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Abstract

In recent years, revolutionary “hybrid” or “multi-physics” methods of medical

imaging have emerged. By combining two or three different types of waves these

methods overcome limitations of classical tomography techniques and deliver oth-

erwise unavailable, potentially life-saving diagnostic information. Thermoacous-

tic (and photoacoustic) tomography is the most developed multi-physics imaging

modality.

Thermo- and photo- acoustic tomography require reconstructing initial acoustic

pressure in a body from time series of pressure measured on a surface surrounding

the body. For the classical case of free space wave propagation, various reconstruc-

tion techniques are well known. However, some novel measurement schemes place

the object of interest between reflecting walls that form a de facto resonant cavity.

In this case, known methods cannot be used.

In chapter 2 we present a fast iterative reconstruction algorithm for measure-

ments made at the walls of a rectangular reverberant cavity with a constant speed

of sound. We prove the convergence of the iterations under a certain sufficient

condition, and demonstrate the effectiveness and efficiency of the algorithm in

numerical simulations.

In chapter 3 we consider the more general problem of an arbitrarily shaped

resonant cavity with a non constant speed of sound and present the gradual time

reversal method for computing solutions to the inverse source problem. It consists

in solving back in time on the interval [0, T ] the initial/boundary value problem

for the wave equation, with the Dirichlet boundary data multiplied by a smooth

cutoff function. If T is sufficiently large one obtains a good approximation to the

initial pressure; in the limit of large T such an approximation converges (under

certain conditions) to the exact solution.
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Preface

Many advances in modern medicine were made possible by the development and

application of biomedical imaging techniques such as X-Ray computed tomography

(CT), magnetic resonance imaging (MRI), and ultra-sound tomography. According

to [92], X-Ray CT was used to help diagnose over 16 million trauma patients in

2007 alone. A fast growing field is breast imaging (or mammography); over 65% of

women in the United States over the age of 40 had an X-Ray based mammogram

between 2012 and 2013 [49].

Despite the widespread success of these classical modalities in many appli-

cations, significant challenges still remain. X-Ray based imaging modalities use

harmful (ionizing) radiation. The benefits of X-ray CT and mammograms nor-

mally far outweigh the danger of exposing patients to ionizing radiation; however,

medical practitioners do have to be mindful of this risk. Moreover, the contrast in

X-ray imaging is between tissues with different density properties. As such, X-ray

imaging can only detect tumors in soft tissue after the tumors have persisted long

enough to produce changes in tissue density. In comparison, MRI does not use

harmful radiation and can detect small inclusions in soft tissue, but is very cost

prohibitive.

To overcome these difficulties, biomedical engineers are developing a new class

of “hybrid” or “multi-physics” imaging modalities. By combining two or three

different types of waves, these methods circumvent limitations of classical tomog-

raphy techniques and deliver otherwise unavailable, potentially life-saving, diag-

nostic information. Photoacoustic (or optoacoustic) tomography (PAT/OAT) and

the closely related modality thermoacoustic tomography (TAT) are two emerging

hybrid imaging modalities capable of detecting cancerous growth at early stages

of tumor development without the use of harmful radiation.

Tomographic imaging relies heavily upon advanced mathematical methods to

produce the high resolution images required by modern medicine. This thesis an-

alyzes some mathematical inverse problems associated with TAT and presents

numeric and analytic solutions.

11



Chapter 1

An introduction to TAT and PAT

1.1 The role of hybrid imaging modalities

The field of medical imaging has greatly expanded in the past two decades and

continues to account for a significant amount of healthcare spending and research.

In 2012 an estimated $24.39 billion U.S. dollars were spent on medical imaging;

a figure that is projected to grow to $35.35 billion by 2019 [4]. Breast imaging

alone accounted for approximately $1 billion of healthcare spending in 2012 and is

projected to grow faster than any other type of medical imaging [67].

Two of the most common imaging modalities (for three-dimensional imaging)

are X-Ray computed tomography (CT) and nuclear magnetic resonance imaging

(MRI). X-Ray based modalities produce images of an object’s density properties

by emitting radiation and measuring the amount of energy attenuated by the tis-

sue. Full body CT scans can be conducted quickly and are considered to be cost

effective. However, this modality only produces images with good contrast when

the object or tissue being imaged posses large changes in density. An additional is-

sue with modalities using ionizing radiation are certain health risks that physicians

need to take into consideration [24, 61]. In comparison, MRI does not use ioniz-

ing radiation and is capable of producing high contrast images of most tissues. An

MRI machine surrounds the object being imaged by a very powerful magnetic field

and then measures radio waves emitted by the object when the magnetic field is

changed. MRI has high image contrast because the frequency of the emitted radio

waves depends on the atomic/molecular properties of the tissue. MRI requires ad-

vanced imaging instruments that are very expensive to manufacture and maintain;

thus, MRI is only cost effective in certain imaging situations. Other common forms

of medical imaging include ultrasound, gamma ray imaging, single photon emission

computed tomography (SPECT), and positron emission tomography (PET). All

12



TAT and PAT

of these imaging modalities use only one type of physical wave or radiation.

Breast imaging is a particularly important application for medical imaging de-

vices. Currently, the most common forms of breast imaging are two-dimensional X-

Ray based mammography, MRI breast imaging, and the recently developed three-

dimensional X-Ray mammography. The two dimensional X-Ray based modality is

extremely cost effective and is by far the most widely used. Three-dimensional X-

Ray mammography increases the accuracy of the scans but requires significantly

more radiation. As mentioned previously, the contrast of X-Ray based imaging

depends on large changes in density. Cancerous growth, such as the early stages

of tumor development, has density properties that are similar to the neighboring

healthy tissue. Thus, X-Ray based imaging methods are not well suited for breast

imaging. MRI based imaging is more accurate when detecting tumors in soft tissue

but is significantly more expensive.

Physicists and engineers are actively developing new medical imaging modali-

ties that overcome the limitations of current methods. This gave rise to “hybrid”

or “multiphysics” modalities of medical imaging that utilize two or more differ-

ent types of waves. These methods combine the advantages of each type of wave

which compensates for the insufficiency’s of any one individual wave. Examples of

multiphysics modalities include (but are not limited to) thermoacoustic tomogra-

phy [113, 77], acousto-electric impedance tomography [161, 96], acousto-optical to-

mography [103, 149, 98], and magneto-acousto-electric-tomography [152, 104, 87].

Of these multiphysics modalities, thermoacoustic tomography is the most devel-

oped. Thermoacoustic tomography (TAT) couples electromagnetic (EM) radia-

tion with acoustic pressure waves; by doing so, the modality combines the high

contrast associated with electrical impedance tomography with the spatial reso-

lution of ultrasound. Prospective applications of TAT include imaging small ani-

mals [128, 80, 51, 91], human soft tissues (such as breast imaging)[78, 114, 73, 109]

and, more recently, for imaging near small surgical instruments [155].

1.2 TAT and PAT

In thermo-acoustic tomography (TAT) [76, 113], a biological tissue is radiated with

an electromagnetic pulse (see figure 1.1 for an illustration). Energy is partially

absorbed by the tissue. The absorbed energy increases the temperature of the

tissue and causes the tissue to expand. Acoustic pressure waves resulting from the

expansion propagate through the medium and are measured on a surface Σ outside

of the tissue.

Experimentalists draw a distinction between thermoacoustic tomography (TAT)

13
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Figure 1.1: Depiction of an imaging domain Ω that is surrounded by acoustic
measurement devices lying on Σ. (Picture is courtesy of Leonid Kunyansky)

and photoacoustic tomography (PAT), also called optoacoustic tomography (OAT).

The distinction between PAT and TAT is that the former uses visible or near-

infrared light, while the latter uses a broader region of the EM energy spectrum.

From a mathematical point of view, TAT and PAT are both modelled by the same

set of equations. In what follows, we refer to TAT and the thermoacoustic effect

but all of the following statements apply equally to PAT and the photoacoustic

effect.

When a material is exposed to electromagnetic (EM) radiation, it absorbs a

portion of the EM energy. The absorbed energy increases the temperature of the

material and causes it to expand. The resulting change in pressure generates an

acoustic pressure wave that propagates through the object. The process of ther-

malising (EM) energy and emitting an acoustical wave is called the thermoacoustic

effect. Although Alexander Graham Bell might have been the first person to observe

this phenomenon [22], experimental investigations into using the thermoacoustic

effect for medical imaging did not arise until the mid 1990’s [113, 77].

The initial pressure produced by the thermoacoustic effect p(0,x) is determined

by the electrical properties of the tissue and is frequently modelled as a product of

the Grüneissen coefficient Γ(x), the electrical conductivity of the tissue σ(x), and

14



TAT and PAT

the energy density of the EM radiation |E(x)|2 [47, 19, 21, 143].

p(0,x) = Γ(x)σ(x) |E(x)|2 (1.1)

This model is a foundational element in the mathematical understanding of the

thermoacoustic effect and is the most often used model in the literature. More

advanced models are discussed in [143].

The average conductivity of breast cancer is significantly higher then the con-

ductivity of fat tissue ( see [97, 126] for the conductivities of various other breast

tissues and specific types of cancer), which causes the cancerous cells to absorb

more energy [102, 109]. Hence, if one knew the initial pressure produced by the

thermoacoustic effect, then one could determine sizes and locations of possible

tumours.

The most common model of wave propagation through the object is simply the

wave equation with a nonconstant speed of sound c(x),

∂2

∂t2
p(t,x) = c2(x)∆p(t,x);

here, ∆ is the Laplacian operator. This model assumes that acoustic pressure

waves propagate without attenuation (this assumption is reasonable for breast

imaging). A more complicated model of acoustic wave propagation that accounted

for frequency dependent attenuation was developed in [139] and was numerically

tested in [138, 140, 69].

The thermoacoustic effect is frequently modelled as an instantaneous event;

that is, by imposing the initial conditions

∂

∂t
p(t,x)

∣∣∣∣
t=0

= 0. and p(0,x) = Γ(x)σ(x) |E(x)|2

The thermoacoustic effect occurs during the time that the tissue is exposed to

EM radiation. Experimentalists can make this time very short and pulses that

are 0.5µs in length have been used [79]. In the same time interval an acoustic

pressure wave in human soft tissue travels only 0.75mm; this figure was obtained

by using c = 1.5mm
µs

for the speed of sound in breast tissue which was reported

in [79], although this speed is known to vary by up to 10% [70]. Thus, modelling

the thermoacoustic effect as instantaneous event introduces spatial errors that are

normally on the sub millimeter scale. Many reconstructions are computed with a

spatial resolution coarser than 1mm so these algorithms loose little accuracy by

assuming that the thermoacoustic effect is instantaneous.

15



Measurement devices for TAT

We desire to reconstruct the initial pressure produced by the thermoacoustic ef-

fect. The initial pressure is an n-dimensional object so we should expect to need an

n-dimensional data set. We measure the acoustic pressure on an n−1 dimensional

hyper surface Σ over a temporal interval t ∈ [0, T ]. We denote these measured

values as

g(t, z) = p(t, z)|z∈Σ.

1.3 Measurement devices for TAT

The attainable accuracy and resolution of TAT depend on the accuracy and res-

olution of the measured data g. Early experiments with TAT used acoustic hy-

drophones or piezoelectric ultrasonic transducers to measure pressure signals [113,

77, 79, 128]. These types of transducers, which are also used in ultrasound imag-

ing, convert acoustic energy into an electromagnetic signal (and in reverse, but

this functionality is not needed for TAT). Small transducers permit one to as-

sume that pressure values were measured at a point rather than over an area.

Thus, many TAT applications use very small transducers made from piezoelectric

materials [134, 135].

Theoretically, full three-dimensional TAT imaging can be performed using only

a single detector if the detector is scanned across an imaginary acquisition surface

surrounding the region of interest [79, 128]; in this case, the EM pulse must be

re-emitted for each new location of the detector. Of course, such a measurement

scheme would require a considerable amount of time to gather enough data for an

accurate reconstruction, which led physicists and engineers to pursue alternative

measurement techniques.

Three research groups are at the forefront of developing novel data acquisition

methods for TAT. Tomowave [3] is a company founded by A. Oraevsky who au-

thored one of the first papers on TAT [113]. RECENDT is a research group in

Austria that developed several optical detection devices for TAT. A biomedical

imaging research group at University College London developed an even more ad-

vanced type of optical scanning detector. These groups have many contributions

to TAT but here we only focus on their data acquisition schemes.

Tomowave is in the process of developing commercial imaging machines for

small animals and human breast imaging. Tomowave uses array transducers in

two of their commercial TAT imaging systems. Array transducers were developed

by researchers in the ultrasound community [50] and are a collection of many piezo-

electric transducers on a single assembly. Transducer arrays with 64 piezoelectric

transducer elements aligned in straight lines are commercially available and assem-

16



Measurement devices for TAT

Tr
an

sd
u

ce
r 

A
rr

ay

Transducer Array

Open Top Cylinder

Region of Interest

Axis of Rotation

Figure 1.2: Schematic of Tomowave’s LOUISA 3D breast imaging system.

blies with elements placed along curves (such as circular arcs) have been custom

made for Tomowave. Array transducers are used to measure pressure signals along

a hyper-surface by revolving the array around the object of interest; this can be sig-

nificantly faster than using a single detector element. Tomowave’s LOIS 3D mouse

imaging system [1] uses array transducers aligned along a semi-circular arc, and

their LOUISA 3D breast imaging system [2] uses two transducer array elements

placed orthogonal to each other forming an ‘L’ shape; figure 1.2 is a simplified

schematic of Tomowave’s LOUISA 3D breast imaging system.

The RECENDT group in Austria [25, 54, 116, 23] developed integrating detec-

tors to measure acoustic pressure waves. One way to form these devices uses a thin

optical fiber as a sensing part of an interferometer. Small changes in the fiber’s

pressure result in a change in the fiber’s index of refraction which causes a phase

shift in a propagating laser pulse. Thus, the total change in pressure across the

fiber can be measured by using laser interferometry. This type of integrating de-

tector is commonly referred to as an integrating line detector because optical fibers

with such small radii are accuracy modelled as one dimensional objects. Integrat-

ing line detectors can be assembled into arrays and bent into various geometrical

configurations that are advantageous for medical imaging [53, 55]. Integrating line
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Measurement devices for TAT

detectors based on interferometry can also be constructed without the use of opti-

cal fibers [117] but this form is less developed. In general, integrating line detectors

have a wider bandwidth than the narrow transducers used in TAT. Detectors that

integrate over an area have been developed [60, 25, 116] but require significantly

more time to image an object.

A research group at University College London [160, 27] developed a different

type of optical device for measuring acoustic pressure waves. These devices use

a flat glass plate to form a measurement surface. Then, small displacements in

the surface, caused by acoustic pressure waves, are measured by using laser in-

terferometry. This data acquisition scheme is referred to as an optical scanning

device. Measured waves are reflected back into the region of interest but propagate

away from the detector, eliminating the possibility of reflected waves contaminat-

ing measurements (by being measured multiple times). Optical scanning devices

provide finely sampled temporal and spatial data and have much wider frequency

bands than small piezoelectric transducers.

Water

Detector

Laser

Glass walls

EM pulse

Figure 1.3: Depiction of a reverberant cavity formed by glass walls. An optical
scanning device can be used to measure pressure waves.(Picture is courtesy of
Leonid Kunyansky)

Early optical scanning devices were made using a single planar surface and

have been used to produce high resolution images [94, 95]. In this configuration,

a glass plate was covered with acoustic gel and a small object, such as a mouse,

was placed in the gel. This TAT measurement system is essentially limited by
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the fact that waves propagating in a single direction are measured. To overcome

this limitation, physicists and engineers have proposed more advanced measuring

systems in which the region of interest is surrounded by either additional optical

scanning devices (which would be cost prohibitive) or acoustic reflectors [29, 41].

One such system, proposed by researchers at University College London [41], has

a box-shaped interior with walls that are glass plates. The glass surfaces of this

apparatus are acoustic reflectors and cause pressure waves to reverberate through

the interior. This requires new mathematical methods to produce reconstructed

images.

As with all tomography applications, image reconstruction relies upon advanced

mathematical techniques. In the case of TAT, we seek to reconstruct the initial

pressure produced by the thermoacoustic effect from pressure measurements g

made outside the region of interest.

1.4 Forward problem (unbounded domain)

The vast majority of mathematical theory associated with TAT makes the following

assumptions:

1. Acoustic waves propagate in an unbounded domain, such as R3. Such an

approximation is acceptable when acoustic detectors are either transparent

(too small to cause a significant reflection of waves) or when waves reflected

off of detectors propagate away from the detectors so that reflected waves

may be neglected [160]. The few mathematical results that do not make this

assumption are discussed in section 1.9.

2. Acoustic waves propagate without dispersion and attenuation; rare excep-

tions to this assumption are [139, 138, 140, 69].

3. The speed of sound c(x) is constant outside of a compact set.

4. The thermoacoustic effect occurs instantaneously.

These four main assumptions combined with the PDE formulae of the previous sec-

tion (consolidated below in the form of an initial value / boundary value problem)

enable the mathematical modelling of the TAT measurement process.
∂2

∂t2
p(t, x) = c2(x)∆[p(t,x)], (t,x) ∈ [0,∞)× R3,

p(0,x) = f(x),
∂
∂t
p(t,x)

∣∣
t=0

= 0

. (1.2)
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Here, f(x) is given by equation (1.1),

f(x) = p(0,x) = Γ(x)σ(x) |E(x)|2 ,

and, as before, c(x) is the speed of sound in the material and ∆ is the Laplacian

operator. g(t, z) are measurements of the acoustic pressure on some surface Σ;

g(t, z) = p(t, z) ∀ (t, z) ∈ [0,∞)× Σ.

The inverse source problem of TAT consists in recovering the initial pressure

produced by the thermoacoustic effect f(x) from measurements g(t, z). The inverse

source problem can be used used to image tissues alone, or as a first step in a more

sophisticated reconstruction procesdure that is discussed in section 1.7.

Figure 1.4: A two-dimensional domain Ω with a data acquisition surface Σ = ∂Ω.
The vertical axis represents the time domain.

Figure 1.4 depicts a two-dimensional domain Ω with a data acquisition surface

Σ = ∂Ω. Acoustic pressure is measured on the surface of this space-time cylinder.

This figure provides insight into the nature of the solutions to the inverse source

problem in unbounded domains. The wave equation is symmetric with respect

to time; thus, it could be solved backwards in time. More specifically, if both

the pressure and its time derivative were known inside the domain some value of

time T , then the initial pressure produced by the thermoacoustic effect could be

found by simply solving the well posed initial value / boundary value PDE with
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Inverse source problem (unbounded domain)

Dirichlet boundary data g. Of course, the pressure on the interior of the cylinder is

not measured so we require additional information regarding the forward problem.

As we shall see shortly, it is common for the amount of acoustic energy inside the

the region of interest to decrease as time increases. Thus, for large values of time

the acoustic pressure within the region of interest may be approximated by zero.

Energy estimates Eventually, we desire estimates on the amount of acoustic

energy within the region of interest as a function of time; but, these estimates

require several definitions. First, the bicharacteristics of the wave equation are

found by solving the following Hamiltonian system in R2n
x,ξ with the Hamiltonian

H = c2(x)
2
|ξ|2 [66], 

x′t = ∂H
∂ξ

= c2(x)ξ

ξ′t = −∂H
∂x

= −1
2
∇ (c2(x)) |ξ|2

x|t=0 = x0, ξt=0 = ξ0.

(1.3)

The projection of the solutions to equation (1.3) into Rn produces geometric rays.

We say that a speed of sound satisfies the non trapping condition if all geometric

rays with ξ0 6= 0 eventually leave the region of interest; such a speed of sound is

also referred to as non trapping. Almost all results on TAT in a free-space consider

only speeds of sound that are non trapping.

Now, under the assumptions that the speed of sound is non trapping and that

the initial pressure f(x) is compactly supported within a bounded domain Ω, the

solution p(x, t) of problem (1.2) for any value of k and m satisfies∣∣∣∣∂k+|m|p(t,x)

∂kt ∂
m
x

∣∣∣∣ ≤ Ck,mνk(t)||f ||L2 , for x ∈ Ω, t > T0, (1.4)

where T0 is larger than the diameter of Ω, νk(t) = t1−n−k for even n, and νk(t) =

e−δr for odd n and some δ > 0 [39, 141, 142, 66, 82]. Equation (1.4) ensures the

decay of acoustic energy within the region of interest Ω.

1.5 Inverse source problem (unbounded domain)

As stated previously, the inverse source problem of TAT is to recover the initial

pressure produced by the thermoacoustic effect f from measurements g(x). Based

on the dimension count, if f : Rn → R then the set of unknowns is n-dimensional

and we should expect to need an n-dimensional data set g. Thus, we consider data

acquisition surfaces Σ that are n− 1 dimensional hyper-surfaces.

The thermoacoustic inverse source problem has been well studied [9, 8, 26, 46,

66, 83, 86, 79, 130, 129, 121, 82]; below, we focus on only a few of the many results.
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M. Agronovsky et. al. [9] proved the following theorem regarding the uniqueness

of reconstructions.

Theorem [9] If the speed of sound c(x) is smooth and non-trapping and the

acquisition surface Σ is closed, then the TAT data g(x, t) uniquely determines f(x).

Later, P. Stefanov et. al. [129] addressed the issue of a finite data observation time.

Let T (Ω) be the supremum of the time needed for each ray originating in Ω to

reach the observation surface Σ

Theorem [129] The data g(x, t) measured for 0 ≤ t ≤ T is sufficient for unique

recovery of f if T ≥ T (Ω).

Additional uniqueness results are provided in [82, 130, 129] and the reconstruc-

tion of singularities is discussed in [122, 107, 129]. A non rigorous generalization

is that a measurement surface is sufficient for a unique reconstruction if one of the

two geometric rays emanating from each point in the region of interest intersects

the hypersurface; but, this in no way implies stability. Many computational meth-

ods to reconstruct the initial pressure have been developed [158, 82] and several

noteworthy algorithms are discussed below.

The method of time reversal computes tomographic reconstructions by

solving backward in time the initial/boundary value problem for the wave equation,

with the Dirichlet boundary values equal to the measured data (see, for example, [9,

156, 66, 65, 26, 129, 130]). Vanishing (or sufficient decrease) of the pressure in finite

time T allows one to initialize this process by setting p(T, x) and its time derivative

pt(T, x) to zero within the domain Ω. That is, time reversal solves the following

problem 
∂2

∂t2
p(t, x) = c2(x)∆[p(t,x)], (t,x) ∈ [0, T ]× Ω,

p(T,x) = 0,
∂
∂t
p(t,x)

∣∣
t=T

= 0

. (1.5)

Time reversal yields a theoretically exact reconstruction if the speed of sound is

constant or if it satisfies the non-trapping condition. There are many methods for

implementing time reversal because any numerical scheme for solving the wave

equation in a finite domain with Dirichlet boundary conditions will work. For

example, finite difference methods can be used for almost any acquisition surface

and known speed of sound.

Series expansion methods normally exploit a well chosen set of basis func-

tions to represent the reconstructed initial pressure [110, 111, 84, 59, 9]; exceptions

to this statement are methods that use Neumann series obtained by minimizing the
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energy norm [129, 121]. The series expansion method derived by L. Kunyansky [84]

is of particular note. L. Kunyansky originally developed this method for the case

of a constant speed of sound but has since been generalized to any bounded region

of interest Ω [9]. This method utilizes the eigenfunctions um and eigenvalues λm of

the Dirichlet Laplacian in Ω,

∆um(x) + λ2
mum(x) = 0, x ∈ Ω,

um(x) = 0, x ∈ ∂Ω,

||um||22 = 1.

An important observation is that um may be expressed in terms of the Helmholtz’

Green’s function Φλm ,

um(x) =

∫
∂Ω

Φλm(|x− y|) ∂
∂n

um(y)dy.

The initial pressure f can be expanded in the series

f(x) =
∞∑
m=0

αmum(x), where αm =

∫
Ω

um(x)f(x)dx.

The motivating idea is to compute the Fourier coefficients αm by integrating with

the measured data g instead of the unknown f . Replacing u by its Helmholtz

representation and changing the order of integration produces the desired result.

