
BAYESIAN DECISION ANALYSIS OF A
STATISTICAL RAINFALL/RUNOFF RELATION

Item Type text; Technical Report

Authors Gray, Howard Axtell

Publisher Department of Hydrology and Water Resources, University of
Arizona (Tucson, AZ)

Rights Copyright © Arizona Board of Regents

Download date 24/05/2023 20:29:00

Link to Item http://hdl.handle.net/10150/617591

http://hdl.handle.net/10150/617591


Technical Report No. 14 

October, 1972 

Bavesfrtn Decision Analysis o a 

Statistical Rauall /Run Re ation 

IrnhiL 
J 

x. 411.06,.. 
yKfE 

by 

Howard Axtell Gray 

Technical Reports on 

Natural Resource Systems 

The University of Arizona 

Tucson, Arizona 85721 



BAYESIAN DECISION ANALYSIS OF A 

STATISTICAL RAINFALL /RUNOFF RELATION 

by 

Howard Axtell Gray 

Report No. 14 

October 1972 

Reports on Natural Resource Systems 
Collaborative effort between the 

following Departments: 

Hydrology and Water Resources 
Systems and Industrial Engineering 

University of Arizona 
Tucson, Arizona 85721 



PREFACE. 

This report constitutes the Master of Science thesis of the same 

title completed by the author in August 1972 and accepted by the 

Department of Systems and Industrial Engineering. 

The methodology of this thesis has been reported in Technical 

Report #2 by Donald R. Davis on Bayesian decision theory. Report #14 

presents computer implementation of theoretical results on the worth of 

secondary data as developed in Report #2. In addition, required 

computer time in the original formulation of the Bayes decision 

theoretic problem in hydrology has been reduced to less than one minute. 

This report series constitutes an effort to communicate to 

practitioners and researchers the complete research results, including 

economic foundations and detailed theoretical development that cannot be 

reproduced in professional journals. These reports are not intended to 

serve as a substitute for the review and referee process exerted by the 

scientific and professional community in these journals. The author, 

of course, is solely responsible for the validity of the statements 

contained herein. A complete list of currently available reports may be 

found in the back of this report. 
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ABSTRACT 

The first purpose of this thesis is to provide a framework for 

the inclusion of data from a secondary source in Bayesian decision 

analysis as an aid in decision making under uncertainty. A second pur- 

pose is to show that the Bayesian procedures can be implemented on a 

computer to obtain accurate results at little expense in computing time. 

The state variables of a bridge design example problem are the 

unknown parameters of the probability distribution of the primary data. 

The primary source is the annual peak flow data for the stream being 

spanned. Information pertinent to the choice of bridge design is con- 

tained in rainfall data from gauges on the watershed but the distribu- 

tion of this secondary data cannot be directly expressed in terms of 

the state variables. This study shows that a linear regression equa- 

tion relating the primary and secondary data provides a means of using 

secondary data for finding the Bayes risk and expected opportunity loss 

associated with any particular bridge design and single new rainfall 

observation. 

The numerical results for the example problem indicate that the 

information gained from the rainfall data reduces the Bayes risk and 

expected opportunity loss and allows for a more economical structural 

design. Furthermore, the careful choice of the numerical methods em- 

ployed reduces the computation time for these quantities to a level 

acceptable to any budget. 
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CHAPTER 1 

INTRODUCTION 

On occasion, a decision - making person or body must make a deci- 

sion having outcomes that are of great political, economical, or es- 

thetic importance. The decision makers will use some decision -making 

process to select from all of the available alternatives that alterna- 

tive yielding the most desirable outcome. Information in the form 

of data may be available to the decision maker and, when used in the 

correct context, will be of assistance in reaching a more informed de- 

cision. The greater the import of the decision, the greater the need 

to make efficient use of all data from all possible sources. 

The information will not reveal the true state of nature. In 

other words there will be some degree of uncertainty associated with 

the information. Therefore, the "best" alternative cannot be chosen 

with 100% certainty. Using the decision theoretic approach as de- 

scribed by Howard (1966) or as modified by Davis (1971) the decision 

maker is able to use the information available to him in a logical pro- 

cedure that leads to informed decision making under uncertainty. By 

implementing the Bayesian procedures of this approach, the Bayes risk 

associated with each alternative may be calculated and the most desir- 

able alternative may be calculated. The most desirable alternative is 

ordinarily the alternative yielding the minimal Bayes risk. 

1 
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The decision theoretic approach also leads to the calculation 

of the expected opportunity loss associated with any alternative and, 

under some circumstances, the value of an additional year's data may 

be found. Hence, a decision can be made as to whether or not it is de- 

sirable to wait for more data. 

There will ordinarily be a probability distribution associated 

with the data from some data source. A data source is primary if the 

associated probability density function is parameterized by the state 

variables of the problem under consideration (Davis 1971). A secondary 

data source has a probability distribution that cannot be expressed as 

a function of the state variables but a set of observations from the 

secondary source can be related in some way to observations from the 

primary source. For example, the primary data for the example problem 

presented later in this thesis are peak flow data for a stream while 

the secondary source is rainfall data from gauges on the stream's 

watershed. It is difficult if not impossible to represent the distri- 

bution of rainfall data in terms of the parameters of the distribution 

of peak flows. It is possible, however, to obtain a regression equa- 

tion relating sets of observations from the two sources. 

The decision theoretic approach has been used successfully in 

conjunction with a primary data source (Davis 1971, Dvoranchik 1971). 

This thesis extends this work and illustrates the procedure necessary 

for implementing a secondary source in the decision theoretic approach 

when the relationship between the primary and secondary sources is a 

linear regression equation. This is done by considering the decision 
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problem associated with bridge -pier design as considered by Davis 

(1971) and Dvoranchik (1971). 

One major drawback of the Bayesian procedures described in these 

studies has been the rather involved and lengthy numerical procedures 

that must be carried out in the calculation of the Bayes risk, expected 

opportunity loss, and expected, expected opportunity loss. Calculating 

these quantities requires the evaluation of multiple integrals with the 

limits of integration being infinite. If highly accurate results are 

desired, a great amount of computer processing time might be consumed 

in calculating such integrals depending upon the form of the integrands. 

This thesis shows that, at least in some cases, accurate results may be 

obtained at reasonable costs while still using reasonably simple numer- 

ical procedures. Some discussion of the difficulties encountered in 

the numerical procedures is included so that, hopefully, others desir- 

ing to perform similar analysis will be able to avoid a few of the pit- 

falls that await the unsuspecting analyst. 



CHAPTER 2 

THE MATHEMATICS OF THE PROBLEM 

The decision theoretic approach or Bayesian decision analysis 

is applied to the choice of design for a bridge spanning the Rillito 

Creek near Tucson, Arizona. The design of the same bridge has previ- 

ously been discussed by Davis (1971) and Dvoranchik (1971). 

Preliminary Requirements 

It is assumed that the goal, decision to be made, and available 

alternatives have been defined. The goal in this case is the construc- 

tion of some structure for conveying vehicles across the Rillito Creek. 

There may be other alternatives available such as tunneling underneath 

the creek, but all such alternatives have been found to be more costly 

than bridge construction for all possible flow conditions on the creek. 

The cost of bridge will vary with pier depth. The depth to 

which the piers are placed is the only design variable considered in 

this problem. Considerations of risk aversion, discount factors, and 

time horizon are omitted because they are not central to the objectives 

of the thesis. 

Description of the Bridge Problem 

The bridge as described by Laursen (1969) and Davis (1971) will 

span 500 feet and rest atop 100 piles placed in four piers of 25 piles 

4 



5 

each. The cost incurred if the bridge is lost in a flood will be 

$150,000.00. The cost of sinking a single pile one foot is $400.00. 

The primary data source for this problem is the logarithms of 

annual peak flows for Rillito Creek. The mean, u, and variance, Q2, of 

the probability distribution for the logarithms of peak flows are the 

state variables of the problem. The expected cost of loss of the bridge 

in a flood is a function of u, a2, and the pile depth, h. 

The bridge is lost when a flood causes scour on the creek bot- 

tom such that the piles are undercut. Using Laursen's (1969) data the 

flow against which a given pile depth will protect can be calculated. 

The pile depth must be chosen so that the total cost function, 

H(h,u,a2) = the expected cost of the loss of the bridge added to the 

cost of placing the piles to depth h, is minimal. The detailed develop- 

ment of H(h,u,a2) is presented in Appendix A. 

Rainfall data are available for gauges at various locations on 

the Rillito Creek watershed. Though the probability distribution for 

the quantity of rain at a gauge on one day cannot be expressed directly 

in terms of the state variables of the problem, a regression relation 

can be found between the rainfall data and logs of peak flow data. 

This regression equation enables the calculation of the expected log 

of peak flow when an observation on the independent variable-- rainfall -- 

is obtained. Using the regression relation, the information contained 

in the secondary data, i.e., rainfall quantity, can be included into 

the computation of the minimum value of the total cost function. 
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Bayes Risk, Opportunity Loss, and 
Expected Opportunity Loss 

Given any specific values for h, u, and a2, a value for 

H(h,u,Q2) may be calculated. A value of h can be chosen by the de- 

signer but u and 
a2 

are not known. The uncertainty in u and 
a.2 

results 

in uncertainty in the value of H(h,u,a2) and a precise value cannot be 

calculated. If a joint probability density function F(u,(7 2) is known 

for u and a2, then the expected value with respect to u and 
a2 

of 

H(h,u,a2) can be found. This expected value is the Bayes risk associ- 

ated with the pile depth h and is found by: 

BR(h) = JÇH(h,u 62)F(u,62)dud62 (2.1) 

The decision will be made by choosing the pile depth so that the Bayes 

risk is minimized. This pile depth h* satisfies the relation: 

BR(h *) = min ffHch,u,c2)Fcu,2)dud2 

Note that h* minimizes the expected cost. Were the true values 

of u and a2 known, the decision would be made by choosing the pile 

depth hT so that: 

H(hT, uT,aT2,) = min H(h, uT,O ) 

h 

2 
where uT, are the true values of u and a2, is satisfied. Since u and 

a2 
are not known, the choice of h* as the pile depth is not optimal. 

