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ABSTRACT 

This thesis is concerned with the problem of determining an optimal 
irrigation policy, that is, an optimal quantity and frequency of irri- 
gation water application. The purpose is to present a solution to this 
problem using a continuous review model of an inventory system. 

Initially, the functions of the plant -water -soil system are dis- 
cussed. This is followed by a review of several existing methods for 
maximizing crop yield or profit by determining an optimal irrigation 
policy. Next, the inventory problem is briefly examined. An analogy is 
drawn between the farmer's problem of determining an optimal irrigation 
policy and the businessman's problem of determining an optimal ordering 
policy. Subsequently, a continuous review model of the irrigation system 
is developed and an example of its use is given. 

vii 



CHAPTER 1 

INTRODUCTION 

The problem of efficient management of farm irrigation systems is 
of grave importance. It involves the proper choice of method, timing, 
and quantity of irrigation water application. Farmers are faced with a 
twofold decision -making problem. The first is concerned with the design 
and operation of the irrigation system. The second focuses on the peri- 
odic or continuous review of environmental factors which affect crop 
production. This thesis is devoted to a study of a portion of the latter. 
It is a continuation of the work of Fogel, Duckstein, and Kisiel (1974) 
and de la Fuente (1974). 

Water is a natural resource and is therefore limited in supply. 
The efficient utilization of water is rapidly becoming a matter of neces- 
sity. Many current methods of irrigation do not make full use of water. 
Much water is wasted due to poor management or lack of understanding of 
the plant- water -soil system. Hence, farmers must begin to reexamine 
older methods of determining the quantity and timing of irrigation water 
application. The use of procedures that involve making the best econom- 
ic decision and yet consider the efficiency of irrigation water are imper- 
ative. Therefore, the determination of an optimal irrigation policy, 
that is, the optimal amount and frequency of irrigation, is a necessity. 
The purpose of this thesis is to present a solution to this problem using 
a continuous review model of an inventory system. 

An analogy may be drawn between the farmer's problem of deter- 
mining an optimal irrigation policy and the businessman's problem of 
determing an optimal ordering policy. The soil -water reservoir may by 
regarded as a storehouse of goods. There exists a demand both on the 
water in the reservoir and on the goods in the storehouse. In either 
case, the state of the system must be examined periodically or con- 
tinuously to determine the optimal quantity and frequency of replen- 
ishment in order to meet the expected demand. Both overstocking and 
understocking have associated costs. An economic balance between the 
two is necessary in determining optimal policies in either of the 
above situations. 

In the irrigation system, both water and rainfall act as inputs. 

The application of water is controlled by the farmer just as the ordering 

of goods is controlled by the businessman. However, rainfall, an uncon- 

trollable input, has no counterpart in the inventory system. In the 

irrigation problem, rainfall should be taken as a random variable with a 

known probability distribution. 

As is vital in any investigation of the irrigation system, the 

functions of the plant -water -soil system will be discussed. The demand 

for water and the potential yield of a crop, both dependent on many dif- 

ferent factors, will be examined. Also, there will be presented a brief 

review of several existing methods for maximizing crop yield or profit 

by determining the optimal quantity and timing of irrigation water appli- 

cation. 

1 



A brief review of the inventory problem will then be presented, 
and the analogy between it and the irrigation problem will be drawn. 
Next, a continuous review model of the irrigation system will be devel- 
oped. In this model, the level of soil moisture content is continuously 
sampled until a specific level is reached where irrigation occurs. 
Decisions concerning the quantity of irrigation and the specific level at 
which irrigation occurs are determined by the minimization of a total 
cost equation resulting from this model. 
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CHAPTER 2 

THE IRRIGATION PROBLEM 

The potential yield of a crop is affected by many different factors. 
Some factors can be predicted, for example, temperature and rainfall. 
Other factors can be partially controlled by the farmer, for example, 
distribution of fertilizers, salinity of the soil, and application of 
water. Through a study of crop response to these factors we are better 
able to predict the effects of environmental conditions on the crop. 
Thus, we may determine how the farmer should respond to given crop and 
environmental conditions in order to maximize his profit. 

The Plant- Water -Soil System 

Through the years, much consideration has been given to the appli- 
cation of water to crops. In order to develop an irrigation system 
effectively, knowledge of the plant- water -soil system must first be 
obtained. The input to this system is water obtained through rainfall and 
irrigation (Bidwell, 1972). Some of this water is absorbed by the soil 
system and the rest is lost, mostly due to evaporation and runoff. The 
output from this soil system is water lost mainly through evaporation 
from the soil near the surface and absorption by plant roots. It is 

generally believed that the use of water by plants is limited to values 
of soil moisture content in the range between field capacity (FC), where 
water is held mostly by surface tensions, and the point at which a plant 
permanently wilts (PWP) (Flinn, 1970; Fogel et al., 1974). 

The growth rate of a plant, and therefore the potential yield of a 
crop, is dependent on the rate at which the plant receives water from the 
soil and the rate at which water is lost into the atmosphere, that is, 
evapotranspiration (ETa). In turn, each of these rates is dependent on 

the other. The rate of evapotranspiration is determined by climatic con- 
ditions (atmospheric or evaporative demand), by the plant's growth stage, 
and by the water status of the plant, which is a function of the soil - 
moisture level (Hagan and Stewart, 1972; Bidwell, 1972; Morey and Gilley, 
1973). If the evapotranspiration rate exceeds the rate of absorption of 
water, the plant is under stress. The result is a loss of the normal 
distention of the plant cells, reduction in the rate of evapotranspiration, 
and a subsequent decrease in the rate of growth. The absorption rate of 
the plant is determined by the conductivity of the root system (density 
and depth of roots) and by the difference in osmotic potential between the 
water in the plant and the water in the soil (Moltz and Remson, 1970). 
The internal plant -water potential is a function of the water status of 
the plant, which is dependent on the evapotranspiration rate. 

The potential evapotranspiration rate of the plant (ET ) is based 

on the stage of growth of the plant and on atmospheric demand. It is un- 
constrained by the rate at which the plant receives water. Accurate 
estimation of ET has been a subject of much discussion (Blaney and 
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Criddle, 1950; Linacre, 1963). Atmospheric demand on a plant is a 
function of many climatic factors, for example, temperature, humidity, 

radiation, vapor pressure, and day length. There are many methods for 

estimating ET among which are pan evaporation (Mcllroy and Angus, 1964), 

evaporation from a free water surface, (Penman, 1948), and an energy 
balance (Jensen, Robb, and Franzoy, 1970). All of these methods endeavor 
to account for the effects of the above climatic factors on atmospheric 
demand. 

In terms of evapotranspiration rates, plant water stress occurs 
when the rate of ETa is less than that of ET Under these conditions, 

the rate of growth is less than maximal, and as a result the potential 
harvested yield of the crop is reduced. Maximum growth rate, and thus 

maximum harvested yield, occurs only when ETa = ET (Flinn, 1970; 

Allen and Lambert, 1971; Allen, Lambert, and Ligon, 1970; Dudley, Howell, 
and Musgrave, 1971; Hogg, Davidson, and Chang, 1969; Morey and Gilley, 
1973) . 

As a function of the moisture content in the soil (w), ETa decreases 

as the soil moisture content decreases. On the other hand, ETa is also a 

function of ETp, decreasing as ET increases at high levels of soil 

moisture content. Thus, if evaporative demand is low, the available soil 
moisture content can drop to a lower level before plant stress is in- 
curred than it can under conditions of high evaporative demand (Denmead 
and Shaw, 1962; Hagan and Stewart, 1972). Denmead and Shaw (1962) de- 

fined the optimum level of soil moisture content (w0) as the lowest soil 
moisture content at which plant water stress does not occur. At this 
level, the rate of growth of the crop is maximized. Below this level, 
ETa is less than ET ànd plant water stress occurs. Since the optimum 

level of soil moisture content is dependent on ETp, it also varies with 

the climatic factors that affect atmospheric demand. 

Water -yield Function 

The development of a water -yield function is essential to a study 
of optimal irrigation. As Downey (1972) notes, the yield reduction de- 
pends on the severity (intensity and duration) of the soil moisture 
stress and on the growth stage during which the stress occurs. For a 
particular growth stage, Fig. 1 illustrates the effects of plant moisture 
stress on yield reduction. The figure represents the depletion of soil 
water as a function of the time between two irrigations. The actual 
soil water content (wa), which is dependent on ETa, is plotted. Also, 

a plot is given of the soil water content (w p) that would be present if 

the plant were growing at its maximum potential, that is, if ET 
a 

= ET . 

As stated by Fogel et al. (1974), the reduction in yield is proportional 
to the area between the two curves. Note that for soil moisture 
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Fig. 1. The plant water stress area as a function of soil water 
content --After Fogel et al. (1974) 
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levels greater than w0, the curves wa and w agree and there is no re- 

duction in yield. 

Growth Stages 

As previously mentioned, the growth stage of a crop plays an im- 

portant role in determining a water -yield function. At different stages 
of growth, plant water stress has varying effects on yield. For instance, 
it is possible that a stress in a particular crop growth stage will 
affect the subsequent growth of the crop and thus the harvestable yield 
(Flinn, 1970; Downey, 1972; Hagan and Stewart, 1972). 

Existing Models 

In a model developed by Hall and Butcher (1968), the entire growing 
season is divided into n periods, not necessarily equal in length. Each 
of these periods represents a critical period in the growth cycle of a 
crop. Consequently, a particular water -yield function is associated with 
each period. However, maximum yield is assumed to occur when the level 
of soil moisture is maintained at field capacity. 

Similarly, Allen et al. (1970) divide the growing season of flue - 
cured tobacco into seven stages. At each stage, a loss function is derived 
by simulating the reduction in crop yield dependent on the availability 
of soil moisture. However, the effects of ET on crop yield are not 

taken into consideration. 

Hiler and Clark (1971) also incorporate the effect of crop growth 
stages by making use of a crop -susceptibility factor. This factor in- 
dicates the susceptibility of a crop to a given water deficit at a par- 
ticular growth stage. In determining the plant water stress for each 
day, Hiler and Clark develop a stress -day index. This index is a function 
of the crop -susceptibility factor and of the stress -day factor. The 
stress -day factor is a measure of the degree and duration of the plant 
water deficit. 

Many other methods for determining a water -yield function have been 
developed. Hogg et al. (1969) derive a procedure for estimating yield 
based solely on actual and potential evapotranspiration. The findings of 
Windsor and Chow (1971) indicate that the loss of dry matter accumulation 
is directly proportional to the number of days under which the crop is 
stressed. Yaron (1971) approximates the yield of sorghum by a cubic 
polynomial dependent solely on the quantity of water applied. 

Stewart and Hagan (1969, 1973) investigated yield as a function of 
actual evapotranspiration for alfalfa, wheat, and grain sorghum. Their 
findings indicate that for many crops this yield function is linear. 
However, the functions developed are dependent only on crop variety and 
climate. Factors other than water are considered to be nonlimiting. 
As Downey (1972, p. 113) concludes, "yield reduction is not a simple 
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function of evapotranspiration. It depends on the severity of stress 
and particularly on the physiological stage at which the stress occurs." 
Many factors contribute to yield reduction and must thus be considered 
in the development of a water -yield function. 

The Irrigation System 

Many factors influence irrigation requirements. These factors may 
be divided into two basic categories: those which determine the evapo- 
transpiration requirements of the crop and those which influence the 
percentage of irrigation water that is actually used in evapotranspira- 
tion. The latter category includes all factors affecting irrigation 
efficiency. These factors are of two types: those which determine the 
efficiency of water conveyance from the source to the field, for example, 
climatic conditions and the method of irrigation, and those which deter- 
mine the efficiency of application within the field, for example, the 
soil water level and the rate of water consumption. 

Many factors that determine the evapotranspiration requirements 
of the crop fit into the first category. The type of crop, the stage of 
growth, the development of the root system, the soil moisture content, 
climatic conditions, and the method of irrigation are extremely important. 

