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CHAPTER 1

CONCEPTUAL MODELING OF THE RAINFALL-RUNOFF PROCESS

1.1 Introduction

The task of developing models that can accurately predict the surface
runoff of water from a watershed area subjected to precipitation is one of
the major concerns of the hydrologic research community. Such models are
useful both for the development of long-term strategies to manage surface
water resources and for the short-temm prediction of flood events. This
topic has therefore been the focus of extensive research. It has led to the
development of a whole host of mathematical models that attempt to represent
either a part or the whole of the watershed rainfall-runoff process.

Due to its extreme complexity, the rainfall-runoff process has not
proved to be easy to model. As emphasized by Dracup et al., (1973), the
rainfall-runoff process is a highly nonlinear, time variant, spatially dis-
tributed process, and there is probably no available model that adequately
captures these characteristics. Among the techniques available which may be
used to model a dynamical physical process is the so-called "conceptual”
approach. In this approach, the internal operation of the process is
described in terms of a number of interlinked subsystems, each representing
a different aspect of the process. Since each subsystem module can be inde-
pendently developed by drawing upon the best knowledge of the physical pro-
cess that is available, very complex and realistic models of the physical
process can be developed. This report deals with the conceptual approach to

the identification of a model of the rainfall-runoff process.



1.2 The General Identification Problem

1.2.1 Introduction
Consider a physical process _@ (e.9., the watershed rainfall-runoff

process) for which certain characteristics such as inputs 'u' (e.g., precip-

itation) and outputs 'z' (e.g., streamflow, evapotranspiration) can be
observed. The General Identification Problem can be broadly stated as that
of finding a model ,4Qf of the process 529 that operates on the inputs 'u'
to reproduce the outputs 'z', and that can be manipulated or examined with a
view to making statements about the actual process 129 . In order to solve
the General Identification Problem, the researcher must choose from among
all the various types of models which might potentially be used to model the
process. One of the most useful classes of models (in this age of the digi-
tal computer) is the mathematical model. We shall restrict our attention to
this class and, hereafter, the word "model" should be taken to mean "mathe-
matical model" unless otherwise stated. Let us define the following sets
and terminology:
7/ = the universe of all possible models (mathematical and
non-mathematical) (note that P € 7/ );
M - the set of all (mathematical) models ( _# e % ):
./Ze = the set of all parametric models ( Me c M )
M(8) = the set of all elements of JﬁZ;, restricted to a particular
structure, where the parameters 6 are restricted to vary within
a specified set 6. Without loss of generality, the parameters
will be assumed to be time invariant. For practical purposes,

the number of elements in 6 = 81, .... epT will be finite.

(M(8) € o) and



M(8) = a particular model obtained from the set M(8) by restricting

~

6=058¢€0, (MB) e M)

1.2.2 The Practical Identification Problem

There are two major stages in the solution of the General Identifica-
tion Problem. The first stage consists of the identification of a suitable
"structure" (i.e., the mathematical form of the relationships among the
inputs, outputs, and other process variables) for the model so as to
restrict the class of models to the set M(6). The second stage then con-
sists of selecting a particular model M(8) ¢ M(8) which is in some sense
"closest" to &P .

It is important to recognize that the degree of success that may be
achieved in the solution of the identification problem depends in great mea-
sure on a careful treatment of Stage 1. Unfortunately, the treatment of
Stage 1 is generally more difficult than Stage 2 since the former is not as
amenable to mathematical treatment as is the latter. In a few special
cases, methodologies have been developed to help select among different
model structures (see e.g., Box and Jenkins, 1976; Akaike, 1974; Kashyap,
1982), but these are in general restricted to the treatment of special
classes of linear systems,

The methodology used to deal with Stages 1 and 2 depends significantly
on the nature of the "information" available about the process 129 . This
information can take two forms:

(a) Qualitative Information

(b) Quantitative Information



The amount of information of each type available helps determine the
procedure used for the model identification. In general, the qualitative
information is used in Stage 1 to help in restriction of the model set,
while the quantitative information is used in Stage 2 to help select one
among the many models contained in the set. It is important to note that
the interpretation of the qualitative information involved in Stage 1 is to
a large extent a subjective process, since the information itself is
descriptive and incomplete and therefore "fuzzy" (e.g., Bellman and Zadeh,
1970), and hence open to numerous interpretations. In the case of the
watershed process, this information is in the form of descriptions (and
sometimes physical laws) of the various processes that occur in a watershed
and that influence the mechanisms by which the precipitation over a water-
shed is converted into groundwater storage and streamflow. Some of the pro-
cesses, such as the subsurface flow of groundwater, have well-established
physical laws relating water movement to the physical properties of the
soil. Others, however, such as rainfall interception and potential evapo-
transpiration, are not as well defined.

Although we would like to build as complex and detailed a model as our
available qualitative information would permit, from a practical standpoint
this is rarely, if ever, feasible. The major reason for this is that,
unfortunately, the level of sophistication of the mathematical tools avail-
able for treatment of Stage 2 is insufficient to effectively deal with each
and every type of model that might be developed in Stage 1. The require-
ments of mathematical tractability imposed by the procedures available for
use in Stage 2 usually make it necessary to simplify the "conceptualization"
of the process. In the case of watershed modeling, this usually takes the

form of spatial lumping of the watershed process and the use of simple



semi-empirical equations to represent the complex nonlinear process inter-
actions. This has given rise to the class of watershed mode]§ somet imes
referred to as “Conceptual Rainfall-Runoff Models" in the literature (for
examples, see Section 1.3). It is important to bear in mind that, although
these models are referred to as conceptual, they have been developed by
trading off some degree of conceptual realism to gain mathematical tracta-
bility.

As the preceding discussion indicates, there is no clearly defined
methodology for the selection of an appropriate model set. The treatment of
Stage 1 remains, therefore, more of an art than a science. In certain
applications, such as industrial procéss control, the model set is
restricted to that of linear models, largely due to considerations regarding
its relative mathematical tractability. Such approaches have also been
extensively studied for use in watershed modeling (for a discussion on the
state-of-the-art, see Kibler and Hipel, 1979; Sorooshian, 1983), and their
application has met with varied degrees of success. In general, however, it
is desirable that the model set be capable of reproducing much of the domi-
nant behavior observed to be characteristic of the process 129 , and in any
case should not have characteristics which run counter to the facts con-
tained in our store of qualitative information about the process.

Once a particular model set has been chosen through Stage 1, we are
then faced with the problem of selecting a specific model within this set to
represent the particular process of interest (e.g., the watershed). This
problem of model selection is equivalent to the selection of the parameter

set 8 € 0 for which the model M(8) is in some sense "closest to the process

Z .



A geometric interpretation of this concept is presented in Figure 1.1,
using the set notation introduced in Subsection 1.2.1. Note that the pro-
cess SZ? may be contained in any of the subsets M(9),. a‘Z'e, and A of
U or it may not. If the process is a member of M(8) as is for example
the process 22?1, then it is conceptually possible to find the “"closest"
model M; to be equivalent to the process Ql itself. In this case, the
model set m(6) is said to contain the process Ql, and the identification
problem is equivalent to finding the "true" parameters "6yp," of the pro-
cess. An example of this might be a simulation study to test the efficiency
of a parameter estimation methodology.

Similarly, in certain cases, the process QZ’ (see Qz) may be a
member of the set J g, which is broadly the collection of all linear and
nonlinear parametric models. Our interest may lie in identifying the
“closest" model My restricted, for example, to the set MY( ) of all linear
models of parameter dimension p. Examples of these are the so-called
"Reduced-Order Models," or "Reduced Complexity Models," (e.g., Mahmoud and
Singh, 1981). In other cases, the process & (see Q;;) may be contained
in the set ¢4Z of all possible mathematical models, and the identification
problem may be to find M3 e M(8) which is closest to £253 (parametric
representation of a nonparametric process).

Finally, the most common situation, and the one of practical interest,
occurs when the process &P (see &P 4) lies entirely outside of the set
J’t of mathematical models, and we are interested in finding Mg e M(8)
which is "closest" to 5204. The problem of modeling the watershed rain-
fall-runoff process belongs clearly to this category. As the geometric

interpretation of Figure 1.1 suggests, the more realistic is the selected



Figure 1.1, Geometric interpretation of the identification problem



model set, the closer will our identified model be to the true process QZZ
Hence, the closest we can potentially come to reproducing the behavior of
the process (watershed) is conditional on our ability to select an appropri-
ate model set in Stage 1. The closest we do actually come is conditional on
our ability to solve the parameter estimation problem in Stage 2. Note here

that the meaning of “closeness" has yet to be suitably defined.

1.2.3 Practical Considerations
In order to successfully solve the identification problem described

above, a methodology is required that recognizes the strengths and limita-
tions of the mathematical tools available to us. Clearly, the model set
should be carefully chosen to ensure that we have a chance of solving the
parameter estimation problem while retaining as much similarity to the pro-
cess as possible. On the other hand, the parameter estimation methodology
chosen should be capable of handling the degree of complexity of the problem
while bearing in mind the constraints imposed by availability of computing
power. In order to arrive at a successful solution to the identification
problem, the following issues must be suitably addressed:

(a) A suitable model set must be chosen whose parameters are
identifiable based on the kiﬁd of information and mathematical
tools available to us;

(b) The measure of closeness must be carefully defined;

(c) A suitably informative data set must be selected;

(d) A methodology for searching for the “closest" model based on

(b) and (c) must be developed; and



(e) A methodology for evaluating the degree of success of the

identification procedure must be specified.

In the next section, the state-of-the-art in the conceptual modeling of

watershed rainfall-runoff processes is reviewed.

1.3 Review of the Literature

1.3.1 The Development of Conceptual Models

The earliest known attempt to develop a conceptual model of the water-
shed process was reported by Linsley and Ackermann (1942). Since then, num-
erous other models have been reported in the literature. Rockwood (1958)
developed the Streamflow Synthesis and Reservoir Regulation (SSARR) model
that has been widely used by the Corps of Engineers. Dawdy and 0'Donnell
(1965) developed a nine-parameter model with two moisture storages which
contained many of the features such as threshold elements found in models
more popular today. Boughton (1965, 1966) reported on the development of a
model for predicting the response of watersheds such as those found in Aus-
tralia. Crawford and Linsley (1966) developed the Stanford Watershed Model,
which is one of the best known today, and which contains one of the most
detailed descriptions of the watershed process that are available. Various
modifications to this model have been reported by Liou (1970), Claborn and
Moore (1970), Crawford (1971), and Ricca (1972). Probably the most sophis-
ticated outgrowth of the Stanford Watershed Model is the Hydrocomp Simula-
tion Program (Crawford, 1971) which includes water quality simulation capa-
bilities. Holtan and Lopez (1973) described the development and revision of
the USDAHL model which is primarily designed to serve the purposes of agri-

cultural watershed engineers. The U.S. National Weather Service currently
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uses a conceptual soil moisture accounting model known by the acronym SMA-
NWSRFS, which contains less internal detail than the Stanford Watershed
Model and is specifica11y designed for flood forecasting on larger water-
sheds (Burnash et al., 1973). Modified versions of the SMA-NWSRFS that are
designed for the application of feedback techniques to improve forecast per-
formance have been reported by Kitanidis and Bras (1978) and Goldstein and
Larimore (1980). Other models that have received widespread application or
attention include the USGS model (Carrigan, 1973) designed for short-event
simulation and the HEC-1 model (U.S. Army Corps of Engineers Report, 1973)
designed as a computational aid for reservoir management and/or flood hazard
assessment. Recently, a new approach to watershed modeling which attempts
to explicitly account for the spatial variability in a watershed was pro-
posed by Moore and Clarke (1981). Detailed discussions of many of the
models mentioned above can be found in Fleming (1975) and Viessman et al.

(1977).

1.3.2 Specification of the Measure of Closeness

The measure of closeness most often used for the identification of con-
ceptual rainfall-runoff watershed model parameters has been the Simple Least
Squares (SLS) function (e.g., Dawdy and 0'Donnell, 1965; Chapman, 1970; Mur-
ray, 1970, Johnston and Pilgrim, 1976; Pickup, 1977, Mein and Brown, 1978;
among others). Various other measures have also been proposed and examined
in the literature, most being based on subjectively chosen transformations
of the data so as to give greater weightage to the fitting of high or low
level outputs (e.g., Beard, 1967; Dawdy and Lichty, 1968; Chapman, 1970,
Johnson and Pilgrim, 1976; Garrick et al., 1978; Manley, 1978; among

others). The subjective nature of these criteria has been pointed out in
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the literature. Clarke (1973) stated that the input and output data contain
measurement error and that the statistical properties of these errors should
be recognized while selecting an appropriate measure of closeness. He noted
that, when the output data contain measurement error, the use of the SLS
measure is optimal only if the errors are independently distributed random
variables with zero mean and constant variance. A number of researchers
have reported that the use of the SLS as a measure of closeness resulted in
conceptually unrealistic values for the model parameters (e.g., Murray,
1970; Ibbitt, 1970; Monro, 1971; Sorooshian, 1978; Sorooshian, Gupta, and
Fuiton, 1983). Many researchers attempted to resolve this problem by
imposing subjectively chosen constraints on the values that the parameters
might achieve,

Sorooshian (1978) proposed the use of Maximum Likelihood theory as a
means of explicitly accounting for the stochastic nature of the data in the
selection of an appropriate measure of closeness. He assumed that the dis-
tribution of the output errors could be approximated by a Gaussian probabil-
ity density and considered the effects of various assumptions regarding the
covariance structure of the errors. Measures of closeness were developed
for the cases of (a) first-lag autocorrelated constant variance errors
(named AMLS) and (b) uncorrelated inhomogeneous variance errors (named
HMLE). Sorooshian and Dracup (1980) reported successful testing of these
measures on a two-parameter model using synthetic data. Sorooshian (1981)
reported similar success with a four-parameter model. Sorooshian, Gupta,
and Fulton (1983) reported an application of the two likelihood measures to
the identification of the parameters of the SMA-NWSRFS model for the Leaf
River Basin in Mississippi. It was reported that the HMLE measure resulted

in parameter estimates much superior (in temms of conceptual realism,
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sensitivity to chosen calibration data set, and forecast performance) to
those obtained using either the AMLE or the SLS measures. Most recently,
Lemmer and Rao (1983) reported that the HMLE measure performed very well in
the estimation of the parameters of the ILLUDAS model.

Two other reports of the use of Maximum Likelihood measures of close-
ness are those of Goldstein and Larimore (1980) and Posada and Bras (1982).
The output measurement errors were assumed Gaussian, zero mean, uncorre-
lated, and of constant coefficient of variation. The models calibrated were
stochastic state space versions of the SMA-NWSRFS. No check on the assump-
tion of constant coefficient of variation was reported. Also, significant
correlation was detected in the identified model residuals.

Finally, an alternative approach that has been proposed for identifica-
tion in the presence of correlated errors is the method of Generalized Least
Squares (Kuczera, 1982; Yeh, 1982; and Williams and Yeh, 1982). Kuczera
(1982) also demonstrated the usefulness of this approach in the calibration
of a simple watershed model to two simultaneously correlated output sequen-
ces (streamflow and soil moisture level). These procedures, however, Seem

to neglect the inhomogeneous nature of the measurement error variances.

1.3.3 Selection of an Informative Data Set

Clearly, the success of any procedure for identification of the param-
eters of a watershed model is ultimately dependent on the nature of the
quantitative data used. It has often been suggested or implied in the 1lit-
erature that the data used should be as "representative" of the various phe-
nomena experienced by the watershed as possible. Many researchers have
attempted to satisfy this requirement by using as large a data set as poss-

ible, without demonstratably superior results. Goldstein and Larimore (1980)
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and Sorooshian, Gupta, and Fulton (1983) have noted that it is not the
length of data used but the information contained in it (hydrologic varia-
bility) and the efficiency with which it is extracted that is important.
Klemes (1982) has warned against the danger of "overfitting", which amounts
to regarding part of the noise in the data as information (the demarkation
line between information and noise often being blurred in the data).
Sorooshian, Gupta, and Fulton (1983) obtained results that underscore the
importance of the remarks by Klemes. They reported that, when the inhomoge-
neity of the error variance was accounted for in the identification proced-
ure, the parameter estimates were much less sensitive to various character-
istics of the calibration data, such as hydrologic variability and length.
The use of the HMLE (see Section 1.3.2) as a measure of closeness produced
conceptually realistic parameter estimates and uniformly good forecasts
using only one water-year of data for identification. The use of longer
data sets was found to only marginally improve the parameter estimates.

They recommended that not less than one water-year of data be used to ensure
adequate representation of the complete seasonal hydrologic cycle, and that
wetter years are more likely to ensure adequate information about the values
of the parameters.

Finally, Fiering and Kuczera (1982) recently revived some fundamental
questions regarding the adequacy of streamflow measurements as the sole
source of output information for model identification. They pointed to the
fact that streamflow accounts for only about one-third of the throughput in
a watershed, and that existing identification procedures which concentrate
on the relationship between rainfall and runoff exclude two-thirds of the
throughput from contributing to the identification procedure. Kuczera

(1982) demonstrated that additional data such as soil moisture level
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measurements can be used to improve the stability of the parameter estimates

of a simple linear watershed model,

1.3.4 Algorithms for Identifying the Best Parameter Values

The algorithms most frequently used to identify the parameters of con-
ceptual watershed models have been those belonging to the class of "direct-
search" procedures, such as the Simplex method (Nelder and Mead, 1965), the
Pattern Search method (Hooke and Jeeves, 1961), and the Rotating Directions
method (Rosenbrock, 1960) (see, e.g., Dawdy and 0'Donnell, 1965; Nash et
al., 1970; Chapman, 1970; Ibbitt, 1970; Monro, 1971; Johnston and Pilgrim,
1976; Pickup, 1977; Sorooshian, 1978; Arfi, 1980; Sorooshian et al., 1981
and 1983). The reason that gradient-based téchniques have seldom been used
is that it is generally believed that the values of the derivatives of the
model equation with respect to its parameters cannot be explicitly obtained
due to the presence of threshold type parameters in the models (e.g., John-
ston and Pilgrim, 1976; Moore and Clarke, 1981). Johnston and Pilgrim
(1976) stated that the response surface would have discontinuous derivatives
and that these would adversely affect the performance of the gradient-based
optimization algorithms. Some researchers have compared the performance of
direct-search algorithms to those wherein the gradients are approximated
using finite difference techniques (e.g., Chapman, 1970; Ibbitt, 1970;
Johnston and Pilgrim, 1976; Pickup, 1977; among others). In most cases, the
direct-search procedures were found to be superior; Johnston and Pilgrim
(1976) suggested that this was probably due to numerical inaccuracies aris-
ing in the numerical approximation procedures.

The only reported work which used a gradient algorithm employing

explicitly computed derivatives is that of Goldstein and Larimore (1980) who
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replaced the thresholds present in the SMA-NWSRFS model by smoothing func-
tions. They employed the Levenberg-Marquardt procedure for the search, and
reported good convergence in the region of the optimum. They pointed out
that the Levenberg-Marquardt procedure converges very slowly if the response
surface is significantly non-quadratic (as is the case with watershed
models) and suggested that reparameterization in the parameter space might
help. They did not, however, indicate a procedure by which this might be
done and in fact suggested that, due to the complexity of watershed models,
determining such a reparameterization would be almost certainly infeasible.
Something along the line of optimization in a transformed parameter space
was also suggested by Johnston and Pilgrim (1976) who remarked that differ-
ent scalings of the parameters cause changes in the configuration of the
response surface, significantly affecting the difficulty of the optimiza-
tion., They remarked that progress towards the optimum could be greatly
improved by rescaling the parameters with the aim of producing near-circular
contours of the function (measure of closeness) being optimized, but that
the form of the response surface in the multi-dimensional parameter space,

and hence the best selection of transformations, was unknown,

1.3.5 Identifiability of the Model Set

As is evident from Section 1.3.1, a great deal of time and effort has
been expended in trying to develop mathematical relationships that suitably
describe the underlying physical phenomena occurring in the watershed. How-
ever, in order that the identification procedure has a chance of success, it
is important that the model parameters be identifiable based on the quantity
and quality of the information available about the watershed process and the

mathematical tools at one's disposal. A review of the literature concerning
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watershed modeling reveals that these considerations have been largely
ignored to date. There are many reports that the parameters of watershed
models are poorly identifiable using available data. One of the most often
reported problems has been the inability to obtain unique "best" model
parameters for any given watershed. Johnston and Pilgrim (1976) expended
two years of time and effort in an unsuccessful search for a unique “best"
set of Boughton model parameter values for the Lidsdale catchment in
Australia. More disturbing, however, is the fact that Pickup (1977), in a
synthetic data study, found that not one of four optimization algorithms he
tested was able to find the "true" parameter values. Similar problems have
been reported with both the Stanford Watershed Model (Ibbitt, 1970) and the
SMA-NWSRFS model (Brazil and Hudlow, 1981; Goldstein and Larimore, 1980;
Restrepo-Posada and Bras, 1982; and Sorooshian, Gupta, and Fulton, 1983).

One of the few works which explicitly recognized the role that model
structure selection has in detemmining the success or failure of the identi-
fication process is that of Johnston and Pilgrim (1976). These authors
noted that some of the functional forms chosen for the model subprocesses
could create conditions that available parameter identification methodolo-
gies might find rather difficult to handle. In particular, they mentioned
the problems caused by high levels of parameter compensation and indiffer-
ence (lack of sensitivity) and the problem of discontinuities in the
response surface derivatives caused by threshold parameters. However, no
clear solution to any of these problems .was suggested. Sorooshian and Gupta
(1983) presented a discussion of the main causes of these problems. They
identified the following three causes:

(a) model structure representation and nonlinearity in the parameter

space;
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(b) imperfect representation of the physical process by the model; and

(c) data and their associated measurement errors.

A fourth possible reason that will be discussed in this report is

(d) poorly chosen parameterizations of the structural equations of the

model.

1.3.6 Evaluation of the Degree of Success of the Identification
Procedure

The degree of success of an identification procedure is related to how
close the identified model is to the true process. There are two aspects to
this, The first is related to the conceptual realism and the precision of
the parameter estimates. The second is related to the ability of the model
to reproduce the behavior of the watershed. The study of parameter preci-
sion is often called parameter sensitivity analysis.

The importance of parameter sensitivity analysis in the development and
use of watershed models was first pointed out by Dawdy and 0'Donnell (1965).
Since then, there has been only sporadic interest in the topic. Plinston
(1972) introduced the idea of response surface analysis in the study of
model parameter sensitivities and illustrated his discussion with examples
from some simple two-parameter models. McCuen (1973) used these ideas to
show how parameter sensitivity analyses can provide psefu] information about
all phases of the watershed modeling process: model formulation, parameter
jdentification, and verification. Mein and Brown (1978) introduced a sta-
tistical method for sensitivity analysis based on the optimal properties of
the SLS function. Sorooshian (1978) suggested that a quadratic approxima-
tion to the response surface be used to study the properties of an epsilon-

indifference region around the parameter set to which the search algorithm
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has been converged. Sorooshian and Arfi (1982) extended the ideas of
Sorooshian and introduced two indices: a measure of conditioning of the
response surface called “"concentricity", and a measure of "interaction"
among the parameters, useful for studies of the responsevsurface in two-
dimensional subspaces. Both Sorooshian (1978) and Sorooshian and Arfi
(1982) estimated the quadratic approximation by the use of finite difference
approximations in the region of the optimum and reported some difficulties
with this procedure. This aspect was studied by Phillips (1981), who showed
that the manner in which the points were chosen for the finite difference
approximation was a critical factor in obtaining a reliable estimate of the
Hessian matrix. He examined a number of designs with different statistical
properties and concluded that the "Minimum Bias" design gave the most reli-
able results in the presence of non-quadratic response surfaces. Goldstein
and Larimore (1980) and Posada and Bras (1982) used the final Hessian esti-
mate obtained during the optimization to construct an estimate of the param-
eter covariance matrix, based on the statistical properties of their Maximum
Likelihood estimators. They used diagonal terms of the covariance matrix as
indicators of the precisions of the estimates.

The ability of the identified model to reproduce the behavior of the
watershed is usually tested by using the model to forecast over a data
period not used in the identification procedure. The fit of the model
output to the observed data should be essentially no worse than the fit dur-
ing the identification data period. A review of the literature reveals that
conventional statistical measures (e.g., coefficient of variation, root mean
square error, percent bias, etc.) have usually served as the main criteria
for testing the accuracy of calibrated models (Aitken, 1973; Clarke, 1973;

Fleming, 1975). Sorooshian and Dracup (1980) and Sorooshian, Gupta, and
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Fulton (1983) argued that these statistical goodness-of-fit criteria are
based on the error contaminated measured values of the output and are there-
fore not necessarily good indicators of model fit. Kitanidis and Bras
(1980) pointed out that good performance with respect to quadratic criteria
does not necessarily guarantee equally satisfactory performance in forecast-
ing the most important aspects of the hydrograph, such as the beginning of
the rising 1imb, and the magnitude and timing of the peak. The last men-
tioned authors suggested the use of the "coefficient of persistence" which
compares the model performance to the "no-model" prediction (predicted flow
at time t + 1 equals observed flow at time t). This indicator favors models
that perform well under the highly non-stationary conditions of flow fore-
casting. Other indicators which have been reported include the following:

a linear combination of the mean ratio and its standard deviation (Cunday
and Brooks, 1981); the percent root mean square error by flow group (Posada
and Bras, 1982); and the percent bias by flow group (Sorooshian, Gupta, and
Fulton, 1983). The last mentioned statistic was shown to be useful in
exposing any tendency of the model to reproduce one aspect of the hydrograph
at the expense of another.

A separate though equally important aspect of model validation that is
either often ignored or goes unreported concerns the comprehensive checking
(if possible) of all the assumptions that went into the model structure and
parameter identification stages. Alley et al. (1980) pointed out that the
lack of such checks can bring seriously into question the validity and thor-
oughness of the identification procedure.

Finally, Klemes (1982) has suggested that the most important character-
istic of a conceptual model of the watershed process should be its credibil-

ity under diverse and varied conditions. Therefore, an objective means of
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comparing the accuracy and reliability of different models would be to test
their forecasting abilities during periods that are as remotely different in

characteristics from the identification data period as possible.

1.4 Organization and Scope of the Research

The review of the literature presented in Section 1.3 reveals that,
although 40 or more years have passed since the first simple watershed model
was developed, the problem of identifying a model for a given watershed is
still plagued with many problems, as well as uncertainties as to how they
are to be resolved. It would appear that at least part of this problem is
due to the lack of agreement and understanding on the part of researchers as
to how to view the identification problem. It was partly with this in mind
that the Section 1.2 discussion on the General Identification Problem was
presented and used as a framework to organize the literature review.

The literature review clearly indicates that performance of watershed
models is limited less by our inability to develop more complex and realis-
tic models than it is by the inability of the mathematical procedures cur-
rently being implemented to adequately deal with the parameter estimation
problem, However, it is important to note that existing watershed models
may not be "identifiable" even if the most powerful and sophisticated tech-
niques available were to be implemented. Bearing these facts in mind, the
following areas have been investigated in this research.

Chapter 2 discusses the election of the model to be investigated. For
this study, a simplified version of the NWSRFS model of the U.S. National
Weather Service was developed. Chapter 3 discusses our investigation into
the issues of model structural causes of nonidentifiability. A mathematical

measure of structural identifiability is developed. The measure requires
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that the model derivatives with respect to the parameters be available. To
this end, a methodology for computation of model derivatives for models with
threshold parameters is developed. These methods are applied to the study
of the percolation equation of the NWSRFS model. The parameters of the per-
colation equation are shown to be nonidentifiable and a reparameterization
is proposed.

In Chapter 4, we discuss the stochastic nature of the parameter identi-
fication problem and its solution by the method of Maximum Likelihood. A
new likelihood procedure is proposed based on the nonlinear nature of the
rating curve. The new procedure is tested using simulation examples.

The conclusions of this research are discussed in Chapter 5,



CHAPTER 2

SELECTION OF THE MODEL TO BE INVESTIGATED

2.1 The Structure of a Typical Conceptual Rainfall-Runoff Model

Most sophisticated conceptual rainfall-runoff models available today
recognize the presence of different vertically stratified zones of soil in
the ground (see Figure 2.1). By and large, this stratification is repre-
sented by an upper zone which extends from the surface approximately to the
depth of short-rooted plants and shrubs and has a relatively high rate of
lateral depletion through subsurface runoff (interflow), and a lower zone
representing groundwater storage with a much slower recession rate, depleted
through baseflow which leaves the watershed either through deep groundwater
flow or through seepage into a surface stream or river. The lower zone is
replenished through vertical percolation from the upper zone. In addition
to the upper and lower soil moisture zones, there is often a surface reser-
voir representing interception storage, a representation for impervious area
and for runoff generated from saturated soil areas. Finally, there is pro-
vision for depletion of all reservoir areas through evapotranspiration and
consumption by plants. The total inflow to the stream is then added
together and flow dowﬁstream is simulated by routing through a series of
linear reservoirs.

The set of operations to be represented by the model, then, are:

(a) interception of rainfall;

(b) direct runoff from impervious areas;
(c) infiltration of water from surface to upper zone;

(d) surface runoff of water unable to be accepted by upper zone;

22
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(e) percolation of water from upper to lower zones;

(f) interflow (1ateral subsurface flow) from upper zone;

(g) baseflow (lateral groundwater outflow into river) from lower
zone;

(h) evapotranspiration from all storages to the atmosphere; and

(i) routing of river inflow to downstream gauging point.

The model usually accepts lumped precipitation and potential evapotranspira-
tion input data, which represent equivalent uniform depths of precipitation
and potential evapotranspiration over fhe catchment area, at fixed intervals
of time. The model output is usually the stream stage or flow volume, but
may also consist of evaporation water loss data or volumes of subsurface
water storage.

The model generally operates as follows. Precipitation input is added
to the contents of the upper zone tension water storage, which is a simple
reservoir limited in size by a threshold parameter. If the threshold is
exceeded, the excess water enters the upper zone free water storage.

The upper zone free water storage is a tank, limited in size by a
threshold parameter, depleted vertically according to a nonlinear percola-
tion loss function, and depleted laterally by a simple proportionality rate
constant. If, after percolation and lateral flow depletions have been
deducted, the storage exceeds the threshold value, the excess water flows
overland as runoff,

The percolation function is a nonlinear function which transfers water
from the upper zone to the lower zone simulating the effects of gravity and
capillary suction. The rate of transfer is a function of the lower zone

moisture deficit and the upper zone contents.



25

Percolating water is distributed by some rule between lower zone
tension and free water storages. As in the upper zone, the lower zone ten-
sion is limited in size by a threshold parameter and excess water enters the
lower zone free water storage.

The free water storages are depleted laterally by simple proportion-
ality rate constraints and are limited in size by thresholds.

The lateral outflows are added together and constitute inflows into the
stream. The water is then routed downstream using a routing technique. The
simplest and most commonly-used technique is a moving average transformation
of the channel inflow into streamflow at the downstream gauge point.

Evapotranspiration losses from each reservoir are computed as propor-
tions of the existing storage, first from the upper zone, and then from the
lower zone if the evapotranspiration demand is not satisfied. If the demand
is still not satisfied, then the remaining demand is ignored.

From the above description, it can be seen that certain major charac-
teristics of the model are the presence of:

(a) threshold parameters;

(b) linear recession rate parameters;

(c) a nonlinear percolation function; and

(d) a linear routing function,

2.2 A Brief Description of the Soil Moisture Accounting Part of the
National Weather Service's River Forecast System Hgael [NWSRFS)

The NWSRFS model is a highly complex mathematical representation of
various aspects of physical hydrology, developed with an intent to forecast-
ing the response of a watershed system to hydrologic inputs. Thus, it

includes a catchment soil moisture accounting system, a model for the
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accumulation and ablation of snow, various channel routing models, and
techniques for modeling the area input of precipitation. Because of the
requirement that it be applicable to any general watershed, these components
are necessarily highly parameterized, and the parameters must be estimated
separately for each watershed to which it is desired to apply the model.

The aspect of the NWSRFS which is of interest here is the catchment
soil moisture accounting system. The soil moisture model is a version of
the Sacramento Model developed and reported on by Burnash et al. (1973) (see
also U.S. Department of Commerce NOAA TM NWS HYDRO 31, 1976). Like many
sophisticated R-R models available today, the NWSRFS soil moisture account-
ing system (hereafter called SMA-NWSRFS) recognizes the presence of differ-
ent vertically stratified zones of soil moisture in the ground. This strat-
ification is represented by an upper zone which extends from the surface
approximately to the depth of short-rooted plants and shrubs and has a rela-
tively high rate of lateral depletion through subsurface runoff (interflow).
A lower zone represents groundwater storage with a much slower recession
rate, depleted through baseflow which leaves the watershed either through
deep groundwater flow or through seepage into a surface stream or river.

The lower zone is replenished through vertical percolation from the upper
zone. In addition to the upper and lower soil moisture zones, there is a
representation for impervious area and for runoff generated from saturated
soil zones. Finally, there is provision for depletion of all reservoir
areas through evapotranspiration and consumption by plants. The total
inflow to the stream is then added together, and flow downstream is by rout-
ing through a series of linear reservoirs. Details of the mathematics of
the model can be obtained from the NOAA technical memorandum mentioned

earlier,
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The SMA-NWSRFS model, exclusive of the evapotranspiration demand curve,
involves 17 parameters, and therefore calibration, or “"parameter estimation",
is a difficult task. The National Weather Service uses a combination of
"manual" and "automatic" parameter estimation techniques. Generally, a
manual approach is first used to identify a reasonably good initial param-
eter set, and the automatic procedure is then used to refine those initial
estimates. It should be noted that certain parameter values can be directly
inferred or measured from various sources (e.g., topographic maps, hydro-
graphs, etc.). However, there are other parameters, for instance the ten-
sion storage capacity magnitudes or the percolation equation parameters
which can only be estimated through an estimation process. Therefore, it is
extremely important that an identification procedure be established that is
an non-subjective as possible and that will result in consistent parameter

estimates regardless of the data being used.

2.3 The Model SIXPAR

The SMA-NWSRFS model described in Section 2.1 is a highly complex model
of the land phase of the rainfall-runoff process. However, as described in
the previous sections, it contains some major features common to most con-
ceptual rainfall-runoff models, features which have been associated with
problems in parameter estimation. In order to facilitate a detailed study of
these major features (i.e., threshold parameter and percolation equation
nonlinearities), a simpler version of the model (referred to as SIXPAR) was
examined.

The model SIXPAR is a modified and simplified version of the SMA-NWSRFS

model used by the U.S. National Weather Service for flood forecasting. The
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model is not capable of, nor is it intended to be, a practical tool for
flood forecasting. It was constructed purely for the purpose§ of theoreti-
cal analysis, so as to mimic the characteristic behavior and dominant modes
of operation of the SMA-NWSRFS, and is therefore ideally suited for the pur-
poses of theoretical and experimental research.

The model SIXPAR has been derived from the SMA-NWSRFS by employing the
following simplifications:

(1) the tension water and lower zone supplementary water storages

have been deleted;
(2) evapotranspiration is assumed negligible;
(3) channel routing is not considered; and

(4) a constant computational time interval is employed.

A schematic diagram of the model SIXPAR appears in Figure 2.2. The model
preserves the significant features and dominant characteristics of the model
SMA-NWSRFS, It consists of an upper zone representing subsurface water
storage and a lower zone representing longer term groundwater storage, con-
nected by vertical percolation (PERC (I), where I is the discrete time
interval index). The basic structure of the nonlinear percolation equation
(considered to be the heart of the SMA-NWSRFS model), the threshold nature
of the reservoir operation (the dominant model nonlinearities), and the
linear recession nature of the reservoir depletion rates have been pre-
served. The input to the model is precipitation (P(I)) and the outputs from
the model are surface runoff (R(I)), subsurface flow (S(I)) and groundwater
baseflow (B(I)). The three outputs add together to give channel inflow
(Q(I)). The two model states are upper zone storage (US(I)) and lower zone

storage (BS(1)).
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Figure 2.2. The six-parameter rainfall-runoff model SIXPAR
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It is assumed that only P(1) and Q(1) are observable time series. The

six parameters of the model are:

UM = upper zone maximum contents (threshold parameter), mm
BM = lower zone maximum contents (threshold parameter), mm
UK = upper zone lateral depletion constant, dimensionless

BK = lower zone lateral depletion constant, dimensionless

yA

) = parameters of the percolation equation, dimensionless

The flow chart of the model operation and the Fortran computer program for

the model are included in Appendices 1 and 2.



CHAPTER 3

INVESTIGATION AND MODIFICATION OF MODEL STRUCTURE

3.1 The Issue of Identifiability

In Section 1.2, we discussed the concepts involved in identifying a
conceptual model of the watershed process. This involves selection of an
appropriate model set, specification of a measure of closeness, selection of
an informative data set, and solving for those parameter values that opti-
mize the measure of closeness. However, our ability to successfully solve
the identification problem is hampered less by our inability to develop con-
ceptually realistic models than by the limitations of the parameter identi-
fication tools (optimization algorithms) available to us. Hence, it is
extremely important that these limitations be borne in mind while selecting
the model set, i.e., one should try to ensure that the parameters of the
model will be "identifiable" based on the quantity and quality of the infor-
mation available and the mathematical tools at one's disposal.

Aithough a great many models of the watershed process have been devel-
oped (Section 1.3.1), it appears that the primary motivation behind the
development of each was to construct as realistic a model as was possible.
Hence, a great deal of time and effort has been expended in trying to estab-
lish mathematical relationships which accurately describe the underlying
physical phenomena occurring in the watershed, while the considerations of
parameter identifiability have been largely ignored. This view is supported
by the many reports (Section 1.3.5) that have appeared in the literature of
the inability of researchers to obtain unique "best" sets of parameters for

their models. Of particular concern are the reports (see e.g., Pickup,
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1977) that, even under the ideal conditions of synthetic data simulation

studies, the "true" parameters of such models cannot be recovered using

available techniques.

There appear to be four possible reasons why we may be unable to iden-

tify the "true" parameter values of a model in a synthetic data study. They

are:

(a)

(b)

(c)

(d)

The Log-Likelihood function being maximized has more than one
local maximum, Hence, the nonlinear optimization algorithm may
teminate at the wrong one (i.e., not at the global maximum);
The optimization procedure is started in a region leading
towards the global maximum but fails (terminates prematurely)
due to its not being able to find one of the feasible directions
of movement. This is a common occurrence when a "Type a" (direct-
search) algorithm is used and long and narrow ridges are encoun-
tered on the response surface;

The identification procedure is unable to distinguish between
many different parameter values in the region of the optimum,
i.e., the likelihood function is insensitive to perturbations

of the parameters; and

The global optimum of the likelihood function does not coin-
cide with the "true" (best) parameter values. This may occur

due to the random errors present in the data.

The studies reported by Ibbitt (1970), Johnston and Pilgrim (1976), Pickup

(1977), Sorooshian and Dracup (1980), Sorooshian et al. (1983), and Gupta

and Sorooshian (1983) seem to strongly support the notion that the inability

to identify unique "best" parameter values for conceptual watershed models
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is due to all of the aforementioned problems. While the first two problems
have been widely recognized, the latter two do not appear to Have received
the attention they merit.

There appear to be two different approaches that can be employed to
properly handle the problem of multiple optima. One approach is to restrict
the model set to one for which the likelihood function is unimodal (e.g.,
model which is linear in the parameters). This may in general be an unac-
ceptable approach as it may result in an unrealistically simple model.

Also, there appear to be no general guidlines available as to how this might
be done, The alternative approach is to develop a procedure that is capable
of detecting the general location of all existing optima. The feasible
parameter space may then be segmented into separate subspaces, each contain-
ing one optimum, whose location can be found by using the standard’nonlinear
optimization algorithms. Some such procedures are apparently under develop-
ment but have not yet received widespread acceptance or application (e.g.,
Karnopp, 1963). This issue is beyond the scope of this report and will not
be discussed any further here.

The second problem is related to the efficiency and reliability of
optimization algorithms. The gradient-based procedures are considered to be
superior in this respect to the direct-search procedures and hence the use
of the former whenever possible is recommended. Furthermore, appropriate
reparameteriation of the problem may often go a long way towards reducing
this problem. The third problem is related to the issue of the local iden-
tifiability of the model parameters. As will be discussed in Section 3.2,
jdentifiability is not only a function of the chosen measure of closeness

(Chapter 4) and the informativeness of the data set, but is also influenced
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by model structural considerations. A measure of "structural
identifiability" that should prove useful in the detection of poorly-struc-
tured or parameterized models is introduced in Section 3.2.2. The applica-
tion of this measure in the analysis of model parameter identifiability is
discussed in Section 3.3, while Section 3.4 discusses the use of model
reparameterization as a method of improving the structural identifiability
of a model. Finally, Section 3.5 contains a discussion of the relationship
between the concepts of structural identifiability introduced in this chap-
ter and the concepts of parameter precision for the simple (but interesting)

case of Gaussian measurement error.

3.2 Model Structural Identifiability

3.2.1 Introduction

The general concepts of identification and identifiability are basic to
and have therefore received the most attention in the field of mathematical
statistics. Koopmans and Reiersol (1950) report that, in 1922, the statis-
tician R.A. Fisher distinguished as the primary group of problems in mathe-
matical statistics the "specification of the mathematical form of the popu-
lation from which the data are regarded as a sample." Hence, discussions on
identification and identifiability appearing in the literature (e.g.,
Koopmans and Reiersol, 1950; Rothenberg, 1971) have focused on drawing
inferences from the probability distribution of some observed data to an
underlying model structure. This is essentially equivalent to identifying
the parameters which maximize the likelihood function.

Let gf be the global maximum of the likelihood function. Koopmans and

Reiersol (1950) provide the following definitions.
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Definition 1: The parameter point gf is said to be globally
identifiable if and only if there is no other 6 in the
feasible space © that is equivalent. Two points 9} and
2? are said to be equivalent if the likelihood at 9} is
equal to the likelihood at g? (L(e1) = L(82)).

Definition 2: The parameter point g? is said to be locally
identifiable if and only if there exists an open neighbor-

hood of 6 containing no 6 in © that is equivalent.

If the likelihood function is unimodal in 8, then the two definitions are
equivalent. Note that the issue of identifiability is essentially equiva-
lent to the notion of being able to find a unique parameter value that maxi-
mizes the likelihood function.

In order to understand how nonidentifiability may arise, consider the
following. A model may be defined as "a mapping M that maps the space of
inputs U and the space of parameters © into the space of outputs Z" (i.e.,
M: @, U= Z, or z = M(u,6) where 6 € © RP, ue UeR", z ¢ Z&=R"), Now
the value of the likelihood function at a point 6 is obtained by running the
model to get an output vector z and substituting z into the likelihood func-
tion to obtain a single number which is the measure of optimality. Diagram-
matically,

M L
86— z(8)~—1L(z(8))

Note that the mapping from 6 to L(z(6)) involves two stages. The first is a
mapping from RP to R" where p and n are the number of parameters and out-

puts, respectively. The second is a mapping from R to R, Hence, there



36

are two ways in which nonidentifiability might be able to arise. The first
is if two distinct parameter values g} and 9? give rise to exactly identical
output vectors (i.e.,.g(g}) = (5(_?), g} # g?). The second is if distinct
parameter values do give rise to distinct outputs but perturbations in the
output vector do not give rise to changes in the value of the likelihood

function. The latter issue was discussed in more detail in Chapter 2 where

it was shown that this source of nonidentifiability cannot arise if L(z) is

2

st is a definite matrix). Hence, the

an "acceptable" function (i.e., ¥

former issue is of major concern here; we can define,

Definition 3: A model M parameterized by 6 is "structurally”
identifiable if and only if M maps unique parameter values
into unique model §utput vectors. The model M is locally
structurally identifiable if and only if there exists an
open neighborhood of gf in which it is structurally identi-

fiable.

Note that while the notion of identifiability advanced by Koopmans and
Reiersol (1950) is related to the fact that they are dealing with random
parameters, the notion presented above deals purely with the structural
properties of the model, independent of whether a likelihood or any other
approach is to be used for model identification. It is therefore more suit-
able for use in the model development stage, when the basic distributional
properties of the random phenomena or even the procedure to be used for the
parameter identification stage are unknown.

One other point needs to be made here., It is important to recognize

that in practice we may not have to deal with models that are truly
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structurally nonidentifiable so much as with models that are "nearly"
structurally nonidentifiable, In other words, we may encounter a model
structure wherein distinguishable parameter sets may give rise to "nearly"
indistinguishable output sequences (e.g., Gupta and Sorooshian, 1983). In
such cases, numerical inaccuracies and computer round-off error~ may give
rise to computational difficulties and ambiguities in the identification
procedure. Hence, it is extremely important that the model set be selected

so as to be properly structurally identifiable,

3.2.2 A Measure of Structural Identifiability

The task of checking for structural identifiability of a model set
using the definition is clearly far beyond the capabilities of any human or
even a computer since an infinity of possible parameter-output combinations
exists for any given input sequence. Testing for global structural identi-
fiability is therefore in most cases practically impossible. We can, how-
ever, construct measures that test for local structural identifiability of a
model in the region of a parameter point of interest.

Let {z¢(8), t = 1, ... n} be the sequence of model outputs associated
with parameter set 8 and let {z¢(8) + 48), t = 1, ... n} be a sequence of
outputs associated with a new parameter set 6 + A8 obtained by a small per-
turbation A8 of the parameters. In order that the model M be structurally
identifiable at 6, we require that {zt(gf Ag), t=1, ... n} be distinguish-
able from {z¢8), t =1, ... n} for all A8 # 0 such that 6 + A8 ¢ 0. For
this to be true, we require that Azy = z¢(8 + 48) -z¢{(8) # 0 for at least
one t = {1, ... n}, provided A8 # O, An appropriate measure of the differ-
ences in the two output sequences is given by the "acceptable" function (see

Section 4.1),
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SI(6,48) =

|
[ad
3

| (28 00) - 2,(0))7 (3.1)

tgl {0z, (8, 80)}2 (3.2)

Note that SI(6, 48) = O when 46 = 0 and is greater than or equal to zero for
all 46 # 0. Clearly, in order that the model be structurally identifiable
at 6, we require that SI(6, 46) # 0448 # 0. A sufficient condition to
guarantee this is that the function SI(8, 48) be strictly convex over all
A8, This implies that the matrix of first partial derivatives of SI(8, 46)

with respect to 46 be of full rank, i.e.,
Rank V,g SI(8, 48) = p (3.3)

or equivalently that the Hessian matrix of SI(6, 48) with respect to 46 be

positive definite, i.e.,

¥ si(e, 48) = d%s1(s, a0)

48 7= ==1 " dae; a8, (1,3 = 1, «u. p) >0 (3.4)
It is simple to show, using Equation (3.1), that
n dz,(8 + 48) dz, (8 + 48)
{VieSI}iJ. "L das, I
(3.5)
%2 (8 + 48)

n . t
+ 21 {az (e, 46 }
t=1 t(— 8) dAei aAeJ.

In order to test for structural identifiability, we must evaluate vieSI and

and check if it is positive definite for all 6 and a6. In practice, this is
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rather difficult except in the case of extremely simple problems such as a

2

linear model where VAe

SI is a constant for all 6 and A6. If we solve, how-
2

ever, for the limit of VAe

SI as pAg— 0, we will obtain a measure of

the structural identifiability in the region local to 8, i.e.,

Lim 2 n dz.(8) dz, ()

ao——so0 eSy5 = 2 I, g o } (3.6)
or equivalently,

VZSI(S) = Lim VZSI(B A8) = 2v.z(8) - v.z( )T (3.7)

g2t '\ 2 T pg—T—a( Yo '\ Z 22 T EVRNZ g2le .

where V%SI(Q) will be called the structural identifiability matrix at 8.
The structural identifiability matrix can be either positive definite or
positive semidefinite (note from Equation (3.6) that the diagonal elements
of V%SI(E) are all non-negative). If the matrix is positive definite, then
the model is locally structurally identifiable. If it is positive semidefi-
nite, then the model is structurally nonidentifiable. Many tests are avail-
able to detect the positive semidefiniteness of a matrix. Some of these
are:

(a) Rank of the matrix is not full;

(b) Determinant of the matrix is zero;

(c) The matrix has some zero eigenvalues.