αm =

∫
Ω

um(x)f(x)dx =

∫
Ω

∫
∂Ω

Φλm(|x− y|) ∂
∂n

um(y)f(x)dydx

=

∫
∂Ω

∫
Ω

Φλm(|x− y|) ∂
∂n

um(y)f(x)dxdy =

∫
∂Ω

∂

∂n
um(y)

∫
Ω

Φλm(|x− y|)f(x)dxdy

=

∫
∂Ω

∂

∂n
um(y)

∫ diamΩ

0

g(y, r)Φλm(r)dr.

Another way to express the Fourier coefficient is

αm = −λ−1
m

∫ ∞
0

∫
∂Ω

sin (λmt) g(x, t)
∂um
∂n

(x)dxdt.

Now that the Fourier coefficients are know, the initial pressure f is obtained

through summation. Shortly after L. Kunyansky developed this method using the

PDE formulation above, M. Agranovsky et. al. [9] derived the same formulae for

the more general situation of having a non constant speed of sound. The work of
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TAT with a constant speed of sound (free space)

M. Agranovsky et. al. [9] is also notable because their formulae were derived using

a more theoretical operator approach.

Series expansion methods based on eigenfunction expansions are practically lim-

ited to domains where the eigenfunctions and eigenvalues of the weighted Laplacan

are explicitly known.

1.6 TAT with a constant speed of sound (free

space)

If the speed of sound is constant then wave propagation in a three dimensional

free-space satisfies the Huygens’ principle and waves propagate away from sources

like spherical shells [71]. Thus, for any finite region of interest Ω there exists a

finite time T after which the pressure within Ω is identically zero; that is,

p(t,x) = 0 ∀ (t,x) ∈ [T,∞)× Ω.

This is not the case for two spatial dimensions, but the pressure within a finite

area will decrease to zero as time increases.

When the speed of sound is constant the explicit solution to problem (1.2) is

known and can be expressed in several forms [42, 71, 90, 147]. One representation

of the solution to problem (1.2) uses the fundamental solution of the wave operator

Ψ(x, t),

p(y, t) =

∫
Ω

f(x)
∂

∂t
Ψ(y− x, t)dx.

A second form of the solution is expressed in terms of spherical means M(y, τ),

M(y, τ) =

∫
Sn−1

f(y + τω)dω.

The measured boundary data g(y, t) can be expressed in terms of the spherical

means as

g(y, t) =
∂

∂t
tM(y, t),

or, because M(y, 0) = 0, conversely as,

M(y, t) =
1

t

∫ t

0

g(y, τ)dτ.

These solutions to problem (1.2) enabled the creation of several explicit inversion

formulae and some fast series expansion methods.
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TAT with a constant speed of sound (free space)

Some solutions to the inverse source problem for TAT have been derived by

inverting the spherical mean Radon transform. In general, this operator is not in-

vertible; however, when the domain of the operator is restricted to solutions of

problem (1.2) the operator can be inverted. Some explicit range conditions for the

spherical mean Radon transform were first given in [118]. However, it was later

discovered, in [13], that this description was incomplete. A range description for

arbitrary dimensions with the centers of integration lying on the surface of a sphere

was developed in [10] and the authors remarked that many of the necessary condi-

tions of their proofs were satisfied for general domains as well. This description of

the range consisted of both an orthogonality condition and a moment condition (for

even dimensions only). The range conditions were further refined in [8] where the

moment conditions were proven to be superfluous for even dimensions. Later, [11]

used the Darboux equation to investigate the extendibility of the spherical mean

function to a larger domain.

Let S be the set of the centers of the spheres over which the spherical mean

Radon transform is computed. The sets S that lead to a noninjective mapping

were characterized in [12] but only for the two-dimensional case. Injectivity sets

for higher dimensional spaces were described in [13, 7]. Of particular interest to

TAT is a sufficient condition given in [13].

Corollary [13] If Ω ⊂ Rn is a bounded domain, then S = ∂Ω is an injectivity set

of M .

Additional sufficient conditions for injectivity as well as conditions for non

injectivity are consolidated in [82].

Many Explicit inversion formulae have been developed [43, 16, 36, 44,

83, 85, 125, 115, 157, 106, 46, 105, 56, 57, 58]. Back projection type formulae

are simple to implement and are widely used by engineers. The back projection

formulae developed by D. Finch et. al. [46] assume that the spatial dimension is

odd and greater than or equal to three, that the initial pressure is contained within

a ball B, and that pressure measurements are taken on the surface of the ball ∂B.

With these assumptions D. Finch et. al. found

f(x) = − 1

8π2R
∆x

∫
∂B

g(y, |y− x|)
|y− x|

dA

= − 1

8π2R

∫
∂B

(
1

r

∂2

∂r2
g(y, r)

)∣∣∣∣
r=|y−x|

dA

= − 1

8π2R

∫
∂B

(
1

r

∂

∂r

(
r
∂

∂r

g(y, r)

r

))∣∣∣∣
r=|y−x|

dA

,
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TAT with a constant speed of sound (free space)

where R is the radius of the ball B and n is the outward pointing unit vector.

The universal back projection algorithm developed by M. Xu et. al. [157] provides

theoretically exact reconstructions for data acquisition surfaces that are cubes,

spheres, planes, or infinite cylinders [82]. In three dimensions, the universal back

projection solution f can be computed by,

f(x) =
1

8π2
div

∫
∂Ω

n

(
1

r

∂

∂r

g(y, r)

r

)∣∣∣∣
r=|y−x|

dA

=
1

8π2

∫
∂Ω

∂

∂n

(
1

r

∂

∂r

g(y, r)

r

)∣∣∣∣
r=|y−x|

dA

.

Later, L. Nguyen [106] developed a parameterized family of back projection for-

mulae which encompass several previous back projection formulae as particular

choices of parameters. All of these back projection formulae provide exact recon-

structions from boundary data g in the range of the spherical mean Radon trans-

form. However, the back projection formulae do not agree for g not in the range of

the spherical mean Radon transform [9, 82]; the non-equivalence is noticeable when

these formulae compute reconstructions from laboratory data that poses noise.

Explicit reconstruction formulae have been developed for other data acquisition

surfaces such as planes [43, 16, 36], ellipsoids [105, 115, 56, 125], elliptic parabolas

or parabolic cylinders [57, 58], and other polynomial surfaces [115].

Series expansion Series expansion methods remain an active area of re-

search because they can lead to extremely fast numerical algorithms for computing

tomographic reconstructions. For example, the eigenfunction expansion method

presented in the previous section greatly simplifies when the region of interest is

a cube with a constant speed of sound. In this special case the eigenfunctions

of the Dirichlet Laplacian are products of sine functions. Thus, all integrations

required for the eigenfunction expansion method may be computed using FFT

algorithms [84, 9].

Other series expansion methods exist that do not rely upon eigenfunction ex-

pansions. J. Norton used separation of variables to produce a reconstruction pro-

cedure for data measured on a circle (2D) [110] and later for data measured on

the surface of a sphere (3D) [111]. Both of these methods express the solution

as a series involving a well chosen set of orthogonal basis functions. As described

in [110], computing the coefficients of the expansion can numerically result in divi-

sion by zero. Modifications to the computation process have been developed that

avoid such divisions [14, 59]. Modifications to improve computational efficiency

were developed in [123]. Later, L. Kunyansky [86] developed a method for certain

domains with spherical or cylindrical symmetries. The 2D version of this method
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relates the Fourier coefficients of a function to integrations with plane waves while

the 3D version uses spherical harmonics. Both of these series expansion methods

can be extremely fast.

Figure 1.5: A reconstruction computed by L. Kunyansky using a series expan-
sion method. TAT data was gathered using Tomowave’s LOIS 3D mouse imaging
system.

1.7 Quantitative TAT

An active area of research known as quantitative thermacoustic tomography (QTAT)

or quantitative photoacoustic tomography (QPAT) seeks to recover the optical

coefficients of the object being imaged. These include the Grüneisen coefficient

Γ(x), which determines the efficiency with which EM energy is converted into heat

energy, the optical diffusion coefficient D(x), and the optical absorption σ(x).

Knowledge of these optical properties allow researchers to determine additional

information about the tissue such as the distribution of chromophores [30, 93].

Reconstructing these additional quantities requires multiple data sets which can

be obtained by using EM pulses with different frequencies or different beam ge-

ometries.

In the diffusive regime, the optical coefficients are related to the initial pres-
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TAT with an unknown speed of sound

sure produced by the thermoacoustic effect via equation (1.1). The photon E(x)

propagation can be modelled as

−∇ ·D(x)∇E(x) + σ(x)E(x) = 0, x ∈ Ω,

E(x) = h(x), x ∈ ∂Ω,
(1.6)

where h(x) is the EM pulse of the laser [17, 143].

A common approach to recovering these parameters involves a two step process

where the initial pressure is reconstructed first and then the optical coefficients are

reconstructed second [159, 19, 33, 18] but other methods have been developed [37].

An inversion technique for the Grüneisen coefficient was first developed in [19].

Later, it was determined that two of the three optical coefficients can be recovered

from only two well chosen data sets in a stable manner, but these computations rely

upon the third optical parameter [17, 20]. The ability to obtain multiple data sets

without changing the illumination geometry was investigated in [120]. Numerical

algorithms for solving the inverse problem are provided in [93, 136, 137, 119].

1.8 TAT with an unknown speed of sound

The mathematical results of the previous two sections all assume that the speed

of sound c(x) is a known function; in practice the speed of sound is unknown.

Relatively few results exist concerning recovering both the speed of sound c and

the initial pressure f from the same set of TAT data. This question is of practical

importance because the speed of sound in human breast tissue can vary by as much

as 10% between different types of glandular and fatty tissues [70].

Some of the first results on reconstructing both the speed of sound and the

initial pressure were obtained by Y. Hristova et al [66]. Under the assumptions

that the imaging domain Ω is the unit ball B, the measurement surface is the

boundary of the unit ball S, the spatial dimension is odd and grater than or equal

to three, and the speed of sound is constant, they proved that the speed of sound

is uniquely determined by the boundary data g and provided a formula for the

speed of sound. Another result of [66] illustrates that under small perturbations of

the speed of sound this problem might be unsolvable.

Theorem [66] Let the dimension n ≥ 3 be odd, Ω be a bounded domain in Rn with

a smooth boundary ∂Ω, and g be a non-zero function on ∂Ω × R+ such that the

problem (1.2) has a solution p satisfying p|∂Ω×R+ = g. Then there exists ε0 > 0

28



TAT with an unknown speed of sound

such that for all 0 < |ε| < ε0, the problem
∂2

∂t2
p(t, x) = (1 + ε)2c2(x)∆[p(t,x)], (t,x) ∈ [0,∞)× R3,

p(0,x) ∈ C∞0 (Rn) , ∂
∂t
p(t,x)

∣∣
t=0

= 0

p|∂Ω×R+=g

has no solution.

A result from L. Oksanen et. al. [112] considers differences between the speed

of sound in the tissue c and the speed of sound used in computations c1 that are

small in the following manner,

||c− c1||C1(Ω) ≤ ε0.

Under several technical assumptions specified in their paper, they found that the

difference between the exact initial pressure f and the reconstructed pressure f̃

(computed by assuming that c1 is the speed of sound instead of c and using the

reconstruction method in [129]) can be bounded [112];

||f − f̃ ||H1(Ω) ≤ C||c− c1||∞(Ω)||g||H1([0,T ]×∂Ω)||f ||
1
2

H3(Ω).

The problem of reconstructing both c and f from the same set of measurements

is known to be unstable in any scale of Sobolev spaces [131]. To use the notation

of [131], let ∧{f, c2} be the operator that maps an initial condition and speed of

sound pair to boundary data g.

Theorem [131] There is no stability estimate of the type

||δf ||Hs1 + ||δc2||Hs1 ≤ C||δ ∧
{
δf, δc2

}
||Hs2 ,

s1 ≥ 0, s2 ≥ 0, regardless of s1 and s2.

This problem is related to the transmission eigenvalue problem and researchers

using spectral methods have investigated the range of the TAT operator [45]. Suffi-

cient conditions for recovering the speed of sound are given in [101]. Some numerical

algorithms for this problem have been developed [162] but further theoretical study

is needed. A more practical approach to recovering both the speed of sound and the

initial pressure is to combine TAT with either multiple illumination patterns [37]

or ultrasonic transmission tomography [70, 72].
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1.9 TAT in the presence of reflecting boundaries

Almost all known image reconstruction algorithms for photoacoustic and thermoa-

coustic tomography assume that the acoustic waves leave the region of interest

after a finite time. This assumption is reasonable if the reflections from the de-

tectors and surrounding surfaces can be neglected or filtered out (for example, by

time-gating). However, when the object is surrounded by acoustically hard detec-

tor arrays, and/or by additional acoustic mirrors, the acoustic waves will undergo

multiple reflections.

Research on TAT that does not assume wave propagation in an unbounded

domain begins around 2007 [150, 29]. [150] considered several detection configura-

tions where the boundary (formed by the detectors) could be either transparent

to acoustic waves (free space propagation) or acoustically hard (reflective); they

considered partial planar detectors, cylindrical acquisition schemes, and spherical

detection configurations. In [15] an approximate solution is obtained assuming that

the sources of sound waves are small inclusions. Cox [29] considered the effect of

using one planar array to detect acoustic signals with an acoustic reflector placed

parallel to the array. An assembly using linear detectors that formed a corner-like

measurement surface was used in [26] and a new reconstruction procedure was

recently developed [88].

If the region of interest is surrounded by reflecting detectors (or by a combina-

tion of detectors and acoustic mirrors), wave propagation entails multiple reflec-

tions and changes the decay properties of acoustic energy. An idealization of the

measurement device proposed in [41], and depicted in 1.3, is that the measurement

surfaces are perfectly reflecting which creates a resonant cavity. If the thermoa-

coustic effect occurs instantaneously, then acoustic wave propagation in a finite

domain Ω with a perfectly reflecting boundary Σ is modelled by
∂2

∂t2
p(t, x) = c2(x)∆[p(t,x)], (t,x) ∈ [0,∞)× Ω,

p(0,x) = f(x), x ∈ Ω,
∂
∂t
p(t,x)

∣∣
t=0

= 0, x ∈ Ω,
∂
∂n
p(t, z) = 0, z ∈ Σ

, (1.7)

where n is the unit normal vector to Σ. Wave propagation as described by prob-

lem 1.7 entails infinite reflections from the walls, and, if the dissipation of waves is

neglected, the acoustic oscillations will never end; thus, there is no decrease of en-

ergy within the region of interest. This disallows the use of the existing free-space

reconstruction techniques.

Observability conditions for acoustic waves in a resonant cavity were deter-

30



TAT in the presence of reflecting boundaries

mined in [34]. In [31, 89] the author, jointly with B. T. Cox and L. Kunyansky,

developed a fast iterative reconstruction algorithm for measurements made at the

walls of a rectangular reverberant cavity. We proved the convergence of the iter-

ations under a certain sufficient condition, and demonstrate the effectiveness and

efficiency of the algorithm in numerical simulations. That method is based on the

Fast Fourier transform and is computationally very efficient; however, because the

method is based on series expansions, it is not easily extended to other geometries,

and it cannot handle the case of variable speed of sound. This inversion algorithm

is the subject of chapter 2.

Later, in [63] the author, jointly with L. Kunyansky, considered a more general

problem and developed the method of gradual time reversal. It consists in solving

back in time on the interval [0, T ] the initial/boundary value problem for the wave

equation,with the Dirichlet boundary data multiplied by a smooth cutoff function.

If T is sufficiently large one obtains a good approximation to the initial pressure;

in the limit of large T such an approximation converges to the exact solution

provided that the eigenvalues of the weighted Neumann Laplacian do not coincide

with the eigenvalues of the inverse operator. This method is applicable to arbitrary

domains with a non constant speed of sound (provided that the speed of sound is

non trapping) but the eigenvalue requirement is difficult to verify. This inversion

algorithm is the subject of chapter 3.

Following [63] three other reconstruction methods for resonant cavities have

been developed. Two of these methods [6, 132] were developed only several months

after [63]. The method developed by P. Stefanov et. al. [132] uses a modified form

of time reversal, called “averaged sharp time reversal”. This method is applicable

to more domains than the method of gradual time reversal but at the expense

of being computationally more complicated; namely, the harmonic extension of

the measured boundary data g must be computed. The method developed by

S. Acosta et. al. [6] is based on a different approach. Acosta et. al. realized an

equivalence between the problem of TAT in a resonant cavity and problems related

to boundary control theory for PDEs. They developed two reconstruction methods.

The first solves an explicit equation numerically by using the conjugate gradient

method; while, the second is based on a Neumann series expansion. A note should

be made that S. Acosta et. al. considered boundary conditions that were not energy

preserving ( in contrast to [63, 132] ). A third (and most recent) method for solving

the TAT inverse source problem was developed by Nguyen et. al. [108] and is known

as “dissipative time reversal”. As the name suggests, this method is based on time

reversal but with a dissipative boundary condition. In comparison to the other three

methods, it is widely applicable to various domains (doesn’t have the eigenvalue

31



TAT in the presence of reflecting boundaries

restriction of [63]) and is computationally very simple to implement.
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Chapter 2

TAT in a reverberating box - a

fast algorithm

Introduction

In the present chapter we develop an algorithm for reconstructing the initial pres-

sure distribution within a rectangular reverberant cavity from acoustic pressure

time series measurements made on at least three mutually adjacent walls. The

algorithm finds first a crude initial approximation that can be further refined it-

eratively. The derivation of the algorithm is presented in Section 2.2, together

with the convergence analysis for the iterations (Section 2.2.4). The algorithm was

tested in numerical simulations (Section 2.3) that showed both the high quality of

the reconstruction and very low noise sensitivity of the proposed technique.

High resolution images in 3D utilized in modern biomedical practice are de-

scribed by hundreds of millions of unknowns. In order to be useful in practice, a

reconstruction algorithm must be fast. The proposed technique is asymptotically

fast; it requires O(N3 logN) floating point operations (flops) per iteration on an

N × N × N computational grid. In our simulations the reconstruction time was

comparable with that of known fast algorithms for various free-space problems

(e.g. [84, 86]).

2.1 Formulation of the problem

2.1.1 Photoacoustic tomography in free space

In conventional photoacoustic tomography, time domain measurements of the pho-

toacoustically generated acoustic waves are made by an array of ultrasound de-
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tectors positioned on a measurement surface. The inverse problem of PAT/TAT

consists in finding the initial pressure distribution from the measurements. Sev-

eral idealizing assumptions are typically made to simplify this problem. First, the

speed of sound is frequently assumed to be known and constant throughout the

whole space, i.e. the presence of any physical boundaries is neglected. Second, it

is assumed that the measurements are done at all points lying on some imagi-

nary observation surface surrounding the object of interest. Third, the detectors

are considered small and non-reflecting (acoustically transparent). Under these as-

sumptions the acoustic waves can be considered as propagating in free space (Rn,

n = 2 or 3) and the acoustic pressure p = p(t, x) is a solution to the following

(free-space) initial value problem (IVP):(
∂2

∂t2
− c2

0∆

)
p = 0, x ∈ Rn, t ∈ [0,∞), (2.1)

p|t=0 = f(x),
∂p

∂t

∣∣∣∣
t=0

= 0 (2.2)

where f(x) is the initial acoustic pressure distribution. Given time series mea-

surements g of the acoustic pressure at each point of the observation surface S

surrounding the region of interest Ω (within which f(x) is supported)

g = p(t, x) x ∈ S, t ∈ [0, T ],

it is possible to reconstruct f(x) exactly. Indeed, since S is not a physical boundary,

for a sufficiently large time T , the pressure p in Ω will vanish. (In 3D, due to the

Huygens principle, the pressure will vanish after T = diam(Ω)/c0. In 2D, the

pressure does not completely vanish in finite time; however, it will decay fast

enough that it can be approximately set to 0 at a sufficiently large value of T ≥
diam(Ω)/c0.)

Now one can solve in Ω the following initial/boundary value problem (IBVP)(
∂2

∂t2
− c2

0∆

)
p = 0, t ∈ [0, T ], x ∈ Ω, (2.3)

p|t=T = 0,
∂p

∂t

∣∣∣∣
t=T

= 0, p|x∈S = g(t, x), (2.4)

backwards in time (from t = T to t = 0), thus obtaining f(x) = p(0, x). This

technique is called time reversal. It is theoretically exact and works for an arbi-

trary closed surface S; many of the existing reconstruction methods are based on

this idea. For instance, one can solve IBVP (2.3),(2.4) directly using numerical
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techniques [46, 156, 66]. Eigenfunction decomposition techniques [9, 84] and some

of the known inversion formulas [85] yield reconstructions that are theoretically

equivalent to the ones obtained by time reversal. In each case the crucial under-

lying assumption is that the values of the pressure are recorded until the acoustic

wave vanishes within Ω.

2.1.2 Photoacoustic tomography in a reflective cavity

The methods of the previous section can be used so long as the detectors (or

anything else such as the tank walls) do not reflect the acoustic waves. When an

array of detectors is used, instead of a single scanned detector, the situation will

change as the array itself will reflect the wave. In the case of a single planar ar-

ray the traditional reconstruction techniques still apply, since the reflected waves

will propagate away from the detector and will not affect the measurements. How-

ever, the images reconstructed from measurements made using a single finite-sized

planar array configuration will contain ‘partial view’ or ‘limited data’ artifacts be-

cause the acoustic waves travelling parallel (or almost parallel) to the surface are

not measured. In order to improve the reconstruction one could either reflect those

waves back on the detector array using passive reflectors [29], or add new (per-

pendicular) detector arrays. If the region of interest is surrounded by the arrays

and/or reflectors, a reverberant cavity is formed. (Note that the free surface of a

liquid also reflects waves). Wave propagation in a reverberant cavity is no longer

represented by the IVP (2.1), and a different mathematical model is needed.

The proper model should take into account that the domain Ω is surrounded

by a reflecting boundary ∂Ω, and the corresponding boundary conditions should

be imposed on the wave equation (as opposed to the free space propagation dis-

cussed in the previous section). The measurement surface S is now a subset of the

boundary ∂Ω.

When the boundary is treated as sound-hard the acoustic pressure p(t, x) is a

solution to the following initial boundary value problem:(
∂2

∂t2
− c2

0∆

)
p = 0, x ∈ Ω (2.5)

p(0, x) = f(x),
∂p(0, x)

∂t
= 0, (2.6)

∂

∂n
p(t, x) = 0, x ∈ ∂Ω. (2.7)
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Now the measurements can be written as

g = p(t, x) x ∈ S ⊆ ∂Ω, t ∈ [0, T ].

Other boundary conditions might be appropriate in some circumstances, such

as for instance if the cavity were built as a tank and one part of the boundary was

a water-air interface where p ≈ 0, i.e. Dirichlet conditions are imposed on this part

of the boundary. Also, it is not necessary to measure the pressure on the whole

boundary ∂Ω, and so S is only a subset of ∂Ω. (Taking this to an extreme, Cox et

al. [34] proposed using a single measurement point when the cavity is ray-chaotic.

This scheme, however, is unlikely to yield a stable reconstruction.)

A distinct property of this model is the preservation of the acoustic energy

trapped within the cavity. Since the model assumes that there is no absorption

of the acoustic energy by the medium, and the (Neumann or Dirichlet) boundary

conditions correspond to a complete reflection of waves, the oscillations within Ω

will (theoretically) continue forever. In practice, of course, this is not the case and

the waves will soon decrease to the extent that further measurements will become

impossible due to the low signal-to-noise ratio. While we are not explicitly modeling

the absorption, we have to assume that the measurement time T is bounded. It will

be chosen to correspond, roughly, to several bounces of the acoustic wave between

the cavity walls.

The preservation of acoustic energy within the reverberating cavity makes it

impossible to solve the inverse problem by the time reversal techniques mentioned

in Section 2.1.1. Indeed, in order to obtain the accurate reconstruction of f one

has to accurately prescribe conditions p(T, x), and ∂p/∂t(T, x) to initialize the

time reversal. However, there is no way to measure these data within the object.

Moreover, this values are of the same order of magnitude as f , and if one simply

replaces them by a zero (as we can safely do in the free space case) the induced

error will be also of the same magnitude as f we seek to reconstruct. Therefore,

almost none of the known reconstruction algorithms are applicable here (with

the exception of those mentioned in section 1.9 ). Below we propose inversion

techniques suitable for photoacoustic tomography within the reverberant cavity.