Timing 

Although the amount of water applied in irrigation is important, the 
timing of irrigations is even more critical (Flinn, 1970; Stewart and 
Hagan, 1969). Timing has a great effect on the quantity and quality of 
crop yield. As previously noted, there exist certain critical periods in 
the growth cycle of a crop. During these periods excessive plant stress 
caused by delayed or inadequate irrigations can severely reduce the 
quantity and quality of the yield (Downey, 1972). By the time signs of 
crop stress are visible, irreversible crop damage has already occurred or 
will occur before the field can be irrigated. Also, excessive or too 
.frequent applications of water can cause leaching of nutrients and un- 
necessary cooling of the soil, thus damaging the crop and reducing yields 
(Franzoy and Tankersley, 1970; Jensen et al., 1970). This problem is of 
great importance, particularly in humid areas. 

Optimal Irrigation Policy 

The maximization of profit (Allen et al., 1970; Dudley et al., 1971) 
rather than the maximization of yield (Hall and Butcher, 1968; Stewart 
and Hagan, 1973) may be used as the criterion for determining an optimum 
level of soil moisture. In reference to Fig. 1, the soil moisture level 
that maximizes profit (w1) is often below the level that maximizes yield 

(w0). The reason for this is that in determining w2 not only must the 

value of a maximum yield be considered but also the cost of applying 
water to maintain this yield. Thus, it is often the case that w1 
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is less than w0. Note that this becomes more probable as the cost of 

water rises. 

This thesis is concerned with determining an optimal irrigation 
policy, that is, with determining the optimal amount and frequency of 
irrigation. The main objective is to maximize profit. In doing so, the 
potential decrease in the value of the crop must be considered. The 
rate of water consumption of the crop and the crop tolerance to moisture 
deficits are important factors. 

Also, the cost of irrigation, that is, the cost of manpower, equip- 
ment, and water, must be considered. The type of irrigation system is 
very important. For example, surface, sprinkler, and trickle irrigation 
all have varying effects on the uniformity and cost of irrigation, not to 
mention many other results. For a more detailed discussion of these 
methods and their efficiencies, the reader is referred to Willardson 
(1972) . 

Finally, the probability of future precipitation plays an important 
role. Only effective rainfall should be considered. Effective rainfall 
is that part of the total rainfall that adds to the available soil mois- 
ture content. The remaining part of the total rainfall may be lost due 
to runoff, evaporation, deep percolation, or interception by foliage. 

Existing Policies 

Many different irrigation policies have been developed. A policy 
often used by farmers is the 50- percent criterion: irrigate to field 
capacity when the available soil moisture content is 50 percent of the 
capacity. In order to reduce the possible overapplication of water, Flinn 
(1970) suggests a policy in which irrigation to field capacity occurs 
whenever the available soil moisture content falls to a predetermined 
level and rainfall in excess of one inch does not occur on the following 
day. Lembke and Jones (1972) developed a simulation model for scheduling 
irrigations. Anderson and Maass (1971) described a computer model which 
can be used in determining an optimal policy for allocating irrigation 
water among crops and among farms when water supply is limited. Jensen 
et al. (1970) and Franzoy and Tankersley (1970) describe a computer 
program that estimates soil- moisture depletion, the timing of the next 
irrigation, and the amount of water to be applied based on measurements 
of soil moisture content and estimates for the rate of water consumption. 

As previously mentioned, Hiler and Clark (1971) developed a stress - 
day index. Irrigation then occurs when this index reaches a pre- 
determined level. This level remains the same throughout the growing 
season since the effect of stages of crop growth is already incorporated 
into the stress -day index. 

Several dynamic programming approaches have been used. Flinn and 
Musgrave (1967) present a deterministic dynamic programming model having 
one state variable: the quantity of water available for allocation over 
the remainder of the season. This does not take into account the level 
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of the soil moisture content at each stage. Hall and Butcher (1968) also 
proposed a deterministic dynamic programming model having two state 
variables: the quantity of water available for application over the re- 
mainder of the season and the soil moisture content. However, as Aron 
(1969) pointed out, this model does not consider the effect of irrigation 
costs. Also, Flinn and Musgrave (1967) and Hall and Butcher (1968) take 
a deterministic approach to a stochastic process. Both rainfall and 
evapotranspiration are stochastic variables. 

In another dynamic programming model, Dudley et al. (1971) con- 
sidered the problem of optimal allocation of water over time as stochastic. 
However, in attempting to simplify the complex dynamic programming model 
that would result, it is necessary to make many assumptions that are 
admittedly not realistic. Although the dynamic programming approach 
has the advantage that its structure is flexible, it either becomes un- 
manageable due to the large number of state variables involved or un- 
realistic because of the many assumptions that must be made. For instance, 
Dudley et al. assumed that crop growth at any stage is independent of 
the previous growth pattern of the crop. This means that crop water stress 
in a particular stage does not influence the subsequent growth of the crop. 
However, if this unrealistic assumption is not made, the number of state 
variables increases, complicating the dynamic programming problem. 

Fogel et al. (1974) relate the farmer's problem of determining an 
optimal irrigation policy to the businessman's problem of determining 
an optimal ordering policy. The sane basic approach to the irrigation 
problem will be taken. Before presenting a detailed examination of the 
correlation between the two problems and the development of a continuous 
review model, the inventory problem will be briefly reviewed. 
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CHAPTER 3 

THE INVENTORY PROBLEM 

Before continuing with a discussion of the problem and the develop- 
ment of a solution, it is necessary to review the inventory problem 
briefly. As defined by Taha (1971, p. 438), "an inventory problem exists 
when it is necessary to stock physical goods or commodities for the pur- 
pose of satisfying demand over a specified time horizon." For efficient 
purchase of these commodities, it is necessary to determine the optimal 
quantity to order and the optimal timing of the orders. Two extreme 

situations may occur. An abundance of goods may be ordered, requiring a 
large capital investment. Also, the cost of the inventory storage re- 
sulting from this overstocking will be great. On the other hand, an 
insufficient amount of goods may be ordered. Although this understocking 
reduces the initial capital investment and the storage cost, a price 
will be paid for running out of stock as well as for increasing the fre- 
quency of orders. The inventory system must be carefully inspected in 
order to determine the optimal ordering policy. Therefore, it is necessary 
to examine the basic characteristics of an inventory system. The following 

is a discussion of these characteristics as presented by Taha (1971). 

Cost Parameters 

Setup Cost 

In ordering goods or commodities, there is generally a cost as- 
sociated with the placement of that order. This setup cost is assumed 
constant from one order to the next and independent of the quantity 
ordered. 

Purchasing Price 

As indicated by its name, this cost is the price associated with 
purchasing the actual goods. 

Holding Cost 

This cost is due to retaining inventory in storage. It is a function 
of both the amount of inventory and the duration that it is held in stock. 

Shortage Cost 

When the demand for a commodity exceeds the amount stocked, a 

penalty results. Much of this penalty is caused by a loss in income due 
to forfeited sales. In many cases, referred to as backlog cases, this 

unfilled demand may be later satisfied. Hence, the shortage cost is 

10 



proportional to the amount and duration of the shortage. On the other 
hand, the no- backlog case occurs when the demand is completely lost. 
Thus, the cost is proportional only to the amount of the shortage. 

Selling Price 

This is the revenue or benefit received from selling the commodity. 
The selling price is an important factor in determining an optimal 
ordering policy when the demand on an item is dependent on the quantity 
stocked. 

Demand 

Either of two types of demand patterns may occur: deterministic 
or probabilistic. The deterministic case occurs when the demand is 
known with certainty. This demand may be either constant or variable 
over a period of time. The probabilistic case occurs when the demand 
pattern is not known with certainty but can be described by a known pro- 
bability distribution. 

The demand over a period of time may be satisfied instantaneously at 
the beginning of the period or uniformly during the period. In either 
case, these demands will affect the holding cost. 

Ordering Cycle 

An ordering cycle is the period of time between the placement or 
receipt of two successive orders. The length of this cycle may be fixed. 
Thus the inventory system is reviewed periodically. Opposed to this 
periodic review is a continuous review where a record of the inventory 
level is updated continuously. The level of inventory decreases until 
a specific point is reached where a reorder occurs. After the placement 
of an order, there may be a delivery lag. This period of time between the 
placement of the order and its receipt is termed lead time. A model of 
the continuous review type will be applied to the problem of optimal 
irrigation water application. 

11 



CHAPTER 4 

THE IRRIGATION MODEL 

There exist many similarities between the inventory problem and the 
problem of determining the timing and frequency of irrigations. The 
discussion that follows indicates the correlation between the inventory 
system and the irrigation system as presented by Fogel et al. (1974). 

The economic parameters, the demand, and the ordering cycle of the irri- 
gation system are examined. Next, a continuous review model of the 
irrigation system is developed and the associated cost equations are 
analyzed. 

Cost Parameters 

Setup Cost 

A certain cost is involved in the setup and actual application of 
irrigation water. This cost remains constant from irrigation to irri- 
gation. It includes the cost of labor, cleaning ditches, moving pipes, 
and setting up siphon tubes, to name just a few. 

Purchasing Price 

This cost is the price associated with the actual purchase of the 
irrigation water. 

Holding Cost 

As noted in Chapter 2, w0 is the soil moisture content that maxi- 

mizes yield. Retaining inventory in storage is comparable to retaining 
excess soil moisture, that is, a soil moisture content greater than w0, 

in the ground. There is a holding cost associated with the level and 
duration of such soil moisture as a result of reduction in the yield or 
in the quality of the crop. 

Shortage Cost 

When the soil moisture content is less than w0, a shortage of water 

exists. The penalty incurred is the value of the reduction in yield due 
to the shortage. It is proportional to the amount and duration of the 
shortage. Once this reduction in yield has occurred, the potential 
growth of the crop can very seldom be regained. Thus, this is similar to 
the no- backlog case in an inventory system. However, as opposed to the 
typical no- backlog system, the shortage cost is proportional to the 
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duration as well as to the amount of shortage (crosshatched area shown 

in Fig. 1). 

Selling Price 

Selling price is the revenue or benefit received from the use of 

irrigation water by the crop, that is, the profit gained from satisfying 

the crop's demand. 

Demand 

The demand for water by a crop is the actual evapotranspiration, 

ETa. Although ETa is dependent on many random factors, the pattern of 

demand can be described by a probability distribution. Thus, for the 

irrigation system, the demand is probabilistic. As stated by Fogel et al. 

(1974, p. 582), "a more realistic interpretation of a crop's requirement 

for water during a given growth stage is that it is a function of one or 

more climatic variables for which probability distributions are assumed 

to be known." The demand over an ordering cycle will be considered 

uniformly distributed over the period for the development of the irri- 

gation model. 

Ordering Cycle 

Several periodic review inventory models for irrigation water appli- 
cation have been previously developed by Fogel et al. (1974) and de la 

Fuente (1974). The model that will be presented shortly is a continuous 

review model. Thus, the record of the inventory level (the level of soil 

moisture) is updated continuously until a specific point is reached where 

reorder (irrigation) occurs. This irrigation marks the beginning of the 
next cycle. A continuous review of the irrigation system will decrease 
the probability of loss caused by extreme cases of drought or flooding. 

Zero delivery lag will also be assumed in this model. This assum- 
ption is not far from realistic. The exact day on which an irrigation is 
needed may be predicted by continuously reviewing the record of the in- 
ventory level. Less realistically, it is also assumed that water reaches 
all areas of the crop field and all levels of soil at the same time. 
However, this latter assumption or some similar assumption is necessary 
for any development of an irrigation model. 

Rainfall 

One basic element of the irrigation system is not found in the 
inventory system: rainfall. In the irrigation system, rainfall acts 
as a random input. Thus, both the water ordered through irrigation and 
the water due to rainfall are inputs to the system. This second input 
is in no way ordered or controlled. However, rainfall can be described 
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Fig. 2. The plant water stress area as a function of soil water 
content with constant ETa- -After Fogel et al. (1974) 
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by a known probability distribution as can demand. Also, rainfall over 

a period of time may be assumed to occur either instantaneously at the 

beginning of the period or uniformly during that period. In both the 
case of demand and of rainfall, the latter assumption is a closer approx- 
imation to the actual situation and will therefore be adopted in the 

following model. 

