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ABSTRACT

We investigate the performance of a likelihood receiver for the detection of frequency
hopped multilevel frequency shift keyed signals (FH-MFSK) to a mobile user operating in
a multi user environment. The analysis assumes synchronous transmission from base to
mobiles operating in an isolated cell-cellular system and a simplified mobile radio channel.
The likelihood receiver attempts to discriminate spurious rows of the decoded matrix of a
user, which consists of samples from an exponential-mixture, from the correct row, which
consists of samples from a simple exponential density, by computing the log-likelihood
statistic for each row. It declares the row possessing the minimum value as the correct
row, corresponding to the word transmitted to the user. An approximate analysis of the
probability of bit error of this receiver by three means, viz. (i) large sample approximation
(ii) simple Chernoff bound and (iii) Chernoff bound with central limit theorem, reveals that
the likelihood receiver is only marginally superior to a hard limited combining receiver.

INTRODUCTION

The use of FH-spread spectrum modulation in mobile radio has been well-known for quite
some time. In [1], a FH-MFSK system has been proposed and the performance of a hard-
limited combining receiver was evaluated, assuming an approximate but realistic mobile
radio environment. We analyze here a likelihood receiver operating under similar
conditions, i.e. a mobile user in an isolated cell, perfect synchronization, Rayleigh fading,
receiver noise and multi-user interference as the transmission impairments. A non-coherent
envelope-analyzer is used to estimate the energy in the received frequency tones [1, 2].
The random address assignment and the address decoding procedure are the same as in
[1]. The likelihood receiver makes a decision based on the log-likelihood statistic.
Applying (i) large sample approximation (ii) simple Chernoff bound and (iii) Chernoff
bound with central limit theorem, we estimate the performance of the likelihood receiver to
be marginally superior to a hard-limited combiner. It is believed that the (iii) method gives
the closest estimate of probability of error.



In section I we discuss the receiver structure for FH-MFSK modulation scheme. In section
II we make an approximate estimate of the likelihood receiver performance. We conclude
with discussion of the problem associated in finding an improved performance estimation
of the likelihood receiver.

I.   RECEIVER STRUCTURE FOR FH-MFSK MODULATION

Figure 1 shows a section of the non-coherent envelope analyzer. As in [1], let J be the chip
duration, K be the number of bits of information transmitted every LJ seconds,
W = 20 MHz be the one way bandwidth and R be the bit rate. Then, we have 2K such
sections in operation corresponding to different orthogonal tones. Let , denote the
envelope squared output at the ith envelope analyzer after the jth chip. Corresponding to
either signal plus noise or noise only case, we have , to be either exponentially distributed
with mean value (1/81) or exponentially distributed with mean value (1/80), respectively. A
mobile user u receives the signals from the base and creates a decoded matrix every LJ
seconds. In each entry of the matrix of size 2K x L, is present the output of the envelope
analyzer, X. In general a receiver chooses a row as the row corresponding to the
transmitted word, based on some decision criterion.

II.   LIKELIHOOD RECEIVER

Receiver Description

We shall assume that the minimum frequency spacing between the hops in the transmitted
waves is larger than the coherent bandwidth of the Rayleigh fading channel. Even though
such an assumption is not truly valid with the parameter values of interest, it is made for
tractable analysis. This, then, implies that Xij are independent and exponentially
distributed. Among the 2K rows in the decoded matrix, only one row is the correct row,
wherein all the Xij’s have a mean value (1/81). In the rest of the (2K -1) spurious rows,
some elements have a mean value of (1/80). A spurious row has contributions partly from
the interfering users plus noise and partly from the receiver noise. On an average, each
spurious row will have a proportion, p, of Xij’s created due to interference where p is given
by

p = 1 - (1 - 2-K)M-1 (1)

and M equals the number of users operating in the cell.

Since each row can be a spurious row (hypothesis H0) or not (hypothesis H1), we have the
following testing problem applied to a kth row:



(2)

It can be noticed that the proportion, p, is known once the number of users operating in the
cell is known. We assume that the base station transmits information about M periodically,
whenever necessary. Since such transmission is necessary only when M changes widely,
this additional transmission should not cause any degradation in system performance.