Therefore, an opportunity loss OL will be suffered. The OL is found 

from: 
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OL(h*,uT6T) = H(h*,uT,QT) - H(hT,uT,QT) 

Because only the prior distribution for u and a2 is known, the 

OL cannot be found but instead the expected opportunity loss, XOL, may 

be found from: 

XOL(h*) = 
JJEH(h*,u,a2) - H(hT(u,62),u,Q2)]F(u,62)dud0 2 (2.2) 

where hT(u,0 2) is the value of h that minimizes the total cost function 

for u and 
a2. 

The XOL is the expected cost that will be incurred due 

to not knowing the values of uT and 
aT 

and, hence, is the worth of per- 

fect information and an upper bound on the value of any additional in- 

formation about u and 
62. 

Use of Secondary Data 

Let x be the random variable of the distribution representing 

the quantity of rainfall in one day at a gauge; x may be a vector. Let 

y be the random variable representing the logarithms of peak flows. A 

set (yi,xi); i= 1,2,,...,p of time concurrent pairs of observations of x 

and y may be related by a linear regression relation. As will be shown 

in Chapter 3 the properties of the regression equation may be used to 

obtain the density of y given x, f(ylx). 

It is desired to find P(u,Q2x), the posterior distribution 

with respect to x of u and a2, so that the XOL may be calculated using 

the information contained in the rainfall data. By definition: 

P(u,a21x) = 
fpI(u,2Iy)f(yIx)dy (2.3) 
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where P'(u,a2Jy) is the posterior distribution with respect to y of u 

and 
a2, 

By Bayes' rule: 

P (u,a2ly) - 
F(u,62)g(yIu,62) 

JJF(u,cT2)g(ylu,c72)dudcY2 

where F(u,a2) is the prior distribution of u and 
a2 

and g(ylu,a2) is 

the distribution of the primary data. 

When a rainfall observation is obtained, h* may be found and 

the XOL calculated: 

XOL(h*) = 
Jf[H(h*,u,2) - H(hT(u,a2),u,a2)] P (u,a2'x)duda2. (2.4) 



CHAPTER 3 

APPLICATION OF THE METHOD 

In the previous chapter the outline of the Bayesian procedures 

for analysis of the bridge problem was developed. The necessary proba- 

bility distributions must now be developed for this particular problem. 

Distribution of the Primary Data 

It was found that the logarithms of peak flows, y, on Rillito 

Creek may follow a normal distribution (Davis 1971). This lognormal 

distribution with unknown mean, u, and variance, a2, is the distribu- 

tion of primary data, g(yiu,a2), and u and a2 are the state variables 

of the problem. Joint sufficient statistics for u and a2 respectively 

are the sample mean, y, and sample variance, S2. For a sample of size 

N these quantities can be found from: 

Y - N 

S2 

y2 
-2 F'(yi - 

y)2 

N y N 

Prior Distribution of 
the State Variables 

The sample mean, y, is distributed normally with mean u and 

variance a2/N. Since NS2 /a2 = E[(yi - y) /Q]2 is the sum of N independent 

standard normal variates, NS2 /a2 is distributed as chi -square with N -1 

degrees of freedom. A change of variable from the chi -square variable 

to NS2 /a2 will yield the density for a2. 

9 
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Since the sufficient statistics y and S2 are independent (Hogg 

and Craig 1970, P. 245), the joint density for u and a2 is simply the 

product of the marginal densities for the two variables. So the joint 

prior distribution for u and a2 is: 

F(u,a2lN,y,s2) = N(ylu,(72/N) 'a(2(NS2/a2, N-1) 

- 1 exp(-2(y -u )2/(a2/N)) 
27ra /N 

1 (NS2 /a2) 
(N -3 )/2 

2 
(N-1 )/2 

r( (N-1 )/2 ) 

exp(-1iNS2/a2)NS2/(a2)2 

The chi -square density is a special case of the gamma density so 

F(u,a2,N,y,S2) is actually a normal -gamma density. 

Posterior Distribution of 
the State Variables 

(3.1) 

Given an additional observation of primary data (log of peak 

flow), the posterior distribution of uand a2 could be found from Bayes' 

rule: 

p'( u,a2l y ) - 
ffF(ua2IN)S2) g(yu,a2)duda2 

F(u,a2lN,y,S2) g(ylu,a2) 
(3.2) 

where g(ylu,a2) is the lognormal distribution of the primary data. For- 

tunately, for this problem, the direct evaluation of the right hand side 

of (3.2) can be avoided as explained next. 
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The parameters of some probability distributions have density 

functions belonging to the same family of distributions for both the 

prior and posterior densities of the parameters. The prior distribu- 

tion of the parameters of such a probability distribution is called a 

conjugate prior distribution. The family of distributions of which 

both prior and posterior densities are members is called the conjugate 

family of the distribution parameterized by those parameters. 

The normal distribution with unknown mean and variance has as 

its conjugate family the family of normal -gamma distributions (Raiffa 

and Schlaifer 1961, p. 55). Since the state variables of this problem 

are the parameters of the normal distribution g(yIu,a2), both the prior 

and posterior densities of u and a2 are normal -gamma. The prior den- 

sity is parameterized by N, y, and S2. The parameters of the posterior 

n 

density will be identified by a double prime. Nrr, yrr, and S2 ,are cal- 

culated in the same manner as for the prior but with any new observa- 

tion on y included in the sample used to compute these parameters. So 

the posterior distribution with respect to y of u and a2 is: 

rr 

P' (u,a ( y) = F(u,a I Nrr, ;1:", S ) (3.3) 

Distribution of y Given x 

The density for y given x is derived from a linear regression 

equation relating observations from the primary and secondary data 

sources. The dependent variable in the relation is y, the log of a 

peak flow. The independent variable is a vector of daily rainfall 

quantities, x, occurring at a single rain gauge on the watershed. The 
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first element of this vector is the rainfall occurring at the gauge 

during the day that the peak flow occurred on the stream. The second 

element is the rainfall occurring at the same gauge during the day 

prior to the occurrence of the same peak flow. The remaining elements 

of the independent variable are the rainfalls occurring at the gauge 

during successive days prior to the flow with each element correspond- 

ing to one day's rainfall. 

When p pairs of time -concurrent logs of peak flow and rainfall 

observations are obtained, they may be used to compute the linear re- 

gression equation. Note that the sample size p is not necessarily the 

same as the sample size N of log of peak flow observations used in com- 

puting the sufficient statistics for u and a2, For instance, only one 

annual peak flow per year may be used in computing y and S2 for the 

lognormal distribution. If there were several large flows occurring 

during a single year, however, the log of each flow could be paired 

with the time -concurrent rainfall observation for that flow and the 

pair could be used in determining the regression equation. Thus p 

would be greater than N. 

The development of the density for y given x, f(y x), requires 

the following quantities: 

x = = the variable for quantity of rainfall at a single 

rain gauge where x0 = 1 for purposes of simplify- 

ing the later notation, 



R = 

Y = 

1 

1 

1 

y1 

y2 

Yp 

x1 = 

x2 = 

x 
m 

= 

rainfall on the day of the peak flow, 

rainfall on the day prior to the peak 

flow,..., 

rainfall on day m -1 prior to the flow. 

13 

= the new, additional observation of rainfall data. 

x11 
x12 

x21 
x22 

xpl xp2 

' 

" ' 

... 

xlm 

x2m 

xpm 

= the matrix of p rainfall 

observations used in calculating 

the estimates of the regression 

coefficients. 

= the vector of logs of peak flow observations used 

in calculating the estimates of the regression equa- 

tion coefficients. The yi element is the log of 

flow corresponding to the rainfall in row i of R. 

bi; i = 0,1,, m = the estimates of the coefficients of the 

Y* 

regression equation. 

= b0 + b 
1 1 

+ + bm xm = the log of peak flow pre- 

dicted by the regression 

equation using observation x *. 



 

Y* 
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= the logs of flows predicted by the regression for 

each row of R. 

2 * 2 
s - (E (yi - yi) ) /(p - 2)) = an estimate for the residual 

i =1 

Define: C = (RTR) -1 

The expression: 

variance for the regression 

equation. 

y - b0 - blxl - - bm m 
s xTC x+l 

is distributed as Student's t with pm -1 degrees of freedom (Draper and 

Smith 1966). By making the change of variable in the t distribution, 

the density for y given x is obtained: 

f(y1x) - 

(PIS) 
2 

C( 2=1) 
El 

(y-b0-bixl- ... -bmxm) 
2 

(p-m-1)7r 
2 
=1) (pm-1) s2 (xTC x+1) 

1 

s/ 
T 
C x+1 (3.4) 

When the additional observation x* is obtained, it can now be used in 

the analysis by substituting x = x* into f(yjx). 

All of the necessary distributions have now been derived so we 

may calculate the XOL using Equation (2.4). 



CHAPTER 4 

NUMERICAL PROCEDURES 

Once the mathematics for the Bayesian analysis have been speci- 

fied, one is faced with the unpleasant task of obtaining numerical re- 

sults for the problem under consideration. The integrands involved are 

far from "nice" and the very thought of minimizing the Bayes risk ana- 

lytically is staggering. Usually the analyst turns to the digital com- 

puter for assistance. However, thought must be given to the numerical 

methods employed or great amounts of computer time may be used and ques- 

tionable results obtained. 

The calculation of the Bayes risk and XOL require the evalua- 

tion of triple integrals. This is accomplished on the computer by nest- 

ing three separate numerical quadrature routines. The computing time 

required to evaluate these integrals and the accuracy of the results 

will depend greatly upon the type of quadrature formulas used in the 

computer program. 