Development of Model 

A continuous review model of the irrigation system will be developed 
over a growth stage of N days. It will be assumed that ET is constant 

throughout the stage (Stewart, Hagan, and Pruitt, 1974). For simplicity, 
the curve wa in Fig. 1 will be approximated by a straight line. Fig. 2 

illustrates the plant water stress area as a function of the soil water 
content, as does Fig. 1. However, Fig. 2 exhibits the straight -line 
approximation of wa. Thus 

and 

ETa = ETp for w > w0 

ETa = s(ETp) for w < w0 

where s(ETp) is a function of ET and s(ETp) < ET 

3 illustrates the continuous review model. Note that the 
beginning of the cycle is marked by an irrigation and that the length of 
each cycle differs. As was previously mentioned, w0 is the soil moisture 

content that maximizes yield. It is a function of many physical param- 
eters and may be considered a constant in the model. 

The quantity of soil moisture y is the amount of irrigation water 
applied at the beginning of each cycle. R is the level of soil moisture 
content at which a reorder (irrigation) occurs. Note that the level of 
available soil moisture never falls below R since zero delivery lag is 
assumed. Also, it is assumed that at the start of the season the system 
is irrigated to the level R + y. 

As previously stated, both rainfall and ET are assumed to occur 

uniformly throughout a cycle. It is also assumed that the total demand 
is greater than the total rainfall, otherwise there would be no need for 
irrigation. Therefore, at the start of a cycle the soil water content is 
R + y. This amount of soil water then decreases linearly throughout the 
cycle until a certain level, R, is reached where an irrigation occurs. 
The objective is to determine optimal values of y and R which minimize 
the total seasonal cost. 
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In summary, 
N = number of days in the season 

w0 = soil moisture content that maximizes yield 

y = amount of water reordered (irrigated) per cycle 
R = reorder point. 

Cycle 1 is a typical cycle and will be reviewed extensively. Time is 
represented by the symbol t. The random variable ti is the length of 

time during the cycle where the level of soil moisture is greater than wo. 

Let z1' z2, z3, z4, and z5 be random variables defined as: 

zl = rate of ETp (inches /day), 0 < zl 

z2 = rate of rainfall (inches /day), 0 < z2 

z3 = potential rate of soil- moisture depletion (inches /day), 0 < z3 

=z-z 
z4 = rate of .ETa when t > ti (inches /day), 0 < 

z4 

5 
= actual rate of soil -moisture depletion for t > t1 (inches /day), 

0<z5 
= z4 -z2. 

Note that it as assumed that z2 < z2 and z2 < Also Also note'that for 

t < ti, the rate of ETp and the rate of ETa are equal. For t > ti, the 

rate of ET is greater than the rate of ETa as explained in Chapter 2 

and z4 is a function of zl. Therefore, let r be a function such that 

z4 = r(z1). Also, let f(zi), f(z2), f(z3), f(z4), and f(z5) be the mar- 

ginal probability density functions for z1' z2, z3, z4, and z5, respec- 

tively. Let f(zl,z2), f(z4,z2), f(z3,z5), and f(zl,z2,z4) be the joint 

probability density functions of the respective random variables. 
Throughout this thesis, E[] denotes the expectation with respect to 
the random variable or variables. 

In Fig. 3, the line g(t) represents the available soil water over 

time given the potential rate of soil- moisture depletion, z3. For t 

the actual and potential rates of soil- moisture depletion are equal. The 

line h(t), which is defined in Cycle 1 for t > ti, represents the level 

of soil moisture over time given the actual rate of soil- moisture deple- 

tion, z5. For t > t1, the curves g(t) and h(t) differ. As noted in 

Chapters 2 and 4, the reduction in yield is proportional to the area be- 

tween the two curves. Note that the random variable t2 is the time at 

which g(t) = R. Also, the random length of time of the cycle is t3. In 

other words, h(t3) = R. 

Thus, 

and 
g(t) =-zzt+R+y 

h(t) = -z5t + z5t1 + w0. 
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Using the fact that g(ti) = w0 and Eq. (1), 

ti = (y + R - 
w0)/43. 

By definition of t , that is, g(t2) = R, and from Eq. (1), 
-2 

t2 = 

From Eqs. (2) and (3), and since h(t3) = R, 

t3 = [(we - R)(z3 - z5) + yz5] /z3z5 

For convenience, let 

A = lit 

z3Z5 

(w0 - R)(z3 - z5) + yz5 

In order to determine the expected seasonal cost, it is necessary to 
know the expected number of orders (cycles) per season. Therefore, let 

D be equal to the expected number of orders per season. Then D is given 
by the following: 

D=E[, 
3 

] 

= NE [A] . 

Holding Cost 

The holding cost is the cost associated with having more water in the 
soil than the amount, w0, required to produce maximum yield. Therefore, 

the cost is proportional to the average amount of soil water held over 
time, that is, to the crosshatched area under the curve g(t) for values 
of t, 0 < t < t,. Let H(y,R) be the holding inventory per cycle. Then, 

H(y,R) = (y + R - w0)t1 /2 

= (y + R - w0)2/2z3. 

Therefore, the expected holding inventory per cycle is given by 
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H(y,R) = E[H(y,R)] 

(y + R - w0) 2 

= E[ 
2z3 

(y+R-w)2 
= 0 Er-]. 

2 -3 

Let ch equal the holding cost per unit per day. Then the total expected 

seasonal holding cost is given by 

EHC(y,R) = chD H(y,R) 

(y + R 
2 

1 = chN E[1-1 E[A]. 

Shortage Cost 

The shortage cost is the cost resulting from having less soil water 
than the amount necessary to produce maximum yield. The cost is pro- 
portional to the shaded area between curves g(t) and h(t) for values of 
t, tl < t < t3. Let S(y,R) be the shortage inventory per cycle. Then, 

(w - R) 

S(y,R) = 
0 

2 (t3 - t2) 

(w0 - R) 2 1 1 
= [z5 

Therefore, the expected shortage inventory per cycle is given by 

S (y, R) = E [S (y, R) ] 

(w0 - R) 2 1 1 
= E[ (z 

z 
)] 

5 -3 
2 

° (w0 2 R) (E [ 
_1] 

- E[Z1]) 
-3 

Let cs equal the shortage cost per unit per day. Then the total expected 

seasonal shortage cost is given by 

ESC (y, R) = csDS (y, R) 

2 
- 

= cs N 
(w0 

2 

R) 

(E [-z---1 ] - E[Zl]) E[A]. 
-5 -3 
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Setup Cost 

Let ck equal the setup cost per order. Then the,total'expected 

seasonal setup cost is 

EKC (y, R) = ckD 

= ckN E[A]. 

Purchasing Cost 

Let cp equal the cost of purchasing water per unit. Since D equals 

the expected number of cycles per season and y equals the amount ordered 
per cycle, then the total expected seasonal purchasing cost is 

EPC (y, R) =c Dy 

=c N y E[A]. 

Expected Seasonal Cost 

The expected seasonal cost of the system is then given by 

C (y, R) = EHC (y, R) + ESC (y, R) + EKC (y, R) + EPC.(y, R) 

(y+R-w)2 
= 

ch 
N 

2 

0 E[-27,--] E[A] 

2 
-3 

cS N 
R) 

(E[zl..] 
- E[Z1]) E[A] 

..5 3 

+ ck N E [A] + cpN y E [A] . 

Since z4 = r(z1), then z5 = r(z1) - z2. In substituting for z3 and z5, 

the following equation is obtained: 

(y+R-w0) 
C (y, R) ={ chN E [ ] 2 z1-zZ 

2 

+ csN 
(w0 

2 

R) 

(E[r(z )_ z E[z 1 z]) 
1 2 -1 -2 

2 

(?1 - ;2)(r(;1) - z2) 

+ N(ck + cPy) ) E[(40 - R) (z1 - r(?1)) + y(r(Z1) - z2)] (4) 
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Minimization of Cost 

In order to minimize the expected seasonal cost with respect to R 
and y, the first -order partial derivatives of C(y,R) will be set equal to 

zero: 

and 

8C(yy,R) _ {chN(Y 
+ 

E[z 1 

1 

w0) ] 

-1 -2 

1 
R) E - csN (w0 - [ (E [ 

( z 
] - 

1 -2 1 
z 

] ) } 

- 2 

(?1 - 2)(r(1) 
E[(w0 - R)(?1 - r(?1)) + Y(r(z1) - z2)] 

(Y+R-w)2 
{chN 0 E[z 1 z] 

1 2 

2 

+ csN 
(w0 

R) 

2 
(E[ _ ] - E[z 1 ]) 

1 2 1 

(?1 - z2) (r(zl) - z2) (zl - r(W) 
+ N(ck + 

cpY) 
}E[[(w0 - R) (?1 -r(?1))+ Y(r(zl) - z2)]1] 

8C(yayR) 
+ R w0)E[z 1 z] + Nc } 

2 

(Z1 - z2) (r(1 - ?2) 
E[ 

(w0 - R) (z1 - r(?1) ) + Y(r(z1) - 
Z2)] 

(y + R - w0) 
2 

E[z {chN z2] 

- 
(w0 R) 2 1 1 

+ csN 2 (E [r(z1) - z2] E [zl - 
z2] ) 

(zl 
- 2) (r(zl) - 2) 

2 

+ N (ck + cpY) } E [ 
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Let 

E1=E[ 1 
zl - z2 

E2=E 

E3=E[ Cz1 - 2) (r(z1) 

- R)(z1 - r(?1)) + Y(r(z1) - z2)] 

(?1 - Z2) (r(?1) - z2)2 
E4=E[ 2] 

[(w0 - R) (z1 - r(z1)) + y(r(z1) - z2) 

E5 = E[ 
?2) (r(1) z2) (?1 r(1)) 

[(w0 - R)(?1 - r(Y) + Y(r(z1) - 2)]2 

Note that E3, E4, and ES are functions of y and R. Two equations in two 
unknowns, y and R, are obtained: 

{chN(y + R - w0)E1 - csN(w0 - R) (E2 - E1) }.E3 

(Y+R-w)2 (wn-R)2 
+ {chN 

2 
" E1 + csN " (E2 - E1) 

+ N(ck + cpY) }ES = O. (5) 

{chN(y + R - w0) El + Ncp}E3 

-{ 
(y 

+ 
R - w0 

+ c 

) 21 
N 

(w0 
- R)2 

(E2 - 
ch 
N 

2 s 2 
E1) 

+ N(ck + cpY) }.E4 = O. (6) 

Given a specific situation, these equations must be solved numerically 
in order to determine the minimizing values R* and y *. 

In solving these equations, it is necessary to be assured that a 
minimum exists. A sufficient condition for the point (y *,R *) to be a 
minimum point is that the Hessian matrix, H, evaluated at (y *,R *) 
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is positive definite. The Hessian matrix is given by 

where 

and 

H = 

a2C (y, R) a 2C (y, R) 

3R 
2 

aR ay 

a2C (y, R) a2C (y, R) 

ay DR ay2 

(Y+R-w0)2 (w0 - 
R)2 

S= chN E1 + csN (E2 - E1) 

+ cpNy + ck, 

82C(Y2R) 
_ [chN El + csN(E2 - E1)] E3 

aR 

+ .2[chN(y + R - w0) El - csN(w0 - R) (E2 - E1)] E5 

(?1 2) (r(zl) - 2) l r(?1))2 - 

+ 2S E[ ], 

[(w0 - R)(?1 - r(z1)) + Y(r(z1) - z2)]3 

82C(Y'R) 
= chN E1E2 - 2[chN(y + R - w.0)E1 + cpN] E4 

ay2 

2)(r(;1) 
z2)3 

= + 2S E[ 

[(w0 - R) (?1 - r(z1)) + Y(r(z1) - z2)] 

a 2C (Y, R) a 2C (Y, R) 
DR ay ay aR 

= chN El-E3 - [chN(y + R - w0)El 

- cSN (w0 - R) (E2 - E1) ] E4 
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that 

+ [chN(y + R - wo)El + epN]ES 

- 2S E[ 
(zl 

z2)(r( - -z2)2 zl) (zl r(zl)) 
]. 

