the grid lines and providing the closest area to the 

maximum projection area (adjusted maximum projection, see Fig. 5.4 b). The center of this 

rectangular area should coincide with the projection of the center of the fracture plane. The 

four fictitious joints of this particular fracture plane are perpendicular to the 

aforementioned specific coordinate plane and passing at the four boundaries of the adjusted 

maximum projection. The idea of using the maximum projection area is to reduce the stress 
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concentration around the sharp corners, similar to the dip angle based principle in the 

original framework. With this modified procedure, a rhomboid fracture plane is obtained 

with the same orientation and almost the same area as the original rectangular fracture 

plane. The advantage of this modified fictitious joint framework is: a) the three sets of 

fictitious joints can serve as the common fictitious joints for any number of non-persistent 

joints; b) The simulation of intact coal failure can be improved by pre-cutting the big coal 

cube into smaller cubes. This modified fictitious joint framework was realized through 

modifying the aforementioned Matlab code and FISH code for the original framework. 

Please note that the modified fictitious joint framework keeps the two most important 

parameter values of a joint: joint orientation and joint size the same to a great extent. 

To validate the built-up geometric model using the modified fictitious joint framework, 

comparisons were made between some cross sections of the built-up geometric model and 

the corresponding CT scanning slices. As shown in Figs. 5.5-5.6, a good agreement was 

found for sample CB60 between the fracture network of the numerical cubic coal block 

and that of physical cubic coal block. In Figs. 5.5-5.6, the horizontal and vertical persistent 

lines are fictitious joints, whereas the inclined short lines represent the non-persistent pre-

existing joints. Please note that discrepancies may be found in a few areas because the used 

modified fictitious joint framework simplified the irregular polygonal shape of the real 

non-persistent joints to improve the computational efficiency. This might have resulted in 

shifting some joints slightly. Considering the variability arising from experimental tests 

and estimation of the geomechanical parameters of the intact coal and coal discontinuities, 

the geometric models built-up by this procedure are satisfactory and the minor 

discrepancies are acceptable. 
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Fig. 5.5 Comparison between the numerical cubic coal block and physical cubic coal block with 

respect to some cross sections subparallel to the bedding planes for CB60 as an example. a) Hh=20 

mm; b) Hh=60 mm; c) Hh=100 mm. 
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Fig. 5.6 Comparison between the numerical cubic coal block and physical cubic coal block with 

respect to some cross sections approximately perpendicular to the bedding planes for CB60 as an 

example. a) Hv=10 mm; b) Hv=50 mm; c) Hv=90 mm. 
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Fig. 5.7 Loading platens on the outside of sample CB60 as an example. 

 

Fig. 5.8 Numerical model of the jointed cubic coal block of sample CB60 as an example. 
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Fig. 5.9 Fracture network of sample CB60 including fictitious and real joints as an example. 

To simulate the laboratory loading conditions, six frustum-shaped steel loading platens 

were created on the outside of the cubic block by a subroutine of the aforementioned FISH 

code. The loading platens, jointed cubic coal block and fracture network of CB60 are 

shown in Figs. 5.7-5.9, respectively as examples. The three-stage loading procedure 

applied for the polyaxial compression tests in the laboratory was also simulated in the 

numerical modeling. Similar to the laboratory tests, one loading platen of each pair was 

fixed and the load was applied on the opposite loading platen in each direction in the 

numerical tests. On each platen five monitoring points (red solid circles shown in Fig. 5.7) 

were set to monitor the stress and displacement variations during the numerical calculations. 

The average values obtained from each set of five monitoring points were used to interpret 

the calculation results. Several trial numerical calculations were run to calibrate the intact 
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coal and coal discontinuity parameters used in the numerical model. This aspect is covered 

in section 5.2.2. 

In the application of the modified fictitious joint procedure, the shape of each real joint 

was changed from a rectangle to a rhomboid. If the shape change is too much, a possibility 

exists for sharp corners of the rhomboid to cause some problems in the numerical 

calculations. The natural fracture networks in coal masses are approximately orthogonal. 

The axes of the coordinate system, which coincide with the loading directions of the 

numerical model, used in this research happened to be approximately along the normal 

directions of the three approximately orthogonal joint sets. Therefore, the shape change 

from a rectangle to a rhomboid was limited to a certain extent so that the possible stress 

concentration caused by the shape change was controlled within an acceptable range. 

Please note that most of the fractures constructed from the CT scans were obtained through 

the single traces on the horizontal or vertical CT slices. Because of the assumptions used 

in section 4.1.1, the shapes of these fractures were not changed by the modified fictitious 

joint procedure. The fractures that experienced a shape change were the ones constructed 

from the multiple traces, which only occupied a small proportion of the whole fracture 

network. To evaluate the accuracy of the modified fictitious joint procedure, two numerical 

jointed cubic coal blocks with all eleven fractures of sample CB48 constructed from the 

multiple traces were created by the original and modified fictitious joint procedures, 

respectively. The evaluation results are provided in section 5.2.3. This modified fictitious 

joint procedure can also be used to build up the geometric model of other rock masses 

having approximately orthogonal fracture systems. For the rock masses having non-
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orthogonal fracture systems, this procedure need to be used with great caution and 

systematic verifications. 

5.2.2 Calibration of the geomechanical parameter values of the intact coal and coal 

discontinuities used in the numerical model 

Mohr-Coulomb linear elastic, perfect plastic constitutive model was used to represent 

the intact coal. With respect to the joints, Coulomb slip model was chosen to represent the 

fictitious joints and continuously yielding model was selected to represent the real joints 

[77]. The initial guesses for the numerical parameter values for the intact coal and real coal 

joints (Young’s modulus, Poisson’s ratio, cohesion, internal friction angle, tensile strength, 

JKN coefficient, JKS coefficient and joint friction angle) were selected from chapter 3 and 

are listed in Table 5.3. The coal density given in Table 5.3 was estimated from all the tested 

coal samples. The geomechanical parameter values for the fictitious joints were calculated 

from the Young’s modulus and Poisson’s ratio of the intact coal according to the procedure 

given in Kulatilake et al. [88]. CB 22 sample with the constructed fracture network was 

used to calibrate the geomechanical parameter values of the numerical model. After a few 

trial and error analyses, the following adjustments were made for the geomechanical 

parameter values of the numerical model: 

a) The cylindrical samples used for the laboratory tests were not perfectly intact; they 

had some minor fractures. Therefore, the Young’s modulus estimated from those 

samples should be lower than that of the intact coal. Thus, the Young’s modulus 

was increased from the mean value to mean plus one standard deviation value of 

4.12 GPa; 
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b) The basic friction angle, JKN coefficient and JKS coefficient were obtained through 

laboratory tests using saw-cut joints. However, the real joints of coal usually have 

some roughness. Therefore, the basic friction angle was increased from 31.8° to 35°. 

Similarly, JKN coefficient and JKS coefficient were increased to 2.5 times of the 

original values to make them 5.0375×104 m-1 and 9.42×102 m-1 respectively; 

c) A roughness number of 3 mm was assigned to the real joints. 

The calibrated parameter values of intact coal, fictitious joints and coal discontinuities 

are summarized in Table 5.4. 

Table 5.3 Summary of the geomechanical property values of the coal. 

 
ρ 

(kg/m3) 

σci 

(MPa) 

E 

(GPa) 
υ 

σt,B 

(MPa) 

c0 

(MPa) 
φ (°) φb (°) 

JKN0 

(103 m-1) 

JKS0 

(103 m-1) 

Mean 1200 21.65 2.93 0.40 1.21 6.95 28.64 31.80 20.15 0.38 

Std. 

Dev. 
30 5.49 1.19 0.05 0.22 - - 1.25 0.61 0.06 

C.O.V. 0.03 0.25 0.41 0.13 0.18 - - 0.04 0.03 0.16 

 

Table 5.4 Geomechanical parameter values of intact coal, fictitious joints and real joints used in 

the calibrated numerical model. 