A numerical minimization routine must be programmed to minimize 

the Bayes risk. A minimization routine is also needed to find the 

minimum of the total cost function for each integration point during 

the evaluation of the XOL. These minimization routines must be se- 

lected so that accurate minimas are located but excessive amounts of 

computing time are avoided. 

15 
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Linear Regression 

The task at hand is to compute the multiple linear regression 

equation using the p pairs of flow /rainfall observations. A stepwise 

multiple regression program (Dixon 1970) was used for calculating the 

regression equations pertinent to this problem. The actual computa- 

tional procedures used in the program are quite involved and will not 

be discussed here since most computer program libraries include such a 

program. 

Since this problem deals only with large flows capable of de- 

stroying the bridge, a regression equation was needed for predicting 

the logs of peak flows. Such an equation can be obtained by only con- 

sidering flow /rainfall pairs having high flow levels. For this study 

regression equations were found for different flow ranges having lower 

cut -offs of 4000, 3000, and 2000 cfs. 

A rainfall observation vector, x, is paired with a flow obser- 

vation. Initially x consisted of four elements --the rainfall on the 

day of the flow, one day prior to the flow, two days prior to the flow, 

and three days prior to the flow. It was believed that the rainfall on 

days prior to the flow might have a significant effect on the level of 

flow reached. Such was not the case. Using the stepwise regression 

procedure, it was found that the data for days two and three prior to 

the flow contributed only very small amounts to the r2 of the regres- 

sion. Therefore, all of the regression equations ultimately used in 

the Bayes risk and XOL calculations were functions of the form y = b0 

+ blxl + b2x2 so that in Equation (3.4) we have m = 2. 
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The storms in southern Arizona are generally short -lived but 

fierce during the late summer months, lasting only a few hours. The 

storms occurring during late December, January, and February are usu- 

ally lighter rains lasting for several days. This difference did not 

appear to be significant with respect to peak flows, however. The 

average flow might be higher during the winter storms but a momentary 

peak in the Rillito Creek flow was consistently associated with a heavy 

rainfall on the day of the flow or the day prior. 

All of the rainfall data were obtained from the appropriate 

volumes of Climatological Data - Arizona (U.S. Weather Bureau 1940- 

1965). Six rain gauges are available on the Rillito Creek watershed 

for possible use as secondary sources. The Sabino Canyon and N. Lazy H 

Ranch gauges are located in the foothills of the Catalina and Rincon 

mountains, respectively. The N. Lazy H Ranch gauge is about 23 miles 

from the flow gauging station and is the furthest from the flow gauging 

station of all of the rain gauges. The remaining four rain gauges in 

Tucson (Tucson Airport, The University of Arizona, The University of 

Arizona Experimental Farm, and Campbell Avenue) are located in the Ril- 

lito Creek flood plain. All four are within 15 miles of the flow gaug- 

ing station. It was found that only data from the N. Lazy H Ranch 

gauge yielded a reasonably "good" regression. This result will be dis- 

cussed further in the next chapter. 

Only 18 pairs of peak flow /rainfall observations were available 

for flows greater than 4000 cfs. Several different regression equa- 

tions were obtained by using different subsets of these 18 pairs when 
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computing the equations. Two subsets of ten and five pairs of observa- 

tions were selected from the total available sample of 18 so that the 

flow observations in the pairs included in the subsets were as uni- 

formly distributed as possible over the entire range of the available 

flow data. This was done so that the effect of sample size on the re- 

sult could be observed. 

Minimization 

Two minimization problems are encountered during computation of 

the XOL. One minimization must be performed to find the minimum Bayes 

risk. Another minimization must be performed inside the double inte- 

gration over u and 
u2 

in order to find the values of H(hT(u,a2),u,a2) 

in Equation (2.1) for all values of u and a2 used during the numerical 

integration procedure. 

The type of minimization technique used will vary depending 

upon the form of the cost function being minimized. Ideally, the 

method chosen for the program to calculate the XOL and minimum risk 

would perform well for all functions so that, if a different problem 

with a different goal function must be analyzed only, the FORTRAN cod- 

ing for the cost function need be changed. 

Initially, Newton's method for finding the zeroes of the deriv- 

ative of a function was used to minimize the total cost function for 

the bridge problem. The Newton's method converges at a quadratic rate. 

Since u and 
a2 

are varied only in small increments during the integra- 

tion, the sequence of minimas of the cost function should be fairly 

close together. Hence, it was thought that Newton's method would 
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converge rapidly to each new minimum if the value of the pile depth, h, 

from the last minimization was used as the initial guess for the loca- 

tion of the new minimum. 

Unfortunately, Newton's method does not distinguish between a 

minimum and a maximum and, for the bridge total cost function, seemed 

to have a much greater affinity for predicting maximas than minimas. 

Attempts to choose the initial guess for h so that a minimum was found 

degenerated the minimization technique to, essentially, a grid search. 

Since Newton's method requires calculation of the first and second de- 

rivatives of the function being minimized, this procedure proved very 

costly in processing time. 

A graph of the curve shapes that the bridge cost function as- 

sumes for various value of u and 
62 

appears in Figure 1. When a curve 

of form A is encountered, Newton's method predicts a maximum or mini- 

mum occurring at an extremely large or small value of h. If the curve 

has the form B or C and h has a value that is not very close to the 

actual minimum, then either a maximum is predicted or a minimum is pre- 

dicted at a large negative value of h since no constraints can be in- 

cluded with the technique. 

Newton's method is infeasible for use in minimizing the Bayes 

risk because of the requirement for accuracy in the calculation of the 

first and second derivatives. If the derivatives are not accurate, then 

an accurate minimum cannot be found. If the Bayes risk is calculated 

very accurately so that good derivatives are obtained, then too much 

time is consumed in the integrations for the Bayes risk. 
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Figure 1. Plots of the bridge total cost function for three values of 
the variables of integration. 
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The difficulties with the first and second derivatives encoun- 

tered with Newton's method will be common to many of the gradient tech- 

niques for minimization so an entirely different procedure was 

considered. 

The second method is that of approximation by a quadratic poly- 

nomial. To start the method choose an initial guess h for the minimum 

of some function u(h). Now increment h by some fixed amount q and 

evaluate u(h+q). If u(h+q) is larger than u(h), then calculate h -q and 

u(h -q). If u(h+q) is smaller than u(h), then calculate u(h +2q). The 

three points (h, u(h)), (h+q, u(h +q)), and (h +2q, u(h +2q)), or (h -q, 

u(h -q)) are used to start the minimization procedure (Powell 1964). 

For an initial guess h, the three points (h+a, u(h+a)), (h +b, 

u(h +b)), and (h +c, u(h+c)) can be used to determine a quadratic poly- 

nomial. The turning point of this polynomial is at h+d where d is 

found from: 

d 
I(13 

2 
-c 

2 
)u(h+a) + Cc 2-a2 )u(h+b ) + a2-b2 )u(h+c ) 

- (b-c)u(h+a) + (c-a)u(h+b) + (a-b)u(h+c) 

The turning point is a minimum if: 

(b-c)u(h+a) + (c-a)u(h+b) + (a-b)u(h+c) 

(a-b) (b-c) (c-a) 
o 

If the turning point is a minimum, evaluate and retain h+d and u(h+d). 

Discard the previous point having the largest function value. If a 

maximum is predicted or if an extremely large value of d occurs, take a 

predefined maximum step in the direction of decreasing function value 
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and discard the largest function value of the three previous points. 

When the new point h+d falls between any two of the previous 

points, the point discarded should be such that the bracketing is re- 

tained. Convergence to the minimum will be assumed when the function 

value u(h+d) at the new point is within some specified amount of any 

one of the three function values on the previous iteration. If con- 

vergence has not occurred, predict a minimum again using (h+d, u(h+d)) 

and the two points that were retained from the previous iteration. 

Continue iterating until convergence occurs. 

This minimization technique performed well for the bridge prob- 

lem and should do well on most other functions. The main advantage of 

the method is the few cost function evaluations necessary --one at each 

iteration after the first. For this problem three to five iterations 

were usually required at each minimization of the cost function. The 

minimization of the Bayes risk took much less time than Newton's method 

with the same initial guess for h so the method was used for both mini- 

mization problems. 

The only major difficulty occurs when the cost function is not 

sufficiently close to quadratic in form as in Figure 2. If the quanti- 

ties ha, hb, and he are the three pile depths used at one iteration in 

determining the quadratic Q(h), then the minimum will be predicted at 

h *. The procedure will discard h in order to bracket the predicted 
a 

minimum and thereby miss the true minimum at hT. This occurred fre- 

quently for the bridge cost function. The problem was overcome by 

checking the value of the cost function H(h,u,Q2) at h *. If H(h,u,a2) 
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Figure 2. The quadratic minimization method near the minimum of the 

bridge total cost function. 
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is greater than H(hb,u,a2), then a step is taken in a negative direc- 

tion from hb. The magnitude of this step is one -half the distance from 

hb to h*. This new point is now treated as the predicted minimum. 

Numerical Integration 

In the Bayesian procedures, all of the integrations are over 

infinite or semi -infinite intervals. The use of Newton -Cotes formulas 

over a finite interval seems somewhat of a stopgap measure. It is de- 

sired to use the appropriate Gaussian quadrature formulas so that no 

truncation of intervals is necessary and greater accuracy may be ob- 

tained with fewer quadrature points. 

To compute the XOL the expression that must be evaluated is: 

fÇH(h,u,2) [F(u2INtt mn , y " S 
2 " 

)f(y1x)dy d6 
2 
du 

h 

ffmin H(h,u,a2) F(u,a2IN ", y ", S2 )f(ylx)dy da du 

where H(h,u,a2) is the total cost function for the bridge and F() and 

f() are the densities given in Equations (3.2) and (3.4). 