1.(140 
-R)(1, - r(zl) ) + Y(r(zl) 

Therefore, in a particular situation, it is sufficient to determine 

a2C(Y,R) > o 
aR2 

for all values of y and R. Next, the determinant of H must be examined. 
If the determinant is also greater than zero, then the point (y *,R *) mini- 
mizes the total expected seasonal cost of the system. 

The expected seasonal cost of the irrigation system is given by 
Eq. (S). Given a specific situation, this cost may be minimized by solv- 
ing Eqs. (5) and (6) simultaneously to determine the optimal point (y *,R *). 
That the point (y *,R *) is a minimum point may be confirmed by ascertaining 
that the Hessian matrix given by Eq. (7) is positive definite. This pro- 
cedure will be followed in the subsequent example with the exception that 
the Hessian matrix will not be examined. Physically, there is no reason 
to suspect that the optimal point (y *,R *) does not minimize the cost 
equation. 
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CHAPTER 5 

EXAMPLE 

At this point it is useful to present an example. The problem is 

to determine an optimal irrigation policy over.a period of corn growth. 
The conditions of evapotranspiration and rainfall are typical of south- 

eastern Arizona. They are based on data accumulated in Tucson, Arizona. 
In this case, rainfall input to the plant- water -soil system is slight. 

Assumptions 

Stewart et al. (1974) examine the properties of evapotranspiration 
for corn over the growing season at Davis, California. As a result of 

their studies it becomes apparent that these properties are quite similar 

for four consecutive growth stages, from full leaf canopy establishment 
to blister and milk development. Hence, an optimal irrigation policy 

will subsequently be developed over these growth stages, corresponding 

to a total period of approximately 44 days. 

Evapotranspiration 

In Chapter 4 it is assumed that when the level of soil moisture 
falls below w0, ETa is a function of ET only. In an example, this func- 

tion must be quantified. First of all, for the sake of simplicity, ETp 

will be considered to be equivalent to the rate of evaporation from a 

Class A Pan. Secondly, based on the findings of Stewart et al. (1974), 

it is assumed that 

In other words, 

ET 
a 

= 0.90 ET . 

p 

4 
= r(z1) = 0.90 zl. 

Optimum Level of Soil Moisture 

Although wo is dependent on zl, it is approximately constant over a 

growth stage, or over several growth stages with similar evapotranspiration 
properties. Therefore, for this example, it is assumed that w0 is a 

constant, 

w0 = 8.0 inches. 
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Rainfall 

In order to simplify computations considerably, it is also assumed 
that z2 is a constant, z2, rather than a random variable. This constant is 

set equal to E[z2] as calculated from data accumulated at the University of 

Arizona climatological station in Tucson, Arizona (U.S. Department of 
Commerce, 1957 -1969). For a detailed explanation of these calculations, the 

reader is referred to Appendix 1. Finally, 

z2 = E[z2] = 0.035. 

Since z2 is assumed constant, the expectations required in Eqs. (4), (5), 

and (6) are no longer with respect to both zl and z2. Rather, they are 

with respect to z1 only. Consequently, it is necessary to determine only 

f(1). 

Distribution of Evapotranspiration 

In examining f(zl) it is necessary to determine whether there exists 

any correlation between and the interarrival time between rainfall 

events, T. Using data obtained from the University of Arizona climatolo- 
gical station in Tucson, Arizona (U.S. Department of Commerce, 1957 -1969) 
for the years 1961 and 1962, a correlation coefficient of 0.026 was com- 
puted. Since this indicates very little correlation between zl and T, the 

two random variables are taken to be independent. 

Next, the possibility existed that there was a difference between 
the distribution of z 

1 
given that a rainfall event had occurred and 

the distribution given that the event had not occurred. Climatological 
data for the University of Arizona station for the years 1957 through 
1969 were examined. Investigation resulted in considering both of 
these distributions as one. A normal distribution with mean u = 0.336 

inches and variance a2 = 0.014 inches2 was fitted. The hypothesis 
that this distribution is the distribution of zl was not rejected 

after application of the Kolmogorov- Smirnov test. A more detailed 
explanation of this investigation may be found in Appendix 1. 

Costs 

In any example it is necessary to quantify the costs involved in 
Eq. (4). The following is a list of costs per acre and their respective 
values: 
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ch = $3.00 per inch 

cs = $25.00 per inch 

cp = $3.00 per inch 

ck = $8.00 per irrigation. 

Results 

Appendix II gives a computer program that solves Eqs. (5) and (6) 

simultaneously for y* and R* using the Newton -Raphson method. The ex- 

pectations are evaluated using Simpson's rule with a step size of 0.01. 

The program also gives the expected seasonal cost associated with the 

minimizing point (y *,R *). 

For this example, using the program in Appendix II, it was deter- 

mined that 

and 

y* _ 1.41 inches 

R* _ 7.40 inches. 

Therefore, the optimal policy is to irrigate to 8.81 inches whenever the 

level of soil moisture falls to 7.40 inches. The expected cost per acre 

of this irrigation system over the 44 -day period is 

C(y*,R*) = $179.52 

In order to demonstrate the actual operation of this irrigation 

system, a program was developed to simulate daily ET and rainfall over 

a 44 -day period based on climatological data given by the U.S. Depart- 

ment of Commerce (1957 -1969). This program and a discussion of its develop- 

ment may be found in Appendix I. The previously developed irrigation 

policy is applied over two periods of simulated events. The results may 

be found in Tables 1 and 2. The numerical values "SMC" represent the soil 

moisture content at the start of the specified day. The level of soil 

moisture at the beginning of the 44 -day period is y* + R *. Each time the 

soil moisture content at the start of a day is below 7.40 inches, an 

irrigation takss place on that day. 

In Table 1, the length of each cycle ranges from 4 to 7 days. In 

this particular case, the continuous review model differs only slightly 
from the periodic model. However, in Table 2, the length of each cycle 

ranges from 2 to 10 days. Hence, the continuous and periodic models 

would differ greatly. 

In this example, it would be particularly interesting to examine 
the sensitivity of the solution to the amount of rainfall per day chosen 
as constant. Investigation of this sensitivity would determine the validity 
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Table 1. Irrigation policy as applied to simulated events, Case 1. 

Day SMC 
ET ETa 

Rainfall Irrigation 
No. (inches) (inches) (inches) (inches) (inches) 

1 8.81 0.28 0.25 0.36 
2 8.92 0.47 0.42 
3 8.50 0.43 0.39 
4 8.11 0.40 0.36 
5 7.75 0.40 0.36 0.41 

6 7.80 0.34 0.31 
7 7.49 0.41 0.37 
8 7.12 0.16 0.14 1.41 
9 8.39 0.42 0.38 
10 8.01 0.41 0.37 

11 7.64 0.21 0.19 
12 7.45 0.24 0.22 
13 7.23 0.36 0.32 1.41 
14 8.32 0.43 0.39 
15 7.93 0.28 0.25 

16 7.68 0.23 0.21 
17 7.47 0.23 0.21 0.35 
18 7.61 0.34 0.31 
19 7.30 0.40 0.36 1.41 
20 8.35 0.21 0.19 

21 8.16 0.22 0.20 
22 7.96 0.26 0.23 
23 7.73 0.33 0.30 
24 7.43 0.43 0.39 
25 7.04 0.43 0.39 0.30 1.41 

26 8.36 0.28 0.25 
27 8.11 0.32 0.29 
28 7.82 0.33 0.30 
29 7.52 0.56 0.50 
30 7.02 0.27 0.24 1.41 

31 8.19 0.24 0.22 
32 7.97 0.38 0.34 
33 7.63 0.38 0.34 0.48 
34 7.77 0.46 0.41 
35 7.36 0.30 0.27 1.41 
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Table 1. Irrigation policy, Case 1 -- Continued. 

Day SMC 
ET ET 

Rainfall Irrigation 
No. (inches) (inches) (inches) (inches) (inches) 

36 

37 

38 

39 

40 

41 

42 
43 
44 

8.50 

8.16 

7.85 
7.74 

7.35 

8.53 

8.28 
7.85 
7.59 

0.38 
0.34 
0.12 
0.43 
0.25 

0.28 
0.48 
0.29 
0.31 

0.34 
0.31 

0.11 
0.39 
0.23 

0.25 
0.43 
0.26 
0.28 

1.41 
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Table 2. Irrigation policy as applied to simulated events, Case 2. 

Day SMC 
ET ETa 

Rainfall Irrigation 

No. (inches) (inches) (inches) (inches) (inches) 

1 8.81 0.39 0.35 
2 8.46 0.39 0.35 

3 8.11 0.12 0.11 
4 8.00 0.05 0.05 
5 7.95 0.36 0.32 

6 7.63 0.36 0.32 1.13 
7 8.44 0.56 0.50 
8 7.94 0.18 0.16 
9 7.78 0.25 0.23 
10 7.55 0.37 0.33 

11 7.22 0.47 0.42 1.41 
12 8.21 0.47 0.42 0.37 
13 8.16 0.53 0.48 0.34 
14 8.02 0.38 0.34 0.80 
15 8.48 0.39 0.35 

16 8.13 0.31 0.28 
17 7.85 0.15 0.14 
18 7.71 0.15 0.14 
19 7.57 0.46 0.41 
20 7.16 0.47 0.42 1.41 

21 8.15 0.42 0.38 
22 7.77 0.34 0.31 
23 7.46 0.28 0.25 
24 7.21 0.31 0.28 1.41 

25 8.34 0.53 0.48 

26 7.86 0.36 0.32 
27 7.54 0.44 0.40 
28 7.14 0.44 0.40 0.27 1.41 
29 8.42 0.37 0.33 
30 8.09 0.42 0.38 

31 7.71 0.23 0.21 
32 7.50 0.23 0.21 0.43 
33 7.72 0.39 0.35 
34 7.37 0.57 0.51 1.41 
35 8.27 0.40 0.36 
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Table 2. Irrigation policy, Case 2 -- Continued. 

Day SMC 
ET ETa 

Rainfall Irrigation 
No. (inches) (inches) (inches) (inches) (inches) 

36 7.91 0.22 0.20 
37 7.71 0.48 0.43 
38 7.28 0.40 0.36 1.41 
39 8.33 0.51 0.46 
40 7.87 0.52 0.47 

41 7.40 0.34 0.31 1.41 
42 8.50 0.30 0.27 
43 8.23 0.28 0.25 
44 7.98 0.48 0.43 
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of this assumption. Also of interest would be an analysis of the sensi- 
tivity of the solution to different values of the costs. Although a 
sensitivity analysis is essential to a deepened understanding of the 
model, it will not be undertaken at present. 
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CHAPTER 6 

DISCUSSION AND CONCLUSIONS 

This thesis centers around the development of a continuous review 
model of the irrigation system. Through the use of this model, an 

optimal irrigation policy may be obtained and effected. In the develop- 
ment of the model, several assumptions were made. First of all, it is 

assumed that knowledge has been obtained concerning crop sensitivity to 

climatic and soil factors in each growth stage. Secondly, it is assumed 
that data on climatic variables is available for the prediction of demand 
and rainfall. Rainfall and potential evapotranspiration are assumed uni- 
formly distributed throughout a cycle. The actual rate of evapotrans- 
piration in a particular cycle is assumed constant. Although this latter 
assumption simplifies the development, it is not a necessity. A con- 

tinuous review model may be developed using the curvilinear relationship 
illustrated in Fig. 1. 

Implementation of the model requires knowledge of the crop sus- 

ceptibility to moisture stress, the crop's expected demand for water, and 
the expected precipitation. Short -term weather forecasts on rainfall 

probabilities are available to assist the farmer. Using this knowledge, 

an optimal amount of irrigation and an optimal reorder point may be de- 
termined. Then, the farmer, continuously monitoring the level of avail- 
able soil moisture, irrigates the optimal amount when the reorder point 

is reached. 

There is a distinct advantage in using a continuous review model of 
the irrigation system. First, the methodology presented is applicable 

to a variety of situations. The stochastic nature of crop demand and 
rainfall are taken into account. Also, a great amount of research has 
been done relating to inventory models. Therefore, much is known about 
inventory theory which may be applied to irrigation water application. A 

closed form solution to the irrigation problem may be obtained, thus eli- 

minating guesswork. Finally, a continuous review model constantly ex- 
amines the level of soil moisture, therefore limiting the damage due to 

either excessive or insufficient moisture. 