Intact coal 

(Mohr-Coulomb plasticity) 

Fictitious joints 

(Coulomb slip model) 

Real coal joints 

(continuously yielding model) 

Density (ρ) 1200 kg/m3 JKN 411.99 GPa/m JKN0 5.0375×104 m-1 

Young’s 

modulus (E) 
4.12 GPa JKS 147.14 GPa/m Min JKN value 0 Pa/m 

Poisson’s 

ratio (υ) 
0.40 

Joint 

cohesion (jc) 
6.95 MPa Max JKN value 2.5×1012 Pa/m 

Cohesion (c0) 6.95 MPa 
Joint friction 

angle (jφ1) 
28.64° JKS0 9.42×102 m-1 

Friction angle 

(φ) 
28.64° 

Joint tensile 

strength (jt) 
1.21 MPa Min JKS value 0 Pa/m 

Tensile 

strength (σt) 
1.21 MPa   Max JKS value 5×1010 Pa/m 

    
Joint friction 

angle (jφ2) 
35° 

    
Joint roughness 

(r) 
3 mm 
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5.2.3 Validations of the geomechanical parameter values of the intact coal and coal 

discontinuities used in the numerical model 

Validations conducted on the geomechanical parameter values used in the numerical 

model were divided into three steps. In the first step some simple models were run to make 

sure that the input geomechanical parameter values respond well in the simple cases. In 

this step, the outcomes of the parameter values from the numerical calculation results were 

compared with the input values to see whether the difference was acceptable or not. To 

validate the intact coal parameters (E, υ, c0, φ, σt), numerical simulations of polyaxial 

compression test for 110 mm side dimension intact cubic coal blocks were performed in 

3DEC under five different confining stress levels: 0, 2.367, 4.734, 7.101, 9.468 MPa. From 

the numerical simulation results, c0' (6.69 MPa) and φ' (30.83°) were calculated based on 

the Mohr-Coulomb equation (Eq. 2.2 and 2.3). The difference obtained for cohesion and 

internal friction angle values from the numerical simulations and laboratory testing was 

found to be in acceptable range. From the numerical simulation of uniaxial test, good 

agreements were also found between the numerically obtained E' (4.08 GPa), υ' (0.4) and 

experimentally obtained E (4.12 GPa), υ (0.4). Direct tensile test was numerically 

simulated for a 50 mm×50 mm×100 mm prismatic sample to validate the tensile strength 

σt. The tensile strength σt' obtained from the numerical simulation was also 1.21 MPa. For 

the fictitious joint, Kulatilake et al. [88] provided a systematic and elaborate verifications 

on the guidelines of parameter selection for the fictitious joints. With respect to the real 

joints, continuously yielding model was chosen for the numerical modeling. This 

constitutive model is superior to Coulomb slip model in providing realistic joint behavior. 

Before this model was implemented on the jointed coal blocks, a 50 mm×50 mm×100 mm 
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prismatic sample with one horizontal joint at the middle was numerically simulated under 

the uniaxial condition to validate the parameter values used for the real joints in the 

numerical model. 

As mentioned in section 5.2.1, the second phase of validation was the evaluation of the 

difference between the original and modified fictitious joint procedures. All eleven 

fractures constructed from the multiple traces from CT scans were selected from the 

constructed fracture network of sample CB48. One geometric model was created using the 

original fictitious joint procedure whereas the other one was built up based on the modified 

fictitious joint procedure. The two models were subjected to the polyaxial compression 

tests with the aforementioned calibrated parameter values under two confining stress levels: 

0 and 7.101 MPa. The polyaxial compressive strength values obtained for the two models 

are 22.75 MPa and 21.44 MPa under the uniaxial condition and 54.60 MPa and 51.83 MPa 

under the confining stress of 7.101 MPa, respectively. The strength deviations resulting 

from the modified procedure compared to that of the original procedure are -5.76% and -

5.07% for the uniaxial condition and confining stress 7.101 MPa, respectively. The 

obtained strength difference between the two procedures is acceptable. 

As the third phase of validation the numerical model with the calibrated parameter 

values was run for some selected jointed coal blocks having fracture network setups 

constructed from the CT scanning under the same confining stress combinations used in 

the laboratory tests. Ten samples (CB24, CB41, CB6, CB4, CB48, CB14, CB60, CB57, 

CB3 and CB2) were selected for these numerical simulations. Fig. 5.10 provides the 

numerical calculation of sample CB22 under the confining stress combination σx = σy = 

7.101 MPa as an example. Validation results of phase three are summarized in Table 5.5. 
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The table shows that the deviation of JCMS from JCMSL for nine out of the eleven samples 

are less than 10%.  The strength of these nine samples covers a considerably large range 

from 23.39 MPa to 52.28 MPa. These nine samples also represent the population well with 

respect to Fxx+Fyy (from 0.159 to 1.820). Moreover, six different confining stress 

combinations provide a fairly good range for the confining stress levels. Therefore, it was 

decided to use the geomechanical property values given in Table 5.4 for further numerical 

simulations. 

 

Fig. 5.10 Numerical calculation of sample CB22 under the confining stress combination σx = σy = 

7.101 MPa as an example. 
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Table 5.5 Summary of validation results for the selected eleven samples. 

Sample 
σy 

(MPa) 

σx 

(MPa) 
Fxx Fyy Fzz Fxx+Fyy 

JCMSL 

(MPa) 

JCMS 

(MPa) 

Dev. 

(%) 

CB22* 7.101 7.101 0.323 0.118 0.152 0.441 52.28 50.75 -2.9 

CB24 4.734 2.367 0.410 0.007 0.074 0.418 36.42 36.54 0.3 

CB41 0 2.367 0.507 0.076 0.052 0.584 23.39 25.22 7.8 

CB6 0 7.101 0.507 0.075 0.045 0.582 32.74 29.49 -9.9 

CB4 0 0 0.023 0.009 0.151 0.033 15.78 20.04 27.0 

CB48 4.734 2.367 1.744 0.076 0.072 1.820 35.69 33.71 -5.5 

CB14 7.101 7.101 0.578 0.117 0.053 0.695 47.75 50.00 4.7 

CB60 4.734 2.367 0.833 0.072 0.081 0.905 35.38 34.71 -1.9 

CB57 7.101 0 0.124 0.026 0.028 0.150 23.38 28.22 20.7 

CB3 4.734 9.468 0.219 0.042 0.061 0.262 46.99 50.45 7.4 

CB2 0 4.734 0.142 0.017 0.032 0.159 27.19 29.33 7.9 

Note: * is the sample used for the calibration of geomechanical parameters. JCMSL is the jointed 

coal mass strength obtained from the laboratory tests; JCMS is the corresponding jointed coal mass 

strength obtained through numerical modeling; Dev. is the deviation of JCMS from JCMSL. The 

numbers in bold are less than 10. 

From the eleven samples given in Table 5.5, seven samples (CB2, CB3, CB22, CB24, 

CB41, CB48 and CB60) were selected as the geometric models to satisfy the variety of 

fracture networks. With the calibrated geomechanical parameter values, a systematic 

numerical modeling scheme was implemented to investigate the influence of confining 

stress from X and Y directions and fracture tensor components on the JCMS value. In this 

scheme, the numerical investigations are divided into the following four phases: 

a) Running numerical simulations on samples having different fracture network setups 

under the same confining stress combinations; 

b) Creating a series of numerical simulations for samples having the same fracture 

network setups and performing stress analyses by fixing the confining stress from 

Y direction at a certain level and increasing the confining stress from X direction at 

a constant interval; 
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c) Setting up a series of numerical simulations for samples having the same fracture 

network setups and performing stress analyses with increasing Y confining stress 

and keeping X confining stress at a constant value; 

d) Performing numerical simulations under more confining stresses as supplement to 

cover the necessary minimum/maximum boundary confining stress combinations.  

The results obtained for the aforementioned four stages are summarized in the sections 

5.2.4-5.2.6 given below. Totally nineteen confining stress combinations were used under 

all four stages. The applied confining stress combinations are shown in Fig. 5.11. 