2.2 Derivation of the reconstruction algorithm

In this section we develop a fast and accurate reconstruction algorithm for pho-

toacoustic tomography within a rectangular reverberant cavity. On one hand, such

an acquisition geometry is one of the simplest from the mathematical standpoint,
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allowing one to design a simple and fast Fourier based reconstruction technique.

On the other hand, photoacoustic scanners with this particular configuration are

quite conceivable - indeed a design based on optically-addressed Fabry-Perot ultra-

sound arrays [160] is currently under development - and algorithms will be needed

to process the data.

The reconstruction technique we propose can be used in both 2D and 3D set-

tings, with only minor changes. The 3D case is, obviously, more interesting from

the applied point of view, while the 2D case is somewhat easier to present. Thus, in

the next section we provide a derivation for the 2D algorithm, with the caveat that

the 3D case is quite similar. In Section 2.3 we test the 3D version of the algorithm

in numerical simulations.

2.2.1 2D formulation and the series solution of the forward

problem

x
2 

x
1 

reflectors 

reflecting detector arrays 

Figure 2.1: The 2D reverberant cavity with two passive reflecting walls, and two
reflecting detector arrays on which the data g1(t, x2) and g2(t, x1) are measured.

We assume that the acoustic pressure p(t, x), x = (x1, x2) solves the ini-

tial/boundary value problem (2.5) - (2.7) in 2D, in a square Ω = [0, 1] × [0, 1].

Without loss of generality the speed of sound c0 will be assumed to equal 1. The

measurements are represented by the pair of time series g = (g1(t, x2), g2(t, x1))

corresponding to the pressure values on the two adjacent sides of the square Ω

(Figure 2.1):

g1(t, x2) = p(t, x)|x1=0 , g2(t, x1) = p(t, x)|x2=0 , t ∈ [0, T ].

Let us denote by W the linear operator transforming the initial condition f(x)

37
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into the boundary data g:

g =W(f).

Our ultimate goal is to reconstruct the initial pressure f(x) = p(0, x) from g, i.e.

to invert W .

The simple shape of domain Ω allows us to utilize the eigenfunctions

ϕk,l(x) = cos(πkx1) cos(πlx2)

of the Neumann Laplacian in a square

(∆ + ω2
k,l)ϕk,l = 0, x ∈ Ω,

∂ϕk,l
∂n

= 0, x ∈ ∂Ω,

with the eigenfrequencies ωk,l:

ωk,l = π
√
k2 + l2, k, l = 0, 1, 2, ...

Using the eigenpairs (ϕk,l, ωk,l), the solution p(t, x) of the forward IBVP (2.5)

- (2.7) can be represented by the following series:

p(t, x) =
∞∑
k=0

∞∑
l=0

fk,l cos(πkx1) cos(πlx2) cos(ωk,lt), x ∈ Ω, t ∈ [0, T ], (2.8)

where numbers fk,l are the coefficients of the two-dimensional Fourier cosine series

of the initial pressure f(x):

fk,l =
1

||ϕk,l||22

∫
Ω

f(x)ϕk,l(x) dx, k, l = 0, 1, 2, ..., (2.9)

||ϕk,l||22 =

∫
Ω

ϕ2
k,l(x) dx =


1
4
, k 6= 0 and l 6= 0,

1, k = 0 and l = 0,
1
2
, otherwise

. (2.10)

For future use we will denote the double-indexed sequence of the Fourier coefficients

by F = {fk,l}∞k,l=0, and will use the notation Fseries to refer to the transformation

defined by equations (2.9) and (2.10), so that

F = Fseriesf.

Obviously, in order to obtain f(x) it is enough to reconstruct coefficients F ;

function f is then computed by inverting Fseries, i.e. by summing the Fourier cosine
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series:

f(x) = F−1
seriesF =

∞∑
k=0

∞∑
l=0

fk,l cos(πkx1) cos(πlx2).

2.2.2 What can be found from the data measured on one

side?

Let us first analyze the connection between coefficients fk,l and the data measured

on one side of the square (say, g2):

g2(t, x1) ≡ p(t, x)|x2=0 =
∞∑
k=0

∞∑
l=0

fk,l cos(πkx1) cos(ωk,lt), t ∈ [0, T ]. (2.11)

Due to the orthogonality of the cosine functions (in variable x1) the above equation

splits:

∞∑
l=0

fk,l cos(ωk,lt) = g2,k(t), t ∈ [0, T ], k = 0, 1, 2, ..., (2.12)

g2,0(t) ≡
1∫

0

g2(x1, t)dx1, g2,k(t) ≡ 2

1∫
0

g2(x2, t) cos(πkx1)dx1, k = 1, 2, 3, ....

(2.13)

It follows from equation (2.12) that each of the k functions g2,k(t) is a combination

of cosine functions in t with known frequencies; the values fk,l can be viewed as

generalized Fourier coefficients. More precisely, equation (2.12) can be re-written

as the inverse Fourier transform F−1 of a sequence of Dirac delta-functions:

g2,k(t) =
√

2πF−1

[
∞∑
l=0

fk,l
δ(ξ − ωk,l) + δ(ξ + ωk,l)

2

]
,

where the forward and inverse Fourier transforms of some function h(t) are defined

as follows

ĥ(ξ) ≡ (Fh) (ξ) ≡ 1√
2π

∫
R

h(t)e−iξtdt,

h(t) ≡
(
F−1ĥ

)
(t) ≡ 1√

2π

∫
R

ĥ(ξ)eiξtdξ.
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One can conclude that the Fourier transform ĝ2,k(ξ) of g2,k(t) is the following

distribution

ĝ2,k(ξ) =
√

2π
∞∑
l=0

fk,l
δ(ξ − ωk,l) + δ(ξ + ωk,l)

2
(2.14)

It is tempting to try to recover coefficients fk,l by applying the Fourier transform F
to each g2,k(t) and thus obtaining ĝ2,k(ξ). However, functions g2,k(t) do not vanish

at infinity, and they (in general) are not periodic on any finite interval [0, T ].

Therefore, such a computation would be quite inaccurate, at best.

A technique well known in digital signal processing as a way to Fourier trans-

form long time series, is to multiply the signal by a window function. For conve-

nience, let us extend g2,k(t) as an even function to the interval [−T, T ] (formu-

las (2.11) and (2.12) will remain valid under such extension). Consider now an

even, infinitely smooth function η(t) vanishing with all its derivatives at −1 and

1, and its scaled version ηT (t) = η(t/T ). Since the product ηT (t)g2,k(t) is periodic

on [−T, T ], its Fourier transform

η̂Tg2,k(ξ) ≡
1√
2π

T∫
−T

ηT (t)g2,k(t)e
−iξtdt, (2.15)

can be easily computed (for example, by applying the composite trapezoid rule to

the discretized signal). Now, by the convolution theorem

η̂Tg2,k(ξ) =
1√
2π
η̂T (ξ) ∗ ĝ2,k(ξ) =

1√
2π

∫
R

η̂T (ζ − ξ)ĝ2,k(ζ)dζ,

and, taking into account the equality η̂T (ξ) = T η̂(Tξ) and equation (2.14) one

obtains

η̂Tg2,k(ξ) =
∞∑
m=0

fk,m
η̂T (ξ − ωk,m) + η̂T (ξ + ωk,m)

2

= T

∞∑
m=0

fk,m
η̂(T (ξ − ωk,m)) + η̂(T (ξ + ωk,m))

2

Function η̂T (ξ) is infinitely smooth (as a Fourier transform of a finitely sup-

ported function), and vanishes at infinity faster than any rational function in ξ

(since η(t) is infinitely smooth). One may view the problem of reconstruction of

ĝ2,k(ξ) from η̂T (ξ)∗ĝ2,k(ξ) as a deconvolution problem. Due to the smoothness of the

convolution kernel η̂T (ξ) such a deconvolution is an extremely ill-posed problem.

Fortunately, the problem at hand can be solved without resorting to standard
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deconvolution techniques. Since we know a priori that the ĝ2,k(ξ) is a combination

of delta-functions (with unknown coefficients fk,l) whose positions in the frequency

space are known (see equation (2.14)), the problem becomes much simpler. Let us

consider the values of η̂Tg2,k only at the frequencies ωk,l. Then, for each fixed k we

obtain the following system of linear equations with respect to unknown fk,m:

T

∞∑
m=0

fk,m
η̂(T (ωk,l − ωk,m)) + η̂(T (ωk,l + ωk,m))

2
= η̂Tg2,k(ωk,l), l = 0, 1, 2, ...

(2.16)

Further, by separating the ‘diagonal’ terms this system can be re-written in the

form

fk,l+
η̂(2Tωk,l)

η̂(0)
fk,l+

∞∑
m=0
m 6=l

η̂(T (ωk,l − ωk,m)) + η̂(T (ωk,l + ωk,m))

η̂(0)
fk,m =

2

T

η̂Tg2,k(ωk,l)

η̂(0)

(2.17)

for l = 0, 1, 2, ..., k = 0, 1, 2..., except the case when k = l = 0 which assumes a

simple form

f0,0 +
∞∑
m=0
m 6=l

η̂(Tω0,m)

η̂(0)
f0,m =

1

T

η̂Tg2,0(ω0,0)

η̂(0)
. (2.18)

Let us discuss the properties of these systems (one system for every value of k).

Due to the fast decrease of η̂T (ξ) at infinity, as T goes to infinity, values of η̂(T (ωk,l−
ωk,m)) and η̂(T (ωk,l + ωk,m)) converge to zero, and the system becomes diagonal.

This suggests that for sufficiently large values of T one can try to approximately

solve the problem by the formula

fk,l ≈
2

T

η̂Tg2,k(ωk,l)

η̂(0) + η̂(2Tωk,l)
, k, l = 0, 1, 2, ..., (2.19)

f0,0 ≈
1

T

η̂Tg2,0(ω0,0)

η̂(0)
. (2.20)

and thus to reconstruct p0(x) from the measurements made on one side of the

square Ω.

Examples of such approximate reconstructions can be found in [31]; it is clear

that the images are distorted by noticeable artifacts. A closer look at the functions

η̂(T (ωk,l−ωk,m)) reveals the reason for these distortions. The convergence of these

functions to zero depends on the values of the difference ωk,l − ωk,m which is not

uniform with respect to k and l. In particular, for large values of k and l = 0 and
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m = 1 this difference can be approximately estimated as follows

ωk,1 − ωk,0 = π
(√

k2 + 1−
√
k2
)

= πk
(√

1 + 1/k2 − 1
)
≈

π

2k
,

so that the value of T (ωk,l − ωk,m) is not large for large values of k. This implies

that for any (large) value of T there are some values of k, l and m for which off-

diagonal terms are not small, and approximation (2.19) is not accurate. Moreover,

one may suspect (and numerical simulations confirm this) that the equations with

large values of k and small values of l are a source of instability, so that attempts

to solve system (2.17) numerically (for large k) lead to a significant amplification

of the noise present in the data.

2.2.3 Reconstruction using from data measured on two ad-

jacent sides

As shown below, one can eliminate this instability by using not all equations (2.17)

but only those for l = k, k+ 1, k+ 2, ... . The missing information can be obtained

from the data g1(x2, t) measured on the second side of the square corresponding

to x1 = 0. Define functions g1,l(t) by the equations

g1,l(t) ≡ 2

1∫
0

g1(x2, t) cos(πlx2)dx2.

The derivation similar to the one in the previous section yields the following system

of equations:

fk,l+ η̂(2Tωk,l)fk,l+
∞∑
m=0
m 6=k

η̂(T (ωk,l − ωm,l)) + η̂(T (ωk,l + ωm,l))

η̂(0)
fk,m =

2

T

η̂Tg1,l(ωk,l)

η̂(0)
,

(2.21)

k, l = 0, 1, 2, ..., (with a simpler formula for the case k = l = 0 which we will

omit). We, however, are going to use only half of these equations, namely those

corresponding to k = l + 1, l + 2, l + 3, ... in combination with a half of the equa-
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tions (2.17), arriving at the following set of equations:
f0,0 +

∑∞
m=0
m 6=l

η̂(T (ω0,m))

η̂(0)
f0,m = 1

T

η̂T g2,0(ω0,0)

η̂(0)
, l = k = 0,

fk,l + η̂(2Tωk,l)fk,l +
∑∞

m=0
m 6=l

η̂(T (ωk,l−ωk,m))+η̂(T (ωk,l+ωk,m))

η̂(0)
fk,m = 2

T

η̂T g2,k(ωk,l)

η̂(0)
, l ≥ k,

fk,l + η̂(2Tωk,l)fk,l +
∑∞

m=0
m 6=k

η̂(T (ωk,l−ωm,l))+η̂(T (ωk,l+ωm,l))

η̂(0)
fk,m = 2

T

η̂T g1,l(ωk,l)

η̂(0)
, k > l.

(2.22)

Since for very large values of T factors η̂(T (...)) vanish (while η̂(0) is a constant),

one can compute a crude approximation f (0)(x) by defining the coefficients F (0) as

follows

f
(0)
k,l =


1
T

η̂T g2,0(ω0,0)

η̂(0)
, k = l = 0,

2
T

η̂T g2,k(ωk,l)

η̂(0)
, l ≥ k

2
T

η̂T g1,l(ωk,l)

η̂(0)
, k > l

, (2.23)

F (0) =
{
f

(0)
k,l

}∞
k,l=0

, (2.24)

and by summing the Fourier series

f (0)(x) =
[
F−1

seriesF
(0)
]

(x). (2.25)

Formulas (2.23), (2.24) define a linear operator R that maps boundary values g

into the set of Fourier coefficients F , so that

f (0) = F−1
seriesF

(0) = F−1
seriesRg =F−1

seriesRWf.

As our numerical experiments show, approximation f (0) yields qualitatively

correct images even for moderate values of T . Our goal, however, is to obtain

a quantitatively accurate, theoretically exact reconstruction. Forming and decom-

posing a matrix corresponding to the system (2.22) (after proper truncation of the

spatial harmonics) is computationally prohibitive, since the number of unknowns

in the 3D high resolution images can reach hundreds of millions. Instead, we will

solve this system iteratively.

Let us define an operatorA that transforms a two-dimensional sequence of num-

bersH = {hk,m}∞k,m=0 into a two-dimensional sequence of numbers E = {ek,m}∞k,m=0
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by the formulas

e0,0 =
∑∞

m=0
m 6=l

η̂(T (ω0,m))

η̂(0)
h0,m, l = k = 0,

ek,l =
η̂(2Tωk,l)

η̂(0)
hk,l +

∑∞
m=0
m 6=l

η̂(T (ωk,l−ωk,m))+η̂(T (ωk,l+ωk,m))

η̂(0)
hk,m, l ≥ k,

el,k =
η̂(2Tωk,l)

η̂(0)
hk,l +

∑∞
m=0
m 6=k

η̂(T (ωk,l−ωm,l))+η̂(T (ωk,l+ωm,l))

η̂(0)
hk,m, k > l.

(2.26)

or, in the operator notation,

E = AH.

Then equations (2.22) can be re-written as

(I +A)F = F (0), (2.27)

where F is the set of the Fourier coefficients of the sought f(x), and F (0) are the

Fourier coefficients of the initial, crude approximation f (0)(x). If the spectral radius

of operator A is less than 1, the unique solution of equation (2.27) can be found

in the form of a converging Neumann series

F =
∞∑
K=0

(−A)KF (0). (2.28)

Function f(x) is then found from F by summing the Fourier series (see (2.25)).

Alternatively, this solution (F ) can be represented as the limit of iterations defined

by the recurrence relation

F (K) = F (0) −AF (K−1), K = 1, 2, 3, ... (2.29)

In section 2.2.4 we analyze operator A and find a sufficient condition for the con-

vergence of the Neumann series (2.28).

In practical computations we are not evaluating series (2.28) directly, since

this is still expensive. By summing the Fourier series (i.e. by applying the F−1
series

operator) iterations (2.29) can be replaced by the equivalent relation

f (K)(x) = f (0)(x)−F−1
seriesAF seriesf

(K−1), K = 1, 2, 3, ...

or

f (K)(x) = F−1
seriesRg −F−1

seriesAF seriesf
(K−1), K = 1, 2, 3, ... (2.30)
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On the other hand, it follows from (2.27) that

(I +A)F seriesf = RWf,

and, since (2.27) holds for any initial condition f(x), the following operator identity

holds

F−1
series(I +A)F series = F−1

seriesRW .

Thus,

−F−1
seriesAF series = I − F−1

seriesRW ,

and, therefore, recurrence relation (2.30) is equivalent to

f (K) = F−1
seriesRg+f (K−1) −F−1

seriesRWf (K−1), K = 1, 2, 3, ...

or to

f (K) = f (K−1) + F−1
seriesR(g −Wf (K−1)), K = 1, 2, 3, ..., (2.31)

f (0) = F−1
seriesRg. (2.32)

Our computational algorithm is based on equations (2.31), (2.32); these iterations

are theoretically equivalent to those defined by equation (2.29) and have the same

convergence properties. The computational advantage in using (2.31), (2.32) lies

in the possibility of easily implementing all the necessary operations using fast

transforms (FFTs). The implementation details are discussed in Section 2.3. In

the next section we analyze the convergence of such iterations, and the form (2.29)

is more convenient for this purpose.

2.2.4 Convergence analysis

Let us consider the || · ||∞ norm defined on the space of double-indexed infinite

sequences H = {hk,l}∞k,l=0:

||H||∞ = sup
k,l=0.1,2,3...

|hk,l|,

and a space L of such sequences with bounded || · ||∞ norm. Further, for a linear

operator B : L→ L define the induced ∞- norm:

||B||∞ = sup
||H||∞ 6=0

||B(H)||∞
||H||∞

.
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Our goal is to estimate the induced ∞- norm of the operator A defined by equa-

tions (2.26) in the previous sections. These equations contain factors in the form

η̂(T (ωk,l−ωk,m)). Note that for a sufficiently smooth cut-off function η(t) its Fourier

transform declines fast at infinity:

|η̂(ξ)| ≤ B

1 + |ξ|2
. (2.33)

Let us find a lower bound on |ωk,l − ωk,m|. Consider first the case l ≥ k:

|ωk,l − ωk,m| = π
∣∣∣√k2 + l2 −

√
k2 +m2

∣∣∣ =
π|l −m|(l +m)√
k2 + l2 +

√
k2 +m2

.

If, in addition m ≥ k, the above equation yields

|ωk,l − ωk,m| ≥ π
|l −m|(l +m)√

2(l +m)
=
π|l −m|√

2
.

If m < k (and l ≥ k):

|ωk,l − ωk,m| ≥
π|l −m|(l +m)√

2(l + k)
≥ π|l −m|(l +m)

2
√

2l
≥ π|l −m|

2
√

2
,

so that the uniform bound holds if l ≥ k for all values of m:

|ωk,l − ωk,m| ≥
π|l −m|

2
√

2
.

Now one can bound |η̂(T (ωk,l − ωk,m))|, still under assumption l ≥ k:

|η̂(T (ωk,l − ωk,m))| ≤ B

1 + T 2(ωk,l − ωk,m)2
≤ B

1 + π2T 2(l −m)2/8

≤ B

π2T 2(l −m)2/8
, if m 6= l. (2.34)

Similarly, if l > 0 or k > 0,

|η̂(T (ωk,l + ωk,m))| ≤ B

1 + T 2(ωk,l + ωk,m)2
≤ B

1 + T 2π2(1 +m2)
≤ B

T 2π2(1 +m2)
(2.35)

and

|η̂(2Tωk,l)| ≤
B

T 2π2
. (2.36)

Let us now estimate the∞-norm of the vector G = AH resulting from applying
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operator A to a sequence H whose ∞-norm equals 1, so that

|hk,l| ≤ 1, l, k = 0, 1, 2, ... . (2.37)

First, we use the second equation in (2.26) and bound ek,l with l ≥ k (excluding

the case k = l = 0). Taking into account inequalities (2.34)- (2.37) one obtains

|ek,l| ≤
B

T 2π2

1 +
∞∑
m=0
m 6=l

1

(1 +m2)
+

8

(l −m)2


≤ B

T 2π2

(
1 +

∞∑
m=0

1

(1 +m2)
+ 16

∞∑
m=1

1

m2

)

≤ B

T 2π2

(
2 + 17

∞∑
m=1

1

m2

)
.

The value of the latter series is well known (see [52], equation 0.233)

∞∑
m=1

1

m2
=
π

6
,

resulting in the estimate

|ek,l| ≤
B

T 2π2

12 + 17π2

6
. (2.38)

The above computations can be replicated with very minor changes to show that

(2.38) holds also in the cases k = l = 0 and k > l (corresponding to the first and

third lines of (2.26)) which proves the following

Lemma 1 Operator A is bounded in the induced ∞-norm by

||A||∞ ≤
B

T 2π2

12 + 17π2

6
.

The Lemma implies that if the acquisition time T is large enough, e.g. if

T >
1

π

√
B(12 + 17π2)

6
, (2.39)

then operator A is a contraction mapping in the induced ∞-norm, i.e. ||A||∞ < 1.

In this case the standard theory of contraction mappings applies and one arrives

at the following

Theorem 2 For a sufficiently large acquisition time T (satisfying (2.39)) the
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Neumann series (2.28) converges in the ∞-norm, implying convergence of iter-

ations (2.31), (2.32)in the following sense

sup
k,l=0.1,2,3...

|f (K)
k,l − fk,l| →

K→∞
0.

Remark. One may want to have an explicit estimate on the constant B in equa-

tions (2.33) and (2.39). Such an estimate would depend on function η(t). Although

we assumed, for simplicity, that η(t) is infinitely smooth, the proof of the above

theorem requires only relatively slow decay of |η̂(ξ)|. Therefore, a less smooth func-

tion can be used, whose Fourier transform is easily computed and analysed. For

example, if one chooses η(t) to be equal to cos2(πt/2) for |t| < 1 and 0 otherwise,

then

η̂(ξ) =
π2

√
2π

sin(ξ)

ξ(π + ξ)(π − ξ)
.

Clearly, for ξ ≥ π + 1∣∣∣∣ sin(ξ)

ξ(π + ξ)(π − ξ)

∣∣∣∣ ≤ 1

ξ(π + ξ)
≤ 1

ξ2 + 1
,

so that

|η̂(ξ)| ≤ π2

√
2π

1

ξ2 + 1
.

Due to the evenness of |η̂(ξ)| the same inequality holds for ξ ≤ −(π + 1). In the

interval |ξ| ≤ π+ 1 this inequality also holds, as can be easily verified numerically.

Therefore, for the present choice of η(t) equations (2.33) and (2.39) hold with

B = π2
√

2π
.

2.2.5 3D version of the method

In the 3D case the problem and the proposed algorithm are very similar to their

2D counterparts. Since the 3D case is both more important for the practical use

and more challenging computationally, we provide in this section a brief outline of

the derivation and convergence analysis of our technique.

The acoustic pressure p(t, x), x = (x1, x2, x3) solves IBVP (2.5)- (2.7) in 3D,

in a cube Ω = [0, 1] × [0, 1] × [0, 1]. As before, the speed of sound c0 will be

assumed to equal 1. The measurements are represented by the triple of time series

g = (g1(t, x2), g2(t, x), g3(t, x)) corresponding to the pressure values on the three
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adjacent sides of the cube Ω:

g1(t, x2, x3) = p(t, x)|x1=0 ,

g2(t, x1, x3) = p(t, x)|x2=0 ,

g3(t, x1, x2) = p(t, x)|x3=0 , t ∈ [0, T ].

The solution of IBVP in the cube can be represented using the Neumann Laplacian

eigenfunctions

ϕk,l,n(x) = cos(πkx1) cos(πlx2) cos(πnx3)

with eigenfrequencies

ωk,l,n = π
√
k2 + l2 + n2, k, l, n = 0, 1, 2, ... .

It has the following form:

p(t, x) =
∞∑
k=0

∞∑
l=0

∞∑
n=0

fk,l,n cos(πkx1) cos(πlx2) cos(πnx3) cos(ωk,l,nt), x ∈ Ω, t ∈ [0, T ].

Coefficients F = {fk,l,n}∞k,l,n=0 are related to f(x) through the Fourier cosine series,

F = Fseriesf . They are computed as follows:

fk,l,n =
1

||ϕk,l,n||22

∫
Ω

f(x)ϕk,l,n(x) dx, k, l, n = 0, 1, 2, ... . (2.40)

Conversely, f is obtained from F by summing the standard 3D cosine Fourier

series, f = F−1
seriesF .