The problem of determining an optimal irrigation policy is extremely 
complex. Many different, often interrelated, factors affect the yield of 

a crop. Also, in most cases, very little is known about the crop sensi- 
tivity to each particular factor. Some factors may be controlled, but 
others may only be predicted. It is hoped that the analysis of the 
irrigation system presented herein points to a promising method of deter- 
mining an optimal irrigation policy. 
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APPENDIX I 

THE SIMULATION MODEL 

The final product of this appendix is a program which simulates 
daily ET and rainfall. Prior to the development of the simulation pro- 

gram, the interrelation between daily ET and the interarrival time be- 

tween rainfall events (T) is investigated. The possibility that there 
exists a difference in the probability distribution of zl given the occur- 

rence of rain and the distribution of zl given the nonoccurrence of rain 

is discussed. Thereafter, the distribution of zl is fitted to the data. 

In order to simulate daily rainfall, both the amount of rainfall given 

that the event has occurred (R) and T are examined. Probability distri- 
butions of R and T are also fitted to the data. The data used is obtained 
from the climatological data for the University of Arizona station in 
Tucson, Arizona during July, August, and September of the years 1957 
through 1969 (U.S. Department of Commerce, 1957 -1969). Finally, values 

of zl, R, and T are generated according to their respective probability 

distributions. 

Distributions 

Distribution of Evapotranspiration 

As previously stated, it is necessary to investigate the interrelation 
between zl and T. For data obtained during the summers of 1961 and 1962 

a correlation coefficient of 0.026 was computed. Since this coefficient 
is very close to zero, little correlation between zl and T is indicated. 

Therefore, zl and T will be assumed independent. 

Now, the correlation between the probability distribution of z1 

given the occurrence of rain and the distribution of z 
1 

given the nonoc- 

currence of rain may be examined. It is hypothesized that a normal 

distribution with mean u ~ 0.321 inches and variance a2 _ 0.016 inches 
2 

was the distribution of zl given rain. After applying the Kolmogorov- 

Smirnov test of goodness of fit (Lindgren, 1968), the hypothesis is not 
rejected at the 5 percent rejection limit. It is also hypothesized 
that the distribution of zl given no rain was a normal distribution with 

mean u _ 0.350 inches and variance a2 _ 0.012 inches2. After applying 
the Kolmogorov- Smirnov test of goodness of fit, the hypothesis is not 
rejected at the 1 percent rejection limit. These distributions are shown 
in Fig. I -1. Note that the variances of each distribution are approxi- 
mately equal and the difference between the means is 0.029 inches. 
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Hence, it is hypothesized that the distribution of zl given rain and 

the distribution of zl given no rain were equivalent. This hypothesis 

is not rejected at the 1 percent rejection limit after applying the 
Kolmogorav- Smirnov test (Lindgren, 1968). Thus, taking the weighted 
average of the means and variances, it is hypothesized that f(zl), the 

probability distribution of z 
1 

, is normal with mean p _ 0.346 inches 

and variance 
a2 

_ 0.012 inches2. The Kolmogorov -Smirnov test of good- 
ness of fit was applied, and the hypothesis was not rejected at the 1 

percent rejection limit. 

Distribution of Rainfall 

In gathering data on the amount of rainfall given that rain has 
occurred, amounts less than 0.25 inches were neglected. In other 
words, days on which less than 0.25 incles of rain fell were considered 
nonoccurrences of rainfall. A gamma distribution with parameters a and 

is fitted to the data. Using the method of moments (Derman, Gleser, 
and O1kin, 1973), it may be determined that 

n 2 

E ..x. 

i=1 
1 

a= n n .\2 
E x.2 n - E x. ) 

(i=1 
1 

i=1 /// 

n n 2 

E x.2 n - E x. 

i=1 1 i=1 
1 

n E x. 

i=1 
1 

where n is the sample size and xi is the ith sample point, i = 1,2,...,n. 

Thus, for this particular case, a _ 0.672 and ß _ 0.490. 

Fig. I -2 illustrates the sample distribution function and the 
population distribution function that is gamma with parameters a and ß. 

The Kolmogorov -Smirnov test (Lindgren, 1968) is applied to the two dis- 
tributions. The maximum difference in the distributions is approximately 
0.0527. This is less than 0.1174, which is the 20 percent rejection 
limit. Therefore, the gamma distribution with the specified parameters 
a and ß is not rejected as the population distribution. 
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Distribution of Interarrival Time 

In this case, the interarrival time, T,is the number of days 
between rainfall events. Therefore, the geometric distribution is used 
with probability p _ 0.069 of rain on any given day. Fig. I -3 illus- 
trates the sample distribution function and the population distribution 
function. The chi- square test is applied to the two distributions. 
The chi -square statistic is calculated to be 10.473. This is less than 
11.1, the 5 percent rejection limit of the chi - square distribution with 
5 degrees of freedom. Therefore, the geometric distribution with the 
specified probability p is accepted as the population distribution. 

Simulation 

The simulation of z1 according to a normal distribution and the 

simulation of R according to a gamma distribution takes place as follows 
(Yakowitz, 196g). Let fz(x) and fR(x) be the normal and gamma probabil- 

ity density functions, respectively. In each case, an interval [a,b] is 

selected such that 

b 

I f (x) dx - 1 

a 

is within the allowable range of error. The interval [a,b] is then 
divided into an increasing sequence {x.} of equally spaced points, where 

xi - xi = d, for all i. A random number u is generated and j is deter- 

mined such that 

and 

E f(xi)A < u 
i=1 

j+1 
E f(xi)A > u. 

i=1 

Then the value of zl or R is set equal to x.. By substituting the appro- 

priate distribution for f(x), zl or R will be distributed according to 

the normal or gamma distribution, respectively. 

The simulation of values of T distributed according to the geo- 
metric distribution takes place as follows. Let FT(x) be the geometric 
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cumulative distribution function. A random number u is generated. Let 

T = minimum {x: FT(x).> u }. 

Then T is distributed geometrically. 

In simulating I, the result is determining on which days it 
rains. Simulating R results in determining the amount of rainfall on 
a rainy day. Therefore, combining this information, the simulation 
determines the amount of rainfall on each day. The average amount of 
rainfall per day, E[z2], is then calculated as 0.035 inches. 

The Program 

The program first calculates the mean and variance of the normal 
distribution. The resulting cumulative normal distribution function 
is calculated and stored for future reference. The integral is eval- 
uated by dividing the interval [a,b] into an increasing sequence {xi } 

of n equally spaced points, a distance of d apart. Then, 

b n 
I f (x) dx _ E Af (xi) 
a i=l 

for sufficiently small A. Subsequently, the data for the gamma distri- 
bution is read and the parameters a and ß are computed. Next, the gamma 
function is evaluated at a using the Gauss - Laguerre quadrature. The 
cumulative gamma distribution is then calculated and stored. The inte- 
gral is evaluated in the same manner as is the integral of the normal. 
Next, the data for the geometric distribution is read and the probability 
of rain on any given day is calculated. 

The random number generator is cleared and the simulation pro- 
ceeds as previously described. Given the length of time over which the 
simulation should be run, the program outputs the day number, the amount 
of potential evapotranspiration on that day, and the amount of rainfall 
should there be an occurrence of rain. 

Input to the program consists of the following: 

DELT A real variable indicating the distance between the elements 
of the sequence {xi} to be used in the integration of the nor- 

mal probability density function. 

40 



DELTA A real variable indicating the distance between the elements 
of the sequence {xi} to be used in the integration of the normal 

probability density function. 

LDAY The number of days in the period over which ET and rainfall 

are to be simulated. 

N1 The number of data points of zl for the normal distribution. 

DATAI A data point of z1 for the normal distribution, N1 points in all. 

N2 The number of data points of R for the gamma distribution. 

DATA2 A data point of R for the gamma distribution, N2 points in all. 

R(15) The roots of the 15 -point Gauss -Laguerre quadrature. 

W(15) The weights of the 15 -point Gauss - Laguerre quadrature. 

N3 The number of data points of T for the geometric distribution, 
that is, the number of seasons. 

SM The number of days in a season over which T data is inputted. 

DATA3 A data point of T for the geometric distribution, that is, the 
number of days on which rainfall occurred for a particular 
season, N3 points in all. 

LIMIT The maximum number of days interarrival time allowed plus one. 
The probability of T exceeding LIMIT +1 is sufficiently small. 

The arrangement of input data is given below. The program calls 
for the input to be submitted in the following order and form: 
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Format 

Card 1: DELT,DELTA,LDAY 2F5.3,I3 

Card 2: N1 I4 

Card 3 to Card (N1 +2): DATA1 F4.2 

Card (N1 +3) : N2 I3 

Card (N1 +4) to Card (N1 +N2 +3): DATA2 F4.2 

Card (N1 
+N2 

+4) to Card (N1 +N2 +18): R(I), W(I) 2E25.15 

Card (N1 +N2 +19): N3 I3 

Card (N1 +N2 +20): SM F4.2 

Card (N1 +N2 +21) to Card (N1 +N2 +N3 +20): DATA3 F4.2 

Card (N1 +N2 +N3 +21): LIMIT I3 

A listing of the program follows. 
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PROGRAM SIMU(INPUTsOUTPUT,.TAPE 5 =INPUTsTAPE 6=OUTPUT) 
COMMON /A/ ALPHAsBETA 
COMMON /B/ R(15),W(15) 
COMMON /C/ GAsDELTA,X(401),S(401) 
COMMON /D/ SUM,SUMSQ,N 
COMMON /E/ MEAN, VAR 
COMMON /F/ DELT,Z(71),SS(71) 
COMMON /G/ P, Q, LIMIT 
REAL MEAN 

C 

C 

C 

C 

C 

ALPHA 
BETA 
R(I) 
W(I) 
GA 

= 

= 

= 

= 

= 

PARAMETER OF THE GAMMA DISTRIBUTION 
PARAMETER OF THE GAMMA DISTRIBUTION 
ROOTS OF THE GAUSS- LACUERRE QUADRATURE 
WEIGHTS OF THE GAUSS -LAGUERRE QUADRATURE 
THE GAMMA FUNCTION APPLIED TO ALPHA 

C DELTA = INCREMENT USED IN INTEGRATING THE GAMMA 
C PDF 
C X(I) = EQUALLY SPACED POINTS USED IN INTEGRATING 
C THE GAMMA PDF, X(I)- X(I- 1)= DELTA, X(1) =0 
C S(I) = THE VALUE OF THE GAMMA CDF EVALUATED AT 
C X(I) 
C SUM = QUANTITY USED IN CALCULATING THE MEAN OF 
C THE GAMMA DISTRIBUTION 
C SUMSQ = QUANTITY USED IN CALCULATING THE VARIANCE 
C OF THE GAMMA DISTRIBUTION 
C N = NUMBER OF DATA POINTS OF THE GAMMA 
C DISTRIBUTION 
C MEAN = MEAN OF THE NORMAL DISTRIBUTION 
C VAR = VARIANCE OF THE NORMAL DISTRIBUTION 
C DELI = INCREMENT USED IN INTEGRATING THE NORMAL 
C PDF 
C ¿¿(I) = EQUALLY SPACED POINTS USED IN INTEGRATING 
C THE NORMAL PDF, Z(I)- Z(I -1) =DELI, Z(1) =0 
C SS(I) = THE VALUE OF THE NORMAL CDF EVALUATED AT 
C Z(I) 
C P = PROBABILITY THAT IT 'WILL RAIN ON A DAY 
C Q = PROBABILITY THAT IT WILL NOT RAIN ON A 

C DAY, 1 -P 
C LIMIT = THE MAXIMUM NUMBER OF CONSECUTIVE DAYS 
C WITHOUT RAINFALL 
C LDAY = THE NUMBER OF DAYS FOR WHICH INFORMATION 
C IS TO BE SIMULATED 
C TT = A RANDOM NUMBER 
C SUMT = THE PROBABILITY THAT RAIN OCCURS ON THE 
C I -TH DAY AFTER THE LAST RAINFALL EVENT 