3.3 Parameter Sensitivity-Identifiability Analysis

3.3.1 Introduction
In practice, we will rarely, if ever, encounter an exactly semidefinite

matrix while using a computer, due to round-off error, etc., or due to the
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fact that the model is not quite nonidentifiable, In the latter case, we
might call the model nearly nonidentifiable (we shall discuss what we mean
by this in a few lines). Furthermore, we would like to know which param-
eters or parameter combinations the model output is insensitive to and are
hence responsible for the nonidentifiability problem. This latter aspect is

related to what is often called a parameter sensitivity analysis.

3.3.2 The Region of Indifference

The structural identifiability matrix (Equation 3.4) is the second
derivative matrix of the function SI(6, A8) given in Equation (3.1) which
was chosen as the measure of the deviation between two model output
sequences., The function SI(e, A8) can be expanded to second order of a

Taylor series about the point A6 = 0 to give:

S1(8,48) = SI(8,0) = a8l - v,.S1(8,0) = ¢51(8,0) 88 (3.8)

va—-'

and since SI(6,0) and v,SI(9,0) are equal to zero,
SI1(6,46) =-;_- ol 2 SI( 8) ¢ A8 (3.9)

Note that if the model M is linear in the parameters, then exact equality
holds, while in general the approximation is valid locally in some neighbor-
hood of the parameter value 6. Now SI(6,48) measures the difference between
the model outputs at 8 + 46 and 8 (note SI(6,48) » 0). Let ¢/, represent
the difference in value of SI(6, 48) for which the two model output sequen-

ces are, for practical purposes, indistinguishable. Note also that Equation
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(3.9) is the equation of a hyperelliptical surface in the parameter space
(centered at 8), for a fixed value of SI(6, A8). Hence, the equation:

ol 2

88" -+ U SI(8) + 48 < (3.10)

represents the approximate region in the parameter space around 6 for which
the model output sequences are considered to be indistinguishable. We shall

call this the region of near-nonidentifiability, or the indifference region.

3.3.3 Parameter Identifiability Measure

A two-parameter example of a hyperellipsoid described by Equation
(3.10) is shown in Figure 3.1. The size and orientation of this ellipsoid
describe the region of nonidentifiability. Therefore, it is desirable to
quantify some of these geometric notions into computable indices that indi-
cate various properties of the region that are of interest to us. The most
important of these properties, in the context of this paper, is the degree
to which nonidentifiability is related to the compensating effects of the
simultaneous variation of two or more parameters on the model output.
Sorooshian and Arfi (1982) proposed two indices named "Concentricity" and
"Interaction" to study this phenomenon (see Appendix 3). These indices,
however, only measure interdependence in two-parameter subspaces. An alter-
native approach involves computing the normalized inverse of the structural
identifiability matrix (in a manner akin to computing the correlation matrix
from the parameter covariance) so that the diagonal elements equal 1.0 and
the off-diagonal elements (< 1.0) indicate the degree of parameter inter-
dependence. While the latter approach provides information about interde-
pendence in the multiparameter space, such information is typically diffi-

cult to extract and interpret.
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Our experience with parameter sensitivity analysis methodologies
available in the literature (see Appendix 3 for a description of some of
these methods) is that they are limited in their abilities to describe ade-
quately the nature of parameter interrelationships when the dimension of the
parameter space is greater than 2 or 3, Therefore, we suggest a measure
called the "Sensitivity Ratio", which is designed to provide useful informa-
tion about interactions among many parameters simultaneously in the multi-
parameter space. It is useful specifically for isolating those parameters
that are highly compensating and poorly identifiable.

Consider Figure 3.1, which may serve as an illustrative two-parameter
example. Imagine for a moment that the major and minor axes of the ellipsoid
describing the indifference region were oriented along the parameter axis
directions. (V%SI(E) is a diagonal matrix). In this case, the maximum that
each parameter 8 could vary (allowing other parameters to vary freely) while
remaining within the indifference region would be given by its conditional
parameter sensitivity CPS;(8). In general, however, the ellipsoid will be
oriented in some other manner such as in Figure 3.1 (V%SI(Q) is not a diag-
onal matrix), indicating interdependence and compensation effects among param-
eters. In these cases, if all parameters are free to vary simultaneously,
parameter 6; would be capable of moving a maximum distance given (Figure 3.1)

by PSj(8) (parameter sensitivity index). It is shown in Appendix 3 that

cps, () = = [L11/2 (3.11)
1

and in Appendix 4 that PSi(g) is (in the p-dimensional parameter space)
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PSj(8) = ¢ [ ¥ j1/2 (3.12)

where
Gi = the (p-1) x (p-1) submatrix of v%SI(g) obtained by deleting the ith
row and column;
gi = the (p-1) x 1 vector equivalent to the ith column of V%SI(Q) with

ith element deleted; and

Sjj = the ijth element of V%SI(Q).

Note the similarity in form of CPS;(®) (Equation 3.11) and PS;(8) (Equation
3.12). It should be noted that since V%SI(Q) is a non-negative definite
matrix, so is Gj (for all i=1, ... p) and hence the denominator in Equation
(3.12) is always less than or equal to sijj (implying that PS;j(8) > CPS;(8)).
By taking the ratio of PS;(8) to CPS;(8), we get a nondimensional measure of
the amount that other model parameters (ej, j#i) compensate for the changes
in model output caused by perturbations of parameter 6;. We call this the

Sensitivity Ratio (n4);

e e Cr (313
P ] T -
1= Sij = 8 * G * gy

When nj = 1, there is no compensation for the effects of parameter 6; on the
model output by the other parameters. As n;j gets larger, this indicates
poorer and poorer identifiability of parameter 6; in relation to the other

model parameters.
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3.3.4 Parameter Sensitivity and Precision

There is a strong relationship between the study of parameter sensi-
tivity using concepts of model structural identifiability and the study of
parameter precision, which is associated with the stochastic properties of
the data. This relationship is examined here; the analysis will focus
mainly on the simple case of independent, homoscedastic, Gaussian output
error and, in places, involves simplifying assumptions,

Consider the case where the errors in the output observations are
independently distributed as Gaussian with zero mean and constant variance
equal to o2, The log-likelihood function (see, e.g., Bard, 1974) for this

case is given by:

n
L(8) = - 2 Ln(2n) - D in(o?) - L5 I (3 - z¢(9))? (3.14)
— 2 2 242 - -
Y t=1
where

Zt = observed streamflow at time t;
n = number of observations; and
02 = variance of the observation error.

Let é_denote the maximum 1ikelihood values of the parameters. The Hessian

matrix for this case at é,is given by:

- n az¢(8) 9z¢(8) N . 9%2,.(8)
{VeL(8)}4;5 = ";% tzlt 365 36; (z¢ - Zt(ﬁ)}—gg;%gg——] (3.15)

Hence,

) + Dg(8)) (3.16)

oq\)
—
-——
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S
1
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N
Q |»r=
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where

- azzt(é)

{Dg (é)}ij =2 (;t - z4(8)) ‘337_563. (3.17)

[nd
wWe~-1>3
[

The covariance matrix (Ig) of the parameter estimates is given by the inverse

of the expected value of [-V%L(é)]. Hence,

zg = E{-v2L(8)}} = 202 [¥2s1(6) + E{D(8)}17" (3.18)

1f the model is an exact representation of the true physical process (as in
a synthetic model study), then E{Z;} = z¢(8). On the other hand, if the
model is approximately linear (locally), then (azzt(é)/aeiaej) will be zero.

In either of these cases, E{De(ﬁ)} will be equal to zero. In such a situa-

tion, we have (for nonsingular véSI(é)):
15 = 20% « qv3s1 (87} (3.19)

In general, however, we have E{Z}} = z¢ # zt(é), where zy is the true value

of the output, and hence,

£o = 202 [V2SI (8) + Dg(8)1™" (3.20)

where

Dg(8) = E(Dy(3)) (3.21)
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Using the matrix inversion lemma (Kailath, 1980) if eVZSI(é) and 59(§) are

non-singular positive definite,

) 2er. 2 2..-1
T = 24 (v8s1-1 - visI [v5sl

n ~19=1 o2¢yy-1
0 + D, ] VeSI) (3.22)

where, for readability, the dependence on é_has been omitted, and hence we

have that:

—

(3.23)

[

Hence Zt is a conservative estimate of the value of the covariance of the
parameter estimates. It is related to the structural identifiability matrix
by Equation (3.19).

If Equation (3.19) holds approximately, the measures of parameter pre-
cision and parameter identifiability are related intimately in that the pre-
cision of a parameter estimate is directly proportional to the product of its
parameter sensitivity index and the output error standard deviation. This
implies that, for the more sensitive model parameters (PSj(g) is smaller),
parameter precision is much less affected by larger output measurement
errors. This supports an intuitive notion that a well constructed model is
one whose output is relatively sensitive to parameter variations.

The above analysis is for the case of Guassian, independent, homosce-
dastic error. For the case of a more general likelihood function [L(z(8)],
the relationship between parameter precision and identifiability is not
quite as simple. In the general case, the relationship can be computed

using:
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VL(8) = vz (8) - v,AL(8) . vgz(8) + 6(8) (3.24)
where
3221 322n
{G}‘ij = [Te'_ae_:' 9 o o o 9 W] * VZL (3.25)
i %Y i %3

3.4 Evaluation of the Derivatives

3.4.1 Introduction
In order to compute the sensitivity measure discussed in Section 3.1,
we require the derivatives of the model output with respect to the param-
eters. These derivatives are also required if "gradient"-type search algo-
rithms are to be implemented for parameter estimation. As discussed in Sec-
tion 1.3.4, it has been generally believed that the derivatives could not be
computed or were too difficult to compute. In this section, we discuss this

issue and outline a theory for practical computation of the derivatives.

3.4.2 Modality in the Behavior of CRR Models

A typical rainfall-runoff catchment model computes the response to pre-
cipitation input in two stages. 1In the first stage, the precipitation input
is used to augment the state of the system (i.e., to update the quantities
of moisture stored in the various zones of the surface and subsurface land
mass). In the second stage, the output of the model is computed as a func-
tion of the present updated state of the system. Thus, the model belongs to
the general class of so-called "state-space" models. Assuming that model
computations are made at discrete times, it may be expressed mathematically

(in general form) in terms of the vector equations:
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Xt = A (8,Xt.1,Ut) -- State Equation (3.26)
Ly = B (8,Xt-.1,Ut) =-- Output Equation (3.27)
where

Xt = vector of model states at time t (e.g., depth of groundwater
storage);

Uy = vector of model input values at time t (e.g., precipitation
depths);

Zy = vector of model output values at time t (e.g., streamflow
volumes or rates); and

8 = vector of model parameters.

The functional forms of A(*) and B(*) and the values of the parameters
O detemmine the behavioral characteristics of the model. If A(*) and B(*)
are linear functions of the states and inputs, then unit changes in the
input cause proportional changes in the output. If, however, the functions
A(+) and B(*) are such that the output is not a linear function of the
input, then the behavior of the system cannot be predicted in this simple
way. Although many models have been conceptualized in a state-space frame-
work, few have so far been treated mathematically as such (see, e.g., the
work of Kitandis and Bras (1980a,b) and Restrepo-Posada and Bras (1982) with
the U.S. National Weather Service's SWA-NWSRFS model).

One of the peculiarities of a CRR catchment model is that it contains
what are (in the hydrologic literature) termed "threshold" parameters. The
practical effect of these parameters is to cause the model to operate in
different modes of behavior, depending on its state. As an example,
consider the simple discrete time moisture depth storage reservoir depicted
in Figure 3.2, which is a common element in many catchment models. Deple-

tion (S¢) of the reservoir from below occurs at a rate K (unit: time
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=

Figure 3.2. Simple single reservoir model
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inverse, T-1) proportional to its contents. Its capacity is limited to a
maximum value M (unit: Jlength, L). When the precipitation iﬁput is such
that the storage capacity is exceeded, the excess moisture (R¢) flows over
the top of the reservoir (i.e., total outflow consists of both depletion
from below, Sy, and excess moisture spillover, Rt)° In this simple reservoir
model, the two parameters are K and M. Notice that the model operates in

two modes. Let:

xt.1 = state of model at beginning of time interval t; and
ug = precipitation input during time interval t.
and
;t = AXt_l + Ut (3.28)

Qf represents the intermediate model state, i.e., the state of the model
increased by the amount of input into the reservoir, and prior to the out-
puts being computed and depleted from the reservoir. When Zt < M, the model

the model operates in mode one and the equations are:

Xt (I-K)(Xt_l + Ut) (3.29)

Zy St = K (Xt_l + Ut) (3.30)

when Xy > M, the model operates in mode two and the equations are:

Xt (1-K)M (3.31)

Zy = St + Rt = Xt-1 + ug - (I-K)M (3.32)

The source of this modality of behavior is the "threshold parameter" M. The
model is clearly linear in each mode (zy = ug), but the proportionality con-
stant is equal to K in mode one while it is equal to 1 in mode two. Mode

two represents system behavior under conditions of “"saturation",
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3.4.3 Mathematical Representation of a Modal-Type Model

A mathematical model of a dynamic process is typically represented in
terms of a symbolic flow chart before it is written out in one or another
computer language and programmed into a computer. A typical (hypothetical)
flow chart is presented in Figure 3.3. It represents the sequence of opera-
tions of a model during a single computational time interval. Each rectan-
gular box represents a model suboperation Cj, i=1l, ..., 5, (e.g., moisture
transfers into, out of, or between soil moisture storages) and each diamond-
shaped box containing the word IF represents a point of branching in the
program. Each such point of branching is associated with a threshold ele-
ment in the model (for a specific example, see Figure 3.5).

In Figure 3.4, the flow chart has been decomposed and written out by
tracing the possible routes from the top of the chart to the bottom. Each
feasible route represents a possible mode of operation. Having obtained the
various possible modes, say 'q' in number, the functional relations for each
mode in terms of the state and output equations can be written out, as in
the simple example presented earlier. Thus, we end up with q sets of equa-
tions, one for each mode, each set explicitly representing the model state
and output for that time step in terms of the model parameters, the state at
the end of the previous time step and input during the time step. The equa-

tions can be represented by:

A1(8, Xt.1» Ug) if in mode one during time interval t
Xt = (3033)

Aq(g, Xt.1» Yp) if in mode q during time interval t
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IF IF

Figure 3.3. Typical computer program flowchart for a model
with threshold parameters
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Figure 3. 4. Modal decomposition of the flowchart in Figure 3.3.
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B1(8, X¢-1» Ut) if in mode one during time interval t

; = . (3.34)
Bq(8 Xt-1, Ut) if in mode q during time interval t
A more compact way to write these equations is
q
Xpo= 1 Ti(8 Xt-1. Ug) ¢ Aj(8, Xpo1s Up) (3.35)
j=1
q
Zy = L T;5(8 Xt-1» Y) - Bj(8, Xt-1, Ut) (3.36)
j=1
where
1 if in mode j during time interval t
T5(8, Xp-15 Ut) = (3.37)
0 if not in mode j during time interval t
and
q
I T (8 X-1s U) = 1 (3.38)
j=1 J

Note that the above mathematical representation introduces a new quantity,
the threshold function Tj(-) which takes on a binary value of either zero or
one, depending on the values of 6, X¢_j and Up. The summation over Tj equal
to one indicates that only one system mode can be active at a given time

step.

3.4.4 The Derivative Equations

The model equations (3.33-3.38) are now in a form amenable to differ-

entiation. For simplicity we shall denote Aj(gg Xt-1» Ut)» Bj(g, Xt-1» Ut)
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and Ty(_, X¢-1» Ut) by the short forms Aj¢, Bj¢, and Ty, respectively.
Noting that the model equations are continuous in the state and parameter

spaces, we must show in Appendix 9 that the expressions for the first deriv-

atives are:
365 §o1 jt 26 X, 1 364
q . .
36; PR L L 301

where, in keeping with the manner in which conceptual rainfall-runoff models
are constructed, the threshold functions are assumed to be continuous either
from the left or from the r~ight (see Appendix 9). A1l of the components of

(3.39) and (3.40) (and hence the derivatives) can be calculated.

3.5 Analysis of a Linear Reservoir Model with Threshold

3.5.1 Introduction
In this section, we illustrate the usefulness of the theory presented
above, with a discussion on the identifiability of threshold-type parameters
such as are commonly found in CRR models. The discussion serves to high-
light the important influence that the characteristics of the data used for

calibration have on model structural identifiability.

3.5.2 Theory
Consider the simple single reservoir model of Figure 3.2, The flow
chart for this model is depicted in Figure 3.5. The modal representation of

the model is given by (3.29)-(3.32). The threshold functions are:



57

d -
Xe = Xy *ug
Yes v " No
w
- v - % . M
z, = K.xt z, = X, {1 + KM
Xy = (1-K).xt Xy = M- K.M

Figure 3.5. Flowchart for the simple single reservoir model
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1 for xt.] < (M - ug)
it =

0 for x¢.1 > (M- ug)

0 for xe.p < (M - ug)
T2t

1 for xg.p > (M- ug)
The equations of the model are therefore:

x¢ = Tyt [(1‘K)(Xt-1 +ug)] o+ Ty [(1-K)M]

2¢ = Tip [K(xgop +ug)d + Tpp Dxeop + ug = (1-K)M]

The derivatives (3.39) and (3.40) become:

ax, 2%y
s = Ty Dxeg *up) + (1K) =1+ Ty [-M]
o, oy
= Ty LK) ]+ Ty L0

and
32 3% 3x

t t-1 t-1 .,

K Tig Dlxgoy v ug) + K==+ Ty [ + M
22, 9%y

axt-l -
W - T K=+ Ty g - (1K)

(3.41)

(3.42)

(3.43)
(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

The initial conditions to start the recursions in Equations (3.45)

through (3.46) are:

xg = some initial assumed or known constant value (0 < xg < M)
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and since xg is a constant independent of small changes in the values of the

parameters,
X
a—K°= 0 (3.49)
X
0 _
aM 0

The behavior of these derivatives over the space of possible parameter values
illustrates some well-known properties of the reservoir., Clearly, if the
value of M is large enough that the reservoir is never filled, the value of

Toy is zero¥t. Thus, since %) = 0, we will have °*t = 0 and °Zt = 0 for
oM oM M

all t. In other words, if the reservoir is never filled, the parameter M can
be perturbed by small amounts without affecting the model output and will
therefore not be identifiable. This implies that we should always choose a
small enough value for our initial estimate of M, such that the reservoir
overflows at least once.

Let us assume that the reservoir remains unfilled (in mode one) during
time interval 0 < t < nl, that at time 'nl' the input is large enough to
cause the reservoi”™ to overflow, and that the model remains in mode two dur-
ing time interval nl <t < pl. At time pl, the model reverts to mode one.
Note that this constitutes a single overflow event. The model equations for

this scenario are:

t
f(t,K)xg + 1 F(2,K) upsyy 0 <t<nl
2=1
x¢ = {(1-K)M nl<t<pl  (3.50)
t-pl+l
f(t-p1+2, K)M + T f(2,K) utsl-g pl<t

2=1



and

K * flt-1,K)xq + K *

t

¢
2=1

ut

where

f(t,K)

Differentiating (3.50) through (3.52), the first derivatives become:

0
9X
t .
N R

f(t-p1+2, K)

Q

a—\"

Lgl(t'p]+29K)M +

and
0

3
LI

M
0
K« f(t-pl+1, K)

f(2-1,K) Ypayoy

N e~ ot

F(t-1,K)xg + J F(2-1,K) upayop - (1-K)M

LF « f(t-pl+1 ,K)M + K . f(2-1,K) uper-g

t
rgl(t9K)x0 + 221 91(29K) ut+1-£

91 (£,K) g4y

0<t<nl

t=nl

nl<t<pl

pl<t

O<t<nl
nl<t<pl

pl<t

o<t<nl

nl<t<pl

pl<t

O<t<nl
t=nl
ni<t<pl
pi<t

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)
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t
(gz(t-l,K)xo + 1 gp(2-1,K) Upe1og O<t<nl
=1
3z, t
e < gl(t-l,K)xo + ) gl(z-l,K) Uppyog * M t=nl (3.56)
2=1
0 n2<t<p?
t-pl+l 1<t
- - Y
ng(t pI+1,K)M + ¥ 92(2 1, K) Utilog
=1
where
g (t,k) = 2K g yyt-l (3.57)
1 aK
go(t,K) = f(t,K) + K- g, (t,K) (3.58)

The second derivatives of x¢ and z, with respect to the parameters may be
derived if necessary.
Consider, in particular, the derivatives (3.55) and (3.56) of the out-

put which are required for the implementation of a derivative-based optimi-

9z
zation algorithm. For the threshold parameter 'M', note that 3H£ is

non-zero only at the moment of crossover from mode one into mode two (t=nl)

and at all times after the switch back into mode one again (t>p1). However,
the value of the derivative after the cross-back is not only smaller in
absolute magnitude than at time (t=nl), but it also decays away exponen-
tially with successive time steps. The sensitivity of the output 2y to var-
iations in parameter M does not depend on how long the model remains in mode

two.
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Now consider the scenario in which several overflow incidents (say N in
number) occur, the ith overflow beginning at time (t=ni) and ending at time
(t=pi) such that (0<n1<§1<n2<p2 eee <ni<pi ... <nN<pN). In this case, the

gradient of output zy(©) to parameter M is given by (note: j=i+l):

0 O<t<nl

th

- - -(1-K) t=ni
0 ni<t<pi i (3.59)
K« f(t -pi+ 1, K) pi<t<nj

Assume that the objective function to be used for parameter estimation con-
sists primarily of a sum of squares of errors. Denoting this function by

F(©), we have (t* = number of output data values; t* = pN say):

t* -

F(o) = 1 [z¢(8) - 712 (3.60)
t=1
t*

= 7 re2(8) (3.61)
t=1
where

z¢(8) = model output at time t;

Et = measured output at time t; and

rt(8) = model residual at time t.

Taking derivatives with respect to the parameters 6, we get:

aF (9) t 2z, (8)
-—ao_z- = 2 2 rt(g) * a—oz-— (3.62)
t=1
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2% (6) t* [ 32,(8) az,(8) azzt(_e_) ]
e - 2 1 36 T S U T TR (3.63)
k™ "2 t=1 k A k“ e
For 8¢ = 65 = M, we obtain:
F N N N
- 20K T ox o+ M T G(Kpi,ng) ¢ T Hi(K,pi,ng,u,z)]
i=1 i=1 i=1 (3.64)
and
2 N ax . N
3 - o
Ire 2000 ] —Hrte 1 6(Keping)] (3.65)
aM : . i
i=1 i=1
where (j = i+l), and
2 2 M o,
Gi(K,pi,nj) = (1-K)® + K ) fo(t-pi+l,K) (3.66)
t=pi+l
Hi (K,pi,nj,u,2) = (1-K) [upj - Zpi] +
nj-1 t-pi+l
K ¥ {ft-pisl,K) [K T fe-1,K) uy_, - Ei]} (3.67)
t=pi+l 2=1

3F/3M is in general non-zero whenever the value of M is small enough that
the reservoir overflows at least once (as in the derivation). Consider the
point M = max [xt(ﬁ)], j.e., the value of M such that the reservoir is just

at the point of no overfiow. Clearly, if M> ﬁ; then the derivatives of
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2 2
3°F 3" F . . i . .
aF/3M and ;ﬁ? (as also e ) will be zero since the reservoir capacity will

never be exceeded. For M < M » however, the derivative 3F/3M will be non-
zero, except at the optimal value of M, say M*, Hence, in order to find M*
using an optimization algorithm, we must ensure that M < M *, or else the
algorithm will fail in its attempt to find the best parameter set. This
much is fairly obvious. A property of the function F(@) is that it is
approximately quadratic in the threshold parameter M (a similar result was

proved by Johnston and Pilgrim (1976) for a nondraining store, i.e., K=0).

2

From (3.65), we see that the second derivative 3—%-consists of a term inde-
oM

pendent of M and a term directly dependent on M through the derivative of

-} S
state variable -——%ﬁll. From Equations (3.52) and (3.53), we have:
0 i=1
—ni-1 (3.68)
(1_K)ni'ph+2 i>1, (h"‘i'l)
Note that (ni-ph) denotes the number of time steps between the two successive

. 9aX. .
overflow events. Since (1-K)<1, the value of -sﬁl:l is negligible even if

2
the time between overflow incidents is fairly small. Hence, the value 3—;
M

is approximately constant over values of M (provided M < M). It is shown in
Appendix 2 that if there are N successive overflow incidents separated in
time (i.e., ni-ph is reasonably large), then

2 20118
XE = Ne 20k UKL gy (3.69)

aM 1-(1-K)
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This result indicates that the function F{c) becomes more sensitive to the
perturbation of parameter M in a manner roughly propo~tional to the number of
overflow incidents. It is important to emphasize the fact that sensitivity
of the output zt(g) does not depend on how long the model remains in the
saturation mode (mode two), but on the number of times the model switches
between the two modes. This implies that from the point of view of parameter
estimation, a data set containing one large storm event (i.e., up + Xt.1 > M)
may be less informative than a data set containing many storms of moderate
size.

The preceding discussion reveals that when a model contains a threshold
element, the optimization problem to be solved will have a continuous objec-
tive function that is piecewise continuous in its derivatives. For any opti-
mization algorithm to be useful in solving this problem, we must ensure that
the search is not permitted to enter the parameter space for which ﬁ > M,
Model output z4(8) is essentially a linear function of M; the sensitivity of
the function F(68) to M is approximately proportional to the number of times
reservoi™ overflow occurs. zt(g) and F(g) are complicated nonlinear func-

tions of the parameter K.

3.5.3 A Note on Practical Implementation
In practice, it may be impractical to separate a model into its modes,
and to compute the derivatives separately as a function of each mode. While
such an exercise may prove fruitful in terms of gaining theoretical insight
into the problem, it is not necessary. The derivatives can be obtained sim-
ply by differentiation of each subequation as it is encountered in the com-
puter program. The strength of this procedure is that the model need not be

modified (computer program rearranged) in order to compute the derivatives.
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As an example, in Figure 3.5, we present the methodology as applied to the

single reservoir model.

3.6 The Percolation Equation of the NWSRFS Model

3.6.1 Essential Concepts
The representation of the percolation process in the conceptual R-R

model is probably the most important part of the model. The percolation
process connects the upper and lower zones and helps decide on how much of
the water in the upper zone contributes to the quickly reacting components
of the storm hydrograph, and how much is transferred to relatively longer-
term storage in the lower zone. Thus, it is critical that the exact nature
of the nonlinear relationships between the factors contributing to percola-
tion be adequately identified. Strangely enough, as we shall see, the per-
colation representation is also probably the weakest link in the model
structure formulation,

First, let us examine the method by which the percolation volumes for
each time period are calculated in a conceptual R-R model. Conceptually,
there is considered to be a maximum and a minimum percolation demand. Also,
the actual percolation demand at any point in time is related nonlinearly to
the "state" of the model at that instant.

Most parametric representations of the percolation process in use today
are similar to the well-known Horton Infiltration Equation commonly used to
calculate infiltration abstraction from rainfall, so that the overland flow

process can be modeled. Horton's Equation is of the form:

infiltration demand = fy = foin + (fmax - fmin) €Kt (3.70)
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where

"
8
S

-

fmin = minimum infiltration demand (t

maximum infiltration demand (t = 0); and

fma X

K = rate parameter,

This equation contains three parameters. The equation is usually modified
so that it can be used on a digital computer to represent cumulative infil-
tration demand during a fixed time interval, as this is the way most models
are implemented, The modification used is normally similar to one of the

following (see Appendix 5):

uzce
- n
Fo = Fm1'n * (Fmax - Fmin) exp {-X( UTETUTC;} (3.71)
or
uzm - vze \*
Fo = Fm1'n * (Fmax - Fmin) : UZM (3.72)
where
Fn = cumulative infiltration demand during time interval 'n';

Fmin = cumulative minimum infiltration demand during a time interval;

Fmax = cumulative maximum infiltration demand during a time interval;

UZC, = contents of upper zone at beginning of time interval n;
UZM = maximum storage possible in upper zone; and

X = parameter controlling nonlinearity of the relationship.

The infiltration demand is now dependent on the amount of water present in

the zone into which water is infiltrating. So, infiltration demand Fp is

maximum when the receiving zone is empty and is minimum when the receiving
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zone is full. The quantity Fpip is not zero because even when the receiving
zone is full, water leaving the receiving zone makes way for the same amount
of water to enter.

Note that both of the above representations are essentially very simi-
lar and that the use of the second form might be considered preferable as no
exponentiation is required. It is also important to note that these equa-
tions represent infiltration "demand" during a fixed time interval and if
this demand is not met due to unavailability of sufficient moisture, then
the amount of infiltration actually occurring will be equal to the total
moisture available,

As mentioned, the percolation process is usually envisaged to be simi-
lar to the infiltration process. It is assumed that maximum and minimum
percolation demands exist, and that the amount of percolation demand at any
instant depends both on the moisture deficiency of the lower zone and the
availability of moisture in the upper zone. There is considered to be a
nonlinear relationship between the percolation demand (sometimes called
"potential percolation") and the lower zone deficiency. The identification
of the extent of this nonlinearity (through estimation of parameter X) is an
important part of the parameter estimation problem. As discussed by Bloom-
field et al. (1981), a critical assumption made in these equations (3.71 and
3.73) is that the characteristics of the nonlinearity are considered to be
independent of the current "state" (storages in different zones) of the
model. This assumption is generally made in order to maintain a fairly
simple mode)l representation and to keep the dimensionality of the estimation
problem low. It can be argued that the more complex representation proposed
by Bloomfield et al. (1981) would not help to resolve the parameter observa-

bility problem as they theorize. Instead, the higher dimensionality of such
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a representation, though conceptually sound, is likely to result in a more
difficult estimation problem due to the introduction of re]ative]y insensi-
tive parameters. As was discussed earlier, there may often not be suffi-
cient information content in the data to adequately identify the simpler

representation, let alone the more complex ones.

3.6.2 Mathematical Representation of Percolation

The work presented in this report relates directly to the structure of
the percolation representation of the Sacramento Model. This is the same
formulation as used in the SMA-NWSRFS model (Version II). However, it
should be noted that similar representations can be found in other models.
"The percolation function (of the Sacramento Model) is considered to be the
key element in the transfer of water within the model as it affects water
movement throughout the soil profile and is itself dependent on the current
state of the storage system" (quote, Brazil and Hudlow, 1981). It is a
complex function developed by Burnash, Ferral, and McGuire (1973) relating
the capacities and contents of both upper and lower zones and the free water
depletion coefficients., The percolation mechanics have been designed to
correspond with observed characteristics of the motion of moisture through
the soil mantle, including the formation and transmission characteristics of
the wetting front, as reported by Hanks et al. (1969) and Green et al.
(1970). Hence, it is generally considered to be a "good" representation of
the true process. The equation used is given below:

A
Percolation = PPERC = PBASE - [1 + ZPERC(LZDR)REXP] yzFpR (3.73)

Demand
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This represents the percolation demand during a single computational time

interval,
where
PBASE = minimum percolation demand when lower zone is full and
upper zone is full
= (LZFPM * LZPK + LZFSM -« LISK) (3.74)
LZDR = lower zone deficiency ratio
(LZTWM + LZFSM + LZFPM) - (LZTWC + LZFSC + LZFPC) (3.75)
(LZTWM + LZFSM + LZFPM)
UZFDR = upper zone free water contents ratio
= UZFWC (3.76)
UZFWM

As can be seen, the equation contains a total of eight parameters that must
be estimated. They are listed in Table 3.1.

The terms with last letter 'C' constitute the states of storage in the
respective reservoirs of the model. They are listed in Table 3.2. The high
dimensionality of this equation immediately indicates that strong parameter
interaction relationships and compensatory behavior can exist. The equation

can be represented as:

REXP
LZM - LZIC uze
PPERC = PBASE (1 + ZPERC e 3.77
( ) )UZM ( )
where
LZM = LZTWM + LZFSM + LZFPM
UZM = UZTWM + UZFWM
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TABLE 3.1

Parameters Present in the Percolation Equation of the SMA-NWSRFS Model

Parameter

UZFWM

LZTWM

LZFPM

LZFSM

LZPK

LZSK

ZPERC

REXP

Explanation

1
Vo )

Upper zone free water maximum (vol. or ave3

- Threshold Parameter

Lower zone tension water maximum (" ")
- Threshold Parameter

Lower zone free water primary storage ( " " )
maximum
- Threshold Parameter

Lower zone free water secondary (" ")
storage maximum
- Threshold Parameter

Lower zone primary storage depletion (unitless)
constant
- Rate Parameter

Lower zone secondary storage depletion ( " )
constant
- Rate Parameter

A parameter limiting maximum amount (")
of percolation

A parameter controlling the nonlinear ( " )
relationship between the percolation

demand and the lower zone deficiency

ratio
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TABLE 3.2

State Variables Present in the
Percolation Equation of the SMA-NWSRFS Model

State Variable Explanation
UZFWC Upper zone free water contents (vol. or %2%3)
LZTWC Lower zone tension water contents ( " " )
LZFPC Lower zone free primary water (" ")

contents
LZFSC Lower zone free secondary water (" ")

contents
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LZC = LZTWC + LZFSC + LZFPC

UZC = UZTWC + UZFWC

without losing sight of its basic properties. Here the three lower zone
storages have been lumped together as a single element, where LIM is the
maximum size of the lower zone storage and LZIC is its contents. Similarly,
UZIM is the size of the upper zone storage and UZC is its contents.

The similarity of this equation to Horton's Infiltration Equation

becomes apparent when the equation is written as follows:

(LIM - ch)REXP

PPERC = A + B (3.78)
LZM
where
PPERC = Fp, (3.79a)
_ . e _
A = PBASE Uiﬁ = Fmin (3.79b)
B = ZPERC - PBASE - ULC (3.79¢)
UZM
= ZPERC - Fmin = Fmax - Fmin (3.794d)
and hence
Fmax
IPERC = —= - 1 (3.79e)
min
REXP = X (3.79f)

Now, the latter formulation reveals quite clearly that, though the egquation

of Burnash et al. (1973) is written in a conceptually appealing form, it is
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not a form that is desirable from a parameter identification point of view,
The parameters ZPERC and REXP are the only two parameters in the equation
which are not connected explicitly with the operational mechanics of any
other part of the model. REXP essentially determines the degree of nonlin-
earity in the equation, and ZPERC helps determine the maximum percolation
demand Fpay. From Equation (3.79¢), it is easy to see that ZPERC acts only
as an arbitrary unitless multiplying constant in the following sense.

Rewrite A and B in terms of i and § as follows:

A=A - UC (3.80a)
A = PBASE - — (3.80b)
UZM
B=B8 - UIC (3.81a)
B = ZPERC - PBASE —— (3.81p)
UZM

It is clear that, in order to determine the percolation demand at any
instant, it is the values of the compounded parameters ; and E and the
parameter REXP that are important and not the combinations of ZPERC, PBASE,
UZM, and REXP that give these values. Given certain values for PBASE and
UZM, the value of ZPERC will adjust to the value that gives the best value of
E. Given different values for PBASE and UZM, a different value of ZPERC
will give the same value for E. Hence, ‘it is clear that a substantial amount
of interaction and compensation is l1ikely to exist among these three parame-

ters of the model. By rewriting the percolation equation in terms of A and

§, a substantial amount of this interaction should be reduced.
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3.6.3 The ZPERC-REXP Relationship

At this stage, the two parameters ZPERC and REXP which affect primarily
the fitting of the percolation equation will be examined. A rearrangement
of Equation (3.73) gives:

PPERC -1
L (pomse—~ vzror) ™
IPERC = UZFOR

3.82
REXP ( )

(LZDR)

where
PPERC = percolation demand during a small computational time interval

at.

The interdependence between the two parameters, ZPERC and REXP, is plotted
in Figure 3.6 as the combination of values that will give the same APPERC
for a given lower zone deficiency ratio LZIDR. As can be observed, the rela-
tionship is fairly linear for large values of LZDR. Also, for low values of
both parameters, many sets of values could provide reasonably similar
results over a broad range of values of LZIDR. This raised some suspicion
that the superimposed effects of the entire data set might result in sub-
stantial parameter interaction., Note that if present, this interaction is
expected to be positive. That is to say, the direction of lowest response
sensitivity is expected to lie in the first and third quadrants of the two-

parameter subspace.

3.6.4 Response Surface Analysis of the ZPERC-REXP Parameter
Space Using Real Data

In order to study the ZPERC-REXP relationship further and to check on
the suspicions raised by the previous analysis, it was decided to conduct an

experimental analysis using the SMA-NWSRFS model.
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300
LZDR = 0.8
LIFPH = 140
LIFSH = 45
LIPK = D0.004
250 1 128Kk =  0.11
UVZFDR = 0.5
290 4
LIDR = 0.25
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v
=
»
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]
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1
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Figure 3.6. Compensating values of ZPERC and REXP for one
computational time interval
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The ZPERC-REXP parameter space in the region of two-parameter sets
obtained by the calibration process was examined. The parameter set was
that obtained by Sorooshian et al. (1981) using the sts(1) criterion and
one year (an average year) of calibration data from Leaf River, Mississippi.
The parameter values are reported in Table 3.3.

The method for examining the parameter space was as follows. A grid of
SLS function values centered on the nominal parameter values was obtained.
The step size of each grid axis was chosen equal to one percent of the cor-
responding nominal parameter value. Then the contour maps were created.

The parameter ZPERC was varied from 190 to 218 in steps of 2.0, and
parameter REXP was varied from 0.57 to 0.64 in steps of 0.005. The contour
map of the SLS criterion values is presented in Figure 3.7. The point to
which the algorithm had converged is marked by a circle. Looking at the SLS
criterion contour map, we see that the region is highly irregular. A small
elliptical-shaped local optimum is seen in the upper right-hand corner.
However, the most important phenomenon that is observed is that the points
of minimum function value constitute a long flat valley (dashed line) run-
ning right through the region with approximately equal function value at all
points along the line. Moreover, this line that denotes the compensating
set of parameter values which give the same objective function value is

oriented in the expected direction of interaction.

(1) sis - Simple Least Squares Criterion



78

TABLE 3.3

pParameter Sets in the Region of which the Response
Surface Analyses were Conducted

SLS calibration

Parameter parameter
values
UZTWM* 0.386
UZFWM 29.190
UzZK* 0.973
IPERC 203.260
REXP 0.609
LZTWM 248,500
LZFSM 13.610
LZFPM 184,900

* Parameters not part of the percolation process equation
UZK = upper zone recession constant (rate parameter)
UZTWM = upper zone tension water maximum (threshold parameter)
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3.6.5 The Impact of Percolation "Demand" Computations

As described in the previous sections, the model calculates a percola-
tion demand based on paéameter values and existing storages. It then tries
to meet that demand from the available upper zone moisture.

If the available moisture is such that the demand is never met, then no
change in the values of the parameters deciding that demand will have any
effect on the output. On the other hand, if the demand is always met, the
output should be quite sensitive to variations in the parameters.

To study the reasons for ZPERC-REXP parameter nonidentifiability, a
synthetic study was conducted using the simple six-parameter model SIXPAR
(Section 2.3). First, the synthetic rainfall data and the corresponding
"true" streamflow data were input to the model and the graphs of both perco-
lation demand and actual percolation were obtained for Z = 50.0 and X = 3.0
(see Figure 3.8). It was found that in about 34% of the computational time
intervals, the true value of the percolation is less than the percolation
demand. During these time intervals, the process is insensitive to small
changes in the parameter values. The critical parameters here are Z and X.
The parameter Z essentially determines the maximum percolation demand, and X
mainly determines the nonlinearity present in the process. Since in the
above case the percolation demand exceeds the actual percolation during a
substantial amount of the time, it seems reasonable to expect that the out-
put is relatively insensitive to the value of parameter Z.

A Z versus X contour map of the SLS criterion in the region of the
optimum was obtained by perturbing the parameters (Figure 3.9). The
The expected elongated valley is present and is oriented close to the direc-

tion of the X axis indicating lower sensitivity of the response to Z.
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Figure 3.8.
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Now, if the percolation demand is always met, then the sensitivity to Z
should be increased and the extended valley eliminated. To test this, the
value of Z was lowered to reduce the percolation demand values. Values of Z
= 10.0 and 5.0 were tested. The results appear in Figures 3.10a,b and 3.9.
At Z = 10.0, the percent number of computational time intervals in which the
demand exceeds availability drops to 18% (Figure 3.10a) and the contour plot
(Figure 3.9) indicates higher sensitivity to both Z and X. When Z = 5.0,
the percent number of intervals in which that demand exceeds availability is
only 10% (Figure 3.10b), and the response (Figure 3.9) is relatively more
sensitive to Z. In both cases, however, the extended interacting valley is
still present but with a different orientation in each case.

Finally, high resolution contour plots were obtained for the Z = 50.0
and Z = 5.0 cases (Figure 3.11a,b). In both cases, no indication of closed
contours was detected. Hence, it would seem that the extended interaction
valley is inherent to the model structure, and that its orientation depends
on the degree of "parameter activation" that is brought about by the data

used.

3.6.6 Implications of the Results to Parameter Observability

The results presented in the preceding section raise some questions

concerning the ability to obtain a unique and consistent parameter set using
historical data no matter which estimation technique is used--be it manual
calibration or automatic parameter estimation. In either case, an initial

set of parameters must be specified. If the automatic method is used to

estimate Z and X, the search technique will terminate at the first point at
the bottom of the long and narrow valley which it encounters. It should be

borne in mind that, due to errors in the data and/or the inability of the
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model to properly simulate the true process, the criterion value may vary
from point to point so that what we have is an elongated valley-like phenom-
enon, Due to the inabiTity of the search technique to proceed, termination
of the optimization will occur prematurely and at different parameter sets
for different starting values.

At this point, the question may be raised as to why this is of any
importance at all and, that if any set of values of Z and X on the floor of
the elongated valley is as good as any other (from a mathematical point of
view), then why the concern? The answer i; that different sets of values of
the parameters are not as good as each other due to two very basic reasons.

To understand the first reason, let us pretend we know the true param-
eter set. Due to the nature of the data being used, there will exist an
elongated valley on the Z-X response surface oriented in some direction,
this direction being dependent on the data. Let us assume that we select a
point on the floor of the valley at some distance from the true optimum (see
Figure 3.12). Now a second data set is selected to be used as a verifica-
tion data set. If the characteristics of this data are different (wetter or
drier, for example), the valley will still pass through the true parameter
set but will be oriented differently. Hence, the selected parameter set
will no longer be part of the indifference set for the new data and, if
used, will give nonoptimal forecasting results, due to poor reproduction of
the percolation process.

The second reason concerns a topic only briefly mentioned earlier,
i.e., the high degree of parameter interdependence that exists as a result
of the nature of the mathematical formulations. Parameter interdependence
implies that, if there is an error in the estimation of one parameter, there

will be errors in the estimated values of the other interacting parameters
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as a result of the compensating changes required to minimize the total
error. Of course, the magnitude of the errors caused in the values of the
other parameter depends on the extent and importance of the interaction. A
look at the SMA-NWSRFS percolation function reveals the presence of eight
parameters interacting directly through this process. As shown earlier, the
identification of the “"true" values of the ZPERC and REXP parameters is a
difficult, if not impossible, task. If at the same time, the two parameters
have significant interactions with the other model parameters (as they are
expected to have), errors in the estimation of ZPERC and REXP will cause
errors in the estimation of the other interacting parameters. Whether a
manual or an automatic technique is used, parametec§ ident ified are 1ikely
to be unsatisfactory and certainly nonoptimal.

As an example of the implications of these facts to the efficiency of
automatic search techniques, a 1imited study was carried out on the SMA-
NWSRFS model. The same data set and "optimal" parameter values described in
Section 3.6.4 for the SLS case were employed. Figure 3.13 is a plot of the
LZFPM versus LZFSM contour map of the SLS criterion in the region of the SLS
optimal set of parameters. Figure 3.14 is a plot of the same region when
ZPERC 1s changed from 200 to 194, and REXP is changed from 0.61 to 0.59.

The plot indicates very clearly that, when we move to the new point along
the line of equal function values (see Figure 3.7), the contours get much
wider, and lower function values are obtained towards the right-hand side
(compare Figure 3.14 to Figure 3.13). Thus, due to poor estimation of ZPERC
and REXP caused by premature termination of the search technique at the bot-

tom of the extended valley, both LZFSM and LZFPM have been poorly estimated.
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3.7 Reparamete-~ization of the Percolation Equation

3.7.1 Introduction

In Sections 3.1 through 3.3, the concept of structural identifiability
was discussed. In Section 3.6, we have detected that the NWSRFS model is
structurally nonidentifiable o~ near-nonidentifiable. In order to have any
confidence in the identified model, this problem must be resolved. Now, the
index of structural identifiability is the second derivative matrix given in
Equation (3.7). Note here that since z¢(8) is actually a function of both 8
and the chosen input data sequence u(t) = {up, ... ut}T. so too is the
structural identifiability matrix V%SI(Q). Hence, one alternative is to
attempt to use a different input data sequence and _see if that imp~oves mat-
te~s. In cases where one is free to choose the input data sequence, this
method could prove successful. However, in watershed models, such freedom
is usually quite limited. Moreover, it is possible that no improvement may
be observed over the range of feasible data sets. Another alternative is to
restrict the model to one that is structurally identifiable using the avail-
able input data. Note that the simplest way to do this is to assume that
some of the parameter~s are known and to fix them at some nominal values.
However, to do this, one must have some suitably reliable qualitative infor-
mation regarding the values at which they should be set. Further, the solu-
tion of the restricted problem will most likely be suboptimal in relation to
the actual maximum l1ikelihood values of the parameters. A more suitable
solution that may, in some cases, result in improved structural identifia-

bility of the model set is reparameterization of the model.



91

3.7.2 Theoretical Basis fo~ Reparameterization

Reparamete-~ization involves the selection of a transformation in the
paramete~ space, i.e., the selection of a new paramete~ vector ¢ = R(8) such
that the model set M(g) has improved par~ameter identifiability over the
model set M(8). It is important to note that reparameterization does not
imply that the model structure or behavior need to be changed or simplified,
although model simplification or restrictions to the feasible model set can
be viewed as subsets of the set of available reparameterization alterna-
tives. The mathematics involved in reparameterization are described below.

Consider~ a model M: o, U » Z, parameterized by a set 6 ¢ 0. Let
R: © + ¢ be a mapping from the space of parameters -6 51(9 to the space of a
new parameter set ¢ eRP, where R is the reparameterization operation and
hence ¢ = R(8). The reparameterized model is then given by M: &, U » Z.
Using the chain rule for differentiation, it is easy to show (note that

veSI = ze~0) that:

2

T 2
Y

SI=v.6 V7

o g SI * v¢e

It is desirable that the chosen reparameterization operation R be chosen to
be one-one invertible since, in this case, the solution in the ¢ space can
be translated into the solution in the & space (possibly for interpretation
of results). It is interesting to note that if i is the maximum likelihood
value of ¢, then by the operation §,= Rfl(é), we can obtain é, the maximum
likelihood value of 6.
The objective of the repar~ameterization operation is to improve the

structural identifiability of the model set. Hence, we shall restrict our-

selves to "allowable" reparamete~izations, i.e., those which "improve" the
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properties of the structural identifiability matrix. In particular, we

shall be interested in reparameterizations for which,
ni(¢) < ni(e) M. (3.83)

This is the sensitivity ratio discussed in Section 3.3.3 and will be used as
the index to measure the improvement in overall identifiability of the

model.

