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ABSTRACT:
Hydrologic properties of the vadose zone are heterogeneous at many different scales. An
accurate prediction of water flow and solute transport in the vadose zone requires detailed
information about spatial distributions of the properties. Collecting such detailed spatial distribution
of hydrologic properties of geological formations is a formidable task. As a result, hydrologic
modelers face a difficult challenge: to make the best prediction with little information. During the
past few decades many approaches and theories based on stochastic concepts have been developed
in an attempt to overcome this difficulty. These stochastic approaches and theories provide ways not
only to predict flow and transport processes in large -scale, heterogeneous vadose zones, but also to
assess uncertainties in our predictions. One widely-investigated stochastic approach involves the use
of effective flow and transport properties. The effective property approach essentially represents a
generalization of the well -known equivalent homogeneous media approach discussed in most
hydrology textbooks (e.g., using the arithmetic mean conductivity and harmonic mean conductivity
for flow parallel to and normal to stratification, respectively, in layered media). This approach is a
valuable tool in many practical situations but it predicts the ensemble behavior of a system which can
be quite different from reality. To obtain predictions at higher resolutions than the effective property

approach, many heterogeneous approaches have also been developed. This paper presents an
overview of the stochastic theories related to both equivalent homogeneous media and
heterogeneous approaches, it highlights their applications, and it discusses some of their deficiencies.
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INTRODUCTION

Predicting any natural process is a difficult task. The complexity of natural systems often
prohibits our understanding of governing principles of processes in the systems. For some natural

processes such as water flow and solute transport in aquifers and the vadose zone (the geological
medium, i.e., soils and rocks, above the regional groundwater table), we seem to understand
governing principles of the processes at some scales- numerous laboratory experiments have

demonstrated the validity of Darcy's law for flow and Fick's law for convective -dispersive solute
transport through saturated and unsaturated porous media. However, when applying these principles
to field problems, we encounter spatial and temporal variabilities of the system characteristics at many

different scales.
The spatial variability of hydrologic properties of geologic media has been long recognized.
It is generally agreed that accurate predictions of water flow and solute transport in the vadose zone
require a detailed characterization of the spatial distribution of hydrologic properties. Physical, time,

and economic constraints often prohibit such a detailed characterization of the vadose zone.

Consequently, for most analyses of water flow and solute transport in the vadose zone one has to
rely on a homogeneous assumption or to portray the vadose zone with a limited amount of samples.

Such simplified approaches always lead to the question of the accuracy of our prediction, and this

question provides a motivation for assessing the uncertainty associated with our predictions.
While the accuracy and uncertainty of our predictions have frequently been addressed in the

simulation of flow and solute transport through saturated aquifers, they are seldom visited in the
analysis of vadose zone hydrology due to the complexity of the processes. Additionally, literature
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of stochastic analysis has often indulged

in the complex mathematics. The stochastic

approach

becomes incomprehensible to many practitioners but few researchers and scientists. As a result, the
gap between research and reality becomes even greater such that data collected by many practitioners

become useless to stochastic modelers and stochastic modelers continue on developing tools that can

seldom be applied to the field. The purpose of this two parts paper is to explore the important issues
related spatial variability, to provide an introductory overview of some stochastic approaches which
have been developed, and to explain the need of stochastic analysis. We hope through this paper that

the gap between practitioners and researchers can be narrowed, and that our ability of forecasting

water flow and solute transport in the vadose zone can be improved.

CONCEPTS OF WATER FLOW AND SOLUTE TRANSPORT MODELING IN THE
VADOSE ZONE

Before considering the impact of geologic media heterogeneity on the flow and transport
processes, it is useful to review the principles and classical modeling approaches typically applied to

vadose zone problems.

Models of Flow and Transport
Strictly speaking, water movement in the vadose zone is directly associated with the
movement of air. A rigorous analysis of water flow and solute transport in the vadose zone should
also consider the flow of air. However, in many cases the movement of air can be ignored to simplify
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the analysis, and Richards' equation is generally used:
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where x; and xi are the spatial coordinates (i, j =1, 2, and 3);

x1

corresponds to the vertical direction;

KS(*) is the hydraulic conductivity tensor which is a function of the soil water pressure head, qr. The

pressure head is positive if the porous medium is fully saturated and it is negative when the medium
is

unsaturated. The moisture capacity term, C(y), represents the amount of change in moisture

content per unit change in negative pressure when the geological medium is partially saturated. It
corresponds to the slope of the water release curve or moisture -pressure head relationship, O(4r), of
a given soil at different soil -water pressure head values. When the soil is fully saturated, the change
in water storage due to change in the positive pressure is denoted by the specific storage term,

SS,

which is related to the compressibility of the porous medium and water. In (1), a is a saturation
index of the porous medium for the sake of convenience in mathematics. It is zero when the medium
is unsaturated and is equal to one if the medium is fully saturated. Note that this convenience has

seldom been tested.

Hydrologic properties, such as K(t1r),

CM,

and 8(i11), of geological media vary with the

degree of saturation or moisture content and pressure head.

Mathematical formulas are often

employed to describe the dependence of these properties on a full range of soil -water pressure and
moisture content although a tabulated relationship between the properties and pressure is sometimes

used. One formula frequently used to depict the unsaturated hydraulic conductivity, and moisture

Yeh and McCord 5

release curves is the exponential model (Gardner, 1958),
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where Ks is the saturated hydraulic conductivity; ß is the pore -size distribution parameter,
representing the rate of reduction in conductivity as the soil desaturates; 0, is the saturated moisture
content; and 0, is the residual moisture content. The exponential model has been very popular owing

to its simplicity and convenience in mathematical analysis. However, it fits the observed K(ilr) or
001r) data over a limited range of pressure head values. Other widely -used models for K(tji ), and

000 are

those by Mualem (1976) and van Genuchten (1980):
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a, n, and m are soil parameters and rr=l -1 /n. These models are valid over a broader range

of pressure values than the exponential model (van Genuchten and Nielsen, 1985). Because of the
use of these mathematical models for the functional relationship between conductivity, pressure head,
and moisture content, soils can often be categorized by the parameters such as

a, ß, n,

For example, coarse textured soils are reported to have large values of

n, ß and

cc,

OS,

er, and KS.

KS,

and fine-

Yeh and McCord 6
textured soils to have small values (e.g., Stephens et al., 1987). However, values of these parameters
are not necessarily unique for a given geological medium due to hysteretic behavior in K(ir) and

0(111)

relationships: these values can vary according to the wetting and drying histories of the medium. In

practice, water release curves of soils can be measured at less cost and effort than the unsaturated

hydraulic conductivity. The values of a, ß, and n parameter values of unsaturated hydraulic
conductivity and water release curves are often conveniently assumed to be the same although they

may be different (e.g., Yeh and Harvey, 1990).

In addition, (2) and (3) are frequently used to

extrapolate the conductivity to very dry conditions where a direct measurement of hydraulic
conductivity is beyond our ability.
For solute transport in the vadose zone, a classical convection -dispersion equation is used to

account for mixing. The equation can be expressed as:

a(i)
aX1
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where c is the concentration of the solute,

ac

at
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(4)

is the dispersion coefficient tensor, e is the moisture

content as described in (2) and (3), and q; are the specific discharge components which can be derived

from the analysis of (1). The dispersion coefficient is generally defined as:
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in which a L and a are the longitudinal and transverse dispersivities, respectively; q = (gig; )'n and
is the

magnitude of the specific discharge; 8u is the Kronecker delta (8ij =1, if i=j and 0 otherwise);
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and

Dm is

the molecular diffusion which is generally small and can be omitted.

This linear

relationship between dispersivity and specific flux is an extension of the relationship for solute

transport in saturated porous media. Very few physical experiments (Wilson and Gelhar, 1974,
Bond, 1986) have attempted to verify this relationship for unsaturated porous media because of
difficulties in the design and implementation of the experiment. Nevertheless, this relationship is

generally adopted in vadose zone hydrology.
Despite many simplifying assumptions, results of modeling flow and solute transport based

on equations (1) to (4) have been found satisfactory for many laboratory experiments (e.g., two dimensional sandbox experiments by Vauclin et al., 1979). As a result, these equations are regarded
as the fundamental principle for predicting water flow and solute transport in the vadose zone.

Thus, a mathematical prediction of water flow and solute transport requires the solution of (1) with

specified initial and boundary conditions to obtain soil -water pressure head and moisture content
distributions. Subsequently, the specific discharge is determined from the use of Darcy's law along

with the soil -water pressure head distribution. With the specific discharge and moisture content
information, (4) is then solved for concentration distributions at different times. Solutions to (1) and

(4), however, require the specification of physical properties of the site such as hydraulic

conductivity, moisture capacity, storage coefficient, and dispersivity values.

Scales of Heterogeneity, REV, Dispersion and Measurement Scale.
Geological formations are heterogeneous in nature. As an example, Figure la shows two

lithofacies (sheet flood and paleosols) distributions mapped in a trench wall in southern Nevada
(Gotway et al., 1994). As a result, the physical properties required as input to the flow and solute
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transport equations commonly exhibit a high degree of spatial variability. Figure lb presents the
three- dimensional saturated hydraulic conductivity distribution over a 5m x 5m x 3m portion of a
sandy aquifer at the Georgetown site in South Carolina. This three -dimensional view, resulting from
an intensive sampling effort involving a total of 330 hydraulic conductivity measurements (30 in the

horizontal and

11 in

the vertical), reflects layered structures and complex variability within each layer

(Mas -Pla et al., 1994). Similarly, Figure 2 illustrates the complex spatial distribution of the parameter

values of the natural log of saturated hydraulic conductivity (1nKs), the natural log of pore -size
distribution parameter (ln (3), n,

0 and e, of the moisture release curves (50 in the horizontal x 9 in

the vertical) of a vertical soil profile at the trench site, Las Cruces, New Mexico (Wierenga et al.,
1989, and 1991).

Geological heterogeneity also exists at various scales. For example, variation in pore size,
pore geometry, and tortuosity of pore channels are the heterogeneity within a core sample and they
are called laboratory-scale heterogeneity. As our observation scale increases to a field, stratification

or layering in a geologic formation becomes the dominant heterogeneity which is often classified as
field -scale heterogeneity. At an even larger observation scale, the regional -scale heterogeneity

represents the variation of geologic formations or facies. Variations among sedimentary basins are,
then, categorized as the global-scale heterogeneity, and so on. Geological heterogeneities at different
scales, thus, become a critical issue in the prediction of water flow and solute movement in geological

media.

To resolve problems of heterogeneities at the laboratory- scale, hydrologists rely on the
concept of representative elementary volume (REV). For example, in a saturated core sample, flow

takes place through a complex network of interconnected pores or openings. Obviously, it is
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practically impossible to describe in any exact mathematical manner the intricate pore structure which

controls the flow through porous media. Subsequently, groundwater hydrologists have to abandon
the basic equations governing fluid flow (such as the Navier- Stokes equations) at the pore -scale level,
and consider some average flow over a certain volume of porous media. This volume over which the
flow is averaged is defined as a REV (Bear, 1972) which is equivalent to the continuum hypothesis

used in fluid mechanics and other branches of sciences. Using the REV concept, we essentially bypass

both the microscopic level at which we consider what happens to each fluid particle and the pore level
at which we consider the flow pattern within each pore and between pores. Our observations

essentially move to the macroscopic level at which only average phenomena over the REV are
considered. As a result, the properties we defined represent averaged values and the medium can be

considered as a continuum upon which our differential calculus applies.
The same approach has also been adopted by soil physicists and hydrologists to deal with flow

through unsaturated porous media. For example, the moisture content of a core sample represents
an average moisture content over the volume of the core sample and does not represent the moisture

content at each individual pore. In fact, some of the pores in the core sample may be fully saturated,

some are unsaturated, but on the average they are unsaturated. Similarly, the REV assumption
embedded in the Richards equation ignores discontinuous water films in pores and assumes they are

continuous on the average over the entire soil core.
Because the predicted flow behavior based upon the classic Richards equation represents an

average over the REV, flow behaviors deviating from the average due to the heterogeneity at scales

smaller than the size of the REV are overlooked. Generally, neglecting the effect of small -scale
variations may have little impact on the assessment of the quantity of water flow in the vadose zone
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(e.g., average infiltration, groundwater recharge, etc.) Nevertheless, such small -scale variations can
have profound impacts on solute transport in porous media. The small -scale variations represent fast

or slow flow channels where solutes are likely to travel, and they can cause the spread of solute
arrival.

To include effects of small-scale variations in the analysis of solute transport in porous media,
the concept of hydrodynamic dispersion is used. That is, concentration fluxes from the fast and slow
flow channels are embraced in a transport equation via a dispersive flux. Fick's law (i.e., dispersive
flux is linearly proportional to the concentration gradient or it is the product of dispersion coefficient

and the concentration gradient) is employed to represent this flux. Therefore, the classical solute

transport equation (4) includes a convective term (q.VC) and a dispersive term (VD.VC), representing
mass fluxes resulting from the average flow velocity and flow velocities deviating from the average,

respectively. This dispersion approach is similar to the molecular diffusion concept in chemistry, and

hydrodynamic dispersion in surface water hydrology. However, the mechanism causing the velocity

variation in porous media under steady -state uniform flow conditions is mainly attributed to the
heterogeneity of porous media, whereas the random collision of molecules causes chemical diffusion
and channel roughness and shear effects result in hydrodynamic dispersion in rivers.

