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THE INFLUENCE OF ARM FILTER DELAY
ON TRACKING PERFORMANCE OF A COSTAS LOOP

By
Jack K. Holmes

Holmes Assoc. Inc.
1338 Comstock Ave.

Los Angeles, Calif. 90024

ABSTRACT

It is demonstrated that the effect of the arm filters with NRZ data in a second-order Costas
loop is to introduce delay in the loop which causes the tracking-error jitter to increase. It is
shown that the tracking-error jitter becomes unbounded at exactly the same value of delay
as the loop becomes unstable. The results are derived for both the one pole passive and the
Integrate and Dump arm filter cases. A representative calculation shows that this is
normally not a significant problem in properly designed loops.

INTRODUCTION

When designing a Costas loop for carrier tracking, the data rate normally is large
compared to the loop bandwidth. In this case, the delay due to the arm filters is negligible.
Occasionally, however, in low-data rate but high-dynamic environments, it is necessary to
select a loop bandwidth which is not much smaller than the arm filter 3 dB bandwidth. A
previous rule-of-thumb suggests that the arm filter bandwidth should be 10 times the loop
bandwidth. Using this rule could decrease the loop sensitivity.

The purpose of this paper is to establish the fact that this ratio is much too conservative for
both passive arm filters and Integrate and Dump (I & D) arm filters with NRZ data.

1.   PASSIVE ARM FILTER LOOP BANDWIDTH EXPANSION

In this section, we shall model the effect of the one pole passive arm filter in a Costas loop
as far as the overall closed-loop transfer function is concerned. Consider the Costas loop
model (short loop) shown in Figure 1. The received signal is modeled as

(1)



where P is the received signal power, d(t) is the baseband data modulation (NRZ data),
and n(t) is white Gaussian noise. Since we are concerned with loop stability and the effect
of arm filter delay on the tracking performance of the loop, we shall neglect the noise.

The reference signals are modeled as

(2)

(3)

where 2^(t) is the loop estimate of the received phase 20 Out of the upper am filter, we have
(letting the phase error N(t) = 20 - 2

^(t)),

(4)

and out of the lower arm filter, we obtain

(5)

 where the wiggley line denotes that the respective signals have been lowpass filtered by
the one-pole arm filters having transfer function G(f). The lower arm output at reasonable
SNR can be approximated by

(6)

while the upper arm can be approximated by

(7)

The approximation used in equation (7) is valid if the bandwidth of d(t) is much larger than
2(t). Out of the multiplier, we obtain

(8)

If we denote the dc portion of equation (8) by

(9)



where <x(t)> denotes the time average of x(t), then equation (8) becomes

(10)

We neglect the self noise in the calculation since it can be shown to be negligible at
reasonable SNR’s. Using Heaviside operator notation, we get

(11)

where J is the time constant of the one pole arm filters and G(s) is the one-pole arm filter
transfer function. The VCO estimate of phase, 2^(t), is given by

(12)

with Kv the VCO scale parameter. Since N = 20  - 2
^ , we obtain

(13)

Solving for 2^(t) produces

(14)

For an ideal second-order loop, the loop filter transfer function is given by

(15)

Using equation (15) in equation (14) produces

(16)

where H(s) is the closed-loop transfer function of the Costas loop. Following convention,
we let

(17)



(18)

Where . is the loop damping factor and T0 is the loop natural frequency. Using equations
(17) and (18) in equation (16) yields

(19)

If we let

(20)

then equation (19) becomes

(21)

Since

(22)

equation (22) can be evaluated by the use of tables, with the result that

(23)

where BL (D) is the closed-loop bandwidth with normalized delay D. Simplifying equation
(23) produces



(24)

Since the value of the loop natural frequency neglecting arm filter delay is given by

(25)

we have that

(26a)

which is one of our main results relating the loop bandwidth with and without delay.
Figure 2 is a lot of equation (26a) for values of . = 0.707 with

(26b)

The quantity F/F0 is the ratio of the standard deviation in tracking with delay to the
standard deviation without delay, which is equal to the square root of the ratio of loop
bandwidths with and without delay. Notice that when            = 0.77 the rms jitter increases
by 50 percent.

2.   STABILITY OF PASSIVE ARM FILTER COSTAS LOOP

In this section, we determine loop stability of the one pole arm filter loop and show that
the locations of unbounded jitter occur at the point where the root locus crosses the
imaginary axis. From equation (12), the open-loop transfer function is given by

(27)

From root locus theory, we know that the locus starts on the open-loop poles and
terminates (infinite gain) on the open-loop zeros, some of which may be located at infinity.
Figure 3 indicates three possible root locus cases, depending on the relative size of J2 and
J. From these plots, we see that the loop will be stable when J2 > J. Routh’s stability
criterion also yields the same result.



* That is, when D = . (from equation (26)).

