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ABSTRACT 

The Internet has fundamentally changed the way of modern communication. Current trends 

indicate that high-capacity demands are not going to be saturated anytime soon. From Shannon’s 

theory, we know that information capacity is a logarithmic function of signal-to-noise ratio (SNR), 

but a linear function of the number of dimensions. Ideally, we can increase the capacity by 

increasing the launch power, however, due to the nonlinear characteristics of silica optical fibers 

that imposes a constraint on the maximum achievable optical-signal-to-noise ratio (OSNR). So 

there exists a nonlinear capacity limit on the standard single mode fiber (SSMF). In order to satisfy 

never ending capacity demands, there are several attempts to employ additional degrees of freedom 

in transmission system, such as few-mode fibers (FMFs), which can dramatically improve the 

spectral efficiency. On the other hand, for the given physical links and network equipment, an 

effective solution to relax the OSNR requirement is based on forward error correction (FEC), as 

the response to the demands of high speed reliable transmission. 

In this dissertation, we first discuss the model of FMF with nonlinear effects considered. 

Secondly, we simulate the FMF based OFDM system with various compensation and modulation 

schemes. Thirdly, we propose tandem-turbo-product nonbinary byte-interleaved coded modulation 

(BICM) for next-generation high-speed optical transmission systems. Fourthly, we study the Q 

factor and mutual information as threshold in BICM scheme. Lastly, an experimental study of the 

limits of nonlinearity compensation with digital signal processing has been conducted. 
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CHAPTER 1 INTRODUCTION 

 
Since early 1980s, optical fiber became a transmission media for high-speed communication and 

it growth rapidly. Nowadays, 400-Gbits/s WDM networks are being launched by most of the major 

vendors. Meanwhile, systems operating at 1Tbits/s or beyond have been experimentally 

demonstrated in research labs and are actively developed in industry.  

 The internet traffic boom caused by the growth of data-centric services and multimedia-

rich applications requires the capacity increase from optical transport networks. To further increase 

the capacity, space-division multiplexing (SDM) based on Few-mode fiber is investigated. Current 

research on fiber modeling is mostly focus on single-mode fiber (SMF) for long-haul transmission 

and the model of FMF is not completed for system level simulation. We have analyzed the 

possibility of long-haul superchannel transmission with an aggregate serial bit rate exceeding 1 

Tb/s by using the mode-multiplexed multidimensional signaling. To reduce the optical signal-to-

noise ratio (OSNR) requirement of high constellation formats, nonbinary coded-modulation is 

studied in this dissertation. The achievable information rate calculation is also included. We also 

study the accuracy of using Q-factor, mutual information as the threshold of FEC. Finally, we 

experimentally investigate the limits of nonlinearity compensation in high speed DWDM optical 

communication system. 

In first half of the chapter 2 [1], [2], we considered non-binary quasi-cyclic LDPC coded 

OFDM signals transmitted over few-mode fibers (FMFs). The optimum vector-form nonlinear 

Schrödinger equation is developed to evaluate the performance of the proposed system. Both the 

impacts of nonlinear effects and nonlinear interaction between spatial modes have been included 
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through the modified nonlinear Schrödinger equation we applied for the FMF case. Both two- and 

optimized four-dimensional (4D) signal constellations [3] have been considered. To overcome the 

constraints imposed by the linear and nonlinear impairments in FMF, we proposed a use of block 

coded-modulation with advanced channel estimation and compensation techniques. We verified 

by means of simulation that the transmission of an aggregate serial bit rate of 1.2 Tb/s over 3000 

km is achievable with a proposed LDPC-coded QPSK-OFDM format, while superchannel 

transmission with aggregate serial rate of 2.4 Tb/s over 1800 km is achievable with the 16QAM 

format. When 4D 16-ary optimized constellation [4], [5] is used, we can extend the transmission 

distance of mode-multiplexed QPSK-OFDM by additional 300 km. 

In the second half of chapter 2, we have studied a quantum few-mode fiber (FMF) 

communication [6] scheme based on orbital angular momentum (OAM) [7] modes and applied 

quantum information theory to develop the quantum FMF channel model and calculate the 

quantum channel capacity. We assumed a strong mode-coupling regime in FMF and an imperfect 

generation of OAM modes. The quantum FMF channel has been modeled as a concatenation of 

many fiber sections describing the OAM eigenkets transitions as a Markov chain. The proposed 

model is suitable for study of multidimensional QKD [8] and teleportation over few-mode fibers. 

Numerical simulations have been performed to demonstrate capabilities of the model to determine 

the FMF output density state for a given input density state. It has been shown that FMF quantum 

channel capacity decreases with distance in strong coupling regime if OAM basekets are 

imperfectly generated. 

In Chapter 3, we propose a method to estimate the achievable information rates (AIRs) [9] 

of high speed OFDM in SDM optical long-haul transmission systems. The estimation of AIR is 
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based on multidimensional super-symbol sliding-window Bahl–Cocke–Jelinek–Raviv (BCJR) 

algorithm [10]. We consider most of the degradation of fiber links including nonlinear effects in 

FMF. This super-symbol version of achievable information calculation algorithm, in principle, can 

be used for arbitrary SDM/MIMO [11] [12] system [11] with channel memory consideration. We 

illustrate this method by performing Monte Carlo simulation in a complete FMF model. Both 

channel model and AIRs calculate algorithm are described in details. We also compare the AIRs 

results for QPSK/16QAM in both single mode fiber (SMF)- and FMF-based optical OFDM 

transmission. 

In Chapter 4, we proposed a nonbinary byte-interleaved coded-modulation scheme with 

inner and outer turbo-like iterative decoder [13]. The net coding gain is 0.6dB higher than the state-

of-the-art binary SPC-LDPC-based turbo-product counterpart [14], with adjustable iterations and 

lower error-floor. 

In Chapter 5, we studied the relation between 𝑄() factor and mutual information. A simple 

𝑄()  difference curve is plotted for estimating the inaccuracy of 𝑄()  threshold. A long-haul 

transmission experiment is conducted for exploring the effect of nonlinearity. We also show the 

nonlinearity has very limited influence on the MI-𝑄()  relation. For low rate FEC or large 

constellation BICM scheme, the 𝑄() threshold is more code rate and modulation format dependent 

than that defined with BMI, while it is relatively accurate with small constellation size and/or 

larger values of 𝑄(). 

In Chapter 6, we experimentally study the limits of nonlinearity compensation in a DWDM 

system containing up to nine 37.5-GHz spaced channels. PD-QPSK and PD-16QAM are 

investigated in 1920-km (24×80-km) TrueWave reduced slope (TWRS) fiber with dispersion 
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compensation fiber and standard single mode fiber (SSMF) EDFA-only amplified dispersion-

unmanaged nonzero-dispersion-shifted fiber links, respectively. A symbol averaging technique is 

used to isolate the noise from distortion effects and to emulate idealized, algorithm-independent 

nonlinearity compensation (NLC) [15].  

We observe a Q-factor gain of 2 dB for intra-channel NLC in single-channel operation, 

which is reduced down to 0.1 dB in DWDM operation. Applying NLC jointly to all nine channels 

allows us to recover a multi-channel NLC gain of 0.8 dB. We also obtained 1 dB gain compared 

to single-channel compensation case with QPSK in 1920-km (24×80-km) RS-fiber. The 

improvement of NLC against the number neighboring channels as well as the transmitter side 

single-channel compensation are also studied in this study [16]. 

Finally, in Chapter 7 some important concluding remarks are provided. 
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CHPATER 2 FEW-MODE-FIBER (FMF) BASED 

TRANSMISSION SYSTEM 

2.1 INTRODUCTION TO FMF BASED TRANSMISSION SYSTEM 

The internet has fundamentally changed the way of modern communication. Current trends 

indicate that high-capacity demands are not going to be saturated anytime soon. From Shannon’s 

theory, we know that information capacity is a logarithmic function of signal-to-noise ratio (SNR), 

but a linear function of the number of dimensions [17]. Ideally, we can increase the capacity by 

increasing the power, however, due to the nonlinear characteristics of silica optical fibers that 

imposes a constraint on the maximum achievable optical-signal-to-noise ratio (OSNR). So there 

exists a nonlinear capacity limit on the standard single mode fiber (SSMF). In order to satisfy never 

ending capacity demands, there are several attempts to employ additional degrees of freedom in 

transmission system, which can dramatically improve the spectral efficiency. 

 To introduce the additional degrees of freedom in fiber communication, space-division 

multiplexed (SDM) transmission based on multi-core fiber (MCF) or multi-mode fiber (MMF) 

was proposed. Typically, the standard MMF can support hundreds of modes which will 

dramatically increase the complexity in receiver side, especially for long-haul transmission, while 

few-mode fiber has been proposed to significantly reduce the system complexity in a manageable 

scale. The few-mode fibers (FMFs) [18] [19] represent a special kind of MMF which support just 

a few modes (usually less than 10). So, development of FMF based optical transport systems is an 

attractive pathway to satisfy high capacity demands.  
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FMFs have a core diameter larger than SMF, which allows the propagation of several 

modes, while not overwhelming the computation capacity of silicon chips to compensate for mode 

coupling. There are mainly two types of FMF, namely, step-index and graded-index profile, which 

is similar to SMF. The step-index is easier to fabricate while the graded-index FMF has better 

performance with sophisticated design.  

On the other hand, FMFs exhibit differential mode delay (DMD), mode dependent loss 

(MDL), and random coupling between the supported modes, which will dramatically reduce the 

system reach without employing advanced channel estimation and distortion compensation 

schemes. The nonlinearity effect in FMF is smaller than typical SMF but cannot be ignored. The 

Figure 2.1 shows the typical FMF based OFDM fiber communication system. As an illustration, 

tow polarization and two spatial modes are assumed. Four independent data stream are encoded 

and modulated separately. Four data stream will be multiplexed and De-multiplexed before and 

after the FMF channel. An OFDM receiver will compensate the degradation caused by FMF 

channel and try to output the original data as transmitted.  

 

Figure 2.1 FMF OFDM system diagram 
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In this chapter, we will start with the modeling of FMF links in Section 2.1, where both 

linear and nonlinear effect are taken into account. In Section 2.2, an FMF based OFDM system is 

discussed with advanced compensation scheme. We introduce the quantum communication based 

on FMF in Section 2.3 and finally we conclude this chapter in Section 2.4. 

2.2 FMF Modeling 

From the transmission perspective, the nonlinear Schrodinger equation has been commonly 

applied to modelling of single mode optical fibers with two polarization modes. Based on the 

recent work [20] [21], it has become evident that the multimode transmission channel, such as the 

FMF one, can be modeled as a concatenation of statistically independent sections, where each 

section is modeled by a random (unitary) matrix. Also, the nonlinear effects in two-mode fibers 

with two polarizations based on generalized versions of the nonlinear Schrodinger equation 

(NLSE) have been modeled and studied in [22].  

In this chapter, we introduce the nonlinear Schrödinger equation that accounts for both the 

linear and nonlinear effects in FMF. The proposed propagation model includes the impact of 

attenuation, chromatic dispersion, self-phase modulation (SPM), and cross-mode-phase 

modulation (XMPM) in FMF (it is also applicable to the optimized few-mode fibers [5]). The 

random coupling among spatial modes, describing their nonlinear interaction during propagation 

has also been included. In such a way, the proposed model provides a comprehensive simulation 

platform to study nonlinear interaction involving both the signal and amplified spontaneous 

emission (ASE) noise in FMF under specified modulation/coding schemes.  
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2.2.1 Random Coupling and Mode Dependent Loss 

The main characteristics of the FMFs are DMD and mode dependent gain and loss, which can be 

referred to as MDL. When it comes to long-haul transmission system, which contains many inline 

optical amplifiers and switches, the MDL will be introduced. Unlike the modal delays, which can 

be compensated nicely as we showed in [20], the MDL can be a fundamental limitation of the 

performance. 

Both DMD and MDL have specific probability distributions. It has been shown in [8] that 

the distribution of MDL can be completely specified by the number of modes N, the number of 

FMF sections K and MDL standard deviation of each section σ+ . The standard deviation of 

accumulated MDL after K FMF sections can be related to σ+ as ξ = 	 𝐾σ+.  Modal group delays 

in FMFs in the strong-coupling regime can be obtained by calculating the zero-mean random 

Gaussian Hermitian matrix with eigenvalues corresponding to the DMD. We model the FMFs as 

a concatenation of numerous sections with independent characteristics, with each section being 

shorter than the correlation length.  

The relation between overall MDL standard deviation σ/01  and accumulated MDL 

standard deviation ξ can be written as [20], 

σ/01 = 	ξ		 1 + 4
45
ξ5.                                              (2-1)                                  

The accumulated MDL variance ξ can be obtained by  ξ = 	 𝐾σ+, where σ+ is the MDL standard 

deviation of each section. The response of each section in frequency domain can be determined as, 

𝑀7 ω =	𝑉7Λ7 ω 𝑈7
<,						𝑘 = 1, 2, … , 𝐾                            (2-2) 
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where 𝑉7  and 𝑈7  are frequency-independent complex random unitary matrices, while † denotes 

Hermitian transpose. In equation above  Λ7 ω  denotes a diagonal matrix representing both MDL 

and modal dispersion in the 𝐾th section. Λ7 ω  can be expressed as [20], 

ΛB ω = diag e
G
H+G

I JKLMG
I
, e

G
H+H

I JKLMH
I
, … . , e

G
H+O

I JKLMO
I
,                  (2-3) 

The vectors g(B) = (g4
B , g5

B , … , gR
B )  and τ(B) = (τ4

B , τ5
B , … , τR

B )  describe the uncoupled 

modal groups delays and MDL respectively. Each FMF section has a modal gain profile gT
(B) =

	±α, where α = 	σ+. In the simulation, we set the first half of the modes to have gain of +α, and 

the last half of the modes to have loss of – α, such that the overall gain sum is zero.  

The overall transfer matrix of FMF having K sections can be found as a product of transfer 

matrices of individual sections: 

MYZY ω = 	MB ω …	M5 ω M4 ω .                                    (2-4) 

2.2.2 Nonlinear Effects in FMFs  

To evaluate the achievable information rate of the FMF system, we follow the model in [1] [22]. 

The electric field in a group of N/2 degenerate spatial modes is represented by N-dimensional 

complex valued vector	E. For example, if we consider the two modes fiber (LP01 and LP11), then 

the E can be expanded as, 

𝐄 = 𝐄4	𝐄5
]
= E4^	E4_	E5^	E5_

]
	                                   (2-5) 

which is constructed by stacking the Jones vectors of N spatial modes one on top of each other. In 

(i), ET denotes the i-th spatial mode. Besides, the original Manakov equation can be obtained from 

[17]. We separate the linear and nonlinear parts as follow: 
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`𝐄
`𝐳
= 𝐃 + 𝐍 𝐄					                                                 (2-6) 

where the D is the linear part and the N is the nonlinear part. 

The linear part vector form NLSE can be written as, 

𝐃 = −4
5
𝛂 − 𝛃𝟏

`
`Y
− j 4

5!
𝛃𝟐

`H

`YH
+ 4

m!
𝛃𝟑

`o

`Yo
																							           (2-7) 

where in the ideal case, α is a zero matrix and βq is proportional to the identity. 

In general cases, the α = 	αI (I is all ones vector), assuming that all modes are attenuated to the 

same level. 

β4 can be calculated as 

𝛃4 = 𝐔 ⋅ 𝚲 ⋅ 𝐔<	                                                  (2-8) 

where 𝐔 is a 2N ∗ 2N random unitary Gaussian matrix [21]. Λ is an array of 2N*2N matrix which 

represent the different modes delays. 

𝚲5w×5w =
𝛕4 +

Mz{O_G
5

𝛔4 ⋯ 𝟎5×5
⋮ ⋱ ⋮

𝟎5×5 ⋯ 𝛕w +
Mz{O_�

5
𝛔4

                                (2-9) 

where τq is a two-by-two diagonal matrix with elements equal to DMGD (group delay between 

spatial modes): 

τ��R_T = 	
Rz{O_�

5 5⋅������������
                                         (2-10) 

We also know that Pauli matrices are defined as 

𝛔𝟏 =
1 0
0 −1 , 𝛔𝟐 =

0 1
1 0 	and	𝛔𝟑 =

0 −j
j 0 		                        (2-11) 

Similarly, α,	β5	and	βm can be extended to matrix form as, 
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𝛂 = α ⋅ 𝐈5w∗5w = diag α  

	𝛃5 = β5 ⋅ 𝐈5w∗5w = diag β5  

and	𝛃m = βm ⋅ 𝐈5w∗5w = diag βm 		                                      (2-12) 

where	α is attenuation factor. β5 is the GVD and βmis the second order GVD, defined respectively 

as: 

β5 = − ����
H

5��
D�                                                        (2-13) 

βm =
����
H

5�� H λ���5 S� + 2λ���D�                                           (2-14) 

In (2-13) and (2-14), D�	denotes the dispersion (s/m5); S� is Dispersion Slope (s/mm); 

𝐍T = jγ f��1�
 
¡
𝐄T

5
𝐈 + f��Z��

¢
m
𝐄B

5
𝐈w

B£T 		− 4
m
𝐄𝐢
<
𝛔𝟑𝐄𝐢 𝛔m 						i = 1,2, … , N  (2-15) 

where ET denotes the i-th propagation mode, which includes both x and y polarization modes. The 

i-th spatial mode power  𝐄T
5
 can be calculated as 𝐄T

5
= 	 𝐄T^

5
+ 𝐄T_

5
 and N is the number of 

propagation modes. 

Besides, γ is the nonlinearity factor 

γ = 5�¥H����
�¦���

					                                                    (2-16) 

where n5 is the nonlinear index and A��� is the core area. 
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Figure 2.2 Uncoded BERs vs. launch power (after 2000 km of FMF). 

The figure 2.2 shows the typical nonlinear effects on FMF transmission where there is an 

optimal launch power for lowest BER performance and it is similar to SMF cases. Without the 

nonlinear effects, the BER should decrease as the launch power increases, which means a higher 

OSNR. With the nonlinearity considered, higher power will cause large nonlinear effects resulting 

in more received errors. 

2.3 Coherent optical (CO)-OFDM system over FMFs and compensation of coupling 

effects 

The proposed nonbinary (NB) LDPC-coded mode-multiplexed CO-OFDM system is shown in 

Figure 2.3 and Figure 2.4. The system configuration corresponding to a single spatial mode and a 

single OFDM band, while employing multidimensional optimum signal constellation design 

(OSCD) proposed in [4] [23], is shown in Figure 2.3. Two data streams from different information 

sources, herewith assuming an effective information symbol rate of 40 Giga symbols/s (GS/s) per 
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source, are encoded by 16-ary nonbinary LDPC encoder. The 4D-OSCD OFDM modulator first 

accepts the nonbinary symbols from the encoder and maps them to the corresponding 16-ary 

OSCD constellation points [24]. 

 

Figure 2.3 System diagram of proposed CO-OFDM LDPC coded transmission system suitable 

for transmission over FMF. 
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(b) 

Figure 2.4 (a) OSCD modulation for transmission over FMF. (b) Block diagram of OFDM 

subsystem. 
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The 4D-OSCD OFDM modulator is composed of 4D-OSCD mapper (that outputs 4D 

coordinates of corresponding 4D constellation), two OFDM transmitters corresponding to x- and 

y-polarizations, and a 4D modulator (composed of laser diode, polarization-beam-splitter, I/Q 

modulator, and polarization-beam-combiner). The first two coordinates (the second two 

coordinates) of 4D constellations that are used as inputs to the OFDM transmitter correspond to x- 

(y-) polarizations. To compensate for the mode crosstalk, the pilot symbols are properly inserted 

for least-square (LS) and least minimum mean square error (LMMSE)-based compensation 

algorithms, as described in next section. For the description of multidimensional OSCD algorithm, 

please refer to [25]. 

The OFDM subsystem that includes the channel impairments compensation steps is shown 

in Figure 2.4. The Figure 2.4 (a) shows the scheme of OSCD modulation suitable for transmission 

over the FMFs, while the upper part of Figure 2.4 (b) shows a single-band OFDM transmitter used 

for transmission of NB-LDPC-coded signals over four spatial modes (including polarization 

modes). After passing through the nonbinary LDPC encoder, the input symbols are forwarded to 

the serial-to-parallel conversion block, followed by OFDM transmitter, which forms the OFDM 

symbols containing 2048 subcarriers. In the OFDM transmitter, the training symbols and pilots 

are inserted into OFDM symbols for the channel estimation purposes, as shown in Figure 2.5. The 

pilot insertion is then followed by the inverse FFT calculation, cyclic extension, and digital-to-

analog conversion blocks. The length of the guard interval is chosen to be longer than the total 

signal spread due to mode dispersion. The OFDM receiver performs the operations in the opposite 

order to ones done at the transmitter side, which is then followed by the estimation and 

compensation operations. The least-square (LS) procedure [9] has been applied and is used in 
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combination with the channel interpolation based on piece-wise linear interpolation as the first 

estimation step.  