Many laboratory experiments of transport in fully saturated and partially saturated porous

media have demonstrated that the dispersion coefficient varies with the magnitude of the average
water flow velocity and is approximately linearly proportional to the average velocity (e.g., Bond,
1986). The constant of proportionality is, then, defined as dispersivity, representing the average size

of heterogeneities (i.e., the average grain size
scales smaller than the size of REV

.

in a uniformly packed soil column, Bear, 1972.) at

The dispersivity can thus be considered one of the properties

Yeh and McCord

11

of porous media. It should be pointed out that the above dispersion concept is also a REV approach
and is intended to capture the overall effect of heterogeneities overlooked in the REV. In other
words, the concentration determined by (4) does not represent the concentration at a point in a pore

but in a volume encompassing many pores.

The validity of such a REV approach has been tested and substantiated by numerous
laboratory experiments (e.g., Bear, 1972). The REV concept, thus, becomes the foundation of many

principles of groundwater hydrology. However, when we apply these principles to large -scale
geological formations, we somehow forget the basic assumption of the REV approach. That is, the
flow behavior predicted by a continuum-based REV model represents an average behavior of the flow

over the REV, and does not necessarily depict phenomena measured or observed at scales much
smaller than the size of the REV. For example, the moisture content observed by neutron probe
located at a local clay lens embedded in sandy soil will be different that predicted by any mathematical
model (e.g., Philip's infiltration solution), which assumes that the soil is homogeneous. The moisture

content at this observation point will reflect the response of the clay lens to the stress caused by
infiltration and will not necessarily represent the response of other parts of the soil, unless the entire

soil consists of the same material.
Similarly, the concentration calculated from Equation (4) depicts the average concentration

of a chemical species over the REV. It is not equivalent to that measured at a volume much smaller
than the size of the REV. In order to be consistent with the theory, the measurement scale for the

concentration must be at least the same as the size of REV. This requirement is likely to be met in
a tracer experiment in a soil column, packed with a relatively uniform sand. In such a soil column,

the variation in grain size and pore geometry are the major source of the heterogeneity. The size of
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this heterogeneity is much smaller than the size of the soil column, and the concentration is averaged

over numerous pores. The requirement of REV is therefore satisfied, and success in predicting tracer

movement in soil columns has been widely reported (e.g., Nielsen and Biggar, 1961).

On the other hand, a field-scale vadose zone consists of heterogeneities of many different
scales and magnitudes, such as variations in pore -geometry and size, macropores(i.e., cracks, root

cavities, worm holes, and etc.), fractures, layers, facies, and sedimentary structures. Treating such
a vadose zone as a homogenous one is tantamount to employing a large -size REV, which must be
many times larger than the largest heterogeneity. However, our sampling devices (such as the length

of porous cup of a tensiometer, lysimeter, or the volume of soil that a neutron probe affects) are
generally much smaller than the size of the REV. Therefore, predictions based upon an assumption

of homogeneity will likely deviate from our observations unless the observations are large enough to
incorporate many heterogeneities.

APPROACHES FOR THE INVESTIGATION OF SPATIAL VARIABILITY

Many different approaches for predicting water flow and solute transport in the vadose zone
have been developed in the past decades. These include the physical approach which relies on
Richards' and convection -dispersion equations, and a system approach which treats the vadose zone
as a bundle

1986).

of vertically- homogeneous soil columns (such as the transfer function model, Jury et al.,

In the system approach, the governing principle of the process in the vadose zone is

determined by the relationship between the input and output of the vadose zone. The system
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approach is not new to hydrologists and had been widely utilized to predict discharge from
watersheds, storm -runoff relationships, etc. However, this system approach is often criticized for its

empiricism and the lack of physical principles. This approach is also known to be limited to

predicting the integrated behavior of a system (such as discharge at the downstream outlet of the

watershed where streamflow, runoff, and groundwater flow from all parts of the watershed are
concentrated, or the average concentration breakthrough of nitrate at the water table beneath an
entire farm, etc.) Worst of all, the system approach must rely on the knowledge of input and output
histories and model calibrations. This requirement implies that one must carry out tracer experiments

at a given site prior to prediction. A calibrated model for the vadose zone under a given condition
can not necessarily be applied to the zone under a different condition, as illustrated by many recent
field tracer experiments (e.g., Butters et al., 1989; Butters and Jury, 1989; and Roth et al., 1991).

On the other hand, a physical model only requires the information of physical properties of the site.
While such systems approaches may be relevant for predicting transport under agricultural fields, their

usefulness is limited for more general scenarios. Because of these drawbacks and limitations of the

system approach, our discussion of approaches for spatial variability will focus on the physical
approach.

Deterministic Approach
For reasons of different interests, soil physicists tend to focus on water flow and solute
transport in the shallow depth of the vadose zone under irrigated farm lands. Groundwater
hydrologists tend to concentrate on the relationship between the flow and solute transport processes
within the entire vadose zone and regional aquifers. Regardless of their difference in interests, for
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decades both soil physicists and hydrologists have relied on deterministic approaches to predict flow
and solute transport in many highly heterogeneous vadose zones. The deterministic approach implies

that parameter values in the mathematical model, (1) and (4), are perfectly known through
measurements or interpolation/extrapolation, and specified at all points in the solution domain. In
general, the deterministic approach can be categorized into an equivalent homogeneous and a

heterogeneous approach. The equivalent homogeneous approach assumes that a heterogeneous
medium can be treated as an equivalent homogeneous one whose hydraulic properties are constant
in space (e.g., Hills et al., 1991). Such constant properties are called effective properties. The

effective hydraulic properties are often obtained by conducting large-scale infiltration tests and then

applying inverse approaches (such as the instantaneous profile method, Watson, 1966) to identify
input parameter values. Alternatively, one may average the values from many small -scale tests (i.e.,

the arithmetic, geometric, or harmonic mean of conductivity values obtained from laboratory column

tests). These effective parameters are then used as input to mathematical models to predict water
flow or transport of contaminants in the vadose zone in an average sense. The heterogeneous

approach, on the other hand, utilizes all available field data to depict the heterogeneous nature of the

vadose zone. This approach is intended to describe the behavior of water flow or transport of
contaminants in the vadose zone at higher resolutions than the homogeneous approach.
Regardless of whether treating the vadose zone as a homogeneous or heterogeneous medium,
the deterministic approaches suffer from many drawbacks. First, there are no conclusive means to
obtain effective parameters of the equivalent homogeneous vadose zone using data from large -scale
hydraulic tests. This problem largely stems from difficulties in solving the inverse problem with the

multi- dimensional, nonlinear Richards equation and difficulties in monitoring processes in the deep
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vadose zone. On the other hand, if one relies on small -scale hydraulic tests, the hydraulic parameter
values measured at various parts of the vadose zone are likely very different. Then, what is the most

appropriate means to average these different values to obtain the effective hydraulic properties for
the equivalent homogeneous vadose zone? And provided that such a means can be defined, how can

the predicted result be related to our observations which is much smaller than the REV for this
effective conductivity? The heterogeneous approach is not immune from problems either: Can we

predict flow and transport in heterogeneous vadose zones using only a limited amount of data

collected from the small -scale tests? What is the magnitude of uncertainty associated with our
predictions? To answer these questions, a probabilistic approach is necessary, and a stochastic
approach seems most appropriate.

Stochastic Approach
The theories based on stochastic approaches to tackle the spatial variability problems have
been developed only in the past decade. Many recent field experiments in both saturated zones (e.g.,
Freyberg, 1986; Sudicky, 1986; Garabedian et al., 1991; Jensen et al., 1993) and unsaturated zones

(Yeh et al., 1986; Greenholtz et al., 1988; McCord et al., 1991; Wierenga et al., 1989; Herkelrath et
aL 1991;

Lu and Khaleel, 1993) have already indicated that the stochastic theories are promising at

least qualitatively, regardless of many simplifying assumptions used in their development. In the
following sections, the stochastic approach will be introduced by first discussing the concept of
statistical representation of heterogeneity. Then, recently developed stochastic theories of flow and

transport in the vadose zone will be discussed.
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Statistical Representation of Heterogeneity
Predicting ground water contamination at a scale of our interest generally requires information

of hydrologic properties at every point in the vadose zone. To delineate such a detailed hydraulic
property distribution of the vadose zone at a site of tens of kilometers in width and tens to hundreds

of meters in depth requires numerous measurements, considerable time, and great expense. Such a
detailed sampling effort is a formidable task based on our current technology. The alternative is to
describe the variability of properties at the site in a statistical framework

(

mean, standard deviation,

and probability distribution) with a small number of representative samples. Such a statistical
description of spatial variability of hydraulic properties of aquifers is not new but has been frequently

used in the past. For example, the distribution of porosity in a given aquifer or saturated moisture
content has been described as normal (Law, 1944, Bennion and Griffiths, 1969, Anderson and Cassel,
1986). Hoeksema and Kitanidis (1985) have suggested that the storage coefficient be log-normally

distributed. Saturated hydraulic conductivity data have usually been reported to be approximately
log- normal (Law, 1944; Bulness, 1946; Warren et al., 1961;

Bah,

1976; Freeze, 1975, and Sudicky,

1986, Anderson and Cassel, 1986). There are exceptions, however, as shown by Jensen et al. (1987)

and Mas-Pla et al. (1994).
Generally, data sets for unsaturated hydraulic properties of soils are not as abundant as those

of saturated materials. White and Sully (1992) and Russo and Bouton (1992) reported that the pore
size distribution parameter, ß, tends to have log- normal distribution. Russo and Bouton showed that

saturated water content,
models,

that

0 initial water content, 9;, parameters for Mualem and van Genuchten

a, and n are log -normally distributed at a field site in Israel. Greminger et al. (1985) reported

a, n, and m for moisture release data sets in a Yolo loam exhibit log -normal distributions. Soil-

Yeh and McCord 17

water pressure head distribution (ranging from 0 cm to 100 cm) at a field site was reported to have
a normal distribution after a rainfall or flooding (Saddiq et al., 1985). Other reports of the spatial
variability of soil properties can be found in Nielsen et al. (1973), Warrick and Nielsen (1980), Jury

(1985), and others.
Recent studies of hydraulic conductivity data (e.g., Bakr, 1976; Byers and Stephens, 1983;
Hoeksema and Kitanidis, 1985, Russo and Bouton, 1992, and others) revealed that the variation in

the saturated hydraulic conductivity is correlated in space. Evidence of significant short-range

autocorrelation, usually s2 m, was reported for hydraulic conductivity, soil -water characteristic,
texture, and bulk density in the coastal plain of North Carolina (Anderson and Cassel, 1986). Such
a correlated nature implies that the parameter values are not purely random (i.e., statistically

independent) in space. Thus, each of them must be represented as a stochastic process.
To illustrate the stochastic representation of spatial variability of hydrologic parameters, the
saturated hydraulic conductivity data along a vertical borehole in a sandstone in Illinois (Bakr, 1976)
are used as an example (see Figure 3). The value of hydraulic conductivity at a point, xo, along the

borehole can be conceptualized as one of many possible geological materials that may have been

deposited at that given point. Thus, the hydraulic conductivity at that point is a random variable,
K(xo, 20). The ?a indicates that there are many possible values of K at xo. Similarly, the hydraulic

conductivity values at other locations along the borehole are random variables. As a result, hydraulic

conductivity values of the entire depth of the bore hole may be considered as a collection of many
random variables in space. Namely, if conductivity is observed at locations xi, x2,
?a) is a random variable, K(x2,

?a )

x3

xn,

then K(x,,

another random variable, and so on out to K(xn, ?O. Each has a

probability distribution and furthermore the probability distributions may be interrelated. The chance
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of finding a particular sequence of hydraulic conductivity values along the bore hole, K(x, ?a,),
depends not only on the probability distribution of the hydraulic conductivity at one location but also

on those at other locations. This implies that actual hydraulic conductivity values, along the bore hole
are one possible sequence of K(x,

Zv

I)

out of all the possible sequences, K(x,

Za ).

In the vocabulary

of stochastic processes, the probability of finding the sequence is then defined as the joint probability
distribution or joint distribution. All of these possible sequences are called an ensemble, and a
realization refers to one of the possible sequences.
Determining the probability of occurrence of a particular sequence of random variables
requires the knowledge of the joint distribution of these random variables. This joint distribution is

completely defined only if the probabilities associated with all possible sequences of K(x,

7.))

values

along a borehole are known. Obviously, the joint distribution is not available in real -life situations

because hydraulic conductivity values sampled along a borehole represent only one realization out

of the ensemble of the hydraulic conductivity values along the borehole. Therefore, one must resort
to simplifying assumptions, namely, stationarity and ergodicity.

Stationarity (or strict stationarity) implies that all statistical properties (joint distribution) of
a stochastic process remains stationary or constant in space. Ergodicity means that by observing the
spatial variation of a single realization of a stochastic process, it is possible to determine the statistical

properties of the process for all realizations. Thus, the assumption of ergodicity has to be adopted
as a working hypothesis for the stochastic approach to be applied to any field situations. With this

assumption in mind, the ensemble parameter,

Zo,

will be dropped from our notations in subsequent

discussions for convenience.
However, stationarity is a very stringent assumption. In many cases important properties of
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a stochastic process can be assessed by its first and second moments, and an assumption of weak or

second -order stationarity is thus often invoked. The first moment (mean) of K(x) is defined as:

=f - Kf(K)

p =E[K]

dK

o

where E[

]

(6)

stands for the expected value, i.e., the average over the entire ensemble, and f(k) is the

joint density distribution of K. The covariance function is defined as:

c(

)

=

coy [K(x+E)K(x)]

=

E[(K(x+)-p) (K(x)-11)]

(7)

Second -order stationarity implies that the mean is a constant and the covariance function depends on

the separation distance,

,

only, which is the distance that separates any two samples in the

calculation of the covariance function. This assumption allows us to characterize the stochastic
process by using only its mean and covariance function. If the separation distance is set to be zero,
the covariance function becomes the variance. An autocorrelation function is simply defined as the

ratio of covariance function to its variance, i.e.,

p(E)

=

c()
6

(8)

The autocorrelation function represents the persistence of the value of a property in space.