C READ INCREMENTS FOR NORMAL AND GAMMA DISTRIBUTIONS 

READ(5,5) DELT,DELTA,LDAY 
5 FGRMAT(2F5.3sI3) 
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C READ DATA AND CALCULATE PARAMETERS FOR NORMAL 
C DISTRIBUTION 

CALL MV 
CALL NORMALD 

C READ DATA AND CALCULATE PARAMETERS FOR GAMMA 
C DISTRIBUTION 

CALL READGAM 

C READ ROOTS AND WEIGHTS 

DO 10 1=1,15 
10 READ(5,15) R(I),W(I) 
15 FORMAT(2E25.15) 

C DETERMINE GAMMA(ALPHA) AND THE GAMMA DISTRIBUTION 

CALL GAMMAF 
CALL GAMMAD 

READ DATA AND CALCULATE PROBABILITY FOR GEOMETRIC 
DISTRIBUTION 

CALL READGEO 

C CLEAR RANDOM NUMBER GENERATOR 

TT = 0.75 
DO 20 I=1,500 

20 TT = RANF(TT) 

C WRITE HEADINGS 

WRITE(6,25) 
25 FORMAT(1H1,5X, *DAY *,SX, *INTERARRIVAL TIME (DAYS) *,SX, 

*POTENTIAL EVAPOTRANSPIRATION (INCHES) *,5X0 #AMT. OF 
*RAINFALL (INCHES) *, /) 

C SIMULATION OF A GEOMETRIC DISTRIBUTION - -- NUMBER 
C OF DAYS PRIOR TO RAINFALL 

J = 0 

30 J = J + 1 

SUMT = 0.0 
TT = RANF(TT) 
IF(TT.GT.P) GO TO 33 
IT = 0 
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GO TO 50 
35 CONTINUE 

DO 40 I=1sLIMIT 
IM1 = I - 1 

SUMT = SUMT + P*(Q**IM1) 
IF(SUMT.GE.TT) GO TO 45 

40 CONTINUE 
45 IT = IM1 
50 IIT = IT 

IF(IT.EQ.0) IIT = 1 

C IT = THE NUMBER OF DAYS UNTIL THE NEXT RAINFALL 

C SIMULATION OF A NORMAL DISTRIBUTION - -- POTENTIAL 
C EVAPOTRANSPIRATION IN INCHES 

DO 75 K=1,IIT 
TT = RANF(TT) 
ZZ = -1.0 
IF(TT.LE.SS(1)) ZZ = Z(1) 
IF(TT.GE.SS(71))ZZ = Z(71) 
IF(ZZ.iVE.-+1.0) GO TO 65 
DO 55 I=2,71 
IF(SS(I).GE.TT) GO TO 60 

55 CONTINUE 
60 ZZ = Z(I-1) 

C ZZ IS A RANDOM NUMBER DISTRIBUTED BY THE NORMAL 
C DISTRIBUTION WITH THE CALCULATED MEAN AND VARIANCE 
C ZZ = THE AMOUNT OF POTENTIAL EVAPOTRANSPIRATION 
C FOR ONE DAY GIVEN IN INCHES 

65 CONTINUE 
IF(IT.EQ.0) GO TO 80 
WRITE ( 6, 70 ) J, IT, ZZ 

70 FORMAT(5X,I3,16X,I2,33X,F4.2) 
IT = IT - 1 

IF(J.EQ.LDAY) GO TO 105 
J = J + 1 

75 CONTINUE 

C SIMULATION OF A GAMMA DISTRIBUTION - -- AMOUNT OF 
C RAINFALL GIVEN THAT RAIN HAS OCCURRED 

80 TT = RANF(TT) 
XX = -1.0 
IF(TT.LE.S(1)) XX = X(1) 
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IF(TT.GE.S(401)) XX = X(401) 
IF(XX.NE.-1.0) GO TO 95 
DO 85 1=2,401 
IF(S(I).GE.TT) GO TO 90 

85 CONTINUE 
90 XX = X(I-1) 

C XX IS A RANDOM NUMBER DISTRIBUTED BY THE GAMMA 
C DISTRIBUTION WITH THE GIVEN PARAMETERS 

95 XX = XX + 0.25 

C XX = THE AMOUNT OF RAINFALL GIVEN THAT RAIN HAS 
C OCCURRED 

WRITE(6,100) J,IT,ZZ,XX 
100 FORMAT( 5X,I3,16X,I2,33X,F4.2,31X,F4.2) 

IF(J.NE.LDAY) GO TO 30 
105 STOP 

END 

SUBROUTINE MV 
COMMON/E/ MEAN,VAR 
REAL MEAN 
DIMENSION DATA(1010) 

C MV CALCULATES THE MEAN AND VARIANCE OF THE NORMAL 
C DISTRIBUTION GIVEN DATA 

C SEAN = MEAN OF THE NORMAL DISTRIBUTION 
C VAR = VARIANCE OF THE NORMAL DISTRIBUTION 
C N = NUMBER OF DATA POINTS FOR THE NORMAL 
C DISTRIBUTION 
C DATA(I) = DATA POINT FOR THE NORMAL DISTRIBUTION 
C SUM = QUANTITY USED IN CALCULATING THE MEAN 
C SUMV = QUANTITY USED IN CALCULATING THE 
C VARIANCE 
C SUB = QUANTITY USED IN CALCULATING THE 
C VARIANCE 

READ(5,5) N 

5 FORMAT(I4) 
REAli(5,10) (DATA(I),I=1,N) 

10 FORMAT(F4.2) 
SN = N 

SUM = 0.0 
SUMV = 0.0 
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DO 15 I =1,N 
15 SUM = SUM + DATA(I) 

MEAN = SUM /SN 
DO 20 I =1,N 
SUB = MEAN - DATA(I) 
SUB = SUB *SUB 

20 SUMV = SUMV + SUB 
VAR = SUMV /SN 
WRITE(6,25) SUM/MEAN/SUMV/VAR 

25 FORMAT( / / / / /,1X, *SUM = *,F15.9,5X, *MEAN = *,F12.9, //s 
#1X, *SUM = *,F15.9,5X, *VAR = *,F12.9) 
RETURN 
END 

C 

C 

SUBROUTINE NORMALD 
COMMON /El MEANsVAR 
COMMON /F/ DELT/Z(71)/SS(71) 
REAL MEAN 

NORMALD CALCULATES THE VALUES OF THE NORMAL CDF AT 

SPECIFIED POINTS 

C MEAN = MEAN OF THE NORMAL DISTRIBUTION 
C VAR = VARIANCE OF THE NORMAL DISTRIBUTION 
C DELT = INCREMENT USED IN INTEGRATING THE NORMAL 
C PDF 
C l(I) = EQUALLY SPACED POINTS USED IN INTEGRATING 
C THE NORMAL PDF, Z(I)- Z(I -1) =DELT, Z(1) =0 

C SS(I) = THE VALUE OF THE NORMAL CDF EVALUATED AT 

C Z(I) 
C DENOM = CONSTANT 
C D = CONSTANT 

DENOM = SQRT(2.0*3.1415926535898*VAR) 
D = DELT/DENOM 
Z(1) = 0.0 
SS(1) = D*EXP(-MEAN*MEAN/(2.0*VAR)) 
ZI = Z(1) 
SI = SS(1) 
DO 10 I=2,71 
DO 5 J=1,10 
ZI = ZI + DELT 

5 SI = SI + D*EXP(-((ZI-MEAN)**21/(2.0*VAR)) 
Z(I) = LI 

10 SS(I) = SI 
RETURN 
END 
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C 

SUBROUTINE READGAM 
COMMON /A/ ALPHA,BETA 
COMMON/D/ SUM,SUMSQ,N 

READGAM CALCULATES THE MEAN AND VARIANCE OF THE 
C GAMMA DISTRIBUTION GIVEN DATA 

ALPHA = PARAMETER OF THE GAMMA DISTRIBUTION 
C BETA = FARAMETER OF THE GAMMA DISTRIBUTION 
C SUM = QUANTITY USED IN CALCULATING THE MEAN OF 

C THE GAMMA DISTRIBUTION 
C SUMSQ = QUANTITY USED IN CALCULATING THE VARIANCE 
C OF THE GAMMA DISTRIBUTION 
C N = NUMBER OF DATA POINTS OF THE GAMMA 
C DISTRIBUTION 
G DATA = DATA POINT FOR THE GAMMA DISTRIBUTION 

SUM = 0.0 
SUMSQ = 0.0 
READ(5,5) N 

5 FORMAT(I3) 
DO 15 I =1,N 
READ(5,10) DATA 

10 FORMAT(F4.2) 
DATA = DATA - 0.25 
SUM = SUM + DATA 

15 SUMSQ = SUMSQ + DATA *DATA 
CALL PARAM 
RETURN 
END 

C 

C 

SUBROUTINE PARAM 
COMMON /A/ ALPHA,BETA 
COMMON /D/ SUM,SUMSQ,N 

PARAM CALCULATES THE PARAMETERS OF THE GAMMA 
DISTRIBUTION GIVEN THE MEAN AND VARIANCE 

C ALPHA = PARAMETER OF THE GAMMA DISTRIBUTION 
C BETA = PARAMETER OF THE GAMMA DISTRIBUTION 
C SUM = QUANTITY USED IN CALCULATING THE MEAN OF 

G THE GAMMA DISTRIBUTION 
C SUMSQ = QUANTITY USED IN CALCULATING THE VARIANCE 
C OF THE GAMMA DISTRIBUTION 
C N = NUMBER OF DATA POINTS OF THE GAMMA 
C DISTRIBUTION 
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SN = N 

S = SUM *SUM 
SS = SUMSQ *SN 
ALPHA = S/(SS -S ) 
BETA = (SS -S) /(SUM *SN) 
RETURN 
END 

SUBROUTINE GAMMAF 
COMMON /A/ ALPHA 
COMMON /B/ R(15),W(15) 
COMMON /C/ GA 

C GAMMAF CALCULATES THE GAMMA FUNCTION APPLIED TO 
C ALPHA 

C ALPHA _ PARAMETER OF THE GAMMA DISTRIBUTION 
C R(I) = ROOTS OF THE GAUSS- LAGUERRE QUADRATURE 
C W(I) = WEIGHTS OF THE GAUSS -LAGUERRE QUADRATURE 
C GA = THE GAMMA FUNCTION APPLIED TO ALPHA 

GA = 0.0 
DO 5 I=1215 

5 GA = GA + W(I)*(R(I)**ALPHA) 
GA = GA/ALPHA 
RETURN 
END 

SUBROUTINE GAMMAD 
COMMON /A/ ALPHA2BETA 
COMMON /C/ GA,DELTA,X(401),S(401) 

C GAMMAD CALCULATES THE VALUES OF THE GAMMA CDF AT 
C SPECIFIED POINTS 

C ALPHA = PARAMETER OF THE GAMMA DISTRIBUTION 
C CETA = PARAMETER OF THE GAMMA DISTRIBUTION 
C GA = THE GAMMA FUNCTION APPLIED TO ALPHA 
C DELTA = INCREMENT USED IN INTEGRATING THE GAMMA 
C PDF 
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C X(I) = EQUALLY SPACED POINTS USED IN INTEGRATING 
C THE GAMMA PDF, X(I)- X(1 -1)= DELTA, X(1) =0 
C S(I) = THE VALUE OF THE GAMMA CDF EVALUATED AT 
C X(I) 
C DENOM = CONSTANT 
C D = CONSTANT 

DENOM = GA*(BETA**ALPHA) 
D = DELTA/DENOM 
AM1 = ALPHA - 1.0 
X(1) = 0.0 
S(1) = D 

XI = X(1) 
SI = S(1) 
DO 10 I=2s 401 
DO 5 J=1,10 
XI = XI + DELTA 

5 SI = SI + D*(XI*#AM1)*EXP(-XI/BETA) 
X(I) = XI 

10 S(I) = SI 
RETURN 
END 

SUBROUTINE READGEO 
COMMON /G/ P,Q,LIMIT 

C READGEO CALCULATES P AND Q FOR ThE GEOMETRIC 
C DISTRIBUTION GIVEN DATA 

C P = PROBABILITY THAT IT WILL RAIN CN A DAY 
C C = PROBABILITY THAT IT WILL NOT RAIN ON A 

C DAY, 1 -P 
C LIMIT = THE MAXIMUM NUMBER OF CONSECUTIVE DAYS 
C WITHOUT RAINFALL 
C N = THE NUMBER OF DATA POINTS 
C SM = THE NUMBER OF DAYS IN THE PERIOD 
C SUMT = QUANTITY USED TO CALCULATE P 

SUMT = 0.0 
READ(5,5) N 

5 FORMAT(I3) 
READ(5,10) SM 

10 FORMAT(F4.2) 
DO 15 I=1,N 
READ(5,10) DATA 

15 SUMT = SUMT + DATA 
SN = N 
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P = SUMT /(SN *SM) 
READ(5,5) LIMIT 
0 = 1.0 - P 

RETURN 
END 
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APPENDIX II 

MINIMIZATION OF THE COST EQUATION 

This appendix contains a computer program which determines the 
values of y and R that minimixe Eq. (4) over a growth stage. This is 

accomplished by solving Eqs. (5) and (6) simultaneously for y* and 
R* using the Newton -Raphson method. The expectations are evaluated 
using Simpson's rule with a step size of 0.01. After determining the 
minimizing point (y *,R *), the program calculates the associated ex- 
pected seasonal cost. Both the point (y *,R *) and the cost are out- 

putted. 