The channel estimation can be performed by inserting pilot tones into all subcarriers of the 

OFDM frames with a specific insertion period [26] [2]. The estimate of pilot signals, based on the 

LS technique, is given by: 

𝐻©,ª« = 𝐻©,ª« 0 , 𝐻©,ª« 1 , …𝐻©,ª« 𝑁© − 1
	

= ®̄ °
±¯ °

, ®̄ 4
±¯ 4

, … , ®̄ ²¯J4
±¯ ²¯J4


																																																			(2-17)	

where 𝑋©(𝑖) and 𝑌©(𝑖) are transmitted and received symbols of pilot 𝑖	(𝑖 = 0,1, … , 𝑁© − 1). In 

order to improve the accuracy of pilot estimation, the LMMSE estimator is used as a second 

compensation step. The representation of pilot subcarriers for the MMSE estimator is given by: 

H·,���¸¹ = R»¼,»¼ R»¼,»¼ +
ξ

¸w½¯
I
J4
H·,�¸                                   (2-18) 

where  H·,�¸ is the least-square estimate of  H· as shown in Eqn. (2-17); SNR = E X·(k) /σ¥5  is 

the effective signal-to-noise ratio for each mode estimated after LS compensation; ξ =

E X·(k)
5	E 1/X·(k)

5
 is a constant dependent on the signal constellation; the covariance matrix 

is defined as R»¼,»¼ = E{H·H·
<} . (E denotes the expectation operator and †  is Hermitian 

transposition operation.) By transmitting sufficiently long training OFDM frame sequences before 

data OFDM frames, we can estimate the covariance matrix. The channel transfer function of data 

subcarriers is interpolated based on the LS or LMMSE estimate of the pilot signals, as shown in 

Figure 2.5.  
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It is important to mention that the procedure discussed above is performed for each spatial 

mode. In the pure linear channel model, the ASE noise is the only limiting factor in addition to the 

mode-coupling. To obtain the SNR estimate for LMMSE, we perform a symbol-based SNR 

estimation after the LS compensation. The LMMSE technique improves the OFDM symbol 

estimate based on LS compensated symbols. Even though that the LMMSE represents a better 

estimation on the channel degradation, the overall complexity increases, which is observed in two 

ways. First, the LMMSE estimation method requires a long training sequence for estimation of the 

channel matrix H, which means that it is time-invariant only for limited time duration. 

Accordingly, a longer training sequence is required, which will decrease the overall data rate. 

Secondly, the LMMSE method requires the matrix inversion as per Eqn. (2-18), which could be a 

challenging problem when the number of spatial modes is large. Therefore, the LMMSE can be an 

option for the system that will be used for longer transmission distance. 
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Figure. 2.5 OFDM symbols’ arrangement. 

The chromatic dispersion compensation is applied before the compensation of the mode-

coupling takes place. Our assumption is that the chromatic dispersion affects all spatial modes in 
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a similar fashion if the refractive index profile is parabolic-like and properly designed [19] [27] 

[28]. In addition, a strong mode coupling makes this assumption more viable. Accordingly, we can 

compensate it by using the following operation 

𝑆Ã,7Ä = 𝑆Ã,7Å ∙ 𝑒JÈÉ 7                                                    (2-19) 

where the 𝑆 denotes the received symbols before (superscript b) and after (superscript a) chromatic 

dispersion compensation, 𝑚 is the spatial mode index, and 𝑘 is the OFDM subcarrier index. The 

phase shift due to chromatic dispersion 𝜗 can be estimated as 

𝜗 𝑘 = ÌH
5!
∙ 𝜔75 +

Ìo
m!
∙ 𝜔7m 𝐿                                             (2-20) 

where 𝜔7 is the k-th subcarrier frequency of observed OFDM symbol, β5 is the group-velocity 

dispersion (GVD), βm is the second order GVD, and L is the total FMF length, all assumed for 

fundamental LP01 mode. We are quite aware that the refractive index profile not close to the 

optimum one will cause that GVD for LP11 mode to be different from assumed value, but the 

purpose of this section is to show results for an optimized system case. 
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Figure 2.6 The evolution of 4D 16-ary constellation: (a) received signal constellation after 560 

km, (b) 560km-signal constellation after LS compensation, (c) 560km-signal constellation after 

LMMSE compensation, (d) 2000km-signal constellation after LS compensation, (e) 2000km-

signal constellation after LMMSE compensation. 

To achieve higher aggregated data rate, we further increase the constellation size from 

QPSK to 16-QAM, so that each OFDM band now has the aggregate data rate of 600Gb/s [50(GS/s) 

* 4 (modes) * 4 (16-QAM) * 0.8 (code rate) * 0.94 (OFDM information subcarrier ratio)]; with 

four OFDM bands we now achieve the aggregate data rate per single wavelength of 2.4 Tb/s. 

However, the 16-QAM is more sensitive to nonlinear phase noise and the ASE noise due to 

reduction of the Euclidean distance between neighboring symbols. With LS compensation, we can 

(a) (b)

(c) (d)

(e)
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mostly recover the signal after 1000km when combined with LDPC coding, while the LDPC coded 

OFDM based on LS estimation can be used for distances up to 1200km. To further increase the 

transmission distance, the LMMSE algorithm must be deployed. In Figures 2.7 and 2.8, the BER 

performances versus total transmission distance are provided for such a case. The uncoded OFDM 

system with the LMMSE, with 16-QAM format employed, exhibits an error floor phenomenon for 

distances below 1000 km. However, for the LDPC-coded OFDM, also based on 16-QAM format, 

no countable errors have been found for distances of up to 1800km.  

Regarding the transmission of signals with 16-ary 4D OSCD constellation proposed in [29] 

[30], we should notice that in Figure 2.9 we observe the first and the second pair of coordinates 

separately and show the 4D-OSCD constellations for different distances with/without LS/LMMSE 

compensation.  

 

Figure 2.7 QPSK LDPC-coded OFDM BER performance vs. total transmission distance. 
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Figure 2.8 The 16-QAM LDPC-coded OFDM BER performance vs. total transmission distance. 

In simulations, two spatial modes, each containing two polarization states, are observed. 

Due to the random mode-coupling, the symbols cannot be recognized without compensation. As 

seen in Figure 2.6 (b,d), the LS algorithm is helpful for shorter distances with lower complexity.  

However, for distances over 2000km, the LMMSE method is necessary. The overall improvement 

for the nonbinary LDPC-coded 4D 16-ary OSCD as compared to binary LDPC-coded mode-

multiplexed −polarization-division multiplexed (PDM) QPSK-OFDM is 1500km (at BER of 10-

4). When 4D 16-ary OSCD is used with LMMSE method employed, we can extend the 

transmission distance of mode-multiplexed-PDM QPSK by 300km, as shown in Figure 2.7. The 

BER performance curves shown in Figure 2.9 are obtained by averaging over both spatial modes 

and OFDM bands. 
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Figure 2.9 BER performance of proposed mode-multiplexed 4D 16-ary OSCD-based OFDM 

against conventional mode-multiplexed LDPC-coded QPSK-OFDM. 

2.4 Quantum FMF modeling and its applications 

2.4.1 Quantum FMF with OAM modes introduction 

In order to address the capacity and energy constraints in next generation networks [31], 

researchers have been studying the use of additional degrees of freedom related to optical signal 

that can be utilized. An orbital angular momentum (OAM) [32] of the light can be effectively 

utilized as an additional degree freedom to improve the overall optical channel capacity [33] [34]. 

The OAM is a property of the light associated with the helicity of a photon’s wave-front, which is 

independent of the polarization in fiber [32]. The OAM modes with different charge number n are 

spatially orthogonal to each other  [34]. The OAM has found wide applications in atom trapping, 

Ra
te
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optical tweezers, and photon entanglement. Recently, OAM has gained much attention for 

improving the transmission capacity in optical communication systems due to the ability to carry 

independent data streams on each orthogonal OAM mode  [34] [36] [37]. Another interesting topic 

with respect to use of OAM is related to the quantum key distribution (QKD) [7]. The impossibility 

for an eavesdropper to tap the quantum channel and distinguish between non-orthogonal states 

without introducing disturbance to the channel ensures the QKD system is secure. Even though 

significant advances have been made recently in QKD research and commercialization, the 

transmission speed of quantum key exchange is still low, and transmission distance over SMF is 

still limited [38]. Most research efforts so far have been focused on two-dimensional qubits, 

implemented with the photon polarization. Because photons can carry both spin angular 

momentum (SAM), associated with polarization and OAM, associated with the azimuthal phase 

of the complex electric field, it is possible to use OAM eigenkets to enable secure multidimensional 

QKD (MQKD) [39] over new type of fibers, known as FMFs. The most of research efforts in the 

last ten years, related to application of the OAM, is mainly focused on the free-space optical 

communications [40] [41] [42], while the research about OAM based communications over FMFs 

is still in its infancy phase. Today’s multimode fibers (MMFs) are far away from being a medium 

suitable for quantum communications. The main issues are related to the high loss and excessive 

number of modes [43]. However, situation is different when FMFs are employed, since these can 

be used for overall transmission capacity increase [28] [37]. The use of FMF in quantum 

communications is essential since it limits the number of supporting modes to just few, which can 

facilitate quantum communications as the mode-crosstalk occurs only between few modes.  
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In this section, we use the quantum information theory concepts to model quantum 

communication channel, which is applicable to both FMFs and MMFs. We model the FMF/MMF, 

carrying a quantum information, as a concatenation of K fiber sections, wherein each section is a 

generalized depolarizing channel, and use the Markov chain to describe OAM eigenkets 

transitions. Based on OAM transition probabilities, we determine the corresponding Kraus 

operators. The proposed model is applicable to multidimensional quantum key distribution 

(MKQD) and multidimensional teleportation over few-mode fibers. It is also of high importance 

for the future development of quantum error correction codes to extend the transmission distance 

for MQKD and multidimensional teleportation. We employ the proposed model to determine the 

quantum channel capacity and to study its dependence on fiber length and on accuracy of OAM 

eigenkets generation. 

2.4.2 Quantum OAM Communications in FMFs 

It is well known that electromagnetic radiation can be characterized by both the energy and 

momentum. There are two kinds of momentum, linear and angular. Whereas the linear momentum 

of the light is connected with radiation pressure and force action, the total angular momentum 

(TAM), which equals J=S+L [32], is related to torque action. The spin component S of TAM, also 

known as the spin angular momentum (SAM), is associated with photon helicity and the 

polarization of light. The second component, L, and is also known as OAM, is associated with the 

orbital phase profile of the beam, measured in direction orthogonal to the propagation axis. Optical 

energy inside an optical fiber can follow OAM modes as this type of propagation is also bound by 

total internal reflections and the Snell’s law [44]. Helical propagation permits multiple 

independently guided beams of optical energy that can be used to support multiple channels of 
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exactly the same wavelength inside an optical fiber by controlling the location and orientation of 

the input beam. The Laguerre-Gaussian beam function of the radial mode number p, given in [32], 

with the electric field denoted as 𝑢© 𝑟, 𝜙, 𝑧 , can be represented in terms of spherical harmonics 

as  

𝑢© 𝑟, 𝜙, 𝑧 = 4
5Ó

𝑎©,ÕÖ×
ÕØJ× 𝑟, 𝑧 ⋅ 𝑒 J(ÕÙ                                   (2-21) 

where 

𝑎©,Õ 𝑟, 𝑧 = 4
5Ó

𝑢© 𝑟, 𝜙, 𝑧
5Ó
° ⋅ 𝑒(ÕÙd𝜙                                 (2-22) 

represents the projection along the l-th OAM mode [45]. From Eqn. (2-22) we can determine the 

power along l-th OAM mode as: 

𝑃Õ = 𝑎©,Õ 𝑟, 𝑧
5𝑟𝑑𝑟×

°                                                (2-23) 

Accordingly, the total power in all OAM modes is determined as 

𝑃 = 𝑢© 𝑟, 𝜙, 𝑧
55Ó

° 𝑟𝑑𝑟d𝜙 = 𝑃©,ÕÕ
×
°                              (2-24) 

The normalized power of the l-th mode is also the probability of detecting the l-th mode: 

𝑝Õ =
Ý¯,Þ
Ý

                                                            (2-25) 

For fixed radial number p, the probability amplitude associated with the l-th OAM mode, denoted 

as cl, is given by 𝑐Õ = _ 𝑝Õ Different OAM modes satisfy orthogonality principle since: 

(𝑢©,Ã, 𝑢©,)) = 𝑢©,Ã∗ 𝑟, 𝜙, 𝑧 ⋅ 𝑢©,) 𝑟, 𝜙, 𝑧 𝑟𝑑𝑟𝑑𝜙 =
𝑢©,Ã

5 𝑟𝑑𝑟𝑑𝜙,			𝑛 = 𝑚

0,			𝑛 ≠ 𝑚
; 

𝑚, 𝑛 ∈ −	𝐿ãäå,… ,−1,0, 1, … , 𝐿ãäå        (2-26) 

where 𝐿ãäå is the total number of OAM modes related to the specific radial number p that can 

propagate over the FMF, and it is dependent of fiber design. Due to orthogonality principle given 
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by Eqn. (2-26), different OAM modes (l=0,1,…,LOAM) with a fixed radial number p represent 

basekets. Therefore, an arbitrary OAM state ψ  might be written as a linear superposition of the 

OAM basekets: 

ψ = 𝑐Õ l
ªèéê
ÕØJªèéê , 𝑐Õ 5 = 1ªèéê

ÕØJªèéê                                 (2-27) 

where basekets denoted by l  are orthogonal to each other: 

𝑚 𝑛 = 𝛿Ã); 								𝑚, 𝑛 ∈ −	𝐿ãäå,… ,0, … 𝐿ãäå .	                        (2-28) 

Notice that the OAM multiplexer described in Eqn. (2-21) cannot distinguish between OAM 

modes with azimuthal mode numbers of the same absolute value and the opposite sign 𝑒(±(ÕÙ). 

Therefore, we need to reduce the degrees of freedom to 0,… , 𝐿ãäå , so that the quantum state can 

now be represented by: 

ψ = 𝑐Õì l
ªèéê
ÕØ° , 𝑐Õì 5 = 1ªèéê

ÕØ°                                   (2-29) 

Notice that conventional LP modes can also be represented as a linear combination of 

orthogonal OAM modes. This concept is similar to linear polarization, in which every polarization 

state can be represented in terms of the two basekets, say |x〉 and |y〉 polarization basekets. 

Therefore, the corresponding quantum model needs to capture transitions among basekets. The 

coupling of OAM baskets will also cause the coupling between the LP modes, as they are 

represented in terms of OAM basekets. Notice that in this scenario, it is essential to use FMFs 

instead of MMFs so that higher OAM modes cannot be excited, as a particular FMF design can 

only support (LOAM +1) modes. There are a number of different approaches [46] to generate OAM 

modes from conventional Gaussian modes, which can be classified into three categories: (i) using 

discrete spatial light modulators [45], (ii) using a conventional multimode fiber with stress or 

acoustic waves, and (iii) using a fiber coupler consisting of a central ring and four external cores 
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[43]. Methods (ii) and (iii) are relatively easy to implement and can generate OAM modes with 

mode purity >99%. Given the fact that the OAM mode generation is imperfect, the quantum 

channel model needs to take this effect into account as well.  Notice that FMF and corresponding 

taper-core-fiber based coupler should be properly designed so that only the OAM modes for fixed 

radial number p are excited in fiber, as explained in more details in [44]. As an example, for p=0, 

since𝐿°Õ ∙ = 1 in (1), the intensity of an OAM model is a ring proportional to |l|1/2 for all l’s. This 

fact can be exploited in donut-shape photodector design, to detect desired OAM modes, as 

discussed in [37]. In our analysis we will assume that LOAM+1 modes for fixed radial mode number 

p are excited, and will omit the subscript p to facilitate explanations. 

2.4.3 Quantum Channel Model of FMF 

When a photon is in a baseket with the helical wave-front structure	e(JTÕí), its OAM is equal to 𝑙ℏ. 

When the helical phase structure is distorted during the propagation over the fiber, the photon 

being in an eigenket  m can be found in an eigenket n ≠ m with a certain probability. Random phase 

will also distort the helical phase structure of OAM mode. To derive a quantum OAM channel 

model, we assume that propagation characteristics of FMF/MMF in general, and the error operator 

in particular, can be considered invariant over a certain fiber length, but change in a random fashion 

between the fiber sections. The key idea in this section is to model each section of FMF as a 

generalized depolarizing channel. The multidimensional quantum FMF/MMF channel, for one 

fiber section, can be viewed as a completely positive trace-preserving mapping: 

𝜌 → 𝜉 𝜌 = 𝐸(𝜌𝐸(<,²J4
(Ø°                                            (2-30) 

where N is the total number of different types of errors operators and ρ is the density operator of 

initial superposition state obtained from: 
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ρ = ψ ψ 	.	                                                       (2-31) 

Based on the above discussion, we can identify two types of errors: (i) the error operator 

that changes the OAM state m to n with certain transition probability pmn, and (ii) the error operator 

that only affects the phase of the state. In addition, the FMF introduces random coupling among 

the OAM basekets. The first type of errors and random coupling can be described by the transition 

probability pmn, which is probability that OAM state |m〉 is being found in OAM state |n〉. In 

addition to assumptions above, we also assume that: (i) qudit errors are mutually independent, and 

ii) different single-qudit errors operators satisfy condition 𝐸( ∈ {𝐿Ö, 𝐿J, 𝐸õÝ, 𝑅} where L+ (L-) is 

rising (lowering) operator, EGP is the generalized phase error operator, and R is the random 

coupling operator.  Since 𝑙 = 0, 1, … , 𝐿÷¦� , the maximum possible value for 𝑙  is 𝐿÷¦�  (only 

𝑁 = 	𝐿÷¦� + 1 modes can propagate in FMF), and the minimum possible value for	𝑙 is 0, so we 

require that: 

𝐿Ö 𝑝, 𝑙 = LZù/ = 0;		𝐿J p, 𝑙 = 0 = 0.                                 (2-32)                                     

In order to describe the transformation of basekets, we use the Markov chain-like model 

with a finite number of states. We further assume that the OAM basekets are imperfectly generated 

at the transmitter side, which can be modeled as follows. Each error operator, describing imperfect 

generation of OAM basekets from the set {𝐿Ö, 𝐿J	and	𝐼} (I is the identity operator), appears with 

a certain probability, according to the following next-neighbor model: 
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Table 2.1 probability transition matrix 
Therefore, the baseket is left as it is with probability 1-p, while the probability that it moves to a 

neighboring OAM baseket equals p/2. In order to model the FMF introduced crosstalk among 

OAM basekets, we model the k-th fiber section by random coupling matrix in similar fashion as 

one explained in [16]. Notice that the FMF channel model described in [21] is a classical one. 

Since it is not immediately applicable on a quantum level, some modifications are required. The 

overall quantum FMF model is shown in Figure. 2.10, and it is composed of K fiber sections. This 

model is able to describe the strong coupling among all OAM modes propagating through FMF 

and imperfect generation of OAM modes. 

 

Figure 2.10 Illustrating the quantum few-mode fiber channel model. 
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The crosstalk among OAM basekets can be represented in terms of the complex random 

unitary matrix 𝑈	(𝑈𝑈< = 𝐼). The total state transform matrix can be written as: 

Π7 = 𝑈B ⋅ 𝜋7 ⋅ 𝑈7
<,	                                                 (2-33) 

where k is the index of fiber sections (k=1,...,,K). After random coupling, the final state 

transformation matrix, after K fiber sections, can be written as, 

𝑇 = Πÿ ⋯		Π5Π4                                                   (2-34) 

The whole FMF/MMF of certain length can be viewed as an open system, while each 

section can be considered as a closed system. The operator-sum representation of an open system 

is usually constructed by considering a larger closed system, in the case when system is combined 

with the environment described by mapping ξ, which represents the composition of each section 

mapping ξ7 . Let the input and output OAM states live in Hilbert spaces with the same 

dimension	𝐿÷¦� , and ξ be a quantum operation acting on input density matrices. Then Kraus 

operators have the following matrix representation: 

𝐵Ã) °"Ã#�$%{
H ,°")#�$%{

H  

and act on the input density operators such that 

ξ ρ = 𝐵Ã)𝜌𝐵Ã)
<

Ã)                                                  (2-35) 

where 

𝐵Ã) = |𝑝Ã)| 𝑛 𝑚                                                  (2-36)                                                            

and 𝑝Ã) are elements of matrix 𝑇.   
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Figure 2.11 Input states transition probabilities and OAM quantum output states transition 

probabilities for different number of sections (for one channel realization): (a) transmitted side, 

(b) K = 50, (c) K = 100, and (d) K = 200. 

As an illustration, let us set the number of OAM basekets to LOAM + 1= 16 and let the 

initially state be 8  with the probability 𝑃�YùY� = 1 − 𝑝 = 0.90. We perform the simulations for 

different FMF/MMF lengths: 𝐾 = 50 , 	𝐾 = 100  and 𝐾 = 200 , respectively, where K is the 

number of sections. The input state transition probabilities are shown in Figure 2.11 (a). 

Corresponding output states transition probabilities are shown in Figure 2.11 (b,c,d), for different 

number of sections K. It is evident from Figure. 2.11 that FMF introduces strong coupling among 

the OAM modes, and after 60 sections, the initial OAM mode 8 now appears in all OAM modes 

with certain probabilities. It is expected that strong coupling will significantly reduce the quantum 

channel capacity. Notice that in order to present results in more general form, we use the number 

(a) (b)

(c) (d)



 45 

of sections as a parameter rather than using the transmission distance, since different FMF types 

will have different correlation lengths.  