Generally, the autocorrelation function value of hydraulic conductivity data tends to drop
rapidly as the separation distance increases. The decline of the correlation can be represented by
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many different autocorrelation models. The one commonly used is an exponential decay model (Bakr

et al., 1978, and others):

P

)

=eXp

-

r

l

r
z

Z

*

where p is the autocorrelation function.

z

l

r
3

(9)

2

is the separation vector, and the integral scales

correlation scales) in the x, y, and z directions are ).

12, and

íi,3,

(or

respectively. The integral scale is

defined as the area under an autocorrelation function if the area is a positive and non -zero value
(Lumley and Panofsky, 1964). For the exponential model the integral scale is a separation distance
at which the correlation drops to the exp( -1) level. At this level, the correlation between data points
is considered insignificant.

That is, data points separated by distances larger than the correlation scale

are only weakly associated with each other.
On an intuitive basis, the correlation scale may be interpreted as the average length of clay
lenses or sedimentary structures (for example, cross-bedding, stratification, etc.). Hydraulic property

values of samples taken within the clay lens tend to be similar; correlation between samples is near
unity. However, sample values are quite different if one sample is taken within the clay lens and the

other outside the lens; the resulting correlation will be small. Thus, the autocorrelation function is
a statistical measure of spatial structure of hydrogeologic parameters. Phillips and Wilson (1989)

provide a quantitative relationship for estimating correlation scales from geologic information.
Using the stochastic representation, spatial variability of hydrogeologic properties thus can
be characterized by the means, and covariance functions of the properties. It should be noted that

this approach does not provide information about the values of soil properties at any particular
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location in the vadose zone but provides a way to quantify the spatial variability of the properties.

That is, we only know where the mean value of the properties lies; how widely the property values
spread around the mean value; and how these values are correlated over space in a statistical sense.

Stochastic Modeling of Flow and Solute Transport in the Vadose Zone,
Based on the stochastic conceptualization of field heterogeneity, many stochastic methods for
predicting water flow and solute transport in heterogeneous vadose zone have been developed during

the past decade. Similar to the deterministic approach, the stochastic modeling of flow and solute

transport in the vadose zone can also be classified as an effective parameter (equivalent
homogeneous) and a heterogeneous approach.

Effective Parameter Approach.

The principle of this approach is identical to the equivalent homogeneity concept in the
deterministic approach. As discussed earlier one of the major problems facing the effective approach
is

extrapolating small -scale measurements to the large -scale effective parameters. Another critical

issue is the assessment of the discrepancy between the behavior observed at scales smaller the REV

and that predicted by the effective parameter models. The stochastic perturbation- spectral method
to be discussed in the following paragraphs provides a means to address these issues although debate

on the validity of the effective parameter concept continues (see Smith and Freeze, 1979; Anderson,
1989; and others).

The perturbation-spectral analysis is an analytical approach which has been used extensively
by Gelhar and his co-workers (e.g., Gelhar, 1976; Bakr et al., 1978; Gutjahr et al., 1978; Mizell et
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al., 1982; Gelhar et al., 1979; and Gelhar and Axness, 1983; Yeh et al., 1985a, b, c; Mantoglou and

Gelhar, 1987a, b, c). To illustrate the approach, let us consider steady -state vertical flow in a
heterogeneous but locally isotropic vadose zone (i.e., the hydraulic conductivity at the scale of core
samples is isotropic) with infinite lateral extent. The governing equation for water flow is:

+

(111

a

K

aXi

,

x>

xi)

-o,i=1,2,3

axi

(10)

where x1, x2, and x3, correspond to z, y, and x. K is the local -scale hydraulic conductivity which is

assumed isotropic and a function of the spatial coordinates, and the water pressure head,

tlr.

Its

dependence of tr is assumed to be described by the exponential model (2) for convenience in
mathematical analysis. Equation (10) uses the Einstein summation convention (i.e., repeated indices

imply summing over the range of the indices). If K
a2iir

ax?
.1

#

0, equation (10) can be rewritten as:

alnK at4r
ax. ax.

a1nK
ax 1

(11)

If the natural log of hydraulic conductivity, 1nK, and the hydraulic head, iir, are assumed to be
second -order stationary stochastic processes, equation (11) becomes a stochastic partial differential

equation. All the variables in (11) can, then, be decomposed into means and perturbations, i.e.,

lr

= H +

h,

E[l[r]

=

H,

and E[h]

=

O.

f3

= A +

a,

E[j3]

=

A,

and E[a]

=

O.

F

f,

E[ZnKs

inKs

=

+

]

=

F,

and E[f] =0.

where H, A, and F are the expected values (means) of

perturbations are h, a, and

f,

(12)

ijr,

ß, and

1nKS,

respectively, and the

correspondingly. By substituting equation (12) into equation (2), the
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unsaturated hydraulic conductivity can be expressed as

1nK

=

F

+

f

+ AH +

Ah

+

aH

+

ah

(13)

and the mean of the unsaturated hydraulic conductivity is then approximated as

1nK

=

E[lnK]

F

=

+ AH

(14)

where the expected value of the product of a and h is neglected. Substituting (12) and (13) into (11),
the approximate mean flow equation is:

a(F

a2H

+ AH)

a(F

axj

ax.f

E[

a(f

axi
+

Ah + aH +

axi

aE[ah]
axl

aF aH

+ AH)

ax axi

(15)

ah) ah
]°0
axj

Subtracting the mean equation (15) from (11) and dropping products of perturbation terms gives:

z+
1

A( 2 Ji -

ax S -

J. (`7i

-

b 11)

a+

J1

af

.-

ax i

H

x

0

(16)

This is an approximate equation describing the relationship between the perturbations in 1nKs, ß, and
ilr

in the steady -state flow with mean gradients, J, = aH/axi + 1,

J2

= aH/ax2 and J3 = aH/ax3

The above mathematical procedures are equivalent to visualizing the heterogeneous vadose
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zone as a collection of finite elements, and flow in each element is described by the governing flow

equation with a given hydraulic conductivity value. A collection of an infinite number of elements
whose hydraulic property parameter values (f and a) are spatially correlated is then equivalent to an
ensemble in the stochastic sense. Taking the expected value (ensemble average) of equation (1 1) with

stochastic parameters is tantamount to homogenizing the heterogeneous vadose zone and to ignoring
the details of the flow behavior in each element but examining the average behavior of the flow in all
the interconnected elements.

The perturbation equation (16) thus depicts the deviation of the flow

from the mean flow. However, the equivalence between the spatial homogenization and the ensemble

average may depend on the validity of the ergodicity assumption.
In order to solve the perturbation equation, Fourier -Stieljes integral representations (Priestley,
1981) for the perturbation terms are used, i.e.,

h (x)

re ik:dZh (k)

,

a (x)

=

f e ix:dZe (k) . f (z) =f

Ik:dZ (k)

(17)

Substituting these representations for h, a, and f into (16) lead to an expression relating the complex

Fourier amplitude of h to those of a, and f fluctuations (i.e., dZ,,, dZa, and dZf):

dZh -

[iJRKn(dZ
[k2

-HdZ) +

(JnJn - Jl)dZd]
iA (2Jnk, - k1) ]

(18)
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The dZs have the following properties:

k*kl

E[dZ(k)dZ" (kid =0
E

[

dZ (k) dZ"(k1)

1

=

S

(k) dk

k

=

k1

(19)

where S is the spectrum of the stochastic process, and asterisk denotes the complex conjugate
(Lumley and Panofsky, 1964). The relationship between spectra of these stochastic processes can,
then, be derived. The spectrum can further be related to the covariance function in the spatial domain

using the following relationship:

R(U -

f ineikS(k)dk

(20)

Note that the covariance or cross-covariance function becomes the variance and cross -variance if the
separation distance is set to zero, which represents the spatial variability of the processes. In other
words, the variance represents a statistical measure of the deviation of the head value (for example)
at a point from the ensemble average head value.

Based on (18), Yeh et al. (1985a and b) analyzed the effects of spatial variability on
steady-state vertical infiltration in the vadose zone under unit mean gradient conditions. Closed forms

of head variance expressions were derived for one- and three-dimensional flow fields in which
unsaturated hydraulic conductivity is a spatially-varying stochastic process. The head variance based
on the result by Yeh et al. (1985a and b) can be generalized as
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6h(H)

=

J1Qf112f 1ÍJ2r CT(pf AAf1 J1)

+

J162a A2a1H2 p2a

G(pa Axajr

J1)

(21)

where pfand pa are the aspect ratios (the ratio of the horizonal to the vertical correlation scale) for
1nKs

and ß, respectively; ?f, and

ñ

a1

are the correlation scale of 1nKs and ß in the vertical direction,

and the function, G, is the integral described in (5) by Yeh et al. (1985b). This formulation assumes

that

1nKs

and ß are uncorrelated. Strictly speaking, it is valid for J1 =

1

only due to the stationary

assumption.

Equation (21) predicts that the head variance changes with the mean head value, H. This
result implies that the spatial variability of soil-water pressure head in the field grows as the soil is dry

and becomes small when the soil is near saturation. It is qualitatively consistent with the results of
several laboratory and field observations of soil -water pressures (e.g., Yeh et al., 1985c; Yeh et al.,
1986; Greenholtz et al., 1989; Yeh and Harvey, 1990; Herkelrath et al., 1991). Physical explanation

on the mean- dependent head variance is elucidated in Yeh (1989) where the importance of the
variability of the ß is emphasized. Starting with the same perturbation equation as Yeh et al. (1985a

and b), Green and Freyberg (1994) derived a slightly different form for the head variance. Green and

Freyberg found good agreement between their head variance expression and analytical flow
simulation results. Equation (21) also shows that as the soil becomes dry (large negative values of
H), the influence of the variability of ß grows. As a result, the correlation structure of the soil -water

pressure varies with H. At small values of H (wet conditions) the correlation scale is dominated by
that of lnKs and at large values of H (dry conditions) the correlation scale is controlled by that of ß .

Although these findings are quite different from those in the saturated flow analysis (Bakr et al.,
1978), similarity between the results of the unsaturated flow and those of the saturated flow cases
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exist. For instance, head values are anisotropic (i.e., correlated over a longer distance in the direction

perpendicular to the mean flow than the direction parallel to the flow.), even if the hydraulic
conductivity field is statistically isotropic. In addition, the head variation predicted by a three dimensional model is much smaller than that by a one -dimensional model. This implies that a
three-dimensional model would be much more appropriate for analyzing flow and solute transport
in field problems. It is also shown by equation (21) that the correlation scale is an important factor
in the calculation

of head variance or uncertainty in head prediction. As the mean soil -water pressure

becomes large (i.e., soil becomes dry), the variability of ß and its spatial correlation will be the major

control of the variability and correlation structure of the soil-water pressure head.
Figure 4 depicts the normalized head variance for three -dimensional flow as a function of AA.1
with different aspect ratios, assuming that lnKs and ß have the same correlation structure. The head
variance grows as the correlation scale aspect ratio increases (the soil formation is close to perfectly
stratified), and decreases as the aspect ratio becomes small (analogous to flow parallel to bedding).

For flow through the vadose zone toward aquifers, the aspect ratio is likely much greater than one;
as such the variance in soil -water pressure head during downward percolation is likely to be large.

Such a large variability in soil-water pressure can induce great lateral and preferential movement

(

Yeh et al., 1985c; Kung, 1992; and Harter and Yeh, 1994b ) of water or contaminants in the vadose
zone, resulting a complex multi -dimensional flow phenomenon in the vadose zone. Figure 5 shows

such complex behavior resulting in steady -state unsaturated flow simulations of the heterogeneous

vadose zone profile from southern Nevada (McCord and Conrad, 1994) similar to that depicted in
Figure la.

Yeh et al. (1985a and b) also defined the effective unsaturated hydraulic conductivity for
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heterogeneous vadose zone. Their study shows that the effective hydraulic conductivity in
one -dimensional flow, perpendicular to layering, is
KVe(H)

=

/2]

Kq(H) eXp[ -a nx(H)

where Kg is the geometric mean of K(H), and o2

(22)

(H) is the variance of unsaturated hydraulic

conductivity which is a function of the mean pressure head, H, and for flow parallel to bedding is:
Khe(H)

=

exp[ßlnx(H) /2]

Kg(H)

(23)

The variance of unsaturated hydraulic conductivity can be written as
62Ink (H)

=

62f

- 26 fh -

a

+

26 ah H+ A262h

62H2
a

where variances and cross variance can be found in Yeh et al., (1985b). The anisotropy ratio for the

K he (H)

eXp [G(H)}

Kve (H)

(25)

effective unsaturated hydraulic conductivity (the ratio of effective conductivity in horizontal direction
to that in the vertical) is:

More specifically, for a perfectly stratified soil profile, the anisotropy ratio can be expressed as
Khe (H)

exp

ßf
+

AAfI)

02a H2
+

(1

+ AX al)

(26)
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where a and f are assumed uncorrelated, and

J1

=1 is assumed.