Consider side of the cube corresponding to x2 = 0. Then

g2(t, x1, x3) ≡ p(t, x)|x2=0 =
∞∑
k=0

∞∑
n=0

cos(πkx1) cos(πnx3)

[
∞∑
l=0

fk,l,n cos(ωk,l,nt)

]
, t ∈ [0, T ].

(2.41)

Due to the orthogonality of the products of cosines, the functions in brackets

(denote them g2,k,n) can be easily found from g2 by the 2D cosine Fourier series.

g2,k,n(t) ≡
∞∑
l=0

fk,l,n cos(ωk,l,nt), t ∈ [0, T ], k, n = 0, 1, 2, ... . (2.42)

By finding the values of the Fourier transform ĝ2,k,nηT of the product g2,k,n(t)ηT (t)
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at the frequencies ωk,l,n one obtains the following infinite system of equations

fk,l,n +
η̂(2Tωk,l,n)

η̂(0)
fk,l,n +

∞∑
m=0
m 6=l

η̂(T (ωk,l,n − ωk,m,n)) + η̂(T (ωk,l,n + ωk,m,n))

η̂(0)
fk,m,n =

2

T

η̂Tg2,k,n(ωk,l,n)

η̂(0)
,

for k, l, n = 0, 1, 2, ..., except the case when k = l = n = 0 which yields a simpler

equation

f0,0,0 +
∞∑
m=0
m 6=l

η̂(Tω0,m,0)

η̂(0)
f0,m,0 =

1

T

η̂Tg2,0,0(ω0,0)

η̂(0)
.

As in the 2D case, for a stable reconstruction we need to use equations from three

sides (equations for the remaining two sides are obtain in a similar fashion). We

thus arrive at the system

f0,0,0 +

[∑∞
m=0
m 6=l

η̂(Tω0,m,0)

η̂(0)
f0,m,0

]
= f

(0)
0,0,0, l = k = n = 0,

fk,l,n +

[
η̂(2Tωk,l,n)

η̂(0)
fk,l,n +

∑∞
m=0
m 6=l

η̂(T (ωk,l,n−ωm,l,n))+η̂(T (ωk,l,n+ωm,l,n))

η̂(0)
fm,l,n

]
= f

(0)
k,l,n, k ≥ l, k ≥ n,

fk,l,n +

[
η̂(2Tωk,l,n)

η̂(0)
fk,l,n +

∑∞
m=0
m 6=l

η̂(T (ωk,l,n−ωk,m,n))+η̂(T (ωk,l,n+ωk,m,n))

η̂(0)
fk,m,n

]
= f

(0)
k,l,n, l > k, l ≥ n,

fk,l,n +

[
η̂(2Tωk,l,n)

η̂(0)
fk,l,n +

∑∞
m=0
m 6=l

η̂(T (ωk,l,n−ωk,l,m))+η̂(T (ωk,l,n+ωk,l,m))

η̂(0)
fk,l,m

]
= f

(0)
k,l,n, n > l, n > k,

where the right hand side corresponds to the Fourier coefficients of the crude first

approximation f (0)(x):

f
(0)
k,l,n =


1
T

̂ηT g2,0,0(ω0,0)

η̂(0)
, l = k = n = 0,

2 ̂ηT g1,l,n(ωk,l,n)

T η̂(0)
, k ≥ l, k ≥ n,

2 ̂ηT g2,k,n(ωk,l,n)

T η̂(0)
, l > k, l ≥ n,

2 ̂ηT g3,k,l(ωk,l,n)

T η̂(0)
, n > l, n > k,

(2.43)

and where the terms in the brackets define the operatorA. Now the system is in the

form (2.27) and its solution can be found in the form of the Neumann series (2.29) if

the series converges. Under the latter condition the solution to the original inverse

problem f(x) can be obtained by the iterative process (2.31), (2.32), where the

operator R is now defined by (2.43) and the operator W maps solutions of the

IBVP (2.5)- (2.7) in 3D corresponding to the initial condition f(x) into the values

of p(t, x) at the three sides of the cube Ω.

The convergence analysis is also very similar to that in the 2D case. For exam-
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ple, the difference |ωk,l,n − ωk,m,n| can be estimated as follows:

|ωk,l,n − ωk,m,n| = π
∣∣∣√k2 + l2 + n2 −

√
k2 +m2 + n2

∣∣∣
= π

|l −m|(l +m)√
k2 + l2 + n2 +

√
k2 +m2 + n2

.

If l ≥ k and l ≥ n and m ≥ l, then

|ωk,l,n − ωk,m,n| ≥ π
|l −m|(l +m)√

3l2 +
√

3m2
≥ π|l −m|√

3
.

If l ≥ k and l ≥ n and m < l, then

|ωk,l,n − ωk,m,n| ≥ π
|l −m|(l +m)√

3l2 +
√

3l2
≥ π
|l −m|

2
√

3
.

The latter estimate therefore holds for all values of m, if l ≥ k and l ≥ n.

Proceeding the same way as in the 2D case one obtains the following estimate on

the ∞-norm of the operator A.

Lemma 3 (3D case.) Operator A is bounded in the induced ∞-norm by

||A||∞ ≤
B

T 2π2

12 + 25π2

6
.

This immediately leads to a sufficient condition for the convergence of the 3D

algorithm if the acquisition time T satisfies the condition

T >
1

π

√
B(12 + 25π2)

6
. (2.44)

Theorem 4 (3D case) For a sufficiently large acquisition time T (satisfying (2.44))

the Neumann series (2.28) converges in the ∞-norm, implying convergence of it-

erations (2.31), (2.32) in the following sense

sup
k,l,n=0.1,2,3...

|f (K)
k,l,n − fk,l,n| →

K→∞
0.

2.3 Numerical implementation and simulations

In this section the proposed reconstruction algorithm is implemented numerically

and tested in numerical simulations. Since real measurements are made in 3D, we
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will concentrate on the 3D version of the method. The 2D algorithm is very similar.

In 3D tomography reconstructions, numerical complexity becomes a major is-

sue, since in a fine 3D mesh the number of unknowns can easily exceed hundreds of

millions. Thus, it is highly desirable to have an asymptotically fast reconstruction

algorithm reconstructing images on a N×N×N computational grid in (preferably)

O(N3) or (at most) O(N3 logN) floating point operations (flops). Our technique

achieves the latter operation count by utilizing the various Fast Fourier Transforms

(FFTs) on all computationally intensive steps of the algorithm, as described below.

(a) (b) (c)

Figure 2.2: (a) Phantom, section through the plane x3 = 0.25 (b) Initial approxi-
mation f (0)(x) (c) 2nd iteration (i.e. f (2)(x))

Figure 2.3: A cross-section through the images in Figure 2.2 along the line x2 =
0.25, x3 = 0.25. The solid line represents the phantom, the dashed line shows
f (0)(x) and the gray line represents f (2)(x).

2.3.1 Forward problem

We remind the reader that the reconstruction algorithm is defined by equations

(2.31), (2.32). W is one of the operators in (2.31); it maps the initial condition

52



Numerical implementation and simulations

p(0, x) = f(x) (here f(x) is an arbitrary function) into values of p(t, x) at the cube

faces. In our implementation, computation for each face is done separately. For

example, in order to find g2(t, x1, x3) ≡ p(t, x)|x2=0 the following steps are done:

1. Expand f(x) into the 3D Fourier cosine series, obtain coefficients fk,l,n (equa-

tion (2.40)), k, l, n = 0, 1, 2, ...N .

2. On a uniform grid in t, compute functions g2,k,n(t), k, n = 0, 1, 2, ...N, (equa-

tion (2.42)).

3. For each value of t, find g2(t, x1, x3) by summing 2D cosine Fourier se-

ries (2.41).

Let us obtain a crude estimate of the number of operations involved in such a

computation. For simplicity, in all simulations we kept the grid step in time and

in space the same. Therefore, for moderate measurement times T the number of

time nodes is O(N). Step 1 is done by the 3D cosine FFT, it requires O(N3 logN)

flops.

Step 2 is slightly more complicated. Evaluation of (2.42) can be viewed as

computing on the uniform grid the 1D Fourier transform of a function given on a

non-uniform grid (frequencies ωk,l,n are not equispaced!). This can be done fast by

applying the 1D Nonequispaced Fast Fourier Transform (NSFFT, see, for exam-

ple [38]). This algorithm is not exact (unlike the regular FFT). However, any needed

accuracy can be obtained, at the expense of increased constant factor implicit in

the O(N logN) estimate of the complexity of this technique. In our simulations the

accuracy of NSFFT was of order of 10−5. Since there is N ×N of such transforms,

the complexity of Step 2 is O(N3 logN) flops.

Step 3 is implemented by summing the 2D cosine series (using the corresponding

type of FFT of size N ×N , O(N2 logN) flops each) for each of O(N) time nodes.

This step is clearly done in O(N3 logN) flops.

To summarize the expense of finding g2(t, x1, x3) by our method is O(N3 logN)

flops. The data for the other faces of the cube are computed in a similar fashion

(Step 1 is exactly the same and is performed only once).

We also used this algorithm to compute the simulated measurements g for our

experiments. In some of the simulations a significant level of noise was added to

g to model the measurement errors and to check the stability of the algorithm to

such errors.
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Figure 2.4: Illustration of 100% noise: black line shows exact signal g1(t, 0.5, 0.5).
Gray line represents the same signal with added noise

2.3.2 Approximate inversion

The iterations given by equation (2.31) can be viewed as repeated applications of

the forward operator W and approximate inverse, F−1
seriesR, in alternating order.

The summation of the Fourier series F−1
series is done by the 3D cosine FFT algorithm;

it takes O(N3 logN) flops. Operator R is defined by equations (2.43); it consists

in expanding the data for each face and for each time sample in the 2D cosine

Fourier series (i.e. finding g1,l,n(t), g2,k,n(t), and g3,k,l(t)), in multiplying these func-

tions by the scaled cut-off function ηT , computing the 1D Fourier transform of the

products at frequencies ωk,l,n, and multiplying the results by some constant factors.

Expanding the data in the Fourier series takes O(N)×O(N2 logN) = O(N3 logN)

flops. The only remaining non-trivial operation here is computing the 1D Fourier

transforms η̂Tg... of products ηTg... at non-equally spaced frequencies. In our sim-

ulation we simply applied the regular FFT to compute η̂Tg... on a uniform grid,

and interpolated using third degree Lagrange polynomials, to obtain the values

at the frequencies ωk,l,n. The computational expense of this step is O(N3 logN)

flops. A more sophisticated approach to finding these values is to use the proper

version of the NSFFT [38]. This would yield more accurate results at the price of

longer computing time, although the complexity would still remain O(N3 logN)

flops for this step. We found, however, that the simple polynomial interpolation

described above is sufficiently accurate for the purposes of the present work. More

specifically, we found that zero padding the temporal data by only a factor of two
1 resulted in an interpolation error that was negligible.

To summarize, one iteration of the proposed method requiresO(N3 logN) flops,

i.e. the algorithm is indeed asymptotically fast. The total number of iterations

needed to attain the convergence was from 1 to 4 in our simulations, so, it is fair

to say that the whole technique is implemented in O(N3 logN) flops.

1 Increasing the amount of zero padding decreases the distance between interpolation nodes.
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(a) (b) (c)

Figure 2.5: Simulation with 100% noise in the data (a) Phantom (b) Initial ap-
proximation f (0)(x) (c) 1-st iteration f (1)(x)

2.3.3 Simulations

Performance of the proposed reconstruction algorithm was tested in numerical

simulations. The preliminary results in 2D were reported in [31]. Below we present

3D simulations.

Measurements done on three faces

As a numerical phantom representing the initial pressure f(x) we used a linear

combination of several slightly smoothed characteristic functions of balls of various

radii, similar to the phantom utilized in [87]. The centers of the balls were chosen to

lie on pair-wise intersections of the planes xj = 0.25, j = 1, 2, 3. The cross section

of the phantom by the plane x3 = 0.25 is shown in Figures 2.2(a) and 2.5(a). (If

needed, additional cross-sections can be found in [87].). The measurement time T

in the two simulations described below was equal to 2, which corresponds to the

sound wave covering the shortest distance between the parallel faces twice. For

comparison, the measurement time in the standard problem of TAT/PAT in 3D

free space for a cube of this size would equal
√

3.

The size of the discretization grid was 401 × 401 × 401, i.e. the reconstructed

images contained about 64 million of unknowns. For simplicity the time step was

chosen to equal the spatial step (which was reasonable since the model speed

of sound was equal to 1). Therefore, 800 time steps of the forward problem were

simulated. In both simulations the data were ‘measured’ on three mutually adjacent

faces of the cubical domain.

Slices by the plane x3 = 0.25 of the 3D images reconstructed from accurate
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data are shown in Figure 2.2, parts (b) and (c). Part (b) corresponds to the initial

approximation f (0); parts (c) represents the second iteration f (2). The gray scale

image in part (b) looks quite close to the slice of the phantom shown in part (a).

However, let us look at the Figure ( 2.3) which shows the profiles of the functions

along line x2 = x3 = 0.25. On can see that the first approximation f (0) (shown by

the dashed line) is not quite accurate. On the other hand, the profile corresponding

to the second iteration f (2) (represented by the gray solid line) practically coincides

with that of f (black line).

In order to test the sensitivity of our reconstruction technique to the noise

always contained in real data, we added a strong noise component to the simulated

data. The noise was modelled by a normally distributed random variable; it was

scaled so that the noise intensity (as measured by the standard L2 norm) coincided

with the intensity of the unperturbed signal. Figure ( 2.4) demonstrates visually

the high level of noise in the data; the black line shows exact signal g1(t, 0.5, 0.5),

while the gray line represents the same signal with added noise.

It should be noted that most tomography modalities tend to amplify noise,

and in the presence of 100% noise either the reconstructed image would be over-

whelmed by noise-related artefacts, or significant blurring would occur due to the

low-frequency filtration needed to regularize the reconstruction. This does not hap-

pen here, since the singularities of the solution p(t, x) do not get smoothed on their

way to the detectors due to the properties of the wave equation. (Such low sensi-

tivity to noise was observed previously [81, 87] in other inverse problems related

to PAT/TAT.)

Figure 2.5, parts (b) and (c), contains images reconstructed from the noisy

data (the initial approximation, f (0), and the first iteration, f (1), respectively). The

noise is almost unnoticeable in the grayscale images. In addition to the low noise

sensitivity of the method this phenomenon is partially explained by the nature of

the phantom (the volume of the support of f is actually quite small compared to

the volume of the cube).

Figure 2.6 presents the profiles of the cross sections by the line x2 = x3 = 0.25.

One can see that a noticeable noise is present in the reconstructions, and that the

first iteration (gray line) does represent a considerable improvement comparing to

the initial approximation f (0). In our simulation, in the presence of the strong noise

the consecutive approximations f (j), j = 2, 3, 4, ... did not show any improvement

over f (1); moreover, a very slow growth in the level of noise was observed. 2

The computation time in the above simulations was about 9 minutes per it-

2 Our convergence analysis only considers the continuous operator. We believe that the semi-
convergence is the result of the discretization error.
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Figure 2.6: Cross section of images in Figure 2.5 along the line x2 = 0.25, x3 = 0.25.
The solid line represents the phantom, the dashed line shows f (0)(x) and the gray
line represents f (1)(x).

eration (excluding the input/output time) on a 2.6 GHz processor of a desktop

computer. The code was not highly optimized, and it ran as a single-thread (no

parallelization). Most of the elapsed time (7 min.) was spent computing the for-

ward problem (i.e. Wf (K−1)). This is due to a large constant factor implicit in the

operation count of the NUFFT used on this step.

The computing time required by our algorithm is of the same order of mag-

nitude as that of the fast algorithm for the free-space space problem with a cube

surface acquisition [84] (estimated 4 to 5 min. on the 401× 401× 401 grid). Some-

what faster reconstruction time (about 1 min. for a slightly larger grid) was re-

ported in [86] for a fast algorithm for the free-space problem involving integrating

linear detectors. (The latter two problems are somewhat simpler computationally;

in particular, the algorithms are non-iterative). It should be noted that the time

reversal algorithm for the free space problem implemented using finite differences

(with complexity O(N4) flops) would take an estimated 3.5 hours on a grid of

our size, and methods based on a straightforward discretization of explicit inver-

sion formulas (whose complexity equals O(N5) flops) would take several days to

complete one reconstruction.

Measurements done from all six faces

We have also conducted simulations aimed at estimating the impact of additional

measurements (done on additional faces of the cube). Clearly, if the data were

measured on the other three faces of the cube (corresponding to planes xj = 1,

j = 1, 2, 3), an algorithm very similar to described above could be used for recon-

struction. When the data are measured on all six faces, the image is obtained simply

by averaging the results obtained from the two sets of three-face measurements.

Our simulations demonstrate that with the additional data the measurement time
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T can be decreased. With measurement time T = 1 and a six-face acquisition the

results of reconstruction were quite similar to those corresponding to the three-face

acquisition and T = 2, as described at the beginning of this section.
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Chapter 3

TAT in a reverberating cavity -

time reversal

Introduction

In the present chapter we investigate the possibility of solving the inverse problem

of TAT/PAT in a resonant cavity by a modified time reversal technique. Here we

understand time reversal in a general sense, without specifying the particular com-

putational technique used to solve the underlying initial/boundary value problem

numerically (although in our simulations we used an algorithm based of finite dif-

ferences). Since (in the idealized setting) the acoustic energy is preserved within

the domain, initializing classical time reversal by setting pt(T, x) = p(T, x) = 0 for

any value of T would introduce an error of the same order of magnitude as the

initial pressure we seek. Instead, we propose a version of time reversal where the

boundary data are multiplied by a smooth cutoff function equal to 1 at times t

close to 0 and vanishing at t = T together with all (or, at least, several) deriva-

tives. This technique, which we call gradual time reversal, can be initialized by

pt(T, x) = p(T, x) = 0. As we show in this chapter, such an approach yields a

good approximation to the sought initial pressure p(0, x) if T is sufficiently large.

Moreover, under rather generic conditions this approximation converges to p(0, x)

in the limit T →∞.

It should be noted that the use of a smooth cutoff function in combination with

time reversal is not a new technique. It was utilized, for example, in [65, 129, 130] for

solving problems of traditional free-space thermo- and photo- acoustic tomography

in situations where pressure does not vanish in finite time. In this case, initializing

time reversal by non-zero boundary data and zero initial conditions at t = T

introduces into the image singular artifacts. The use of a smooth cutoff eliminates
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these spurious singularities and, thus, improves the result (although the smooth

component of the error vanishes only if T goes to infinity). However, for large

values of T , the magnitude of these singularities is small, so that an acceptable

approximation can be obtained by time reversal even if a smooth cutoff is not

applied. The situation is drastically different in the case of a resonant cavity: in

the absence of a smooth cutoff the error is not small for any value of T . We use

the term gradual time reversal in order to distinguish the converging method that

uses a smooth cutoff from the non-convergent technique that does not.

The rest of the chapter is organized as follows. In the next section we give a

precise formulation of the problem. Section 3.2 presents the gradual time reversal

algorithm and the theorems establishing weak convergence of this technique under

some rather generic conditions. In Section 3.3 we consider circular and rectangular

domains where stronger convergence results can be obtained; in particular, we

prove strong convergence in H1(Ω) of gradual time reversal in a circular domain.

Several results of numerical simulations are also presented in the latter section to

demonstrate the practicality of the present method. The chapter is concluded with

supplemental material containing an auxiliary theorem on relative spacing of the

zeros of Bessel functions and their derivatives (needed in Section 3.3 to analyze

convergence of graduate time reversal in a circular domain).

3.1 Formulation of the problem

The pressure differential u(t, x) within a reverberant cavity is a solution to the

following initial/boundary value problem:
1

c2(x)
∂2

∂t2
u(t, x) = ∆u(t, x), x ∈ Ω, t ∈ [0,∞),

u(0, x) = f(x), ∂u
∂t

(0, x) = 0, x ∈ Ω,
∂u(t,z)
∂n

= 0, z ∈ Σ, t ∈ [0,∞).

(3.1)

where Σ is the boundary of the bounded domain Ω ⊂ Rd formed by the walls of the

cavity, c(x) is the known speed of sound within the cavity, n is the exterior normal

to Ω, and ∂u
∂n

is the normal derivative of u. The measured data U(t, z) coincides

with u(t, z) on a part of the boundary Σ1 ⊆ Σ (Σ1 may in some cases coincide

with the whole Σ):

U(t, z) = u(t, z), z ∈ Σ1, t ∈ [0,∞).

Our goal is to reconstruct the initial condition f(x) from U(t, z).

In the setting of traditional PAT/TAT, wave propagation occurs in the whole
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space (the reflection from the detectors is assumed to be negligible). In the simplest

case of 3D wave propagation with constant speed of sound the pressure vanishes

in Ω̄ after a finite time t = T . If, in addition, Σ1 = Σ, the initial pressure f(x) can

be found by time reversal, i.e. by solving the wave equation in QT ≡ Ω × [0, T ]

backward in time from t = T to t = 0. One imposes on such a solution ũ initial

conditions ũ(T, x) = 0 and ∂ũ
∂t

(T, x) = 0, and forces ũ(t, z) on Σ× [0, T ] to be equal

to the measured data U(t, z). Then, so-computed values of ũ(0, x) coincide with

f(x). This method also works in 2D and/or if the speed of sound is variable (but

non-trapping), in the limit of a large T.

However, in the case of perfectly reflecting boundaries we consider here, the

energy of the acoustic waves is preserved, and u(t, x) remains of the same order of

magnitude for all values of t ∈ [0,∞). Since values of the pressure (and its time

derivative) inside Ω cannot be measured, there is no accurate way of initializing

time reversal. Simply replacing the unknown values u(T, x) and ∂u
∂t

(T, x) by zero

would introduce an error proportional to the energy of the acoustic waves at the

time T, which will propagate toward t = 0 and create artifacts roughly of the same

order of magnitude as f(x).

Below, we show that a good approximation to f(x) can be obtained by solving

a modified time reversal problem; we will call this technique gradual time reversal.

3.2 Gradual time reversal: general considerations

Let us introduce an infinitely smooth cutoff function α(t) defined on [0, 1], identi-

cally equal to 1 within some neighborhood of 0, and vanishing with all its deriva-

tives at 1. Gradual time reversal consists in solving backward in time the ini-

tial/boundary value problem for the wave equation with zero initial conditions at

t = T, and boundary conditions equal to U(t, z)α(εt) where ε = 1/T on Σ1. On

the rest of the boundary Σ2 ≡ Σ \ Σ1, where Dirichlet data are not available, we

impose zero Neumann boundary conditions:
1

c2(x)
∂2vε
∂t2

(t, x) = ∆v(t, x), x ∈ Ω, t ∈ [0, T ], T = 1/ε,

vε(T, x) = 0, ∂vε
∂t

(T, x) = 0, x ∈ Ω,

vε(t, z) = U(t, z)α(εt), z ∈ Σ1, t ∈ [0, T ],
∂v(t,z)
∂n

= 0 z ∈ Σ2, t ∈ [0, T ].

(3.2)

As we show below, for sufficiently small values of ε (or, equivalently, large values of

T ), vε(0, z) is a good approximation to f(x), and in fact, under certain conditions

vε(0, z) converges to f(x), as ε→ 0.
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3.2.1 Some facts about the forward problem

In the rest of the chapter we will assume that the speed of sound c(x) is a known,

twice differentiable function bounded from above and below in Ω:

0 < cmin ≤ c(x) ≤ cmax, ∀x ∈ Ω̄,

and the boundary Σ is piece-wise smooth. The initial condition f is assumed to be

compactly supported within Ω and be an element of the Hilbert space H1(Ω) with

the inner product [., .]H1 and the norm ||h||H1 defined, for any ∀g, h ∈ H1(Ω), as

follows

[g, h]H1 ≡
∫
Ω

{
1

c2(x)
g(x)h(x) +∇g(x) · ∇h(x)

}
dx, ||h||H1 ≡

√
[h, h]H1 .

Since a classical solution of the wave equation may not exist under these as-

sumptions, we will understand the wave equation (3.1, first line) in the weak sense:(
1

c2

∂2u

∂t2
(t, ·), η(·)

)
L2

+ (∇u(t, ·),∇η(·))L2
= 0, ∀η(x) ∈ C∞0 (Ω), t ∈ (0, T ).