2.5 Quantum Channel Capacity of FMF 

The operator-sum representation, given above, is suitable for quantum channel capacity 

calculation. For different FMF lengths we can calculate the corresponding error operators whose 

representation in matrix form is given by 

𝐵Ã) = 𝑝Ã) 𝑛 𝑚 	,                                                  (2-37) 

where 𝑚	and	𝑛 denote OAM modes, with corresponding basekets 𝑚  and	|𝑛 . Therefore, the 

operator Bmn describes the transition from baseket 𝑚  to baseket |n〉. The pmn (m,n=0,1,…,LOAM) 

are the probability amplitudes obtained from the FMF transmission matrix 𝑇	described above, and 

represent the transition probability amplitudes between two states. So the overall FMF operator-

sum representation is given by 

ξ ρZ*Y = 𝐵Ã)ρT¥𝐵Ã)
< .ª$%{

Ã,)Ø° 	                                            (2-38) 

According to the Holevo-Schumacher-Westmoreland  (HSW) theorem [17], the quantum capacity 

can be determined by  

C ρT¥, ξ ρT¥ ≡ max 𝑆 ξ 𝑝ÈρÈÈ − 𝑝È𝑆 ξ ρÈÈ                    (2-39) 

where the von Neumann entropy S(ρ) is defined by S(ρ)=-Tr(ρlogρ). In addition, the first term in 

Eqn. (1-39) is defined as  

𝑆 ξ(ρ) ≡ −Tr Wlog5W = − 𝜆(log5𝜆((                                (2-40) 

where 

𝑊(,È ≡ Tr 𝐵(Èρ𝐵(È
< .						                                           (2-41)                                                              
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In Eqn. (21), with λi we denoted eigenvalues of matrix W. Since the channel model is discrete, 

from quantum information theory we know that uniform distribution of pj will lead to maximum 

von Neumann entropy. 

 

Figure 2.12 Quantum channel capacity of few-mode fiber as a function of transition probability 

p for different number of fiber sections. 

Results of quantum channel capacity (QCC) calculations are summarized in Figures 2.12 

and 2.13. As shown in Figure 2.12 and Figure 2.13, the capacity decreases when the transition 

probability p and the number of sections increase. As the sections of fiber increases, the capacity 

becomes more sensitive to the OAM transition probability (OAM crosstalk), especially when the 

number of OAM basekets is large. The capacity drops from 3.5 to 2.75 and from 1.9 to 1.6 for 
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LOAM=15 and LOAM=3, respectively, when the number of sections of fiber increases from 50 

sections to 200 sections and for 𝑝 = 10Jm. This indicates that in the strong coupling regime of 

FMFs/MMFs, the number of OAM basekets should be kept reasonably high.  In order to present 

results in more general form, we use the number of sections as a parameter rather than using the 

transmission distance, since different FMF designs will have different correlation lengths. 

 

Figure 2.13   QCC of FMF as a function of fiber sections for OAM transition probability 

p=0.005, for different number of OAM basekets (4, 6, 8, and 16). 

2.6 Conclusions 

In the first half of this chapter, we have proposed a nonbinary QC-LDPC-coded mode-

multiplexed CO-OFDM system as a multi-Tb/s enabling superchannel technology for transmission 

over few-mode fibers. To evaluate the proposed system, we have developed the vector-form of 

nonlinear Schrödinger equation, applicable to optimized FMFs. Both 2D and 4D signal 

constellations have been evaluated. Numerical simulations have demonstrated the viability of a 

long-haul transmission in the presence of nonlinear effects. We verified the superchannel 
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transmission over 3000 km with the aggregate serial bit rate of 1.2 Tb/s by using the LMMSE 

technique, when LDPC coded QPSK is used. We have found that the overall improvement of the 

nonbinary LDPC-coded 4D 16-ary OSCD over the binary LDPC-coded mode-multiplexed-PDM 

QPSK, with serial data rate of 2.4 Tb/s, is 1500 km. On the other hand, when the 4D 16-ary OSCD 

has been used in combination with the LMMSE method, we can extend the transmission distance 

of mode-multiplexed-PDM QPSK-OFDM by additional 300km. The proposed nonbinary LDPC-

coded 4D signaling is, therefore, multi-Tb/s serial optical transport enabling technology for 

communication over FMFs. We believe that it is possible to further extend the transmission 

distance beyond 4000 km by using more advanced techniques, such as the DFT-spread-based 

approaches [45] that are capable of improving the tolerance to fiber nonlinearities while combined 

with 4D signal constellations investigated in [46].     

In the second half of this chapter, the quantum information theory is used to build the 

quantum FMF channel model and to calculate the quantum channel capacity. We made 

calculations assuming a strong mode-coupling regime as well as the imperfect generation of OAM 

modes, which is close to a real case scenario. We have also shown that the quantum channel 

capacity decreases as the transmission distance and transition probabilities increase. The proposed 

model is suitable for study of the multidimensional QKD and teleportation over FMFs.  
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CHAPTER 3 ACHIEVABLE INFORMATION RATES 

CALCULATION FOR FMF 

3.1 Capacity, mutual information and achievable information rates 

 
Figure 3.1 Typical communication system 

Figure 3.1 shows a typical optical communication system scheme which can be decomposed to 

three parts: Uniform source, Coded-Modulation, and Channel equalization parts. The part two and 

three have closely relation while the part one can be loosely described as a process to 

remove/recover the redundancy of the origin data. We are assuming that the input to the part two 

are always uniformly distributed in this dissertation. 

 In the part two Coded-modulation (CM), there are two main blocks, channel coding and 

modulation. Traditionally, we consider these two blocks separately. Coding is used for correcting 

the errors introduced by the channel with additional redundancy is added to the information. 

Modulation is a mapping process that transforms the information to signal constellation, which is 

suitable for transmission over the channel. With the coherent detection technique, more advanced 

modulation formats can be used, and the soft-decision values are available at the decoder. More 

recently, coding and modulation are jointly considered for better coding gain.  
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The size of the signal constellation determines the maximum information that each symbol 

can carry as 

𝑚 = log5 𝑀                                                           (3-1) 

where the M is the signal constellation size and the m is the maximum information rate in 

bits/symbol. The encoded data contains some redundancy for combating the errors and the net 

information rate should take the code rate into account as 

𝑟 = 𝑅 ∙ log5 𝑀                                                        (3-2) 

where the R is the code rate (net-information/total-information). Sometimes researchers in optical 

communication community prefer to consider the redundancy as overhead O 

𝑂 = 4
5
− 1                                                            (3-3) 

The encoder’s output bits are mapped onto a discrete set of values from M, and the combination 

of channel encoding and modulation is referred to as the coded modulation. 

 The channel equalization serves as the generalized filter that can remove channel memory 

or perform non-linear operations. This part is fixed for all the coded-modulation cases and hence 

it can be considered as a part of channel in channel capacity calculation.  

 The	𝑋 and 𝑌 in Figure 3.1 are the input and output random variables of the channel and 𝑋 

and 𝑌 takes on a values in 𝒳 and 𝒴, respectially, where 𝒳 = 𝑎4, 𝑎5, … , 𝑎å  and 𝒴 is complex 

field. To describe the capacity, we should first define the entropy of the random variable as [47] 

𝐻 𝑋 = −𝑃± 𝑎 log5 𝑃±(𝑎)Ä = 𝐸[− log5 𝑃± 𝑋 ]                           (3-4) 

where 𝑃± 𝑎  is the probability the probability that the random variable 𝑋 takes the value 𝑎, or can 

be understood as the expectation E of the of base-two logarithm of the probability of random 

variable. The conditional version of the entropy can be defined as 
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𝐻 𝑋|𝑌 = 𝑏 = −𝑃±|® 𝑎|𝑏 log5 𝑃±|®(𝑎|𝑏)Ä                              (3-5) 

where the 𝑃±|® 𝑎|𝑏  is the probability that 𝑋 = 𝑎 was transmitted given that we observe 𝑌 = 𝑏 at 

the receiver side. Based on above conditional entropy equation, the average conditional entropy is 

written as 

𝐻 𝑋|𝑌 = 𝑃® 𝑏 𝐻 𝑋|𝑌 = 𝑏Å = −𝑃±® 𝑎, 𝑏 log5 𝑃±|®(𝑎|𝑏)Ä,Å             (3-6) 

The entropy is the measurement of the uncertainty and conditioned on some information will 

results in decreasing the entropy. The difference of entropy of how much the knowledge of 𝑌 

reduces 𝐻(𝑋) to 𝐻(𝑋|𝑌) is referred to as mutual information as 

𝐼 𝑋; 𝑌 = 𝐻 𝑋 − 𝐻 𝑋|𝑌 = 𝑃±® 𝑎, 𝑏 log5
Ý;< Ä,Å

Ý; Ä Ý< ÅÄ,Å = 𝐻 𝑌 − 𝐻 𝑌|𝑋        (3-7) 

Finally, the capacity in bits per channel use is 

𝐶 = max
Ý;

𝐼(𝑋, 𝑌)                                                      (3-8) 

The 𝑃± is the input distribution which maximizes the mutual information. 

3.1.1 The constellation constrained capacity without fiber nonlinearities 

In coherent optical system, both 𝑋 and 𝑌 can be considered as samples from complex fields. 

The typical optical channel without nonlinearity can be simulated as complex additive white 

Gaussian noise channel as 

𝑌 = 𝑋 + 𝑁                                                         (3-9) 

The input 𝑋  and noise 𝑁  are independent, and the channel conditional probability density is, 

therefore, 

𝑝®|± 𝑦 𝑥 = 𝑝² 𝑦 − 𝑥 = 4
Ó@H

exp −
ABJCB HÖ ADJCD

H

@H
          (3-10) 
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where 𝑥 =	𝑥E + 𝑗𝑥G and 𝑦 = 𝑦E + 𝑗𝑦G.  

So for this complex AWGN channel, we can calculate the mutual information as 

𝐼 𝑋, 𝑌 = 𝑝±® 𝑥,𝑦 log5
𝑝®|± 𝑦 𝑥
𝑝® 𝑦

𝑑𝑥𝑑𝑦 = 𝐻 𝑌 − 𝐻 𝑌 𝑋 = 𝐻 𝑌 − 𝐻 𝑋 + 𝑁 𝑋  

= 𝐻 𝑌 − 𝐻 𝑁 = 𝐻 𝑌 − log5(𝜋𝑒𝜎²5)                                                                (3-11) 

We know that the mutual information 𝐼 𝑋, 𝑌  will be maximized with 𝑋  distributed as 

bidirectional Gaussian. The resulting capacity in bit per modulation symbol is 

𝐶 = log5(1 +
Ý
@I
H).                                                    (3-12) 

and the Ý
@I
H  is referred as signal-to-noise ratio (SNR) and 𝑃 is the power of the signal 𝑋. 

In practical coherent system, 𝑋 can not be bidirectional Gaussian distribution but some 

constellations, which is suitable for digital communication. In this case, the 𝑋 is discrete-input and 

𝑌  is complex-output. Common discrete constellations are Binary phase-shift keying (BPSK), 

quadrature phase-shift keying (QPSK) and M-ary Quadrature-amplitude modulation (M-QAM). 

When 𝑋 is constrained by the constellation, the maximum of mutual information is referred to 

constrained capacity, as illustrated in Figure. 3.2, and it can be achieved by uniformly distributed 

𝑋. 
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Figure 3.2 SNR and constellation constrained capacity. 

 
3.1.2 Net coding gain 

By taking normalization on the capacity in previous figure and taking the code rate into account 

in SNR, we can defined the normalized Mutual Information (MI) and SNR per information bits as 

shown Figure. 3.3. Notice that we assume Gray mapping for QAM constellation in this chapter 

and different mapping rule will result in different shape of curves.  
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Figure 3.3 Normalized Mutual Information vs. SNR. 

 On the other hand, the theoretical curve of uncoded BER of the Gray mapping-based 

QPSK and QAM constellations can be easily obtained as provided in Figure 3.3. In optical fiber 

communication, 10-15 is the target BER, so we can determine the corresponding SNR at such BER 

level. 

 

Figure 3.4 Uncoded BER and SNR 
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By taking the differences of SNR in between Figure 3.3 and Figure 3.4 for a target BER level (10-

15), the Net coding gain (NCG) curve can be obtained. Let us replace the normalized MI with code 

rate, since the maximum rate of code is the normalized MI in Shannon information theory, to 

obtain the NCG vs. code rate dependence, as shown in Figure. 3.5. The NCG is plotted as a 

function of overhead in Figure 3.6, for different modulation formats.  

 
Figure 3.5 Net coding gain verse code rate 

 

 
Figure 3.6 Net coding gain verse overhead 
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3.1.3 The capacity limit in fiber channel 

 

Figure 3.7 Traditional fiber channel system 

The typical traditional fiber link is shown in Figure 3.7 The practical fiber channel is much more 

complicated than Gaussian channel. Fiber-optic transmission suffers from various impairments, 

such as chromatic dispersion (CD), polarization-mode dispersion (PMD), and fiber nonlinearities.  

While linear effects can be removed by using digital filtering techniques, the residual nonlinear 

effects especially the interaction between linear and nonlinear effects still degrade the quality of 

the received signal. In the channel block, there are amplifier, single mode fiber and dispersion 

compensation fiber (DCF). The biggest difference is the nonlinearity effect in the fiber [48]. 

Because there is no coherent DSP at the receiver in traditional fiber channel, any residual 

dispersion will cause large inter-symbol interference (ISI), which limits the transmission rate and 

distance. Consequently, in the last generation of fiber links, DCF is used for chromatic dispersion 

compensation. However, the DCF will cause large nonlinearity degradation.  

 

Figure 3.8 Modern fiber channel system 
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Figure 3.8 shows the modern fiber channel with coherent receiver. By removing the DCF, the 

symbol will be dispersed and the nonlinearity can be mitigated. The dispersion can be compensated 

later by coherent DSP. The entire fiber channel can be modeled as a MIMO channel with ISI, 

additive noise, and nonlinear effects. The SMF is a 2-by-2 MIMO with two degrees of freedom 

from polarization and FMF channel is N-by-N MIMO channel, where N includes both polarization 

and propagation modes. As an illustration, the evaluation of signal constellations over SMF and 

FMF is shown in Figure. 3.9. 

 
Figure 3.9 Received constellations: (a),(c),and (e) correspond to QPSK over SMF for number of 

spans equal to 50, 100, and 150, respectively. On the other hand, (b), (d) and (f) correspond to 

16QAM over FMF (with two spatial and two polarization modes) for number of spans equal to 1, 

50, and 100, respectively. 

 

(a) (b)

(c) (d)

(e) (f)
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3.2 Introduction to AIR calculation 

A theoretic analysis of capacity limits of optical fiber network has been presented in [49] [50]. 

This paper discusses basic digital signaling problem, including the pulse shaping, spectrum 

analyzing, and finally determines the capacity in optical fiber links in particular for SMF 

applications. However, the practical method to estimate the achievable information rates (AIRs) 

for a given SDM/MIMO channel, in particular for FMF channel with memory is still an open 

problem. 

Another great work dealing with calculation of channel capacity for FMF links is that due 

to [51] [38]. These papers are focused on the fully loaded OFDM signal and study the four-wave 

mixing (FWM) effects on nonlinear capacity reduction. The paper shows that even in the presence 

of high spatial overlapping in FMF transmission, the overall channel capacity per mode is still 

linear up to the certain number of spans. Our AIR results show similar trend even for FMF channels 

with memory. 

In this chapter, we study the achievable information rates for a given multi-dimensional 

coherent optical (CO) OFDM scheme in both standard single mode fiber (SSMF) and few-mode 

fiber for long-haul transmission. We propose an algorithm for achievable information rate 

calculation, suitable for optical channels with memory including SMF and various fibers for spatial 

division multiplexing (SDM) such as FMF, few-core fiber, and few-mode-few-core fiber. 

3.3 Practical AIR calculation approach 

The first step in proposed algorithm for AIR calculation is to group the multichannel 

received signal into matrix [9] [38]. The number of spatial modes is denoted by N, and the sequence 

length is denoted by n, so that the received symbol array is an N-by-n matrix with complex 
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elements. The second step is to form a received array with channel memory consideration. As an 

illustration, in figure 3.10, we assume that the current symbol get affected by previous and 

incoming symbols, so that the channel memory related to the current symbol is m = 2. 

Consequently, the new array size will be (m+1)*N-by-(n-m), and each column of the array contains 

the current and neighboring symbols. In third step, each column of the array is grouped into a new 

multidimensional state, and the corresponding multi-dimensional conditional probability density 

functions (PDFs) are estimated by accumulating enough received symbols. Finally, the achievable 

information rate algorithm is executed based on the conditional PDFs and received symbols. 

  

Figure 3.10 Data block arrangement for AIR calculation in multidimensional systems. 

The transmitted symbol array can be denoted as x, whose size is N-by-n, for simplicity we 

can write it as 

x = x4, x5, … , x¥ ,			                                            (3-13) 

where 

xT =

xT,4
xT,5
⋮
xT,w

∈ X = 0,1, … ,M − 1 w	                                  (3-14) 
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wherein 𝑥( is an element of 𝑋, which is an N dimensional vector space over transmitted symbols 

(constellation points).  x is a super-symbol vector (more precisely matrix) containing a sequence 

of 𝑥( and M is the number of points in the corresponding M-ary signal constellation (e.g., M=4 for 

QPSK). Every symbol carries 𝑙 = log5 𝑀 information bits. Similarly, y is received super-symbol 

array represented as a sequence of 𝑦( as follows y = y4, y5, … , y¥ ,	where 

yT =

yT,4
yT,5
⋮
yT,w

∈ Y = ℂw                                              (3-15) 

with ℂ  denoting the complex field. The information rate, expressed in bits/channel use, is 

determined by 

I Y; X = H Y − H Y X ,                                         (3-16) 

where the 𝑋	and 𝑌 represent input and output super-symbol random variables and the H(⋅) denotes 

the entropy of a random variable which can be calculated as [52] 

H Y = −E log5 Pr Y = − lim
¥→×

4
¥
log5 Pr y 1, n                     (3-17) 

where the E[⋅] denotes the mathematical expectation operator. By using the chain rule, part of 

equation (above) can be written as 

log5 Pr y 1, n = log5 Pr yT|y 1, i − 1 .	¥
TØ4 	                      (3-18) 

So the entropy of random variable Y can be now obtained by, 

H Y = − lim
¥→×

4
¥

log5 Pr yT|y 1, i − 1¥
TØ4 .                             (3-19) 

Similarly, the second half of the equation (3-16) can be calculated by, 
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H Y|X = −E log5 Pr Y|X = − lim
¥→×

1
n log5 Pr y 1, n |x 1, n  

= − lim
¥→×

4
¥

log5 Pr yT|y 1, i − 1 , x 1, n¥
TØ4 																							            (3-20) 

At this point, we can see that the mutual information between X	and Y  can be obtained by 

averaging of individual increments of mutual information dIT as follows 

I Y; X = lim
¥→×

1
n log5 Pr yT|y 1, i − 1 , x 1, n

¥

TØ4

− lim
¥→×

1
n log5 Pr y 1, n = lim

¥→×

1
n dIT

¥

TØ4

 

(3-21) 

where the dIT can be obtained by 

dIT = log5 Pr yT|y 1, i − 1 , x 1, n − log5 Pr yT|y 1, i − 1 	              (3-22) 

To calculate these two conditional probabilities, we use the forward recursion of the 

multilevel/multidimensional BCJR algorithm [17] [52]. The states in BCJR are defined as the 

super symbols with memory  

sT = xTJù … xTJ4, xT, xTÖ4, … xTÖN 														sT ∈ S = 0,1, … , D                (3-23) 

where the D is the size of sample space of the state, and m is the memory of the observed symbol 

determined as 

𝑚 = 𝑎 + 𝑏.                                                     (3-24) 

In (3-24), a and b are memories of the observed symbol on the left and right, respectively. So the 

sample space size D is calculated by 

D = MO(Ã = M(/Ö4)∗w.                                           (3-25) 
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Figure 3.11 describes one-in-one-out moving window type algorithm which can 

significantly reduce the computer memory requirements in calculation. Note that if we consider 

larger constellation with longer memory, this number will be extremely large. For example, 

consider 16-QAM with single mode fiber with two polarizations even without memory, the space 

size D is equal 164∗¢ = 	65535.  

 

Figure 3.11 Finite state machine description for AIR calculation. 

For each state defined above, we accumulate the samples to form the approximation of the density 

function. Let us write the multidimensional PDF as 

p y i − 𝑎, i, i + 𝑏 s( 	                                             (3-26) 

Note the y denotes the samples containing a previous, current, and b incoming multidimensional 

samples, in the similar form as s in equation (3-23). We estimate the PDF of each state separately 

for I and Q channels in one polarization. In total, the dimensionality of such super symbol state is  

dim = 𝑁× 1 +𝑚 	                                               (3-27) 
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To better estimate the PDF, we use a non-uniform quantization of bin separation for each 

dimension. Let z denote the original uniformly distributed bin separation and let the f(z) denote the 

non-uniform bin separation, which can be written as 

𝑓 𝑧 = sgn z 4
T

1 + 𝜇 V − 1 						 𝑧 ≤ 𝑉			                       (3-28) 

By properly choosing the parameters 𝜇 and upper limit V, we can avoid the existence of empty 

bins for more accurate estimation of PDFs. 