3.   RELATIONSHIP BETWEEN STABILITY AND BANDWIDTH EXPANSION-
PASSIVE ARM FILTER

In this section, we relate J2 and J in terms of the loop bandwidth. From the following
relationship for a second-order loop (r = AKJ2 2/J1 = 4.2),

(28)

Rearranging equation (28), we have

(29)

where

(30)

We then have that, for a stable loop via root locus, we must have (from equations (29) and
(30))

(31)

Now consider the condition when F/F064. Let D denote the value at which the normalized
tracking error becomes unbounded*. This condition for stability is given by

(32)

Since

(33)

we can write the condition of equation (32) as

(34)



Using the fact that D = 2. when F/F064 leads us to

(35)

which is identical to the root locus stability criterion of inequality (31)! We conclude that
the value of          in which the loop becomes unstable and the value of         in which the

loop bandwidth becomes unbounded are the same value and that value is given by
inequality (or equation (31)) at equality.

(36)

4.   SAMPLE CALCULATION-PASSIVE ARM FILTERS

Suppose that the arm filters are set at 200 Hz (3 dB) and the loop bandwidth is selected to
be        = 150 Hz, neglecting the arm filter delay. Also assume that . = 0.707. Then,
evaluating            , we have

(37)

From Figure 2, we see that the tracking jitter is increased by only about 10 percent, which
normally would not be significant. However, using f0 = 10          = 1500 Hz would reduce

the loop tracking threshold because of the unnecessarily large bandwidth.

Now we consider the Integrate and Dump Arm Filter Costas Loop.

5.   INTEGRATE AND DUMP ARM FILTER ANALYSIS

We now consider the Integrate and Dump (I & D) version of the Costas Loop illustrated in
Figure 4. In order to determine the closed loop transfer function, the integrator will be
modeled as an ideal delay of J1 seconds to the signal.



Again let the received signal be of the form

(38)

Out of the upper and lower integrators we have

(39a)

(39b)

where

(40)

and d(T) denotes the value of the data symbol (±1) just prior to a transition, i.e., at t = T-.
As is common practice F(s)g(t) denotes the Heaviside operator F(s) operating on the time
function g(t). F(s) is numerically also equal to a function of the Laplace transform
variable s. In equation (39a) F(s) =              and g(t) = cos[N (t)].

It can be shown that the upper and lower arm noise terms are independent so that for
simplicity we write

(41)

For high SNR we make the approximations

(42)



so that the error signal is given by

(43)

Grouping all the noise terms together and calling them N(T) we have

(44)

Modeling the sample and hold as a J2 second delay yields for the phase estimate

(45)

where F(s) is the loop filter transfer function and is assumed to be of the form
corresponding to a second order loop. Using the fact that

(46)

produces

(47)

with J = J1 + J2. Solving for N (J) yields

(48)

The corresponding phase error variance is given by

(49)

where

(50)



NF is the one sided noise spectral density, and H(jT) is H(s), the closed loop transfer
function, evaluated at s = jT. Since the noise term for small N is essentially independent of
the delay J we consider the closed loop bandwidth BL as a function of J.

Now from equation (48) using s = jT

(51)

where . is the loop damping factor and T0 is the loop natural frequency. Simplifying we
obtain from equations (50) and (51)

(52)

It is convenient to parameterize this expression by the normalized variable          where

           is the value of BL when J = 0. Figure 5 illustrates the ratio of BL/       as a function

of            for . = 0.707. The curve is almost identical when . = 1, 3, and 5. Notice that at

a value of         near 0.4 the bandwidth becomes unbounded due to internal loop delay.

6.   STABILITY OF THE INTEGRATE AND DUMP ARM FILTER COSTAS
LOOP

Now that we have determined the effect of delay on loop performance as far as bandwidth
expansion is concerned, we turn to the question of stability. From equation (48), the open
loop transfer function is given by

(53)

Again, using the transfer function

(54)



The point at which the loop becomes unstable occurs when

(55)
Expressing equation (53), (54) and (55) in complex form yields

(56)

(57)

To solve equations (56) and (57), we first square equation (56) to yield

(58)

Rearranging (58) we obtain

(59)

where

(60)

The only positive root of equation (59) is given by

(61)

Using this value of             given by equation (61) in equation (57) yields

(62)



from which            can be obtained for a given value of . at the point of instability.

For a second order loop we have

(63)

Therefore

(64)

Numerical evaluation yields the results of table 1.

.        J

0.707
1.000
3.000
5.000
4

.44

.44

.40

.40

.39

Table 1 Normalized Delay to Achieve Instability versus Damping Factor

Thus, we see that within the accuracy of the curve (Figure 5) the point at which delay
causes loop instability is the same as the point that the loop bandwidth becomes
unbounded (table 1).

7.   CONCLUSIONS

It has been shown that the value of delay at which a Costas Loop becomes unstable and
the point at which the closed loop bandwidth becomes unbounded are one and the same
value of delay. This result has been shown for both the passive one pole (RC) arm filter
Costas Loop and the Integrate and Dump arm filter Costas Loop.



Further, the value of the increase of the closed loop bandwidth has been obtained for both
Costas Loop versions as a function of the loop delay parameter. For the one pole arm filter
case J is the arm filter time constant; and for the Integrate and Dump filter case J is the
effective delay of the integrator and the sample and hold. Normally, this would be the sum
of one half the integration time plus the hold time.
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FIGURE 1  SHORT-LOOP VERSION OF A COSTAS
LOOP WITH PASSIVE ARM FILTERS





FIGURE 3
ROOT LOCUS FOR THREE CASES-PASSIVE ARM FILTERS



FIGURE 4 COSTAS LOOP WITH INTEGRATE
AND DUMP ARM FILTERS.

 