 

Fig. 5.11 Confining stress combinations used in the four phases. 
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5.2.4 Influence of the fracture networks on JCMS 

In phase 1, the confining stresses from both X and Y directions were fixed; a numerical 

model was built for each selected sample to obtain the JCMS value. Four different 

confining stress combinations were applied. The results from the numerical simulation of 

seven selected samples showed that the range of variation of JCMS obtained is not 

sufficient to elucidate the effect of fracture networks on JCMS. Therefore, five artificial 

fracture network setups were created based on sample CB48, which was the most fractured 

sample among all thirty-three samples. When creating those fracture network setups, a 

certain space was allocated between the artificial joints to make them finite size joints (see 

Fig. 5.12). In the Y direction too, spacing of 5 or 10 mm was allocated between the fractures. 

The five created fracture network setups are as follows: a) CB48 with one set of stagger 

joints of small individual joint size (CB48SJS), b) CB48 with two sets of crossed stagger 

joints of small individual joint size (CB48CSJS), c) CB48 with maximum number of 

stagger joints of small individual joint size (CB48MNSJS), d) CB48 with maximum 

number of stagger joints of intermediate individual joint size (CB48MNIJS), e) CB48 with 

maximum number of stagger joints of large individual joint size (CB48MNLJS). Fig. 5.12 

provides the schematics of the above five artificial fracture network setups on XZ cross 

section. 
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a) b) 

c) d) 
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Fig. 5.12 Schematics of the five artificial fracture network setups on XZ cross section. a) CB48SJS; 

b) CB48CSJS; c) CB48MNSJS; d) CB48MNIJS; e) CB48MNLJS. 

On the samples having the above five new fracture network setups, more numerical 

simulations were conducted under the aforementioned four selected confining stress 

combinations. Altogether twelve numerical simulations were performed for each confining 

stress level combination. Table 5.6 provides the fracture tensor component values for all 

the natural samples and the created samples with artificial fracture network setups. The 

spent calculation time and the results obtained for phase one calculations are given in Table 

5.7. It is worth mentioning that although the total areas of the stagger joints for 

CB48MNSJS, CB48MNIJS and CB48MNLJS are almost the same, the smaller the 

individual fracture size, the less the contributions to the fracture tensor component values. 

JCMS values of these three setups also decrease with the given order (see Table 5.7). This 

indicates that the fracture tensor component is a favorable parameter to capture the 

influence of fracture size. According to Table 5.6, Fyy is almost the same from CB60 to 

CB48MNLJS, while JCMS decreases from CB60 to CB48MNLJS with the increasing Fxx. 

This indicates that the JCMS is highly correlated to Fxx. Similarly, Fyy also has a great 

e) 
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influence on JCMS. Theoretically, Fzz makes negligible contribution to JCMS. Therefore, 

the parameter Fxx+Fyy was used to investigate the influence of fracture networks on JCMS. 

To eliminate the effect of material properties, before analyses, all the JCMS values given 

in Table 5.7 were normalized by the intact coal strength from Table 5.2 under the 

corresponding confining stress level combination. The intact coal strength values used for 

normalization are also listed in Table 5.7. The samples are placed in the increasing order 

of Fxx+Fyy in Table 5.7. The JCMS value in the table shows a decreasing trend. 

When the confining stress system is the same, the higher the summation of the fracture 

tensor components in the two perpendicular directions to the loading direction, the lower 

the JCMS value. This confirms the second statement made in the preliminary analyses in 

section 4.2.2. It is also very clear from Table 5.7 that the calculation time increases with 

the confining stress and it has ranged from half a day to 4 days using the laptop stated in 

the foot notes of Table 5.7. 

Table 5.6 Summary of fracture tensor component values for the selected natural coal samples and 

created samples with artificial fracture network setups. 

Sample Fxx Fyy Fzz Fxx+Fyy 

CB2 0.142 0.017 0.032 0.159 

CB3 0.219 0.042 0.061 0.262 

CB24 0.410 0.007 0.074 0.418 

CB22 0.323 0.118 0.152 0.441 

CB41 0.507 0.076 0.052 0.584 

CB60 0.833 0.072 0.081 0.905 

CB48 1.744 0.076 0.072 1.820 

CB48SJS 1.825 0.076 0.078 1.900 

CB48CSJS 1.905 0.076 0.084 1.981 

CB48MNSJS 2.226 0.076 0.107 2.302 

CB48MNIJS 2.717 0.076 0.142 2.793 

CB48MNLJS 3.199 0.076 0.177 3.275 
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Table 5.7 Summary of calculation time and results of phase one. 

Sample 

σx=0 MPa 

σy=0 MPa 

σx=2.367 MPa 

σy=2.367 MPa 

σx=7.101 MPa 

σy=7.101 MPa 

σx=14.202 MPa 

σy=14.202 MPa 

Time 

(hr.) 

JCMS 

(MPa) 

Time 

(hr.) 

JCMS 

(MPa) 

Time 

(hr.) 

JCMS 

(MPa) 

Time 

(hr.) 

JCMS 

(MPa) 

Intact* N/A 26.21 N/A 40.59 N/A 60.18 N/A 85.84 

CB2 12.03 23.10 17.95 34.59 32.50 54.96 50.98 84.34 

CB3 12.35 21.54 22.00 32.98 35.58 52.48 55.52 81.04 

CB24 15.50 22.57 33.70 32.70 66.83 52.45 87.25 80.17 

CB22 16.02 18.90 37.27 30.03 78.30 50.75 94.43 76.94 

CB41 17.48 18.92 38.08 31.28 77.40 51.85 98.88 76.80 

CB60 17.18 18.63 39.73 30.99 73.38 50.87 91.23 78.02 

CB48 16.97 18.67 36.12 29.88 60.00 49.08 87.92 75.42 

CB48SJS 15.02 14.88 33.43 26.78 61.77 45.78 82.95 69.71 

CB48CSJS 15.37 14.25 37.13 25.55 63.23 44.46 85.93 68.10 

CB48MNSJS 15.02 13.37 46.05 24.15 69.22 41.97 93.13 64.60 

CB48MNIJS 14.00 12.16 44.48 22.52 63.95 40.14 93.77 62.22 

CB48MNLJS 14.68 7.23 41.55 18.81 76.68 35.33 96.28 55.04 

Note: The numerical simulations were run on Alienware M14X Laptop (Intel(R) Core(TM) i7-

4700MQ CUP @ 2.40 GHZ and 8.00GB RAM).  *For the intact samples, the strength values given 

in the table are intact coal strength values from Table 5.2, rather than JCMS. 

5.2.5 Influence of confining stresses σx and σy on JCMS 

In phase two research, stress analysis was performed on jointed blocks having different 

fracture network configurations keeping σy fixed at 7.101 MPa and increasing σx from 0 

MPa to 14.202 MPa in steps of 2.367 MPa. Eighty-four numerical simulations were 

completed. Fig. 5.13 shows the relations obtained between JCMS and σx for eight fracture 

network setups. The figure shows that JCMS increases with σx in a non-linear manner. Also 

it shows that JCMS increases with decreasing fracture tensor component. 

In phase three research, stress analysis was performed on jointed blocks having different 

fracture network configurations keeping σx fixed at 2.367 MPa and increasing σy from 0 

MPa to 14.202 MPa in steps of 2.367 MPa. For this stage, Sixty-six calculations were 

completed. Relations obtained between JCMS and σy for nine fracture network setups are 
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shown in Fig. 5.14. The figure shows that JCMS increases with σy in a non-linear manner. 

Also it shows that JCMS increases with decreasing fracture tensor component. 

When the summation of the fracture tensor components in the two perpendicular 

directions to the loading direction is the same, the higher the confining stress, the higher 

the JCMS value in the loading direction. This confirms the first statement made in the 

preliminary analyses in section 4.2.2. 

 

Fig. 5.13 Relations obtained between JCMS and σx for eight fracture network setups with σy = 7.101 

MPa. 
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Fig. 5.14 Relations obtained between JCMS and σy for nine fracture network setups with σx = 2.367 

MPa. 

