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CHAPTER 1 

CONCEPTUAL MODELING OF THE RAINFALL -RUNOFF PROCESS 

1.1 Introduction 

The task of developing models that can accurately predict the surface 

runoff of water from a watershed area subjected to precipitation is one of 

the major concerns of the hydrologic research community. Such models are 

useful both for the development of long -term strategies to manage surface 

water resources and for the short -term prediction of flood events. This 

topic has therefore been the focus of extensive research. It has led to the 

development of a whole host of mathematical models that attempt to represent 

either a part or the whole of the watershed rainfall- runoff process. 

Due to its extreme complexity, the rainfall- runoff process has not 

proved to be easy to model. As emphasized by Dracup et al. (1973), the 

rainfall- runoff process is a highly nonlinear, time variant, spatially dis- 

tributed process, and there is probably no available model that adequately 

captures these characteristics. Among the techniques available which may be 

used to model a dynamical physical process is the so- called "conceptual" 

approach. In this approach, the internal operation of the process is 

described in terms of a number of interlinked subsystems, each representing 

a different aspect of the process. Since each subsystem module can be inde- 

pendently developed by drawing upon the best knowledge of the physical pro- 

cess that is available, very complex and realistic models of the physical 

process can be developed. This report deals with the conceptual approach to 

the identification of a model of the rainfall- runoff process. 

1 
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1.2 The General Identification Problem 

1.2.1 Introduction 

Consider a physical process (e.g., the watershed rainfall- runoff 

process) for which certain characteristics such as inputs 'u' (e.g., precip- 

itation) and outputs 'z' (e.g., streamflow, evapotranspiration) can be 

observed. The General Identification Problem can be broadly stated as that 

of finding a model of of the process 2 that operates on the inputs 'u' 

to reproduce the outputs 'z', and that can be manipulated or examined with a 

view to making statements about the actual process . In order to solve 

the General Identification Problem, the researcher must choose from among 

all the various types of models which might potentially be used to model the 

process. One of the most useful classes of models (in this age of the digi- 

tal computer) is the mathematical model. We shall restrict our attention to 

this class and, hereafter, the word "model" should be taken to mean "mathe- 

matical model" unless otherwise stated. Let us define the following sets 

and terminology: 

¡Y= the universe of all possible models (mathematical and 

non -mathematical) (note that E QL ); 

.42 7= the set of all (mathematical) models (,/T C QL ); 

= the set of all parametric models ( Are C ,/f T ) ; 

M(6) = the set of all elements of Me, restricted to a particular 

structure, where the parameters 6 are restricted to vary within 

a specified set 0. Without loss of generality, the parameters 

will be assumed to be time invariant. For practical purposes, 

the number of elements in e = el, .... epT will be finite. 

(M(e) C Me); and 
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M(e) = a particular model obtained from the set M(e) by restricting 

e = 8 c 0. (M(8) a M(8)). 

1.2.2 The Practical Identification Problem 

There are two major stages in the solution of the General Identifica- 

tion Problem. The first stage consists of the identification of a suitable 

"structure" (i.e., the mathematical form of the relationships among the 

inputs, outputs, and other process variables) for the model so as to 

restrict the class of models to the set M(e). The second stage then con- 

sists of selecting a particular model M(é) a M(e) which is in some sense 

"closest" to I 
It is important to recognize that the degree of success that may be 

achieved in the solution of the identification problem depends in great mea- 

sure on a careful treatment of Stage 1. Unfortunately, the treatment of 

Stage 1 is generally more difficult than Stage 2 since the former is not as 

amenable to mathematical treatment as is the latter. In a few special 

cases, methodologies have been developed to help select among different 

model structures (see e.g., Box and Jenkins, 1976; Akaike, 1974; Kashyap, 

1982), but these are in general restricted to the treatment of special 

classes of linear systems. 

The methodology used to deal with Stages 1 and 2 depends significantly 

on the nature of the "information" available about the process IF . This 

information can take two forms: 

(a) Qualitative Information 

(b) Quantitative Information 
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The amount of information of each type available helps determine the 

procedure used for the model identification. In general, the qualitative 

information is used in Stage 1 to help in restriction of the model set, 

while the quantitative information is used in Stage 2 to help select one 

among the many models contained in the set. It is important to note that 

the interpretation of the qualitative information involved in Stage 1 is to 

a large extent a subjective process, since the information itself is 

descriptive and incomplete and therefore "fuzzy" (e.g., Bellman and Zadeh, 

1970), and hence open to numerous interpretations. In the case of the 

watershed process, this information is in the form of descriptions (and 

sometimes physical laws) of the various processes that occur in a watershed 

and that influence the mechanisms by which the precipitation over a water- 

shed is converted into groundwater storage and streamflow. Some of the pro- 

cesses, such as the subsurface flow of groundwater, have well- established 

physical laws relating water movement to the physical properties of the 

soil. Others, however, such as rainfall interception and potential evapo- 

transpiration, are not as well defined. 

Although we would like to build as complex and detailed a model as our 

available qualitative information would permit, from a practical standpoint 

this is rarely, if ever, feasible. The major reason for this is that, 

unfortunately, the level of sophistication of the mathematical tools avail- 

able for treatment of Stage 2 is insufficient to effectively deal with each 

and every type of model that might be developed in Stage 1. The require- 

ments of mathematical tractability imposed by the procedures available for 

use in Stage 2 usually make it necessary to simplify the "conceptualization" 

of the process. In the case of watershed modeling, this usually takes the 

form of spatial lumping of the watershed process and the use of simple 
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semi- empirical equations to represent the complex nonlinear process inter- 

actions. This has given rise to the class of watershed models sometimes 

referred to as "Conceptual Rainfall- Runoff Models" in the literature (for 

examples, see Section 1.3). It is important to bear in mind that, although 

these models are referred to as conceptual, they have been developed by 

trading off some degree of conceptual realism to gain mathematical tracta- 

bility. 

As the preceding discussion indicates, there is no clearly defined 

methodology for the selection of an appropriate model set. The treatment of 

Stage 1 remains, therefore, more of an art than a science. In certain 

applications, such as industrial process control, the model set is 

restricted to that of linear models, largely due to considerations regarding 

its relative mathematical tractability. Such approaches have also been 

extensively studied for use in watershed modeling (for a discussion on the 

state -of- the -art, see Kibler and Hipel, 1979; Sorooshian, 1983), and their 

application has met with varied degrees of success. In general, however, it 

is desirable that the model set be capable of reproducing much of the domi- 

nant behavior observed to be characteristic of the process /2'9 and in any 

case should not have characteristics which run counter to the facts con- 

tained in our store of qualitative information about the process. 

Once a particular model set has been chosen through Stage 1, we are 

then faced with the problem of selecting a specific model within this set to 

represent the particular process of interest (e.g., the watershed). This 

problem of model selection is equivalent to the selection of the parameter 

set A c 0 for which the model M(é) is in some sense "closest to the process 
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A geometric interpretation of this concept is presented in Figure 1.1, 

using the set notation introduced in Subsection 1.2.1. Note that the pro- 

cess ' may be contained in any of the subsets M(0), . c/ ( e, and .4 of 

or it may not. If the process is a member of M(e) as is for example 

the process 01, then it is conceptually possible to find the "closest" 

model M1 to be equivalent to the process 01 itself. In this case, the 

model set m(6) is said to contain the process 01, and the identification 

problem is equivalent to finding the "true" parameters "et rue" of the pro- 

cess. An example of this might be a simulation study to test the efficiency 

of a parameter estimation methodology. 

Similarly, in certain cases, the process g (see 0 2) may be a 

member of the set 11 g, which is broadly the collection of all linear and 

nonlinear parametric models. Our interest may lie in identifying the 

"closest" model M2 restricted, for example, to the set MR(8) of all linear 

models of parameter dimension p. Examples of these are the so- called 

"Reduced -Order Models," or "Reduced Complexity Models," (e.g., Mahmoud and 

Singh, 1981). In other cases, the process ' (see 0 3) may be contained 

in the set of all possible mathematical models, and the identification 

problem may be to find M3 c M(e) which is closest to g/3 (parametric 

representation of a nonparametric process). 

Finally, the most common situation, and the one of practical interest, 

occurs when the process (see g 4) lies entirely outside of the set 

Ifit of mathematical models, and we are interested in finding M4 a M(e) 

which is "closest" to 04. The problem of modeling the watershed rain- 

fall- runoff process belongs clearly to this category. As the geometric 

interpretation of Figure 1.1 suggests, the more realistic is the selected 
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Figure 1.1. Geometric interpretation of the identification problem 
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model set, the closer will our identified model be to the true process 

Hence, the closest we can potentially come to reproducing the behavior of 

the process (watershed) is conditional on our ability to select an appropri- 

ate model set in Stage 1. The closest we do actually come is conditional on 

our ability to solve the parameter estimation problem in Stage 2. Note here 

that the meaning of "closeness" has yet to be suitably defined. 

1.2.3 Practical Considerations 

In order to successfully solve the identification problem described 

above, a methodology is required that recognizes the strengths and limita- 

tions of the mathematical tools available to us. Clearly, the model set 

should be carefully chosen to ensure that we have a chance of solving the 

parameter estimation problem while retaining as much similarity to the pro- 

cess as possible. On the other hand, the parameter estimation methodology 

chosen should be capable of handling the degree of complexity of the problem 

while bearing in mind the constraints imposed by availability of computing 

power. In order to arrive at a successful solution to the identification 

problem, the following issues must be suitably addressed: 

(a) A suitable model set must be chosen whose parameters are 

identifiable based on the kind of information and mathematical 

tools available to us; 

(b) The measure of closeness must be carefully defined; 

(c) A suitably informative data set must be selected; 

(d) A methodology for searching for the "closest" model based on 

(b) and (c) must be developed; and 
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(e) A methodology for evaluating the degree of success of the 

identification procedure must be specified. 

In the next section, the state -of- the -art in the conceptual modeling of 

watershed rainfall- runoff processes is reviewed. 

1.3 Review of the Literature 

1.3.1 The Development of Conceptual Models 

The earliest known attempt to develop a conceptual model of the water- 

shed process was reported by Linsley and Ackermann (1942). Since then, num- 

erous other models have been reported in the literature. Rockwood (1958) 

developed the Streamflow Synthesis and Reservoir Regulation (SSARR) model 

that has been widely used by the Corps of Engineers. Dawdy and O'Donnell 

(1965) developed a nine -parameter model with two moisture storages which 

contained many of the features such as threshold elements found in models 

more popular today. Boughton (1965, 1966) reported on the development of a 

model for predicting the response of watersheds such as those found in Aus- 

tralia. Crawford and Linsley (1966) developed the Stanford Watershed Model, 

which is one of the best known today, and which contains one of the most 

detailed descriptions of the watershed process that are available. Various 

modifications to this model have been reported by Liou (1970), Claborn and 

Moore (1970), Crawford (1971), and Ricca (1972). Probably the most sophis- 

ticated outgrowth of the Stanford Watershed Model is the Hydrocomp Simula- 

tion Program (Crawford, 1971) which includes water quality simulation capa- 

bilities. Holtan and Lopez (1973) described the development and revision of 

the USDAHL model which is primarily designed to serve the purposes of agri- 

cultural watershed engineers. The U.S. National Weather Service currently 
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uses a conceptual soil moisture accounting model known by the acronym SMA- 

NWSRFS, which contains less internal detail than the Stanford Watershed 

Model and is specifically designed for flood forecasting on larger water- 

sheds (Burnash et al., 1973). Modified versions of the SMA- NWSRFS that are 

designed for the application of feedback techniques to improve forecast per- 

formance have been reported by Kitanidis and Bras (1978) and Goldstein and 

Larimore (1980). Other models that have received widespread application or 

attention include the USGS model (Carrigan, 1973) designed for short -event 

simulation and the NEC-1 model (U.S. Army Corps of Engineers Report, 1973) 

designed as a computational aid for reservoir management and /or flood hazard 

assessment. Recently, a new approach to watershed modeling which attempts 

to explicitly account for the spatial variability in a watershed was pro- 

posed by Moore and Clarke (1981). Detailed discussions of many of the 

models mentioned above can be found in Fleming (1975) and Viessman et al. 

(1977). 

1.3.2 Specification of the Measure of Closeness 

The measure of closeness most often used for the identification of con- 

ceptual rainfall- runoff watershed model parameters has been the Simple Least 

Squares (SLS) function (e.g., Dawdy and O'Donnell, 1965; Chapman, 1970; Mur- 

ray, 1970, Johnston and Pilgrim, 1976; Pickup, 1977, Mein and Brown, 1978; 

among others). Various other measures have also been proposed and examined 

in the literature, most being based on subjectively chosen transformations 

of the data so as to give greater weightage to the fitting of high or low 

level outputs (e.g., Beard, 1967; Dawdy and Lichty, 1968; Chapman, 1970, 

Johnson and Pilgrim, 1976; Garrick et al., 1978; Manley, 1978; among 

others). The subjective nature of these criteria has been pointed out in 
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the literature. Clarke (1973) stated that the input and output data contain 

measurement error and that the statistical properties of these errors should 

be recognized while selecting an appropriate measure of closeness. He noted 

that, when the output data contain measurement error, the use of the SLS 

measure is optimal only if the errors are independently distributed random 

variables with zero mean and constant variance. A number of researchers 

have reported that the use of the SLS as a measure of closeness resulted in 

conceptually unrealistic values for the model parameters (e.g., Murray, 

1970; Ibbitt, 1970; Monro, 1971; Sorooshian, 1978; Sorooshian, Gupta, and 

Fulton, 1983). Many researchers attempted to resolve this problem by 

imposing subjectively chosen constraints on the values that the parameters 

might achieve. 

Sorooshian (1978) proposed the use of Maximum Likelihood theory as a 

means of explicitly accounting for the stochastic nature of the data in the 

selection of an appropriate measure of closeness. He assumed that the dis- 

tribution of the output errors could be approximated by a Gaussian probabil- 

ity density and considered the effects of various assumptions regarding the 

covariance structure of the errors. Measures of closeness were developed 

for the cases of (a) first -lag autocorrelated constant variance errors 

(named AMLS) and (b) uncorrelated inhomogeneous variance errors (named 

HMLE). Sorooshian and Dracup (1980) reported successful testing of these 

measures on a two -parameter model using synthetic data. Sorooshian (1981) 

reported similar success with a four -parameter model. Sorooshian, Gupta, 

and Fulton (1983) reported an application of the two likelihood measures to 

the identification of the parameters of the SMA- NWSRFS model for the Leaf 

River Basin in Mississippi. It was reported that the HMLE measure resulted 

in parameter estimates much superior (in terms of conceptual realism, 
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sensitivity to chosen calibration data set, and forecast performance) to 

those obtained using either the AMLE or the SLS measures. Most recently, 

Lemmer and Rao (1983) reported that the HMLE measure performed very well in 

the estimation of the parameters of the ILLUDAS model. 

Two other reports of the use of Maximum Likelihood measures of close- 

ness are those of Goldstein and Larimore (1980) and Posada and Bras (1982). 

The output measurement errors were assumed Gaussian, zero mean, uncorre- 

lated, and of constant coefficient of variation. The models calibrated were 

stochastic state space versions of the SMA- NWSRFS. No check on the assump- 

tion of constant coefficient of variation was reported. Also, significant 

correlation was detected in the identified model residuals. 

Finally, an alternative approach that has been proposed for identifica- 

tion in the presence of correlated errors is the method of Generalized Least 

Squares (Kuczera, 1982; Yeh, 1982; and Williams and Yeh, 1982). Kuczera 

(1982) also demonstrated the usefulness of this approach in the calibration 

of a simple watershed model to two simultaneously correlated output sequen- 

ces (streamflow and soil moisture level). These procedures, however, seem 

to neglect the inhomogeneous nature of the measurement error variances. 

1.3.3 Selection of an Informative Data Set 

Clearly, the success of any procedure for identification of the param- 

eters of a watershed model is ultimately dependent on the nature of the 

quantitative data used. It has often been suggested or implied in the lit- 

erature that the data used should be as "representative" of the various phe- 

nomena experienced by the watershed as possible. Many researchers have 

attempted to satisfy this requirement by using as large a data set as poss- 

ible, without demonstratably superior results. Goldstein and Larimore (1980) 
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and Sorooshian, Gupta, and Fulton (1983) have noted that it is not the 

length of data used but the information contained in it (hydrologic varia- 

bility) and the efficiency with which it is extracted that is important. 

Klemes (1982) has warned against the danger of "overfitting ", which amounts 

to regarding part of the noise in the data as information (the demarkation 

line between information and noise often being blurred in the data). 

Sorooshian, Gupta, and Fulton (1983) obtained results that underscore the 

importance of the remarks by Klemes. They reported that, when the inhomoge- 

neity of the error variance was accounted for in the identification proced- 

ure, the parameter estimates were much less sensitive to various character- 

istics of the calibration data, such as hydrologic variability and length. 

The use of the HMLE (see Section 1.3.2) as a measure of closeness produced 

conceptually realistic parameter estimates and uniformly good forecasts 

using only one water -year of data for identification. The use of longer 

data sets was found to only marginally improve the parameter estimates. 

They recommended that not less than one water -year of data be used to ensure 

adequate representation of the complete seasonal hydrologic cycle, and that 

wetter years are more likely to ensure adequate information about the values 

of the parameters. 

Finally, Fiering and Kuczera (1982) recently revived some fundamental 

questions regarding the adequacy of streamflow measurements as the sole 

source of output information for model identification. They pointed to the 

fact that streamflow accounts for only about one -third of the throughput in 

a watershed, and that existing identification procedures which concentrate 

on the relationship between rainfall and runoff exclude two -thirds of the 

throughput from contributing to the identification procedure. Kuczera 

(1982) demonstrated that additional data such as soil moisture level 
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measurements can be used to improve the stability of the parameter estimates 

of a simple linear watershed model. 

1.3.4 Algorithms for Identifying the Best Parameter Values 

The algorithms most frequently used to identify the parameters of con- 

ceptual watershed models have been those belonging to the class of "direct - 

search" procedures, such as the Simplex method (Neider and Mead, 1965), the 

Pattern Search method (Hooke and Jeeves, 1961), and the Rotating Directions 

method (Rosenbrock, 1960) (see, e.g., Dawdy and O'Donnell, 1965; Nash et 

al., 1970; Chapman, 1970; Ibbitt, 1970; Monro, 1971; Johnston and Pilgrim, 

1976; Pickup, 1977; Sorooshian, 1978; Arfi, 1980; Sorooshian et al., 1981 

and 1983). The reason that gradient -based techniques have seldom been used 

is that it is generally believed that the values of the derivatives of the 

model equation with respect to its parameters cannot be explicitly obtained 

due to the presence of threshold type parameters in the models (e.g., John- 

ston and Pilgrim, 1976; Moore and Clarke, 1981). Johnston and Pilgrim 

(1976) stated that the response surface would have discontinuous derivatives 

and that these would adversely affect the performance of the gradient -based 

optimization algorithms. Some researchers have compared the performance of 

direct -search algorithms to those wherein the gradients are approximated 

using finite difference techniques (e.g., Chapman, 1970; Ibbitt, 1970; 

Johnston and Pilgrim, 1976; Pickup, 1977; among others). In most cases, the 

direct -search procedures were found to be superior; Johnston and Pilgrim 

(1976) suggested that this was probably due to numerical inaccuracies aris- 

ing in the numerical approximation procedures. 

The only reported work which used a gradient algorithm employing 

explicitly computed derivatives is that of Goldstein and Larimore (1980) who 
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replaced the thresholds present in the SMA- NWSRFS model by smoothing func- 

tions. They employed the Levenberg- Marquardt procedure for the search, and 

reported good convergence in the region of the optimum. They pointed out 

that the Levenberg -Marquardt procedure converges very slowly if the response 

surface is significantly non -quadratic (as is the case with watershed 

models) and suggested that reparameterization in the parameter space might 

help. They did not, however, indicate a procedure by which this might be 

done and in fact suggested that, due to the complexity of watershed models, 

determining such a reparameterization would be almost certainly infeasible. 

Something along the line of optimization in a transformed parameter space 

was also suggested by Johnston and Pilgrim (1976) who remarked that differ- 

ent scalings of the parameters cause changes in the configuration of the 

response surface, significantly affecting the difficulty of the optimiza- 

tion. They remarked that progress towards the optimum could be greatly 

improved by rescaling the parameters with the aim of producing near -circular 

contours of the function (measure of closeness) being optimized, but that 

the form of the response surface in the multi -dimensional parameter space, 

and hence the best selection of transformations, was unknown. 

1.3.5 Identifiability of the Model Set 

As is evident from Section 1.3.1, a great deal of time and effort has 

been expended in trying to develop mathematical relationships that suitably 

describe the underlying physical phenomena occurring in the watershed. How- 

ever, in order that the identification procedure has a chance of success, it 

is important that the model parameters be identifiable based on the quantity 

and quality of the information available about the watershed process and the 

mathematical tools at one's disposal. A review of the literature concerning 
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watershed modeling reveals that these considerations have been largely 

ignored to date. There are many reports that the parameters of watershed 

models are poorly identifiable using available data. One of the most often 

reported problems has been the inability to obtain unique "best" model 

parameters for any given watershed. Johnston and Pilgrim (1976) expended 

two years of time and effort in an unsuccessful search for a unique "best" 

set of Boughton model parameter values for the Lidsdale catchment in 

Australia. More disturbing, however, is the fact that Pickup (1977), in a 

synthetic data study, found that not one of four optimization algorithms he 

tested was able to find the "true" parameter values. Similar problems have 

been reported with both the Stanford Watershed Model (Ibbitt, 1970) and the 

SMA- NWSRFS model (Brazil and Hudlow, 1981; Goldstein and Larimore, 1980; 

Restrepo -Posada and Bras, 1982; and Sorooshian, Gupta, and Fulton, 1983). 

One of the few works which explicitly recognized the role that model 

structure selection has in determining the success or failure of the identi- 

fication process is that of Johnston and Pilgrim (1976). These authors 

noted that some of the functional forms chosen for the model subprocesses 

could create conditions that available parameter identification methodolo- 

gies might find rather difficult to handle. In particular, they mentioned 

the problems caused by high levels of parameter compensation and indiffer- 

ence (lack of sensitivity) and the problem of discontinuities in the 

response surface derivatives caused by threshold parameters. However, no 

clear solution to any of these problems was suggested. Sorooshian and Gupta 

(1983) presented a discussion of the main causes of these problems. They 

identified the following three causes: 

(a) model structure representation and nonlinearity in the parameter 

space; 
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(b) imperfect representation of the physical process by the model; and 

(c) data and their associated measurement errors. 

A fourth possible reason that will be discussed in this report is 

(d) poorly chosen parameterizations of the structural equations of the 

model. 

1.3.6 Evaluation of the Degree of Success of the Identification 
Procedure 

The degree of success of an identification procedure is related to how 

close the identified model is to the true process. There are two aspects to 

this. The first is related to the conceptual realism and the precision of 

the parameter estimates. The second is related to the ability of the model 

to reproduce the behavior of the watershed. The study of parameter preci- 

sion is often called parameter sensitivity analysis. 

The importance of parameter sensitivity analysis in the development and 

use of watershed models was first pointed out by Dawdy and O'Donnell (1965). 

Since then, there has been only sporadic interest in the topic. Plinston 

(1972) introduced the idea of response surface analysis in the study of 

model parameter sensitivities and illustrated his discussion with examples 

from some simple two -parameter models. McCuen (1973) used these ideas to 

show how parameter sensitivity analyses can provide useful information about 

all phases of the watershed modeling process: model formulation, parameter 

identification, and verification. Mein and Brown (1978) introduced a sta- 

tistical method for sensitivity analysis based on the optimal properties of 

the SLS function. Sorooshian (1978) suggested that a quadratic approxima- 

tion to the response surface be used to study the properties of an epsilon - 

indifference region around the parameter set to which the search algorithm 
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has been converged. Sorooshian and Arfi (1982) extended the ideas of 

Sorooshian and introduced two indices: a measure of conditioning of the 

response surface called "concentricity ", and a measure of "interaction" 

among the parameters, useful for studies of the response surface in two - 

dimensional subspaces. Both Sorooshian (1978) and Sorooshian and Arfi 

(1982) estimated the quadratic approximation by the use of finite difference 

approximations in the region of the optimum and reported some difficulties 

with this procedure. This aspect was studied by Phillips (1981), who showed 

that the manner in which the points were chosen for the finite difference 

approximation was a critical factor in obtaining a reliable estimate of the 

Hessian matrix. He examined a number of designs with different statistical 

properties and concluded that the "Minimum Bias" design gave the most reli- 

able results in the presence of non -quadratic response surfaces. Goldstein 

and Larimore (1980) and Posada and Bras (1982) used the final Hessian esti- 

mate obtained during the optimization to construct an estimate of the param- 

eter covariance matrix, based on the statistical properties of their Maximum 

Likelihood estimators. They used diagonal terms of the covariance matrix as 

indicators of the precisions of the estimates. 

The ability of the identified model to reproduce the behavior of the 

watershed is usually tested by using the model to forecast over a data 

period not used in the identification procedure. The fit of the model 

output to the observed data should be essentially no worse than the fit dur- 

ing the identification data period. A review of the literature reveals that 

conventional statistical measures (e.g., coefficient of variation, root mean 

square error, percent bias, etc.) have usually served as the main criteria 

for testing the accuracy of calibrated models (Aitken, 1973; Clarke, 1973; 

Fleming, 1975). Sorooshian and Dracup (1980) and Sorooshian, Gupta, and 
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Fulton (1983) argued that these statistical goodness -of -fit criteria are 

based on the error contaminated measured values of the output and are there- 

fore not necessarily good indicators of model fit. Kitanidis and Bras 

(1980) pointed out that good performance with respect to quadratic criteria 

does not necessarily guarantee equally satisfactory performance in forecast- 

ing the most important aspects of the hydrograph, such as the beginning of 

the rising limb, and the magnitude and timing of the peak. The last men- 

tioned authors suggested the use of the "coefficient of persistence" which 

compares the model performance to the "no- model" prediction (predicted flow 

at time t + 1 equals observed flow at time t). This indicator favors models 

that perform well under the highly non -stationary conditions of flow fore- 

casting. Other indicators which have been reported include the following: 

a linear combination of the mean ratio and its standard deviation (Cunday 

and Brooks, 1981); the percent root mean square error by flow group (Posada 

and Bras, 1982); and the percent bias by flow group (Sorooshian, Gupta, and 

Fulton, 1983). The last mentioned statistic was shown to be useful in 

exposing any tendency of the model to reproduce one aspect of the hydrograph 

at the expense of another. 

A separate though equally important aspect of model validation that is 

either often ignored or goes unreported concerns the comprehensive checking 

(if possible) of all the assumptions that went into the model structure and 

parameter identification stages. Alley et al. (1980) pointed out that the 

lack of such checks can bring seriously into question the validity and thor- 

oughness of the identification procedure. 

Finally, Klemes (1982) has suggested that the most important character- 

istic of a conceptual model of the watershed process should be its credibil- 

ity under diverse and varied conditions. Therefore, an objective means of 
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comparing the accuracy and reliability of different models would be to test 

their forecasting abilities during periods that are as remotely different in 

characteristics from the identification data period as possible. 

1.4 Organization and Scope of the Research 

The review of the literature presented in Section 1.3 reveals that, 

although 40 or more years have passed since the first simple watershed model 

was developed, the problem of identifying a model for a given watershed is 

still plagued with many problems, as well as uncertainties as to how they 

are to be resolved. It would appear that at least part of this problem is 

due to the lack of agreement and understanding on the part of researchers as 

to how to view the identification problem. It was partly with this in mind 

that the Section 1.2 discussion on the General Identification Problem was 

presented and used as a framework to organize the literature review. 

The literature review clearly indicates that performance of watershed 

models is limited less by our inability to develop more complex and realis- 

tic models than it is by the inability of the mathematical procedures cur- 

rently being implemented to adequately deal with the parameter estimation 

problem. However, it is important to note that existing watershed models 

may not be "identifiable" even if the most powerful and sophisticated tech- 

niques available were to be implemented. Bearing these facts in mind, the 

following areas have been investigated in this research. 

Chapter 2 discusses the election of the model to be investigated. For 

this study, a simplified version of the NWSRFS model of the U.S. National 

Weather Service was developed. Chapter 3 discusses our investigation into 

the issues of model structural causes of nonidentifiability. A mathematical 

measure of structural identifiability is developed. The measure requires 
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that the model derivatives with respect to the parameters be available. To 

this end, a methodology for computation of model derivatives for models with 

threshold parameters is developed. These methods are applied to the study 

of the percolation equation of the NWSRFS model. The parameters of the per- 

colation equation are shown to be nonidentifiable and a reparameterization 

is proposed. 

In Chapter 4, we discuss the stochastic nature of the parameter identi- 

fication problem and its solution by the method of Maximum Likelihood. A 

new likelihood procedure is proposed based on the nonlinear nature of the 

rating curve. The new procedure is tested using simulation examples. 

The conclusions of this research are discussed in Chapter 5. 



CHAPTER 2 

SELECTION OF THE MODEL TO BE INVESTIGATED 

2.1 The Structure of a Typical Conceptual Rainfall- Runoff Model 

Most sophisticated conceptual rainfall- runoff models available today 

recognize the presence of different vertically stratified zones of soil in 

the ground (see Figure 2.1). By and large, this stratification is repre- 

sented by an upper zone which extends from the surface approximately to the 

depth of short - rooted plants and shrubs and has a relatively high rate of 

lateral depletion through subsurface runoff (interflow), and a lower zone 

representing groundwater storage with a much slower recession rate, depleted 

through baseflow which leaves the watershed either through deep groundwater 

flow or through seepage into a surface stream or river. The lower zone is 

replenished through vertical percolation from the upper zone. In addition 

to the upper and lower soil moisture zones, there is often a surface reser- 

voir representing interception storage, a representation for impervious area 

and for runoff generated from saturated soil areas. Finally, there is pro- 

vision for depletion of all reservoir areas through evapotranspiration and 

consumption by plants. The total inflow to the stream is then added 

together and flow downstream is simulated by routing through a series of 

linear reservoirs. 

The set of operations to be represented by the model, then, are: 

(a) interception of rainfall; 

(b) direct runoff from impervious areas; 

(c) infiltration of water from surface to upper zone; 

(d) surface runoff of water unable to be accepted by upper zone; 
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(e) percolation of water from upper to lower zones; 

(f) interflow (lateral subsurface flow) from upper zone; 

(g) baseflow (lateral groundwater outflow into river) from lower 

zone; 

(h) evapotranspiration from all storages to the atmosphere; and 

(i) routing of river inflow to downstream gauging point. 

The model usually accepts lumped precipitation and potential evapotranspira- 

tion input data, which represent equivalent uniform depths of precipitation 

and potential evapotranspiration over the catchment area, at fixed intervals 

of time. The model output is usually the stream stage or flow volume, but 

may also consist of evaporation water loss data or volumes of subsurface 

water storage. 

The model generally operates as follows. Precipitation input is added 

to the contents of the upper zone tension water storage, which is a simple 

reservoir limited in size by a threshold parameter. If the threshold is 

exceeded, the excess water enters the upper zone free water storage. 

The upper zone free water storage is a tank, limited in size by a 

threshold parameter, depleted vertically according to a nonlinear percola- 

tion loss function, and depleted laterally by a simple proportionality rate 

constant. If, after percolation and lateral flow depletions have been 

deducted, the storage exceeds the threshold value, the excess water flows 

overland as runoff. 

The percolation function is a nonlinear function which transfers water 

from the upper zone to the lower zone simulating the effects of gravity and 

capillary suction. The rate of transfer is a function of the lower zone 

moisture deficit and the upper zone contents. 
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Percolating water is distributed by some rule between lower zone 

tension and free water storages. As in the upper zone, the lower zone ten- 

sion is limited in size by a threshold parameter and excess water enters the 

lower zone free water storage. 

The free water storages are depleted laterally by simple proportion- 

ality rate constraints and are limited in size by thresholds. 

The lateral outflows are added together and constitute inflows into the 

stream. The water is then routed downstream using a routing technique. The 

simplest and most commonly -used technique is a moving average transformation 

of the channel inflow into streamflow at the downstream gauge point. 

Evapotranspiration losses from each reservoir are computed as propor- 

tions of the existing storage, first from the upper zone, and then from the 

lower zone if the evapotranspiration demand is not satisfied. If the demand 

is still not satisfied, then the remaining demand is ignored. 

From the above description, it can be seen that certain major charac- 

teristics of the model are the presence of: 

(a) threshold parameters; 

(b) linear recession rate parameters; 

(c) a nonlinear percolation function; and 

(d) a linear routing function. 

2.2 A Brief Description of the Soil Moisture Accounting Part of the 
National Weather Service's River Forecast System Módel (NWSRFS) 

The NWSRFS model is a highly complex mathematical representation of 

various aspects of physical hydrology, developed with an intent to forecast- 

ing the response of a watershed system to hydrologic inputs. Thus, it 

includes a catchment soil moisture accounting system, a model for the 
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accumulation and ablation of snow, various channel routing models, and 

techniques for modeling the area input of precipitation. Because of the 

requirement that it be applicable to any general watershed, these components 

are necessarily highly parameterized, and the parameters must be estimated 

separately for each watershed to which it is desired to apply the model. 

The aspect of the NWSRFS which is of interest here is the catchment 

soil moisture accounting system. The soil moisture model is a version of 

the Sacramento Model developed and reported on by Burnash et al. (1973) (see 

also U.S. Department of Commerce NOAA TM NWS HYDRO 31, 1976). Like many 

sophisticated R -R models available today, the NWSRFS soil moisture account- 

ing system (hereafter called SMA- NWSRFS) recognizes the presence of differ- 

ent vertically stratified zones of soil moisture in the ground. This strat- 

ification is represented by an upper zone which extends from the surface 

approximately to the depth of short- rooted plants and shrubs and has a rela- 

tively high rate of lateral depletion through subsurface runoff (interflow). 

A lower zone represents groundwater storage with a much slower recession 

rate, depleted through baseflow which leaves the watershed either through 

deep groundwater flow or through seepage into a surface stream or river. 

The lower zone is replenished through vertical percolation from the upper 

zone. In addition to the upper and lower soil moisture zones, there is a 

representation for impervious area and for runoff generated from saturated 

soil zones. Finally, there is provision for depletion of all reservoir 

areas through evapotranspiration and consumption by plants. The total 

inflow to the stream is then added together, and flow downstream is by rout- 

ing through a series of linear reservoirs. Details of the mathematics of 

the model can be obtained from the NOAA technical memorandum mentioned 

earlier. 
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The SMA -NWSRFS model, exclusive of the evapotranspiration demand curve, 

involves 17 parameters, and therefore calibration, or "parameter estimation ", 

is a difficult task. The National Weather Service uses a combination of 

"manual" and "automatic" parameter estimation techniques. Generally, a 

manual approach is first used to identify a reasonably good initial param- 

eter set, and the automatic procedure is then used to refine those initial 

estimates. It should be noted that certain parameter values can be directly 

inferred or measured from various sources (e.g., topographic maps, hydro - 

graphs, etc.). However, there are other parameters, for instance the ten- 

sion storage capacity magnitudes or the percolation equation parameters 

which can only be estimated through an estimation process. Therefore, it is 

extremely important that an identification procedure be established that is 

an non -subjective as possible and that will result in consistent parameter 

estimates regardless of the data being used. 

2.3 The Model SIXPAR 

The SMA -NWSRFS model described in Section 2.1 is a highly complex model 

of the land phase of the rainfall- runoff process. However, as described in 

the previous sections, it contains some major features common to most con- 

ceptual rainfall- runoff models, features which have been associated with 

problems in parameter estimation. In order to facilitate a detailed study of 

these major features (i.e., threshold parameter and percolation equation 

nonlinearities), a simpler version of the model (referred to as SIXPAR) was 

examined. 

The model SIXPAR is a modified and simplified version of the SMA -NWSRFS 

model used by the U.S. National Weather Service for flood forecasting. The 
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model is not capable of, nor is it intended to be, a practical tool for 

flood forecasting. It was constructed purely for the purposes of theoreti- 

cal analysis, so as to mimic the characteristic behavior and dominant modes 

of operation of the SMA -NWSRFS, and is therefore ideally suited for the pur- 

poses of theoretical and experimental research. 

The model SIXPAR has been derived from the SMA -NWSRFS by employing the 

following simplifications: 

(1) the tension water and lower zone supplementary water storages 

have been deleted; 

(2) evapotranspiration is assumed negligible; 

(3) channel routing is not considered; and 

(4) a constant computational time interval is employed. 

A schematic diagram of the model SIXPAR appears in Figure 2.2. The model 

preserves the significant features and dominant characteristics of the model 

SMA -NWSRFS. It consists of an upper zone representing subsurface water 

storage and a lower zone representing longer term groundwater storage, con- 

nected by vertical percolation (PERC (I), where I is the discrete time 

interval index). The basic structure of the nonlinear percolation equation 

(considered to be the heart of the SMA -NWSRFS model), the threshold nature 

of the reservoir operation (the dominant model nonlinearities), and the 

linear recession nature of the reservoir depletion rates have been pre- 

served. The input to the model is precipitation (P(I)) and the outputs from 

the model are surface runoff (R(I)), subsurface flow (S(I)) and groundwater 

baseflow (B(I)). The three outputs add together to give channel inflow 

(Q(I)). The two model states are upper zone storage (US(I)) and lower zone 

storage (BS(I)). 
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Figure 2.2. The six -parameter rainfall -runoff model SIXPAR 
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It is assumed that only P(I) and Q(I) are observable time series. The 

six parameters of the model are: 

UM = upper zone maximum contents (threshold parameter), mm 

BM = lower zone maximum contents (threshold parameter), mm 

UK = upper zone lateral depletion constant, dimensionless 

BK = lower zone lateral depletion constant, dimensionless 

Z 

= parameters of the percolation equation, dimensionless 
X 

The flow chart of the model operation and the Fortran computer program for 

the model are included in Appendices 1 and 2. 



CHAPTER 3 

INVESTIGATION AND MODIFICATION OF MODEL STRUCTURE 

3.1 The Issue of Identifiability 

In Section 1.2, we discussed the concepts involved in identifying a 

conceptual model of the watershed process. This involves selection of an 

appropriate model set, specification of a measure of closeness, selection of 

an informative data set, and solving for those parameter values that opti- 

mize the measure of closeness. However, our ability to successfully solve 

the identification problem is hampered less by our inability to develop con- 

ceptually realistic models than by the limitations of the parameter identi- 

fication tools (optimization algorithms) available to us. Hence, it is 

extremely important that these limitations be borne in mind while selecting 

the model set, i.e., one should try to ensure that the parameters of the 

model will be "identifiable" based on the quantity and quality of the infor- 

mation available and the mathematical tools at one's disposal. 

Although a great many models of the watershed process have been devel- 

oped (Section 1.3.1), it appears that the primary motivation behind the 

development of each was to construct as realistic a model as was possible. 

Hence, a great deal of time and effort has been expended in trying to estab- 

lish mathematical relationships which accurately describe the underlying 

physical phenomena occurring in the watershed, while the considerations of 

parameter identifiability have been largely ignored. This view is supported 

by the many reports (Section 1.3.5) that have appeared in the literature of 

the inability of researchers to obtain unique "best" sets of parameters for 

their models. Of particular concern are the reports (see e.g., Pickup, 
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1977) that, even under the ideal conditions of synthetic data simulation 

studies, the "true" parameters of such models cannot be recovered using 

available techniques. 

There appear to be four possible reasons why we may be unable to iden- 

tify the "true" parameter values of a model in a synthetic data study. They 

are: 

(a) The Log -Likelihood function being maximized has more than one 

local maximum. Hence, the nonlinear optimization algorithm may 

terminate at the wrong one (i.e., not at the global maximum); 

(b) The optimization procedure is started in a region leading 

towards the global maximum but fails (terminates prematurely) 

due to its not being able to find one of the feasible directions 

of movement. This is a common occurrence when a "Type a" (direct - 

search) algorithm is used and long and narrow ridges are encoun- 

tered on the response surface; 

(c) The identification procedure is unable to distinguish between 

many different parameter values in the region of the optimum, 

i.e., the likelihood function is insensitive to perturbations 

of the parameters; and 

(d) The global optimum of the likelihood function does not coin- 

cide with the "true" (best) parameter values. This may occur 

due to the random errors present in the data. 

The studies reported by Ibbitt (1970), Johnston and Pilgrim (1976), Pickup 

(1977), Sorooshian and Dracup (1980), Sorooshian et al. (1983), and Gupta 

and Sorooshian (1983) seem to strongly support the notion that the inability 

to identify unique "best" parameter values for conceptual watershed models 
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is due to all of the aforementioned problems. While the first two problems 

have been widely recognized, the latter two do not appear to have received 

the attention they merit. 

There appear to be two different approaches that can be employed to 

properly handle the problem of multiple optima. One approach is to restrict 

the model set to one for which the likelihood function is unimodal (e.g., 

model which is linear in the parameters). This may in general be an unac- 

ceptable approach as it may result in an unrealistically simple model. 

Also, there appear to be no general guidlines available as to how this might 

be done. The alternative approach is to develop a procedure that is capable 

of detecting the general location of all existing optima. The feasible 

parameter space may then be segmented into separate subspaces, each contain- 

ing one optimum, whose location can be found by using the standard nonlinear 

optimization algorithms. Some such procedures are apparently under develop- 

ment but have not yet received widespread acceptance or application (e.g., 

Karnopp, 1963). This issue is beyond the scope of this report and will not 

be discussed any further here. 

The second problem is related to the efficiency and reliability of 

optimization algorithms. The gradient -based procedures are considered to be 

superior in this respect to the direct- search procedures and hence the use 

of the former whenever possible is recommended. Furthermore, appropriate 

reparameteriation of the problem may often go a long way towards reducing 

this problem. The third problem is related to the issue of the local iden- 

tifiability of the model parameters. As will be discussed in Section 3.2, 

identifiability is not only a function of the chosen measure of closeness 

(Chapter 4) and the informativeness of the data set, but is also influenced 
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by model structural considerations. A measure of "structural 

identifiability" that should prove useful in the detection of poorly- struc- 

tured or parameterized models is introduced in Section 3.2.2. The applica- 

tion of this measure in the analysis of model parameter identifiability is 

discussed in Section 3.3, while Section 3.4 discusses the use of model 

reparameterization as a method of improving the structural identifiability 

of a model. Finally, Section 3.5 contains a discussion of the relationship 

between the concepts of structural identifiability introduced in this chap- 

ter and the concepts of parameter precision for the simple (but interesting) 

case of Gaussian measurement error. 

3.2 Model Structural Identifiability 

3.2.1 Introduction 

The general concepts of identification and identifiability are basic to 

and have therefore received the most attention in the field of mathematical 

statistics. Koopmans and Reiersol (1950) report that, in 1922, the statis- 

tician R.A. Fisher distinguished as the primary group of problems in mathe- 

matical statistics the "specification of the mathematical form of the popu- 

lation from which the data are regarded as a sample." Hence, discussions on 

identification and identifiability appearing in the literature (e.g., 

Koopmans and Reiersol, 1950; Rothenberg, 1971) have focused on drawing 

inferences from the probability distribution of some observed data to an 

underlying model structure. This is essentially equivalent to identifying 

the parameters which maximize the likelihood function. 

Let e* be the global maximum of the likelihood function. Koopmans and 

Reiersol (1950) provide the following definitions. 
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Definition 1: The parameter point 8* is said to be globally 

identifiable if and only if there is no other a in the 

feasible space 0 that is equivalent. Two points e1 and 

02 are said to be equivalent if the likelihood at 81 is 

equal to the likelihood at e2 (L(e1) = L(e2)). 

Definition 2: The parameter point e2 is said to be locally 

identifiable if and only if there exists an open neighbor- 

hood of e* containing no a in 0 that is equivalent. 

If the likelihood function is unimodal in e, then the two definitions are 

equivalent. Note that the issue of identifiability is essentially equiva- 

lent to the notion of being able to find a unique parameter value that maxi- 

mizes the likelihood function. 

In order to understand how nonidentifiability may arise, consider the 

following. A model may be defined as "a mapping M that maps the space of 

inputs U and the space of parameters o into the space of outputs Z" (i.e., 

M: 0, U--+ Z, or z = M(u,e) where 8 E 0 RP, u e U e Rn, z e Z=0). Now 

the value of the likelihood function at a point a is obtained by running the 

model to get an output vector z and substituting z into the likelihood func- 

tion to obtain a single number which is the measure of optimality. Diagram- 

matically, 

M L e-- z(e)---4.L(z(e)) 
Note that the mapping from 8 to L(z(e)) involves two stages. The first is a 

mapping from RP to Rn where p and n are the number of parameters and out- 

puts, respectively. The second is a mapping from Rn to R1. Hence, there 



36 

are two ways in which nonidentifiability might be able to arise. The first 

is if two distinct parameter values 81 and 82 give rise to exactly identical 

output vectors (i.e., z(81) = (z(82), 81 62). The second is if distinct 

parameter values do give rise to distinct outputs but perturbations in the 

output vector do not give rise to changes in the value of the likelihood 

function. The latter issue was discussed in more detail in Chapter 2 where 

it was shown that this source of nonidentifiability cannot arise if L(z) is 

an "acceptable" function (i.e., v2zL is a definite matrix). Hence, the 

former issue is of major concern here; we can define, 

Definition 3: A model M parameterized by e is "structurally" 

identifiable if and only if M maps unique parameter values 

into unique model output vectors. The model M is locally 

structurally identifiable if and only if there exists an 

open neighborhood of 8* in which it is structurally identi- 

fiable. 

Note that while the notion of identifiability advanced by Koopmans and 

Reiersol (1950) is related to the fact that they are dealing with random 

parameters, the notion presented above deals purely with the structural 

properties of the model, independent of whether a likelihood or any other 

approach is to be used for model identification. It is therefore more suit- 

able for use in the model development stage, when the basic distributional 

properties of the random phenomena or even the procedure to be used for the 

parameter identification stage are unknown. 

One other point needs to be made here. It is important to recognize 

that in practice we may not have to deal with models that are truly 
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structurally nonidentifiable so much as with models that are "nearly" 

structurally nonidentifiable. In other words, we may encounter a model 

structure wherein distinguishable parameter sets may give rise to "nearly" 

indistinguishable output sequences (e.g., Gupta and Sorooshian, 1983). In 

such cases, numerical inaccuracies and computer round -off error may give 

rise to computational difficulties and ambiguities in the identification 

procedure. Hence, it is extremely important that the model set be selected 

so as to be properly structurally identifiable. 

3.2.2 A Measure of Structural Identifiability 

The task of checking for structural identifiability of a model set 

using the definition is clearly far beyond the capabilities of any human or 

even a computer since an infinity of possible parameter- output combinations 

exists for any given input sequence. Testing for global structural identi- 

fiability is therefore in most cases practically impossible. We can, how- 

ever, construct measures that test for local structural identifiability of a 

model in the region of a parameter point of interest. 

Let {zt(e), t = 1, ... n} be the sequence of model outputs associated 

with parameter set a and let {zt(e) + ne), t = 1, ... n} be a sequence of 

outputs associated with a new parameter set 6 + ee obtained by a small per- 

turbation ne of the parameters. In order that the model M be structurally 

identifiable at e, we require that {zt(e+ ae), t = 1, ... n} be distinguish- 

able from {zt(e), t = 1, ... n} for all AO * 0 such that e + AO c O. For 

this to be true, we require that ezt = zt(e + pe) -zt(e) * 0 for at least 

one t = {1, ... n}, provided AO * O. An appropriate measure of the differ- 

ences in the two output sequences is given by the "acceptable" function (see 

Section 4.1), 
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SI(e,0e) = 
n 

{zt(e+ 0e) - zt(e)}2 
t=1 

n 
= E {0z (e, 0e)}2 

t=1 t - 

(3.1) 

(3.2) 

Note that SI(e, 0e) = 0 when 0e = 0 and is greater than or equal to zero for 

all 0e * O. Clearly, in order that the model be structurally identifiable 

at e, we require that SI(e, 0e) # 04-0 * O. A sufficient condition to 

guarantee this is that the function SI(e, 0e) be strictly convex over all 

0e. This implies that the matrix of first partial derivatives of SI(e, 0e) 

with respect to 0e be of full rank, i.e., 

Rank vo8 SI(e, 0e) = p (3.3) 

or equivalently that the Hessian matrix of SI(e, 0e) with respect to 0e be 

positive definite, i.e., 

vóe 
dee 

SI(e, 0e) - j(dñee) i (i,j = 1, .. 

It is simple to show, using Equation (3.1), that 

n dzt(e + 0e) dzt(e + 0e) 
{v208SI}i = 2E { d0ei d0e 

d2z (e + 0e) 

+ 2t1 
{eZt(e. °e) d0ei d0ej } 

p) 
> 0 (3.4) 

(3.5) 

In order to test for structural identifiability, we must evaluate v2A8SI and 

and check if it is positive definite for all e and 0e. In practice, this is 
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rather difficult except in the case of extremely simple problems such as a 

linear model where v2 SI is a constant for all a and ee. If we solve, how- 

ever, for the limit of v2,58SI as e8 0, we will obtain a measure of 

the structural identifiability in the region local to e, i.e., 

Lim 2 
n dzt(e) dzt(e) 

ee --+0 {v6SI }i = 2 { 
dei dei 

or equivalently, 

véSI(e) = ee Lim véSl(e ee) = 2v 6- z(e) vez(c)T 

(3.6) 

(3.7) 

where véSI(e) will be called the structural identifiability matrix at O. 

The structural identifiability matrix can be either positive definite or 

positive semidefinite (note from Equation (3.6) that the diagonal elements 

of véSI(8) are all non -negative). If the matrix is positive definite, then 

the model is locally structurally identifiable. If it is positive semidefi- 

nite, then the model is structurally nonidentifiable. Many tests are avail- 

able to detect the positive semidefiniteness of a matrix. Some of these 

are: 

(a) Rank of the matrix is not full; 

(b) Determinant of the matrix is zero; 

(c) The matrix has some zero eigenvalues. 

3.3 Parameter Sensitivity -Identifiability Analysis 

3.3.1 Introduction 

In practice, we will rarely, if ever, encounter an exactly semidefinite 

matrix while using a computer, due to round -off error, etc., or due to the 
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fact that the model is not quite nonidentifiable. In the latter case, we 

might call the model nearly nonidentifiable (we shall discuss what we mean 

by this in a few lines). Furthermore, we would like to know which param- 

eters or parameter combinations the model output is insensitive to and are 

hence responsible for the nonidentifiability problem. This latter aspect is 

related to what is often called a parameter sensitivity analysis. 