Combining Equations (2.1) and (2.3) and changing the order of 

integration we obtain for the Bayes risk: 

BR(h) = r'F(u,62N",y", S2 " )f(y1x)H(h,u,Q2)dcs2 du dy 

We can make changes of variables in Equation (3.4) as follows: 

let t - 

y-b0 - bixi - b2x2 

s 1 + xTC x 
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so that 

and 

follows: 

Y = ts 1 + xTC x + b0 + blxl + b2x2 

dy = s 1 + xTC x dt 

In Equation (3.1) let us make the changes of variables as 

let T 
u -Y so that u = TQ + y" 262tt 2/N'ß 

and 

du = 
(1/2* 

d T 

" 2" u 2" ,, 2" 

Let Y = 
N S 

so that 
62 

= 
N S 

and dal _ N 
S 

dY 

2a2 
2' 2y2 

These transformations reduce the expression for Bayes risk to: 

BR(h) - 2 

7rP3r() 
2 (1 + pt3) 2 

r(N12 
1) 

1 

Nft-3 

fexPc_T2) fexp(-Y)Y 2 H(h,T,Y)dYdTdt (4.1) 

The limits on the outer two integrals are minus to plus infinity and on 

the innermost integral from zero to plus infinity. As previously stated 

the value of m in Equation (3.4) is 2 for all cases considered in this 

study. 
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The innermost integral is in the proper form for the use of 

Gauss -Laguerre quadrature formulae. The middle integral is in the 

proper form for Gauss -Hermite Quadrature formulae. 

The integrand of the outermost integral now has a mean of zero 

and can be put in the proper form for Gauss -Hermite quadrature by mul- 

tiplying by exp(t2) and exp( -t2). At first glance one would think that 

simply multiplying by the plus and minus exponentials would suffice for 

all of the integrals involved. Numerical experimentation proved that 

poor results are obtained unless transformations are made as described 

in this section. 

During evaluation of the integrals the quadrature points should 

be evaluated in a sequence such that the minimas of the cost function 

move as little as possible between quadrature points. For example, if 

the quadrature points for the Gauss -Hermite formula are used according 

to order from most positive first to most negative last, then the next 

time the same integration routine is called the order of evaluation 

should be from most negative to most positive. This procedure allows 

for faster convergence of the inside minimization routine during calcu- 

lation of the XOL. 

The same manipulations suggested for the Bayes risk expression 

can be made in the second term in the expression for the XOL. This re- 

sults in the minimization of the total cost function being inside the 

innermost integral. The results of many program runs indicate that the 

extra time used because of this fact is minor in view of the time saved 

by using the Gauss formulae on the transformed integrands. 
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Matrix Inversion 

For the problem considered in this thesis it was necessary to 

invert the matrix RTR. This was accomplished using the Control Data 

Corporation Matrix Algebra subroutines (Control Data Corp, 1966a). If 

for some data sets RTR is very ill conditioned, it might become neces- 

sary to implement some other method to obtain satisfactory results in 

the inversion process, 



CHAPTER 5 

RESULTS 

The decision theoretic approach, as analytically appealing as 

it may be, is worthless to the analyst if actual numerical results can- 

not be obtained at a reasonable cost. Computer programs were imple- 

mented to illustrate that a secondary data source can be used in 

conjunction with the Bayesian procedures to obtain accurate results 

at little cost. 

Regression Results 

Initially the stepwise regression program was run with 18 inde- 

pendent variables. These were the rainfall quantities on the day of, 

one day prior to, and two days prior to the peak flow for each of the 

six rain gauges on the Rillito Creek watershed. The stepwise procedure 

enters the variables into the regression equation in order of decreas- 

ing contribution to the "goodness of fit" of the equation to the data. 

Hence, the first variables entered and remaining in the final equation 

will ordinarily yield a better fit of the equation by themselves than 

any other variables by themselves. 

The first two variables to enter the equation on this initial 

run were the rainfalls measured at the N. Lazy H Ranch on the day of 

and the day prior to the peak flow. The third variable into the equa- 

tion was the rainfall at the Sabino Canyon gauge on the day prior to 

28 
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the peak flow. The remaining 15 variables of the original 18 were en- 

tered in random order with each new variable entering contributing very 

little to the r2 of the equation. 

The results of the initial run indicated that data from the 

rainfall gauges at N. Lazy H. Ranch and Sabino Canyon would yield bet- 

ter regression models than data from other gauges. No attempt was made 

to find regression equations for the other four gauges. Several dif- 

ferent regression equations were obtained for each of the two gauges 

considered. These were obtained by varying the range of the maximum 

flows used and the number of flow and rainfall observations used to 

determine the regression equation. 

It is interesting to note that the N. Lazy H Ranch and Sabino 

Canyon gauges are both in the foothills of mountains on the periphery 

of the Rillíto Creek watershed. The regression results indicate that 

the magnitude of peak flows on Rillito Creek are more closely related 

to the rainfall occurring at these gauges, particularly N. Lazy H 

Ranch, than to rainfalls occurring on the same day at the gauges not 

in the foothills. All but five of the total of 18 peak flow observa- 

tions occurred during the summer months. These summer storms in south - 

Arizona build up over the mountain areas and move out over the valleys 

late in the day. It would appear that rainfall data obtained from 

gauges closer to the mountain origin of these storms yield better in- 

formation about the peak flows that might result than do data from 

other gauge locations. 
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The regression equations computed using N. Lazy H and Sabino 

Canyon data appear in Table 1. The regressions marked with an * are 

the relations used in the Bayes risk and XOL calculations. All of 

these except A* were computed using only flows of greater than 4000 

cfs. Regression A* was obtained using the same flow data as used by 

Dvoranchik (1971) so that a comparison can be made between the Bayes 

risk, pile depth, and XOL found with and without the use of secondary 

data. 

The regressions, found using N. Lazy H Ranch rainfall data for 

logs of flows with inclusion of flows below 4000 cfs, yielded poor 

linear models for the flow /rainfall relation. Not only did the r2 de- 

crease but the residuals for the logs of flows grew rapidly larger as 

the logs of flows grew large. All of the regressions obtained using 

Sabino Canyon rainfall data were poor linear models with very low r2 

values and very poor residual plots. It was thought that the average 

rainfall on the watershed in one day might yield a regression equation 

with good predictive abilities. Therefore, one regression equation was 

computed using as the independent variables the average daily rainfall 

over all six gauges for the day of and day prior to the peak flow. The 

results of this run appear as regression B in Table 1. The residual 

plots for this regression equation were poor with the residuals growing 

rapidly larger as the log of flow values grew large. 

The relatively large negative coefficients for the rainfall on 

the day prior to the peak flow is an unexpected result. One physical 

interpretation of this might be that, when heavy rains occur on both 
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Table 1. Results of regression calculations. 

Regressions 
r2 Resid. Range Range No. of Coeffs. 

Gauge 
var. of flows of logs obs. b0'bb2 

A *b .21 .076 1630- 3.21- 10 3.574 N Lazy 
9750 3.97 .173 H Ran. 

.060 

B .30 .017 4290- 3.63- 18 3.842 Avgs. 

11650 4.07 .064 Over 

-.512 all 

C* .44 .009 4290- 3.63- 18 3.860 N Lazy 

11650 4.07 .027 H Ran. 

-.178 

D* .73 .007 4290- 3.63- 10 3.899 N Lazy 

11650 4.07 .056 H Ran. 

-. 568 

E .88 .006 4290- 3.63- 5 4.119 N Lazy 

11650 4.07 -.083 H Ran. 
-. 742 

F .34 .036 3270- 3.47- 27 3.612 N Lazy 

11650 4.07 .054 H Ran. 

-.110 

G .21 .030 2420- 3.36- 29 3.541 N Lazy 

11650 4.07 .066 H Ran. 
-.674 

H .07 .015 4290- 3.63- 18 3.821 Sabino 
11650 4.07 .044 Canyon 

-.025 

I .01 .061 2420- 3.36- 29 3.600 Sabino 

11650 4.07 -.012 Canyon 
-.009 

a. All regression equations are of the form y = b0 + blxl + 

b2x2 where xl is the rainfall on the day of the peak flow and 
x2 is the rainfall on the day prior. Y is the peak flow. 

b. The regressions with an asterisk are used in the Bayes risk 

and XOL calculations. 
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the day of the peak flow and the day prior to it, the flow predicted by 

the equation would be too large unless "damped" as a result of the nega- 

tive coefficient. 

The difference between regressions C* and D* should be noted. 

The range of the observations on the flows is the same for both equa- 

tions and the ten observations used to compute D* were selected from 

the eighteen used for C *. These ten observations were selected so as 

to yield as uniform a distribution as possible for the entire range of 

flows observed. The regression for D* yielded a much higher r2 value 

than did the same stepwise procedure for C* and the plot of the residu- 

als for D* appeared better than for C *. This is an excellent example 

of how a linear regression model may appear to be very good for predic- 

tive purposes but in reality may be a poor model because of a poor se- 

lection of data for generating the linear equation. In this case equa- 

tion C* is certainly more representative of the true relationship 

between flow and rainfall than D* since more realistic data was used in 

calculating C *, The larger, more representative sample size used for 

C* included peak flow /rainfall pairs which did not allow as good a fit 

of the linear equation to the data. 

The FORTRAN Program 

The computer instructions were coded in FORTRAN IV for a CDC 

6400 computer. The integrations were accomplished by making the trans- 

formations of the previous chapter and using Gaussian quadrature for- 

mulae. The weights and points for the quadrature formulae were taken 

from Stroud and Secrest (1966). The convergence criterion for the 
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quadratic minimization routine was to stop iterating when the differ- 

ence between the value of the function at the most recent prediction 

for the minimum and the minimum function value of the three points from 

the last iteration is less than a specified amount: EPS. 

The program was written assuming that the sample size N used to 

determine the sufficient statistics for u and 
a2 

is always the same as 

the number of observations, p, used in determining the regression equa- 

tion. This would normally be true, but is not necessarily always the 

case. 