Finally, we use BCJR algorithm to calculate the probabilities in equations (3-19). 

Considering all possible state transitions, the number of possible edges, denoted as Nedges, for each 

state is given by 

𝑁�0+�� = 𝑀²                                                (3-29) 

Also, by assuming uniformly distribution source 

Pr 𝑥 = 4
åI							                                          (3-30) 

Given one channel output super-symbol and collected histogram for estimating the PDF of ach 

state, we are able to obtain the first half of equation (3-22). Note that ( y 1, i − 1 , x 1, n ) uniquely 

defines a state y 1, i − 1  from equation (3-22). We just need the forward metric and branch metric 

from BCJR algorithm, but not the backward metric to perform the second half calculation of 

second term in equation (3-22).  

In the BCJR algorithm, two important metrics, the forward and branch metrics, are defined 

as follows 

 Forward metric:  
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𝛼( 𝑠 = log Pr 𝑠( = 𝑠,𝑦 1, 𝑖 			                                  (3-31) 

Branch metric: 

𝛾( 𝑠ì, 𝑠 = log Pr	(𝑦(|𝑠)𝑃𝑟	(𝑥() 		                                  (3-32) 

To avoid the dependence on all previous received symbols	y 1, i , we need to update the 

αT s  in an iterative fashion. The calculation of αT s  solely depends on previous value of αTJ4 s  

and current branch metric γT sì, s . Besides, the γT sì, s  will be updated for every given received 

symbol yT in current one-in-one-out window. The i-th iteration updating rule can be written as  

γT sì, s = log Pr sT = s, yT, sTJ4 = sì 			                            (3-32) 

αT s = max∗ αTJ4 sì + γT sì, s 				                              (3-33) 

where the max* is the defined as 

max∗ 𝑐, 𝑑 = ln 𝑒[ + 𝑒O = max 𝑐, 𝑑 + ln 1 + 𝑒J AJC .		       (3-34) 

The initial values of αT s  can be set as 

α° s = −∞					∀	{s ∈ S, s ≠ 0}	
α° s = 0 = 0																															
α4 s = −∞																	∀	 s ∈ S

			                            (3-35) 

Notice that arbitrary choice of the starting state of αT s  can result in some accuracy loss 

of the beginning AIR estimation output before all states can be possibly reached. To compensate 

this, we can simply skip some of the output 𝑠𝑑𝐼( and start the averaging of equation (3-22) when 

all states can be attained. The result should converge to a certain value when n is sufficient large 

regardless the starting point.  
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Based on the estimated PDFs and the moving windows, we are able to calculate the dIT for 

each input and take the average. To the calculation steps in this algorithm can be summarized as 

follows: 1) group the super-symbol with or without memory, 2) form the states and multi-

dimensional histograms for multilevel BCJR, and 3) by using the forward and branch metrics 

calculate the dIT  by using Eq. (3-20) and average it over long enough super-symbol group 

sequence. 

3.4 Numerical results 

To analyze the AIR of the CO-OFDM over FMF system, we simulate the propagation of the mode-

multiplexed OFDM signals over 200 spans. The fiber and system parameters are presented in the 

tables below. The simulation is very time consuming. The most consuming parts in this study are 

the FMF nonlinear propagation and calculation of AIR with memory assumption. To speed-up 

simulation, the whole sequence has been split into K parts by multi-thread technology in C++ 

programs, where K is the number of threads being used (typical K≥24). We verified that the same 

performance is obtained for single thread, but with much faster simulation process. Besides, the 

matrix calculation has been speed-up by employing the Eigen library, which is known to be very 

handy and efficient. 

As an illustration of simulation results, Figure 3.9 shows the receiver side constellation 

diagrams of the single OFDM symbol for different lengths, before and after channel impairments 

compensation, when QPSK/16QAM format is applied. Both SMF and FMF link with two spatial 

modes and two polarization states are observed. 

The parameters of the CO-OFDM AIR calculation system, as well as the fiber parameters 

we used in simulations, are summarized in Table 3.1(a) and Table 3.1(b), respectively. 
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                                   Table 3.1 (a) Fiber parameters.                                 Table 3.1 (b) AIR calculation OFDM system parameters. 

 
 
 
 

 
 
 

 
 
 
 
 
 
 
 

 

Table 3.1 (a) Fiber parameters and (b) AIR calculation of OFDM system parameters 

In figure 3.12 (a), we depict the AIRs per polarization mode of SMF vs. number of spans for 

both QPSK and 16QAM with and without memory. We group all symbols in both polarizations 

into super-symbol for more accurate calculation. Even after the OFDM compensation scheme, the 

16QAM is more sensitive to nonlinear-ISI in fiber transmission. With memory consideration, both 

QPSK and 16QAM can attain the full rate over 125 spans (10,000 km). Figure 3.12 (b) shows the 

simulation results of AIR calculation for FMF link for two spatial modes and two polarization 

states.  

Length of step 𝐿 1000 [m] 

Length of span 𝐿^©Ä)	 80 [km] 

Correlation length 𝐿[_`` 	 80 [m] 

Attenuation 𝛼	 0. 2 [dB/km] 

Dispersion 𝐷b 	 16⋅10-6 [s/𝑚5] 

Dispersion Slope  𝑆b 0.08⋅103 [𝑠/𝑚m] 

Mode dispersion 
𝐷åc  (2.0⋅10-12)/31.62 

[s/ 𝑚] 

Nonlinear Index 𝛾 2.6⋅10-20 [𝑚5/𝑊] 

Effective Core Area 𝐴eff  126⋅10-12 [𝑚5] 

EDFA noise figure 𝑁𝐹 6 [dB] 

 

Number of modes 2 spatial and  
2 pols modes 

Modulation format QPSK, 16QAM 

FFT/IFFT length 4096 

Data subcarrier size 1919 

Pilot subcarrier size 129 

Symbol 2048 

Cyclic extension length 256 

Sampling rate 50 GS/s 

Oversampling factor 8 

Histogram bins 128 
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           (a)                                                                                        

 
           (b) 

Figure 3.12 AIR per single spatial/polarization mode calculation results for CO-OFDM 

transmission over: (a) SMF and (b) FMF. 
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The importance of this study is profound in two ways. First, it clearly demonstrates the in-

accuracy of models or systems that do not take the channel memory into account. The existing 

models just consider the inter-symbol interference due to dispersion and nonlinearities as a random 

process, whereas it is, in fact has a deterministic component, which can be, in principle, 

compensated for at the receiver side with more advanced detection scheme. Secondly, we show 

that jointly processing with memory consideration can improve the achievable information rate. 

Additionally, it is evident that the SDM system has the similar AIR per mode performance as SMF 

up to the certain distance, after which the nonlinear interaction among spatial becomes important 

and AIR per mode decays more rapidly than that in SMF. 

3.5 Conclusions 

We first review the basic knowledge of capacity and mutual information for constellation 

constrained communication systems. The NCG calculation for various constellations is also 

provided. 

An algorithm has been proposed to calculate the achievable information rates in SDM 

systems by taking the nonlinear coupling of modes into account. The AIRs for high-speed CO-

OFDM optical transmission over FMF system have been calculated using the forward step of the 

multilevel BCJR algorithm. Both linear and nonlinear effects in FMF are taken in to account for 

more accurate channel model. It is important to notice that the proposed approach is applicable to 

any MIMO linear/nonlinear system, including the optical recording, magnetic recording, and free-

space optics channels. 

We show that the SDM system has the similar AIR per mode performance as SMF up to 

the certain distance, after which the nonlinear interaction among spatial becomes important and 
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AIR per mode decays more rapidly than that in SMF. We have demonstrated that the models of 

either channels or systems that do not take the channel memory into account underestimate the 

AIRs. The existing models so far consider the inter-symbol interference due to dispersion effects 

and nonlinearities as a random process, whereas it is, in fact has a deterministic component, which 

can be, in principle, compensated for at the receiver side by employing more advanced detection 

schemes. 
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CHAPTER 4 BICM NON-BINARY CODED MODULATION IN 

OPTICAL TRANSMISSION SYSTEM 

4.1 BICM Introduction 

The goal of satisfying the internet traffic on the modern network are requiring not only 

larger capacity between nodes but also lower power consumption and higher spectral efficiency. 

Coded modulation is a good solution to relax the power requirement in band limited transmission. 

Bit-interleaved coded modulation (BICM) scheme as the most famous coded modulation solution 

is widely used for last two decades in both optical communication and wireless communications 

for its simplicity, efficiency and flexibility over the TCM scheme [53] [54]. The BICM scheme is 

extensively studied in [55] under the assumption of infinite depth interleaving, where it is argued 

that the system essentially behaves as a set of parallel independent memoryless binary-input 

output-symmetric channels. Therefore, the mutual information of the channel is the sum of the bits 

Mutual information (MI) of the parallel independent memoryless binary channels. Similarly, the 

error exponent is the sum of the error exponents of the parallel independent memoryless binary 

channels. Furthermore, it is recognized that Gray-mapped BICM provides mutual information very 

close to the channel capacity and is actually a derivative of the multilevel coding (MLC)/parallel 

independent decoding (PID) scheme using a single binary code [56] [57], which is suitable for 

parallel high speed communication naturally. 

In fiber-optical communications, the BICM is favored due to its simplicity and good 

performance [58] [59]. With LDPC codes as the component codes, the transmitter and receiver 

configurations of bit-interleaved LDPC-coded modulation (BI-LDPC-CM) scheme is depicted (a) 
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and (b) respectively. As shown in (a), the source information entering the transmitter is composed 

of m parallel binary information streams of length K bits each. The m parallel bit streams are 

separately encoded into m codewords through m binary LDPC encoders of identical code rate R = 

K/N. The codewords are then placed in an m N×  block-interleaver row-wise. In general, we can 

use nonbinary FEC which take several bits and map them to nonbinary bytes. The mapping scheme 

reads the data out of the interleaver column-wise and maps the m-bit tuple to a 2m-ary constellation 

symbol (Ii, Qi), i = 1,2,...,2m, corresponding to the in-phase (I) and quadrature (Q) components 

which are further modulated onto the optical carrier by using the optical I/Q modulator. With the 

freedom of two-dimensional polarizations, identical operations can be carried out on both 

polarizations, known as polarization-division multiplexing (PDM). The two polarizations are 

produced through a distributed feedback (DFB) laser followed by a polarization beam splitter 

(PBS). Finally, the two modulated polarization signals are combined through polarization beam 

combiner (PBC) and launched into the fiber for transmission. 

 
(a) 

Binary  LDPC Encoder

2D
Mapper

2D
Mapper

1Source

Optical I/Q 
Modulator
Optical I/Q 
Modulator

DFB 
Laser PBS PBC

To fiber 

Binary  LDPC Encoder2Source

Binary  LDPC EncodermSource

… ……

(m
/2) x N

Block-
Interleaveer

…

Binary  LDPC Encoder
1

Source

Binary  LDPC Encoder2Source

Binary  LDPC EncoderSource

… ……

(m
/2) x N

Block-
Interleaveer

…

m

x polarization

y polarization

Binary  LDPC Encoder

2D
Mapper

2D
Mapper

1Source

Optical I/Q 
Modulator
Optical I/Q 
Modulator

DFB 
Laser PBS PBC

To fiber 

Binary  LDPC Encoder2Source

Binary  LDPC EncodermSource

… ……

(m
/2) x N

Block-
Interleaveer

…

Binary  LDPC Encoder
1

Source

Binary  LDPC Encoder2Source

Binary  LDPC EncoderSource

… ……

(m
/2) x N

Block-
Interleaveer

…

m

x polarization

y polarization



 74 

 
(b)  

Figure 4.1 (a) Transmitter and (b) receiver configurations of BI-LDPC-CM. 

 
The capacity demands due to Internet traffic growth is increasing exponentially. After the 

100Gb/s Ethernet (100GbE) standard has been adopted, the higher data rate age is coming soon 

for the next generation, possibly for 400 GbE and 1TbE. The most significant issues of the current 

optical networks include limited bandwidth resources and fiber nonlinear effects in transmission. 

For the given physical links and network equipment, an effective solution to relax the OSNR 

requirement is based on forward error correction (FEC), as the response to the demands of high 

speed reliable transmission.  

The low-density parity-check (LDPC) codes with large coding gains have been considered 
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for clearing the error floors. With the stronger computation capacity, the soft decision (SD) 
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outer code can be the shorter simple code such as BCH and RS. With SD decoding enabled, it has 

been showed that the reversed order decoding can provide a larger coding gain [60]. Considering 

the linearity of both inner and outer code, the coding gain can be further increased with iterative 
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decoding as a turbo product code (TPC). Although the single parity check (SPC) code, a special 

case of BCH code, cannot guarantee to correct any error in HD decoding, it can be a very good 

candidate in SD TPC decoding, which increases the accuracy of the input probabilities to LDPC 

decoder. Recently, this idea has been experimentally verified in [14] and large coding gain is 

obtained. 

 
(a) TX side encoder and modulator    

 

(b) RX side decoder 

Figure 4.2 SPC-LDPC coded-modulation scheme. 

Figure 4.2 shows the typical benchmark work from paper [14]. Seven rows of independent 

data are encoded by outer LDPC code first and passed to interleaver. Each column of LDPC coded 

block will be further encoded by SPC code family, such as (8,7) SPC as shown in Figure 4.2 (a). 

The upper four bits and the lower four bits are mapped to 16-QAM symbol for two polarizations, 

respectively. Finally, the modulated symbol will be passed to AWGN channel model. 

Figure 4.2 (b) shows the receiver side processing steps. Instead of using a MAP decoder at 

the symbol level as paper [60] suggested, we first use the symbol LLR to Bit LLR MAP converter 
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which will not lose any information about the symbol. In such way, we can avoid the deinterleaver 

in the iterative decoding and achieve exactly the same performance as shown in Figure 3 in [14]. 

To further improve the coding performance, we consider the nonbinary (NB) coding 

scheme, which has already been proved to have a larger gain especially for higher modulation 

formats [60]. The nonbinary LDPC code is getting more popular with the advanced hardware and 

it is proved to be hardware friendly in [61], in which the SD nonbinary LDPC and HD-RS code is 

implemented in FPGA. As a consequence, instead of binary SPC and LDPC, we consider a larger 

Galois Field (GF) with four elements, which is a good compromise between performance and 

complexity [62] [63] [61], and this method can be generalized to any size GF.  

Without putting additional redundancy to the data, extra gain can be obtained by using 

turbo equalizer (TE) decoding scheme [64]. The number of iterations can be adjusted based on the 

quality demands. To verify the robustness of the proposed nonbinary scheme, a high nonlinear 

polarization-division-multiplexed (PDM) single-mode fiber (SMF) transmission has been 

simulated. We also consider the suboptimal and fast algorithm for the decoder, which significantly 

decreases the complexity with little reduction in performance.    

4.2 Layered Non-binary LDPC code 

The basic idea behind the nonbinary LDPC decoder is the same as the binary LDPC which is the 

Belief Propagation (BP), while the nonbinary is more general version of BP LDPC decoder. We 

first review the BP decoding algorithm for LDPC from binary to general nonbinary LDPC codes. 

Some important parameters are introduced as follows: 

• GF – The size of Galois field, 
• N – Codeword length, 
• K – Information length, 
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• M – Parity check length (M>= N-K), 
• Wc –Column weight,  
• Wr –Row weight, and  
• Girth –the shortest cycle in bipartite (Tanner) graph representation of the parity-

check matrix. 
The decoding of LDPC codes using the Belief Propagation/sum product algorithm involves finding 

a codeword of length n where each coded bit 𝑐) maximizes the probability of 𝑐) conditioned on 

the parity check equations associated with 𝑐) being satisfied, which is illustrated in Figure 4.3. 

The sum product algorithm involves calculating two probabilities:  

• The first is the probability 𝒒𝒎𝒏  (V2C), which is the probability of the n-th code bit 

conditioned on its associated parity checks being satisfied with the exception of the m-th 

parity check 

• The second probability is denoted as 𝒓𝒎𝒏 (C2V), which is the probability that the m-th 

parity check is satisfied conditioned on all the possible values of the coded bits c.  

The check node processor of LDPC is basically a single parity check decoder. We first analyze the 

simpler binary BP LDPC decoding algorithms, which are generally speaking composed of the 

following steps: 

• Updating the 𝒒𝒎𝒏 probabilities (V2C updating rule) 
• Steps:  

• Combine the 𝑟Ãl) and Channel Probability, 
• Normalize this combined Probability 𝑞Ã) 0 + 𝑞Ã) 1 = 1, 
• Pass this to m-th check node. 

• Updating the variable node probabilities for decision 
• Updating the binary 𝒓𝒎𝒏 probabilities (C2V updating rule) 

• Combine the 𝒒𝒎𝟐 and 𝒒𝒎𝟑 
• 𝑟Ã4 0 = 𝑞Ã5 0 𝑞Ãm(0) + 𝑞Ã5 1 𝑞Ãm 1  
• 𝑟Ã4 1 = 𝑞Ã5 1 𝑞Ãm(0) + 𝑞Ã5 0 𝑞Ãm(1)  

• Can be done by FFT (2 by 2) 
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• 𝑟Ã4 0
𝑟Ã4 1

= 𝐼𝐹𝐹𝑇 𝐹𝐹𝑇𝒒𝒎𝟐 ∙ 𝐹𝐹𝑇𝒒𝒎𝟑 			where 𝐹𝐹𝑇 = 𝐼𝐹𝐹𝑇 = 4
5
1 1
1 −1  

           
                       (a)                                           (b)                                        (c) 

Figure 4.3 The Belief Propagation examples: (a) V2C updating (b) Binary C2V updating (c) 

Nonbinary C2V updating 

 
Similar analyze can be done on the nonbinary version decoder. There are more than two LLR need 

to be stored that equal the number of elements in that finite field. Two extra steps are needed which 

are permutation and depermutation, before and after the check node processor, adjusting the order 

of LLRs based on corresponding H vales. 

• Updating the Nonbinary 𝒓𝒎𝒏  
• 𝐻 = (3	2	1) 
• Step 1: Permutation 
• Step 2: Calculate the 𝒓𝒎𝒏 

• Combine the 𝒒𝒎𝟐 and 𝒒𝒎𝟑 
• 𝑟Ã4 0 = 𝑞Ã5 0 𝑞Ãm(0) + 𝑞Ã5 1 𝑞Ãm 1 …  
• 𝑟Ã4 1 = 𝑞Ã5 1 𝑞Ãm(0) + 𝑞Ã5 0 𝑞Ãm 1 …  
• 𝑟Ã4 2 = 𝑞Ã5 2 𝑞Ãm(0) + 𝑞Ã5 0 𝑞Ãm 2 …  
• 𝑟Ã4 3 = 𝑞Ã5 3 𝑞Ãm(0) + 𝑞Ã5 0 𝑞Ãm 3 …  

• Step 3: De-Permutation 
• Can be done by FFT (GF by GF) 
• 𝒓𝒎𝒏 = 𝐼𝐹𝐹𝑇(𝐹𝐹𝑇𝒒𝒎𝟐 ∙ 𝐹𝐹𝑇𝒒𝒎𝟑) 

The nonbinary decoding can be done in both probability domain and logarithm domain. In 

probability domain, we are limited by high computation complexity when doing the multiplication 

of probability while we can directly perform the FFT to simplify the 𝑟Ã)  calculation. The 
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logarithm representation is perfect for doing the multiplication of probability while we need to 

convert the LLR to probability when using the FFT, and so called mixed domain nonbinary LDPC 

decoder is obtained in such a way.  

Traditional LDPC Decoder will update all check nodes before updating the information 

from check node to variable node for next iteration. In some special structure (QC-LDPC), 

updating some check nodes can update the information from check node-to-variable node, which 

can speed up the iteration, so called Layered LDPC decoder. We also updated the decoder to 

Layered LDPC decoder which save up to 50% iterations. 

4.3 Nonbinary Turbo product code based coded-modulation [13] 

                 

Table 4.1 LDPC candidates and decoding algorithms 

Figure 4.4 shows the TPC block code and decoding algorithm. Each row is encoded with LDPC 

code and each column is encoded by either BCH or SPC code. Both outer and inner codes are 

systematic linear codes, all columns and rows are codewords. The sum-product algorithm is 

applied for LDPC decoding, while MAP-BCJR algorithm is used for inner linear block-code 

Binary	LDPC
•Good	performance
•OK	complexity
•Easy	to	handle

Nonbianry LDPC
•Great	performance
•Good	mapping	property
•Higher	complexity

Nonbianry GLDPC/shorting	LDPC
•Rate	adaptive
•Better	performance
•Might	have	error	floor	issue

Look-up	table	decoding
• Fastest	with	lowest	complexity
•Optimal	MAP	decoder
• Large	memory	consumption
• Impossible	for	longer	code

CHASE	II	algorithm
•Suboptimal
• Based	on	hard	decision
• Fast	but	overconfidence
•Not	accurate	LLR

BCJR-MAP	algorithm
•Optimal	MAP	decoder
• Based	on	soft-in-soft-out	BCJR	algorithm
•Comparable	speed	when	k	and	n	is	small
• Accurate	LLR	for	outer	LDPC	code	
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decoding. After converting the channel symbol LLRs to bit LLRs, the iterative decoding will be 

performed between the inner and outer code. BER will be calculated at each iteration for two 

decoders and errors are counted over the entire coded block. 