3.3.2 The Region of Indifference 

The structural identifiability matrix (Equation 3.4) is the second 

derivative matrix of the function SI(e, ee) given in Equation (3.1) which 

was chosen as the measure of the deviation between two model output 

sequences. The function SI(e, oe) can be expanded to second order of a 

Taylor series about the point tie = 0 to give: 

SI(e,oe) = SI(e,0) = oeT voeSl(e,0) =-12. oeTv2AeSi(e,0) AO (3.8) 

and since SI(e,0) and vo0Sl(e,0) are equal to zero, 

SI(e,oe) = 

2 
óeTváe sI(e) AO (3.9) 

Note that if the model M is linear in the parameters, then exact equality 

holds, while in general the approximation is valid locally in some neighbor- 

hood of the parameter value e. Now SI(e,oe) measures the difference between 

the model outputs at e + oe and a (note SI(e,oe) 0). Let i/2 represent 

the difference in value of SI(e, os) for which the two model output sequen- 

ces are, for practical purposes, indistinguishable. Note also that Equation 
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(3.9) is the equation of a hyperelliptical surface in the parameter space 

(centered at e), for a fixed value of SI(e, te). Hence, the equation: 

AAT véSl(e) De < * (3.10) 

represents the approximate region in the parameter space around a for which 

the model output sequences are considered to be indistinguishable. We shall 

call this the region of near -nonidentifiability, or the indifference region. 

3.3.3 Parameter Identifiability Measure 

A two -parameter example of a hyperellipsoid described by Equation 

(3.10) is shown in Figure 3.1. The size and orientation of this ellipsoid 

describe the region of nonidentifiability. Therefore, it is desirable to 

quantify some of these geometric notions into computable indices that indi- 

cate various properties of the region that are of interest to us. The most 

important of these properties, in the context of this paper, is the degree 

to which nonidentifiability is related to the compensating effects of the 

simultaneous variation of two or more parameters on the model output. 

Sorooshian and Arfi (1982) proposed two indices named "Concentricity" and 

"Interaction" to study this phenomenon (see Appendix 3). These indices, 

however, only measure interdependence in two -parameter subspaces. An alter- 

native approach involves computing the normalized inverse of the structural 

identifiability matrix (in a manner akin to computing the correlation matrix 

from the parameter covariance) so that the diagonal elements equal 1.0 and 

the off -diagonal elements (< 1.0) indicate the degree of parameter inter- 

dependence. While the latter approach provides information about interde- 

pendence in the multiparameter space, such information is typically diffi- 

cult to extract and interpret. 
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Figure 3.1. Two -parameter example of an indifference region 
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Our experience with parameter sensitivity analysis methodologies 

available in the literature (see Appendix 3 for a description of some of 

these methods) is that they are limited in their abilities to describe ade- 

quately the nature of parameter interrelationships when the dimension of the 

parameter space is greater than 2 or 3. Therefore, we suggest a measure 

called the "Sensitivity Ratio ", which is designed to provide useful informa- 

tion about interactions among many parameters simultaneously in the multi - 

parameter space. It is useful specifically for isolating those parameters 

that are highly compensating and poorly identifiable. 

Consider Figure 3.1, which may serve as an illustrative two -parameter 

example. Imagine for a moment that the major and minor axes of the ellipsoid 

describing the indifference region were oriented along the parameter axis 

directions. (V2SI(e) is a diagonal matrix). In this case, the maximum that 

each parameter ei could vary (allowing other parameters to vary freely) while 

remaining within the indifference region would be given by its conditional 

parameter sensitivity CPSi(8). In general, however, the ellipsoid will be 

oriented in some other manner such as in Figure 3.1 (vgSi(e) is not a diag- 

onal matrix), indicating interdependence and compensation effects among param- 

eters. In these cases, if all parameters are free to vary simultaneously, 

parameter ei would be capable of moving a maximum distance given (Figure 3.1) 

by PSi(e) (parameter sensitivity index). It is shown in Appendix 3 that 

CPSi(e) _ ± [s* ]1/2 
sii 

and in Appendix 4 that PSi(8) is (in the p- dimensional parameter space) 

(3.11) 
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PSi(e) = ± [ 
T 

31/2 

(sii - ir. . Gi-1 10 
(3.12) 

Gi = the (p -1) x (p -1) submatrix of véS1(e) obtained by deleting the ith 

row and column; 

1 = the (p -1) x 1 vector equivalent to the ith column of vgSI(e) with 

ith element deleted; and 

sij = the ijth element of veSI(e). 

Note the similarity in form of CPSi(e) (Equation 3.11) and PSi(e) (Equation 

3.12). It should be noted that since véSI(e) is a non -negative definite 

matrix, so is Gi (for all 1 =1, ... p) and hence the denominator in Equation 

(3.12) is always less than or equal to sii (implying that PSi(e) ) CPSi(e)). 

By taking the ratio of PSi(e) to CPSi(e), we get a nondimensional measure of 

the amount that other model parameters (ei, j #i) compensate for the changes 

in model output caused by perturbations of parameter ei. We call this the 

Sensitivity Ratio (nj); 

PSi(e) 
sii i/2 

ni CPSi ( = 9) [ 
sii 

7. 
..1 
-1 

] 

ii i 2i 

(3.13) 

When ni = 1, there is no compensation for the effects of parameter ei on the 

model output by the other parameters. As ni gets larger, this indicates 

poorer and poorer identifiability of parameter ei in relation to the other 

model parameters. 
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3.3.4 Parameter Sensitivity and Precision 

There is a strong relationship between the study of parameter sensi- 

tivity using concepts of model structural identifiability and the study of 

parameter precision, which is associated with the stochastic properties of 

the data. This relationship is examined here; the analysis will focus 

mainly on the simple case of independent, homoscedastic, Gaussian output 

error and, in places, involves simplifying assumptions. 

Consider the case where the errors in the output observations are 

independently distributed as Gaussian with zero mean and constant variance 

equal to a2. The log- likelihood function (see, e.g., Bard, 1974) for this 

case is given by: 

where 

n 

L(e) = - 
2 

Ln(27) - 
2 

Ln(a2 E 
() - 2a2 
it - zt(8))2 

t=1 

it = observed streamflow at time t; 

n = number of observations; and 

a2 = variance of the observation error. 

(3.14) 

Let ê denote the maximum likelihood values of the parameters. The Hessian 

matrix for this case at e is given by: 

1 n azt(ê) azt(ê) A a2zt(é) 
{veL(e)}ij = - tlr aei ae + (zt - zt(e)) 

aeiae- 

Hence, 

2â2 {véSl(e) + 
De(;)) 

(3.15) 

(3.16) 
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n A a2zt ( e) 

{De (e)}ii = 2 / (Zt - zt(8)) 
aei aej. 

t=1 

(3.17) 

The covariance matrix (E0) of the parameter estimates is given by the inverse 

of the expected value of [- veL(ê)]. Hence, 

Ee = E{-v2eL(e)}"1 = 2a2 [véSl(é) e(ê)}]-1 
(3.18) 

If the model is an exact representation of the true physical process (as in 

a synthetic model study), then Eat) = zt(e). On the other hand, if the 

model is approximately linear (locally), then (a2zt(ê) /aeiaej) will be zero. 

In either of these cases, E {De(ê)} will be equal to zero. In such a situa- 

tion, we have (for nonsingular veSl(e)); 

Eé = 202 {véSl (ê)}-1 (3.19) 

In general, however, we have E {zt} = zt x zt(;), where zt is the true value 

of the output, and hence, 

where 

Ee = 202 [véSI (8) + 5e(ê)]-1 (3.20) 

58(0 = E{68(0} (3.21) 
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Using the matrix inversion lemma (Kailath, 1980) if ev2SI(e) and De(6) are 

non -singular positive definite, 

Ee = 202 (v2J1-1 - véSl [v2eSI-1 + pe-1]-1 véSl)-1 (3.22) 

where, for readability, the dependence on a has been omitted, and hence we 

have that: 

Ee < Eé (3.23) 

1 

Hence E 
A 

is a conservative estimate of the value of the covariance of the 

parameter estimates. It is related to the structural identifiability matrix 

by Equation (3.19). 

If Equation (3.19) holds approximately, the measures of parameter pre- 

cision and parameter identifiability are related intimately in that the pre- 

cision of a parameter estimate is directly proportional to the product of its 

parameter sensitivity index and the output error standard deviation. This 

implies that, for the more sensitive model parameters (PSi(6) is smaller), 

parameter precision is much less affected by larger output measurement 

errors. This supports an intuitive notion that a well constructed model is 

one whose output is relatively sensitive to parameter variations. 

The above analysis is for the case of Guassian, independent, homosce- 

dastic error. For the case of a more general likelihood function [L(z(6)], 

the relationship between parameter precision and identifiability is not 

quite as simple. In the general case, the relationship can be computed 

using: 
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véL(ê) = vaiT(ê) vz2L(ê) , vez(ê) + G(ê) (3.24) 

a2z1 a2zn 
{G}iJ 

= 
[ 

ae. ae. , 

' 
aei ae. ] 

vzL (3.25) 

3.4 Evaluation of the Derivatives 

3.4.1 Introduction 

In order to compute the sensitivity measure discussed in Section 3.1, 

we require the derivatives of the model output with respect to the param- 

eters. These derivatives are also required if "gradient" -type search algo- 

rithms are to be implemented for parameter estimation. As discussed in Sec- 

tion 1.3.4, it has been generally believed that the derivatives could not be 

computed or were too difficult to compute. In this section, we discuss this 

issue and outline a theory for practical computation of the derivatives. 

3.4.2 Modality in the Behavior of CRR Models 

A typical rainfall- runoff catchment model computes the response to pre- 

cipitation input in two stages. In the first stage, the precipitation input 

is used to augment the state of the system (i.e., to update the quantities 

of moisture stored in the various zones of the surface and subsurface land 

mass). In the second stage, the output of the model is computed as a func- 

tion of the present updated state of the system. Thus, the model belongs to 

the general class of so- called "state -space" models. Assuming that model 

computations are made at discrete times, it may be expressed mathematically 

(in general form) in terms of the vector equations: 
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Xt = A (e,Xt_1,Ut) -- State Equation (3.26) 

Zt = B (e,Xt_1,Ut) -- Output Equation (3.27) 

where 

I t = vector of model states at time t (e.g., depth of groundwater 
storage); 

Ut = 

Zt = 

e = 

vector of model input values at time t (e.g., precipitation 
depths); 

vector of model output values at time t (e.g., streamflow 
volumes or rates); and 

vector of model parameters. 

The functional forms of A() and B() and the values of the parameters 

o determine the behavioral characteristics of the model. If A() and B() 

are linear functions of the states and inputs, then unit changes in the 

input cause proportional changes in the output. If, however, the functions 

A() and B() are such that the output is not a linear function of the 

input, then the behavior of the system cannot be predicted in this simple 

way. Although many models have been conceptualized in a state -space frame- 

work, few have so far been treated mathematically as such (see, e.g., the 

work of Kitandis and Bras (1980a,b) and Restrepo -Posada and Bras (1982) with 

the U.S. National Weather Service's SWA- NWSRFS model). 

One of the peculiarities of a CRR catchment model is that it contains 

what are (in the hydrologic literature) termed "threshold" parameters. The 

practical effect of these parameters is to cause the model to operate in 

different modes of behavior, depending on its state. As an example, 

consider the simple discrete time moisture depth storage reservoir depicted 

in Figure 3.2, which is a common element in many catchment models. Deple- 

tion (St) of the reservoir from below occurs at a rate K (unit: time 



T 
M 

ut 

50 

/ 
xt 

K 1 

zt 

Figure 3.2. Simple single reservoir model 
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inverse, T-1) proportional to its contents. Its capacity is limited to a 

maximum value M (unit: length, L). When the precipitation input is such 

that the storage capacity is exceeded, the excess moisture (Rt) flows over 

the top of the reservoir (i.e., total outflow consists of both depletion 

from below, St, and excess moisture spillover, Rt). In this simple reservoir 

model, the two parameters are K and M. Notice that the model operates in 

two modes. Let: 

xt_1 = state of model at beginning of time interval t; and 

ut = precipitation input during time interval t. 

and 

it = xt-1 + ut (3.28) 

it represents the intermediate model state, i.e., the state of the model 

increased by the amount of input into the reservoir, and prior to the out- 

puts being computed and depleted from the reservoir. When it < M, the model 

the model operates in mode one and the equations are: 

xt = (1-K)(xt-1 + ut) (3.29) 

zt = St = K (xt-1 + ut) 

when it > M, the model operates in mode two and the equations are: 

(3.30) 

xt = (1-K)M (3.31) 

zt = St + Rt = xt-1 + ut - (1-K)M (3.32) 

The source of this modality of behavior is the "threshold parameter" M. The 

model is clearly linear in each mode (zt a ut), but the proportionality con- 

stant is equal to K in mode one while it is equal to 1 in mode two. Mode 

two represents system behavior under conditions of "saturation ". 
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3.4.3 Mathematical Representation of a Modal -Type Model 

A mathematical model of a dynamic process is typically represented in 

terms of a symbolic flow chart before it is written out in one or another 

computer language and programmed into a computer. A typical (hypothetical) 

flow chart is presented in Figure 3.3. It represents the sequence of opera- 

tions of a model during a single computational time interval. Each rectan- 

gular box represents a model suboperation Ci, i =1, ..., 5, (e.g., moisture 

transfers into, out of, or between soil moisture storages) and each diamond - 

shaped box containing the word IF represents a point of branching in the 

program. Each such point of branching is associated with a threshold ele- 

ment in the model (for a specific example, see Figure 3.5). 

In Figure 3.4, the flow chart has been decomposed and written out by 

tracing the possible routes from the top of the chart to the bottom. Each 

feasible route represents a possible mode of operation. Having obtained the 

various possible modes, say 'q' in number, the functional relations for each 

mode in terms of the state and output equations can be written out, as in 

the simple example presented earlier. Thus, we end up with q sets of equa- 

tions, one for each mode, each set explicitly representing the model state 

and output for that time step in terms of the model parameters, the state at 

the end of the previous time step and input during the time step. The equa- 

tions can be represented by: 

A1(e, Xt_1, Ut) if in mode one during time interval t 

Xt = 

Aq(e, Xt_i, Ut) if in mode q during time interval t 

(3.33) 
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Figure 3.3. Typical computer program flowchart for a model 
with threshold parameters 
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MODE -1 MODE -2 MODE -3 MODE -4 
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B 

Figure 3. 4. Modal decomposition of the flowchart in Figure 3.3. 
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rB1(e, 

Zt =s 

Xt_1, Ut) if in mode one during time interval t 

Bq(e, Xt_1, Ut) if in mode q during time interval t 

(3.34) 

A more compact way to write these equations is 

q 

Xt = Ti( 0, Xt-1, Ut) Aj(8. Xt1. Ut) 

j=1 

q 

(3.35) 

where 

?t = Tj(e, Xt-1, ut) Bj(e, Xt-1+ ut) 

j=1 

(3.36) 

1 if in mode j during time interval t 

and 

Ti(e, Xt -1, Ut) = 

0 if not in mode j during time interval t 

q 

(3.37) 

T(e+ Xt-1, Ut) = 1 

j=1 

(3.38) 

Note that the above mathematical representation introduces a new quantity, 

the threshold function Tj() which takes on a binary value of either zero or 

one, depending on the values of e, Xt_1 and Ut. The summation over Ti equal 

to one indicates that only one system mode can be active at a given time 

step. 

3.4.4 The Derivative Equations 

The model equations (3.33 -3.38) are now in a form amenable to differ- 

entiation. For simplicity we shall denote Aj(e, Xt_1, Ut), Bi(e, Xt -1, Ut) 
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and Tj(, Xt -1, Ut) by the short forms Ait, Bit, and Tit, respectively. 

Noting that the model equations are continuous in the state and parameter 

spaces, we must show in'Appendix 9 that the expressions for the first deriv- 

atives are: 

I X g aAjt aAjt aXt-1 
= 

ae; 
=1 Tat [ aXt-1 

ae; 
J 

i 

aZt aBjt aBjt aXt-1 

aé; Tit ae. + áXt-1 
aei 

j=1 

-V-i 
(3.39) 

it' 
i 

(3.40) 

where, in keeping with the manner in which conceptual rainfall -runoff models 

are constructed, the threshold functions are assumed to be continuous either 

from the left or from the right (see Appendix 9). All of the components of 

(3.39) and (3.40) (and hence the derivatives) can be calculated. 

3.5 Analysis of a Linear Reservoir Model with Threshold 

3.5.1 Introduction 

In this section, we illustrate the usefulness of the theory presented 

above, with a discussion on the identifiability of threshold -type parameters 

such as are commonly found in CRR models. The discussion serves to high- 

light the important influence that the characteristics of the data used for 

calibration have on model structural identifiability. 

3.5.2 Theory 

Consider the simple single reservoir model of Figure 3.2. The flow 

chart for this model is depicted in Figure 3.5. The modal representation of 

the model is given by (3.29)- (3.32). The threshold functions are: 
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= xt-1 + 
U t 

V 

zt = K. 7 
t 

xt = (1-K).xt 

if 

= 5 
t 
- M + K . M 

= M - K.M 

1 

Figure 3.5. Flowchart for the simple single reservoir model 



Tlt = 
0 for xt-1 > M - ut 

0 for xt_1 < (M - ut) 
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fi 
for xt_1 < (M - ut) 

( ) 

T2t = 

( 1 for xt_1 > (M - ut ) 

The equations of the model are therefore: 

xt = Tlt [(1- K)(xt_i + ut)] + T2t [(1 -K)M] 

zt = Tlt [K(xt-1 + ut)] + T2t [xt-1 + ut - (1-K)M] 

The derivatives (3.39) and (3.40) become: 

and 

axt Tit [ -(xt -1 + 
ut) + (1 -K) 

xt_i] + T2t [ -M] 

axt 

- Tit [(1-K) as-FI-1] 
+ T2t [(1-K)] 

aKt Tit [(xt-1 + ut) + K aaK-1] T2t [aaK-1 + M] 

:tzlt Tit 
[K 

aaM -1] + T2t [aaM -1 
- (1 -K)] 

(3.41) 

(3.42) 

(3.43) 

(3.44) 

(3.45) 

(3.46) 

(3.47) 

(3.48) 

The initial conditions to start the recursions in Equations (3.45) 

through (3.46) are: 

xo = some initial assumed or known constant value (0 c x0 c M) 
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and since x0 is a constant independent of small changes in the values of the 

parameters, 

ax0 

OK 
- 0 (3.49) 

3 x 
aM 

The behavior of these derivatives over the space of possible parameter values 

illustrates some well -known properties of the reservoir. Clearly, if the 

value of M is large enough that the reservoir is never filled, the value of 

T2t is zero -V't. Thus, since ax0 = 0, we will have axt = 0 and 
azt 

= 0 for 

am am am 

all t. In other words, if the reservoir is never filled, the parameter M can 

be perturbed by small amounts without affecting the model output and will 

therefore not be identifiable. This implies that we should always choose a 

small enough value for our initial estimate of M, such that the reservoir 

overflows at least once. 

Let us assume that the reservoir remains unfilled (in mode one) during 

time interval 0 4 t < nl, that at time 'nl' the input is large enough to 

cause the reservoir to overflow, and that the model remains in mode two dur- 

ing time interval nl 4 t < pl. At time pl, the model reverts to mode one. 

Note that this constitutes a single overflow event. The model equations for 

this scenario are: 

Xt 

t 

ff(t,K)xo + f(1,K) 

k=1 

= i (1-K)M 

t-p1+1 

f(t-p1+2, K)M + f(R,K) ut+1-k, 

k=1 

0 <t<nl 

n14t<pl (3.50) 

pl <t 



and 

t 
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zt =i 

where 

Differentiating 

axt 

K 

f(t-1,K)xo 

ut 

K 

- 

- S 

f(t-1,K)xo + K 1 f(t-1,K) ut+1-t Oct<nl 

t=1 

t 

+ 1 f(t-1,K) ut+1_t - (1-K)M t=n1 

t=1 

n1<tcpl 

t-p1+1 

f(t-p1+1,K)M + K . 1 f(t-1,K) ut+1-t pl<t 
t=1 

f(t,K) = (1-K)t 

(3.50) through (3.52), the first derivatives become: 

0 Oct<nl 

(1-K) nl(t<pl 

f(t-p1+2, K) pl ct 

t 

gl(t,K)xo + 1 g1(t'K) ut+1-1 Oct <nl 
t=1 

nl(t<pl 

t-p1+1 

pl ct gl(t-p1+2,K)M + 1 g1(t'K) ut+l-t 
t=1 

0 0ct<nl 

-(1-K) t=n1 

0 nl<tcp1 

K f(t-p1+1, K) pl <t 

(3.51) 

(3.52) 

(3.53) 

(3.54) 

(3.55) 

am 

axt 

aK 

and 

azt 

aM 



where 
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azt 

t 

g2(t-1,K)xo + 
/ 

g2(t-1,K) ut+l-t 
t=1 

t 

gl(t-1,K)xo + gl(t-1,K) ut+l-t + M 

t=1 

0 

t-p1+1 

g2(t-p1+1,K)M + g2(t-1, K) ut+1-t 

O<t<nl 

t=n1 

n2<t<p2 

pl<t 

(3.56) aK 

t=1 

- 
af(t,K) 

_ -t(1-K)t-1 
aK 

(3.57) 

g2(t,K) = f(t,K) + K gl(t,K) (3.58) 

The second derivatives of xt and zt with respect to the parameters may be 

derived if necessary. 

Consider, in particular, the derivatives (3.55) and (3.56) of the out- 

put which are required for the implementation of a derivative -based optimi- 

azt 
zation algorithm. For the threshold parameter 'M', note that is 

non -zero only at the moment of crossover from mode one into mode two (t =n1) 

and at all times after the switch back into mode one again (t>p1). However, 

the value of the derivative after the cross -back is not only smaller in 

absolute magnitude than at time (t =n1), but it also decays away exponen- 

tially with successive time steps. The sensitivity of the output zt to var- 

iations in parameter M does not depend on how long the model remains in mode 

two. 
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Now consider the scenario in which several overflow incidents (say N in 

number) occur, the ith overflow beginning at time (t =ni) and ending at time 

(t =pi) such that (0 <nl<pl <n2<p2 ... <ni<pi ... <nN<pN). In this case, the 

gradient of output zt(0) to parameter M is given by (note: j =i +1): 

¡0 O<t<n1 
azt 

am 
= l -(1-K) t=ni 

0 ni<t<pi vi (3.59) 

K f(t - pi + 1, K) pi<t<nj 

Assume that the objective function to be used for parameter estimation con- 

sists primarily of a sum of squares of errors. Denoting this function by 

F(0), we have (t* = number of output data values; t* = pN say): 

where 

t* 
F(0) = [zt( e) - zt]2 

t=1 

t* 
= rt2( e) 

t=1 

zt(e) = model output at time t; 

zt = measured output at time t; and 

rt(e) = model residual at time t. 

Taking derivatives with respect to the parameters e, we get: 

aF( e) t* azt( e) 

a01, 
= 

2 

t1 l 
rt(e) ' aot 

(3.60) 

(3.61) 

(3.62) 
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a2F(e) 
t* 

[ azt(e) 
azt(e) a2zt(e) 

aekae 2 aek aeR + 't(°--) aekaeQ 
t=1 

For ek = ex = M, we obtain: 

(3.63) 

N N N 
aF 

aM 
= 2 [-(1-K) 

xni-1 + M 
X Gi(K,pi,nj) + E Hi(K,pi,nj.u.?)] 

1=1 i=1 (3.64) 

and 

2 N ax N 

aM2 
= 2 [-(1-K) 

ni-1 
+ E Gi(K,pi,nj)] 

ì=1 i=1 

where (j = i +1), and 

2 nj-1 
Gi(K,pi,nj) = (1-K) 

2 
K 
2 

X f 
2 
(t-pi+1,K) 

t=pi+1 

Hi(K,pi,nj,u,z) = (1-K) [uni - zni] + 

nj-1 t-pi+1 

K (f(t-pi+1,K) [K X f(R-1,K) ut+l_R zt]} 

t=pi+1 t=1 

(3.65) 

(3.66) 

(3.67) 

aF /aM is in general non -zero whenever the value of M is small enough that 

the reservoir overflows at least once (as in the derivation). Consider the 

point M = max [xt(M)], i.e., the value of M such that the reservoir is just 

at the point of no overflow. Clearly, if M > M, then the derivatives of 
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2 2 
F 

aF /aM and á2 (as also 
aKaM ) 

will be zero since the reservoir capacity will 

never be exceeded. For M < M , however, the derivative aF /aM will be non- 

zero, except at the optimal value of M, say M*. Hence, in order to find M* 

using an optimization algorithm, we must ensure that M < M , or else the 

algorithm will fail in its attempt to find the best parameter set. This 

much is fairly obvious. A property of the function F(o) is that it is 

approximately quadratic in the threshold parameter M (a similar result was 

proved by Johnston and Pilgrim (1976) for a nondraining store, i.e., K =0). 

2 

From (3.65), we see that the second derivative 
a 

F consists of a term inde- 
aM2 

pendent of M and a term directly dependent on M through the derivative of 

state variable ax--1. From Equations (3.52) and (3.53), we have: 

0 

axni-1 
jr 

aM 

i=1 

(3.68) 

(1- K)ni 
-ph +2 i>1, (h =i -1) 

Note that (ni -ph) denotes the number of time steps between the two successive 

overflow events. Since (1 -K)<1, the value of 
ax 

ni 
is negligible even if 

2 

the time between overflow incidents is fairly small. Hence, the value ä Ì 
aM 

is approximately constant over values of M (provided M < M). It is shown in 

Appendix 2 that if there are N successive overflow incidents separated in 

time (i.e., ni -ph is reasonably large), then 

2 4 
a 
2 

_ N [2(1-K)2 
2K (1-K)2 

] 
' 

M < M 

aM 1-(1-K) 

(3.69) 
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This result indicates that the function F(c) becomes more sensitive to the 

perturbation of parameter M in a manner roughly proportional to the number of 

overflow incidents. It is important to emphasize the fact that sensitivity 

of the output zt(c) does not depend on how long the model remains in the 

saturation mode (mode two), but on the number of times the model switches 

between the two modes. This implies that from the point of view of parameter 

estimation, a data set containing one large storm event (i.e., ut + xt -1 > M) 

may be less informative than a data set containing many storms of moderate 

size. 

The preceding discussion reveals that when a model contains a threshold 

element, the optimization problem to be solved will have a continuous objec- 

tive function that is piecewise continuous in its derivatives. For any opti- 

mization algorithm to be useful in solving this problem, we must ensure that 

the search is not permitted to enter the parameter space for which M > M. 

Model output zt(e) is essentially a linear function of M; the sensitivity of 

the function F(e) to M is approximately proportional to the number of times 

reservoir overflow occurs. zt(e) and F(e) are complicated nonlinear func- 

tions of the parameter K. 

3.5.3 A Note on Practical Implementation 

In practice, it may be impractical to separate a model into its modes, 

and to compute the derivatives separately as a function of each mode. While 

such an exercise may prove fruitful in terms of gaining theoretical insight 

into the problem, it is not necessary. The derivatives can be obtained sim- 

ply by differentiation of each subequation as it is encountered in the com- 

puter program. The strength of this procedure is that the model need not be 

modified (computer program rearranged) in order to compute the derivatives. 
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As an example, in Figure 3.5, we present the methodology as applied to the 

single reservoir model. 

3.6 The Percolation Equation of the NWSRFS Model 

3.6.1 Essential Concepts 

The representation of the percolation process in the conceptual R -R 

model is probably the most important part of the model. The percolation 

process connects the upper and lower zones and helps decide on how much of 

the water in the upper zone contributes to the quickly reacting components 

of the storm hydrograph, and how much is transferred to relatively longer - 

term storage in the lower zone. Thus, it is critical that the exact nature 

of the nonlinear relationships between the factors contributing to percola- 

tion be adequately identified. Strangely enough, as we shall see, the per- 

colation representation is also probably the weakest link in the model 

structure formulation. 

First, let us examine the method by which the percolation volumes for 

each time period are calculated in a conceptual R -R model. Conceptually, 

there is considered to be a maximum and a minimum percolation demand. Also, 

the actual percolation demand at any point in time is related nonlinearly to 

the "state" of the model at that instant. 

Most parametric representations of the percolation process in use today 

are similar to the well -known Horton Infiltration Equation commonly used to 

calculate infiltration abstraction from rainfall, so that the overland flow 

process can be modeled. Horton's Equation is of the form: 

infiltration demand = ft =fmin + (furax - fmin) e-kt (3.70) 
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Emin = minimum infiltration demand (t = co); 

max = maximum infiltration demand (t = 0); and 

K = rate parameter. 

This equation contains three parameters. The equation is usually modified 

so that it can be used on a digital computer to represent cumulative infil- 

tration demand during a fixed time interval, as this is the way most models 

are implemented. The modification used is normally similar to one of the 

following (see Appendix 5): 

or 

where 

UZCn 
F = Fmin 

+ (Finax - Fmin) 
exp {-X( UZM-UZC 

n 

Fn 
Fmin + Finax Fmin 

- UZCn 
X 

UZM 

(3.71) 

(3.72) 

Fn = cumulative infiltration demand during time interval 'n'; 

Fmin = cumulative minimum infiltration demand during a time interval; 

Fmax = cumulative maximum infiltration demand during a time interval; 

UZCn = contents of upper zone at beginning of time interval n; 

UZM = maximum storage possible in upper zone; and 

X = parameter controlling nonlinearity of the relationship. 

The infiltration demand is now dependent on the amount of water present in 

the zone into which water is infiltrating. So, infiltration demand Fn is 

maximum when the receiving zone is empty and is minimum when the receiving 
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zone is full. The quantity Fmin is not zero because even when the receiving 

zone is full, water leaving the receiving zone makes way for the same amount 

of water to enter. 

Note that both of the above representations are essentially very simi- 

lar and that the use of the second form might be considered preferable as no 

exponentiation is required. It is also important to note that these equa- 

tions represent infiltration "demand" during a fixed time interval and if 

this demand is not met due to unavailability of sufficient moisture, then 

the amount of infiltration actually occurring will be equal to the total 

moisture available. 

As mentioned, the percolation process is usually envisaged to be simi- 

lar to the infiltration process. It is assumed that maximum and minimum 

percolation demands exist, and that the amount of percolation demand at any 

instant depends both on the moisture deficiency of the lower zone and the 

availability of moisture in the upper zone. There is considered to be a 

nonlinear relationship between the percolation demand (sometimes called 

"potential percolation ") and the lower zone deficiency. The identification 

of the extent of this nonlinearity (through estimation of parameter X) is an 

important part of the parameter estimation problem. As discussed by Bloom- 

field et al. (1981), a critical assumption made in these equations (3.71 and 

3.73) is that the characteristics of the nonlinearity are considered to be 

independent of the current "state" (storages in different zones) of the 

model. This assumption is generally made in order to maintain a fairly 

simple model representation and to keep the dimensionality of the estimation 

problem low. It can be argued that the more complex representation proposed 

by Bloomfield et al. (1981) would not help to resolve the parameter observa- 

bility problem as they theorize. Instead, the higher dimensionality of such 
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a representation, though conceptually sound, is likely to result in a more 

difficult estimation problem due to the introduction of relatively insensi- 

tive parameters. As was discussed earlier, there may often not be suffi- 

cient information content in the data to adequately identify the simpler 

representation, let alone the more complex ones. 

3.6.2 Mathematical Representation of Percolation 

The work presented in this report relates directly to the structure of 

the percolation representation of the Sacramento Model. This is the same 

formulation as used in the SMA- NWSRFS model (Version II). However, it 

should be noted that similar representations can be found in other models. 

"The percolation function (of the Sacramento Model) is considered to be the 

key element in the transfer of water within the model as it affects water 

movement throughout the soil profile and is itself dependent on the current 

state of the storage system" (quote, Brazil and Hudlow, 1981). It is a 

complex function developed by Burnash, Ferrai, and McGuire (1973) relating 

the capacities and contents of both upper and lower zones and the free water 

depletion coefficients. The percolation mechanics have been designed to 

correspond with observed characteristics of the motion of moisture through 

the soil mantle, including the formation and transmission characteristics of 

the wetting front, as reported by Hanks et al. (1969) and Green et al. 

(1970). Hence, it is generally considered to be a "good" representation of 

the true process. The equation used is given below: 

Percolation 
e 
PPERC = PBASE [1 + ZPERC(LZDR)REXP] UZFDR 

Demand 
(3.73) 
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This represents the percolation demand during a single computational time 

interval, 

where 

PBASE = minimum percolation demand when lower zone is full and 

upper zone is full 

= (LZFPM LZPK + LZFSM LZSK) 

LZDR = lower zone deficiency ratio 

(3.74) 

(LZTWM + LZFSM + LZFPM) - (LZTWC + LZFSC + LZFPC) (3.75) 

(LZTWM + LZFSM + LZFPM) 

UZFDR = upper zone free water contents ratio 

= UZFWC 

UZFWM 

(3.76) 

As can be seen, the equation contains a total of eight parameters that must 

be estimated. They are listed in Table 3.1. 

The terms with last letter 'C' constitute the states of storage in the 

respective reservoirs of the model. They are listed in Table 3.2. The high 

dimensionality of this equation immediately indicates that strong parameter 

interaction relationships and compensatory behavior can exist. The equation 

can be represented as: 

where 

PPERC = PBASE (1 + ZPERC (LZMLMLZC) 
REXP 

) 

UZM 

LZM = LZTWM + LZFSM + LZFPM 

UZM = UZTWM + UZFWM 

(3.77) 
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TABLE 3.1 

Parameters Present in the Percolation Equation of the SMA- NWSRFS Model 

Parameter Explanation 

UZFWM Upper zone free water maximum (vol. or 
arl 

- Threshold Parameter 
a. area 

LZTWM Lower zone tension water maximum ( ) 

- Threshold Parameter 

LZFPM Lower zone free water primary storage ( " " ) 

maximum 
- Threshold Parameter 

LZFSM 

LZPK 

LZSK 

Lower zone free water secondary 
storage maximum 

- Threshold Parameter 

( II 11 ) 

Lower zone primary storage depletion (unitless) 
constant 

- Rate Parameter 

Lower zone secondary storage depletion (" ) 

constant 
- Rate Parameter 

ZPERC A parameter limiting maximum amount ( ) 

of percolation 

REXP A parameter controlling the nonlinear ( " ) 

relationship between the percolation 
demand and the lower zone deficiency 
ratio 
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TABLE 3.2 

State Variables Present in the 
Percolation Equation of the SMA- NWSRFS Model 

State Variable 

UZFWC 

LZTWC 

LZFPC 

LZFSC 

Explanation 

Upper zone free water contents (vol. or 
area) 

Lower zone tension water contents ( " " ) 

Lower zone free primary water ( " " ) 

contents 

Lower zone free secondary water ( " " ) 

contents 
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LZC = LZTWC + LZFSC + LZFPC 

UZC = UZTWC + UZFWC 

without losing sight of its basic properties. Here the three lower zone 

storages have been lumped together as a single element, where LZM is the 

maximum size of the lower zone storage and LZC is its contents. Similarly, 

UZM is the size of the upper zone storage and UZC is its contents. 

The similarity of this equation to Horton's Infiltration Equation 

becomes apparent when the equation is written as follows: 

where 

PPERC = A + B ( 

LZM - LZC 
) 

REXP 

LZM 

PPERC = Fn 

A = PBASE 
UZC 

UZM Fmin 

B = ZPERC PBASE 
UZC 

UZM 

= ZPERC F 
min = max - min 

and hence 

ZPERC = 
Finax 

Fmin 

(3.78) 

(3.79a) 

(3.79b) 

(3.79c) 

(3.79d) 

(3.79e) 

REXP = X (3.79f) 

Now, the latter formulation reveals quite clearly that, though the equation 

of Burnash et al. (1973) is written in a conceptually appealing form, it is 
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not a form that is desirable from a parameter identification point of view. 

The parameters ZPERC and REXP are the only two parameters in the equation 

which are not connected explicitly with the operational mechanics of any 

other part of the model. REXP essentially determines the degree of nonlin- 

earity in the equation, and ZPERC helps determine the maximum percolation 

demand Fmax. From Equation (3.79c), it is easy to see that ZPERC acts only 

as an arbitrary unitless multiplying constant in the following sense. 

Rewrite A and B in terms of A and B as follows: 

A = Á UZC (3.80a) 

= PBASE 1 (3.80b) 
UZM 

B = B UZC (3.81a) 

B = ZPERC PBASE 
UZM 

(3.81b) 

It is clear that, in order to determine the percolation demand at any 

instant, it is the values of the compounded parameters A and B and the 

parameter REXP that are important and not the combinations of ZPERC, PBASE, 

UZM, and REXP that give these values. Given certain values for PBASE and 

UZM, the value of ZPERC will adjust to the value that gives the best value of 

B. Given different values for PBASE and UZM, a different value of ZPERC 

will give the same value for B. Hence,it is clear that a substantial amount 

of interaction and compensation is likely to exist among these three parame- 

ters of the model. By rewriting the percolation equation in terms of A and 

B, a substantial amount of this interaction should be reduced. 
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3.6.3 The ZPERC -REXP Relationship 

At this stage, the two parameters ZPERC and REXP which affect primarily 

the fitting of the percolation equation will be examined. A rearrangement 

of Equation (3.73) gives: 

where 

PPERC 1 

ZPERC Ç(PBASE 
UZFDR) 

(LZDR)REXP 

(3.82) 

PPERC = percolation demand during a small computational time interval 

at. 

The interdependence between the two parameters, ZPERC and REXP, is plotted 

in Figure 3.6 as the combination of values that will give the same APPERC 

for a given lower zone deficiency ratio LZDR. As can be observed, the rela- 

tionship is fairly linear for large values of LZDR. Also, for low values of 

both parameters, many sets of values could provide reasonably similar 

results over a broad range of values of LZDR. This raised some suspicion 

that the superimposed effects of the entire data set might result in sub- 

stantial parameter interaction. Note that if present, this interaction is 

expected to be positive. That is to say, the direction of lowest response 

sensitivity is expected to lie in the first and third quadrants of the two - 

parameter subspace. 

3.6.4 Response Surface Analysis of the ZPERC -REXP Parameter 
Space Using Real Data 

In order to study the ZPERC -REXP relationship further and to check on 

the suspicions raised by the previous analysis, it was decided to conduct an 

experimental analysis using the SMA- NWSRFS model. 
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L211111 140 
L7,FSM 45 
=PR 0.004 
L2SR 0.11 

C2FDR 0.S 

L2DA 0.2S 

LZDR 0.5 

LZDR 0.7S 

4.0 

Figure 3.6. Compensating values of ZPERC and REXP for one 
computational time interval 
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The ZPERC -REXP parameter space in the region of two -parameter sets 

obtained by the calibration process was examined. The parameter set was 

that obtained by Sorooshian et al. (1981) using the SLS(1) criterion and 

one year (an average year) of calibration data from Leaf River, Mississippi. 

The parameter values are reported in Table 3.3. 

The method for examining the parameter space was as follows. A grid of 

SLS function values centered on the nominal parameter values was obtained. 

The step size of each grid axis was chosen equal to one percent of the cor- 

responding nominal parameter value. Then the contour maps were created. 

The parameter ZPERC was varied from 190 to 218 in steps of 2.0, and 

parameter REXP was varied from 0.57 to 0.64 in steps of 0.005. The contour 

map of the SLS criterion values is presented in Figure 3.7. The point to 

which the algorithm had converged is marked by a circle. Looking at the SLS 

criterion contour map, we see that the region is highly irregular. A small 

elliptical- shaped local optimum is seen in the upper right -hand corner. 

However, the most important phenomenon that is observed is that the points 

of minimum function value constitute a long flat valley (dashed line) run- 

ning right through the region with approximately equal function value at all 

points along the line. Moreover, this line that denotes the compensating 

set of parameter values which give the same objective function value is 

oriented in the expected direction of interaction. 

(1) SLS - Simple Least Squares Criterion 
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TABLE 3.3 

Parameter Sets in the Region of which the Response 
Surface Analyses were Conducted 

Parameter 
SLS calibration 

parameter 
values 

UZTWM* 0.386 

UZFWM 29.190 

UZK* 0.973 

ZPERC 203.260 

REXP 0.609 

LZTWM 248.500 

LZFSM 13.610 

LZFPM 184.900 

* Parameters not part of the percolation process equation 
UZK = upper zone recession constant (rate parameter) 
UZTWM = upper zone tension water maximum (threshold parameter) 
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Figure 3.7. SLS criterion contour map in region of SLS 

criterion "best" parameter set (ZPERC vs. REXP) 
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3.6.5 The Impact of Percolation "Demand" Computations 

As described in the previous sections, the model calculates a percola- 

tion demand based on parameter values and existing storages. It then tries 

to meet that demand from the available upper zone moisture. 

If the available moisture is such that the demand is never met, then no 

change in the values of the parameters deciding that demand will have any 

effect on the output. On the other hand, if the demand is always met, the 

output should be quite sensitive to variations in the parameters. 

To study the reasons for ZPERC -REXP parameter nonidentifiability, a 

synthetic study was conducted using the simple six -parameter model SIXPAR 

(Section 2.3). First, the synthetic rainfall data and the corresponding 

"true" streamflow data were input to the model and the graphs of both perco- 

lation demand and actual percolation were obtained for Z = 50.0 and X = 3.0 

(see Figure 3.8). It was found that in about 34% of the computational time 

intervals, the true value of the percolation is less than the percolation 

demand. During these time intervals, the process is insensitive to small 

changes in the parameter values. The critical parameters here are Z and X. 

The parameter Z essentially determines the maximum percolation demand, and X 

mainly determines the nonlinearity present in the process. Since in the 

above case the percolation demand exceeds the actual percolation during a 

substantial amount of the time, it seems reasonable to expect that the out- 

put is relatively insensitive to the value of parameter Z. 

A Z versus X contour map of the SLS criterion in the region of the 

optimum was obtained by perturbing the parameters (Figure 3.9). The 

The expected elongated valley is present and is oriented close to the direc- 

tion of the X axis indicating lower sensitivity of the response to Z. 
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Now, if the percolation demand is always met, then the sensitivity to Z 

should be increased and the extended valley eliminated. To test this, the 

value of Z was lowered to reduce the percolation demand values. Values of Z 

= 10.0 and 5.0 were tested. The results appear in Figures 3.10a,b and 3.9. 

At Z = 10.0, the percent number of computational time intervals in which the 

demand exceeds availability drops to 18% (Figure 3.10a) and the contour plot 

(Figure 3.9) indicates higher sensitivity to both Z and X. When Z = 5.0, 

the percent number of intervals in which that demand exceeds availability is 

only 10% (Figure 3.10b), and the response (Figure 3.9) is relatively more 

sensitive to Z. In both cases, however, the extended interacting valley is 

still present but with a different orientation in each case. 

Finally, high resolution contour plots were obtained for the Z = 50.0 

and Z = 5.0 cases (Figure 3.11a,h). In both cases, no indication of closed 

contours was detected. Hence, it would seem that the extended interaction 

valley is inherent to the model structure, and that its orientation depends 

on the degree of "parameter activation" that is brought about by the data 

used. 

3.6.6 Implications of the Results to Parameter Observability 

The results presented in the preceding section raise some questions 

concerning the ability to obtain a unique and consistent parameter set using 

historical data no matter which estimation technique is used - -be it manual 

calibration or automatic parameter estimation. In either case, an initial 

set of parameters must be specified. If the automatic method is used to 

estimate Z and X, the search technique will terminate at the first point at 

the bottom of the long and narrow valley which it encounters. It should be 

borne in mind that, due to errors in the data and /or the inability of the 
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model to properly simulate the true process, the criterion value may vary 

from point to point so that what we have is an elongated valley -like phenom- 

enon. Due to the inability of the search technique to proceed, termination 

of the optimization will occur prematurely and at different parameter sets 

for different starting values. 

At this point, the question may be raised as to why this is of any 

importance at all and, that if any set of values of Z and X on the floor of 

the elongated valley is as good as any other (from a mathematical point of 

view), then why the concern? The answer is that different sets of values of 

the parameters are not as good as each other due to two very basic reasons. 

To understand the first reason, let us pretend we know the true param- 

eter set. Due to the nature of the data being used, there will exist an 

elongated valley on the Z -X response surface oriented in some direction, 

this direction being dependent on the data. Let us assume that we select a 

point on the floor of the valley at some distance from the true optimum (see 

Figure 3.12). Now a second data set is selected to be used as a verifica- 

tion data set. If the characteristics of this data are different (wetter or 

drier, for example), the valley will still pass through the true parameter 

set but will be oriented differently. Hence, the selected parameter set 

will no longer be part of the indifference set for the new data and, if 

used, will give nonoptimal forecasting results, due to poor reproduction of 

the percolation process. 

The second reason concerns a topic .only briefly mentioned earlier, 

i.e., the high degree of parameter interdependence that exists as a result 

of the nature of the mathematical formulations. Parameter interdependence 

implies that, if there is an error in the estimation of one parameter, there 

will be errors in the estimated values of the other interacting parameters 
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as a result of the compensating changes required to minimize the total 

error. Of course, the magnitude of the errors caused in the values of the 

other parameter depends on the extent and importance of the interaction. A 

look at the SMA- NWSRFS percolation function reveals the presence of eight 

parameters interacting directly through this process. As shown earlier, the 

identification of the "true" values of the ZPERC and REXP parameters is a 

difficult, if not impossible, task. If at the same time, the two parameters 

have significant interactions with the other model parameters (as they are 

expected to have), errors in the estimation of ZPERC and REXP will cause 

errors in the estimation of the other interacting parameters. Whether a 

manual or an automatic technique is used, parameters identified are likely 

to be unsatisfactory and certainly nonoptimal. 

As an example of the implications of these facts to the efficiency of 

automatic search techniques, a limited study was carried out on the SMA- 

NWSRFS model. The same data set and "optimal" parameter values described in 

Section 3.6.4 for the SLS case were employed. Figure 3.13 is a plot of the 

LZFPM versus LZFSM contour map of the SLS criterion in the region of the SLS 

optimal set of parameters. Figure 3.14 is a plot of the same region when 

ZPERC is changed from 200 to 194, and REXP is changed from 0.61 to 0.59. 

The plot indicates very clearly that, when we move to the new point along 

the line of equal function values (see Figure 3.7), the contours get much 

wider, and lower function values are obtained towards the right -hand side 

(compare Figure 3.14 to Figure 3.13). Thus, due to poor estimation of ZPERC 

and REXP caused by premature termination of the search technique at the bot- 

tom of the extended valley, both LZFSM and LZFPM have been poorly estimated. 
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3.7 Reparameterization of the Percolation Equation 

3.7.1 Introduction 

In Sections 3.1 through 3.3, the concept of structural identifiability 

was discussed. In Section 3.6, we have detected that the NWSRFS model is 

structurally nonidentifiable or near- nonidentifiable. In order to have any 

confidence in the identified model, this problem must be resolved. Now, the 

index of structural identifiability is the second derivative matrix given in 

Equation (3.7). Note here that since zt(8) is actually a function of both e 

and the chosen input data sequence u(t) _ {u1, ..s ut }T, so too is the 

structural identifiability mat-ix véSI(e). Hence, one alternative is to 

attempt to use a different input data sequence and ,see if that improves mat- 

ters. In cases where one is free to choose the input data sequence, this 

method could prove successful. However, in watershed models, such freedom 

is usually quite limited. Moreover, it is possible that no improvement may 

be observed over the range of feasible data sets. Another alternative is to 

restrict the model to one that is structurally identifiable using the avail- 

able input data. Note that the simplest way to do this is to assume that 

some of the parameters are known and to fix them at some nominal values. 

However, to do this, one must have some suitably reliable qualitative infor- 

mation regarding the values at which they should be set. Further, the solu- 

tion of the restricted problem will most likely be suboptimal in relation to 

the actual maximum likelihood values of the parameters. A more suitable 

solution that may, in some cases, result in improved structural identifia- 

bility of the model set is reparameterization of the model. 
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3.7.2 Theoretical Basis for Reparameterization 

Reparamete -ization involves the selection of a transformation in the 

parameter space, i.e., the selection of a new parameter vector t = R(e) such 

that the model set M(Q) has improved parameter identifiability over the 

model set M(6). It is important to note that reparameterization does not 

imply that the model structure or behavior need to be changed or simplified, 

although model simplification or restrictions to the feasible model set can 

be viewed as subsets of the set of available reparameterization alterna- 

tives. The mathematics involved in reparameterization are described below. 

Consider a model M: 0, U + Z, parameterized by a set 6 e 0. Let 

R: 0 ; t be a mapping from the space of parameters 6 cie to the space of a 

new parameter set m eft!), where ñ is the reparameterization operation and 

hence t = R(6). The reparameterized model is then given by M: m, U -+ Z. 

Using the chain rule for differentiation, it is easy to show (note that 

v6SI = zero) that: 

v SI = voeT SI ve 

It is desirable that the chosen reparameterization operation R be chosen to 

be one -one invertible since, in this case, the solution in the ± space can 

be translated into the solution in the a space (possibly for interpretation 

of results). It is interesting to note that if I is the maximum likelihood 

value of 0, then by the operation e = R. 
-1 

(e) we can obtain e, the maximum 

likelihood value of 6. 

The objective of the reparameterization operation is to improve the 

structural identifiability of the model set. Hence, we shall restrict our- 

selves to "allowable" reparameterizations, i.e., those which "improve" the 
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properties of the structural identifiability matrix. In particular, we 

shall be interested in reparameterizations for which, 

ni(4) c ni(e) 
4) (3.83) 

This is the sensitivity ratio discussed in Section 3.3.3 and will be used as 

the index to measure the improvement in overall identifiability of the 

model. 

3.7.3 Methods of Applying Reparameterization 

There are two methods by which the chosen model reparameterization can 

be implemented. They are: 

(1) Rewriting of the model computer program in terms of the 

newly- parameterized structural equations. 

(2) Retaining the model equations in terms of the original 

parameterization and rewriting only the derivatives of 

the model output with respect to the new parameters by 

means of the chain rule of calculus, i.e., 

Step 1: e = R-1(1) 

z(e) = M(e,U) 

Step 2: vol d F -1(j) 

vez(e) = 
cëti1 

M(e,u) 

(3.84) 

(3.85) 

Step 3: v &z((*) = vez(A) vße (3.86) 
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Note that all that is required is the inverse of the reparameterization 

function and its first derivatives. The vector vcw. is then used to con- 

struct the structural identifiability matrix using: 

vSI(A) = vz(A.) v?(0) (3.87) 

Of the two methods, the first is reasonable only for small methods which can 

be easily programmed. Otherwise, it entails an inordinate amount of extra 

programming work. The second method, on the other hand, is extremely simple 

to implement. Further, using method (2), alternative parameterizations can 

be tested with very little effort. 

3.7.4 A Theoretical Look at the Percolation Equation 

In Section 3.6, the form of the percolation equation was discussed. In 

particular, it was discussed that by appropriate grouping of the parameters 

which were multiplied and added together and by compounding them to form new 

parameters, one could substantially reduce the degree of parameter inter- 

action present in the model. However, the discussions in Section 3.6 indi- 

cate that the major problem appears to come from interaction between the two 

parameters ZPERC and REXP. Since these parameters are neither multiplied 

nor added together, the aforementioned approach cannot be used to reduce the 

interaction between them. Therefore, a reparameterization is sought which 

is consistent with the mechanics of the percolation process equation. For 

this analysis, the model SIXPAR will be used. 

To illustrate the problem, a graphical representation of the percola- 

tion demand and real percolation versus the change in lower zone deficiency 

ratio (LZDR) is shown in Figure 3.15 for the cases of UC = UM and UC = M /2. 
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The curved lines represent the percolation demand for each of the cases, 

while the horizontal line represents the amount of water available in the 

upper zone. The maximum percolation that can occur is equal to UM, which is 

the maximum capacity of the upper zone. Hence, percolation demand will 

always be met for LZDR less than or equal to some value "a" (0 c a < 1) and 

will never be met for LZDR greater than "a ". (Note: An important assump- 

tion here is that the maximum percolation demand exceeds the size of the 

upper zone storage UM. If not, the percolation demand will always be satis- 

fied by available upper zone water, and a parameter observability problem 

would probably not exist). 