5.2.6 Supplementary numerical simulations 

In phase four, numerical simulations for seven samples having different fracture 

network setups (CB2, CB24, CB41, CB48SJS, CB48MNSJS, CB48MNIJS and 

CB48MNLJS) under five more confining stress combinations were performed to cover the 

necessary maximum/minimum boundary confining stress combinations. The spent 

calculation time and the results obtained for phase four calculations are summarized in 

Table 5.8. 

From the four phase numerical modeling for the jointed cubic coal blocks, a data bank 

was created containing the JCMS values with different fracture networks under different 

confining stress combinations. This data bank is used to develop a new 3-D empirical coal 

mass strength criterion in chapter 6. 
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Table 5.8 Summary of calculation time and results of phase four. 

Sample 

σx=7.101 MPa 

σy=0 MPa 

σx=14.202 MPa 

σy=0 MPa 

σx=14.202 MPa 

σy=10 MPa 

σx=0 MPa 

σy=14.202 MPa 

σx=7.101 MPa 

σy=14.202 MPa 

Time 

(hr.) 

JCMS 

(MPa) 

Time 

(hr.) 

JCMS 

(MPa) 

Time 

(hr.) 

JCMS 

(MPa) 

Time 

(hr.) 

JCMS 

(MPa) 

Time 

(hr.) 

JCMS 

(MPa) 

CB2 19.73 31.32 26.28 35.99 47.48 75.89 21.32 33.82 38.48 63.88 

CB24 39.55 30.32 41.95 34.74 76.68 70.09 36.73 35.17 68.97 61.95 

CB41 37.07 28.28 48.87 32.30 88.20 70.17 43.02 32.22 74.33 58.57 

CB48SJS 47.80 27.70 46.32 32.76 83.53 64.94 42.83 29.45 74.35 52.63 

CB48MNSJS 48.63 24.76 51.92 30.82 91.73 61.03 42.38 26.85 74.58 49.41 

CB48MNIJS 49.93 24.76 52.45 30.60 92.60 58.46 43.32 25.80 74.77 46.81 

CB48MNLJS 49.45 23.64 52.35 29.22 76.05 51.33 45.50 22.55 74.17 41.22 
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CHAPTER 6 

INTACT ROCK STRENGTH CRITERIA EVALUATION 

AND NEW COAL MASS STRENGTH CRITERION 

DEVELOPMENT 

The polyaxial compressive strength data bank of the intact cubic coal block obtained 

through PFC3D modeling in chapter 5 is used to evaluate different intact rock strength 

criteria in this chapter. A new 3-D empirical coal mass strength criterion is developed in 

this chapter by performing regression analyses on the JCMS data bank obtained through 

3DEC modeling in chapter 5. 

6.1 Comparison of nine intact rock strength criteria 

To evaluate the different intact rock strength criteria, a modified grid search (MGS) 

procedure is proposed to fit the different criteria using the intact coal strength data bank 

and obtain the best fitting parameter values and coefficient of determination R2 values. 

Detailed comparisons of the nine criteria are made using the following features: R2 values, 

σ1 - σ2 plots for different σ3, shapes on the deviatoric plane, linearity or nonlinearity on the 

meridian planes. 

6.1.1 Modified grid search procedure and its verification 

Colmenares and Zoback [41] and Benz and Schwab [104] applied a grid search 

algorithm to fit different intact rock strength criteria. The best fitting parameters were 

found through minimizing the mean standard deviation misfits. Based on the previous work, 
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a modified grid search (MGS) procedure was used in this study. This procedure is 

explained through the following four steps: 

a) Assign different values to the parameters to be estimated in each of the  strength 

criteria; 

b) Calculate the standard error or misfit for each set of parameter values using the 

following equation: 

 𝑆𝜎1|𝜎2,𝜎3

2 =
1

𝑛 − 𝑚 − 1
∑(𝜎1,𝑖

𝑐𝑎𝑙𝑐 − 𝜎1,𝑖
𝑡𝑒𝑠𝑡)

2
𝑛

𝑖=1

 (6.1) 

where m+1 is the number of parameters to be estimated; n is the total number of 

combinations of σ2 and σ3; 𝜎1
𝑐𝑎𝑙𝑐 and 𝜎1

𝑡𝑒𝑠𝑡 are the intact coal strength value obtained 

from the intact rock strength criterion with assigned parameter values and PFC3D 

modeling, respectively; 

c) Compute the coefficient of determination by the following expressions 

 𝑅2 = 1 −
𝑆𝜎1|𝜎2,𝜎3

2

𝑆𝜎1
2

 (6.2) 

where 

 𝑆𝜎1
2 =

1

𝑛 − 1
∑(𝜎1,𝑗

𝑡𝑒𝑠𝑡 − 𝜎1
𝑡𝑒𝑠𝑡)

2
𝑛

𝑗=1

 (6.3) 

where R2 is the coefficient of determination; 𝜎1
𝑡𝑒𝑠𝑡 is the mean value of all the σ1 

values obtained from PFC3D modeling; 

d) Find the best fitting parameter values from the contour map of R2. In the MGS 

procedure, a more favorable parameter R2 in statistics, rather than the least mean 

standard deviation misfit, is used to evaluate the different intact rock strength criteria. 
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Because the R2 in the MGS procedure is calculated in a similar way to the regression 

parameter R2 in the regression analysis, it can be considered as a comparable 

parameter between the MGS procedure and the regression analysis.  

To verify the aforementioned parameter R2, both the MGS procedure and regression 

analysis were performed for the M-C criterion and H-B criterion. The linear regression 

analysis results and R2 contour plot obtained from the MGS procedure for the M-C criterion 

are shown in Figs. 6.1 and 6.2, respectively.  The nonlinear regression analysis results and 

R2 contour plot obtained using the MGS procedure for the H-B criterion are given in Figs. 

6.3 and 6.4, respectively. According to Figs. 6.1 and 6.2, and Figs. 6.3 and 6.4, the best 

fitting parameter values obtained from the regression analysis and the MGS procedure are 

the same for both the M-C criterion having a linear equation and H-B criterion having a 

nonlinear equation. Also, the two R2 values obtained from the MGS procedure are more or 

less the same as that obtained in both the linear and nonlinear regression analyses. 

Therefore, the following statements can be stated: a) the regression analysis and the MGS 

procedure are equivalent in finding the best fitting parameter values for a certain intact rock 

strength criterion; b) R2 defined in the MGS procedure is an equivalent parameter to the R2 

in the regression analysis, which means it can serve as a comparable parameter to evaluate 

different intact rock strength criteria. 
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Fig. 6.1 Linear regression analysis results for the M-C criterion. 

 

Fig. 6.2 R2 contour plot obtained from the MGS procedure for the M-C criterion. 
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Fig. 6.3 Nonlinear regression analysis results for the H-B criterion. 

 

Fig. 6.4 R2 contour plot obtained from the MGS procedure for the H-B criterion. 
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6.1.2 Best fitting parameter values for the nine different intact rock strength criteria 

To evaluate the aforementioned nine intact rock strength criteria, the numerical data 

were used to fit all nine strength criteria to find the best fitting parameter values and 

corresponding R2 values. Regression analyses were performed for the D-P criterion and 

two empirical criteria Mogi (1967) and Mogi (1971). With respect to the strength criteria 

with complicated equations such as the modified Lade criterion, the modified W-C 

criterion, the linear and nonlinear unified strength criteria, the modified MGS procedures 

were implemented. Please note that the R2 values obtained from regression analyses for the 

D-P, Mogi (1967) and Mogi (1971) criteria cannot be directly used to make comparison 

with the R2 values of the rest of the strength criteria. According to Eqs. 2.9, 2.31 and 2.32, 

the R2 values obtained from regression analysis for the three criteria indicate the 

interrelations of J2
0.5- I1, (σ1 - σ3)/2 - (σ1 + βσ2 + σ3)/2 and τoct - σm,2, respectively. However, 

the R2 values obtained for the rest of the six strength criteria show the interrelations of σ1 - 

σ2, σ3. Therefore, the R2 values obtained for the D-P, Mogi (1967) and Mogi (1971) criteria 

need to be adjusted according to the definition of R2 given in the aforementioned MGS 

procedure before any comparisons. The regression analysis results of the D-P criterion, 

Mogi (1967) and Mogi (1971) criteria are shown in Figs. 6.5-6.7, respectively. The R2 

contour plots obtained using the MGS procedure for the modified Lade criterion, the 

modified W-C criterion, and the linear and nonlinear unified strength criteria are given in 

Figs. 6.8-6.11, respectively. The best fitting parameter values, R2 value and adjusted R2 

value obtained for each criterion are summarized in Table 6.1. 