Bayes Risk and Expected 
Opportunity Loss 

The Bayes risk and XOL values calculated using regression equa- 

tions A *, C *, and D* from Table 1 appear in Table 2. For each of these 

regression equations the Bayes risk and XOL were calculated using 

several different additional unpaired rainfall observations. Compari- 

son of the results for the different additional observations allows us 

to see how sensitive the design choice will be to the value obtained 

for the new rainfall observation. 

The procedures developed in this study enable us to perform a 

decision analysis using the information contained in a sample from a 

primary and a secondary source and one additional observation from the 

secondary source. Intuitively it would be expected that the additional 

observation from the secondary source would yield some information and 

reduce the Bayes risk, XOL. However, one would expect that if the 

additional observation were obtained directly from the primary source 

it would yield more information than an observation from the secondary 
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Table 2. Results for Bayes risk and expected opportunity loss. 

Regression 
model 
used 

N 
a 

Y 

2a 
S 

Addit.b 
R.F. obs. 

x] x2 
(in.) 

Min. 

Bayes 
risk 
( $ ) 

At 
pile 
depth 
(ft.) 

XOL 

($) 

Comp. 

time 

(sec. ) 

A* 10 3.747 .068 1.52 6648 14.4 2103 8.5 
.33 

A* 10 3.747 .068 .40 5754 12.8 1641 9.4 

.25 

A* 10 3.747 .068 3,00 13653 25.1 6234 10.6 

2.00 

C* 18 3.835 .014 3.00 3402 8.2 438 8.9 

0.00 

C* 18 3.835 .014 .25 3027 7.4 279 8.9 
1.00 

C* 18 3.835 .014 1.52 3195 7.6 350 9.3 
.33 

D* 10 3.844 .020 0.00 5905 12.9 2007 9.2 

2.00 

D* 10 3.844 .020 1.52 3796 8.9 839 9.8 
.33 

a, y and S2 are computed from the logs of peak flows. 

b. Additional rainfall observation where x = rainfall on day 
of peak flow and x2 = rainfall on day prior to the peak flow. 
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source and the Bayes risk and XOL should be reduced a greater amount. 

The computer results tend to confirm this hypothesis. 

The results appearing in Table 2 serve to illustrate the typi- 

cal results that are obtained using rainfall as secondary data for the 

bridge problem. The average computing time for these results is under 

ten seconds. 

The effect on the Bayes risk, XOL, and pile depth of the quan- 

tity of rainfall observed for the additional year's data is best illus- 

trated by the three results using equation A *. The additional year's 

rainfall observation of xl = .40; x2 = .25 would predict a relatively 

small flow using the regression equation so the resulting Bayes risk, 

XOL, and pile depth are small. The additional observation of xi = 

1.52; x2 = .33 would result in a larger flow being predicted and, there- 

fore, a larger Bayes risk, XOL, and pile depth. The additional rainfall 

observation of x1 = 3.0; x2 = 2.0 would result in the prediction of a 

flood of large proportions, about 16300 cfs, and about 75% larger than 

the largest peak flow in the sample used to determine regression equa- 

tion A *. Hence, the Bayes risk and XOL are very large and the best pile 

depth is almost twice as deep as for the additional observation xi = 

.40; x2 = .25. 

Say that in actual decision making we choose as the additional 

rainfall observation the two consecutive days of rainfall at the N. 

Lazy H Ranch gauge such that when substituted for xi and x2 in the re- 

gression equation yield the greatest predicted flow of all such two -day 

rainfall observations occurring during the year. If this observation 
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results in a flow of average level being predicted by the regression, 

then our previous information about the peak flows has been further 

confirmed and made more certain. In this case we would expect a smaller 

Bayes risk, XOL, and pile depth. If, however, the regression predicts 

an extremely large flow as for the observation xl = 3.0; x2 = 2.0 then 

we would be less certain about our previous data and would revise our 

expected cost and pile depth decision as indicated by the large flow. 

One would expect that the larger the sample size of the origi- 

nal peak flow and rainfall data, the smaller would be the Bayes risk, 

XOL, and pile depth. Furthermore, with a larger sample size the effect 

of variations in the additional rainfall observation should be less 

pronounced. The runs made with regressions C* and D* illustrate this 

fact. 

The computer program used for the calculation of Bayes risk, 

XOL, and pile depth was modified to allow the computation of these 

quantities when the next year's data was a peak flow observation rather 

than an observation from the secondary source. This allows a compari- 

son of the reduction in Bayes risk, XOL, and best pile depth when an 

additional observation of primary data is obtained to the reduction of 

these quantities when an additional rainfall observation is obtained. 

The results of computer runs made for this purpose appear in Table 3. 

Data set 1 of Table 3 gives the Bayes risk, XOL, and best pile 

depth when the only data used are the ten peak flow observations for 

the period 1950 -1959. Rainfall data were not used at all in obtaining 

these results. Data set 2a gives the results when the additional data 
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Table 3. Results for 1950 -1959 data with and without uncertainty due 
to secondary data. 

Data 
set 

Additional 
rainfall 

observation 

xl, x2 (in.) 

and year 

Flow 
observation 

(cfs) 

Source of 
flow 

observation 
and year 

Bayes 
risk 

($) 

XOL 
($) 

Pile 
depth 
(ft.) 

1 NAa NA NA 6241 1747 13.8 

2a NA 3330 Historical 
record 

5772 1464 12.8 

(1960) 

2b 1.15; 0.0 NA NA 6097 1618 13.4 
(1960) 

2c 1.15; 0.0 5929 Regression 5688 1414 12.7 
(1960) prediction 

3a NA 1525 Historical 
record 

6485 1698 14.1 

(1949) 

3b 1.12; 010 NA NA 6092 1617 13.4 
(1949) 

3c 1.12; 0.0 5858 Regression 5686 1421 12.7 
(1949) prediction 

a. An NA indicates that the quantity is not necessary for the 
calculations for that data set. 
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point obtained is the single peak flow observation of 3300 cfs for 1960. 

The reduction in pile depth, XOL and Bayes risk can readily be seen. 

Data set 2b shows the results of using an additional rainfall 

observation in the manner described in this report. Data set 2c shows 

the results obtained by using the regression prediction for the 1960 

peak flow and using it as if it were a peak flow observation. 

When examining data sets 2 and 3, the effect of additional 

peak flow data on the design should be kept in mind. If the additional 

flow is close to the mean of the previous flows, the new design depth 

will be less than the previous due to a reduction in uncertainty. If 

the new flow is slightly less than the previous mean, the new 

design depth will be dropped further, if the new flow is slightly more 

than the previous mean the pile depth will not drop so far. New 

data that is far from the previous mean will cause an increase in 

pile depth due to an increase in the variance of the log normal 

distribution. 

The increased sample variance offsets the decreased sample 

mean in the historical data (set 2a), and produces a deeper pile 

design than that of regression prediction (set 2c). The design using 

the regression prediction is low. Data set 2b represents rainfall of 

1.15 inches on the day of flow and none on the previous day. The 

design produced by use of the rainfall data is deeper than that 

produced by the use of the actual peak flow but less than the design 

produced without using any 1960 data (set 1). 
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Data set 3 shows a similar comparison for 1949 except the 

historical flow is extremely low. In this case the design without 

additional data is superior to that using the rainfall data, which is 

in turn superior to that using the regression equation. 

Examination of the XOL column indicates additional data 

reduces the XOL. The reduction is greater with data treated as 

certain, the actual flow and the regression prediction, compared with 

the rainfall information which does not contain as much information 

about peak flow. Exceptions to this rule occur when the new observation 

differs markedly from the mean of the previous observations. Thus, the 

XOL for the design based on data set 3a, the 1949 actual flow, is 

higher than the XOL for the design based on the data set 3b, the 1949 

rainfall. 

Sensitivity of the Calculations 

All of the computer runs for Tables 2 and 3 were made 

using six -point Gauss -Hermite quadrature formulae for the outermost 

and middle integrals of Equation (4.]) for finding the Bayes risk, 

XOL, and best pile depth. A seven -point Gauss - Laguerre formula was used 

for the innermost integral. The convergence tolerance for the Bayes risk 

minimization was EPS = 10.0 and for the cost function minimization was 

EPS = 1 .0 . Several runs were made in an at: t 'mpt. to determine the 
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effect on the accuracy of the results when the convergence tolerance 

for the minimization or the number of points used for the integrations 

was changed. The results appear in Table 4. 

The first four rows of the table were computed using regression 

C* with xi = 1.52 and x2 = .33. When the number of points for each in- 

tegration is slightly more than doubled, the used processing time is 

increased by about 1100 %! Yet, for all of the extra computing time, 

the minimum Bayes risk is changed by less than 1.2 %, the XOL by less 

than 5 %, and the pile depth is not changed at all. Hence, the six- and 

seven -point formulae seem quite sufficient for accurate results. In 

fact, if one's accuracy requirements are not too stringent, even fewer 

points and, therefore, even less time could be used, although ten sec- 

onds is certainly not prohibitively expensive on any computer. 

The great time savings in the integrations is due to the ability 

to make the appropriate transformations in the integrands. This will 

not be the case in general but is obviously worth the effort whenever 

it is possible. 

The last three rows of Table 4 were computed using regression 

A* with xl = 3.0 and x2 = 2.0. No changes occurred in the minimum 

Bayes risk or pile depth for all combinations of EPS considered. The 

XOL changed in amounts of less than 1.1 %. This would not be a signifi- 

cant amount for most problems. 

Generally, however, better results for the XOL will be obtained 

if the convergence criterion for the cost function is somewhat tighter 

than for the Bayes risk minimizations. Since we are minimizing a 
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Table 4. Results of sensitivity testing. 

Comp. 
No. of quadrature pts. 

EPS Min. At 
time Bayes Cost Bayes pile XOL 

Outer Middle Inner 
(sec) risk fnct. risk ($) depth(ft.) 