Thus, irrespective of the data selected for the estimation procedure, 

the parameters of the percolation equation (Z and X, or ZPERC and REXP) are 

only influenced by those time periods for which LZDR is less than or equal 

to "a" (LZDR < a). This means that the amount of data directly influencing 

the estimation of Z and X (ZPERC and REXP) is much reduced. Note also that 

if UM is small, then so is "a ", and the amount of "activating" data will be 

even less. 

We now examine how this affects the observability of Z and X (the 

results follow in a parallel manner for ZPERC and REXP), and in particular 

why this should give rise to the elongated interacting valley. From Figure 

3.16, it is easy to see that fairly large changes in Z do not cause large 

deviations of the percolation curve for LZDR < a. These deviations can be 

minimized by an appropriate compensating change in X, and the resulting 

errors in computed percolation can become quite small. These errors then 

pass through the lower zone storage reservoirs before they reach the output. 

The damping effects of the reservoirs ensure that the effects of the errors 

are very small and hence do not appreciably affect the objective function. 
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As a result, the response surface will have an interacting valley in the Z -X 

plane with virtually equal function values, formed by an extremely elongated 

contour "ellipse" with its ends well outside the region being examined. 

It is obvious that, in order to make the parameters more observable, an 

appropriate reparameterization is required so as to make the response sur- 

face better conditioned. In particular, a parameter is required which is a 

function of both Z and X and which represents the direction along the valley 

floor. This parameter should replace the relatively insensitive parameter 

Z. Proper scaling of the new parameter should allow reasonably elliptical 

contours of the objective function in the neighborhood of the "best" param- 

eter set. Another factor that must be borne in mind is that the parameter 

chosen should preferably have some conceptual significance. 

From Figure 3.15, it is clear that there is one invariant present which 

is unaffected by the amount of water available for percolation. This is the 

value "a ". Clearly, "a" represents the value of LZDR at which the percola- 

tion demand and available water curves intersect. This value has some nice 

properties: 

(1) It is scaled between zero and one. This means that a 

reasonable initial estimate for "a" can be made because 

it is bounded. Z, on the other hand, can vary between 

zero and infinity. 

(2) It can be easily used to calculate approximately how 

much information was in the data which was useful for 

estimating the percolation process parameters. 

The scaled property means that large changes in Z correspond to much 

smaller changes in "a" (see Figure 3.16, thus making "a" far more sensitive 
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than Z. It is clear from Figures 3.15 and 3.16 that an extremely large 

amount of data would be required to make Z better determined because of the 

fact that UM is in most cases going to be less than A(1 +Z), i.e., maximum 

percolation demand. Even if the conditions of upper zone being full and 

lower zone being empty are ever experienced (which is very unlikely), the 

actual percolation taking place is controlled by the parameter UM and not by 

the parameter Z. 

The relationship between the parameters "a ", Z, and X, is now derived. 

The percolation equation is: 

Perc = A.[1 + Z.(LZDR)X44 (3.88a) 

where A = (LM . LK). 

Let the contents of the upper zone be equal to UC. Percolation demand 

will be equal to UC when LZDR = "a ". Hence, 

Simplifying: 

or: 

UC = A.[1 + Z.(a)X]. im 

a = 
UM 

1/X 

Z= 
[UM -A] 

A.aX 

Substituting for Z in the percolation equation (3.88): 

(3.88b) 

(3.89) 

(3.90) 
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UC 

for all LZDR < a 

for all LZDR > a. (3.91) 

Notice that, due to this reparameterization, there is no need to calcu- 

late a percolation demand value, as the true value of percolation depends 

simply on whether the LZDR at any time is greater than or less than param- 

eter "a ". 

3.7.5 Response Surface Analysis 

The reparameterized percolation equation was programmed into the model 

SIXPAR in place of the original equation. Using the same parameters as in 

the earlier synthetic study (Z = 50), the calculated value of "a" is 0.31. 

The input- output data were used to generate the "a " -X contour map of the SLS 

criterion, based on equal percent changes of the nominal values of "a" and 

X (see Figure 3.17). The response is seen to be very sensitive to changes 

in "a" but relatively insensitive to changes in X. A similar contour map 

for "a" = 0.6 is shown in Figure 3.18. 

At first glance, these results appear to be rather disappointing, as in 

both cases an elongated direction of low sensitivity is present. However, 

an encouraging observation is that in both cases, the direction of low sen- 

sitivity exhibits very low interaction. We observe that the response is 

very sensitive to percent changes in the value of "a ", but is relatively 

insensitive to percent changes in the value of X. Obviously, a rescaling of 

either of these parameters is required so that more circular contours are 
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obtained. This should not be difficult in this case, as the angle of inter- 

action is small. 

The important result of this reparameterization which should be empha- 

sized here is that it has reduced the parameter interaction to a minimal 

value, thus enabling a proper scaling of the parameters to be employed to 

change the contour shapes. In the case of the Z -X parameterization, the 

degree of interaction was significant and varied substantially. Hence, in 

that case, scaling to make the contours more circular was not possible 

(i.e., when interaction is large, rescaling of a parameter only changes the 

angle of interaction and does not help to reduce the length of the valley 

significantly). 

3.7.6 Rescaling of Parameter "a" 

If the search technique uses a constant step size, there is no problem 

regarding the selection of an appropriate scale for "a ", as a relativély 

smaller step size can be chosen. However, it is common, as in the applica- 

tion of the SMA- NWSRFS model, that step sizes which are percent changes of 

the existing parameter values are used. Thus, step sizes increase as the 

parameter size increases, and vice versa. In this case, a reparameterization 

"R" is required for "a" such that close to the "best" set, the response of 

the objective function to a percent'changé in the value of "R" is similar to 

the response to a percent change in X. 

Let "R" be the new parameter. We require that: 

AR na. S 
R a 

(3.92) 
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where S = scaling factor, so that a one -percent change in "a" will correspond 

to a S(>1) percent change in "R ". Integrating both sides, we obtain: 

Hence, 

ln(R) = S.1n(a) (3.93) 

R = aS (3.94) 

a = R1iS (3.95) 

So, the percolation equation becomes: 

Perc = [A + (URx 
-sA)(LZDR)X]UM 

UC 

for all LZDR c a 

for all LZDR > a (3.96) 

Using the scaling factor S = 5, the R - X contour map of SLS criterion 

function values was obtained (Figure 3.19). [Note: nominal value R = a5 = 

0.0028]. The improvement in contour shapes is dramatic, and the use of a 

higher scaling factor is likely to result in even more circular contours. 

Prior to implementation of a search routine, the value of the scaling 

factor "S" giving "optimal" contour shapes is, of course, unknown. Hence, a 

nominal value should first be used and, when the search has terminated, the 

relative sensitivities of "R" and "X" tested. If "R" is much more sensitive 

than "X ", then the scaling factor should be increased and an attempt made to 

continue the optimization. Alternatively, the testing could be built into 

the search routine and carried out at prespecified occasions during the 

optimization, such as whenever a decision to reduce the step sizes of the 

parameters is made. 
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Hence, it has been shown that appropriate reparameterization and scal- 

ing can be effectively used to obtain a better conditioned response surface 

which is more suitable for the application of direct search algorithms. It 

seems reasonable to expect that such an algorithm will have far less diffi- 

culty in searching for the optimum and is less likely to terminate prema- 

turely. Also, the likelihood of obtaining unique parameter sets is 

enhanced, since at least one major cause of premature algorithm termination 

has been removed. 

3.7.7 Experimental Testing of the Reparameterized 
Percolation Equation 

3.7.7.1 Structural Identifiability Analysis 

Using the data set RAIN -1 and the original parameterization (identified 

as P1), the structural identifiability of the model SIXPAR was computed. 

The condition number of the matrix and the index of multiparameter inter- 

action were: 

CN = 1.8 x 109 (LN = 42,000) 

MPI=2.8x10-`' 

The two parameter concentricity indices and iteraction indices (Sorooshian 

and Arfi, 1982) are presented in Tables 3.4 and 3.5. Also, the sensitivity 

ratio for each of the parameters, along with the parameter confidence inter- 

vals and marginal confidence intervals for the hypothetical case of Gaussian 

output error (as described in Chapters 3 and 5), are presented in Table 3.6. 

Finally, the parameter correlation matrix for the case of Gaussian output 

error is presented in Table 3.7. The results clearly show that the percola- 

tion equation parameters Z and X are nearly non -identifiable. The condition 
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TABLE 3.4 

Concentricity Indices in the 2- Parameter Subspaces 
for Parameterization P1 (0 = worst, 1 = best) 

UM 

UK 

BM 

BK 

Z 

X 

0.04 

0.44 

0.01 

0.01 

0.73 

0.04 

0.41 

10-4 

0.04 

10-3 

0.02 

0.79 

10-4 

0.02 10-3 

UM UK BM BK Z X 

TABLE 3.5 

Interaction Indices in the 2- Parameter Subspaces 
for Parameterization P1 (1 = worst, 0 = best) 

UM 

UK 

BM 

BK 

Z 

X 

-0.01 

-0.72 

-0.02 

0.00 

-0.42 

0.00 

-0.12 

0.00 

0.00 

-0.02 

0.00 

0.86 

0.00 

0.00 0.02 

UM UK BM BK Z X 
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TABLE 3.6 

Indices of Marginal Confidence (MCIi) and Confidence 
(CIi) at the 95% Level and the Sensitivity (ni) for 

Each Parameter of P1 

Parameter True Value MCIi (95 %) CIi (95 %) ni 

UM 10.0 ±0.819 a ±3.991 a 4.874 

UK 0.5 t0.040 a ±0.134 a 3.393 

BM 20.0 ±1.103 a ±5.692 a 5.160 

BK 0.2 ±0.017 a *-0.076 a 4.500 

Z 50.0 ±63.154 a ±1257.7 a 19.914 

X 3.0 ±1.050 a ±21.171 a 20.162 

a = standard deviation of output error 

TABLE 3.7 

Parameter Correlation Matrix for Parameterization P1 

UM 1.0 

UK -0.83 1.0 

BM -0.48 0.49 1.0 

BK -0.17 -0.01 -0.71 1.0 

Z -0.02 0.04 0.17 -0.24 1.0 

X -0.09 0.11 0.25 -0.26 0.99 1.0 

UM UK BM BK Z X 
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number CN is rather large, while multiparameter interaction as indicated by 

MPI is quite strong. From Table 3.6, we see that both Z and X have very 

poor precision. Further, while the precision ratios for parameters UM 

through BK are of the value of about 4, the precision ratios for Z and X are 

both around 20, indicating that these two parameters are the major contribu- 

tors to parameter interaction. This is further supported by the correlation 

index between Z and X, which is 0.99, indicating near- deterministic inter- 

action between the two. It is interesting to note that concentricity and 

interaction matrices are, in this case, not as useful as the other indices 

in detecting the poorly identifiable parameters. 

These results seem to indicate that the probli of structural identifi- 

ability is essentially related to the percolation equation parameters and 

that the remaining parameters are properly identifiable. So, the next step 

in the analysis was to evaluate the proposed reparameterization of the per- 

colation equation. 

The new parameterization will be identified as P2. The structural 

identifiability matrix of the reparameterized model SIXPAR was computed. 

The condition number of the new matrix and the new index of multiparameter 

interaction were: 

CN = 5.0 x 105 (LN = 700) 

MPI = 2.25 x 10-2 

The value of the condition number has dramatically improved (four orders of 

magnitude), indicating a 60 -fold reduction in the ratio of largest to small- 

est axis of the hyperellipse. Correspondingly, the multiparameter interac- 

tion has reduced (improved) by two orders of magnitude. The other identifi- 

ability indices are presented in Tables 3.8 through 3.11. The 
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TABLE 3.8 

Concentricity Indices in 2- Parameter Subspaces 
for Parameterization P2 (0 = worst, 1 = best) 

UM 

UK 0.04 

BM 0.41 0.04 

BK 0.01 0.41 10-3 

Z 0.16 0.31 0.12 0.13 

X 0.08 10-3 0.10 10'3 0.01 

UM UK BM BK Z X 

TABLE 3.9 

Interaction Indices in 2- Parameter Subspaces 
for Parameterization P2 (1 = worst, 0 = best) 

UM 

UK 

BM 

BK 

Z 

X 

-0.04 

-0.73 

-0.02 

-0.02 

0.00 

0.00 

0.12 

0.00 

0.00 

0.02 

0.02 

0.00' 

0.00 

0.00 0.00 

UM UK BM BK Z X 
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TABLE 3.10 

Indices of Marginal Confidence (MCIi) and Confidence 
(CIi) at the 95% Level and the Precision Ratio (ni) 

for Each Parameter of P2 

Parameter True Value MCIi (95 %) CIi (95 %) ni 

UM 10.0 ±0.831 a t3.991 o 4.803 

UK 0.5 ±0.040 o 4.134 a 3.350 

BM 20.0 ±1.119 a ±5.692 a 5.087 

BK 0.2 ±0.017 a ±0.076 a 4.471 

Z 0.31 ±0.131 a ±0.283 a 2.160 

X 3.0 ±10.806 a ±21.171 a 1.959 

a = standard deviation of output error 

TABLE 3.11 

Parameter Correlation Matrix for Parameterization P2 

UM 

UK -0.83 1.0 

BM -0.48 0.49 1.0 

BK -0.16 -0.01 -0.71 1.0 

Z -0.34 0.33 0.50 -0.29 1.0 

X -0.09 0.11 0.25 0.26 -0.06 1.0 

UM UK BM BK Z X 
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reparameterized model is clearly better structurally identifiable than the 

original model version. The confidence intervals indicate that parameter A 

can be much more precisely determined than parameter Z.. The A -X parameter 

correlation is almost zero and there are no extremely high correlations. 

The precision ratios for parameters UM through BK have remained approxi- 

mately the same from P1 to P2, but have improved considerably for the 

remaining two parameters. The interaction indices have, by and large, 

improved as well. However, some of the two -parameter subspace elongation 

indices have deteriorated a bit. One final observation is that the param- 

eter X seems to be relatively much less sensitive than the other model 

parameters. It is possible that the sensitivity of, parameter X might be 

improved if a data set with different characteristics is used. 

3.7.7.2 Parameter Estimation 

First, the original model parameterization (UM, UK, BM, BK, Z, X) iden- 

tified as P1 was compared to the new parameterization (UM, UK, BM, BK, A, X) 

identified here as P2. The parameters UM through BK were started at their 

"true" values, while parameters Z and X (A and X) were started at 45.0 and 

3.5 (0.3784 and 3.5), respectively. The results of these runs are reported 

in Table 3.12. As the structural identifiability analysis of Section 

3.7.7.1 predicted, the algorithm was unable to recover the true parameters 

using the P1 parameterization, while it converged rather rapidly to the true 

values using the P2 parameterization. çlearly, parameterization P2 is 

superior to parameterization Pl. 
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CHAPTER 4 

THE STOCHASTIC PARAMETER ESTIMATION PROCEDURE 

4.1 Introduction 

In Section 1.2, we began by describing the identification problem as 

one of identifying a model M of a physical process .0 (e.g., the watershed 

rainfall- runoff process) for which certain characteristics such as inputs u 

(e.g., precipitation) and outputs z (e.g., streamflow, evapotranspiration) 

can be observed. We shall assume that a suitable model set M(e) has been 

selected and that the chosen model set is identifiable (see Chapter 3 for a 

detailed discussion of this issue). Therefore, we are faced with the prob- 

lem of finding those parameter values e * c 0 for which the model M(e *) is 

"closest" to the observed process . In order to do this, we must spec- 

ify a quantitative measure of closeness which can be used as a basis for the 

comparison of alternative parameter values. 

As indicated by the geometric interpretation of Figure 1.1, we can dis- 

tinguish between two possible cases: 

Case 1: 125/ {M(e), e c 0} (4.1) 

Case 2: 4 {M(e), e e (4.2) 

Clearly, the watershed modeling problem and most other problems of practical 

interest are associated with Case 2. As pointed out by Baram and Sandell 

(1978), however, most model identification techniques rely on the assumption 

that the model set under examination contains the actual process 2. If 

this is indeed the case, then it is acceptable to consider as a measure of 

closeness of the model M(e) from the process 
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distance between the parameter set e and the "true" parameter values e 

"true ". Since, in practice, the model set Mje) will usually not contain the 

process , there will not exist any such object as a "true" parameter 

value on which to base our comparison. Hence, we require some alternative 

method of comparing the models to the process. The most common and practi- 

cal approach in this case is to compare the output behavior of the model to 

that of the process under similar input conditions. The "best" parameter 

set is then deemed to be that for which the model output is closest to the 

process output. 

Figure 4.1 contains a simple visualization of this concept. Let ut and 

zt represent the "true" process inputs and outputs, respectively. It is 

assumed that the inputs and outputs are measured at discrete time intervals 

(t = 1, ... n). The model Mje) operates on the input sequence to generate a 

set of model outputs zt(e) (the dependence on inputs u has been dropped for 

clarity of presentation) according to: 

zt(e) = M(e, u(t)) t = 1, ... n 

where 

(4.3) 

u(t) _ {uj, j = 1, ... t) (4.4) 

Let us define the model output error (mt(e)) as: 

mt(e) = zt(e) - zt, 4 t = 1, ... n (4.5) 

Clearly, we would like to ensure that the value of model output error is 

close to zero at all times. In other words, the model M(e) is considered 

"closest" to the process g when the difference between its outputs zt(e) 
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Figure 4.1. Representation of the process by a model 
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and the true outputs zt is minimal. Hence, we are required to solve the 

problem: 

min {Imi(e)I, 

8e0 

Imn(e)I) (4.6) 

Note that this is a vector optimization problem which is rather difficult to 

solve, especially if the number of parameters and the number of output 

values to be compared is large. In practice, therefore, we convert the 

problem into a simpler one by aggregating over all of the model errors to 

define a scalar measure of closeness F. The problem, therefore, becomes: 

min F = F(mi(e), .... mn(e)) = F(m(e)) (4.7) 

eco 

where F is some (nonlinear) function of the model errors m(e) = {mi(e), 

mr(e)1 

Now, by specifying F as a measure of closeness of the model to the pro- 

cess, we will have converted the identification problem into an optimization 

(minimization) problem. However, we must ensure that the function F is 

carefully chosen so as to result in a well- defined optimization problem. 

Clearly, there are many possible functions that might be chosen for F. 

There are, however, no clear guidelines at this point on how F should be 

chosen. 

It should be noted here that the model error m(e) arises due to two 

possible reasons: 

(1) the model set M(e) does not contain the process; i.e., the model 

structural equations are incorrect; 

(2) the parameter set a is different from its optimal value. 
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In the ideal case, of course, there would be no model structural error to 

contend with, and the model errors could be driven to zero by an appropriate 

choice for O. We would, therefore, like the chosen function F to have two 

important properties. First, it should take on its minimum possible value 

(Fmin) if the model errors mt, t = 1, ... n are all zero. Second, it should 

have a unique optimum (minimum) at the "best" parameter values a *. Clearly, 

if the model contains structural errors, then we will be unable to find a e 

such that the model output errors are all zero, and so the minimum value of 

F will be greater than Fmin. 

Conditions on F that will ensure that the function F has a unique mini- 

mum in the parameter space are rather difficult to obtain. A sufficient 

(though not necessary and, hence, restrictive) condition is that the func- 

tion F is strictly convex in the parameter space. If the second derivative 

matrix véF exists, this condition is equivalent to requiring that the matrix 

véF is positive definite everywhere in the feasible parameter space. In 

general, for an arbitrary nonlinear (in the parameters) model, this is very 

difficult to ensure, since it depends on the particular structure chosen for 

the model set. Furthermore, we would like the condition for selection of F 

to be independent of the particular model structural equation. Using the 

chain rule for differentiation, we can show that if F and m(e) are twice 

differentiable, 

where 

v2eF = v 
6- m 
m 
T 
(e) vF v 

e- 
m(e)+ G 

2 2 
am1 amn 

{G}i j 
[aei 

aej ' aei ae.! Vm 
F 

(4.8) 

(4.9) 
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Now, in order for véF to be a positive definite matrix, we require that: 

(1) vgm(e) be of full rank; 

(2) vmF be a positive definite matrix; and 

(3) G be a positive definite matrix or be small enough that it is 

dominated by vme(e) vmF vem(e). 

The first and third conditions are related essentially to the structural 

identifiability of the model (discussed in greater detail in Chapter 5). 

Therefore, the second condition is the one of interest here. It states that 

we should choose the function F from the set of functions that is convex in 

m. The conditions for a function F to be "acceptable" are therefore: 

(1) F(m) has a unique minimum Fmin at m = 0; and 

(2) F(m) is convex in m, or vmF is positive definite for all m. 

There are many functions which can be found to satisfy these requirements. 

One of the simplest classes of functions, and the one to which many commonly - 

used measures of closeness belong, is of the form: 

F= É ft(mt) (4.10) 

where each ft(mt) is convex in mt, has value zero at mt = 0, and is positive 

everywhere else. The popular simple least squares function is a member of 

this class with ft(mt) = (mt)2. It is easy to verify that vmF = 2I and that 

F(m) is positive everywhere except at m = 0, where it assumes its minimum 

value of zero. It is important to note that if the model set M(e) contains 

the process g , then any "acceptable" function that might be used will 
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lead us to choose the same "best" parameter values, i.e., 6* = 6 true. In 

practice, however, since the model set will not contain the true process, 

different functions will identify different "best" parameter values, depend- 

ing on the relative importance given to minimizing different terms in the 

model error sequence. Hence, great care must be exercised in the selection 

of the function based on a clear understanding of the properties of the 

model errors that we might consider desirable. 

4.2 The Stochastic Nature of the Parameter Identification Problem 

As emphasized by Clarke (1973) and Sorooshian (1978), the input- output 

data available for selection of the parameter values contain significant 

amounts of measurement errors. The parameter identification problem may 

therefore be described in the following manner, with reference to Figure 

4.2. 

Let u = {u1, 

tation) to the process 

un) be a sequence of n input values (e.g., precipi- 

which give rise to a sequence z = {z1, ... zn) 

of process outputs (e.g., streamflow, evapotranspiration, etc.). Measure- 

ments are made of the inputs and outputs. The measurement process intro- 

duces random errors into the recorded measurements according to some under- 

lying probability laws. Let Ou and A be the input and output mea- 

surement error probability laws, respectively. Denote the input measurement 

error at time t by nt so that the recorded input measurement is: 

út = ut 
+ nt 

Similarly, the output measurement error is denoted by et so that the 

recorded output measurement is: 

(4.11) 
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zt = zt 
+ et 

(4.12) 

Hence, the data available to us for the purposes of identification consist 

of: 

(1) qualitative information about the watershed process; 

(2) qualitative information about the measurement process; and 

(3) quantitative error -corrupted input and output data. 

Now since the output data are corrupted with errors, we no longer have 

available to us the "true" values of the outputs. Let us define the model 

residual to be the difference between the model output and the measured 

output: 

rt(e) = zt(e) - it t (4.13) 

Adding and subtracting zt on the right -hand side and using Equations (3.5) 

and (3.12), we get: 

rt(e) = zt(e) - zt) - (it - zt) 

=mt(e) -et 

t (4.14) 

t (4.15) 

Now, as discussed in Section 4.1, the objective of the identification prob- 

lem is to find the e value for which the model errors mt(e) are "close" to 

zero. However, due to the presence of measurement error, the model error is 

not directly observable. We must, therefore, find some method which allows 

us to manipulate the residuals (which are observable) with the effect of 

driving the model errors close to zero. We note once again that since in 
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practice the model set does not contain the process, we shall not be able to 

drive the model errors completely to zero. It is important to bear both of 

the above factors in mind when selecting a measure of closeness. 

4.3 Parameter Identification Methodologies Available 

As emphasized in the previous section, the chosen measure of closeness 

should, if possible, reflect the a priori knowledge (or lack of it) that we 

have about the system under study. There are two basic elements which we 

have to consider in the parameter identification process. They are: 

(1) Nature of the model structure- -does the model relate inputs to 

outputs in a deterministic or a probabilistic manner, and does 

the model set contain the process; and 

(2) Are the input- output data accurate enough to be considered 

deterministic, or do they contain significant measurement 

errors. 

The major methodologies developed by the scientific community to handle 

various cases are indicated in Table 4.1 (adapted from Eykhoff, 1982). The 

level of computational difficulty involved in the implementation of these 

methodologies increases down the list. The use of the SLS and other sub- 

jectively- chosen measures of closeness for the identification of conceptual 

rainfall runoff models is indicated by Case 1. The approach taken by 

Sorooshian (1978) and Sorooshian and Dracup (1980) fits into Case 2. The 

work of Goldstein and Larimore (1980) and Posada and Bras (1982) fits into 

Case 3. To the knowledge of this author, no application of Case 4 has been 

reported. 
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TABLE 4.1 

Measures of Closeness Associated with Different Kinds of Models and Data 

Case I/O Data Model Structure Model Parameters Appropriate Measure 
of Closeness 

I Deterministic Deterministic Deterministic Any "acceptable" 
function 

II Stochastic Deterministic Deterministic Likelihood function 

III Stochastic Stochastic Deterministic Likelihood function 

IV Stochastic Stochastic Stochastic Bayes function 
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Table 4.1 indicates that for models wherein the parameters are 

deterministic unknown constants, the method of maximum likelihood is a very 

powerful approach. Furthermore, as Edwards (1972) and Baram and Sandell 

(1978) point out, the maximum likelihood procedure is the only methodology 

so far available in systems theory which does not require the assumption 

that the process be a member of the model set. It does, however, require us 

to make some assumptions about the nature of the underlying measurement 

error probability laws. 

It is important to point out here that in the application of the Case 3 

approach wherein the model structure is considered to be stochastic, the 

exact maximum likelihood approach is, to date, only practically feasible for 

linear models with Gaussian structural error. In the work of Goldstein and 

Larimore (1980) and Posada and Bras (1982), an approximate maximum likeli- 

hood procedure was applied based on the linearization approach of the 

extended Kalman filter (Kitanidis and Bras, 1978). Although the incorpora- 

tion of the assumption that the data are stochastic has been shown to result 

in significant improvements over the usual SLS approach by Sorooshian and 

co- workers, the marginal benefit of adopting the more computationally 

demanding Case 3 approach has not, in the opinion of this author, been suc- 

cessfully demonstrated. In this work, therefore, the emphasis will be laid 

on improving on the Case 2 procedures currently available for conceptual 

rainfall -runoff model parameter identification. 

4.4 The Method of Maximum Likelihood 

Consider a process that is completely described by a probability law 

ox, which generates objects X that are random variables. Our object is 

to identify a model P(XIe) parameterized by 8 of the process gx The 
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information which is available consists of a data set D = fx1, xn} of 

n independent observations of the objects X. This set D is a particular 

realization of the possible data sets that might have been realized due to 

the fact that X is a random variable. The practical identification problem 

is to determine that model P(XIe) which most likely gave rise to the 

observed data set, i.e., we would like the model to be capable of generating 

objects, say "Y ", that are closest to being "statistically identical" to the 

observed objects "X" (two objects are defined to be statistically identical 

if they obey the same probability law). The method of maximum likelihood 

pursues this objective by maximizing over the space of all models (for 

instance, over a feasible model set) the "likelihood" that the model- gener- 

ated objects "Y" are statistically identical to the observed objects "X ". 

In other words (Baram and Sandell, 1978), given a model set P(XIe), we 

choose the parameters e* such that the information in the observations for 

distinguishing between the model P(Xle *) and the process Ox is minimal. 

Therefore, we would like to choose the measure of closeness in such a 

way that it makes the most use of the information contained in the available 

data. The function which does this is described in the statistical litera- 

ture as the "likelihood function ", according to the following proposition 

(Edwards, 1972): 

Proposition (the likelihood principle): Within the 

framework of a statistical model, all of the infor- 

mation which the data provide regarding the relative 

merits of differential hypotheses (e.g., different 

parameter sets) is contained in the likelihood 

function of those hypotheses given the data. 
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The form of the likelihood function is described by the following 

definition: 

Definition: The likelihood function .. (eIx) of a 

hypothesis given an observation x and a specified model 

P(XIe) of the probability law Zx is proportional to 

P(XIe), the constant of proportionality, "K" being 

arbitrary. 

Hence, the likelihood function is given by: 

r(elx) = K P(Xle) 

1 
X = x 

(4.16) 

Note that whereas P(XIe) is a function of the variable X, ...r (61x) is a 

function of the variable e to be determined. The likelihood function is 

therefore a measure of the information contained in the observation x about 

the value of the parameter e. 

Now, the data set D = (x1 .... xn) consists of n observations of the 

random variable X, their joint distribution being given by P(D1e). If the 

observations are independently distributed, then: 

P(Die) 
= 

i =1 
Pi(xile) (4.17) 

and hence the likelihood function is: 

r(elD) = 
i =1 

_ri(elxi) (4.18) 

In order that the information about the parameters a be additive over the 

observations, it is common to work instead with the natural logarithm of the 

likelihood function, i.e., 
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L(eID) = kn .r (01D) (4.19) 

= 
iE1 

Rn _r(elxi) (4.20) 

= E km P.(x.Ie) + constant (4.21) 
i=1 > > - 

Here, L(eID) is the information available about the parameters 8 contained 

in the finite number of observations contained in the observation sequence 

D. In order to condition our choice of a on the entire sample space of X 

and not just on a particular observation sequence, we can define the 

expected supported for the hypothesis 8 by: 

S( .0x; L(elx)) = Ex{L(eIx)} (4.22) 

I L( Ix) .f.ex(x) (dx) 

x 

(4.23) 

where X is the feasible space for x, and Ex is the expectation operator over 

X. Substituting for L(81x) from Equations (4.16) and (4.19), we get: 

S( Ox; L(eI)) = I tnP(xIe) .q/ x(x) dx + constant (4.24) 

as the measure of support for the parameter set O. 

Using Equation (4.24), the Kullbach- Leibler measure of mean information 

(Akaike, 1974) is defined by: 

P(Ie)] = S[ 27x; - S[ fe x; P(Ie)] (4.25) 

= I [kn ex(x) - RnP(xIe)] .(Fx(x) dx (4.26) 
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Note that .r[;] is always greater than zero unless the model is 

identical to gx over the entire space X, in which case it is equal to 

zero. Hence, P(xle) will be closest to Ox (in the expected information 

sense) if ,57(;) is minimum, or hence S[ 6F/x; P(10)] is a maximum. An 

arbitrarily close approximation can be computed for the expected support 

function without knowing the actual process gx, as follows (Akaike, 

1974): 

where 

S = 

ÁN 
E tn P.(x.le) + constant = F L(eID) + constant (4.27) 

L =1 

Lim S = S( gx; P(1e)) (4.28) 

N 4. . 

Note that maximization of S is equivalent to maximization of the likelihood 

function L(eID). Hence, solution of the problem 

max L(eID) = É tn P.(xile) + constant 
eo L =1. 

(4.29) 

will give us the closest model P(xle) to the process gx conditional on 

the chosen model set and the available set D of random variable observa- 

tions. 

4.5 Likelihood and the Identification of Dynamic Models 

4.5.1 Introduction 

The objective of the likelihood approach is to infer which of the 

available models "most likely" gave rise to the observed random variables, 
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i.e., it chooses the model (parameters) that is (are) best supported by the 

available information. In Section 4.3, we indicated that the random varia- 

bles in the watershed módeling problem consisted of the input and output 

errors as described by Equations (4.11) and (4.12), respectively. Now, the 

measurement consists of two parts, the first being a deterministic time 

varying quantity representing the true input or output, which we shall 

assume is associated with a deterministic physical process (the watershed), 

and the second being a random quantity associated with a probabilistic pro- 

cess. Hence, the object we must model consists of two parts: (1) the pro- 

cess (watershed) model, and (2) the probability law model of the measure- 

ments, since both of these parts taken together are required to describe the 

probability distribution of the measurements. From Equations (4.11) and 

(4.12), we obtain: 

and 

n(n) _ (ú - u) 

ge(e) = ge(Z - z) 

(4.30) 

(4.31) 

In practice, we will not know the true probability laws and will model them 

by some suitable parametric probability model as: 

and 

Pn(niVu) = Pn(Çú - 01211) 

Pe(eliliz) = Pn(L2 - 

(4.32) 

(4.33) 
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where and are parameters of the probability models. Also, the 

quantities u and z are assumed to be generated by some deterministic under- 

lying processes parameterized by and e, respectively. Hence, the com- 

plete models of the distributions of the measurements are given by: 

and 

Pn0.1110e.u) = Pn(ú - u(2y)111.02,u) 

Pe(eliyz,e) = Pe( z - 

(4.34) 

(4.35) 

Note that the model of the output error depends on the parameters of deter- 

ministic input process through the input- output process model relationship 

(Equation 4.3). 

To derive the likelihood function, we require the joint distribution of 

the input and output errors. In the case of the watershed model, it is rea- 

sonable to assume that the input and output measurement errors are indepen- 

dent. In this case, the likelihood function to be maximized is given by 

(dropping the arbitrary constant): 

L(14.42,eu,elD) = Rn P(Cú - u(9u)]Liu'eu 

(4.36) 

+ Rn Pe ([Z - z(e,eu)]1±z,e,eu 

4.5.2 Input Measured Without Error 

In the case that the input error n is zero or insignificant compared to 

the model and output errors, the likelihood equation to be maximized 
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L(Ipz, elD) = Rn Pe(Cz - z(e)]Ilyz,e) (4.37) 

Maximization of Equation (4.37) will result in the jointly identified water- 

shed process and output error model that is best supported by the available 

data set D. It is easy to show that this also results in the watershed 

model for which the model error is closest to zero. Let the structure of 

the output error be given by: 

et = ê(y) + at (4.38) 

where ê(lpz) is the "most likely" value of the measurement error, and 

a = {al, ... an) is a sequence of independent identically distributed random 

variables. From Equation (4.38), the distribution of a is: 

Pa(el* z,e) = Pa(C? - z(e) -ê(z)Jl*,e) (4.39) 

Therefore, maximization of Equation (4.37) is identical to maximization of 

Equation (4.39) and, hence we may rewrite the likelihood function as: 

L(I ,e) = Ln P8(z - z(e) - ê( *z)I ±z,e) (4.40) 

Now, from Equations (4.5), (4.12), and (4.38), we have: 

z - z(e) - ê( ±z) _ -m(e) + a (4.41) 

If the term (z - z(e) - ê(lyz)) is made equal to a, then from Equation (4.41), 
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we see that this implies that the model error m(e) is made zero. Hence, 

maximization of Equations (4.37) or (4.39) results in maximization of the 

likelihood that the model error is zero. 

In order to completely specify the identification problem, the under- 

lying structures for z(e) and ê(*z) need to be specified. The structure 

of z(e) is already given in Equation (4.3). In this report, it will be 

assumed that the error sequence et can be modeled as being generated by the 

perturbation of a nonlinear (or linear) model (often called a filter) by a 

white -noise sequence wt, with most likely value zero, i.e., 

et - N(Az'et-l'et-2' .... . wt) (4.42) 

Hence, the most likely value of et is given by: 

and since wt= zero: 

where 

et(*) 
= 

et(*) = 
N( 

*z'et-l'et-2' .. .. ) 

= zt_ - zt_ ( e) 

(4.43) 

(4.44) 

(4.45) 

The error structures used by Sorooshian (1978) and Fulton (1982) were mem- 

bers of this class, where the function N(.) was a linear equation. 

The complete statement of the stochastic parameter identification 

problem is therefore: 
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max L(e,AIID) = tn Pa(a112,e) 
eEe 

_zETz 

where 3t = 
Zt 

-z(e) - êt 
( z ) 

zt( e) = M( e,u(t) ) 

et *z) - N(±z'et-l' ...) 

6t-j = Zt-j - zt-j(9 

(4.46) 

4.5.3 Inputs and Outputs Contain Error 

The problem of identification when the inputs and outputs contain 

errors is significantly more difficult than the case when inputs are error 

free. Approaches to dealing with this case have been proposed by Gertler 

(1979), Otter (1981), and Soderstrom (1981), among others. The work of 

Gertler (1979) relates to closed loop identification and is applicable to 

control problems. The approach suggested by the latter two authors is to 

model the input sequence as the output of a linear or nonlinear model per- 

turbed by white noise and to use a Kalman filter -type approach to identify 

the distribution of the input errors. This approach, however, requires that 

the process model be also treated as a stochastic model, and hence a joint 

state -parameter identification procedure is necessary. Goldstein and 

Larimore (1980) applied this technique to a stochastic version of the SMA- 

NWSRFS model. However, it was found (Larimore, 1981) that the model perfor- 

mance was better when the input was assumed to be deterministic. It is the 

opinion of this author that the problem of modeling the input is probably 

more difficult than the problem of modeling the watershed process and that 
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the possible gains in forecasting ability are significantly offset by the 

difficulty of solving the identification problems. Hence, it will be 

assumed throughout the rest of this work that the input error is insignifi- 

cant in comparison to the output and model errors. 

4.6 Discussion of the Likelihood Approaches Suggested by 
Sorooshian (1978) and Fulton (1982) 

4.6.1 Introduction 

Sorooshian (1978) and Fulton (1982) both assumed that the streamflow 

errors belonged to a Gaussian distribution with zero mean and unknown covar- 

iance. Sorooshian (1978) proposed that the errors be modeled by a linear 

autoregressive model of the form: 

et = pet -1 +at (4.47) 

where p is the first -lag autocorrelation parameter that indicates the degree 

of systematic error in the measurements, and at is a Gaussian, zero mean, 

uncorrelated sequence with Var [at] = oat. Using this basic structure, 

Sorooshian developed two different likelihood functions, the first called 

the AMLE (or MLE 1) for the case of correlated errors with homogeneous vari- 

ance [ot = o2AFt], and the second called the HMLE (or MLE 2) for the case of 

uncorrelated [p = 0] inhomogeneous variance errors. These functions are 

contained in Appendix 6. Sorooshian and Dracup (1980) reported good perfor- 

mance of these procedures in simulation studies. An application of the pro- 

cedures to the identification of the SMA- NWSRFS model indicated that the 

HMLE procedure was superior to the AMLE or to the commonly -used SLS approach 

(Sorooshian, Gupta, and Fulton, 1983). This indicated that heteroscedastic - 

ity ( inhomogeneous variance of the errors) was a far more serious problem 
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than was error correlation. However, significant correlation was also 

present in the residual time series, indicating that both issues should be 

simultaneously addressed. Fulton (1982) proposed a procedure to handle both 

correlation and heteroscedasticity and also extended it to handle multiple - 

lag correlation. This analysis revealed some instabilities in the original 

HMLE procedure reported by Sorooshian (1978). The HMLE function (see Appen- 

dix 6) requires the estimation of a weight wt to be given to each squared 

residual based on its expected variance where the weight takes the form: 

w 
t 

Q2 
_ 

CE{Z 
t 

})2(a-1) 
t 

2 o 
t 

(4.48) 

where a and 02 are parameters of the output error probability model. Under 

the Gaussian assumption, the best estimate of E {zt} is given by zt(ê) where 

ê are the maximum likelihood values of the parameters of the model. 

Sorooshian (1978) suggested the use of zt(e) in place of E {zt} at each iter- 

ation of the solution procedure. Fulton (1982) proposed divergence of this 

procedure when tested on the SMA- NWSRFS model and proposed instead that the 

measured output values it be substituted for E {zt }. The procedure was shown 

to be stable under these conditions (Sorooshian, Gupta, and Fulton, 1983; 

Ibbitt and Hutchinson, 1983). However, no analysis of the bias introduced 

by this assumption was presented. 

4.6.2 Bias Caused by Fulton's (1982) Proposed Modification 

The weights to be employed in the likelihood functions of Sorooshian 

(1978) and Fulton (1982) are given by:_ 
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W = ("z )2(a-1) 
t t 

(4.49) 

where i 
t 

= E {zt}. Fulton proposed the use of the following weight estimate: 

it 
i (Zt)2(x-1) 

(4.50) 

Now, it is a Gaussian random variable with mean equal to it and variance 

equal to at2. Expanding Equation (4.50) about the point (it, wt) in a Taylor 

series to second order, we obtain: 

Wt - Wt _ 2(x-1)(7t)2x-3[1t - Zt] 

t (x-1)(2x-3)(1 t)2x-4rzt - zt12 + ... 

Taking the expectation of both sides, 

E{Wt} - Wt = (x-1)(2x-3)(it)2x-4at2 

Now, substituting for 
at2 

from Equation (4.48), we get: 

E{Wt} 
= Wt 

(x-1)(2x-3)o2 
2) 

(4.51) 

(4.52) 

(4.53) 

The above expression indicates that the second order bias in the estimate of 

the weights obtained using the approach suggested by Fulton (1982) is posi- 

tive and can be quite large for small flows, non -negligible variances, and 

for X « 1.0. For example, when X = 0, we obtain: 
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wt = 11(202 

E{wt} = wt + 302/(z02 

(4.54) 

(4.55) 

Note that for o2 = 0.58, the bias is of the same order as the true value of 

the weight for all values of output level zt. 

The above discussion is based on a simple second order analysis. A sim- 

ulation experiment to verify this analysis and to establish its potential 

impact on the identification procedure was conducted as follows. A thousand 

values for zt were generated uniformly on the range (30,60). Next, a 

sequence of Gaussian pseudo -random variables at was generated with zero mean 

and unit variance. Now, from Equation (4.48), we have: 

Qt2 (zt)2(1-))Q2 t (4.56) 

and hence the following equation was employed to create the output errors 

with the correct variance property: 

e 
t t 

)(1 -a) 
. o . at 

These were added to the true outputs to obtain: 

Zt 
= zt + (zt)(1 -a) o at 

(4.57) 

(4.58) 

The zt values obtained using Equation (4.58) were used to compute the weights 
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of the HMLE function, and the parameter x of the probability model was 

estimated by maximization of the likelihood. 

Two sets of experiments were conducted. In the first, the true value of 

a was chosen to be 0.5 and in the second x = 0.1. For each case, a was 

varied with values (0.005, 0.01, 0.05, 0.1, 0.2). Note that for x = 0.5, 

this corresponds to at2 = 0.5 %, 1,0%, 5.0 %, 10%, and 20% of the true value. 

The results are displayed in Table 4.2. The bias in the estimate x is 

clearly substantial. This result poses a dilemma for the person wishing to 

employ the procedures of Sorooshian (1978) or Fulton (1982). If zt(e) is 

used in computation of the weights, instabilities may occur. If it is 

employed instead, the parameter estimates are likely to be biased. In the 

next section, a new look is taken at the problem of representing the output 

error probability law for streamflow measurements. 

4.7 An Alternative Likelihood Procedure for Watershed Models 

4.7.1 Introduction 

As discussed in Section 4.5, an important part of the identification 

procedure lies in the selection of a realistic model of the measurement error 

probability law. In the procedures proposed by Sorooshian (1978), it was 

assumed that the streamflow measurement error was Gaussian. However, a 

closer examination of the streamflow measurement process based on the rating 

curve reveals that this assumption is likely to be violated in practice. 

The most common method for measuring streamflow in rivers or large 

streams is as follows (Linsley et al., 1975). The actual physical measure- 

ment made at the river cross section of interest is of the "river stage ", 

i.e., the level of the river elevation above some fixed data. These 
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TABLE 4.2 

X Estimate for Different Xtrue and a2 Values 

a2 at ru e = 0.5 Xt ru e = 0.1 

0.005 0.570 0.375 

0.010 0.590 0.520 

0.050 0.650 0.880 

0.100 0.710 1.010 

0.200 0.790 
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data are stored in some numerical, digital, or analog form by a recording 

device, and are converted into streamflow measurements by means of a cali- 

brated function called a "rating curve" or a "stage- discharge" relation. 

For most measurement stations, a simple plot of stage versus discharge is 

satisfactory (see Figure 4.3). Such a curve is approximately parabolic but 

may show some irregularities if the flow regime changes between high and low 

flows, or if the cross section is irregular. The "rating curve" for a par- 

ticular station must be carefully prepared in advance. It is constructed by 

observing stage levels and simultaneously recording the discharge at the 

station using current velocity meters and the area of the river cross sec- 

tion. These points are plotted on a graph and a simple curve fitted through 

them. Clearly, the fitted curve is only an approximation to the complex 

relationship between stage and discharge, and some error in fitting the 

relationship will exist. 

This discussion indicates that there are at least two sources which 

introduce error into the streamflow data. The first source is the stage 

recording device that may inaccurately measure the river stage. The second 

source is the inaccuracy in the stage- discharge relationship. We must use 

this information to deduce the nature of the probability law of the stream- 

flow measurements. Let us consider the recorded stage which is the physical 

quantity measured. For a reasonably calibrated measurement device, the 

error in each stage measurement is as likely to be positive as it is nega- 

tive, i.e., the distribution of the stage measurement error is likely to be 

approximately symmetric. Further, it is reasonable to expect the most 

likely value of the error to be zero, unless some systematic error is intro- 

duced into the measurements due to poor instrument calibration. In any 

case, the distribution of the stage measurements is likely unimodal and 
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Figure 4.3. Typical stage- discharge relationship 

m - Expected value 

- True value (assuming no errors in 

curve calibration) 



142 

symmetric with mode close to zero. This stage measurement is converted into 

a streamflow measurement by means of the nonlinear rating curve (Figure 

4.3). Clearly, due to the nonlinearity of the relationship, the probability 

distribution of the streamflow measurement errors will be positively skewed, 

and the expected streamflow measurement will be positively biased. This 

skew, or bias, will become more pronounced as the variance of the stage mea- 

surement error increases, and /or the nonlinearity of the rating curve 

becomes more pronounced. Thus, the assumption of Gaussian error in the 

streamflow measurement is probably unsatisfactory. It is interesting to 

note (Sorooshian, 1978) that as the stage increases, even if the variance of 

the stage error is a constant, the variance of the streamflow error 

increases, thus making high -stage streamflow data less reliable than low - 

stage streamflow data in general. 

4.7.2 A Probability Law Model for Streamflow Measurements 

Let the probability distribution of the stage measurements be given by 

Ph(h) and the relationship between the streamflow measurement (z)tand the 

stage measurement (h)t be given by the invertible function: 

ht = R(i,,, it) (4.59) 

The probability distribution Pz(z) of the streamflow measurement can be 

derived using the theorem on transformation of random variables (see, e.g., 

Guttman et al., 1971, pp. 122 -128; C.T. Hann, 1977, pp. 36 -38): 

Pz(z) = Ph(h = ROPr; ?)) I J(h:z)I (4.60) 
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where J(h:i) is the Jacobian of the transformation from h to z and is given 

by: 

Hence, we get: 

= ;ti (4.61) 

P(?) = Ph(R( z)) . Ftil 

az 
(4.62) 

Now, in order to derive the probability distribution of the streamflow mea- 

surements, we specify the probability distribution of the stage measurements 

and the equation relating stage and streamflow measurements. We shall first 

address the selection of the rating curve model and then the choice of stage 

measurement probability law. 

In the interest of keeping the identification problem as simple as pos- 

sible, we require a simple, parsimonious model of the stage discharge rela- 

tionship. Linsley, Kohler, and Paulhus (1975) remark that a parabolic rela- 

tionship is often assumed to be satisfactory, i.e., the relationship is of 

the form: 

zt = 
b1(ht - b 

2 
)" (4.63) 

where ht and zt are the stage and streamflow discharge, respectively (at 

time t) and bl, b2, and b3 are parameters of the function. This function 

can be inverted to find the R function (Equation 4.59) to be: 

ht = a( zt )Y + (4.64) 
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where a = 1/ b1, B = 1/ b2, and y = 1/ b3 are the new parameters of interest. 

Using Equation (4.64), we can derive the Jacobian of the transformation to 

be: 

and hence: 

ay(i 
i 
)Y-1 

' 

i = j, i = 1, ... n 

{J(h;Z))ij = 
zero, i * j 

1J61;?)1 = (aY)n 
t=1 

(zt)Y-1 

(4.65) 

(4.66) 

In order to complete the specification of the probability distribution 

of the streariflow measurements, the distribution function Ph(h) of the stage 

measurement is required. Since this is unknown, a suitable model for it 

must be selected. All that we know about the stage error is that it may be 

either positive or negative and has its most likely value close to zero. 

Our selected distribution for ht should reflect the knowledge (or lack of 

it) that we have about the errors. The distributions that presuppose the 

minimum information about the error structure for various kinds of knowledge 

as the error ranges are listed in Table 4.3, which is adapted from Eykhoff 

(1982). These are also known as the maximum entropy distribution choices. 

The table indicates that if the error tends to be zero, but the possible 

range of values is ( -, +), the distribution that best reflects our lack of 

knowledge of the error distributional form is the Gaussian distribution. 

For practical purposes, since the error in measurement of stage is likely to 

be small compared to the actual value of the stage itself, we can assume 

that the errors have unbounded range and hence that the stage measurement 
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TABLE 4.3 

Minimum Apriori Information Choices for 
Error Probability Distribution Functions 

Error Domain Probability Distribution 

(a,b) Uniform 

(0,00) Negative Exponential 

(oo,co) Gaussian (E {e2} < m) 
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probability law can be modeled by a Gaussian distribution. This has the 

advantage also of providing some degree of mathematical tractability to the 

problem. 

Hence, we shall model the stage measurement probability law as: 

Ph(h) (27)-n/2 (Eh-1/2 
. exp{ 

2 
(h-h)TEh-1 

611..h)) 
(4.67) 

where h is the expected value of h, (also equal to the true value of h) and 

Eh is the covariance matrix of h. Substituting Equations (4.64), (4.66), 

and (4.67) into Equation (4.62), we obtain: 

1 

PZ(Z) exp 
{- 

i=1 j=1 

a2(Z1)Y 
(Z1)YJ {Eh-1}1J 

[(zj)Y - (ZJ)11} (cY)n tnl (Zt)(Y-1) 

(4.68) 

where {E -1 }1 is the i -jth element of E -1. All that remains is to specify 

the covariance matrix Eh of the stage measurement. 

Now, there is no reason to believe that the stage errors are uncorre- 

lated and homoscedastic. However, the problem of dealing with heterosce- 

dastic errors for Gaussian random variables is not suitably resolved. 