 

Figure 4.4 Nonbinary generalized produce code (BCH/SPC and LDPC) 

 

 

Figure 4.5 BCH and SPC performance based on BCJR decoder 
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Because the numerical issues and logarithm domain probability calculation instability, 

different NB-LDPC decoding algorithm will give us slightly different LLR values at the output. 

For example, by using the MinMax algorithm, we might have an over confident LLR values even 

though the performances are similar. To properly iterate the LLRs between two different decoders, 

we introduce the weighting factors for the extrinsic information, especially for suboptimal 

decoding algorithms: 

AT¥ = BT¥ −W¦ ∙ BZ*Y − BT¥  

BT¥ = AT¥ −Wo ∙ (AZ*Y − AT¥)                                        (4-1) 

The A and B are the LLRs of BCJR decoder and LDPC decoder, respectively, as illsutarted in 

Figure. 4.6. The subscript indicates the input and output of each decoder. W(t) is the weighting 

factor array for each outer iteration index t.  

 
Figure 4.6 Turbo product decoder weighting scheme. 

 Because of the linearity and systematization of the inner and outer coder, the order of these 

two codes of encoder process does not matter. For the decoding process, traditionally, we use the 

hard decision BCH/RS code as an extra step for LDPC code, cleaning the error floors. When the 

system is enabled with soft decision, the order of these two codes matters. A better way is to put 

the shorter code as the inner code and the LDPC as the outer code. 

A:	Inner	code
NB-SPC/BCH
BCJR	decoder

Apply	the	
Weighting	Factors	

for	A

B:	Outer	code
NB-LDPC

Layered	decoder

Apply	the	
Weighting	Factors	

for	B
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Figure 4.7 NB-TPC performance 

The Figure 4.7 shows the performance comparison in AWGN channel with 16QAM transmission 

for both binary and nonbinary TPC codes. With shorter LDPC codeword length, the nonbinary 

outperformance the binary TPC more than 0.4 dB in SNR. Even with suboptimal simplified 

decoder, the nonbinary TPC still has its advantages.   
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4.4 Tandem-turbo-product Non-binary BICM for High speed Optical Systems 

 

Figure. 4.8 System diagram of tandem-turbo-product coded modulation scheme over high 

nonlinearity SMF channel. 

The encoder of the proposed nonbinary (NB) tandem-TPC code is shown in Figure 4.8. Based on 

two linear codes, NB LDPC and NB BCH/SPC, we encode each row as a codeword of NB LDPC 

code and each column is a codeword of NB BCH/SPC code. The overall coded block size is 

𝑁())e`-by-𝑁_pqe` with elements from GF(q). The encoded nonbinary block is then passed to the 

PDM-16QAM modulator with Gray mapping. Simulation of the channel is done for both AWGN 

channel and SMF-based transmission system shown in Figure 4.9. For SMF simulation, the 

transmitter side uses eight times up-sampling with ideal pre-filtering. The power of the PDM-

16QAM signal is set before launching into the SMF. The SMF is modeled by solving the nonlinear 

Schrödinger equation (NLSE) with split-step (Fourier) method. Total length of SMF is 100	km 

with step size 100	m, the attenuation is 0.2dB/km, the dispersion coefficient is 17	ps/nm/km 

and the nonlinear parameter is 1.2	(W ∙ km)J4.  A Gaussian noise is loaded after the transmission 

of SMF with a given OSNR. On the receiver side, the ideal chromatic dispersion (CD) 

compensation is done before the typical DSP block and the transmitted symbols are passed to the 

tandem-turbo-product decoder as shown in Figure 4.11.  
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Figure. 4.9 PM-16QAM SMF transmission link setup with high nonlinearity effect. 

The structure of the decoder is provided in Figure 4.10 The PDM-16QAM symbol 

likelihoods are calculated for the following tandem-turbo-product decoder. At the first iteration, 

there is no extrinsic information for the TE, so the demapper simply computes the GF(q) log-

likelihood ratios for the TPC decoder. The TPC is consisted of two NB linear block codes, BCH 

and LDPC, and the rows are decoded as LDPC code with row-layered sum-product algorithm and 

the columns are decoded by MAP decoder. The MAP decoder can be done with look-up table 

(LUT) or Bahl-Cocke-Jelinek-Raviv (BCJR) algorithm. The LLRs are updated with both decoders 

in each iteration as it is typical in TPC code. The TE comes to help if the output of the TPC is 

unsatisfactory at the first round. The extrinsic information of the TPC is remapped to symbol level 

and attenuated before being combined with the channel symbol likelihood in the demapper. The 

updated LLRs after the demapper are passed to the TPC decoder and the first TE decoding iteration 

is started. There are three adjustable iterations, LDPC iteration, TPC iteration, and TE iteration 

and the trade-off between complexity and performance can be further optimized for further 

performance improvement. 
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Figure. 4.10 Tandem-turbo-product nonbinary BICM decoder with adjustable iterations. 

 
The symbol log-likelihood ratio (SLLR) of the transmitted symbol can be updated by 

turbo equalizer as 

𝜆 𝒔( = log Ý(𝒔t|𝒓)
Ý(𝒔u|𝒓)

= log Ý(𝒓|𝒔t)Ý(𝒔t)
Ý(𝒓|𝒔u)Ý(𝒔u)

= log Ý(𝒓|𝒔t)
Ý(𝒓|𝒔u)

+ λ�^Y 𝒔( 	            (4-2) 

where the 𝒔( is the transmitted symbol (𝑖 = 0,1, … ,15	for	16QAM), 𝒓 is the received symbol and 

𝒔° is the referent symbol point. The second equation is due to Bayes’ theorem and λ�^Y 𝒔(  is the 

prior reliability of symbol 𝒔(, which can be computed as 

λ�^Y 𝒔( = log Ý(𝒔t)
Ý(𝒔u)

= log 𝛼q ∙ (−𝐿© 𝑐È )Ã
ÈØ4,[v∈𝒔t                          (4-3) 

in which the 𝐿© 𝑐È  is the prior GF(q) LLR, and the 𝑐È is the GF(q) representation of the mapped 

symbol. The 𝛼q is the attenuation coefficient for the 𝑡-th TE iteration. The prior/extrinsic LLR is 

the difference between output and input of the TPC decoder as 𝐿© 𝑐È = 𝐿 𝑐È_pq − 𝐿 𝑐È()  and 

the GF(q) LLR for 𝑘 ∈ {0,1, … , 𝑞 − 1} can be obtained by 

𝐿 𝑐È = 𝑘 = log	
b 𝒔txvyz,xv∈𝒔t

b 𝒔uxvyu,xv∈𝒔u
                                           (4-4) 

The summation in 𝐿 𝑐È , in equation given above, can be calculated by max* [7] operation or be 

simplified by replacing the max* operation by max-operation only, by ignoring the correction 
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terms, which can significantly reduce the complexity. The TPC decoder accepts the GF(4) LLRs 

and begin the TPC iteration, and in each TPC iteration, the inner code decoder and LDPC decoder 

exchange decoded LLRs to improve the performance. The (vertical) inner code is NB SPC/BCH 

code with BCJR decoder, the trellis decoding algorithm is based on MAP decoding rule, which is 

of low complexity for SPC. The (horizontal) outer code is NB LDPC code, and it is decoded by 

row-layered sum-product algorithm.    

 
Figure 4.11. Received symbols (a) after CD compensation (b) after phase compensation (c) 

linear noise loaded 

For binary coding, Figure 4.12 shows that in the BER performance TPC (SPC(7,8) and 

LDPC(17104,18611)) of 25% overhead outperforms the LDPC(17104,18611). Though this TPC 

performs even better than the LDPC(13550,16935) with the same overhead in low SNR region, it 

begins to show some error floor at 𝐵𝐸𝑅 = 10J{. By replacing the SPC with BCH (57,64), about 

0.3dB gain is obtained compared to the SPC-LDPC case without error floor issue and with 22% 

overhead. 

 

(a) (b) (c)
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Figure 4.12 BER performance of nonbinary TPC vs. binary TPC. 

 

 
Figure. 4.13 BER performance in SMF nonlinear transmission with loaded linear noise. 

In Figure 4.13, the nonbinary TPC (NB-SPC(7, 8) and NB-LDPC(6744, 8430)) have been 

found to have about 0.4dB gain in OSNR compared to the binary counterpart (NB-SPC(7,8) and 

NB-LDPC(13550, 16935)) with half the length. With two TE iterations, we are able to improve 
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the gain to 0.6dB without increasing the overhead. Notice that both binary and nonbinary 

performance are evaluated at the 4-th TPC iteration, and the maximum number of iterations for 

LDPC of are 30 and 18 for binary and nonbinary LDPC codes, respectively. When reducing the 

max*-operation to max-operation of the nonbinary TPC code with TE, only less than 0.2dB loss in 

SNR is observed.  

 
Figure 4.14 BER performance in BCH vs SPC based TPC 

Four different launch powers, ranging from 6dBm to 12dBm, the proposed tandem-TPC 

scheme is tested with studied SMF link, with results summarized in Figure. 4.14. After the 

transmission, to achieve the same BER performance, the higher linear ONSR is required for larger 

nonlinear transmission cases 4.14 shows the BER performance of nonbinary twin-turbo code (NB-

SPC(7, 8) and NB-LDPC(6744, 8430)) with TE, and it demonstrates excellent robustness even in 

highly nonlinear scenarios.  

4.5 Conclusions 

We proposed the nonbinary tandem-TPC-TE based coded modulation scheme. When TE and TPC 

are employed in tandem, a smaller number of iterations is needed for NB LDPC with half the 
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length compared to binary counterpart. The proposed NB TPC provides 0.6dB improvement in 

NCG for the same BER performance with adjustable number of iterations/BER performance. The 

complexity is even lower when low-complexity decoding algorithm is used with small loss in gain. 

The robustness has been verified in highly nonlinear PDM-16QAM SMF transmission. The 

proposed NB TPC represents a promising NB coded-modulation scheme for the next generation 

optical transmission systems. 
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CHAPTER 5 Q-FACTOR, MUTUAL INFORMATION, AND 

NONLINEARITIES IN FIBER COMMUNICATION SYSTEMS 

5.1 Mutual information in large constellation BICM system 

Post soft FEC performance is often estimated from the pre-FEC hard decision BER [65] [66]. As 

optical communication formats increase in constellation size and coding overhead percentage, this 

estimation can become less accurate. One alternative is to perform the more detailed calculation 

of general mutual information (GMI) based on the statistics of the transmitted and received signals. 

Although this type of analysis is more involved than the measurement of pre-FEC BER, the GMI 

estimation can be noticeably more accurate under some conditions. In this chapter, we extend the 

mutual information calculation to arbitrary size Galois fields which we call Byte Mutual 

Information (BMI). We perform a numerical study comparing Post-FEC performance to both the 

pre-FEC BER and our BMI metric for various QAM formats. These results are then verified 

against experimental WDM transmission experiments of PM-16QAM over 10,290 km. The results 

provide insight into the scenarios in which our BMI metric provides better estimation of Post FEC 

performance than simple pre-FEC BER. 

5.2 FEC threshold and Post-FEC performance estimation 

Increasing optical communication capacity demands naturally leads to high order modulation 

format bit-interleaved coded-modulation (BICM) schemes. To estimate the performance of post-

FEC bit-error rate (BER) in these cases, the pre-FEC BER or 𝑄(), defined as, 

𝑄() 𝑑𝐵 = 20 log4° 2 ∙ 𝑒𝑟𝑓𝑖𝑛𝑣 1 − 𝐵𝐸𝑅 ∗ 2  
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which is commonly used. Pre-FEC BER or 𝑄()  threshold is suitable for hard-decision (HD) 

decoding but has been shown to underestimate spectral efficiencies by up to 20%, for some low 

rate soft FEC codes [65].  Though this inconsistency of the 𝑄() threshold has very limited impact 

on high rate code with small size constellations, which successfully have been used in the industry 

so far, the trend of using lower rate FEC with larger constellation size may require better 

approaches. 

As an alternative, a Shannon theory based estimation of mutual information is a reasonable 

approach to predict the post-FEC performance based on pre-FEC characterization of transmission 

link. Unlike the hard decision based 𝑄(), the mutual information takes the soft received values into 

account. The mutual information of the BICM scheme is studied in [55] as BICM capacity or 

generalized mutual information (GMI). The benefits of using GMI instead of 𝑄() have been shown 

in [66]. Because of the computational cost of using GMI as well as its sensitivity to statistics [67], 

it would be helpful to explore the scenarios of constellation formats and code rates where 𝑄() is 

an adequate estimate.  

In this section, we extended the idea of GMI to arbitrary Galois field (GF) with size 𝑞 as 

the byte mutual information (BMI) or, simply, GF(𝑞) MI. We study the relation between 𝑄() and 

BMI in both AWGN and long-haul transmission experiment with nonlinearity considered. The 

fundamental equations are provided for easy understanding and various QAM formats are 

considered, including all square-QAM up to 256-QAM. To better understand this relation, square-

QAM formats with different BMI, evaluating various 𝑞, have been investigated and the difference 

in 𝑄()  values is provided, which helps in estimating the accuracy of BICM optical system 

charachterisation by 𝑄() threshold. 



 93 

Figure 5.1 shows the general case of BICM optical communication system. Assuming that 

the binary bit-block is obtained after source coding, and the size of the binary bit-block is m rows 

with elements from {0,1} for 2Ã-ary modulation. In general, the coding can be done in any GF, 

so binary bit-block will first be converted to higher/equal size GF for nonbinary/binary FEC. In 

the calculation of BMI we have to deal with three input random variables with different sample 

spaces, namely 𝑋Å(q^ , 𝑋õ} , and 𝑋^AÃÅ . For example, one 16QAM symbol of 𝑋^AÃÅ  can be 

represented by four bits of 𝑋Å(q^ = {0,1} or two GF(4) bytes of 𝑋õ}¢ = {0,1,2,3} and then we can 

calculate the GF(2) MI and GF(4) MI accordingly for 16QAM. Notice that when the coding is 

done on binary field, the GF(2) MI is in fact the GMI. 

 

Figure 5.1 Block-diagram of general FEC-enabling optical communication. 

Typically, 𝑄() is calculated before the decoder as a one-to-one function of input 𝐵𝐸𝑅() as 

𝑄()[𝑑𝐵] = 20 log4°( 2	erfcJ4(2 ∙ 𝐵𝐸𝑅())) and 𝐵𝐸𝑅() is obtained by comparing the processed 

demapped symbol with the original binary-bit block.  

The mutual information can be calculated as 
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𝐼 𝑋; 𝑌 = 𝐻 𝑌 − 𝐻 𝑌 𝑋

= 𝑃 𝑥 𝑃®|� 𝜉 𝑥 log 𝑃®|� 𝜉 𝑥 𝑑𝜉
Ö×

J×±

− 𝑃 𝑥 𝑃®|� 𝜉 𝑥
±

Ö×

J×

log 𝑃 𝑥 𝑃®|� 𝜉 𝑥
±

𝑑𝜉

= 𝑃(𝑥) 𝑃®|�(𝜉|𝑥)log	(
𝑃®|�(𝜉|𝑥)
𝑃®|�(𝜉|𝑥)𝑃(𝑥)±

)
Ö×

J×±

𝑑𝜉 

(5-1) 

where the 𝑋 can be any of these three spaces 𝑋Å(q^, 𝑋õ}, and 𝑋^AÃÅ and it can be estimated via 

Monte-Carlo integration over the complex received signal. The conditional probability density 

function (PDF) 𝑃®|±���� can be directly estimated by collecting the histogram of transmitted signal 

or by Gaussian approximation, while 𝑃®|±�t�  and 𝑃®|õ}  can be obtained from 𝑃®|±����  based on 

mapping rule with the help of the Bayes’ theorem as follows  

𝑃®|±�t�(𝑦|𝑥) =
Ý<|;���� 𝑦 𝜉�:�∈�

Ý<|;���� 𝑦 𝜉�
                                       (5-2) 

The BMI can be further normalized to one bit per symbol as 

𝐼)_`Ã = E ±;®
1Z+H ±

                                                  (5-3) 

The essential relation between channel MI and BMI can be illustrated by a 16QAM example as 

4 ∙ 𝐼)_`Ã 𝑋4�Gäå; 𝑌 = 𝐼 𝑋4�Gäå; 𝑌 = 𝐼)_`Ã 𝑋Å(qG, 𝑋Å(qH, 𝑋Å(qo, 𝑋Å(q�; 𝑌  
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= 𝐼 𝑋Å(qt; 𝑌 𝑋Å(qt�G, … , 𝑋Å(qG
¢
(Ø4 = 𝐻 𝑋Å(qt 𝑋Å(qt�G, … , 𝑋Å(qG −¢

(Ø4

𝐻 𝑋Å(qt 𝑌, 𝑋Å(qt�G, … , 𝑋Å(qG =(Ä) 	 𝐻(𝑋Å(qt) −
¢
(Ø4

𝐻 𝑋Å(qt 𝑌, 𝑋Å(qt�G, … , 𝑋Å(qG ≥ Å 	 𝐻(𝑋Å(qt) − 𝐻 𝑋Å(qt 𝑌
¢
(Ø4 = 𝐼 𝑋Å(qt; 𝑌

¢
(Ø4 = 4 ∙

𝐼)_`Ã 𝑋Å(qt; 𝑌    (5-4) 

where (a) is due to independence of bits, (b) is due to the fact that conditioning does not increase 

entropy. The left side of the inequality is the channel MI and the right side is GF(2) MI and to 

achieve the equality sign, the multi-stage decoding algorithm should be considered. Besides, it was 

shown in [55] that mapping/labelling rule will significantly affect GMI, and to avoid this problem 

we will just consider the Gray mapping rule in this work.  

Notice that calculation of both 𝑄() and BMI are independent of particular FEC code, so we 

are interested in the relation between 𝑄() and BMI values after the transmission. We calculated 

different BMI in various QAM schemes over AWGN channel. Figure 5.2 shows the different 

GF(𝑞 ) MIs with QPSK, 16QAM, 64QAM, and 256QAM over AWGN channel with Gray 

mapping. The results can be interpreted in four different ways. Firstly, for the same 𝑞, GF(𝑞) MI 

tends to have a larger value with higher QAM size, which indicates that larger constellation can 

provide us more information with the same 𝑄(). Secondly, for the same modulation format, the 

channel MI is the upper bound of the sub-field MI; and the higher the 𝑞, the closer to the channel 

MI we are. Thirdly, the gap is getting smaller for high 𝑄()/MI region, and this is because the Gray 

mapping is closer to the optimal mapping in high SNR/ 𝑄() /MI region. Fourthly, the 

GF(2)/GF(4)/GF(16) MI in QPSK/16QAM/256QAM is the same as the channel MI of 
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QPSK/16QAM/256QAM, because these two dimensions of AWGN are independent. One can 

understand as the MI of two independent BPSK (GF(2)) is the same as that of QPSK and so on. 

 

Figure 5.2  Qin – MI relation for various transmission formats and GF sizes. 

To better observe these curves, we pick the GF(2)/GF(4) MI cases for different formats 

and plot the difference in 𝑄() (∆𝑄()) in comparison to QPSK GF(2)/channel MI in Figures 5.3 (a) 

and (b), respectively. For a given normalized MI, the penalty is calculated as 

∆𝑄()	 = 𝑄GÝ«ÿ − 𝑄().                                             (5-5) 

As shown in Figure. 5.3, take the QPSK as reference case, the ∆𝑄() is larger for GF(4) MI than 

GMI, which indicates the inaccuracy of nonbinary coding threshold might be even worse than 

binary case. The difference is significantly larger with lower code rate and larger constellation 

formats. 
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Figure 5.3  (a) ∆𝑄() for GF(2) (Ref. QQPSK vs. GF(2)MI). (b)	∆𝑄() for GF(4) (Ref. QQPSK  vs. 

GF(4)MI).   

 
We know that the constrained mutual information is the best achievable code rate for a 

certain format, so for a given FEC rate, the maximum inaccuracy in 𝑄() can be easily read from 

the figure when designing the optical transmission system.  

5.3 Usage of BMI as an FEC-threshold 

Traditionally, we use 𝑄() as our input (x-axis) estimator for post-FEC proformance (y-axis). To 

have a detailed understanding, a selected set of GF(4) bytes of 16QAM and 64QAM are 
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first and thrid bit locations (referred to as “odd bits”), and (2) the second and fourth bit locations 

(referred to as “even bits”). For 64QAM, the selected bytes are the three bit pairs. The post-FEC 

(R=0.8, binary LDPC) BER performance of even/odd bits are plotted on figure. 5.4 (a) and it is 

obvious that two of even/odd bits of 16QAM with Gray mapping have the same performance due 

to the symmetry. Results shows that, odd bits perform as good as those of QPSK while the even 

bits are better due to larger symbol distance, which is mapping rule-dependent. As a result, the 

overall 16QAM 𝑄() has a better performance than QPSK. Similar behavior can be observed for 6 

bits used in 64QAM and we can make the overall performance better than that of 16QAM. With 

extended GF, we also study the GF(4) byte 𝑄() for 16QAM/64QAM. There are three bytes of 

GF(4) in 64QAM, and two bytes for 16QAM. The figure shows that first byte of 64QAM 

performes as good as in 16QAM and the other two are even better, which results in a better overall 

performance. 
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Figure 5.4 Post-FEC BER performance of: (a) GF(2) coding with decomposed odd/even bits of 

16QAM; (b) GF(4) coding with decomposed three bytes of 64QAM. 