(3.3)

where (., .)L2 stands for the inner product in L2(Ω) when applied to scalar functions:

(g, h)L2 ≡
∫
Ω

g(x)h(x)dx, ∀g, h ∈ L2(Ω);

expression (∇g,∇h)L2
is understood as follows

(∇g,∇h)L2 ≡
∫
Ω

∇g(x) · ∇h(x)dx, ∀g, h ∈ H1(Ω). (3.4)

It is known [90] that under these conditions there exists a unique solution u(t, x)

of (3.3) in the class C(0, T ;H1(Ω)) on QT ≡ (0, T ) × Ω, whose time derivative
∂u
∂t

(t, x) and the first order space derivatives ∂u
∂xj

(t, x) are L2 functions on QT .

Using separation of variables, this solution can be found in the form of a gen-

eralized Fourier series. In order to accomplish this, one finds the eigenfunctions

ϕn(x) of the weighted Neumann Laplacian on Ω:

−∆ϕn(x) =
1

c2(x)
λ2
nϕn(x),

∂ϕn(z)

∂n

∣∣∣∣
Σ

= 0, n = 1, 2, 3, ...,
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where λ2
n are the corresponding eigenvalues, in non-decreasing order with λ1 = 0

and λ2 > 0. In general, eigenfunctions ϕn(x) can be found in the class H1(Ω); they

are pair-wise orthogonal with respect to the weighted L2 inner product

< g, h >c−2≡
∫
Ω

1

c2(x)
g(x)h(x)dx, ∀g, h ∈ L2(Ω, c−2(x)). (3.5)

so that

< ϕl, ϕn >c−2= 0, if l 6= n. (3.6)

Assume that these eigenfunctions are normalized with respect to the weighted L2

norm:

||ϕl||c−2 ≡
√
< ϕl, ϕl >c−2 = 1, l = 1, 2, 3, .... (3.7)

It is known that, with such normalization, these eigenfunctions are also orthogonal

with respect to the inner product given by equation (3.4):

(∇ϕl,∇ϕn)L2 = 0, if l 6= n, (∇ϕl,∇ϕl)L2 = λ2
l , l = 1, 2, 3, ...., (3.8)

By utilizing ϕn’s, the weak solution of (3.3) can be found in the form of the

series

u(t, x) =
∞∑
n=1

unϕn(x) cos(λnt), (3.9)

with Fourier coefficients un found from the initial condition

un =< f, ϕn >c−2 , n = 1, 2, 3, ...

We note the Parseval’s identity and a related inequality

||u(0, ·)||2c−2 =
∞∑
n=1

|un|2, (3.10)

||u(t, ·)||2c−2 =
∞∑
n=1

|un cos(λnt)|2 ≤
∞∑
n=1

|un|2. (3.11)

Also, since f ∈ H1(Ω), the following bound on un holds with some constant E0.∫
Ω

|∇f |2dx =
∞∑
n=1

λ2
n|un|2 ≡ E0 < ||f ||2H1 . (3.12)
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Now, if one defines energy E(t) by the formula

E(t) =

∫
Ω

[
1

c2(x)

∣∣∣∣∂u∂t (t, x)

∣∣∣∣2 + |∇u(t, x)|2
]
dx, (3.13)

this energy will be conserved, i.e.

E(t) = E(0) = E0.

This can be easily verified either by substituting η = ∂u
∂t

into (3.3) and integrating

from 0 to t in time, or by substituting the series representation (3.9) into (3.3) for

both u and η = u, and using the orthogonality relations (3.6)-(3.8).

Let us also find uniform (in t) bounds on the solution u and its time derivative.

A bound on ∂u
∂t

(t, x) for any t, in the weighted L2 norm follows from (3.13):∥∥∥∥∂u∂t
∥∥∥∥2

c−2

≡
∫
Ω

1

c2(x)
|ut(t, x)|2dx ≤ E0 =

∫
Ω

|∇f |2dx ≤ ||f ||2H1 , t ∈ [0,∞).

(3.14)

In turn, u(t) can be bound by combining (3.11) and (3.12):

||u||2c−2 ≤
∞∑
n=1

|un|2 ≤ |u1|2 +
∞∑
n=2

|un|2 ≤ ||f ||2c−2 +
1

λ2
2

∞∑
n=2

λ2
n|un|2

≤ ||f ||2c−2 +
1

λ2
2

∫
Ω

|∇f |2dx ≤
(

1 +
1

λ2
2

)
||f ||2H1 , t ∈ [0,∞). (3.15)

3.2.2 Convergence of gradual time reversal

We would like to show that, under certain conditions, the solution vε(0, x) of the

gradual time reversal problem (3.2) converges to f(x) as ε→ 0. We will represent

vε(t, x) as a sum of two functions

vε(t, x) = u(t, x)α(εt) + wε(t, x), (3.16)

where u(t, x) is the (unknown) solution of the forward problem. Since

vε(0, x) = u(0, x) + wε(0, x) = f(x) + wε(0, x),

function wε(0, x) represents the error introduced by gradual time reversal into the

reconstruction; we would like to show that it becomes small as ε→ 0.
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The first term in the right hand side of (3.16) accounts for the known Dirichlet

boundary values on Σ1, so that wε(t, x) satisfies zero Dirichlet conditions on Σ1

and the zero Neumann boundary values on Σ2, for all values of t:{
wε(t, z) = 0, z ∈ Σ1,
∂wε(t,z)
∂n

= 0, z ∈ Σ2.

, t ∈ [0, T ] (3.17)

Also, since the derivatives of α(εt) vanish at t = T,

wε(T, x) = 0,
∂wε(T, x)

∂t
= 0, x ∈ Ω. (3.18)

By substituting (3.16) into the wave equation (formula (3.2), first line) and

taking into account (3.1) we obtain

1

c2(x)

∂2wε
∂t2

(t, x)−∆w(t, x) =
1

c2(x)
Fε(t, x), (3.19)

Fε(t, x) ≡ −ε
(

2α′(εt)
∂u

∂t
(t, x) + εα′′(εt)u(t, x)

)
. (3.20)

It follows that wε(t, x) solves the initial/boundary value problem for the wave

equation (3.19), (3.17), (3.18) with the right hand side given by (3.20). Since

u, ∂u
∂t
∈ L2(QT ), the right hand side Fε(t, x) is also an L2 function on QT , and

the wave equation (3.19) should be understood in the weak sense:(
1

c2

∂2wε
∂t2

(t, ·), η(·)
)
L2

+ (∇wε(t, ·),∇η(·))L2
=

(
1

c2(x)
Fε(t, ·), η(·)

)
L2

= 〈Fε, η〉c−2

for all values of t ∈ (0, T ) and for all η(x) ∈ C∞(Ω̄) and vanishing on Σ1.

Boundedness of wε

Our first step is to show that the error wε(0, x) remains bounded as ε → 0 (or,

what’s the same, as T →∞). It is known [90] that the unique solution wε(t, x) of

the initial/boundary value problem of our type with an L2 right hand side can be

found in the class H1(0, T ;H1(Ω)), and that the first time- and space- derivatives

of wε are L2 functions on QT . Moreover, using separation of variables this solution

can be found in the the form of a generalized Fourier series. To this end one utilizes

the eigenfunctions ψk(x), k = 1, 2, 3, ... of the weighted Laplacian on Ω with mixed
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boundary conditions, with the corresponding eigenvalues ν2
k , k = 1, 2, 3, ... :

−∆ψk(x) =
1

c2(x)
ν2
kψk(x),

ψk(z)|Σ1
= 0,

∂ψk(z)

∂n

∣∣∣∣
Σ2

= 0. (3.21)

Properties of these eigenfunctions are similar to those of the Neumann eigenfunc-

tions: they exist in H1(Ω) and satisfy the orthogonality conditions:

< ψl, ψn >c−2= 0, if l 6= n. (3.22)

We again assume that ψn’s are normalized with respect to the weighted L2 norm,

i.e.

||ψk||c−2 = 1, k = 1, 2, 3, ...., (3.23)

and we will use the fact that the gradients of these eigenfunctions are orthogonal

with respect to the inner product (3.4):

(∇ψl,∇ψn)L2 = 0, if l 6= n, (∇ψl,∇ψl)L2 = ν2
l , l = 1, 2, 3, ....

Now, wε(t, x) can be represented in the form of the following series:

wε(t, x) =
∞∑
k=1

wk(t)ψk(x), (3.24)

wk(t) =< wε(t, x), ψk >c−2 , k = 1, 2, 3, ..., t ∈ [0,∞). (3.25)

(In the above formula Fourier coefficients wk(t) depend on ε; however, for brevity

this dependence is not reflected in our notation.) Due to orthogonality of ψk (in

the sense of (3.22)) each of the coefficients wk(t) satisfies the differential equation

w′′k(t) + ν2
kwk(t) = Fk(t), Fk(t) ≡ 〈Fε, ψk〉c−2 , (3.26)

wk(T ) = 0, w′k(T ) = 0.

These equations are also understood in the weak sense. Since equations (3.26) are

solved backwards in time, the corresponding causal Green’s functions Φk(t) have

the following form

Φk(t) =

{
sin(νkt)
νk

, t > 0,

0 t ≤ 0.
(3.27)

Thus, solutions of (3.26) at time t can be represented as convolutions of the right
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hand sides with the corresponding Green’s functions

νkwk(t) =

T∫
t

Fk(τ)Φk(τ − t)dτ =

T∫
t

Fk(τ) sin(νk(τ − t))dτ,

so that at time t = 0 one obtains

νkwk(0) =

T∫
0

Fk(τ) sin(νkτ)dτ, w′k(0) = −
T∫

0

Fk(τ) cos(νkτ)dτ. (3.28)

Then, by Cauchy-Schwarz inequality,

|νkwk(0)|2 ≤ T

T∫
0

|Fk(τ)|2dτ, |w′k(0)|2 ≤ T

T∫
0

|Fk(τ)|2dτ. (3.29)

Due to the boundedness of ∂wε
∂t

and ∇wε in L2(Ω), one can define the energy

of the solution wε by a formula similar to (3.13)

Ew(t) =

∫
Ω

[
1

c2(x)

∣∣∣∣∂wε∂t
(t, x)

∣∣∣∣2 + |∇wε(t, x)|2
]
dx.

Using series representation (3.24) and the orthogonality of ψk’s:

Ew(t) =
∞∑
k=1

(
|w′k(t)|2 + |νkwk(t)|2

)
.

Let us substitute into this equation bounds on νkwk(0) and on w′k(0) (equation

(3.29)) and apply Tonelli’s theorem and Parseval’s identity:

1

2T
Ew(0) ≤

∞∑
k=1

T∫
0

|Fk(τ)|2dτ =

T∫
0

∞∑
k=1

|Fk(τ)|2dτ =

T∫
0

||Fε(τ, ·)||2c−2dτ. (3.30)

Using (3.20) and recalling that ε = 1/T one obtains

||Fε(t, ·)||2c−2 ≤
1

T 2

(
4|α′(εt)|2

∥∥∥∥∂u∂t (t, x)

∥∥∥∥2

c−2

+
1

T 2
|α′′(εt)|2||u(t, x)||2c−2

)
. (3.31)
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Let us assume that T ≥ 1, and that

max
s∈[0,1]

α′(s) = A1, max
s∈[0,1]

α′′(s) = A2. (3.32)

Combining (3.31), (3.32) with bounds on u and ∂u
∂t

(equations (3.15) and (3.14))

we find a time-independent bound on ||Fε(t, ·)||2c−2 :

||Fε(t, ·)||2c−2 ≤
1

T 2

(
4A2

1

∥∥∥∥∂u∂t (t, x)

∥∥∥∥2

c−2

+ A2
2||u(t, x)||2c−2

)

≤ 1

T 2

(
4A2

1 +

(
1 +

1

λ2
2

)
A2

2

)
‖f‖2

H1 ≤
C1(Ω, α)

T 2
‖f‖2

H1 (3.33)

with

C1(Ω, α) =

(
4A2

1 +

(
1 +

1

λ2
2

)
A2

2

)
.

Finally, by substituting (3.33) into (3.30) we obtain

Ew(0) ≤ 2T ‖f‖2
H1

T∫
0

C1(Ω, α)

T 2
dτ = 2C1(Ω, α) ‖f‖2

H1 .

This allows us to obtain an estimate for ||wε(0, ·)||2H1 . Indeed

||wε||2H1 = ||wε||2c−2 + ||∇wε||22 =
∞∑
k=1

(
|wk|2 + |νkwk|2

)
≤
(

1

ν2
1

+ 1

)
||∇wε||22

≤
(

1

ν2
1

+ 1

)
Ew,

so that

||wε(0, ·)||2H1 ≤
(

1

ν2
1

+ 1

)
Ew(0) ≤ 2C1(Ω, α)

(
1

ν2
1

+ 1

)
‖f‖2

H1 ,

which implies the following

Proposition 1 Under the assumptions on Ω, Σ, and f made previously, the error

wε(0, ·) remains bounded in H1(Ω) independently of ε (or, equivalently, of T ) :

||wε(0, ·)||H1 ≤

√
2C1(Ω, α)

(
1

ν2
1

+ 1

)
‖f‖H1 . (3.34)
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Weak convergence

In this section we will show that wk(0) converge to 0 as ε→ 0. To this end, let us

again consider differential equations (3.26) on coefficients wk(t). The right hand

sides Fk(t) of these equations equal

Fk(t) = 〈Fε(t, ·), ψk(·)〉c−2 = −ε
〈[

2α′(εt)
∂u

∂t
+ εα′′(εt)u

]
, ψk

〉
c−2

= ε

〈[
2α′(εt)

∞∑
n=0

unϕn(x)λn sinλnt− εα′′(εt)
∞∑
n=0

unϕn(x) cosλnt

]
, ψk

〉
c−2

= ε

∞∑
n=1

un [2α′(εt)λn sin(λnt)− εα′′(εt) cos(λnt)] < ψk, ϕn >c−2 .

Solutions of these equation given by (3.28) can be re-written in the form

νkwk(0) =
∞∑
n=1

unIn,k(ε) < ψk, ϕn >c−2 (3.35)

with

In,k(ε) ≡ ε

1/ε∫
0

[2α′(εt)λn sin(λnt)− εα′′(εt) cos(λnt)] sin(νkt)dt

=

1∫
0

[2α′(τ)λn sin(λnτ/ε)− εα′′(τ) cos(λnτ/ε)] sin(νkτ/ε)dτ

= λn

1∫
0

α′(τ)

[
cos

(
λn − νk

ε
τ

)
− cos

(
λn + νk

ε
τ

)]
dτ

+
ε

2

1∫
0

α′′(τ)

[
sin

(
λn − νk

ε
τ

)
− sin

(
λn + νk

ε
τ

)]
dτ. (3.36)

Let us find bounds on In,k(ε) in the generic case when the eigenvalues of the

Neumann Laplacian, and the Laplacian with the mixed boundary conditions (3.21)

do not coincide, i.e.,

λn 6= νk, ∀n, k. (3.37)

In order to bound the integrals in (3.36), we extend function α′(τ) evenly to

the interval [−1, 1] and further to (−∞,∞) by zeros. Let us denote this extended
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function by α∗1(τ); it is infinitely smooth on R1. Similarly, we extend α′′(τ) in an

odd fashion to the interval [−1, 1] and further to (−∞,∞) by zeros, and denote

the resulting infinitely smooth function by α∗2(τ). Then the integrals on the last line

in (3.36) are equal (up to a constant factor) to the values of the Fourier transforms

of α∗1(τ) and α∗2(τ) at the frequencies (λn − νk)/ε and (λn + νk)/ε.

In,k(ε) =
√

2πλn

(
α̂∗1((λn − νk)/ε)− α̂∗1((λn + νk)/ε)

)
+
√

2πi
ε

2

(
α̂∗2((λn − νk)/ε)− α̂∗2((λn + νk)/ε)

)
where the Fourier transform ĥ(ξ) of function h(x) is defined as

ĥ(ξ) =
1√
2π

+∞∫
−∞

h(x)e−ixξdx.

Since both α∗1(τ) and α∗2(τ) are finitely supported and infinitely smooth on R1, for

any integer M one can find a constant B(M) such that

√
2π|α̂∗1(ξ)| < B(M)

1 + |ξ|M
, and

√
2π|α̂∗2(ξ)| < B(M)

1 + |ξ|M
.

Now In,k(ε) can be bounded by the following expression (assuming ε < 2):

|In,k(ε)| < λn

(
εMB(M)

εM + |λn − νk|M
+

εMB(M)

εM + (λn + νk)M

)
+
ε

2

(
εMB(M)

εM + |λn − νk|M
+

+
εMB(M)

εM + (λn + νk)M

)
< (λn + 1)

2εMB(M)

|λn − νk|M
. (3.38)

Inequality (3.38) combined with (3.35) can be used to find a bound on coefficients wk(0):

|νkwk(0)| ≤
∞∑
n=1

|un| |(ψk, ϕn)c−2| |In,k(ε)| ≤
∞∑
n=1

|un| (λn + 1)
2εMB(M)

|λn − νk|M
(3.39)

≤ 2εMB(M)

(
∞∑
n=1

|un|
1

|λn − νk|M
+
∞∑
n=1

|λnun|
1

|λn − νk|M

)

≤ 2εMB(M) (||f ||c−2 + ||∇f ||2)
∞∑
n=1

1

|λn − νk|M

= 2εMB(M)||f ||H1

∞∑
n=1

1

|λn − νk|M
, (3.40)
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where we took into account that | < ψk, ϕn >c−2 | cannot exceed 1, |un| cannot

exceed the weighted L2 norm of f(x), and |unλn| is less than or equal to the L2

norm of |∇f |.
It is well known (see for example, [48] and references therein) that the eigen-

values λn grow without a bound as n→∞; the asymptotic rate of growth is

λn ∼ C2(Ω, c(x))n
2
d ,

where C2(Ω, c(x)) is a domain-dependent positive constant, and d is the dimen-

sionality of the space. This implies that for sufficiently large values of M (e.g.,

M ≥ d) the series in (3.40) converges. This, in turn, yields a convergence result

for each |wk(0)| :
|wk(0)| ≤ C3(M,k)||f ||H1εM →

ε→0
0,

with

C3(M,k) = 2B(M)
1

νk

∞∑
n=1

1

|λn − νk|M
.

On the other hand,

[wε, ψk]H1 =< wε, ψk >c−2 +(∇wε,∇ψk)L2 = (1 + ν2
k)wk(t).

Therefore

|[wε, ψk]H1| ≤ C4(M,k)||f ||H1εM →
ε→0

0. (3.41)

with

C4(M,k) = 2B(M)
(1 + ν2

k)

νk

∞∑
n=1

1

|λn − νk|M
. (3.42)

We have thus proven the following

Theorem 5 Under the assumptions on Ω, Σ, and f made previously, and under

the condition (3.37), the result vε(0, ·) of gradual time reversal converges to f

weakly in H1(Ω) as ε→ 0 (or, equivalently, as T →∞).

Proof. The error wε(0, x) = vε(0, x)−f(x) remains bounded in H1(Ω) (see (3.34)),

and it satisfies (3.41) for all ψk.

Remark 1 In general, decay of the coefficients wk(0) as ε → 0 is not uniform

in k. The factor
(1+ν2k)

νk
in (3.42) is growing as k → ∞, and there is no reason to

expect the sum of the series in (3.42) to decrease in k in the general case.
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The case of coinciding eigenvalues.

Weak convergence was proven in the previous section by showing that all the

coefficients In,k(ε) in (3.35) converge to 0 as ε→ 0,in the case when the eigenvalues

λn and νk do not coincide (see equation (3.37)). Let us now analyze the behavior of

the error wε(0, x) if, for one pair of numbers n0 and k0, the eigenvalues do coincide

(i.e. λn0 = νk0) but all the other pairs are still distinct. Formulas (3.38) and (3.40)

remain valid for all k 6= k0. For k = k0 and n = n0 equation (3.36) simplifies to

In0,k0(ε) = νk0

1∫
0

α′(τ)

[
1− cos

(
2νk0
ε
τ

)]
dτ − ε

2

1∫
0

α′′(τ) sin

(
2νk0
ε
τ

)
dτ

= νk0

1∫
0

α′(τ)dτ = −νk0 .

Equation (3.35) for k = k0 now becomes

wk0(0) =

 1

νk0

∞∑
n=1,
n 6=n0

unIn,k0(ε) < ψk0 , ϕn >c−2

− un0 < ψk0 , ϕn0 >c−2 .

It follows that, in addition to the error term converging to 0 as ε → 0 (shown in

parentheses in the above formula), the total error wε(0, x) will contain an additional

term equal to

− un0 < ψk0 , ϕn0 >c−2 ψk0(x).

Unless < ψk0 , ϕn0 >c−2 happens to equal 0 (simple examples show that this may or

may not happen), the reconstruction will have an error term that does not depend

on ε (or T ), and thus the gradual time reversal algorithm will not converge to f.

Clearly, if there are several pairs of eigenvalues
(
λnj , νkj

)
, j = 1, .., J, , J ≤ ∞,

such that λnj = νkj and < ψkj , ϕnj >c−2 6= 0, the reconstruction will contain a

non-decaying (with ε) error given by the following expression

−
J∑
j=1

unj < ψkj , ϕnj >c−2 ψkj(x). (3.43)

The number J of error terms in the above sum can happen to be infinite. In this

case (3.43) is a converging series in H1(Ω), since in this space the error is bounded

per Proposition 1.
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3.3 Particular cases

In general, equation (3.41) provides a convergence estimate for each eigenmode

that is non uniform and does not guarantee global convergence of the gradual

time reversal method. However, stronger convergence results can be obtained for

certain simple domains where eigenvalues of the Laplacians with proper boundary

conditions are known. Below we show that in the case of a circular cavity (in

2D) gradual time reversal converges strongly in H1(Ω) if f(x) also belongs to the

latter space. We also analyze the case of a rectangular resonant cavity with full

and partial data (i.e. data measured on only one side of the rectangle) and obtain

somewhat unexpected results on weak convergence in such cavities.

3.3.1 Circular cavity

Let us consider a particular case where the domain Ω is the unit disk in R2 centered

at the origin, with the boundary Σ = S1. The data U(t, z) are measured on all of

Σ (i.e., Σ1 = Σ), and the speed of sound is constant. Without loss of generality we

will (as we may) assume that c(x) = 1. Now the weighted product < ·, · >c−2 and

the norm || · ||c−2 coincide with their standard counterparts (·, ·)L2 and || · ||2.Under

the assumptions we made the error wε(t, ·) satisfies the zero Dirichlet boundary

conditions on Σ. The eigenfunctions ψk and ϕn are those of the Dirichlet and

Neumann Laplacians on the unit disk, respectively. They are normalized in L2,

and in polar coordinates (r, θ) can be expressed using double index notation as

ψk,m(r, θ) = Dk,mJ|m|(νk,|m|r)e
imθ, k ∈ N, m ∈ Z,

ϕn,l(r, θ) = Nn,lJ|l|(νn,|l|r)e
ilθ, n ∈ N, l ∈ Z,

where the eigenvalues νk,|m| and νn,|l| coincide with the zeros jk,|m| and j′n,|l| of the

Bessel functions and their derivatives

νk,|m| = jk,|m|, J|m|(jk,|m|) = 0, k ∈ N, m ∈ Z,
λn,|l| = j′n,|l|, J ′|l|(jn,|l|) = 0, n ∈ N, l ∈ Z,
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and where the normalization constants Dk,m and Nn,l equal

Dk,m =

2π

1∫
0

J2
|m|(νk,|m|r)rdr

−
1
2

=
1√

π|J ′m(νk,|m|)|
, m ∈ Z, k ∈ N,

Nn,l =

2π

1∫
0

J2
|l|(λn,|l|r)rdr

−
1
2

=

(
π

[
1− l2

λ2
n,|l|

]
J2
|l|(λn,|l|)

)− 1
2

,

for all l ∈ Z, n ∈ N, except the case (n, l) = (1, 0), when N0,1 = 1/
√
π.