3.7.3 Methods of Applying Reparameterization

There are two methods by which the chosen model reparameterization can
be implemented. They are:
(1) Rewriting of the model computer program in terms of the
newly-parameterized structural equations.
(2) Retaining the model equations in terms of the original
parameterization and rewriting only the derivatives of
the model output with respect to the new parameters by

means of the chain rule of calculus, i.e.,

Step 1: o = R-1(g) (3.84)
z(8) = M(8,V)

step 2: v, 2= L Fl(y) (3.85)

Step 3: v42(¢) = vgz(a) Vel (3.86)
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Note that all that is required is the inverse of the reparameterization
function and its first derivatives. The vector v,z is then used to con-

struct the structural identifiability matrix using:

2(¢) (3.87)

viSI(g) = v,2(e) * V.2

¢—

0f the two methods, the first is reasonable only for small methods which can
be easily programmed. Otherwise, it entails an inordinate amount of extra
programming work. The second method, on the other hand, is extremely simple
to implement. Further~, using method (2), alternative parameterizations can

be tested with very little effort.

3.7.4 A Theoretical Look at the Percolation Equation

In Section 3.6, the form of the percolation equation was discussed. In
pa~ticular, it was discussed that by appropriate grouping of the parameters
which were multiplied and added together and by compounding them to form new
pacameters, one could substantially reduce the degree of parameter inter-
action present in the model. However, the discussions in Section 3.6 indi-
cate that the major problem appears to come from interaction between the two
parameters ZPERC and REXP. Since these parameters are neither multiplied
nor added together, the aforementioned approach cannot be used to reduce the
interaction between them. Therefore, a reparameterization is sought which
is consistent with the mechanics of the percolation process equation. For
this analysis, the model SIXPAR will be used.

To illustrate the problem, a graphical representation of the percola-
tion demand and real percolation versus the change in lower zone deficiency

ratio (LZDR) is shown in Figure 3.15 for the cases of UC = UM and UC = M/2.
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The curved lines represent the percolation demand for each of the cases,
while the horizontal line represents the amount of water available in the
upper zone. The maximum percolation that can occur is equal to UM, which is
the maximum capacity of the upper zone. Hence, percolation demand will
always be met for LZDR less than or equal to some value “a" (0 < a < 1) and
will never be met for LZDR greater than "a", (Note: An important assump-
tion here is that the maximum percolation demand exceeds the size of the
upper zone storage UM. If not, the percolation demand will always be satis-
fied by available upper zone water, and a parameter observability problem
would probably not exist).

Thus, ir~respective of the data selected for the estimation procedure,
the parameters of the percolation equation (Z and X, or ZPERC and REXP) are
only influenced by those time periods for which LZDR is less than o~ equal
to "a" (LZDR < a). This means that the amount of data directly influencing
the estimation of Z and X (ZPERC and REXP) is much reduced. Note also that
if UM is small, then so is "a", and the amount of “activating" data will be
even less,

We now examine how this affects the observability of Z and X (the
results follow in a parallel manner~ for ZPERC and REXP), and in particular
why this should give rise to the elongated interacting valley. From Figure
3.16, it is easy to see that fairly large changes in Z do not cause large
deviations of the percolation curve for LZDR < a. These deviations can be
minimized by an appropriate compensating change in X, and the resulting
errons in computed per~colation can become quite small. These errors then
pass through the lower zone storage reser~voir~s before they reach the output.
The damping effects of the reservoir~s ensure that the effects of the errors

are very small and hence do not appreciably affect the objective function.
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As a result, the response su~face will have an interacting valley in the Z-X
pltane with virtually equal function values, formed by an extremely elongated
contour "ellipse" with its ends well outside the ~egion being examined.

It is obvious that, in order to make the parameters more observable, an
appropriate reparameterization is requirted so as to make the response sur-
face better conditioned. In particular, a parameter is required which is a
function of both Z and X and which represents the direction along the valley
floor. This parameter should replace the relatively insensitive parameter
Z. Proper scaling of the new parameter should allow reasonably elliptical
contours of the objective function in the neighborhood of the "best" param-
eter set. Anothe~ factor that must be borne in mind is that the parameter
chosen should preferably have some conceptual significance.

From Figure 3.15, it is clear that there is one invariant present which
is unaffected by the amount of water available for pe~colation. This is the
value "a", Clearly, "a" represents the value of LZDR at which the percola-
tion demand and available water curves inter~sect. This value has some nice
properties:

(1) It is scaled between ze~o and one. This means that a

reasonable initial estimate fo- "a" can be made because
it is bounded. Z, on the other hand, can vary between
zero and infinity,

(2) It can be easily used to calculate approximately how

much information was in the data which was useful for

estimating the percolation process parameters.

The scaled prope~ty means that large changes in Z correspond to much

smaller changes in "a" (see Figure 3.16, thus making "a" far more sensitive
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than Z, It is clea~ from Figures 3.15 and 3.16 that an extremely large

amount of data would be required to make Z better dete™mined because of the
fact that UM is in most cases going to be less than A(1+Z), i.e., maximum
percolation demand. Even if the conditions of upper zone being full and
lower zone being empty are ever experienced (which is very unlikely), the
actual percolation taking place is controlled by the parameter UM and not by
the parameter Z.

The relationship between the parameters "a", Z, and X, is now de~ived.

The per~colation equation is:

Perc = A.[1 + Z.(L20R)* 135 (3.88a)

where A = (LM , LK),
Let the contents of the upper zone be equal to UC. Percolation demand

will be equal to UC when LZDR = "a", Hence,

U = A1+ 2.0 S (3.88b)
Simplifying:
2 = [%—j—"]l/x (3.89)
or:
7= [%,.TA] (3.90)

Substituting for Z in the pe~colation equation (3.88):



4 -
perc = [ [A + (UM - Ay, (LZ0R) ].ﬁ—ﬁ for all LZDR < a
a
L.UC for all LZDR > a. (3.91)

Notice that, due to this reparameterization, there is no need to calcu-
late a percolation demand value, as the true value of percolation depends
simply on whether the LZDR at any time is greater than o~ less than param-

eter "a".

3.7.5 Response Su~face Analysis

L4

The reparameterized percolation equation was programmed into the model
SIXPAR in place of the original equation. Using the same parameters as in
the earlier synthetic study (Z = 50), the calculated value of "a" is 0.31.
The input-output data were used to generate the "a"-X contour map of the SLS
criter~ion, based on equal percent changes of the nominal values of "a" and
X (see Figure 3.17). The response is seen to be very sensitive to changes
in "a" but relatively insensitive to changes in X. A similar contour map
for "a" = 0.6 is shown in Figure 3.18.

At first glance, these results appear to be rather disappointing, as in
both cases an elongated direction of low sensitivity is present. However,
an encouraging obser~vation is that in both cases, the direction of low sen-
sitivity exhibits very low interaction.‘ We observe that the response is
very sensitive to percent changes in the value of "a", but is relatively

insensitive to per~cent changes in the value of X. Obviously, a rescaling of

either of these parameters is required so that more circular contours are
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Figure 3.17. SLS contour map of a - versus - x for nominal
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obtained. This should not be difficult in this case, as the angle of inter-
action is small,

The important result of this reparameterization which should be empha-
sized here is that it has reduced the parameter interaction to a minimal
value, thus enabling a proper scaling of the parameters to be employed to
change the contour shapes. In the case of the Z-X parameterization, the
degree of interaction was significant and varied substantially. Hence, in
that case, scaling to make the contours more circular was not possible
(i.e., when interaction is large, rescaling of a parameter only chandes the
angle of interaction and does not help to reduce the length of the valley

significantly).

3.7.6 Rescaling of Paramete~ "a"

If the search technique uses a constant step size, there is no problem
regarding the selection of an appropriate scale for "a", as a relativély
smaller step size can be chosen. However, it is common, as in the applica-
tion of the SMA-NWSRFS model, that step sizes which are per~cent changes of
the existing parameter values are used. Thus, step sizes increase as the
paramete~ size increases, and vice versa. In this case, a reparameterization
“R" is required for “a" such that close to the “best" set, the response of
the objective function to a percent change in the value of “"R" is similar to
the response to a per~cent change in X.

Let “R" be the new parameter. We require that:

AR, sa. ¢ (3.92)
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where § = scaling factor, so that a one-percent change in "a" will cor~respond

to a S(>1) percent change in "R", Integrating both sides, we obtain:

1n(R) = S.ln(a) (3.93)
R = as (3.94)
Hence, a = RL/S (3.95)

So, the percolation equation becomes:

e = UM - A Xq UC
Perc [A + (—EYTE')'(LZDR) ].UM for all LZDR < a

uc for all LZDR > a (3.96)

Using the scaling facto~ S = 5, the R - X contour map of SLS criterion
function values was obtained (Figure 3.19). [Note: nominal value R = a2 =
0.0028]. The improvement in contour shapes is dramatic, and the use of a
highe~ scaling factor is likely to r~esult in even more circular contours.

Prior to implementation of a search routine, the value of the scaling
factor "S" giving "optimal" contour shapes is, of course, unknown. Hence, a
nominal value should first be used and, when the search has terminated, the
relative sensitivities of "R" and "X" tested. If "R" is much more sensitive
than "X", then the scaling factor should be increased and an attempt made to
continue the optimization. Alternatively, the testing could be built into
the sea~ch routine and carried out at prespecified occasions during the
optimization, such as wheneve~ a decision to reduce the step sizes of the

parameters is made.
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Hence, it has been shown that appropriate r~eparameterization and scal-
ing can be effectively used to obtain a bette~ conditioned response surface
which is more suitable for the application of direct search algorithms., It
seems reasonable to expect that such an algorithm will have far less diffi-
culty in searching for the optimum and is less likely to temminate prema-
turely. Also, the likelihood of obtaining unique parameter sets is
enhanced, since at least one major cause of premature algorithm termination

has been removed.

3.7.7 Experimental Testing of the Reparameterized
Percolation Equation

3.7.7.1 Structural Identifiability Analysis

Using the data set RAIN-1 and the original parameterization (identified
as Pl), the structural identifiability of the model SIXPAR was computed.
The condition numbe~ of the mat~ix and the index of multipar~ameter inte-~-

action were:
CN = 1.8 x 109 (LN = 42,000)
MPI = 2,8 x 10~%

The two parameter concentricity indices and iteraction indices (Sorooshian
and Arfi, 1982) are presented in Tables 3.4 and 3.5. Also, the sensitivity
ratio for each of the parameters, along with the parameter confidence inter-
vals and marginal confidence intervals fo~ the hypothetical case of Gaussian
output error (as described in Chapters 3 and 5), are presented in Table 3.6.
Finally, the parameter correlation mat~ix for the case of Gaussian output
error is presented in Table 3.7. The results clearly show that the percola-

tion equation parameters Z and X ar~e nearly non-identifiable., The condition
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TABLE 3.4

for Parameterization P1 (0 = worst, 1 = best)

w L]
UK 0.04 .
BM 0.44 0.04 .
BX 0.01 0.41 10-3 .
z 0.01 10-¢ 0.02 10-%
X 0.73 0.04 0.79 0.02 10-3
UM UK BM BK 1
TABLE 3.5

Interaction Indices in the 2-Parameter Subspaces

for Parameterization P1 (1 = worst, 0 = best)

UM .
UK -0.01 .
BM -0.72 0.00 .
BK -0.02 -0.12 -0.02 .
4 0.00 0.00 0.00 0.00 .
X -0.42 0.00 0.86° 0.00 0.02
UM UK BM BK 1
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TABLE 3.6

Indices of Marginal Confidence (MCI;) and Confidence
(CIj) at the 95% Level and the Sensitivity (nj) for
Each Parameter of Pl

Parameter True Value MCI; (95%) CI; (95%) nj
UM 10.0 $0.819 o 3,991 o 4,874
UK 0.5 +0,040 o 0,134 ¢ 3.393
BM 20.0 1,103 ¢ 5,692 ¢ 5.160
BK 0.2 0,017 o +0,076 o 4,500
z 50.0 +63.154 ¢ $1257.7 ¢ 19.914
X 3.0 1,050 o £é1.171 o 20.162

[+

standard deviation of output error

TABLE 3.7

Paramete~ Correlation Matr~ix fo~ Parameterization Pl

UM 1.0
UK  -0.83 1.0
BM  -0.48 0.49 1.0
BK  -0.17 -0.01 -0.71 1.0
Z -0.02 0.04 0.17 -0.24 1.0
X -0.09 0.11 0.25 -0.26 0.99 1.0
UM UK BM BK z X
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numbe~ CN is rather large, while multiparamete~ interaction as indicated by
MPI is quite strong. From Table 3.6, we see that both Z and X have very
poo~ precision. Further, while the precision ratios for parameters UM
through BK a~e of the value of about 4, the precision ratios for Z and X are
both around 20, indicating that these two parameters are the major contribu-
tors to par~ameter interaction. This is further supported by the correlation
index between Z and X, which is 0.99, indicating near-determministic inter-
action between the two. It is interesting to note that concentricity and
interaction matrices a~e, in this case, not as useful as the other indices
in detecting the poo~ly identifiable parameters.

These ~esults seem to indicate that the problem of structu~al identifi-
ability is essentially related to the percolation equation pa~ameter~s and
that the remaining pa~ameters are properly identifiable. So, the next step
in the analysis was to evaluate the proposed reparameterization of the per-
colation equation.

The new parameterization will be identified as P2, The structural
identifiability mat~ix of the reparameterized model SIXPAR was computed.

The condition number of the new matrix and the new index of multiparameter

interaction were:

CN = 5.0 x 105 (LN = 700)
MPI = 2,25 x 10-2

The value of the condition numbe~ has dramatically improved (four orders of
magnitude), indicating a 60-fold reduction in the ratio of largest to small-
est axis of the hyperellipse. Correspondingly, the multiparameter interac-
tion has reduced (improved) by two orders of magnitude. The other identifi-

ability indices ar~e presented in Tables 3.8 through 3.11. The
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TABLE 3.8

Concentricity Indices in 2-Parameter Subspaces
for Parameterization P2 (0 = worst, 1 = best)

UM
UK
BM

BK

0.04 .
0.41 0.04 .
0.01 0.41 10°3

0.16 0.31 0.12 0.13 .
0.08 10-3 0.10 10-3 0.01

UM UK BM BK 4

TABLE 3.9

Interaction Indices in 2-Parameter Subspaces
for Parameterization P2 (1 = worst, 0 = best)

UM
UK
BM
BK

-0 004
-0073
-0002

0.00
0.12

0.02

-0.02 0.00 0.02 0.00 .
0.00 0.00 0.00° 0.00 0.00

UM UK BM BK z
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TABLE 3.10

Indices of Mar~ginal Confidence (MCI;j) and Confidence
(CI;) at the 95% Level and the Precision Ratio (nj)
for Each Parameter of P2

MCI; (95%)  CIy (95%) nj
UM 10.0 £0.831 o $3.991 ¢ 4.803
UK 0.5 10.040 o $0.134 0 3.350
BM 20.0 $1.119 o #5692 ¢ 5.087
BK 0.2 20.017 o 0,076 ¢ 4.471
7 0.31 £0.131 o :0.283 0 2.160
X 3.0 +10.806 © £21.171 ¢ 1.959

o = standa~d deviation of output error

Paramete~ Co~relation Matrix for Parameterization P2

TABLE 3.11

UM
UK -0.83 1.0
BM -0.48 0.49 1.0
BK -0.16 -0.01 -0.71 1.0
z -0.34 0.33 0.50 -0.29 1.0
X -0.09 0.11 0.25 0.26 -0.06 1.0
UM UK BM BK z X
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reparameterized model is clearly better structurally identifiable than the
original model version. The confidence intervals indicate that parameter A
can be much more preciseﬁy determined than parameter Z.. The A-X parameter
correlation is almost zero and there are no extremely high correlations.
The precision ratios for parcameters UM through BK have remained approxi-
mately the same from Pl to P2, but have improved considerably for the
remaining two parameters. The interaction indices have, by and large,
improved as well, However, some of the two-parameter subspace elongation
indices have deteriorated a bit, One final observation is that the param-
eter X seems to be relatively much less sensitive than the other model
parameters. It is possible that the sensitivity of, parameter X might be

improved if a data set with different characteristics is used.

3.7.7.2 Parameter Estimation

First, the original model parameterization (UM, UK, BM, BK, Z, X) iden-
tified as Pl was compared to the new parameterization (UM, UK, BM, BK, A, X)
identified here as P2, The parameters UM through BK were started at their
“true" values, while parameters Z and X (A and X) were started at 45.0 and
3.5 (0.3784 and 3.5), respectively. The results of these runs are reported
in Table 3.12. As the structural identifiability analysis of Section
3.7.7.1 predicted, the algorithm was unable to recover the true parameters
using the Pl parameterization, while it converged rather rapidly to the true
values using the P2 parameterization., (learly, parameterization P2 is

superior to par~ameterization Pl,
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CHAPTER 4

THE STOCHASTIC PARAMETER ESTIMATION PROCEDURE

4.1 Introduction

In Section 1.2, we began by describing the identification problem as
one of identifying a model M of a physical process 529 (e.g., the watershed
rainfall-runoff process) for which certain characteristics such as inputs u
(e.g., precipitation) and outputs z (e.g., streamflow, evapotranspiration)
can be observed. We shall assume that a suitable model set M(68) has been
selected and that the chosen model set is identifiable (see Chapter 3 for a
detailed discussion of this issue). Therefore, we are faced with the prob-
lem of finding those parameter values 6 * ¢ © for which the model M(6*) is
"closest" to the observed process 12? . In order to do this, we must spec-
ify a quantitative measure of closeness which can be used as a basis for the
compar~ison of alternative parameter values.

As indicated by the geometric interpretation of Figure 1.1, we can dis-

tinguish between two possible cases:
Case 1: jé? e {M(8), 8 ¢ o} (4.1)
Case 2: Pd Me), 8 e 0} (4.2)

Clearly, the watershed modeling problem and most other problems of practical
interest are associated with Case 2. As pointed out by Baram and Sandell
(1978), however, most model identification techniques rely on the assumption
that the model set under examination contains the actual process 529. If

this is indeed the case, then it is acceptable to conside~ as a measure of

closeness of the model M(6) from the process 529( '529= M(6 true)) the

113
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distance between the paramete~ set 6 and the “"true" parameter values §
“true". Since, in practice, the model set M(8) will usually not contain the
process j?? , there will not exist any such object as a "true" parameter
value on which to base our compa~ison., Hence, we requir~e some alternative
method of compar~ing the models to the process. The most common and practi-
cal approach in this case is to compare the output behavior of the model to
that of the process under similar input conditions. The "best" parameter
set is then deemed to be that for which the model output is closest to the
process output.

Figure 4.1 contains a simple visualization of this concept. Let ug and
zy represent the "true" process inputs and outputs, respectively. It is
assumed that the inputs and outputs are measured at discrete time intervals
(t =1, ... n), The model M(6) operates on the input sequence to generate a
set of model outputs z¢(8) (the dependence on inputs u has been dropped for

clarity of presentation) according to:
z,(8) = M8, u(t)) ¥t=1,...0n (4.3)

where
u(t) = {uj, j =1, ... t} (4.4)

Let us define the model output error (my(8)) as:

m (8) =2z.(8) -z,,%t=1, ...n (4.5)

Clearly, we would like to ensure that the value of model output error is

close to zero at all times. In othe~ words, the model M(68) is considered

"closest" to the process 52? when the difference between its outputs z¢(8)
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24(0)

M(g )

Figure 4.1. Representation of the process by a model
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and the true outputs zy is minimal. Hence, we are required to solve the

problem:

min  {|m(8)], veuus. [my(0)]2 (4.6)

Note that this is a vector optimization problem which is rather difficult to
solve, especially if the number of parameters and the number of output
values to be compared is large. In practice, therefore, we convert the
problem into a simpler one by aggregating over all of the model errors to

define a scalar measure of closeness F., The problem, therefore, becomes:

min F = F(m(8), .... my(8)) = F(m(8)) (4.7)

6e0

where F is some (nonlinear) function of the model errors m(8) = {m(8),
cerece M (B)),

Now, by specifying F as a measure of closeness of the model to the pro-
cess, we will have converted the identification problem into an optimization
(minimization) problem. However, we must ensure that the function F is
carefully chosen so as to result in a well-defined optimization problem.
Clearly, there are many possible functions that might be chosen for F.

There are, however, no clear guidelines at this point on how F should be
chosen,

It should be noted here that the model error m(8) arises due to two
possible reasons:

(1) the model set M(8) does not contain the process; i.e., the model

structural equations are incorrect;

(2) the parameter set 6 is different from its optimal value.
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In the ideal case, of course, there would be no model structural error to
contend with, and the model errors could be driven to zero by an appropriate
choice for 6. We would, therefore, like the chosen function F to have two
important properties. First, it should take on its minimum possible value
(Fmin) if the model errors my, t =1, ... n are all zero. Second, it should
have a unique optimum (minimum) at the "best" parameter values gf. Clearly,
if the model contains structural errors, then we will be unable to find a 8
such that the model output errors are all zero, and so the minimum value of
F will be greater than Fpipe

Conditions on F that will ensure that the function F has a unique mini-
mum in the parameter space are rather difficult to obtain., A sufficient
(though not necessa~y and, hence, restrictive) condition is that the func-
tion F is strictly convex in the parameter space. If the second derivative

2

mat rix veF exists, this condition is equivalent to requir~ing that the matrix

V%F is positive definite everywhere in the feasible paramete~ space. In

general, for an arbitra~y nonlinear (in the parameters) model, this is very
difficult to ensure, since it depends on the particular structure chosen for
the model set. Furthermore, we would like the condition for selection of F

to be independent of the particular model structural equation. Using the

chain rule for differentiation, we can show that if F and m(8) are twice

differentiable,
- T . 2 .
V%F =V (8) + VOF - vm(8)+ G (4.8)
where
2 2
'()m1 am ] (4.9)
{G}" = [—_— X 09
. ? ’ 9
1) 861 aeJ J
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2

Now, in order for ve

F to be a positive definite mat~ix, we require that:
(1) vgm(8) be of full rank;
(2) vﬁF be a positive definite matrix; and

(3) G be a positive definite matrix or be small enough that it is

2

dominated by QEL(Q) *

F o vgm(g).

The first and thind conditions are related essentially to the structural
identifiability of the model (discussed in greater detail in Chapter 5).
Therefore, the second condition is the one of interest here. It states that
we should choose the function F from the set of functions that is convex in
m. The conditions for a function F to be "acceptable" are therefore:

(1) F(m) has a unique minimum Fni, at m = 0; and

2

(2) F(m) is convex in m, or v

F is positive definite for all m,

There are many functions which can be found to satisfy these requirements.

One of the simplest classes of functions, and the one to which many commonly-

used measures of closeness belong, is of the form:

Fe T f
I ¢ (m

t=1

t) (4.10)

where each fy(my) is convex in my, has value zero at my = 0, and is positive
everywhere else. The popular simple least squares function is a member of
this class with fy(my) = (m)2. It is easy to verify that VoF = 2I and that

F(m) is positive everywhere except at m = 0, where it assumes its minimum
value of zero. It is impo~tant to note that if the model set M(8) contains

the process G2, then any "acceptable" function that might be used will
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lead us to choose the same "best" pa~ameter values, i.e., 6" = 6 true. In
practice, however, since the model set will not contain the true process,
different functions will identify different "best" parameter~ values, depend-
ing on the relative importance given to minimizing different terms in the
model error sequence. Hence, great care must be exercised in the selection
of the function based on a clear understanding of the properties of the

model errors that we might consider~ desirable.

4,2 The Stochastic Nature of the Paramete~ Identification P~oblem

As emphasized by Clarke (1973) and Sorooshian (1978), the input-output
data available for~ selection of the parameter values contain significant
amounts of measurement er~rors. The parameter identification problem may
therefore be descr~ibed in the following manner~, with reference to Figure
4.2.

Let u = {u}, ..... up} be a sequence of n input values (e.g., precipi-
tation) to the process & which give rise to a sequence z = {21, ... 2p}
of process outputs (e.g., st~eamflow, evapotranspiration, etc.). Measure-
ments are made of the inputs and outputs. The measurement process intro-
duces random errors into the r~ecorded measurements according to some under-
lying probability laws. Let QZ?U and sz be the input and output mea-
surement error probability laws, respectively. Denote the input measurement

error at time t by ny so that the recorded input measurement is:
u, = ut + nt (4.11)

Similarly, the output measurement error is denoted by ey so that the

recorded output measurement is:
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(4.12)

Hence, the data available to us for the purposes of identification consist
of:
(1) qualitative information about the watershed process;

(2) qualitative information about the measurement process; and

(3) quantitative error-corrupted input and output data.

Now since the output data are corrupted with errors, we no longer have

available to us the "true" values of the outputs. Let us define the model
residual to be the difference between the model output and the measured

output:
re(8) = z,(8) - Z, ¥t (4.13)

Adding and subtracting zy on the right-hand side and using Equations (3.5)

and (3.12), we get:

rel8) = 2,(9) - z,) - (Et - 2,) ¥t (4.14)

mt(g) - e ¥+t (4.15)

Now, as discussed in Section 4.1, the objective of the identification prob-
lem is to find the 8 value for which the model errors m.(8) are “close" to
zero. However, due to the presence of méasurement error, the model error is
not directly observable. We must, therefore, find some method which allows
us to manipulate the residuals (which are observable) with the effect of

driving the model errors close to zero. We note once again that since in
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practice the model set does not contain the process, we shall not be able to
drive the model errors completely to zero. It is important to bea- both of

the above factors in mind when selecting a measure of closeness.

4,3 Parameter Identification Methodologies Available

As emphasized in the previous section, the chosen measure of closeness
should, if possible, reflect the a priori knowledge (or lack of it) that we
have about the system under study. There are two basic elements which we
have to consider in the parameter identification process. They are:

(1) Nature of the model structure--does the model relate inputs to

outputs in a detemministic or a probabilistic manner, and does
the model set contain the process; and

(2) Are the input-output data accurate enough to be considered

deterministic, or do they contain significant measurement

errors.,

The major~ methodologies developed by the scientific community to handle
various cases are indicated in Table 4.1 (adapted from Eykhoff, 1982). The
level of computational difficulty involved in the implementation of these
methodologies increases down the 1ist. The use of the SLS and other sub-
Jjectively-chosen measures of closeness for the identification of conceptual
rainfall runoff models is indicated by Case 1. The approach taken by
Sorooshian (1978) and Sorooshian and Dracup (1980) fits into Case 2. The
work of Goldstein and Larimore (1980) and Posada and Bras (1982) fits into
Case 3. To the knowledge of this author, no application of Case 4 has been

reported.
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TABLE 4.1

Measures of Closeness Associated with Different Kinds of Models and Data

Case

1/0 Data

Model Structure

Model Parameters

Appropriate Measure
of Closeness

I1

111
Iv

Deterministic

Stochastic

Stochastic

Stochastic

Detemministic

Detemministic
Stochastic

Stochastic

Deterministic

Deterministic
Dete~ministic

Stochastic

Any "acceptable"
function

Likelihood function
Likelihood function

Bayes function



124

Table 4.1 indicates that for models wherein the parameters are
deterministic unknown constants, the method of maximum 1ike1ihbod is a very
powerful approach. Furthemore, as Edwards (1972) and Bar~am and Sandell
(1978) point out, the maximum likelihood procedure is the only methodology
so far available in systems theory which does not require the assumption
that the process be a member of the hode1 set. It does, however, require us
to make some assumptions about the nature of the underlying measurement
error probability laws.

It is important to point out here that in the application of the Case 3
approach wherein the model structure is considered to be stochastic, the
exact maximum likelihood approach is, to date, only practically feasible for
linear models with Gaussian structural error. In the work of Goldstein and
Larimore (1980) and Posada and Bras (1982), an approximate maximum likeli-
hood procedure was applied based on the linearization approach of the
extended Kalman filter (Kitanidis and Bras, 1978). Although the incorpora-
tion of the assumption that the data are stochastic has been shown to result
in significant improvements over the usual SLS approach by Sorooshian and
co-workers, the marginal benefit of adopting the more computationally
demanding Case 3 approach has not, in the opinion of this author, been suc-
cessfully demonstrated. In this work, therefore, the emphasis will be laid
on improving on the Case 2 procedures currently available for conceptual

rainfall-runoff model parameter identification.

4.4 The Method of Maximum Likelihood

Consider a process that is completely described by a probability law
g?;, which generates objects X that are random variables. Our object is

to identify a model P(X|8) parameterized by 8 of the process GPy. The
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information which is available consists of a data set D = {x}, ..... x5} of
n independent observations of the objects X. This set D is a particular
realization of the possible data sets that might have been realized due to
the fact that X is a random variable. The practical identification problem
is to determine that model P(X|6) which most likely gave rise to the
observed data set, i.e., we would l1ike the model to be capable of generating
objects, say "Y", that are closest to being "statistically identical" to the
observed objects "X" (two objects are defined to be statistically identical
if they obey the same probability law). The method of maximum likelihood
pursues this objective by maximizing over the space of all models (for
instance, over a feasible model set) the "likelihood" that the model-gener-
ated objects "Y" are statistically identical to the observed objects "X".
In other words (Baram and Sandell, 1978), given a model set P(X|6), we
choose the parameters gf such that the information in the observations for
distinguishing between the model P(Xle*) and the process SZ?X is minimal,
Therefore, we would like to choose the measure of closeness in such a
way that it makes the most use of the information contained in the available
data. The function which does this is described in the statistical litera-
ture as the "likelihood function", according to the following proposition

(Edwards, 1972):

Proposition (the likelihood principle): Within the

framework of a statistical model, all of the infor-

mation which the data provide regarding the relative
merits of differential hypotheses (e.g., different
parameter sets) is contained in the likelihood

function of those hypotheses given the data.



126

The form of the likelihood function is described by the following
definition:
Definition: The likelihood function - (8|x) of a
hypothesis given an observation x and a specified model
P(x]6) of the probability law QZ?X is proportional to
P(X|6), the constant of proportionality, “K" being

arbitrary,
Hence, the likelihood function is given by:

L(8]x) =k P(x|g)' ‘e (4.16)

Note that whereas P(X|6) is a function of the variable X, -2?(§jx) is a
function of the variable 6 to be detemined. The likelihood function is
therefore a measure of the information contained in the observation x about
the value of the parameter 6.

Now, the data set D = {x] .... xp} consists of n observations of the
random var~iable X, their~ joint distribution being given by P(D|6). If the

observations are independently distr~ibuted, then:
= 0 4.17
P(D|E) = ‘i:]. Pi(x‘i|§-) (4.17)
and hence the likelihood function is:

Zlelp) = 121 £ (8lx)) (4.18)

In order that the information about the parameters @ be additive over the
observations, it is common to work instead with the natural logarithm of the

1ikelihood function, i.e.,
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L(6D) = sn & (8]D) (4.19)
= g £n f(glx.) (4.20)

i=1 !
= igl £n Pi(xilg) + constant (4.21)

Here, L(8]|D) is the information available about the parameters 8 contained
in the finite number~ of observations contained in the obser~vation sequence
D. 1In order to condition our choice of & on the entire sample space of X
and not just on a particular observation sequence, we can define the

expected supported for the hypothesis 6 by:

s( L, L(8]x) = ExiL(8]x)} (4.22)
FL |x) + @P(x) - (dx) (4.23)
X

where X is the feasible space for x, and Eyx is the expectation operator over

X. Substituting for L(6|x) from Equations (4.16) and (4.19), we get:

S( Py L

) = £ aP(x|8) &P ,(x) dx + constant (4.24)
X

as the measure of support for the parameter set 8.
Using Equation (4.24), the Kullbach-Leibler measure of mean information

(Akaike, 1974) is defined by:

st Py; Py)-sl Ly, r(e

TL Ly p(]6)]

81 (4.25)

s {2an Qx(x) - 2nP(x|8)] Qx(x) dx (4.26)
X
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Note that E;Pt-;~] is always greate~ than zero unless the model is
identical to Q?& over the entire space X, in which case it is equal to
zero. Hence, P(x|8) will be closest to EZ?X (in the expected information

sense) if 577~;~) is minimum, or hence S[ QZ&; P(-

8)] is a maximum, An
arbitrarily close approximation can be computed for the expected support
function without knowing the actual process gZ&, as follows (Akaike,

1974):

LE o P4

S = 11W i Pi(x;]8) + constant .=}1; L(8[D) + constant (4.27)

whe~e

LimS = S(  GFy; P(

) (4.28)

Note that maximization of S is equivalent to maximization of the likelihood

function L(8|D). Hence, solution of the problem

N
max L(8[D) = £ 2an P.(x.l8) + constant 4,29
nex L(8[D) = I an Pylx;19) (4.29)

will give us the closest model P(x|8) to the process &P, conditional on
the chosen model set and the available set D of random variable observa-

tions.

4.5 Likelihood and the Identification of Dynamic Models

4.5.1 Introduction
The objective of the likelihood app~oach is to infer which of the

available models "most l1ikely" gave r~ise to the observed random variables,
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i.e., it chooses the model (parameters) that is (are) best suppor~ted by the
available information., In Section 4.3, we indicated that the random varia-
bles in the watershed modeling problem consisted of the input and output
errors as described by Equations (4.11) and (4.12), respectively. Now, the
measurement consists of two parts, the first being a deterministic time
varying quantity representing the true input or output, which we shall
assume is associated with a deterministic physical process (the watershed),
and the second being a random quantity associated with a probabilistic pro-
cess. Hence, the object we must model consists of two parts: (1) the pro-
cess (water~shed) model, and (2) the probability law model of the measure-
ments, since both of these parts taken together are requir~ed to describe the
probability dist~ibution of the measurements. From Equations (4.11) and
(4.12), we obtain:

@)= L - (4.30)

n

and

@ (e) &(i-2) (4.31)

e '— e

In practice, we will not know the true probability laws and will model them

by some suitable parametric probability model as:

Po(nl¥,) = P (TT - ully,) (4.32)

and

Polelv,) = P ([Z - 2]ly)) (4.33)
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where y,, and y, are parameters of the probability models. Also, the
quantities u and z are assumed to be generated by some deterministic under-
lying processes parameterized by 6, and 8, respectively. Hence, the com-

piete models of the distributions of the measurements are given by:

P (nly,.8,) = P (T - u(e)]y,.8,) (4.38)

and

9 ) (4.35)

Note that the model of the output error depends on the pa~ameters of deter-
ministic input process through the input-output process model relationship
(Equation 4.3).

To der~ive the likelihood function, we require the joint distribution of
the input and output e~rors. In the case of the watershed model, it is rea-
sonable to assume that the input and output measurement errors are indepen-
dent, In this case, the likelihood function to be maximized is given by

(dropping the arbitrary constant):

L(l’u’lz’_e_u’_glo) = n Pﬂ([i - _ll(_e_u)]liuogu

(4.36)

+ 2n P-e_([:z: - _2_(_9_.9 )]li ’_9_:_9‘]
4,5.2 Input Measured Without Error
In the case that the input er~ror n is zero o~ insignificant compa~ed to

the model and output errors, the likelihood equation to be maximized
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simplifies to:
z

L(w,, 81D) = 2n P ([Z - z(8)]]v,.8) (4.37)

Maximization of Equation (4.37) will result in the jointly identified water-
shed process and output error model that is best supported by the available

data set D. It is easy to show that this also results in the watershed
model for which the model error is closest to zero. Let the structure of

the output error be given by:
e, = e(}&) +a (4.38)

where é(i&) is the "most likely" value of the measurement error, and
a = {a], <.« 3ap} is a sequence of independent identically distributed random

variables. From Equation (4.38), the distribution of a is:
Palalvy»8) = Po{LZ - 2(8) - e(v,)]]v,.8) (4.39)

Therefore, maximization of Equation (4.37) is identical to maximization of

Equation (4.39) and, hence we may rewrite the likelihood function as:
L(¥,,8) = an P (Z - 2(8) - &(¥,)|¥,.8) (4.40)

Now, from Equations (4.5), (4.12), and (4.38), we have:

Z-2(8) - &v,) =-me) +a (4.41)

If the temm (z - z(8) - §(i&)) is made equal to a, then from Equation (4.41),
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we see that this implies that the model error m(6) is made zero.

Hence,

maximization of Equations (4.37) or (4.39) results in maximization of the

likelihood that the model error is zero.

In order to completely specify the identification problem, the under-

lying structures for z(6) and é(gz) need to be specified. The structure

of z(8) is already given in Equation (4.3). 1In this report, it will be

assumed that the error sequence ey can be modeled as being generated by the

perturbation of a nonlinear (or linear) model (often called a filter) by a

white-noise sequence wy, with most likely value zero, i.e.,

& = N(¥,00p 1084 00 coue 4 W)
Hence, the most likely value of ey is given by:

et(w) = N(iz’et'l ’et'2’ eee Wt)

and since Qt= zero:

e (W) = N(¥,,€4 1,84 5y «uud)

where

(4.42)

(4.43)

(4.44)

(4.45)

The error structures used by Sorooshian (1978) and Fulton (1982) were mem-

bers of this class, where the function N(-) was a linear equation.

The complete statement of the stochastic pa-ameter identification

problem is therefore:



where &, =7z - z./(8) - €, (v,) (4.46)

é{‘pz) = N(Ez’ét'l’ “‘)

€ T Zp-y - zt_j(g)

4.5.3 Inputs and Outputs Contain Error

The problem of identification when the inputs and outputs contain
errors is significantly more difficult than the case when inputs are error
free. Approaches to dealing with this case have been proposed by Gertler
(1979), Otter (1981), and Soderstrom (1981), among others. The work of
Gertler (1979) relates to closed loop identification and is applicable to
control problems. The approach suggested by the latter two authors is to
model the input sequence as the output of a linear or nonlinear model per-
turbed by white noise and to use a Kalman filter-type approach to identify
the distribution of the input errors. This approach, however, requires that
the process model be also treated as a stochastic model, and hence a joint
state-parameter identification procedure is necessary. Goldstein and
Larimore (1980) applied this technique to a stochastic version of the SMA-
NWSRFS model. However, it was found (Lérimore, 1981) that the model perfor-
mance was better when the input was assumed to be deterministic, It is the
opinion of this author that the problem of modeling the input is probably

more difficult than the problem of modeling the watershed process and that
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the possible gains in forecasting ability are significantly offset by the
difficulty of solving the identification problems. Hence, it will be
assumed throughout the rest of this work that the input error is insignifi-

cant in comparison to the output and model errors.

4.6 Discussion of the Likelihood Approaches Suggested by
Sorooshian (1978) and Fulton (1982)

4.6.1 Introduction
Sorooshian {1978) and Fulton (1982) both assumed that the streamflow

errors belonged to a Gaussian distribution with zero mean and unknown covar-
iance. Sorooshian (1978) proposed that the errors be modeled by a linear

autoregressive model of the form:
et = p et.1 + 3¢ (4.47)

where p is the first-lag autocorrelation parameter that indicates the degree
of systematic error in the measurements, and a; is a Gaussian, zero mean,
uncorrelated sequence with Var [a,] = oﬁt. Using this basic structure,
Sorooshian developed two different 1ikelihood functions, the first called
the AMLE (o~ MLE 1) for the case of correlated errors with homogeneous vari-
ance [c% = cz¥t], and the second called the HMLE (or MLE 2) for the case of
uncorrelated [p = 0] inhomogeneous variance errors. These functions are
contained in Appendix 6. Sorooshian and Dracup (1980) reported good perfor-
mance of these procedures in simulation studies. An application of the pro-
cedures to the identification of the SMA-NWSRFS model indicated that the
HMLE procedure was superio~ to the AMLE or to the commonly-used SLS approach
(Sorooshian, Gupta, and Fulton, 1983). This indicated that heteroscedastic-

ity (inhomogeneous variance of the errors) was a fa- more serious problem
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than was error corr~elation. However, significant correlation was also
present in the residual time series, indicating that both issues should be
simultaneously addressed. Fulton (1982) proposed a procedure to handle both
correlation and heteroscedasticity and also extended it to handle multiple-
lag correlation. This analysis revealed some instabilities in the original
HMLE procedure reported by Sorooshian (1978). The HMLE function (see Appen-
dix 6) requires the estimation of a weight wy to be given to each squared

residual based on its expected variance where the weight takes the form:

[N

w, = & = 0333201y (4.48)

where A and o are parameters of the output error probability model. Under
the Gaussian assumption, the best estimate of E{Et} is given by zt(é) where
§ are the maximum likelihood values of the parameters of the model.

Sorooshian (1978) suggested the use of z¢(8) in place of E{Ei} at each iter-

ation of the solution procedu~e. Fulton (1982) proposed divergence of this

procedure when tested on the SMA-NWSRFS model and proposed instead that the
measured output values 3t be substituted for E{zt}. The procedure was shown

to be stable under these conditions (Sorooshian, Gupta, and Fulton, 1983;

Ibbitt and Hutchinson, 1983). However, no analysis of the bias introduced

by this assumption was presented.

4.6.2 Bias Caused by Fulton's (1982) Proposed Modification
The weights to be employed in the likelihood functions of Sorooshian

(1978) and Fulton (1982) are given by:
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W, = (2

2(x-1
. y2(A-1) (4.49)

t

where it = E{zt}. Fulton proposed the use of the following weight estimate:

W, = (;t)z(x-1) (4.50)

Now, ii is a Gaussian random variable with mean equal to it and variance

equal to °t2

series to second order, we obtain:

. Expanding Equation (4.50) about the point (it, wt) in a Taylor

x
1

x

"

200-1)(2,) 2733, - 7]

+

(A=1)(22-3)(3,) 2743, - 2,12 + ... (4.51)
Taking the expectation of both sides,

" - s y2x-4 2
E{Nt} - Nt = (X-l)(Zk-3)(zt) oy (4.52)

Now, substituting for °t2 from Equation (4.48), we get:

- 2
E(W,) = W, + (Abl(Z2-3)o (4.53)
t) R (3,%)

The above expression indicates that the second order bias in the estimate of
the weights obtained using the approach suggested by Fulton (1982) is posi-
tive and can be quite large fo~ small flows, non-negligible variances, and

for A << 1,0, For example, when A = 0, we obtain:



137
(4.54)
and

EH,) = W, + 30%/(3,)2 (4.55)

Note that for ol = 0.58, the bias is of the same order as the true value of
the weight for all values of output level it.

The above discussion is based on a simple second or~de~ analysis. A sim-
ulation experiment to ve~ify this analysis and to establish its potential
impact on the identification procedure was conducted as follows. A thousand
values for zy were generated uniformly on the range (30,60). Next, a

sequence of Gaussian pseudo-random variables a; was generated with zero mean

and unit variance. Now, from Equation (4.48), we have:

0,2 = (zt)Z(H)c2 ¥ ot (4.56)

and hence the following equation was employed to create the output errors
with the correct variance property:
- (1-1)

These were added to the true outputs to obtain:

7, =2, + ()N Lo gy (4.58)

The 2

t values obtained using Equation (4.58) were used to compute the weights
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of the HMLE function, and the parameter ) of the probability model was
estimated by maximization of the 1ikelihood.
Two sets of experiments were conducted. In the first, the true value of

A was chosen to be 0.5 and in the second X = 0.1. For each case, o was

varied with values (0.005, 0.01, 0.05, 0.1, 0.2). Note that for A = 0.5,
this corresponds to otz = 0.5%, 1,0%, 5.0%, 10%, and 20% of the true value.
The results are displayed in Table 4.2. The bias in the estimate i is

clearly substantial. This result poses a dilemma for the person wishing to
employ the procedures of Sorooshian (1978) or Fulton (1982). 1If z4(s) is
used in computation of the weights, instabilities may occur. If it is

employed instead, the parameter estimates are likely to be biased. In the

next section, a new look is taken at the problem of representing the output

error probability law for streamflow measurements.

4.7 An Alternative Likelihood Procedure for Watershed Models

4.7.1 Introduction

As discussed in Section 4.5, an important part of the identification
procedure lies in the selection of a realistic model of the measurement error
probability law. In the procedures proposed by Sorooshian (1978), it was
assuned that the streamflow measurement error was Gaussian. However, a
closer examination of the streamflow measurement process based on the rating
curve reveals that this assumption is 1ikely to be violated in practice.

The most common method for measuring streamflow in rivers or large
streams is as follows (Linsley et al., 1975). The actual physical measure-
ment made at the river cross section of interest is of the "river stage"',

i.e., the level of the river elevation above some fixed data. These
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TABLE 4.2

A Estimate for Different Aypye and o2 Values

o2 AMrye = 0.5 Atrue = 0.1
0.005 0.570 0.375
0.010 0.590 0.520
0.050 0.650 0.880
0.100 0.710 1.010
0.200 0.790 -
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data are stored in some numerical, digital, o~ analog form by a recording
device, and are converted into streamflow measurements by meaﬁs of a cali-
brated function called a "rating curve" or a "stage-discharge" relation.

For most measurement stations, a simple plot of stage versus discharge is
satisfactory (see Figure 4.3). Such a curve is approximately parabolic but
may show some ir~regularities if the flow regime changes between high and low
flows, or if the cross section is irregular. The “rating curve" for a par-
ticular station must be carefully prepared in advance. It is constructed by
observing stage levels and simultaneously recording the discharge at the
station using current velocity meters and the area of the river cross sec-
tion. These points are plotted on a graph and a simple curve fitted through
them. Clearly, the fitted curve is only an approximation to the complex
relationship between stage and discharge, and some er~ror in fitting the
relationship will exist.

This discussion indicates that there are at least two sources which
introduce error into the streamflow data. The first source is the stage
recording device that may inaccurately measu~e the river stage. The second
source is the inaccuracy in the stage-discharge relationship. We must use
this information to deduce the nature of the probability law of the stream-
flow measurements. Let us consider the recorded stage which is the physical
quantity measured. For a reasonably calibrated measurement device, the
error in each stage measurement is as likely to be positive as it is nega-
tive, i.e., the distribution of the stage measurement error is likely to be
approximately symmetric., Further, it is reasonable to expect the most
likely value of the error to be zero, unless some systematic error is intro-
duced into the measurements due to poo~ instrument calibration. In any

case, the distribution of the stage measurements is likely unimodal and
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Figure 4.3. Typical stage-discharge relationship
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symmet~ic with mode close to zero. This stage measurement is converted into
a streamflow measurement by means of the nonlinear rating curve (Figure
4.3). Clearly, due to the nonlinearity of the relationship, the probability
distribution of the streanflow measurement errors will be positively skewed,
and the expected streamflow measurement will be positively biased. This
skew, or bias, will become more pronounced as the variance of the stage mea-
surement error increases, and/or the nonlinearity of the rating curve
becomes more pronounced. Thus, the assumption of Gaussian error in the
streamflow measur~ement is probably unsatisfactory. It is interesting to
note (Sorooshian, 1978) that as the stage increases, even if the variance of
the stage er~ror is a constant, the variance of the st~eamflow e~ror
increases, thus making high-stage streamflow data less reliable than low-

stage streamflow data in general,

4,7.2 A Probability Law Model for Streamflow Measurements
Let the probability distribution of the stage measurements be given by

Ph(ﬁ) and the relationship between the streamflow measurement (f)tand the

stage measurement (h)t be given by the invertible function:

~

h, = R(y,, Et) (4.59)

The probability distribution P,(z) of the streamflow measurement can be
derived using the theorem on transformation of random variables (see, e.g.,

Guttman et al., 1971, pp. 122-128; C.T. Hann, 1977, pp. 36-38):

P(Z) = P (h = Ry; D) + | I(h:D)] (4.60)
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where J(h:Z) is the Jacobian of the transformation from h to z and is given

by:

~ .. _ ah
J(h:Z) = 3z (4.61)
Hence, we get:
o~ ~ 3h
PL(D) = P, (R(y., 7)) ‘5 (4.62)

Now, in order to derive the probability distribution of the streamflow mea-

surements, we specify the probability distribution of the stage measurements
and the equation relating stage and streamflow measurements. We shall first
address the selection of the rating curve model and then the choice of stage
~measurement probability law.