Hence, in this report, it will be assumed that the stage errors have unknown 

homogeneous variance. We shall permit, however, the errors to be corre- 

lated. Note that even though the stage measurement is homoscedastic, the 

streamflow measurement will still be heteroscedastic as discussed in Section 

4.7.1, due to the nature of the rating curve. Hence, this model 
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incorporates the case where the streamflow measurements are simultaneously 

heteroscedastic and correlated. Therefore, the error model is: 

and 

ht = ht 
+ wt 

Y 

W 
jEl 

0jwt-j 
+ at 

where at is Gaussian with mean zero and covariance given by: 

Çc2, 
s = 0, t = 1, ... n 

E{atat+s) = 

zero, s * 0 

(4.69) 

(4.70) 

(4.71) 

and wt is the error in the stage measurement. Now Equation (4.70) can be 

rewritten as: 

where 

a = A w 

A = -0g 

0 0 

0 0 -$q -4'1 1 

Hence, we can derive: 

(4.72) 

(4.73) 
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and hence: 
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Ea = E{aa 
T 

) = A E{wwT} AT = A Eh AT 

Ea 
(AT)-1 

Eh 
A-1 

Eh 
= AT 

Eh 

Substituting Equation (4.76) into Equation (4.67), we get: 

P (h) = (2,r)-n/2IAT EalAI2 exp{- 
rtl 

wTAT 
al 

and using Equation (4.72) and the fact that IAI = 1, 

Ph(h) (21)-n/2(02)-n/2 aT Ea1 

This can be rewritten, using Equations (4.70) and (4.71), as: 

,. n Y 

Ph(h) (2ir)-n/2(Q2)-n/2 eXp {- 

tEl (wt 
j=1 

S.wt-j)2} 

(4.74) 

(4.75) 

(4.76) 

(4.77) 

(4.78) 

(4.79) 

Hence, we can derive the probability distribution of the streamflow measure- 

ments to be: 

PZ(i) 
= 

(21)-n/2(02)-n/2 
t2l 

at} (aY)n 
tÉl 

(2t)Y-1 
(4.80) 

20 



where 

and 

at = wt - E (1)j wt-j j=1 

wt = a[(Zt)Y - (zt)Y] 
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Taking the natural logarithm of Equation (4.80) and substituting zt(e) for 

zt, we obtain the log likelihood function (see Section 4.5): 

2 n 
L(6,C,,Y,a,2 z,u) _ - 

2 
Ln(2n) - Lna 1 E a (e) 2+ n Ln a 

20 t=1 t - 

+ n RnY + (y-1) 
tEl 

Rn(zt) 

with at as defined in Equation (4.80). 

This expression can be simplified by defining: 

and 

wt (20Y - (zt(e))Y 

t(e.Y) - ay - 

at q 

Et(B,,Y) = 
aY 

= (v t - kv jvt_j) 

Substituting into Equation (4.81) and rearranging: 

(4.81) 

(4.82) 

(4.83) 
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2 n 
L(z,u) = - 7 Ln(2 ) - 2 Ln () 

+ n Ln/ + (Y-1) E zn(zt) 
t=1 

(4.84) 

- 
2 

(3 2 ) Y2 tá1 (8,0,y) 

In Equation (4.84), we find that parameters a and c appear only as a ratio 

and are therefore not uniquely identifiable (they both primarily affect the 

scaling of the streamflow error). Hence, one of them can be chosen arbi- 

trarily without any effect on the identification. The simplest form of the 

log likelihood occurs for the choice a = 1 /Y Substituting this in Equation 

(4.84), we have the final version of the log- likelihood function: 

L(e,4,Y,a2 z,u) = - 12. Ln(27) - Ln02 
n 

2 2 

- (1-y) E .n(Zt) 

(4.85) 

n 

2- tEl 
Et (e,4),Y) 

4.7.3 Implementation of the Likelihood Function for Identification 

In Equation (4.85), to evaluate ct we require vt_j for j = 1, ... q. 

In order to compute these terms, we would need to know 70, ... zl_q. Since 

our measurements begin only at time t = 1, we must modify the likelihood 

function so that the summations range only from t = q + 1 to t = n. Hence, 

to identify the parameters of the process and probability law models, we 

must solve the following optimization problem: 
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n 

max L(e,40,,a2ID) = -(11)Ln(2r) - ()Lna2 - (1-y) E tn(zt) 

eeo t=1 
cpE(2)2 

> 

(4.86) 

Y,a 1 
E Et (e,,Y) 

2 a t=g+1 

q 

Et(e,0,Y) = v t(e,Y) - z 0jVt-j(Q,Y) 
j=1 

(8,Y) - 

(2 )Y (zt(e))Y 

t - Y 

zt(e) = M(e,u(t)) 

In order to implement this function, the order q of the autoregressive stage 

measurement error model must be selected in advance. It is unlikely that a 

model of order greater than 2 or 3 will ever be necessary. It is recom- 

mended that at first, order q = 1 should be selected and that a higher order 

be used only if an analysis of the residuals et of the identified model 

reveals significant autocorrelation. 

4.8 Experimental Testing 

4.8.1 Introduction 

In Section 4.7, a new likelihood procedure for the identification of 

watershed model parameters was presented. The new procedure is based on the 

principle that, in many cases, the streamflow values are not directly mea- 

sured but are obtained from measured stage (river depth) readings through a 

nonlinear rating curve transformation. If the errors in the measured stage 
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values are assumed to be approximately Gaussian, then, due to the nonlinear 

nature of the rating curve transformation, the errors in the recorded 

streamflow values will be positively biased (skewed error distribution) and 

have nonstationary variances. If a measure of closeness such as the simple 

least squares (SLS) function which treats all errors as having constant var- 

iance were to be used with such data, we would expect the parameters of the 

model to be biased. On the other hand, if the correct likelihood criterion 

for such measurement data were to be used, we would expect the parameter 

estimates to be close to their true values. In the studies reported here, 

the applicability of the new likelihood procedure to the identification of 

the parameters of the model SIXPAR was examined, and its behavior compared 

to that of the SLS function. The case studied was where the stage measure- 

ment errors were Gaussian, uncorrelated, and homoscedastic. Hence, only one 

extra parameter, the rating curve transformation parameter y, must be esti- 

mated from the data. The optimization procedure used was the Levenberg- 

Marquardt procedure (Goldstein and Larimore, 1980). The negative of the 

likelihood function was minimized. 

4.8.2 Identifiability of the Transformation Parameter y 

First, the ability to precisely identify the correct value of the 

rating curve transformation parameter y was analyzed. The parameters UM, 

UK, BM, BK, A, and X of model SIXPAR were assumed to be known and were set 

equal to their true values. 

The first study was conducted with true value of y = 1.0. This corre- 

sponds to the case where the rating curve is linear and hence the streamflow 

errors are Gaussian, independent, and homoscedastic. An input data set 

RAIN -1 of sample length n = 50 (see Appendix 7) was used to generate the 
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observed streamflow sequences corrupted with measurement error according to 

the procedure described in Appendix 8. Ten different realizations of mea- 

sured streamflow sequences were used in the study. The variance of the 

stage measurement error was chosen to be 0.25. For each realization of the 

observed streamflow sequences, the maximum likelihood estimate y* of the 

transformation parameter y was obtained through optimization of the likeli- 

hood function starting at the true value y = 1.0. The results are tabulated 

in Table 4.4. Notice that the values of y* are distributed between 0.59 and 

1.61 (a width of 0.57) with a mean value of 0.94. This is a rather wide 

variation and suggests poor precision of the parameter y. For eight out of 

the ten results, the theoretical approximate 95% confidence interval 

includes the true value of y = 1.0, indicating that the wide variation in 

the results is due essentially to low sensitivity of the likelihood function 

to variations in the parameter y. 

A similar study to the one described above was conducted, this time 

with the true value of y = 0.5, indicating a nonlinear rating curve. The 

results are presented in Table 4.5. The range of values of y* is between 

0.15 and 0.67 (a width of 0.52) with a mean value of 0.44. The precision of 

the parameter estimates of y is of the same order as in the previous study. 

In order to determine the reason for the poor sensitivity of the param- 

eter y, the concentration of flow -stage values along the rating curve was 

plotted for y = 0.5 (see Figure 4.4). The figure indicates that the data 

values are clustered closely together at the lower end of the rating curve 

with few values towards the upper end. Clearly, the data set does not con- 

tain much information about the nature of the transformation. A similar 

plot (see Figure 4.5) was created using a new precipitation data set RAIN -4 

of sample length 50 which has different characteristics (see Appendix 4). 
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TABLE 4.4 

Maximum Likelihood Estimates for the Transformation 
Parameter y. (True value = 1.0; data set used = RAIN -1) 

±20 
Realization y Interval Function Iterations 

1 1.1293 ±0.18 38.539 7 

2 0.800 ±0.17 37.516 9 

3 0.9768 ±0.18 29.244 8 

4 0.5931 ±0.19 34.719 18 

5 0.9209 ±0.18 37.073 8 

6 0.9813 ±0.17 26.800 5 

7 0.9049 ±0.19 35.755 10 

8 1.1595 ±0.18 28.563 5 

9 1.0098 ±0.19 21.074 6 

10 0.8939 ±0.17 31.411 8 

Average 0.9370 ±0.18 32.069 8.4 
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TABLE 4.5 

Maximum Likelihood Estimates for the Transformation 
Parameter y. (True value = 0.5; data set used = RAIN -1) 

±2a 
Realization y Interval Function Iterations 

1 0.6264 ±0.17 73.133 7 

2 0.3059 ±0.17 71.447 9 

3 0.4609 ±0.18 64.540 9 

4 0.1470 ±0.18 70.066 15 

5 0.4296 ±0.18 70.849 8 

6 0.4801 ±0.17 62.160 6 

7 0.3733 4.19 69.766 11 

8 0.6720 ±0.17 62.311 5 

9 0.4945 ±0.19 55.007 5 

10 0.3966 ±0.17 65.640 5 

Average 0.4386 ±0.18 66.492 8.3 
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The figure indicates that the new data set should contain information that 

is more likely to result in precise estimates for the parameter y. 

A third study was therefore conducted using the new data set with y = 

0.5. The results are presented in Table 4.6. The 95% confidence interval 

has reduced significantly in width from approximately ±0.17 to approximately 

±0.11. 

The results of these studies clearly emphasize that, as with any param- 

eter estimation problem, some care must be taken to ensure that the chosen 

data set contains sufficient information to ensure the identifiability of 

the parameters of interest. In this case, the identifiability of the rating 

curve transformation parameter is sensitive to the extent of hydrologic var- 

iability in the observed data. 

Finally, the shape of the negative likelihood function in the parameter 

space is plotted in Figure 4.6. The function appears to be well- behaved, 

convex, and unimodal with respect to parameter y, although a little insensi- 

tive to parameter variation in the region of the optimum. 

4.8.3 Sensitivity of the Model Parameters to the Value of y 

In this section, the sensitivities of the optimal values of each of the 

model parameters to variations in the value of y from its true value were 

studied. The objective was to discover which of the model parameters were 

most sensitive to the properties of the random errors in the data. Unfortu- 

nately, financial limitations precluded,a statistical approach to this 

analysis. Hence, the results presented here each use only a single realiza- 

tion of observed streamflow values. 

The first study was conducted using the new data set RAIN -4 and error 

realization #6 (Table 4.6) for which the maximum likelihood estimate of 
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TABLE 4.6 

Maximum Likelihood Estimates for the Transformation 
Parameter Y. (True value = 0.5; data set used = RAIN -4) 

±2a 
Realization Y Interval Function Iterations 

1 0.4744 ±0.11 96.64 11 

2 0.3757 ±0.12 95.71 12 

3 0.6419 ±0.12 85.77 17 

4 0.5696 ±0.11 95.20 13 

5 0.4391 ±0.12 93.53 17 

6 0.4961 ±0.11 84.80 6 

7 0.4913 ±0.12 92.92 8 

8 0.5762 ±0.11 86.46 14 

9 0.4187 ±0.11 77.58 15 

10 0.1526 ±0.12 85.63 27 
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y was closest to its true value of y = 0.5. The value of y was varied from 

-2 to +2 and for each value (holding y fixed), the likelihood function was 

used to estimate the optimal values of each of the parameters UM, UK, BM, 

and BK individually, starting from their true values (three of the four 

parameters are held fixed at their true values, while a one -dimensional 

search was conducted for the other). The results are plotted in Figure 4.7. 

The circles joined by solid links represent the optimal values of each 

parameter as y is varied, while the dashed lines represent their approximate 

two -standard deviation confidence intervals (whenever they fit inside the 

boxes). The results indicate that the parameters are more sensitive to y < 

0 than they are to y > 0. For y > 0, only the parameter BM appears to be 

sensitive to the value of 7, while parameters UM, UK, and BK are only 

slightly affected. 

In the previous study, the confidence intervals on the parameters are 

rather wide. It was decided to see if improving the parameter precision 

would lead to greater sensitivity of the parameters to variations in y. The 

data set used was of sample length n = 50. A third data set, RAIN -5, was 

created by repeating the sequence of values in data set RAIN -4 ten times in 

succession. The new data set is therefore of sample length n = 500. Figure 

4.8 contains the results of the analysis conducted using the data set RAIN -5 

for true value of y = 0.5. The precision of the parameter estimates has 

clearly improved. However, the parameter values do not seem to be very sen- 

sitive to variations of y in the range zero to 1 (Note: y = 0 corresponds 

to a logarithmic relationship between the flows and stage values, while y = 

1 corresponds to a linear relationship and is equivalent to use of the SLS 

function). 
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Finally, an identical analysis to the one above was conducted but with 

true value of y = 0.05 (virtually a logarithmic transformation). This study 

aimed to see if the parameters would be more sensitive to variations in y if 

the nonlinearity in the rating curve was higher (y « 1). The results are 

presented in Figure 4.9. The sensitivities of the parameters to variations 

in y are significantly higher. Once again, the most noticable variation 

between y = 1.0 and y = 0.05 (true value) is in the parameter BM. 

The analysis conducted here has no statistical basis and the results 

are therefore not conclusive. However, the results obtained seem to suggest 

that, unless the data set is long enough and information and the rating 

curve are significantly nonlinear, the likelihood function approach may not 

give significantly different parameter estimates from those obtained using 

the SLS function. 

4.8.4 Joint Identification of the Model and Transformation 
Parameters 

In this section, the performance of the likelihood function was com- 

pared to that of the SLS function with regards to their abilities to jointly 

identify the four parameters UM, UK, BM, and BK of the model SIXPAR. The 

true parameter values used were UM = 10.0, UK = 0.5, BM = 20.0, BK = 0.2, A 

= 0.3107, X = 3.0. Parameters A and X were fixed at their true values. The 

input data set RAIN -5 of sample length n = 500 was used, and the true value 

of the rating curve transformation parameter was chosen to be y = 0.05. 

In the first study, ten realizations of observed streamflow sequences 

were generated using the procedure outlined in Appendix 8. Using each of 

these data sets, each of the two functions, the likelihood function and the 

SLS function, were used to optimize the parameter values. The results 
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should therefore indicate the location of the global optimum parameter sets 

for each function. The results of the likelihood function optimization runs 

are presented in Table 4.7, while the SLS results are presented in Table 

4.8. The results are quite interesting. First, the large number of itera- 

tions required for the optimization techniques to converge indicate that the 

surface is not well approximated by a quadratic function, even so close to 

the optimum. In the case of the likelihood function, this could understand- 

ably be due to the nonlinear rating curve transformation. The reason for 

this behavior in the case of the SLS function is unclear. Second, in keep- 

ing with the results of the previous subsection, only the estimate of param- 

eter BM seems to be significantly affected when the SLS function, which is 

not the correct (maximum likelihood) measure of closeness for this error 

case, is used. In general, parameters UM and UK have been better estimated 

by the SLS function, while BM and BK have been better estimated by the like- 

lihood function. The estimate for y seems to be generally good. 

In order to establish which measure of closeness is identifying a model 

closer in behavior to the true model, the sum of the squares of the errors 

(SSE) between the model output using each estimated parameter set and the 

true flows was computed. The results appear in Table 4.9. In six out of 

ten cases, the likelihood criterion performed better, while in four out of 

ten cases, the SLS function performed better. With only a sample of ten 

results, we cannot conclude that the likelihood function is superior on the 

basis of this small amount of discrimination. However, the fact that the 

SLS poorly estimates parameter BM almost every time indicates that the like- 

lihood function is probably more reliable. 

In the previous analysis, the SLS function had to estimate only four 

parameters, while the likelihood function had to estimate five. In order to 
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TABLE 4.7 

Optimal Parameter Values Using the Likelihood Function 
(Search was initialized from the true values). 

Realization UM UK BM BK y 

1 13.9748 0.4033 18.2656 0.1839 0.0352 

2 12.1503 0.4476 19.8877 0.1713 0.0208 

3 11.0342 0.4739 20.9160 0.1941 0.0911 

4 14.5609 0.4452 23.6113 0.1612 0.0360 

5 7.9599 0.5230 20.630 0.1760 0.0589 

6 10.9164 0.4820 17.7351 0.2103 0.0957 

7 14.8503 0.4311 15.8732 0.2359 0.0659 

8 12.0975 0.4689 20.0041 0.1630 0.0780 

9 9.8622 0.5173 21.8333 0.1952 0.0002 

10 9.9698 0.4676 14.6358 0.2563 0.0180 

Average 11.7376 0.4660 19.3393 0.1947 0.0500 
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TABLE 4.8 

Optimal Parameter Values Using the SLS Function 
(Search was initialized at the true values). 

Realization UM UK BM BK 

1 13.9970 0.4161 10.8460 0.2912 

2 9.7493 0.5078 20.1585 0.1788 

3 11.7275 0.3999 9.4106 0.3679 

4 14.5743 0.4026 12.4574 0.2593 

5 7.6813 0.5795 15.8067 0.2160 

6 9.4910 0.5602 21.1586 0.1993 

7 11.0904 0.5066 15.6357 0.2447 

8 10.8901 0.4956 14.2535 0.2299 

9 10.1724 0.5705 22.0250 0.1951 

10 10.7344 0.4661 13.4312 0.2494 

Average 11.0108 0.4905 15.5183 0.2431 



168 

TABLE 4.9 

Sum of Squares of Differences Between Model Output 
and True Flows for the Parameters of Tables 4.7 and 4.8 

Realization Likelihood 

SSE 

SLS 

1 60.5509 42.9708 

2 20.4641 18.4183 

3 17.3307 108.5244 

4 206.4932 53.0738 

5 127.7529 181.2929 

6 5.1191 49.9836 

7 149.5690 47.9628 

8 15.8979 40.4056 

9 18.6687 120.7812 

10 53.1610 56.0662 

Average 67.5008 71.9480 
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ensure that the likelihood function performance was not hampered by having 

to estimate an extra parameter, the likelihood runs were repeated with the 

transformation parameter y fixed at its true value. The results, presented 

in Table 4.10, are not significantly different from those when y was also 

assumed unknown. The sums of squares of errors (SSE) between model and true 

flows are also similar, except that run #2 now ranks better than the SLS 

function using this measure. Clearly, parameter interaction between y and 

the other model parameters is not a significant factor influencing the 

results that were obtained. 

Finally, using the same data sets, the two functions (likelihood and 

SLS) were used to optimize the parameters using initial values of UM through 

BK obtained by a -20% perturbation from their true values. The value of y 

was initialed at the value y = 1.0 to reflect lack of prior knowledge 

regarding the nature of the rating curve transformation (Note: with y = 

1.0, the likelihood and SLS functions are equivalent). The parameter esti- 

mates are presented in Tables 4.11 and 4.12, while the SSE values appear in 

Table 4.13. Only six error realizations were used in this study due to 

financial restrictions on available computer time. In nearly every case, 

the algorithm termination point is different from that obtained when the 

optimization began at the true values. Again, the likelihood function has 

generally performed better in identifying the parameter BM. With respect to 

the SSE measure, however, the two functions come out even, each being supe- 

rior in exactly three of the cases. 

4.8.5 Conclusions and Comments 

The results of the studies in this subsection have demonstrated that 

the likelihood function proposed is a viable alternative to the SLS 
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TABLE 4.10 

Optimal Parameter Values Using the Likelihood 
Function (Fixed = 0.05; search from true parts). 

Realization UM UK BM BK SSE 

1 14.0815 0.4020 18.0099 0.1848 61.0795 

2 12.0571 0.4513 20.2530 0.1692 16.2592 

3 11.0548 0.4751 21.0014 0.1925 17.4721 

4 14.5198 0.4389 23.6286 0.1622 199.9001 

5 7.9552 0.5230 20.6437 0.1759 5.7604 

6 10.8136 0.4870 17.5692 0.2124 5.7604 

7 15.5305 0.4193 15.5744 0.2410 186.7448 

8 12.0986 0.4693 19.9806 0.1630 16.0762 

9 9.9036 0.5150 21.7702 0.1961 18.4141 

10 10.1345 0.4847 15.4281 0.2441 24.6646 

Average 11.8149 0.4666 19.3859 0.1941 67.4891 
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TABLE 4.11 

Optimization Runs Using the Likelihood Function Started 
at the -20% Perturbation Parameter Values 

(y started at value = 1.0) 

Realization UM UK BM BK Y 

1 19.1083 0.3433 12.4391 0.1837 0.3474 

2 11.8822 0.3978 16.8945 0.1781 0.0160 

3 12.0956 0.4088 15.6914 0.2341 0.1068 

4 14.7917 0.4388 23.5410 0.1624 0.0441 

5 9.8163 0.3827 17.0132 0.1538 0.0541 

6 12.9820 0.4049 18.3245 0.1542 0.1441 

TABLE 4.12 

Optimization Runs Using the SLS Function Started 
at the -20% Perturbation Parameter Values 

Realization UM UK BM BK 

1 17.2139 0.3824 10.1802 0.2065 

2 11.1836 0.4140 15.5229 0.1864 

3 11.7279 0.3996 9.4531 0.3665 

4 13.8583 0.4127 15.2470 0.2203 

5 7.4580 0.5863 15.6392 0.2187 

6 14.1836 0.3822 17.3525 0.1449 



172 

TABLE 4.13 

Sum of Squares of Differences Between Model 
Output and True Flows for the Parameter of Tables 4.11 and 4.12 

Realization Likelihood 

SSE 

SLS 

1 137.928 67.054 

2 113.920 151.513 

3 17.472 108.260 

4 220.833 41.162 

5 388.348 202.070 

6 61.811 82.959 
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function, provided that sufficient information exists in the data to 

identify the rating curve transformation parameter y. However, its supe- 

riority to the SLS as an appropriate measure of closeness for watershed 

models has not been conclusively demonstrated. The main obstacle to achiev- 

ing this goal was the high cost of the computer runs and the financial 

restrictions on available computer time. A thorough analysis would require 

many more runs with different error realizations to establish a statisti- 

cally significant sample from which to draw conclusions. Also, the results 

are likely to be sensitive to the magnitude of the error variance used and 

to the degree of nonlinearity (value of Ytrue) of the rating curve transfor- 

mation. Another point that should be considered is that the four parameters 

identified in this study are all highly sensitive, and are therefore less 

affected by the characteristics of the data error than less sensitive param- 

eters would be. Further testing of the likelihood function on the model 

SIXPAR and other watershed models is required. 



CHAPTER 5 

CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE RESEARCH 

The objective of this research project was to investigate methods for 

improving the reliability of compartmental models such as conceptual rain- 

fall-runoff models. The study focused on the structural nonidentifiability 

problems of such models which have been observed to cause severe parameter 

estimation difficulties. In particular, the problems arising due to the 

threshold nature of some parameters have been investigated. 

The model chosen as the focus of this study was the Soil Moisture 

Accounting model of the U.S. National Weather Service. A simplified version 

of the model was developed in order to simplify the problem and so that we 

could focus on the important aspects of the problem. The simplified ver- 

sion, called SIXPAR, has all the major features of the NWSRFS model. 

Studies on the model revealed that the problems with identification of the 

percolation equation parameters of the model were not due to inadequate data 

but are inherent in the formulation of the model. Special tools were devel- 

oped that make it possible to detect such problems without the need for 

expensive and time -consuming response analyses. These tools were used to 

demonstrate the superiority of a reparameterized version of the percolation 

equation. 

Three new mathematical procedures have been developed as part of this 

research project. First, a measure of structural identifiability has been 

constructed which makes it possible to identify those parameters that are 

responsible for poor parameter identifiability of a model. This measure 

permits such studies to be conducted in the multiparameter space which can- 

not be easily done using the traditional methodology of graphical response 
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surface analysis. Second, we have shown that derivatives can be explicitly 

computed for such models, therefore removing the need for methods based on 

approximations. The mathematics developed were used to investigate the 

identifiability of the threshold structure of a linear reservoir. The 

analysis demonstrates theoretically what constitutes "informative" data for 

such models. Finally, a new objective function for rainfall -runoff models 

was developed using likelihood theory and based on the error structure aris- 

ing due to the nonlinear nature of the rating curve. This procedure avoids 

some of the theoretical problems associated with previous approaches. 



APPENDIX 1 

OPERATIONAL OUTLINE OF THE MODEL SIXPAR 

r 
Input Precipitation Value P(I) 

Add P(I) to Upper Zone 

1 
Compute Percolation PERC(I) 

Deduct from Upper Zone 
Add to Lower Zone 

Compute Baseflow B(I) 
Deduct from Lower Zone 

Compute Interflow S(I) 
Deduct from Upper Zone 

t 
Compute Runoff R(I) as 
Excess from Upper Zone 

Compute Channel Inflow 
Q(I) = B(I) + S(I) + R(I) 

Yes 
Ndata? 
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No 



APPENDIX 2 

COMPUTER PROGRAMS 

A -2.1 Introduction 

The computer programs used in this work were written in the language 

FORTRAN. The programs were run on a Digital Electronics Corporation DEC -20 

system at Case Western Reserve University. 

The computer programs are included in Section A -2.3. An explanation of 

the subroutine call structure of the programs is included in Section A -2.2. 

There are two sets of programs. The first set includes the programs set up 

to identify the parameters of the model SIXPAR. The second set of programs 

is for the search algorithm based on transformations of the parameter space. 

Please note that some of the subroutines require double precision. 
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A -2.2. Subroutine Call Structures 

CONTRL 

11 INPUT 

NOSRCH GSERCH 

CONTRL - Main calling program; decides on type of run 

INPUT - Reads Control file and inputs data 

NOSRCH - Controls non -optimization run; conducts the 
Sensitivity -Identifiability analysis 

GSERCH - Controls gradient algorithm optimization run 

DSERCH - Controls direct- search algorithm optimization 

run 

DSERCH 
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DSERCH 

( PARIZ2 J4 

ILOGLIK 

SXFUNC 4 

SIMPLX 

MODLZI 

MODLAI 

MODELZ Original parameterization of model SIXPAR; computes 
flows and partial derivatives 

MODLZ1 Original parameterization of model SIXPAR; computes 
only flows 

MODELA Reparameterized model SIXPAR (i.e., reparameterized 
percolation equation); computes flows and partial 
derivatives 

MODLA1 Reparameterized model SIXPAR; computes only flows 

LOGLIK Computes value of the chosen measure of closeness 
(SLS or likelihood function) 

GMAIN Gradient optimization algorithm incorporating 
Levenberg- Marquardt modifications; based on the 
Newton approach 

GNSTEP - Computes the optimal Levenberg- Marquardt step in 

the parameter space for GMAIN 

MFUNC Controls computation of the function value and the 
first and second partial derivatives at the given 
parameter values 

DERIVI Computes gradient vector 

DERIV2 Computes information matrix 

PARIZ1 Determines the reparameterization to be used and 
converts from parameter names to a parameter vector 
for the optimization algorithms 

PARIZ2 - Inverts to the original parameterization 

PARIZ3 Reparameterizes the model derivatives 
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Reparameterizes the model derivatives in the case 
when the likelihood function based on the rating 
curve is used 

SIMPLX - Controls the operation of the Simplex direct search 
optimization algorithm of Nelder and Mead 

SXFUNC Controls computation of the function value for 
SIMPLX 

ANLYS2 - Conducts the Sensitivity -Identifiability analysis 

ARRAY - Used in inversion of a matrix 

MINV Used in inversion of a matrix 

PRINT2 - Prints out the results of the Sensitivity- Identifi- 
ability results 

EIGER - Controls computation of eigenvalues and eigenvectors 

SYMORD - Computes eigenvalues and eigenvectors using 
Householder's transformation 

DSORT - Sorts eigenvalues and eigenvectors in order of 
decreasing eigenvalue magnitude 
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( G TRANI 4 

LG TRAN2lI 
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l G ANLYS14 

I G TRAN4 r 
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G 5RUN 

GMAIN5 

G PWR 

OLG PWR1 

G NSTEP 

G 5RUN - Main calling program 

GMAIN5 - Control operation of algorithm based on 

transformations 

G TRANI - Computes transformed parameter values 

G TRAN2 - Computes transformed gradients and Hessian 

G TRAN3 - Retransforms parameters to original space 

G TRAN4 - Computes best transformation parameters 

G PWR Computes derivatives for transformation 
parameter search 

G PWR1 - Computes derivatives for transformation 
parameter search 

ERROR - Computes backward quadratic prediction error 

G ANLYS - Same as ANLYS2 

STEEP - Conducts a steepest descent search 



gain Calling Program 

00300 C 

002GC C 

00300 C 

00400 C 

00500 C -------- 
00530 C 
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CONTROL PROGRAM FOR THE OPERATION OF THE 
CONCEPTUAL RAINFALL -RUNOFF MODEL. 

00520 COMMON/ CNTROL/ ISERCM.IOP.ISENSE.IMODEL.IREPAA 
00530 C 

00540 C 

00600 C 

00700 C OBTAIN CONTROL INFO. FOR THE RUN. AND rime 1NPJT 
00900 C DATA. 
00900 C 

01000 CALL INPUT 
01:00 C 

01150 C 

01155 C 
01160 IF(1SERCM. EQ. 2 >C0 TO 100 
01162 IF(ISERCM. EQ. 3)CO TO 110 
01:65 C 

01170 C 

01200 C 

0:300 C 

01400 C 

01500 C 

NON -OPTIMIZATION RUN. EVALUATION OF STATISTICS AND 
IDENTIFIADILITY /SENSITIVITY MEASURE: AT THE CIUEN 
PARAMCTER SET. 

01.00 C 

01700 CALL NOSRCH 
02800 C 

01900 00 TC 200 
01950 C 

C200C C 

0 :100 C 

02101 100 CONTINUE 
02:02 C 

02170 C OPTIMIZATION RUN. LS :NG THE LEvENIERC - MARO4ARDT 
02:20 C M03IFICAT1ON OF THE NE:TON TYPE GRADIENT SEARCH 
02130 C ALGORITHM . 

02140 C 

02150 CALL CEEACM 
02160 C 

02162 CO TO 200 
02164 C 

02170 C- - ----- 
02171 C 

02172 110 CONTINUE 
02173 C 

02174 C OPTIMIZATION USINC THE SIMPLET: DIRECT SEARCH NONLINEAR 
02175 C MINIMIZATION ALCORITMM. 
02176 C 

02177 CALL DSERCM 
02178 C 

02:79 C 

021e0 C 

02190 200 CONTINUE 
02195 C 

02200 ST0 
02300 END 
02400 C 



00.100 C 22::: 72ZZ222ZZZZZIZZZZ222: 222222222222222222222Z22Z2222222 
00200 C 

00300 SUBROUTINE INPUT 
00400 C 

00500 C - - - - -- - 
00600 C 

00700 C . READS CONTROL INFORMATION AND INPUT DATA TO BE USED 
00800 C -. IN THE VARIOUS OPERATIONS OF THE PROCRAM. AND PRINTS 
00900 C THE INFORMATION RELEVANT. 
01000 C 

01100 C 

01200 C 

01300 DOUBLE PRECISION JINFIL.JOUTFL.JCTLFL.JOBGFL 
01400 C 

01500 COMMON/ RINPUT/ NDATA .P(999).01150(999).TRV0(999) 
01600 COMMON /ROUTPT /0(999).R(999).S( 999 1.11(999).PPERC(999).PERC(999) 
01700 COMMON /STATES /US(999).B5(999) 
01800 COMMON /PARAS /NPAR. UM. U(. BM. BK. Z. X. USI . BSI 
01900 C 

02000 COMMON / CNTROL/ ISERCN.IOP.ISENSE.IMODEL.IREPAR 
02050 COMMON/ SERCHI/ ITMAX. IN° OL .PAREPS.FNEPS.STPMAx.PLA.PLMAX 
02075 1 PLMULT.PLDIV0 
02100 C 
02110 COMMON /PARAP.2 /CAMA. PMI 1.SICSOR 
02120 C 

02150 C-- 
0220O C... COMMON / GRIDS / SPAR. JPAR .PARI.PAR2.INI7AL.PMAXl.PMAx2 
02300 C °... 1 .STEP 1 . STEP2 
02400 C... COMMON /JOIN /IUM. IUK. IBM. IBK. IZ. IX 
02500 C... COMMON/ INFACE /IDEX.IENDEX.PAR(6).PERCNT 
02600 C... COMMON /DESDAT /ALP14A. Nt")PTS. NTERMS. SCALE(6) 
02700 C... COr,MON /BVC3UT /IBUC 
0;800 C 

°.900 C.. -- W 
03000 wRITE(5.1O0) 
03100 100 FORMAT(' PRECIPITATION INPUT FILE- ') 

0300 READ(5.110)JINFIL 
03300 uRITE(5.110)JINFIL 
03400 110 FORMAT(A30) 
03500 OPEN(UNIT62C.FILE =JINFIL) 
C36C0 C a. =.. :...... 
03700 JRITE(5.105) 
03800 105 FORMAT(' OBSERVED FLOURS FILE -7') 
03900 PEAD(5.106)JOBOFL 
04000 uRITE(5.106)JOBOFL 
04100 106 FDR7IAT(A10) 
Ca2O0 OPEN(UNIT*21.FILE- JOBOFL) 
04303 C 

04400 C WRITE(5.120) 
04500 C120 FORMAT(' OUTPUT FILE -?') 
04600 C READ(5.130)4OVTFL 
04700 C WRITE(5.130)JOUTFL 
04800 C130 FORMAT(A10) 
04900 C OPEN(UNIT22.FILE /OUTFL) 
05000 C - 

05100 wRITE(5.140) 
05200 140 FORMAT( CONTROL FILE -, ') 

05300 READ(5.1501JCTLFL 
05400 WRITE(5.150)JCTLFL 
05500 150 FORMAT(A10) 
OS600 OPEN(VNIT23.FILE- JCTLFLI 
05700 C 

05800 WRITE(5.200) 
05900 200 FORMAT(' SIMULATION USING 6- PARAMETER MODEL ') 

06000 wR7TE(5.2101J1NFIL 
06100 210 FORMAT(' PPT. INPUT FILE IS --- 
06110 wRITE(5.212)JOBOFL 
06120 212 FORMAT(' OBE FL0wS FILE IS --- '.A10) 
06200 hRITE(5.50)4CTLFL 
06300 50 FORMAT(' CONTROL DATA FILE IS --- ',A10) 
064CD C 

O o,nn f. 



06600 C 

06700 C 

06800 READ( 23.250)NDATA. NPAR. 1SE0C4. 1009. !SENSE. IMODEL. 1r,EJAR 
06900 READ( 23.260)um. ;JR. tn. BK. Z. X 

06950 READ( 23.261)CAMA. PMI I 

07000 READ(23.270)USI.BSI 
07100 READ( 23.272)ITMAI.INOL.PAREPS.FNEPS.STPMAX 
07200 READ( 23. 274 ) PLn. PLnAX. PLJ")ULT. PLDI VD 
07300 C 

07350 WRITE(5.449) 
07400 (ai ITE(5.450)NDATA, ROAR. ISERCM.IOP.I SENSE. IMODEL.IREPAR 
07450 WR1TE(5.459) 
07500 WII I TE ( 5. 460 )1JM, UK. SM. 1K. Z. X 

07525 wit ITE(3.461)CAMA.PMl1 
07550 WR 1 TE ( 5. 469 ) 

07600 WRITE(5.470)USI.BSI 
07650 W(ITE(5.471) 
07700 WRITE ( 5. 472 ) ITnAX, INFO:.. PAREP S. FNEPS. STPnAX 
07900 60I7E15.474)PLM.PLnwX.LnuLT.PLDIVD 
07950 WRITE (5.475) 
07900 C 
08000 250 FORMAT(5X.7(14.X)) 
09100 260 FDRMAT(5X,6(F10.O.X)) 
08150 261 FORMAT(5X.2(F10.O.I)) 
08200 270 FORMAT(52.2(F10.O.I)) 
08300 272 FORMAT(5X.2(I4.X),3(i12.0.X)) 
Oe400 274 iORMAT(5X.4(F12.O,X)) 
ce5oo C 
09550 449 FORMAT (3X. '------ CONTROL I NFORMAT ION 
O8600 450 iORMAT(3X. 'NDATA', 14. NP AR.', :4. 1SERCM, 14, 104, 
09700 1 14. ISENSE'. I4. 1M0IrEL'.1 A, IREPAR. . I4) 
0e750 459 FORMAT(31.' INITIAL PAR VALUES ------ ') 
oeaoo 460 - FORMAT (3X. 'UM.'. F10. 5. 5X. 'UK= . 8M . F10. 5. 
Oe810 1 51. '1K- .F10. 5. /.3X. Z. ,F10 5.5X. x4 '.F10. 5) 
08812 461 FORMAT(3X. CAMA4 .F10. 5. 31. 'PMI1. F10. 5) 
08815 469 FORMAT(3X.. INITIAL STATE VALUES ---- ') 
088:0 470 FORMAT(3x. U$1'.F10. 5.5X. DSI'.Flo. 5) 
089:5 471 FORMAT(31. » CRADIENT SEARCM INFO - ) 
09930 472 FORMAT (3X. ITNAX'.14. INPOL-I4. PAREPS'.C12.6. 
08840 1 ' FNEPS'. C12. 6 ' STPMAX . C12. 6) 
08850 474 iORMAT131, PLM. C12. . PLMAI.. 012. . PLMULT.. C72 6. 
08960 1 PLDI VD'. C12. 6) 
08865 475 FORnAT(3X.50(-')) 
05870 C 
08980 C 

09900 C 

09000 C 

091c3 C 

09200 C 
09300 C READ IPT.INPUT DATA FILE 
09400 C 
09500 DO 310 IS.NDATA 
09600 READ (20.300)P( I) 
09700 300 FORMAT(F10.0) 
09800 310 CONTINUE 
09900 C 

10000 C 

10100 C 
10200 C READ OSSERVED FLOWS FILE 
10300 C 

10400 DO 305 141. (ADATA 
10500 READ(21.306)O850(I) 
10600 306 FORMAT(FZ0.0) 
10700 305 CONT1NLE 
10900 C 
109CO C 

11000 C 

130G3 C 

13100 C 

13:00 RETURN 
13300 END 



_.)GG C 

: 00 C "'C~ 
..=00 C 

5G0 C 

:s00 C 

0700 C _C. --S TE 0?EcAT:O:S OF -:.E (+G+-C= :47 ._. _5 
cOG C 

r_00 C 

C 

C1050 CC. _N/C'7F0t_/:SEPCN.10P.lScNSE.:r.C.gL.lREFAq 
21:0C C_ _ :ESi:r/FavALt10).SLC°(10).NE°_S(:0:0: 
C.200 SK. Z. X. US:. SS: 
:).SO Cvr.-:ti/REFAa/A. POLL AKB. sI)+v. A:rlv 
01300 C 

01400 C 

C:500 C 

0:c.00 -R;TEt5.:00) 
01 700 100 FCAr.AT ( 5z. ' S;JEROUT 1l:E T:CSRCM , / ) 

c:eoo C 

C 1 e 5o C -- -- 
01°00 C 

01°10 IF(:nODEL.E0.2)GO TO 200 
C:ç20 C 

01930 l.wITE(5. 105) 
C:°40 105 F:RrATtSS.'. START nC3ELZ './) 
0:°50 CALL rwDELZ 
G:ç60 CO TO 300 
C:s70 C 

C : °90 200 CONTINUE 
02000 1-P1TE(5,110) 
C2)00 110 F[.Rr.T(5X. '.. START n0^_LA './) 
C220C CALL 'CDzLA 
C1:25 C 

CZZ50 200 CONTINUE 
C2252 C 

CsI55 IF(:FE?AR NE 1)00 IC 600 
C2256 
G2257 1:2 FC--tT(SZ.'... START PAO:áC './) 
G«60 CALL PARIZ3 
..-r:65 C " 

C22E2 600 C3T:T:vuE 
C2300 C 

^_s3C5 C 

C2210 C 

.r,2315 IF(:C? E0 2) CC TO 66,6 

.2320 C 

02350 C' 

C2375 C 

02080 C. HESSIAN FOR SLS FuvCT:ON 
02385 C 

C2A00 LR;T'c(5.120) 
02500 120 FGñrAT15x. '... START DERIv2 A**', /) 
G2600 CALL :EPIv2 
02620 C 

C.e40 CO TO 700 
C2642 C 

C3eAa 
021.6 C 

02e48 666 COT:TINUE 
C:ì6S0 C 

CZ652 C nEcS:AN FOR N'-L FUNCTION 9A:ED ON THE P6TINC CURvE r70DEL 

C2656 C 

4-aSq -0l-tc(S.610) 
02659 610 FoR!'.AT(SL. '.. START L00L:. ') 
G2te0 CAL- LOCL:KFUNC) 
C2t62 L2:7E5.620) 
'2664 620 FOP-..aT(5X. ' START DE:,v: .) 
.2666 CALL DER;v1 
C2be2 uPITE(5,630) 
C2670 630 FOR-.AT(5=.' START DER/v2 ..') 
02672 CALL DERIv2 
02674 C 

C2t76 C 

02tT9 
C2tE0 700 CONTINUE 
Ct2: C 

C27C0 C 



C2'02 
C2'04 
C2'10 
02711 

C 

C 

C 
1Rt:SENSE NE.t)CO TO 4C0 

027:2 u:T2(5,125) 
02713 125 F012.!.;.T(5Y.'... STAgT A?:21 './) 
C2714 CALL ARI21 
02715 C 
02'20 C 
02E00 uRITE(5130) 
02000 130 iO671AT(5Y. '... START A.`LYS2 '. /) 
03000 CALL ANLYS2 
03100 C 

C3150 400 CONTINUE 
03175 C 

03200 C- 
03300 C 
03320 C 

03340 9999 CONTINUE 
03's60 C 

o33eo c 
03400 RETL:FN 
03:00 ENO 



00100 CZ22ZZZ2Z22ZZZZZZZZ2Z22Z22Z22Z1ZZZZ2ZZZZ2Z:222ZZZZZZZZZIZZZZZ22 
00200 C 

00300 SJBROUTINE CSERCH 
00400 C 
00500 C 
00600 C 

00700 C CONTROLS THE OPERATION OF THE LEVENDERC-MAROUARDT 
00900 C .. MODIFIED NEwTON TYPE GRADIENT SEARCH ALCORITm 
00900 C . OPTIMIZATION RUNS. 
01000 C 

01100 C 

01200 C 

01300 COMMON/CNTROL/ISERCH.IOP,ISENSE,IMODEL.IREPAR 
01350 COMMON/PARAMS/NPAR, UM. UK, BM, BK. Z. X, VSI, 8SI 
01400 0OMMON/REPAR/A,RKU.RN8XINV,AINV 
01450 COMMON/ESTIn/PARVAL(1Q).SLOP(10),HE_S(10.10) 
01500 COMMON/SERCMI/ 1TMAX. INPOL. PAREPS. FNEPS, STPMAX. PLM. PLmAX, 
01550 1 PLMULT,PLDIVD 
01600 C 
01900 C 

0200C C 

02100 C 
02200 0~ITE(5.1O0) 
02300 100 . FORMAT(3X, '. SUDROVTINE CS'cRCH . , /, 50( '-' ). /,31, 
02400 1 ' LEVENBERG-MAROUARDT CRADI£NT SEARCH ALCORITH)1 .'. 
02500 2 /.50('-')./) 
02600 C 

027CC C------------ 
02800 C 

02900 b-i, ITE(5. 110) 
03000 110 FORMAT(31,'... START PARIZI ',/) 
03050 C 

03100 CALL PARIZI 
03200 C 

03300 C-------------- 
03400 C 

03500 uRITEt5,120) 
03600 120 F0RMAT(3X.'.. START CMAIN .'./) 
03650 C 
03720 CALL CMINtNPAR, PARVAL, I-mAX. PAREPS, FNEPS. INPOL, 
03740 1 LR.lPLMAX.PLMULT,PLDIvC.STFMAX) 
03800 C 

03900 C 

04000 C 

04100 IF(ISENSE. ME. 1)C0 TO 200 
04200 C 
04 300 wR I TE ( 5. 130 ) 
04400 130 FORMAT(3X.'... START ANLYS2 ',/) 
04500 C 
04600 CALL ANLYS2 
04700 C 

048CC C 

04900 C 

05000 200 CONTINUE 
05100 C 
05200 RETURN 
05300 END 



00100 C2222II2I:122IIIZ22222222Z2222222222:IZZZ2222:22:222122222222222 
00200 C 

003C0 SUBROUTINE DSERCM 
00400 C 

005C0 C_______________________ 
00600 C 
00700 C. CONTROLS TME OPERATION OF TME DIRECT SEARCM ORTInIZATION 
00600 C .. RUNS USING IME S10,24LEX NONLINEAR ALCOP.ITMM OF NELDER AND 
00900 C . rZAD (1999). 
01000 C 

01100 C 

01200 C 
01300 COMM,N/CNTROL/ISERCM.IOr.ISENSE.IMODEL.IREFAR 
01400 COMMON/ARAmS/NPAR. UM. UK. Br,. I3)K. 2. X. USI. BS1 
01600 CDMMON/ESTIr,/PARVAL(10).54.0(I0),ME:5(10.10) 
01700 0OMMON/SERCM1 / 1 TMAX. INOL, FARES, FNERS. STRMAX. FL)ti. FL.r.AX, 
01800 1 LMULTPLDIVD 
014400 C 
02000 C 
02:C0 C-- 
02200 C 
02300 wR : TE ( 5, 100 ) 

02400 100 FORMAT(3X. ' SUBROUTINE DSERCM . /, 50( '-'i. /. 3Z. 
02500 1 '+ SIMPLEX DIRECT SEARCM ALCORITMM './.SOC - )./) 
02600 C 
02700 C 

02500 C 

0290C uRITE(5,110) 
03000 110 FORMATC3X,46 START AR221 './) 
03100 C 

03200 CALL PARI21 
03300 C 

03400 -------- ...... -----_______-_- 
03500 C 

03600 uR1TE(5.120) 
03700 120 FORMAT(3X,' START SIMPLX './) 
03600 C 

03900 CALL SIMPLX(NRAR. ITMAX,ARE*S.FNE*S.ARVAL) 
04000 C 

041C0 C---_ ___----------______-______-M___ 
C5000 C------------ ------------------------- 
05100 C 
05300 C 

05400 RETURN 
05500 END 



00100 C 
00200 C 

00300 C 

00400 C 6-PARAMETER MODEL BASED ON HuRNASN nCDEL STRUCTURE 
00500 C 

00600 SUBROVT7NE MODELZ 
00700 C 
00800 C 

00900 C 
01000 CDM!10N/0INPUT/NDATA,f999),OH50(999),TRU01999) 
01100 COMMON/ROUTPT/01999).0(999),S(999).11(999),PPERC(999).PERC(999) 
01200 COMMON/STATES/u5(999),85(999) 
01250 CDMMON/PARAMS/NPAR. UM. UK. BM. BK. Z. x. US1. HSI 
01300 C 
01400 COMMON/ESTIM2/D0(999.6) 
01500 C 
01600 C 
01700 C 

01800 C 
01900 C 
02000 I1 
02100 VS(2)u51 
02200 B5(I)8SI 
02300 C 
02400 DUSVM-0.0 
02500 DUSUK0.0 
02600 DuSBM0.O 
02700 DuSBK-0.0 
c2ao0 Dusz -0.0 
02900 DuSx 0.0 
03000 C 
03100 DHSUM-0 0 
03200 DBSUK.O 0 
03300 DHSHM0.0 
03400 DBSHK-0.0 
03500 09SZ0.0 
03600 DBSX.0.0 
03700 C 

03900 C 

03900 90 CONTINUE 
04000 R(I)0.0 
04100 S(2)0.0 
04200 B ( I 10. 0 
04300 u5(1)US(2>+P(I) 
04400 ...... r«..«.«.....« 
04500 rr.9M.114.US(I)/UM 
04600 CC-Z.( (BM-BS(I))/BM )«.x 
04700 C 

04800 PPERC(I)-W +CGVY 
04900 C 

05000 IF(PPERC(I).LT.US(I))C0 TO 900 
05100 C 

05200 PERC(I)-VS(I) 
05300 C 
05400 DPVMDVSVM 
05500 DPVK-DVSUK 
05600 DPBM.DVSHM 
05700 DPBK.DUSBK 
05800 DPZ -DUSZ 
05900 DPx -DUSx 
06000 C 

06100 uS(1)-0.0 
06200 C 

06300 OUSUMO.0 
06400 DVSUK-0.0 
06500 DUSBM-0.O 
06600 DUSBK0 0 
06700 DUSZO.O 
06800 DvSx0.0 
06900 C 

07000 CO TO 910 
07100 C 

07200 900 CONTIMJE 
07300 C 



07400 C 
07500 PERC(I),...ERC(1) 
07600 C 

07700 DYYIJm./Mt.DUSuM/u. - vv/um 
07900 DYYUK-IM.SDUStM/uM 
07700 DYYEn1M.S0DVS1rt/V+ vv/1M 
00000 DYr14I1.4940VS14/un.. rr/SK 
09100 DYr2 -IM16.DVSZ/uM 
09200 DYYX IM.t.DuSX/UN 
09300 C 

00400 CAC. (XCC( (X -1)/x ) ).( 2(1.0/1) 
09500 C 

09600 DCCUM- -D1SUM.040/IM 
01700 DGCUK -D1SUK.0A0/1M 
09000 DCG/M- -CAC.( DEStM/1M - II(I)/(IM..2) ) 

01900 DCCtK. -060.DaS1K/tM 
07000 DOCZ CC/2 - C GDtSZ/IM 
07100 IF(IM.NE.1StI)1C0 TO 65. 
09200 DCOX0.0 
01300 CO TO 67 

09400 63 CONTINUE 
07500 DCCX-00.(44.00(lBM-aS(1))/1M1 (XDDSX)/(Br.-SS(I)) ) 

09600 67 CONTINUE 
09700 C 

09900 DPUM DrYUM.(1.O.0C) YY.DCCUM 
09900 DPU( . DYrIM ( 1. OOC ) vvDCCU( 
10000 OPIM Drr1M(1.OC0) YrDCCtM 
10100 DPDK Drr14.(1. OCC) YY0009K 
10200 DPZ - DrYZ.(1.0CC) w.DCC2 
10300 DPX - DYYX(1.o00) vDCCX 
10400 C 

10500 VS(I)-US(I)-ERCtI) 
10600 C 

10700 DUSt1r..DVSUM-OPUM 
10900 DUSVKDVS:JK-DPUK 
10900 DuSBmDVSBM-D1M 
11000 DUSBK-DUSiK-DPBK 
11100 DUS2-DVSZ-DPZ 
11200 DvSX.D(JSX-OPX 
11300 C 

11400 910 CONTINUE 
11500 C 

11600 C w .. 4 w w 
11700 1S(I)-IS(I)PERC(1) 
11900 C 

11900 DBSUMOBSUn.DPur+ 
12000 D1SU401SlM0601 
12100 0tSIMDISDMDPIM 
12200 D1SIK-01151KD1K 
12300 DBS2 ODSIOPZ 
12400 DtSX -OtSX.DPX 
12500 C 

12600 IF(1S(I).CT,1M)CO TO 120 
12700 
12100 1(I)1S(I)1K 
12900 C 

13000 D1UM DBSUMIK 
13100 DMA 015U4424 
13200 DItM . D1SIM.14 
13300 0BDK D1S1K1K 15(I) 
13400 DBZ DtSI.1K 
13500 DIX DDSI.BK 
13600 C 