Now, the forward problem has a solution in the form

u(t, r, θ) =
∞∑

l=−∞

∞∑
n=1

un,lϕn,l(r, θ)e
ilθ cos(λn,|l|t), (3.44)

where Fourier coefficients un,l are related to the initial condition u(0, r, θ) = f(r, θ)

by

un,l = fn,l, fn,l ≡ (f, ϕn,l)L2 . (3.45)

Since u(0, r, θ) = f(r, θ) ∈ H1(Ω),

||u(0, r, θ)||2H1 = ||f ||2H1 =
∞∑

l=−∞

∞∑
n=1

|un,l|2
(
1 + λ2

n,|l|
)
<∞. (3.46)

As before, vε(t, r, θ) represents solution of the gradual time reversal problem,

and wε(0, r, θ) = vε(0, r, θ) − f(r, θ) represents the error of approximating f by

vε(0, r, θ). We expand wε(0, r, θ) in the series of ψk,m(r, θ)

wε(t, r, θ) =
∞∑

m=−∞

∞∑
k=1

wm,k(t)ψk,m(r, θ),

wm,k(t) = (wε(t, ·, ·), ψk,m)L2 ,

and apply the theoretical considerations of Section 3.2.2. Equation (3.26) in the

notation of the present section takes the form

w′′k,m(t) + ν2
k,|m|wk,m(t) = Fk,m(t), Fk,m(t) ≡ (Fε, ψk,m)L2 , (3.47)

wk,m(T ) = 0, w′k,m(T ) = 0,
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where

Fε(t, r, θ) ≡ −ε
(

2α′(εt)
∂u

∂t
(t, r, θ) + εα′′(εt)u(t, r, θ)

)
.

Differential equations (3.47) are solved the same way as before. Taking into account

the orthogonality of the eigenfunctions ψk,m and ϕn,l with m 6= l, we thus obtain

νk,mwk,m(0) =
∞∑
n=1

un,mIn,k,m(ε)(ψk,m, ϕn,m)L2 , (3.48)

In,k,m(ε) ≡ ε

1/ε∫
0

[
2α′(εt)λn,|m| sin(λn,|m|t)− εα′′(εt) cos(λn,|m|t)

]
sin(νk,|m|t)dt,

for k, n ∈ N, m ∈ Z. Since for each fixed m the eigenvalues λn,|m| and νk,|m| do not

coincide, conclusions of Section 3.2.2 apply. Namely, from (3.39) we obtain

|νk,mwk,m(0)| ≤ 2εMB(M)
∞∑
n=1

|un,m| (λn,|m| + 1)
1

|λn,|m| − νk,|m||M
, m ∈ Z,

(3.49)

where the series converges for any M ≥ 3.

It is well known that the zeros of the Bessel functions and their derivatives

becomes asymptotically equispaced for large n and k, and the difference between

the closest λn,m and νk,m becomes close to π/2. One can prove a stronger statement

(see the chapter supplement): there exists a constant C5 such that the distance

between λn,m and νk,m is bounded uniformly in m from below, namely

|λn,m − νk,m| ≥ C5|2n− 2k + 1|, ∀m ∈ Z. (3.50)

Now (3.49) can be re-written as

|νk,mwk,m(0)| ≤ 2εMB(M)

CM
5

∞∑
n=1

|un,m| (λn,|m| + 1)

|2n− 2k + 1|M
, m ∈ Z. (3.51)

Let us estimate the factor |un,m| (λn,|m| + 1) in the above formula as follows

|un,m| (λn,|m| + 1) ≤

√√√√ ∞∑
n=1

|un,m|2 (λn,|m| + 1)2 ≤

√√√√2
∞∑
n=1

|un,m|2 (λ2
n,|m| + 1),

substitute it in (3.51) and take the root outside of the summation sign thus ob-
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taining

∞∑
k=1

|νk,mwk,m(0)|2 ≤

(
4εMB(M)

CM
5

∞∑
n=1

|un,m|2 (λ2
n,|m| + 1)

)
∞∑
n=1

1

|2n− 2k + 1|M
.

(3.52)

The last series in the above equation is convergent and can be uniformly bounded:

∞∑
n=1

1

|2n− 2k + 1|M
≤

∞∑
n=−∞

1

|2n− 2k + 1|M
=

∞∑
l=−∞

1

|2l + 1|M
≡ C6.

This allows us to simplify (3.52) further:

∞∑
k=1

|νk,mwk,m(0)|2 ≤ C7(M)εM
∞∑
n=1

|un,m|2 (λ2
n,|m| + 1), (3.53)

where C7(M) ≡ 4B(M)

CM
5

∞∑
l=−∞

1

|2l + 1|M
.

Finally, we can find a bound on ||wε(0, r, θ)||H1.. First, we notice that

||wε||2H1 = ||wε||22+||∇wε||22 =
∑
m∈Z
k∈N

(
|wk,m|2 + |νk,mwk,m|2

)
≤
(

1

ν2
1,0

+ 1

)∑
m∈Z
k∈N

|νk,mwk,m|2,

for any t ∈ [0,∞). By combining this inequality (taken at t = 0) with (3.53) and

taking into account (3.46) we obtain

||wε(0, r, θ)||2H1 ≤
(

1

ν2
1,0

+ 1

)∑
m∈Z

∑
k∈N

|νk,mwk,m(0)|2

= C7(M)εM
(

1

ν2
1,0

+ 1

)∑
m∈Z

∑
n∈N

|un,m|2
(
λ2
n,|m| + 1

)
,

= C7(M)εM
(

1

ν2
1,0

+ 1

)
||f ||2H1 →

ε→0
0.

Thus, we have proven the following

Theorem 6 If Ω is the unit disk in R2, the data are measured on the whole circle

(i.e., Σ1 = S1), the cutoff function α(t) satisfies the assumptions made in Section

3.2.2, and the initial pressure f ∈ H1(Ω), then the result vε(0, ·) of gradual time

reversal converges to f in H1(Ω) (strongly), as ε→ 0 (or as T →∞).
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(a) Phantom (b) Reconstruction, 5.3 sec. (c) Reconstruction, 10.6 sec.

(d) Central horizontal cross-sections of images in (a)–(c)

Figure 3.1: Reconstructions in the unit disk with model measurement times 5.3 and
10.6 seconds; (d) shows central horizontal cross sections of the images, with the
gray line corresponding to (a), dashed line showing (b), and solid line representing
(c)

Numerical example

The following numerical example illustrates how gradual time reversal works in a

circular domain. In our simulation the phantom was modeled by a sum of three

rotationally symmetric smooth functions defined on the unit disk, as shown in

Figure 1(a). The measurements were simulated by tabulating the series solution

(equations (3.44) and (3.45)) at 1024 equispaced points on the unit circle that rep-

resent detectors. Two reconstructions were computed using gradual time reversal

with T = 5.3 sec. and T = 10.6 sec. of model time. (For comparison, 2 sec. of

model time is the time needed for a wave to propagate once along the diameter

of the disk.) These computations were performed using an efficient algorithm [62]

for solving the wave equation on a reduced polar grid in a circular domain. The

reconstructed images are shown in Figure 1(a) and (b), correspondingly. While the

reconstruction with T = 5.3 sec. is not quite accurate, the image corresponding to

T = 10.6 sec. looks quite close to the original in a gray scale picture. Simulations

with larger T (not shown here) yield images that are very close to the phantom

not only visually but quantitatively as well.
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3.3.2 Rectangular cavity

A rectangular resonant cavity arises naturally when the object is surrounded by

flat detector assemblies that act as reflectors (see, for example, [89]). A very fast

Fourier-based reconstruction algorithm has been developed by the authors jointly

with B. T. Cox for such a configuration. However, gradual time reversal using

finite differences on a Cartesian grid is a much simpler (although slower) method,

and, unlike the former algorithm, it can be easily implemented for a variable (but

known) speed of sound. In addition, the simplicity of a rectangular domain allows

us to illustrate several interesting properties of gradual time reversal.

For simplicity, we present below the 2D case; extension to the 3D is straight-

forward.

Time reversal with full data

(a) Phantom (b) Reconstruction, 100 sec. (c) Difference image

(d) Central horizontal cross-sections of images in (a)–(c)

Figure 3.2: Reconstruction of a phantom 2
π

cosx1 cos 2x2 in a square, showing in-
complete convergence. The difference between the phantom and the reconstruc-
tion (shown on a different gray scale in part(c)) is very close to 64

9π3 sin 2x1 sinx2;
(d) shows central horizontal cross sections of the images, with the gray line corre-
sponding to (a), solid line showing (b), and dashed line representing (c)

Square domain First, let’s assume that the domain Ω is a square (0, π)× (0, π)

and that the data are measured on the whole boundary, i.e. Σ1 = Σ. It is convenient

to number the eigenfunctions using double indices. In particular, the eigenfunctions
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ϕn,l and eigenvalues λn,l needed for solving the forward problem are those of the

Neumann Laplacian on Ω:

ϕn,l(x) = Nn,l cosnx1 cos lx2, λ2
n,l = n2 + l2, n, l = 0, 1, 2, 3, ..., (3.54)

with normalization constants Nn,l = 2
π

if n, l > 0, N0,0 = 1
π
, N0,1 = N1,0 =

√
2
π
. The

eigenfunctions ψk,m and eigenvalues νk,m arising in the analysis of time reversal are

those of the Dirichlet Laplacian on Ω:

ψk,m(x) =
2

π
sin kx1 sinmx2, γ2

k,m = k2 +m2, k,m = 0, 1, 2, 3, ...

We notice that in the cases (k,m) = (n, l) or (m, k) = (n, l) the eigenvalues

coincide; corresponding eigenfunctions are orthogonal in the former case but not

always in the latter case:

λk,m = λm,k = γk,m = γm,k,

(ψk,m, ϕk,m)L2 = 0, k,m = 0, 1, 2, 3, ...

(ψm,k, ϕk,m)L2 = 0 if k −m is even,

(ψm,k, ϕk,m)L2 6= 0 if k −m is odd.

In addition, there are some other pairs of coinciding eigenvalues with non-orthogonal

eigenfunctions (e.g. λ8,1 = λ7,4 = γ8,1 = γ7,4). This implies that the result of the

gradual time reversal will not converge to f(x). The residual error will be given by

an expression with infinite number of terms similar to (3.43) (with modifications

needed to account for the double indexing of eigenfunctions).

For a simple example, consider initial conditions f(x) = ϕ1,2(x) = 2
π

cosx1 cos 2x2.

Then all coefficients un,l (except u1,2 = 1) are equal to 0. This implies that gradual

time reversal will converge to f(x) + Err(x) with

Err(x) = −(ψ2,1, ϕ1,2)L2ψ2,1(x) =
32

9π2
ψ2,1(x) =

64

9π3
sin 2x1 sinx2. (3.55)

Figure 2 presents the results of numerical simulation we ran to further illustrate this

situation. The model time in this example was about 314 sec. which corresponds to

a hundred bounces of a wave between the opposite sides of a square. The phantom

f(x) is shown in part (a) of the figure, and part (b) shows the reconstruction.

Figure 2(c) presents the error in the reconstruction (shown on a different gray

scale); it turns out to be very close to the theoretical prediction Err(x) given by

equation (3.55).
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Rectangle with incommensurable sides Let us now consider a rectangular

domain (0, A)×(0, B). Let us assume that A and B are incommensurable numbers,

for example A is rational and B is irrational. Now

ϕn,l(x) = Nn,l cos
πnx1

A
cos

πnx2

B
, λ2

n,l =
π2n2

A2
+
π2l2

B2
, n, l = 0, 1, 2, 3, ...,

ψk,m(x) =
2π√
AB

sin
πkx1

A
sin

πmx2

B
, γ2

k,m =
π2k2

A2
+
π2m2

B2
, k,m = 0, 1, 2, 3, ...,

where Nn,l =
√

(ϕn,l, ϕn,l)L2 are the normalization constants. The only situations

when values of λn,l and γk,m coincide is when (k,m) = (n, l). However, it is easy

to check by direct computation that in this case (ψn,l, ϕn,l)L2 = 0 and the error

terms in the form (3.43) vanish. Therefore, according to the analysis of Section

3.2.2, the result of the gradual time reversal will converge weakly (in H1(Ω)) to

f(x) as T →∞.

Time reversal with partial data

(a) Phantom (b) Reconstruction, 490 sec. (c) Difference image

(d) Central horizontal cross-sections of images in (a)–(c)

Figure 3.3: Reconstruction in a square: (a) phantom, (b) reconstruction from the
data measured on the right side with T = 490 sec., (c) error shown on a shifted
gray scale, (d) profiles of the central horizontal cross sections of the images (a)–(c)
with the gray line corresponding to (a), solid line showing (b), and dashed line
representing (c)

We return to the case of the square domain Ω = (0, π)× (0, π), but this time
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assume that the measurements are made on only one side of the square, corre-

sponding to x1 = π (this side plays the role of Σ1). In this case the eigenfunctions

ϕn,l(x) needed to solve the forward problem are still given by equation (3.54). To

analyze gradual time reversal one needs the eigenfunctions ψk,m(x) of the Lapla-

cian satisfying Dirichlet boundary condition on the right side of the square and

Neumann conditions on the three other sides:

ψk,m(x) =
2

π
cos

((
k +

1

2

)
x1

)
cosmx2, γ2

k,m =

(
k +

1

2

)2

+m2, k,m = 0, 1, 2, 3, ...

It follows immediately that, since λ2
n,l = n2 + l2 is an integer number and γ2

k,m is

not, λn,l and γk,m never coincide, and therefore the result of gradual time reversal

converges weakly in H1(Ω) to the sought initial condition f(x) as T →∞. It may

seem counter-intuitive that time reversal with partial data yields weak convergence

while time reversal with full data does not converge. However, this just means

that the latter application of this technique is flawed and does not extract full

information from the data.

A further look at the eigenfunctions ψk,m(x) and ϕn,l(x) reveals that they are

orthogonal if m 6= l, and, therefore, series representing the error in gradual time

reversal will partially decouple similarly to those arising in the analysis of the

circular domain. In general, the rate of convergence of individual modes depends

on the differences of eigenvalues (see, for example equations (3.41) and (3.42)).

If some of these differences are small, then the corresponding constant C4(M,k)

is large and the convergence will be slow. In the case of the square domain, due

to partial orthogonality of eigenmodes, we only need to consider the following

differences

|λn,m − γk,m| =

∣∣∣∣∣∣√n2 +m2 −

√(
k +

1

2

)2

+m2

∣∣∣∣∣∣ .
For large values of m and for x of order of 1 the following Taylor expansion holds

√
m2 + x = m

√
1 + x/m2 ≈ m+

x

2m
.

Therefore, if n and k are of order of 1 and m is large

|λn,m − γk,m| ≈
n2 −

(
k + 1

2

)2

2m
;

if we let m grow to∞ with fixed n and k, the quantity |λn,m−γk,m| converges to 0,

which means that convergence of the corresponding modes is getting slower. This
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implies that even for large values of T , the error will contain components with large

m and small k manifesting themsselves as waves propagating in the near-vertical

direction.

The following numerical example illustrates this situation. Figure 3(a) presents

the phantom (the same as in the disk simulation), Figure 3(b) shows the recon-

struction corresponding to T = 490 sec. (or to approximately 156 bounces of a

wave between the opposite sides of the square). Figure 3(c) demonstrates the re-

construction error on a shifted gray scale. One can see that in spite of a large value

of T in the simulation the error remains noticeable; it consists mostly of the waves

with vertical wavefronts as predicted by the above analysis.

This suggests that, if the data is measured on two perpendicular sides of the

square, one could use the following reconstruction algorithm: run gradual time

reversal separately for each side, filter the two so-obtained images to remove the

waves propagating parallel to the acquisition sides, and then add resulting images

together. This, indeed, can be done; however, since a fast and rigorously proven

method [89] is available for such an acquisition scheme, we will not elaborate further

on this topic.

3.4 Chapter supplement

In the case of a unit disk domain the eigenvalues νm,k and λm,k of the Dirichlet and

Neumann Laplacians coincide, correspondingly, with the positive roots jm,k and

j′m,k of the Bessel functions Jm(x) and its derivative J ′m(x) (with the exception

that x = 0 is counted as the first zero of J ′0(x) and not counted for J ′m(x) with

m > 0). In this section we establish the fact that the distance between these roots

is uniformly bounded from below (in the sense of equation (3.50)).

It is well known that the roots of Jm(x) and J ′m(x) interlace [151, 5]:

jm,k < j′m,k+1 < jm,k+1, k = 1, 2, 3, ...

It is also known that for m > 0 all non-zero roots are greater than m; more

precisely [151]:

jm,1 > j′m,1 >
√
m(m+ 2), m > 0,

and that asymptotically (for large k and fixed m) these roots become equispaced
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[5]:

jm,k ∼
(
k +

1

2
m− 1

4

)
π, (3.56)

j′m,k ∼
(
k +

1

2
m− 3

4

)
π. (3.57)

Therefore, as k →∞

jm,k − j′m,k →
π

2
,

j′m,k+1 − jm,k →
π

2
.

We, however, need a uniform lower bound on |jm,k − j′m,l| valid for all values of m,

k, and l. Such a bound on the distance between the roots of Jm(x) is known [40]:

|jm,k − jm,l| > π|k − l|, m > 1/2. (3.58)

In addition, we need the following result which we have not found in the literature:

Lemma 7 For any m ≥ 1 (m does not have to be integer) the distance between

the adjacent roots of J ′m and Jm is uniformly bounded:

jm,k − j′m,k ≥
√

2, k = 2, 3, 4, ... (3.59)

j′m,k+1 − jm,k ≥ 1, k = 1, 2, 3, ... (3.60)

Proof. Let us consider the open interval Ik = (jm,k, jm,k+1) between the adjacent

zeros of Jm. Let us first assume that Jm is positive on Ik. Then Jm attains its local

maximum max
Ik

Jm(x) at the point j′m,k+1 ∈ Ik. Recall that Jm satisfies the Bessel

equation

x2J ′′m(x) + xJ ′m(x) + (x2 −m2)Jm(x) = 0,

which for x > 0 can be re-written in the following form:

(xJ ′m(x))
′
= −x

2 −m2

x
Jm(x). (3.61)

By integrating the latter equation from j′m,k+1 to x we obtain

J ′m(x) = −1

x

x∫
j′m,k+1

t2 −m2

t
Jm(t)dt. (3.62)
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Now let us use equation (3.62) and integrate −J ′m(x) from j′m,k+1 to jm,k+1, taking

into account that Jm(jm,k+1) = 0, that maxIk Jm(x) = Jm(j′m,k+1), and that t > m

on (j′m,k+1, jm,k+1):

max
Ik

Jm(x) =

jm,k+1∫
j′m,k+1

1

x

 x∫
j′m,k+1

t2 −m2

t
Jm(t)dt

 dx ≤ max
Ik

Jm(x)

jm,k+1∫
j′m,k+1

1

x

 x∫
j′m,k+1

tdt

 dx.
Dividing both sides of the above inequality by max

Ik
Jm(x) yields:

1 ≤
jm,k+1∫
j′m,k+1

1

x

 x∫
j′m,k+1

tdt

 dx =

jm,k+1∫
j′m,k+1

1

2x
(x− j′m,k+1)(x+ j′m,k+1)dx

≤
jm,k+1∫
j′m,k+1

(x− j′m,k+1)dx =
(jm,k+1 − j′m,k+1)2

2
.

Therefore

jm,k+1 − j′m,k+1 ≥
√

2.

Similarly, in order to bound j′m,k+1 − jm,k, integrate equation (3.62) from jm,k to

j′m,k+1:

max
Ik

Jm(x) =

j′m,k+1∫
jm,k

1

x


j′m,k+1∫
x

t2 −m2

t
Jm(t)dt

 dx
≤ max

Ik
Jm(x)

j′m,k+1∫
jm,k

1

x


j′m,k+1∫
x

t2 −m2

t
dt

 dx.
By dividing both sides by max

Ik
Jm(x) we obtain:

1 ≤

j′m,k+1∫
jm,k

1

x


j′m,k+1∫
x

t2 −m2

t
dt

 dx ≤
j′m,k+1∫
jm,k

2

x


j′m,k+1∫
x

(t−m)dt

 dx
≤

j′m,k+1∫
jm,k

1

x

[
j′m,k+1 − x2 − 2m(j′m,k+1 − x)

]
dx ≤

j′m,k+1∫
jm,k

(j′m,k+1 − x)
j′m,k+1 + x− 2m

jm,k
dx
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≤
2(j′m,k+1 −m)

jm,k

j′m,k+1∫
jm,k

(j′m,k+1 − x)dx = (j′m,k+1 − jm,k)2
j′m,k+1 −m

jm,k

≤ (j′m,k+1 − jm,k)2
j′m,k+1 − 1

jm,k
,

which implies j′m,k+1 − jm,k ≥ 1. This proves the Lemma for all intervals Ik on

which Jm is positive. In order to prove it for the intervals where Jm is negative,

replace Jm by −Jm and repeat the proof above.

Proposition 2 There is constant C > 0 such that for any integer numbers m ≥ 0,

k ≥ 1, and l ≥ 1 the distance between the roots jm,l of Jm and j′m,k of J ′m is bounded

from below: ∣∣jm,k − j′m,l∣∣ ≥ C |2k − 2l + 1| (3.63)

Proof. First consider any function Jm for m ≥ 1. If l ≤ k, due to (3.59) and (3.58),

jm,k − j′m,l ≥
√

2 + π(k − l)

and (3.63) holds if one chooses C = 1 (this is clearly not the sharpest bound!). In

the case when l > k, using (3.60) and (3.58) we obtain

j′m,l − jm,k ≥ 1 + π(l − k − 1),

and (3.63) again holds if one chooses C = 1. This proves (3.63) for all roots

of functions Jm with m ≥ 1. Now, let us consider the function J0(x). Due to

the asymptotic behavior of the roots (see equations (3.56) and (3.57)), there are

constants C0 and C1 such that

|j0,k − jm,n| ≥ C0, k, n = 1, 2, 3, ...

j0,k − j′0,k ≥ C1, k = 1, 2, 3, ...

j′0,k+1 − j0,k ≥ C1, k = 1, 2, 3, ...

with C1 ≤ C0/2. Then the following inequality holds:∣∣j0,k − j′0,l
∣∣ ≥ C1 |2k − 2l + 1| , k, l = 1, 2, 3, ...

Set C = min(1, C1) and (3.63) holds for all values of m, l, k of interest.
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Chapter 4

Numerical method for the wave

equation in polar and cylindrical

domains

4.1 Introduction

The wave equation is widely used in fields such as acoustics, geophysical imag-

ing, biomedical imaging, fluid mechanics, radar/sonar and electromagnetics. In

particular, our immediate motivation for solving the wave equation in cylindrical

domains comes from problems arising in thermo-acoustic (and photo-acoustic and

opto-acoustic) tomography [113, 76, 148]. Tomographic reconstructions for these

modalities can be computed by solving the wave equation backwards in time with

Dirichlet boundary conditions [156, 66, 63]; this method is known as time reversal.

There are many numerical methods for computing solutions to the wave equa-

tion. We narrow our discussion to methods that are easily applied to solving the

wave equation with non-constant coefficients; let c(x) be the (spatially dependant)

speed of sound and L be the Laplacian operator, then the wave equation takes the

form
∂2

∂t2
u(x, t) = c2(x)L [u(x, t)] .

The non-constant speed of sound makes methods that use time stepping attractive.

Such methods can be divided into three main classes depending on how spatial

derivatives are computed: finite difference methods, pseudo-spectral methods, and

finite element methods. Finite difference methods are extremely simple. Pseudo-

spectral methods are extremely accurate when dealing with smooth functions and

allow the use of sparser numerical grids. Finite element methods can be applied
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to a wide variety of domains but require a weak formulation of the PDE and are

seldom used in the tomography community. Determining which numerical method

is optimal depends heavily upon the smoothness constraints of the problem and

the domain’s geometry.

The specific problem of computing tomographic reconstructions using time re-

versal presents several difficulties. First, tomographic data possesses both a high

level of error, due to the limitations of laboratory equipment, and a significant

amount of experimental noise. Second, accurate tomographic reconstructions can

possess discontinuities. As a result of these smoothness properties, higher-order

numerical schemes offer little advantage over low-order schemes. Second, tomo-

graphic applications require high resolution reconstructions which entails the use

of very large spatial grids. Thus, the problem requires computation algorithms that

can be applied to relatively rough functions and are extremely efficient.

Significant progress has been made in developing numerical methods for simu-

lating the attenuation of acoustic energy [138, 140, 69] and for solving the thermo-

acoustic inverse problem using Cartesian or product grids [32, 139, 89, 86]. These

methods work extremely well when tomographic data is measured on a surface

that coincides with the grid and some have been successfully applied to clinical

data [94, 95]. However, more general boundaries are not directly covered by these

methods.

