
ADAPTIVE EQUALIZER FOR M-ARY PSK MODULATION

Item Type text; Proceedings

Authors Mohanty, Nirode C.

Publisher International Foundation for Telemetering

Journal International Telemetering Conference Proceedings

Rights Copyright © International Foundation for Telemetering

Download date 24/05/2023 20:19:11

Link to Item http://hdl.handle.net/10150/615721

http://hdl.handle.net/10150/615721


ADAPTIVE EQUALIZER
FOR

M-ARY PSK MODULATION

Nirode C. Mohanty
The Aerospace Corporation

P. O. Box 92957
Los Angeles, California 90009

ABSTRACT

An adaptive equalizer, based on a minimum mean square error criterion, has been derived
for the purpose of extracting PSK signals transmitted through an unknown and asymmetric
channel. The weights of the equalizer are obtained by using a simple formula containing
the transform of the parallel channels. The performance of the equalizer is expressed in
terms of the variance of the estimation error. The error is shown to be much less than that
of the direct demodulated data.

INTRODUCTION

Data transmission using Coherent Phase Shift Keying (CPSK) has received considerable
interest in satellite and other channels because signals are constant envelope and utilize
relatively small amounts of bandwidth. The digitized signals of M levels can be transmitted
using an M-ary CPSK modulation which, for large values of M > 8, has greater bandwidth
efficiency than biphase or quadraphase PSK signals. The transmission and performance of
M-ary CPSK systems has been studied extensively.(1-4) The major problem in data
transmission through a bandlimited channel is intersymbol interference. To combat the
intersymbol interference, an adaptive equalizer is used to cancel the distortion effect of the
bandlimited channel. Adaptive equalizers for data transmission using baseband modulation
have been studied by several authors. (5-14)

Data transmission using M-ary CPSK modulation through an asymmetric bandlimited
channel is considered in this paper. The phase of the transfer function of the channel is not
odd symmetric and the amplitude of the transfer function is not even symmetric. Moreover,
the phase and amplitude characteristics of the channel are not known. The asymmetric
behavior of the channel splits the transmitted data into in-phase and quadrature phase
components. In addition to the intersymbol interface, data are received in the presence of
white Gaussian noise. An adaptive equalizer for reducing the intersymbol interference



present in the M-ary CPSK system passing through an unknown and asymmetric channel is
proposed. The weights of the equalizer are determined by using a minimum mean square
error criterion. The weights are complex valued functions and transform theory is used to
solve the normal equation of the complex regression problem.

The complex demodulation is reviewed in Section II. In Section III we derive the adaptive
equalizer. Section IV deals with the performance of the data transmission system using the
adaptive equalizer. We derive the performance of the system in terms of the variance of
the estimation error rather than the probability error. The variance of the estimation error
using the adaptive equalizer is shown to be much less than the variance of the estimation
error of the complex demodulation. Some comments are made in Section V regarding the
application of the equalizer to baseband transmission.

DATA TRANSMISSION IN AN ASYMMETRICAL CHANNEL

We consider data transmission through a time invariant linear channel with transfer
function H(f). The transfer function

(1)

and where it is not required that
A(f) = A(!f)
/0(f)  = ! /0(!f)

with A(f), /0(f) being the amplitude and phase spectrum of the channel. The channel
amplitude and phase functions are not known to the receiver.

Let h(t) be the inverse Fourier transform of the channel transfer function H(f). It can be
shown that

(2)

is a complex impulse response function.

For a symmetrical channel, h2(t) = 0. Let the random data sequence {Rk} be transmitted by
an M-ary Phase Shift Keyed (PSK) modulated signal and be denoted by S(t).

(3a)



where

(3b)

and Tc is the carrier angular frequency and T is the symbol period. S(t) is transmitted
through a channel with an impulse response function h(t), given by equation (2). The
convoluted signal is received in the presence of noise and can be expressed as

(4a)

where n(t) is a complex Gaussian noise with the property;

Using (4) and (2), we get

(4b)

Even though S(t) is a real signal, X(t) is a complex signal. The received signal is multiplied
by 1/2 exp(-i wc t) and is passed through a bandpass filter. Let us denote

gk = exp [iRk] = ak + ibk

where,
ak = Cos Rk, bk = sin Rk (4c)



The demodulated signal is written as, using (4b) and (4c)

(4d)

where

(4e)

The complex demodulation of the data sequence {gk} is obtained by sampling at t = mT,
m = 0, 1, ... . Using (4c), (4d) and (4e),

(5)

where

(6)

Denote

(7a)

Eq. (5) can be written as

(7b)

                                                                                                     ^
The data sequence {Rk} is obtained from Eqs. (5) and (7a), i.e., {Rk} = arc tan [µk/8k], the
estimate of the original data sequence {Rk}. We rewrite Equation (5) as

(7c)

The intersymbol interference is the second term of the right side of the Equation (7c).
Therefore, the complex demodulation contains the intersymbol interference as well as
complex Gaussian noise. Obviously, {Rk}, the phase of {gk}, will contain intersymbol
interference as well as the receiver noise.



It can be shown that

(8a)

where

(8b)

(8c)

Let us denote the Z transforms,

(9)

where

From Eqs. (5) and (9), we obtain

(10)

Y(Z) being the Z transform of the channel impulse response function. G(Z) is obtained
from œ(Z) with appropriate modification. The complex demodulation error in terms of
E *G(Z) ! œ(Z)*2 is described in a later section. We would like to derive a filter, an 



adaptive equalizer, such that the impact of the characteristics of Y(Z), known or unknown,
is minimum with the use of the filter.