Table 6.1 indicates that all the σ2 dependent criteria or polyaxial strength criteria except 

the D-P criterion provide higher adjusted R2 values than the two σ2 independent criteria or 
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standard triaxial strength criteria, the M-C and H-B criteria. Among all the polyaxial 

criteria, modified Lade and modified W-C criteria provide the best fits to the polyaxial data 

with almost the same high adjusted R2 values, followed by the Mogi (1967) criterion. The 

linear and nonlinear unified strength criteria and the two standard triaxial strength criteria 

provide the intermediate adjusted R2 values. Whereas, the D-P criterion fits the polyaxial 

data weakly with the lowest adjusted R2 value. Although the Mogi (1967) criterion fit the 

polyaxial data with a high R2 value, it predicts the intact rock strength only moderately 

with a lower adjusted R2 value. The high regression R2 value obtained may be attributed to 

the influence of the major principal stress σ1 appearing on both sides of Eq. 2.31. The M-

C criterion is a special case of the linear unified strength criterion when b = 0. Table 6.1 

indicates that the σci and ω values obtained for the two criteria are very close. Similarly, 

the H-B criterion is a special case of the nonlinear unified strength criterion when b = 0. 

The mi values of the two criteria show only a slight difference, whereas the σci values 

indicate a significant difference. All the criteria predict higher σci values than the value of 

26.21 MPa given in Table 5.2. The modified Lade and W-C criteria seem to be more 

realistic with the better predictions of σci values. Further comparisons of the 

aforementioned criteria are made through the plots on the σ1 - σ2 coordinate plane, 

deviatoric plane and meridian planes in the sections 6.1.3-6.1.5. 
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Fig. 6.5 Linear regression analysis results for the D-P criterion. 

 

Fig. 6.6 Power function regression analysis results for the Mogi (1967) criterion. 
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Fig. 6.7 Power function regression analysis results for the Mogi (1971) criterion. 

 

Fig. 6.8 R2 contour plot obtained from the MGS procedure for the modified Lade criterion. 
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Fig. 6.9 R2 contour plot obtained from the MGS procedure for the modified W-C criterion. 

 

Fig. 6.10 R2 contour plot obtained from the MGS procedure for the linear unified strength criterion. 
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Fig. 6.11 R2 contour plot obtained from the MGS procedure for the nonlinear unified strength 

criterion. 

Table 6.1 The obtained best fitting parameter values and R2 value for each criterion. 

Strength criterion 
σci 

(MPa) 
φ (°) mi ω b 

R2 

(regression) 

R2 

(MGS) 

Adjusted 

R2 

M-C 39.92 40.40 - 4.68 0 0.8638 0.8612 0.8612 

H-B 37.89 - 11.87 - 0 0.8577 0.8550 0.8550 

D-P J2
0.5 = 0.1914I1 + 13.519 0.8662 - 0.7103 

Mogi (1967) (σ1 - σ3)/2  = 1.8906((σ1 + 0.17σ2 + σ3)/2)0.7647 0.9851 - 0.9216 

Mogi (1971) τoct = 1.7144σm,2
0.7676 0.9964 - N/A 

Modified Lade 30.88 34.75 - - - - 0.9864 0.9864 

Modified W-C 28.07 39.02 - - - - 0.9897 0.9897 

Linear unified 39.00 - - 4.25 0.29 - 0.8972 0.8972 

Nonlinear unified 34.45 - 11.42 - 0.34 - 0.8996 0.8996 

Note: Adjusted R2 values for the D-P and Mogi (1967) strength criteria are calculated based on the 

R2 defined in the MGS procedure; With respect to the Mogi (1971) criterion, the R2 defined in the 

MGS procedure cannot be calculated because some confining stress combinations are beyond the 

predictable range of this criterion; For the rest of the strength criteria, adjusted R2 equals to that 

obtained from the MGS procedure. ω value of the M-C criterion is calculated from tan2(π/4+φ/2). 



171 
 

6.1.3 Different criteria on the σ1 - σ2 coordinate plane 

With the best fitting parameter values obtained either from the regression analysis or 

the modified MGS procedure, Figs. 6.12-6.20 show how those different criteria appear on 

the σ1 - σ2 coordinate plane along with the intact coal strength data obtained from PFC3D 

modeling. According to Fig. 6.12, the M-C criterion gives a poor fit to the data because it 

does not incorporate the effect of intermediate principal stress, σ2. For each σ3 level, the 

M-C criterion overestimates the intact coal strengths for the relatively lower σ2 levels and 

underestimates the intact coal strengths for the relatively higher σ2 levels. Similar to the M-

C criterion, the H-B criterion also fits the data poorly with straight lines for each σ3 (Fig. 

6.13). According to Fig. 6.14, the D-P criterion overestimates all the intact coal strengths 

for σ3 = 0 level. For the rest of the six σ3 levels, the D-P criterion underestimates the intact 

coal strengths for the relatively lower σ2 levels and overestimates the intact coal strengths 

for the relatively higher σ2 levels. Although the D-P criterion incorporates the influence of 

σ2, this criterion still provides unsatisfactory predictions. With respect to the Mogi (1967) 

criterion, Fig. 6.15 shows that for each σ3 level it overestimates the intact coal strengths for 

both the lower and higher σ2 levels and underestimates the intact coal strengths for the 

intermediate σ2 levels. According to Fig. 6.16, the Mogi (1971) criterion agrees with the 

intact coal strengths for most σ2 and σ3 combinations. However, the prediction range of this 

criterion cannot cover the combinations when σ2 is close to σ1. Besides, this criterion 

predicts the same intact coal strengths for each σ3 for both the triaxial compressive state 

(σ2 = σ3) and triaxial extension state (σ1 = σ2) no matter what functions are used to fit the 

data. The reason for this phenomenon is that both τoct and σm,2 possess the same expressions 

when σ2 = σ3 and σ1 = σ2. This prediction seems not reasonable for some cases according 
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to the test results available from Ma et al.’s paper [105]. Another disadvantage of Mogi 

(1971) criterion is that it provides multiple values of σ1 at the higher σ2 levels for each σ3. 

Figs. 6.17 and 6.18 show respectively, that the modified Lade criterion and the modified 

W-C criterion predict the intact coal strengths quite well. According to Figs. 6.19 and 6.20, 

both the linear unified strength criterion and the nonlinear unified strength criterion 

overestimate the intact coal strengths for the relatively lower σ2 levels and underestimate 

the intact coal strengths for the relatively higher σ2 levels for each σ3. Because of the 

incorporation of the intermediate principal stress σ2, both criteria have lower prediction 

deviations of σ1 than the M-C and H-B criteria. However, because both criteria are bounded 

by the M-C criterion or H-B criterion at the traxial compressive state (σ2 = σ3) and triaxial 

extension state (σ1 = σ2), they also predict the same intact coal strengths when σ2 = σ3 and 

σ1 = σ2 for each σ3. From the comparisons of the plots on the σ1 - σ2 coordinate plane, the 

modified W-C criterion and the modified Lade criterion provide the best fits to the data.  

From the σ1 - σ2 plots, only a profile of each criterion can be seen. However, each 

criterion represents a 3-D pyramid in the principal stress space. To have a better 

understanding of each criterion, it is necessary to compare different criteria on the 

deviatoric planes and meridian planes. 



173 
 

 

Fig. 6.12 σ1 - σ2 plot for the M-C criterion using the best fitting parameter values. 