Normalizing Xkj’s with respect to the receiver noise, we have

Ykj = 80 Xkj (2a)

Therefore, (2) gets modified as

Ho : Ykj ~ p a e-ay + (1-p) e -y

vs. (3)

H1 : Xkj ~ a e-ay

Where a =             =  Noise to signal plus noise power ratio.

Forming the likelihood ratio [3], we have the decision rule

(4)

Where T is the threshold which can be fixed to arrive at a specific false alarm probability
PF = Prob(Decide H1 /H0).



An equivalent rule is

(5)

Instead of classifying each row as either H0 or H1 and hoping to find only one belonging to
H1 (or in case more than one is found to belong to H1, using randomization), we choose the
row having the smallest Sk as the correct row. The reason for choosing this scheme is that
any decision rule based on the classification procedure corresponding to (5) is found to
perform slightly poorly. The block diagram of the likelihood receiver is shown in figure 2.

The Receiver Performance

As discussed earlier, we have the decision rule of the likelihood receiver:
Decide k as the correct row

(6)

where

(7)

The statistic Si behaves differently depending on whether  ij’s belong to H0 or H1 (3).
However, it is neither possible to find the distribution of Si exactly under either hypothesis,
nor possible to calculate exactly the probability of bit error rate. Below we calculate the
error rate by applying three techniques, viz., (i) large sample approximation, (ii) simple
Chernoff bound, and (iii) Chernoff bound with central-limit theorem. Whereas, (ii) is an
upper bound, the other two are approximations. In large sample approximation, we assume
the density of Si to be normal with mean E(Si) and variance var(Si) [4]. As will be seen
later, we are interested in the probability that the random variable [{Sk *H1} - {Si *H0}] is
less than zero. Since the mean of this variable is far away from zero, for the values of M
and a of interest and since the sample size (• 20) is not really large, this approximation
technique can give rise to only a gross estimate of error rate. In (iii), the error bound in
simple Chernoff case (ii) is improved by making Gaussian approximation. Now, the Gaussi
approximation is applied to a sum of independent variables of zero mean to evaluate the
probability that the sum exceeds zero. Since the central limit theorem holds especially 



good near the mean of the random variables, we expect this technique to give tighter
estimate to probability of bit error than the other two methods, even for L = 19.

(i)   Large Sample Approximation

As discussed in the previous paragraph, we assume

Si ~ N (E (Si), Var(Si)) (8)

with

(9)

Upon finding the distribution of Zij under hypotheses H0 and H1, we have

(10)

(11)

where c = a/(l-a)
d = (1-p)/a (12)

It is simple to find E(Zij) and E(Zij 
2) numerically using the density functions in (10) and

(11). Since Zij’s are independent, we have

E(Si) = L E(Zij) (13)
Var(Si) = L Var(Zij)

= L[E(Zij
2) - (E(Zij))

2] (14)

Let

E(Si *H0) = m0i (15)

Var(Si *H0) = Foi
2 (16)



E(Si *H1) = mli (17)

Var(Si *H1) = Fli
22 (18)

Assuming kth row being the correct row corresponding to the transmitted word, the
probability of correct decision of the word equals

Therefore, the probability of word error is

and the probability of bit error Pb is

(19)

where

(20)

and M(q) is the CDF of standard normal at the point (q). Using equations (19) and (20) we
can compute the probability of bit error Pb for given values of M and a. Figure 3 shows Pb

vs. M for few values of signal plus noise to noise ratios. If we compare the results arrived
here with Figure (8) of [1], it seems taht the likelihood receiver would be slightly inferior
to the hard limited combiner. However, this contradicts our expectations, and we take the
results in this subsection as ‘gross’ and not close to exact. In fact, as we shall see in (iii),
the likelihood receiver is marginally superior to the hard limited combiner.

(ii)   Simple Chernoff Bound

In this section we evaluate an upper bound on the probability of bit error using Chernoff
method [8].