Figure 5.5 shows the post-FEC BERs of nonbinary LDPC of GF(16) for three selected code 
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length = 8430) are 0.25/0.5/0.8. The gap for the same nonbinary code over different modulation 

formats is getting larger for lower rates as indicated in Figure. 5.2 when using 𝑄()	. While the 

horizontal axis in figures 5.5 (a) and (b) are in different units and for different values, the scale is 

choosen in such a way that the distance between different rates is visually similar. Yet, in this 

scaling the separation between 16QAM and 256QAM curves for the same rates are higher for 

𝑄()	in figure 5.5 (a), suggesting that GF(16) MI is more accurate parameter for definition of FEC 

error correction threshold. This is especially true for low 𝑄()	values, while for high 𝑄()	values the 

accuracy of threshold definition using 𝑄()	may be acceptable. 

 

Figure 5.5 GF(16) coding with different rates for 16QAM and 256QAM: (a) 𝑄()	;	(b) Normalized 

GF(16) MI. 

Notice that the BER performance in Figure. 5.5 is code-dependent, while the calculation 

of MI is code-independent. Therefore the BMI threshold is valid only when the code is strong SD 

code which can fully utilize the extra information provided by higher constellation and this is 
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5.4 Experimental results with BMI analyses 

In this work, 106 channels of 32 GBaud polarization division multiplexed (PDM)-16QAM are 

transmitted over 10,290 km of SMF, with the system setup described in [14]. Transmitter DSP and 

DACs for near Nyquist spectral shaping are used, with the PDM BICM scheme and digital back-

propagation for nonlinearity compensation (NLC). Figure 5.6(a) shows the mutual information 

calculation over different OSNRs. The channel MI has little fluctuation for both pre-NLC and 

post-NLC scenarios, while the NLC can significantly reduce the fluctuation for both even and odd 

bits GF(2) MI. Figure 5.6 (b) shows both 𝑄() and MI in the same figure for given OSNR which 

indicates both of them provide similar information about the current channel status. The 𝑄() and 

GF(2) MI relation is shown in Figure. 5.6(c) for BICM scheme. It is clear that both even and odd 

bits form a one-to-one relation for both pre-NLC and post-NLC cases, which indicates that the 

nonlinearity has a very limited influence on MI-𝑄() relation. It also shows that for this experiment 

𝑄() is sufficiently accurate for FEC threshold prediction. This is in agreement with our conclusions 

in previous section due to values of 𝑄() being relatively high in this system and in many other 

optical communication systems. 



 102 

 

 

15.5 16.0 16.5 17.0 17.5 18.0 18.5 19.0 19.5
0.65

0.70

0.75

0.80

0.85

0.90

0.95

N
or

m
al

iz
ed

 M
ut

ua
l I

nf
or

m
at

io
n 

[b
its

]

OSNR [dB]

 Even bits GF(2)MI   Even bits GF(2)MI (NLC)
 Odd bits GF(2)MI    Odd bits GF(2)MI (NLC)
 CH. MI                    CH. MI (NLC)                  

          dashed line: Min/Max bound

(a)

(b)

15.5 16 16.5 17 17.5 18 18.5 19 19.5 20
OSNR [dB]

3

4

5

6

Q
in

 [d
B]

0.75

0.8

0.85

0.9

Ch
an

ne
l M

I p
er

 b
it 

[b
its

]

MI
MI (NLC)
Q
Q (NLC)



 103 

 
Figure 5.6  (a) GF(2) MI and channel MI in long-haul transmission experiment; (b)Q and MI for 

given OSNR; (c) BICM 𝑄() and MI relation in the presence of NLC. 

5.5 Conclusions 

Particularly with the advent of coherent transmission schemes and the utilization of high resolution 

analog-to-digital converters, soft-decision decoding is widely used; however, the use of single 𝑄() 

for all modulation formats is not as accurate as the use of mutual information based metric. In this 

chapter, we studied the extended mutual information for generalized BICM scheme. A simple 𝑄() 

difference curve is plotted for estimating the inaccuracy of 𝑄() threshold. A long-haul transmission 

experiment is conducted for exploring the effect of nonlinearity. We also show that the nonlinearity 

has a very limited influence on the MI-𝑄() relation. For low rate FEC or large constellation BICM 

scheme, the 𝑄() threshold is more code rate and modulation format dependent than that defined 

with BMI, while it is relatively accurate with small constellation size and/or larger values of 𝑄(). 
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CHAPTER 6 THE OPTIMAL DIGITAL NONLINEARITY 

COMPENSATION LIMITS IN WDM SYSTEMS 

6.1 Introduction 

The demand for high-speed transmission and long-haul connectivity is putting enormous pressure 

on the optical network. By satisfying the capacity requirement with increasing the power in the 

fiber links, the performance is limited by fiber nonlinearities, which has been referred to as the 

nonlinear Shannon limit.  The fiber nonlinearities in WDM systems impose major impairments 

that limit the achievable transmission distance as well as the capacity of optical communication 

networks. There have been extensive efforts attempting to mitigate the nonlinear effects, for both 

intra-channel and inter-channel distortions. Various techniques for nonlinear compensation (NLC) 

have been investigated, including digital back-propagation, perturbation-based approaches, and 

pilot-assisted techniques [68] [69], all aiming at performance benefits and computational 

complexities that warrant an ASIC implementation. While the majority of reports only quantify 

the benefits of NLC in single-channel transmission scenarios, it is well known that the benefit of 

NLC in dense wavelength-division multiplexed (DWDM) systems can be greatly reduced  [70], 

especially when using free-running lasers providing unsynchronized optical carriers [71].   

The most widely studied algorithm is the digital back-propagation (BP) [72], which is used 

to the nonlinearity compensation in transmission duo to powerful computation capacity. This 

approach uses the back-propagation algorithm in the digital domain by solving the inverse 

nonlinear Schrödinger equation of the fiber link to recover the transmitted signal from the received 

signal. The BP, however, had a limited success in practice due to the high complexity. To 
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overcome this issue, a new perturbation based method has been proposed recently [73] [74] [75] 

[76]. Although it simplifies the entire NLSE to just a few symbol based perturbation coefficients, 

it compromises the performance in higher launch power regime and it is only suitable for 

compensation of intra-channel nonlinearities. Recently, a breakthrough technique has been 

proposed using phase-conjugated twin waves (PCTW) [77]. This approach can be implemented 

with minimal additional hardware and no significant digital signal processing (DSP) complexity 

increase.  With the parametric amplifier, conjugated wavelength data can be obtained even using 

all-optical processing [78]. The limitation of PCTW is that it halves the data rate by sending the 

conjugated copy of the original signal as well. One modified PCTW has been presented with full 

data rate, however, it sacrifices the perfection of conjugation, which results in a compromised 

performance [79] [75]. Besides, it requires a relatively high sampling rate for quadrature pulse 

shaping, which is not doable with currently existing electronics, at reasonable cost.  

In this chapter, we experimentally assess the performance benefits of both single-channel 

and multi-channel NLC in a 9-channel DWDM environment. In order to study the performance 

limits of ideal NLC, independent of any algorithmic implementation or complexity considerations, 

we individually extract and compensate for various deterministic signal distortions (transmitter 

and receiver distortions, intra-channel nonlinearities, and inter-channel nonlinearities) through a 

noise-averaging method applied to the recovered signal constellations from several waveform 

captures. We derive a distortion correction vector for each symbol and apply this correction vector 

during bit error ratio (BER) measurement on subsequently captured waveforms. By using the 

dedicated correction terms, we can optimize the performance for arbitrary system of interest and 

it can be implemented at either transmitter or receiver sides.  
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Figure 6.1 Various nonlinear effects in fiber-optics communication systems. 

6.2 Symbol-based distortion in DWDM systems 

The linear and nonlinear degradation in the fiber can be reduced to the nonlinear inter-symbol 

interference (ISI) effects among the symbols within a channel and cross-channel symbol 

interference. To easily describe the interference between transmitted symbols, we introduce the 

symbol-based distortion representation in WDM system. 

We denote the symbol in the i-th WDM channel as 𝑆(,7,È , where k can be ‘x’ or ‘y’ 

indicating the polarization (or even the spatial modes in multi-mode fiber), and j represents the 

time index of the symbol. 

Linear effects within one channel in a typical transmission line include: DAC/ADC transfer 

function, wavelength-selective switch (WSS) filtering effects, chromatic dispersion (CD), linear 

coupling between the polarizations/ spatial modes, and so on. The i-th WDM channel linear effects 

can be represented by linear operator 𝐿(, 

𝐿( = ℒ{𝑆(,7,È}                                                        (6-1) 

and ℒ represents the linear combination of the symbols within the channel memory length m, 
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which is mostly dependent on chromatic dispersion effects. 

We take both the intra-channel as well as the inter-channel nonlinear effects into account. 

The nonlinear Schrödinger equation (NLSE) has been simplified into two terms, the intra-channel 

nonlinear coupling  𝑁𝑆(  in the i-th channel and the inter-channel crosstalk 𝑁𝑋Èl . Note that the 

index j’ is different from the index of transmitted symbol j, because the dispersion affects the signal 

in the neighboring channels. The corresponding nonlinear coupling coefficients can be described 

by taking the memory effects into account as follows: 

𝑁𝑆( =	 

ℵ��1� 	 𝑆(,C,ÈJÃ5
, 𝑆(,A,ÈJÃ5

, … , 𝑆(,C,È , 𝑆(,A,È , … , 𝑆(,C,ÈÖÃ5J4
, 𝑆(,A,ÈÖÃ5J4

 

	𝑁𝑋Èl = 

ℵ��Z�� 𝑆(J),C,Èl , 𝑆(J),A,Èl , … , 𝑆(,C,Èl , 𝑆(,A,Èl , … , 𝑆(Ö),C,Èl,𝑆(Ö),A,Èl  

(6-2) 

where we use the nonlinear operator ℵ��1�  (ℵ��Z��) to denote the intra-channel (inter-channel) 

nonlinear effects. 

Consequently, each symbol is affected by its neighboring symbols in both horizontal (time-

domain) and vertical (wavelength-domain) forms, as illustrated in Figure 6.2. The number of 

symbols affecting the observed symbol depends on the channel memory. In our case, we try to 

find the limiting performance of correcting such distortion. We consider the time-domain memory 

m is sufficient large, which is the optimum scenario (for sufficient number of neighboring WDM 

channels). 
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Figure 6.2 Symbol distortion in WDM system. The i-th WDM channel is affected by 2n 

neighboring channels. The j-th symbol (of the i-th WMD channel) is affected by 2m 

(pervious/next) symbols. 

6.3 Study of The Limiting Performance of Fiber Nonlinearities Compensation 

To deal with nonlinear effects, the correction terms are generated on a symbol level as follows. In 

the training stage, the difference has been taken between received symbols 𝑅(,7,È and transmitted 

symbols	𝑆(,7,È, for different number of neighboring channels, denoted as 

𝑫( = 𝑹( − 𝑺(                                                         (6-3) 

where 𝑫( = (𝑫(,7,È) is a 2-by-K difference matrix with K representing the length of the correction 

terms and the 𝑹( and 𝑺( are matrix representations of received symbols and transmitted symbols. 

In order to get a fundamental understanding of the limits of NLC performance in our system, 

independent of any algorithmic implementation aspects or complexity constraints, we employ the 

technique illustrated in Figure 6.3. In each oscilloscope waveform trace, we capture 2⋅106 samples, 

resulting in nine nominally identical repetitions (“frames”) of the transmit signal after receive side 
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signal processing. These frames all carry the same linearly and nonlinearly distorted signal and 

only differ by the noise that was added to them during transmission and detection. Capturing N 

waveforms then yields an ensemble of 9N frames. After recovering the (noisy) signal constellation 

for each frame (each frame containing 32,768 16-QAM symbols), we average K constellations to 

isolate random noise from deterministic inter- and intra-channel signal distortions, as shown in 

Figure 6.3 (b,c) The complex deviation δi of the i-th symbol (i=1…32,768) in the averaged 

constellation from its ideal (transmit) value then represents the deterministic distortion of the i-th 

symbol, fully accounting for all pertinent linear and nonlinear propagation distortions, including 

their respective pattern dependences. This distortion vector δi is then subtracted from the recovered 

constellation of a new, as of yet unused frame to yield a constellation with all its noise but only 

with the distortion that is not intentionally being “compensated for.” We want to emphasize that 

this method is not meant to represent an implementable NLC algorithm but rather serves as a 

convenient tool to determine the limiting performance of an idealized NLC algorithm that is able 

to determine the exact linear and nonlinear signal distortion as it occurs in the transmission system, 

including hard-to-predict effects, e.g., due to random polarization rotations. Furthermore, this 

technique enables the experimental assessment of NLC for the joint compensation of as many 

DWDM channels as desired, without restrictions due to the lack of broadband and/or multichannel 

hardware [51]. Figure 2(d) shows the Q-factor as a function of K when compensating the entire 9-

channel DWDM multiplexed at 2 dBm per channel after 1920-km SSMF transmission, using two 

entirely different sets of waveforms on which averaging is being performed to obtain the distortion. 

Both curves converge to the same value at K ~ 40. As this number is noise-dependent, we 

individually ensured proper convergence for each of the cases studied below.  
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In Figure 6.4, we study the effect from laser frequency drift by performing two different 

averaging methods, vertical (number of frames) and horizontal (number of captures) averaging. 

To obtain the linear and nonlinear distortions without randomness, mostly ASE noise, we consider 

at least 100 times average over the received symbols as 𝜹𝒊 = E[𝑫𝒊] , where E[⋅] denotes the 

expectation operator. We verify that the displacement vector 𝜹 can be obtained by averaging 

frames in one capture (vertically) or averaging frames cross all different captures (horizontally) as 

shown in the Figure 6.3. The values shown in the plots represent the Q factor (in linear scale) of 

compensated frames as the function of the number of captures and number of frames. As we can 

see from the figure, both directions have similar performance when a given number of frames is 

used.  

 

Figure 6.3 Distortion average and isolation.  

To summarize, such obtained the correction term 𝜹𝒊 includes both linear and nonlinear 

symbol degradations. Since the nonlinear effects are pattern dependent, this correction term is case 

sensitive. The size of the correction term is 2-by-K complex matrix for dual-polarization SMF 

transmission. To recover the symbols from channel’s imperfections, we can apply this correction 
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term at either transmitter or receiver sides by subtracting the correction vector 𝜹𝒊  from the 

uncompensated symbols. 

 
 
Figure 6.4  Horizontal (number of captures) and vertical (number of frames) averaging of the PM-

16QAM 9-channel DWDM multiplexed at 2 dBm per channel after 1920-km SSMF transmission. 

To verify the feasibility of the proposed concept, both QPSK and 16QAM have been 

transmitted over standard single mode fiber (SSMF) and TrueWave reduced slope (TWRS) fiber 

using Quasi-Nyquist-WDM. High speed digital-to-analog converters (DACs)  have been used for 

transmitted data with symbol rates at 32-GBd PDM-16-QAM/QPSK in 37.5GHz spacing and 9 

channels have been transmitted together and coherently received. 

The experimental setup is shown in Figure. 6.5(a). A 215-1 pseudo-random bit sequence is 

mapped to QPSK/16-QAM symbols, and the corresponding modulated data stream is digitally 

pulse shaped using a root-raised-cosine filter with a roll-off factor of 0.1. The resulting in-phase 

(I) and quadrature (Q) waveforms are converted to an analog electrical signal at 32 GBaud using 
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64-GS/s CMOS DACs before being modulated onto a set of 75-GHz spaced (odd) optical carriers 

using a dual-nested, dual-polarization Mach-Zehnder modulator. Independent data streams are 

used for x and y polarization states of the polarization-division multiplexed (PDM) signals. The 

inverted electrical signals are applied to a second modulator to obtain a set of (even) 75-GHz 

spaced optical signals, offset from the odd set by 37.5-GHz, which are then delay-decorrelated by 

approximately 300 symbols with a fiber cable and combined with the odd set to form a 9-channel 

DWDM multiplex on a 37.5-GHz grid. The lasers are external cavity lasers (ECLs) with a 

linewidth of 100 kHz and typical frequency fluctuations of ±100 MHz. The center channel is 

located at a frequency of 193.4 THz. To remove data correlation within each set of channels, we 

use a WSS to split and delay-decorrelate each channel so that any two channels have at least 100 

symbols of relative delay. The DWDM multiplexed signal then enters a re-circulating loop 

composed of four 80-km SSMF spans without dispersion management. Fiber loss is compensated 

by lumped Erbium-doped fiber amplifiers (EDFAs) for each span. At the receiver side, we use a 

standard intradyne setup composed of an ECL local oscillator laser, tuned to within 0.5 GHz of 

the center DWDM channel, a PDM 90-degree optical hybrid, four 40-GHz balanced photodiodes, 

and four 80-GS/s real-time, synchronized oscilloscope channels as analog-to-digital converters 

(ADCs). The digitized signal is then processed offline. Intradyne digital signal processing (DSP) 

similar to that described in [78] is used to reconstruct the data. The signal’s Q2-factor is determined 

from the BER measured through direct error counting on the center (observed) channel.   
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(a) 

 
(b) 

Figure 6.5 (a) Schematic of the experimental setup; (b) Optical spectrum of the 9-channel 

DWDM system. 

6.4 Experimental results analysis 

To test the nonlinear compensation scheme in DWMD system, we first use the SSMF with 

17ps/nm/km dispersion. The re-circulating fiber loop consists of 4⋅80 km SSMF spans and EDFAs 

are periodically deployed to compensate the span loss. One WSS has been used in the loop for 

controlling the power of the WDM system. The distorted received symbols are captured after the 
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offline DSP, which includes the down-sampling, CMA, phase recovery, and pattern 

synchronization. After sufficient noise averaging, the group of 𝜹(  are generated with different 

number of neighboring cases. To study the optimum performance of this NLC method, we used 

full length of memory (𝑚 is large enough) of the pattern and apply the compensation at both 

transmitter and receiver side. 

Figure 6.6 shows the single-channel performance limit of NLC after 1920-km transmission as a 

function of the signal launch power. The blue solid circles represent the uncompensated Q2-factor 

(no NLC). The results related to compensating only for back-to-back implementation penalties due 

to transmitter and receiver imperfections (TX-RX compensation), but not for any nonlinear 

transmission impairments (i.e., calculating 𝛿( at low launch power and applying those correction 

vectors at all other power levels), shown by the red solid squares, reveal a ~1 dB back-to-back 

implementation penalty that is more or less independent of the launch power.  The results related 

to the NLC based on the distortion vectors 𝛿(, obtained at each launch power individually, shown 

by the black solid triangles, clearly indicate the successful compensation of intra-channel 

nonlinearities. The saturation at high launch powers is due to nonlinear interactions between the 

signal and amplified spontaneous emission of the in-line optical amplifiers [49]. Taking the Tx-

Rx compensated performance as a baseline, we find that the benefit due to NLC is at least 2 dB. 
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Figure 6.6 Single-channel transmission showing NLC limits. 

We also show the transmitter side compensation results, denoted as Tx-side compensation, 

in which Tx-side nonlinear correction terms are obtained for 2dBm launch power scenario, while 

the optimized linear scaled version of the correction terms are used for other launch powers. 

Clearly, when the nonlinearity is strong in the high launch power regime, the performance is 

limited by the DAC quantization levels. In the lower launch power regime, Rx-side compensation 

outperforms the TX-side compensation because the linear distortions are dominated and the scaled 

version of nonlinear correction terms is no longer valid.  
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(a) 

 
(b) 

Figure 6.7 The 9-channel DWDM transmission over 1920km link showing NLC compensation 

based on various numbers of neighboring channels: (a)16QAM transmitted over SSMF link and 

(b) QPSK transmitted over RS-fiber-managed link. 
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We also study the 9-channel WDM case with RX side compensation as shown in Figure. 

6.7. The Figure. 6.7 plots the curves of different compensation results with correction terms from 

one channel only to 9-channel WDM for transmission over: (a) SSMF link results are shown in 

Figure. 6.7(a) and  corresponding RS-fiber results are shown in Figure. 6.7(b). As the number of 

channels that have been compensated increases, the Q factor gets better. Consequently, the 

optimum launch power is increased from around -1dBm to 1dBm with optimum fully compensated 

correction term. 

In Figure. 6.7(a), the blue solid circles represent the uncompensated case. The curve 

denoted by the red solid squares corresponds to Tx-Rx compensation. We found ~1 dB 

improvement of Tx-Rx compensation compared to uncompensated case. The black open triangles 

curve show the situation where the distortion vectors 𝛿(  are obtained from a single-channel 

measurement at each corresponding power level, thus representing the performance of single-

channel NLC in a 9-channel WDM environment. Inter-channel nonlinearities bring the optimum 

Q2-factor from over 9 dB in Figure. 6.6 down to about 7.4 dB in the DWDM case in Figure. 6.7(a), 

leaving a mere ~0.1 dB benefit of single-channel NLC under DWDM operation compared with 

the Tx-Rx compensated case as a reference. The remaining curves show the performance of NLC 

using joint compensation of several DWDM neighbors (1, 2, 3, and 4 neighbors to each side of the 

center channel under test). Once the nonlinear distortions in all 9 channels are compensated for, 

we find a Q2-factor of about 8.2 dB, about a 0.8-dB improvement compared to the Tx-Rx 

compensated reference case. The sharp decrease in performance at higher launch powers, even for 

full-band DWDM-NLC may be due to the use of unlocked signal carriers in our experiment [20]. 