In the interest of keeping the identification problem as simple as pos-
sible, we require a simple, parsimonious model of the stage discharge rela-
tionship. Linsley, Kohler, and Paulhus (1975) remark that a parabolic rela-
tionship is often assumed to be satisfactory, i.e., the relationship is of

the form:

Z. =b,(h, -b,)° (4.63)

where hy and z, are the stage and streamflow discharge, respectively (at
time t) and by, by, and b3 are parameters of the function. This function

can be inverted to find the R function (Equation 4.59) to be:

h = c(zt)Y + B (4.64)
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1y 1/

- Y
1’8' bz’andY- b

where a = 3 are the new parameters of interest.

Using Equation (4.64), we can de~ive the Jacobian of the transformation to

be:
- a3, 1= 1= 1,
{J(Dﬁg)}i- = (4.65)
J zero, i # j
and hence:
~oavy [ TP |
WD) = (a7 (Z,) (4.66)

In order to complete the specification of the probability distribution
of the streamflow measurements, the distribution function Ph(g) of the stage
measurement is required. Since this is unknown, a suitable model for it
must be selected. All that we know about the stage error is that it may be
either positive or negative and has its most likely value close to zero.

OQur selected distr~ibution for gt should reflect the knowledge (or lack of
it) that we have about the errors. The distributions that presuppose the
minimum information about the error structure for various kinds of knowledge
as the error ranges are listed in Table 4.3, which is adapted from Eykhoff
(1982). These are also known as the maximum entropy distribution choices.
The table indicates that if the error tends to be zero, but the possible
range of values is (-w, +«) the distribution that best reflects our lack of
knowledge of the error distributional form is the Gaussian distribution.

For practical purposes, since the error in measurement of stage is likely to

be small compared to the actual value of the stage itself, we can assume

that the er~ors have unbounded range and hence that the stage measurement
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TABLE 4.3

Minimum Apriori Information Choices for
Error Probability Distribution Functions

Error Domain Probability Distribution
(a,b) Uniform
(0,) Negative Exponential

(o,) Gaussian (E{el} < =)
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probability law can be modeled by a Gaussian distribution. This has the
advantage also of providing some deg~ee of mathematical tractability to the
problem,

Hence, we shall model the stage measurement probability law as:

P() = (202« 12 et 2 (hem) e (R (4.67)

where h is the expected value of‘E, (also equal to the true value of‘E) and
Ih is the covariance matrix of‘E. Substituting Equations (4.64), (4.66),

and (4.67) into Equation (4.62), we obtain:

1
-n -
P(D) = (2m) 2| Pexp -}

(4.68)

[(ET - @)D - (a0 1 (3D

where {281}13 is the i-jth element of z;l. A1l that remains is to specify

the covariance mat~ix Iy of the stage measurement,

Now, there is no reason to believe that the stage errors are uncorre-
lated and homoscedastic. However, the problem of dealing with heterosce-
dastic errors for Gaussian random variables is not suitably resolved.

Hence, in this report, it will be assumed that the stage errors have unknown
homogeneous variance, We shall permit, however, the errors to be corre-
lated. Note that even though the stage measurement is homoscedastic, the
streamflow measurement will still be heteroscedastic as discussed in Section

4.7.1, due to the nature of the rating cu~ve. Hence, this model
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incorporates the case where the streamflow measurements are simultaneously

heteroscedastic and correlated. Therefo~e, the error model is:
(4.69)

and

Y
W

= z . .+ 07
t 75 My Tl (4.70)

t
where a; is Gaussian with mean zero and covariance given by:

oz, s=0,t=1, ... n
t{a,a, _} = (4,.71)
tit+s zero, s # 0

and wy is the error in the stage measurement. Now Equation (4.70) can be

rewritten as:

a=A-w (4.72)
where
(1 0. . .. .. .0
-1 1 .
A = -4 -41 1 ' (4.73)
0 0
0 0 -4 -1 1]

Hence, we can derive:



148

, = E{aa'} = A E{wd’) + AT = A, AT (4.74)
Therefore:
-1 _ Ty-1 =1 ,-1
Iy = (A") I, A (4.75)
and hence:
A AT Il A (4.76)

Substituting Equation (4.76) into Equation (4.67), we get:

1

-n/2 1,,2 T,T .-

P (h) = (20 ™2 1AT 1% expt- 3 w'AT £t Aw) (4.77)

and using Equation (4.72) and the fact that |A] = 1,
Py(M) = (21)""2(62)™ 2 exp (- 3 aT 27! ) (4.78)

a

This can be rewritten, using Equations (4.70) and (4.71), as:

~ -n/2, 2y-n/2 I S Y 2
Pp(h) = (2%) 7" "(c") exp { 27 & (w, jfl L (4.79)

Hence, we can derive the probability distribution of the streamflow measure-

ments to be:
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where

a, =W, = I d. W, .
e 3

and
Wy = ol(Z,)7 - (z,)"]

Taking the natural logarithm of Equation (4.80) and substituting z¢(8) for

z¢, we obtain the log likelihood function (see Section 4.5):

L(8,6,x,v,0,° |Z,u) = - DNgn(2n) -0 Lne - T a,(8) “+ntin«
2 2 20 % t=1 ©
n A~
+n eny + (y-1 T an(z 4,81
y + (y-1) 21 ( t) ( )

with a, as defined in Equation (4.80).

This expression can be simplified by defining:

W ()Y - (z(0))7

ve () = 5 - (4.82)

and
(8,0,7) = -t = ( : 4.83
et _QQQY = :Y- = vt - j£1 ¢jvt"j) ( . )

Substituting into Equation (4.81) and rearranging:
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~ 2 n N
L(+|Z,u) = -7 Ln(2 ) -z Ln (2) +n Ly + (y-1) RN

(4.84)

1 ;0,2 2 n 2
-= (8 . T
> (&) YT e

8,2,v)

In Equation (4.84), we find that parameters a and o appear only as a ratio
and are therefore not uniquely identifiable (they both primarily affect the
scaling of the streamflow erro~). Hence, one of them can be chosen arbi-
trarily without any effect on the identification. The simplest form of the
log likelihood occurs for the choice a = 1y, Substituting this in Equation
(4.84), we have the final ver~sion of the log-likelihood function:

2

2~ n n n ~
L(8,%,Y, Z,U) = = = Ln{2n) - = Ln - (1- I #n(z
(8,0,v,0"|Z,u) > (2n) 5 Lno ( Y)t=1 (z,)

(4.85)

[N o =

1 2
- 8,0,
22 th ey (8,0,v)

4,7.3 Implementation of the Likelihood Function for Identification
In Equation (4.85), to evaluate ¢ we require V¢j for j =1, ... q.
In order to compute these terms, we would need to know 20’ coo hi-q' Since
our measurements begin only at time t = 1, we must modify the likelihood
function so that the summations range only fromt = q+ 1 to t = n. Hence,
to identify the parameters of the process and probability law models, we

must solve the following optimization problem:
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n

max L1(8,8,v,62[0) = - (%)tn(2n) - (inc? - (1-v) T an(Z,)

0e0d t=1

oed, (4.86)

>0
Yo -t e
20° t=q+l
where

q
et(_e.s‘pn'Y) = vt(enY) - Jf.l ¢jvt_j(2»'Y)

In order to implement this function, the order q of the autoregressive stage
measurement error model must be selected in advance. It is unlikely that a
model of order greater than 2 or 3 will ever be necessary. It is recom-
mended that at first, orde q = 1 should be selected and that a higher order
be used only if an analysis of the residuals e: of the identified model

reveals significant autocorrelation.

4.8 Experimental Testing

4.8.1 Introduction
In Section 4.7, a new likelihood procedure for the identification of
watershed model parameters was presented. The new procedure is based on the
principle that, in many cases, the streamflow values are‘not directly mea-
sured but are obtained from measured stage (river depth) readings through a

nonlinear rating curve transformation, If the errors in the measured stage
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values ar~e assumed to be approximately Gaussian, then, due to the nonlinea~
nature of the rating curve transformation, the errors in the fecorded
streamflow values will be positively biased (skewed error distribution) and
have nonstationary variances. If a measure of closeness such as the simple
least squares (SLS) function which treats all errors as having constant var-
jance were to be used with such data, we would expect the parameters of the
model to be biased. On the other hand, if the correct likelihood criterion
for such measurement data were to be used, we would expect the parameter
estimates to be close to their true values. In the studies reported here,
the applicability of the new likelihood procedure to the identification of
the parameters of the model SIXPAR was examined, and its behavior compared
to that of the SLS function. The case studied was where the stage measure-
ment errors were Gaussian, uncorrelated, and homoscedastic. Hence, only one
extr~a parameter, the rating curve transformation parameter y, must be esti-
mated from the data. The optimization procedure used was the Levenberg-
Marquardt procedure (Goldstein and Larimore, 1980). The negative of the

likelihood function was minimized.

4.8.2 Identifiability of the Transformation Parameter y

First, the ability to precisely identify the correct value of the
rating curve transformation parameter y was analyzed. The parameters UM,
UK, BM, BK, A, and X of model SIXPAR were assumed to be known and were set
equal to their true values.

The first study was conducted with true value of y = 1.0, This corre-
sponds to the case where the rating curve is linear and hence the streamflow
errors are Gaussian, independent, and homoscedastic. An input data set

RAIN-1 of sample length n = 50 (see Appendix 7) was used to generate the
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observed streamflow sequences corrupted with measurement error according to
the procedure described in Appendix 8. Ten different realizations of mea-
sured streamflow sequenées were used in the study. The variance of the
stage measurement error~ was chosen to be 0.25. For each realization of the
observed streamflow sequences, the maximum likelihood estimate Y of the
transformation parameter y was obtained through optimization of the likeli-
hood function starting at the true value vy = 1.0. The results are tabulated
in Table 4.4, Notice that the values of y* are distributed between 0.59 and
1.61 (a width of 0.57) with a mean value of 0.94. This is a rather wide
variation and suggests poor precision of the parameter y., For eight out of
the ten results, the theoretical approximate 95% confidence interval
includes the true value of y = 1.0, indicating that the wide variation in
the results is due essentially to low sensitivity of the likelihood function
to variations in the parameter v.

A similar study to the one described above was conducted, this time
with the true value of y = 0.5, indicating a nonlinear rating cu~ve. The
results are presented in Table 4.5. The range of values of y* is between
0.15 and 0.67 (a width of 0.52) with a mean value of 0.44., The precision of
the parameter estimates of y is of the same order as in the previous study.

In order to determine the reason for the poor sensitivity of the param-
eter vy, the concentration of flow-stage values along the rating curve was
plotted for vy = 0.5 (see Figure 4.4). The figure indicates that the data
values are clustered closely together at the lower end of the rating curve
with few values towards the upper end. Clearly, the data set does not con-
tain much information about the nature of the transformation. A similar
plot (see Figure 4.5) was created using a new precipitation data set RAIN-4

of sample length 50 which has different characteristics (see Appendix 4).
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TABLE 4.4

Maximum Likelihood Estimates for the Transformation

Parameter v.

(True value = 1.0; data set used = RAIN-1)

.
Realization a Ingigval Function Iterations
1 1.1293 $0.18 38.539 7
2 0.800 £0.17 37.516 9
3 0.9768 *0.18 29.244 8
4 0.5931 £0.19 34.719 18
5 0.9209 *0.18 37.073 8
6 0.9813 *0.17 26.800 5
7 0.9049 +0.19 35.755 10

8 1.1595 0,18 28.563
9 1.0098 £0.19 21.074
10 0.8939 +0.17 31.411
Average 0.9370 #0.18 32.069 8.4
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TABLE 4.5

Maximum Likelihood Estimates for the Transformation

Parameter y.

(True value = 0.5; data set used = RAIN-1)

+
Realization Nl Intzgval Function Iterations
1 0.6264 *0.17 73.133 7
2 0.3059 +0.17 71.447 9
3 0.4609 +0.18 64.540 9
4 0.1470 0,18 70.066 15
5 0.4296 +0.18 70.849
6 0.4801 +0.17 62.160
7 0.3733 +0.19 69.766 11
8 0.6720 *0.17 62.311 5
9 0.4945 +0.19 55.007 5
10 0.3966 +0.17 65.640 5
Average 0.4386 +0.18 66.492 8.3
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Figure 4.4, Distribution of data points of flow (stage) for
data set RAIN-1; vy = 0.5
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Figure 4,5, Distribution of data points of flow (stage) for
data set RAIN-4; v = 0.5



157

The figure indicates that the new data set should contain information that
is more likely to result in precise estimates for the parameter vy.

A third study was therefore conducted using the new data set with y =
0.5. The results are presented in Table 4.6. The 95% confidence interval
has reduced significantly in width from approximately #0.17 to approximately
$0.11.

The results of these studies clearly emphasize that, as with any param-
eter estimation problem, some care must be taken to ensure that the chosen
data set contains sufficient information to ensure the identifiability of
the parameters of interest. In this case, the identifiability of the rating
curve transformation parameter is sensitive to the extent of hydrologic var-
iability in the observed data.

Finally, the shape of the negative likelihood function in the parameter
space is plotted in Figure 4.6. The function appears to be well-behaved,
convex, and unimodal with respect to parameter y, although a little insensi-

tive to pa~ameter variation in the region of the optimum.

4.8.3 Sensitivity of the Model Parameters to the Value of y

In this section, the sensitivities of the optimal values of each of the
model parameters to variations in the value of y from its true value were
studied. The objective was to discove~ which of the model parameters were
most sensitive to the properties of the random errors in the data. Unfortu-
nately, financial limitations precluded a statistical approach to this
analysis. Hence, the results presented here each use only a single realiza-
tion of observed streamflow values.

The first study was conducted using the new data set RAIN-4 and error

realization #6 (Table 4.6) for which the maximum likelihood estimate of
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TABLE 4.6

Maximum Likelihood Estimates for the Transformation

Paramete~ y.

(True value = 0.5; data set used = RAIN-4)

+
Realization Y Inzzgva1 Function Iterations
1 0.4744 $0,11 96.64 11
2 0.3757 0,12 95.71 12
3 0.6419 $0.12 85.77 17
4 0.5696 #0.11 95.20 13
5 0.4391 0,12 93.53 17
6 0.4961 #0.11 84,80 6

7 0.4913 0,12 92.92

8 0.5762 $0.11 86.46 14
9 0.4187 #0.11 77.58 15
10 0.1526 $0.12 85.63 27
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Figure 4.6. Plot of the 1ikelihood function as y is varied
for Realization #6 of Table 4.6
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vy was closest to its true value of y = 0.5, The value of y was varied from
-2 to +2 and for each value (holding y fixed), the likelihood function was
used to estimate the optimal values of each of the parameters UM, UK, BM,
and BK individually, starting from their true values (three of the four
parameters are held fixed at their true values, while a one-dimensional
search was conducted for the other). The results are plotted in Figure 4.7.
The circles joined by solid links represent the optimal values of each
parameter as y is varied, while the dashed lines represent thei~ approximate
two-standard deviation confidence intervals (whenever they fit inside the
boxes). The results indicate that the parameters are more sensitive to y <
0 than they are to vy > 0. Fo~ vy > 0, only the parameter BM appears to be
sensitive to the value of y, while parameters UM, UK, and BK are only
slightly affected.

In the previous study, the confidence intervals on the parameters are
rathe~ wide. It was decided to see if improving the parameter precision
would lead to greater sensitivity of the parameters to variations in y. The
data set used was of sample length n = 50. A third data set, RAIN-5, was
created by repeating the sequence of values in data set RAIN-4 ten times in
succession, The new data set is therefore of sample length n = 500, Figure
4.8 contains the results of the analysis conducted using the data set RAIN-5
for true value of y = 0.5, The precision of the parameter estimates has
clearly improved. However, the paramete~ values do not seem to be very sen-
sitive to variations of y in the range zero to 1 (Note: y = 0 corresponds
to a logarithmic relationship between the flows and stage values, while y =
1 corresponds to a linear relationship and is equivalent to use of the SLS

function).
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Finally, an identical analysis to the one above was conducted but with
true value of y = 0.05 (virtually a logarithmic transformation). This study
aimed to see if the par~amete~s would be more sensitive to variations in y if
the nonlinearity in the rating curve was higher (y << 1). The results are
presented in Figure 4.9, The sensitivities of the parameters to variations
in y are significantly higher. Once again, the most noticable variation
between y = 1.0 and y = 0.05 (true value) is in the parameter BM.

The analysis conducted here has no statistical basis and the results
are therefore not conclusive. However, the results obtained seem to suggest
that, unless the data set is long enough and information and the rating
curve are significantly nonlinear, the likelihood function approach may not
give significantly different parameter estimates from those obtained using

the SLS function,

4.8.4 Joint ldentification of the Model and Transformation
Parameters

In this section, the performance of the likelihood function was com-
pared to that of the SLS function with regards to their abilities to jointly
identify the four parameter~s UM, UK, BM, and BK of the model SIXPAR. The
true parameter values used were UM = 10.0, UK = 0.5, BM = 20.0, BK = 0.2, A
= 0.3107, X = 3.0. Parameters A and X were fixed at their true values. The
input data set RAIN-5 of sample length n = 500 was used, and the true value
of the rating curve transformation parameter was chosen to be y = 0.05.

In the first study, ten rea]izatioﬁs of observed streamflow sequences
were generated using the procedure outlined in Appendix 8. Using each of
these data sets, each of the two functions, the likelihood function and the

SLS function, were used to optimize the parameter values. The results
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should therefore indicate the location of the global optimum parameter sets
for each function, The results of the likelihood function optimization runs
are presented in Table 4.7, while the SLS results are presented in Table
4.8, The results are quite interesting. First, the large number of itera-
tions required for the optimization techniques to converge indicate that the
surface is not well approximated by a quadratic function, even so close to
the optimum. In the case of the likelihood function, this could understand-
ably be due to the nonlinear rating curve transformation. The reason for
this behavior in the case of the SLS function is unclear. Second, in keep-
ing with the results of the previous sﬁbsection, only the estimate of param-
eter BM seems to be significantly affected when the SLS function, which is
not the correct (maximum likelihood) measure of closeness for this error
case, is used. In general, parameters UM and UK have been better estimated
by the SLS function, while BM and BK have been better estimated by the like-
1ihood function. The estimate for y seems to be generally good.

In order to establish which measure of closeness is identifying a model
closer in behavior to the true model, the sum of the squares of the errors
(SSE) between the model output using each estimated parameter set and the
true flows was computed. The results appear in Table 4.9. In six out of
ten cases, the likelihood criterion performed better, while in four out of
ten cases, the SLS function performed better. With only a sample of ten
results, we cannot conclude that the likelihood function is superior on the
basis of this small amount of discrimination. However, the fact that the
SLS poorly estimates parameter BM almost every time indicates that the like-
1ihood function is probably more reliable.

In the previous analysis, the SLS function had to estimate only four

parameters, while the likelihood function had to estimate five. In order to
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TABLE 4.7

Optimal Parameter Values Using the Likelihood Function
(Search was initialized from the true values),

Realization UM UK BM BK Y
1 13.9748 0.4033 18.2656 0.1839 0.0352
2 12.1503 0.4476 19.8877 0.1713 0.0208
3 11.0342 0.4739 20,9160 0.1941 0.0911
4 14,5609 0.4452 23,6113 0.1612 0.0360
5 7.9599 0.5230 20.630 0.1760 0.0589
6 10.9164 0.4820 17.7351 0.2103 0.0957
7 14,8503 0.4311 15.8732 0.2359 0.0659
8 12,0975 0.4689 20,0041 0.1630 0.0780
9 9.8622 0.5173 21.8333 0.1952 0.0002

—
o

9.9698 0.4676 14.6358 0.2563 0.0180

Average 11.7376 0.4660 19.3393 0.1947 0.0500



Optimal Parameter Values Using the SLS Function
(Search was initialized at the true values).
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TABLE 4.8

Realization UM UK BM BK
1 13,9970 0.4161 10.8460 0.2912
2 9.7493 0.5078 20.1585 0.1788
3 11.7275 0.3999 9.4106 0.3679
4 14.5743 0.4026 12.4574 0.2593
5 7.6813 0.5795 15.8067 0.2160
6 9.4910 0.5602 21.1586 0.1993
7 11.0904 0.5066 15.6357 0.2447
8 10.8901 0.4956 14,2535 0.2299
9 10.1724 0.5705 22.0250 0.1951
10 10,7344 0.4661 13.4312 0.2494

Average 11.0108 0.4905 15,5183 0.2431
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TABLE 4.9

Sum of Squares of Differences Between Model Output
and True Flows for the Parameters of Tables 4.7 and 4.8

SSE
Realization Likelihood SLS
1 60.5509 42,9708
2 20.4641 18.4183
3 17.3307 108.5244
4 206.4932 53.0738
5 127.7529 181.2929
6 5.1191 49,9836
7 149,5690 47,9628
8 15.8979 40.4056
9 18.6687 120.7812
10 53.1610 56.0662
Average 67.5008 71.9480
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ensure that the likelihood function performance was not hampered by having
to estimate an extra parameter, the likelihood runs were repeated with the
transformation paramete? y fixed at its true value. The results, presented
in Table 4.10, are not significantly different from those when y was also
assumed unknown. The sums of squares of errors (SSE) between model and true
flows are also similar, except that run #2 now ranks better than the SLS
function using this measure. Clearly, parameter interaction between y and
the other model parameters is not a significant factor influencing the
results that were obtained.

Finally, using the same data sets, the two functions (1ikelihood and
SLS) were used to optimize the parameters using initial values of UM through
BK obtained by a -20% perturbation from their true values. The value of y
was initialed at the value y = 1,0 to reflect lack of prior knowledge
~egarding the nature of the rating curve transformation (Note: with y =
1.0, the 1ikelihood and SLS functions are equivalent). The parameter esti-
mates are presented in Tables 4.11 and 4,12, while the SSE values appear in
Table 4.13. Only six error realizations were used in this study due to
financial restrictions on available computer time. In nearly every case,
the algorithm te~mination point is different from that obtained when the
optimization began at the true values. Again, the likelihood function has
generally performed better in identifying the parameter BM. With respect to
the SSE measure, however, the two functions come out even, each being supe-

rior in exactly three of the cases.

4,8,5 Conclusions and Comments
The results of the studies in this subsection have demonstrated that

the Tikelihood function proposed is a viable alternative to the SLS
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TABLE 4.10

Optimal Parameter Values Using the Likelihood
Function (Fixed = 0.05; search from true parts).

Realization UM UK BM BK SSE
1 14,0815 0.4020 18,0099 0.1848 61.0795
2 12.0571 0.4513 20,2530 0.1692 16.2592
3 11.0548 0.4751 21.0014 0.1925 17.4721
4 14,5198 0.4389 23,6286 0.1622 199.9001
5 7.9552 0.5230 20,6437 0.1759 5.7604
6 10.8136 0.4870 17.5692 0.2124 5.7604
7 15.5305 0.4193 15.5744 0.2410 186.7448
8 12,0986 0.4693 19.9806 0.1630 16.0762
9 9.9036 0.5150 21.7702 0.1961 18.4141
10 10,1345 0.4847 15.4281 0.2441 24.6646

Average 11.8149 0.4666 19.3859 0.1941 67.4891
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TABLE 4.11

Optimization Runs Using the Likelihood Function Started
at the -20% Perturbation Parameter Values
(v started at value = 1.0)

Realization UM UK BM BK Y
1 19.1083 0.3433 12.4391 0.1837 0.3474
2 11.8822 0.3978 16.8945 0.1781 0.0160
3 12.0956 0.4088 15.6914 0.2341 0.1068
4 14,7917 0.4388 23.5410 0.1624 0.0441
5 9.8163 0.3827 17.0132 0.1538 0.0541
6 12.9820 0.4049 18.3245 0.1542 0.1441

TABLE 4.12

Optimization Runs Using the SLS Function Started
at the -20% Perturbation Parameter Values

Realization M UK BM BK
1 17.2139 0.3824 10.1802 0.2065
2 11.1836 0.4140 15.5229 0.1864
3 11.7279 0.3996 9.4531 0.3665
4 13.8583 0.4127 15.2470 0.2203
5 7.4580 0.5863 15.6392 0.2187
6 14.1836 0.3822 17.3525 0.1449
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TABLE 4.13

Sum of Squa~es of Differences Between Model
Output and True Flows for the Parameter of Tables 4.11 and 4.12

SSE
Realization Likelihood SLS
1 137.928 67.054
2 113,920 151.513
3 17.472 108.260
4 220,833 41.162
5 388,348 202.070
6 61.811 82.959
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function, provided that sufficient information exists in the data to
identify the rating curve transformation partameter y. However, its supe-
rjority to the SLS as an appropriate measure of closeness for watershed
models has not been conclusively demonstrated. The main obstacle to achiev-
ing this goal was the high cost of the computer runs and the financial
restrictions on available computer time. A thorough analysis would require
many more runs with different error realizations to establish a statisti-
cally significant sample from which to draw conclusions. Also, the results
are likely to be sensitive to the magnitude of the error variance used and
to the degree of nonlinearity (value of Ytrue) Of the rating curve transfor-
mation. Another point that should be considered is that the four parameters
identified in this study are all highly sensitive, and are therefore less
affected by the characteristics of the data error than less sensitive param-
eters would be. Further testing of the likelihood function on the model

SIXPAR and other watershed models is required.



CHAPTER 5

CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE RESEARCH

The objective of this research project was to investigate methods for
improving the reliability of compartmental models such as conceptual rain-
fall-runoff models. The study focused on the structural nonidentifiability
problems of such models which have been observed to cause severe parameter
estimation difficulties. In particular, the problems arising due to the
threshold nature of some parameters have been investigated.

The model chosen as the focus of this study was the Soil Moisture
Accounting model of the U.S. National Weather Service. A simplified version
of the model was developed in order to simplify the problem and so that we
could focus on the important aspects of the problem. The simplified ver-
sion, called SIXPAR, has all the major features of the NWSRFS model.

Studies on the model revealed that the problems with identification of the
percolation equation parameters of the model were not due to inadequate data
but are inherent in the formulation of the model. Special tools were devel-
oped that make it possible to detect such problems without the need for
expensive and time-consuming response analyses. These tools were used to
demonstrate the superiority of a reparameterized version of the percolation
equation,

Three new mathematical procedures have been developed as part of this
research project. First, a measure of structural identifiability has been
constructed which makes it possible to identify those parameters that are
responsible for poor parameter identifiability of a model. This measure
permits such studies to be conducted in the multiparameter space which can-
not be easily done using the traditional methodology of graphical response

174
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surface analysis. Second, we have shown that derivatives can be explicitly
computed for such models, therefore removing the need for methods based on
approximations. The mathematics developed were used to investigate the
identifiability of the threshold structure of a linear reservoir. The
analysis demonstrates theoretically what constitutes "informative" data for
such models. Finally, a new objective function for rainfall-runoff models
was developed using likelihood theory and based on the error structure aris-
ing due to the nonlinear nature of the rating curve. This procedure avoids

some of the theoretical problems associated with previous approaches.



APPENDIX 1

OPERATIONAL OUTLINE OF THE MODEL SIXPAR

Input Precipitation Value P(I)

4
Add P(I) to Upper Zone

-

Compute Percolation PERC(1)
Deduct from Upper Zone
Add to Lower Zone

.

Compute Baseflow B(1)
Deduct from Lower Zone A

i

Compute Interflow S(I)
Deduct from Upper Zone

I

Compute Runoff R(I) as
Excess from Upper Zone

.

Compute Channel Inflow
Q(1) = B(1) + S(I) + R(1)

Y N
S 15 Ndata? 0 N1 = 14
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APPENDIX 2

COMPUTER PROGRAMS

A-2.1 Introduction

The computer programs used in this work were written in the language
FORTRAN. The programs were run on a Digital Electronics Corporation DEC-20
system at Case Western Reserve University.

The computer programs are included in Section A-2.3. An explanation of
the subroutine call structure of the programs is included in Section A-2.2.
There are two sets of programs. The first set includes the programs set up
to identify the parameters of the model SIXPAR. The second set of programs
is for the search algorithm based on transformations of the parameter space.

Please note that some of the subroutines require double precision.
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A-2.2. Subroutine Call Structures

CONTRL

—» INPUT

DSERCH

{ L l

NOSRCH GSERCH

CONTRL Main calling program; decides on type of run

INPUT Reads Control file and inputs data

NOSRCH Controls non-optimization run; conducts the
Sensitivity-Identifiability analysis

GSERCH Controls gradient algorithm optimization run

DSERCH Controls direct-search algorithm optimization

run




ARRAY
MINV
PRINT2
EIGER
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l NOSRCH|

| PARIZ]]

ANLYS2

SYMORD |

o

DSORT |

enin ]

PRINT2

EIGER

MODELZ fa— —3 PARIZI

MODELA & PARIZ3

[ LOGLIK lt —{ DERIV2

ANLYS? b DERIV1
ARRAY PAR1Z4]

SYMORD

| DSORT |

GSERCH

[ MoDLZ1 |

boeL

] R

GMAIN

MODELZ

YMORD

—{ HFUNC]

LOGLIK

MODELA

PARIZ2

PARIZ3

MODLA1

DERIV?2

—+{ LosLix
owiz
ooz

DERIV1

| PAR1Z4



MODELZ

MODLZ1

MODELA

MODLAL

LOGLIK

GMAIN

GNSTEP

MFUNC

DERIV1

DERIV2
PARIZ1

PARIZ?2
PARIZ3

PARIZ1 F* - SIMPLX

180

DSERCH

SXFUNC

LOGLIK 4 MODLA1L I

Original parameterization of model SIXPAR; computes
flows and partial derivatives

Original parameterization of model SIXPAR; computes
only flows

Reparameterized model SIXPAR (i.e., reparameterized
percolation equation); computes flows and partial
derivatives

Reparameterized model SIXPAR; computes only flows

Computes value of the chosen measure of closeness
(SLS or likelihood function)

Gradient optimization algorithm incorporating
Levenberg-Marquardt modifications; based on the
Newton approach

Computes the optimal Levenberg-Marquardt step in
the parameter space for GMAIN

Controls computation of the function value and the
first and second partial derivatives at the given
parameter values

Computes gradient vector

Computes information matrix

Determines the reparameterization to be used and
converts from parameter names to a parameter vector
for the optimization algorithms

Inverts to the original parameterization

Reparameterizes the model derivatives



PARIZA

SIMPLX

SXFUNC

ANLYS2
ARRAY
MINV

PRINT2

EIGER
SYMORD

DSORT
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Reparameterizes the model derivatives in the case
when the likelihood function based on the rating
curve is used

Controls the operation of the Simplex direct search
optimization algorithm of Nelder and Mead

Controls computation of the function value for
SIMPLX

Conducts the Sensitivity-Identifiability analysis
Used in inversion of a matrix
Used in inversion of a matrix

Prints out the results of the Sensitivity-Identifi-
ability results

Controls computation of eigenvalues and eigenvectors

Computes eigenvalues and eigenvectors using
Householder's transformation

Sorts eigenvalues and eigenvectors in order of
decreasing eigenvalue magnitude
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G 5RUN

l GMATINS I
[ M FUNC k* G NSTEP

STEEP
[ TRAN2 -

G TRAN3 [

G ANLYS l‘—

—

G TRAN4 IF

]

G PR

G 5RUN - Main calling program

GMAINS -  Control operation of algorithm based on
transformations

G TRANl -  Computes transformed parameter values

G TRAN2 - Computes transformed gradients and Hessian

G TRAN3 - Retransforms parameters to original space

G TRAN4 - Computes best transformation parameters

G PWR - Computes derivatives for transformation
parameter search

G PWR1 - Computes derivatives for transformation
parameter search

ERROR - Computes backward quadratic prediction error

G ANLYS -  Same as ANLYS2

STEEP - Conducts a steepest descent search



183

i1ain Calling Program

00300
002¢C
0C¢30C
00400
003500
00510
003520
€3530
0054C
00600
00700
00800
€J900
01000
0::00
01150
01199
01160
O1:62
01:69%
01:17¢
01200
01300
©1402
01500
01600
01700
€1800
01900
ci1e50

Q03T
€100
02:01
ca:02
02110
02:20
€2130
02140
0215¢C
0160
C:ied
OJ164
[ d
cai”
o172
02173
02174
o173
02176
02177
o178
079
o180
ol1eC
[-F28. 4]
03200
€2300
02400

[+
C eoe CONTROL PROCRAM FOR THE OPERATION OF THE oo
C  eoe CONCEPTUAL RAINFALL-AUNOFF mMODEL. oo
[
¢ - -
¢ .
. COMMON/CNTROL/ 1SERCH, 10P. 1 SENSE. INODEL. IREP AR
c - -
[
C eoc OBTAIN CONTROL INFD. FOR THE RUN., AND THE 1yt
C ees DATA.
[+
CALL 1neyT
[+
c -
[+
1F(ISERCH. EQ. 2)€0 TO 100
IF(ISERCH. £G. 2760 YO 110
Cowma
[+
C eoe NON-OPTIMIZATION RUN. EVALUATION OF STATISTICS aND
C ece JDENTIFIABILITY/SENSITIVITY MEASURES AT THE CIVEN
C e®ee PLRAMETER SET.
[+
CALL NOSRCH
<
S0 TC 200
[ -
[ ——
[+
100 CONTINE
[
C ece OPTIMIZATION RUN. USINS THE LEVENBERG = mARQUARDY
C eoe NODIFICATION OF TWE NEZTON TYPE GRADIENT SEARCK
C eee  ALGORITHM |,
[+
CALL CSERCH
[+
¢0 YO0 200
[+
c - -
[
110 CONTINE
[
C eooe OPTIMIZATION USING THE SIMPLEX DIRECT SEARCN NONL INEAR
C eee MINIMIZATION ALSORITHMA
[+
CALL DSERCHM
[+
[+
[
200 CONTIME
[4
STO»
END
[



0C100
c0200
0C300
020400
00300
c0600
00700
00800
00900
01000
01100
01200
01300
01400
01300
01600
01700
01800
01900
02000
02030
02079
02100
02110
CR120
C15%0
ce200
02300
02400
02%00
Ce600
02700
02800
Ca9Co
03000
03100
03200
©3300
03400
03500
C36CO
C3700
03800
03900
Ce000
04100
©4200
C&302
04400
04300
02600
04700
C4800
04900
¢30C2
03100
£9200
02300
03400
033500
03600
037CO
03800
0990C
06000
06100
06110
06120
06200
06300
C64CO
OARNON

€ 22332722222122222222222723212222222722222222222222232222222
[4
SUBROUVT INE INPUT
[4
c —— - -
[4
C eee READS CONTROL INFORMATION aAND INPUT DaTa TO BE USED
C eee IN THE VARIOUS OPERATIONS OF THE PROCRAM, AND PRINTS
C eee THE INFDRMATION RELEVANT, .
(4
[4
[+
DOUBLE PRECISION JINFIL., JOUTFL, JCTLFL, JOBQFL
[4
COMMON/RINPUT/NDATA, P (999), 0BSA(999). TRUQ (999)
COMMON/ROUTPT/Q(999), R(999), S(999). B(999), PPERC (99®), PERC (999)
COMPMON/STATES/US(999), BS(999)
COMMON/PARANS/NPAR, Un, UK. B, BX. 2. X. USI. BSI
[+ .
COMMON/CNTROL/ISERCK, 10P, ISENSE, IMODEL, IREPAR
COMMON/SERCHL/ ITMAX, INPCOL, PAREPS, FNEPS. STPMAX, PLNR, PLMmAX
1 L PLMULT.PLDIVD
[+
COMMON/PARAPQ/CAMA., PH] 1, S16SOR
4
c -
Case CO™MMON/CRIDS/IPAR, JPAR, PARL. PAR2, INITAL, PMAIL. PHAIR
Cows | ,STEP!.STEP2
Cone COMmMONR/VAIN/TIUM, TUK, 1BM, 18K, 12, 1X
Cama COMMON/INFACE/IDEX. 1IENDEX, PAR(&6), PERCNT
Casn COMMON/DESDAT/ALPHA, NUMPTS, NTERRMS, SCALE (&)
Cunn COMRON/BUCIUT/ 1BUC

4
c ry1r y 71y r 34 X %) AFASSEFfNSSSS TEGASESsaRalOGaaS e s acSaAdaRans SBGass"acaa
WRITE (3, 100)
100 FCRMAT(’ PRECIPITATION INPUT FILE~-" ")
READ(S.: 110)JINFIL
WRITE(S. 110)JVINFIL
110 FORMAT(AL0)
OPEN(UNIT=2C, FILE=aJINFIL)
cr.---.l-.---.--------.-.------------I------.--“----.'--“l.--
WRITE(S. 109)
109 FORMAT(* O0OBSERVED FLOMWS FILE-?')
PEAD( S, 106) JOBOFL
WRITE(S, 106)JOBGFL
106 FORMAT(A10)
OPEN(UN]IT=2:, FILEsJOBQFL)

(amacarss s e s Rt s CEE A r I Gt S FECE AR A G P AP NG SN FC Rt Y S TAR Rl S C e an

c WRITE(S, 120)

€120 FORMAT (" OUTPUT FILE~?*)
[ READ (S, 130)JOUTFL

[ WRITE(S, 130)JOUTFL

€130 FORMAT(AL10)

c OPEN(UNIT=22, FILEaUQUTFL)

C.-.----.---------.----“I--------------'----.------II--.“----.
WRITE(S, 140)

140 FORMAT(* CONTROL FILE~> ‘)
READ (S, 150)JCTLFL
WRITE(S, 190)UCTLFL

150 FORMAT(AL10)

. OPEN(UNITa3, FILEaUCTLFL)
CI-----I-----------.-----_*. PEASYOLAE AP RSB FUNCGALENESEEACEYRLAOSS

WRITE (3, 200)

200 FORMAT(* SIMULATION USING 6-PARAMETER MODEL )}
WRITE(S, QIO)JINFIL

210 FORMAT(’ PPT. INPUT FILE 18 —= ‘', A10)
WRITE (%, 212)J0BQFL

212 FORMAT(® OBE FLOWS FILE 1S -== ', A10)
wRITE(S, SO)UCTLFL

80 FORMAT(* CONTROL DATA FILE 1S == ‘', a1O0)

Cracavassnpneaserscaranese st rtcan st SuGasy s GaA TS usSavas e ran

[4



06602 (scssascnsesccnssnaccncasrnccssaansnssnsnansaatssdatanccannasns

66700 (4

06800 READ (23, 230 INDATA, NPAR, ISERCK, 10P. 1SENSE. IMODEL, IKEPAR
06900 READ (23,2601 UM, UK, BN, BK, 2,12

Ce®30 READ(2J. 261 )CAMA, PHY

07000 READ(23.270)US1. BS!

073100 READ(23.272)ITMAX. INPOL., PAREPS, FNEPS, 5TPMAX

07200 READ (23, 274)PLNM. PLRAX, PLMULT, PLDIVD

07300 (4

07330 WRITE(S, 449)

07400 WRITE(S. AD0INDATA, NPAR, ISERCK. 10P. JSENSE. IMODEL. IREPAR
07430 WRITE(S, 439)

07900 WRITE (S, 460 UM, UK, DM, BK, 2, X

07323 WRITE(S, 461)CAnA, PHMIL

07930 WRITE(S, 469)

07600 WRITE(S, 470 U81. 881

07630 WAITE(S, 471)

07700 WRITE(D.472)ITRMAX, INPOL, PAREPS, FNEPS. STPMAX

07800 WRITE(S, 474)1PLM. PLRMAX, PLIMAT. PLDIVD

078350 WRITE(S, 473)

07900 <

08000 250 FORMAT (93X, 7( 4., X))

08100 280 FORMAT(SX. 6(F10.0, X))

08130 261 FORMAT(3X, 2(F10.0,. X))

08200 270 FORMAT(3X.2(F10.0.X))

08300 272 FORMAT(3X,2(14,X),3(F12. 0, X))

0R400 274 FORMAT (39X, 4(F12.0.X))

ce300 (4

oesso 44® FORMAT (3X, ‘=—=e=ce= CONTROL INFORMATION —===m-e—’)
08600 430 FORMAT(JX. '‘NDATA®’, &, * NPAR® *, 14, ° (SERCH='’, 14, * ]Dtw’,
08700 1 14, * !SENSE="’,J4.,° I1MOLEL=’, 14. ' JREPaRs"’, ]4)

08730 439 FORPMAT (IX, 'evecccca INITIAL PAR VALUES =~e—wcew—")
00800 460 - FORMAT(JX, ‘UMe’, F10. 95, 8X, ‘UKe*,F10. 5,7/, 3X, ‘Bm=*, F10. 8,
oee10 1 59X, ‘BM=® ‘., F10.9,/.3X.* 2« ., F10 9.9X.* X=',F10. 8)

[1.1- 3o LYY FORMAT (JX. ‘CAMA®=°, F10. S, 3X, ‘PHI1s’, F10. )

o881 s 449 FORMAT(IX, ‘ememcea— IN;TIAL STATE VALUES =~——="’)
[+1-1- e} 470 FORMAT(3X. ‘USI1=’, F10. &, 39X, ‘ES]e’,.F10. 9

o] -1- 31 471 FORMAT(IX, 'ww== CRADIENT SEARCK INFQO ===———a’)
00830 472 FORMAT(3X, "ITMAX=’, 14, * INPO_='. 14, ' PAREPS=',$i2 &,
08840 1 FNEPS=’. 012 o, ° STPRAXe’, 12 @)

08830 474 FORMAT(JIX, ‘PLM®’, C12 6. * PLMAX=", 012 6, ° PLMULT=", 812 6.
08860 1 °PLDIVD=’,$12. &)

0886 3 479 FORMAT(3X. 30(*="})

08870 (4

[+ 1-11+) c

C8900 (4

09000 (4

o%102 Crersnaes e s e s s Arasras st st atRasTanterriass sasnscGa snsasvatosasan
09200 <

09300 [4 READ PPT. INPUT DATA FILE

09400 (4

09300 DO 310 =1, NDATA

09600 READ(20.200)P (1)

09700 200 FORMAT(F10. 0)

09800 310 CONT INVE

09900 [+

10000 CovmmnasssnncnnnansrasssanasissssnsnsssenasnscsonaSPesascasaammas
10100 [+

10200 [4 READ ONSERVED FLOWS FILE

10300 (4

10400 D0 303 1=1.NDATA

10300 READIZ1,306)08S80Q¢(])

10600 30e FORMAT (FR0. 0)

10700 303 CONTINVE

10800 (4

109CO (sscasusssonsancasvnsssassanstvaaasacavarnssanasnan i TRaslaanass ane
131000 4

13062 Casvanassvassnnsncancacnsnncstoncacssasvssanasrnestasas samson ans
13100 (4

13200 RETUMN

13300 END
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00000V Q

[ o Weal e NeNeNeal

oo

BRI RS EARARE N

S Y Y e

[ XS
Ouvouv
O0QOoO

[NEN]
pod
w

Tesze

CIMmIN/CRTEOL/ ISERPCM. - TOF. 1ESNEE, IMCDEL, IREF AR

Cl==l /E3Tim/PABVAL(10). SLCP(10). MESS(10. 10!

CommI /FARL™E/NE AR, UM, UK. 5, EW. 2, X, LS., 851
Cm=IN/RTFAR/ A BW U RKB, XTIV, &1V

4
(romememrm e ceee L L R ERpES Aupu e mmemcccaccmam—a—— -
[
=RITELS, 1O
100 FOAPAT (83X, ‘eee SUEROUTINE NISACK eee’, /)
4
C--—-----———-...‘ ------ - - — - - - —— - —— - - —
C
IF(IMQDEL. EG. 29G0 TO 200
4
WXITE(S. 10
109 FLAMAT(9X, 'eee START MCDELI eee’, /)
CaLL MODEL2Z
€32 70 300
[
200 CONTINUE
LRITE(S, 110D
110 FORPET(SX, 'eoee START MOUDS 4 eee’, /7
CALL mI2ZLA
<
20¢C CCONTINUE
<
1F(12£2aR NE 1)G0 TC 600
T 1T2(5, 113
1:8 FOR~AT (%X, ‘eee START PLD:I1T see’, /)
LalLL PARIIZ
¢ .
600 COMTINUE
4
C _______ - —---———— - - - - —————— - - - - -——————— - —— - ———— - -
4
IF1.27 EG 2) CC 70 bo6
4
C.'____-- __________ " - - ——— - - - - - - - - - - —— - - ——
4
C ees mIESIAN FODR SLS FULNCT!
~
“RITELS, 1200
120 FOR™AT(SX, 'eee START DERIVZ eee’, /)
CALL ZERJVZ
4
¢0 0 700
[ .
c_--_-______-__--- D Yh - - T - e - - - - - -
4
-1 CONTINUE
4
C eee mESEIAN FOR WN_L FUNCTION B£ZED ON THE FATINC CURVE mODEL
4
=815 (%, 610)
610 FOR®AT (%%, ‘eee 3T40T [ Q0L K eee )

CAL. LOGLIRIFUNS)
“PITZ205.620)

6275 FOR=AT(%4, ‘eee ST2IT DEI Iy eee’;
CALL DERIVI
WRITE(S. 650

620 FOR“AT(3X, ‘ese JTAST DEQIVZ eee’)
CALL DERIVZ

70C COrTINUE



v2°c2 [ e L L L bt T Fe et ccctccccccccmccce e ————

ca ca [
<710 IFIICENSE NE. 1160 TO 4CO
02711 [
027:2 WPITE (T, 123%™
02713 12% FOR“AT(SX, ‘eee STAOT P22:7] cee’, /)
C2714 CALL PaRIY
caris [
02729 [
[e{-2ele} WRITE(S. 130}
029C0 130 FOR™AT(SX, ‘eee STARYT ANL_YS2 eee’, /)
03000 CALL ANLYS2
¢3100 [
S31%0 400 CONTINUE
Q3173 [
03200 Commmrcccanns - - - -
03300 [
Q3320 Cecsccveccnnusnanvesssccse
03340 9959 CONT I MNUE
03560 Ceccccoconnnsmunncecctoce
033e0 C
035400 RETURN

03500 END



00100
00200
00300
00400
00200
00600
00700
00800
00900
01000
01100
01200
01300
013%0
01400
014350
0:1%00
0:15%0
01600
01900
02002
02100
02200
02300
C2400
02300
02600
o27¢CC
02800
0290C
03000
030350
03100
03200
023C0
03400
03%00
03600
03650
C3720
03740
02800
03900
04000
C4300
C4200
04300
04400
C43500
04600
C&470C
CaB8CC
04900
05000
035100
05200
05300

. CTTTT212223222TT2223233222TT22222222222T22222222222LLT22L222222
[

SUBROVT INE CSERCH

4
 ———
[+
C e®oo (CONTROLS THE OPERATION OF THE LEVENDBEKG=-MARQUARDT
C eee MODIFIED NEWTON TYPE CRADIENT SEARCH ALCORITH™
C eoe OPTIMIZATION RUNS.
[
[
[
COMMON/CNTROL/ ISERCH. 1OP, 1SENSE, IMODEL, IREPAR
COMMON/PARAMS/NPAR, Um. X, BM, BK. 2, X, US], BS!
COMMON/REPAR/A, RRU, RKB, XINV. AINV
COMMON/ESTIN/PARVAL (1Q), SLOP(10), MEES(10.10)
COMMON/SERCM] /I TMAX. INPOL, PAREPS, FNEPS, STPMAX, PLM. PLMAX,
1 PLMLT, PLDIVD
[
[
[« -— - -
[
WRITE(S., 100) .
100 FORMAT(3X, ‘eee SUDROUTINZ SSZRCH ees’, /,S0( ‘=", 7, 31,
1 ‘eee LEVENBTRC-MARQUARDT CRADIENT STARCH ALGORITHKM eee’,
2 /.%0('=*). /) :
[
[ -
[
WRITE(S,110)
110 FORMAT(3X, ‘eee START PAR]2] eee’, /)
[
CALL PARIZ)
[
C~- — - - —-——
[
WRITE(S. 120)
120 FORMAT(3X, ‘eee START CMAIN eee’, /)
[
CalLlL CHAININPAR. PARVAL. ! ™MAX, PAREPS, FNEPS. INPOL,
1 PL™.PLMAX, PLMULT. PLDIVI, STFMAX)
[
[4 ——————— -
[
IF(ISENSE. NE. 1160 TO 200
[
WRITE (S, 130)
130 FORMAT(3X, ‘o0® START ANLYS2 eee’, /)
[
CALL ANLYSR
[
¢ [P ———
[
200 CONTINUE
<
RETURN
BND




00100
00200
003Cs
00400
0380
00600
00700
00800
00900
01000
01100
01200
01300
0140C
01660
01700
01800
01900
02002
02:¢S
0220¢
02300
024C0
c2 %00
Cl600
022¢2
02200
c290C
¢30C2
03100
¢2200
©3350
CAa 0%
c3%00
03600
03200
03800
CI®00
04000
0410
€S0CO
0$100
03360
05400
09500

€2121221222222222222222222222222222222222222222232222222222212222

SUBROUTINE DETERCH

[+
[« — - — - —— - -
c
C eeoe CONTROLS THME OPERATION OF THE DIRECT SEARCH DPTIMIZATION
C eee AUNS VSING THE B1rmPLEX NONLINEAR ALCOBITHM OF NELDER aAND
C eeoe PFEAD (1966).
[
c -
[
COMMON/CNTROL/ ISERCH. 10P, ISENSE, IMODEL, IREPAR
COMMON/PARAFS/NPAR, UM, U, BM, BK, 2. X, USE, BS1
COMMON/ESTIM/PARVAL(10). SLOP(10). REES (10, 10)
COMMON/SERCH1/ ITRAX. INPOL, PAREPS, FNEPS, STPHMAX. LM, PLIAK,
1 PLMAT.PLDIVD
c
c
C - - ———— -——— ——
c
WR:TE(S. 100)
100 FCRMAT(JX. 'eee SUBROUTINE DSERCH eee’,/,8%0(’'~";, /, 3X
1 ‘eee SIMPLEX DIRECT SEARCH AL CORITHR eee’, /. S50(°*=")./}
c
C - — - — -
c
WRITE(S.110)
110 FORMAT(IX, ‘e0e START PAR]L] eee’, /)
c
Call PaARIZ]
4
C-.. - - - -—
c
WRITE!S, 120
120 FORMAT (X, ‘eoe START S1MPLX eee’, /)
c
CALL SIMPLX(NPAR, I TRAX, PAREPE, FNEPE, PalVAL)
(4
c —— - —wea - m—
c pep—— —
c
c

ARETURN
END



00100
00209
05300
00400
003500
00600
00700
ooeco
00900
01000
01100
01200
012%0
01300
01400
01300
01600
01700
01800
01900
02000
02100
02200
02300
02400
02300
02600
02700
c2800
C2900
0300¢
03100
03200
03300
02400
03%00
02400
03700
03800
C3900
04000
Ccai100
C4200
04300
Ca400
ca300
Ca600
c4700
04800
04900
03000
05100
03200
03300
03400
¢5500
03600
03700
03800
03900
06000
06100
046200
06300
06400
06300
06600
06700
06800
06900
07000
07100
07200
07300

CrancsasavacnonansvarussntasnrassososssssnncrLasssastNCannanansnn
Cecasnrecancnsnasnasascrctcssasnnvtcastcccatcacanssonnaansasass
c
c 6-PARAMETER MODEL BASED ON BURNASH MCDEL STRUCTURE
c

SUBROVTINE MODELZ
c

Commmm— - - -

C

COMMON/RINPUT/NDATA. P(999), 0250 (999), TRUG(999)
COMMON/ROUTPT/Q(999).R(999), S(999;, B (999}, PPERC (999 ). PERC (999)
COmmMON/STATES/US (999), BS(999)
COMMON/PARAMS/NPAR, UM, U, Bn, BK, I, X. US], BS?