Similar expressions were derived by Mantoglou and Gelhar (1987a, b, and c) for transient
flow situations and Ababou et al. (1988) for steady flow, and Green and Freyberg (1994) developed

a polynomial expression for the anisotropy ratio which closely matches predictions by (26) for high
moisture situations. The anisotropy ratio of the effective unsaturated hydraulic conductivity shown
in (26) demonstrates that the hydraulic anisotropy depends not only on the property of porous media

but also on the degree of mean saturation (or H) of the media. The horizontal effective conductivity

tends to become greater than the vertical as the mean soil -water pressure head, H, becomes more
large (or soil becomes drier). Yeh and Harvey (1990) conducted laboratory experiments to verify

(22) and sandbox experiments were conducted by Stephens and Heermann. (1988) to test the
moisture-dependent anisotropy concept. More importantly, such a moisture- dependent anisotropy
concept helps explain large lateral migration of water and contaminants observed in the vadose zone

(Crosby et al., 1968, 1971a, and 1971b; McCord et al., 1991; and Lu and Khaleel., 1993).
Also illustrated in the above formulas, the magnitude of the anisotropy will strongly depend

on the variability of ß (the slope of K(ir) curve), its correlation scale, and the mean as soil dries out.
This result implies that careful measurements of KM curves of field soils are necessary in order to

accurately predict flow and solute transport processes in the vadose zone. Many predictions have
heavily relied on synthetic
values for ß,

KM curves

based on 9 (ilr) measurements. However, the parameter

a, and n inferred from the moisture release curve may not be representative for those

of K(i(r) (e.g., Yeh and Harvey, 1990).
For the purpose of practicality, these effective hydraulic conductivity formulas provide a
means for relating small -scale measurements of unsaturated hydraulic properties to the effective
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property of a large -scale vadose zone. For instance, at a given contaminated field site where only a

limited number of unsaturated hydraulic conductivity measurements is available, one can use the
conductivity data set to determine the variances and means of 1nKs and ß, and their correlation scales.
Then, the effective unsaturated hydraulic conductivity can be estimated using (22 and 23) and thus,
the mean flow behavior can be determined. Once the mean flow is determined, the head variance can
be evaluated, which can be used as a measure of the error in the prediction by the effective parameter

model as the result of unmodeled vadose zone heterogeneity. Polmann et al. (1991) demonstrated

this application to predicting wetting front movements at a field site. The theoretical head variance

can also be used as a model calibration target for defining a detailed hydraulic conductivity

distribution in the model area, provided that other sources of error are also considered.
The concept has also been applied by Yeh and Mock (1994) to calibrating two -dimensional,
steady -state ground water flow in aquifers. They suggested that one replace a heterogeneous aquifer
with an equivalent homogeneous medium using the geometric mean of transmissivities as the first step
in the model calibration. Boundary conditions are then adjusted with the aid of a scattergram to

reduce bias of the simulated hydraulic head distribution in the equivalent homogeneous aquifer. After
the bias is removed, the differences between the mean and the observed hydraulic head present the
variability neglected by the effective transmissivity, and can then be reduced by adjustment of local

transmissivity values based on hydrology and geological information.

The estimated effective hydraulic conductivity can also be utilized to predict the mean

migration path of contaminant plumes, resulting from the average flow. Such an approach was
applied by McCord et al. (1991) in an effort to simulate field tracer experiments. They modeled the
flow field using a variety of formulations for the effective unsaturated hydraulic conductivity tensor;
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only the results which implemented moisture-dependent anisotropy (as described by (26)) provided
a close match between simulations and field observations.

Since flow predictions based on the effective hydraulic conductivity ignore the fast and/or
slow moving solute particles (due to subscale velocity variations) which can cause the spread of the

plume, the hydrodynamic dispersion concept must be employed. Generally speaking, the REV

involved in this case is large. Thus, the dispersion due to the variation in hydraulic conductivity
values at scales smaller than this REV is generally called macrodispersion and the dispersivity the

macrodispersivity. The concept of macrodispersion

is an

extension of G.I. Taylor's shear flow

dispersion concept (see Fisher et al., 1979, for detailed discussion). The concept states that the
distribution of a tracer plume, after being displaced for a large distance and experienced "enough"
velocity variation, can be described by the classical convection -dispersion equation, and the dispersion
coefficient can be related to the velocity variation. Application of this concept to solute transport in

porous media, however, requires the knowledge of the relationship between the macrodispersivities

and the spatial variability of hydraulic conductivity measurements. To facilitate this requirement,
Gelhar and Axness (1983) and Dagan (1984) developed formulae for relating the macrodispersivity

to the variability of hydraulic conductivity in saturated aquifers. Later, Mantoglou and Gelhar (1985)
derived expressions for the macrodispersivities in the unsaturated zone using the perturbation -spectral

technique. Based on their study, the longitudinal macrodispersivity is given as:
All (H) - alnx (H)

where

À.

A is the longitudinal macrodispersivity at large time,

(27)

A.

is the isotropic correlation scale, and

y is a flow correlation factor which depends on the direction of the mean flow and the orientation of
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the heterogeneity. In the first -order formulation of Dagan (1984), the flow factor y does not appear.

Detailed discussions on the components of the macrodispersivity tensor are given in Gelhar and
Axness (1983) and Mantoglou and Gelhar (1985). One important point about the macrodispersivity

modeled by (27) is that it is an asymptotic parameter. It exists only when the tracer plume has been

displaced for a large distance in the geological formation and has encountered many different
heterogeneities in the formation.
From a practitioner's point of view, equation (27) implies that the macrodispersivity values
can be estimated from the knowledge of the variation of local -scale unsaturated hydraulic

conductivity values without conducting a large -scale field tracer experiment. Although large -scale
field tracer experiments may be the most appropriate means for determining solute movement in the

vadose zone, such experiments are often impractical in terms of time and expenses, and are typically
fraught with sampling difficulties. On the other hand, local -scale unsaturated hydraulic conductivity

values can be obtained from core samples with less difficulties. These conductivity data may be
limited and not sufficient for any detailed numerical simulations, but may be suitable for estimating

the statistical parameters required for the estimation of macrodispersivity. For this reason, the
macrodispersivity approach seems to be a practical tool for predicting many pollution problems in the

vadose zone without resorting to extensive site characterization, particularly if one also accounts for

concentration variance as described in the next paragraph.

It should be noted that the macrodispersivity is an effective parameter (i.e., an ensemble

averaged parameter). It represents the subscale velocity variation averaged over many possible
vadose zones of similar heterogeneities, or the variation averaged over many parts of the vadose
zone. Thus, the macrodispersivity approach produces the mean concentration distribution which is
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likely different from the actual concentration distribution observed in a give field site.

To

demonstrate the difference, Figure 6 shows the observed concentration distribution and the

corresponding mean concentration distributions calculated from the classic convection -dispersion
equation with macrodispersivity values for two heterogeneous systems, the Borden aquifer site and
a vadose zone profile. Due to this difference a measure of the deviation of the real concentration

distributions (concentration variance) from the mean becomes necessary. For solute transport in
aquifers, an expression for the concentration variance was developed by Vomvoris and Gelhar (1990)

and Kapoor and Gelhar (1994 a and b), and they found that the concentration variance is proportional

to the mean concentration gradient and to the variance and correlation scales of log-hydraulic

conductivity and is inversely proportional to local dispersivity values. They concluded that the

concentration variance could be large, depending on the magnitude of the mean concentration
gradient.

However, after the plume has been displaced for a large distance, when the mean

concentration gradient

is small, the macrodispersion approach will

produce satisfactory results.

Although no such expression has been developed for solute transport in the vadose zone, it is
expected that the variance of concentration in the modeling of solute transport in the vadose zone will

behave similarly to that in the saturated condition, if a gravity drainage scenario

(J1

= 1, and J2 =

J3

= 0) is considered. The major difference will lie in the fact that the concentration variance will grow

with the mean soil -water pressure in the vadose zone. This result implies that in dry soils the mean

concentration distribution will be significantly different from that observed in the field site (e.g., Fig.

6b). Thus, the uncertainty in the prediction of solute transport in the vadose zone based on the

effective macrodispersivity approach will be large, thus the usefulness of this approach in the
prediction is rather questionable.
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Another effective approach for solute transport in porous media focuses on the evolution of
the second spatial moment of a contaminant plume, instead of the asymptotic macrodispersivity at
large time.

Extending Taylor's theorem of diffusion (1922), Dagan (1987) used first-order

perturbation analysis of the stochastic steady state flow equation and derived the ground water
velocity covariance function for spatially correlated random hydraulic conductivity fields. Assuming

tracer particles move along with the velocity fields, he obtained mathematical expressions for the
second spatial moments of the tracer particles at any given time. The spatial second moment
represents the spatial displacement variance of particle position around the mean position, and in turn,

the "size" of a tracer plume. If the hydraulic conductivity field is considered to be statistically

isotropic, for early time periods (i.e.,

Qil(t)

t

«

156V2 t2

+

?1.

/v), the spatial displacement variances are given by:

t

2D

(28)

and

622(t)

=

ß33(t)

=

15ßyV2t2

+

for three -dimensional flow, where 0211, x222, and

2D

0233

t

(29)

are the displacement variances in the direction

of flow, and lateral directions, respectively. Local -scale dispersion coefficients in the longitudinal and
the transverse directions are DL and DT, respectively, v is the mean velocity, t is time, and 1 is the
correlation scale of the hydraulic conductivity field. The parameter a2,, represents the variance of the
natural log of hydraulic conductivity in three -dimensional flow and the variance of the natural log of

transmissivity in two- dimensional flow. The results of the two- dimensional flow analysis are:
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For large time periods (i.e.,
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t»1/v), the three- dimensional results are:
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and the two- dimensional results,
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[1n (vt /A) -
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(35)

Note that the displacement variance is the spatial variance of a tracer plume, representing the size of
the plume at a relative concentration equal to the exp( -1) level if the plume is assumed to have a
normal distribution.

Macrodispersion coefficients can be determined by taking the time derivative of the
displacement variances. Since the spatial displacement variances (equations (28) through (35)) for

early time periods depend on

t2,

the macrodispersion coefficient grows with time or mean travel
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distance (this is the so called scale- dependent dispersion). For late time periods, the concentration
variances (equations 32 through 35) are a function of t only, and the macrodispersion coefficients or

marcodispersivities are constant over time. Note that equations (28 through 35) evaluate the spatial

displacement variance (or the second moment of a plume) without the intention of predicting the
shape of the concentration plume.

However, one should be aware of the normality assumption

implicitly embedded in the first -order approximation even if only the second moment is being
determined. Similar expressions for the displacement variances in statistically anisotropie media were

reported by Dagan (1988), Neuman and Zhang (1990) and Zhang and Neuman (1990).
It is important to note that both the macrodispersivity and second moment formulations

presented in (27) and (28) through (35) represent large -scale behavior in the ergodic limit. That is,
these equations are appropriate for large plumes with source areas in the direction perpendicular to

mean flow several times the correlation scale of the media in that direction. Smaller plumes will not
have "sampled" enough of the media variability for the spatially- averaged plume behavior to be well-

represented by the ensemble statistics underlying the development of the effective conductivity and
equations (27) through (35) until they have traversed several tens of correlation scales. For nonergodic plumes (source area of same order or smaller than the soil's correlation scale), Dagan (1990)

and Rajaram and Gelhar (1993a and b) developed formulae for correcting the contribution of
variability in the mean plume position to the overall spatial displacement variance. This subject is
well -explained in the textbooks by Fisher et al. (1979) and Csanady (1973).

Based on the scale- dependent macrodispersion concept (Dagan, 1987), several researchers
have developed solutions of convection -dispersion equation incorporating the scale- dependent
dispersivity (e.g., Pickens and Grisak, 1981;Yates, 1992; and others). The difference in the predicted
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size of the plume based on the asymptotic macrodispersion (Gelhar and Axness, 1983) and that based

on the scale-dependent dispersion model has been well-explained graphically by Yeh (1987). As long
as the classical convection-dispersion equation is used, regardless of whether treating the dispersivity
as a scale- dependent or constant parameter, the predicted plume distribution will always be Gaussian.

This distribution will not resemble the actual distribution unless the actual solute plume has been

displaced for a large distance in a statistically homogeneous medium(see Wheat and Dawe, 1988);
it has sampled enough heterogeneities; and it meets the ergodicity

requirement. In other words, there

does not exist a valid macroscopic solute transport equation for predicting the actual distribution of
a plume at early times (Dagan, 1982). Because of this limitation and scarcity of field data, the

constant asymptotic macrodispersion approach seems a simpler and more pragmatic way to predict
the migration of contaminant plume than the scale -dependent dispersion model.