We also show the PDM-QPSK format over 1920-km RS-fiber dispersion unmanaged links. Similar 
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performance can be observed with smaller gain in nonlinear region and this is because QPSK is 

more robust than 16QAM in nonlinear regime.  

 
(a) 

 
(b) 

Figure 6.8 (a)  Optimal performance with NLC compensation as a function of number of 

neighboring channels. (b) Optimal performance with different neighboring channels cases as a 

function of NLC. 
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Figure 6.8(a) shows the performance with NLC compensation, across a different number 

of neighbors, as a function of the number of neighboring channels and with optimized launch 

powers for each data point. It is clear that as soon as DWDM channels are added on either side of 

the NLC-compensated set of channels, the NLC benefit drops quickly and this trend continues as 

more neighbors are added. In a fully loaded DWDM system with individual lasers for each channel, 

we therefore expect only a small performance enhancement of NLC, even if the most ideal multi-

channel NLC algorithm was being employed. Figure 6.8 (b) provides another angle of analyzing 

the data of Figure 6.8 (a). The x-axis corresponds to the compensation method with increasing 

complexity and accuracy and different number of neighboring channels cases are observed. 
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(b) 

Figure 6.9 (a)) Q-factor reduction by changing the number of neighboring signals. (b) 

Degradation of Q-factor vs. total transmission distance. 

 
 To evaluate the robustness of the proposed correction terms’ algorithm, we change the 

neighboring channels’ data as shown in Figure 6.9 (a) and we also study the correction terms used 

in different transmission lengths as shown in Figure 6.9 (b). In Figure 6.9 (a), we used RS-fiber 

dispersion unmanaged 1920-km links with PDM-QPSK format for three channels WDM case 

(observed channel and two neighboring channels). Two delayed versions of neighboring signal 

(denoted as DL1 and DL2) are used for calculating the correction terms, whose behavior has been 

applied to the original non-delayed data. Since the inter-channel nonlinearity are mainly pattern 

dependent, by changing the de-correlation delay in experiment of neighboring channel, the 

500 1000 1500 2000 2500 3000 3500 4000
4

5

6

7

8

9

10

 

 

Q
2  (d

B)

Distance (km)

 Original Q
 Comp. Q (640km)
 Comp. Q (1920km)
 Comp. Q (2560km)

FEC Threshold 
(BER = 2.3E-2)



 122 

improvement suffers a significant degradation, which indicates that inter-channel nonlinearity is 

one of the dominant imperfection in transmission.    

Figure 6.9 (b) shows the Q-factor degradation when the correction terms obtained at one 

distance have been applied to longer distances. We are able to extend the transmission distance 

from 1000km to 2500km with 1 dB margin above the FEC threshold. Alternatively, by using the 

optimized correction terms at certain distance, a lager system margin can be obtained. 

6.5 Conclusions 

In this chapter, we experimentally assess the performance benefits of both single-channel and 

multi-channel NLC in a 9-channel DWDM environment of PM-16QAM and PM-QPSK for two 

different kinds of fiber links. To understand the performance limits of ideal NLC, independent of 

any algorithmic implementation or complexity considerations, for various deterministic signal 

distortions (transmitter and receiver distortions, intra-channel nonlinearities, and inter-channel 

nonlinearities) have been individually extracted and compensated through a noise-averaging 

method applied to the recovered signal constellations from several waveform captures. The 

distortion correction vectors for each symbol can be applied to the received signal for improving 

the BER measurement on subsequently captured waveforms. We also study some other usage of 

this correction term such as incomplete cross-channel nonlinear compensation, changing the 

number of neighboring channels’ compensation and correction terms for certain distance 

compensation. By using the dedicated correction terms, we can optimize the performance for 

arbitrary system of interest and it can be implemented at either transmitter or receiver sides. 
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CHAPTER 7 CONCLUDING REMARKS 

 
The ever-growing demand for higher transmission speeds does not appear to slow down and the 

discussions over the most probable next step toward 1Tbits/s Ethernet have already begun. In this 

dissertation, we investigated various advanced technique that enable the high speed optical 

communication and we also study the metric and limits of fiber transmission system. Both 

theoretical analysis and experimental results are included in this study.  

 In Chapter 2, we proposed the FMF models suitable for both classical and quantum 

applications. We included the fiber nonlinear effects in the model and performed the Monte Carlo 

simulations for different scenarios. We initially evaluated the performance of nonbinary LDPC 

OFDM system over a 2000km FMFs with different compensation methods. The LMMSE with 

linear interpolation has been shown to be more robust compared to LS estimation, but it also 

requires a more complicated algorithm for compensation of mode-coupling effects. Secondly, we 

studied the nonbinary coded-modulation performance in such scheme. Finally, we proposed the 

quantum FMF model and estimated its quantum channel capacity. 

 In Chapter 3, we developed an algorithm which can calculate the achievable information 

rates in SDM systems with the nonlinear effects taken into account. We showed that the SDM 

system has similar AIR performance as SMF but it is more sensitive to modulation formats and 

nonlinear inter-symbol interference effects. Notice that this approach is applicable to any MIMO 

nonlinear systems. 

 In Chapter 4, we discussed the nonbinary generalized turbo product code with LDPC based 

scheme. We show how it is possible with careful design to achieve high spectral efficiency with 
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larger net coding gain compared to the state of the art SPC coded-modulation scheme. We 

proposed the nonbinary tandem-TPC-TE based coded modulation scheme and it represents a 

promising NB coded-modulation scheme for the next generation optical transmission systems. 

 In Chapter 5, we answered the question that if the Q-factor is still a good predictor for post-

FEC BER performance. Both Q-factor and mutual information are studied and both theoretical 

and experimental analysis have been conducted. We conclude that for byte-interleaved coded 

modulation system, it is still safe to use the Q-factor with high rate FEC and small constellations, 

while mutual information is better and universal for any rate and constellation size with slightly 

higher computation complexity.  

 In Chapter 6, we have experimentally investigated the limits of nonlinearity compensation 

in a DWDM system consisting of nine 37.5-GHz spaced channels, each modulated at 32-Gbaud 

with PDM-16QAM. A symbol averaging technique was used to isolate noise from distortion and 

to emulate idealized, algorithm-independent NLC.  We observe a Q-factor gain of 2 dB for intra-

channel NLC in single-channel operation, which is reduced to 0.1 dB in DWDM operation. 

Applying NLC jointly to all nine channels allows us to recover a multi-channel NLC gain of 0.8 

dB, which is expected to also largely vanish once DWDM channels are deployed across the entire 

system bandwidth. 

 To further increase the capacity of optical fiber communication, the long-haul FMF 

transmission experiment can be done in the future with advanced coded-modulation scheme. 

MIMO compensation of OFDM FMF based system is very promising for next generation SDM 

application while it is also challenging for its complexity and reliability. High dimensional coded-

modulation is also attractive for the next generation SDM transmission as it can fully utilize the 
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potential gain with more than two dimensional signaling. The FPGA implementation of the 

nonbinary coding and FMF based MIMO DSP can be the last step for verifying the feasibility.  

  



 127 

REFERENCES 
	

[1]  C. Lin, I. B. Djordjevic, D. Zou, M. Arabaci and M. Cvijetic, "Non-binary LDPC coded 
mode-multiplexed coherent optical OFDM 1.28 Tbit/s 16-QAM signal transmission over 
2000-km of few-mode fibers with mode dependent loss," IEEE Photonics Journal, vol. 4, 
no. 5, pp. 1922- 1929, Oct. 2012.  

[2]  C. Lin, I. B. Djordjevic, M. Cvijetic, and D. Zou, "Mode-Multiplexed Multi-Tb/s 
Superchannel Transmission with Advanced Multidimensional Signaling in the Presence 
of Fiber Nonlinearities," IEEE Transactions on Communications, vol. 62, no. 7, pp. 2507-
2514, July 2014. 

[3]  I. B. Djordjevic, "Spatial-Domain-Based Hybrid Multidimensional Coded-Modulation 
Schemes Enabling Multi-Tb/s Optical Transport," IEEE/OSA J. Lightw. Technol., vol. 30, 
no. 14, pp. 2315-2328, July 15, 2012. (Invited Paper.).  

[4]  T. Liu, I. B. Djordjevic, "Optimal Signal Constellation Design for Ultra-High-Speed 
Optical Transport in the Presence of Nonlinear Phase Noise," Optics Express, vol. 22, no. 
26, pp. 32188-32198, 29 Dec 2014.  

[5]  T. Liu, I. B. Djordjevic, Y. Zhang, and D. Zou, "Optimal Signal Constellation Design for 
Coherent Optical Channels Dominated by the Nonlinear Phase Noise," in Proc. IEEE 
ICTON 2014, Paper Tu.C1.2, Graz, Austria, July 6-10, 2014..  

[6]  C. Lin, I. B. Djordjevic, and M. Cvijetic, "Quantum Few-Mode Fiber Communications 
based on the Orbital Angular Momentum," IEEE Photon. Technol. Lett., vol. 25, no. 1, 
pp. 3-6, January 1, 2013.  

[7]  Y. Zhang, I. B. Djordjevic, and X. Gao, "On the quantum channel capacity for orbital 
angular momentum (OAM) based free-space optical communications," Optics Letters, 
vol. 37, no. 15, pp. 3267-3269, August 1, 2012  

[8]  Y. Zhang, I. B. Djordjevic, M. Neifeld, "Efficient quantum key distribution based on 
pulse-position modulation," SPIE Security + Defence, Quantum-Physics-Based 
Information Security, Paper 9254-10, 22 - 25 September 2014, Amsterdam, Netherlands 

[9]  C. Lin, I. B. Djordjevic, D. Zou, "Achievable information rates calculation for optical 
OFDM transmission over few-mode fiber long-haul transmission systems," Optics 
Express, vol. 23, no. 13, pp. 16846-16856, 2015.  

[10]  L. Li, J. Yu, J. Krolik, "Software-defined calibration for FMCW phased-array radar," 
Radar Conference, 2010 IEEE , pp.877-881, 10-14 May 2010 

[11]  L. Li and J.L. Krolik, “Vehicular MIMO SAR imaging in multipath environments,” in 
IEEE Radar Conference , pp. 989–994, 2011 

[12]  L. Li, P.T. Boufounos, D. Liu, H. Mansour, and S. Sahinoglu, “Sparse mimo architectures 
for through-the-wall imaging,” in IEEE Sensor Array and Multichannel Signal Processing 
Workshop (SAM), pp. 513 – 516, June 2014.  



 128 

[13]  C. Lin, I. B. Djordjevic, Z. Jia, W. Wang, Y. Cai, "Tandem-turbo-product Nonbinary 
BICM for Next-generation High-speed Optical Transmission Systems," in Proc. OFC 
2016, Paper Th1D.5, 20-24 March 2016, Anaheim, California, USA. 

[14]  H. Zhang, J.-X. Cai, H. G. Batshon, M. V. Mazurczyk, O. Sinkin, D. G. Foursa, A. 
Pilipetskii, G. Mohs, and N. S. Bergano, “200 Gb/s and dual wavelength 400 Gb/s 
transmission over transpacific distance at 6.0 b/s/Hz spectral efficiency,” presented at the 
OFC 2013, Anaheim, CA, USA, Paper PDP5A.6.  

[15]  C. Lin, S. Chandrasekhar, P. J. Winzer, “Experimental Study of the Limits of Digital 
Nonlinearity Compensation in DWDM Systems,” In Proc. OFC 2015, March 2015, Los 
Angeles, California, USA. 

[16]  M. Arabaci, I. B. Djordjevic, R. Saunders, R. Marcoccia, "Non-binary LDPC-coded 
modulation for high-speed optical metro networks with back propagation," SPIE 
Photonics West 2010, OPTO: Optical Communications: Systems and Subsystems, Optical 
Metro Networks and Short-Haul Systems II, 23-28 January 2010, San Francisco, 
California, USA, Paper no. 7621-17.  

[17]  M. Cvijetic, I. B. Djordjevic, Advanced Optical Communication Systems and Networks. 
Artech House, Jan. 2013.  

[18]  F. Yaman, N. Bai, B. Zhu, T. Wang, and G. Li, “Long distance transmission in few-mode 
fibers,” Opt. Express vol. 18, no. 12, pp. 13250–13257, 2010.  

[19]  D. Zou, C. Lin, I. B. Djordjevic, "LDPC-Coded Mode-Multiplexed CO-OFDM over 1000 
km of Few-Mode Fiber," in Proc. CLEO 2012, Paper no. CF3I.3, San Jose, CA, 6-11 May 
2012.  

[20]  K. Ho and J. Kahn, "Mode-dependent loss and gain: statistics and effect on mode-division 
multiplexing", Opt. Express, vol. 19, no. 17, p. 16612, 2011.  

[21]  K. Ho and J. Kahn, "Statistics of Group Delays in Multimode Fiber With Strong Mode 
Coupling", J. Lightwave Technol., vol. 29, no. 21, pp. 3119-3128, 2011..  

[22]  S. Mumtaz, R. Essiambre and G. Agrawal, "Nonlinear Propagation in Multimode and 
Multicore Fibers: Generalization of the Manakov Equations", J. Lightwave Technol., vol. 
31, no. 3, pp. 398-406, 2013..  

[23]  T. Liu and I. Djordjevic, "Signal Constellation Design for Cross-Phase Modulation 
Dominated Channels", IEEE Photonics J., vol. 7, no. 4, pp. 1-8, 2015. 

[24]  D. Zou, I. B. Djordjevic, "Multi-Tb/s Optical Transmission based on Polarization-
Multiplexed LDPC-coded Multi-band OFDM," 13th International Conference on 
Transparent Optical Networks (ICTON 2011), 26-30 June 2011, Stockholm, Sweden.  

[25]  T. Liu, I. B. Djordjevic, L. Xu, and T. Wang, "Multidimensional Optimum Signal 
Constellation Design for Few-Mode Fiber based High-Speed Optical Transport," in Proc. 
IEEE Photonics Conference 2012, Paper no. TuM2, San Francisco, CA, 2012..  

[26]  D. Zou, I. B. Djordjevic, "Beyond 1Tb/s Superchannel Optical Transmission based on 
Polarization Multiplexed Coded-OFDM over 2300 km of SSMF," in Proc. 2012 Signal 
Processing in Photonics Communications (SPPCom), 17-21 June, 2012, Colorado 
Springs, Colorado, USA..  



 129 

[27]  A. Li et al., “Transmission of 1.63-Tb/s PDM-16QAM unique-word DFT-spread OFDM 
signal over 1 010-km SSMF,” in Proc. OFC’12, Paper OW4C.1.  

[28]  A. Li, A. Amin, X. Chen, S. Chen, G. Gao and W. Shieh, "Reception of Dual-Spatial-
Mode CO-OFDM Signal Over a Two-Mode Fiber", J. Lightwave Technol., vol. 30, no. 4, 
pp. 634-640, 2012..  

[29]  T. Liu, I. B. Djordjevic, "Multi-dimensional Optimal Signal Constellation Sets and 
Symbol Mappings for Block-Interleaved Coded-Modulation Enabling Ultra-High-Speed 
Optical Transport," IEEE Photonics Journal, vol. 6, no. 4, Paper 5500714, Aug. 2014.  

[30]  T. Liu, I. B. Djordjevic,  "EXIT Chart Analysis of Optimal Signal Constellation Sets and 
Symbol Mappings for Block-Interleaved Coded-Modulation Enabling Ultra-High-Speed 
Optical Transport," IEEE ICTON 2013, June 23 -27, 2013, Cartagena, Spain.  

[31]  I. B. Djordjevic, "Energy-efficient spatial-domain-based hybrid multidimensional coded-
modulations enabling multi-Tb/s optical transport," Optics Express, vol. 19, no. 17, pp. 
16708-16714, 08/15/2011.  

[32]  L. Allen, M. Beijersbergen, R. Spreeuw and J. Woerdman, "Orbital angular momentum of 
light and the transformation of Laguerre-Gaussian laser modes", Phys. Rev. A, vol. 45, no. 
11, pp. 8185-8189, 1992. 

[33]  J. Wang, J. Yang, I. Fazal, N. Ahmed, Y. Yan, H. Huang, Y. Ren, Y. Yue, S. Dolinar, M. 
Tur and A. Willner, "Terabit free-space data transmission employing orbital angular 
momentum multiplexing", Nature Photonics, vol. 6, no. 7, pp. 488-496, 2012..  

[34]  J. A. Anguita, et al., “Turbulence-induced channel crosstalk in an orbital angular 
momentum-multiplexed free-space optical link,” Appl. Opt., vol. 47, no. 13, pp. 2414–
2429, Feb. 2008..  

[35]  H. Huang, G. Milione, M. Lavery, G. Xie, Y. Ren, Y. Cao, N. Ahmed, T. An Nguyen, D. 
Nolan, M. Li, M. Tur, R. Alfano and A. Willner, "Mode division multiplexing using an 
orbital angular momentum mode sorter and MIMO-DSP over a graded-index few-mode 
optical fibre", Sci. Rep., vol. 5, p. 14931, 2015. 

[36]  P. Martelli, et al., “Free-space optical transmission with orbital angular momentum 
division multiplexing,” Electron. Lett., vol. 47, no. 17, pp. 972–973, Aug. 2011. 

[37]  N. Ahmed, et al., “Demonstration of add/drop multiplexer for 100-Gbit/s RZ-QPSK 
channels over spatially multiplexed orbital angular momentum modes,” in Proc. IPC 
2012, Sep., pp. 600–601, paper WU4. 

[38]  A. Li, X. Chen, D. Che, Y. Wang, and W. Shieh, "Capacity Limit of Few-Mode Fibers for 
Space-Division Multiplexed Coherent Optical OFDM Superchannel". Asia 
Communications and Photonics Conference 2014, paper AW3F.1 

[39]  X. Sun, I. B. Djordjevic, M. Neifeld, "An adaptation method to improve secret key rates 
of time-frequency QKD in atmospheric turbulence channels," PhotonicsWest 2015, LASE 
, Free-Space Laser Communication and Atmospheric Propagation XXVIII, Paper 9739-
33, 13 - 18 February 2016, San Francisco, California United States.  



 130 

[40]  X. Sun, I. B. Djordjevic, "Physical-layer security in orbital angular momentum 
multiplexing free-space optical communications," IEEE Photonics Journal, vol. 8, no. 1, 
pp. 01110-1 -01110-10, Feb. 2016, DOI.  

[41]  G. Gibson, J. Courtial, M. Padgett, M. Vasnetsov, V. Pas'ko, S. Barnett and S. Franke-
Arnold, "Free-space information transfer using light beams carrying orbital angular 
momentum", Opt. Express, vol. 12, no. 22, p. 5448, 2004.  

[42]  Z. Qu, I. B. Djordjevic, "Coded Orbital Angular Momentum Based Free-space Optical 
Transmission in the Presence of Atmospheric Turbulence," in Proc. OSA Asia 
Communications and Photonics Conference (ACP) 2015, Paper AS3D.3, 19 - 23 
November 2015, Hong Kong. 

[43]  Y. Yan, et al., “New approach for generating and (de)multiplexing OAM modes in a fiber 
coupler consisting of a central ring and four external cores,” in Proc. ECOC 2011, pp. 1–
2, paper We.10.P1.12. 

[44]  S. H. Murshid, et al., “Spatial domain multiplexing: A new dimension in fiber optic 
multiplexing,” Opt. Laser Technol., vol. 40, pp. 1030–1036, Mar. 2008. 

[45]  Z. Bouchal, et al., “Selective excitation of vortex fiber modes using a spatial light 
modulator,” New J. Phys., vol. 7, p. 125, May 2005..  

[46]  N. Bozinovic, et al., “Control of orbital angular momentum of light with optical fibers,” 
Opt. Lett., vol. 37, no. 13, pp. 2451–2453, 2012.  

[47]  C. E. Shannon, "A mathematical theory of communication".  
[48]  C. Xia, X. Liu, S. Chandrasekhar, N. Fontaine, L. Zhu and G. Li, "Multi-channel 

nonlinearity compensation of PDM-QPSK signals in dispersion-managed transmission 
using dispersion-folded digital backward propagation", Opt. Express, vol. 22, no. 5, p. 
5859, 2014..  

[49]  R. Essiambre, G. Foschini, G. Kramer and P. Winzer, "Capacity Limits of Information 
Transport in Fiber-Optic Networks", Phys. Rev. Lett., vol. 101, no. 16, 2008.  

[50]  R. Essiambre, G. Kramer, P. Winzer, G. Foschini and B. Goebel, "Capacity Limits of 
Optical Fiber Networks", J. Lightwave Technol., vol. 28, no. 4, pp. 662-701, 2010. 

[51]  Xi Chen, An Li, Guanjun Gao, A. Al Amin and W. Shieh, "Characterization of Fiber 
Nonlinearity and Analysis of Its Impact on Link Capacity Limit of Two-Mode Fibers", 
IEEE Photonics J., vol. 4, no. 2, pp. 455-460, 2012.  