CONMON/ESTINR/DA (999, 4)

aOcoaon o

l=}
US(1)musl
BS(1)=8S1

DUSUM=O.
DUSUK =0
DUSBM=O.
DUSBK =0
OUSZ =0
DUSX =Q

DPSUM=0
DESUK=Q
DESBM=0
DBESBK=Q,
D8SZ=0.0
DBSx=0. 0

0000 000000

on

90 CONT INUE
R({])wQ. O
§(1)=0.0
B(1)«0. 0
US(1)syS(T)+P (1)
[« - -
YY=BreBKkeUS(1) /UM
CCmZe( (BM-BS(]))/BM jleex

PPERC(1)=YY<+QCoYY
IF(PPERC(I).LT. US(1))C0 TD 900

PERC(1)mUS(])

o o0 0 o

DPUNaDUSUM
DP UK ®» DUSUK
OPBMaDUSBM
DP BX=DUSBR
DP2 =DuSZ
DPX =DUSX

US(1l)=0

JUSUM=O.
DUSUK =0,
DUSBN=0
DUSBEx =0
oUSZ=0.0
DUS1=0. 0

0000 O

¢80 T8 910

900 CONTINVE



07400 (4

07%00 PERC(I)=PrERC ()

07600 4 .

07700 DYYUMaBReRe e DUSUM/U» « YY/Um
07850 DYYUseBmekr ¢ DUSUM /m

07900 DYYRreBmets o DUSER/Um « YY/BR
08000 DYYBKoBMesEreDUSBK /UM .« YY/BK
08100 DYYI apmetroeDUSI /UM

08200 DYYX eBmeRxeDUSK/UN

08300 4

00400 CAQ® (XoCloe( (X=1)/X ) ret leet3 0O/X) )
09500 [4

08600 DCCUMm «DESUMeCAC /BN

08700 DCCWe =DISUNeGAS /BN

08800 DCCBRe ~CAGe( DRESBN/BM - B8S8(1)/(BMeeQ) )
[o] L [+] DCCBKRe® =CACeDBSBK /PN

09000 DGGI = CG/1 = CACeCR2SI/BN
09100 IF(Bn. NE. 38(1))G0 TO 63.
09200 DGCx=0. 0

09300 S0 TO &7

09400 43 CONTINUE

09200 DECIaCCo(ALOC( (BM=-2S(1))/BM) =~ (XeDBSX)/(BM-BS(]1)) )
09600 o7 CONTINVE

09700 4

09800 DPUM © DYYUMe (1. O+CC) eYYeDSSUM
09900 DPUM & DYYUKe(]. O«0C) = YYeDESM
10000 DPBR = DYYBme(]l. OeCS) < YvyeDGOBM
10100 DPBK ® DYYBKe(]. OeCC) « YYeDCOBK
10200 DPI @ DYYIe(). 0=CC) ovveDCSl
10300 DPX & DYYIe(1 0«CC) « YYODSEX
10400 (4

10%00 US(])sUS(])=PERCI(])

10600 [4

10700 DUSU=uDUSUM-DP UM

10800 DUSUKk s DUS M =DP UK

10900 DUSBPsDUSER-DPEN

11000 DUSEK=DUSIK-DPBK

11100 DUS1«DUS2-DP?

11200 DUSI=DUSX=-DPX

11300 [4

11400 ®10 CONTINE

1:%00 [

11600 [4 -4

11700 BS(1)eBS{1)«PERC(])

11800 (4

11900 DBSUM=DBSUM+DPUM

12000 DESUKaDBS WM +DPUK

12100 DBSBM=DESERN-DPEM

12200 DBESBReDBSEReDP K

12300 DBESI =DBSI~DP?

12400 DPSX =DBSIeDPY

12300 4

12600 IF(3$(1).CT . BMICD TU 120

12700 .

12800 B(I)eBS(IledK

12900 4

12000 DBUM = DBSURMeBK

13100 DBUK & DBSUKeBK

13200 DEBM = DRSBMeBK

13300 DBBX = DBSBuesK «38(1)

13400 DBZ e DESledx

13%00 DBX = DBSIedKk

13600 4

15700 BS(1)=S(1)=B1])

13900 (4

12*00 DESUM=DBESUDRUM

14000 DESUXSDBSUM -DBUK

14100 DB SBArsDBSEN=-0BBM

14200 DESBKReDESIN-DBBX

14300 D8SZ =DBSZ -DB2

12400 DESX eDBSY -0BX

14500 [4

14600 €0 TO 10

14700 120 CONTINVE

14800



14900
13000
183100
13200
12300
15400
132200
19600
19700
19800
19900
16000
16100
16200
16300
16400
16500

16600 -

16700
16800
16900
17000
17100
17200
17300
17400
17500
17600
17700
17800
17900
1800C
18: 00
18200
18300
18400
18300
18600
16700
18800
18900
19000
19100
19200
19300
15400
19900
19600
19700
19800
19900
20000
20100
20200
20300
20400
20500
20600
20700
20800
20900
21000
21100
21200
2:300
21400
21300
21600
21700
21800
21900
22000
22100
22200
22300
72400
22500
22600
Pa700

140

150
130

DeBES(1)-Bm

LoumeDBSM
SOUK=DE R
CoBMaDESBM-). O
DOEX=DESBNK

DD? eDBSZ

DDx e DBSX

B(])=BHeBK

DBUM=0. O
DBUK®O. O
DBBmMaBK
DEBK=BM
DBI =0.0
DBX=0. 0

BS(1)=Br—B(]l)eD

DESUMe~DBUM«DDU™
DESUK ==DBUXK « DDUK
DBSBmM=}, O~DEBM<DDBM
DESBR=~DBBK-DDBK
DESZ =-DBIZ +D0Z
DBSX e-0BX <DDX

IF(BS(]). CT.BM)CO TO 140
60 TO 130

CONTINUE

D=pS(1)-BM

COUnaDESUM
DDUK e DESUK
OCBM=DBSBM=-1, 0
DOBR=DESBX

ODZ =DBS2

DDX = DBSX

BS(1)eBm

DBSUM=0. O
DBSUK =0, O
0BS3mM=1. 0
DBSBKR=O, O
DBSZ =0.0
DBSX =Q. 0

US(1)=yUS(])eD

DUSUM = DUSUS-DDUM
JUSUK = DUSUK-DDUK
DUSBReDUSBR+DDBM
DUSBK mDUSBR«DDBR
DUSI =DUSZ+0D2
DUSX eDUSX<DDX

CONT I NUE
CONT INVE

Stl).yS(lroux

DSUMe DUSUMSUK
DSUK = DUSURSUKR+US (1)
DSBrM= DUSIMeUK
DSBK=DUSBK&UK
DSI eDUSZex
DSX eDUSXeUX

US(1).USIII=6(])

DUSUM=DUSUS-DSUM
DUSUK » DUSIK - DSUK
DUSBMeDUSB™-DSBM
DUS3KeDUSEX-DSBNK
DUSZ «DUST -DSI
DUSX eDUSX -DSX



22800
22900
23000
23100
23200
23300
23400
23300
23600
23700
23800
<3900

24000

24100
24200
24300
24400
24500
24600
24700
24800
24900
29000
23500
23200
29300
25400
23300
25600
23700
25800
2%900
26000
26100
26200
26300
26400
26500
26600
26700
26800
26900
26930
26940
27000
27100
27200
27300
27400
27300
27600
27700
27800
27900
28000
28100
28200
28300
29400
28300
8600
28700

e NN Na NN,

1IF(US(I) €T Um)IGOD TO 160
Rt1)e0.

DAUM=O.
DRUK =0.
DRAM=0,
DREN=0
DR?=0.0
DRXxwd. O

0000 O

¢0 TO 170
CONTINVE

REIIaUS(T)=Um

DRUM=DUSUM=1. O
DRUK = OUSIK ’
DREM=DUSEN
DREX=DUSBK

DRI =DUSZ

DRX =DUSI

US({I)eUn

Dusum=1. O
DUSUK=0. O
ouUSBM=0. 0
DUSBK=0. O
DUSZ=0.0
Dusx=0. 0

CONTINVE
G(IIsR(I)*S(]1)eB(])

DGt 1, L )=DRUM«DSUMDRIUM
DA{ 1., 2)#DRUK+DSUR «DBUK
DO(I1.3)mDRBMDSBMDEBM
DG(3, 4)=DRBR«DSBK«DIBX
DA(], S) =DRI «DS2 <Da2
DA(1., 6) =DRX <DSX +DBX

1F(1 GE.NDATA)CD TC 180
US(1+1)eUS(])
BS(J+1)=8S8(])

Ialel

SO°'TO *0

oOON-0NNn
8

CONTINVE

RETURN
END



00100
00200
oca0¢C
00400
00500
00600
00700
00710
00720
00800
00900
01000
01100
01200
012%0
01300
0160C
01700
02000
02100

02200

02300
03900
04000
C4100
04200
04300
04400
04300
04600
ca700
c4800
04900
035000
03100
c3200
06100
07000
07100
0720C
07300
07300
10500
10600
11400
11300
11600
11700
11800
12600
12700
12800
13700
14600
146350
14700

14800°

14900
15800
16700
16800
17700
17800
17900
18000
18900
19800
19900
26700
20800
20900

CZ222222222222222222222222222222223222222222223222222222222222122

Coasscscasnscsrenesacsonstcatcsnvscsacsccacanstcasccsansaaansses

4
[ &-PARARETER MODEL BASED ON BURNASH MODEL STRUCTURE
[
SUBROUTINE mODLZ}
[
C wee (COMPUTES ONLY OUTPUT VALUES AND NOT DERIVATIVES
[
(4
[
COMMON/RINPUT/NDATA, P(999), OB SA(999), TRUG(99®)
COMMON/ROUTPT/Q(999), R(999)., S(999), B (999, PPERC (999). PERC (999)
COMMON/STATES/US(999), BE(999)
COMMON/PARAMS/ NPAR. UM, U, BM, BK, 2, X, US]. BS]
[
4
[
I=y
US(1)=Us]
B8S(1)=28]
4
90 CONTINGE
R(1)®0.0
S(1)=0.0
B(l)=0. O
US(1)sS(I)eP (1)
Ce
YYsEmeBKOUS(]) /UM
CC=le( (BM=BS(1))/BM )eeXx
4
PPERC(])=YY+SOQeoYY
4
IF(PPERC(I).LT.US(I1))C0 TO 900
4
PERC(I)mUS(])
US(])=0. O
¢O0 T 910
4
900 CONTINVE
4
PERC(I)=PPERC(T)
US(])IeUS(I)=PERCI(])
[
910 CONTINVE
[+
4
BS(1)=BS(I)«PERC(I)
[+
IF(BS(I). 67, . BMICC TO 120
4
Bll)eBS{I)eBK
BS(I)edS(1)=-B(])
co TO 130
[
120 CONTINUE
4
DeBS(I)-BM
B(I)eBreBK
BS(l)=prm=B(])«D
C
IF(BS(]). 6T. BM)ICC TO 140
cO TO 1%0
140 CONTINUE
D=8S(])~-BM
BS(l)=Bm
US(1)eUS(])D
4
120 CONTINVE
120 CONT INVE
c



21000
21900
22000
22800
22909
23000
23100
23900
24000
24100
24200
23100
23200
26000
26100
26200
26300
27400
27300
27600
27700
27800
27900
22000
28100
28200
28300
20400
28%00
28600
28700

S(1)18US(I)oum
UB(1)euS(l)=-g(1)

IF(US(]). CT UM)ICD TO 160

¢
R(1)=0.0
¢
€0 TO 170
160 CONTINUE
3
R(1)IeUS(I)=yn
US(I)mum
¢
170 CONTINUE
¢
O(I3aR(I)I*B(1IeB(])
c
1F (1. GE. NDATAIGO TC 3190
US(lel)mUS(])
3S(1e1)=8S(])
Imles
¢o TO %0
¢
c-—
¢
180 CONTINUE
¢
¢
¢
RETURN
END



M1ecT
0C200
2300
K0a00
Co%00
00600
¢3700
02900
€2900
01000
01100
c1200
01300
01400
c1500
01600
01700
01800
01900
02000
c100
02200
c2700
c<800
C2900
€3000
03100
03200
03300
€400
c2500
$23600
€2760
c3800
C3900
%4000
043100
04200
G4 300
04¢00
C4300
04600
04700
04800
04900
€5000
0s100
05200
€$300
05400
0%5C0O
C5600
05700
c3800
09900
¢4$000
06100
05200
06300
06400
06300
Cos00
C6700
06800
L5900
¢7000
€7100
C7200
07300
07400
07300
C7600
€7700
£7800
C7900
08500
c8100
0E200

Cesccsassssnsonsssacssanssanstctasussasoencatsrrsadnccacsaaasessa

(eccscsacsancavasstavescacv oo navisactvanacarLoaRNeNsGnCosassann

[+ .
c E-PARAMETER RMODEL BASED ON BURNALSW MODEL STRUCTURE
[
SUERDUTINE MOTDELA
[
Comwn e e e e o e 2 e e e e
¢ .
CO=MON/RINPUT/NDATA,. P(999), 0BSQ(999). TRUG(999)
COMMOR/ROUTPT/Q(999), R(999), 5(999), B(999), PPERC (999), PERC (999)
COMMON/STATES/US(999), ES(999) ’
CUMMON/PARARMS/NPAR, UM, UK, BY, 3K. 2, X, US], BSI
) CO™MON/REPAR/A, RRU, RKB, XINV, AIN
[+
COMMON/ESTINR/DA (999, &)
[
(4
[
[+ > o
[
Aw 2
[
[ hand - hatadd s ade
[
[
1=}
US(1)=yUS]
BS(1)=8S]
[
DVSUM=0. ©
DUSUK=Q, O
DusS3me0, O
DUSBK=Q, O
DUSA =0.0
DUSx =0, 0
[
DESUmM=0. 0
DESUK=0. O
DESBM=0.0
DESBK=Q. O
DESA=Q. O
DESx=0. O
[
C
0 CONT INVE
R(1)=0.0
S({1)=0. 0
8(1)=0.0

US(1)mUS(l)ep(])

[« R D L D L e L X T e

4
RLIDR=( BM=BS(1) )/3m
4
IF( RLIDR.LE. A G0 TO 900
c
PERC(1)=US(])
4
DPUM=DUSUM
DF UK = DUSUK
OP2MeDUSBM
DESKeDUSBK
DPA =DUSA
DPx wDUSX
4
USt1)=0.0
c
DUSUM=0. O
DuSuUk=Q. ©
DUSIn=0. O
DuSBr=0. O
sUSa=Q. O
LuSx=0. O
4
$3 7O *10
4
9200 CONT INVE



08202 YeyuS(])eBreBu /U

064CC Il ( BR=BS(1))/(BMea; )ee)

c2300 ¢

C3eCO PERC(])@YY o 22e0( UZ(], =YY )

08760 [+

082800 DYYUmeBMe BKe DUSUM/UM = Yy /um

C2900 CrYmaBme Dike DUSUK / UM

0%000 CYYPredreBreDUSBM/UM o YY/Bn

09)00 CYVBKeDMe DKo DUSBIN /UK o YY/BN

09200 DYYA oBmeBreDUSA/UM

09300 D*¥YX wPMeBKeDUSX/UN

094C0 [

0%420 1F(BS(1). EQ IMICO TO 62

0950C lale Xellee( (X=1)/X )

09310 0 TO 63

0v320 62 CONTINUE

09330 lA2=0. 0

093540 &3 CONTINVE

09600 [ 4

09700 DIZume <DBSUMe 1AZ/ (BmeA)

093G0 LIIUKe ~DBSUKSIAZ/ (BMea)

09900 DilBms =(2A%/h)®( DRERM/BM = BS(1)/(BMee2) )
10000 DIBKe =(2A2/A)ODBSIX/EN

10100 C2ZA = ~(2A2/4)0( (BA=BS(1))/(DreA) « DESA/BR )
10200 IF(PM. NE DS(I})CD TO &3

10260 £121=0.0

10400 eC TO 67

103CC 68 CONT INVE

10600 DIZ1wl20(ALDC((BM=BE(];)/(BMOA)) « (XeDBSX)/(BM=BS(1}) )
10700 &7 CONTINVE .

10800 [+

1090C OB s DYYUR & DITURMe(US(I)=YY) o 27e(DUSUM=DYYUM)
110¢0 DK & DYYUK * DIZUKO(US(])=YY) & 22¢(DUSUK-DYYUK)
11160 U*5M « DYYBM < DIIBRe(US(]l=YY) ¢ Z2e(DUSBM=-DYYB™)
11200 D3BXK @ DYYBK & DI2BKe(US(])=YY) + 220 (DUSBR=DYYBK )
1:12C0 D4 e DYYA ¢ DIZLe(US(])=YY) e 2le(DUSA=DYYA)
1:6C0 DPX @ DYYX & DIIXe(US(l)=YY) & 22e(DUSX=DYYX)
1:900 [+

11603 USE1IayS(1)=PERC(])

11700 [+

11800 DJSUMDUSUM-DP UM

1190C DUSUR e DUSIM=DP UK

12000 UUEMsDUSBM-DP BM

12300 DUEIRDUSEK=-DPBK

12200 DL'SA=DUSA~DP A

12300 DJEXDUSX=DP X

12400 [+

1a%¢0 10 CONTINE

12600 ¢ ‘

127690 c D LT DN
12800 ES(1)eBS(]l)«PERC(])

12900 [+

13060 SOSUMDESUMDP UM

13100 D2 SUK e DBSM«DP UK

13200 DESEmeDBERM-DP BN

12200 LEEBr.oDRSER<DP BN

13400 UESA «DBSA«DPA

133¢0 V3SX =DBSI-DPX

12600 ¢

137¢0 1F(8S8(1).€T. BM)CD TC 120

13800

13900 LISSTY LISRET 1§

14000 [+

16160 SEL™ e DESUNMe K

14390 Lo = DISUKeSXK

16200 U3Bm o DBSBMeBK

14400 DIEXK o DESDKOBR <BS(])

14500 DEa = DBSAeBK

164500 OB = DESYedN

14700 (4

14200 IS =gStII=B(1)

16900 ¢

19060 L2 maDBSUN-DBUM

19100 S2EMeDESUM=-DBULK

12200 CEZSE~aDPFSEM-DBBN

19300 DEEBr.eDBSEX-DIBK

13400 L2Sa eDBSA -DBA

13300 TZ53 eDBSI -DBX

19600 c



140

150
130

eC 10 X0
CONTINE

DeBS()-BN

oDUM=LCETUN
DOUR e LRTUK
DLEm=DEEBM-1, 0
DUBAeUESBK
CDA =C2SA
DDX =« DBSX

B(I)=BMeBK

D3UM=0. O
DBUK=0. O
DEBMwBK
DBBK=BR
DBA =0.0
DBX=0. 0

BS(1)=dM=B(]1})+D

DeSUMe~DBUM«DDUM
DESUNs~-DBUR+DDUK
DESBMe}. O-DBBM+DLBM
DBESBRa-DBEX+DDBK
LBSA =-DEA +DDA
DBSX «-DBX <DDX

IF(BS(1). CT.BM)CO TO 140
D TO 130

CONTINVE

SaBS(1)~BN

DDUMsLESUM
ODUK=DESUK
DOEM=D2SBM=-1. 0
DDBK=CBSBK
DDA =D2SA
DDx = DBSX

BS(])=Bm

DESUM=0. O
DBSW.«Q, O
0BSEme). O
DESBKeD. O
DPSA =0. 0
oBSx «0.0

US(IIwUS(I)D

DUSUMe DUSUM«DDUM
DUSUK = DUSUK+DDUK
DUSB==DUSBM<DDAM
DUSEKwDUEBK+DDBK
DUSA =DUSA<DDA
DUSX =DUSX+DDX

CONTINVE
CONTINVE

S(1)aUS(l)euUKk

DSUM=DUSUMOUK
DSUR=DUSURSUK+US (1)
DSB=as DUEBMO X
DSBKsDUSBROULK
DSA sDUSAeUK
DSX =DUSXeUM

US(1)1euS(1)-8(1)

DUSUN=DVUSUN-DSUN
DUSUK s DUSUK - DSUK
DUSERsDUSBM-DSBN
DUSEKaDUSBR-DSBK
DUSA «DUSA -DSA
DUSX sDUSX <~DSX



23800 4

<3I*00 1F(USI]). €T UMIGD TOD 160
24500 (4

24100 R(1)e0. 0

24200 (4

242300 DAUMeD. O

24400 ODRUme0. 0O

24300 DABw=0. O

24600 ol 3 LY o] )

26700 DR asd O

24800 DRx=0. 0

24960 (4

23000 ¢S TO 170

23100 160 CONT INVE

25200 <

23200 R(JIaUS(])=Um

23400 - €

3560 DRUMDUSUM=1. O

23600 DRUM = DUSIM

25760 DAB4eDUSENM

25800 DF BReDUSBK

9700 DRA =DUSA

26000 DRX =DUSX

26100 [

262 US(I)eun

26200 <

26400 pusursl, 0

26300 DUSUr.=0. 0

26600 OUSEme0 O

26700 DUSEke0 O

T68%0 DuSAkel. O

aL9Ce DUS1e0. O

«7000 (4

273100 17© CONTINVE

<7200 (4

2730C Q(lIeR(I)+S(1)*B(])
27220 (4

a732¢C 4 WRITE(S, 367)Q(1)

27320 C 567 FORMAT(FR0.14)

<7228 c

27348 4

27400 <

27300 DG (1, 1)=mDRUM+DSUMeDIUM
27600 DG, 2)= (DRUK=DSUK*LIUN)
arree DGt1, J)=DRIM+DSINeDIBm
272800 DA(l.,4)=( DRIR+DEPK~DEBK)
2796C DO(1,9) =(DRA +DEA <DBA)
<8060 DG(1l.6) »(DRX +DSX ~DBX)
28100 (4

8200 (4

23300 (4

28400 1P (1. GE. NDATA)CO TO 180
23500 US(le1)mUS(])

28600 3S(1<1)=B8(])

<8700 lajey

28800 S0 10 *0

28900 c

<9000 4 - ——
<100 (4

9200 100 CONTINVE

9200 (4

9400 RETURN

2930C ; END



296CC
297¢¢
z980C
29900
30000
30:00
30200
30302
30400
30500
30600
30700
30800
30900
31000
31162
31200
31369
31400
31%00
31600
31769
31800
31900
32000
32100
32200
32300
32600
32500
32600
32700
32800
22900
33000
33100
33200
23200
33400
33500
33600
33700
3380C
32900
34000
34100
34200
342300
36400
34560
34600
24700
JaeCs
34900
25000
35100
35200
33300
35400
33500
35600
35700
35800
33900
26000
25100
36200
36300
26400
36500
25600
3670C
26800
26900
37000
37100
37200

(eremscccncccccncrncns weanscncacecnancascencosatacaasansnnanas

RN e R et R Rt PN Nt N At Nt an Attt N L caE N AR ancas taEsas O Rastacaaans

c
c O6—PARAMETER MODEL BASED ON SURNASH MODEL STRUCTURE
c
SUBROUT INE mMODLAI
[
C- o~ —
c
COMMOR/RINPUT/NDATA. P (999), OIS (999}, TRUG (999
COMMON/ROUTPT/G(999). R(999), S (999), B(995,, PPERC (999), PERC(999)
COMMON/ETATES/US(99%), 85(999)
COMMON/PARAMS /NP AR, UM, UK, BM, BK. 2. X, USI, BS!
COMMON/REPAR/A. RV.U. RKB. SINV. AINV
[
c~ ———
c
c““‘“..‘“..““.....“‘—'.-".“. oty o
[
A= 7
c
[ - —— - - >
c
[
Im}
US(1)eys]
8S(1)=BS]
[+
*0 CONTINVE
R(1)=0.0
S(I1)ed. O
B(I)=0.0
US(1)wysil)ep(])
Coeo corseesre L e s~
c
RLIDRe( BM~-BS(I) )/3n
c
IF( RLIDR.LE. A G0 TO *00
c
PERC(1)=USI(I)
US(1)e0. 0
¢0 TO 910
c
900 CONTINUVE
[
YYaUS(]l)eBreBK /UM
2= { BM=BS(I1))/ (BReA; )eeX
c
PERC(I)wYY « ZZle( US(],)~YY )
US(I)eyS(1)-PERC(])
?10 CONTINUE
[
Coe coe > - - L T Tl el
BS(])=PS(I)+PERC(I)
-C
IF(BS(1). Y. BM)C0 7O 120
B(1)eBS(I)eBK
BS(1)=BS({1)=8(1)
€0 7O 13X
120 CONTINME
DwBS(1)=BM
B(l)uBreBK
PE(l)=Br—~B(1)+D
c
IF(BS(1). CT,. B8MICO TO 140
S0 T0 1%
140 CONTINVE
D=BS(1)-PM
BS(I)=Bn
US(1)1eUS(1)eD
190 CONTINVE
130 CONTINVE
c

S{1)euS(lIoun
US(1)eusSiII=8(])



27300
37400
27%00
37600
37700
37800
37960
208000
30100
33200
38300
38400
33500
38500
35700
28800
Se*00
39000
39100
J9200
39300
39400
39500
39600
39700
8o
3**00

1

1

DO

60

70

IF C01) CT. 100 TC 160
R(!:m0 O

G0 TO 170
CONT INVE

R(IIaUS(T)—Un
US(T)mun
CONT INUE

Q(I)aR(I)*S(1)ed(])

1F (1. GE. NDATAICO TO 180
US(lel)aUSI])
BS(1e1)wB$(])

1=jel

¢0 TO %

CONTIMEE'

RETURN
END




00100 4

00200 SUBROUTINE LOCLIK (FuNC)

00300 [

0040C [ ————— . - e —————— e
0300 4

00600 CCMmON/RINPUT/NDATA. P (999), QBSG(999). TRUD(999)
00700 COMRON/RDUTPT/Q(999), R(999), 5(999). B(999), PPERL ($99), PERC(999)
00800 COFMON/CNTROL/ I SERCK, 10P, 1SENSE. 1mMODEL, 1REPAR
00850 COMMON/PARAMR/CARMA, PHI ), SISSAR

00873 CO™MON/ERROR/V(999), EPS (999,

00900 [

01000 c

01020 c

01040 1£(10P €G. 2)60 TO 200

01060 c

01080 (< -

01300 (<

01200 C eee SImMAPLE LEAST SQUARES FUNCTION

01300 c

01350 SUnw0. 0

Q1400 DO 100 1w1.NDATA

01500 SumeSUR * ( GUI)-0BSG(]) rel Q(I1)~0BSA(]) )
01600 100 CONTINVE

01700 c

01800 FUNC=SUM

01820 c

01840 S0 TC 999

03190C [

c<goce Comee= -

02020 [+

c2040 200 CONT INVE

c2100 C

c2200 C eee. NEGATIVE LOCLIKELIMOIID EASED ON THE RATING CURVE mMCDEL
02300 c

02400 SUm1=0.0

02500 SU~3«0.0

€600 Vii)e({ OBSA(1)eeChMA ~ G(l)eeCaAMA ) / GAMA
02700 c

C<300 DC 300 le2.NDATA

03900 Villa( OBSA(])eeCAMA ~ G(1)eelAmAa ) / CaMA
03000 EPS(I)ev(])=PHIloOoV(]-1)

03100 SUM! #SUMI+EPS(1)1®EPS(])

03200 SUmDeSUMR+ALOG( 0BSa(1) )

03300 300 CONTINUVE

03400 c

03450 DATAsNDATA

C3%00 S1GSGR=SUNL/ (DATA-1. 0)

C3500 c

03700 RA = (DATA-1. 0)el. 83E2793/2.0
03800 RB.= (DATA-§ O)®A_LDC(SICSAR)I/2.0
023900 AC = (), O~CAMAYeSUMD

04000 RD & (DATA~1.0)/2.0

04100 c

04200 FUNC = RA + RB + RC « RD

04300 C

04300 999 CONTINVE

Cca50C RETURN

04600 END



0010C [4

©022C SUSAROUTINE CRaIN(NSAR, PARVAL, ITHAL. PAPEPS. FNEPS. INPDL,
002350 3 PLA. PLAAI. PLAVLT, PLDIVD. STPMAX)

0%5¢00 c

00800 C Credient search minimisatian progrem desed on & acd1¢;0¢
00600 C Newton aethod. The modificetions are desed on the ideas
00700 C of rerquerdt( see Bard 1974 o¢ng Goldteld. Guandt end Trotter
00800 C (196&). The seerch 13 restricted to the spece of dominant
00900 C ei1genvelues. to prevent long steps 1N the directions of
01020 C non=i16entifyedle paremeters. All eigenvalues ef the normelised
01180 C informetion metris(or Mhessian) that ere less then the velue
[«3R-{< ] C EPE times the Jerpest eigenvalue are set to 1ev0 30 that ¢
01300 C psevio-inverse ef the i1nécrmetion matris is vsed( see sub~
01400 € routine CSTEP). At the time of writing EPSe0. 00000!.

01500 [

01600 C A variedle value PLM is eddov te sach non 2ere ®oditied
01700 C eigenvalue ta Teduce the site of the search steps ¢ the
01800 C logit of the pregram decides thet the assumption ef o qued~
01935 C ratit Tesponse surfece i3 NOt satisfectory. 1€ the seerch
020¢0 C reaches & rTegien yhers the moditied Newton steps ere being
0210 C rejected., or the predicted function value is quite (ifferent
022K C from the functien velve ectually odteined. the assumption of
02200 C quecratitity is deemed peor and the perameter PLM 13 increesed
0240 C dy sulsiplying by the factor PLMAT. 1¢ the reverse is found
ca500 C to de Srve. then PLM is divided by the factor PLDIVD. The
02600 C 1nitial velue of PLM (a4t the time 0f wrating is set et (0ee-?,
0270¢C C Mence the first step is essentially ¢ newton step,

c28l0 4

Ca900 C 1¢ @& s:ep is found to de escceptedle! function at the new peint
33000 C FNEW 13 smeller than the function velve et the Previous best
031060 C point FIERC ) tren one ertrepoletion step is ettempted. ¢
03288 C FNEW > then or equal to FZERD than ¢ number of interpoletion
0330 C steps ere tried. until ar improvement of the function velue
G400 C is observed or one of the ccnverpence criteria is eet.

C2500 C Tworoptions ere eveiledle #or er1trepcletion or interpoletion.
0600 C 1% vser specifies INPDL = ] then the current step is Nelved.
3700 C or dovtled as eppropriate. 1¢ INPOL = 2 then o Quedret:c
Ca800 C interpoletion Or ertrapoletion step is attempted. the metimue
0290¢ C extrepoietion step factor is set to STPMAX (=3 ot time of
0420 C erating).

04160 c

04230 C Thers ere thres weys in hich normel tevmination of the search
04350 C cen oczour.The vser specifies ¢) ma2 no. of iterations

04400 C b) @ peremeter stepsize Converyence criterion that aust be
04500 C met dy all the taremesers c) ¢ function value cOonvergence
04600 C criterion. All three must B¢ specified Dy the vser,

04700 c

04800 ° €

0ee00 [« The following 1nfo must de specitied by the vser Shrouph the
09000 C cell statement:

08100 c PARVAL(i)= initial paramester values

3200 c NP AR - Avader ef perameters

032300 c 1TRAX - a3t ne. of iterations

09400 4 PAREPS = minimum fractional Chenge of the per~
05500 [ ameter valves

05600 c FNDPS * minimvm fractional chanpe oé the
03700 c function velve

5800 c INOL = option on type of interpoletion/extrap
03930 c oletion step.

66000 c a] healve/douvble step

06100 4 =2 quedratic int/ext step
08200 c

0636 C The vser must ¢lso provide ¢ rovtine calleo MFUNC yhich must
Cosll C oprovice the ¢én. valve.grecient vector SLOP (i) and the Informetion
063K C metriz{ this may Do the NHessier OoF en apprciimation to 1t)
[T-Y X7 ] C Hii. ). A parameter INFD 13 sent to PFUNC through the cell
Co7¢C C statement 3¢ thet vwhen INFOw] ol] information should bde

2eL00 C computedién velue.predient end inforaastion metriz). wWhen
Go9s C INFOm2 only Function velve 1nformetion should de computed.
C70¢0 C The tormet of the subroutine stetement 13,

C7:100 c SUSROUTINE RMFUNC INPAR, PARVAL. F2ERD. SLOP, K, INFO)
©7200 ¢



C72%4
07405
[v1e o)
CT o0
C7760
07630
07900
oBCOC
08100
06200
08300
06400
08300
084600
08700
08800
08900
09005
091060
Q920Q
09300
09400
093¢0
09600
09700
[sad-1e )
09900
10000
10109
10200
10300
10400
10502
10603
10702
10603
109C0
11000
111300
11a0¢
113¢CC
114090
11500
116C0
117¢0
11800
11900
12000
12100
1a2T0
12500
12200
12900
124600
12700
12800
12958
132%0C
131¢0

13200

132300
13£00
129C3
1360CC
1378¢
13800
13900
1400C

T I T Y YT Y YT L L T L L Ry g O e e P O N L L L LY Y T Y ¥ P Py
€Eiplanation of program varjadles

F2ERD ~ function value et current best point

FNEW = functionh value et the point being testad

FHAT -~ predicted value of the function(quadratic epproa)

FTEm® = stores intermediate function velue while an
ejtrapoletion step is deing tried.

THETA(i{)= stores best parameter values 30 far obtained

TSLOP(i)= stores pgredient at best par vels

TH(i, 4} = stores info matris at best par vals

PLRVAL(1)= parameter values sent to the model(s)

SLOP(i) = gradient at parvalli)

Mii, 2 “ indo matriz at parvally)

DELPAR({)>= change in the par velues predicted Dy the
constrained quadratic approtisation by
subrovtaine CSTEP

INFOD = tells function evaluating subroutin whether to
compute the gracdient and information matris

PL™ = levenberg-marquardt parameter

PLAAZX - ma1 permissidle value of PLNM

PLITAT = factor to increase PLM by if Quad appre: poor
PLDIVD = factor to divide PLM by i¢ qued appros is good
STEP = stepsize factor — normally equal to 1

STPMAX = ma: permissidle stepsize factor

xMOD1 - no of fn calls with INFDs]

[ S 1a)e - no of ¢n calls with INFOUsQ

K - total no of function calls

c - gradient 1n the direction of the search vettor

INPOL = option parameter for ertrapoletion/interpolation
The tolloving subroutines are called by this progree
MFUNS (NPAR, PARVAL, FZERQD, SLCP. H. INFO)
=function, gracient, i1nformetion matris evealvator

CETEP (NPAR, M. SLOP, DELPAR, PLM)
—tomputes step to dbe tried

PR sna e a e a  a  a a a Ka Ka X a Ka Ka Na Na N Na N NaNaRa Na Ne N NalaNa NaNaNaNaNalel

DOUBLE PRECISION SLOP(10).H(30,10): DELPAR(10)
DIMENSION PARVAL(10)
DIMENSION THETA(10). TSLOP(10)., TH(10,10)
c
[T Ty DY TR L P P e e Y T Ry T e e P Y T Y T T

c

(4
o et e e e e e = = ——— —— —_—
< Initialise valves
<
KDl e}
xnODI=0
INFOs}
(4
Comwmmmannw ———————————— - -
444 CONTINUE
INFD=]
WRITES, 50)
%0 FORMAT(SX. 30C =), /)

Cail the function to be minimised to jet funcsSion value
an¢ the velues of tha partial cerivatives (INFO=1)
at the s%arting parameter valuas.

CALL MFUNC (NPAR, PARVAL, FIERD, SLOP, M, INFO)

(o) [a NaNaNalal



14102
14200
14200
14¢00
143350
14600
147060
18300
14930
15020
13100
18200
15300
13450
15300
13600
197060
19800
19900
16000
16100
16200
16300
16400
1¢500
16600
16700
16800
16900
17000
17100
17200
17300
17600
17800
176C0
17760
17900
17900
18000
18100
18200
18300
18400
18300
18600
18700
18800
18900
19000
19100
19200
19300
186400
19300
19600
19200
19800
19838
19820
19900
20000
=0G0%
20010
<0012
<90l e
20016
socie
20020
<002
<0C24a
<0C32
aVs40
ave30
20100

Co— - - - - - - - o - — - - — - - ——— > —
C The progres 10093 DacCt te here when & successtul step ang

C esttension or & sucessful interpolation step is oObtaineg.

[4

999 CONT INVE

INFO=1
(< Stere Initiel paremeter values
[

FTErP=F2ERD

DO 113 lel,NPAR
THETA (I )=PARVAL(T)
TELOP (1 )=8LOP(])
D0 114 Jmi,NPAR
THEL, JYeM(], J)

114 CONT INVE

118 CONTINVE

(2]

KakMOD 1 #+KMODQ

Print out the summary 0f the present stege of the sesrch

(o X2 X,)

WRITE(S, 129)K, KMODL, PLM
129 FORMAT(SX. ‘Jter ne’, J4, 35X, ‘Ne successful ', 14,
19X, ‘Lev=farg per *,.512.6.7/)
WRITE(S, 200) (PARVAL(]), 1=}, NPAR)
200 FORMAT(IX. 3(812. 6. X),/, 95X, 95(812.6.%),7)
IFCINFO. EQ LHWRITE(S, 221)(SLOP (1), I=1, NPAR)
221 FORMAT (3X. ‘SLOP . 3¢(C12. 6, X), /. SX, $(CID. 6. X}, /)
WRITE(S, 211)F2ERD
211 FCRMAT(SX, ‘Function velue(FIERD) & ¢, 8146 10./.%0('=), /)

Compute the optimal constrained quadratic step DELPAR(:)

(s NaXa)

Calll. CNSTEP(NPAR. M, ELOP, DELPAR, PLM)

Compute the qualretic prediction of the function vajue FHAT

(o Nala)

¢=0. 0

DO 276 Is=1,NPAR

CoC+SLOP(1)eDELPAR(])
<76 CONTINVE

FHATaF2ERO+Q. Sef

c

CITITIIITIITINIVRIIYIYIYTYN?

C Temporary Chect
1F(C. LE.C.0)6D TO 277
WRITE(S, 278)C, FHAT

2%8 FORMAT(3X, ‘evevese C @ *,F20.10,' FHATe ‘,F20.10)
sSTOP

277 CONT INVE

c Initial]ly set step svgumentetion par =
STEP=31.0
c
C Progres loops here when stapsize peraseter §s chonges
c

77 CONTINVE

4
% CONTIMKE
DO 100 =i, NPAR
PARVAL(I)STHETA(] ) «ETEPDELPAR(])

c
IF( PARVAL(1).CE. Q.0 ) CO TD o8
1F(STEP.CT.3.0) &0 70 7
ETEP=STEP/2.0
S0 TO 96
L ¥4 CONTIME
CEL=STEP-1.0
STEP=1. 0O«DEL/2.0
S0 TO %¢
[4
e CONT INUE
c

)00 CONTINWE



LC2I0 c
2C30 [« Cttain function valve at the new carsmeter valves
20400 c
2C300 CALL FFUNCINPAR, PARVAL, FNEW, SLOP, M, INFD)
20600 IF(INFO. EQ 1 )KMOD1®xmOD 1
20700 IFLINFO EQ 2)KMOD2enmOD2+)
20800 KentMID] ~HmOD2
20900 <
21000 C Praint out the summary of the present stage of the search
21100 <
a:200 IFCINFO. E£Q. 1IWRITE (S, 129)%, KMOD1, PLM
21300 IFCINFO EQ. )WRITE(S, 124K, nMOD1
21400 WRITE(S, 200) (PARVAL (1), I=], NPAR)
23500 126 FORMAT(SX, ‘ITteration ne. ‘. 14,5X, 'No successful *,14./7)
21600 IFCINFOD EQ. 1HWRITE (3. 223)(SLOP(]), I=], NPAR)
21700 223 FORMAT(IX, ‘SLOP’, S(C12. &, X), /7. 9%, 9(G12. 6. X)), /)
21800 WRITE(S, 21Q)IFNEW
21900 22 FORMAT{3X, ‘Function value(FNEW) = *,£16.10./,5Q(°'="),7)
<2000 <
22100 c Chect iteration converpgence
2200 IF(K. CE. ITMAX) €O TD 9%®
<2300 [
<2400 <
22500 C Evaluate the step and decide Adw to procees
23600 [4
<2700 < Checx for parameter value change convergence
22800 l=y
<2900 499 CONTINVE
<3050 LmARSISTEPSDEL PAR(II/THETAL(L))
<3100 IF(a CT. PAREPS)ICO TO 30}
2325¢ IF (1. SE. NPAR)GCO TD 998
23302 Im]e)
<340C C0 7O 499
<2800 c
234600 501 _ CONTINVE
<37CO C At least cne Parameter has not converged $0 Continue search
23800 [+
<2900 C Chett 1f the New function value is acceptabdle
24000 [+
26100 IF(FNEW. LT. FTEMP)ICD TO 502
2842C0 c
24200 C The step is vhacCeptable, reject the step
24400 <
24300 MRITE(S. 702)
24500 702 FORMAT(3X. ‘Step rejected’)
24700 c
24830 < i€ the last step was NoOt an ertrapolation, an interpolation
24900 [« to reduce the step size may De tried
<3000 [« If ETEP greater than one then last step uas an extrapoiation
25100 IF(STEP.LE. 1)60 TO 503
25200 <
<5300 C Reject the extrapolation step
254C0 D0 504 =1, NPAR
25500 PARVAL(I)=THETA(I)«DELPAR(])
29600 504 CONT INVE
25700 FIERD «FTErP
<5800 G0 TO 3888
5900 4
26000 %03 CONTINVE
26100 € Try an interpolation step. las: step was nct an extragclation
26200 C I¢ INPOL is equal to !. then halve step, else COmpute a
26300 C quadratic interpolation step.
26500 <
26500 IFCINPOL. EQ )60 TO 30é
26600 WRITE!S, 707)
26700 707 FORMATISX. ‘Step beinyg halved’)
<6500 STEP=STEP/2. 0
26900 ¢C TC 507
27000 306 CONTINVE
27100 WRITE(S, 708)

<72C0 70e FORMATISX, ‘Step veduced thryu quadratic interpeolation’)



$7302
274
750
a7600
27700
27800
27200
28000
<8100
28200
28300
<8400
~8500
«B8600
<8700
28800
<0900
29000
29100
29200
29300
29400
<9500
29600
29700
29800
29900
39000
30100
30200
30300
30400
30300
0e8C
30700
30800
09¢C
3100¢C
31100
31200
31300
31400
31500
31600
31700
31800
31900
32000
32100
52200
32300
32400
32300
32600
32700
A2800
2900
32000
32:00
33200
33200
33400
333500
32600
35700
32800
33900
349500
J¢100
34200

CPI7I99199970299297 799

¢ €=0.0

c DO 508 le=i.NPaR

¢ CeCSLOP(1)eDELPAR(])
C 3C8 CONTIWMX
€27777777777229 7777

STEP=0. S0(CeSTEP®02)/(CeSTEP-FIERD-FNEW)
507 CONTIME

INFO=2

PLAPLIOPLMALT

IF(PLE OT. PLMAX)IPLMePL MAX

&0 T0 77

[a X a N4l

302 CONTINIE
C The functien value was reduced 30 step i3 ecceptad

FTEMPerNEW
[
WRITE(S, 601
601 FORPMAT(3X. ‘Step eccepted’)
(4
C Test for function convergence
[
AsABS{ (FIERD-FNEW)/FIEARD )
IF(a CT.FNEPS)ICO TO 311
WRITE(S, 722)
722 FORMAT(SX, ‘Terminetion by function convergence’)
€0 0 o97
[
811 CONTINUVE

C Eztrepolete only if there were No grevious eitTepoiet;ons
C or inserpoletion in thas triel

IF(STEP EQ. 1)C0 TO 913
FIEROFTEMP®
€0 TD 444

4

812 CONTINVE

C Check it the Quadretic fit is ecceptedie
In(FIERD~FNEW) / (FZERD~-FHAT)
1IF(2.CE.0. 7. AND. 2. LE. 1.3:60 TO %14
WRITE(S,716) '

716 FORMATISX, ‘Quedretic #it not ecceptedle. Mo exzrepoletion’)
PLRuPLA/PLDIVD
IF(PLA LT. O 0000001 )PLM=0 0000001
FIERDeFTErP
S0 TO 95958

314 CONTINME
WRITE(S.717)
71?7 FORMAT(SX, ‘Quedretic P1t eccepteble, try eztrepolation’)

IFCINPOL. EQ. 2)C0 TO 81¢
WAITE(S, 719)
71 FORMAT(3X. ‘Sted teimg coutled '}
STEP=STEP=2 ©
INFO=Q
IF(PLA. CT. 0. 00G00C1)PLMaPLM/PL DIVD
o TO 777
536 CONTINVE
wWRITE (S, 721)

73 FORMAT(3X. ‘Guedretric ertrepoietion step ‘)
CI2TIIININNINNIYITIVI™
[4 C=0.0
c DO 5:8 l=1,N®aAnm
c CoC+SLDP(1)eDELPAR(])

c 518 CONTINVE
C27799929999999 7997299



34300
J¢400
4300
24600
34700
3400
34500
35009
3%100
39800
33%200
39400
29%00
%600
387860
29800
39900
6600
36100
28200
262300
36400
6300
6500
36700
36800
36%00
37000
37:c0
37200
373C0
27400
37%0%
37600
kririolvl
37eco
37900
56000
39:¢0
23200
28200
38435C
32500
38600
38730
28300
3e%00
2900C
29100
29200
35300
39400
593500
J396CC
29700
29800
39900
40000
40100

ETEPSC 30 (CeSTEPee 1/ (CoETEP «FIERC-FNEW)
IFLETEP. QT 1. 1160 TO =2

INFQOa1

IF(PLR CT. 0 0000C01 iPLImP M/PLDIVD
WRITE(S,713)

712 FORMAT(SX. ‘Btep less than 1.1 s0 no ertrepolation’)
FIEROFTEMP
GO0 TO =93
c
s21 CONT INVE
INFDaQ

IF(PLR. CT. O O000CO1IPLM=PLA/PLDIVD
WRITE(S, 723)STEP
723 FORMAT(ISX, ‘Quadratic step estrap. par.w', F10.6)
IF(STEP LE. STPPRAX)ICO TO 777
STEPwETPMAX
WRITE(S, 724) .
724 FORMAT(SX, ‘Step set equal to stepmar’)
S0 TO 777

Termination of the seorch

NnOOOO

97 CONTINVE
WRITE!(S, 802)
BoO2 FORMATI3X, ‘eee Termination due to function convErgence’)
€0 TO 990
998 CONTINVE
WAITE(S, 80)
8C23 FORMAT(3X, ‘eoee Termination due to parameter convergence ')
¢0 TO %0
999 CONT INVE
WK TE(S, 804)
804 . FORMATIOIX, ‘eee Termination cue to iter. limit esceedance’)
990 CONTINVE .