Mathematical analysis of the moments equations solute transport in the vadose zone may be
complicated. However, it should be easy to see that these moments equations (28) through (35) can
be adopted for unsaturated porous media, if the unsaturated flow is steady and under gravity drainage

condition (or unit mean gradient conditions) and the correlation structures of lnKs and ß are assumed
identical. Under these circumstances, the variance of unsaturated hydraulic conductivity will be the

controlling factor for the macrodispersion. Therefore, the moment equations for solute transport in

the unsaturated zone can be described by (28) through (35), with replacing ßf2 with o2,,,k(H). Explicit

formulation of the equations is given in Russo (1993 a and b).
In general, the results based on (28) through (35) seem to compare favorably with those
obtained from a field tracer experiment (Freyberg, 1986; Sudicky, 1986) conducted in a sand aquifer
in Canada. A recent field tracer experiment by Garabedian et al. (1991) in a glacial outwash

aquifer
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also indicated that the stochastic results (Le., Gelhar and Axness, 1983; and Dagan, 1987) are robust,

regardless of many assumptions used in the development. Such a statement may be premature at this
time since many disputes on the use of Dagan's two -dimensional model for the Borden site continue

(see Kemblowski, 1987, and White, 1988). Moreover, Naff et al., (1988) developed a three dimensional macrodispersion model for perfectly stratified aquifers. They found that their three dimensional model, which is arguably a more realistic depiction of the Borden site than the two -

dimensional model developed by Dagan (1987), does not reproduce the tracer concentration
distribution as well as the two-dimensional model. Naff et al. (1989) and Rehfeldt and Gelhar (1993)

attributed the discrepancy to temporal variation in flow patterns which is not considered in all
stochastic models developed thus far. Dagan (1989) defended the two -dimensional approach with

the conjecture that there exists undetected clay lenses of large lateral extent, prohibiting vertical
spreading the tracer plume. This conjecture, however, was never verified. Clearly, the robustness

of the spatial moment approach for saturated porous media still remains to be tested.
Overall, the major advantage of the analytical approaches by Dagan (1987) and others is that

they provide an explicit expression relating the variability of local hydraulic conductivity

measurements to the macrodispersivity, and the spatial variance of the mean concentration
distribution. Thus, one can easily estimate the evolution of the size of a solute plume in the aquifer

if the statistical parameters characterizing the variability of the small -scale hydraulic conductivity
values are known. The major mathematical drawback of the method is that the solution (or the

formula) may be valid only for small values of variations in hydraulic conductivity because of the
omission of product terms in the first -order analysis. Several studies have shown the results to be
valid for Qé < 1. For cases where a large variance in f is expected (such as in fractured rocks where
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the variance of 1nK has been reported to be > 8.7; Neuman, 1987) the accuracy of the first -order

approach is questionable.
Further, both of the perturbation approaches assume stationarity. In a basin -scale aquifer, the

hydraulic conductivity field is likely to be nonstationary because of changes in deposition
environments which may contain heterogeneities of a variety of scales (e.g., Gelhar, 1986, 1993; and
Anderson, 1989).

The effect of multi -scale heterogeneity on solute transport is well -illustrated in

Figure 7 which shows the distributions of chloride tracer at different times during a two -well forced

gradient experiment in the aquifer at the Georgetown site. The tracer was injected uniformly through
the injection well but the plume split into two parts as time progressed; a small portion of the plume

moved slowly at the upper portion of the aquifer and the major portion moved rapidly along the

bottom of the aquifer. A three-dimensional numerical simulation by Yeh et al. (1994), using a
detailed hydraulic conductivity data set (Figure lb) demonstrated that the stratification and the low

permeable inclusion in the middle part of the aquifer (see Figure lb) are responsible for the split of
the plume. Without including these large -scale features, the effective parameter approach is not able

to mimic this type of behavior unless a strong density effect is considered, which is not the case in

reality.

Additionally, the traditional second moment analysis based on unit mode probability

distribution is not adequate for depicting the split of the plume (also see Fig. 6b). That is, it is not
possible to distinguish a plume with a single concentration peak from a plume with multiple peaks
based on the second moment. The need of a new statistical measures is clear. For realistic situations
in which the media is obviously non -stationary, the inclusion of multi-scale heterogeneity in the

macrodispersion approach requires further testing. An application of a two -scale approach to the
vadose zone by Gutjahr et al. (1993) showed that accounting for two -scale heterogeneity helped
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improve results of simulations attempting to match observed tracer transport at the Las Cruces trench
site. Similarly, Adams and Gelhar (1992) suggested that the large -scale flow nonuniformity (a result

of large -scale geological heterogeneity) may have significant influences on the plume evolution
observed in the aquifer at the site of the Columbus Air Force Base in northeastern Mississippi.

Although Russo et al. (1994b), and Harter and Yeh (1994b) have performed numerical
experiments to test macrodispersion theories for vadose zone, few vadose zone experiment data sets
are available. It should be obvious, however, that the macrodispersion concept suffers from the same

or more severe difficulties in unsaturated porous media than in saturated media. First of all, when
the soil dries, the perturbation grows and thus, the first -order approximation will fail. Consequently,
the spatial variances based on the first -order analysis may be erroneous. More importantly, as the soil

becomes highly heterogeneous, many preferential channels develop and the contaminant plume will

likely split into many smaller plumes.

The conventional moment analysis based on unimodal

assumption is, again, no longer meaningful.

Secondarily, the thickness of the vadose zone is

generally much smaller than the distance required for the development of asymptotic

macrodispersivity partially due to the large vertical downward gradient in the case of vertical
infiltration. The mean plume determined by the macrodispersivity concept is likely very different from

the reality. Also, the steady -state flow assumption embedded in the theory does not reflect the reality
in most

of cases, except for the flow field behind wetting front resulting from constant infiltration.

Constantly irrigated farm lands may be one case where the macrodispersion theory may apply, but
depth to the water table is generally too shallow for the ergodic assumption embedded in the theory
to be valid. On the other hand, the flow field beneath a tailing pond in a thick vadose zone may meet

the ergodic requirement, but the effect of larger scale heterogeneities may limit the use of the effective
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parameter concept. Regardless, it is clear that there are many constraints attached to such an
effective approach due to its analytical nature and the ergodicity assumption embedded in the analysis.

Heterogeneous Approach.
To circumvent the difficulties associated with the equivalent homogeneous approach, several
stochastic heterogeneous approaches, including geostatistics, unconditional Monte Carlo simulations,
and conditional Monte Carlo simulations, have been developed to model of flow and solute transport

in the vadose zone and aquifers in a stochastic framework.

Geostatistics. To illustrate the theory and utility of geostatistics in predicting flow and solute

transport in the vadose zone, we will consider the problem of parameter estimation. For example,
if one assumes that local -scale dispersion is negligible, and movements of solutes are mainly

controlled by the major flow pattern, one may use a two-dimensional, finite difference, flow and
solute transport model to simulate solute movements in an unsaturated profile. For accuracy or other

reasons, one may design a 2000 node finite- difference mesh for the entire profile. However, only 50

measured unsaturated conductivity data sets scattered around the entire profile are available. To
assign unsaturated conductivity curves objectively to the remaining nodes, one may have to resort
to the use of mathematical tools. Geostatistics is one of the possible mathematical tools.

Geostatistics is not new and has been widely used in the mining industry to estimate ore
grades (Journel and Huijbregts, 1978) during the past few decades. Recently, this technique has been
applied to groundwater hydrology to address spatial variability problems. In principle, geostatistical

concepts are similar to stochastic concepts but some terminology differs. For example, the term
"random function" is used in geostatistics to define a collection of correlated random variables. That
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is, at a point x,, the

function, F(x,) is a random variable and the random variables at x1 and x2+ are

not independent but correlated. According to this definition, it is clear that the random function is

equivalent to the stochastic process defined previously. Similarly, a "regionalized variable" is used
in geostatistics to define a function f(x) which takes a value at every point x of coordinates (x1, x2,
x3) in three -dimensional space.

In other words, a regionalized variable is simply a particular

realization of a certain random function or stochastic process.

Two important parts of geostatistics are (1) identification of the spatial structure of the
variable ( variogram estimation, trend estimation, etc.) and (2) interpolation or estimation of the value

of a spatially distributed variable from neighboring values taking into account the spatial structure of
the variable (kriging, co- kriging, etc.).
Like the autocorrelation function, the variogram is a measure employed by geostatisticians
for defining the spatial structure of a random field. It is, however, based on the intrinsic hypothesis,

which is less stringent than the second -order stationarity assumption. Recall that second -order
stationarity requires that the stochastic process has a constant mean and that the covariance function

of the process depends on the separation distance only. The intrinsic hypothesis requires only that

the mean of the differences between two data points is constant or depends on the separation
distance,

,

and the variance of the difference a sole function of the separation distance. For example,

if we consider the hydraulic conductivity, K(x), as a random field under the intrinsic hypothesis, it has

to satisfy the following two conditions:

E[K(x+E) - K(x)]
1/2 var [K(x+1;)

-

=

K(x)1

m(E)
=

(36)

y(E)

where m and y denote mean and variogram, respectively, and they are functions of

,

and not of x.
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Figure

8

shows the variogram corresponding to a hydraulic conductivity field at the tracer site at

Cape Cod, Massachusetts (Hess, et al., 1992). As indicated in the figure, when the variance of the

variable is finite, the variogram approaches an asymptotic value equal to this variance, var[K(x)].
This is called the sill of the variogram, and the distance at which the variogram reaches its asymptotic
value is called the range,

A..

The range is analogous to the correlation scale discussed earlier: beyond

the range, the regionalized variables K(x) and K(x
is a mirror image of the covariance function

The second part of geostatistics

+) are no longer correlated.

In fact, the variogram

if the data are a second -order stationary process.

is kriging, which is an estimation

(or interpolation) technique.

To illustrate the principle behind kriging, let us suppose that we are studying the saturated hydraulic
conductivity parameter distribution in the vadose zone, K(x), and having measurements of its values
at a number of locations, x,, x2,...xn, we wish to predict its values at the location xo. Intuitively, we

would use the conductivity values measured at sample locations, x,, x2,...x,,, in predicting the

unknown conductivity value K(x0). In fact, this is, at least conceptually, identical to the way a
contour map of conductivity is manually drawn by hydrogeologists. If we express this concept in a

mathematical formula, we would write

K `(x0) = F(K(x1),K(x2),...,K(x))

(37)

In other words, the estimate K*(x0) is a function of the known conductivity values. The question now
is how do we choose the function F? To answer this we must first decide on the "criterion" which

we will use to measure the accuracy of K'(x0) as a predictor of K(x0). The simplest and most widely

used measure of accuracy is the "mean square error ",(MSE),
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MSE

=

E[K '(x0) - K(x0)]2

(38)
=

E[(K

"(x0)

- E[ K *(x0)])2]

+

(E[K *(x0)] - E[ K(x0)])2

where E is the expected value (or ensemble average); E[(K'(xfl)

-

E[K'(xo)]

)2 ]

denotes the variance,

representing the variability in our estimated K(x0) value around the average of our estimate; (E(K'(xo)
- E[K(x0)1)2 is the bias, representing the deviation between the average of our estimate and the true

ensemble average. If we adopt this as our criterion, we certainly would like the bias and variance in

our estimator as small as possible. Thus, the next problem is to find that form of F which minimizes
MSE. If we do not restrict the form of F in any way, then the solution is the conditional expectation

of K(x0), given K(x,), K(x2)..., K(x), i.e.,
K '(x0)

=

E [K(xp) K(x1),K(x2),...,K(x,i)]
I

(3 9 )

The intuitive interpretation of the conditional expectation, as explained by Priestley (1981), may be
given as follows. Suppose we consider all the possible realizations of the process K(x) as shown in

Figure 9. Within this ensemble, we would expect that there must be a subset of all the realizations
which consist of the values of Ks at our sample locations, x,, x2,...x. The condition imposed on the

expectation simply means that we will only consider this subset and discard the realizations which do
not agree with the measured K values at x,, x2,...x when we take the expectation. Since the subset
will have different values for K at the unsampled location, xo, the way to make our "best" prediction

of the value at xo is to take the expected value or the average of the different values of T in the subset
at location xo. The average value of K at

xo over this

subset is precisely what we mean when we refer

to the conditional expectation of K(x0), given K(x,), K(x2),...,K(xn).

However, the conditional expectation requires the joint distribution of K(x,), K(x2),...,K(xn),
which we hardly ever know. The nearest we can approach this problem is to argue that in many cases
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K '(x0)

= a01K(x1)

+

(40)

a02K(x2) + ... + aOnK(x,7)

we would expect such joint distributions to be approximately multivariate normal. If the joint
distributions were normal, then the conditional expectation is a linear function of K(x1), K(x2),...,K(xn)
in which case we can write the predictor K(x0) more explicitly as where a01, a02,...,
a01

denotes the weight associated with the measurement at the location

x0,

and so on up to

a0n,

a0n.

x1

aon

are constants;

and the estimate at location

The remaining step is to determine the values of the coefficients, am, a02,...,

which minimize the MSE. Since the MSE is a quadratic function of the K(x), the values of these

coefficients may be determined from a knowledge only of the autocovariance function (or variogram
in the case of intrinsic random fields) of the process.

We can, of course, decide to consider only linear predictors, whether or not the process is
multivariate normal, the argument being that if the process is jointly normal then the linear predictor
is optimal, whereas if the process is not jointly normal then, in general, we would be unable to

evaluate the conditional expectation and so we might as well seek the best linear predictor.
Kriging is essentially a conditional expectation. The most general form of kriging is termed

"Universal Kriging," in which the values of points may be estimated from irregularly distributed
samples in the presence of trends (or nonstationary field). If the data set satisfies the intrinsic
hypothesis, a less involved operation can be used to estimate the values of points. This technique is

referred to simply as "Ordinary Kriging" or " Kriging" (see Journel and Huijbregts, 1978). In this
introductory review, we will focus on the theory of kriging. A review of universal kriging is available
in de Marsily (1986) and Journel (1989).