 

Fig. 6.13 σ1 - σ2 plot for the H-B criterion using the best fitting parameter values. 
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Fig. 6.14 σ1 - σ2 plot for the D-P criterion using the best fitting parameter values. 

 

Fig. 6.15 σ1 - σ2 plot for the Mogi (1967) criterion using the best fitting parameter values. 
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Fig. 6.16 σ1 - σ2 plot for the Mogi (1971) criterion using the best fitting parameter values. 

 

Fig. 6.17 σ1 - σ2 plot for the modified Lade criterion using the best fitting parameter values. 
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Fig. 6.18 σ1 - σ2 plot for the modified W-C criterion using the best fitting parameter values. 

 

Fig. 6.19 σ1 - σ2 plot for the linear unified strength criterion using the best fitting parameter values. 
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Fig. 6.20 σ1 - σ2 plot for the nonlinear unified strength criterion using the best fitting parameter 

values. 
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hexagon and the H-B hexagon, respectively when b = 0. Whereas, the outer most bounds 

are the linear twin shear hexagon and the nonlinear twin shear hexagon, respectively when 

b = 1. When b varies continuously from 0 to 1, the shapes of the linear and nonlinear unified 

strength criteria, which are in general the threefold symmetric dodecagons, transform 

gradually from the M-C hexagon or the H-B hexagon to the linear twin shear hexagon or 

the nonlinear twin shear hexagon. If b < 0 or > 1, two series of the nonconvex criteria are 

obtained [7, 32]. Finally, the Mogi (1967) and Mogi (1971) criteria on the deviatoric planes 

are shown in Fig. 6.24. The former criterion also takes a threefold symmetric hexagon and 

the shape of the latter criterion is a curved line hexagon with three indented vertices. Figs. 

6.21-6.24 indicate that all the criteria considered except the D-P criterion show Lode angle 

dependence on the deviatoric planes. The Lode angle, θ, is measured counterclockwise 

from axis σ1' on the deviatoric planes. For σ1 ≥ σ2 ≥ σ3, θ lies in the range from 0° to 60°. 

It is important to mention that the shapes of Mogi (1967) criterion and Mogi (1971) 

criterion seem to be irrelevant to the function forms. At least, the shapes of the linear 

function, the second order polynomial function and the power function Mogi (1967) 

criterion and Mogi (1971) criterion have similar shapes. The generalized Z-Z rock mass 

criterion also take the similar shape on the deviatoric planes as the Mogi (1971) criterion 

shown in Fig. 6.24 [18-20]. The shapes of different criteria on the deviatoric planes can be 

summarized as follows: a) for the single shear stress criteria, such as the M-C criterion, H-

B criterion and Mogi 1967 criterion, only the maximum principal shear stress is considered 

and the criteria in this category take hexagon shapes on the deviatoric planes; b) for the 

octahedral shear stress criteria, such as the D-P criterion, the modified W-C criterion and 

Mogi 1971 criterion, the distortional strain energy is used to interpret the failure occurrence 
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and the criteria in this category have curved profiles on the deviatoric planes; c) the linear 

and nonlinear unified strength criteria consider the maximum principal shear stress and 

partial intermediate principal shear stress; their shapes on the deviatoric planes are variable 

dodecagons. The shapes of the D-P, modified Lade and modified W-C criteria are smoother 

than the rest of the criteria, which is an advantage for application in numerical modeling. 

Because in rock mechanics most of the stress cases are σ1 ≥ σ2 ≥ σ3, the features of the 

segments between ρt and ρc on the deviatoric planes are further investigated. For the M-C 

criterion, H-B criterion and Mogi (1967) criterion, the segments are straight lines. The 

linear and nonlinear unified strength criteria take the bilinear shapes. The rest of the 

strength criteria show different types of nonlinearities. 
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Fig. 6.21 Some of the different strength criteria on the deviatoric plane σ1 + σ2 + σ3 = 100 MPa (c0 

= 10 MPa and φ = 35°). 
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Fig. 6.22 Different cases of the linear unified strength criteria on the deviatoric plane σ1 + σ2 + σ3 

= 100 MPa (c0 = 10 MPa and φ = 35°). 
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Fig. 6.23 Different cases of the nonlinear unified strength criteria on the deviatoric plane σ1 + σ2 + 

σ3 = 100 MPa (σci = 38.42 MPa and mi = 8). 
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Fig. 6.24 Power function Mogi (1967) criterion and Mogi (1971) criterion on the deviatoric plane 

σ1 + σ2 + σ3 = 100 MPa. 
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of the plots on the meridian planes are ρ (ρ = (2J2)
1/2) and ξ (ξ = I1/√3) respectively. The 

appearances of the nine different criteria are shown in Figs. 6.25-6.29. As shown in Fig. 

6.25, the M-C criterion, D-P criterion, modified W-C criterion and the linear unified 

strength criterion are linear on the meridian planes. The M-C criterion coincides with the 

linear unified strength criterion on the compressive meridian plane (line 1) and the tensile 

meridian plane (line 2). Because of the independence of Lode angle, the D-P criterion 

appears the same on all the meridian planes no matter which θ is used. The plots of the 

inscribed and circumscribed D-P criteria on the meridian planes are line 1 and line 2 in Fig. 

6.25, respectively. The modified W-C criterion coincides with the M-C criterion on the 

compressive meridian plane (line 1), but has a higher line than the latter one on the tensile 

meridian plane (line 3). Fig. 6.26 shows that the modified Lade criterion also has linear 

behavior on the meridian planes. As shown in Fig. 6.27, the H-B criterion and nonlinear 

unified strength criteria are nonlinear on the meridian planes. These two criteria also 

coincide with each other on the compressive and tensile meridian planes. With respect to 

Mogi (1967) criterion and Mogi (1971) criterion, depending on the functions, the two 

criteria can be either linear or nonlinear on the meridian planes. For the power functions 

used in this paper, Figs. 6.28 and 6.29 show nonlinear behaviors for both criteria. Seven 

points of the intact coal strength data obtained though PFC3D modeling with 0° Lode angle 

taken from Table 5.2 are plotted in Fig. 6.30. The compressive meridian line for each 

criterion is also shown in Fig. 6.30. From Fig. 6.30, the modified Lade, modified W-C and 

Mogi (1971) criteria agree with the data trend better than the rest of the criteria. The 

features of the nine different intact rock strength criteria are summarized in Table 6.2 with 
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respect to the category, σ2 dependence, Lode angle dependence and appearances on the 

deviatoric and meridian planes. 

 

Fig. 6.25 Plots of the M-C criterion1,2, the inscribed D-P criterion2,2, the circumscribed D-P 

criterion1,1, the modified W-C criterion1,3 and the linear unified strength criterion1,2 on the meridian 

planes (c0 = 10 MPa and φ = 35°). 

 

Fig. 6.26 Plots of the modified Lade criterion on the meridian planes (c0 = 10 MPa and φ = 35°). 
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Fig. 6.27 Plots of H-B criterion and the nonlinear unified strength criterion on the meridian planes 

(σci = 38.42 MPa and mi = 8). 

 

Fig. 6.28 Plots of Mogi (1967) criterion on the meridian planes. 
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Fig. 6.29 Plots of Mogi (1971) criterion on the meridian planes. 

 

Fig. 6.30 Plots of the intact coal strength data from PFC3D modeling and different intact rock 

strength criteria with the best fitting parameter values on the meridian plane (θ = 0°). 
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Table 6.2 Summary of the features of different intact rock strength criteria. 