For identically and independently distributed random variables Xi we have

(21)



Where

r0 > 0 is the Chernoff parameter

We are interested in the probability of bit error Pb given by

(22)

Where

(23)

Therefore, by upper bounding P0 using (21), we can upper bound Pb.

Let yj = {Zkj *H1}- {Zij *H0} (24)

Then

(25)

and the parameter r0 is found as the solution to

(26)

The above equation implies that

(27)

Also,

(28)



It can be shown that r0 is the only solution to (27). With r0 = ½ and equations (10), (11) we
can evaluate the quantities on the RHS of equation (28) as

(29)

and

(30)

Therefore, Pb can be upper bounded by numerically evaluating the RHS of (25), using (29)
and (30). Doing this, we arrive at the curves shown in Figure 3. It is seen that at very large
SNR’s, the simple Chernoff bound is tighter than the large sample approximation.

(iii)   Chernoff Bound with Central Limit Theorem

We now obtain a tighter approximation to P0 defined in (25) by using the results in [9].
The idea is to derive a tilted density from the density of yj (equation (24)) and express the
probability P0 in terms of the tilted density variable obtained from yj’s. We define

(31)

and

It can be shown that [9]

(32)



and r0 is chosen so as to make E(T) = 0. Thus,         is a tilted version of           where the

tilt is just sufficient to cause E(T) = 0. Moreover, T is the sum of L identically and
independently distributed variables and hence, PT is approximately Gaussian, especially in

the vicinity of E(T) = 0. The condition E(T) = 0 implies that                                 and

hence, by the results in the previous section, r0 = ½. With the above discussion in mind, we
approximate PT (") as

(33)

where

(34)

It can be shown that the above bracketed term reduces to

(35)

Where all the integrals are between the limits [Rnp, Rn(p+d)].
Therefore,

(36)

Evaluating the RHS of (35) numerically, we can evaluate the approximate value of Pb

using equations (22), (28), (29), (30) and (36). The resulting Pb is plotted against the
number of users M in Figure 3. Comparing this approximate Pb curve against the Figure 8
of [1], we see that the likelihood receiver is marginally better than the hard limited
combiner. For example at SNNR = 25 dB (SNR • 25 dB), K = 8, L = 19, and Pb < 10-3 ,
about 170 users can be accomodated with a hard limited receiver, whereas, about 190



users can be accomodated with a likelihood receiver. Though not shown, it was observed
that the effect of variation of K on the receiver performance is similar to the one
encountered in the hard limited combiner, suggesting an optimum K for a given set of W
and R. For example, with W = 20 MHz and R = 32 K b/sec., we have the optimum K to
be 8.

Conclusion

In this paper, a likelihood receiver is proposed and its performance is evaluated using three
different methods. Whereas, the simple Chernoff method is a bound, the other two
methods are approximations. It is believed that the Chernoff bound with central limit
theorem gives a better approximation to the probability of bit error than the other two
methods. It is noticed that the likelihood receiver is only marginally superior to the hard
limited combiner. Hence, because of the ease of implementation, the hard limited combiner
is to be preferred over the likelihood receiver.

To find a better estimate of the probability of error for the likelihood receiver, we may
consider the following which, however, do not seem to meet the objectives. In evaluating
the probability of error, we are interested in the tails of distribution of Si and any attempt to
find the distribution of Si numerically may not be fruitful because of the numerical errors
that might disturb the tails. Another possibility might be to expand the density function of
Si in Edgeworth expansion, with the first term as the normal approximation. However, the
trouble with such expansions are (i) the truncated series may give rise to negative values
for the density at certain points (ii) the series may be oscillating and in fact it may deviate
the resulting distribution to be away from the true one at certain points [5-7]. whereas, it is
reported that such an expansion gives a good estimate of the probability of error in optical
communication problems [10], it is not known whether such a scheme is useful for the
problem on hand.
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FIGURE 1:   ENVELOPE ANALYZER

FIGURE 2:   LIKELIHOOD RECEIVER



FIGURE 3:   PROBABILITY OF BIT ERROR VS. NUMBER OF USERS