To explain the development of kriging, we will again use the estimation of conductivity values
at unsampled locations in between sampled locations as an example. To find the saturated hydraulic
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conductivity estimate K *(x0) of the unknown quantity K(x0), kriging uses a weighted linear sum of
all the measured transmissivity values, K(x;):

K

*(x0) = Eni.1

(41)

as K(xi)

where a0i are the kriging weights. In order to Iimit the choice of the kriging weights, we will impose

two conditions. The first condition is that the expected value of the estimate of K(x0) should be the
same as the expected value of K(x0), i.e.,

E[ K *(x0)

]

=

E[ K(x0)

(42)

]

This condition implies that the kriging estimator has to be unbiased. It then follows that in the
constant mean case the sum of the weighting factors has to be unity.

En =i ao
i

= a01

+ a02 +

... +

as

=

(43)

1

The second condition is that the error of estimation should be minimal:

E[ ((K *(xo) - K(x0))2]

=

(44)

minimum

This latter condition, along with (8) leads to a system of equations of the form:
m--%n

y (x;

where y (x; -

xi )

-

x)

+

s = y (xi

-

(45)

xo)

represents the variogram corresponding to a separation distance,

distance between points

xi

,

equal to the

and xi. Similarly, y(xi- xo ) represents the variogram over a distance equal

to that between the point xo to be estimated and the point xi. a is a Lagrange multiplier. Combining

the constraint that the kriging weights must sum to one, the system of equations can be solved to
obtain optimal ag values which can then be input to equation (41) to obtain the estimate of K(xfl).
The estimator, K *(xo), is a linear combination of the n data values. The n weights

ao;

are calculated

to ensure that the estimator is unbiased and that the estimation variance is minimal. Thus, kriging is
a best linear unbiased estimator (BLUE). If the random field is multivariate normal, then kriging is
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equivalent to the conditional expectation which

is an optimal

estimator (in the mean square error

sense).
The kriged estimate K *(xo) is based on samples located a distance away from the estimated

point. The values at these distant points are only partially related to the value at the kriged point
based on the variogram. Therefore, we do not expect our estimate, K`(xa), to be exact. This point
should be clear if we reexamine the conditional expectation discussed previously. That is, in the case

where the K is a multivariate normal random process, the estimate, K'(xo), is simply the average of

K values at the location

xo

from a subset of K(x) which agree with the sample values at the sample

locations. Such an average is obviously not necessary the same as the true value but a best linear
unbiased estimate of the true one. The spread of all the K values of the conditioned subset at x0
around the average is then determined by the kriging variance, ak2, which is
ß k (xo) =

ag

y (xr

-

xo) + e

(46)

Notice that the variance is not a measure of the deviation of the estimate from the true K value at x0.

However, the smaller the variance, the greater the reliability of the estimate K'(xo). Conversely, an

estimate with a large associated variance must be utilized with caution. In practices, the kriging
variance can be used to determine the optimal location for additional field tests. For example,

hypothetical locations can be added to the actual data base to calculate the reduction in the kriging
variance. Thus, kriging is considered as a valuable tool in quantifying uncertainty in interpolated data

and in assessing the value of additional data during any site characterization.
Kriging is different from other interpolation or extrapolation techniques because it considers

the spatial structure (variogram) of the variable. It also provides a measure of the probable error

associated with estimates of the unknown values. However, for many cases, kriging may have no
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advantages over polynomial trend surface and may even perform poorly by comparison (Davis, 1973).

Unlike some regression models that fit a surface to the data base, kriging preserves the values at
points of measurement. Note that the model and objectives behind polynomial or surface fitting differ

from those in kriging. For that reason a comparison between them may not be appropriate. In trend
surfaces the objective is to fit the mean value while in kriging reconstructing the actual surface is the

goal. In this sense kriging includes a kind of conditioning without explicitly using the normality
assumption. Over all, kriging is a useful tool and has been widely used in groundwater hydrology

(e.g., Delhomme, 1979; Clifton and Neuman, 1982; Devary and Doctor, 1982; de Marsily et ah,
1984; Neuman, 1984, Samper and Neuman, 1989...etc.).
In most field problems, hydrologists often have some hydraulic conductivity measurements
at some locations but only soil water tension, moisture content, soil texture, and/or geophysical data
at other locations. Since all these different information likely have some relationship with each other,
it is logical to estimate the variable of our major concern at unsampled locations, using the

information of all the variables. For instance, the unknown hydraulic conductivity value at a given
point may be estimated by using both measured conductivity and soil texture data at other locations,
instead of using conductivity only. This type of parameter estimation technique based on the kriging

concept is called co- kriging. Again, co- kriging

is simply a mathematical

tool that quantifies the

common procedure used by experienced hydrologists or soil physicists to interpolate or extrapolate

data, based on several different information. Similar to kriging, it requires the knowledge of the
variogram for each variable but also the cross-variogram between the variables. However, cokriging

requires a much more intensive computational effort, but the difficulty in obtaining direct
measurements of unsaturated hydraulic conductivities and the convenience in collecting other related
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data demand the use of such an estimation technique. Therefore, the role of this technique in
estimating hydrologic parameters will likely become more important in the foreseeable future.
Detailed discussion of the theory of co- kriging is available in de Marsily (1986), Isaaks and

Srivastava (1989), Journel (1989), and Vauclin et al. (1983).

Here we will present a brief

description. Consider that Z1(x) and Z2(x) are two correlated second-order stationary random fields
(i.e., saturated conductivity and moisture content, respectively) with known covariances and means.

The estimation of

Z1 (

and Z2, if necessary) using cokriging is again based on the best, linear, and

unbiased estimator technique. That is,
Z1

(x0)

X 1jZ1
j=1

(Xj)

+
km1

where Z1* (x0) is the estimate of Z1 at location x0,
xl, x2, ...x,. Similarly, Z2 (x,
Z1

(47)

X2kZ2 (Xrt+k)

Z1 (xi)

are the measured values of Z1 at locations

) are the measured values of Z2 at locations

and Z2 need not be measured at the same location. 1

corresponding to Z1 and

Z2

,

and

xrt+1, xrt +2,

12k

xrt +m

Note that

are cokriging weights

respectively.

The minimal variance criterion requires that

E[ (Zi (x0) - Z1(x0))

2] =

minimal

(48)

Similar to the development of kriging equation, one can obtain the cokriging system of equations for

second-order stationary processes (Z1 and Z2) as follows:

t1jC11 (Xi -

j-1

for i =1, ..., n and

j)

+
kml

X 2kC12 (Xi

-

Xn.k)

= C11 (XO

-

Xi)

(49)
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Á1jC 21(X n.0.1 - Xj)

+
k=1

X2kC22 (Xn+1

-

Xk)

= C12 (X0

-

Xn+1)

(50)

for 1=1, .., m. The autocovariances of Z1 and Z2 and cross covariances between Z1 and Z2 are denoted
by C,1 and C22, and C12and C21, respectively. By solving the system of equations (49), and (50), the

cokriging weights can be obtained.

Prior to the solution of the system of equations, the

autocovariances and cross covariances as functions of the separation distance have to be known. This
information can be obtained from either field data or some theoretical analyses (e.g., Yeh et al., 1985a

and b). Then, equation (47) can be utilized to obtained the estimates of either or both variables at
any location. Similar formulas can be derived for cases where more than two variables are involved.

Cokriging is not new to soil physicists and groundwater hydrologists. Vauclin et al. (1983)
applied cokriging to estimate values of gravimetric mater content at 0.3 bar and the available water

at a given range of soil -water pressure in a field soil. Yates and Warrick (1987) used moisture

content, bare soil surface temperature, and soil texture data sets to estimate moisture content at

unrecorded locations using cokriging. Mulla (1988) used cokriging technique based on measured
surface temperatures to interpolate values for water content along a transect. Hoekema et al. (1989)

employed co- kriging to estimate water table elevation at unsampled locations on the basis of values

of water table elevation and ground surface elevation measured at wells and at points along flowing
streams. Gutjahr and Wilson (1989), Kitanidis and Vomvoris (1983), and Hoeksema and Kitanidis

(1984), Rubin and Dagan (1987 a and b), and Ahmed and de Marsily (1993) developed co- kriging
techniques that used both transmissivity and hydraulic head data to estimate transmissivity of aquifers.

Dagan and Rubin (1988) extended the co-kriging technique to identify recharge, transmissivity, and

storativity in aquifer under transient flow conditions. Since the hydraulic head is a response of the
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aquifer to the transmissivity, using the response and the co- kriging technique to estimate
transmissivity is sometime referred as geostatistical inverse approach. The geostatistical inverse

approach, however, suffers from the limitations of the linear estimator and the approximate nature

of the theoretical cross-variogram between the head and transmissivity. Moreover, the geostatistical
inverse approach does not comply with the continuity principle. As a result, such a geostatistical
inverse approach may lead to erroneous estimates of ground water velocity fields, especially if the
soil is highly heterogeneous (Harter et al., 1993 and Yeh et al., 1994).

To overcome this problem, Yeh et al. (1994) developed an iterative co- kriging-like approach
to estimate transmissivity based on the observations of transmissivities and hydraulic heads in the

saturated aquifer. It involves using classical cokriging to estimate hydraulic head and hydraulic

conductivity distribution based on some measurements of the head and conductivity. Then, the
estimated conductivity field is used in a numerical flow model to solve for a head distribution that
satisfies specified boundary conditions. In this numerical solution, observed head values are specified
as internal constant head boundaries. Subsequently, the new head distribution from the model is used

in conjunction with the measured conductivity values to estimate a new conductivity field, using

classical cokriging. This process is repeated until the difference between the successive head fields
is smaller than a specified value. The goal of the above mentioned approach is to determine the

conditional expectation of head, h (x) and transmissivity, T(x), given the governing flow equation,
and observed head, ho(xo) and transmissivity, To(xo). That is,
E [h (g) , T (g) IV. (T (g)

7h (g))--;0,

ho

(g)

, To

(go)

]

(51)

Jin and Yeh (1995) developed a similar approach for conditional moment analysis for estimating
transmissivity and head. Results of this approach demonstrated that head measurements may provide
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useful information for predicting solute movement in the aquifer.
Application of co- kriging to the prediction of flow and solute transport in the vadose is very
limited. This stems from the fact that multi -dimensional data sets are difficult to collect in the vadose

zone. In addition, the complexity of mathematics for describing flow and solute transport in the
vadose zone prevents a rapid development of a reliable co-kriging tool. Nevertheless, Harter and
Yeh (1994c) combined results from spectral analysis, co-kriging, and a numerical model to examine
to examine the utility of co- kriging in predicting solute movement in the vadose zone under a steady -

state flow condition. Results of their study demonstrate that with exhaustive data sets of conductivity

and soil-water pressure, co-kriging technique can improve our predictive ability but it can only

reproduce general plume shapes in a hypothetical vadose zone. A similar approach is under
development by our research group to incorporate moisture content measurements into the
simulation of water flow and solute transport in the vadose zone. In general, soil -water pressure

and water content data are always more abundant and easier to measure than the unsaturated
hydraulic conductivity data at most field sites.

Both kriging and co-kriging are estimation techniques relying on the linear estimator (or
conditional expectation for multivariate cases). This implies that the estimated value of the hydraulic
conductivity at a given location is an average given some information of conductivity values at other
locations. Thus, the estimated conductivity value is not necessary the true value of the conductivity

at the location.

As a result, the predicted plume distribution based on the kriged or co- kriged

conductivity map will likely differ from the actual one, unless intensive spatial data sets are collected.

Although reliability associated with the estimated conductivity map can be assessed from kriging or

co- kriging variances, the determination of the variance is not straightforward for transient processes
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such as migration of solutes.
Monte Carlo (Unconditional) Simulation. The most intuitive approach to dealing with spatial

variability in a stochastic sense is the Monte Carlo simulation. Although it

is classified as a

heterogeneous approach in the sense that the hydraulic property values at every point in the aquifer
are specified, it is, in principle, equivalent to the effective parameter approach: they both derive the

mean and variance of the pressure head or concentration field. However, Monte Carlo simulation
generally relies on numerical experiements and provides numerical results. It is more flexible than
the stochastic effective parameter approach due to the use of numerical models. As a result, it can

be utilized to investigate transient phenomena, nonuniform flows, bounded domains, multi -scale
heterogeneities, etc. In addition to computation of the mean and variance, Monte Carlo simulation
can provide the entire probability distributions (instead of the first and second moments) of output
variables (such as soil water pressure, moisture content, and concentration) in space and time. This
may be particularly important for the more complex, general situations in which they are not expected

to be normal (for example, a contaminant plume with a skewed concentration distribution).