Strength 

criterion 
Category Influence of σ2 

Lode angle 

dependence 

Shape on 

deviatoric 

planes 

Linearity on 

meridian 

planes 

M-C Single shear N Y Hexagon Linear 

H-B Single shear N Y Hexagon Nonlinear 

D-P 
Octahedral 

shear 
Y N Circle Linear 

Mogi (1967) Single shear Y Y Hexagon 
Linear or 

nonlinear 

Mogi (1971) 
Octahedral 

shear 
Y Y 

Curved 

line 

hexagon 

Linear or 

nonlinear 

Modified Lade N/A Y Y 
Reuleaux 

triangle 
Linear 

Modified W-C 
Octahedral 

shear 
Y Y 

Reuleaux 

triangle 
Linear 

Linear unified 
τ13 + bτ12 or 

τ13 + bτ23 
Y Y 

Variable 

dodecagon 
Linear 

Nonlinear 

unified 

τ13 + bτ12 or 

τ13 + bτ23 
Y Y 

Variable 

dodecagon 
Nonlinear 

6.2 Development of a new 3-D empirical coal mass strength criterion 

The JCMS data bank established through 3DEC modeling in chapter 5 is used to develop 

a new 3-D empirical coal mass strength criterion in this chapter. First, a 2-D empirical rock 

mass strength criterion for biaxial loading conditions is briefly introduced. Then a new 3-

D empirical coal mass strength criterion is developed by performing multiple regression 

analysis and extending the 2-D criterion to a 3-D version. Finally, some features of the new 

3-D criterion are discussed. 
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6.2.1 A 2-D empirical rock mass strength criterion 

As mentioned in chapter 2, Kulatilake et al. [12] worked with the synthetic rock 

specimens made with a glastone, sand and water mixture to create prismatic samples with 

different pre-deterministic persistent joints. The rock samples were tested under uniaxial 

and biaxial compression tests. Fracture tensor was used to quantify the artificial fracture 

systems in the rock samples. An intact rock strength criterion in 3-D was proposed in terms 

of the first invariant of the stress tensor and the second invariant of the deviatoric stress 

tensor. The reader is referred to Kulatilake et al. [12] for the expression of the proposed 

intact rock strength criterion. A rock mass strength criterion in 2-D was also proposed 

through performing regression analysis on data.  It can be expressed through the following 

empirical equations: 

 
𝜎1,𝑏

𝜎1,𝐼
= 𝑒𝑥𝑝(−𝜆𝐹22) (6.4) 

where σ1,b is the jointed block strength under applied intermediate principal stress σ2; σ1,I 

is defined as the intact rock strength under the same σ2; The left hand side of the equation 

is Normalized Block Strength (NBS); F22 is the fracture tensor component in σ2 direction 

perpendicular to the loading direction; λ is the empirical parameter under the same σ2, 

which can be expressed as follows: 

 
𝜆 =

𝜆0

𝑝 (
𝜎2

𝜎𝑢,𝐼
)

𝑞

+ 1

 
(6.5) 

where σu,I is the intact rock strength under the uniaxial condition, which is used to 

normalize σ2; p and q are empirical parameters estimated from the regression analysis;  λ0 
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equals the λ value under uniaxial condition, which is obtained through performing 

regression analysis using the following expression: 

 
𝜎𝑢,𝑏

𝜎𝑢,𝐼
= 𝑒𝑥𝑝(−𝜆0𝐹22) (6.6) 

where σu,b is the jointed block strength under the uniaxial condition. Please note that the 

NBS and fracture tensor component used in this rock mass strength criterion are both 

dimensionless quantities. 

6.2.2 A new 3-D empirical rock mass strength criterion 

The JCMS values obtained from the aforementioned four-phase 3DEC numerical 

modeling were normalized by the intact coal strength (ICS) values obtained from the 

aforementioned PFC3D modeling under the corresponding confining stress combinations. 

For each set of data with the same confining stress combination, three different functions: 

(a) the power function, (b) reciprocal power function and (c) exponential function, were 

adopted to perform regression analysis between the NBS and Fxx + Fyy. Out of the three 

functions, the exponential function given in Eq. 6.7 provided the best fit for most of the 

confining stress combinations. The regression analysis results obtained between the NBS 

and Fxx + Fyy under σx = σy = 0 MPa is provided in Fig. 6.31 as an example. The regression 

analysis results obtained for each confining stress combination set are summarized in Table 

6.3. 
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Fig. 6.31 Regression analysis between the NBS and Fxx + Fyy under σx = σy = 0 MPa as an example. 

Table 6.3 Summary results of regression analyses obtained for each confining stress combination. 

σx (MPa) σy (MPa) Normalized σx Normalized σy λ Normalized λ R 

0 0 0.000 0.000 0.319 (λ0) 1.000 0.921 

2.367 0 0.090 0.000 0.210 0.658 0.915 

7.101 0 0.271 0.000 0.168 0.527 0.630 

2.367 2.367 0.090 0.090 0.229 0.718 0.861 

2.367 4.734 0.090 0.181 0.218 0.683 0.918 

0 7.101 0.000 0.271 0.244 0.765 0.797 

2.367 7.101 0.090 0.271 0.217 0.680 0.852 

4.734 7.101 0.181 0.271 0.183 0.574 0.895 

7.101 7.101 0.271 0.271 0.155 0.486 0.921 

9.468 7.101 0.361 0.271 0.135 0.423 0.914 

11.835 7.101 0.452 0.271 0.119 0.373 0.888 

14.202 7.101 0.542 0.271 0.108 0.339 0.853 

2.367 9.468 0.090 0.361 0.203 0.636 0.906 

14.202 10.000 0.542 0.382 0.111 0.348 0.968 

0 14.202 0.000 0.542 0.196 0.614 0.848 

2.367 14.202 0.090 0.542 0.176 0.552 0.916 

7.101 14.202 0.271 0.542 0.157 0.492 0.959 

14.202 14.202 0.542 0.542 0.120 0.376 0.957 

Note: The confining stresses σx and σy were normalized by the uniaxial intact coal strength (ICSu) 

value; λ under different confining stress combinations were normalized by λ under uniaxial loading 

condition (λ0). 

Table 6.3 provides the relation obtained between the NBS and the fracture tensor 

component for each of the different confining stress combinations through the quantified λ 

NBS = exp (-0.319 (Fxx + Fyy))
R² = 0.8479
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value. To incorporate the influence of confining stresses on the JCMS, it was necessary to 

investigate the relation between λ and the confining stresses. Before analyses of data, λ and 

the confining stresses were normalized by λ0 (λ under uniaxial condition) and uniaxial 

intact coal strength (ICSu), respectively. The reciprocal power function and exponential 

function were selected to perform the multiple nonlinear regression analyses. The former 

function provided a higher regression coefficient R than the latter one. Therefore, the new 

3-D empirical coal mass strength criterion can be expressed through the following 

equations: 

 
𝐽𝐶𝑀𝑆

𝐼𝐶𝑆
= 𝑒𝑥𝑝 (−𝜆(𝐹𝑥𝑥 + 𝐹𝑦𝑦)) (6.7) 

 

 
𝜆

𝜆0
=

1

𝑝𝑥(𝜎𝑥/𝐼𝐶𝑆𝑢)𝑞𝑥 + 𝑝𝑦(𝜎𝑦/𝐼𝐶𝑆𝑢)
𝑞𝑦

+ 1
 (6.8) 

 

 
𝐽𝐶𝑀𝑆𝑢

𝐼𝐶𝑆𝑢
= 𝑒𝑥𝑝 (−𝜆0(𝐹𝑥𝑥 + 𝐹𝑦𝑦)) (6.9) 

where JCMSu is the joint coal mass strength under uniaxial condition; px, qx, py and qy are 

empirical parameters estimated from the multiple regression analysis. 

The following regression coefficients were obtained for Eq. 6.8: px = 2.492, qx = 0.8346, 

py = 1.017 and qy = 1.132. The obtained R value was 0.975. 

The experimental and numerical results clearly showed the influence of the fracture 

system and confining stresses on the JCMS and the importance of the intermediate 

principal stress. The developed new 3-D coal mass strength criterion describes the 

correlation of the JCMS with the fracture system and the two confining stresses. The new 
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criterion includes the fracture tensor components (fracture geometry parameters) explicitly 

in the expression. Note that the fracture tensor is a dimensionless parameter which can be 

estimated for any size of a rock mass. It is a favorable parameter which can provide an 

overall measure of the fracture geometry system incorporating the number of joint sets, 

and joint density, joint size and joint orientation distributions for each joint set. Therefore, 

the new coal mass strength criterion can capture the anisotropic strength behavior and scale 

effect. To calculate the JCMS value in a specific direction, one just needs to find the 

fracture tensor components in the two perpendicular directions to the said specific direction. 