13700 DS(I),IS(I)-/tI) 
13900 C 

13900 DESUr.DISUM-DIVM 
14000 DISV4D11SU(-D1UK 
14100 D1SDnDIS1M-D111M 
14200 DES14DIS14 -DDDK 
14300 D1S2 DESZ -D12 
14a00 DVSX OBSX -DIX 
14500 C 

14600 CO TO 130 
14700 120 CONTSMJE 
14900 



14900 Ir85( I )-BM 
15000 C 

15100 CDUM-DBSàJn 
15200 CDUK-D85J4( 
15300 C0BM.D8San-1.0 
15400 D06K.DBSaK 
15500 DDZ DBSZ 
15600 DDI DBSX 
15700 C 
15800 B(I)BMBK 
15900 C 
16000 DBVM-0.0 
16100 DBU4-0.0 
1b200 DBBM.BK 
16300 DBBK-BM 
16400 DBZ .0.0 
16500 DBX-0.0 
16600 C 

16700 BS(1)-1M-B(I)D 
16800 C 

16900 C 
17000 DBSUM--DBVADDVM 
17100 DBSUK--DBUK-DDUK 
17200 DBSBM-1.0-D:BMODBM 
17300 DESBK--DBBK-DDBK 
17400 DESZ -DBZ DDZ 
17500 DBSX -DBX DDX 
17600 C 
17700 Ii(BS(I).CT.BM)CO TO 140 
17800 CO TO 150 
17900 140 CONTINUE 
18000 D8S(1)-BM 
18:00 C 

18200 DDVhOBStiJM 
18300 DDUK.DBSUK 
18400 3011M08S8M-1.0 
18500 DOBKOBSBK 
18600 DDZ -DBSZ 
16700 DDx - DBSX 
18800 C 

1E900 BS(I)-BM 
19000 C 

19100 DBSVM-0.0 
19200 DBSUK0.0 
19300 DBSBM.1.0 
19400 DBSBK-O.O 
19500 D85Z -0.0 
19600 DBSX -0.0 
19700 C 

19800 U3(I)-4JS(I)D 
19900 C 

20000 DVSUMDUS"-ODUM 
20100 0uSUK-DUrV)(ODUK 
20200 DVSBMDVSBMDDBM 
20300 DU58K-DUS84DDBK 
20400 DUSZ -DUSZDDZ 
20500 DUSX -DUSXDDX 
20600 C 
20700 150 CONTINUE 
20800 130 CONTINUE 
20900 C 

21000 S(I>-VS(I>1JK 
21100 C 

2:200 0SUM.DUSUMUK 
21300 DSUKDUSUKUKUS(I) 
21400 DSHM-DUSBr+.+.M 
21500 DSBKDVSBKUK 
21600 DSZ -DUSZut 
21700 DSX -DVSXVK 
21800 C 

21900 US(I)-(ß(I)-5(I) 
22000 C 

22100 DVSUMDUSV+-DSVM 
72200 DuSUK.DVSVK-DSUK 
72300 DUSBM.DVSBn-DSBM 
72400 OVS3KD',JSB4-DS110, 
72500 DUSZ DUSZ -DSZ 
22600 OUSx -DvSX -DSx 
72700 C 



22800 IF4US(I) CT.Un)00 TO 160 
224000 C 
23000 R(I)0.0 
23100 C 
23200 DRUn0.0 
23300 DRUKO. O 
23400 DRBn0.0 
23500 DAB* -0.0 
23600 00240.0 
23700 DRX0.0 
23800 C 

23900 CO TO 170 
24000. 160 CONTINUE 
24100 C 

24200 RtI1U8(I)-iR7 
24300 C 
24400 DRUnDVSun-1.0 
24500 DRUxDUSUK 
24600 DRB+OVSBn 
24700 0811K4DVS1114 
24800 D82 DVSZ 
24900 DRX DUSZ 
25000 C 

25100 VS ( I ) (J1'1 

25200 C 

?5300 DUSUnI.O 
25400 DUSUK40.0 
25500 DUSBn0.0 
25600 DU$8K0.0 
25700 0VSZ4O. 0 
25800 DuSX0 0 
25900 C 

26000 170 CONTINUE 
26100 C 
26200 0(1)8(I)SCI)8(2) 
26300 C 

26400 p0(I.1)4DRUnDSV»DBUr 
26500 0041.2)D8VK0SUi,DBUK 
26600 DO(1.3)DRBn.DSBn.0BBn 
26700 00(1.4)DRBKD8814DD80, 
26800 00(I.5) 4DR2 052 .082 
26900 DO(I.6) DRX .DSX DBX 
26910 C 
26940 C 

27000 C 
27100 C 
27200 C 

27300 C 

27400 IF(I.CE.NDATA)C0 TO 180 
27500 US(I11VS(I) 
27600 BS(I1)8S(1) 
27700 II1 
27800 00'70 90 
27900 C 
28000 C 

28100 C 
28200 180 CONTINUE 
28300 C 
21400 C 
28500 C 

28600 RETURN 
28700 END 



00100 CZ222122221Z222ZZ22222212Z2212222::22ZZZZ2222:22:222Z22222212221 
00200 C--+ 
00300 C 

00400 C -oARMETER nODEI BASED ON BURKASM MODEL STRtKTWE 
00500 C 
00600 SueROVTINE MOOLZI 
00700 C 
00710 C - COMPUTES ONLY OUTPUT VALUES AND NOT DERIvATIvES 
00720 C 
00800 C 
00900 C 
01000 COMmON/RINPuT/NDATA.P1999).OB501999).TRUO(999) 
01100 COMMON/ROUTPT/0(999).R(999).5(999).e(999).PPERC(999).PERC(999) 
01200 COnMON/STATES/L)51999).BS(999) 
01250 COnnON/PARAMS/NPAR. ur.. uK. BM. BK. Z. X. Usi. B31 
01300 C 
01600 C 

01700 C 
02000 I-1 
02100 0S(I)-USI 
02200 BS(I)-BSI 
02300 C 
03900 90 CONTINUE 
04000 R ( 1 ) -0. 0 
04100 S( I )-0. 0 
04200 8 ( I ) -0. 0 
04300 0S(I)-US(I1PCI) 
04400 .. .....+ 
04500 YY.Be,BK-US(I)/UM 
04600 0C-2-( (BM-BS(:))/BP( )0+X 
04700 C 

C4800 PPERC(I)YY-COPYY 
04900 C 
05000 IF(PPERC(I).LT.US(I))C0 TO 900 
05100 C 
05200 PERC(I)AUS(1) 
06100 VStI)-0.0 
07000 CO TO 910 
07100 C 
07200 900 CONTIh1VE 
07300 C 
07500 PERC(I)-rPERC(1) 
10500 USCX)-US(I)-PERCt1) 
10600 C 
11400 910 CONTINUE 
1150M0 C 
.16D0 C-w H1rMfMIyMr 
11700 BScI)-B5(I)-PERC(I) 
11800 C 
12600 IF(BS(I).CT.BM)CO TO 120 
12700 C 
12800 B(I1-eStl)8K 
13700 BS(I)-DS(I)-8(2) 
14600 CO TO 130 
14650 C 
14700 120 CONTINUE 
14800' C 
14900 D-BSCI)-8M 
15800 B(I)-eP14BK 
16700 BStI)-Bm-8(I)41) 
16800 C 
17700 IF(B5(I).CT.BM)CO TO 140 
17800 CO TO 150 
17900 140 CONTINUE 
18000 D-BS(I)-BM 
18900 BS(I)en 
19800 VS(I)-VS(I)-D 
19900 C 

20700 150 CONTINUE 
20800 130 CONTINUE 
20900 C 



21000 
21900 

E(I)-uS(I)+M 
u5/i)-u5(I)-S(I) 

?2000 C 

72800 IF(uS(1).CT un)CO TO 160 
22900 C 

23000 R ( I ) -O. O 
23100 C 
23900 CO TO 170 
24000 160 CONTINUE 
24100 C 

24200 R(1)418(I)-un 
25100 uS(I)-un 
25200 C 

26000 170 CONTINUE 
26100 C 

26200 0(1)6R(I)66(I)641 tI) 
26300 C 
27400 IF ( I. CE. NDwTw)CO TO 100 
27500 US(I1)-uSl1) 
27600 1SC291)85(I) 
27700 I-I1 
27800 CO TO 90 
27900 C 
28000 C 

29100 C 

29200 leo CONTINUE 
28300 C 

28400 C 

28500 C 

28600 RETURN 
28700 END 



D0100 C 

C4200 C 

CS300 C 
04400 C 6-1,444METEF MODEL BASED ON BUR(+SSM MODEL STRUCTURE 
00500 C 

00600 SUBROUTINE MODELA 
CJ700 C 

0^.900 C- 
C0900 C 

01000 
01100 
01200 
01300 
01400 
01500 C 
01600 COMMON/EST1M2/D0(999.6) 
01700 C 

01800 C 
01900 C 
02000 C++...++++r+r......-.o...-..«.+w..-r.... 
02100 C 
02700 A - Z 

02700 C 
02800 C -... -.. 
C2900 C 
03000 C 

03100 I1 
03200 0S(I)-VSI 
03300 BS(I)BSI 
03400 C 

03500 DVSUM-0.0 
C3600 DUSUK-0.0 
03700 J SBM.O.O 
03800 DUSBKO.O 
03900 DUSA 0.0 
04000 DVSX -O.O 
04100 C 

04200 DtSUM-O.O 
04300 DBSVKO.0 
04400 D558M-O.O 
04500 DBSBK0.0 
04600 DESA-0.0 
04700 DESX-0.0 
04800 C 

04900 C 

05000 90 CONTINVE 
05100 R(1)0.0 
05200 SCI)-O.0 
C5300 11(I)-0.0 
05400 VS(I)-1.15(I)P(1) 
05500 C. 
C5600 C 

05700 RLZDR( BM-BS(I) )/DM 
05800 C 
05900 IF( RLZDR.LE.A )CO TO 900 
06000 C 
06100 PERC(I)-4J5(I) 
06200 C 
06300 DPVfl.DVSUM 
06.400 DFVK-DUSUK 
06500 DPlMDUSBM 
06600 P3KOUSBK 
06700 )1741K:1114 PA -DVSA 
06900 DPX -DVSX 
C6900 C 
G7000 VS(I)-0.0 
07100 C 
07200 DUSVn-O.O 
07300 DVSUK-0.0 
07400 DVSDM-O.O 
07500 DuSBK-O.O 
G76G0 SUSAO.0 
C7700 DUSI.0.0 
07800 C 

07900 CO TO 910 
08000 C 
08100 900 CONTINUE 
0E200 C 

COM MON/ RINPVT/ NDATA .P(9.99),085019991.TRU0(999) 
COMMON /ROUTPT /0(999),R(999),á( 499 ).D(999).PPERC(999).PERC(499) 
COMMON /STATES /VS(999).!S(999) 
CGMMON/PARAMS/NPAR. UM. VA. Er 3K. Z. X. USI. 35I 
COMMON /REPAR /A, RKU, R .3, X INV, AIN. 

H1N 



08300 
06400 
08500 C 

08600 
09700 C 

08900 
08,00 
09000 
09100 
09200 
09300 
09400 C 
03420 
09500 
09510 
09520 62 
09530 
09540 63 
09600 C 
09700 
07900 
09900 
10000 
10100 
10200 
10300 
10400 
10500 65 
10600 
10700 67 
10600 C 

10,00 
11000 
11100 
12-00 

11300 
:4G0 
1:500 C 

:16G0 
11700 C 

11900 
11900 
12000 
12:00 
1:200 
12300 
12400 C 

12500 
:2600 C 

12700 
12900 
:2900 C 
13000 
13100 
13200 
13300 
13400 
13500 
13600 C 

13700 
13e00 
3900 
14000 C 

14100 
:4:0G 
14300 
14400 
24500 
14600 
14700 C 

14900 
1.900 C 
15000 
15100 
15200 
15300 
15400 
15500 
15600 C 

910 

r v5(1)DnDK/Urr 
S:( t dn-85(I))/(8n..) (..X 

6E6c(I)-YY 22( v5(I)-rr ) 

Drrt .nDnDK.DVSUM/un. - Yr/un 
G'rYU..Dn DK DUSUK/UF( 
CrtdnDn8DUSDM/Un vv//n 
CY"DKIM/K.DV58K/UM . rr/DK 
DtYA .BnDv..DUSA/Un 
DYX -enDKDUSX/Un 

Ir(DS(I).Ea.IM)CO TO 62 
Ir.: 1210( (X-1)/X ) 

q TO 63 
CONTINUE 
14260.0 
CONTINUE 

DZ2UM- -DDSUM92A2/(11MA) 
GI:UK -DDSUK.2A2/(IM.4) 
0:2ln -(2AZ/4)( D859n//n 111S(I)/(194..2) ) map,. -(2A2/A).011SIK/!n 
0224 -(2AZ/A)6( (In-!5(I))/(IM.A) DdsA/lM ) 

NE_IS(I))CO TO63 
DZZX-0. 0 
CO TO 67 
C OrT I NUE 
0221.Z2(ALOC((lM-DS(I))/(9n.6)) - (X.0851)/(dM-DS(I)) 
C Cy.T I NUE 

",tr.+ - DYYVn 
G'vK DYYW( 
G=sM DYYDn 
G'BK DYYDK 
Y A DYrA 

DZZUn(u5(I)-rY) 
022vK(tr5(I)-rY) 
DZ213n(u8(I)-rY) 
OZ211Kct,5( I )-YY) 
OZZ40(v9(I)-YY) 

Drs DYYX DZZXcU5(I)-YY) 

t,5(I).US(I)-PERC(I) 

DVáUnDUSUn-DPUM 
D:)Sulo. DUS:M-DP UK 
Ir.:SèMDUSBM-DPDM 
DUSDK-DUSIK-DP/K 
DuSADUSA-DAN 
DUSX.DUSX-DPIC 

C ONT I MUE 

C...... «....rw...-.- 

22.(DU3UM-DYYUM) 
22.(DuSuK-DwuK) 
Z2.(DUS8M-DYYDn) 

- 22(DUS801.-DYYDK) 
22.(1)U5A-DYY6) 
IZ(DUSX-DYYX) 

«..- «......«... 
15(I)BS(I)PERC(I) 

C'SUn.DDSUM.DPUM 
DlSUK.DDSUKDPUK 
DLSiDDBDM.DPDM 
C'SDK.DDSDKDP/K 
OLSA 0854DPA 
DISX -DDSXDPX 

IF(dS(I). CT. IM)C0 TO 12C 

I(:)IS(1)/K 

DDSUn.BK 
G'.M D/SUKDK 
D'DM DISDn.BK 
Mr CPS/K814 IS(I) 
OS* DDSADK 
01IX DlS1.IK 

IS(I)-I5(I)-I(1) 

G' SJ'+DBSUn-DDUM 
''S:M -DISUK-ODUK 
CfSbADBS8M-088M 
D:S8r,.085DK-03DK 
GISr D85A -ODA 
0i51 DDSX -DOS 



15700 CC TO :30 
:5t?00 120 CONT1wvE 
1:900 
16000 D-BSC:t-BM 
16100 C 

1t:00 DDUM.D!`1X1 
16300 DOVKCLSVK 
16400 DDEM.GESBM-1.0 
16500 DûBK0i58K 
16600 0DA .CESA 
16700 DOx DDSX 
16800 C 

16900 11(!)-BM.BK 
17000 C 

17100 DBU0.0 
17200 DEUK0.0 
17300 DBBM.BK 
17400 088K.4n 
17500 084 0.0 
17600 DBX0.0 
17700 C 
17800 BS(I)BM-8(I)0 
17900 C 
18000 C 
18100 DESUM--DBUMDDUM 
18200 DESUK--DBUKDDUK 
18300 DESBM-1.0-D48M0011M 
18400 DESBK--DBBK.DDBK 
18500 DBSA .-DBA +DDA 
18600 DBSX .-DBX +DDX 
18700 C 
18800 IF(BSt2).CT.BM)00 TO 140 
18900 CO TO :50 
19000 140 CONTINVE 
19100 D.BStI)-BM 
19200 C 
:930C ODUM.DBSVM 
10600 DDUK.DESVK 
19500 DDEM.DLSBM-1.0 
19600 DDBK.CBSBK 
19700 DDA -DBSA 
19?00 DDX - DBSX 
19900 C 
20000 BS(I).BM 
20100 C 
20200 DBSUM.0.0 
20300 DB SVY,0. 0 
20400 DBSB.1.O 
20500 DESB4-0.0 
20600 DESA .0. 0 
20700 DESX .0.0 
20800 C 

20900 uSCI)-US(I)D 
21000 C 
21100 DUSIM.DUSVM.DDUM 
21200 DVSVx-OVSUKODUK 
21300 DV58!-DVSBM.D0BM 
21400 DUSBKDUSBK.GDBK 
21500 DVS+ .DVSADDA 
21600 DVSX -OVSXDDX 
21700 C 
21800 150 CONTTMJE 
21900 130 CO^/TINVE 
2000 C 
22100 $(1)US(I).VK 
27200 C 

27300 DSU.DUSJMUK 
22400 D5v..DUSJKUKUS(I) 
22500 DSB..DVSBMvK 
22600 OSBK-DUSBKUK 
27700 GSA -DUSA.UK 
22800 DSX DUSXVK 
v900 C 
23000 VS(I)-US(I)-5(1) 
23100 C 

22200 DUSUM-DUSUM-DSVM 
23300 DVSUK.3US04 -051" 
23400 DUSbmOV58M-DSEM 
23500 DVSLKDVSBK-05BK 
23600 DuSA DIFaA -D54 
3700 DVSx DDSX -DSX 



23800 
23900 
24 000 
24100 
24200 
24300 
24400 
24500 
24600 
24700 
24500 
24700 
25000 
25100 
25200 
25300 
25400 
25500 
25600 
25700 
25900 
25100 
26000 
2610o 
26200 
26300 
26400 
26500 
26600 
26700 
26800 
20902 
27000 
27100 
27200 
27300 
27310 
2732C 
27330 
27325 
27340 
27400 
27500 
27600 
27700 
27500 
27700 
25000 
29100 
28200 
23300 
28400 
28500 
25600 
28700 
29800 
28700 
29000 
27100 
27200 
27?00 
27400 
29500 

C 

C 

C 

C 

160 
C 

C 

C 

C 

C 

170 
C 

C ---- 
C 
C 

C 

140v5(1).CT uM)CO TO 160 

R(1)-0 0 

DRUm.0.0 
D4v4.0.0 
DRI440.0 
D484.0.0 
044.0.0 
DRX-0.0 

CO TO 170 
CONTINUE 

R ( I ) -vs ( I > -tom 

oRUM.DVSUM-1.o 
LRUK.DUSUK 
DRIM-DuSIM 
D,80k-DVS3K 
D66 -DVSA 
DRX -DUSX 

0J5(I)VM 

DUSUM-1.0 
DUSUY.40.0 
Du.S5-0 0 
DU55440 0 
DU54-0.0 
Du5140.0 

CON'T:NuE 

0(I)RlI)S(I)4IlI> 

567 

----- 
H40:TE05.567>0(I) 
fORM4T(F20.14) 

C 

C 

c 

C 

C 

C 

DO(1.1)-DRUM051.0MDEUM 
DO(1.2).(DRUKOSU4D3uK) 
D0(I.3)-DRIM.DSI++.DS)M 
DO(1.4)-( DRI4DS34DI3K) 
00(1.5) -(DRA OS/( D11A) 
D0(1.6> -(DRX 051 DIX) 

I, t 1. CE. NDATA)C0 TO 180 
0S(11)-US(1) 
IStI1)11S(I) 
II1 
CO TO 90 

C 
c 

150 
C 

CONTINUL 

RETURN 
ENT 



2960C C- 
29700 C--9- 
29800 C 

29900 C 6-PR4METEF MODEL kSED ON 6URN4SM MODEL 57RUCTUnE 
30000 C 

30100 5vBR0V?1NE MODLA1 
30200 C 
30300 C------- 
30400 C 

30500 
30600 
30700 
30800 
30,00 

COrI MON/ R INPUT / NDA TA. P(T99).0350(999).TRUO(91.9) 
COMMON /ROVTPT /0(999).R( 999). 5(9 99).8(99i).PRERC(999).PERC(999) 
COMMON /STATE5 /V5 ( 999) . 55 (999 
C01MON /PAA .r.S /NP AR. UM. UK. OM. 8K. Z. X. USI. PSI 
COMMON /REPAR /A. Rv U. R .3. XINY. ADNV 

32000 C 

31100 C 

31200 C 

31300 C.+...N..IM... 
31400 C 

... . ......r. ...- r..... 
31500 A Z 

31600 C 

31700 C-«+ N....««..r.....N«...«...«.....w..+.......r+r+..++.r..+ 
31800 C 
31900 C 
32000 1-1 
32100 05(I)-v5I 
32200 aS(I)-05I 
32300 C 

32400 90 CONTINUE 
5500 A(I)-0.0 
32600 5(I).0. 0 
32700 B(I)-0.0 
32800 v5(I)-V5(I).P(I) 
32900 C.-r.N...w.-.r.. .N.. 
33000 C 

33100 RLZDR-( 8M-85(1) )/SM 
33200 C 
33300 IF( RLZDR. LE. A 100 TO 900 
33400 C 
33500 AVM( I).4.)5(I) 
33600 V5(I)-0.0 
33700 CO TO 910 
33800 C 
53900 900 0ONTINUE 
34000 C 

34100 Y7-v5(I)8M.BK/Ufl 
34200 ZZ-( ( 8M-05(I)1/(8M.A) )X 
3.1300 C 
34400 PERC(I)-YY . ZZ( VS(I)-YY ) 

34500 VS(I)V5(I)-PERC(I) 
34600 910 CONTINUE 
34700 C 

348C: ....... ............ 
34000 05(I)-E5(1)-PERC(I) 
35000 .0 
35100 1F(BS( 1 ). CT. 8M)C0 TO 120 
35200 
35300 0(1)-15(I).BK 
35400 S5(1)-85(I)-0(I) 
35500 00 TO 130 
35600 120 C ON/ I N11E 
35700 
35800 085(1)-11M 
35900 D(I)-BMOK 
3b000 BS(I)-8M-0(I)D 
;6100 C 

36200 IF(85(I). CT, DM)CO TO 140 
36300 CO TO 150 
36400 140 CONTINUE 
36500 6-85(I)-8M 
36b00 E5(I)-11M 
36700 v5( 12...v5(1).0 
36800 150 cONT)NUE 
:6900 130 CONTINUE 
37000 C 

37100 S(1)-v5(1)-0K 
37200 1.5(1)-V5(I)-5(I) 



37300 
37400 
37500 

C 

C 

Ii4StI) OT.Un)OC TO 164 

37600 Rt:)40.0 
37700 C 

37800 00 TO 170 
37400 160 CONTINUE 
?0000 C 

38100 R(I)4US(I)-uN 
38200 US(I)4urt 
36300 170 CC)nT I NUE 
36400 C 

3a500 OCI).R(I)S(I).))(I) 
_asoo C 

35700 C 

36800 
36+00 

IF( I. CE. ND4T4)CO TO 
USCI1)..0S(I7 

300 

moo e5(1.1)1S(I) 
37100 1-11 
3,200 CO TO 10 
3,300 C 

3,400 C 

3.9,000 C 

37600 100 CONTINUE' 
37700 C 

3,1000 RETURN 
34.00 END 



ooioo C 

00<00 SV6ROUTINE LOCLlK(FUwC) 
00300 C 

0040C C---------_---- ------------ -.-------- _--______------_- 
00500 C 

00600 COmmON/RINPVT/NDAT A.(999).085G(999).TRUO(999) 
00700 C3.-tM3N/ROVIT/Ot999).R(999).54999).11(999).PPE9C(99q).PERC(999) 
00800 COMMON/CNTROL/15ERCH.IOn.ISENSE.1nODEL.IREPAR 
00850 C3rsmON/PARAM2/GAMA.HII.SICSOR 
00875 CCr:70N/ERROR/v(999).E:PS(999) 
00900 C 
01000 C .--- 
01020 C 

01040 IF(IO.E(1.2)CO TO 200 
01060 C 

01080 C 

01100 C 

01200 C .. SIMILE LEAST SQUARES FUNCTION 
01300 C 

01350 SurN0.0 
01400 DO 100 11.NDATA 
O1S00 SUSVM ( 0<I)-0850(1) ).c 0(11-O850(i) ) 

01600. 100 CONTINUE 
01700 C 

01800 FUNC5UM 
01820 C 

01B40 CO TC 449 
01900 C 

OiOCC C 

02020 C 

02040 200 CONTINUE 
C2100 C 

C2200 C .. NECATIvE LOCLIKELIHO3D EASED ON THE RATING CURVE nCDEL 
02300 C 

02400 SUM10.0 
0:500 Sun20.0 
C2600 v(1)c 0850(1).-CAMA - 0(1)--CAMA ) / CAMA 
02700 C 

C2200 DC 300 I2.NDATA 
02900 v(1)( 0850(I)-CAnA - 0(1)-CAMA ) / GAMA 
03000 EPS(1)v(1)-PHI1v(1-1) 
03100 SVMISUM1EPS(I)E5(I) 
03200 SVm2SUM2-ALOC( (m0(I) 

) 

03300 300 CONTINUE 
03400 C 

03450 3ATANDATA 
03500 51CSGRSUn1/(DATA-1.0) 
03600 C 

03700 RA - c0ATA-1.0).1. 8382795/2.0 
03800 R8. (DATA-1.0)ALOC(S1CSOR)/2.0 
03900 RC - (1.0-CAMA).SUM2 
04000 RD (DATA-1.0)/2.0 
041 00 C 

04200 t'VNC RA R8 o RC RD 
04300 C 
0.400 999 CONTINUE 
04500 RETURN 
04600 END 



00104 C 

00200 SU3ROtJTINE CnAIN(¿.Af. pARVAL. ITMAZ. AEPS. FNE S INpOL. 
00300 1 PLM. LMAI. LMULT. LDIv© STpruiX ) 

00400 C 

00500 C Cr. /lent asnlmsstian program based on modifie/ 
00600 C Newton method. The modifications ore based on the ideas 
00700 C of Marcuardt( see lard 1974i and Coldf,ld.Gvndt and Trotter 
00800 C (1966). The .arch os '.,trotte/ to the space of /eminent 
00900 C ag,nvalues. to p t long steps in the dir.ctoons of 
01000 C non- idntsfyab1 parameters. All eigenvlves of the lied 
01100 C infer..atien matris(or hessian) this' are his than the value 
01206 C EPS times the largest eigenvalue sri set te tore se that 
01300 C pseudo- inverse of the information ^atria is used( see sub^ 
01400 C routine CSTEP).At the tome of writing EPSm0.000001. 
01500 c 

01600 C A variable value LM is addend to each non tore modified 
01700 C eigenvalue to reduce the site of the serth stops if the 
01800 C logic of the program decides that the assumption of quad - 
019C0 C vatic response surface is net satisfactory. If the search 
02000 C reaches region where the modified Newton steps ere being 
02100 C rejected. or the predicted function value is quite different 
02,00 C from the function volt+. actually obtained the assumption of 
02300 C gvadrattcoty is deemed poor and the p ter PLA is inc rs.d 
02460 C by multiplying by the factor LAVLT. If the r.v..se is found 
02500 C to be true. then LM is divided by th factor PLDIVD. The 
02600 C initial value of PLM (at the time of writing is set at 10. -7. 
02700 C Mente the first step is lolly newton step. 
021100 e 

02900 C If step it found to S. deltable( function t the new peint 
03000 C FNEW is smaller than the function value at the previous best 
03100 C point FZERC ) then one extrapolation step is attempted. If 
03200 C NEW > than or egv1 to FZERO than number of interpolation 
03300 C steps are tried. until on improvement of the function value 
03400 C is observed or one of the convergence eritori is met. 
03500 C Two-options are available fer extrapaltion or interpolation. 
03600 C If user specifies IN O;, s 1 then the current step is halved, 
03700 C or doutled es osssssrtote. If 1NOL 2 then quadratic 
03800 C interpolation or ectrpolotion step is attempted. the matimue 
03900 C eitrpoltion step factor is set to STpMAZ (03 at time of 
04000 C writing). 
04100 C 
04200 C There are three ways in which normal termination of the search 
04300 C can occour.Th user specifies a) mai ne. of iterations 
04400 C b) parameter stepssss c 'once criterion that must be 
04500 C met by all the parameters c) fvnctien value convergence 
O4600 C criterion. All three must be specified by the vier. 
04700 C 

04800 C 

04700 C The following info must be specified by the user through the 
05000 C call statement: 
03100 C ARVAL(i)- initial ter valu 
03200 C NAR - number .f p fers 
05300 C ITMAZ - oat no. of iterations 
05400 C PARES - minimum frctienal change of the par - 
05500 C emote, valves 
05600 C 'NUS - minimum fractional chongo of the 
05700 C function value 
05800 C DAM. - eetoen On typa Of intopelation /ettrp 
05930 C elation step. 
060000 C si halve/eovble stop 
06100 C e2 quadratic int /ett step 
06200 C 

06336 C The user must also provide a routine call.° MFUNC which must 
Ge40G C provide the n. valve.gracient vector SLOP(i) and the lnferitien 
06500 C matrix( this may be the Hessian or an pproasmatien to it) 
06606 C )(i.j). A parameter INFO is bent to MFVNC through the call 
06700 C statement se that when INFOs1 all information should be 
06!00 C computedtfn valve.grei.nt and information matrix). Wh.n 
06904 C INFOn2 only Function valve Snformatien should be computed. 
07000 C The format of the subrevtsne statement is, 
07100 C SU:ROVTJNE nFUNC(NPAR PARVAL,FIERO.SLO .H.INFO) 
07200 C 



G73CL C 

074úG C 

075O0 C Elplanation of program variables 
07600 C 

07700 C FZERO - function value at C t but point 
07800 C FNEW - function value at the point being tested 
07900 C FMAT - predicted value of the f vnction(quadretic operas) 
08000 C FTEMa - stores intermediate function valve while an 
08100 C estrapolation step is being tried. 
06200 C TMETAt))- stores best parameter values so far obtained 
08300 C Î$LOPti)- stores gradient at best par vals 
06460 C TM(i.j) - stores into matris at best par vals 
08500 C PARVALti)- parameter values sent to the model(%) 
08600 C SLO ti) - gradient at parval(i) 
08700 C M(i.j) - info metric at parval(i) 
08800 C DELPAR(i)- change in the par values predicted by the 
06900 C constrained quadratic approssaation by 
09000 C subroutine CSTEP 
09100 C INFO - tells function evaluating subroutin whether to 
09200 C compute the gradient and information metric 
09300 C PLM - levenberg- sarquardt perimeter 
09400 C PLMAX - mas permissible valve of PLM 
09500 C PLMU.T - factor to increase PLM by if quad appros poor 
09600 C PLDIVD - factor to divide PLM by if owed appros is good 
09700 C STEP - strpsise factor - normally equal to 1 

09800 C STPMA: - mas permissible stepsise factor 
0990G C KMOD1 - no of fn calls with INFOml 
IODO° C KM0D2 - ne of fn calls with INFOm2 
10100 C K - total no of function calls 
IO2O0 C C - gradient in the direction of the search vector 
10300 C INPOL - option parameter for estrapoltson /interpolation 
10400 C 
10503 C The following subroutines are called by this program 
10600 C 

1O70C C MFUNC (NPAR. PARVAL, FZERO. $LOP. M. INFO) 
10600 C -functton.grad :ent.inforirataon metric eveluator 
10900 C CSTEP (NPAR. M. SLOP. DELPAR. PLM ) 
11000 C -computes step to be tried 
11100 C 

11200 C 

11300 o mmm mmmmmmmmmmm 
11400 C 

11300 DOUBLE PRECISION SLOP(10).M(10.10).DELPAR(1O) 
11600 DIMENSION PARVAL(10) 
117CD DI`:ENSION TMETA(IOI.TSLOP(10).TMt10.10) 
11800 C 

11900 C 

12000 C 

12100 C 
z2C0 C---- ------ ------- - -- ---- 
12300 C Initialise values 
12 -00 C 
12500 KtfOlml 
12600 KMO02m0 
12700 INFOml 
12800 C 
12900 C 

1300C 44.4 CONTINUE 
131C0 INFOm1 
12200 wKITE(5.50) 
12300 SO FORMATt5X.50(' -'). /) 
13.100 C 

1350% C Call the function to be minimised to get function value 
136CC C end the values of the partial serivataves (INFOml) 
13700 C at the starting parameter values. 
13800 C 

13930 CALL MFUNC (NPAR. PARVAL, FZERO. SLOP. N. INFO) 
14000 C 



1410: C - ----- ------- 
14200 C Th. program locos beet te here when successful t.. ans 
14300 C estenston or su 1 interpolation step 1s obtained. 
140100 C 
14500 333 CONTINUE 
14600 INFO -1 
14700 C Store initial parameter values 
14900 C 
14700 FTEM1 -,ZERO 
15000 DO 113 I- 1.NPAR 
15100 TMETA(I)- PARVALtI) 
15200 TSLOP(1)- 41LOP(1) 
13300 DO 114 J- 1.NPAR 
15400 TM(I. J) -M(I. J) 
13500 114 CONTINU! 
15600 115 

7:P1T 

I MJE 
15700 C 

15800 ODIKMOD2 
15900 C 
16000 C Print out the summary of the present stage of the 
16100 C 
16200 WRITE(5,125)K.KMODI.PLM 
16300 125 FORMAT(SX. 'I ter no', Is. SX. 'N ful '.14. 
16400 1 5X. 'Lev -Marq par '.C12.6.// 
16500 WRITEt5 .200)(PARVAL(I),I151,NAR) 
16600 200 FORMAT(3X.3(C12.6. X), /. 32.3(012. 6. X). /) 
16700 Sit INFO. EQ. 1 )WRITE(5.221)(SLOP(I),I- 1.NPAR) 
Ióeoo 221 FORMAT(3X. 'SLOP'. 5(C12.ó. X). /. SI. 3(012. 6. X). /) 
16100 WRITE(5.211)FZERO 
17000 211 FORMAT(SX.'Function v1v.(FZERO) - '.016.10./.50(' -'). /) 
17100 C 

17200 C Copputs the optimal constrained quadratic stet. DELPAR(i) 
17300 C 

17400 CALL CNSTEP (NPAR, M. SLOP. DELPAR, PLr1) 
17500 C 

17600 C Compute the quadratic prediction of the function valve FMAT 
17700 C 

17500 C -O.0 
1 7100 DO 276 I -1, NPAR 
18000 C- CSLOP(I)DELPAR(I) 
18100 276 CONTINUE 
18200 FMAT4F2 O0.5.0 
18300 C 

38400 C7?1?7777777777,777777????? 
18500 C Temporary cheek 
1e600 IF(C. LE. o. O)CO TO 277 
18700 ++RITE (S. 278) C. FMAT 
18800 278 FOR? aT(SX. '.. « C - '. F20. 10. ' FMAT- '. P20. 10) 
18100 STOP 
11000 277 CONTINUE 
14100 C ????7?7 777,1???7?? ?7????? 
11200 C 

11300 C Initially set step ug ta tien par 1 

.19400 STEP 4.1. 0 
11300 C 

1,600 C Program loops here when stspsits paraa.ter is changed 
11700 C 

10800 777 CONTINUE 
11825 C 

11850 +6 coNTINUE 
11100 DO 100 I -l. NPAR 
20000 P ARVAL (I)4TMETA(1)4$TEP.DELPAR(I) 
20005 C 

20016 IF( PARVAL(I ). CE. 0. 0 1 CO TO 18 
20012 IF(STEP.CT.1.0) CO TO 77 
:0014 STEP- STEP /2.0 
20016 CO TO 16 
2o;18 97 CCNTINUE 
20020 DEL -STEP -1.0 
:00:: STEP- 1.0DEL /2.0 
20 :24 CO TO 16 
20032 C 

20040 'e CONTINUE 
20030 C 

20100 100 CONTINUE 



20200 C 

20300 C Ctta)n function value at the new parameter valves 
20400 C 

20500 CALL MFLINC (NRAR. PARVAL. FN54. SLOP. M. 1NF0) 
20600 IF(INFO.EO 1)KMODixrOD11 
20700 IF(INFO.50 21KM002.0.010021 
20800 KKM301+44002 
.0900 C 

21000 C Print out the summary of the p t stage of the-search 
2:100 C 

2:200 IF(1NFO.E0. 1)WR1TE(5.125)Y,KMODI,PLJ1 
21300 IF( INFO. E0. 2)WRITE(S. 126)x. KMOD1 
21400 uRITE (5.200)(PARVAI,(I),I.1.NPAR) 
21300 126 FORMAT(SX. 'Iteration no. .. I4. 5X. 'No successful ', 14. /) 
21600 IF(INFO. E0. 1 )uRITE(5.223)(SLOR(I),I1.NPAR) 
21700 223 FORMAT(3X. 'SLOP'. 5(C12. b. X). /.5X. 5(C12. b. X). /) 
::800 WRITE(5.212)FNEW 
21900 212 FORMAT(5X. 'Function value(FNEW) 
22000 C 

22100 C Chect iteration convergence 
22200 I F (K. CE. I TMAX ) CO TO 999 
22300 C 
22,400 C 

22500 C Evaluate the step and decide hdv to proceed 
22600 c 

12700 C Check for parameter value change convergence 
22800 I 1 
22900 499 CONTINUE 
23000 4.425C57EP.DELPAR(I) /THE A(1)) 
23100 IF(A. C'. PAREPS)CO TO 501 
27.200 IF(I.CE.NPAR)CO TO 998 
23300 ICI +1 

23400 CO TO 499 
222500 C 

23600 5O1 CONTINUE 
23700 C At least one parameter has not converged so continue search 
23800 C 

23900 C Check tf the new function value is acceptable 
24000 C 

24100 IF(FNEW. LT. FTEMR)CO TO 502 
24200 C 

24300 C The step is unacceptable, reject the step. 
24400 C 
24500 WRITE(5.702) 
24600 702 FORMAT(SX.'Step rejected') 
24700 C 

24800 C If the last step Was not an eitrapolation. an interpolation 
24900 C to reduce the step stse may be tried. 
25000 C If 57ER greater than one then last step was an estrapolatton 
25:00 IF(STEP.LE.1)CO TO 503 
25200 C 

25300 C Reject the estrapolatton step 
25400 DO 504 I.1.NPAR 
2 500 PARVAL(I) .,TNETA(1)0ELPAR(1) 
25600 504 CONTINUE 
25700 FIERO -FTEM* 
23800 CO TO 555 
25900 C 

26000 503 CONTINUE 
26100 C Try an interpolation step. last step we net an estrapolatton 
2b200 C If 1NPOL is equal to 1. then halve step. else comtute a 

26300 C quadratic Interpolation step. 
26400 c 

26500 IF(INOOL.EO 2)CO TO 506 
:6600 WRITE(5.707) 
26704 707 FORMATI5X.'Step being halved') 
26600 STER.STEP /2.0 
20900 CO TO 507 
27000 506 CONTINUE 
27100 WRITE(5.708) 
27200 708 FORMAT(5X. 'Ste() reduced Wry quadratic interpolation') 



.730: 07,7,/,7 »,,,,,777777 
27400 C CO.O 
27500 C DO 5Q11 l1. MAR 
27660 C C- CSLOP(I)DELP4R(I) 
27700 C 500 CDNTIwUC 
27800 C77 177 7717", 777,77777 
27,00 STEP- O. 5tCSTEP.2) /(CSTEP FIERO -FNEW) 
28000 Sol CON71 M..E 
2eloo INf'O.2 

28200 PLn- PL!(PLnuLT 
2e300 IF(PLN OT. P PL LMAX)N.PLF%AX 
28400 CO TO 777 
28500 C 

2860.7 C 
28700 C 

28800 502 CONTINW 
2e900 C The function value was reduced so step is accepted 
:9000 C 

29100 FTE)4FNEw 
29200 C 

29300 47t I TE (S. tí01 ) 
29400 601 FORrAT(5X.'et., accepted') 
29500 C 
:9600 C Test for function c 'once 
29700 C 

2,800 4.483( (FZERO- FNEW) /rZEJtQ ) 

29900 1F(A.CT.FNE:P8)00 TO 311 
30000 uRITE(5.722) 
30100 722 iORPAT(SX.'Termination by function converfence') 
30200 CO TO 197 
30306 C 

30400 311 CONTINUE 
30500 C Ectraoolatt only if there were no previous eitraooiaeions 
30000 C or interpolation in this trial. 
30700 c 

30800 IF(STEP E0. 1)C0 TO 513 
30900 FZERO -FTEnP 
31000 CO TO 444 
31100 C 

31200 513 CONTINUE 
31300 C Check if the Quadratic it is acceptable 
31400 Z(FZERO- PNEU) /(FZERO -Fs *T) 
31500 Ir(Z. CE.O. 7, AND. Z. LE. 1. 3)C0 TO Si 4 
31600 WRITE(5.736) 
31700 716 FORn47(5X,'Ouadratic fit not acceptable, no extrapolation') 
31800 PLNLN /PLDIVD 
31!00 IF(PLN.LT.O 0000001)PLn-0 0000001 
32000 FZERO:TE(4 
32100 CO T0 535 
3á2O0 C 

32300 514 CONTINUE 
32400 uRITE(5.71,) 
32500 717 FORnAT(5X.'Ouadratic fit acceptable. try extrapolation') 
32600 c 

32700 !F(INPO. E0.2)C0 TO 514 
32800 WRITE(5.719) 
32,00 719 FORnAT(5X.'Ste, teint doutled') 
33000 STEP- STtr42.o 
33100 INF0-2 
33200 IF(LM. CT. 0. 0000001 )PLM.PLM /PLDIVD 
33300 CO TO 777 
33400 516 CONTINUE 
33500 rRi7E)5.721) 
33600 721 ronmaT(5X.'Ouadratric extrapolation stop') 
33700 C777777,7777777777771 
3 2800 C C-0.0 
33900 C DO 518 1I.N0bAR 
34700 C C- C51.0P(I).DELPAR(1) 
34100 C 51e CONTINUE 
24200 ..... n ?777 



34300 E7EP40 5 (CSTEP2) /)CETEo.F2E)1G -FNEw) 
34400 1F(:7E7.07.1 1)00 TO :2.1 
3450.0 2)4F0-1 

34600 IF( L CT.O 00000011PLl+PLM /PLDIVD 
34700 w$11TE(5.713) 
34800 713 FGRnU.T(5X,'Stop less than 1.1 so no eztrapOlat)on') 
34900 F2ER0.cTEMP 
35000 CO TO 553 
35100 C 

35Q00 521 CONTINUE 
35300 1NF0 -2 
35400 IF(PLR.CT.O 0000001)PLP PLM /PLDIVD 
35500 i+RITE(5.723)STEP 
35600 723 FORMAT(5X. '0uadratic step strap. par..'.F10.6) 
35700 IF(STEP.LE.STPMAX)00 TO 777 
35800 STEP.ETPMAX 
35900 WR1TE(5.724) 
36000 724 FORMAT(5X.'Stop tot eitual t0 stepmaz') 
36100 CO TO 777 
36200 C 

26300 C 

36400 C 

36500 C Termination of the search 
36600 C 

36700 997 CONTINUE 
36900 WRITE85.802) 
36000 802 FORMAT15X.'am. Termination due to function conwErgence') 
37000 CO TO 990 
37100 998 CONTINUE 
37200 wR :TE(5.803) 
37300 803 FGRMAT(5X.'e.. Termination due to parameter convergence') 
:7400 CO TO 940 
27500 999 CONTINUE 
37600 WRITE(5.804) 
37700 804 FORn47(SX,'e.. Termination due to iter.limit ezceedance') 
37800 990 CONTINUE 
37900 C 

36000 C Print in values of the parameters, gradient vector nd 
391OO C the inforw,ation matriz. 
:5200 C 

38200 wR I TE t 5.851) (THETA (1) , I.1. NP AR ) 

38400 85i FOñMAT(3X. 'Final parameters'. /.3X. 5(C12. 6. X). /. 5X. 
39500 1 5(C12.6. X). /) 
286O0 6)aITE(5.852)(TSLOP(I),:ml.N9AR) 
38700 852 FGRMAT(3X. 'Crad)ents'. /, 3X. 5(C1á. 6. X), /, 5X. á(C12. 6. 
25800 1 X). /) 

38900 DO 853 I- 1.NPAR 
39000 6011TE(5.e54)(TM(I,J).J -1.1) 
39100 834 FGR)%AT(3X, 'Info'. X. 10(012 6.X) ) 

39200 853 CONTINUE 
39300 C 

39400 C 

39500 C 

39600 C .r..- 
39700 C Last lines of propre follow 
39800 RETURN 
39900 END 
40000 C 

40100 C 



40200 
40300 S.AaOUTINE CNSTEP (itAR, r. SLD. DELp4R. PL711 
40400 C 

40500 C 
40600 C Note : no normalisation 
40700 
40900 C 

47900 C Computes Lev.nsrg- Pta.sv.ret step to the parameter space. 
41000 C Part of a 0radtent algorithm to minsmss function of tan 
41100 C or less parameters using successive sc approximations. 
41200 C 
41300 C The Leveneerg- Marquardt par. PL1( t specified through th 
41400 C calling program. If PLn.0.0. Newton step in ti subspace 
41500 C of dominant etgenv.lu.s r.svlts. 11y setting PLm not *Oval to 
41000 C tare (positiv values only) we eonstratn the site of the 
41700 C step in on attempt to ict it to region in which the 
41800 C 4udrtse pprortmat:on is mere valid. 
41100 C 

42000 C Also specified through the calling Program are the following. 
42100 C PPAR - no. of para. 
42200 C M(i.j) - information .atria 
42300 C SLOPti) - matrix of first partial derivatives wet. pars. 
42400 C 

42500 C The following information it r.turned to the calling program 
42600 C DELPAR(1) - recommended change in the par values 
42700 C to get reduction in the function. 
42800 C 
42900 C ..mm.mmmm....wm m. 
43000 C 

43100 DOUBLE PRECISION ((IO. IOl.Ut10.10: 

:;;0(01, 

DOUBLE PRECISION HE1C(10).R(10.10).SLDPt10) 
DOUB_E PRECISION BPS. EPS2. A4í0. DUnl (10). CUTOFF. PLP(1 

43400 DOUBLE PRECISION LEL.P4R(10).A 
43300 C 

43600 DATA ETS /0. 00000001/. EPS2 /O. 000000001/.4m0/1.0038/ 
43700 C 
43800 C 

43900 
44000 C 
44100 C 

44200 C 

44300 DO 110 :.:.NPAR 
44400 
44500 

DUO 

( I120 )~I.NPAR 
44600 120 CONTINUE 
44700 110 CONTINUE 
44800 C 
4490G C .. Compute the Eigenviues and Eige tors of N 
45000 
45100 C 

45200 h;.N M 
4:300 CALL SYfORD(U. HEIC. DUM1. A$O. NT. 10. EPS2... FALSE... TAUS. . 