9.3 6 6 7 10.0 1.0 3195 7.6 350 

12.6 7 7 8 10.0 1.0 3201 7.6 350 

31.6 11 11 10 10.0 1.0 3219 7.6 358 

100.1 15 15 17 10.0 1.0 3225 7.6 360 

10.6 6 6 7 10.0 1.0 13653 25.1 6234 

10.7 6 6 7 1.0 1.0 13653 25.1 6276 

10.0 6 6 7 10.0 10.0 13653 25.1 6260 
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positive function, the error in our estimate for the minimum value for 

the cost function can only be positive. During the integration process 

these positive errors are added and may accumulate to a significant 

level in the ultimate value obtained for the integral. Hence, the ac- 

curacy requirement for a minimization occurring inside an integration 

should be more stringent than the accuracy required for the value of 

the integral. 



CHAPTER 6 

DISCUSSION AND CONCLUSIONS 

Some worthwhile conclusions may be drawn from the results of 

this study, and with future studies, the Bayesian analysis may be car- 

ried a few steps further. 

Areas for Future Study 

Expected Expected Opportunity Loss 

If a probability distribution v(x) could be found for the data 

from the secondary source, then an expected expected opportunity loss, 

XXOL, could be calculated (Davis 1971): 

XXOL (x) = JXOL(F(u,a2))v(x) dx. 

The XXOL can be calculated before any additional data are gathered and 

will yield the expected value of the XOL over all possible values of 

the secondary data. 

The expected value of an additional observation on the second- 

ary source is the expected decrease in the XOL and is called the ex- 

pected value of sample information (Davis,1971): 

EVSI(x) = XOL - XXOL, 

If the expected value of an additional observation is greater than the 

cost of waiting for and making the observation, then we should delay 

the decision until the additional observation is obtained. 

43 
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For the bridge problem the XXOL could be calculated if the dis- 

tribution of the daily rainfall were known. If x is a vector of two 

random variables as for the secondary sources considered in this 

thesis, then the integration for finding the XXOL will be a double in- 

tegral. This procedure could be quite time -consuming. If, say, six - 

point Gaussian quadrature formulae were used for each of the integrals 

in the double integration, then 36 evaluations of the XOL would occur 

in the calculation of the XXOL. Hence, if the XOL is calculated in 10 

seconds it would require about 360 seconds to calculate the XXOL. 

If the worth of the additional data were high, however, the 

calculation of the XXOL might be worthwhile regardless of the computing 

time consumed. Hence, this procedure seems worthwhile for a range of 

design problems. 

More Than One Additional Observation 

This study has only considered the case when one additional ob- 

servation is obtained from the secondary source. Certainly an occasion 

might arise when two or more additional observations are obtained. 

When such a situation arises, the decision maker would like to use the 

information contained in the new observations to aid him in making his 

decision. The difficulty lies in the development of Bayesian proce- 

dures to include this new data in the calculation of the Bayes risk and 

XOL. 

If the methodology for making use of more than one additional 

observation can be developed, then perhaps an XXOL and expected value 

of sample information can be calculated for several new observations 
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from a secondary source. Of course, as the procedures become more in- 

volved and more integrations become necessary the computing time nec- 

essary for the calculation of these quantities grows at a rapid rate. 

With computer processing time costing in the neighborhood of $450.00 

per hour a point of diminishing return is soon reached for the proposed 

decision- theoretic approach. 

Discussion 

The optimal pile depth yielding the minimum Bayes risk will 

vary depending upon the relationship between the primary and secondary 

data. Caution must be observed when choosing the linear regression 

equation relating the primary and secondary data to insure that the 

linear model is realistic and usable. The best choice for the design 

pile depth will also vary depending upon the additional secondary data 

observation used for the computation. 

The costs involved in the bridge construction are not particu- 

larly high so a detailed Bayesian analysis might seem a wasted effort. 

Obviously, however, the same procedures could be applied to problems 

involving much more significant sums. 

Conclusions 

The inclusion of an additional year's data from a secondary 

source in the Bayesian decision analysis of the bridge problem is of 

some value. The Bayes risk and expected opportunity loss can be re- 

duced below the values obtained without the inclusion of the addi- 

tional observation of secondary data. In addition, the pile depth 
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chosen for the bridge design is less than when the additional secondary 

data are not included. Hence, the construction cost of the bridge is 

reduced when the additional observation is obtained. 

The numerical procedures used for the bridge problem reduce the 

computer processing time for calculation of the Bayes risk, XOL, and 

best pile depth to about ten seconds and sometimes even less. Since 

this study has shown that numerical implementation of the Bayesian 

procedures is not necessarily prohibitively tedious and expensive, per- 

haps future decision makers may be more inclined to use this decision 

theoretic approach as an aid to decision making. 



APPENDIX A 

DETAILS OF THE BRIDGE TOTAL COST FUNCTION 

It is assumed that the bridge has a useful life of 25 years and 

that the probability of a washout occurring more than once in this 

period is negligible. The expected cost due to loss of the bridge is 

the .cost of the bridge, $150,000.00, times the probability of a washout 

occurring once in 25 years. 

A particular pile depth h* assures that no washout will occur 

unless a flow of a certain magnitude Q* or greater occurs. Say the log 

of Q* is y *. Since the logs of the nnnual peak flows are distributed 

normally the probability of a washout occurring in one year is p1: 

pl 
fy 

1 

* 2nQ2 
exp(-2((y-u)/0)2)dY 

The probability of the bridge not being destroyed in one year 

is 1 -p1 and of not being destroyed in 25 years is (1- pí)25. The prob - 

ability that the piles will be undercut and the bridge lost once in 25 

years is 1- (1- 
)25. 

Therefore, the expected cost due to loss of the 

bridge when the piles are placed to depth h* is $150,000.00 times the 

quantity 1- (1- p1)25, 

The integral of the normal density function was evaluated in 

the FORTRAN program by using the Control Data Corporation Error Func- 

tion subroutine (Control Data Corp. 1966b). 

47 
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From Davis (1971) the depth of scour, d, can be expressed in 

terms of flow, Q, with d = .344Q3/10 so the flow Q* that the pile depth 

h* protects against is: 

so 

Q* = (h*/.344)10/3 

y* 
= 

1og10Q*' 

The total bridge cost given h* and a particular value for u and 

a2 
is the expected cost due to loss of the bridge plus the cost of sink- 

ing the piles to depth h *: 

H(h *,u,ß2) _ $150,000(1 -(1- pí)25) + $400h *. 



APPENDIX B 

FORTRAN PROGRAM FOR CALCULATING BAYES RISK 

AND EXPECTED OPPORTUNITY LOSS 

The FORTRAN program used to implement the Bayesian procedures 

appears in this appendix along with an example of the output of the 

program. The computer used was a Control Data Corporation 6400 under 

the SCOPE 3.2.0, Version E operating system. All programs run were in 

FORTRAN IV and were carried out by The University of Arizona Computer 

Center. 
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PROGRAM ANAL(INPUT,OUTPUT) 
C 
C 
C THIS PROGRAM COMPUTES THE BAYES RISK AND EXPECTED 
C OPPORTUNITY LOSS FOR THE BRIDGE_ PROBLEM DISCUSSED IN 

C A MASTERS THESIS BY HOWARD A. GRAY. THE PROGRAM WAS 

G WRITTEN BY HOWARD A. GRAY. 
C 
C 

C THE DATA NECESSARY FOR THE PROGRAM IS-, 

C 
C CARD 1...THE NAmES OF THE INDEPENDENT VARIABLES IN 
C THE REGRESSION EQUATION. USED FOR LABELING 
C THE OUTPUT. MAXIMUM NAME LENGTH - 20 

C COLUMNS. UP TO THREE INDEPENDENT VARIABLES 
C ARE ALLOWED. 
C 

C CARDS 2.6...A VERBAL DESCRIPTION OF THE REGRESSION 
C EQUATION FOR LABELING OF OUTPUT 
C 

C CARD ?...COLS 15..NUMBER OF OBSERVATIONSOF RAINFALL 
C USED TO DETERMINE THE REGRESSION. 
C COLS 610..THE NO. OF INDEPENDENT VARIABLES 
C COLS 11- 20..RESIDUAL VARIANCE FOR THE 
G REGRESSION EQUATION. 
C 
C CARD 8...COEFFICIENTS OF THE REGRESSION EQUATION, 
C TEN COLUMNS PER COEFFICIENT. 
C 
C CARDS 9- P +9...THE P SETS OF FLOW AND RAINFALL OBSER- 
C VATIONS USED TO DETERMINE THE REGRES- 
C SION EQUATION. COLS 815..THE RAW FLOW 
ç DATA (NOT LOGS). COLS 16 -END OF CARD.. 
C THE RAINFALL OATA,FOUR COLUMNS PER DAY 
C 

C CARD P +10...THE ONE ADDITIONAL RAINFALL OBSERVATION. 
C COLS 16 -.END OF CA *D,.4 COLS PER DAY, 
C 
C CARD P +11...COLS 1- 10..THE MEAN OF THE LOGS OF THE 

C FLOW OBSERVATIONS, COLS 1120..THE 
C VARIANCE OF THE LOGS OF FLOWS. COLS 2130 
C THE INITIAL GUESS FOR THE PILE DEPTH 
ç YIELDING THE MINIMUM BAYES RISK, 
C 

EXTERNAL TCONF 
.EXTERNAL GAUHERM 
INTEGER REL(40),HEAD(6) 
COMMON /PI /PI,SQRTPI 
COMMON /T /DENOM,FNMIN2, SUB 
COMMON /PARAM /NOBS,YMEAN,YVAK,SUMXSQ 
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COMMON /GOAL /H,HVAL,IND 
REAL RFDATA (40.4) , FLOWS (40) ,ADOBS (4) ,C (4,4) ,SCRATCH (4) 