The principle of Monte Carlo simulation is straightforward. First, it assumes that the joint

probability distributions of hydraulic properties of any given vadose zone can be inferred from a
limited amount of data collected from the given site. Since the probability distributions do not give

any information about the parameter value at any point in space, many possible equally -likely
realizations of hydraulic parameter values that conform to the assumed distribution must be created.
This creation of random hydraulic property fields is generally done by the use some special pseudo-

random number generator (such as a fast fourier transform method by Gutjahr, 1989; a matrix
inversion method by Smith and Freeze, 1979; a turning band method by Mantoglou and Wilson, 1982,
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Tompson et al., 1989; and the sequential indicator simulation of Journel and Alabert, 188). Each
realization of the generated parameter values is, then, input to flow and transport equations which
are solved by numerical methods. If there are N realizations of input parameters used, there are N

realizations of output from solving the governing equations. Analysis of the output of all the
realizations for expected value, variance, covariance, and distribution provides a means to assess the

uncertainty in the prediction, resulting from spatial variability.
During the past two decades, Monte Carlo simulation has been used by many researchers to

investigate effects of heterogeneity on flow and solute transport in groundwater systems. For
example, it was applied by Clifton et al. (1985) to analyze the uncertainty in predicting groundwater

travel times and flow paths. Smith and Schwartz (1980, 1981a, b) used Monte Carlo simulation to
determine uncertainties in solute transport predictions. Influence of spatial variability in aquifer and

recharge properties on effective groundwater model parameters was investigated by GómezHernández and Gorelick (1989) using Monte Carlo simulation. Ababou et al. (1989), Tompson and
Geihar (1990), and Burr et al. (1994) conducted three-dimensional Monte Carlo simulations of flow

and solute transport in heterogeneous geologic formations. For flow and solute transport in the

vadose zone, many researchers (such as Bresler and Dagan, 1981; Dagan and Bresler, 1979; and
Destouni and Cvetkovic, 1991) have used Monte Carlso simulation to examine the effect of areal
variability on flow and solute movement. However, these studies assume the vadose zone consisting

of a large number of stream tubes, and variability in the vertical direction (such as layering, or
stratification) was completely ignored. Consequently, the result of these analyses reflects the
sensitivty of model output to parameter uncertainties, instead of spatial variability. More realistic

studies that consider effect of layering were carried out by Anderson and Sharpiro (1983), Yeh
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(1989), and Onlii et al. (1990). Since lateral variability in both flow and properties are not included,

these layered models are considered inadequate to caputure multi -dimensional processes (such as
lateral flow) in the field. Hopman et al. (1988) used Monte Carlo simulation to examine the effect

of heterogeneity in multi-dimensional flow regimes. Eaton and McCord (1994) applied Monte Canso
simulation to determining the effective hydraulic conductivity in two -dimensional porous media, and

verify the moisture- dependent anisotropy concept. McCord and Goodrich (1995) applied two -

dimensional simulation to the study of effects of heterogeneity on recharge estimates based on
commonly used one -dimensional model. They concluded that classical one -dimensional analysis of

recharge using natural tracers such as tritium collected at few locations may lead to erroneous

estimates of recharge rates. Because of difficulties in numerical simulations, most of the above
studies have relied on relatively few realizations of Monte Carlo simulation. As a result, the statistics

of the output may not be representative. Monte Carlo simulations involving three hundreds to
thousands of realizations were recently conducted by Harter and Yeh (1994 a and b) to test the
validity of the effective parameter approach for flow and solute transport in the vadose zone.
Monte Carlo simulation is a flexible tool since it is not restricted to stationary processes with
small variances as in the spectral- perturbation approach. It has, however, many other problems,
especial for flow and transport in the vadose zone. The governing equation for flow in the vadose
zone is nonlinear and the degree of nonlinearity increases with the degree of heterogeneity. Analytical
solutions may be available for few special cases (e.g., Yeh, 1989; and Srivastava and Yeh, 1991) but
numerical methods are necessary for realistic situations. Because the equation is nonlinear, numerical

methods must rely on iterative schemes (such as Picard or Newton Ralphson schemes) and many
iterations are required for each solution. As a result, the CPU time required for solving the Richards
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equation is much greater than that for saturated flow equation. In addition, meaningful statistics from
the output during the Monte Carlo simulation can only be obtained if a large number of simulations

are employed. As reported by Harter and Yeh (1994a), one thousand simulations were needed for

soil with variance in unsaturated conductivity ranging from 0.5 to 3.2. Thus, the large amount of
CPU required for each simulation and the large number of simulations needed make the Monte Carlo

simulation of flow and transport in the vadose zone a computationally expensive adventure. The
Monte Carlo simulation of flow and transport in the vadose zone is further hindered by the fact that
the numerical iterative scheme does not guarantee the convergence of the solution during each
simulation. All of these obstacles make Monte Carlo simulation of flow and solute transport in multi-

dimensional vadose zones an extremely difficult and unattractive approach. Nevertheless, Harter and

Yeh (1993) recently demonstrated that the CPU time required for solving the Richards equation can

be significantly reduced (a hundred fold reduction in CPU time) by using an first- order, spectral -

perturbation solution as an initial guess for the numerical solution. With such a new numerical
technique, Monte Carlo simulation of multi -dimensional solute transport under steady-state flow
conditions in the vadose finally becomes a potentially useful tool.
However, Monte Carlo simulation of transient flow and transport processes still remain as a

grand challange to modelers. Again, the Richards equation for flow in heterogeneous, varriably
saturated media is highly nonlinear. Small simulation time steps are generally required to ensure the

converge of the solution, especially for simulating wetting front movement in very dry soils.
Although the technique developed for steady -state flow to accelerate the simulation may allow a

of the accuracy

larger simulation time step, the maximum step size

is still confined to the limit

associated with temporal numerical discretization.

Therefore, multi -dimensional, Monte Carlo
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simulation of solute transport in the vadose zone under transient flow scenarios is almost an
intractable task, unless a faster and inexpensive computational tool is available.
Despite advances in numerical techniques for simulating steady -state flow in the vadose zone,
one of the major drawbacks of Monte Carlo simulation stems from the fact that no explicit

relationship between the statistics of input parameters and output parameters can be easily derived
as in the analytical approach. More importantly, the mean contaminant concentration distribution

(ensemble average concentration) derived from Monte Carlo simulation is quite different from the
concentration in reality especially for highly heterogeneous vadose zone. Figures 10 a through f show
the simulated flow streamline patterns and concentration plumes (Harter and Yeh, 1994b) in three

hypothetical vadose zones with three variances of unsaturated hydraulic conductivity ( 0.7, 1.5, and
3.2).

As the variance of unsaturated hydraulic conductivity increases, the streamline beomes more

tortuous; strong lateral movement and channelling effects develop; and the plume beomes more
irregular. Also shown are the mean concentration plumes derived from Monte Carlo simulations
(Figures 10g, h, and f) for each of the three vadose zone. It is clear from this figure that the mean
plume distribution is approximately normal when the variability of unsaturated hydraulic conductivity
is small.

The distribution, however, becomes more positively skewed and the agreement between

the mean plume and the actual plum deteriorates as the heterogeneity of the vadose zone increases.

The usefulness of the unconditional Monte Carlo simulation as a site specific applied tool for flow
and contaminant transport assessment in highly heterogeneous vadose zone, thus, becomes

questionable.

Conditional Monte Carlo Simulation. Conditional simulation is a special kind of Monte
Carlo simulation technique, but unlike the Monte Carlo simulation, it imposes sample values at sample
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locations. That is, in each realization of the generated random hydrologic parameter field, hydrologic

parameter values are kept constant and equal to the measured values at sample locations and only the
parameter values at unsampled locations are considered random. Thus, there will be no uncertainty
in the parameter value at the measurement points, other than measurement errors. By doing so, many

possible realizations of the hydraulic parameter value which do not agree with data at sample
locations are eliminated. Consequently, we expect that the variance of output from the conditional

simulation is smaller than that from the unconditional Monte Carlo simulation and the conditional
simulation can bring us a step close to the reality.

Conditional simulation can also be carried out by analytical method (e.g., Dagan, 1982) for
some cases. A more convenient and flexible approach would rely on numerical methods which are
generally based on the conditional expectation and kriging technique discussed earlier. The complete

theory of a conditional simulation procedure based on kriging is given by Matheron (1973) and
Journel and Huijbregts (1978). A schematic illustration of the conditional simulation concept is

shown in Figure 11. Briefly, the procedures of the conditional simulation are: (1) to generate
nonconditional simulations, that is, to synthesize different realizations of the random field of hydraulic
properties which maintain the actual covariance function that has been inferred from the data, and (2)
to condition the simulations obtained in the first step by making the realizations consistent with the

measured sample values. The first step is identical to the Monte Carlo simulation. For the second
step, one can employ kriging. From the actual sample values, kriging yields a hydraulic conductivity

estimate,

KÇ *(x)

where subscript t denotes true, at the unsampled location which is simply the average

of all possible values at point x of the conditioned subset (Figure

11). The true value, KK(x),

equals the estimate plus the error in the estimate (kriging error), [K(x)

-

KK

*(x)]. That is,

however,
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Kt(x)

= Kt.(x)

Since the kriging error

+

[

Ke(x)

-

K;(x)

]

(52)

K *(x)] is unknown, we can not evaluate this expression exactly.

[KK(x) -

However, we may approximate it by the use of kriging and unconditional simulation. In other words,
in a given unconditional simulation (one realization

of generated hydraulic conductivity, Ku(x), where

subscript u denotes the unconditional simulation), kriging can be performed using the generated
values during the simulation at the actual sample locations as data to derive the kriging estimate,

K *(x)

(Figure

1

lb). The kriging error of the unconditional simulation is then calculated as the

difference between the hydraulic conductivity value of the given unconditional simulation and the
kriging estimate, i.e., Ku (x) -

Ku *(x).

Note that the kriging errors at the sample location are zero.

Now, a conditional estimate of the hydraulic conductivity at the actual field site, Kc(x) where
subscript c denotes conditioned, can thus be obtained by
Ku (x)

=

KÇ

(x)

+

(Ku (x)

-

KÚ (x))

(53)

Therefore, Kc(x) is consistent with the measured values at the sample points since Kr* equals the
sample value and the kriging error (the second term on the right-hand side of (53)) is zero. In

addition, at unsampled locations, random hydraulic conductivity values are generated such that
Kc(x) and Kr(x) have the same covariance functions since the kriging

error is not equal to zero. This

procedure can be repeated to obtain many realizations of the conditioned random hydraulic
conductivity fields. Thus, conditional simulations create a conditioned subset of the ensemble, which

agrees the measured value at sample locations.

Note that the average of many conditional simulations at a given point xis the kriging
estimate, and their variance is the kriging variance. In general, hydraulic property fields resulting
from conditional simulation are smoother than unconditioned fields because it is a conditioned subset
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of the ensemble, but more variable than kriged fields which essentially represent the conditional
expected values (or average). Compared with the unconditional Monte Carlo simulation, the
conditional simulation incorporates the data value at a sample location and is generally regarded as
a more realistic approach although it is subject to the same operational difficulties in terms of

computational efforts and numerical difficulties.
Applications of such conditional simulations to problems in flow and transport in saturated

zones are abundant. For example, Delhomme (1979) and Smith and Schwartz (1981a, b) used
conditional simulations to investigate the effect of hydraulic conductivity measurements on the
reduction of uncertainty in predicting groundwater flow and solute transport. They found that such
conditioning does not reduce uncertainty significantly even when measurements are spaced as close
as two log hydraulic conductivity correlation lengths. A more elaborate conditional approach for
simulating solute transport was conducted by Wagner and Gorelick (1989). The approach was based

on the inverse method developed by Kitanidis and Vomvoris (1983) and Hoeksema and Kitanidis
(1985) which involves estimating the average, yet spatially variable, hydraulic conductivity field using

both hydraulic conductivity and head measurements. Then, conditional realizations with the same

degree of variability as the true hydraulic conductivity fields are generated and used as input to a
solute transport model to obtain solute distributions. The advantage of this type of conditional

simulation is that the conductivity field is more close to reality due to the additional head
measurements. Graham and McLaughlin (1989) introduced a new approach to conditional
simulations. Instead of computing the mean and variance of the concentration distribution from many

simulations with conditioned random parameter fields as input, the mean and the covariance of the
concentration distribution are solved directly from approximated moment propagation equations with
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a numerical method. The Kalman filter is used to update the moments when new measurements of

the head, log conductivity, and concentration fields become available. Through two synthetic
problems, they demonstrated that reasonably good estimates of the solute concentration distributions

can be obtained by conditioning the ensemble moments on a small number of measurements located
in regions of high concentration uncertainty.

Although Graham and McLaughlin's methodology is promising, it requires concentration
measurements which generally are not available at many proposed landfill sites. Thus, it does not
serve as a good predictive tool but it is an attractive method for delineating existing plumes. In the

case that the concentration measurement is not available, their approach should yield results similar

to those by the classical condition simulation concept using conductivity and head measurements.

Furthermore, their moment propagation equations are first-order approximations which imply that
the method is also limited to relatively homogeneous aquifers. From the computational efficiency

point of view, the method may not be superior to the classical Monte Carlo and conditional
simulations for a fully three -dimensional analysis due to cumbersomeness of the Kalman filter.
Because of this numerical difficulty, application of such an approach to the vadose zone is highly
unlikely. Regardless of these drawbacks, their methodology may provide a valuable tool for
developing a sampling strategy to reduce uncertainties in characterizing existing contaminant plumes
in the aquifer.

More recently, Rubin (1991) developed a method for estimating the conditioned spatial
moments of a tracer plume using hydraulic head, conductivity, and velocity data measured at sample

locations. The method relies on the unconditional velocity covariance function dervied by Dagan
(1984), cross -covariance functions between conductivity, head, and velocity, and conditional
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expectation (linear estimator) technique to obtain the conditioned first and second spatial moments
(i.e., mean displacement and "size ") of tracer plumes. He demonstrated that the conditional ensemble

plume statistics (mean and spatial variance) are closer to those derived from a single realization. As

compared with that by Graham and McLaughlin, this approach is less cumbersome in terms of
numerical efforts because it avoids numerical computation schemes to evaluate the propogation of
moments. It however, is also subjected to several drawbacks. First of all, the spatial moment which
is an

integrated measure of a plume shape is not sensitive to depict split multi -peaks plumes which

likely develope in highly heterogeneous geological formations. Covariance and cross-covariance

functions are approximated by a first -order approach, which tends to fail as the variability in

conductivity increases. Moreover, the conditional expectation assumes normality in velocity field
which is generally found lognormally distributed (e.g., Harter and Yeh, 1994b). Nonetheless, it is

useful approximation tool for predicting solute plumes in the aquifer.
The concept of conditional simulation is appealing but it is difficult to implement this approach
for flow and solute transport in the vadose zone, due to nonlinearity of the Richards equation.