45400 1 FALSE..IFAIL) 
45410 C 

45420 CALL CSORT(NT.MEIC.U) 
45430 C 

45500 DO 99e I.3. N1AR 
45600 w*ITEt3.997)MEIC(I) 
45700 997 FORriATt5X. 's... LA?(DA m '.3x.820.6) 
45800 998 CONTINUE 
45900 C 

46000 C ms. Compute the (PSEUDO?: inverse of the Eig.nvector mtris 
46100 
46200 C 

46300 C 

46400 C . Count no. of eigvls l.rg.r than EPS(maz MEIC(I)) 
46500 
46600 C 
46700 NEI0mNM 
40800 CVTOFF$.( mg/au) : 

40700 DO 150 Im2. WAR 
47000 IF(NE1C(I).CT.CUTOFFI CC TO 350 
47100 NEICl-1 
47200 CO TO 160 
473O0 150 CONTINUE 
4740Q 160 CONTIM E 
47500 C 



47600 C Cesut LvnprÇ-/.aryurOt(') step Llth $Ivn PLP 
47700 
47800 C 

47900 C Cosute this tr11 st DELPAR 
48000 
4e1G0 h.% ITE(5.99) WAR. NEI C 
45200 99 F;,FrtAT(SX. 'NPAR.'. 12.2X. 'NE IC'. I2) 4!300 C 

45400 DG 170 11.14EIC 
s6500 A0 G 

48600 DO I80 J1.NPAR 
45700 4.4u(J.I)SLDP(J) 
48800 180 CDNTINVE 
42900 DC 190 .01. MAR 
49000 E(J.I)AV(J.I) 
49100 190 CONTINUE 
9200 170 C,NTINVE 
49300 C 

49400 
49500 PLr19LMMEI0 (1) 
49600 DO 200 II.WAR 
49700 DEiPAR(1)=0.0 
49800 DO 210 .r1.14EIC 
49900 DEL9AR(I)DELPAR(1)-( 6(I.4)/(4EI0 (J)PL.M1) ) 

50000 210 CDNTINUE 
50300 200 CCNTINVE 
50200 C 

SC3Gc 
50400 w I7E ( S. 899 ) 

50500 899 F39nAT(3z. 'DELP4.R') 
50600 ua;7E(5.900)(DELPAR(I),I.1.NAR) 

5G70G 900 F;,:,AT(3X. 5(C:2. 6.1) /. 5X. 5<C12. 6. X) ) 

50750 C 

5900 C TE(S. e9e) 
5c9o0 ce9e- c3X. 'HESSIAN' ) 

51000 C c, 910 I1 . N°AR 
51100 C tRITE(5,920)(4(I.J).J1.NPAR) 
51200 C 920 F:RnAT(3X. 5(212. 6. Z). /, 5X. S(C12. 6. X) ) 

5121:0 C- 
5:300 910 C`(TINUE 
51400 FETVRN 
5:500 C Last line of subroutine follows 
`.16C0 E41) 



00100 C 

00200 SJDROVTINE MFUNC (:AR. FARVAL. FuNC. SLOF. M. INFO) 
00300 C 

00400 C - --- -- 
00500 C 

00600 C COMPUTES FUNCTION VALVE AND THE PARTIAL DERIvATIvES URT 
00700 C PARAMETERS IF DESIRED. 
00600 C 

O090* C---------- -- - -- - - -- --- 
03000 C 

01100 DOUBLE PRECISION SL OP(10).N(10.10) 
01200 C 

01210 COMMON /CNTROL/ ISERCM. I0P. ISENSE. IMODEL. IREPAR 
01215 COMMON /EST1M/ PARR (10).CRADS(10).FISNE0(10.10) 
01220 C 

01300 DIMENSION PARVAL(30) 
01400 C 

01500 C 

01600 C 

01700 C INVERT THE PARAMETERIZATION FROM PARVAL(I) TO vALVES OF 
01800 C THE MODEL PARAMETERS. 
01900 C 

02000 CALL PARIZ2(PARVAL) 
02100 C 

02,00 C 

02300 C 
02400 IF(1NFO.E0.1)C0 TO 100 
02500 C 

02600 C 

02700 C 

C2800 C COMPUTE ONLY FUNCTION vALVE 
G2900 C 

C3000 IF(IMODEL.EO.1)CALL MOOLZI 
03100 C 

03200 IF(IMODEL.E0.2)CALL MODELI 
C3300 C 

C3400 CALL LOCLIK(FVNC) 
03500 C 

C3600 RETURN 
03700 C 

C3800 C 

03900 C 

04000 100 CONTINUE 
04100 C 

04200 C COMPUTE FUNCTION vALVE AND SLOP AND INFORMATION MATRICES 
04300 C 
04400 IF(1MODEL.EG.1)CALL MODELZ 
04500 C 

04600 IF(IMODEL.E0.2)CALL MODELA 
04700 C 

04710 IF(1REPAR. NE.1)CO TO 500 
0470 CALL PARIZ3 
04730 500 CONTINUE 
04740 C 

oí600 CALL LOCLIK(FVNc) 
04900 C 

05000 CALL DERIV1 
05100 C 

05200 CALL DERIV2 
05300 C 

05440 C-_--__r- ..... -_-----°-- 
05500 C 

C5550 C CONVERT FROM SINCLE .ECIS :ON TO DOVDLE PRECISION 
05575 C 

05600 DO 200 I91.NPAR 
05700 SLOP(I)mCRADS(I) 
oseoo DO 190 J1.NPAR 
C5R00 r(( I. J)F13HER ( I. J) 
C6000 190 CONTINUE 
06100 200 CONTINUE 
06200 C 

04300 C 

06=00 C-----_-_-------- 
06500 C 

04600 RETURN 
06700 END 



0010. C- ZZZZZ22ZZZZ22ZZZZIZZZ1ZZZ: 12: 22 :ZZZ2Z:Z2222:ZuzZZZZ2:22Zz:IZZZ 
00200 C 

00300 C CONTAINS SUBROUTINES THAT COMPUTE THE PARTIAL 
00400 C DERIVAT1VES OF THE FUNCTION 1rRT THE PARAMETERS. 
00500 C 

0060 C- --- °- - ---- 
00700 C 

00E100. SUBROUIINE DERIVI 
00900 C 

01000 C 

01100 C 

01150 
01200 
01300 
01400 
01500 
01750 
015 :5 
01560 
01565 
01600 C 

01700 ---- _______ »- ____. 
01710 C 

01720 IFCIOP.E0.2)CD To 300 
01730 C 

01740 C 

01800 C 

01900 C COMPUTE THE GRADIENTS OF THE SL5 FUNCTION WRT PARAt.ETERS 
02000 C 

G2300 DO 100 K441.NPAR 
02200 C 

02300 sun 0.0 
02400 DO 200 I- 1.NDATA 
02500 SUT. SUM C GcI)-0850cI) )00(I.K32.0 
02.600 200 CONTINUE 
02700 C 

02290C SLOP fK)SUM 
02900 C 

03000 100 CONTINUE 
03100 C 

03120 CO TO 999 
03140 C 

03200 C 

03202 C 

03204 300 CONTINUE 
03206 C 

032013 C DERIVATIVES OF THE NLL FUNCTION EASED ON THE RATING 
03210 C CURVE MODEL 
03212 C 

03214 NTNETA - 6 
03216 C 

03218 DO 400 1- 1.NDATA 
03::0 DO 390 J- 1.NTHETA 
03222 DV(I.J)- -D0(I.J)( GCI)(CAMA -1.0) ) 

03224 390 CONTINUE 
03226 DUP11 -4 OB50(I)CAMA )(CATA ALOL(OP50(I)) -1.0) 
032:8 DUrw -( 0(I)GAr.A )(CAMAALCC) GC: )) -1.0) 
03230 DVCAMA(I)- C pupil - DUrr ) / C GAMAGAMA ) 

03.732 400 CONTINUE 

COMMON/ CNTROL/ ISERCM.10P.:SENSE.IMODEL.IREPAR 
COMMON /RINPVT /NDATA. '4919). OE50 (999) . TRU0 (999 ) 

COMMON /ROUTPT /04991).R(999), $(999), 34999).PPERC4999).PERC4999) 
COMMON /ESTIM2 /D0(999.6) 
COMMON / EST IM/P ARVAL(10). SLOP (10). HESS( 10.10) 
COMMON /PARAMS /NPAR, Ur.. UK, BM. LK. Z. X. USI. 351 
COMMON /PARAM2 /CAMA,PMII.SICSOR 
COMMON/ERROR /Vt999).EP5(999) 
COM4,40N/ DERROR/ Dv (999.10).DvGAMAt999).DEPS(999. 10) 



03234 
03225 
C3236 
0323' 
0323e 

C 

SU.LOC0 0 
GO 500 1-2.NDATA 
SunLOLS.nLOO ALDO( 0)50(1) ) 

00 470 .r1. NTMETA 
03240 DEPS(I.J) Dv(I.JI - MI1DV(I-1.J) 
03242 410 CONTINUE 
03244 DEPStI.NTMETA1) - -v(I-1) 
03246 GEPS(I.NTMET42) - DvCNnA(1) - PM110vC4nA(1-)) 
C3240 500 CONTINUE 
C325O C 

0325: IF(IRErAR E0 1)CALL P8124 
03252 C 

032:3 C COMPUTE TOE CRADIENT5 
032S4 C 

03256 DO 600 Y,-1. NPAR 
0325e SUM-0.0 
03260 DO 510 I-2.NDATA 
0326: SUM-SUM EP5(I)DEPS(I.K) 
03264 510 CONTINUE 
03266 SLOP(K) - SUn/SICSOR 
03267 600 CONTINUE 
0326e C 

03261 SIOP(NPM )-SLDP(NraAR) - SUOLOC 
(OAR 03270 C SLos ( N-M.,-SLOP ) NNN---- 

0327: C 
0327 C 

03276 111 CONTINUE 
03300 C 

03400 RETURN 
03500 EN: 



03600 C Z222:2ZI::ZZ:ZIZZI2122Z221I1:2I:21:I.:2::ZZ::IIIIIZ:IIIIZIIZ2.: 
G3700 C 

03800 SVBROVTINE DER IV2 
03900 e 
04000 C___--_,_-_ 
04100 C 

04200 C CALCULATES THE FISHER INFORMATION MATRIX USINC 
04300 C CIVEN SENSITIVITY COEFFICIENTS DO(NDATA.A9AR). 
04400 C 

04500 C_- ......... ------- ...... - 
04600 C 

04700 
04900 
04900 
05000 
05020 
05040 
05060 
05100 C 

052C0 C 

05300 C 

05400 DO 10 NPAR 
05500 DO 15 J1.NPAR 
05600 HESS (I.J>0.0 
05700 15 CONTINUE 
05800 10 CONTIMUE 
05900 C 

05910 C 

05920 C 

05930 IFCIOP E0 )00 TO 500 
005940 C 

05950 C 

06000 C 

06020 C HESSIAN MATRIX FOR THE SLS FUNCTION 
06040 C 

06100 DO 20 I1.NDATA 
06200 C 

06300 30 30 NPAR 
06400 DO 25 J1. NPAR 
06500 NESS(K.J)HESS(K.J) 2.0D0(I.K)D0(I.J) 
06600 25 CONTINUE 
06700 30 CONTINUE 
06800 C 

07000 20 CONTINUE 
07050 CO TO 999 
07100 C 

07200 C 

07300 C 

07400 500 CONTINUE 
07500 C 

07600 C HESSIAN OF THE NZL FUNCTION AS ON THE RATINC CLAVE 
07700 C MODEL ( APPROX1MATION :,PPPOACM I I ). 
07800 C 

07900 DO 220 12.NDATA 
08000 DO 230 K1.NPAR 
08100 DO 22: J1.NPAR 
08200 HESS (K.,/) HESS(K.J) DEPS(1.K)DEPS(I.J)/SICSGR 
08300 225 CONTINUE 
08400 23C CONTINUE 
08500 220 CONTINUE 
09600 C 

08700 C_- ........ _ ....... _-_-.____ 

COMMON/ESTIM2 /DO (99/.6) 
COMMON/ ESTIM /PARVAL(10).SLOP(10),NE58(10. 10) 
COMMON /PARAr.S /NP AR. )J UK. BM, EK. Z. X. US I. !SI 
COMMON /RINPLIT /NDATA.P(999). OE SOI999).TRuo 999) 
COm MON /DERROR /DV( 999 .10).DVCAMA(999).DEPS(999.10) 
COMMON /PARAM2 /CAMA.PHII.SICSOR 
CO` 7MON/ CNTROL/ ISERCM. MR. :SENSE.IMODEL.IREPAR 

ca800 c 
02000 999 CONT I NUE 
09000 C 

09100 RETURN 
09200 END 



00200 C--112212:::ZIZZZ:Z22222Z22ZIZ:II22Z222222Z2222Z22222Z222ZZ222 
00200 C 

00300 C . C0.4A2N5 THE REIARAr:TERIZATION SUDROuTINES 
00400 C 

0050C C---------------- -- 
00600 C2212122222Z2221222222222Z2:22:2222222222222Z211222222ZZZI2222 
00700 C 

00900 S:'DROUT1NE /W 112 
00900 C 

01000 C 

01100 C 
01200 CORnON/PAAARS/NPAR. UR, tAl. !n. !K. Z. X. US1. I(82 
01300 COngpN/REPAR/A. W.U. R RKJI. XINV. AIN/ 
01350 CORRON/PARARZ/CARA.MIS.EICSOR 
01400 C 

01500 CO!im7N/ESTIM/P6RV6010).S:O110).NESS(10.10) 
01600 C 

01700 C 

01800 C 

01 900 A 2 
02000 C 841.14i.0/UK 
02100 C RK11.1.0/2K 
02200 C X1NV1.0/I 
C2300 C INV.1.0/A 
C2400 C XINV.ALOC(X1.0) 
0.500 C RA ( 1. 0/x) 
02600 C 

02700 6ARV4L(11.(M 
02900 PARVAL(2)4U6 
0:900 PaRVAL(3)=IiH 
03000 666V4L(4)'8K 
C3100 p44V405)4C6R6 
0320C 66,6V6L(6)41 
03220 ARVAL(7)44MI1 
03240 PARV6L(9)46 
03300 C 

0340C C 

03500 C 

03600 RETURN 
03700 END 
03900 C 



07900 
08000 

CZ22::2Z2ZZ2ZZZZ:2::122222Z:I2:222:Z2222ZZ22:2:2:Z:2222ZZ::ZZZZZ 
C 

08100 SUBROUTINE PARI22(PARVAL) 
08200 C 

08300 C 

C 08400 
08500 COMMON/PARArS/NPAR. VM. UK. Br.. 9K. Z. X. VSI. BSI 
08550 COnMON/P4P4p.2/GAMA.PMI1.8ICS08 
08600 COMMON/REP4q/A.RKU.R149.XINV,AINV 
08700 C 

08900 C 

C 08900 
09000 DIMENSIC(N PARVAL(10) 
09100 C 

C 09200 
C 09300 

09400 UM-PARVAL(1) 
09500 0K-PA9VAI.(2) 
09600 8ti4PARVAL(3) 
09700 BK-9ARVAL(4) 
09800 0AMA.PARVAL(5) 
09900 XPARVAL(6) 
0992C PMI:PARVAL(7) 
09940 A.PARVAL(8) 
10000 C 

1C200 C UK41.0/RKU 
10300 C 9K41.0/R4.9 

10400 C X41.0/XINV 
:0500 C A1.0/4INV 
:060o C X4EXP(XINV1-1.0 
1700 C 4.40.274,4X 

10750 ZA 
10900 c I F ( A. CT. 0. 9 ) A.0. 9 
10900 C 

:lOCC C 

11100 C 

31200 RETURN 
1:300 END 
1:400 C 

11500 C -.--.---. 



03,00 
04000 
04100 
04200 
04300 
04400 
04500 
04600 
04700 

C 

C2222ZZI222222Z212272Z2122Z222:ZI22ZZZZZZ222ZZIZIZZ22ZZ2ZZZZZ7 
C 

SZlSROUTINE pARIZJ 
C 
C 

C C C REARAMETERI2ES TAM DE41vAT1vES Or TME rLOwS NIT. TME 
ARAnETE7et IR Ta(E STUDY IS TO DE CONDUCTED IN A 

C4800 C REPARAMETERI2ED ARAnETER SPACE. 
04900 C -- 05000 C 

05100 C 

05200 COMMON/R I NVT/NDATA, / ( 999 ) . OlSO ( 919 ) . TRUO ( 999 ) 
05300 COMMON/CaARAMs/NPAR. UM. Ult, Ilm. 8K. Z, X. VS1. 1CI 
O5250 COMMON/f'ARAn2/CAMA. PN11. SICSOR 
05400 COMMON/RE1(AR/A. RAU. RKI(. l INV. AINV 
0:500 COMMON/EST1M2/D0(999.6) 
05600 C 

05700 C 

05800 C 

05900 C 

06009 C DO 100 1e1.NDATA 
06100 C DO(I.2).D0(I.2)t -WCtAC 
06200 C DO ( I. 4) DO( I, 4 ) ( -9)(s1l ) 

06300 C DO(I.6)=D0(1.6)t -XX ) 

0b400 C DO(1.6).DO(1.6) (11) 
06410 C 

C6415 C DUMA400(I.5I 
06420 C DO(1.5)DO(I,5)XA1 (Y-1)/X 
06430 C DO(1.6)D011.6) OVMAALOC(A)A/X 
06440 C 

06500 C DUMADOCI.1) 
06600 C DO(1.1)0O(1.7) 
06700 C DO ( I. 7 ) DUM 
oeeoo c 

06,00 DuMDOCI.2) 
07000 C DO(1.2)400(I.e) 
07100 C DO ( I. e ) DUM 
07200 C 

07300 100 CONTINUE 
07400 C 

07500 C 

07600 RETVRN 
07700 END 
n,11101n 

11600 C 

11700 SUtROVT1NE ARIZ4 
11800 C 

C 11900 
C 12000 

12050 COMMON/8I414VT/NDA7A.4(o99).01S0(999).TRU0(904) 
12100 COM10N/DERR3R/DV1999.10).0vCAnA(999).afMS1999,10) 
12200 C 

C 12J0C 
C 12400 

12500 DO 100 1AI.NDATA 
12600 DVM14DE1+S(I,8) 
12700 DEPSlI.814DEPS(I.5) 
12800 DESt1.514DVM1 
12900 100 CONTINVE 
13000 C 

13100 C ------- 
13200 C 

13300 RETURN 
13400 END 



00100 c- I " Z 

OC:OC C 

OG:JG SJ_-OVTINE SIMPLX(NAAR.rt'4X.PAFEPrNE.PS.A) 
00400 C 

00 T00 C------------- 
00600 C 

00700 D)MENSION At10).P(10.11).Y(11). PEAR( 10).PSTAR(10).P2STAR()(; 
00500 C 

00900 C --- 
01000 C 

01100 DATA RCOEF'F/1.0/.ECOEFF/2 0/.000EFF/0.5/ 
01200 DATA ElCr,VM/10000000000.0/.KONvCE/5/.STEP/0.05/ 
01300 C 

01400 C----- 
O1`00 C 

C1600 WF:TE(5.400) 
01700 400 FOFnAT( /10(').SIMPLEX DIRECT SEARCH' 10('')./. 
01800 I )OXNONLIEAR OPTIMIZATION ALCOR ITNTI',/) 
01900 C 

0.2000 C 

02)OO C 

02200 N=r82AR 
02300 Nl'N1 
02400 RN=FLOAT(N) 
02500 C 

02600 C 

02700 C 

02800 C PRINT OUT INITIAL PARAMETER VALVES 
C29O0 C 

03000 WRITE(5.203) 
03300 203 FOR!1AT(10X.'INITIAL PARAMETER VALUES'. /) 
03200 C 

03300 DO 214 I.1.N 
03400 C 

03500 
03b00 204 FORMAT (3X. :5. 4X. C20. 7) 
G3700 C 

03800 214 CJNTINVE 
03900 C 

OA 000 C 

04:00 C 

04200 C CONSTRUCT 114E INITIAL SIMPLEX 
04300 C 

04400 1001 CONTINVE 
04500 DO 1 I.1.10 
04600 P(1.N1)4A(I) 
04700 1 CO!(TINUE 
O4e.76 C 

04900 CALL SXFUNC(N. A. FVALUE) 
05000 Y(N1)PFVALUE 
05100 ICJUNTICOUNT+1 
05200 C 

05300 WRI-E(5.700) 
0540G 700 FCRMAT(/.10X.'INITIAL SIMPLEX') 
05500 C 

C5600 WRITE( 5.701)ICOUNT. Y(NX). (P(I. N1 ). I.1.N) 
05700 701 FCRMAT(3X. IS. X. 'FUNC.'. Cl2 5. 'PARS '.10(C12. 5. I)) 
05800 C 

05900 DC 2 J1.N 
06000 DCNKAA(J) 
06100 A(J)=A(J).STEjA(J) 
06200 DC 3 1.1. 10 
06300 PcI.J)-A(1) 
06400 3 CONTINUE 
06500 CALL SXFUNC(N,A.FVALUE) 
06600 Y(J)=FVALVE 
06700 1COVN7 4Ic:OVKT*I 
00800 C 

Oc900 WRITEt5.7C2)ICOUNT.Y(J).(PcI.J),I1.N) 
07000 702 FCRnAT(3X.15. X. FUNC.'.C12. 5. 'PARS 10(C12. 5. X)) 
07100 C 

0:200 A(J)DCNK 
07300 2 C ONT :NUE 
07400 C 

07500 uFITE(5.600) 
07600 600 FORmAT(10X.SIMPLEX CONSTRUCTION CO:PLETE ./) 
07700 C 

07800 C 

WR ITS (5.204)I.A(I) 



07900 
06000 
08100 
oe2oo 
oe3oo 
06400 
oe500 
086o0 
oe70o 
08800 
oe9oo 
09000 
09300 
09200 
09300 
09400 
09500 
09600 
09700 
o9800 
07900 
10000 
10100 
10200 
10300 
10400 
10500 
10600 
10700 
10800 
10900 
11000 
11100 
1:200 
1130C 
11400 
11500 
11600 
11700 
11800 
11900 
12000 
12100 
12200 
12100 
12400 
12500 
12600 
12700 
12800 
12900 
13000 
13100 
13200 
13300 
13400 
13500 
13600 
13700 
13000 
13900 
14000 
14100 
14200 
14300 
14400 
14500 
14600 
14700 
141+00 

14900 
15000 
15100 
15200 
15300 
15400 
15500 
15600 

C 

C CHECK OA Nvr.BEA OF ITERATIONS 
C 
1002 cOHTINvE 
c 

1F(1COVNT.LT.1TnAX)C0 TO 1003 
KIST-3 
CO TO 900 

C C--------- 
c 
C FIND MICH. SECOND HICK. AND LOA+ POINTS 
C 
1003 CONTINUE 
C 

YLOAY(1) 
ILOA1 
DO 51 1A2.N1 
IFtY(I).CE.YLO)OO TO 52 
YLo- Y ( 1 ) 

I L O I 
52 CONTINUE 
51 CONTINUE 
C 

Y5ECMIAYLO 
YMICMYLO 
ISECAILO 
IMIAIIO 
DO 41 I.1.N1 
IF3Y(1). CT. Y)iICM)CO TO 5 
IF(Y( I). CT. YSFCMI )CO TD 6 
IF(YtI).LT.YLO)CO TO 7 
CO TO 4 

C 
5 CONTINUE 

YSECMIAYHICM 
ISECAIMI 
YMICHAYtI) 
jMIAI 
CO TO 4 

C 
6 CONTINVE 

YSECHIAY(I) 
ISECA1 
CO TO 4 

C 

7 CONTINUE 
C 

YLOAY(I) 
ILDAI 

C 
4 CONTINUE 
C 

41 C ONT 1 MUE 
C 

NRITE(5.727)YMICM.Y5ECMI.YLO 
727 FORr1AT(/. 3X. 'H1-'. C14. 6. ' SECA'. C14. 6. ' 

C 
LOwA' C14. 

C 
C 
C CONVERCENCE CHECK ON THE FUNCTION VALUE 
C 
1004 CONTINUE 
C 

DCHK-ADS((YHICH-YLO)/YHICH) 
YRITE(5.61)0C4K 

61 FORgAT(3X. 'FUNCTION CONVC CHECK '.012.62 
I F ( DCHK. CE. FNEPS ) CO TO 1005 
KISTA) 
CO TO 900 

C C-------------- 
C 

C 4aanETER COVERCENCE CHECK 
C DONE EvERY 5 SIMPLEXES 
C 
1005 CONTINUE 
C 

6) 



11.7C,0 r.G:,/cE-w0vv0E-1 
15E00 :F(r.CwcE NZ C)cC TC 10:2 
15400 KC/v£-5 
16000 ut:;TE(5. 787) 
16100 767 F0ar.AT ( 3X. 'PAR CCNVC 01ECK') 
1t2-00 C 

16300 DO 10 I-1.N 
164.00 COOR0:AP(I.1) 
16500 C0D4+02AC00RD1 
166.00 C 
16700 DO 11 Ja2.N1 
16e00 1F(P(1.J).CE.CDORDI)C0 TO 12 
1e900 COORD1aP(I.J) 
17C/)0 C 
17100 12 C0n'T1)AJE 
:7200 IFtP(I.J).LE COOP02)CO TO II 

17300 COORC2aP(I.J) 
17400 C 
17500 11 CONTINUE 
17b00 DCHK(aApS( (COORD2-000RDI)/COORD2 ) 

17700 uRITE(5.62)DCMX 
17800 62 FORnAT(3X. 'PAR CMECK ',C14.6) 
17000 IF(OCMK. CT. PAREPS)Cfl TO 1012 
18000 C 
18100 10 CONTIMJE 
18200 KISTa2 
18300 Ca TO 900 
184100 C 
18500 C 
18600 C 
18700 C CO:°VTATION OF PBAR 
18E00 C 
1e900 1012 CONTINUE 
19000 C 

19100 DO 11: Ia1. 30 
19200 Za0.0 
19300 DO 112 JAI, N1 
:9400 Z-ZP(I.J) 
19 500 112 C ONT I Nt./E 
19600 ZZ-rc1.1Hi) 
19700 PBAR(I)AZ/RN 
19600 I11 COP:71MJE 
19900 C 
20000 C 

20100 C 

2C200 C REFLECTION THROUGM PBAR 
20300 C 
20400 1013 CONTINUE 
20500 C 
20600 uRITE(5.713) 
20700 713 FORMAT(3X.'REFLECTION') 
206J0 C 

2C900 DO 16 7A1.10 
21000 C 
21100 PSTAR(I)aPBAR(I)RCOEFF( PDAR(I)-PCI.IMI) I 

21200 C 
21300 16 CONT I Nl)E 
21400 CALL. SXFUNC ( N. PSTAR. FVALVE ) 
21500 YSTARaFVALUE 
21600 ICOJNT.ICOtJNT4.1 
21700 C 
21800 uRITE(5.703)ICDUNT 
21900 uR:TE(5.704)(PSTAR(I).1A1.N) 
22000 uRITE(5.705)YSTAR. 
22:00 C 
22200 703 FORr(AT t 3X. 'ITERATION NO. a'. I5 ) 
22300 704 FORmAT(3X. 10(012. 5. X)) 
22400 705 FORnAT(3X. 'FLNCTIDN vALUE a '.015.6) 
22500 C 
2600 C 

22700 C 
22e00 C C)+ECK REFLECTION 
.2900 C 

:000 IF(YSTAR CE.YLO)CO TO 1019 
23100 C 

23200 C 

23300 C 

2300 C SUCCESSFUL REFLECTION. TRY EXTENSION 
23`00 C 
23600 c:F 1 TE ( 5. 714 ) 

2_700 714 FCA:ATC3X.'EXTENSION') 



"''_ 'C C 

z41G0 C 

C..-.::: C_ FçC3EFF 
-- ,C z n 

24?00 P:STAaI! 
24300 C 

24400 18 CONTINUE 
24500 CALL EXFu+C (N. P2$TAR. FVALUE) 
24600 Y2sTAR.FVAiUE 
24700 ICOJNT.ICOUNT1 
24e00 C 
20900 WRlTE(5.70311COUNT 
25000 WRITE(5.704)(P25TAR(I),I.1.N) 
25100 WRITE(5.705)Y2STAR 
25200 C 

25300 C 

25400 C 

25500 C CHECM. EXTENSION 
25600 C 

25700 IF(Y25TAR.CE,YSTAR)00 TO 1018 
25800 C 

25100 C 

PBAR(I)+DUnIPBAR(1)-P(I.IMI1) 

26000 C 

26100 C ACCEPT EXTENSION. Y2STAR IS MEW YLO 
26200 C 

26300 DO 2I I . 1. N 
26400 P(1.1M1)_P2STAR(I) 
26500 21 CONTINUE 
26600 Y(IMI)Y2STAR 
26700 CO TO 9999 
26e00 C 

26900 C 

27000 C 

27:00 C REJECT THE EXTENSION 
27200 C 

27300 1018 CDNTIM(Æ 
Z7400 C 

27500 WRITE(5.717) 
27b00 717 FORmAT(3I.'REJECT EXTENSION') 
27700 C 

27800 DO 35 !.1.N 
27900 P(I.1MX)APSTAR(I) 
28000 25 CONTINUE 
2e100 Y(IHI)YSTAR 
2!200 CO TO 999! 
2E300 C 

2E400 C 

28500 
26600 
26700 
28800 
28900 
29000 
29100 C 

29200 C 

29300 C 
9400 C NEW POINTLESS THAN SECOND MICH. SO ACCEPT 

21500 C 
29600 DO 36 1.1.14 
21700 P(I.IMI).PSTAR(I) 
:1000 36 CONTINUE 
21900 Y(IHI).YSTAR 
30000 CO TO 9919 
30100 C 

30200 C 

30300 C 

30400 C N:U POINT .CE. SECOND MICH. SC NOT ACCEPTABLE 
30500 C 

30600 1021 CONTINUE 
30700 C 

C 

C NEW POINT NOT LOWEST 
C 
1017 CONTINUE 
C 

IF <YSTAR. CE. YSECMI )CO TO 1021 

30900 
30900 C 

31000 C 

1F(YSTAR CE.YMICM)00 TO 1027 

31100 C 

31200 C CONTRACT TO PCINT OUTSIDE SI)tPLEI 
31300 C 

31400 wRITE(5.717) 
31500 719 FCRr1AT(31.'EXTERNAL CONTRACTION') 
31600 C 

31700 DUMwCCOEFFRCOEFF 
21800 DC 22 1-1.10 



31°00 C 

32000 P-51.4.(1)F54RC1)D'.;n.(FpARCl)-P(I.IHI)) 
32)00 C 

32.200 22 CC:TIMJE 
32?00 0A'_L _=FVN:0N.P25744,FY4LUE) 
22400 c c-nc,.._ 

22.600 C 

32700 W4ITE(5.703)ICOIINT 
32500 LA tTE(5.704)i25TAR(I).21.N) 
32900 WRITE(5.705)Y25TAR 
33000 C 

33100 C-------------- 
3300 C 
33300 C CHECK EXTERNAL CONTRACTION 
33400 C 

33500 IF(Y2STAR.CE.YSTAR)C0 TO 1026 
33600 C 

33700 C 

33800 C 

33900 C ACCEPT CONTRACTION 
34000 C 

34)00 WRITE(5.721) 
34200 721 FORMAT(3X.'ACCEPT CONTRACTION') 
34300 C 

34400 
34500 
34600 37 
34700 
34800 C 

34900 C 

35000 C 

35100 
3`200 C 

35300 C CONTRACT SIMPLEX 
35400 CO TO 1025 
35500 C 

35600 C 

35700 C 

3 5800 C REJECT EXTERNAL CONTACTION 
35900 C 

25920 1026 CONTINUE 
35940 C 

3b000 WRITE(5.722) 
30100 722 FORMAT(3X.'REJECT CONTRACTION') 
36200 C 

36300 DO 38 I =1.N 
36400 P(I. IH1)- P5TAR(I) 
36500 38 CONTINUE 
36600 C 

36700 C CONTRACT SIMPLEX 
36800 CO TO 1025 
36900 C 

37000 C 

DO 37 I =1.N 
PCI.IHI).P2STAR(I) 
CONTINUE 
Y(IHI) Y2STAR 

IF(Y2STAR.LT.YSECHI)C0 TO 4999 

37100 C 

37200 C TRY CONTRACTION TO INSIDE OF THE SIMPLEX 
37300 C 

37400 :027 CONTIqUE 
. 

37500 C 

37600 WRITE(5.723) 
37700 723 FORMAT(3X.'INTERNAL CONTRACTION') 
37800 C 

37900 DVM- CCOEFF.RCOEFF 
38000 DO 24 I =1.10 
38100 C 

38200 P STAR( 1) .PBAR(I)DUM.(P(I.IHI)- PBAR(I)) 
38300 C 

38400 24 CONTINUE 
38500 CALL SXFUNC(N.P2STAR,FVALUE) 
38600 Y2STAR =F VALUE 
38700 ICOVNTICOUNT1 
3e500 C 

38900 WR :TE(5.703)ICOUNT 
39000 WRITE (5. 704) (P25TAR (I ). 1 =1, N) 
39100 WRITE(5.705)Y2STAR 
39200 C 

39300 C 



3%400 C 

39}00 C CMECK INTERNAL CONTRACTION 
29600 C 
39700 IF(Y2STAR LT rMICM)CO TO 1029 
39500 C 

39,00 C CONTRACT SIMPLEI 
40000, CO TO 1025 
40100 C 
40200 C 
40300 C 

40400 1029 CONTINUE 
40500 C 
40600 HPITE(5.724) 
40700 724 FORMATC3I.ACCEPT INTERNAL CONTRACTlON') 
40800 C 

40900 
41000 
41100 43 CONTINUE 
4120 Y( IMI )mY2STAit 
41300 C 
41400 C 
41500 C 
41600 
41700 C 
41800 C CONTRACT SIMPLEX 
419(]0 C 
42000 C 

42100 C 

42200 C 

42300 C C9NTRACTION OF TME SIMPLEX 
42400 C 
47:500 1025 CONTINUE 
42600 C 
42700 wRITE(5.725) 
42800 725 FORnAT(3X.'CONTrACTION OF SIMPLEX') 
42900 C 

43000 uRITE(5.757)(P(1. ILO),I=1.N) 
43100 757 FORMAT(31.'BEST PARS '.101C1:.5.X)) 
45200 uR I TE ( 5. 758 )TLD 
43300 758 iORMAT(3X. '$EST FUNCTION vALUEA'. C20. 6) 
43400 C 
43500 DO 27 JSIPA1. N1 
43600 DO 26 I.I.10 
43700 C 
43800 P(I.JSIMP).0.54( P(I.JSIMP) P(I.1L0) ) 

43900 C 
44C,00 PSTAR(I)AP(I.JSiMP) 
44100 26 CONTINUE 
44200 CALL SXFUNC(N.PSTAR.FLALUE) 
44300 Y(JSIMP)FVALUE 
44400 ICOVNT.I000NT4.1 
44500 27 CONTINUE 
44600 C 
44700 C 
44800 C 
44900 9999 CONTINUE 
45000 CC Tb 1002 
45100 C 
45200 C 

45300 C 

45400 C 
45500 C SELECT TME BEST POINT FOUND Br TME ALGORITHM 

DO 43 IA1.M 
P( I. IMI ).02STAR ( I) 

1FCY2STAR.LT. rSECMI)C.O TO m1 

45600 C 

45620 900 CONTINUE 
45640 C 



4`EJ 
4'400 
4600C 
4e :4G 

CO 

ILC1 
GC 3J 14:.N1 
IF(.(:! CE.VLC(CC TC 29 
rLC=V(I) 
ILO.) 

40340 29 CC'NTIrNE 
46-400 30 CONTINIlE 
44.500 C 

44.b0C Y( ILO )61CNtfil 
4e.700 C 

46E00 YSEC4Yt11 
46900 ;S'cC41 
47400 DO 32 11.N1 
47100 1F(V(I) CE. YSEC)CO TO 31 
47200 YSECYC:) 
47300 1SEC4I 
47400 31 C ONT INJE 
47500 32 CONTINUE 
47600 C 

47700 Y(IL0)4YLO 
47800 C 
47900 C 

C E000 
48I00 IF(KIST. E0. 1)14RITE(5. 601) 400 IF(KI5T.E0.2)uRITE(5.6C2) 
4E300 IF(K1ST.EG.3)uRITE(3.603) 
46400 C 
4E500 601 FORMAT<3X,' FUNCTION CON VER CENCE ') 
48600 602 FORMAT(3X. ' PRRAr.ETER COwERCENCE ') 
46700 603 FORmTC3X,'4 ITERATION LIMIT EXCEEDED ') 
45300 c 
4c:00 C 

C 49000 
49100 DO 34 141. NI 
49200 A(I)P( I,ILO) 
40300 34 COhTINUE 
49400 C 
49500 C 

C 49600 
49700 +RITE(5. SOO)NPAR 
9500 wT+ITE(5.510)1CDUNT 
49900 C 

50000 500 FORMAT<3X.'NUMBER OF PARAr.ETERS OPTIMIZED '.'I5) 
50:00 510 F0R-1AT(3X.'TOTAL MJMBER OF ITERATIONS USED 'I5) 
50200 C 

5C300 14RITE(5.520>VSEC 
50400 520 FORMAT(31. 'NEXT TO 'EST ESTIMATES .. FLNC vAL ',020. 6) 
50500 uR:TE<5.530)<P(I.ISF0 ),I41.N) 
50600 530 FCRmAT ( 3X. 10(012. 5. X ) ) 
50700 C 

50800 6111;TE(5.540)YLO 
50900 540 FORMAT(3X.'BEST ESTIMATES .. FLMC VAL '.C20.6) 
5:000 uRirE(5.530) CPU. ILO),I1.N> 
51)00 C 
5)200 C 

5)300 C 
51400 RETURN 
51500 END 
51600 C 
51700 C 



00100 C .Z.22Z22Z22::::22 Z Z' 
0:?00 C 

00=00 SIFUVCI)A°AR. PhRv/.L. FU.0 l 

00400 C 

00500 C 

00600 C 

00700 C .. C?-L°J'ES THE FUNCTION VALUE FOR TH£ S:r1PLEi ALGO ::Trim 
00800 C 

00400 C------- -------- 
0)000 C 

01050 CO!+-ON/CNTROL/ ISERCr1. 10P. ISENSE. 1H0DEL. JREPAR 
01100 D:rLN51DN PARVALtIO) 
01200 C 

01300 C-------- 
01400 C 

01500 C 1NvEJ7T THE PARAMETERIZATION FROH PARVALI1) TO V&LUEi OF 
01600 C ... THE MOJEL PARAMETERS. 
01700 C 

01900 CALL PARI22(PARVAL) 
01900 C 

02000 C 

02100 C 

02200 C 46 COMPUTE FUNCTION VALUE 
02300 C 

02400 1F( IM:DEL. EQ. 1)CALL HODL21 
02500 C 

02600 1 F I I MODEL. EQ. 2 ) CALL MODLA i 
02700 C 

02600 CALL LOCLIMIFIJNC) 
02400 C 

03000 C 

03100 C 

03200 
03300 

.Dv 
4:.30 C 

4:300 S.B.0v7:NE EI:E°1NT.EICvAL.E1CvECI 
41400 C 

41500 C 

RETLRN 
END 

.aaaca,a,.a44..<<.4444t4tt44Aat4t44tc4c4c4.4[ u[[ttttet 

41%00 C 

4:'00 O::S-E FAEC1S10N A.10.101,0110).E(10).A0EfS 
41600 C 

4:ç00 E::v4L110).EJCvECl:0.10) 
4ao00 C 

42100 C- 
42200 C 

42:00 AC1 0226 
42400 E:S0 000000001 
42500 C 

4200 C 

4-2700 C 

42E00 DO :00 :1.NT 
4:400 °C :1.NT 
42000 A)1.J) EICVEC(I.J) 
43100 00 CZ'.':'+UE 
4_200 100 C2:')T:NUE 
42.100 C 
4400 C 

43500 C 

42700 CALL SVMORD(A. D. E. Ar.0. NT. 10. ERS. FALSE. . TAUE . 

43800 1 FALSE..ZFAIL) 
43400 C 

44000 C 

44020 C 
44040 C4'_. DS3AT/NT.D.A) 
440e0 C 

44080 C 

44100 C 

44200 00 200 11.NT 
44300 EICvAL(I) 0(1) 
64400 DC 190 J 1. NT 
44500 EICvEC ( I. J) 411. J) 
44600 140 00NTINUE 
44700 200 CONTINUE 
44600 C 

44000 C 

45400 C 

45500 PETURN 
45600 END 
4a.tn 



0:.,1 _ 1 .....:.-.... 
C 

OCáOG 
03330 C 

OL_'_ ---. 
CC: . 

CO4OC C . C3(:D_:S TPÇ ANALYSIS OF TrE Fc.EClS:ON AN: S°-NS!,!vlTY 
005C0 C GF T.,_ c;...-îTER EST:.-.ATES T.E HES°-:AN EST 1MATE 
OC:2C C 

00540 _ 

00600 C 

OC700 C :NFC aç,D BY TmE PROGRAM - r:-AR.F40VAL(1).HESS(:,J) 
O0?C0 C 

03420 C ExPLA:AT:ON Or VARIABLES 
COE40 C 

OCF00 C NcAR NO OF PAFAMETERS 
0:G00 C PARvAL(I) - vALUES OF FARAnETERS 
01100 C HESS(1.J) - ESTIMATE 0% HE°_S:AN MATRIX AT PARVAL(I) 
01200 C HESINV(I.J) - INVERSE Cr HESSIAN 
01300 C HDET - OETERMINANT OF THE HESSIAN MATRIX 
01400 C I)4GJm1.1HDUM2 - DUMMY ARGUMENTS 
01500 C CORPEL(I,J) - CORRELATION MATRIX OF TME PAR ESTIMATES 
01600 C G0(1J)rG(I) - MATRICES FOR CONFIDENCE LIMIT CALCULATION 
01700 C CG;I)vt1.J1 - - 
G?8cC C ALPHA(I) - NPAR-DEC-.EE FREEDOM. APPROX. 95 't CONFIDENCE 
0:900 C LIMITS FOR THE PARAr.ETERS 
02000 C E!.vA.(I) - EICENVALUES IN D1MINISHINC SIZE ORCER 
02100 C E:CvEC(I.J) - E10ENVECTORS 
02200 C F2S!CM(I) - 1-DE0-FP_ED0M, APPROX 952 CONFIDENCE LIMITS 
02300 C PCCEFV(f) - 1-DEG-FFEEDDM PA:A-ETER EST COEF OF VAR. 
G2=00 C Pr.COw(1) - N-DEC-FFEE:DM PA:A.-.ETEP EST COEF CF VAR, 
C2500 C Hi(I,J).(1CV2(I) - USED IN Z-PAR SENSIT1vITY ANALYSIS 
02600 C :HSICN(I.J) - STORES :)FC ON DEFINITENESS OF 2-PAR 
02700 C SUS-wESS:ANS 
C2300 C E.?NC(I.J> - STORES ELON_ 1NCEX vALVES 
C2000 C TrU (1.J) - STORES THETA INDEX VALUES 
03000 C RATL(I) - STORES AXIS 'LENGTH RATIOS 
0305C C _-' - CETER-:NANT OF TMS COaRELATION MATR:x 
C3375 C - CONDITION NO. OF THE HESSIAN MATR:X 
'3:CC C 

C3?OC C 

0_250 C 

03300 C=s= ._..:_.. 
03400 C 

03450 CC ON/PAAAmS/NPAR, U'. UK, 8r.. BK. 2. X. USI. BS: 
03500 CC --C;!:/ESTIM/PARVAL( 10),SLOP(:O).HESS(10, 10) 
03b0Q CDT-O'</A1/ HES:NV(:0,10).CO^REL(10.10).HCET.CCìROST.CONDNO 
027G0 COm P DN/A2/ ALRhA(10),25IGM(:0) 
03E100 (:O--._N/A3/ ELONC(10,10).THETA(10,10),RATL(1C:.E:CvEC:!C.10) 
039GG CLrnOr:/AA/ ImS10Nt10.101,E1CvALt101,PCOEFVt1C),PNCOFVt:O) 
04000 C 

04:00 C 

04200 D:-.rNS:CN :HDUM1(10),ImZU`12(10).EPSLON(10) 
0430C DI-rNS:ON H2(10.10).E:0v2(10) 
04400 D:-rNS:ON CC(9,9).C(9).GGINV(9.9) 
04500 C 

04520 DATA (EPSLON( I ). I.1. 10)/3. B4. 5. 97 . E1. 9. 49, 11. 07, 12. 59. 
0454C 1 14 'v7.25. 51. 16. 92, 1B. 31/ 
0456C 
04600 G 
04700 C 

CA800 C 

O4o0C C DETERr.:NE THE INVERSE OF THE HESSIAN mATRIx 
05000 C 

C5100 D: :00 f.1.NOAR 
05200 00 :1C .:1. NPAR 
0:300 :NV(I.J).HESS(I.J) 
0540C E)0v£C(1.J!=HESS(I.4) 
C5500 f IO COr:T:NUE 
0560c 100 CC:NT:NUE 
0700 C 

C5300 NT.NFAR 
05*00 EPS0 00000000001 
06000 CALL APhAY(2, NT, NT. 10. IC. HES:NV, >+ES1NV) 
06:00 CAL_ .:NV(hES:NV, NT. HCET. INDU**: E°S :FLAG) 
06200 CALL AFRAY( 1. NT, NT. 10. 10. H:S:Nv. P+ESINV) 
06300 JFi:FLAC NE 1)00 TO 900 
06400 wC:TE(5.120) 
Ge500 :20 ':'HAT(' THE HESSIAN ,.ATpIX :S S:NCULAR ./) 
0b60 151N01 
O6'OC C 

, `S: .. 
. . .:1CA'çe HESe;-. :S 

SO 77, °5E 



07C% C 

G71C_ e00 00.-: +£ 
07::G C 

G7_t4 C 

07=00 0 CORRELATIOr. n+.:all Cr '.._ FA4AnE'E4 EST:-,ATES 
0751,3 C 

07e^.: DC .20 I1.tcF66 
07700 CO )40 J1.NPAR 
076CO CGAcEL(1.J0 6+E5116V(1.J)i506T(r+E516V(I.I)nESINV(J.J)> 
07900 CO4oEL(J.I)CORREL(1.4) 
08000 140 CONTINUE 
Oe)00 130 CONTINUE 
08200 C 

0e230 CDROET-1.0 
08220 00 54 II. NID AR 
0E230 CC=DETCORDETHES:Nv(1.I) 
0E240 54 COr:T I NUE 
oE2S0 CCADET-1.0/tMDETCORDET) 
08260 c 
oe3oo c 
08400 C 

0E500 C COMPUTE NPAF-DEGREE OF FR6EDOn 95 z CONFIDENCY 
08b00 C LIMITS FOR THE ARAMETERS RASED CN TáORr PROPOSED Iv 
08700 C CuTA (PMD. THESIS) 
0E600 C 
08900 DO 150 JJ1.NPAR 
08905 J16JJ-1 
0E910 J2JJi 
09000 C 
09250 IF J.) ED. 1)C0 TO 161 
09300 DO 160 ..P41. J1 
09400 DO 170 6.J. 41 
09500 CCtJ.K)HE°S(J.K) 
00600 CC(K. J)CCW. K> 
OS700 170 CONTINUE 
09E00 16C CONTINUE 
09E50 161 CONTINUE 
09675 :F(JJ EO NPAR) CO TO 221 
09900 DO 180 .J2. r)PAR 
10000 DO 190 KJ.NPAR 
10100 CC(J-1.K-1)NESS(J.K) 
10200 CC(K-S.J-1)MESS(J.K) 
10300 190 CONTINUE 
10400 :80 CONTINUE 
10450 IF(JJ E0.1)00 TO 221 
l OS00 DO 200 J.1...71 
10600 DO 210 K-J2. NP AR 
10700 CC(J.K-1)6HESS(J.K) 
10800 210 CONTINUE 
10900 200 CONTINUE 
11000 DO 220 .1.J2. SP AR 
11100 DO 230 Rol. J1 
1:200 CCtJ-1.K)-MESS(J.K) 
11300 230 CONTINUE 
:1400 220 CONTINUE 
11450 221 CONTINUE 
11500 C 
11600 DO 250 JI.N/AR-3 
11700 DO 260 K.J.NPAR-) 
11800 CCINV(J.K).0C(4.K) 
11900 0CIN4(K.J)CG(4.61 
:2000 260 CONTINUE 
12300 250 CONTINUE 
12200 C 

12300 NT.NPAR-1 
12400 EPS-0.00000000001 
12500 CALL ARRAr(2, NT. NT. 9. 9. G:1Nv. GC7Nv) 
12600 CALL ell tNtCCINV.NT.CDET.IMOUr7. IOuM2.EPS.:FLAC) 
12700 04'..L ARRAY (1.NT. NT. 9.9.CC INV. CC)NV) 
12500 IFtIFLAC NE. 1)CO TO 910 
1:900 u: ¡TS t5.270)JJ 
13000 270 FGRnAT(' THE GG( '.12.') MATRIX IS SINGULAR '1 
13100 ALPHA(JJ)0.0 
13200 CO TO 150 
:3300 C 
13400 910 CONTINUE 
13500 DO 280 Jt.J1 
13600 CtJ))+ESS(J. JJ) 
13700 280 CONTINUE 
13800 DO :90 JJ2,NPAR 
12900 CtJ-1>HESS(J.JJ1 
14000 290 CONTINUE 



)<: - C 

14: S_-C C 

14:00 0S 3CC r: (,04F-1 

14=30 - 3' J. .=AF-1 
14y0 _. _ 

:<cGC 2:0 C3 ,JE 

14700 300 CGTIr+vE 
1<600 C 

1 « 00 C ALPHA(JJ) IS THE 4.HOVNT TO DE OF - THE PaRAnETER 
15C00 C ESTInATE TO GET THE 95 Z CONFIDENCE -InITS 
15100 C PNCOFVIJJ) IS THE N-DEG-FREEDOn ANALOCr TO COEF OF vAR 
15200 C 

15300 ASUrtHESS(JJ. JJ)-SUtt 
:5=00 aLPHA(JJ; SORT( EPSLtNFA)/SVM > 

:5500 
^J R 

5ALPHA(JJ)/PARVAL(JJ) 
.5600 C 

15700 150 CONTINUE 
15E00 C 

:5900 C 

16000 C 

16100 See CONTINUE 
16200 C 

16300 C+ 
:6400 C 

16500 C SOLVE FOR EICE.NVALUES AND EICENvECTORS 
16600 C 

16650 NT.NPAR 
16700 CALL EICER(NT,EICVAL.EICVEC) 
16800 C 

16820 CONDNCEICVAL(1)/EICVAL(NPAR) 
16560 C 

16900 C 

17000 C 

:7100 C CALCULATE SINGLE PARAnETER SENS:TIvIT1ES 
17200 C 

17300 DO 370 :1.NPAR 
17400 P2S:011(I)S39T(3 e4/HESS(:. )) 

17500 PCOEFv(:)0.54P:SICr(:)/PARVAL(I) 
17600 370 CONTINUE 
17700 C 

17800 C 

:7900 C 

18000 C T1:0 PARAnETER SENSITIVITIES 
le:o0 c 

:e2C0 NA.2 
1E300 I1 
19400 700 CONTINUE 
1e50C DO 400 JNA.NFAR 
:6600 C 

18700 H2(1.1).ME6S(I,I) 
:8800 H2(2,2)ME6S(J.J) 
18900 H2(1.2)HESS(I,J) 
19000 H2(2.1)HESStJ,I) 
19100 C 

1120C H:1H2(L I) 
19300 H224042(2.2) 
19400 C 

19500 C 

19600 C 

I9650 NT2 
1ç700 CALL EICER(NT.EICV2.H2) 
19800 C 

19900 C E:CV2(1)n4i EICvAL , E1Cv2(2:IN EICvAL 
20000 C 

.10 

2:I:í :F(E1;v2(11 CT 0 0):HS1vN(I.. _ICN(I.J): 
2C:í0 :F(EICV211).LT 0 0)IrS:CN(I,J).:,-cICN(I.J)-1 

=í0 :F(E1Cv2(2) CT 0 0):rS1CN(1.4,:(-SIGN(1,J)1 
2.1-0 :F(E1C':2(21 LT 0 C):HSICN(I.J) :HSICN(I.J)-1 
--- IrS:C(+(J.II.1HSl:N(:.J) 
:CO C 

2C'í0 C . (.STE :rS1GNl1.J>(-2.0.2) CCERESP TO IrAY.r:N._ACDLE 9TS1 
2í=SO C 

.900 IF(IHSiCNtI.J) E0.0100 TO 666 
21J00 C 

7::00 ELC+C(l,J)-S0RTtEICV2(2)/E10v2(1)1 
2::50 ELCNCrJ.I)ELONC(:.J) 
..I:0 C 



Z:300 , .C 
:4:0 :c ..z:1.2) CT C C).110`: J5I:v1 

2:`00 :7,-z(:.2). LT 0 C)J5IC4 JSICN-1 
2:s0C :c:.42'2.2) CT 0 0)JSIC+: JSI0):1 
2:700 :F)*2)2.2) LT.0 0)JSICti4510N-1 
2:500 C 

900 :F)L.SICN CT 01ANCLE.1.0 
2:D00 IFCJçICN E6 0)ANCLE-1.0 
-2:00 1F(JS:GN.LT 0)AroCLE.1 0 
-2:00 C 

22300 9r.4AT.S0RT( (EICv2(2)-0411) / (EICv2(2)-N22) ) 

-:=00 Tor-.ATAN( PARAT ) 360 0 / 6. 2e311353 
22500 TMETA(I.J)ANCLE TNET 
22505 TNETA(J.I)Tr(ETA(1..)) 
2:600 C 

2-2700 C 
2:800 C 
2200 666 CONTINUE 
23000 C 

23100 400 CONTINUE 
23200 111 
25200 NA.NA1 
23400 1F(I.EO.N9AR)C0 TO 777 
22500 CO TO 700 
23600 777 CONTINUE 
23700 C 
2'2200 C 

23900 C 
24000 C 
24100 C AXIS LENCTM RATIOS 
24200 C 
24200 C 
24400 DC 780 11.NPAR 
24500 IF)E1CvAL(1; LT 0.0)CO TO 750 
2=600 RATL(:).SGRT(EICvAL(I)/EICVAL(1) 

) 

24700 0C TO 780 
24300 750 PATL(I)-9. 9 
24900 780 CDNTINUE 
25000 C 

25:00 C 
25200 C 

25200 C 

25400 C PRINT OUT THE RESULTS OF THE SENSITIVITY ANALYSIS 
-5500 C 
2:600 CALL PR7NT2(1SINC) 
25700 C 
25800 C . END OF SENSITIVITY ANALYSIS OF PARAPIETERS 
2`600 C 

26:00 RETJRN 
WOO ENC 



LZ C 

7c4CC C 

:tt00 . 