Once the fracture tensor in a certain coordinate system is known, the fracture tensor 

component in any direction can be calculated in a convenient way by using the rules of 

tensor operations. In addition, all the JCMS and confining stresses are normalized by ICS 

or ICSu to eliminate the influence of the intact coal properties. The criterion does not 

specify the ICS by a particular equation; which means that the new coal mass strength 

criterion can be used with any form of ICS. The ICS values can be estimated either through 

the laboratory tests, numerical modeling or any intact rock strength criterion. 

Although this new criterion was developed based on the data of coal masses, it can also 

be applied to the rock masses having approximately orthogonal fracture systems. It is also 

important to note that the new criterion only incorporate the fracture geometric parameters, 

geomechanical property of intact coal and coal discontinuities, and the confining stresses. 

The joint weathering and infilling conditions and ground water conditions are not included 

in this criterion. The influence of the ground water pressure can be partially considered by 

replacing the stresses (σi) by effective stresses (σi') in Eq. 6.8. The effect of the rest of the 

factors needs to be further investigated in future research. 
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CHAPTER 7 

SUMMARY AND CONCLUSIONS 

7.1 Summary and Conclusions 

In this research, a systematic procedure was implemented to address a fundamental and 

very important problem: evaluation of the rock mass strength. The laboratory tests were 

designed and conducted from three different aspects: a) geomechanical property tests to 

estimate the geomechanical properties of the intact coal and coal discontinuities, b) CT 

scanning tests to detect the pre-existing fracture network in the cubic coal blocks and c) 

polyaxial compression tests to obtain the JCMSL values. The pre-existing fracture networks 

in the cubic coal blocks were first constructed from CT scans and then quantified by the 

fracture tensor based methodology. Numerical modeling for polyaxial compression tests 

of the intact and jointed cubic coal blocks were performed at the 3-D level using the PFC3D 

and 3DEC to consummate the intact coal strength and JCMS data banks, respectively. A 

MGS procedure was proposed to fit different intact rock strength criteria and find the best 

fitting parameter values using the intact coal strength data bank. The JCMS data bank was 

used to develop a new 3-D empirical coal mass strength criterion. The following statements 

can be drawn from this research: 

a) CT scanning is an effective way to detect the major discontinuities inside the cubic 

coal blocks. To obtain the whole fracture system inside the cubic coal blocks, at 

least two series of CT slices are needed from orthogonal directions. The developed 
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construction procedure provides a systematic way to calculate the geometric 

parameters of each fracture in the cubic coal blocks from CT scans; 

b) The fracture tensor based methodology is a powerful technique to provide an overall 

assessment of the fracture network by incorporating all important geometric features 

of the fractures: the number of joint sets, joint density, joint size and joint 

orientations. The fracture tensor component in a specific direction describes the 

influence of the overall fracture geometry system in that particular direction. Once 

the fracture tensor in a certain coordinate system is known, the fracture tensor 

component in any direction can be calculated in a convenient way by using the rules 

of tensor operations; 

c) The summation of the fracture tensor components in the two perpendicular 

directions to the loading direction is a favorable parameter to evaluate the effect of 

anisotropic fracture system on the coal mass strength in the loading direction. When 

the confining stress system is the same, the higher the summation of the fracture 

tensor components in the two perpendicular directions to the loading direction, the 

lower the JCMS in the same direction. For the coal mass with the same fracture 

networks, when the confining stress from one direction is fixed, the JCMS increases 

nonlinearly with the increasing confining stress from the other direction. 

d) Numerical technique is a useful tool to obtain the intact coal strength and JCMS data 

banks when one has to reduce the number of laboratory tests to cut down the 

expenses. The numerical model should be built up to simulate the real case as much 

as possible. Any parameter and procedure used in the numerical modeling should 
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be subjected to a systematic calibration and validation to make sure the deviations 

of the numerical values from the reference values are in acceptable ranges; 

e) The regression analysis and the MGS procedure are equivalent in finding the best 

fitting parameter values for a certain intact rock strength criterion. The R2 from the 

MGS procedure is a favorable parameter which can be used to evaluate the fitting 

qualities of different criteria. The modified W-C criterion and the modified Lade 

criterion turned out to be the best criteria with highest R2 values that agree with the 

intact coal data trends on different planes, such as the σ1 - σ2 coordinate plane and 

meridian planes. The nine intact rock strength criteria dealt with in this paper can be 

categorized into three different types: the single shear stress criteria, the octahedral 

shear stress criteria and the criteria incorporating the maximum principal shear stress 

and partial intermediate principal shear stress. Each type has a special feature on the 

deviatoric planes. The M-C, D-P, modified Lade, modified W-C and the linear 

unified strength criteria show linear behavior on the meridian planes; the H-B and 

the nonlinear unified strength criteria appear nonlinearly on the meridian planes; 

whereas, the characteristics of the Mogi (1967) and Mogi (1971) criteria are 

dependent on the used function types; 

f) The fracture geometry parameters are explicitly expressed in terms of the fracture 

tensor components in the proposed new 3-D empirical coal mass strength criterion. 

Therefore, this criterion is capable of capturing the anisotropic behavior and scale 

effect of the rock mass strength. Because this criterion does not specify the intact 

rock strength by a particular equation, it can be estimated either through the 

laboratory tests, numerical modeling or any available intact rock strength criteria. 
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Although this new criterion was developed based on the data of coal masses, it can 

also be applied to the rock masses having approximately orthogonal fracture systems 

or for rock masses whose fracture system can be reduced to an equivalent orthogonal 

system. 

The following new contributions were made in this dissertation to advance the existing 

state-of-art on the dissertation topic: (a) A new, unique methodology as shown in Fig. 1.1 

incorporating the following aspects was used to develop a new 3-D coal mass strength 

criterion: a complete set of geomechanical property tests, fracture network detection and 

quantification, polyaxial compression tests, numerical decomposition techniques; (b) A 

new procedure was developed to construct the fracture network in the coal cubes starting 

from CT scans to perform numerical modeling using 3DEC. In this procedure, a modified 

fictitious joint framework was also proposed to extend the applicability of the original 

fictitious joint framework, which allows incorporating a large quantity of non-persistent 

joints with acceptable numerical calculation effort; (c) A new 3-D coal mass strength 

criterion was developed to incorporate the fracture network and 3-D confining stress 

system to capture the anisotropy and scale effect of coal mass strength. The proposed 

criterion not only includes the influence of the intermediate principal stress, which is 

ignored by some existing strength criteria, but also includes the intensity and orientation 

and size probability distributions of the fracture system explicitly by a fracture tensor based 

methodology, which is far more advanced than most of the current criteria that are based 

on rock mass classification systems having only scalar indices; (d) A modified grid search 

procedure was proposed and used to evaluate the applicability of nine different intact rock 

strength criteria. The best intact rock strength criteria applicable for the intact coal data 
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obtained through PFC3D modeling were found by performing the most detailed intact rock 

strength criteria evaluation incorporating σ1 – σ2 – σ3 plots and behaviors on the deviatoric 

and meridian planes, which improves the understanding of the available intact rock strength 

criteria. 

7.2 Recommendations for future research 

At this stage, a new empirical 3-D rock mass strength criterion is proposed based on the 

data bank created by the calibrated and validated numerical models. Therefore, more 

polyaxial compression tests on cubic coal blocks are suggested to be performed to validate 

this new criterion in the laboratory scale. It is also recommended that this new criterion 

should be validated using the fracture mapping information and strength test data in the 

field. 

The new coal mass strength criterion only incorporate the fracture geometric parameters, 

geomechanical property of intact coal and coal discontinuities, and the confining stresses. 

It is recommended that future investigations should be implemented to include the joint 

weathering and infilling conditions and ground water conditions in this criterion. Also 

some more rock types, such as other sedimentary rock masses and the rock masses having 

non-orthogonal fracture systems, should be studied to generalize this criterion. 
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