The program assumes that r(zl) = 0.90z1. However, the function 

r(z1 ) may be changed easily, since it is entered as a functional state- 

ment at the beginning of the subroutines INT2 and INT3. Also, w0 and 

z2 are assumed constants. 

Input to the program consists of the following: 

CH Holding cost per unit per day. 

CS Shortage cost per unit per day. 

CK Setup cost per irrigation. 

CP Purchasing cost per unit per day. 

DAYS Number of days in the season or growth stage. 

W0 Soil moisture content at which crop yield is maximized. 

Z2 Expected value of rainfall per day. 

The arrangement of input data is given below. The program calls 
for the input to be submitted on one card in the following order: CH, 

CS, CK, SP, DAYS, W0, Z2. The format that should be used for this in- 

put is 7F5.3. A listing of the program follows. The subroutines 
SIMEQ and NONLIN are taken from the University of Arizona Computer 
Center Library. 
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PROGRAM MIN( INPUT,OUTPUT+TAPE S=INPUT.TAPE 6=nUTPUT) 
EXTERNAL EVAL 
üIMENSION GUES(2)1ANS(2),X1(2),X2(2).X3(3)+A(7,2) 
-COMMON/A/ F(695),IT,JIT 
CUMHON/B/ WO,Z2,E1,E+2.4.E3,E4,E5 
COMMON/C/ CH,CSsCK,CPIDAYS 

C X(1) = Y, AMOUNT OF WATER REORDERED PFP DYCLE 
C X(2) = R, REORDER POINT 
C PD(1) = VALUE OF THE FIRST SIMULTANEOUS Ft1UATION 
C PD(2) = VALUE (JF THE SECOND SIMULTANEOUS 
C EQUATION 
C GUES(1) = INITIAL ESTIMATE FOR ANS(1 ) 

C GUES(2) = INITIAL ESTIMATE FOR ANS(2) 
C ANS(1) = Y *, THE OPTIMAL AMOUNT `1G 4 TF° 
C REORDERED PER CYCLE 
C ANS (2) = R*, THE OPTIMAL REORDER °IT)T ")T 

C X1 = STORAGE VECTOR 
C X2 = STORAGE VECTOR 
C X3 = STORAGE VECTOR 
C N = NUMBER OF EQUATIONS ANn Un'KNOWNS 
C A = STORAGE MATRIX - MUST nF AT LEAST N *N 
C CELLS LONG 
C F(I) = VALUE OF THE NORMAL PDF AT (T-1 )*().0C1 
C IT = INDEX. USED IN CALCULATTqr "- LX°F ''Trn VALUES 
C JIT = 0 IF IT I3 ODD, = I IF IT IS EVE" 
C WO = SOIL MOISTURE CONTENT AT +W iICH r °OP 
C YIELD IS MAXIMIZED 
C L1 = POTENTIAL EVAPOTRANSPIRATF'N °FP (`AY 

C Z2 = EXPECTED VALUE OF RAINFALL PER DAY 
C El = EXPECTED VALUE OF 1/(Z1 -72) 
C E2 = EXPECTED VALUE OF 1 /(R(7l) -Z ?) 
C E3 = EXPECTED VALUE OF (Z1- 7.2)('(7I) -72)/ 
C ((W0- R)(Z1- R(Zl)) +Y(R(Z1) -7?)) 
C E4 = EXPECTED VALUE OF (Z1- 72)((P(711- 72) **2) 
C /(((WO- R)(Z1- R(Ll)) +Y( ?(71)- 72)W-2) 
C E5 = EXPECTED VALUE OF (Z1- 7?)(P(71 ) -7 ?) 
G (Z1- R(Zl)) /(((W0- R)(Z1.- ?(71))+ 
C ((( WO- R)(Z1- R(Zl)) +Y(R(71)- Z2)) * *2) 
C CH = HOLDING COST 
C CS = SHORTAGE COST 
C CK = SETUP COST 
C CP = PURCHASING COST 
C DAYS = NUMBER OF DAYS IN THE SFASON nP r_POWT 

1 

C STAGE 
C ITOL = THE NUMBER OF SIGNIFICANT DECIMAL DIGITS 
C ACCURACY DESIRED 
C ICON = THE NUMBER OF ITERATIONS nF:T °PD 
C EVAL = EXTERNAL FUNCTIONAL EVAL NJATtn'l 
C ESC = EXPECTED SEASONAL COST "E THE TPPTGATIUN 
C SYSTEM 
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C CALCULATION OF NORMAL PDF OVER THE CLOSFf INTERVAL 
C FROM 0.00 TO 0.67 

READ(5,5) C.H,CS,CK,CP,DAYS,WO,Z2 
5 FORNAT(7F5.3) 

CALL NORMAL 

C ' CALCULATION OF THE MINIMIZING VALUES Y* AMC` R* 

N=2 
ITC)L = 3 

ICONV = 50 
READ(5,5) (GUES(I),I=1.,2) 
CALL NCNLIN(N,GUES,ANS,Xl,X2,X3,A,ITOL,TOO'dV.FVAL) 
+WIT(:((.10) (ANS(I),I=1,2) 

10 FL?RMAT(1H1,5X,*THE SOLUTION IS#,//,10Y,kY = 

*//,10X,*R = *,F10.7) 

C CALCULATION OF THE EXPECTED SEASONAL COST OF THE 
C SYSTEM 

ESC = ( CH* ((ANS(1) +ANS(2)- W0)'k *2)'E1/ ?.0 + 

*AN!S(2)) * +2) *(E2- E1)/2.0 + CK + CP *ANS(1))'nAYS *E3 
WPITE(6,15) ESC 

15 FORMAT( / / / / /,5X, *THE EXPECTED SEASONAL COST TS *, //, 

10X,*ESC = $ *, F10.4) 
WRITE(6,20) CH,CS,CK,CP,DAYS,WO,Z? 

20 FORMAT( /// /1,5X, #CH = ß°,F5.2, /, *C7 = FF. ?s /, 
*SX, *CK = *,F5.2, /,5X,'CP = *,F5. ?. /.5X.'fAYS = 

*F5.2, /,5X, *W0 = *,F5.2,/,5X, *Z2 = *,F5.1) 
STOP 
.END 

SUBROUTINE NORMAL 
REAL MEAN 

COMMON /A/ F(695),IT,JTT 
COMMON /B/ 410, Z2 
RI(X) = X/0.9 

C NORMAL CALCULATES THE NORMAL PDF 4ITH GIVEN MFAN 
C AND VARIANCE FOR VALUES IN THE CLOSED INTERVAL 
C FROM 0.00 TO 0.69 

C- F(I) = VALUE OF THE NORMAL PDF AT (I- 1)0.001 
C IT = INDEX USED IN CALCULATIN' FX°ECTFC VALUES 
C JIT = C IF IT TS ODD. = 1 IF IT TS F!IEN 

C MEAN = MEAN OF THE NORMAL DISTPT1(iTTfN 
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Sl1ßRGUTINt EVAL(X,PD) 
DIMENSION X(2),PD(2) 
REAL K 

COMMON/A/ F(140) 
COMMON/B/ W0y 7_ 2, F 1, E 2, F3, E 4, F 5 

COMMON/C/ CH,CS,CK,CP,DAYS 

C EVAL EVALUATES THE SIMULTANEOUS G ?DATIONS 

C X(1) = Y, AMOUNT OF WATER REORDF?ED PF° CYCLE 
C X(2) = R, REORDER 'POINT 
C PD(1) = VALUE OF THE FIRST SIMULTeYF9Uc FOt!ATION 
C PD(2) = VALUE OF THE SECOND SIMÙLTANFnUS EO±!ATION 
C WO = SOIL MOIST'JttE CONTENT AT 'dHICJ{ CRn(' YIrLI1 

C IS MAXIMIZED 
C 4 l = Y + R - WO 
C A2 = WO - R 

C GIVEN Y* AND R *, THAT IS, OPTIMAL VALVGÇ OF X(1) 
C AND X(2), PD(1) = 0 AND PD(2) = 0 

A2 = WO-X(2) 
Al = X(1) - A2 

CUN1 = CH*A1 
CON2 = CK + CP*X(1) 
CON3 = CS#A2 
Ct?N4 = CON1*A1/2.0 
CDN5 = CC?N3*A2/2.0 
CALL INT1 
CALL INT2 
CALL INTS(X(1),A2) 
E21 = E2 - El 
PD(1 ) = (ì.ON1*El-CON3*E21)*E:3 + (COM1!4'kE1+CnN5*F21+ 

*CON2)*E5 
PD(?) = (CON1*El+C)*E3 - (C(.lN4*E1+C0m5*F21+CON2)*E4 
RETURN 
END 

SUßRf?UTIn!t Nr3NLIN(N,GUES,ANS,XI,X2,X3,A, ITO+ICON, 
*EVAL ) 

C THIS IS THE NEWTON RAPHSON METRO!) FOP A cvcTF'4 OF 

C NONLI^1EAR ECUATIGNS 

C N = NUMBER OF EQUATIONS ANO U"1KW110JS (1F 

C THE FaLLFtwING VECTOPS MUST ßF AT IcAST N 

C CELLS LONG 
C GUES = VECTOR OF I"+ITIAL GUESSES 

55 



C ANS = VECTOR WHERE FINAL ANSWERS APE STnPED 
C xl = STORAGE VECTOR 
C X2 = STORAGE VECTOR 
C X3 = S.TfRAGE VECTOR 
C A = STORAGE MATRIX - MUST BE AT LFAST N *M 
C CELLS LONG 
C ITO = THE NUMBER OF SIGNIFICANT r)ECTMAL nTGITS 
C ACCURACY DESIRED 
C ICON = THE NUMBED OP ITERATIONS DESIRED TIN INPI) 
C ON OUTPUT, IT IS THE ACTUAL "UMBER OF 
C ITERATIONS NEEDED FOR CONVERGENCE. AN 
C ABORT HAS OCCURRED IF THE VALU' TS 0 CN 
C OUTPUT. IF THE VALUE IS NFGATTVE no! INPUT 
C A HIGHER ORDER DERIVATIVE TS CALCULATED. 
C EVAL = EXTERNAL NAME OF THE USERS FUNCTInmAL 
C EVALUATION SUBROUTINE 

EXTERNAL EVAL 
D1MENSICN GUES(1),ANS(1),X1(1),X2(1),X3(l ),AtN,N) 
ICONV=IABS(ICON) 
1STQP=ICONV 
IF (ICONV.E0.O.0R.ICONV.GT.1000) ITOP=1no 
ICONV=1 
IFLAG=O 
IF (ICOR:.LT.0) IFLAG=1 
ITOL=ITU 
IF (ITf?L.LT.1.0R.ITf1L.GT.14) ITOL=14 
TUL= 10.0**(-2*ITQL) 
NN=N 
IF(NN.LT.1.OP.NN.GT.1000)GO TO 9000 