2teG C CJT THE %ESUL15 C4 THE STh=. Iv:TY. A. -*SIR 
21700 C OF THE a... ;A. <<'_F EETIMi.TES 
21500 C 

2t4OC C INo0 PE' EY Fc_;sAM - 1S:NC. HEEINV(1. J). CORREL(I. J) 
7000 C FARVAL(1).F2E10M(I).PCOEFVfI1 

27100 C ALPHA(I).PNCOFV(I).ELON0(I.J) 
27200 C TH_TA(I.J),I04SICN(1.J).RATL(I) 
27300 C E1^.vAL(1),EICVECII.J).HGET 
27400 C 

27500 C 

27o00 C 

27700 C 

27750 COr.MCr. /PARA'!S /NPAR, UP:. LW. BM. BK. Z. X. (SI. BSI 
27800 COrM0u/ EST: M/ FARVALC10>.SLCP(1O).HESS(10.10) 
27900 COMMON /A1/ NESINV( 10. 10). CORRELCIO .10).HDET,CORDET,CONONO 
28000 COr..DN /A2/ ALP Hw(10).PICn(10) 
28100 COMMON/A3/ ELONCt10. 10), THETA(1O .1O).RATL(10).EICvEC(10.1O) 
28200 COMMON /A4/ IHSICN( 10. 10). EICvAL (10).PCOEFV(10).PNCOFV(10) 
28300 C 

28400 C 

2e500 C 

28600 c 

28700 C 

28800 C PRINT OUT THE RESULTS OF THE SENSITIVITY ANALYSIS 
28900 C 

29000 uPITE(5.9) 
29100 9 FOMAT0.501'')) 
29200 :JR TE (5. 10> 
29300 10 FOA- ,AT(20X,RESULTS OF THE SENSITIVITY ANALYSIS') 
29400 wRITE(5.9) 
29500 C 

29.510 C PRINT THE HESSIAN MATRIX 
29520 C 

29530 NR:TE(5.889) 
2 °540 ee9 F'RnAT(' THE HESSIAN MATRIX /) 
29550 DO 888 I.1.N9AR 
29560 WRITE(5.902)(HESS(I.U1.J.1.1) 
29570 ess CONTINUE 
229580 C 

29600 C PRINT THE :AVERSE HESSIAN MATRIX 
29700 C 

29800 IF(ISINC.E0.1)0O TO 850 
29900 VR1TE(5.901) 
30000 901 FORMAT(' - -- - -- -THE INVERSE HESSIAN MATRIX '. /) 
30100 DC 855 1.1.NPAR 
30200 -RI'E ( 5.902) (HESINV(I. J)...7.1. I ) 

30300 902 FCRMAT(5X, 10(C11. 5. X), /) 
30400 855 CONTINUE 
30500 C 

30000 C PRINT THE DETERMINANT OF THE HESSIAN MATRIX 
3C7OO IRITE(7.12)HDET 
30600 12 FORmA T(10X' DETERMINANT OF HESSIAN MATRIX '.C20 10) 
30900 C 

31000 WR1TEC5.911) 
31100 911 FORMAT( /. /. /) 
31200 C 

31300 C PRINT THE PARAMETER CORRELATION MATRIX 
31400 uR:TE(5.903) 
31500 903 FORMAT( /, THE PAR CORRELATION MATRIX-'----, /) 
31600 DO 856 Iii. NP AR 
31700 .>:7E(5.904)(CORBEL(I.J). 1, I) 
31500 904 FORMAT(5X. 10(09. 3.2X), /) 
31900 e56 CONTINUE 
32005 C 

32010 C PRINT THE DETERMINANT OF THE CORRELATION MATRIX 
32C20 uRITE(5,13)CORDET 
32030 13 F :RrAT(10X. DETERMINANT OF CORRELATION MATRIX ',CO 2 10) 
32033 wR:TE(5.911) 
22040 C 

32100 C 



32200 C ^O--E OF CON9:DENCE L:rITS 
22200 .:P:7E(5.9C5) 
:2400 905 F 'AT(/./. 95 L C:'+r12EN:E 
32e00 006 F0E-ATI/.105('-')) 
27.700 uR:7Et5.907) 
3.-E00 907 F01AT(32X.'1-DE7FEE OF FREEDOr'. :X. 
229J0 I 'N-?EGREES OF iFEEDOM' ) 

53000 :A :TE ( 5. 908) 
23100 908 F044.7t5X. fA4AnETER VALVE'..:X.2('Lp_E9'. :SX. 'VFFER'.:6X)) 
'_... -::-r . a'.i 

: 13CA LC, 2:7 : 1 .'+AR 
22400 2:=+FvAL(: -625ICnt1) 
23500 224A0v61.1:..2S1CntI) 
33600 Z_=AFV4L(:.-6LF0+6t1) 
:27C0 :c=A4v4L(:.-41..PMAt1) 
23600 .. ' TE ( 5. 904I I. FAFvAL t X). 21. 2 23. Z4 
33900 909 FC°.AT(:7.:iì.31.C10 :.41.C159.:X.C1: 9.6.1.2(015 9.5X» 
2c000 857 COt.71NVE 
24100 C 

24200 uRITE(5.9061 
34300 wRITE(5.920) 
34400 920 FCR M T(31X.2(COEFFICIENT OF vAOIATION'.181)) 
34500 uP,iTE(5.906) 
24600 DO 921 11. r:OAR 
34700 uL:TE(5.922)1.000EFv(1).NCOFV(I) 
24800 922 0C::.AT(:1.12.271.2(015.9.26X)) 
24900 921 CC+NTINUE 
25000 wR I TE ( 5. 90) 
35100 C 

33200 850 CONTINUE 
35300 C 

25400 C PRINT 2-PAR SVESPACE SENSITlviTV INDICES 
::500 C 
35600 u=2TE(2.911) 
25700 4:0:7£(5.9:2) 
::BOO 9:2 FR:.AT(' 2-P4R 5rN5I::vITY :NDICES /./) 
25900 u'..:7E(5.913) 
36000 9:3 F=R-.A7(I0X.'E:ONCATION 
36100 DC 914 :.l.h?AR 
3620C usl7E(5.902)(ELONC(I.4).JI.I) 
36300 914 CONTINUE 
_6400 C 
36500 (:6i7E(5.911) 
3660C u4I7E(5.923) 
36700 92: FORnAT(101.'INTERACTIOn FlATR:X (DEGREES)'./.1OX.28('-')./) 
36800 DO 024 11.05A0 
36900 ::RI7E(5.925) (TMETA( 1. J). J1. I : 

27000 92 Rr.:T(51. 10(C8. 3.4X). /) 
37100 924 CONTINUE 
:7200 C 

37300 I:FITE(5.911) 
37400 tr6:TE(5.9261 
37500 926 FCR:.AT(:OX.'DEFINITNE55 nATR:X rA7.-2,nIN.2.540DLE' 
3760C 1 ' 92INT60'./.101.474'-'),/) 
37700 DO 9227 I1. (.1160 
27800 vR : TE (:. 928 ) ( I MS I CN ( I. J) . J1. 1) 
:7900 928 FORr.AT tX. IO(15. SX ). / i 

39000 927 CONTINU[ 
38100 C 
:B200 C . 61wT EiCvAL1 AND EICvEC'S 
38300 C 

3B400 uR : TE (:. 91 1) 
38500 wRITEt5.929) 
=2600 929 FCRnAT('--------EICENvALVES ------ --'./) 
38700 ukITE(5.902)(ESCv6L(I).11.Na66) 
28800 v017Et5.930) 
28900 930 FOArAT( E10ENVECTORS /) 
39000 DO 931 I1. nt11AR 
3+100 uRITE(5.902)tEICvEC(I.4).J1.N06R) 
29200 921 CO+T:NVE 
29300 C 

=9310 C PRINT CDND17:0N NUrBER OF MESSIAN 
3;320 C 

29330 uRITE(5.14)CONDN0 
39340 1a FO:.nAT(10X.'CONDITION NUrBER '.22C 10./) 
3931%e r 



:0400 C FG:NT AT:S EN07n ATS 
_=50C C 

:4000 
2470C ,_4,-_(. 432) 
_=600 g32 F:40.-.47( ;Cr. A>:5 LEr`.c.Tw cA-)OS 

, i, .CZ. .6( - ). i) 
:4400 :+% : 7 E ( . 433 ) ( ( 1 . P A T L ( I ) ) . . t:c AF ) 

40000 933 FS=-.AT(10(1Ci,I2.1:z.C11 5.i)) 
40100 C 

40200 C END OF TKE SENSITIVITY ANALvS:S FR:NTOUT 
40300 C 

40400 uR1TE(5,906) 
40500 64ITE(5.934) 
40600 934 FC4r.AT(104.'ENO OF SEt:S1T:vITY ANALYSIS PRINTOUT') 
40700 .:4 : T E( 5. 406 ) 
oOa00 uR1TE(5.9) 
40900 C < 

41000 FETv=.N 
- : :OC E.= 

45700 C 

4560C SvE-:VTIrE DSORT(N. A, B) 
4`+00 C 

46400 C 

46100 C 
44.200 C 4.4:4:;ES VECTOR A( I) SD T'!AT ITS ELEMENTS AFE IN 
46300 C OEC-_ASINC CPLER OF nACN1TU0E. AND THE COLUn):S OF 
46400 C StI.J) TKAT CCRPE°_PJOD TO TmE ELE'ENTS OF A(I) 
46500 C APE A_EC ACCOñDI!:CLY PEARRAN;ED. 
40-600 C 

46700 C 

46?00 C 

4640C OS .__E FREC:6;ON A(10).8(1C.10).TEr.P(10.10).T 
47000 _'.r_ 'E:ON .r(10) 
4'.100 

47.00 C 

47300 C 

47400 JO :C ,.N 
47500 't: )I 
47600 IC ....":N'JE. 

47700 C 

47600 
47600 C 

4cv00 ''-1 
48:00 DC 
4_20C -. 
4E300 OS 16 
4E400 IF( 4(J) 07 A(4)1) )CC TO 16 
4.50C T.4(J) 
=c600 t .=AtJ.l 
4;700 - T 
4E200 ' :) 

-E=00 r'_.=r1(J-1) 
40000 
44:00 16 C0'"'NuE 
44'200 C 

4=300 C 

4':400 C 

44500 _^_ 200 .=1.N 
44600 OS .LO .:=1. N 
4ç70C 
40:00 1CC C_ "..:JE 

4400 ZOO C...-:NUE 
__G00 C 

50!00 CO 400 J=..N 
`C200 OC 200 
50300 Bt:.n(.)) . TEnP(I.J) 
5400 30C COt:-:NJE 
5:7.500 4 00 C ONT : NuE 
.0600 C 

50700 C 

5Se00 C 

50400 RE'uvN 
5)00C END 



.:sív 
., 

:r_ A= Av,r:.Z ..r..S..'.r 
. 1 BY _ :S S::E -47A1) 

AsAi 

:CC C r. S -_r_.=ISD S::E ' rATi7Y r n :t;=:E.Tlr 
..400 C PVP;-CZ. OF T.:S ."GO'_TInE :S TO C' :E:T A -C. .. .._.Al r.a'c:X 

`OC C D . . A CGr=AC' ,-D;rrr;S:Tul AACAY S rr.DE 2. A' _ E-_r. ACAIN 
_:000 C (n...1. 1) 
::700 LI-_!.SIOr. SI I.. D1 3) =r.\ 
1':200 r:1 N I A:AN 
1':900 A:AN 
!L00 C 4:A\ 
!:100 C AaA\ 
2200 100 1J I J 

52300 to-. u J 1 ARAN 
_:400 DO 110 v..l. J 

:2500 !:.r..-Ni 1 &+A% 
:2600 LO ::0 L1. I A:AN 
:2700 IJ1J-1 A4A1 
_600 ARAN 
::QOO 110 D((.-)S(IJ) ARA', 
`3000 GO TO 1410 ARA,' 
:3:00 C ARA\ 
::200 C ARA\ 
:3300 120 IJC ARA\ 
53400 NrO ARA'. 
5:500 LO :30 K1.4 ARAN 
:3.00 DO :25 L1.I AAA\ 
:3700 IJI41 ARA\ 
:600 N-..:.M.1 ARA% 

:2400 125 S(:J)0(61r1) AAA% 
54000 130 tMt.!;MNI AAAN 
.=:00 140 F_T,RN :.RAI 
54700 END AAA\ 
54a00 CI::::2::::2:II22I::ZIIZI:IiII:ZIIIII:I:2ZIZIZZZI2't21I:2IZIII2:: 
:4400 C 

:=l00 C 

:41:00 C ;Nt 
4700 C C;N. 

5=600 C C;N 
:4Q00 C S_1OROUT:NE nINV 7:N 
:5000 C :IN. 
_!:00 C A'JRPOSE ..:N% 
!_200 C INNERT c 11ATRIX C:N 
:1'300 C 

:5400 C VSAGE DIN% 
1.1.00 C CALL r!:NV(A.N.D.L.r..EPS.IFLAC) 
::600 C DIN% 
::700 C C_SCRIPTIO. OF PAAAnETERS D:N% 
::600 C A - INF,T MATRIX. :ESTAOYED IN COMPUTATION AND REPLACED 8Y DIN,. 
:900 C RES:-TANT Ir:JERSE. DIN% 
50000 C N - ORLLA OF r.ATP:X A D:N% 
5.100 C D- RES TANT DETEP,!INANT iiN\ 
:t200 C L - OP. VECTOR GF LEr+CTM N :IN\ 
5t300 C n- OF. VECTOR OF LEN:TM N C1N` 
:6400 C ES - 3ALLEST TaT PIVOT CAN SE w1TMCwJT IIEING REGARDED AS SINGULAR 
:6500 C :FLAG - O. N3RnAL. 1. S:NGULAR. 
54600 C rilN% 
:6700 C A.EMARKS DIN% 
56900 C rtATRIX A nuST !E A GENERAL nATRIs DIN% 
54900 C DIPA 
57000 C SvEAOUTINE! AND FUNCTION SUDPROGRA/'1S REOUIRED D:N 
ST10O C NONE _IN 
5720C C ::N% 
l-300 C rzTMOO :N% 
l7400 C TME STA.3ARD CAL'_5-JOPCAN r.ETWD IS USED TME DETERMINANT :IN". 
:7500 C IS ALSO CALC::.ATED. DETERMINANT OF ZERO INO2CATE5 TMAT D:N 
1'7600 C TwE r.ATSIX IS SI.GV AR. DIN% 
!7700 C DIN% 
:7700 C DIN% 
:'900 C DIN% 
1'E000 fl:vJ(A. N. D. L..:. ES. :FLAC) 
5E100 i:-c:S1CN A(1:.L(1).111) 0 I 
tEZ00 C DN% 



.aL+V- 

.t.Ji 

.co0: 

C 

_ 

E _--. 

:F_a: .. 

. . 0 

_:Nv 
_: 

_ 

=7G: r.-ti _:NV 
.i:0: DO E: N :NV 
._CCD r:r... r; ^Ii:V 

.=:00 L(K'.K _:rV 
Sç:OO 
:200 
°4300 

M(K).K 
.r..r:.-K 

bICA:.l.K) :::: 
?L00 DO ..N 

5;500 : 2 r:. ( .: - : ) : I Nv 
_4c00 DO 20 K.14 _INV 
5S700 IJ.. . 

C:Nv 
:Có00 :0 IF (A25rEIC4)-AB5(A(1J>>) 15.20.20 
:;;OC : b1CAA(IJ> :1NV 
.0000 L(K)I . DINV 
60:00 M(K)J +:NV 
60200 20 CONTINUE DINV 
60300 C DIttV 

6Co00 C INTEkCFüNCE ROWS DINV 
60500 
e0600 

C 

JL(K) 
DINV 

te,oc 
t'0eOC 
tG90C 

2S 
:F(J-K1 35.35.25 
KIK-N 
DO 30 ;1.N E 

61000 KIK:N C:NV 
61100 mOLn.-A(KI) DINV 
t:200 JIK:-1....) DINV 
61300 A(K;:.AtJI) DINV 
6:400 3C AIJ:) .r]LD :;NV 
k:500 C - : NV 
t:600 C I\7E::.=NCE COLUMNS DINV 
c:700 C D:NV 
t:EOC D_ . n(K) DINV 
t:QOC 
c2000 
62:OC 
62200 

DE 
:F(:-K 

-4:.45.38 JC:. ,,) 
DO LC ..1=1.N 

Jr.r41,.J 

:INV 

DIN 
D:Nv 

tá.ì00 .. JP-J DINv 
c2<0: 0'_:-a(JK) DINV 
62500 AtJ.(:scrJ:7 DINV 
62600 40 A(JI) MO'D DINV 
62700 DINV 
62&OC ':v:__ Cff_UnN BY :NVS PIVOT (VALVE OF PIVOT ELE'ENT IS DINV 
62°00 C. CC>:TA:r:_D IN BICA) DINV 
63000 C DINV 
63100 45 :F (L?S,EICA) CT EPS) CC TO 46 
t=200 IFLAC I 

6230C PF;;RN DINV 
e3400 <E DO 55 I1.N O:NV 
t3500 :4( I-K) 5C. S5. 50 DINV. 
6=60: SC :K.r-1 DINV 
6370G AI:K:.A(:K)/(-BICA) DINV 
6:200 55 CONT:N'JE DINV. 
62°00 C DINV E. 6A000 C REDUCE MATRIX 
64100 C DINUi 

e<200 DO 65 I1.N DINV¡ 
t43O0 1K.NK-1 DINV 
t4A00 tiOLDL(:KI D1Nv 
6<SOO IJA:-N DINV 
t=bOC DC 65 I.N DiNV 
_-70C :JIN D;NV 
6.óO0 
6400 60 

:F(I-K) 60.65.60 
:F(J-K) t2.65.62 

DINV 
Dt5000 

c5100 
65200 

62 

65 

K.J.IJ-IK 
A(IJ:w0_LA(J)A(1J) 
CONTI':VE 

c53O0 C DINV' 



..cv:l C _...-_ . .. 

f1.J7' 
_:fi 

c!! JC C LIN 
toc r_r-ri CI'' 

cl'r.0 :!C . ::.N C1N 
c`.E00 _.._:h DI(( 
e:eOC :F:--e ( 7C. " . 

70 :IN 
etiOC 70 A:r .cr¡):"el'.f DI(: 
et:OC 7! CO '..:.:E. :4I^( 

..:OG C Cit:. 
6efOC C ee....VC. 0P (-)VOTS :IN; 
ct400 C C'iN'- 

etSGG 0 D.BI:A 
Lt60G C DIW 
tt70C C %EeLACE í1VUT BY eECIPS_.CAL DIIr' 
ct50C C C:W 
cc00 an..;.1 Ci¢:GA DIM 
c7GOC 8'v i_'.TINuE CIN 
c710C C DIW 
t700 C C:N44. CO. LNL COLV':N L(.7Ep`:04.'40E DIN' 
c730C C DIW 
67600 KILN DIN 
67500 10v r..:s-1) D1N. 
67600 19(r) 150.150. 105 01N. 
67700 305 I:tK) LIN 
67E00 :Fc:-K) 120.:20i06 DITf 
679OC ICE JGa;+tK-l) DIN. 
69000 JF.::t;-11 DIN' 
69100 DO 110 J1.N DIM 
68200 JKJ0J DIN' 
6E300 i+OLC+(JK) DIN. 
LE40C J:JçJ DIN. 
69500 AtJK)-A(JI) C:N' 
tè600 110 A(JI) .M:,LD CIN' 
6E700 120 J (K) DIN' 
63600 :C(4-K) 100.100.:25 DIN' 
tEç00 125 K:.K-N DIN. 
69000 DO 130 I].N DIN' 
69100 KIKI-N DIN' 
69200 +O-DAtKI) DIN. 
t°300 JI4-10-J DIN' 
6E400 AtKI).-A.cJI) DIN 
e'+500 130 A(JI) *HOLD DIW 
e9600 GO TO 100 DIN' 
e9700 150 CC'('INUE DIN. 
69600 RE'VRN DIN' 
60900 END DIM 

5 :700 SVBROVTINE 5YM0RD(A. D. E. Ax(0. N, NA. EFS. AESCNV. VEC. TRD, FAIL) 
51600 c 

51900 c from CACM algorithm 384. Eioenvalees and Eigenvetters of 
52000 a Real Symmetric Matrix. by C.W. Stemort. 
52100 C 

5:200 c Eiplar.atioi+ of the paran in the calling sequence: 
52300 c 

52400 C A - A two- dìmnsienal array. If the matrix is not initially 
52500 C t- idiagonal, it is eentaind in the lower triangle of A. 

52600 c If eigenvetters are not reovested the lawer triangle of 
52700 C A 1s destroyed while the elements above the dlaponal are 
52600 c left undistursed. If eipenvectors are reluestd. they 
52900 C ere returned in the Columns of A (Seville precision) 
53000 c 

:3100 C D - A one -dimensional array. If the matrix is initially 
53200 a tridiapenal. D contains its diagonal elements. CM *,tern 
53300 e D ns the eipenvaiues of the matrix (dovsle precision). 
53400 c 

53500 C E - A one dimensional array. If the array is initially 
53600 c tridiapenal. E contains the off -diagonal elements. Upon 
53700 C return E(i) contains the number of iterations required to 
53000 c compute the approximate aspen w quo D(i). (Double precision). 
53900 c 

541000 a AK0 - double precision variable containing an original origin 
54100 C shift to be weed until the computed shifts settle gown. 
54200 a If AA0m1. OD36. the given er computed D(n) of the 
54300 a tridiagonal .-cric will be uses as the original origin 
54400 c 



S'SGG c N - An integer varsatle containing the orner Of the watrit 
54600 C 

54700 C NA - An integer variatle containing the first dsaension of the 
54C00 C aatrtt A. 
54900 C 

55000 c EPE - A double precision variable containing convergence 
55100 c tolerance. 
5200 c 

55 100 c ABSC 1 - A logical variable containing the value true. if the 
55400 c atsolute convergence criterion is to be used or the value 
SSSOO C false. 1f the relative criterion is to be used. 
55600 C 

55700 c VEC - A logical variable containing the value .true. if 
55800 c etpenvecters are to b. Computed and returned in the array A 
55900 C and otherwise containing the value .palse.. 
56000 c 

56100 C TRD - A logical variable containing the value .true. if the 
56200 c aatris is,tridieponal and located in the arrays D and E 
56300 e and otherwise Containing the value .false.. 
56400 c 

56500 c FAIL - An integer variable containing an error signal. On 
56600 c return the eigenvalues in D(fat1.01)...D(n) and their 
56700 c corresponding eipenvectors may be presumed accurate. 
56800 e 

56900 IR+LICIT MALE PRECISION (A- H.0 -2) 
57000 DIMENSION A(NA. N). D(N),E(N) 
57100 DC'J2LE PRECISION KG, K1. K2. K. NINE, NORM. MAX 
57200 IN.i CER FAIL. SINCOS, RET 
573.0 LoiICAL ALSCNV.VEC.TRL.SHFT 
57400 KG +aKC 
5750O TI °EP.- SO.ODO 
57600 hrm: -N -1 

57700 
57800 N1r. = 0. ODO 
57900 AEE;CN 500 TO SINCOS 
58000 C 

58160 C SICNL ERROR IF N IS NOT POSITIVE. 
58200 C 

F 515300 I (N. C7. O) CC TO 1 

58 +00 FAL -1 
58500 RETURN 
59600 C 

58700 C SPECIAL TREATMENT FOR A MATRIX OF ORDER 1. 

58800 C 

58900 1 IF (N. CT. 1) CO TO 5 

59000 IF(.NOT.TRD) D(1)- A(1.1) 
59100 IF(vEC) A(1.1) i.000 
59200 FAIL -O 
59300 RETURN 
59400 C 

59500 C IF MATRIX IS TRIDIACONAL. SKIP THE REDVCT:ON. 
59600 C 
59700 5 IF(TRD) CO TO 100 
59800 IF(N E0.2) CO TO 80 
59900 C 

60000 C REDUCE THE MATRIX TO TRIDIACONAL FORM BY HOUSEHOLDERS METHOD. 
60100 C 

b0200 DO 70 L 1. NrQ 
60300 L1 L1 
60400 D(L)- A(L.L) 
60500 MAZ O. ODO 
60600 DO 10 i -Ll.N 
60700 10 MAZAMAZ1(MAZ.ABS(A(I.L))) 
60800 IF I: Az NE. O. ODO) CO TC 1 

60400 E(L)O.000 
61000 A(L,L) -1.000 
61:00 CO TO 70 
61200 13 SUM -O.ODO 
61300 DO 17 I -L 1. N 
61400 A(I.L)- A(I.L) /MAX 
61500 17 5Vr+ 51/MA(1. L)e2 



61e00 5.250117150) 
61700 2i(A(L).L : ) LT 0 GDG) 2-.2 
1900 E(L).-52M1 
61900 (L1,L)-6(L1.L)S2 
62000 AtL.L)5246(LS.L1 
62100 SUn 1.42. 000 
62200 DO 50 I-L1.64 
6:4-300 SUr+.0.OD0 
62400 DO 20 JL1.I 
62500 20 S(JnSUn A(1.J)46(J.L) 
62600 IF cI EO.Nf 00 TO 40 
62700 Ill+1 
62900 DO 30 JI1.N 
62900 30 SUn-SUn A A(J.l>(J.I) 
63000 40 E( I)-SUM/ACI.L) 
63100 50 Svn7S0n2+4(I.L)EtI) 
63200 CON00.5SUM1/A(L.L) 
63300 DO 60 IL1.N 
63400 E(I)6E(2)-CONwcI.L) 
63300 D0'60 JL1, 
13600 60 A(I.J)-A(I.J)-A(I.L)E(J) - AcJ.L)EcI) 
63700 70 CONTINUE 
63900 90 D(NnI+A(rwI.NMI) 
63900 D(N)-A(N.N) 
64 000 E ( Nr 1)46(N. NMI ) 

64100 C 

64.200 C IF EICENVECTORS ARE REGUIRM INITIALIZE A. 
64300 C 

64400 100 1F(.NOT.VEC) CO TO 190 
64500 C 

6.600 C IF TM: nATR / I 6.45 TR I D 1 ACOrjAL. 5E7 A EQUAL TO TME IDENTITY nATR I X. 
64700 C 

64900 _IF(. NOT. TRD. AND. N. NE. 2) CO TO 130 
e4.00 DO :20 I:.N 
63000 DO 110 J.1.N 
63100 110 At1.J)0.ODO 
65200 120 Al I. I ).1. ODO 
65300 CO TO 190 
6!-.1G0 C 

63500 C IF TME MATRII w5 NOT TFID:ACONA,L. MULTIPLY OUT TNE 
65600 C TRA:SFORMATIO)eS OETAIrK;, IN THE HOlSEMOLDER REDUCTION. 
65700 C 

65e00 130 At N. N)1. ODO 

63400 A(NM1. NMI )41. ODO 
66000 A(NM1.N)-0.000 
64IG0 A(N. NMI )C.ODO 
662:0 DC 170 L-1. N!(Z 
66300 LL4r(2-1..1 
b6400 LL1LLl 
66300 DO 140 I-LLI. N 
66600 SUn-O.ODO 
66700 DO 335 J-LLl.N 
66900 135 Sv'9.SUnA( J. LL )A ( J. I ) 

64900 1,10 A(LL. I )SUM/A(LL, LL ) 
67000 DO 150 I-LL1. N 

67100 DO 150 J-LLl.N 
67260 150 A(I.J)A(I.J)-AtI.LL)A(LL.J) 
67300 DO 160 I-LL1. N 

67400 4(I.LL).0.OD0 
67500 160 AI LL. I)-O.ODO 
67600 170 A ( LL. LL )-1. ODO 
67700 C 

67900 C IF AN At SOLUTE CO)+vERCEN.E CRITERION IS REOUESTED 
67900 C (AESCNV. TRUE. ). COnPUTE TrE INFINITY NORM OF TME nATRIII. 
O5000 C. 
6E:OG 1e0 IF( NOT.AESCNV) CO TO 200 
ee200 NiNF.Anw>;I cAES(D( 1 ) )AE5(Ec1 ) ). AESCD(N) )AEe(E((r(I ) ) ) 
65300 IF(N E0.2) CG TO 200 tCG DO 190 1.2. MI 
eeSGG 390 n)NF.Ar.A11(N:NF.AES(D(I))A:5(E(I))AES(E(I-1))) 
6l400 C 



6.E700 C START THE OR ITERATION 
e!800 C 
e2q00 200 NU-N 
65000 NVM1N-1 
65300 SHFT-.FALSE. 
0200 ¡ F C O . CT. 1. OD37 ) KO-D ( N) 
0300 K1-(4O 
09400 TEST-NINFEPS 
69500 EtN)-O.ODO 
65600 C 

69700 C CHECK FOR CONVERGENCE AND LOCATE THE SUBMATRIx IN WHICH THE 
69800 C GR STEP IS TO BE PERFORMED. 
69900 C 
70000 210 DO 220 NNL-1.NUM1 
70100 NL-NUMI-NN1_1 
70200 IF(.NOT.ABSCNV) TEST4EPSAMIN1(ABS(D(NL)).A8S(D(NL41))) 
70300 IF(ABS(E(NL)).LE.TEST) CO TO 230 
70400 220 CONTINUE 
70500 CO TO 240 
70600 230 E(NL)O.ODo 
70700 NL-N1-4.1 

70800 I F ( NL . NE. Nt) ) CO TO 240 
70900 IF(Nur.l EQ. 1 ) RETURN 
71000 NUNUM1 
71100 NUMI-NU-1 
71200 CO TO 230 
7:3O0 240 E(NU)-E(NU)1.000 
72400 IF(E(NU).LE.TITTER) CO TO 250 
71500 FAILNU 
71600 RETURN 
71700 C 
71800 C CALCULATE ThE SHIFT. 
71900 C 
72000 250 -CE4(D(NUM12-D(NU))/2.0 
72100 MAx4AMAx1(ABS(CB).4Eó(E(NLM1))) 
72200 ca-cB/nAx 
72300 CC-(E(NuM1)/MAx)2 
72400 CD4SORT(C92CC) 
72500 :F(CE NE.0 ODO)CD-SIGa(CD.CD) 
72600 )(26D(NU)-(VXCC/(C15CD) 
72700 IF(SHFT) 00 TO 270 
72800 IF(ABS(242-K1 ). LT. O. 5A8S(K2) ) CO TO 260 
72900 P1-$2 
7a000 K-KO 
73100 CO TO 300 
73200 260 SNFTa. TRUE. 
73300 270 K4K2 
73400 C 
73500 C PERFORO ONE OR STEP WITH SHIFT K ON ROWS AND COLUMNS NL 
73600 C THROUGH NV 
73700 C 
73)2100 300 PD(NL)-K 
73900 0E(NL) 
74000 ASSIGN 310 TO RET 
74100 CO TO SINCOS. (500) 
74200 310 Dú 380 I-NL.. NUM1 
74300 C 
74400 C IF REQUIRED. ROTATE THE EICENVECTORS 
74500 C 

74600 IF <.NOT.VEC) CO TO 330 
74700 DC 220 J1.N 
74800 7EmP-C9A(J. I)SA(J..I1) 
74900 A(J.I1)--S9A(J.I)C4A(J.11) 
75000 220 A(J.I)-TErP 



75100 C 
75200 C PERFORM THE SIRILARITY TRANSFORMATION AND CALCULATE THE 
75300 C NElT ROTATION. 
75400 C 
75500 330 Dtl)aCD(1)SE(I) 
75600 TE1PaCE(I)!0(11) 
75700 D(I1)a-SE(I)C0(14.1) 
75e00 E(1).-51( 
75900 D(I)ACD(I)STEn 
76000 IF(I.EO.NURI) CO TO 380 
76100 IF (A85(S).CT.45e(C)) CO TO 350 
76200 P-S/C 
76300 D(11)-SE(17CD(11) 
76400 PD(I1)-K 
76500 0CE(14.1) 
76600 ASSIGN 340 TO PET 
7670G CO TO SINCOS.(500) 
7680 340 E(1)RNORM 
76900 E(11)aG 
7,000 CO ro 380 
771C0 350 PACE(1)5D(I1) 
77200 0A5E(I1) 
77300 D(I1)aCP/SK 
77400 EtI1)aCE(11) 
77500 ASSICN 360 TO RET 
77600 CO TO SINCOS.(500) 
77700 360 E(I)aNORM 
77800 380 CoNTINUE 
77'00 TErPCE(NUr1).50(NU) 
7eOG0 D(w)-5E(NUr11)+CD(NU) 
78 ) 00 E( NUM I).TEl1 
7E200 CO TO 210 
78300 C 

78400 C INTERt:AL PROCEDURE TO CALCULATE THE ROTATION CORRESPONDING TO 
785C0 C THE VECTOR (P.0). 

78600 C 

76700 500 PA.485(P) 
78800 GGA84(0) 
78900 1F(00.CT,PP) CO TO 510 
79000 NORnaPSaRT(1.0000(00/PP)2) 
79100 CO TO 520 
79200 510 1F(00.E0.0.OD0) CO TO 530 
79300 NORM.OGSORT(1.000(PP/00)2) 
79400 520 CAP/NORM 
79500 S0/NORM 
79600 CO TO RET,(330,340.360) 
79700 530 C1.000 
79800 SAO 000 
79900 NORM.0.000 
80000 00 TO RE7.1310.340.360) 
eo10o END 



J)OC C-.str c cc tc rur C ):: tc tsr.sf 
__LOC C 

:J.,aSJ IncLIC:7 CC.J3LE GGEr;e::;(_s(,C-.I 
GC30C L:r._:E:Cr. F4.40 (10).Fv4 I>0) 
GC40G C 

GC500 r.44442 
00&00 1 Tr.S.25 
CG"00 C 

OC 800 P440t :)420 0 
00400 P440(2 A6 0 
C0905 C 

C.=10 4L'4 ¡)1.0 
^C420 Pu4(2).1 0 
0C430 C 

OCc40 F::E°S=0 000001 
00550 PA4EPS..O 000001 
OO460 SD_?51A0 001 
00q70 SDE°S2.40.01 
00c80 C 

00990 IS'cR.1 
01000 C 

0:100 CALL CnAIN5(N6AR, FARO, ITrAX, FAREPS, FNEP$, P::A, ISEq, 
0::50 1 SLEPS1,SLEP52) 
0:.00 C 

01300 STOP 
0:400 END 

00100 C 

00200 C 

00300 C 

C0400 C Oct 13 . Correctee versson oi Cn41t:4 Wttn aetire steecest 
00500 C oescent 1n both 1n1t1l search .one tearer. for 
00400 C t*antiore.at ior. caran,eter va1ues 
00700 C 

C0e00 C 

00900 C 

01000 C Crc)ent Search us In; Trans4orTtsons of the psrae.etr 
01100 C space to 1n.prove Ruoratic convergence. 
01200 C 

0:300 SuBROUTINE NPAR, FARO. IT".AX.FAREPS.Fr:EPS. :S=R. 
01400 1 SLEPS1.SDEPS2) 
01500 C 

01 600 C- 
01700 IMPLICIT DOUBLE PREC:SION(A-04.3-Z) 
0:800 C 

0:Q00 DIMENSION SLOP (10).M(10. 10:,PARO(:0).PAR1(10) 
C2000 DIMENSION /SLOP (10),TM(10.10).TPARt10) 
C2:OC ZIMENSION ?uR(10).PSLOP(IO),I?.M( 10.1C).REPAaOC1C:.PE*AO1(1C) 
C2200 21MEr:5ION ADEL (10) 
C230C C 

C2400 C 

C2500 =AiTE(5.111) 
C2600 113 %úRnAT ( SX. ' -v2 . SAIr12 ) 

Cá700 C 

C;.800 C 1n1t3a11se values 
C2900 C 

03C'00 FLM.O. O 
C2100 IT-O 
C3200 ICM1A0 
03300 ICM2.0 
C3400 IC043-0 
03500 C 

C:600 IF( 1SER.EO 1)C0 TO 25 
C3700 C 

C3â00 C Convct n In: t11 steeptst eecent srch 
03900 C 

r,4000 :NF07 
04100 CALL MFUr)C tN/J. PARC. FZEAC. SLOP. M. INFO) 
04200 ITIT41 
04300 .R1TEt5.10)I1tPARO(i),I.1.NPAR: 
04400 JAITE(5.11)tSLOP( NPAR) 
04500 .R1TE(5.12)FZERO 
04600 10 FORnA7 (3X. 'Iteratson . 15. i.3X. 'Pars ' 10(C12 6. X) 
04700 11 FORMAT(3X.'Cra0lentt ' /0412 6.X)) 
04600 12 FORMAT (3X.'Fitro '.C:5.6) 
04900 C 

05000 CALL STEE(NPAR.PARO. PAR 1.FZERO.FNE.. SLOP. 1T.IT:.AX. 
05100 1 SDEPSI.S0EPS7) 
05200 C 



0:300 
0500 

__ 3C .-1.r:°aF 
-=60:1)-pAF1(l) 

C5500 30 C:tINVE 
C5600 ' =ROrNEW 
C:700 =tltE(5.73) 
05000 13 :=nATt;1x, .. Sttestst Jtscer.t Ovar ...') 
05400 C 

06000 C 

06 :00 C 

Ct200 C E.ç:r. î- elent Search 
06300 C 

0x00 C 

06500 :) =t1 -1 
06600 CALL MFl1MC(01614. PARO. F:ERC. SLOP. N. INFO) 
06700 17.'7+1 
co.00 C 
.Ooo00 C 
07000 555 CONTINUE 
07 :O0 C Ma:( loop of the program' begins nere 
07:00 C 

07300 C Store best par valu.t.grae)entt and hessian 
07400 DO 100 I =1. NPAR 
07500 TP60(Ila.400(1) 
07600 TSOP(I1.0LOP(II 
07700 DO 110 J-1. NPAR 
070100 T)t(I..1) 01(I,J) 
07100 110 CONTINUE 
00000 100 CONTINUE 
oeioo 

0e.00 
OeT3J0 
08=00 

C 

C Print out valv.s of )r,trr.st 

C 

uAITE(S.Ef)IT, (PURrI).11.1:PAR1 
:E:70 E90 F.RMaTt/.e51 ). /.Sx, 'l'EP :3. /. SI, 'TAa = rnAT:O. Faag 
CE00 I /:x.IG 5 6.x1) 
G°.7OG WF1TE(S.E:C)(TF433(I:.1-1.NFAa) 
Ce.iG 
0E=00 

E7G FFnaT(:). 'FAR '. 10(C:Z t. x) ) 

u>;ITEt ,E::)f::.OP(:). I:.e:fAR) 
C4i00 Si 5 FC,RnAT(Sx. 'SLOP '. 1G(CIZ c. x)) 
CS:00 .¡PlTE(S.E7t)F2ER0 
0-:00 E16 ' FORftiAT(Sx. 'F2E00- '.C:S.t) 
05300 C 

C:00 C Cc-:v:r trnsfcr.,ae car va]tofs gradients. ne nets:ar 
05l00 C 

CrOG CALL CTRA):;tNPAR.Pol.PARC.FEPARO) 
0g 00 CALL iTRa'.¡(tAAR. DL4, SLQ= FEL%*, M. P.M, PARG> 
0e?00 C 

04.400 C 

10000 C CoR.svte asorot)ratt 4udrt)c *tee In the ; trrftrans%e.^- 
1C:00 C Atli) Spacr 
1C:G0 C 

1G.70G CALL ONSTEP(NOAR.Rq.RS-OFREL.LM) 
70-,0 C 

:S"vG 

iCt"v0 
v:r....a:iy se: ste; .g:.a] to 1 C 

a-P-: 0 
1C-CC C 

;CMS 777 C':-;h:UE 
:G400 C Cont-o:`returns here ,:ntr. step 3s rpjected and swa:16r 
.:C00 C Stt; e)le 36 to t tritt 

:00 C 

:1:00 C tc ..tt nt., w:uts sr the transeorratd para-.ett- t:aet 
C 

1.400 ' 1:C 
..500 .:7F.(t0EL( 

I ) 

:Il00 D:s:013 (: .FEFAAO( 1 i-.^,.^. 

::-00 1::0 

::é30 C 

::s30 
vO 

C 

C 

Con.;vte parar.ater v1vt in or:ç)na) ear space 

GT1Ah:3(NAR, PWR, R:sAa:, aAR: ) 

':GG C 

p. 550 i-1.r.}AR 
':400 :F(P011(1) LT.O.G)PAR1(1)-0 G 
':JG SSO CC%;TINUE 
:vG C :Cr:ute function. Çrdltnt one haetlan at neu .tarat)on 

:Z700 C 

:!GC = Q1 
ia'vd 
73000 '-It7 
:2:00 -:TE(5.017)F11EW 
::200 017 -;Rna' (Sx. 'Fr:EW- '.0:5 t 

I2:JG C 



= 
:3500 

C 

C 

CrfC. t ,CteCa,Ce OF a te'at:Or. .:r:t 

=cGG :F(IT CE ITn4X:IC04:.1 
1:-00 C 

3E00 C C`.tct for parameter value enar.çe convergence 
`?400 14: 
4000 490 CONTINUE 

14100 Aa:A_':( 9401(I)-PA90(1) i/PARO(I) 
:F(A.CT.PAPEPS)CCj TO 507 

:4200 7F(1.CE.NFAF0O TO 502 
34=00 I=I.1 
145OC CO TG 499 
144.--00 C 

14700 50Z CONTINUE 
14800 C Parameters have converged 
4400 1CM2.7 
:`000 C 

:`:00 C 

:5á00 50: CGNT:NVE 
:`300 C 

15400 C Cneee If the new fvnetion valve is acceptable 
1`500 C 
: SAnn r 

.5700 C :ecade on step acceptance or rejactton 
1:500 C 

:-900 1F(0NEu.LT F2ERO:CO TO 300 
:o300 uM:TE(5.701) 
:c:00 701 FOATcSX.STEP REJECTED') 
:t200 :Ft:CM1.EO 11GO TO 999 
1c300 1F(ICM2 EG 1)00 TO 998 
:caGO S7PrSTP/2.G 
:c5O0 CO TO 777 
1co00 C 

:c700 30C CONTINUE 
.4:500 uR:TEc5.702) 
:c900 7C2 FCF.n4Tt5X.'STEP ACCEPTED') 
:7000 C Compute new valvel Of tne trantfOrir.at)pr. parameters 
:7)Op C 

17200 CALL CTRAN4(:PAR. FfEP0, FN_u. PARG. PARI. SLOP. M, PuR ) 

:73J0 C 

7400 L 3:0 :m1.NCAF 
:750p F4r.0(:)aaPAR1tI) 
17o00 310 C:NTINVE 
17700 C 

17500 C Test for funCt)on convergence 
:7500 A.(F:ERO-Fr.Etd)/F:ERO 
:?OGO :F(A. LE. FN°-PS) ICr.=1 
:!ZOO C 

:E300 317 CsN7INVE 
.GO C 

.5500 :E909FNEu 
:5o00 :F(7CM1.E0.1)C0 TO 999 
:E700 :r(:CM2.EG.1)CO TO 99@ 
:?500 :9(1C0(3.E0.1)CO TO 497 
._tO0 C 

.4;0000 TO 555 

.":GG C 

" 

t:00 C 

.'300 C 
:°400 C Terranataon of the search 
:5500 0 

:=cG:+ 447 CG).TINZ 
.=700 lóiTE(5.802) 
OC EG: "-.. TtSX.' Tern,:natton due to funCtlon corvergrnce'. 
`DGG CO To 590 

99E C:ttTINUE 
" JIGG uAI'E(5.603) 
:GO 802 r2Rni.T(5X,' Terr:nataon due to parameter convergence') 

:300 02 TO 990 
400 999 CONTINUE 

Z:500 .A: TE ( 5. 80a ) 
?:o00 EGA FORriAT(57.'e Term:nat)on dve to )ter.l:mit etcredance') 
":700 990 CONTINUE 
::E^0G C 

:-400 C Prant fanal values of the parareters. gradient vector anc 
.:000 C the antormation matrix. 
.'1300 c 



200 6j:7E(5.851)(TP4F(:..1:.r:P4R) 
'.?GO e!: .Fin l p-Tr.ters'. /. Sx 5; :. /. 1.1» 

2:400 1 5(C15 6. 5x:. /) 
2:500 -sI'E(5,65:)(TSLOP( I),II.NPAR) 
::t00 e52 F:RnAT(5X. 'Crae:ents'. /.5X. S(C:S 6. SX). /. 101. 5i c 

700 1 517./1 
2:200 DO 253 :1.NPAR 
2:600 (5.154) (Toot i.J;.J1.I) 
«000 25= aviMtTt5X. 'Informat:en mats ar'.5x. 10(01I 6. X) ) 

22:00 25_ C:ITINUE 
-.200 C 

22300 C 
22400 C If reyuaree por farm tn tarawator send ativatog analysts 
:'2500 C 
22600 C IF(:SENSE EG.1/CALL CANLrS(NP AA. TPAR,TM1 
.2700 C 

: 2300 C- -__---- ....... ______.___--__-»r 
:400 C Last ::nas of program fc:1eW 
2 : 000 RETURN 
22100 END 
23:00 C 1 :M r 4 ..... 