Print final values of the paTameteTs, gradient veCtor ané
the information matriz.

noOoOOo

WRITELS, 831)(THETA(]). i=i, NPAR)
ess FORMLTI(IX, 'Final parameters ‘', /. 2X, $(C12. 6. %), /7, 8X,
1 3(Ql12.6.X).7)
HAITE(S, 832) (TSLOP (), [mi, NPAR)
852 FORMAT(IX, 'Cradients’, /, IX, 3(CI2. 6.X), /. 9%, 9(C12. 6.
S S
DO 8%3 1w}, NPAR
WRITE(S. B34 (THII, U), Jml, 1)
8%4 FORMAT(IX, *Indo . X, 10(C12 &. X) )
833 CONTINME

c
c
4
c-..---.-.----.---..-..--------.-.-. (AR L 8 XY 2 21 1 T4 3 Y Y YY Y, V)
C Last lines of program follow
RETURN
END
c
4



49200
402300
40400
40300
40600
40700
428C0
42900
41000
41100
41200
41300
41400
41300
41600
41700
41000
41900
42000
42100
42200
42300
42400
423500
42600
42700
42800
429C0
43000
43100
43200
432300
43400
£3%00
43600
43700
£3830
423900
44000
44100
46200
44300
44400
44300
44600
44700
44800
X1 1
43000
43100
43200
£330¢
43400
£541C
45320
45420
43300
49600
£37G0
43800
43900
46000
46100
$6200
46300
45400
463C0
46600
45700
46800
46900
47000
47100
§7200
&£7300
47400
47300

[« L L IR A I TR L R X I I R R RS Y R R PR RE L L XL L R R e

E.BROVTINE CHETEP (N®AR,. K. SLDP, DELPAR. PLR)

- —— - = -

[a Na N4l

Note . no norsalisation

[ PP T Y YT Y L Y Y LY L LI e Y PY T Y Y P 2T YT P P YR Y T Y T 7 )
Computes o Levenderpg—Farquardl step 1N the paremeter space.
Part of o Cradient algorithe to minimise 4 function sf ten
OF less perameters VEiINg svlCessive quadratic approzimations

The Levendoerg=rlarquardt par. PLM 1% specified thAvougn the
calling program. If PLM®D O, 4 Newton step i1n the subspace
0f dceinant elgenvalues results. By setting PLM not equal to
tere (positive values only) we constrain the site 4f the
step 1n an sttempt tO Testrict 4t tO 4 region IN WAICh the
Quadratic epprorimation is more velid

Also specified ShATOUPN the calling pregram are the following.
NP AR - ne. of paremeters
Hi(j. 4) = informaetion matrit
SLOP(1) = metriz of first partial derivatives wrt. jpars

The fclloving information §9 returned to the talling progranm
DELPAR(1) = recommended change in the par velves
to get 4 reduction in the function

e N aNa e NaNaNaNaNa Moo NaNaNa NN N NaNaNaNaNsl

SOUBLE PRECISION M(10,10).V(€30.310)
DOURLE PRECISION HEIC(10).B(10.10),SLOP(3O)
DOUBLE PRECISION EPE, EPSQ, AKD. DUMI(10), CUTOFF, PLM}
DOUBLE PRECISION DELPAR(IO) . 4
c
DATA EPS/0. COOCO001/. EPSQ/0. GOOOOCO01 /., AXD/ 1. OLIB/
<

TP T OO T YIS RIS LA LA L DA I TP R VYT PPI TV TR 2 ALY LD PP ey Py Yy oY )

c
c
c
DO 1310 l=l.NPAR
DO i2C V=i, NPA&R
FISER T LIS PRR
=0 CONTINVE
110 CONTINVE

[
C eoee Compute the Eigenvaives and Eigenvectors of M
[+
NTaNP AR
CALL SYMIRD(U, MEIG, DUML, AKD. NT, 10.E®SQ. . FALSE. .. TRUE. ,
1 FaALSE. . IFAIL)
4
CALL DSORT(NT.HEIG. V)
[+

DO 998 =, NPAR

WRITE(S, P97 € 1C(])
(L4 FORMAT(3X, ‘o0ee LAMDA = °,JIX,620 6)
had ] CONT IME

c
C eee Compute the (PSEUDD?) inverse 0f the Eigenvector matris
c
c
C eee Count no. of eigvals larger than EPSe(ma:r HMEJC(I))
c
NEICeNPAR
CUTDFFsEPSe( HEIG()) )
DO 130 1=2.NPAR
IF(MEIS(1).8T. CUTOFF) CC TD 130
NElGe] -]
S0 TO 160
190 CONTINVE
160 CONTINME



-€

*ve Cempute o Levenberg-Fargquardt(®) step Lith siven PLR

®¢e Cospute the trial step DELPAR

WRITE(S, 99)NPAR, NEIS
FORMAT(SX. ‘NPAR® *, 12, 2K, ‘NEIGe"', 12}

DG 170 1=1,NElLC
Lal §

D3 180 u=1,NPAR
habkeU(J, 1)eSLOP(J)
CONT INUE

DO 190 u=1, mrar
BlJ. [mAU(Y, 1)
CONTINUE

CONT INVE

PLElePL MerMEIC()

DO 200 l=yi, NmaR

DELPAR(I)=0. 0

DO 210 v=31.NEIC

DELPAR(I)aDELPAR(I)=¢( B(l, JI/(KEICUU)=PLM1) )
CONTINUE

CONTINUE

W ITE(S, B99)

FIRMAT (3X. 'DELP&R ‘)

WAITELS, SO0 (DELPAR(T ), Jal, NPAR)
FOR®mAT 3K, 3(C12. 6. X1, /7. 8X, $(C12. 6. X))

WFITE(S, e9@)

FIR"aT(3X, 'KEESIAN")

CS 910 1=1,N%aAR

WRITE(S, S20)(H(1, V). Jm], NFAR)
FORMAT(3X, $(812. 6, X). /7, 83X, S(C12. 6. X))

CONTINVE
FETURN

**® Last line of subroutine follows

E:D



00100
22200
©0300
¢C403
0300
00600
00700
00800
00eCO
01000
03100
01200
01210
01218
031220
01300
01400
013800
01600
01700
010800
01900
02000
02100
02209
02300
02400
©23%00

2609
o700
c2800
o900
©3000
G100
c3200
€33%0
€3400
0335¢0
€600
©3760
€3800
€900
04020
04100
©4200
©4300
04400
04300
04600
04700
04710
c&720
04730
04740
0¢800
04900
05000
€8100
03200
03300
€450
¢2300
(-3 3 1]
03873
C2600
€3760
Co800
(-2 4 0)
<5000
¢6100
05200
036
05209
06300
Cé 600
06700

4
SUBRDUTINE RFUNC (KB AR, FARVAL, FUNC. SLOF, M. INFD)
4
c--..—---—---———--.-—-——-——---_-_._-------—-—------ ————— - - -
4
C eee (CORMPUTES FUNCTION VALUE AND THWE PAATIAL DERIVATIVES WRT
C eeoe PLRAMETERS IF DESIRED.
4 -
c - - . a a— Y —
4
DOUBLE PRECISION SLOP(10).M(10.10)
4
COMMON/CNTROL 7 ISERCH. JOP, ISENSE, 1MODEL. IREPAR
COMMON/ESTIN/PARA(IC). CRADS(10), FISHER(10, 10)
4
DIMENSIDN PARVAL (10)
4
4
4
C oo INVERT THE PARAPETERIZATION FROM PARVAL(I) TO VALUES OF
C eoo THE nODEL PARAMETERS.
[4
CALL PARIZ2(PARVAL)
4
4
4
IFCINFO.EQ. 1360 TO 100
4
4
4
C ees COMPUTE ONLY FUNITION VALUE
4
IF(INODEL. EG. 1)CALL MODL2}
4
IF(INCDEL. EG. 2)CALL MODLAL
4
CALL LOCLIK(FUNC)
4
RETURN
4
4
¢ .
100 CONTINVE
4
C eoos COMPUTE FUNCTION VALUE AND SLOP AND INFORMATION MATRICES
4
IF(INODEL. EQ. 1)CALL MODELZ
4
1F (INODEL. EQ. 2)CALL MOLELA
4
IF(IREPAR. NE. 116D TO 300
CALL PARIZ3
300 CONTINVE
[4 .
CALL LOGLIK(FUNG)
4
CALL DERIVY
4
CALL DERIVR
4
[4 ———— cwe -eo—
4
C eee CONVERT FROmM SINGLE PRECIS;ON TO DOUBLE PRECISION
[4
DO 200 lei.NPAR
SLOP(1)=GRADS(])
DO 190 U=, NPAR
H{l, JImFISHER (. J)
190 CONTINVE
200 CONTINVE
[4
4
(ommmncce - . 4 B A - " - —— - - - - -
4
RETURN

END



go:os C-2222712222222222222222223223222223222233222223222222222222222222
0200 c

00300 C eee CONTAINS SUBROUTINES THAT COMPUTE TWE PARTIAL
00400 C eoe DERIVATIVES OF THE FUNCTION WRT TME PARAMETERS.
09%00 4

006C% Commm=== -

05700 4

00800, SUBROUTINE DERIVY

00900 4

01082 4 - ——
01100 4
01130 COMMON/CNTROL /7 1SERCH, 10P, ISENSE. IMDDEL, IREPAR
01200 CORMON/RINPUT /NDATA, P(999), OB SG(99Y),. TRUQ(99e)
01300 COMMON/ROUTP T/Q(999). R(999), S(999), B(999). PPERC (999), PERC(999)
01600 COmMON/ESTIMR/D0 (999, &)
01500 COMMON/ESTIN/PARVAL (107, SLOP(10), HESS(10.10)
0195%0 COMMON/PARAMS /NPAR., UF., UK, BM, BX, Z, X, US], BS]
o182 COMMON/PARANMZ /CANA, PHI1, SICSGR
01960 COM™ON/ERROR/V(999), EPS(999)
01363 COMMON/DERROR /DV (999, 10), DVCAMA (999 ). DEPS (999, 10)
01600 [
017¢2 c — - ——
01710 c

01720 IF(10P. EG. 2)C0 TO 300

01730 c

01760 c - -

01809 c

019¢C0 g eve (OMPUTE THE GRADIENTS OF THE SLS FUNCTION WRYT PARAMETERS
c2000

c2100 DO 100 Kel, NPAR

02200 ¢ .

03200 SUn=0. 0

N Eele) 00 200 1=1.NDATA
¢2500 SUMeSUN * ( G(1)-0BSG(I) 1e0Q(I1,K)e2. 0

02600 200 CONTINVE

c2700 c

<90¢C SLOP (K) =5Um
02900 c
03003 100 CONT INUE
03100 c
03120 S0 TO 9%
03140 c
032¢cT Coeom . _—
03202 c
03204 300 CONTINVE
03206 c
c3208 C eee DERIVATIVES OF THE NLL FUNCTION BASED ON THE RATING
03210 C eee (CURVE MDDEL
o312 [
03214 NTHETA = 6
03218 [
03218 DD 400 Is].NDATA
©3220 DO 390 u=i.NTMETA
o322 DV (I, Jim =DA(],J)e( G(l)ee(CaMA=1.0)
033:4 390 CONTINUE
03226 DUMIm( DBSQ(])eeCaAmA 1o (CaracALDS(OPSG(I) )=, O)
o3zle DUMIm( Q(])eeCAPA )e(ShMA~ALSS(G(1))=-1. O)

€3330 DvCARmA(l)®e ( DUMI = AR ) /7 ( CAMAeTLMA )

c3332 400 CONT INVE



035235¢
€322¢
C333e
03as°
0323e
Cl24C
Cl242
03244
03246
cl248
cias

[z PN
ca2s2
©3232
03254
03236
033

032¢0
032&
G264
03246
0J2¢7
Cl268
Claee
¢3270
o327
03274
03376
3300
03400
3300

490

500

C oo

590

600

Caonnven

SUnLDC=0 O

O 500 1=2.NDATA

SURLDGeB .06 * ALDG( OBSO(I) )

DO 490 =1, NTHETA . R

DEPS(],J) @ DVII.J) = PrlleDV(I=}, J)

CONTINUE

DEPS({1, NTHETA®]) ® «y(l=])

CEPS(]. NTHETA«2) = DVeAnA(l) - PH]ieDVCAMALT=1)
CONTINVE

IF(IREPAR EQ 1)CALL PAR]Z4
COmPUTE THE GRADIENTS

DD 400 Vsl, NPAR

SUm=0.0

DO 590 1=2.NDATA

SUreSUM ¢ EPS(IISLEPS(I.K)
CONT INVE

SLCP(K) = SUM/SICSOR
CONTINE

SLO® (NPAR)I=S_OP (NPAR) - SUMLDC

4 SLC® (N®AR ;=S _DP (NP AR) oooo“o“oooon{_;.---_
c -
[4
L4 4 CONTIME
<
RETURN

ENT



€300
¢2700
¢3800
05900
04200
04100
C4200
04300
046400
045C0
04600
04700
043800
04900
05000
03C20
05040
03060
05100
03200
05300
035400
083500
05600
€5700
c580C
C5900
05910
09920
Cy9Z0
C594a3
cs9s0
06000
06C20
045040
C6100
06200
06300
06400
06300
06600
C6700
06800
C7000
¢7¢50
€7:C0
722

7300
07400
07300
C7600
C770C
07800
7900
c8o000
08100
08200
08300
£8400
cesoo
086C0
087C3
ca8ce
ceeod
07000
c®100
09200

C 22222222222 22722212232322222 2220222222232 722222222222222221222
c

SUVBROUTINE DERIV2

(2 X2l
[}

<
C eee CALCULATES THE FISHER INFORMATION MATRIX USING

C eee CIVEN SENSITIVITY COEFFICIENTS DOINDATA, NPAR ).
[of .

C -e—— - - - -

c
COMMON/ESTIMR/D0O( 999, &)
COMMON/ESTIM/PARVAL(10), SLOP(10), HESS(10, 10)
COMMON/PARAMS /NP AR, UM, UK, BM, BK, 2, X, US1, BS]
COMMON/RINPUT/NDATA, P(9599), OBST(999). TRUG(999)
CCMMON/DERROR/DV( 999, 1), DVCANALID99), DEPS(999, 10)
COMMON/PARAM/CAMA, PH11, SICSOR
COmMMON/CNTROL/ 1 SERCH. 10P, [SENSE, 1MODEL., IREPAR
c .
[ -—
c
DO 10 I=i,NPAR
DO 15 J=1.NPAR
HEES(1,J)=0. 0
1% CONTINVE
10 CONTINME
c
c
c
IF(I0P EG. 2)60 TO 300
c
[ ey — — —— —
c
C eee " HESSIAN MATRIX FOR THE SLE FUNCTION
c
D0 20 w1, NDATA
c
50 3¢ K=, NPAR
DO 25 Jwl.,NPAR
NESS (K, JI=HESS (K, J) < 2. 0eDO(1.X)*DQ(1, V)
23 CONTINVE i
20 CONT INUE
c
20 CONT INUE
GO TO 999
c
(rrec e e e s rrner et s e e - - - ———- —— - —
c
300 CONTINVE
c
C eee KESSIAN OF THE NLL FUNCTION BASID ON THE KATING CURVE
C eee MCDEL ( APPROXIMATION APPROACH § 1 ).
c

DO 220 1=3,NDATA

DO 230 K=1,NPAR

DO T w=1.NPAR

HESS (K, J) ® MESS(NK, J) = DEPS(I.R)eDEPS(1.J)/SI1CSGR
25 CONTINVE

23¢C CONT INE

<20 CONTIME

[~

[ - a— -
[~

*99 CONTINVE

[~

RETURN

END



00100
00200
00300
00400
0050¢C
00600
00700
00800
00900
01000
01100
01200
01300
01330
01400
01300
01600
01700
01800
01900
02000
02100
02200
€2300
C2400
ca%00
02600
c2700
c2800
02900
03000
€3100
0320¢
03220
03240
0330¢
0340C
03300
03600
03700
02900

C-=222222222222222222222222222322222222222222222222222221222212
c .

C eee CONTAINS THE REFPARARETERIZIATION SUBROUTINES
4

[4 -
C2221212222222222122222 2222232222222 222222222222222222222222222
4

SUBROUTINE PARIZS

NnooO

COMMON/PARANS/NPAR, Un, UM, B, BK. 2, X, US], 61
COMMON/REPAR /A, RKU. RXD. XINV, AINV
COMPMON/PARAMQ/ CAMA. PRI, E1CSOR

0

COMMON/ESTIM/PARVAL(10), SLOP(10), ESS(10. 10)

A=

RKUe) . O/UK
RXBw}. O/DK
TINVe). O/X
AlNvel O/a
LINVEALOG (XeY O)
Ramaoeo(). O/X)

OCOoOOOOOOO0 o000

Panval(1)eUm
PARVAL ()UK
PaRVAL(3)=Bm
FafvaL (4)sBX
PARVAL (S )=SAMA
PARVAL(b)mY
PARVAL(7)=PpM]I]
PamvaL (8)ma

[a N a X3l

RETURN



07900
ceooo
08100
08200
0€300
08400
08300
08350
08600
08700
c8800
06900
09000
¢9100
©9200
09300
09400
09500
09600
09700
09800
09900
co92¢
c9940
10000
1€200
10300
10400
12300
10600
18700
16750
1C800
10900
110C¢
11100
11200
11300
11400
119C0

CIq20272222322272227L22222232232223222222222223222222222 232027222
(4 .
SUBROUTINE SARIZ2(PARVAL)

[

c - - a— -

[
COMMON/PARL=S /NP AR, UM, UK, B, BK. 2. X, USI, 85}
COMMON/PARA~2/CAMA, P11, S1CSAR
COMPMON/REPAR /A, RKU, RKB. XINV, AINV

[

c

c
DIMENSION PARVAL (10)

4

c-_-_- -

c
UMsPARVAL (1)

UKePARVAL (2}
EMaPARVAL (D)
PrePARVAL (4)
CAmAsPARVAL(S)
X=PARVAL (&)
PHII=sPARVAL(T7)
AmPARVAL (8)

c

2 Uxks=l O/RKUY

c Brhel O/RMKB

[ xm1, C/XINV

[+ Aal O/AINV

¢ X=EXP (X INVI=] ©

c AsD 27 eeX
l1=A

¢ IF(A.CT.0.9)1A0. 9

[

c - - -

4
RETURN
END

c

cI......‘...Il..-.--..-‘---.I.-....-.‘.-----'-.n..-.'—--.u---.



02920
04000
04300
04200
04300
Caal0
Ce %00
Cas00
0e700
Cag00
04900
05000
05100
05200
09300
0%3%0
095400
02300
03600
05700
03800
0%900
06000
06100
C6200
04300
06400
06410
Ces1d
06420
06430
06440
06300
06500
06700
06800
06900
€2000
02100
07200
072300
07400
07500
07600
07700
AYanA

11600
11700
118900
119C0
12000
120%0
123100
12200
1230¢C
12400
12900
12600
12700
12800
12%00
12000
13100
13200
13300
12400

c
CI21222232222222TT22722 2222223232222 2223222222322 22222222222212

c

AOOOOOOOONN

OO0 NONNONON

La sl

SUBROUTINE PARIZI

REPARANETERIZES THE DERIVATIVES OF TWE FLOWS WRT, TWE
PARAMETERS IFf THWE STUDY IS TO DE CONDUCTED IN A
REPARAMETERIZED PARARETER SPACE.

CORMPMON/RINPUT/NDATA, P (®99), DRSO (999, TRUG(P9Y)
COMMON/PARAMS /NP AR, UM, UK, BF. BX. 2. X, USI, B6]
COMMON/PARAND /CAMA, PHLL, SICSOR

COMMON/REPAR/A. RKU, RKE, XINV, AINV
COMMON/ESTINQ/DQ (999, 4)

100

DO 100 1#1.NDATA
DG(1,2)=DA(], 2)0( =UKeX )
DA(1, 4)=DA(],4)0( -BKeBK )
DO(1.6)=D0(],6)0( ~Xex )
DO(1.6)=D0(1,4) @ (Xe})

DUMA=DQ(I. $)
DQO(I, $)eDQ(], S)eXen0e( (X~1)/Y )
DO(1,6)8D0(1, 6) = DUMACALDS(A)OA/X

DUmMaDA(l. 1)
DA, 1) eDA(1. 7)
DA(I, 7)eDUM
Dum=Da(1. 2)
Da(l.2)=D0(1. @)
DG(1,8)=DUM
CONTINVE

RETURN
END

SUBROUTINE PARIZA

o0

COMMON/RINSUT/NDATA. P (099, DRSG (990 ), TRUG (999,
COMMON/DERROR/OV( 999, 10). DVCAMA(999), SEPS (999, 10)

noon

DO 300 Jei,NDATA
DUMieDEPS(1,. 8)
DEPS(1.8)=DEPS(]. 3)
DEPS (1, S)=DUM)
CONTINVE

o N N2 X ]

RETURN
END



C=22022702232222230023022222323i227trzzesenyaisaiie
4

SVEEDUTINE SIMPLX(NPAR, | T=aX, PUREPS, FNEPS, A}
4
Comm e e ————— e cccec e e et e m e rrc———— T - - ————————
[

DIMENSION ACJO),.P(10.11),Y(11),PBEAR(1C), PSTAR(10)},PTSTAR(I("
[ .
Commmmm— = — —— e B = et = ———————- - ————— —_—————
¢ .

DATA RCOEFF/1. O/.ECOEFF/2 0O/.CCDEFF/0. %/

DaTA EICNUM/10000000000. 0/, KTCNVEE/ S/, STEP/0. 037/
C
X S - ——
[

WFITE (S, 400)
400 FORMAT(/10( ®’), "SIMPLEX DIRECT SEARCH‘10('e’), /7,
1 10X, ‘NONLINEAR OPTIMIZATION ALCORITHM', /)

[+
C -—
c
N=rP AR
N=Ne!
RR=FLOAT(N)
4
c
4
C PRINT QUT INITIAL PARAMETER VALUES
[+
WRITE(S, 203)
203 FORMAT (10X, "INITIAL PARAMETER VALUES’, /)
4
DC 214 [s1,N
c
WRITE(S, 204 1. A(])
S04 FORMAT(3X, 15, &%, €20. 7)
4
214 CONT INVE
c -
4
4
C CONSTRUCT THE INITIAL SIMPLEX
c
1001 CONTINVE
DO 1 1=1.10
P(I.N1)=A(D)
1 CONTINVE
[+
CALL SXFUNC (N, A, FValLLE)
YIN])eFVALUVE
ICOUNT=]COUNT+1
[+
WRITE(S, 700)
700 FCRMAT (/. 10X, "INITIAL SIMPLEX ")
[+
WRITE(S5, 701)ICOUNT. Y(N1). (P(I.N1), l=1,N)
701 FCRMAT(3X, IS, X. ‘FUNC=",0:2 9, 'PARS -, 10(812. S, X))
c
D0 2 J=I,N
DCrnmaA ()}
At c=a(J)+STEPeA(S)
DO 3 1=1,10
Ptl, Jima(])
3 CONT INVE
CALL SXFUNC(N, A, FVALUE)
YtJ)=FVALVE
ICOUNT=]ICOUNT
c
WRITE(S, 7C2)ICOUNT, Y(J). (P!, J), 1=, N)
702 FCRMAT(3X, 1S, X, ‘FUNC=’,512. 5. ‘“PARS  *, 10(C32. 5,23}
<
AlJ)=DCHK
< CONTINVE
c
WRITE(S, 600)
600 FORMAT(I0X, ‘SIMPLEX CONSTRUCTION COMPLETE', /)
[+

Cmwme —— - —— — . = - - - - ——— - - —— - —— e




C?°00
060
08100
0E200
08300
0Ba00
0B 500
08600
o700
08800
0evod
09000
09300
05200
09300
09400
09200
09600
0%700
09800

10000
310100
10200
10300
10400
10900
10600
10700
10800
10900
11000
1110C
11200
1130C
11400
11900
11600
11700
11800
11900
12000
12300
12200
12200
12400
12500
12600
12700
12800

13000
13100
13200
13300
13400
13%00
13600
13700
13800
13900
14000
14100
14200
14300
14400
14500
14600
14700
14800
14900
195000
15100
15200
15300
15400
15500
19600

[
C CHECK Ow NUFMBER OF 1TERATIDNS

c
1002 CONT INUE
[« .
IFUICOUNT. LT 1 TMAX)ICO YO 1003
K1S8Ta)
€30 T0 900
c
c ——— - —— A ———— - -
c
C FIND HIGHM. SECOND HIGCH. AND LDw POINTS
c .
1003 CONT INUE
c
YLO=Y (1)
ILO=1]

DO 31 1=2, N1
1IF(v(1). GE. YLO)GO TO 52
YL Omv(])
ILO=I
52 CONT INUE
S1 CONT INUE

YSECH!=vLD

YHICH=aYLD

1SEC=IL0

IHI=IL0

DO 41 1=1,N]

IF(Y(1). CT. YWICHICO TO 9
IF(Y(1). CT. YSECHIICO TD 6
IF(Y(L1). LY. YLOICO TO 7

S0 70 4

s CONT INUE
YSECHImYHIGH
ISEC=IMI
YHICH=Y(])
IWl=l
O TD o

6 CONT INnVE
YSECHI=Y (1)
1SEC=]
¢0 TO 4

CONTINUE

[a I N e)

NO=Y(1)
ILO=1t

CONTINUE
1 CONT INE

WRITE(S, 72Q7)YHICH, YSECHI, YLD
27 FORMAT(/, 3X, ‘Hi=’, C14. 6, * SEC=’,C14.6. ' LDOW=’,C14. 6)

CONVERGENCE CHECK ON THE FUNCTION VALUE
004 CONTINVE

D= OOOON OO0

DCHK=ABS ( (YHIGH=YLD) /YHIGH)
WRITE(S, 1)DCHK

[ 3 FORMAT (JX. 'FUNCTION CONMVGE CHECK °.C12.6)
IF(DCHK. GE. FNEPS)SO TD 1009
1STmy
€O TO 900
4
c - - -
4
C PARALRMETER COVERGENCE CHECK
C DONE EVERY 5 SImMPLEXES
4
1003 CONT INUE
4



12700
13120 <]
15400
Y=< s o)
16100
1670
16230
60
1& %00

16700
16800
16900
17000
17100
173290
17200
17400
17500
17600
17700
17600
17900
18000
18100
18200
18300
18400
18500
18600
18700
18€00
18900

19100
19200
15200
192400
19500
1960C
19700
19€00
19500

20100
2C200
20200
20400
20500

20700
20E00
20900
21000
21100
21200
21300
21400
21500
21600
21700
21800
21900
<2000

2300
22200
24200
<600
22500
22600
22700
<2200
22500
<2000
25100
25200
232300
23400
2300
<3600

-~
&<

MO CSar ONVCE-]

LF(mDWCE NE C)CC TC :10i2
KOSt eD

WFITE(S, 7287)

7€7 FORmAT (33X, ‘PAR CCNVE CHICK *)
(4
D5 10 lwl.N
COORC =P (], 1)
CCORC2=COORD1
Cc
DO 11 J=2.N1
1F(P(1., J). CE. COORD1)CO TO 12
COORDI=P (1, J)
(4
12 CONT 1 MUE
. IF(P(1. J). LE CODRD2)GD TO 11
COORCZe=P (1, V)
(4
11 CONTINE
DCHASARS( (COORDR-CODORDL)/COORD2 )
WRITE(S. 62)DCHK
62 FORMAT(3X. ‘PAR CHECK ‘,(14.6)
IFI(DCHK. CT. PAREPS)ICO Y0 1012
10 CONTINJE
KIST=2
Qo TO 900
(4
C -
(4
C COrPUTATION OF PBAR
(4
1012 CONTINUE
(4
DO 11! l=1,10
1=90. 0
DO 112 v=1.N1}
I=1+P (1, W)
112 CONTINUE
I=2=P (1. IHD)
PBAR(I)®Z/RN
11 CONTINJE
c
(4
(4
C REFLECTION THROUGH PBAR
(4
1013 CONTINUE
(4
WRITE(S. 713
713 FORMAT(3X, ‘REFLECTION')
[4
DO 16 1=1,10
[
PETAR(I)=PBAR(1)+RCOCFFe( PBAR(I)-P(1, IK1) )
[4
16 CONTINVE
CAatL SXFUNC (N, PSTAR. FVALUE)
YSTAR=FVALUE
ICONTaICOUNT
[+
WRITE (S, 703) ICOUNT
WRITE(S, 704)(PSTYAR(]), I=1, N)
WRITE(S, 705)YSTAR
[4
703 FORMAT (3X, *ITERATION NO. = ‘', 19)
704 FOR=AT (33X, 10(C12. 9. X)) .
703 FORMAT (33X, ‘FUNCTION VALUE = ‘,€1935. 6)
[
c - -
(4
C CHECK REFLECTION
(4
IF(vySTaR CE. YLD)CO TO 1019
(4
c _________ - Sy —— - —
(4
C SWCESSFU. REFLECTION, TYRY EXTENSION
(4
WEITE(S, 714)
T14 FOR=AT (23X, 'EXTENSION)



FeECOEFF
0

4
24200 POSTAR( 1 aPBAR(I)«DUM (PBAR(I)=P (], IK1))
242300 4
<4400 18 CONT INUE
24500 CALL SXFUNC (N, PRSTAR. FVALVUE)
24600 YOETARSF VAL UE
24700 1COMNTICOUNT
24800 c
24900 WRITE (S, 703) ICOUNT
<3000 WRITE (5. 704)(P25TAR(?), I=1, N)
2%100 WRITE (S, 703)Y2STAR
22200 4
25300 4
25400 4
223500 C CHECK EXTENSION
2560C 4
25700 1IF(Y2STAR. CE. YSTAR)GO TO 1018
25800 4
29900 C
26000 4
26100 C ACCEPT EXTENSION, Y2STAR 1S NEW MO
26200 c
26300 DO 21 lsi, N
26400 P(l.IK1)=P2STARCI)
26500 21 CONTINUVE
26600 Y(IM])=YQSTAR
26700 C0 TC 959
26800 4
26900 C
27000 4
27:00 C REVECT THE EXTENSION
<7200 4
27300 1018 CONT INUE
<7400 C
<7500 WRITE(S.717)
27600 717 FOR™AT(3X, ‘REJECT EXTENSION‘)
27700 4 .
27800 DO 33 lIs=i.N
27900 P(l, IM])aPSTARC(])
<8020 23 CONT INVE
28100 Y(1M])=vSTAR
2€2 G0 TD 9999
22300 C
€400 C
28300 ¢
25500 C NEW POINT NOT LOWEST
26700 c
<€300 1019 CONTINVE
28900 c
29000 IF(YSTAR GE YSECH]ISO TO 102!
29100 4
<9200 4
29300 c
£9400 C NEW POINT LESS THAN SECOND MIGH, SO ACGCEPT
29300 [
295600 DO 26 Il*1.N
29700 P(I. IMI)=PSTARC(])
<9800 6 CONT INE
29900 Y(IMI)=YSTAR
30000 CO TD 9999
30100 4
30200 c
30300 4
30400 C NEW POINT . GE. SECOND HICH., SC NOT ACCEPTARLE
30300 C
36600 1021 CONTINE
30700 4
30800 IF(YSTAR CE, YMICHICO TO 1027
20900 c
31000 e -
31100 4
31200 C CONTRACT TD PCINT OUTSIDE SIMPLEX
31300 4
21400 WRITE(S. 719)
31500 719 FCRMAT (33X, ‘EXTERNAL CONTRACTION)
31600 ¢
31700 DUM=CCOEFF eRCDEFF

21800 DC 22 jei.10



31900
32000
32:00
32200
3T200
20400

S50
32700
32800
32900
32000
35100
33200
33300
33400
353500
33600
33700
33800
33900
34000
34100
364200
24200
34400
34300
34600
34700
34800
34900
35000
35100
25200
3300
35400
35500
35600
35700
25800

$<00
2920
3%940
36000
30100
36200
36300
36400
363500
36600
36700
36800
36900
37000
37100
37200
37300
37400
37500
37600
37700
37800
37500
38000
38100
38200
38300
38400
38500
38500
36700
28500
3eeo00
39000
39100
39200
29300

PISTAR(1)1mFSaR (] eDUMO(PBAR(])-P (], IM1))

c
=2 CTHTINUE
CaLL SXFUNIIN, PRSTAR, FVaLUE)
. :C. '
4
WRITE(DS, 7G3) ICOUNT
WRITE(D, 704)1P2STAR( 1), 1@}, NY
WRITE(S,7C5)Y2STAR e
c
Crmmemmccw- —— - - - o - o ———— — > - - - ——— -
c
C CHECK EXTERNAL CONTRACTION
c
IF(Y2STAR CE. YSTAR)CO TO 102é
[
Cmrmm
c
€ ACCEPT CONTRACTION
4
WRITE(S. 721)
721 FORMAT(3X, ‘ACCEPT CONTRACTION')
c
DO 37 =1, N
P(I, IHI)=PISTAR(])
¥4 CONT INUVE
YCIKI)=Y2STAR
c
c
c
IF(Y2STAR LT. YSECKI)ICO TO 9999
c
C CONTRACT SIMPLEX
€0 TO 1023
c
c
c
C REJECT EXTERNAL CONTACTION
c
1028 CONT INVE
c
WRITE (S, 722)
722 FORMAT(3X, ‘REJECT CONTRACTION')
c
DO 38 Is=1.N
P(I, IMI)aPSTARC(I)
38 CONT INUVE
<

C CONTRACT SIMPLEX

S0 TO 1029

4

(mmmmmmem e c———— B e —

CONT INUE

c
<
c
C TRY CONTRACTION TO INSIDE OF THE SIMPLEX
c
[+

WRITE (S, 722}
FORMAT(JIX, "INTERNAL CONTRACTION')

DUM=C COEFF oRCOEFF
DD 24 1I=3,10

PASTAR(1)ePEAR(1)+DUMC(P(]. IN])=PBAR(1))

CONT INVE

CALL SXFUNC(N. P2STAR, FVALUE)
YISTAR=FVALUE
ICOUNTa]ICOUNT =]

WRITE (S, 7C3) 1COUNT
WRITE(S, 704) (PRSTAR( 1), 1=1, N)
WRITE(S, 7091 Y2STAR




35400 c

29500 C CMECK INTERNAL CONTRACTION

96500 c

39700 IF(Y2STAR LT YHMIGHICO TD 1029
39500 c

IWO0 C CONTRACT SImPLEX

40000, ¢0 TO 102%

40100 c

40200 c

40300 [+

40400 1029 CONTIMNE

4C300 [+

40600 W ITE (S, 724)

407200 724 FORPMAT (3X. ‘ACCEPT INTERNAL CONTRACTION')
40800 (4

40400 DO 4] =i N

41000 P, IM])IePSTAR(])

41100 43 CONT INUVE

431200 Y(IN])oY25TAR

41300 c

41400 [+

41%00 c

43600 IF(Y2STAR LT, YSECHI)IGO TO 9999
41700 c

41800 C CONTRACT SImMPLEX

41900 c

42000 c

42100 c

42200 c .

42300 C CONTRACTION OF THE SImPLEX

42400 c

4TS00 102% CONTINUVE

42600 c

427200 WRITE (S, 72%)

42800 72% FORMAT(3X, ‘CONTRACTION OF SIMPLEX’)
4J900 c

43000 WRITE(S,7S7)(P (], ILO)Y. I=)1. ND)
423100 757 FORPMAT (3X, ‘BEST PARS °,10(C12. S.X))
43200 WRITE (3, 798) YLD

43300 758 FORMAT (33X, ‘BEST FUNCTION VALUE=’,¢20. &)
43400 c

433500 DO 27 JEIrPw], N)

43600 DD 26 1=1.310

43700 [+

43800 P(T.USIMP)I=Q, Se( P(1, JSIMNP) « P(I.ILO) )
42900 c

44500 PSTAR(])aP (1, USINP)

443100 ab CONT INUVE

44200 CALL SXFUNCIN, PSTAR, FVALUE)
44300 Y{(JSIMP)eFvalL YE

44400 ICOUNT= [COUNT )

44300 27 CONTINVE

444600 c

44700 <

44800 c

44900 99%e CONTINUE

45000 S0 TO 1002

43100 4

43200 Comm

45300 c

45400 c

45%00 C SELECT THME BEST POINT FOUND BY THE ALCOR]THM
43600 [

45620 °00 CONTINUE

43640 (4



A:/»h
et2o0
L2850
4 £55C
42:00
42200
42550
4¢200
4e 200
& 500
42700
4LED0
44500
47500
47100
47200
47300
47400
47300
47800
47700
47800
47900
4500
4€100
4g200
4530C
48400
4ES00
48500
48700
4E300
42300
&S00
4510C
45200
48300
45400
45500
454600
45700
49500
49900
3¢000
5C:00
5C200
58200
50400
QSO0
50600
30700
50800
30900
531000
51100
3120C
31300
51400
31300

31700

--‘.'_uvtl'l

ILo=

OC 20 !=).NL

IFiv(:: CE YLOHIGL TC 29

YLC=v(])
1L O=]
< CONTIIUE
30 CONTINUE
[
Y(ILD =B 1ONUM
[+
YSEZ=Y ()
ISEC=]
DO 32 1=1. N}
1F(y(1) CE L YSEC)CO TO 231
YEECaY (1)
1SEC=]
31 CONTINUE
32 CONTINUVE
[+
Y{ILO)»YLD
c
c
[+
IF(XIST. €Q. 1 IWRITE(S, 601)
IF(RIST €Q. 2)WRITE(S, 6C2)
IF(KIST. EG. 3)WRITE(Y. 603)
[+
601 FORPAT(2X, ‘®oe FUNCTION CONVERCENCE o0 ‘)
602 FORMAT (23X, 'o®e PARAFETER CONVERGENCE eoee ‘)
603 FORMAT (3X, ‘eee [TERATION LIMIT EXCEEDED eee’)
c
[ -
c
DG 34 I=1.N1
A(l)=P (1, ILO)
Q4 CONTINUE
[+
c
[ .
WRITE(S, SOOINPAR
WRITE(S., $10) ICOUNT
[
500 FORMAT (23X, ‘NURBER OF PARAMETERS OPTIMIZED= *,1%)
S10 FORMAT (3X, ‘TOTAL NJMBER OF JTERATIGONS USZDs ‘I35
[+
WRITE (S, 320) YSEC
S20 FORMAT (33X, ‘NEXT TO BEST ESTIMATES .. FUNC VAL =‘,£20. 6)
WRITE(S, $30) (P (1, ISEC), =1, N}
330 FORMAT (32X, 10(C3R. 5. X))
[

WRITE(S. 5S40) YLD
540 FORMAT (3X. "BEST ESTIMATES .. FINC VAL =‘.G20. 6)
WRITE(S, S30) (P (I, ILO), J=1, N}

aon

RETURN
END
[+

Crursnases s s e e e S N SR s R S AR N S RS LT U NI AN EE N U S E SASAYR S AR e



o120
G200
0% 300
00200
00300
00600
00700
00800
C0%00
01000
01030
01100
01200
01300
01400
ci1300
01600
017200
01900
01900
C2000
02100
02200
02300
02400
02300
02600
02700
02800
c2900
03000
03100
03200
€32300
LRI
4200
4,300
21400
£1£00
L1420
£.700

41800

'y ',900
£2200
<2100
42200
42200
42400
42500
42500
€z700
£2€00
43900
£3200
42100
42200
453500
42250
L3300
42700
43800
42900
44000
44020
44040
&£060
44080
44100
44200
44300
44400
44300
445600
£4200
44600
44900
43400
43500

43600
a%aan

SIIITIAIAINIIITINIIIIIIIIIIINIINIIIIII I
CUESSUVINE SIFUNCINCAR, PAR VAL, FUT)

- = " " > = P e - - > - - - ——— -~

- - -— - - ——-—

4
[4
[4
C eos (2w TES THE FUNCTION VALUE FOR THE S.=2LET ALGSS [ Twm
[4
[4
<

COM=ON/CNTROL/ISERCK. 10P, 1SENSE, 1=CSDEL. IREPAR
CiMENSION PARVALI(10)

[4
Comw
<
C eoe INVERT THE PARAMETERIZATION FROM PARVALIL) TD VALUZS OF
C eee  THE MODEL PARAMETERS.
<
CALL PARIZ(PARVAL)
[4
[4
< .
C dee COMPUTE FUNCTION VALUE
[
IF(1mCDEL. EQ. 1 )CALL mODL2Y
<
IF(IMODEL. £4. 2)CALL mMODLAL
[
CALL LOSLIK(FUNG)
[4
(4 -——
4
AETVURN
END

Nbbbbdbbdbat bl dbbbrbidototibblbaaCtllabbaltbballltibettltdteeitte

C.Z2AOUTINE EISERINT. EISvAL. EIGVEC)

4
Covomcmcmraea B it L L R T PR .
¢ .

DI E.E FRETISION A110.10),L11C).EC10}., ARD. EFS
[4

CimSEION EIC/ALII0).EIGVEC(:0. 1)
4
Ceommmmmcccre et e cm et e e ch e r eSSt a e -~ e mm e - —— -
4

AvCmy 0238

£5S=0 02000000!
<
[ ettt TSI S R
¢

pC 1CC lel.NT

o0 9C  JeiLNT

Atl.J) ®» EICVECtY, U
80 CINTINVE
100 CONT INVE
4
(roromeccrcrc e mrer et e e e c e c e — G .. S —— . -———————
4

Call SYMGRD(A. D.E. 4.0, NT, 10.E7S, FALSE. . TAVE .

1 FALSE. . IFAIL)

4
C-- crme= B T T T e T
[

Ca. DESORTINT, D. A
4
[ e T TR RPN SEGIPPH P S U
[

DO 200 I=1.NT

EISval(l) = D(1)

DC 190 Usi. NY

EISVEC(1.J) o At], )
190 CONT I NUE
200 CONT INUE
4
T T TS R S cmme—- e et e e — — ——
4

PETURN

END

777777777797 797272777777972 7997799999999 9999999999999 9999999vv99990y
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< .

C se COND_ITE THE ANALYSIC OF THE PREZTSION ANI SENSITIVITY

< CF TemI F-AATZTER ESTIMATES USING THE ~ICCiaN ESTIMATE

C

C

C oo :NFC #2450 BY THE PROCAAPR « 12AR, FaSVALI]). HESS(I. J)
[#)eX-lo}s} C
0Szed C oo EXPLANLT ION OF VARIARBLES
CCOE4O C
0C=00 C NE AR « N0 COF PaFamMETERS
C:1C00 c FARVAL () = VALUES UF FPARAMETERS
o110¢ [« HEES(I.¥) = ESTIMATE OF MESSIAN MATRIX AT PaARVAL(])
01200 [« HESINVI].J) = INVERSE OF MESSIaN
01300 [« HDET - DETERMINANT OF THE WZSSJAN MATRIX
014800 C IMCUmL, IMDURQ - DUMMY ARCURENTS
C1%500 [ CORPEL (I, J) = CORRELATION FMATRIX OF THME PAR ESTIMATES
01600 ¢ C8(1.J1,6(1) - MATRJCES FOR CONTIDENCE LIMIT CALCULATION
c1200 [« CoInv(l. I - . - . - .
c180¢ C ALPHALI) = NPAR-DECZEZ FREEDI™, 4PPROX. 9% %L CON;DENCE
0:1900 c LIMITS FOR TME PARAMETERS
020ce ¢ EISVAL(I) - EICENVALUES IN DIMINISHING SIZE ORZER
c2100 [« EIGVEC(].J) = TICENVECTORS
cc20C C FQEICM(]) = 1-DEC-FREZDOM., APPROX ©%% CONFIDENCE LIMITS
0&300 [ PLCEFVI(]) « 1=-DEG-FREZILCH PAFL™=EIER EST COEF OF VaR.
<00 C PrCOEVI(L) = N-UEC-FREEI3M PLFAmETEPR EST COSF CF vaR.
cay0C < "1, J).EIGVR(I) =~ USED IN T-PAR SENSITIVITY ANALYSIS
G200 [« IMSIGN(I.J) = STORES 1FC ON DEFINITENESS OF 2-°4R
02700 C SUB-~ESEiaNS
[02-3-1¢1o C ELONG(1.J) = STORES ELONS INZEX VaALUES
C2°00 C TeETA (I, J) = STORES THMETA INDEX VALUES
030Co C RATL(]} = STOFES AXIS LENGTH RATIOS
£32%¢ C CCRZET = LETERMINANT OF THE CORRELATION MATRIX
C307% < CSonD - CONDITION NO. OF THE HESS:AN mATRIX
c2:Ce C
C3220C C.—c------_:x--s-a--!-----------t.-n:;-----------'-I-!.r-:-------
CcI2%0 C
02300 [ Rl L L T R i L R N R R Y T T T F Ry D g g S Y e
03400 ¢
C345%0 CO==ON/PRRAMS /NP AR, UM, K, B, BX, 2. X.USI. BS!
02300 ComCN/ESTIM/PARVALLLI0), SLOQPC1O) . HESS (10, 10)
3600 CI==CN/al/ MESINV(I0.10). CORREL (10, 10). HSET. CORDET. CONONOD
027¢% CImmIN/AZ/ ALPRA(LI0), P2SICM(;0)
0389¢ COMmIN/AJ/ ELONCC10:1C). THETA(10, 10), RATL(1C:, EIGSVEC(!C.10)
02%CY CLmAON/AL/ 1MSIONCLI0, 100, SIGVAL (10:. PCOEFVIIC), PNCOFVII0)
0400C C
04:00 C
04200 DI=ENSION 1HDUMI(10), IMDUmR(10)., EPSLON(10)
0430¢C CIMENEION HZ(1C. 10). EIGVQ(10)
04408 DIINSION CC(9.9).C(9.,.CCINVIS. 9)
0430C C
04220 DaTa (EPSLONCI). =1, 103)/23. 84,3 99.7 £1.9,.49,11.C7,{2. 5%,
Casal 1 14 $7 0351, 16, 92, 18, 21/
0456C <
[« ¥Nele] Crntsaxasre s e Ialr SRS AN AN s S Ar I S N A S sEE SRS PR EE S RPRNAR RS
0470¢C c
C4B00 [+
0490C C ®e DETEZRFINE THE JNVERSE OF TME WESS:AN =aTRIX
05000 C ..
%100 DT 10C Isl.NPAR
0s22¢C D0 11C usl.NPAR
€£300 SESINVIL, JIRRESS(T. U)
0%40C EiSVEC (], JimmgESLI, W)
c23%00 110 CONTINJUE ¢
05s0C 100 CONTINUVE
02700 [
L300 NTeN? R
[#3-14 o EPSx0 0OO00000001
06500 CaLL ARRAY(Q,. NT,NT. 10, 1C. HESINV., WEEINV)
06:00 CaL, =INVINESINV, NT. MCET, iMDU™L. 1=DUn2, ECS. [FLAS)
06200 CalLi ARRAY (L, NT.NT, 106,10, HESINV, WZSINV)
0e 3¢0 IFCFLAC NE 1)C0D TD S0C
Ce400 wEITE(S, 120)
Ce 500 120 FlTmAT ' THWE MESS]AN PATRIX 1S SINCULAR ‘. /)
[e7-Y2e]0] M- T B
0e”0% C ee 1+ 1Ctu%ay [NTICATES mESE12Y 1€ €10 _a®
Tt 90 7T eak



07204
2R RO

Tall
[ =34s]
07302
0723
C%e%e
077¢5
07600
07900
08000
oei100
08200
o210
0eZ20
08230
OE24%
OE2%0
08260
08300
08400
08300
08600
o200
OES00
08900
0B%0%
oee10
09000
09250
09300
0®400
0300
0060¢
0700
oeedo
0°eso
09679
09%00
10000
10100
10200
10300
10400
10430
10500
10600
10700
10800
10900
11000
11100
1:.200
11300
11400
114%0
113500
11600
11700
11800
11900
L2900
12100
13800
12300
12400
12500
12600
12700
1260C
312900
13000
13100
13200
13300
13400
13500
13600
13700
13800
12900
14000

(4 .