ADAPTIVE EQUALIZER

We are interested in obtaining a linear estimation of the {9k} from the given complex
demodulation sequence {g^ k }. The observed demodulated sequence is given by

(5')

The linear estimate of {gk} is given by

(11a)

where                    are M complex weights. The Z transform of the estimate is given by,

 using Equation (10),

(11b)

where

(12)

The complex weights {Ck } will satisfy the following conditions [15],

(13)

where E is the expectation operator and g^ *
k is the complex conjugate of g^ k.

Let the complex weights

(14)



It can be showns that, by using Eqs. (11a), (13), (14), and (7a),

(15a)

(15b)

Therefore, the estimated phase is given by

(16)

Equation (16) gives the estimate of the phase {Rk}, obtained by using the complex
adaptive equalizer, reducing the intersymbol interference inherent in the direct method, the
second term in Equation (7c).

We now proceed to find the complex weights {Ck}, i.e., the components {Uk} and {Vk}.
Denote

(17a)

Using Eqs. (6), (7), (11), and (12), we write

(17b)

using (13a), (17a), and (17b) we get

(17c)



Equating the real and imaginary parts in Eq. (17c),

(17d)

and

(17e)

We assume that the transmitted symbols are independent of the receiver noise and also
E(gk) = 1 for all k. Under these assumptions and taking the Z transform of the Equations
(17d) and (17e), we get

(18a)

(18b)

where

(19)



Eqs. (18a, b) can be written in vector matrix form as

(20)

The Z transform of the pair weights (Uk), (Vk) are given by

which upon simplification yields

(21)

where

{Uk} and {Vk} can be obtained from Eq. (21) by taking the inverse Fourier transform of
U(Z) and V(Z). Using Eqs. (16) and (21), we get Rk, the estimate of Rk. The algorithm of
estimating the data sequence, the transmitted phase, can be summarized as follows:

(1) Multiply cos Tct, sin Tct with the in-phase and quadrature phase channel output
and then filter the higher frequency component.

(2) Digitize both channel outputs and find 8(Z) and µ(Z) from the in-phase and
quadphase data



(4) Use Equation (21) to find U(Z) and V(Z).

(5) Find the inverse discrete Fourier transform of U(Z) and V(Z).

(6) Use Equation (16) to find {Rk}.

PERFORMANCE OF COMPLEX EQUALIZER

We will compare the two estimates in terms of the variance of the error. The transform of
the estimate by the direct method is given by Eq. (10) and the transform of the estimate by
the equalizer method is given by Eq. (11b). It can be shown that N(Z) is a Gaussian
random variable with zero mean and variance F2 /(1-Z). It follows from Eq. (10) that

E[G
^

(Z) * G]  =  (1/4)Y(Z)G(Z) (22)

E[G
^

(Z) *2 G]  =  (1/16)*Y(Z)*2 *G(Z)*2  +  (1/4) F2 , (23)

Using Eqs. (22) and (23) we get

E[*G(Z)  !  G
^

(Z)*2 *G(Z)]  =  *G(Z)*2*[l  ! (1/4)Y(Z)]*2  +  F2 (24)

It can be shown also that

E[G¯ (Z)*G]  =  (1/4)C(Z)Y(Z)G(Z) (25)

Hence, the variance of the estimation error is

E[G¯ (Z)  !  G(Z)*2*G(Z)]  =  G(Z)*2*1  !  (1/4)Y(Z)C(Z)*2  +  (1/4) *C(Z)*2F2 (26)

Comparing Equations (24) and (26) we conclude that the variance of the estimation error
of the transform of the equalizer output is less than the variance of the error of the
transform of the direct demodulated sequence, which implies that the variance of the
estimation error of the equalizer output is less than that of the variance of the error of the
demodulator output.

COMMENTS

The data sequence transmitted by using the M-ary CPSK modulation has been estimated
by a linear estimation method. The estimator, an adaptive equalizer, minimizes the mean
square error of (gk ! g̃k) where gk = exp (iRk), Rk  being the original data sequence and
{gk} is the estimator of {gk}. The weights of the equalizer are obtained from the auto and



cross power spectral density of the in-phase and quadrature phase channel outputs. The
hardware implementation of the equalizer can be done with a parallel pipelined fast fourier
transform processor. The study reveals that the use of an adaptive equalizer along with the
classical detector reduces the intersymbol interference in the carrier modulated data
sequences transmitted through a band-limited channel. The equalizer, unlike its counterpart
in base band data transmission in a symmetric channel, does not depend on any a priori
knowledge of the channel characteristics and its weights are adjusted adoptively with the
measurements of the received sequences. The performance of the equalizer is derived in
terms of variance of the estimation error (gk ! g̃k) which is less than that of estimation error
(gk  ! ĝk) for the classical detector where ĝk is the complex demodulation of {gk}. The
method is directly applicable to baseband transmission by denoting the baseband sequence
by Re{gk} and observing that {µk} is the discrete Hilbert transform of {8k}, the in-phase
channel output. For the symmetric channel, the weights {Uk} and {Vk} are the discrete
Hilbert transform of each other. For baseband transmission, the equalizer operates directly
on the received data sequence, where as for the carrier modulated CPSK data
transmission, the equalizer operates on the demodulated sequence. As such the receiver
must know the carrier frequency in order to demodulate the received data.

The author would like to thank Dr. Don Nelson of The Aerospace Corporation for his
careful review of this paper.
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