Techniques such as embedded boundary methods have been developed that

immerse a Cartesian grid inside an arbitrarily shaped boundary [75, 74, 99, 100]

and some researchers have implemented time reversal algorithms in non rectangular

domains using such methods [54, 26]. Although embedded boundary methods can

be made second-order accurate, these methods require complicated interpolation

schemes to ensure stability. The high level of noise in thermo-acoustic data prevents

most interpolation schemes from being accurate so we desire a numerical scheme

that does not directly interpolate the measured data

The TAT problem we desire to solve is one where data is measured on the

surface of a cylinder and the reconstruction domain is the interior of the cylinder.

A straightforward approach for solving the wave equation in polar and cylindrical

domains is to use a spatial grid with uniform angular and radial spacing and finite

difference techniques to compute derivatives. Such a method eliminates the need to

interpolate the noisy data measured by TAT instruments. However, a consequence

of having a uniform angular spacing between grid nodes is that nodes are clustered

near the origin which has adverse effects on the stability of the scheme. Recall

that the stability of finite difference schemes on Cartesian grids depends on a ratio

between the temporal step size and the distance between nodes; a similar ratio has
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been observed numerically for polar grids.

The method we present here for computing solutions to the wave equation in

polar and cylindrical domains is an order of magnitude faster than traditional finite

difference schemes defined on uniform polar grids. Our scheme achieves this by us-

ing a reduced polar grid that is a particular subset of nodes contained within a uni-

form polar grid. The reduced grid eliminates the clustering of grid nodes near the

origin; whereby relaxing the temporal stability condition by an order of magnitude.

The nodes forming the reduced grid are chosen so that the distance between nodes

is bounded from both above and below in terms of the radial distance between

nodes. The resulting grid has a non-uniform angular spacing. Despite the signifi-

cant body of research regarding finite difference schemes on non-uniform Cartesian

grids [127, 144, 146, 145], there are few results on finite difference schemes for non-

uniform polar grids in the literature. Researchers in the meteorology community

frequently deal with Gaussian grids defined on the surface of a sphere and have

encountered problems dealing with the clustering of grid nodes. One method they

developed uses finite differences on uniform Gaussian grids with a large temporal

step size but requires filtering high frequency modes at each time step - a process

that increases computational time and decreases accuracy [133, 153]. Spectral

methods defined on ‘reduced’ Gaussian grids have also been introduced [64, 154]

but spectral methods require too much computation time for the size of spatial

grids required by the medical imaging community.

The reduced polar grid we use is described in section 4.3.1. The finite difference

stencils and interpolation techniques used by this method are provided in section

4.3.2 and are rigorously proven to be second-order accurate. Section 4.4 provides

numerical evidence that this scheme is stable and uses the two-dimensional algo-

rithm defined on a disk to compute the solution to the wave equation in a three-

dimensional cylinder. Lastly, section 4.5 illustrates the efficiency of the present

method in comparison to finite difference schemes on a uniform polar grid.

4.2 Presentation of the problem

We consider the following initial/boundary value problem:
∂2

∂t2
u = c2(x)L [u(x, t)] (x, t) ∈ Ω× [0, T ]

u(x, t) |x∈∂Ω = g(x, t)

u(x, 0) = f(x) x ∈ Ω
∂
∂t
u(x, 0) = 0 x ∈ Ω,

(4.1)
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where Ω is the spatial domain and can be either a disk in R2 or a cylinder in R3,

T is a finite amount of simulation time, c(x) is the speed of sound, and g(x, t)

is boundary data. In what follows, we focus on the case when c(x) is a constant

but our numerical scheme can be easily modified for the general setting of a non-

constant speed of sound.

In order to prove the consistency of this scheme we will need certain assump-

tions on the function u, initial condition f , and boundary data g. In particular,

we consider functions u that are at least six times differentiable in the following

sense:

max
(r,θ,t)∈Ω×[0,T ]

m+n≤6

{∣∣∂mx ∂ny u(r, θ, t)
∣∣} ≤Mc <∞; (4.2)

where Mc is a uniform bound on the magnitude of these derivatives in Ω. We

impose the same regularity constraints on the initial data f(x) and boundary data

g(x).

For future use, let us note the relation between Cartesian and polar derivatives:

∂

∂r
u = cos θ

∂

∂x
u+ sin θ

∂

∂y
u, and

∂

∂θ
u = −r sin θ

∂

∂x
u+ r cos θ

∂

∂y
.

The regularity conditions (4.2) imply that u possesses Cartesian derivatives upto

and including the sixth order. By repeated applications of ∂
∂r

, one can show that
∂4

∂r4
u(r, θ) is a combination of Cartesian derivatives of u and trigonometric func-

tions; this implies the existence of a constant Mr with the property that

max
(r,θ)∈Ω

∣∣∣∣ ∂4

∂r4
u(r, θ)

∣∣∣∣ ≤Mr. (4.3)

A combination of Cartesian and angular derivatives that will be of interest later is

the fourth angular derivative of the Laplacian of u. The relation between angular

differentiation and Cartesian differentiation ensures the existence of this quantity

anywhere in Ω. A bound on this quantity is established because there exists con-

stants k1, k2, k3, and k4 with the property that∣∣∣∣ ∂4

∂θ4

[(
∂2

∂x2
+

∂2

∂y2

)
u(r, θ)

]∣∣∣∣ ≤ (k1r + k2r
2 + k3r

3 + k4r
4
)

max
(r,θ)∈Ω

|L[u]|

This, in combination with the boundedness of r ≤ R imply the existence of a

constant Ma with the property that

max
(r,θ)∈Ω

∣∣∣∣ ∂4

∂θ4
L[u]

∣∣∣∣ ≤ rMa. (4.4)
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4.2.1 Temporal discretization

Our approach is to discretize time and space so that an explicit time stepping is

paired with finite difference spatial differentiation. Let un = u(x, n∆t) and ∆t be

the size of each time step. We use the following, standard, second-order accurate

difference equation for our time stepping

un+1 = 2un − un−1 + ∆t2∆un. (4.5)

Equation (4.5) is easily obtained by rearranging the well-known second-order finite

difference stencil [68]
∂2

∂t2
un ≈ un+1 − 2un + un−1

∆t2
.

To enforce the initial condition that ∂
∂t
u
∣∣
t=0

we initialize this time stepping by

using the prescribed initial data u0 and

u1 = u0 +
∆t2

2
∆u0,

which is a second-order accurate approximation to ∂
∂t
u(x, 0) = 0.

It is well-known that the stability of explicit numerical methods depends heavily

on the magnitude of the size of each time step [28]. For uniform Cartesian grids,

rigorous upper-bounds for ∆t can be obtained through a Von Neumann analysis

[35]; these upper-bounds scale like the minimal distance between grid nodes. A

similar scaling has been observed numerically for non-uniform Cartesian grids and

polar grids. Thus, an inherent disadvantage of uniform polar grids is now obvious.

As a consequence of having a uniform angular spacing between grid nodes, nodes

are clustered near the origin. The distance between nodes on the inner-most circle

is ∆r tan(∆θ), which effectively decreases as O (∆r∆θ) and implies that uniform

polar grids require time steps that are an order of magnitude smaller than those

required by uniform Cartesian grids. In the following section we present a method

for performing computations on a subset of a uniform polar grid. The subset is

chosen so that there is no clustering of grid nodes which permits the use of time

steps that are an order of magnitude larger.
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Figure 4.1: Depiction of the first 6 circles of the reduced polar grid.

4.3 Spatial discretization

4.3.1 Spatial grid

A uniform polar grid on a disk of radius R with Nr×Nθ nodes can be constructed

by taking the union of Nr concentric circles Ck with a uniform spacing of ∆r = R
Nr

;

C0 is understood to be the center of the polar grid. Each circle Ck hasNθ nodes with

an angular spacing of ∆θ = 2π
Nθ

between them. Nodes Nk,l are identified with polar

coordinates (k∆r, l∆θ) and Cartesian coordinates (k∆r cos (l∆θ) , k∆r sin (l∆θ)).

As mentioned previously, uniform polar grids have nodes clustered around the

center of the grid; the arc length between adjacent nodes on C1 is ∆r∆θ.

Our approach is to perform computations on a subset of a uniform polar grid

so that there is no clustering of nodes near the origin. We define our subset to be

a reduced polar grid and choose nodes so that the distance between grid nodes is

bounded from both above and below in terms of ∆r according to

2π

L
∆r ≤ ∆θ̃r <

4π

L
∆r. (4.6)

The reduced polar grid is depicted in figure 4.1 and is constructed in the following

manner. On circle C̃1 of the reduced polar grid we select L equispaced nodes from
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the uniform polar grid; we use L = 8 for all figures and numeric examples, but any

L ≥ 7 can be used. The number of nodes on circle C̃k of the reduced polar grid

is Mk = L · 2blog2 kc, where b·c is the floor function; the function that rounds to

the greatest integer not exceeding the input. We consider grids were the number

of angular nodes is MNr = Nθ = L · 2blog2Nrc. The mapping between nodes of the

reduced polar grid Ñk,l and nodes of the uniform polar grid Nk,l is

Ñk,l = Nk,lk , lk = l · Nθ

L · 2blog2 kc
.

The arclength between two adjacent nodes on the same circle of the reduced polar

grid is bounded from above and below in terms of ∆r,

A grid constructed in this manner has regions where the angular spacing is con-

stant. There are logarithmically many adjacent circles that have different angular

spacing between nodes; we call the annulus formed by two such circles a transition

layer.

4.3.2 Computation of L2D[u]

In order to solve problem (4.1) using the time stepping described in section 4.2.1

the Laplacian must be evaluated on each time step. Our scheme computes the

Laplacian in local Cartesian coordinates by computing the second derivatives of a

function in the radial ~er and perpendicular ~e⊥ directions; ||~er|| = ||~e⊥|| = 1 and

~e⊥ ⊥ ~er.
L2D [u] =

∂2

∂r2
u+

∂2

∂r2
⊥
u,

where ∂2

∂r2⊥
u = ∂2

∂s2
u (x + s~e⊥). Similarly, in three dimensions, L3D [u] = L2D [u] +

∂2

∂z2
u.

Finite difference approximations to derivatives are computed at all ‘black’ nodes

in figure 4.1. To simplify notation, let us denote u(Ñi,j) by ui,j. We use the following

well studied and widely used [68] centered finite difference stencil to approximate

radial derivatives on circles C̃k where k ≥ 2:

∂2

∂r2
ui,j ≈

∂̃2

∂r2
ui,j =

ui+1,j − 2ui,j + ui−1,j

∆r2
, i ≥ 2. (4.7)

The same stencil is used on circle C̃1 with the understanding that ui−1,j is the

origin.

The second derivative in the direction perpendicular to r is computed using

a similar finite difference stencil applied to interpolated nodes ũLi,j−1 and ũRi,j+1.
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ũLi,j−1 is obtained by using the third-order interpolating polynomial formed from

the four nodes nearest to ũLi,j−1 that have the same angular coordinate; these nodes

are ui−1,j−1, ui,j−1, ui+1,j−1, and ui+2,j−1.

(A)ũL

ũR

(B)ũL

ũR

Figure 4.2: Depiction of nodes involved in the interpolation stencils (ellipsoids) and
the radial finite difference stencil (box) for both the ‘regular’ part of the grid (A)
and for nodes on a transition layer (B).

In detail, the third-order one dimensional Lagrange interpolating polynomials

associated with the nodes in figure 4.2 are (see [68] for more information)

PL(r) =
i+2∑

k=i−1

uk,j−1

∏
i−1≤`≤i+2

` 6=k

(r − `∆r)
(k − `) ∆r

and PR(r) =
i+2∑

k=i−1

uk,j+1

∏
i−1≤`≤i+2

`6=k

(r − `∆r)
(k − `) ∆r

ũLi,j+1 is obtained by evaluating PL(r) at the point r = i∆r cos(∆θ̃). The distance

between ui,j and ũLi,j−1 is denoted as ∆r⊥ and is

∆r⊥ = i∆r arctan(∆θ̃).

The interpolation of ũRi,j+1 is performed in the same way. The finite difference

stencil for ∂2

∂r2⊥
ui,j, using interpolated values of ũLi,j−1 and ũRi,j+1, is

∂2

∂r2
⊥
ui,j ≈

∂̃2

∂r2
ui,j =

uRi,j+1 − 2ui,j + uLi,j−1

∆r2
⊥

, i ≥ 1. (4.8)

Proposition 3 For any grid node located at (r, θ), the error in computing ∂2

∂r2
u(r, θ)

using (4.7) is second-order accurate; that is, it decreases as O (∆r2).

The proof of this proposition is provided in the chapter supplement 4.7.1.

Proposition 4 For any grid node located at (r, θ), the error in computing
∂2

∂r2⊥
u(r, θ) using (4.8) with interpolated values of uR and uL decreases as O (∆r2).
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The proof of this proposition is provided in the chapter supplement 4.7.1.

4.3.3 Differentiation at the origin

The inner most circle contains L = 8 equispaced nodes. Thus, lines which connect

nodes on the inner-most circle to the center of the grid form two sets of mutually

orthogonal lines. Figure 4.3 depicts these two sets of lines, one set is the union of

the two solid black lines and the second is the union of the two dashed lines. Along

these lines the second-order finite difference stencil can be used to approximate

the Cartesian Laplacian. The two approximate values of the Laplacian obtained

from the two sets of lines are averaged. Clearly, this method of differentiation is

second-order accurate.

Figure 4.3: Depiction of stencils used at the origin. The Cartesian Laplacian is com-
puted using both the solid lines and the dashed lines. These two approximations
to the Laplacian are averaged.

4.3.4 White nodes

As mentioned previously, the Laplacian is not computed at ‘white’ nodes of figure

4.1. Instead, we interpolate the value of the Laplacian on ‘white’ nodes from ‘black’

nodes lying on the same circle. For accuracy purposes, we use a trigonometric

interpolation scheme based on the Fast Fourier Transform (FFT).

Trigonometric Interpolation Interpolate the Laplacian of u on the circle C̃k
from Mk

2
equispaced samples L[u]j using an FFT algorithm.

• Compute the Fourier coefficients of L[u]j.

am =
1

2π

∫ 2π

0

L[u](r, θ)e−imθdθ ≈ ãm =
∆θ̃

π

Mk
2
−1∑

j=0

L[u]je
−i2mj∆θ̃.
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An FFT method can be used to compute the summations inO
(
Mk

2
log2

(
Mk

2

))
operations.

• Compute the Laplacian L[u] at all nodes in C̃k according to

L[u](r, j∆θ) ≈

Mk
4
−1∑

m=−Mk
4

ãme
imj∆θ̃.

An FFT method can perform these computations by zero padding the FFT

of L[u]j so that it has length Mk and then inverting the discrete transform;

this requires

O (Mk log2 (Mk)) operations.

Let SMk
2

and S̃Mk
2

be the partial sum of the Fourier series and the partial sum

of the computed Fourier series respectively;

SMk
2

=

Mk
4
−1∑

m=−Mk
4

ame
imθ, and S̃Mk

2

=

Mk
4
−1∑

m=−Mk
4

ãme
imθ.

Proposition 5 The error between the computed Fourier series of L[u] and the

exact Fourier series of L[u] decreases as ∆r2; that is, there exists a constant K3

such that ∣∣∣S̃Mk
2

− SMk
2

∣∣∣ ≤ K
4
6
3

2Mc

3
∆r2.

The proof of this proposition is provided in the chapter supplement 4.7.1.

Proposition 6 The error in interpolating L[u] from a truncated Fourier series

decreases as ∆r2; that is, there exists a constant K4 such that∣∣∣L[u](r, θ)− SMk
2

∣∣∣ ≤√K4
2Mc

3
∆r2.

The proof of this proposition is provided in the chapter supplement 4.7.1.

Proposition 7 The error in interpolating L[u] by spectral interpolation decreases

as ∆r2; that is ∣∣∣L[u](r, θ)− S̃Mk
2

∣∣∣ ≤ (√K4 +K
2
3
3

) 2Mc

3
∆r2.

95



Spatial discretization

The proof of this proposition is provided in the chapter supplement 4.7.1.

Theorem 8 The numerical method for solving problem (4.1) obtained by using

the time stepping in section 4.2.1 on grid nodes of the reduced polar grid described

in section 4.3.1 with the spatial differentiation stencils of section 4.3.2 and the

interpolation method described in section 4.3.4 is second-order consistent.

Proof. The numerical method is second-order consistent because each step of the

algorithm is second-order consistent. The time stepping in section 4.2.1 is well-

known and is second-order accurate [68]. Propositions 3 and 3 prove that the

spatial differentiation stencils are second-order accurate. Proposition 6 proves that

the interpolation performed at ‘white’ nodes of the reduced grid is second-order

accurate.

4.3.5 Summary of numerical method

A short summary of this numerical method is provided below:

1. Construct a reduced polar grid as described in section 4.3.1 and set the value

of the function u on the reduced grid to be the initial value of u.

2. Compute the Laplacian of u at all ‘black’ nodes of the reduced polar grid

according to (4.7) and (4.8).

3. Interpolate the Laplacian of u at all ‘white’ nodes of the polar grid using

trigonometric interpolation.

4. Step forward in time as described in section 4.2.1.

4.3.6 Computational complexity

The computational complexity of using this numerical method to solve problem

(4.1) is determined by multiplying the computational cost of each step of the

algorithm by the number of time steps required to solve problem (4.1).

The number of required time steps is the length of temporal interval divided

by the size of each time step, T
∆t

. The efficiency gains of our numerical scheme

compared to standard finite difference methods are made possible through the

use of time steps that are an order of magnitude larger. Because the minimum

distance between any two nodes of the reduced polar scales like ∆r, we expect the

the upper-bound for stable time steps to scale as ∆r; this phenomena was observed

numerically.
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The total number of black nodes in the reduced polar grid scales like N2
r . Thus,

step ( 2) where finite difference stencils are computed at each black node in the

reduced polar grid requires O (N2
r ) operations. The trigonometric interpolation in

step ( 3) requires O (Mk log2Mk) many operations for circle C̃k. This does not

increase the asymptotic time complexity of the numerical scheme because there

are only logarithmically many circles that contain ‘white’ nodes and require inter-

polation. The total computational complexity of using trigonometric interpolation

on each temporal iterate is bounded by O
(
LNr (log2 LNr)

2). On step ( 4) of the

algorithm we compute the value of each node at the future time step; this requires

O (N2
r ) operations. Thus, the total computational complexity of solving problem

(4.1) is O (N3
r ) when Ω is the two-dimensional disk.

4.4 Numerical tests

This section tests the aforementioned numerical scheme’s ability to compute the

spatial Laplacian and full solution to the wave equation. The spatial stencils are

tested by computing the Laplacian of several test functions and comparing the com-

puted results to the exact values. The method’s temporal stability is illustrated by

solving problem (4.1) and comparing the computed solution to the exact solution.

Although the stability of our numerical scheme is not proven theoretically, these

latter examples demonstrate that the method is stable and that the temporal step

size does indeed scale proportionally to the radial distance ∆r between adjacent

circles. The accuracy and efficiency of the method in cylindrical domains is demon-

strated by computing the solution to the wave equation with Dirichlet boundary

values that mimic time reversal problems. In other words, by solving the wave

equation backwards in time with the initial values u(x, T ) = ∂
∂t
u(x, T ) = 0 (for

some T >
√

5) and Dirichlet boundary values obtained from the solution to the

direct problem (1.2).

4.4.1 Consistency of spatial stencils

Figure 4.4 displays the error in computing the Laplacian of eigenfunctions of the

Laplacian using the described numerical scheme. Let λ2
m,n be an eigenvalue of the

Laplacian in a disk and Jm(r) be the mth Bessel function; then,

L2D

[
Jm(λm,nr)e

imθ
]

= λ2
m,nJm(λm,nr)e

imθ.

For reference, eigenvalues of the Dirichlet Laplacian satisfy λm,n = jm,n where jm,n
is a zero of the mth Bessel function and eigenvalues of the Neumann Laplacian
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satisfy λm,n = j′m,n where j′m,n is a critical point of the mth Bessel function.

The ratios in the table indicate that the scheme is second-order accurate be-

cause doubling the number of concentric circles of grid nodes in the spatial grid

results in an approximation of the Laplacian that is roughly four times more ac-

curate.

J0(j′0,5r) J10(j′10,5r) cos(10θ) J40(j40,40r) cos(40θ)

Number of L2 Ratio of L2 Ratio of L2 Ratio of
Radial Nodes Error Error Error Error Error Error

32 2.28E-2 - 5.63E-2 - 9.05E-1 -
64 5.24E-3 4.34 1.40E-2 4.01 4.69E-1 1.93
128 1.25E-3 4.18 3.47E-3 4.04 1.48E-1 3.17
256 3.08E-4 4.07 8.639E-4 4.03 3.94E-2 3.76
512 7.65E-5 4.03 2.15E-4 4.01 1.00E-2 3.94
1024 1.91E-5 4.01 5.36E-5 4.01 2.51E-3 3.99
2048 4.76E-6 4.01 1.34E-5 4.00 6.28E-4 4.00

Figure 4.4: Error in computing the Laplacian of Eigenfunctions of the Laplacian.
m denotes the Bessel function, jm,n is the nth zero of the mth Bessel function, and
j′m,n is the nth critical point of the mth Bessel function.

4.4.2 Wave equation in a disk

Validation of this method is provided by solving PDEs with known explicit so-

lutions. If equation (4.1) has an initial condition that is a single eigenfunction,

J|m|(rλm,n)eimθ, then the exact solution is

u(r, θ, t) = J|m|(rλm,n)eimθ cos(λm,nt). (4.9)

Several eigenfunctions of the Laplacian were used as initial conditions for problem

(4.1) and the numerical method was used to compute the solution until time t =
100
λm,n

. The Dirichlet boundary data (g(θ, t) in (4.1)) was computed from the exact

solution (4.9). The relative L2 error of each computed solution appears to decrease

by a factor of four when the number of radial points is doubled; suggesting that

the method, including spatial stencils, interpolations, and time stepping, is both

stable and second-order accurate.

4.4.3 Wave equation in a cylinder

We discretized a cylinder with height 1 and radius 1 into horizontal slices of width

∆z = ∆r where each slice is a reduced polar grid. The Laplacian within the
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J0(j′0,5r) J10(j′10,5r) cos(10θ) J40(j40,40r) cos(40θ)

Number of L2 Ratio of L2 Ratio of L2 Ratio of
Radial Nodes Error Error Error Error Error Error

32 7.93E-2 - 3.95E-1 - 11.3 -
64 1.81E-2 4.37 9.32E-2 4.23 1.85 6.09
128 4.27E-3 4.25 2.31E-2 4.03 1.43 1.30
256 1.04E-3 4.10 5.75E-3 4.03 6.39E-1 2.23
512 2.58E-4 4.03 1.43E-3 4.02 1.67E-1 3.83
1024 6.44E-5 4.01 3.57E-4 4.01 4.17E-2 4.00
2048 1.61E-5 4.01 8.91E-5 4.00 1.04E-2 4.01

Figure 4.5: Error of numerical solutions to (4.1) with initial conditions that are
eigenfunctions of the Laplacian. m denotes the Bessel function, jm,n is the nth zero
of the mth Bessel function, and j′m,n is the nth critical point of the mth Bessel
function. Each simulation was computed until the time t = 100

λm,n
.

cylinder is computed using the same spatial stencils and interpolations used in

section 4.4.2 and ∂2

∂z2
u is computed using the second-order accurate finite difference

stencil. Similar to the two-dimensional tests, eigenfunctions of the Laplacian in this

domain are used as initial conditions. If equation (4.1) has an initial condition

that is a single eigenfunction, J|m|(rλm,n)eimθ cos (zkπ), then the exact solution is

u(r, θ, z, t) = J|m|(rλm,n)eimθ cos (zkπ) cos
(
t
√
λ2
m,n + k2π2

)
. (4.10)

Several eigenfunctions of the Laplacian were used as initial conditions for problem

(4.1) and the numerical method was used to compute the solution until time t =
10π
λm,n

. The Dirichlet boundary data (g(θ, t) in (4.1)) was computed from the exact

solution (4.10). The relative L2 error of each computed solution appears to decrease

by a factor of four when the number of radial points is doubled; demonstrating

that the method, including spatial stencils, interpolations, and time stepping, is

both stable and second-order accurate.