REAL COEF(5) 
READ 3000,HEAD,REL 
FORMAT(6A10 /(8A10)) 

PI=ACOS (-.1. ) 

SQRTPI= SQRT(PI) 
PRINT 2002 

2002 FORMAT(1H1,8( /)15X *WORTH OF SECONDARY DATA STUDY*/ 
C15X*ORIDGE PIER DEPTH PROBLEM - RILLITO CREEK, * / 
C15X +TUCSON, ARIZONA * /15X #HOWARD A. GRAY, JULY, 1972 *) 

C 
C * * ** *THE FOLLOWING SEQUENCE OF STATEMENTS READS THE DATA 
C * * ** *AND PERFORMS THE CALCULATIONS FOR THE T DISTRIBUTION 
C 

READ 1000,NOBS,NVARS,RVAR 
1000 FORMAT(2I5,F10.5) 

N =NVARS +1 
M =N 
READ 1001,(COEF(I),I =1,N) 

1001 FORMAT(5F10.5) 
DO 1 I= 1,NOk3S 
RFDATA(I,1) =1. 
READ 1050 ,FLOWS(I),(RFDATA(I,J),J =2.N) 

1 CONTINUE 
1050 FORMAT(7XF8.2,4F4.2) 

DO 7 I =1,NO35 
7 FLOWS(I) =ALOG10(FLOWS(I)) 

READ 1051.(ADOBS(I),I =2,N) 
1051 FORMAT(15X4F4.2) 

ADOf3S(1) =1.0 
DENOM =0. 
SUB =0. 
DO 2 I=1,N 
SUB =SUB +COEF(I) *ADOBS(I) 
DO 2 J =1,N 
C(I,J) =0. 
DO 2 K= 1,NOJS 

2 C( I, J) =C(I,J) +RFDATA(K,I) *RFDATA(K,J) 
CALL t'1ATRIX (10,NN, 1,C,4,0) 
IF(D)4,3,4 

3 PRINT 2000 
2000 FORMAT( ///20X *ATTEMPT TO INVERT SINGULAR 

STOP 0010 
4 DO 5 I =1,N 

SCRATCH(I)=0. 
DO 6 J =1,N 

MATRIX *) 
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6 SCRATCH(I)=SCRATCH(I)+C(I,J)*ADOBSIJ) 
5 DENOM=DENOM+SCRATCH(I)*ADOBS(I) 

DEN0M=DEiNOM+1. 
N=NOBS 
FNMIN2=FLOAT(N 2)/2. 
FNMIN3=FLOAT(N*3) 
DENOM=SQRT(RVAR#DENOM) 
TCO=GAM(FNMIN2)/(SQRT(FNMIN3#PI)#GAM(FNMIN3/2.)) 
TCOEF=TCO/SQRTPI 
READ 1002,YMEAN,YVAR,H 

1002 FORMAT(3F10.5) 
YMEAN=YVAR=O. 
DO 600 II=1,NOBS 

YMEAN=YMEAN+FLOWS(II) 

YVAR_YVAR +FLOWS(II) * *2 
600 CONTINUE 

SUMXSO =YVAR 
YMEAN =YMEAN /FLOAT(NOBS) 
YVAR =( YVAR -FLOAT( NOBS) *YMEAN4YMEAN) /FLOAT(NOBS -1) 
PRINT 2001,NVARS,NOBS 

2001 FORMAT (5 (/) 15X*REGRESSION INFORMA_ TION* /15X 
C *NUME3ER OF INDEPENDENT VARIABLES = *14/15X 
C *NUMRER OF DATA OBSERVATIONS USED TO DETERMINE THE * / 
C15X*REGRESSIUN RELATION = *I5) 
PRINT 2003,REL,(COEF(I),I =1,M) 

2003 FORMAT(5(15X8A10 /)15XF10.3,3H= A /15XF10.3,3H= B /15X 
CF10.3,3H= C /15XF10.3,3H= D) 
PRINT 2004,RVAR.YMEAN,YVAR 

2004 FORMAT( /15X *RESIDUAL VARIANCE = *F10.4 /15X 
C *SAMPLE MEAN OF Y = *F10.4/15X *SAMPLE VARIANCE OF Y =# 
CF10.4) 
PRINT 2005,HEAD 

2005 FORMAT( / /15X*OBSERVATIONS USED TO DETERMINE * 
C*REGRESSION * //14X3(1X2A10)) 
DO 8 I =1,NOBS 

8 PRINT 2006 ,FLOWS(I),(RFDATA(I,J),J =2,M) 
2006 FORMAT(13X4(4XF10.2,5X)) 
C 
C THE NEXT STATEMENTS CALCULATE THE BAYES RISK AND XOL 
C 

IND =1 
BRISK= TCOEF *GOAL(GAUHERM,TCONF) 
HVAL =H 
IND =2 
XOL =E3RISK- TCOEF *GAUHERM(TCONF) 
PRINT 1003,E ISK,HVAL,XOL, (HEAD(2 *I- 1),HEAD(2*I), 

CADOBS(I),I =2,M) 
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1003 FORMAT(1H1,8(/)15X*RESULTS FOR BRIDGE PROBLEM * / /15X 
C*MINIMUM BAYES RISK = *F10.2 /15X *AT PILE DEPTH = *F10.2/ 
C15X *EXPECTED OPPORTUNITY LOSS = *F10.2/15X 
C #ADDITIONAL DATA ISM+( /15X2A10,2H= F10.2) ) 

STOP 0040 
END 

FUNCTION GAM(X) 
C 

C THIS FUNCTION CALCULATES THE GAMMA FUNCTION FOR 

C INTEGERS OR FOR AN INTEGER.* 1/2 
C 

COMMON /PI /PI,SQRTPI 
P =(X_FLOAT.(IFIX(X))) *10. 
I =IFIX(P) 
IF(I)2,1,2 

1 K =X1. 
GAM =1. 
IF(K)3,4,3 

4 RETURN 
3 DO 5 I =1,K 
5 GAM =GAM *FLOAT(I) 

RETURN 
2 IX =IFIX(X) *2 

GAM =1. 
IF(IX)7,8,7 

7 LX =IFIX(X) +1 
DO 6 I =LX,IX 

6 GAM =GAM*FLOAT (I) /4.. 
8 GAM =GAS *SQRTPI 

RETURN 
ENO 



54 

FUNCTION TCONF(TT) 

C ** ## #THIS FUNCTION IS THE INTEGRAND OF THE OUTER INTEGRAL. 
C ** ** *THIS FUNCTION EVALUATES THE DENSITY FOR THE T AND 

C* * ** *CALCULATES THE NEW MEAN AND VARIANCE WITH THE NEW 
C * * ** *FLOW OBSERVATION INCLUDED. THE NEW MEAN AND VARIANCE 

C * * ** *ARE THE PARAMETERS OF THE POSTERIOR DISTRIBUTION OF 

C ** * *THE STATE VARIABLES. 
C 

EXTERNAL GOALF1 
COMMON/T/DENOM,FNMIN2.SUB 
COMMON/PARAM/N,SMU,SIGSQ,SUMXSQ 
COMMON/COST/TTHREE,SQTN 
RCVNV = FLOAT((N-3)/(N..5)) 
T=1./ (1.+TTat*2/FLOAT (N-3) ) **FNMIN2 
Y=TT;}DENOM+SUB 
SSAVF=SMU 
SMU=(FLOAT(N)#SMU+Y)/(FLOAT(N+.1)) 
SSAVE1=SIGSQ 
SIGS0=(SUMXSid+Y*Y-FLOAT(N+1)#SMU*SMU)/FLOAT(N) 
FN=FLOAT(N)/2. 
N=N+1 
SQTN=SoRT(FLOAT(N)) 
TTHREE=10./3. 
T=T/GAM(FN)*GAUHERO(GOALF1) 
T = T*SQRT(RCVNV) 
TCONF=T 
N=N-1 
SMU=SSAVE 
SIGSQ=SSAVE1 
RETURN 
END 

FUNCTION GOALF1(TAU) 
C 
C * *** #THIS IS THE INTEGRAND OF THE MIDDLE INTEGRAL. 
C 

EXTERNAL GOALF2 
COMMON /TAU /TAU1,W 
TAU1=TAU 
GOALFI= GAULAGU(GOALF2) 
RETURN 
END 
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FUNCTION GOALF2(W) 
C 
C * ** **THIS IS THE INTEGRANT OF THE INNER INTEGRAL. WHEN 
C * * ** *BAYES RISK IS BEING FOUND GOALF2 IS THE GOAL 
C * * * ** FUNCTION TIMES W * *(N 3)/2 OTHHERWISE IT IS THE 
C*****CURRENT MINIMUM OF THE GOAL FUNCTION TIMES W * *(N -3)/2 
C 

COMMON /GOAL /H,HVAL,IND 
COMMON /PARAM /N,SMU,SIGSQ,SUMXSQ 
COMMON /TAU /TAU,W1 
COMMON /TOLIEP,EPS 
EXTERNAL UCOST 
W1 =W 
GO TO(1,2),IND 

1 EP =2.5 
EPS =10.0 
GOALF2 =W * *(FLOAT(N- 3) /2.) *BCOST(T) 
RETURN 

2 EP =2.5 
FPS = 2.5 
GOALF2 =W ** (FLOAT(N3) /2.) *GOAL(BCOST,DUM) 
RETURN 
END 

FUNCTION GOAL(P,G) 
C 

C * * ** *THIS IS THE QUADRATIC MINIMIZATION ROUTINE. THE 
C * * ** *FUNCTION TO BE MINIMIZED IS THE PARAMETER P. THE 
C * * * * *PARA!.IETER G IS A DUMMY UNLESS BAYES RISK IS BEING 
C * * ** *CALCULATED. 
C 

COMMON /GOAL /H,HVAL,INO 
COMMON /TOL /EP,EPS 
EXTERNAL G 

IF(H.GT.50.)H =40. 
LOW= -1 
STEP =1. 
ES =50. 