S02 Lo insE
Cetascssr.ssnnasssnesnarnsasncctiacacasszanrsnccrnatannannsanans
¢ A

€ oo (I-FUTE THE CORRELATION PATRIX CF TmE PASAMETEIE EST:=aTZc
[4
LG 130 lel.KFaR
£ 1460 Ju!.NPAR
CORREL (1. JI@mESINVI], JI/SORT(MESINV(]. 1 1emESINVIJ. J) )
CONPEL(J. 1ICORREL (], V)
140 CONTINUVE
130 CONT I NUE

COADET®1. O
DO %4 le).NPAR
CLEDEToCURDETORES IV (L. 1)
Sa CILTINVE
CCROET=a1. O/ {HMDETSCORDET)
c
c SO eSO ASSYASO VLS aSASASSS ......‘-..-....-......“.....‘.....
<
C ®e COMPUTE NPAR-DEGREE OF FREEDOM 99 2 CONFIDENCE
[ LINITS FOR THE PARAMETERS BASED ON THEORY PROPCSED BY

c CUPTA (PHD. THES!S)
c
D0 130 JUm1. NPAR
JisJdd=1
JasJJel
c

1IFtJJ EQ. 1)CG0D TO 161
DO 160 veil. U1
00 170 KmyJ, U}
COlJ, KISHESS ( J, K)
Gk, JI1®SC LU, K)
170 CONTINVE
16C CONTINUE
161 CONTINUE
IF(JJ EQ. NPAR) €GO TO 228
DO 180 =J2. MNP AR
DO 190 K=J. NPAR
CC(uU-1,kh=1)@HEES(J. K)
CCI(K=~), ~1)=MESS(J, )
190 CONT INVE
180 CONT INVE
IF(JJ EG. 1160 TO 221
DO 200 v=i.J1
00 210 K=J2, NPAR
CCtJ, K-1)BHESS (U, K)
210 CONTINUE
200 CONT INUE
DO 220 JsJ2. NPAR
DO 230 k=1, U1
CCt—1. KISHESS (J, i)
230 CONT INVE
220 CONTINUE
221 CONT INVE

.DO 230 Jmi.NPAR-}
DO 260 KsJ. NPAR-)
CCINVIJU.K)ImGC(J. K)
CCINVIK, JIWGE(J, K}
260 CONT INUE
2%0 CONTINVE

<
NTsNnP AR
EP$=0. 00000000001
CALL ARRAY(Q,NT.NT.9, 9, (SINV. CCINnV)
CALL RINVICCINV,NT . GDET, IMDUmL, I1MOUM2, EPS, IFLAC)
CALL ARRAY (1, NT.NT,Q, 9,00INV. CCINV)
IF(IFLAC NE. 1)CG0 TQ *10
WEITE(S. 27000y
270 FCRRAT(® THE ©C( .12, ‘) MATRIX IS SINCULAR )
ALPMA(JJ)=O, O
c ¢0 TO 1%

®10 CONTINUE
DO W0 Jei, N
CtUremESS (Y, U
<80 CONT INVE
00 T90 v=J2. NPAR
Clu-11emESS(J, JJ)
290 CONT I NVE



YO e ey

N T R

e
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o

PIRI AL AIPIRDAD A R) R A A) RY BD
AR R R RN NNV RERC RS N
O0O0OO0O00O0CONULVLVLOVO

AV ee ae

S.-sC ©
OZ 300 ¥el nLP4R-
00 218 uml v takRe
CusIomeCir e iV L0 INuvIK, U)
210 CONTINIE
300 CLNTINVE
[
C ®e ALPHAIJY) 1€ TmE &MOUNT TO 0€ « OR - FRC™ THE PLRAMETER
< ESTIMATE TO 4T THE 98 % CONFIDENSE LI1m!TS
[ PNCOFVIUY) 1§ THE N-DEC-FREEDO™ ANALOCY TO COEF OF war
(4

ASURSHESS ( Uy, JJ ) =8UN
ALPHALYY! = SGRT( EPS_DONINFAR) 7ASU™ )
PHCOFVIUUIBO LeALPMAIJU) /FARVAL (JJ)

4
1%0 CONT I NUE
C
CI.----‘-.----I.I-I-..-.-'-I--.-.-.-I-.‘-Il ASSNScCEESARSESSNaxnes
[
888 CONTINUE
C

o TP DR R LT L L L Lt T L T TN T T T T T Pryuyupapnguaen
4
C ee SOLVE FGOR EICTINVALUES AND £]1GENVECTORS

c

NTaNP AR

caLl EIGCERINT, EI1CvaL. EICVECL)
(4

CONDNC=EICVAL () /EICVALINPAR)
(4

c-----------t'.-.llllz LA ER 2222 RS R 2 20X LR L WY T PUpAE prpwpreree
C
< CALCULATE SINGLE PARAMETER SENSITIVITIES
C
DO 370 I!s1.NnPAR
PXOSICHMIII®S5RY (3 R&/HESSII. 1)
PCOEFVIIIn0 SePJSICMIII/PARVALI L)

3’¢ CONTINUE
C
cB-II'S'.‘--.-I-IIl-.-ﬂI‘t.--.-II-I--828!’:.....".:..8“-x::,-
(4
(4 TWO PARARCTER SENSITIVITIES
(4
NAs2
Imy
700 CONT INUE
DD 400 J*NA, NF AR
(4
201, 1)®HESS(], 1)
M2(Z, 2)mHESS (U, J)
H2(1, Q)=MESS(], U
H2(2, 1) =HESS (U, )
C
HWilmm2(1, 1)
HIZ=H21d, 2)
(4 .
¢ .
[
NT=2
CaLL EICERINT.EICVZ. M2}
C
(4 €I0V2(1)=MAT EICVAL . EIGV2(2 ==IN EIGVAL
C
2Nt ] Jred
JFCEIZV213) €T O O)ImSIONIT. S e w2 IGNIT, Jie!
JFIEISYRELIDY LT O OV 1IMSIENC L, s imSICNLT, U) =1
IFLEICWRt2) €T O CirlrEICNIT, U . = E10Nt], v}
IF(EIRV212) LT O ClirmSICH(l, Uim mEION(], J)=1
eIy TImImSIeNC], b
C
C o0 1TYE IWSICNIT, VIS(=2,0.2) CCERESP YO (FMAX. ™!%. SAZDLE PTS)
c
IFUINSICONIGT, Y EQ. 0G0 YD taes
C

ELCNC (1  UIWSGRT(EICVRI2)/ZEICGV211I)
ELSNS(y, 1I®ELONS (1. U)



OO
00 0O

LRI WX

AN
IF =21 @) BT € CIUEICha SN
(=23 LT O CICEICha SICN-
1IN 2.2) 6T 0 0IUSICHR S ICNt
IFIM212.2) LT, 0 C)USICNRUSIGN-]

c
IF(JSIGN CT O)ANGLE®=]. ¢
IF(JSIGN EG 0O)ANCLE==~). 0
IF(JSIGN. LT O)ANCLE=Y ©

c
PLEATESURT( (EICGVR(1=Mi1) / (EICVR(2)-m32) )
TRET=4ATANC PAKAT ) e 340 0 7/ & 28318%3
THETA(].JI)SANGLE o TMET
THETA(J, 1) =THETAC], )

c

c

c

666 CONTINUE

c

400 CONT INUE
Im]et
NAsNA® ]
IF(] EQ.NPAR)IGOD TO 777
€0 TO 700

777 CONTINVE

c

c

c-.-.-....---Il..-lll-IICOII-I.'.---...--nu------.--.-u-..-.

c

c AXIS LENGTH RATIOS

c

c
DC 780 I=1.NPAR
IF(EICGVALII: LT 0.0)60 TO 790
RATL( ) ®SGRT(EICGVAL(I)I/EICVAL(L) )
¢ YO 780

79%0 PAT_(1)e=5 @
78¢C CONTINUVE
c
c -

cl.".....l'..--.l..--...I.-.-.-..--.---u--.-....-.-“.....-.-
c
C e¢ PRINT OUT THE RESULTS OF THE SENSITIVITY ANALYSIS
c
CALL PRINT(ISING)

c .
C e+ END OF SENSITIVITY ANALYSIS OF PARAMETERS
c

RETURN
ENC



[a}

SLLATITINE FRINTR0ICIND)

l.ll.'.lﬂ“ll.‘l“llIII.I.‘.‘.!‘I-"'l"-.-.-.-...‘---.I-..-.-
ee PEINLTS CJT TAZ SECULIS LF ThE SInI[TIVITY AALYE]S
OF THE FARavE"ZF ESTINMATES

ee 11550 FEGD 8Y FRIJRAM = 1E:10G, MESINVIY, U), CORREL (I, U
FARVAL (1), FZEICM(]), PCOEFVI])
ALPHAC]), PNCOTV( 1), ELCNC (T, O}
THITACL, D). INSIGNCT. J). RATL(])
EISvAL (), EICGVEC(I. V). HLET

SR E NSRRI AR SN N R A N I N AN S A R A AR SRS L AN U ST AR RS R RO SR RN TR

OO0 NN

COmmIie/PRRAMS/NP AR, UM, UK, 3M. BK. 2, X, USI, BS!
COMmOII/ESTIM/FARVAL (107, SLCP(10). HESS(10,10)
COMMON/AL/  HESINV(10.10). CORREL(10.10). HDET, CORDET., CONDNO
COMrMON/AZ/ ALPHA(10), PISICM(10)
COM™ON/A3/ ELONG(10, 10), THETA(10,.10), RATL(10). EIGVEC(10. 10}
COPMON/AL/ IXSICNI10. 10), EICVAL(10). PCOEFV(10). PNCOFV(10)
c
C FEERENNREBARRS -----.---.--II.-.---.-..l.------I-...---..'...---.
c
C------c--lzx -..I.--..-.-'--..I-.-.‘.'-.--...-.--.-a.-------....
¢ .
C ®e PRINT OUT THE RESULTS OF THME SENSITIVITY ANALYSIS
c
WRITE(S. 9)

L FORMAT(X./,50( '®°))
wRITE(S,10)
10 FORMAT (20X, 'RESULTS OF TWE SENSITIVITY ANALYSIS '}
WRITE(S. 9) ’
¢
C eeee PRINT THE HESSIAN MATRIX
[«

WRITE(S. BB

8e9 FORMAT( ‘~==w—ce-THE HESSJAN MATRIX-=——e=e=' . /)
DG 888 (=1.NPAR
WPITE(S, 9C2) (KESS(]. Ui, usy, 1)

ess CONT INUE

c

C eoee PRINT THE INVERSE HESSIaN MATRIX
c

IF(ISING EG. 1)CD TD 830
®RITE(S,901)

901 FORMAT ( '===~—===THE INVERSE HESSJAN MATR]X=wecce—'’, /)
OC 8935 1=1,NPAR
WP ITE (S, 902) (KESINVIL. Uy, Ui, 1)

°c2 FCR™MAT (SX, 10(C11. 9. X}, /)

533-] CONTINUE

c

C ee PRINT TWE DETERMINANT DOF THE KEISSIAN MATRIX
UEITE}S.lz)NDEY

12 FORPAT(10X* DETERMINANT OF HESSIAN MATRIX = /, 20 10)
c
WRITE (S.911)
911 FORMAT(/ /0 /)
c

C eoee PFRINT TKHE PARAMETER CORRELATION MATRIX
WRITE (S, 903)

ek ] FORMAT(/, '~memm——— THE PAR CQORRELATION MATRIX=c—ecce—= L)
DC %6 I=1,nBaAR
WR ITELS, 0L (CORREL (T, V), U=y, 1)

o0 FORMAT(5X.10(C9. 3,2, /)

e%e CONT INUE

-

C ee PRINT THE DEZTERSINANT OF THE CORRELATION MATRIX
“RITE (S, 13)C0SDET

13 FOR%AT(10X, * DETERMINANT OF CORRELATION MATRIX = ‘,C20 10)
wRITE(S.91))

<

4



22200
32309
33300
3200
22700
3TEDO
32€90
32000
33100
335
2340C
I35
23600
227¢0
23600
226K
232000
24100
24200
24300
34400
24300
24600
24700
24800
24900
23600
23100
23200
23300
23400
22%00
2%600
25700
2$800
228900
36000
36100
3e¢20C
36300
22400
36900
2060C
36700
36800
36900
37000
37100
STa0e
37300
37400
37%00
3760C
377200
27800
S7900
32000
38100
38200
28300
38400
28500
J2600
€700
38800
S8900
35000
23100
2¢200
29300
3310
38320
25330
39340
29340

C oo

909
8s7

W20

S22

921

830

s22
Q24

926

928
937

L 23

oOon

Lrri4

€30

¢
c
C oo

<

14
c

FRINT “~E.E OF CONFIDENCE L mITS
WRITE(S.SCY)

€oIvAT(/ /., ‘mwmrmece €3 % CIFIT

FOE=AT(/.103¢(" =)
wWRITE(S,907)

ENTE LiMITE cremmcaa)

FOR=AT (32X, “1=-LESFEE OF FREZDOM . 22X,

1  'Ne2EGSEES OF FREEDLOM'’)
wRITEL S, SO8)
FCR="AT(SX, FLARAMETER WVALUVE ‘. :0X.
aZiTZ % T
L3 817 iel.vEak
IisBaRVALLD , -¢2S1CH(T)
lesPhARVALII ,«P2SICM( )
Iis2aFYaAL(;  ~ALPmAT])
J2LaZLBVALI! . «cALPHMALY)

wEIYE(S. 9081, FAPVAL (], 21, 22.25. 1
FLE®"ATI(2Y.!3.3X.C10 %, 4X.61% 8. X,

CONTINUVE

WRITE (S, 906)
WRITECS. 220)

QU LO=ER . 13X, "VUFFER ", 186X

&
C12 9.6X.21613.9.21))

FORMAT(JIX, 2( 'COEFFICIENT OF VARIATION®, 18X))

WRITE (3. 906)
DO 921 l=),.%8aR

WEITELS.922) ), PCOEFVIT).PNCSFVI(T)

FOR"AT(IX, iZ. 27X, 2(6198.9,286X))
CONTINUE
WhITE(S, 904)

CONTINUVE

PRINT Z-Pak SUISPACE SENSITIVITY INDICES

WEITECS. 91
W2ITE(S. 91Q)

FLRVAT( ‘=evoaecc-PAR SENSITIVITY INDICESc=cvmem=‘/,/)

WEITE(S. N

FLR®AT (10X, ‘ELONGATION MATRIX . /. 10X, (7(*="), /)

DL 9i& !e=].Nn2AR
WS ITS (9, FCRICELONG (L, W), uw). 1)
CONTINUE

W& iTE(S. 1)
W& ITELS, 923)

FORMAT (10X. "INTERACTION MATR:IX (DECRZES) . /.10X.28( '~"'). /)

DO S24 lei, . PaAR
WRITE(S, 925X (THETA(L, V). usy, I
FORFAT(9X, 10(C8. 3, 4X), /)
COUNTINVE

WRITE(S. 911

WP ITE(S. 926!

FCR™AT (30X, ‘DEFINJTNESS MATRIX
1 ¢ PCINT=Q'./,10X.4%7(*=*),/)

00 27 1=1.1.%aR

WRITE(S SIG)CIMSICN(T, J1, J=1. 1)

FORPAT(3X. 10(19, 9X). 7}

CONTINUE

PRINT EICVALS AND EICVEC'S

WRITE(S, 911
WRITE(S. 929)

rFAYe-2, MIN®+Q, SADDLE *

FORPAT( ‘e=ceccacef |CENVALUVES ~wvecmmu /)
WKkITE(S, 902 (EIGVAL(]). jey, NPAR)
WRITELS. 930)
FORPAT( 'meccau—cE ]CENVECTORS -~ ~~vomax ', /)
DO 931 l=1.NPaAR
WEITE(S, FORM(EIGVEC(]. J). Jmi, NPAR)
CONTINVE

PRINT CONDITION NUMBER OF MESSIAN
WRITE(S., 14)CONDNO
FOARMAT (10X, ‘CONDITION NUFRBER * °.$2C 10.7/)



3€e00 wEITELS. 900

2S70¢ e L TE (L. 932

%800 @32 FORmaTilCX. "AXIS LENGTK S&TICS', /, 10X, 1B =), /7
2300 WEITELS SIINLL RATL(L), (=, EAR)

20000 33 FLE=aT(1001C1, 12, 8X. €11 9, /7))

<2100 [«

ac200 C ee END OF THE SENEITIVITY 4nNA_LYS!S FRINTOUT

4C30C [

40400 WRITE (9. 906)

<0200 WS ]TES. 938)

*0000 934 FCR=aT (10X, "END OF SENSITIVITY ANALYS!S PRINTGUT*)
40700 wAITE (L. 906)

40800 WRITE(S. )

40900 C 0000000000 000000000000000v000000e0nt B0 CO0C L 00000009000 %00000000
41000 FETUEN

2110¢C €7

e wew LI R R Rl R R R R S e e A R A A A S R N R T Y X I epary
44700 [«

L1 -Tolo} SuEILJTINE DSORTIN. A B)

4$3200 [

46700 Cmmmommmmcemm— s s T T S T et s e e
46100 c

36200 C  ese ARZINIES VECTZR A(l) SO THAT ITS ELEMENTS AFE IN
46300 C eee LTIZTATING CRLER OF MmACNITUSE. AND THME COLUMNS OF
4400 C eee EStI. ) TWAT CCRPESPOND TO THE ELERINTS OF (1)
4200 C esoe AFE A_ET ARCCCADINGLY PEARRANSED

4,200 C

4e708 | Cmm=mmem=ea- emmmcana e e R LR L - m——— cmmm—m———
4e 300 [«

4e°0C CLL2LE FRECISION A(10).BC3C. 10). TERP(10. 103, T
27080 ZIPIUSION M(10)

47100 <

47TIOC Cmmmmmemmcame e == cccescccccocccceae- e cecer e
47390 C

47400 VL LT I=sLUN

27500 “ilie]

4700 1C QLT INUE

£7700 C

47800 [ el el e L L L el ——————————— B -
4700 C

4EU0C hEl -]

£8:00 OC 16 I=1.K

£4220C Letet

L2200 2C 16 vesl. L

22800 IFiE 20U) ST AtJe1)Y I1CL TO e

4z55C TEL( )

i2=00 Lrlimaiyel)

125700 AlgelimT

€E200 mCamt gy

2€%00 Mo xM(Yel)

[X-Yelole} Mt ey owmT

4%:10C 16 CoTINvE

4C200 <

23300 Commmmmmmrem e e e e L e L D Lt S e L e L DL L
L4€400 [

28300 27 ¢TT I=1,N

25eQC 20 100 Jmi.N

2570C TEeS !

eIl iCC =Rt

e2Q0 <20 o]

$ul00 [+ .

$7100

€C200

$23500

£2300

$2300

<ls0C

£d700

PL-Te]o]

$C%00

si0cCC

s man P R A R I T 0 A A X L R T T T TR IR AP O A AP



233500
$3400
23700
$2800
$2%00
£4000
£23100
2300
2300
3600
22300
$2200
$4700
24600
$4900
$2000

L%

»
"
>

'
o
o

300
€00
socC

YR NI T N
TR T X

4
I
L4
[o]
[e]

L8700
£S500
L8900
%000
36100
2¢200
3¢300
2e400
2300
S6600
$s8700
$¢ 800
3¢ *00
£7500
37100
$T20C
73500
L£Te0C
$7%00
27000
L7700
<7800
£9900
tEQ00
S€10C
$2200

100

oA..sA.-u“tutc-‘..-““““h‘-\uuu..“.“
P S T T A

ARy

[F B 1 BB

€ 10 CTCERT A 2

«LIFENE  Dial, LAEAY €

(=228 = 1)
DI=2:C1ON St1,.D14)
K] s N - |
IF:=3D0€=-1) 1C2.100.120

1Jeo | & g e
WP s N e e
00 110 vel,9

timet v ap]

OC 110 Lwe),
tvs]y=-1

[LATR PR
Du)r=g¢ty)
¢0 TO 140

l1JeC

Hr=)

00 130 Kel.y
DO 2% Le1. ]
lumlget
N¥s!Me]
S(IJ)ed(NM)

SUBROQUTINE mINV

¢ JRPOSE
INVERT & MATRIX

VEAGE
CALL FPINV(A.N.D. L, ™ EPS, IFLAG)

cISCRIFTION OF PaRArETERS
A = INFLT MATRIX., TEZSTROYED IN COMPUTATION AND REPLACED BY
RES . TANT IPMVERSE.
N = DRLIR OF raTP (X A
D = RES..TANT DETER™ INANT
L = =DPe VECTCR CF LEMCTM N
M -~ W3R VECTCR OF LENSTHR N
EPS = SMALLEST T~AT PIVOT CAN BE WITHGUT BEING RECARDED AS SINGULAR
1IFLAGC = O, NORMay. 1. SINSULAR

EEMARNKS
FATRIX &4 MUST BE A GENERAL MATRIX

SJRROUTINEE AND FUNCTICN SUBFAROCAANS REQUIRED
HWONE

~ZTHOD
THZ STADARD CAVES-JORCAN FETWMOD IS USED THL DETERMINANT
1€ A_SO CALCUATED. A DETZRMINANT OF IERQD INDICATES THAT
THE RMATEIX 1S SINSULAR.

WTINE M CACN. DL, ™ EPS. (FLAG)
SFION AC12.L11). M3

(]
oo

b hN

CINN

DIiny
DINA
Ciny
I
SINL
SINL
T Ina
CINy
Dimn
oImn

L PIN

oI

OIN
CIm
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OO OO OGO

COCOoOQCOoOvC ¢

H WA .-
[o 3o W)
[= e Je]

[T NN RY NNV YT ST IR
OO BT LR o L L L O TER T RN Y]

[N 3

LE0C

IAXAY

[ XsNal

(AN aNal

3¢

[N

SE

[3e]

NnNoOn

(s N eNal

1]

[y

[P

Fiws o §
t=: ¢

Y & -y

00 €3 vmiLN
tiv . -ty

LUK en

RN X T°§
VV.m1r ok
plCrsa (VY K)
08 S UerlN
tlwne (=3
00 T . N
IJm il

IF (428 (EICA'=RES(AILIY))) 12,2C. 20
E1CA=a( 1Y)
LiK:=]
RiK}ny

CONT INVE

INTERZHANGE ROWS

Jal (K}

IF(U=w) 23,22.29%
[ S8 L2

D0 30 is=1.N
KlmKeN

O Da-a(n])
Jiaklepey

LILR SR T E30) 9
AU =e3LD

INTEF S=5NGT COLUMNS

TamiK)

IF(I=-x. &%,49%, 38
JEmNel=1)

00 &C us!i.N

N TN

JiaJPey
wO_Cw-a(UK)

KUK ma(Jl)
AUJTY =mO D

TIVvIIE COLUmN BY MINUS PIVOT (VALUE
CINTARINZD IN BIGA)D

IF (&2€¢2]GA} GT EPS) GC T0 <6
IFLAC = 1

RETLUAN

20 &3 1=31.N

IF(l-x: 3C.55.%50

KBNS ]

AlIK ma(IK)/(=BIGA)

CONT IWUE

REDUCE MATRIX

20 &% !=1.N
IvaNKe1
oL =L IR
lJel=-N

OC &% U=l N

Tl leN

IFLI=K) &0. 6% 60
IF(J=K) ¢t2.6%.62
(S5 BEVERE N

AT amC DeAIRIISACTY)
CONT IMUE

OF PIVOT ELEmENT

o

P4
< <

LNV
ZiNV
LINV
DV
i
CINV
DINV
TInv
VINV
CIinv
Ziny
Cinv

SINV
DINV
TINV
DiInvV
oinv
CINV
DINV

1INV
Dinv
DINV
DINV
DinNv
DINV
DINV
CINV
Cinv
TINV
T INV
DINV
DINV
CINV
DINV
DINV
DINV
DINV
Cinv
DINV
DiINV
DINV
DINV
JINV
DiNnv

DINV
JiINV
DINV.
DINV
DINV
DINV
DINV
DINV
DInv|
DINV
DINV
DINV
ZINV
DiNV,
DiNV
JINV
CINV
DINV
SInNV
DINV.
DINV:



CeCCe e

Com g e
QO QONC L
QO OCOOC N N0

K
[
o
oo

L L L U L U L N L L T A

D

81708
$1800
s19C0
32000
$2100
83200
92300
32400
$23%500
326000
32700
52800

2900
$3060
£3100
93200
93300
$3400
83500
$3600
$3700
£380C
83900
94000
$4300
34200
94300
80400

(aNaNal OO Nn [ANA]

[a N aNal

L T T T T T T T T T T W T B T T T T T T T T, T B B S B, )

109
103

1CE

11C
120

123

130

150

e ier e L. B1LST

<2 =ty
~e
-

A )

“EL. N

[

-8 .'."
ey 2¢.7L.20
Yo xatr SR A
v lE

Y VI X L ]

Vs m

CRANUCT OF ! vOTsS
D & Letisla
FERLACE FIVUT BY RECIFECAL

Aive Y L/ELGA
Lot INJVE

FiINaL Fow anls COLU'N ILTEPLmAVSE

KanN
Ve'ld=])

1F(w) 190,190.102
1= (K}

IFiI-k) 120.:20.108
JEEhe(K=1)
JFaiatiel)

S 110 U=y N

JRE UGy

WO, oA (JK)

Jis ey

ALK ImaAlJ])
AlLJ) smdLD
w®e{K)

IF(J=Kk) 10C.:00. ‘2%
KiskeN

DS :13C l=i.N
KiaK]eN
HOLDsAIK])
Viskleney
AlKIIeaA(J])
ALYl ==OLD

GO TO 100
CCHTINVE
RETURN
END

SUBROUT INE SYMORDI(A. D. E. A%O. N, NA, EPS, ABSCNV, VEC, TRD, FAIL)

from Ci4lM glporithm JIB4. Ejpenvalves an¢ Eigenvectors of o
Real Symmesric Matris, by C. W. Stewarts.

Eiplaretion of the parameters in the cealling sequence:

A=~ A two~dimengional arrey. 1f the matriz is not initially

tT1diegonal., it is contained 1n the Jower traianple of A
1# eigenvectors are not requested the lewer triangle of
& i3 destroyed while the elements adove the diagonel are
left undistyroed. 1f eigenvectors are requested. they
are returned In the columns of A (doudble precision)

D - A one~gimensional array. I¢ the matriz i3 {nitially

AKO - A gouble precision variable CONtaining an oripinal oripin

tridiaponel. D contains its dragonal elements. On return

D contains tre eipenvaives of thAe @atriz (double precision).

- A onhe~gimensionel] array. 1¢ the array i3 initially
tridisagonal, E conteins the ofé~diegonal elements Upon
return E(j) conteins the numter of [terations reguivted to

ccmpute the approzimete eipenvealue D(1). (Doudle precision),

Shift to be veed unti]l the Computed shifts settle down
1¢ AKO=], ODIB8. the gpiven oF comduted Din) of the

tridiagone) matris will be uted 43 the Originel origain shaift,

N
Lin
s
oIn
Olu
sin
7241
DIN
sin
24

CiN

oiNn
Ciw
LN
Cin
CiN
S
SIN
Diw
DIiw
Cin
oIiN
CIN
Cin
DIN
CIN
DIin
DIN
DIN
cIin
PN
2IN
TIN
DIN
Cin
DIN
DIN
DIN
DIn
s

oIN
DIN
oIN
DIN
DIn



945C0 < N = 4r i1nteger variadle conteining the orcer Of trne matris
4600 <

56700 [ N4 = An integer variatlie containing the first Gimengion of the
542090 4 astrTis A

34900 <

$3000 (4 EPE = A gouble precision variable containing & convergence
£9100 [ tclerance.

38200 4

98200 [4 ABSCWY -~ A logitel variable containing the value true. if the
55400 [ atsolute ccnverpence Criterion is to be uvsed or the value
$5500 [ .false. 1f the relative criterion is to de uset. )
593600 4

£5700 [ VEC = A logical variable containing the value . true 3¢
59800 [ tigenvectors are to be computed and resurned in the array A
35900 [ and otherwise containing the value . false..

55000 (4

36100 4 TRD = A logical variadle containing the value . true. $¢ the
56200 (4 satriz iy tridiegonal and jocated in the aTrays D and £
%6300 [ and otherwise containing the value . false.

56400 4

56500 [4 FAIL = An integer variadle containing an errpor signal. Omn
564600 (4 return the eigenvalues in D(failel). . D(n) ané thejr
$6700 [ corresponding eigenvectors may be presumed accurate
56800 4

26900 IM*LICIT DOUBLE PRECISION (A=W, D-2)

$7000 DIFENSION A(NA. N}, D(N).E(N)

87100 CCZLE PRECISION KO, K1, K2, K, NINF, NKORN, RAX

57200 INTECER FAIL.SINCOE, RET

$7350 LOSICAL APSCNV. VEC. TRL.SHFT

57400 v.O=4KC

37500 TITTER=30. ODO

87600 e lmN-]

£7709 NYZsN=2D

57800 NINF=Q. ODO

57900 ARESICN 500 TOD SINCOS

38000 C

58100 4 SIGNAL ERROR 1F N IS NOT PCSITIVE.

58200 4

583060 IF (N.§T.0) €C TO

S83C0O FAI w=~]

$8500 RETURN

$8600 c

$8780 [+ SPECIAL TREATMENT FOR 4 RATRIX OF DORDER 3.

56300 c

%8900 1 1IF (N.CT. 1) €O TO 8

59000 IF({.NOT. TRD) D(i)=AC(3.1)

29100 IFI{VEC) A(1,1)=1 ODO

39200 FAIL=O

592300 RETURN

59400 4

59500 c IF MATRIX 1S TRIDIAGONAL. SKIP THE REDUCTION.

396C0 c

39700 ® IF(TRD) €O TO 100

59800 IF(N EQ.2) CO TD 80

59900 c

60G00 c REIACE THE MATRIX TO TRIDIAGCONAL FOAM BY MOUSEHOLLER 'S METHOD
60100 c

60200 DD 70 Le=i. . NM2

60300 Lisle}

60400 DtL)ma(L, L)

60300 MAI=0. ODO

60600 DO 10 I=Li. N

60700 10 MATaamaX] (MAX. ABS(A(LI.L})))

60850 IFt»AX NE ©O.0DO) 60 TC 12

60900 E(L)=0. ODO

61000 AlL.L)a}, ODO

61:00 0 Y0 70

61200 12 Sum=0_ ODO

61300 DO (7 I=L3I.N

61400 i ACT.LimAa(]. L)/MAX

_61500 _ 17 SUMeSUmea(l,L)ee2



61600 Ca=SORTIEUMM)

61700 IF(a(L1. L) LT O CDC) Sie-e2
410800 E(L)e=82emAl

61900 AL, L)=A(L], L)eS2
¢2000 AL, L)=82ea(L ], L)

62100 Surl =0. 0DO

£2200 DO 50 Je= 1. N

62300 SUne0. 0DC

62400 0O 20 u=Ll.

=200 20 SIPeESUN ¢ A(], J)eAa( U L)
62600 IF (1. EQ.N) OO0 TO &0
62700 liele}

62800 DO 30 usli. N

42900 30 SUnsSuUn-alJ.L)ea(J. 1)
43000 &0 E(1)sSUun/alL. L)

63100 %0 SUMeSUMI+AlI. L)I®E(])
&3200 CON®O. SeSUMLI/A(L. L)
63300 DO 60 l=Li.N

63400 E(1)eE(1)=CONeAll. L)
63500 DO 60 u=Ll.]

43600 60 Al JImA(l. NI=al]. LISELY) = al(J.LISE(])
63700 70 CONTINVE

63800 80 DINMIImA(NRL, NM1 )

63900 DIN)®A(N, N)

64000 E(NMI)eA(N. N

643100 [4

64200 4 IF EICENVECTOPE ARE REGUIRED. INITIALIZE 4.
65300 4

64400 100 1IF(.NOT. VEC) &0 TO i8¢

643500 4

64600 € 1IF THE MATRIX WAS TRIDIAGONAL. SET A EGUAL TO THE IDENTITY maTRIX.
64700 4

64900 JIF (. NOT. TRD AND. N. NE. 2) GO TO 130

6400 PO 120 le=i.n

L2009 20 110 Jwl. N

65100 110 a(l,J)=0 0DO
65200 120 ALl J)m] 0DO

63300 €0 TO 180

%00 €

LT500 c IF THE mATRIX WAS NOT TRIDIAGONAL. MULTIPLY OUT THE
63600 € TRANKSFORMATIONS OBTAINED IN THE MOUSEMOLDER REDUCTION.
48700 4

£5800 130 AIN,N)=], ODO

62800 h{NM1,NM]1)=l 0DO

66000 A(NM1, N)=D. ODO

66100 AN, NM1)=0 0DO

6623 DL 170 Loy . NQ

$6300 LL®mNMO=L *)

66400 LLieLte}

66500 DO 140 IsLLI.N

860600 SUmM=0. 0DO

£6700 DO 1233 vsiLi.N

6800 133 SUmaSURea(J. LL)eA( Y, 1)
64900 140 AlLL, [NeSUM/a(LL, LL)

67050 DO 150 I=tli.N
67100 DO 150 uslLi.N
¢7200 150 All. oAl HD=all. LLIeallL. s
67300 D0 160 Jelli. N
67400 ACl,LL)=0, 0DO

¢7300 160 A(LL. 1)=0. 0DO
67600 170 AalLL,LL)=], ODO

67700 c

67850 c 1IF AN ARSOLUTE CONVERGENIZ CRITERION IS REQUESTED

6;933 g (AZECHVeE. TRUE. ). COMPUTE THE INTINITY NORM OF THE mATRIX.
1 17

68:00 180 IFC NOT. aABSCWV) €0 TO 200

68200 NINFaARAXLIABS(D (1) )*ABSIE(1)), ABSID(N) )=ABB(E(NT1)))
68300 IF(N.EQ. 2) ©C 10 200

e84C0 50 190 le2. N1

683500 190 NINFaAMAX ] ININF, ABS(D(1) 1242S(E(]) )-ABS(E(]I=1)))
+2600 4



£700
£2800
2900
£$000
£%:100
£9250
£9300
c%400
£9%500
£9¢00
9700
£9800
&9900
70000
70100
70200
70300
70400
72900
70600
76700
70800
70900
71600
71100
71200
7360
71400
713C0
71¢00
71700
71800
71900
72000
72100
73200
7<300
72400
72%00
72600
72700
72600
72900
73000
73100
73200
73300
73400
73300
73600
73700
73800
73900
74000
74100
74200
74300
74450
74%00
74600
74700
74800
74900
73%0C0

200

NOONO

230

LY
»
[}

[J e e Nal

310

ETART THE OR ITERATION

NUsN

NUM L ==

EHFTa. FALSE
IFIKO.6T. 1. 0D37) KOUsD(N)
Ki=aKQ

TESTaNINFeEPS

EtN)=0. ODO

CHECK FOR CONVERGCENCE AND LDCATE THE SUBMATRIX IN WHICH THE
GR STEP I8 TO BE PERFORMED

DO 220 NNLe=1, Nuni

NL=NUML =NAL =1

IF(. NOT. ABSCNV) TESTaEPSeaMIN] (ABS(D(NL) ). ABS(DINL*1)))
IF(ABS(E(NL)). . LE. TEST) €0 TO 230
CONT INVE

G0 TO 240

£ (NL)=0, ODO

N_=NLe*1

IF(NL.NE. N\J) G0 TO 240

IFtnNurl EQ. 1) RETURN

NU=NUML

NUM) aNU=1

¢0 TO 210

E(NUI=E (NU)+1, ODO
IF(E(NUY. LE. TITTER) €D TO 2%0
FAIL=NU

RETURN

CALCULATE THE SHIFT.

~CEa(DINUML)=DI(NU) /2.0
MAXsAMAX] (ABS(CB)., 4BS(E(NUML)Y )
C3=CB/maX
CCa(E(NUML) /MAX)eeQ
CD=SQRT (CBee2+CC)

IF(CE. NE. O O00)CD=SICH(CD, CB)
KQuD(NY)=MAXeCC/ (CB-CD)

IFISHFT) OO TO 270
IF(LBS(KQ=K1). LT. 0. 2e4BS(KJ)) €D TC 260
rianQ

KRelO

€0 TO 200

SHF Te, TRUE.

reK2

PERFORM ONE GR STEP WITH SHIFT K ON ROWS 4AND COLUMNS NL
THROUGH NU

PaD(NL) =K

GeE(NL)

ASSICN 310 TO REY
G0 TO SINCOS. (300
DG 380 Isa, NUM)

1F REGUIRED, ROTATE THE EIGENVECTORS

IF (. NOT.VEC) €0 TO 230

DS 220 J=1.N .
TEMPaCoA(J, 1)=SeA(J, I*1)

AlY, Jel)m=-Sea(y, [)+Cohl(J, 1+1)
htd, JImTEMP



72100 c

793¢0 ¢ PEAFORM THE SIRILARITY TRANSFORMATION AND CALCULATE THE
735300 (4 NEXT ROTATION.

7%4CO (4

733¢0 330 Dilr1eCeD(])oBeE(])
73600 TErFRaleE(])oEeDi(]e])
79700 Dtlel)e=SeL(])eCeD(]e})
75800 E(l)a=Sex

73900 Dil)aCeD(I)*SeTEMP
76000 1Ft1. EG. NUM1) OO0 TO 380
76100 “IF (ABS(S). 8T ABS(C)) €O TO 3%0
76200 f=S/C

763¢0 Dileirm~Sef(])eCoDi{le))
76400 PeD(lel )R

76500 GuCeE(lel)

76600 ASSIGN J40 TO RET
767CC G0 TO £1INCOS, (500)
76850 340 E(]l)=ReNDAN

76900 €ils1)=Q

7,000 ¢0 TO 380

771C0 350 PaCeE(])+5eD(]e])

77200 GaSeE(]*1)

77300 Dilel)aCoP/Sex

77400 Etle1)mCoE(]ley)

77500 ASSIGN 360 TOD RET
77600 S0 TO SINCDS. (300)

77700 3860 ElI)eNDRM
77800 380 CONTINUVE

77900 TEMPaCOE (NUF] )eSeD(NY)

78000 DINY)ImeSeE(NUML)=CeD (M)
78100 E(NUML) = TEMP

7EQCY 60 TO 210

78300 c

78400 4 INTERNAL PROCEDURE TO CALCULATE THE ROTATION CORRESPONDING TO
78300 4 THE VECTOR (P, Q).

78600 ¢

78700 $00 PPoABS(P)

78800 GG=aBS(Q)

78900 1F(GG. CT. PP) €O TO 810

79000 NORMaPPeSQRT (], ODO-(0Q/PP)ee?)
79100 0 7O 320

792C0 510 1F(GG. £Q. 0. 0DO) CO TO 330
79300 NORF=0GeSORT (1, ODO+(PP/GG ) ee2)
79400 - (o] CeP /NORPM

79300 S«Q/NORM

79600 €0 TO RET, (310,340, 360}

79700 530 C=1. ODO

79800 S=0. ODO

79900 NORM=0. ODO

80000 00 TO RET. (310.340, 360)

80100 END



22108 C mair greg te *ur C et Slqogrer 1r trargé caf $2ace

[ geld ¢

[ p-1e] CRELICIT OOUBLE FRECISIZN(A-N. 0=

[S1a3x3e1o) CirZaucIl FARO(10). FuR 110

Cl40C c

oos00 lié £EwQ

G2eCO 1TrAY=2Y

o700 4

OCEOC Far0'1)820 0

¢O%00 PaRDr2Ime O

coe0e <

GO0 FLR'i)=y O

[sgap ¥-1e] Put(2)®1. 0

0o%3¢C <

oCcan FNESS=0 000001

ceS30 FL4rREPS=0 000001

00580 SLIPS1=0 001

0070 SDESSZ=(Q. O¢

clcgo <

Coo%0 1SERe)

01000 4

C:100 CaLl CE&INs(N.Lﬁ.PAFG,XTHAX,FAGEPS,Fngs'p;g'Issi
HRE-14 1 SUEPSL. SLEPSY)

¢i200 4

01300 STOP

01400 END

G100 [

0C200 4

0C300 ¢

20400 [ Oct 13 , Correctec version of GCMAING with &2Cel s2eepest

CC %00 4 Cescent 1N BOIAh 1Nni1tie] searTCh and searcr for

00e0C (4 transforratior paremeter velues

[e] el fole] [ ke D ——————— LD kil DRl R

cQeoo 4

0CS00 4

o100C C Crecient Seearch using Trangsfcormations o0f the perarmeter

01100 C spece to imorove quadratic convergence

01200 (4

0.30¢C ° SUBROUTINE CRAINSINFAR, PARG, ] THUAX, FAREPS. FIJEPS. ®uR, ISZR

01400 1 SLEPEL, SLEPS2)

Q01%00 4

01600 (Rt s Tl Lt D et T —————- B L EE S PN

01700 IMPLICTIT COUBLE PRECISION(A=H, 3=2)

01800 4 -

01900 DIMENSION SLOP(10). K(3Q, 10:,PARDO(.0), PARYI(10)

C2000 CIMENSION TSLOPLIO), TH(1C. 10}, TPARI 10}

cz:0C CIMENSION PWR (10), RSLOP(10),RH(10,1C), REPLRO(1C:. PEARA1(1C)
<200 QIMENRSION RDEL(1O)

ca23cC ¢

Ceé400 Commmm- e e —eccce——— —————— ——meceeea- e —————— cemmee- ———m——-

£2%00 <KITE(S, 131)

Cee00 133 FCRMAT (SX, ‘ecstsssssss SUP SMAIMD 6ececes ‘)

c2700 ¢

cea3c00 C Initialise values

<00 4 .

c34C0 FLre0. O

€100 17=0

23200 ICH1=O

cz=Z00 1CH2=0

cZap00 1CHS=Q

¢2300 ¢

C2600 IF(ISER EQ 136C TO o3

Cc2700 Covmcmmme e e ———— e Eeree E e E e S e - - e ——————

C3300C C Conouct en ini%ti18] steepest cescent seerch

C2900 ¢

©4000 INFQO=}

04100 TALL PFUNMCINDAR.FARC.F2ERC. SLOP. W, INFO)

04200 17817y

C&300 =“RITE(S, 30117, (PARO(]), =), NPAR

C440C WRITE(S, 111(S_.OP(]).1=1, NPAR)

04300 wRITE(S. 12IFTIERD

Cé600 10 FORMAT(3X, ‘JTteration °, 18./,3X, ‘Persy °,30(8312 &6.1))

C&700 11 FORMAT (3X., ‘Gredarents ', 101012 6.X))

04800 12 FORMAT (3X. ‘Fiere °. 613 &)

04900 ¢

0%000 CALL STEEP(NP4R.PARD,PAR], FIERD. FNEw. SLOP. IT. 1 Tmax,

03100 3 STEPS). SDEPSR)

2200 <



[ag-Rcela} Sl 20 (=l 1PkE

€%200 2230 rmPRRYIC(]D

£s200 30 TINTINUE

S%600 FIETRIEFNEW

cLv00 STITE(S. 1D

cLeoo 12 FIEMAT(3X. 'eee Steepest Lescert Over oee’)
02€00 <

¢e000 [ Sttt bbbttt abddee € DD - -
¢6:00 <

$e200 C bBeg:r Z-scient Search

Ce300 [

O0400 <

©e200 It=0a)

0e 3500 CALL MEUNT(MPAR, PARC, FIERZ, SLD>. K. INFQ)
06700 1717+

Ce®00 <

- 00900 4

€C7000 1] CONTINVE

6?7:00 4 "a:7 loor of the program begins here

07209 4

07300 4 Store best por values.gracients and hession
u7600 DG 100 Is=:.NPAR

¢2900 TPAR(] )wPLRO(])

67600 TELOP (13=5L0OP (1)

07700 00 110 U=l.NPaR

c780C Tr(l, Vyamtl, U

C7%00 110 CONTINVE
[/1.1¢e o] 100 CONTINVE

0100 4
LESLC C Print ovut values of 1rtecest
NEII0 [
22300 WRITE(S. EVLIIT. (PWRIT), 1u], RPAR)
B0 (1} FORPATUI/Z. 650 =), /7, 9%, "1TER ", 313, 7. 8%, 'TRANSFLAMATION FARE
Ce=00 ) .7 82100838 &, X))
CLETLE WEJTE(S. B:CI(TFRAR (], i8], b LB
3017 €10 FOFral(). ‘FaAR ‘. )10I0ID €. X))
P12 3e70) WRITE(S,EISHICTELOP (), lo.. KB AR)
CeLO0 619 FORPAT(SX, 'SLOP *,10(0:2 e. 22
C%.00 «5JTE!S.Bi1&IFIERD
vs00 Bié °  FIRMAT(SX. 'F2ZERO= ', 519 &)
05500 < .
C®200 4 Cerzuze transfcrmed £av values. gracients, onc hets:or
<13 2e1e] <
Cs=00 Call CTRAN: (MNPAR. PW%, PLal(C. RSP LKD)
[ V1) Call STRMARNIINPAR, PUWE SLOF EE_CF. W, A, PARS)
[7g-2e]] [+
o%e0l c
10000 C Compvsie approzarate QuUaFTAtIC step 1IN the Cerameceritranyior~
H Y 17) C meg) rtoce
1C800 [
1630C Chil, CNSTEBINB AR, AMW.RE_DP. KTEL. PLM)
1683C [ .
12850 C !rmit:aliy tes %tep egqool tc )1 C
iseo0 iTP=. O
1LToC <
{0220 777 LINTINVE
15500 C Conzt-oi*returns Nere oher & step 13 re ected anc & smaller
21300 [ stas si1e 38 tO De traec
11206 [+
11300 [ cz-t.%e new values 1T the toarséoTmed paramete~ scace
o] 2T 12C 1ml.1BaR
o] IImETEeRIEL(] )
20 EZTak () isESRARO(],-00
128 TINTINVE
: [
i C Comsvte parsmeter vodlve :n zr:ganal ta* space
: 4
H Canl CTRANIG(NPAR, PWEA, RE34R:, B4R )
. [
Pr-gugato] s 230 isl. . PAR
by 31 FUPARI(L) LY. O CIPARI1:=0 C
Hr 314 $%C CCNTINVE
M vie C Zerzute function, gracaent anc Ness.an 42 New :%eration
<7¢0 <
e Htd .3
< dvi] Lowi MFUNCS INBGKR. FAR ., FiZwm SUTF. &, (NF0)
13000 iT=]Te)
12:00 wEITELS. B1T7IFNEW
S0 817 FoRMALY (X, 'FIEws 25



13850 C crect erceecance of e ation L:m:it
12300 C

13200 IFUIT CE 1TMax:iCHiel

12700 c

13808 [ Chechk FoOr paTameter vaive Crarge cchve gence
13900 Ja}

14000 400 CONTINUE

16309 LAmTATEl PARI(1)=-PARG(Y) /PAROC(])
14200 IF (A ST BARESSICE TD 5¢)

14200 IF(]. CGE.NFWFR)ICD TO %02

16400 Isley

14500 e TC %99

PR 1) [+

14700 50 CONTINUE

14800 C ParameterTs have converged

14900 1CHIs

22000 [+

18100 [+

18800 S22 CONTINUE

18200 [+

13400 C Checzs 1f She nev function value 15 accepsable
313500 [+

1 8AON [of

13700 C Cecide on step dtcegtence or re, ection
12500 [+

12500 1F(FHEW. LT FIERD:IGD TO 300

12500 WAITE(S, 701

16100 703 FOR"aT(SX, "STEE REVECTED '

12200 IF(ICHY. EG 1160 TO 999

1Fe1CH2 EG 1100 YO %8
STPeSTP/2 O

¢0 10 777
c
305 CONTINVE
wRITE(S, 702)
7Cc2 CA=aT(SX, 'STEP ACCEPTED ")

C Jompute new values of the transécrmatior parameters
Call CTRANKG (KPR, FIERD, FNSW, FARD, PAR]. SLOP. M, PWR

* 03 310 I=m1.NFAR
FaRQ(1)aPARY (1)
310 CONTINVE

[«

C Test for function convergence
k= (FIERC-FNEW) /FIERC
IF{ha LE FNIPS)ICHS=]

c
931 CNTINUE
[+
FrEQDeFNEW
IFeicHMl. EQ. 1100 TO 999
IFCICHT. EG. 1180 TO 99
iFLICHM2.EQ 1)C0 TO 97
<
¢S TO 58538
c
Cremmermcmcmcvemn———a e e ————— comce e —— [P, —————— -
[
C Terrmiration of the search
4
Bl YV $57 COSRTINVE
1T700 WFITE(S, B8C2)
is20C ece FOR®LTISX, 'ees Term:naticn due to function corvergence '’
12200 ¢C 75 §9C
SINCO 96¢ CINTINVE
P Eele) we ITE(S, EOD)
<250 8Cs FORMAT(SX, 'eee Term.ration Cue %0 parameter convergence’)
<300 S5 O 9%0
<1400 595 CONTINVE
«-500 WAITE(S, B804)
PsE-Tete] 8oL FLRMAT(9X, ‘eve Term.natior due to jter. l:mit erceecance’)
< 700 99¢ CONTINVE

Print #3nal velues of the carareters. gradient vecsicr anc
the i1néormation matriz

X
-
o
o
la)
nooo
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.
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<
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!
[
o
C

QO
Qo

-
-~

Ll
]
’
Yy
[]

- Sww
T30
STLCO
ea-1414)
sTelC

WETE(S. BS I ITPAR (. la:, HP&R)

es: FORMATIOY, ‘Fina) peramesers ., /. 53X, . S(Q1% &. 30 ..7,103.
1 %519 &. 35X, )
wEITE(S, BEI)(TSLOP(]), Im). NPALR)
2¢s FLR™"4aT(SX, ‘Cradients ', /, 5X. S(C:S 6. 9X),/7.310>.%i(5:% ¢.