4.4.4 Time reversal in a cylinder

We are interested in a numerical scheme for solving the inverse source problem

associated with thermoacoustic tomography. It is known that the method of time

reversal yields a theoretically exact solution [66] (with some constraints on the

speed of sound) to the inverse source problem so all error in a reconstruction

originates from the numerical method used to solve the PDE.

99



Numerical tests

J0(j′0,5r) cos (5πz) J10(j′10,5r) cos (10θ) cos (5πz)

Number of L2 Ratio of L2 Ratio of
Radial Nodes Error Error Error Error

32 7.37E-2 - 2.06E-1 -
64 1.59E-2 4.63 4.90E-2 4.21
128 3.68E-3 4.32 1.19E-2 4.11
256 8.95E-4 4.12 2.94E-3 4.06

Figure 4.6: Error of numerical solutions to (4.1) with initial conditions that are
eigenfunctions of the Laplacian, Jm(j′m,nr) cos(mθ) cos (zkπ). m denotes the Bessel
function, jm,n is the nth zero of the mth Bessel function, and j′m,n is the nth critical
point of the mth Bessel function. Each simulation was computed until the time
t = 10π√

j′2m,n+52π2
.

Our time reversal tests were initialized with the condition that at time T >
√

5,

u(x, T ) =
∂

∂t
u(x, T ) = 0.

Then, the wave equation was solved backwards in time, from t = T down to t = 0.

Dirichlet boundary data for the time reversal problems were computed from the

exact solution to the free-space wave equation, problem (??), with initial condition

f(x).

(A) (B)

Figure 4.7: (A) Cross-section of f(x) along the line y = 0. (B) Cross-section of
f(x) along the line z = 0.15.
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We built a function f(x) that satisfies the regularity assumptions and is the

union of 13 radial functions. In detail, let ci be the (x, y, z) coordinates of the

center of the ith ball, si be a scaling constant for each ball and hci,si(x) be the

function describing the amplitude of each ball,

hci,si(x) =

{
cos6

(
|ci−x|
si

)
|ci−x|
si

< π
2

0 otherwise
.

Then, we set

f(x) =
13∑
i=1

hci,si(x).

Cross-sections of f(x) are provided in figure 4.7 panels (A) and (B). The error in

the reconstruction was computed as ||u(x, 0)− f(x)|| for various grid sizes and is

given in figure 4.8. Once again, the numeric examples affirm that the method is

both stable second-order accurate.

Exact boundary data Noisy boundary data
Number of L2 Ratio of L2 Ratio of

Radial Nodes Error Error Error Error

32 4.13E-1 - 4.85E-1 -
64 1.49E-1 2.78 2.94E-1 1.65
128 3.68E-2 4.03 2.58E-1 1.14
256 9.68E-3 3.81 2.56E-1 1.01
512 2.38E-3 4.07 2.56E-1 0.999

Figure 4.8: Error of numerical solutions to the time reversal problem in a cylinder.
The exact reconstruction is depicted in figure 4.7 panels (A) and (C).

Practical applicability of this method in solving TAT problems requires that the

method be stable with respect to noisy boundary data. To test this, we added white

noise to the exact boundary data used to compute the reconstructions in figure

4.8. Figure 4.9 plots a representative cross-section of a reconstruction computed

from boundary data that was contaminated by white noise with an L2 norm on

the same order as the L2 norm of the exact boundary data.

4.5 Efficiency of the current method

Earlier, we claimed that our numerical scheme was significantly faster than stan-

dard finite difference techniques in polar and cylindrical domains. Here, we directly

compare our numerical scheme to standard techniques. A second-order finite dif-
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(A)

(B)

(C)

Figure 4.9: (A) Reconstruction computed with 512 radial nodes (black) plotted
with a reconstruction computed with 128 radial nodes (dashed). (B) Reconstruc-
tion with 512 radial nodes (black) plotted with a reconstruction computed from
noisy boundary data (gray). (C) Plot of the exact boundary data (black) and the
contaminated boundary data (gray) for the point (1, 0, 0.15) used to compute the
reconstruction in panel (B).

ference scheme was coded on a uniform polar grid; details of this numerical scheme

are provided in the chapter supplement 4.7.2. The temporal step size for each

numerical method was chosen so that each method was near its stability limit1.

Figure 4.10 displays the computation time consumed in integrating an initial con-

dition that is an eigenfunction of the Neumann Laplacian until time t = 5
λm,n

.

Notice that these solutions were computed for a time period 20 times shorter then

that used in figure 4.5 (a consequence of the computational resources needed to

integrate uniform polar grids forward in time). The uniform polar grid has fourth-

order time complexity when holding the simulation time fixed. Meanwhile, the

numerical method on a reduced grid has a third-order time complexity, resulting

in significantly faster computation times.

1All computations were performed using double precision arithmetic on a single computational
thread. The computer had an AMD FX-8120 processor.
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Num. Uniform Polar Grid Reduced Polar Grid
Rad. L2 Ratio of Comp. Ratio of L2 Ratio of Comp. Ratio of

Nodes Error Error Time Time Error Error Time Time
32 1.18E-1 - 0.062 - 1.12E-1 - .003 -
64 2.86E-2 4.13 1.14 18.4 2.40E-2 4.68 .005 1.67
128 7.07E-3 4.05 13.3 11.7 5.80E-3 4.14 .028 5.60
256 1.76E-3 4.02 224 16.8 1.40E-3 4.13 .205 7.32
512 4.40E-4 4.00 3520 15.7 3.49E-4 4.02 2.08 10.1
1024 1.10E-4 4.00 56890 16.2 8.67E-5 4.02 15.5 7.48

Figure 4.10: Error of numerical solutions to (4.1) with initial condition
J2(j′2,5) cos(2θ) (j′2,5 is the 5th critical point of J2). Solutions were computed until
time t = 5

j′2,5
.

4.6 Conclusion

This chapter presented an efficient second-order accurate explicit numerical method

for computing the wave equation in polar coordinates that is an order of magni-

tude faster then finite difference methods defined on uniform polar grids. This

significant decrease in computational complexity is made possible by eliminating

the clustering of grid nodes that occurs in uniform polar grids; which, in turn,

increases the distance between temporal steps by an order of magnitude.

The second-order accuracy of the finite difference stencils and interpolation

methods used on the reduced polar grid were proven in sections 4.3.2 and 4.3.4,

respectively. The examples of sections 4.4 and 4.4.2 display this method’s ability

to produce accurate solutions to the wave equation and its stability when dealing

with noisy boundary data. Figure 4.10 suggests that this method is capable of

producing computations on the same level of accuracy as a uniform polar grid at

a fraction of the computational cost.
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4.7 Chapter supplement

4.7.1 Proofs of propositions

This appendix provides proofs to propositions made in sections 4.3.2 and 4.3.4.

Derivatives are not computed on ‘white’ nodes in figure 4.1; section 4.3.4

describes how to update ‘white’ nodes when time stepping.

Proposition 3 For any grid node located at (r, θ), the error in computing
∂2

∂r2
u(r, θ) using (4.7) is second-order accurate; that is, it decreases as O (∆r2).

Proof. According to [68] the error term associated with (4.7) is

∂2

∂r2
u(r, θ)−

˜∂2

∂r2
u(r, θ) =

∂4

∂r4
u(r, θ)|(ξ,θ)∆r2

4!
,

where |r − ξ| < ∆r. The regularity assumptions (4.2) and (4.3) on the magnitude

of the partial derivatives of u in Ω, it imply that∣∣∣∣∣ ∂2

∂r2
u(r, θ)−

˜∂2

∂r2
u(r, θ)

∣∣∣∣∣ ≤
∣∣∣∣Mr∆r

2

4!

∣∣∣∣ .
which decreases quadratically quickly as ∆r decreases.

Proposition 4 For any grid node located at (r, θ), the error in computing
∂2

∂r2⊥
u(r, θ) using (4.8) with interpolated values of uR and uL decreases as O (∆r2).

Proof. We begin by establishing bounds on the error in interpolating values of

uRi,j+1 and uLi,j−1. Then, we find estimates from above and bound the difference

between the exact finite difference stencil and a finite difference stencil using inter-

polated values. Last, the error between the finite difference stencil and the exact

derivative is bounded to obtain the desired result.

The error associated with using a third-degree interpolating polynomial to ap-

proximate uR and uL can be expressed [68] as

∣∣uRi,j+1 − ũRi,j+1

∣∣ ≤ ∣∣∣∣∣ (r−(k−1)∆r)(r−k∆r)(r−(k+1)∆r)(r−(k+2)∆r)
4!

∂4

∂r4
u

∣∣∣∣
ξ

∣∣∣∣∣
where ξ is a point between (k∆r, θ) and ((k + 1)∆r, θ). Similar to the previous

proposition, we use regularity assumptions (4.2) and (4.3) on the magnitude of

the partial derivatives of u in Ω. In addition, we bound both (r − (k − 1)∆r) and

(r − (k + 2)∆r) by 2∆r, and bound both (r − k∆r) and (r − (k + 1)∆r) by ∆r.

This produces ∣∣uRi,j+1 − ũRi,j+1

∣∣ ≤ 4Mr∆r
4

4!
.
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With these bounds on the interpolation error, the error in using the interpolated

values of uRi,j+1 and uLi,j−1 in the finite difference stencil of equation (4.8) is∣∣∣∣∣ ũRi,j+1 − 2ui,j + ũLi,j−1

∆r2
−
uRi,j+1 − 2ui,j + uLi,j−1

∆r2

∣∣∣∣∣ =

∣∣∣∣∣ ũRi,j+1 − uRi,j+1 + ũLi,j−1 − uLi,j−1

∆r2

∣∣∣∣∣
≤
∣∣ũRi,j+1 − uRi,j+1

∣∣+
∣∣ũLi,j−1 − uLi,j−1

∣∣
∆r2

≤ 2Mr∆r
2

3!
.

Now, the error in using interpolated values of uRi,j+1 and uLi,j−1 in (4.8) to approx-

imate ∂2

∂r2⊥
u(r, θ) may be bounded by

∣∣∣∣∣ ∂2

∂r2
⊥
u(r, θ)−

˜∂2

∂r2
⊥
u(r, θ)

∣∣∣∣∣ ≤ Mr∆r
2

4!
+

2Mr∆r
2

3!
.

The first term on the right hand side of the inequality is obtained as in the proof

of proposition 3.

A trigonometric polynomial expansion of L[u] valid near the center of the polar

grid is an essential tool for proving the convergence of our interpolation scheme.

We will build this expansion by beginning with a Taylor polynomial of L[u] in

Cartesian coordinates. For any fixed point x = (x, y) there exists a set of points

on the line connecting (x, y) to the origin ξm,n = λm,nx, 0 < λm,n < 1, with the

property that

L[u](x, y) =
3∑

m=0

3∑
n=0

xmyn
∂mx ∂

n
yL[u](x, y)|(0,0)

m!n!
+
∑

m+n=4

xmyn
∂mx ∂

n
yL[u](x, y)|ξm,n

m!n!
.

Converting this expression into polar coordinates produces

L[u](r cos θ, r sin θ) =
3∑

m=0

3∑
n=0

rm+n cosm(θ) sinn(θ)
∂mx ∂

n
yL[u](x, y)|(0,0)

m!n!

+
∑

m+n=4

rm+n cosm(θ) sinn(θ)
∂mx ∂

n
yL[u](x, y)|ξm,n

m!n!
.

(4.11)

Using equations cos(mθ) = eimθ+e−imθ

2
and sin(mθ) = eimθ−e−imθ

2i
in combination

with the binomial theorem, powers of cosine and sine can be converted into trigono-

metric polynomials. Let Pm(θ) be the trigonometric polynomial with coefficients
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αm,n with the property that

Pm(θ) =
m∑
n=0

cosn(θ) sinm−n(θ)
∂nx∂

m−n
y L[u](x, y)|(0,0)

(m− n)!n!
m ≤ 3

=
m∑

n=−m

αm,ne
inθ.

We will refer to the second summation in equation (4.11) as the remainder term

and denote it

Q(r, θ, ξ) =
∑

m+n=4

rm+n cosm(θ) sinn(θ)
∂mx ∂

n
yL[u](x, y)|ξm,n

m!n!
.

Using the trigonometric polynomial representation, equation (4.11) takes the form

L[u](r cos θ, r sin θ) =
3∑

m=−3

rmPm(θ) +Q(r, θ, ξ). (4.12)

Although the remainder term is a function of x (through ξ), the regularity assump-

tion (4.2) on u ensures that the magnitude of the remainder term can be bounded

in Ω;

|Q(r, θ, ξ)| =

∣∣∣∣∣ ∑
m+n=4

rm+n cosm(θ) sinn(θ)
∂mx ∂

n
yL[u](x, y)|ξm,n

m!n!

∣∣∣∣∣
≤ r4

∑
m+n=4

Mc

m!n!
=

2Mc

3
r4.

(4.13)

Let SMk
2

and S̃Mk
2

be the partial sum of the Fourier series and the partial sum

of the computed Fourier series respectively;

SMk
2

=

Mk
4
−1∑

m=−Mk
4

ame
imθ, and S̃Mk

2

=

Mk
4
−1∑

m=−Mk
4

ãme
imθ.

Proposition 5 The error between the computed Fourier series of L[u] and the

exact Fourier series of L[u] decreases as ∆r2; that is,∣∣∣S̃Mk
2

− SMk
2

∣∣∣ ≤ (K3∆r3
) 4

6
2Mc

3
.
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Proof. The difference between these two series is

S̃Mk
2

− SMk
2

=

Mk
4
−1∑

m=−Mk
4

(ãm − am) eimθ. (4.14)

We utilize two different estimates on the difference in equation (4.14). One

estimate bounds the difference independent of ∆r and the second estimate bounds

the difference in terms of ∆r
r

. To obtain the first estimate we begin with the fact

that the minimum number of nodes on a transition layer is M2 = 2L = 16. This

implies that the lower frequencies of (4.12) are resolved and ensures that the the

difference between S̃Mk
2

and SMk
2

originates from the remainder term. Using bound

(4.13) on the magnitude of the remainder term produces∣∣∣ S̃Mk
2

− SMk
2

∣∣∣ ≤ |Q(r, θ, ξ)| ≤ 2Mc

3
r4. (4.15)

An estimate of the difference in equation (4.14) is obtained by using known

results on the decay rate of Fourier coefficients. Begin by expressing the error in

the computed coefficients in terms of the aliased frequencies.

∣∣∣S̃Mk
2

− SMk
2

∣∣∣ ≤ Mk
4
−1∑

m=
Mk
4

|ãm − am| =

Mk
4
−1∑

m=−Mk
4

∞∑
n=−∞
n6=0

∣∣∣a
m+n

Mk
2

∣∣∣ (4.16)

Because we assumed that u is six times differentiable, we know that the Laplacian

of u is 4 times differentiable. Fourier theory tells us that the Fourier coefficients of

a four times differentiable function asymptotically decay like 1
ξ4

. More specifically,

bound (4.4) implies the existence of a constant K1 that depends on the function

L[u] such that for any value of Mk ≥ L,

∣∣∣ S̃Mk
2

− SMk
2

∣∣∣ ≤ Mk
4
−1∑

m=−Mk
4

∞∑
n=−∞
n6=0

∣∣∣a
m+n

Mk
2

∣∣∣ ≤ Mk
4∑

m=0

∞∑
n=1

Kcr(
m+ nMk

2

)4 .
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The summation over the n variable is easily bounded using basic calculus,

Mk
4∑

m=0

∞∑
n=1

Kcr(
m+ nMk

2

)4 ≤ K1r

Mk
4∑

m=0

1(
m+ Mk

2

)4 +

∫ ∞
1

1(
m+ nMk

2

)4dn

= K1r

Mk
4∑

m=0

1(
m+ Mk

2

)4 +
1

2Mk

(
m+ Mk

2

)3 .

(4.17)

Bounding the finite summation over m by an infinite summation over m and using

the exact same integration technique produces

K1r
∑Mk

4
m=0

1(
m+

Mk
2

)4 + 1

2Mk

(
m+

Mk
2

)3 ≤ K1r

(
5

4
(
Mk
2

)4 +
( 3
2)

3
−1

4( 3
2)

3
(
Mk
2

)3 +
( 3
2)

2
−1

12( 3
2)

2
(
Mk
2

)3
)
.

Thus, there exists a constant K2 with the property that∣∣∣ S̃Mk
2

− SMk
2

∣∣∣ ≤ K2r

M3
k

.

The number of nodes in circle Ck relates to the angular spacing as ∆̃θ = 2π
Mk

.

Using this and then bounding ∆θ in terms of ∆r from inequality (4.6) produces

the desired bound ∣∣∣ S̃Mk
2

− SMk
2

∣∣∣ ≤ K2r

M3
k

≤ K2r∆θ̃
3

(2π)3

≤ 8K2r

L3

(
∆r

r

)3
(4.18)

Together, bounds (4.15) and (4.18) establish the following bound on the

difference between the Fourier series of L[u] and the computed Fourier series of

L[u], ∣∣∣ S̃Mk
2

− SMk
2

∣∣∣ ≤ min

{
r4 2Mc

3
,
8K2r

L3

(
∆r

r

)3
}
. (4.19)

As functions of r, the two functions in equation (4.19) are monotonic. The first

function monotonically increases with respect to r while the second monotonically

decreases. Thus, these two functions are equal to each other at the location of

maximum error r∗. Let

K3 =
12K2

McL3
.
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Then, r∗ can be obtained by solving

r4
∗ = K3r∗

(
∆r

r∗

)3

r∗ =
(
K3∆r3

) 1
6 , (4.20)

which implies that the maximum difference is∣∣∣ S̃Mk
2

− SMk
2

∣∣∣ ≤ (K3∆r3
) 4

6
2M

3
∼ O

(
∆r2

)
. (4.21)

Proposition 6 The error in interpolating L[u] from a truncated Fourier series

decreases as ∆r2; that is,∣∣∣L[u](r, θ)− SMk
2

∣∣∣ ≤ (K4∆r4
) 1

2
2M

3
.

Proof. Let SMk
2

be the partial sum of the Fourier series for L[u] for a fixed value

of r,

SMk
2

=

Mk
4
−1∑

m=−Mk
4

ame
imθ.

The error in interpolating L[u] onto nodes in circle Ck from SMk
2

is

L[u](r, θ)− SMk
2

= aMk
4

ei
Mk
4
θ +

∑
|m|>Mk

4

ame
imθ.

Similar to the proof of claim 5, we utilize two estimates on this difference. One

estimate bounds the difference independent of ∆r and the second estimate bounds

the error in terms of ∆r
r

. To obtain the first estimate, we begin with the fact that

the minimum number of nodes on a transition layer is M2 = 2L = 16(for our choice

of L). This, in conjunction with the Taylor expansion given in (4.12) and bound

(4.13) on the magnitude of of the remainder term, produces∣∣∣L[u](r, θ)− SMk
2

∣∣∣ ≤ |Q(r, θ, ξ)| ≤ r4 2Ma

3
. (4.22)

The second estimate of the interpolation error is obtained by using known

results on approximation theory. Theorem 1.5 of [124] states that the maximum

error between a periodic function and its truncated Fourier series can be expressed
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in terms of the function’s modulus of continuity ω and differentiability. Let

ω(δ) = max
θ1,θ2∈[0,2π]
|θ1−θ2|≤δ

∣∣∣∣∣ ∂4

∂θ4
L[u]

∣∣∣∣
(r,θ1)

− ∂4

∂θ4
L[u]

∣∣∣∣
(r,θ2)

∣∣∣∣∣ .
The difference between L[u](r, θ) and its partial sum SMk

2

may now be bounded by

∣∣∣L[u](r, θ)− SMk
2

∣∣∣ ≤ 65e5

5

ω

(
2π

Mk
2
−4

)
(
Mk

2

)4 .

The modulus of continuity is a monotonic function; thus we may bound this quan-

tity independent of Mk,

ω

(
2π

Mk

2
− 4

)
≤ ω

(
2π

L− 4

)
.

Substituting Mk = 2π
∆θ̃

, rearranging, and then bounding ∆θ̃ by inequality (4.6)

yields ∣∣∣L[u](r, θ)− SMk
2

∣∣∣ ≤ 65e5

5

(
4

L

∆r

r

)4

ω

(
2π

L− 4

)
(4.23)

Together, estimates (4.22) and (4.23) establish the following bound on the

error of the spectral interpolation method

∣∣∣L[u](r, θ)− SMk
2

∣∣∣ ≤ min

{
r4 2Ma

3
,
65e5

5

(
4

L

∆r

r

)4

ω

(
2π

L− 4

)}
. (4.24)

As functions of r, the two functions of equation (4.24) are monotonic. The first

function monotonically increases with respect to r while the second monotonically

decreases. Thus, the location of maximum error occurs when these functions are

equal to each other. Let

K4 =
3 · 65e5

2M · 5

(
4

L

)4

ω

(
2π

L

)
.

Then, the location where these functions equal each other r∗ can be obtained by

solving

r4
∗ = K4

(
∆r

r∗

)4

r∗ =
(
K4∆r4

) 1
8 , (4.25)
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which implies that the maximum error is∣∣∣L[u](r, θ)− SMk
2

∣∣∣ ≤ (K4∆r4
) 1

2
2M

3
∼ O

(
∆r2

)
. (4.26)

Proposition 7 The error in interpolating L[u] by spectral interpolation decreases

as ∆r2; that is ∣∣∣L[u](r, θ)− S̃Mk
2

∣∣∣ ≤ ∆r2 2M

3

(√
K4 +K

2
3
3

)
.

Proof. We desire to bound the error between L[u](r, θ) and S̃Mk
2

. Proposition 5

can be used to bound the difference between the S̃Mk
2

and SMk
2

which produces∣∣∣L[u](r, θ)− S̃Mk
2

∣∣∣ =
∣∣∣L[u](r, θ)− SMk

2

+ SMk
2

− S̃Mk
2

∣∣∣
≤
∣∣∣L[u](r, θ)− SMk

2

∣∣∣+
∣∣∣SMk

2

− S̃Mk
2

∣∣∣
≤
∣∣∣L[u](r, θ)− SMk

2

∣∣∣+
(
K3∆r3

) 4
6

2M

3
.

(4.27)

Now, proposition 6 can be used to bound
∣∣∣L[u](r, θ)− SMk

2

∣∣∣ which produces

the desired result.∣∣∣L[u](r, θ)− S̃Mk
2

∣∣∣ ≤ ∣∣∣L[u](r, θ)− SMk
2

∣∣∣+
(
K3∆r3

) 4
6

2M

3

≤
(
K4∆r4

) 1
2

2M

3
+
(
K3∆r3

) 4
6

2M

3

= ∆r2 2M

3

(√
K4 +K

2
3
3

)
∼ O

(
∆r2

) (4.28)

4.7.2 Wave equation on a uniform polar grid

Section 4.5 provides a comparison between the method we developed for computing

the wave equation on a reduced polar grid and a ‘standard’ second-order numerical

method for computing the wave equation on a uniform polar grid. This appendix

provides further details of this numerical scheme.

This scheme uses the temporal stepping described in section 4.2.1 and is defined

on a uniform polar grid, as described in section 4.3.1. This method computes the
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Laplacian using polar coordinates,

L2D [u] =
∂2

∂r2
u(r, θ) +

1

r

∂

∂r
u(r, θ) +

1

r2

∂2

∂θ2
u(r, θ).

∂2

∂r2
u is computed using equation 4.7. ∂

∂r
u and ∂2

∂θ2
are computed using the following

centered fourth-order finite difference stencils,

∂

∂r
u(i∆r, j∆θ) ≈ ui−2,j − 8ui−1,j + 8ui+1,j − ui+2,j

12∆r
,

and
∂2

∂θ2
u(i∆r, j∆θ) ≈ −ui,j−2 + 16ui,j−1 − 30ui,j + 16ui,j+1 − ui,j+2

12∆θ2
.

The resulting numerical scheme is very simple to implement and is second-order

accurate. However, as mentioned previously, the minimum distance between grid

nodes is ∆r tan(∆θ) which asymptotically scales like ∆θ∆r. This minimum dis-

tance causes the maximum stable temporal step size to scale like ∆r∆θ which

makes this method have a fourth-order time complexity (assuming ∆θ and ∆r are

of comparable size).
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