Subsequently, few applications of the conditional simulation have been used in vadose zone
hydrology. Recently, Harter and Yeh (1994c) combined a spectral co-conditioning simulator for

saturated flow (Gutjahr et al., 1992), the spectral solution for unsaturated flow (Yeh et al., 1985),
and a numerical model for flow and solute transport in variably saturated porous media, MMOC2
(Yeh et al., 1993), to investigate the effect of measurements of hydraulic conductivity and soil water

pressure heads on solute transport in the vadose zone (a2f=

1, a2a =

0.01, mean Inß = 0.01 cm-I, and

isotropic X =300 cm). Figures 12 a, b, and c show the predicted spatial distributions of tracer plumes
02h
= 1900 cm2, and
in the vadose zone under a wet condition ( -100 cm of water in mean pressure,
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a z,ak = 0.53) resulting from Monte Carlo simulation, conditional simulation based on 41 head
measurements, and conditional simulation using 242 head, Ks, and ß measurements, respectively.
The actual plume distribution of the real -world analog is illustrated in Figure 12d. The predicted
spatial distributions of tracer plumes in the vadose zone under a dry condition ( -3000 cm of water
in mean pressure, a2h = 7600 cm2, and aZLk = 3.2) resulting from Monte Carlo simulation, conditional

simulation based on 41 head measurements, and conditional simulation using 242 head,

KS,

and ß

measurements are illustrated in Figure 13a, b, and c respectively. The corresponding actual
concentration distribution is plot in Figure 13d. A comparison of Figures 12 and 13 suggests that
conditioning using pressure head information can significantly improve the prediction of the plume
shape under the dry condition where the variances of head and unsaturated condcutivity are large.

Their conditional simulation also provided estimates of the coefficient of variation as a measure of
the uncertainty in the prediction.

The results by Harter and Yeh (1994c) may be preliminary (limited to unit mean gradient
condition, exponential unsaturated hydraulic conductivity function, and steady -state flow) but
demonstrate that the co- conditional simulation appears to be the only way to bring our prediction of
flow and solute transport in the vadose zone close to reality and to address uncertainties associated

with the prediction.

DISCUSSION AND CONCLUSION
Predicting solute transport in the vadose zone is a much more difficult task than in fully
saturated porous media. This can be attributed to the fact that flow and transport processes are far
more complex in unsaturated porous media than in saturated media. Such complexity further hinders
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the development of simple and reliable monitoring techniques for flow and solute transport in

unsaturated porous media.

Without such monitoring techniques, it is virtually impossible to

characterize the large -scale vadose zone in detail and to predict flow and solute transport at high
resolutions. Although geological information is useful for delineating large structures, means of
acquiring more detailed distributions of hydrologic properties are imperative in order to predict highly
nonlinear processes in the vadose zone. However, such techniques may not exist in the foreseeable

future unless there are some technological breakthroughs in field testing. Until then, we may have
to rely on stochastic approaches to obtain probabilistic results. Many of these approaches are

available including geostatistics, the effective parameter approach, Monte Carlo approach, and
conditional simulation. Each of these methods has limitations and drawbacks. Nevertheless, these

approaches may at least provide us with some estimates of uncertainties in the predictions which may
be crucial for regulatory and decision -making purposes. One should, however, bear in mind that the

uncertainty estimates afforded by the stochastic models are themselves uncertain (e.g., Smith and
Freeze, 1981, de Marsily, 1986.)
The approach using effective parameters with the macrodispersion concept may be attractive

for relatively simple hydrogeologic systems. Recent tracer experiments in fully saturated aquifers
show that mean travel times and paths of plumes in sandy and glacial outwash aquifers can be
adequately predicted by the effective hydraulic conductivity formula developed by Gelhar and Axness
(1983). The spatial displacement variances of the observed plumes are also in reasonable agreement

with the stochastic results by Dagan (1987) and Naff et al. (1988).
However, few large-scale and well -controlled tracer experiments in the vadose zone have been

conducted in the past to rigorously test the effect parameter approach.

Results of the field
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experiments by McCord et al. (1991) seem to support the moisture -dependent anisotropy concept

of the effective unsaturated hydraulic conductivity developed by Yeh et al. (1985

a and b) but the

verification is still very qualitative. Similarly, soil -water pressure data collected by Yeh et al. (1986)
also qualitatively support the concept of mean dependence in the variability of the soil -water pressure,

derived from the stochastic analysis. An application of the effective unsaturated parameter approach

(Polmann et al., 1992) to the experiment at Las Cruces trench site (Wierenga et al., 1991) seems
successful but the soil heterogeneity at the site is rather mild. Many other tracer experiments

conducted in the vadose zone were designed for testing the transfer function model (e.g., Roth et
al., 1991; Ellsworth et al., 1991; and Butter and Jury, 1989) and these data sets collected are not

suitable for testing the physically-based, effective approach.
In spite of the scarcity of field data sets for testing the effective approach, it should be clear

that the spatial displacement variances (equations 28 to 35) may provide a means to predict the
relative size of the plume but the shape of the plume still remains unknown. Furthermore, in the
highly heterogeneous vadose zone, a contaminant plume likely evolves into several individual plumes.

As a result, the classical moment analysis (spatial variance) clearly becomes inadequate.

Nevertheless, one should look at the bright side of the effective approach and recognize the

essence of any stochastic theories: a stochastic predictor will do better than others on the average in
many trials under uncertainties. The effective parameter approach may, thus, serve as a practical tool

for preliminary analyses (e.g., Gelhar, 1986), especially for cases where little information on
hydrologic properties of the vadose zone is available.

After all, we should always ask ourselves: are we interested in predicting the mean
concentration distribution in highly heterogeneous vadose zones in alluvial deposits or fractured rock
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formations? Can we accept predictions with large degrees of uncertainty, say more than 50 %? In

other words, under what degree of heterogeneity can the effective parameter approach be used to
make predictions that provide us with an acceptable degree of uncertainty? The formula for the

concentration variance estimate developed by Vomvoris and Gelhar (1990) may furnish a quick
answer to this question. Indeed, this is the major advantage of the stochastic effective parameter

approach (i.e., its practicality).
Kriging is a useful mathematical interpolation and extrapolation tool for spatial data. It
preserves the data values at sample locations and provides best- linear estimates at the locations where
samples are not available. Cokriging appears to be an even more useful tool if additional information,
having a direct relationship with the estimated hydrologic property, is readily available. For example,

data sets from a detailed geophysical survey (e.g., ground penetrating radar) may be used in
conjunction with sparse hydraulic conductivity measurements to fill in the missing conductivity values

at unsampled locations. The iterative cokriging-like approach (Yeh et al., 1994) and conditional

approach (Jin and Yeh, 1994), using both hydraulic head and conductivity measurements still needs
to be refined and generalized, preliminary results indicate that the technique appears promising in

terms of predicting bulk flow pattern and path. After all, a conditioned mean conductivity field

is

always a step closer to reality than the effective conductivity, although this type of approach does not

address the uncertainty in predicting migration of contaminant plumes.
The Monte Carlo simulation technique may be superior to the stochastic effective parameter

approach since it involves less assumptions, but it suffers the same major difficult as the effective

approach.

Monte Carlo simulation also produces means and variances of all the possible

concentration distributions. Again, we are facing the same question as in the effective parameter

Yeh and McCord 67
approach. Do we need to conduct the Monte Carlo simulation if the aquifer is highly heterogeneous?

Unfortunately, one has to conduct many tedious and time consuming simulations in order to answer
this question, if the effective parameter approach is not used.

Conditional simulations, which use available information at sample locations and eliminate
many possible realizations which disagree with observations, will enhance our ability to model reality.

Although the results of conditional simulations by Delhomme (1979) indicated that using the known

transmissivity values at sample locations may not reduce the uncertainties in the prediction of

groundwater heads significantly, using both head information and transmissivity values as constraints
for the simulation may be useful. In addition, the results of the conditional simulations by Smith and

Schwartz (1981) showed that locations of sample data used in the conditional simulation may have

important impacts on the reduction of uncertainties. Numerical results by Harter and Yeh (1994c)
indicate that co- conditioning using information on unsaturated hydraulic conductivity and soil-water

pressure improves the prediction of solute plume significantly, considering the moderate effort
required to take a large amount of soil -water pressure measurements. Co- conditional simulation
using unsaturated hydraulic conductivity, soil -water pressure, moisture content, and concentration,

if possible, certainly deserves further development.
Regardless of the amount of uncertainty that conditional simulations can reduce, it is rational
to include all of the available parameter values in the prediction. It is clear that uncertainty in the
simulation will be gradually reduced as more and more data become available. Thus, the conditional

simulation seems to be a promising mathematical tool that can bring us a step closer to reality. It
should be recognized, though, that regardless the amount of data can be collected at a given field site,

our ability to predict the actual plume is limited to "bulk" behavior of the plume due to measurement,
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interpolation, and numerical errors as demonstrated by Yeh et al. (1994). Therefore, the conditional

simulation which also provides estimates of uncertainties in the prediction is the most appropriate
modeling approach for flow and solute transport in the vadose zone.
In spite of the promise of conditional simulation, most of studies are confined in hypothetical

aquifers or vadose zones. Applications of these models to fields are necessary. However, more
carefully controlled and monitored large -scale field experiments in various geological environements

under different climatological conditions must be conducted. Furthermore, our understanding of
many processes in the vadose zone is still very limited. For examples, the effect of temporal

variations in boundary conditions (for example, evapotranspiration) on transient flow and solute
transport in the vadose zone has been ignored in most studies. Such a variability will have significant
impacts on the movement of contaminant plumes as demonstrated by Rehfeldt and Gelhar (1993) and

Yeh et al. (1994). In addition, practitioners and researchers must recognize the fact that a three-

dimensional representation of the flow and solute transport regime is the only way to improve our
predictive ability.
Finally, one has to understand that all the stochastic methods are simply tools that we use to

overcome our inability to portray the variability of hydrologic properties in the vadose zone.
Therefore, it should be clear that no matter how elegant and immaculate a stochastic theory is, the
stochastic theory never reduces the uncertainty in our predictions. The only way to tackle the root

of the spatial variability problem is to improve our knowledge of the spatial distribution of hydrologic
properties in the vadose zone. Thus, to advance our predictive ability, simple, rapid, and accurate
monitoring techniques must be developed so that the variability of the vadose zone can be easily

characterized. In addition, more efficient and fast numerical algorithms for solving fully three-
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dimensional nonlinear equations or the faster and inexpensive computational tools are critical to our
ability to predict flow and solute transport in the large -scale vadose zone. Without such technological

breakthroughs in these areas, our ability to predict solute movement in the vadose zone will remain
at its infancy.
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Captions for figures
Fig.

two lithofacies distribution mapped in a trench wall in southern Nevada, and b) a three dimensional view of the distribution of 1nK in a coastal sandy aquifer at Georgetown, South

1. a)

Carolina.
Fig. 2. Cross -sectional views of InKs, Ina , n, es, and Or at the Las Cruces Trench, New
Mexico.
Fig. 3. Log saturated conductivity values of Mt. Simon Sandstone, lllinois (Bakr, 1976)
Fig. 4. Dimensionless head variance as a function of the dimensionless mean pore -size
distribution parameter, A?,, , with different aspect ratios, p.

Fig. 5. Complex velocity field simulated for the lithofacies in southern Nevada.

Fig. 6. a) An observed depth- averaged concentration profile (solid) and a mean profile
(dash), calculated from the macrodispersion equation (modified from Sudicky, 1986),
b) a hypothetical field plume and the mean plume from Monte Carlo simulation.
Fig. 7. Comparisons between the observed and simulated chloride plume distributions along
a vertical profile at various times during the pumping -withdrawal tracer experiment
in the sandy aquifer, Georgetown, South Carolina.

Fig. 8. General behavior of a variogram and autocovariance function.
Fig. 9. Schematic illustration of the conditional expectation concept.

Fig. 10. Simulated streamlines (a, b, and c) and plume distributions (e, f, and g) at three vadose
zones of different variances of unsaturated hydraulic conductivity (a y2 = 0.74, 1.48, and
3.20) and the corresponding mean concentration distributions (g, h, and f).

Fig. 11. A schematic illustration of conditional simulation.
Fig. 12.11lustration of effects of conditioning using saturated hydraulic conductivity and soil -water
pressure head measurements on the prediction of solute plume distribution when the soil is
wet. a) the mean concentration distribution from unconditional Monte Carlo simulation, b)
conditional simulation using 41 head measurements, c) using 242 head, saturated hydraulic
conductivity, and pore -size distribution parameter, and d) the actual plume distribution.
Fig. 13.11lustration of effects of conditioning using saturated hydraulic conductivity and soil -water
pressure head measurements on the prediction of solute plume distribution when the soil is
dry. a) the mean concentration distribution from unconditional Monte Carlo simulation, b)
conditional simulation using 41 head measurements, c) using 242 head, saturated hydraulic
conductivity, and pore -size distribution parameter, and d) the actual plume distribution.
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