1 ITER =O 
EP1 =EP 

18 HS =H 
HSI =H 
A =0. 
B =STEP 
HASH 
FA =P(G) 
H =HB =H.8 
FB =P(G) 
IF(FA- FB)3,3,4 
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3 FC=FB 

HC=H8 
C=B 
FB=FA 
HB=HA 
B=A 
H=HA=HB-5TEP 
IF(H)24,24,25 

24 H=HS+EP 
IF(L.OW)70,70,13 

7o t,OW=1 

GO TO 18 
25 A=-STEP 

FA=P(G) 
GO TO 200 

4 C=STEP#2. 
H=HC=HA+C 

5 FC=P (G) 
200 DEN= ( f3-C ) *FA+ ( C-A ) #FB+ ( A-B ) #FC 

IF(ABS(DEN),I.T.1.E-25)DEN=SIGN(1.E-25,DEN) 
D=.5*((B*BC*C)#FA+(C*C-A#A)*FB+(A*AB*8)*FC)/DEN 
DD=DEN/((A-B)#(k3-C)*(C-A)) 
IF(DD)6,9,9 

6 IF(AF3S(D)-ES)8,8,9 
8- H=HS+D 
19 IF(H)24,24,17 
17 F=P(G) 

X=AMIN1(FA,FB,FC) 
IF(ARS(X-F)-EPS)13,13,14 

14 IF((H.GT.HA).AND.(H.L.T,HB))GO TO 10 

IF((H.GT.H6).AND.(H.L.T.HC))G0 TO 11 

Y=AMnX1 (Fa,Fd,FC,F) 
IF(Y-F)45,45,40 

40 IF (Y»FA) 42,41,42 
41 IF(H-HA)43,51921 
42 IF(Y-FC)9,45,9 
45 IF(H-HC)20,51,46 
51 D=H+SIGw(EP,FA-FC) 

GO TO 8 

20 FC=F8 
HC=Hf3 
C=B 

47 FB=FA 
HB=HA 
B=A 

43 FA=F 
HA=H 
A=D 
GO TO 100 
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21 FA=FB 
HA=HB 
A=B 

48 FB=FC 
HB=HC 
B=C 

46 FC-F 
HC=H 
C=D 
GO TO 100 

10 IF (F-FB) 101,101,102 
102 H=HH+ (HB-H) /2. 

D=HHS 
F=P(G) 
GO TO 103 

101 FC=FB 
HC=HB 
C=B 
FB=F 
HB=H 
B=U 
GO TO 100 

11 IF(F-FB)103,103,104 
104 H=H8-(H-HB)/2. 

D=H-HS 
F=P(G) 
GO TO 101 

103 FA=FB 
HA=HB 
A=B 
FB=F 
HB=H 
B=D 

100 ITER=ITER+1 
PX=FLOAT(ITER)/2. 
K=IFIX(PX) 

K=10.*(E'X-FLOAT(K)) 
IF(K)31,31,30 

31 IF(HS1-H)32916,32 
32 HS1=H 
3_0 CONTINUE 

IF(ITER-25)200,200,13 
16 H=H+SIGN(STEï',FA-FC) 

GO TO 18 
13 GOAL=F 

EP=EP1 
RETURN 

9 IF(FA-FC)7,7,22 
7 D=HA-HS-EP 

GO TO 8 
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22 D=HCHS+EP 
GO TO 8 

23 H=HS/2. 
EP=EP*1.3 
GO TO 18 
END 

FUNCTION E3COST (X ) 
C 
C 

C* *** *THIS IS THE GOAL FUNCTION. THE COST OF THE BRIDGE IS 

C * ** *CALCULATED FOR A GIVEN PILE DEPTH AND PARTICULAR 
C* ** *VALUES OF THE STATE VARIABLES OF THE PROBLEM. 
C 

COMMON/PAf2AM/N,SMU,SIGSQ,SUMXSQ 
COMMON/GQAL/+i,HVAL,IND 
COMMON/TAU/TAU,W 
COMMON/COST/TTHREE,SQN 
IF(SIGSQ.LT.o.)SIGSQ=1.E-20 
V=SO«T (SiGSQ/W) 
Z=(TTHREE*ALOG10(H/.344)-TAU*V-SMU)/(SQN*V) 
IF(Z)1,2,? 

1 Z=AEiS ('Z) 
CALL ERF(Z,1.E-6,E,D,C) 

IF(P-1.)3,3,4 
4 P=1. 

GO TO 3 

2 CALL ERF(Z,1.E-6,E,D,C) 
P=.5-.5#E 
IF(P)5,3,3 

5 P=O. 
3 BCOST=1.5E5*(1.-(1.»P)*#25)+404.#H 

RETURN 
END 
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FUNCTION GAUHERM(F) 
C 
C*** **THIS PERFORMS THE OUTER INTEGRATION. 
C 

C 

C 6 POINT GAUSS -HERMITE QUADRATURE FORMULA WITH 
C EXP(X **2) INCLUDED 
C 

COMMON /PARAM /NOHS,YMEAN,YVAR,SUMXSQ 
REAL POINT(3),WEIGHT(3),R(3) 
DATA POINT/ 
C2.35060497367449 +1. 33584907401369 +,436077411927616 / 
DATA WEIGHT/ 

C. 453000990550884E -2,. 157067320322856, .724629595224392 / 
GAUHERM =O. 
DO 1 I =1,3 
P =POINT(I) 
R(I)= EXP(P #P) 
VNV = FLOAT((NOBS - 3) /(NOBS -5)) 
ZOINT = SQRT(VNV) *POINT(I) 

GAUHERM =GAUHERM +WEIGHT(I) *F(ZOINT ) #R(1) 
1 CONTINUE 

I =3 
DO 2 J=1.3 
POINT(I) =- POINT(I) 
ZOINT = SQRT.(VNV) *POINT(I) 
GAUHERM _GAUHERM +WEIGHT(I) *F(ZOINT ) #R(1) 
1 =1 -1 
CONTINUE 
RETURN 
END 

FUNCTION GAUHERO(F) 
C 
Cyr* *THIS PERFORMS THE MIDDLE INTEGRATION, 

C 

C 6 POINT GAUSS -HERMITE QUADRATURE FORMULA 
C 

REAL POINT(3),wEIGHT(3) 
DATA POINT/ 

C2.35060497367449,1. 3358490 7401369,,436077411927616 / 
DATA WEIGHT/ 

C, 45300099055 0884E -2,,1570673 ?0322856, .?24629595224392 / 
GAUHER0 =0. 
DO 1 I =1 +3 
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GAUHERO= GAUHERO +WEIGHT(I) *F(POINT(I)) 
1 CONTINUE 

I =3 
DO 2 J =1,3 
POINT(I) =- POINT(I) 
GAUHERO =GAUHERO +WEIGHT(I) *P(POINT(I)) 
1 =I -1 

2 CONTINUE 
RETURN 
END 

FUNCTION GAULAGU(F) 
C 
c * * ** *THIS PERFORMS THE INNER INTEGRATION. 
C 

C 
C 7 POINT GAUSS -LAGUERRE QUADRATURE FORMULA 
C 

REAL POINT(7),WEIGHT(7) 
DATA POINT/ 

C.193043676560362,1. 02666489533919 ,2.56787674495074, 
C4. 90035308452648 ,8.18215344456286 ,12.7341802917978, 
C19.3957278622625/ 
DATA WEIGHT/ 

C. 409318951701273 ,.421831277861719 ,.147126348657505', 
C, 206335144687169E-1,.107401014328074E-2, 
C. 158654643485642E- 4,.317031547899558E -7/ 
DATA M /1/ 
GAULAGU =O. 
GO TO(3,4),M 

3 DO I I_1,7 
GAULAGU= GAULAGU +WEIGHT(I)*F(POINT(I)) 

1 CONTINUE 
M =2 
RETURN 

4 J =7 
DO 2 I =1,7 
GAULAGU =GAULAGU +WEIGHT(J) #F(POINT(J)) 
J =J -1 

2 CONTINUE 
M =1 

RETURN 
END 
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WORTH OF SECONDARY DATA STUDY 
BRIDGE PIER DEPTH PROBLEM - RILLITO CREEK, 
TUCSON, ARIZONA 
HOWARD A. GRAY, JULY, 1972 

REGRESSION INFORMATION 
NUMBER OF INDEPENDENT VARIABLES = 2 

NUMBER OF DATA OBSERVATIONS USED TO DETERMINE THE 
REGRESSION RELATION = 10 

THE RELATION IS Y = A + BX1 + CX2 WHERE 
Y = LOG OF PEAK FLOW ON RILLITO RIVER 
X1 = RAINFALL AT LAZY H RANCH ON DAY OF FLOW 
X2 = RAINFALL AT LAZY H RANCH ON DAY PRIOR 

TO PEAK FLOW 
3.486= A 

216= B 

.099= C 

RESIDUAL VARIANCE = .0630 
SAMPLE MEAN OF Y = 3.7077 
SAMPLE VARIANCE OF Y = .0735 

OBSERVATIONS USED TO DETERMINE REGRESSION 

LOG OF PEAK FLOW R. F. ON DAY OF FLOW R. F. ON DAY PRIOR 
3.96 1.74 0.00 
3.97 .51 .08 

3.21 .73 0.00 
3.74 0.00 .09 
3.89 1.52 .33 
3.91 1.90 0.00 
3.31 1.04 0.00 
3.65 .71 .67 
3.89 1.68 0.00 
3.56 .10 .79 
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RESULTS FOR BRIDGE PROBLEM 

MINIMUM BAYES RISK = 5828.59 
AT PILE DEPTH = 12.81 
EXPECTED OPPORTUNITY LOSS _ 1533088 
ADDITIONAL DATA IS 

R. F. ON DAY OF FLOW= .46 

R. F. ON DAY PRIOR = .03 
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