1 %),/
0O 253 lsl.NPaAR
WEITE(S. B4 (TM(], Ji, ym), 1)
e8a FCAMLT(SX. "Informet.on metraz’'. 3X. 10(811 6. X)
s CONTINVE

)

c
[+
C 1¢ sequareé perform the tavameter sensitivity amalysis
[+
[ IF(ISENSE EG 1)CALL CANLYS(NBAR. TPAR, TH)
[+
c-..-“--- LT X Y - -—
C Las: .ines of proprem fcllovw
RETURN
END
[
APTYTII Iy I X X 2 T X o Y] - cOvICIotetonade
c-.-...o--oooo-ooOO.ooovo;.o-o. oseese ~oe -
c
SSBRDUTINE CTRANL(IPAR, PUK, P, RP)
c
C Comgutes tramsécomed parameter values
c
I=BLICIT DUALE PREC!ISIONtL-H. D-2)
CIMENEION FuR(30),.PLIC), RP(OD)
c
SJ 100 lw), nuPAR
IF(DAES(PWR (1)) LE. C. 001160 Y0 %0
FE( I a(P(] eePWR(1)~] C)/PwE(])
e TO &0
50 SITRTINVE
T E(1)eD.DCP(])
FaR(l)eT ©
oC LONT INY
100 CINTINVE
RETURN
END
c
[ crece L e Y R Y Y L L X T TR T R PP

[ el T R T T T T X X i ey

¢

SUSROUTINE STRAND(NFALR, BUR, S_CP. RS.LO®. M, Am. P)
¢

IMPLICIT DIUBLE PRECISION(L=N.D=2)
C Computes transécrmed graecients anc hessian
[4 e s
IHMEMSION FAR10:, SLOP (10, RELO® (10, M0, 1S,
IMENSION P (10)

20 100 le).iPar
BE DB (] imE . OP(l el ( )ee(] C-PWE(];)
cvmaM(l, Jie2(])ee (D 0= CePWA(]))
Fe(l, ] mDi™eS OP (1)) C=PUR(]) ioP()0e (] (=T
T 110 umlel NPAP
EBwcl, JimM(l, Ji®(P(] 00 (1. CoPWRI(I ) e(P(J o0l
Pmiy. ] omAMIT, U
316 CONT INUVE
166 IONTINVE
. PEYURN
END

<

Fm(i0. 103

cePLR (1))

{=PWR(J))

Pt ettt 1 e 0 et e e P P P P PP PP C T PP PP PP T T F PP P PP T PP PPt ad T aras D



[l
(o}

< 80C
2TeGe
Ps-Julele]
«2:00
<8200
<5300
<8250
<8400
«8%00
JE£00
28700
<5800
<8°00
%200
<900
<¥2O0
25200
29400
22500
29600
29700
. 29800

29500
20000
30300
32200
30300
203%0
3C400
30500
J060C
3700
20808
30%0C
31000
31100
2:300
31300
3100
2:5%00
J:60C
3700
J1BCO
21900
22000
I22%0
32100
32200
32300
32400
32%00
22000
2S7890

50820

J4500
38300
22200
34300
ea00
S9300
3400
347C00
34500
54500
3-Telele]
2%1¢0
2200

T P T e & P T T T e P P T T P st T rr PP P P e T e PP m s e Pt rrcrmar o

[a XgNal

SUBRAVTING CTRANI(NFPAR, PWE, RF.P)

c
C FRe:rirséiorms pav: back tc orig.nai space
c
iMPLICIT DOUBLE PRECISION(A=M, =2
TIMENSION PWR(I0),REPLIC). P10
c
D3 100 Is=1.NP4R )
1IF(DABS(PWR(1)) LE. C 001160 TC SO
Pil)w( RP(])ePWR(1)=1, 0 Jee(] O/PWR(I))
&S 70 60
50 CONT INUE
P(liaDEXP( RP(1) )
FWR(:)=G O
60 CONT INUE
Helo) CONTINVE
FETURN
END
[
c - -
P P P Pttt P P P P P P P PP PP Pt PP P T P P P I P P PP PP I PP P PP PP PP PP PP T rer e e
c .
[
SJUZZJUTINE CYRANA(NPAR, FO,F3, PO.P1, SLOP. M. PwR)
C
IME_ICIT DOUVELE PRECISION(&=M.0D-1)
DIFPENEION POG10). PLI(10), SLOP (301, MU0, 10}, PWR(10)
DIMINEION RE(10),RH(10,10). RP1(10),RPO(:0), PWR} (10}
OOVELE PRECISION DEM(IC, 101, CERRP(10). ERR. DELPWR (10}
¢ 2

C Set 3nitial step s:ite
STEF=! O
ITFRal
1E25=g
C
100 . CONTINUE
C Ceocmcute svror in guadratic ¢3¢
c Fi®st compute transformed values of pars.gracients, hess
ChLL CTRANI(NESAR, PWR. PG, RPO)
ChLL CTRAN1(NAWR, PWR. P11, RP})
Cal. CTRANQ(NFAR, PUR, SLOP. RS, M. RH, P1)
[« Comtute squared prediction eTrvOr with given trangé
4Ll ERAOR(NEAR,RPQO,.RP.,RE.Rm.FC.F1l. SGERRA, ERRA)
1 TFrafs] TPWRe
WBITE(S, LCISLERRA
1C FCR=4T(SX, 'SGIRRA ', X, C12. &)

13- CONTINVE

IF(ISER EQ. 11680 TO 600

RITE(S,20)(TPUR
CEMATIZX, “1TPWR®’, I1,2X. ‘Steepest descent For PLR(])*)

C Compute normalised gracient vector of quad #it wre, puwr pars
Cill CPWRI(MPALAR,PL.P!.RPO,.FP!, PuUR, RS, AM, ERRA.DELPWR)
WRITELS, 117 (CELPWR (L), Jm}, NFAR)

i FOBMLT (SX, ‘CELPWR (I ‘. 10(6La &, X))
o T2 700
C
Coommmmemcm——— ——m———————— cem e m e ——————— ——mm—m——————————
C
600 CONTINVE
C
STERw]. O
1Shas
WRITE(S. Q1)1 TAWUR
21 FORMAT(3X, ‘ITPWR=’, 12, 3X, ‘Cradient search for PwR(I)’)

Ca_l CPWRI(NPALR.PO.P1.RPO,RP., PUR, RS. RH, ERRA, DERR, DEH)

Conouct &4 gradient search

[aNaNal [a]

CALL CNSTEP (NPAR, LEW. DERR, DEL_PWR. 0. 0)
WRITE(S, 17)(LELPWR(]), el NPAR)
1?7 FOR"AT(3X., ‘DELPWR(]) “,30(8:2 6.X))



<%0 CONTINVE
22 22C !e=1,N®uR
ZIeSTERPEDELFLRI(])
PuRk){]l aPR(])*DD
iFIBRRI(I).CT.15.0)PWRI(])=)3. O
IF(PWRI(I) LT.=10. CIPRRI(])==}0.0
o0 CINTINVE
WRITE(S. IQI(PWRILL), le]l, NPAR)
12, FOPRmATISX. "PURICI) ’,10(6:12 &, X))

26700 C Cereute erve™ with New transfcrraticr pars

%0202 CaLl CTRANLINPAR, PWR), PG, RBO)

36500 CaLl CTRAN) (NPAR, PWRI,PY,.RPY)

370500 CaLl CTRANIINFAR, PWRI, SLOP. RS, M. RM. PY)
37100 CaLl ERRCRINPAR, RPO.RPI, RS, RN, FC. FL, SGERPE. ERRS)
37200 1TPuke.TPWRe

37300 WEITE(S. 1 3)SQERRE

37400 13 FOR=AT(SI., "SQGERRE . 812 &)

374%0 IFCITPUR CT. 20160 TO 7%

37%00 c

37000 €C Decite to reject or accept stap

37700 c

37800 IF(SHERRE LT. SGERRAIEO T 300C

3790¢ 4

268000 IF(1EEF EQ 0160 70 600

s8:00 iIF(IE4 €6 0HGO TO oo

OEZ0C S TC 10C

3€200 850 CONTINGE

38400 [4

SESOC C Reduce stec v120@
ITEFwETEP /L. O
IT(ETER LT.0.01)60 TO 40¢C

S YO @

¢ .
ele] CINTINGE
C
FULICER ZG 116D TC TS0
4 Erc c¢ s1teefest Cescent
Ceevovvovecsoe
L TC 7%
c....’..".“.
39220 [
36400 IEZfe]
5500 $C 10 100
2%600 C
35700 7%0 SONT INVE
26E00 C Term:naze search for New transfo masior pars
289¢C SSITE(S, IS)(PWR(T . Ju), NEAR
40000 19 FUR™&LT(SX, ‘BEET PWR VALS ', /, $X, 10tCI. 6. X))
<200 BTTURN
ac200 c

45300 300 CONTIME
<0400 C Step eccepitec.try new step

40450 Bax {SUCRRA-SGERRE ) /EGTARA

40438 iF(SG LE. 0.C01)60 TO 7%

LI 14 FASGEAAB. LE. 0. 02001)6D TGO 730

420500 Cha

A5600 DE 2:10 s!.NPAR

ACTOC PuR (I lePuLR](])

40200 J:0 CONT INVE

L0906 CICHRLaSGTRRE

41000 ETERuSTITL. O

41100 S0 YO %0

4:200 END

4:300 4

&2400 [ R Y L Y T L e R RPN Y
P ; soc c.. LA X LR P TIIL AL R 24 AL AL L LR LIRS AR LR TR T L L LR E D I PR parus iy

4:0C C



4700 ¢

L1€0C SUDACJTING ERFOR (1P LR . AC. L. RS, Fm, FL. F.. S3EF6. C&E,
4.%00 c
41920 i PLlIT DOUBLE PRECICSICNta=m, 0-2)
L2000 CImENCSION AD(IC). AV (10), RELIG).Fm(IC, 10)
<3100 LOUVE-E PRECISION ERR
<200 c
42300 c
43400 T O
L2500 =0 ¢
42600 DO 160 I=1.NPAR
42700 C2a0tll=A1(])
4<800 Yave:S(l)eC
42200 100 CIONT I NUE
£3500 02 110 1=},.NP4AR
42100 DO 1I0 J=1.NP&AR
43200 Im2«iA0(])=AI(])ieRN(], V)@ ikD(Ji=A(U))
43300 120 CNTINVE
43400 110 CONTINUVE
43500 ERRuF 1 ~FO*Ye( %02
83600 SGERA=ERR®ERR
435700 RETURN
43€ED0 END
43500 [
&&000 [« 2 T2 2 D T T TR T T L R R T T O PR
443100 [ D R e D D X TR TS A U
L4200 c
44300 c
44400 SUBROUTINE CPWR (KFAR, PC.PL.RPC. AP}, PWR, RE. R=, ERR, CERR)
£43%00 <
44500 c
43250 IMPLICIT DOUBLE PRECISION{A=H, C-2)
45700 DImENSION RS(IO0).RHME10,.10)
~&80C TOUS.E PRETISION SUM, SUML. UM, DRS. a4, DC, ERR, DERR (10
44500 DOVE.E PRECISION DR™(19.1C:. €10
« %000 CimEnSION POCIO).P1{10), RPO(IO, AP1(10),PwR(10)
45100 [+
&£5200 DO 100 I=1,NPAR
45300 TC(1IWRPOIII-RPI(D)
<3400 100 CONTINUVE
45500 C Compute gracdients wrt power pars
45500 DC 500 I=].NPAR
45700 SUM=0. 0
43800 . SRSs=-DLOS(PIC(1))eRS(])
43900 AL OCIPO(]))ePU(l1)eePWR (1 :~DLOC(PI(]))0F1(l)eePWR(])
20000 Di=( AL=C(1) )/PWR (1)
4100 SUMuSUN-DRSeC (I )RS (]1)eDC
46200 c
462300 SUmi=s0 O
<6400 DO 00 K=1, NPAR
46500 SUMIeSUMI*RM( ], K)eC (K)
<0000 <00 CONTINVE
40700 SUMeSUM=DCeSUMY
<eBCO c
4¢900 SUM2=0. 0
47000 DO J:0 Kmy. NPAR
47100 IF(K EQ. 1)CO TO 29
47200 DRHI:. R)==DLOG(PI (1) )eRM(], K)
47300 S0 TO 230
47400 220 CONTINVE
47%00 ORM(I, K)®m=3 CoDLOC(PI(J))eRM(I, 1)=(RS(3I/(P. (] 0ePWR(])})
47500 pais o] CONTINUE
47700 EUMTSUMDC (K ) @ DRM( I, K)
STECC 210 CONTINUE
47900 SymsSUn«C(;)eSyMd
4BO00 SUMEEUM-0 SeDRM(I, 1:eC(1)eC(I)
<E8210 iF(ERR €T C 0;E=1. 0
4E8020 IF(ERR. LT O O)Ee=1.0
4£0%0 DERR (] )=SUMeE
48100 c
48200 c
SE£500 500 CONTINVE

4B200__ ¢




53100
50200
50300
50400
0500
50600
700
SL30¢
50400
51000
£2100
$i1300
$1500
$:400
$.%00

$2300
L2400
L2500
22200
2700
209800
22900
53000
$2100
3200
33300
3400
£2%00
5600
$3700
L2200
t2900
54500
5<100
54200
4300
4400
246200
4600
L4700
94800
54900
2000
£50%0

C hnivmalive %0 GTdC 0Pt e ter
15 8lT ter nreR
IF(ZABS LERK(II) €T © OLOLLI005C01iSE TC 20¢
[ZANSLE
IS 17 lel.ieF
Lis&:1:80 0
907 COnT INVE
€3 10 %06
30¢ CONT INUE

4
(8
w

ST CONTINVE
0D 610 (®1.NPAR
IF(CABE(LERRCIY) €T. 100C00CE €160 TG 612
610 CoRTINVE
$2 70 cis
012 CONTINUE
DO cieo !=1.NPAR .
LERR( 1IeJERR(T11/10600000. ©
o168 CONT INUE
60 T0 618

614 CONT INVE
Syre0 ©
D0 600 i®l. NFAR
EUraCSUVeDERR (]I eLERR(])
60C CONTINVE
S eT8LET ( SUK)

c
DD €17 l=1.NP4LR
DERB (] w=DERR(]./SUM
6317 CONTINVE
o3 CONTINE
FETLAN
ENT
c

PNt e n st T m e P P P P P (P P P P P P e P N N E P PP PP PP PP PP R P PP T TP s ST T er ot v
Pttt s s s et e e P P P P P P N P P P P PP P PP P P TP PP P TPt S TP T Gt e v Tt Tt
c

. SUERTUTINE CNETEFP(NCAR, =, ELOP. DELPLR, PLM)
c — - E—— - ————
[
C Note . nc normaiisation
c...-...--.--...---- PSSV LAUNSSE S SEENAMSLEATESSSUUESESCESSSASSY
Computes a Levenderg~rarquardt sted in the paramater sgace.
Part of a CraCient algorithm to minimise & function of ten
or less parTameters viing suCCEssive (uUaliratit acprorimations.

The Levenderg=Marquardt par. PLF 3 speCified tATOUEM the
calling srog~am. [ PLFM8C. 0. a Newton step in the subspace
of domirant eigenvalues results. By setting PL™ not equal to
tero (sositive values only) wa corstrair 2he siie of the
step 1r. ar attempt to restrict 1t to & Tepion 1IN whiCh the
gvatraic agiTo0zimatior .3 more vali¢

Also sceqified throuplr the calling program are the following:'
NP LR - ne. of parameters
M(.. 4) = 1néormation metriy
C.0%(3i) = matris of firset partial Cerivatives wrt. pars.

The foilcwinpg information 13 returned to the Caliing program
CELBAR(3L) = recommenged Crange 1M the par valuas
t0 per & reovction 1n the éunction

OO NANODOONDNOONNONON

IP®_ICIT DOUBLE PRECISION(L=H,T=2)

DIimENSION »(10.10).V1C. 100

DirENSION WEIS(10). B(1C. 10).ES.0P(10)

DOUELE BRECISION DELPaAR(1O)
c

J4T& E*E/C COUOOCLO01/. EPEL/ T OCOOT000: /., ARO/ DB/
c

Cesaenarciss s s s s RsrsEcaRss . CearFrI2asrzts i e szsnasrSreassrsssas



[aNaNal

TS 1iC (=l AR
Oo 12C o7l NEAR
Iy, Jremt ] 0

P LSHTINJE
1.0 CoHTINVE
¢
C eee Computs the Eigervalues anc Ejgenvectors of M
4
NTaNP AR
CALL EIGEYDIU. HEIG. NT.NT,.N7.10.0C. 5,
VO 58 Im).NRAR
WRITE(S. @F7)REIC(])
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F.sFT0

PETURN

END

6esc. = lter Lirm:t erceeder’)

¢esCc. = Par Convergence’)

‘e /.2X.101€22. 6. X))
L/.3X, 10162 6.0))



APPENDIX 3

Conditional Parameter Sensitivity;
Concentricity and Interaction

In this appendix, four common measures of parameter sensitivity are

presented.

A-3.1 Continued Parameter Sensitivity [CPS;(e)]

This index is the one used most commonly in parameter sensitivity
analysis. The conditional parameter sensitivity of parameter 0; at o
(CPSj(8) in Figure A-3.1) is the amount that the parameter can vary while
remaining inside the indifference region while the other parameters are held

fixed. The index does not account for the compensating effects of the

simultaneous variation of two or more parameters on the model output. Let
Sij be the (jj)th element of the matrix VBZSI(B). Then, setting (ve}; = 0

in (10) j #, solution for the maximum variation of {ve} yields:

1/2
)

CPS.(8) = + [ (A-3.1)
! [511

A-3.2 Concentricity (X;j) and Interaction (I;;)

The conditional parameter sensitivity index discussed above measures
only individual parameter sensitivity. Sorooshian and Arfi (1982) intro-
duced two indices that measure two-parameter concurrent interdependence.
These indices deal with the shapes of the elliptical regions in two-param-
eter subspaces formed by holding all but the two parameters of interest con-
stant [i.e., {ve}x = 0 k #(1, j)]. The first index, called "concentricity"
(X), characterizes the deviation of the shape of the ellipse from a circle

by the ratio of the lengths of the major and minor axes of the ellipse.
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Hence,

N R Y.

_ min
max

where Aminij and Amaxij are the smaller and larger eigenvalues of the two-

parameter submatrix of VGZSI(G) given by:
Se:  Sus
S(i,j) = | " ‘J] (A-3.3)

X varies between 0 and 1, where 1 indicates a perfect circle.
The second index, called interaction (1), measures the minimum of the
two angles made by the major axis of the submatrix and the parameter axis

directions. It is given by:

Iij =-;%1 (A-3.4)
where vij is the minimum of the absolute values of the two angles in
degrees. Hence, I varies between 0 and 1 with 1 indicating the maximum
angle of interaction.

If the value of X is small (X << 1.0) and I is large (I = 1.0), this
indicates a poor ability to distinguish the effects of perturbations of the

two parameters on the output. For details, see Sorooshian and Arfi (19Y82).
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A-3.3 Condition Number and Multiparameter Interaction

Two other useful indices of the shape and orientation of the ellipse
are the condition number (CN) and the index of multi-parameter interaction
(MPI). The condition number [see, for example, Bard (1974)] of a matrix is

given by the ratio of the largest to smallest of its eigenvalues.

. largest eigenvalue
CN = SmafTest elgenvaTue (A-3.5)

If an eigenvalue is zero, then CN = «» and the matrix is said to be il11-
conditioned. (It will be positive semidefinite, and hence the model is
structurally nonidentifiable). Geometrically, the eigenvalues are related
in inverse proportion to squares of the lengths of the hyperellipse axis. A
zero eigenvalue is associated with an axis of infinite length, with equal SI
value at each point along the axis. The most desirable value is CN = 1 and
the least desirable is CN = .

A measure of MP1 was introduced by Nathanson and Saidel (1982). It

consists of evaluating the determinant of the normalized inverse of the

VOZSI(G) matrix:

W1 = det (norm 7,7SI(6)™)) (A-3.6)

where
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2¢r0a)7 Ly, = 1o 2cr(a)-) 2¢1(ay-1
{norm 7,"SI(6)™" }45 = (v SI(e) " }y5/0{74"SI(8) "1y
(A-3.7)

2 -1 1/2
{Ve Si(se) }JJ]
The diagonal elements of the normalized inverse of the VSZSI(S) matrix all

have value 1, and the off-diagonal elements lie between -1 and +1. (If

\76251(6)'1 were a covariance matrix, the normalized matrix would be the cor-
relation matrix). In the absence of parameter interaction, the off-diagonal
terms of the normalized matrix will be zero and MPI = 1. As interaction
increases, the value of MPI reduces until the model is non-identifiable,

j.e., MPI = 0. Hence, it is desirable that the value of MPI be close to

1.0.



APPENDIX 4

DERIVATION OF PARAMETER
SENSITIVITY INDEX
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APPENDIX 4

The equation of the bounding hyperellipse is given by (3.10). Let a6 =
X, VGZSI(G) = H, and ¥ = ¢. Substituting in (3.10), we have:

xI *H-*x=¢ (A-4.1)
We wish to solve for the extreme points ()i, max) of this hyperellipse in

the various parameter (yj) directions.

The extreme points result from solutions of:

(A-4.2)

Q}I @

X)jm
n
o
+
=3
I
o

Hence,

-%51 =0 =hyxp +hyoxp v o0 4 hipXp

>

(A-4.3)

9€
—— = = + . s & ;
% 0 hp1x1 hpzxz + hppxp

where hjj is the ijth element of the matrix H, and yj is the ith element of
the vector x.
For xj to be a maximum, the p - 1 equations 3e/ayxj = 0 (i # j) must be

solved simultaneously for p unknowns. This is equivalent to:

258
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i P2 My X1
o M by hip , " O R
% ------------ . (p-1 x1 (A-4.4)
1 Ly
2 M e Pep
(o]
~ .
= o
=

hpl hpZ hpp Xp

L p— b p—
(p-1) xp p x1

The solution of this equation will represent the vector passing through the
points where yxj is a maximum for a given e¢. We can rewrite Equation (A-4.4)

as: (no jth row or column)

— - — - — -
hyy o0 by hye ety I My
hi1 hyi hik hip X Ny
--------------------- S R IS ey 7 W )
M1 Ny Pk Pp Xk Py
Mp1 Ppi Mk 7T Mgy Xp Pps
(p-1Dx(p-1) (p-1)x1 (p-1 x1

Since there are (p - 1) simultaneous equations and p unknowns to be solved

for in Equation (A-4.5), we can arbitrarily specify one of the unknowns.
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The most convenient choice here is xj = 1. Substituting into (A-4.5) and

rewriting in matrix vector notation:

GJ ¢ i\] = 'gJ (A'4-6)

where
GJ = matrix obtained from H by removing the jth row and column;
gJ = vector obtained from the jtP column of H by removing the
jth element; and
X = vector obtained from x by removing the Jth element.
Therefore,
= -6,"1. (A-4.7)
J J 9% y
if GJ'1 exists. The vector we are seeking is xj* where:
X T . {x1, xz X, X, =1, X X } (A-4.8)
J 14 ’ ’ i? J ’ k* °°° P ¢

The scaled value of xj* is the unit vector in the direction passing through
xj,max and is the quantity of interest. Define M; as the matrix obtained
from a p-dimensional identity matrix by removing the jth row and nj as the
Jth column of a p-dimensional identity matrix.

Then:



261

Ry = MyH (A-4.9)
Gy = RgMgT = MyHMy (A-4.10)
gg =Ry np=M -H- n (A-4.11)
Therefore,
=g -l . - T e RETE

Now, x3* is the direction vector intercepting the ellipse at the
required point. Let @ be the value of Xj at which the direction vector X;*
intercepts the ellipse; i.e., xj represents the maximum extent that @3 can

vary positively along its axis while remaining within the ellipse. Hence,
Xj,max = Gj
and the vector x3* intercepts the ellipse at the point:
xJ*F = %5 . xg* (A-4.13)
at which point the ellipse has the value:
**T . H

€ = XJ . XJ** A-4015
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= (aj)sz*T . H . XJ* (A'4016)
r ~—n
A1
2 S -y |8 195 ;1
= (aj) [xlg cee o xi’ixk’ cee XPII] _T";L - (A-4.17)
! ' g M h. .
v JJ
Xk
Xp
1
S § -
G, 19 X
- 2. T! J 19 J
Sl g | T (A-4.18)
" JJ
- 2T A o - T
€- (aj) [XJ GJXJ + ZXJ gJ + hJJ (A-4.19)

Substituting for iJ from Equation (A-4.7):

)2[q.Tg. "1 T
(XJ [gd G GJG -ZgJG +h ] (A-4.20)

-1
39 JgJ

= (aj)z[hjj - 9,7 6,719, (A-4.21)
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Hence,

% 7 Xj,max J

Substituting ¢ = v and H = VGZSI(G),

: o Te -1 ya1/2
Xj max = * L¥/(s55 = 9576;7795)]

J

Hence, the parameter sensitivity index PS;j(8) is:

= s PR PR | 1/2

. -, T -l \q1/2
= == [s/(hj' gJ GJ gd)] :

(A-4.22)

(A-4.23)

(A-4.24)



APPENDIX 5

MODIFICATION OF HORTON'S INFILTRATION EQUATION FOR
USE WITH A CONCEPTUAL RAINFALL-RUNOFF MODEL

Horton's infiltration equation is:

; -Kt
fo = foin * UFnay = fmiple (A-5.1)

fy = infiltration demand at time t;

co)’

0); and

minimum infiltration demand (t

fmin

fmax = maximum infiltration demand (t

K = rate parameter (K > 0).

This equation gives infiltration demand as a function of time. 1t can
be represented diagramatically as shown in Figure A-5.1.

Horton's equation gives instantaneous infiltration demand at a fixed
time t, measured from the time at which the infiltration process began
(e.g., the beginning of the rainfall event). If it is assumed that the
receiving zone (into which the water is infiltrating) is empty at time = 0,
and that sufficient water is always available to meet demand, then Equation
(A-5.1) represents actual rate of infiltration at time t. When t = =, the
rate of infiltration is minimum ( = fy;,), and corresponds to the receiving
zone being full. The value of fyi, is not equal to zero, indicating that
water drains continually from the receiving zone, thus making room for water

to enter even when the receiving zone is full.
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mn p— — —_—— e ==

Figure A-5.1. Diagramatic representation of Horton's equation
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A conceptual model is generally programmed on a digital computer and,
usually, time is not involved explicitly as a variable in the computations
of moisture transfers. Instead, it is more convenient to relate the mois-
ture transfer computations to the current states of moisture storage in var-
jous parts of the model. Hence, Equation (A-5.1) is in a form unsuitable
for use in most conceptual models. A formulation which is more suitable may
be derived in the following manner. First, the cumulative infiltration
volume during a fixed size computational interval At will be derived as a
function of time t.

Let at = fixed size computational time interval;

Fn = cumulative infiltration volume during the nth
time interval from (n - gi) to (n + fi).

From Figure A-5.2, we can see that:

Fn = area under the infiltration curve from (n - fE) to (n + éE)

= fn * at (A-5.2)
. -Kn -

= foin - ot + (fmax - fmin) At e (A-5.3)
-Kn -

= Fmin + (Fmax - Fmin)e (A-5.4)

where

Fmin = fmin - At = constant

Fmax = fmax - at = constant
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n-at n n+at/e >

~
N

Figure A-5.2. Cumulative infiltration during time interval

(n-f—t—) to (n+§£)
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Equation (A-5.4) represents volumes of infiltration during different
fixed-size intervals of time. The equation must be transformed to represent
infiltration volume in terms of the volume of water present in the lower

zone.

Let UZM = maximum capacity of receiving zone; and

UZC, = contents of receiving zone at beginning of

computational time interval 'n'.

Note that when n = 0, UZC, = 0, and that when n = =, UZC,, = UZM. Hence, a
one-to-one transformation of the variable n (range 0 - =) to the variable

UzCp, (range 0 - UZM) is required. One suitable transformation is:

n=_VUiC (A-5.5)
UZM-UzC

Hence, Equation A-5.4 can be transformed to:

uzC
- . n
Fn = Fmin + [Fmax - Fmi n] exp {-K (mz'ﬁ—)} (A—5.6)

The above equation is represented diagramatically in Figure A-5.3.
Now, the shape of the curve given by Equation (A-5.6) is limited to
being of exponential form. A more general formulation allowing more flexi-

bility to the shape of the curve can be obtained by replacing:

uzC

n
exp -K( UTM-_UZ—C—;) (A-5.7)
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max

min

Figure A-5.3. Diagramatic representation of Equation (A-5.6)
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in Equation (A-5.6) by:

X
UZM-UZCn ) (A-5.8)
UM

where X = parameter controlling the shape of curve (X > 1).

Equation (A-5.8) has a general behavior similar to that of Equation
(A-5.7) for values of X > 1. Substituting (A-5.8) for (A-5.7) in Equation

(A-5.6), we obtain:

UzM - uzcn) X
Foom P+ (F = F o) —— (A-5.9)

The above equation is represented diagramatically in Figure A-5.4.

As discussed in Chapter 3, the Sacramento Model percolation equation

has a form similar to Equation (A-5.9).
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Fmax

F_.
min

Figure A-5.4., Diagramatic representation of Equation (A-5.9)



APPENDIX 6

MEASURES OF CLOSENESS BASED ON LIKELIHOOD

A-6.1 The Simple Least Squares Function (SLS)

The SLS function is the minimum variance unbiased estimator when the
errors have zero mean, are uncorrelated, and have a stationary variance.

The estimator is:

3

2
Min sts = ¢ {z, - z,(8)] (A-6.1)
wrt o t=1

where

Zt = measured output at time t;
z¢(8) = model output at time t for parameters; and

n = length of data set.

The SLS is the maximum likelihood estimator for the case of Gaussian, zero

mean, uncorrelated, stationary variance noise.

A-6.2 The Maximum Likelihood Estimator for the Case of Gaussian
First-Lag-AutocorreTated Errors [AMLE)

The AMLE (from Sorooshian, Gupta, and Fulton, 1981) is the minimum
variance unbiased estimator when the errors have zero mean and stationary
variance but are autocorrelated to first lag. Such errors may often arise
in streamflow (or other) data when measurements are taken at relatively

short intervals (e.g., hourly). The estimator is:
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2n
Min  AMLE = % 1n(21) +-;-1n (-2 - %pzozef

wrt o l-p

1 n 2
-—— 1 lepe, )
202 t2 v vl
v
where
2 1 2 2 n 2
==[-pe1+ ¢ (e.-pe, )]
% n t=2 t t-l
and p is estimated from the implicit equation:
2 L E et )+ ( vr o)
€l - € p €.€ o, = €l € p
t_2 t‘l t=2 t t‘l t=2 t‘l
n
- I € 0
top tot-1
where

et = Zy - 2,(8);

p = first lag autocorrelation coefficient;

n = length of the data set; and

as = variance of the random portion of the errors.

(A-6.2)

(A-6.3)

(A-6.4)
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The AMLE is solved in two stages. Given a set of model parameters, the
residuals of the model ¢y are obtained. Next, equations (A-6.3) and (A-6.4)
are solved to obtain estimates of 03 and p. These values are then substi-

tuted into Equation (A-6.2) to compute the value of the AMLE function.

A-6.3 The Maximum Likelihood Estimator for the Case of Gaussian
Uncorrelated, Heteroscedastic Errors [HMLE)

The HMLE (from Sorooshian, Gupta, and Fulton, 1981) is the minimum var-
jance asymptotically unbiased estimator when the errors are Gaussian, zero
mean, uncorrelated, and have time-nonstationary variance. The variance of
the errors is assumed to be related to the level of the output (magnitude of
the flows). Such errors are believed to be common in streamflow data. The

estimator is:

, _ " 2 v 1/n
Min HMLE = [ ¢ wtst] / [ n wt] (A-6.5)
where
= ¢2(x-1) -
Wy = ft (A-6.6)

and is estimated by solving the implicit equation:

n
T 1n(ft)'

n 2 n 2
& I Weep =N 3 wt-ln(ft)st =0 (A-6.7)

t=1 t=1
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where

ft = E{it}

z, or z,(g) as desired

The choice of fy is discussed in Sorooshian et al. (1981). 1In the above
equations, the X is the unknown variance stabilization parameter, which is
estimated during the optimization process. E{it} denotes the expectation
operation. The HMLE is solved in two stages. Given a set of model param-
eters, the residuals of the model are obtained. Next, Equation (A-6.7) is
solved to obtain an estimate of the parameter A. This value is substituted
into Equation (A-6.5) to compute the value of the HMLE function.

A complete discussion of the maximum likelihood estimators included

here can be found in either Sorooshian (1978) or Sorooshian, Gupta, and

Fulton (1981).



APPENDIX 7

DATA SETS USED

A-7.1 Precipitation Input RAIN-1

I P(I) I P(I) I P(I) I P(I) I P(I)
1. 7.0 11. 35.0 21. 14.0 31. 4.0 41. 11.0
2. 12.0 12. 27.0 22. 8.0 32. 9.0 42. 6.0
3. 6.0 13. 12.0 23. 0.0 33. 3.0 43. 0.0
4. 4.0 14. 4.0 24. 0.0 34. 0.0 44. 0.0
5. 0.0 15. 0.0 25. 0.0 35. 0.0 45. 0.0
6. 0.0 16. 0.0 26. 0.0 36. 3.0 46. 2.0
7. 0.0 17. 0.0 27. 0.0 37. 14.0 47. 8.0
8. 0.0 18. 0.0 28. 0.0 38. 20.0 48. 3.0
9. 9.0 19. 3.0 29. 0.0 39. 37.0 49. 3.0
10. 17.0 20. 6.0 30. 0.0 40. 18.0 50. 0.0
A-7.2 Streamflow Output FLOW-1
I Q1) I Q1) I Q1) I Q1) I Q1)

1. 1.40 11. 27.62 21. 5.44 31. 1.54 41. 12.50
2. 3.52 12. 27.00 22. 6.83 32. 3.03 42. 9.25
3. 4.16 13. 13.00 23. 4.85 33. 3.02 43. 5.58
4. 4.49 14. 8.50 24. 3.69 34, 2.42 44. 4.21
5. 3.14 15. 5.35 25. 2.82 35. 1.94 45. 3.13
6. 2.46 16. 4.06 26. 2.25 36. 2.15 46. 2.87
7.1.97 17. 3.04 27. 1.80 37. 4.00 47. 3.89
8. 1.57 18. 2.41 28. 1.44 38. 11.30 48. 4.05
9. 3.06 19. 2.53 29. 1.15 39. 34.30 49. 3.55
10. 6.62 20. 3.22 30. 0.92 40. 18.00 50. 2.79
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A-7.3 Precipitation Input RAIN-4
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A-7.4 Streamflow OQutput
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I (1)

1
2
3
4
5.
6
7
8
9

1.00
1.80
2.84
3.87
5.85
9.32

. 11.66
. 13.33
. 16.33
10.

14.00

1 P(1) 1 p(1) 1 P(I) 1 p(1)
11. 16.0 21. 6.0 31. 20.0 41. 17.0
12. 20.0 22. 4.0 32. 27.0 42. 13.0
13. 28.0 23. 0.0 33. 33.0 43. 10.0
14. 26.0 24. 0.0 34. 37.0 44. 8.0
15. 22.0 25. 2.0 35. 35.0 45. 5.0
16. 18.0 26. 3.0 36. 33.0 4. 3.0
17. 16.0 27. 5.0 37. 31.0 47. 2.0
18. 12.0 28. 6.0 38. 29.0 48. 0.0
19. 10.0 29. 12.0 39. 26.0 49. 0.0
20. 10.0 30. 14.0 40. 21.0 50. 0.0
FLOW-4
1 Q1) 1 Q(1) 1 Q(1) 1 QD)
11. 16.00  21. 8.38  31. 15.69  41. 17.00
12. 20.00  22. 6.51  32.27.00  42. 13.50
13. 28.00  23. 4.75  33.33.00  43. 11.75
14. 26.00  24. 3.53 34, 37.00  44. 9.88
15. 22.00  25. 3.12  35. 35.00  45. 7.44
16. 18.00  26. 3.09  36. 33.00  46. 5.93
17. 16.00  27. 3.47  37.31.00 47. 5.17
18. 13.00  28. 4.04  38.29.00  48. 3.63
19. 11.50  29. 6.48  39. 26.00  49. 2.74
20. 10.75  30. 9.69  40. 21.00  50. 2.19



APPENDIX 8

PROCEDURE FOR CREATING ERROR CORRUPTED QUTPUT DATA

The following procedure was used to generate the error corrupted flow
sequences used in the simulation experiments of Chapter 4. It is assumed
that the actual measurements are made of river stage which are then converted
to flow measurements through the nonlinear rating curve. The procedure out-
lined is for Gaussian, zero mean, stage measurement errors, with constant
variance o2 and autocorrelated to single lag with autocorrelation coefficient

o, In the studies conducted in Chapter 4, ¢, was assumed to be zero, o2 was

assumed to be 0.25, and y was equal to either 1.0, 0.5, or 0.05.

Step 1

A sequence at of Gaussian, zero mean, unit variance pseudorandom
numbers was generated according to the following method:
(1) Generate two independently distributed uniform pseudo-
random numbers, V) and v, between zero and one using
the built-in computer function.

(2) Compute two pseudorandom Gaussian (N[0,1]) numbers using:

£ = (-2n 1nv)Y2 - Cos(2av)) (A-8.1)

(<27 1nv,)1/2 - Sin(2nv,) (A-8.2)

Ul
N
"

(3) Repeat Steps 1 and 2 until enough numbers are generated.
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(4) Test the mean, variance, and autocorrelation function of

the sequence.

Step 2

The "observed" flow sequences were created using the following method

(hy = stage, z¢ = flow):

(1) Compute ht,true = 8 * (Z¢ trye) /v (A-8.3)

(2) Compute V= 6 Vel t 3t (A-8.4)
where V] = 31

(3) Compute observed stage Ht =N true * Ve (A-8.5)

(4) 1f by < 0.0, set h, = 107°

(5) Compute observed flows, 2t = [Y(ht - s)]l/Y (A-8.6)

In this report, the value g = 0.0 was used.

The procedure for generating the random numbers was found to be satis-
factory. The means, variances, and autocorrelations all lay within their 95%
confidence intervals, the histograms appeared acceptable, and the cumulative
probability distributions plotted as straight l1ines on normal probability

paper.



APPENDIX 9

DERIVATION OF DERIVATIVES
FOR CRR MODELS
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APPENDIX 9

The model equations are given by:

q
X = 1 Ty (8 Xeoqs Up) c Ay (8 Xy, Yg) (A-9.1)
J=1
q
Zo= T Ty (8 Xoqs 8) t By 8y Xy, ) (A-9.2)
J=1

Where Tj(+) is defined in equations (3.37) and (3.38). Let us denote
Aj (8, Xto1» Yg) » By (8, x¢ 1, Up) and T5 (8, x¢_1, yy) by the short forms
Ajt’ Bjt’ and Tjt’ respectively. Noting that the model equations are continu-
ous in the state‘and parameter spaces for each mode, we get the following

expressions through the application of the chain rule of differentiation,

3X p 3A 3T

3%1 = .2 [ Tit 1§ + %3t . Ajt] ¥i (A-9.3)
37 N 28 3T

2 0= 70 Tip 29t + 23t . 8] ¥ i (A-9.4)
56, je1 O Taey 365 J

where

BRyp = Ay 4 BA o 3X ¥i,j (A-9.5)
365 964 3Xt-1 96

Bip = Byp 4 By X ¥i,j (A-9.6)
98 985 3Xt-1 983

My = BT5p 4 3Ty | A%, ¥i,j (A-9.7)
98 965 3aXt-1 96

Substituting Equations (A-9.5) through (A-9.7) into (A-9.3) and (A-9.4), we

get:
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q
LTI T P L L ). S
36 =1 30 aXt-1 A
q . . _
s 3 [ aTJt + aTJt . 31{_1 ] Ajt ¥i (A-9.8)
- 364 3Xt-1 38
J=1
q
3L o= 7 o1y [ 2B o+ B L Mg
364 j=1 98 aXt-1 38
. CZ‘[ Moo, 2Tje . 2K Ty ¥ i (A-9.9)
. 3065 Xt . . 905
j=1 i 2t-1 i

Since each mode is continuous in & and Xt_j, the quantities Ajt, Bj¢,

3A 3A aB 3B

It , Jt ’ ?t and Jt can be easily computed. Further, the quantity

3 6; X 384 ax
—t-1 —t-1

X¢.1

T is the sensitivity of the model state to the parameter 8§ carried over

i
from the previous time step and is therefore already known. In order to
compute the above equations, we now need to compute Tjt’ —2- and . Note
284 3Xt-1

that Tj¢ is a piecewise constant function on the state and parameter spaces.
For example, let the model consist of just a single state x¢, and two opera-

tional modes. Figure A-9.1 represents the Tjt function (i = 1,2) for the 2-mode

model, as a function of thé state. From the figure we can see that (for

aT. 0 for x # a
it . t-1 (A-9.10)
S| undefined for x, ; = a

where 'a' represents the value of the state x¢_; at which the model switches

between the modes. As long as xt.] # 2, we know that the partial derivative
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AT]
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0
a e
ATZ
- 1.0
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Figure A-9.1. Threshold function for a 2-mode model.
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3T .
Jt i .
37Ei3- s equal to zero. As we allow x

-1 to approach the value 'a' from each

side, the one-sided limiting values of the derivative is zero, but is undefined
at the point a. This problem is most simply resolved by defining the threshold
function Tjt to be continuous from the left (or alternatively, from the right).

For example, for the case of figure A-9.1:

0 Xt-1 < a

Ty = (A-9.11)
1 Xt_1> a
1 Xt-1 < a

Tot = (A-9.12)
0 Xt_1> a

which implies that

aT.

it _ ..

My | o0 ¥, (A-9.13)

In practice, a model which uses a threshold element is actually constructed us-
ing inequalities (< or ») and is referred to implicitly as being continuous
from one side or the other of the threshold point. The threshold point 'a' is
rarely, if ever, treated as a singularity. It may be argued that this approach
does not resolve the problems associated with nondifferentiability of the func-
tion at the point xy.q = a. Based on our experience with application of the
method in simulation studies, it appears, however, that the problems are prob-
ably only theoretical and not of much practical significance. A similar ap-

Yrals 0 (for all i,j) as a function of
i

proach may be used to establish that
the parameter space.

These results are extended readily to the multistate, multimode case as
follows. Let the model be in mode j when aj < Xt.j < bj where aj and by denote

the values of the state X,_; at which the model changes from the jth mode of
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A
2
Xt
j=7 J=8 =
al
2
J=4 j=5 =
al
1
31 =2 .
(0!01 C!l 1 1.
1 2 t-1

Figure A-9.2.

Example of a two-state model with nine possible modes

of operation.

(j) - indicates model in mode j (j

1,...
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