23400 C . 
2:1SOG C 

:3600 2.11ROUTINE CTRANI(UPAR,PWR.P,R(7) 
::700 C 

23S00 C Coms.tes tranafcw1 par.m.te valt+a 
"00 C 

::450 Ir1ßLICIT D048LE PREC:SIJ))t/.-m.0-1) 
24000 ::nE):SI04. f.A(307.P(70).RP(r0) 
24100 C 

24:00 :0 100 I1.UPAR 
24300 :FtDAF2(Wa(I)).LE.G.007)C0 TG 50 
?4.00 Rc(:;a(P(I..PWRt1)-1 

0, >/PW6 (1) 
24t00 ::: TO 60 
=600 SO r:T:NVE 
:4700 aa(I)D_OC,(I); 
=cOG Us,(l)."v 0 

:4000 6C CJhT:NvE 
25000 100 :jNT:NVE 
-`lOG vcTURN 
:5200 END 
25300 C 

25400 C -......... 
25500 C 

5600 C 

25700 S::?RDUT2NE :TRAN¡(NPAR. PLAt. S:CP. RS6OP. M. Rr(. P) 
.^5E00 C 

-5230 :noL:CIT DO;;DLE PREC:S1ONtA-11.0-21 
5000 C CO.pVtls .. ,-sae grasaants and Aessaan 

:6000 C -- -- 
Ps71(70:.5.DP(lv';.RSLOs(3G).M(1G. lei. 4n(:0.:0) 

2GG L:nENE:Oh P(10) 
2oTM0 C 

2:400 :J 100 :10.01/41 
-c500 sSL:P(I;u »,^.P(I;*(:)..t1,G-PWR(I)) 
2c:00 ;sa (I)t:0-:. 001011(I)) 
2c700 P-t:.2 .D.(SLDP(I)t1.G-Pt,ül<1),P(;)..(: 0-2 :P:a<i)) 
2t!00 : 10 J1: .NPAP 
25.400 101(I.J;.rtt:.J000(1;t1.0-11.411(I;)(P(J:0011.:-P4;RtJ)7; 

P,tJ.IRr((I.J) 
2-100 :10 :O(:T I NUE 
--CD IGG :JNT:NUE 

"-:GO sETURN 
--4GO _utD 

2'500 C 

276GC C- 



--..., 

2-EGG C 

2-00 C 

297.00 GTñAh3(NpAR.PUF,.RP.P) 
"0:00 C 

2E200 C getrarsforms pars back tc original space 
2E300 C 

S250 ir".PLICIT =ALE PRECJSiON(A-m.0-Z) 
2F400 DIMENSION P.'R(10),RPt1G).P(1G) 
-S?00 C 

2Eh00 DO 100 Ia1NPAR 
251700 1rlDAi15(PW0(I)).LE.G.001)C0 TO SO 
2EB00 PI1.1( RP(J)ePUR(I)1.0 )(1.0/PUR(I)) 
22900 CO TO 60 
24000 50 CúNTINUE 
2°:00 PtI)aDEXP( RP(I) ) 

29200 P.>R ( : ) aG. O 
24300 60 CONTINUE 
29400 :00 CONTINIJE 
24500 RETURN 
29600 END 
29700 C 

29800 C+- .rH.F.rr. ... 
24400 C 

:GG00 C 

30:00 C 

3S200 SJ°=:UTINE CT1tANItNPAR,FO.FI,100.PI,SLOP,M,PwR) 
30300 C 

30:50 Imp.:CIT LOUELE PRECISION(s.-m. 0-Z) 
3C400 DlrEc.S1ON P0(1G).P1(10),SLOP(10).rt(10.10).PUR(10) 
30500 01`:_NS2ON RS(:0),Rht(XO. 10),RPI(:0),RP0(:0).PUg:c10> 
:060C 00.1.E PF(EC:S:ON DE+(10.10).0E4P(10).ERR.DELPugc10) 
3GT00 C 

20800 C Set )n>t:al step s:le 
3040C STE4.1.0 
31000 ITF=FaG 
:1100 1:_00 
3:1100 C 

21300 :00 CC>:T:NUE 
31400 C Ccn.cute error in t,uadratic fit 
3:500 C First comoute transformed values of pars,gradients,hess 
3:000 CALL CTRANI (t:PAR. P(dR. PG, RPO> 
3:70o CALL CTRAN1 (:PAR, PuR, P:, AP 1) 
:: EGO CALL CTRAtN2 (>.FAR. PWR, SLOP, RS. M, RM. P: ) 

:::400 C Comic:e squared prediction error with given transi. 
32000 CALL ER.:OR (NFAR, RPO, RP:, RS. Rn. F0, F1, SGEñRA. ERRA) 
72050 ITF.F.ITPUA.I 
22:00 up:7E(5, :G)SGé:RRA 
3:200 10 FOA.`ATt5X. 'SG:RRA', X.C12. 6) 
_-=G0 C 

32400 555 CONTINUE 
_2500 C 

22c00 IFC:SER E0.11C0 TO 600 
2'700 C 

32800 uñ:-E(5.20):7PWR 
22400 20 -=RATC3X. 'ITP.JAa', II.2X. 'Steepest descent for Puñ(I)'1 
:2000 C 

23:00 C Compute r.orn.al>sed gradient vector of quad it wrt, prrr pars 
2200 CALL CPUR ( NPA4, PG, P1. RPO, gP : . Pug, Rs, qM, ERRA DELPUR ) 
32300 VñiT'c(5,11)(0ELPUR(I),Ia1.Np4R) 
22400 11 FOn:T( SX, 'DELP.R ( I: I Gc C:2 6. X) i 

22500 CO TO 700 
_2aGO C 

?3T00 C 

=3E00 C 

22000 600 CO>. -7 I NvE 
:sGOO C 

24:00 STEP01.0 
34200 ISA.G 
:4300 uRITE(5,21)I71,UR 
:4400 21 FGR)V.T(3X. 'ITPWRa', I3,3X, 'Cradtent search for PuR(I)') 
:4500 C 

34:,00 CALL CPWR1 (NPAR, P0. P1, RO. RP:, PUR, RS AN. ERRA. DERR, DEM) 
34700 C 

24500 C Conouct gradient search 
34400 C 

75000 CALL CNSTEP (NPAR. DEM. DERR. DEL6M. 0. 0 ) 
35100 614:TE(5.171tLELPUR(I),Ia1.NPAR) 
35200 17 FOrtAT(SX. 'DELPWR(I) '.10(C:2 6.X)) 



3`300 C 

25400 C 

2`500 700 C3+ :NJE 
25JOC C 

:C700 C 

7`E00 250 :a7:NUE 
3_400 -:C :l.nAR 
2oG00 :STE%JrLF:R(I) 
2c:00 t:((1(I P::R(I)DD 
30:00 ie:.+Al(I).CT.15.0)PUR1(I)15.0 
36300 :F(PURl ( 1 ). LT. -10. 0)Prnt1 ( I )=-10. 0 
3c400 220 CZNT:NUE 
36500 uñITE(5.12)(PN81(I),I.1.NPA8) 
2:a00 _1: FG:.(.T(51(. 'wR1(I) : 10(C1:. 6.X)/ 

:c'0 C Ctr,.pte erre' ::tP. neW trneftrn.atlOr. pare 
3e_00 CALL CTAA':1ttlPAli,PNR1.110.AP0) 
36400 CALL CTAAU1tNPAR.Pt(RI.10I.RP1) 
37000 C4LL CTmA:: (NPAR. Pu,S. :LOP. RS. N. RM. P1 ) 

37100 CALL EFA,',R ( NPA.R. RPO. RP 1. RS. RN. F0. F 1. SOERPi. EFFI ) 

37:00 ITFJR.:11,V((1 
37300 LsITEtS.:3750ERRE 
37100 13 'SOEARE '.C1:. 6) 
37150 IF(ITPt,A( CT.:O)CO TO 750 
37500 C 

37o00 C Declte to reject or ccept step 
37700 C 

37800 IF(SSERRE LT.SGERRA)CO TO 300 
371000 C 

3E000 IF(15E° LO 0)0O TO 800 
38:00 iFC:84 EG G)CO TO eco 
5E200 C:, TC 10C 
3°200 800 CC`)T:hrjE 
_Ea0G C 

3E500 C Reaucr stet slle 
2Ee00 :TESTE°/:.O 
38700 :?cSTEt LT.0.01>C0 TO AOG 

TO i5C 
's200 C 

=.GC 100 
C 

2°.'OC -(:E_x _G .)CO TO 750 
'D?0. C Er.t ro steeoest tescent 
°Z.^0 C 

2e240 SC 70 750 
'0360 C 

34380 C 

34-00 :°cç7 
_+500 Z TO 100 
2000 C 

35700 750 COh7:NUE 
2qE00 C Term:nett eearch for nW tranffOrn.tiOn Lerf 
2°900 - TE(5.75)(PUR(I).11.NFAA) 
A0000 15 70A:.AT(5z. 'DEST POI! 0AL.5'. /. 5x. 10(;1:. 6.:) ) 

40:00 AETLfl(N 
AC:00 C 

A0300 300 CONTINUE 
:0400 C Step cceptt.try new step 
40.50 50053Ei(R:.-SGERRI;)/SOERA 
40455 iF(SO LE. 0.001)00 TO 750 
40460 :Ff0E11E.LE.0.06001)C0 TO 750 
40500 
40600 DO 21C ::.NPAR 
4070C Pwe(:)6w41(I) 
40500 310 CDnT:NJE 
40900 nERA.SJEPRD 
41000 STEP.S7E1:.0 
£1100 CZ TO ::50 
A1:o0 END 
4:30G c 
4:400 C 

a.SOC C-- 
4:t00 C 

N 



4;705 C 

h7E05 _ La_r'iNE ERF'va,1JCiftF AO. 4:.Fe Fm. PC- F: _°SEFa.Ece, 
4:ç0G C 

419t0 ,"PL:C: DOt,'ELE PFEC:SIC':(c.-r.0-2) 
42000 40(10),41()0).aS(10(,P.(10.70) 
4:100 :JJE_E PRECISION ERR 
<Z200 C 

4Z300 C 

<Z400 'rG G 
42500 :0 G 
4:600 DO 700 I1.NP4R 
4Z700 C.40(1)-A1(1) 
hí800 YY=S(I)C 
<: °00 100 C JNT: tIVE 
432O0 DC 7:0 1.1.,404.0 
43100 DO 1Z0 J1.NP4R 
43200 .2-140(1)-41(1)7RN(I,1)(40(J)-4I(J)) 
43300 120 CONT:NVE 
43400 110 CDNT;NVE 
43500 ERR.F1-F0Y0.5Z 
43600 SGERR.ERRERR 
43700 RETURN 
h3eoo END 
43O0 C 

44000 C. 
<4J00 C--» 
4<200 C 

4z300 C 

4.:400 SJBR,^1UTINE CPWR (tkPAR, PG, P 1, RPG. RP 1, PNF. Rs. R,,,. ERA, DcRA ) 
44500 C 
44600 C 
<4c5. IM?LICIT DOUBLE PFECIS:ON(4-N.0-Z) 
a:7G0 D:r:_SION RSC:0).R01(10.10) 
r4000 iJU:_E PRECISION SlT1. SUrI. SJr,2, DRS. 4A, DC, ERR. DEAR ( 10i 
44900 Dûv-c_E PaECIS:ON ORN(10.10).0(10) 
45000 D:MENSION PO(10).P1(70),RPO(IO).AP1(10).P.+R(10) 
45300 C 
45200 DO 100 I1,NPAR 
45300 .C(I)RP0(I)-RP1(I) 
45400 IOD CONTINUE 
45500 C Compute gradients rrrt pow.? Dart 
45600 DC 500 :1.NPAR 
45700 SUMO.O 
<:?00 :,RS.-0LOC:0P1(1))RS(I) 
45°00 44.04L00tP0(1))P0(1)4P1J.i(1)-DLOC(P1(1))Flt1)?wA(I) 
40000 DC.< AA-C(I) )/P4R(I) 
4e100 SUMSUMDR5C(I)05C2)OC 
<6200 C 

46300 SURI-0.0 
46400 DO 200 K.I.NPAR 
46500 SUMISVM1RN(I.K)C(K) 
<ooOO 200 CONTINUE 
40700 5UM.$uM-DCSU1:1 
46800 C 

46900 SUr2O.O 
47('.00 DO 210 K.1,N4R 
47100 IF(K EO.I)CO TO 220 
47:00 DRN(I.K)-DLOC(P1(I))RN(I.K) 
47300 G0 TO 230 
47400 1.20 CvNT:NUE 
47500 Da:N(I,K)2.ODLOC(P1(I)>R01(I,1)(R5(:)/(P:(I)PWR(I))) 
<T6G0 230 CONTINUE 
47700 fvM2SvM2-C(KiDRN(:.K) 
TBGG 21G CONTINUE 

47900 SuMSUMC(:)0gUM2 
<@0G0 SunSJM-O 5GRN(I.I;C(1)CtI) 
4F0:0 ¡FCERF GT 0.OiE1.0 
48020 IF(ERR.LT O. 0)E4-1.0 
45050 DERR(:)SUME 
4e)00 C 

4E200 C 

46300 500 CONTINUE <E00_ C_._ 



C a::. pac:rr.t .ectGr 
41-00 rJ . !.,LC. 

46700 1F(:.;6- :.EFFt3)) CT 0 0000:0000001i0: TC :0t 
505 C:.-:NIE 

46400 - 5:.7 :41.W-66 
4ro0 =cc!:;-0 0 

44100 567 Co.. 7 : NUE 
t7200 CO TO 508 
4°300 506 CCr%'7 : NUE 
4;400 C 
4,500 618 COti7INUE 
4o00 DD 6:0 :-1.N0AR 
4;700 :Ft:,BE(DERR(I)) CT.1000O00 0)0O TO 612 
44500 610 C31:- : NUE 
47ti00 CC TO e:4 
50000 612 CONTINUE 
50100 DO c:6 :-1.NP4R 
50200 DESR ( I)-.r.ERR ( 1)/ 7 6'00000. 0 
50300 616 CONTINUE 
50400 CO TO 610 
50500 C 
50600 634 CONTINUE 
50700 Sum-o 0 
50300 DO 600 .N46R 
50400 SvrSL,.-O_RRfI)DERR(I) 
51000 600 CONTINUE 
5:100 S:rr-:S'usT(SUM) 
5::00 C 
5:300 DO 617 :41NaR 
5:400 DERa(I)-O£RatI;/SUM 
5:500 617 CvNTINUE 
51500 5C8 C7,1-: NvE 
51700 
1.500 EN: 
:700 c 

5:000 ^ 

52:00 C 
S:OG C 

5:300 .SuT.+OUT:Né C`:,°,TEFCN°46,1i.SLOP.DELP4R.PLM) 
:400 C ------------- 
5:500 C 
52000 C Note 

. 
nc normalisation 

5:700 
::9G0 C 

5 :700 C Computes a Le'enoerg- Marquardt step in the parameter space. 
S3í700 C Part of Gradient algorithm to minimise function of ten 
53300 C or less praaetors using successive quadratic 6:pros:motions. 
:3200 C 
53300 C The L wnerg- Marquardt par PLM is specified through the 
:3400 C calling ;rog-am. if PLM-0.0. NOWton step in the subspace 
53500 C of dominant i9envalues results. By setting PLM not equal to 
63600 C ¿Pro (positive values only) we coratratt the s: :e of the 
53700 C step in at attempt to restrict it to region in which the 
53!00 C quaerat¿c apCtor:mation is more valid. 
63700 C 
5.000 C Also sc;:f:ed through the calling program are the following. 
54100 C WAR - na. of para 
54 :00 C M(:.j) - information mtris 
54300 C S_OP(:) - matris of first partial derivatives wrt. pars. 
54400 C 
54500 C The following information is returned te the calling program 
54600 C CEL'AR(i) - recommenced change in :ne par values 
:4700 C to get a revct:en in Ni : function 
54800 C 
54.00 C 

65000 C 
55050 :M'LICIT DOvELE PRECISIONCA- M.0 -Zl 
5.100 D:r =NSION M(10.10).U(10.10) 
55200 D :r.E :S :DN NEIC(10).2(10.10).S.OPtIQ) 
:SO DCIELE PREC :SION DELPAA:10) 

:5'.00 C 

55400 D474 E'S /0 O000000001 /.E °SZ/0 00000000: /.AKO /1 0D 78/ 
:5500 C 

55600 C nit 



.:°V. C 

`_tJOC C 

C 1)G .I.r:ccP 

--ZOG u= 20 . , r.=Ar. 

._}GC 'J)+( 
t400 . O-(.T 1 rWE 

:c500 110 COt.TIN'VE 
: 6o00 C 

56700 C Compute the Efpenvalues are Elpen.ectors of M 
:6E00 
5t900 C 

: 7000 NT.NPAR 
57100 CALL E:CSYD(U.(EiC.NT.NT.NT.10.G.5) 
57200 VV 996 iml.NPAR 
57300 .91TE(5497).(E1C(I) 
:7400 997 FOFMAT ( 5X. ' L:.!".DA +'2X. C20 6) 
:7500 998 CONTINUE 
57600 C 

57700 C Compute the (PSEUDO') inverse of the Eipenvectcr etatrls 
:7800 C 

57900 C Checi to ensure Messfan Is positive definite 
:?000 C 
58100 DO 400 Im1.NPAR 
58200 IF(MEIC(I) LT 0 0) MEIC(I).DABS( MEIC(I) ) 

58300 400 CONTINUE 
58400 C Fjnc :argest efpenvlue 
5E500 LMAX.MEIC(:) 
566.0G DO 41G :C.NPAR 
5E700 :F(MEIC(I) CT LMAX) LnAX+NEIC(I) 
58500 410 CONTINUE 
55900 C 

59000 C 

5°100 C 

597.0C C 

`O30C C 

59400 C Count no of elyw ls larger than EP5(mf ME10(I)) 
t°50C C 

55600 NEIC.NFAR 
59700 .CUTOFF.-cP5( MEIC(1) ) 

55600 DO 1SC :2.r:PAF 
59900 :F(MEIC(I) ;1' COOP-F-1 CO TC 150 
60000 '.E1CI-1 
60100 CO TO 160 
60200 150 CONTINUE 
o030G 160 CONTINUE 
60.100 C 

60500 C Compute LvenDerg-r'rqurdt(?) step with given PUS 
60600 C 

60700 C Compute the trial step DELPAR 
60400 
60500 w9ITE(5.Q9)NPAR,NEIC 
e:'v00 49 FORKAT(5X. 'NPAR+', I2.2X. 'NE:C+'.:2) 
o1/00 C 

6120G DO 170 :61.NEIC 
c1300 IF( ME1C(I).LE.CVTOFF )CO TO 165 
61400 A.G 0' 

6:500 DO 760 J2NPAR 
:1600 AAmU(J.I)SLOP(J) 
61700 180 CONTINUE 
6:500 0C 190 .1, r.PAR 
61t,00 D'J. 1 ).AU(J. I ) 

c.:1000 ) 90 CCNT I NU= 
6::00 :85 CONTINUE 
e:00 170 CONTINUE 
62300 C 

02500 
c2500 PLh1PL1hMEIC( I ) 

c:°00 OC 200 :1.NPAR 
6700 C_LF:.R(i)G.0 
^:°00 DO 210 J61.14EIC 
62e00 :F) MEIC(J) LE CUTOFF )CO TO 175 
e?00G Or:L94R(I)+DELPAR(I)-c 9(I.J).(ME1C(J)9Lns) ) 

.3100 175 CONTINUE 
03200 210 CCNT:NuE 
63300 200 CONTINUE 
63400 C 

63500 
63.600 uqlTE(5.900)(DEL0AR(1).2:.N6Aa) 
c3700 9G0 - ' ,..T ( X. 'DELPAR . X. 1 O( C:. 6. X ) ) 

c350G ß^5)0 i1.NO:.R 



c:600 c.:: .w ;J).lPig r,R( 
C4:-OC G.O c:'.i.!t=X. áca . {. 10(C1: 6. X 11 
c10C g1O 
e4100 LE'UFn' 
c4-JOG C Le)t ;lr.e e) sutrout)ne fellows 
e440O C'L 
64500 C 

64000 C 
64700 C 

6.41500 C 

04900 C 

65000 SJDROUTINE CPwR1 (NPAR. P0. P1. RPO. API. PNR. RS. R(. SBA. DF. DFM) 
65100 C 

65200 C--------- 
65300 C 

65400 C S -Imo to coctute Or1)ent nd hess/n of çuerat)c ftt 
65500 C w)te respect to tr,e tower tr6nsfere.attor pr6meters 
t5600 C 

65700 C------------ -------- 
eS7S0 IrVLICIT DC .aLE PRECISION(A-(.0-2) 
65e00 LI!!ENSIDa 0(10).P1(10),RPO(10).RP1(30).PWR(10).R5(30) 
65900 0:nE:51ON Pei( 10.10) 
66000 1r3UtLE PREC:ElON MAXIM. ALI (10).APO(10).ARl[10).AI(10). 
66100 1 :4I(10).D4::(:0).DC:IO:.D2Ct10).L/i()O):_1:c1C1.:28i2(lo). 
66200 2 E..440, SUrl DC I K. D:t 1 K. Duna . LUr.:. Dur.3. DJ`t4. DUn6. 
6b30C 3 I=9Rt10:,DErt:O.10).11110,:0).C(10).LPM(30.10).LF(10) 
66400 C 

66500 C 

66.600 f 300 :41. ).74411 

66700 C 

66,00 4..0(I)DLOC(0(I)) 
ee900 4_1(1)42LOC(e;(2)) 
67000 c'0(:)3O(: ..NR(I) 
67:00 t:).:(:...P4R(7) 
67200 4:(::-RS(I) 
07300 L+:(I)-4L:(:)41(2) 
67400 Li11(:).-4L1(I)DA7(I) 
67500 C(I)-RPO(I)-)[P1(:) 
67600 :-(AL0(:)AR0(I1-4L1(I)4R1(I)-C(I))/P.)R(1) 
07700 ZC(:)-(ALO(:i4L0(I)4R0(I)-ALl(I)AL1(I)AR:(7)-:.0 
67600 : L:(T))iPNR(:: 
á79OO E::(1)-60,tI.1) 
69000 I)-2.6AL1(Iit11(7)-(AI(:)/491(I)1 
69100 La: ;(I)-2 C.AL:(I:(LDI1(I)- (Al (2)/AR)(I))) 
6£200 1G5 J-1. (.=AR 
4300 
6e400 105 CL$.1" :NUE 
69500 C 

68600 100 C:KTINUE 
66700 C 

6E900 D: 110 :-1.saiAR 
6e600 S'.)K0-0.0 
69000 S..'It1-0.0 
69100 E.fr.20.0 
69200 C 

69300 C 

69400 
69500 DC 120 K-1.N-AR 
69600 :F (K EG. 1 )00 TO 130 
69700 DI11k.-AL:(i).8(I.0.) 
6911o0 D:><IK-11(2.K)41-1(I)2 
690C CG TO 140 
70000 130 CD+.'T:NUE 
70100 Is:k440e71(K) 
70200 I231-L2821 cK) 
7A1r.(: Ian .:rw¡T 1 N( (s 



7:.40G S.-5 C(K;6(I.v) 
7t ?00 °__ .S . -C(v.lLEIr, 
70c00 

. 

s -Sv- (K)02E1v. 
7G700 120 CO.'1(iJE 
70E00 C 

70..00 D'J-1.D41(1)SUr.I-0 :CtI)LEII(1) 
7)000 D,- 2A7(1)sUM0 
7:100 ù'cFp(I)C(1)0Ur1DC11)DUM2 
71200 C 

71300 DU-.3=Dx11(1)Sun20 5DC(I)01111(1)-0 5C(I)L:211(1) 
71400 0(DAI(1)Sunl)DDI1(I)(DC(I)-0.5C(I)) 
71500 DEM(1.I)=C(1)60UM3LCII)LUnsD2C6I1DUM2 
77600 C 

71700 C 

71600 IF(1 EG NPAP100 TO 160 
7:00 DO 750 ti=11.NPAR 
72000 BIy:=-AL1t118(I.K) 
72:00 DSlr.2s-ALS(K)B(I.KJ 
72200 D2EIv..A0(I)ALl(K)6(I.K) 
72300 Dur.5.DC(K)DD1K1C(K)6D28IK 
72400 D(.(M6DC(K)8(I.K)C(K)08IK2 
72500 DE1-((1.K)C(1)4DUM6DC(I)DUn6 
72600 LEm ( K. I)=DEN( I. K) 
72700 150 CONTINUE 
72600 16G COti7INUE 
72Q00 110 00NTINJE 
73000 C 

73010 DO 200 1=1.NPAR 
.73020 LC 210 J=I.NPAR 
73030 LFM(I.J)=2 00( ERRLEM(I.J)''cRR(I)LERRtJ1 ) 

73:d0 210 r,'NT:NUE 
73050 uF(:)s2,0.ERRDERR(I) 
73060 200 CCN71N;1E 
73:o0 C 

._¿00 C 

73300 RETURN 
73400 END 
73500 C -"'« « 
73600 C ^ 
73700 C 



JJ:00 C 

0:200 C 4cg* to cc-eves strrPrst ...cent ssrcn 
CC300 C 

C'v400 C 

C:500 C 

00400 $u6FOUT:N_ STEEP (14a44. P0. P1. F0. F1 
. SLOP. IT. 1Tr.Ax. PEPSI. 

00700 I PEPS2) 
00800 C 

00850 InPLICIT DOUBLE RECISION(A-M.0-2) 
00000 DirtENSION 0(10).11I0).SLOP(70).T0(IO).DEL(10).M(:0.10) 
01000 C 

01100 C Inittaltsr 
01200 1C14140 

0:300 IC14240 

0:400 C 

0:500 DO 100 11.NPAR 
01600 T0(I)400(I) 
01700 100 CONTINUE 
01600 C 

01900 FTO6FO 
02000 C 

02100 uRITE(5.700) 
02200 700 FORnAT(3x.' etsytst drscrnt starch ') 
02300 C 

C2350 STEPe1.0 
02400 444 CONTINUE 
02500 C 

02600 C ComOut un)t tlrect)or. vrctor 
02700 C 

C2200 SU-0.0 
C2400 DO :10 1.1.NPAR 
03000 Su!..SU^-SLOP(7).SLOP(2) 
03100 110 C3NTINV£ 
03200 S.rnDSOATt SVr, ) 

03300 DO 120 741.NPA6 
03400 DEL(:)--Sr011(1)/SO4 
03500 120 CONTINUE 
03600 C 

03700 wRiTE(5702)(DEL(1),I41.NPAR) 
C2800 702 FGRnAT (3x. '01 10(012.6.x» 
C3900 C 

04000 C 

04100 555 CONTINUE 
04200 C 

04300 C Conduct a steraest descent search 
04400 c 

04600 666 CONTINUE 
04700 DO 130 I.1.NAR 
04600 DDSTEPZEL(I) 
04900 PI(1)4,7O(I)O0 
05000 130 CONTINUE 
05100 INF00 
05200 CALL UNC(NPAR. 1. F1. SLOP. M. INFO) 
05300 ITIT1 
05400 w9;TE(5.704))T.QTE.(P1tI).11.NPAR) 
05500 wRITE(5.706)F1 
05600 704 FORr).47(3x. 'Iter . 25. 2x. 'STEP ') G15. 6. /.3x'Pars '. IO(C12. 6. x ) ) 

05700 706 FORr(AT(3x. F1 '.015 6) 
05800 C 

05900 C Check ior canverOence 
06000 C 

06100 Ii(IT.CE ITnAx>tCM:1 
06200 11 
06300 400 t,ONTTNUr 



._ :'C %.,',c:;si 91(I:"T: :) ) 

_.,S PTCt1> 
100 1F.4 CT PEPS1.PTOtl ) AV,rj GP .. %EPS2)GG TC 101 
C0 :Ft: CT ,°AR)CC 70 502 

`.:_00 I11 
CctOG 00 TO 499 
C':JO 
7:00 501 CCNT1NVE 

C7300 C Fars not converged 
C-420 GO TO 140 
C'c40 C 

C'460 5C2 CONTINUE 
C'480 C Pa-s converged 
C7:20 1Cr27 
C7o00 C 
G7700 140 CONTINUE 
C7_30 IF( F1.LT.FTO ) GO TO 150 
C7'00 C 

05O00 C Step rejected 
CE:00 uRITE(:.708) 
0E200 708 FORr.AT(3X.' Step rejected 

) 

0E:00 )F( ICt1.E0.1 ) CO 70 909 
C'r00 IF( IC)i2. E0. 1) GO TO 998 
CE500 STEPSTEP/2.0 
CEe00 CO TO 664 
Cê700 C 

C8?00 150 CONTINUE 
08°00 C 
04:.00 C Step aCCeOted 
C+100 uR:TE(5.710) 
0=2:0 710 FORngT(3X.' Step accepted 
Ct:00 C 

C4400 DO 160 1e1.NPAR 
O+S00 PTO (I)P1(I) 
C=e03 l6C C,7NTINVE 
0°700 F7CF1 
09ê00 C 

C==OC IF( ICM1. E0.1 ) GO TO 999 
1 G:00 :F( I CN2. E0. ) CO TO 998 
C100 C 
1C200 _7EPSTEPZ.0 
iC:30 C3 TO 444 
1G<00 C 
1C.00 C- 
10.00 C 
1C700 C Termsnation o4 steepest descent search 
1C3O0 C 
10900 999 CONTINUE 
:1000 uP:TE(5.8O4) 
11:00 804 FORr(AT(3X.' Term, of. steep desc. - Iter Lir_:t etceedeC') 
1:200 CO TO 990 
.:3CO C 

1:400 99E C3NTINUE 
11500 uOITE(5.802) 
11e00 802 FCRr,4T(3X. ' « Term of steep desc. - Par Convergence') 
11700 C 

1:800 990 CONTINUE 
1:500 uPITE(5.808)(P10(1).11.NPaR) 
12:00 i:aITE(5.809)(SLOP(I),I1.NPAR) 
:Z:00 u::TE(5.810)FTO 
1:200 80E F;,Fr.AT(3X. 'Final pars . /. 3X. :OtC:Z. 6. X ) ) 

609 F'S7,47131. 'Gradients . /. 3X, 10tG:2 6. 1) ) 

:î=JO 610 F_-RrAT(3X.'Fvnction .C15 ei 
.::00 C 

:eJC DG :70 :1.NP6R 
12'00 P:(1)PTO(I) 
:2EdCi 170 CONT7NUE 
1:=00 F:FTO 
1_:00 RETURN 
::00 END 
.::00 C 

)=:00 C 



APPENDIX 3 

Conditional Parameter Sensitivity; 
Concentricity and Interaction 

In this appendix, four common measures of parameter sensitivity are 

presented. 

A -3.1 Continued Parameter Sensitivity [CPSi(e)] 

This index is the one used most commonly in parameter sensitivity 

analysis. The conditional parameter sensitivity of parameter Oi at e 

(CPSi(e) in Figure A -3.1) is the amount that the parameter can vary while 

remaining inside the indifference region while the other parameters are held 

fixed. The index does not account for the compensating effects of the 

simultaneous variation of two or more parameters on the model output. Let 

sij be the (ii)th element of the matrix ve2SI(e). Then, setting 
{ve }i 

= 0 

in (10) j *, solution for the maximum variation of {ve) yields: 

C?- 
w 

1/2 CPS(e) = ± 
. 

, 

(A -3.1) 

A -3.2 Concentricity (Xii) and Interaction (Iii) 

The conditional parameter sensitivity index discussed above measures 

only individual parameter sensitivity. Sorooshian and Arfi (1982) intro- 

duced two indices that measure two -parameter concurrent interdependence. 

These indices deal with the shapes of the elliptical regions in two- param- 

eter subspaces formed by holding all but the two parameters of interest con- 

stant [i.e., {ve}k = 0 k *(i, j)]. The first index, called "concentricity" 

(X), characterizes the deviation of the shape of the ellipse from a circle 

by the ratio of the lengths of the major and minor axes of the ellipse. 

253 



Hence, 

254 

ij 1/2 
min 

XiJ 

X 
max 

(A -3.2) 

where aminci and axij are the smaller and larger eigenvalues of the two - 

parameter submatrix of vé SI(e) given by: 

S(i,j) = 

Sii sii 

Lsjj 
s. 

(A -3.3) 

X varies between 0 and 1, where 1 indicates a perfect circle. 

The second index, called interaction (I), measures the minimum of the 

two angles made by the major axis of the submatrix and the parameter axis 

directions. It is given by: 

v.. 
i 

Iij 45 
(A -3.4) 

where vij is the minimum of the absolute values of the two angles in 

degrees. Hence, I varies between 0 and 1 with 1 indicating the maximum 

angle of interaction. 

If the value of X is small (X « 1.0) and I is large (I _ 1.0), this 

indicates a poor ability to distinguish the effects of perturbations of the 

two parameters on the output. For details, see Sorooshian and Arfi (1982). 
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A -3.3 Condition Number and Multiparameter Interaction 

Two other useful indices of the shape and orientation of the ellipse 

are the condition number (CN) and the index of multi- parameter interaction 

(MPI). The condition number [see, for example, Bard (1974)] of a matrix is 

given by the ratio of the largest to smallest of its eigenvalues. 

largest eigenvalue 
CN = smallest eigenvalue 

(A -3.5) 

If an eigenvalue is zero, then CN = m and the matrix is said to be ill - 

conditioned. (It will be positive semidefinite, and hence the model is 

structurally nonidentifiable). Geometrically, the eigenvalues are related 

in inverse proportion to squares of the lengths of the hyperellipse axis. A 

zero eigenvalue is associated with an axis of infinite length, with equal SI 

value at each point along the axis. The most desirable value is CN = 1 and 

the least desirable is CN = . 

A measure of MPI was introduced by Nathanson and Saidel (1982). It 

consists of evaluating the determinant of the normalized inverse of the 

vé SI(e) matrix: 

MPI = det (norm ve2SI(e)-1) 

where 

(A -3.6) 
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{norm 7 e2SI(e)-1}iJ = {ve SI(e)-1}ij/[{v2SI(e)-1}ii 

(A -3.7) 

{ve SI(e)-1}JJ]1/2 

The diagonal elements of the normalized inverse of the vé SI(e) matrix all 

have value 1, and the off -diagonal elements lie between -1 and +1. (If 

vé Site) -1 were a covariance matrix, the normalized matrix would be the cor- 

relation matrix). In the absence of parameter interaction, the off -diagonal 

terms of the normalized matrix will be zero and MPI = 1. As interaction 

increases, the value of MPI reduces until the model is non -identifiable, 

i.e., MPI = O. Hence, it is desirable that the value of MPI be close to 

1.0. 
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APPENDIX 4 

The equation of the bounding hyperellipse is given by (3.10). Let AO = 

X, vé SI(e) = H, and q' = e. Substituting in (3.10), we have: 

xT H x = e (A-4.1) 

We wish to solve for the extreme points (Xi, max) of this hyperellipse in 

the various parameter (Xi) directions. 

The extreme points result from solutions of: 

Hence, 

ac 
ax 

= Hx=O 

15" 
i 

= 0 = h11X1 + hi2X2 + 
... h1PXp 

ac 
= 0 = hp1k1 + h2X2 + 

. hppxP 

(A -4.2) 

(A -4.3) 

where hij is the ijth element of the matrix H, and xi is the ith element of 

the vector x. 

For 
xl 

to be a maximum, the p - 1 equations ae /aXi = 0 (i * j) must be 

solved simultaneously for p unknowns. This is equivalent to: 
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h11 h12 
... 

Xi 

hil hi2 
.. = {0}=Rjx 

(p - 1) x1 (A -4.4) 

hkl hk2 
... 

... 
hPP XP 

(p- 1) xp pxl 

The solution of this equation will represent the vector passing through the 

points where xj is a maximum for a given e. We can rewrite Equation (A -4.4) 

as : (no jth row or column) 

h11 ... 

hkl ... 

hpl 

MI, Ilmom vim.. 

hli hlk 
... hlp 

xl 
hli 

hii hik 
... 

Xi h i 

(A -4.5) 

hki hkk 
... 

XI( hkj 

hpi 
... 

hPP 
xp hpj 

_ .... 

(p - 1) x (p - 1) (p-1)x1 (p-1)x1 

Since there are (p - 1) simultaneous equations and p unknowns to be solved 

for in Equation (A -4.5), we can arbitrarily specify one of the unknowns. 
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The most convenient choice here is xj = 1. Substituting into (A -4.5) and 

rewriting in matrix vector notation: 

where 

GJ xJ -gJ 

GJ = matrix obtained from H by removing the jth row and column; 

gJ = vector obtained from the jth column of H by removing the 

jth element; and 

= vector obtained from x by removing the jth element. 

Therefore, 

1 
zJ = -GJ 

gJ 

if GJ -1 exists. The vector we are seeking is xj* where: 

x*T = (X1, X2, ... , X. X. = 1, Xk, ... , xp) 

(A -4.6) 

(A -4.7) 

(A -4.8) 

The scaled value of xj* is the unit vector in the direction passing through 

xj,max and is the quantity of interest. Define Mj as the matrix obtained 

from a p- dimensional identity matrix by removing the jth row and nJ as the 

jth column of a p- dimensional identity matrix. 

Then: 



Therefore, 
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Rj = MjH 

GJ 
= Rl J T = HMj 

gj = Rj nj = Mj H nj 

(A -4.9) 

(A -4.10) 

(A -4.11) 

xd = -Gd-1 = -(Md H MdT)-1(M3 H nj) (A-4.12) 

Now, xj* is the direction vector intercepting the ellipse at the 

required point. Let ai be the value of xj at which the direction vector Xj* 

intercepts the ellipse; i.e., xj represents the maximum extent that ai can 

vary positively along its axis while remaining within the ellipse. Hence, 

xj ,max = ai 

and the vector xj* intercepts the ellipse at the point: 

xj** = ai xj* (A -4.13) 

at which point the ellipse has the value: 

e = xj* *T H xj** A -4.15 
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= (aj)2xj*T H XJ* 

We 

xl 

G 

J !gill = (aj)2[xl, , xi,ixk, . xpi 1] gJTi h. 
! J 

= (a)2[xT'1] 

r T 
GJ igJ XJ 

TOT) F 

e ( aj )2 [xJT 2XJT 9J hjj 

Substituting for from m Equation (A -4.7): 

E = (xj)2[9JTO4.1-1OJOJ-lgJ - 2gJTOJ-1gJ 
+ 

h3J] 

_ ( aj )2Lhjj - 9JT uJ-1gJ] 

(A -4.16) 

(A-4.17) 

(A -4.18) 

(A -4.19) 

(A -4.20) 

(A -4.21) 
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aj Xj,max = 
± [e /(hij - gJTGJ- lgJ)]1 /2 

Substituting e = '' and H = vé SI(e), 

Xj,max = 
± 

[Y' /(sjj gJTGJ-1gJ 
)]1/2 

Hence, the parameter sensitivity index PSi(6) is: 

PSi(e) = ±[q(sii - giTGi-lgi)] 1/2 

(A -4.22) 

(A -4.23) 

(A -4.24) 
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APPENDIX 5 

MODIFICATION OF HORTON'S INFILTRATION EQUATION FOR 

USE WITH A CONCEPTUAL RAINFALL -RUNOFF MODEL 

Horton's infiltration equation is: 

ft = fmin 
+ - fmine 

-Kt 

ft = infiltration demand at time t; 

fmin = minimum infiltration demand (t = .); 

fmax = maximum infiltration demand (t = 0); and 

K = rate parameter (K > 0). 

(A -5.1) 

This equation gives infiltration demand as a function of time. It can 

be represented diagramatically as shown in Figure A -5.1. 

Horton's equation gives instantaneous infiltration demand at a fixed 

time t, measured from the time at which the infiltration process began 

(e.g., the beginning of the rainfall event). If it is assumed that the 

receiving zone (into which the water is infiltrating) is empty at time = 0, 

and that sufficient water is always available to meet demand, then Equation 

(A -5.1) represents actual rate of infiltration at time t. When t = ., the 

rate of infiltration is minimum ( = fmin)' and corresponds to the receiving 

zone being full. The value of fmin is not equal to zero, indicating that 

water drains continually from the receiving zone, thus making room for water 

to enter even when the receiving zone is full. 
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f . 
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t 

Figure A -5.1. Diagramatic representation of Horton's equation 
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A conceptual model is generally programmed on a digital computer and, 

usually, time is not involved explicitly as a variable in the computations 

of moisture transfers. Instead, it is more convenient to relate the mois- 

ture transfer computations to the current states of moisture storage in var- 

ious parts of the model. Hence, Equation (A -5.1) is in a form unsuitable 

for use in most conceptual models. A formulation which is more suitable may 

be derived in the following manner. First, the cumulative infiltration 

volume during a fixed size computational interval et will be derived as a 

function of time t. 

Let At = fixed size computational time interval; 

Fn = cumulative infiltration volume during the nth 

time interval from (n - Wit) to (n + ot). 

2 2 

From Figure A -5.2, we can see that: 

Fn = area under the infiltration curve from (n - ) to (n + 

_ fn At (A-5.2) 

- fmin 
et + (fmax 

- fmin) 
et e-Kn (A -5.3) 

Kn 
Fmin + (Fmax Fmin)e 

(A -5.4) 

where 

Fmin = min et = constant 

Fmax furax et = constant 
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Figure A -5.2. Cumulative infiltration during time interval 

( n -) to ( n +) 
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Equation (A -5.4) represents volumes of infiltration during different 

fixed -size intervals of time. The equation must be transformed to represent 

infiltration volume in terms of the volume of water present in the lower 

zone. 

Let UZM = maximum capacity of receiving zone; and 

UZCn = contents of receiving zone at beginning of 

computational time interval 'n'. 

Note that when n = 0, UZCn = 0, and that when n = UZCn = UZM. Hence, a 

one -to -one transformation of the variable n (range 0 - .) to the variable 

UZCn (range 0 - UZM) is required. One suitable transformation is: 

n = UZC 

UZM-UZC 

Hence, Equation A -5.4 can be transformed to: 

UZCn 

Fn = Fmin + CFinax 
- Fmin] 

exp {-K 
(UZM-UZ; )} 

(A -5.5) 

(A -5.6) 

The above equation is represented diagramatically in Figure A -5.3. 

Now, the shape of the curve given by Equation (A -5.6) is limited to 

being of exponential form. A more general formulation allowing more flexi- 

bility to the shape of the curve can be obtained by replacing: 

UZC 
exp -K( 

UZM-UZCn) 
(A -5.7) 
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max 

F. 
min 
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UZM 

Figure A -5.3. Diagramatic representation of Equation (A -5.6) 



in Equation (A -5.6) by: 
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cUZM-UZCn ) 
X 

UZM 
(A -5.8) 

where X = parameter controlling the shape of curve (X > 1). 

Equation (A -5.8) has a general behavior similar to that of Equation 

(A -5.7) for values of X > 1. Substituting (A -5.8) for (A -5.7) in Equation 

(A -5.6), we obtain: 

UZM - UZCn 

Fn - Fmi n + (Finax Fmi n) 
. 

UZM ) X 
(A -5.9) 

The above equation is represented diagramatically in Figure A -5.4. 

As discussed in Chapter 3, the Sacramento Model percolation equation 

has a form similar to Equation (A -5.9). 



271 

Figure A -5.4. Diagramatic representation of Equation (A -5.9) 



APPENDIX 6 

MEASURES OF CLOSENESS BASED ON LIKELIHOOD 

A -6.1 The Simple Least Squares Function (SLS) 

The SLS function is the minimum variance unbiased estimator when the 

errors have zero mean, are uncorrelated, and have a stationary variance. 

The estimator is: 

where 

Min 

wrt e 

n 

SLS = E 
[zt 

- zt(e)3 2 
t=1 

zt = measured output at time t; 

zt(e) = model output at time t for parameters; and 

n = length of data set. 

(A -6.1) 

The SLS is the maximum likelihood estimator for the case of Gaussian, zero 

mean, uncorrelated, stationary variance noise. 

A -6.2 The Maximum Likelihood Estimator for the Case of Gaussian 
First -Lag -Autocorrelated Errors (AMLE) 

The AhL E (from Sorooshian, Gupta, and Fulton, 1981) is the minimum 

variance unbiased estimator when the errors have zero mean and stationary 

variance but are autocorrelated to first lag. Such errors may often arise 

in streamflow (or other) data when measurements are taken at relatively 

short intervals (e.g., hourly). The estimator is: 
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where 
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2n 
Min AMLE = n ln(2,0 + 1-ln ( ° ) 1p2°2el 
wrt e 

2 
2 

1-p2 
2 

1 n 2 

E (e 
t 
-pc 

t-1 
) 

202 t=2 

° = ñ [-p2cl 
n 

+ E (et-pct-1)2] 
t=2 

and p is estimated from the implicit equation: 

2 n 2 3 n 2 2 2 2 n 2 

cl - E et-1)p + ( E etct-1) 
+ (Qv - cl + E et-1)p 

t=2 t=2 t=2 

n 

t2 et 
ct-1 = 0 

et = it - zt(e) ; 

p = first lag autocorrelation coefficient; 

n = length of the data set; and 

4 = variance of the random portion of the errors. 

(A -6.2) 

(A -6.3) 

(A -6.4) 
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The AMLE is solved in two stages. Given a set of model parameters, the 

residuals of the model Et are obtained. Next, equations (A -6.3) and (A -6.4) 

are solved to obtain estimates of Q2 and p. These values are then substi- 

tuted into Equation (A -6.2) to compute the value of the AMLE function. 

A -6.3 The Maximum Likelihood Estimator for the Case of Gaussian 
Uncorrelated, Heteroscedastic Errors (HMLE) 

The HMLE (from Sorooshian, Gupta, and Fulton, 1981) is the minimum var- 

iance asymptotically unbiased estimator when the errors are Gaussian, zero 

mean, uncorrelated, and have time -nonstationary variance. The variance of 

the errors is assumed to be related to the level of the output (magnitude of 

the flows). Such errors are believed to be common in streamflow data. The 

estimator is: 

where 

n 

Min HMLE = [ E w E2] /L n w 
]1/n wrt e t=1 t t t=1 t 

w = 
f2(a-1) 

t t 

and is estimated by solving the implicit equation: 

n n n 

ln(ft) E wtEt -n E wtln(ft)et = o 

t=1 t=1 t=1 

(A -6.5) 

(A -6.6) 

(A -6.7) 
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ft = E{it} 

= 
t 

or zt( e) as desired 

The choice of ft is discussed in Sorooshian et al. (1981). In the above 

equations, the A is the unknown variance stabilization parameter, which is 

estimated during the optimization process. E {it} denotes the expectation 

operation. The HMLE is solved in two stages. Given a set of model param- 

eters, the residuals of the model are obtained. Next, Equation (A -6.7) is 

solved to obtain an estimate of the parameter x. This value is substituted 

into Equation (A -6.5) to compute the value of the HMLE function. 

A complete discussion of the maximum likelihood estimators included 

here can be found in either Sorooshian (1978) or Sorooshian, Gupta, and 

Fulton (1981). 



APPENDIX 7 

DATA SETS USED 

A -7.1 Precipitation Input RAIN -1 

I P(I) I P(I) I P(I) I P(I) I P(I) 

1. 7.0 11. 35.0 21. 14.0 31. 4.0 41. 11.0 
2. 12.0 12. 27.0 22. 8.0 32. 9.0 42. 6.0 
3. 6.0 13. 12.0 23. 0.0 33. 3.0 43. 0.0 
4. 4.0 14. 4.0 24. 0.0 34. 0.0 44. 0.0 
5. 0.0 15. 0.0 25. 0.0 35. 0.0 45. 0.0 
6. 0.0 16. 0.0 26. 0.0 36. 3.0 46. 2.0 
7. 0.0 17. 0.0 27. 0.0 37. 14.0 47. 8.0 
8. 0.0 18. 0.0 28. 0.0 38. 20.0 48. 3.0 
9. 9.0 19. 3.0 29. 0.0 39. 37.0 49. 3.0 

10. 17.0 20. 6.0 30. 0.0 40. 18.0 50. 0.0 

A-7.2 Streamflow Output FLOW-1 

I Q(I) I Q(I) I Q(I) I Q(I) I Q(I) 

1. 1.40 11. 27.62 21. 5.44 31. 1.54 41. 12.50 

2. 3.52 12. 27.00 22. 6.83 32. 3.03 42. 9.25 
3. 4.16 13. 13.00 23. 4.85 33. 3.02 43. 5.58 

4. 4.49 14. 8.50 24. 3.69 34. 2.42 44. 4.21 
5. 3.14 15. 5.35 25. 2.82 35. 1.94 45. 3.13 

6. 2.46 16. 4.06 26. 2.25 36. 2.15 46. 2.87 
7. 1.97 17. 3.04 27. 1.80 37. 4.00 47. 3.89 
8. 1.57 18. 2.41 28. 1.44 38. 11.30 48. 4.05 
9. 3.06 19. 2.53 29. 1.15 39. 34.30 49. 3.55 

10. 6.62 20. 3.22 30. 0.92 40. 18.00 50. 2.79 
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A -7.3 Precipitation Input RAIN -4 

I P(I) I P(I) I P(I) I P(I) I P(I) 

1. 5.0 11. 16.0 21. 6.0 31. 20.0 41. 17.0 
2. 5.0 12. 20.0 22. 4.0 32. 27.0 42. 13.0 
3. 7.0 13. 28.0 23. 0.0 33. 33.0 43. 10.0 
4. 8.0 14. 26.0 24. 0.0 34. 37.0 44. 8.0 
5. 10.0 15. 22.0 25. 2.0 35. 35.0 45. 5.0 
6. 15.0 16. 18.0 26. 3.0 36. 33.0 46. 3.0 
7. 14.0 17. 16.0 27. 5.0 37. 31.0 47. 2.0 
8. 15.0 18. 12.0 28. 6.0 38. 29.0 48. 0.0 
9. 17.0 19. 10.0 29. 12.0 39. 26.0 49. 0.0 

10. 14.0 20. 10.0 30. 14.0 40. 21.0 50. 0.0 

A-7.4 Streamflow Output FLOW-4 

I Q(I) I Q(I) I Q(I) I Q(I) I Q(I) 

1. 1.00 11. 16.00 21. 8.38 31. 15.69 41. 17.00 
2. 1.80 12. 20.00 22. 6.51 32. 27.00 42. 13.50 
3. 2.84 13. 28.00 23. 4.75 33. 33.00 43. 11.75 
4. 3.87 14. 26.00 24. 3.53 34. 37.00 44. 9.88 
5. 5.85 15. 22.00 25. 3.12 35. 35.00 45. 7.44 
6. 9.32 16. 18.00 26. 3.09 36. 33.00 46. 5.93 
7. 11.66 17. 16.00 27. 3.47 37. 31.00 47. 5.17 
8. 13.33 18. 13.00 28. 4.04 38. 29.00 48. 3.63 
9. 16.33 19. 11.50 29. 6.48 39. 26.00 49. 2.74 

10. 14.00 20. 10.75 30. 9.69 40. 21.00 50. 2.19 



APPENDIX 8 

PROCEDURE FOR CREATING ERROR CORRUPTED OUTPUT DATA 

The following procedure was used to generate the error corrupted flow 

sequences used in the simulation experiments of Chapter 4. It is assumed 

that the actual measurements are made of river stage which are then converted 

to flow measurements through the nonlinear rating curve. The procedure out- 

lined is for Gaussian, zero mean, stage measurement errors, with constant 

variance Q2 and autocorrelated to single lag with autocorrelation coefficient 

0. In the studies conducted in Chapter 4, was assumed to be zero, a2 was 

assumed to be 0.25, and y was equal to either 1.0, 0.5, or 0.05. 

Step 1 

A sequence at of Gaussian, zero mean, unit variance pseudorandom 

numbers was generated according to the following method: 

(1) Generate two independently distributed uniform pseudo- 

random numbers, vl and v2, between zero and one using 

the built -in computer function. 

(2) Compute two pseudorandom Gaussian (N[0,1]) numbers using: 

E1 = (-2n 1nv1)1/2 COS(2nv1) 

E2 = (-2n 1nv2)1/2 Sin(2nv2) 

(3) Repeat Steps 1 and 2 until enough numbers are generated. 
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(A -8.1) 

(A -8.2) 
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(4) Test the mean, variance, and autocorrelation function of 

the sequence. 

Step 2 

The "observed" flow sequences were created using the following method 

(ht = stage, zt = flow): 

(1) Compute ht,true = B + (zt,true)1 /Y (A -8.3) 

(2) Compute vt = lvt-1 + at 

where vl = al 

(3) Compute observed stage FL = 
t ht,true + vt 

(4) If ht < 0.0, set ht = 10 -6 

(5) Compute observed flows, 2t = [Y(ht - 8)]1 /Y 

(A -8.4) 

(A -8.5) 

(A -8.6) 

In this report, the value a = 0.0 was used. 

The procedure for generating the random numbers was found to be satis- 

factory. The means, variances, and autocorrelations all lay within their 95% 

confidence intervals, the histograms appeared acceptable, and the cumulative 

probability distributions plotted as straight lines on normal probability 

paper. 
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DERIVATION OF DERIVATIVES 
FOR CRR MODELS 

280 



281 

APPENDIX 9 

The model equations are given by: 

Q 

= / Tj (e' -l' Et) Aj (e' -l' .) 
j =1 

(A -9.1) 

Q 

= 
Ti 

(e' Zt-l' ) 
Bi 

(e' Zt-1' ut) (A -9.2) 

j =1 

Where Tj() is defined in equations (3.37) and (3.38). Let us denote 

Ai (e, xt_1, ut) , Bi (e, xt_1, ut) and Ti (e, xt_1, uA) by the short forms 

Ait, Bit, and Tit, respectively. Noting that the model equations are continu- 

ous in the state and parameter spaces for each mode, we get the following 

expressions through the application of the chain rule of differentiation, 

where 

aXt T aAjt + aTjt 
. . 

aë; 
jr--1 

3t ae. ae; 

Q 
aZx 

E 
aBjt aTjt 

. B . 

aë; i=1 
t 

ae; aei 
t 

aAit aAjt + aAjt . aXt-1 
ae; ae; aXt_1 ae; 

aBjt aBjt aBjt . aXt-1 
ae; ae; aXt-1 aei 

aTjt 
= 

aTjt aTj 
t . t-1 

361 ae; aXt_1 ae; 

iF i,j 

-V- i,j 

iF i,j 

(A -9.3) 

(A -9.4) 

(A -9.5) 

(A -9.6) 

(A -9.7) 

Substituting Equations (A -9.5) through (A -9.7) into (A -9.3) and (A -9.4), we 

get: 
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q 
ax [ aAjt aAit 31t-1 ] 
aei i=1 ae; axt_1 aei 

q 
[ 

aTjt aTit 
. t-1 ] Ait 

ae; 3Xt_1 ae; 
j=1 

q 
aZt 

[ 
aBjt aBjt 

. t-1 ] 

aé; j=1 ae; aXt-1 aei 

q aTjt aTjt aXt-1 
] Bit 

ae; aXt_1 ae; 
j=1 

iFi (A -9.8) 

-It i (A -9.9) 

Since each mode is continuous in e and Xt -1, the quantities Ajt, Bit, 

9Ajt 
aAjt aBjt agjt 

ae ax ae and 
aX 

can be easily computed. Further, the quantity 

-t -1 1 t -1 

aaéil is the sensitivity of the model state to the parameter ei carried over 

from the previous time step and is therefore already known. In order to 

aT aT 
compute the above equations, we now need to compute Tit, 

aeJt 
and aXdt . Note 

t -1 

that Tit is a piecewise constant function on the state and parameter spaces. 

For example, let the model consist of just a single state xt, and two opera- 

tional modes. Figure A -9.1 represents the Tit function (j = 1,2) for the 2 -mode 

model, as a function of the state. From the figure we can see that (for 

j = 1,2) 

3Tit 0 for xt * a 

axt -1 undefined for xt_1 = a 

(A -9.10) 

where 'a' represents the value of the state xt_1 at which the model switches 

between the modes. As long as xt_1 * a, we know that the partial derivative 
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Figure A -9.1. Threshold function for a 2 -mode model. 



284 

aT is equal to zero. As we allow xt to approach the value 'a' from each 
t -1 

side, the one -sided limiting values of the derivative is zero, but is undefined 

at the point a. This problem is most simply resolved by defining the threshold 

function Tit to be continuous from the left (or alternatively, from the right). 

For example, for the case of figure A -9.1: 

Tit = 

T2t - 

which implies that 

aTjt 

0 

1 

1 

0 

- zero 
axt -1 

xt-1 < a 

xt-i > a 

xt-1 4 a 

xt-1 > a 

(A -9.13) 

In practice, a model which uses a threshold element is actually constructed us- 

ing inequalities (< or >) and is referred to implicitly as being continuous 

from one side or the other of the threshold point. The threshold point 'a' is 

rarely, if ever, treated as a singularity. It may be argued that this approach 

does not resolve the problems associated with nondifferentiability of the func- 

tion at the point xt_1 = a. Based on our experience with application of the 

method in simulation studies, it appears, however, that the problems are prob- 

ably only theoretical and not of much practical significance. A similar ap- 

aT 
proach may be used to establish that ?t = 0 (for all i,j) as a function of 

a9 
t 

the parameter space. 

These results are extended readily to the multistate, multimode case as 

follows. Let the model be in mode j when áj < Xt -i < b,i where áa and bj denote 

the values of the state Xt_i at which the model changes from the jth mode of 
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x2 t-1 

a2 
2 

a2 
1 

l 

i=7 

j=4 

j=1 

j=8 j=9 

j=5 

j=2 

j=6 

j=3 

al 
1 2 t-1 

Figure A -9.2. Example of a two -state model with nine possible modes 

of operation. 

(j) - indicates model in mode j (j = 1,...9). 
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