[52]  I. Djordjevic, B. Vasic, M. Ivkovic and I. Gabitov, "Achievable information rates for 
high-speed long-haul optical transmission", J. Lightwave Technol., vol. 23, no. 11, pp. 
3755-3763, 2005..  

[53]  Y. Zhang, I. B. Djordjevic,  "LDPC-Coded TCM-QPSK Optical Transmission Scheme 
Outperforming LDPC-Coded BPSK," in Proc. IEEE Photonics Conference 2013 (IPC 
2013), 8-12 September 2013, Seattle, USA.  

[54]  Y. Zhang, M. Arabaci, I. B. Djordjevic, "Rate-Adaptive Four-Dimensional Nonbinary 
LDPC-Coded Modulation for Long-Haul Optical Transport Networks," in Proc. 
OFC/NFOEC 2012, Paper no. JW2A.46, March 6-8, 2012, Los Angeles, CA, USA.  



 131 

[55]  G. Caire, G. Taricco and E. Biglieri, "Bit-interleaved coded modulation", IEEE Trans. 
Inform. Theory, vol. 44, no. 3, pp. 927-946, 1998.  

[56]  Y. Zhang, S. Zhang, I. B. Djordjevic, T. Wang, "On the Pragmatic Turbo Equalizer for 
High-speed Optical Transmission," in Proc. CLEO-PR&OECC/PS 2013, Paper no. ThR2-
4, June 30-July 4 2013, Kyoto, Japan.  

[57]  Y. Zhang, I. B. Djordjevic, "Staircase Rate-adaptive LDPC-coded Modulation for High-
speed Intelligent Optical Transmission," in Proc. OFC 2014, Paper no. M3A.6, Mar. 9-13, 
2014, San Francisco, California, USA.  

[58]  T. Liu, I. B. Djordjevic, "LDPC-coded BICM-ID with Nonuniform Signaling for Ultra-
High-Speed Optical Transport," in Proc. OSA Asia Communications and Photonics 
Conference (ACP) 2015, Paper AM3F.3, 19 - 23 November 2015, Hong Kong.  

[59]  F. R. Kschischang, B. J. Frey, and H.-A. Loeliger. “Factor graphs and the sum-product 
algorithm,” IEEE Trans. Info. Theory, vol. 47:498–519, 2001.  

[60]  H. G. Batshon and H. Zhang, "Multidimensional SPC-based bit-interleaved coded-
modulation for spectrally-efficient". SPIE 2014. Invited paper. 

[61]  D. Zou, I. B. Djordjevic, "FPGA-based Non-binary QC-LDPC Coding for High-Speed 
Coherent Optical Transmission," in Proc. CLEO 2015, 10-15 May 2015, San Jose, CA, 
USA.  

[62]  D. Zou, I. B. Djordjevic, "FPGA implementation of high-performance QC-LDPC decoder 
for optical communications," SPIE Photonics West 2015, OPTO: Optical Metro Networks 
and Short-Haul Systems VII, Paper 9388-24, 7 - 12 February 2015, San Francisco, 
California, United States.  

[63]  D. Zou, I. B. Djordjevic, "FPGA implementation of concatenated non-binary QC-LDPC 
codes for high-speed optical transport," Optics Express, vol. 23, no. 10, pp. 14501-14509, 
18 May 2015.  

[64]  Y. Zhang and I. B. Djordjevic, "Multilevel Nonbinary LDPC-Coded Modulation for 
High-Speed Optical Transmissions," in ACP, OSA, 2014.  

[65]  A. Alvarado, E. Agrell, D. Lavery, R. Maher and P. Bayvel, "Replacing the Soft-Decision 
FEC Limit Paradigm in the Design of Optical Communication Systems", J. Lightwave 
Technol., vol. 33, no. 20, pp. 4338-4352, 2015.  

[66]  A. Leven, F. Vacondio, L. Schmalen, S. Brink and W. Idler, "Estimation of Soft FEC 
Performance in Optical Transmission Experiments", IEEE Photonics Technology Letters, 
vol. 23, no. 20, pp. 1547-1549, 2011. 

[67]  T. Fehenberger et al., “Mutual information as a figure of merit for optical fiber systems,” 
submitted to J. Lightw. Technol., available on arXiv, 2014 

[68]  L. Du, D. Rafique, A. Napoli, B. Spinnler, A. Ellis, M. Kuschnerov and A. Lowery, 
"Digital Fiber Nonlinearity Compensation: Toward 1-Tb/s transport", IEEE Signal 
Process. Mag., vol. 31, no. 2, pp. 46-56, 2014.  

[69]  T. Hoshida et al. "Digital nonlinear compensation for spectrally efficient superchannel 
transmission at 400Gbit/s and beyond." In Optical Communication (ECOC), 2014 
European Conference on, pp. 1-3. IEEE, 2014.  



 132 

[70]  T. Oyama, H. Nakashima, S. Oda, T. Yamauchi, Z. Tao, T. Hoshida, and J. C. 
Rasmussen, “Robust and efficient receiver-side compensation method for intra-channel 
nonlinear effects,” in Optical Fiber Communication Conference, (Optical Society of 
America, 2014), paper Tu3A.3.  

[71]  N. Alic, E. Myslivets, E. Temprana, B. Kuo and S. Radic, "Nonlinearity Cancellation in 
Fiber Optic Links Based on Frequency Referenced Carriers", J. Lightwave Technol., vol. 
32, no. 15, pp. 2690-2698, 2014.  

[72]  E. Ip and J. Kahn, "Compensation of Dispersion and Nonlinear Impairments Using Digital 
Backpropagation", J. Lightwave Technol., vol. 26, no. 20, pp. 3416-3425, 2008.  

[73]  T. Oyama, H. Nakashima, S. Oda, T. Yamauchi, Z. Tao, T. Hoshida, and J. C. 
Rasmussen, “Robust and efficient receiver-side compensation method for intra-channel 
nonlinear effects,” in Optical Fiber Communication Conference, (Optical Society of 
America, 2014), paper Tu3A.3.  

[74]  Z. Tao, L. Dou, Y. Zhao, W. Yan, T. Oyama, S. Oda, T. Tanimura, T. Hoshida, and J. 
Rasmussen, "Nonlinear Compensation beyond Conventional Perturbation Based 
Algorithms", Asia Communications and Photonics Conference 2013, paper ATh4E.1 

[75]  Y. Gao, A. S. Karar, J. C. Cartledge, S. S.-H. Yam, M. O’Sullivan, C. Laperle, A. 
Borowiec, and K. Roberts, “Simplified nonlinearity pre-compensation using a modified 
summation criteria and non-uniform power profile,” in Optical Fiber Communication 
Conference, (Optical Society of America, 2014), paper Tu3A.6. 

[76]  Z. Tao et al., “Multiplier-Free Intrachannel Nonlinearity Compensating Algorithm 
Operating at Symbol Rate,” J. Lightwave Tech., vol. 29, no. 17, 2011, pp. 2570–76.  

[77]  X. Liu, A. Chraplyvy, P. Winzer, R. Tkach and S. Chandrasekhar, "Phase-conjugated twin 
waves for communication beyond the Kerr nonlinearity limit", Nature Photonics, vol. 7, 
no. 7, pp. 560-568, 2013.  

[78]  X. Liu, H. Hu, S. Chandrasekhar, R. Jopson, A. Gnauck, M. Dinu, C. Xie and P. Winzer, 
"Generation of 1024-Tb/s Nyquist-WDM phase-conjugated twin vector waves by a 
polarization-insensitive optical parametric amplifier for fiber-nonlinearity-tolerant 
transmission", Opt. Express, vol. 22, no. 6, p. 6478, 2014.  

[79]  Y. Gao, J. Cartledge, A. Karar, S. Yam, M. O’Sullivan, C. Laperle, A. Borowiec and K. 
Roberts, "Reducing the complexity of perturbation based nonlinearity pre-compensation 
using symmetric EDC and pulse shaping", Opt. Express, vol. 22, no. 2, p. 1209, 2014.  

[80]  I. Djordjevic, Lei Xu and Ting Wang, "Multidimensional Hybrid Modulations for 
Ultrahigh-Speed Optical Transport", IEEE Photonics J., vol. 3, no. 6, pp. 1030-1038, 
2011. 

[81]  M. Davey and D. MacKay, "Low-density parity check codes over GF(q)", IEEE 
Communications Letters, vol. 2, no. 6, pp. 165-167, 1998.  

[82]  M. Arabaci, I. B. Djordjevic, R. Saunders, and R. M. Marcoccia, "High-Rate Non-binary 
Regular Quasi-Cyclic LDPC Codes for Optical Communications," IEEE/OSA J. Lightw. 
Technol.; vol. 27, no. 23, pp. 5261-5267, December 1, 2009.  



 133 

[83]  M. Cvijetic, "Dual-mode optical fibres with zero intermodal dispersion", Optical and 
Quantum Electronics, vol. 16, no. 4, pp. 307-317, 1984.  

[84]  M. Arabaci, I. Djordjevic, R. Saunders and R. Marcoccia, "Polarization-multiplexed rate-
adaptive non-binary-quasi-cyclic-LDPC-coded multilevel modulation with coherent 
detection for optical transport networks", Opt. Express, vol. 18, no. 3, p. 1820, 2010.  

[85]  I. B. Djordjevic, T. Liu, L. Xu, and T. Wang, "On the multidimensional signal 
constellation design for few-mode fiber based high-speed optical transmission," IEEE 
Photonics Journal, vol. 4, no. 5, pp. 1325 - 1332, 2012.  

[86]  S. Coleri, et al., “Transmission - channel estimation techniques based on pilot 
arrangement in OFDM systems,” IEEE Trans. Broadcasting, vol. 48, pp.  223-229, Sept. 
2002. 

[87]  F. Ferreira, et al., “Nonlinear semi-analytical model for simulation of few-mode fiber 
transmission,” IEEE Photon. Technol. Lett., vol. 24, no. 4, pp. 240-242, 2012.  

[88]  S.O. Arik, D. Askarov and J. M. Kahn, “Effect of mode coupling on signal processing 
complexity in mode-division multiplexing,” J. Lightwave Technol. 31(3), 423-431 (2013). 

[89]  R. W. Boyd, et al., “Quantum key distribution in a high-dimensional state space: 
exploiting the transverse degree of freedom of the photon,” in Proc. SPIE 7948, Paper no. 
79480L, 2011.  

[90]  A. Tanaka, et al., “High-speed quantum key distribution system for 1-Mbps real-time key 
generation,” IEEE J. Quantum Electron., vol.48, no.4, pp. 542-550, April 2012.  

[91]  I. Djordjevic, Quantum Information Processing and Quantum Error Correction: An 
Engineering Approach. Amsterdam: Elsevier, 2012.  

[92]  M. Franceschini, G. Ferrari and R. Raheli, "Does the Performance of LDPC Codes 
Depend on the Channel?", IEEE Transactions on Communications, vol. 54, no. 12, pp. 
2129-2132, 2006.  

[93]  B. Vasic, I. Djordjevic and R. Kostuk, "Low-density parity check codes and iterative 
decoding for long-haul optical communication systems", J. Lightwave Technol., vol. 21, 
no. 2, pp. 438-446, 2003.  

[94]  A. Rezania, J. H. Ke, Y. Gao, and J. C. Cartledge. "Single-Carrier 448 Gb/s Dual-
Polarization 16-QAM Transmission over 1200 km Using Fixed Look-Up Table Based 
MAP Detection," in Proc. Optical Fiber Communication Conference, paper Th3E-4. 
Optical Society of America, 2014.  

[95]  E. Temprana, E. Myslivets, B. Kuo, L. Liu, V. Ataie, N. Alic and S. Radic, "Overcoming 
Kerr-induced capacity limit in optical fiber transmission", Science, vol. 348, no. 6242, pp. 
1445-1448, 2015. 

[96]  T. Yoshida, T. Sugihara, K. Ishida, and T. Mizuochi. "Spectrally-efficient Dual Phase-
Conjugate Twin Waves with Orthogonally Multiplexed Quadrature Pulse-shaped 
Signals," in Proc. Optical Fiber Communication Conference, pp. M3C-6. Optical Society 
of America,  Mar. 2014..  



 134 

[97]  I. B. Djordjevic, M. Cvijetic and C. Lin, “Multidimensional signaling and coding enabling 
multi-Tb/s optical transport and networking: multidimensional aspects of coded 
modulation,” in IEEE Signal Processing Magazine, vol.31, no. 2, pp. 104-117, Mar. 2014.  

[98]  S. Randel, D. Pilori, S. Corteselli, G. Raybon, A. Adamiecki, A. Gnauck, and R. Schmid 
(2014, March). All-Electronic Flexibly Programmable 864-Gb/s Single-Carrier PDM-64-
QAM," in Proc. Optical Fiber Communication Conference, pp. Th5C-8. Optical Society 
of America, 2014.  

[99]  E. Ip, Y. K. Huang, E. Mateo, Y. Aono, Y. Yano, T. Tajima and T. Wang, "Interchannel 
Nonlinearity Compensation for 3λx114-Gb/s DP-8QAM using Three Synchronized 
Sampling Scopes," in Proc. Optical Fiber Communication Conference, pp. OM3A-6. 
Optical Society of America, 2012. 

[100]  J. Ke, Y. Gao and J. Cartledge, "400 Gbit/s single-carrier and 1 Tbit/s three-carrier 
superchannel signals using dual polarization 16-QAM with look-up table correction and 
optical pulse shaping", Opt. Express, vol. 22, no. 1, p. 71, 2013. 

[101]  Y. Gao, A. Karar, J. Cartledge, S. Yam, M. O'Sullivan, C. Laperle, A. Borowiec and K. 
Roberts, "Joint Pre-Compensation and Selective Post-Compensation for Fiber 
Nonlinearities", IEEE Photonics Technology Letters, vol. 26, no. 17, pp. 1746-1749, 
2014.  

[102]  T. Oyama, H. Nakashima, T. Hoshida, Z. Tao, C. Ohshima, and J. C. Rasmussen, 
“Efficient transmitter-side nonlinear equalizer for 16QAM,” Proc. Eur. Conf. Opt. 
Commun., We.3.C.1 (2013). 

[103]  S. Randel, S. Corteselli, P. J. Winzer, A. Adamiecki, A. Gnauck, S. Chandrasekhar, and 
R. Schmid, “Generation of a Digitally Shaped 55-GBd 64- QAM Single-Carrier Signal 
Using Novel High-Speed DACs,” in Optical Fiber Communication Conference, 2014, 
M2A.3.  

[104]  X. Liu, T. Wood, R. Tkach and S. Chandrasekhar, "Demonstration of Record Sensitivities 
in Optically Preamplified Receivers by Combining PDM-QPSK and M-Ary Pulse-
Position Modulation", J. Lightwave Technol., vol. 30, no. 4, pp. 406-413, 2012.  

[105]  C. Lin, I. B. Djordjevic, D. Zou, M. Arabaci and M. Cvijetic, "Nonbinary LDPC-Coded 
OFDM over Four/Eight-Mode Fibers with Mode-Dependent Loss," in Proc. IEEE 
Photonics Conference 2012, Paper no. WU3, San Francisco, CA, 2012..  

[106]  L. Li, and J. L. Krolik. "Simultaneous target and multipath positioning." Selected Topics 
in Signal Processing, IEEE Journal of 8.1 (2014): 153-165.  

[107]  G. Mardoyan, "MIMO CHANNEL ESTIMATION FOR PSEUDO-COHERENT 
COMMUNICATION SYSTEMS", V mire nauchnykh otkrytiy, vol. 0, no. 2, p. 465, 
2015..  

[108]  L. a. J. L. K. Li, "Target tracking in uncertain multipath environments using Viterbi data 
association". Information Fusion (FUSION), 2011 Proceedings of the 14th International 
Conference on. IEEE, 2011. 



 135 

[109]  I. B. Djordjevic, Y. Zhang, "Adaptive nonbinary LDPC coded modulation for optical 
transport networks," in Proc. OECC/ACOFT 2014, Paper Th12B-1, 6-10 July 2014, 
Melbourne, Australia. (Invited paper.)  

[110]  Y. Zhang, S. Zhang, I. B. Djordjevic, F. Yaman, T. Wang,  "Extending 100G 
Transatlantic Optical Transmission over Legacy DMF Fibers using Time-Domain Four-
Dimensional Nonbinary LDPC-Coded Modulation," In Proc. ECOC 2013, Paper P.4.18, 
22 - 26 September 2013, London, UK.  

[111]  Y. Zhang, I. B. Djordjevic, M. Neifeld, "Weak-Coherent-State-Based Time-Frequency 
Quantum Key Distribution," Journal of Modern Optics, 
DOI:0.1080/09500340.2015.1075616, 18 Aug 2015. (9 pages)  

[112]  Y. Zhang, M. Arabaci, I. B. Djordjevic, "Evaluation of four-dimensional nonbinary 
LDPC-coded modulation for next-generation long-haul optical transport networks," 
Optics Express, vol. 20, no. 8, pp. 9296-9301, 04/09/2012.  

[113]  T. Liu and I. B. Djordjevic, "On the optimum signal constellation design for high-speed 
optical transport networks," Opt. Express, vol. 20, no. 18, pp. 20396-20406, 27 August 
2012.  

[114]  T. Liu, I. B. Djordjevic, L. Xu, T. Wang, "Feedback Channel Capacity Inspired Optimum 
Signal Constellation Design for High-Speed Optical Transmission," in Proc. CLEO 2012, 
Paper no. CTh3C.2, San Jose, CA, 6-11 May 2012. 

[115]  T. Liu, I. B. Djordjevic, "Optimal Signal Constellation Design for Ultra-High-Speed 
Optical Transport in the Presence of Nonlinear Phase Noise," Optics Express, vol. 22, no. 
26, pp. 32188-32198, 29 Dec 2014.  

[116]  B. Hochwald, T. Marzetta, T. Richardson, W. Sweldens and R. Urbanke, "Systematic 
design of unitary space-time constellations", IEEE Trans. Inform. Theory, vol. 46, no. 6, 
pp. 1962-1973, 2000.  

[117]  T. Liu, I. B. Djordjevic, M. Li, "Multidimensional signal constellation design for channel 
dominated with nonlinear phase noise," in Proc. 12th International Conference on 
Telecommunications in Modern Satellite, Cable and Broadcasting Services - TELSIKS 
2015, pp. 133-136, October 14 - 17, 2015, Nis, Serbia.  

[118]  I. B. Djordjevic, T. Liu, and T. Wang, "On the adaptive software-defined LDPC-coded 
multidimensional spatial-MIMO multiband generalized OFDM enabling beyond 10 Tb/s 
optical transport," IEEE Photonics Journal, vol. 5, no. 1, Paper 7200207, Feb. 2013.  

[119]  I. B. Djordjevic, T. Liu, T. Wang, "Multinary Signaling based Coded Modulation for 
Ultra-High-Speed Optical Transport," IEEE Photonics Journal, vol. 7, no. 1, pp. 
7900909-1 - 7900909-9, Feb. 2015.  

[120]  I. B. Djordjevic, D. Zou, and M. Cvijetic, "Hybrid Multidimensional Dynamic Optical 
Networking based on Adaptive LDPC-Coded Mode-Multiplexed CO-OFDM," in Proc. 
ACP 2012, 7-10 November 2012, Guangzhou, China.  

[121]  D. Zou, I. B. Djordjevic, "An FPGA design of generalized low-density parity-check codes 
for rate-adaptive optical transport networks," PhotonicsWest 2015, OPTO, Optical Metro 



 136 

Networks and Short-Haul Systems VIII, Paper 9773-22, 13 - 18 February 2016, San 
Francisco, California United States.  

[122]  Z. Qu, S. Fu, M. Zhang, M. Tang, P. Shum and D. Liu, "Analytical Investigation on Self-
Homodyne Coherent System Based on Few-Mode Fiber", IEEE Photonics Technology 
Letters, vol. 26, no. 1, pp. 74-77, 2014.  

[123]  I. Djordjevic, Lei Xu and Ting Wang, "Reverse Concatenated Coded Modulation for 
High-Speed Optical Communication", IEEE Photonics J., vol. 2, no. 6, pp. 1034-1039, 
2010.  

[124]  P. P. Mitra and J. B. Stark, “Nonlinear limits to the information capacity of optical fibre 
communications,” Nature, vol. 411, pp. 1027–1030, 2001  

[125]  I. B. Djordjevic, "Spatial-Domain-Based Hybrid Multidimensional Coded-Modulation 
Schemes Enabling Multi-Tb/s Optical Transport," IEEE/OSA J. Lightw. Technol., vol. 30, 
no. 14, pp. 2315-2328, July 15, 2012.  

[126]  R. Ryf, S. Randel, A. Gnauck, C. Bolle, A. Sierra, S. Mumtaz, M. Esmaeelpour, E. 
Burrows, R. Essiambre, P. Winzer, D. Peckham, A. McCurdy and R. Lingle, "Mode-
division multiplexing over 96 km of few-mode fiber using coherent 6 6 MIMO 
processing," J. Lightwave Technol., vol. 30, no. 4, pp. 521-531, 2012. 

[127]  P. Winzer and G. Foschini, "MIMO capacities and outage probabilities in spatially 
multiplexed optical transport systems", Opt. Express, vol. 19, no. 17, p. 16680, 2011.  

[128]  K. Ho, Phase-modulated optical communication systems. New York: Springer, 2005.  
 
 

 