100 DO 200 I=1,NN 
200 ANS(I)=GUES(I) 

C X2 = F(X) 

250 CALL EVAL(GUES,X2) 
DO 500 T=1,NN 
H=(1.0E-05)*ANS(I) 
IF (H.L0.0.0) H=1.0E-05 
GUES(I)=GUFS(I)-H 
IF (I.E(:.1) Gt, TO 300 
GUES(I-1)=ANS(I-1) 

C X(1) = F(X-H) 

300 CALL EVAL(GUES,XI) 
IF (1FLAG.E0.0) GU TO 400 

CALCULATE H2. ORDER DERIVATIVES 
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C 

H2=2.0*H 
GUES(I)=ANS(I)+H 

X3 = F(X+H) 

CALL EVAL(GUES,X3) 
DO 350 J=1,NN 

350 A(J,I)= (X3.(J)-X1(J))/H2 
GO TO 500 

C CALCULATE H * *1 OROER DERIVATIVES 

400 LSO 450 J =1. NN 
450 A(J,I)= (X2(J)- X1(J)) /H 
500 CONTINUE 

C INVERT THE JACOBIAN OF THE SYSTEm 

DET =0.0 
CALL S Ih 'EQ(NN,NN,I,A,X2,DET,X1,ISTNG) 
IF (ISING.NE.1) GO TO 9200 
DO 700 1 =1,NN 
GUES(I)=-A(I,1) 

700 CONTINUE 

C TEST FOR CONVERGENCE 

SUM=0.0 
SUM1=0.0 
[)O 800 I=1,NN 
SUM=SUM+GUES ( I ) **2 
ANS(I)=AN+S(I)+G!1ES(I) 

800 SUM1=SUM1+ ANS(I)**2 
IF (SUM.E:0.O.0.AND.SUM1.E0.0.(}) Gn TO 10000 
IF (SUhi/SUM1.LT.TOL ) GO TO 1:0000 
ICONV=IC(?Nv+1 
IF ( ICONV.GT.ISTI7P ) Gn TO 9100 
DO 900 I=1,NN 

900 GUES(I)=ANS(1) 
GO TO 250 

C ERROR MESSAGES 

9000 PRINT 9010 
9010 FURMAT(1X,#THE ^IUMRER N OF EQUATION S TC 0, ^FrATTVE*. 

** oR GT 1000 *) 

GC? TO 10000 
9100 P!?I*IT 9110,ISTCP 
9110 FORPtAT(1X,*THF NUMBER PF ITERATIONS LIAS GYrF(ID 

*16) 
GO Ti ̀ 9900 
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9200 PRINT 9210,ICONV 
9210 FORMAT(1X, ''THE JACGBIAN OF.THE SYSTEM IS 7FR2. *a 

* ICONV = *,I6) 
9900 

- ICONV =0 
10000 ICUN =ICONV 

RETURN 
END 

SUBROUTINE SIMEQ ( IDIM.NN, MM, A, 3, DcT, TNI. Nr)Gfl) 

C SIMEQ SOLVES THE EQUATION AX =3 'W- Q! At X. AND B 

C ARE MATRICES 
C IDIM = A FIXED P {OINT, CONSTANT, ^R VARIABLE WHOSE 
C VALUE MUST BE EQUAL TN THE MAXIMUM VALUE 
C THAT MAY EVER BE ASSUMED BY THE SI'ISCR.IPT 
C I OF THE MATRIX A(I,J). THIS VALUE IS 

C IDENTICAL WITH THAT USED TN T'1F DIMF"'SION 
C STATEMENTS 'a'HE_N SETTING Tu' IJPPFP LIVTT OP 
C THE SUBSCRIPT 
C NN = A FIXED POINT, VARIABLE, n WAr,SF 

C VALUE MUST EQUAL THE NUMBER nr_ QOYS IN THE 
C MATRIX A 

C MM = A FIXED POINT, VARIABLE, r7 CONSTANT WHOSE 
C VALUE MUST EQUAL THE NUMBER nP COLUMNS IN 

C THE MATRIX 8 

C A = THE SOURCE PROGRAM FLOATING POINT VARIABLE 
C USED TO DESIGNATE THE ELEMENTS OP MATRIX A 

C B = THE SOURCE PROGRAM FLOATING °OINT VARIABLE 
C USED TO DESIGNATE THE ELEMENTS OF MATRIX B 

C DET = A FLOATING °OINT VARIABLE 'JHOSr VaLUF 
C SERVES AS A SCALE FACTOR BY WHICH STMEQ 
C MULTIPLIES THE VALUE OF THE DETFRMTNANT OF 

C A. AFTER THE EXFCUTION OP TNTS SUBROUTINE, 
C DET CONTAINS THE SCALED VF?STON r1F THE 
C DETERMINANT 
C IND = A FIXED OR FLOATING POINT VA°TAPLE 
C DESIGNATING A ONE-DIMENSIONAL EPASAPLE 
C ARRAY OF LENGTH AT LEAST rnt±,A1 T2 TNF 

C NUMBER ,OF RPWS IN MATRIX A. TT IS Tf' THIS 
C AREA SIh'EQ KEEPS A RECORD t)F. THE rIt UNN 
C PERMUTATIONS 
C P:t ?GC; = A FIXED POINT VARIABLE WHICH WILL Br 

C ASSIGNED THE iIXFD POINT CoNSTANTS 1, Ir 

C THE SOLUTION WAS SUCCESSFUL, 1? B, IF THE 
C MATRIX A ' ,iAS SINGULAR 
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C DIMFNSIt'NS 
C A IDIM BY IDIM IF MM IS IDTM 
C IDIM BY MM IF MM IS GT IDIm 
C ß IDIM BY MM 
C IND IDIN 

C FOR MATRICES THE RUW DIMENSION MUST BE THE SAME AS 

C THAT GIVEN ABOVE. THE COLUMN DIMENSION MUST AT 

C LEAST BE THAT GIVEN ABOVE. 
C FOR THE VECTOR THE DIMENSION MUST AT LEAST BE THAT 
C GIVEN ABOVE 

C EXECUTION OF THIS ROUTINE DESTROYS THE ORTCTNAL A 

C AND R MATRICES 

C AFTI7R A SUCCESSFUL EXIT FROM THI SO1ROEITI E, THE 
C ANSWERS OR THE X MATRIX REPLACE THE A MATRIX. 
C THIS REPLACEMENT IS DONE ACCORDING TO THr SCHEME, 
C A(I,J) IS REPLACED BY X(I,J) 

DIMENSION A(IDIM,1),B(IDIM,1),IND(1) 

SET INITIAL CONSTANTS 

N=NN 
M = M M 

NOGO=1 

C SPLCIAL CONSIDERATION WHEN THE ORnFQ OP MATRIX A 

C IS i 

IF(N.NE.1) GO TO 3 

IF(A(1) .EQ. 0.0) GO TO 110 
HOLD = A(i) 
DO 1 I =1, M 

1 A(1,I)= B(1,I) /HOLD 
DET=DET*HOLD 
RETURN 

3 NM1=N-1 
NP1 =N +1 

C INITIALI7E DETERMINANT 

DETM =O[ T 

C INITIALIZE COLUMN INDICATORS 

DO 5 I=1+N 
5 IND(I)=I 

C BEGIN TRIANGULARI7ATIGN T(? GE:T 'UnoF° Tolçn,Gl.E 
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DO 70 K=1,NM1 
KP1=K+1. 
KR=K 
KC=K 

C SEARCH FOR PIVOTAL ELEMENT 

BIGA=AfsS (A(K,K) ) 

DO 10 I=K,N 
DO 10 J=K,N 
IF(SIGA.GE.Aí3S(A(I,J))) GO TO 10 

dIGA=ABS(A(I,J)) 
KR=I 
KC=J 

10 CONTINUE 

C TEST FOR SINGULAR P'ATRIX 

IF(BIGA.E0.0.) GO TO 11.0 

C UPDATE DE.TEF:MINANT 

DETM=DETM*A(Ku,KC) 

C It!TFRCHANGE ROWS 

IF(KR.EO.K) GO TO 30 

DO 20 I=K,N 
HGLD=A(K,I) 
A(K,I)=A(KR,I) 

20 A(KR,I)=HOLD 

C INTLRCHANGL ELEMENTS OF RIGHT HA^'n SIES 

DO 25 L=1.11 

HOLO=E(K,L) 
B(K,L)=El(KR,L) 

25 B(KR,L)=HOLD 

C CHANCF SIGN OF OFTERP+INANT OUF. Tn anw T"'Tf GCHnNGF 

DETM=-LETM 

C INTERCHANGE COLUMT; 

30 IF(KC.Et,).K) GO TO `a`.; 

DU 4U J=1.N 
HCiL[`=A(J,K) 
A(J,K)=A(J,KC) 

40 A(J,KC)=HULD 
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C INTERCHANGE COLUMN INDICATßRS 

C 

I=IND(K.) 
IND(K)=IND(KC) 
IND(KC)=I 

CHANGE SIGN OF Df TERMINANT DUE TP COLUMN 
C INT(-.RCHANGF 

DETM=-DETM 

C DIVIDE REDUCED FGUATION BY LEADI^'S ELEMENT 

55 DO 60 I=KP1,N 
60 A(K,I)=A(K,I)/A(K,K) 

DO 63 L=1,M 
63 3(K,L)=k3(K,L)/A(K,K) 

C REDUCE MATRIX AND RIGHT HAND SIDES 

DG 70 I=KP1,N 
DU 65 J=KP1,N 

65 A(I,J)=A(I,J)-A(I,K)*A(K,J) 
DO 70 L=1, M 

70 3(I,L)=ß(I,L)-A(I,K)*9(K-,L) 

C FINAL TEST FOR SINGULAR MATRIX 

IF(A(N,N).E0.0.) GC TO 110 

C COMPUTE FINAL UETERM1NANT 

DET= DETM'4(N,N) 

C BACK SUBSTITUE TO OBTAIN SOLUTION '/FCTDRÇ 

DO BO L=1,M 
B(N,L)=ks(N,L)/A(N,N) 
DO 80 1=1, NN1. 
HOLD=0. 
J-N-I 
DO 75 KC =1, I 
K=NP1-KC 

75 HE;LD=HOL D+A ( J, K) *P ( K, L) 

80 E3(J,L)=12,(J,L)-HOLD 

C REARRANGE SOLUTIE?ti` VECTORS TO ORIGINAL nPnFP 

DU 90 1=1.N 
J=I"1U(I) 
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OD 90 L=1. r' 

90 A(J,L)=ß(IrL) 
RETURN 

C SINGULAR MAThIX - REDUNDANT SET OP POUATTr1n'Ç 

110 NOGl =3 
DET =O. 
RETURN 
END 
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C VAR = VARIANCE OF THE .NORMAL DTSTRTRUTT0N 
C TVAR = CONSTANT 
C CON = CONSTANT 
C RI(x) = INVERSE FUNCTION OF RR(X). POTENTIAL. ET 

C PER DAY AS 4 FUNCTION OF ACTUAL FT DER DAY 

MEAN = 0.3356 
VAR = 0.0137 
TVAR = 2.O*VAR 
CON = 1.0/SQRT(2.0*3.1415926535898*VAR) 
Z = 0.0 
DO 5 I=1,691 
ZM = Z - MEAN 
F(I) = CON#FXP(-ZM*ZM/TVAR) 

5 Z = Z + 0.001 
SUM = 0.0 
J = RI(Z2)*1000.001 + 2.0 
RJ = J 

IIT = (J-2)/50 
RIT = (RJ-2.0)/50.0 
RIIT = IIT 
IF(RIIT.EQ.IIT) J=J+1 
IT = J 

JIT = 0 

RJ = J 

RJ = RJ/2.0 
JR = J/2 
RJR = JR 

IF(RJ.NE.RJR) GO TO 10 

SUF = 0.001*F(J-1) 
JIT = 1 

10 .SUM = SUM + F(J) + F(691) 
S = 0.0 
J = J + 1 

DO 15 I=J, 690, 2 
15 S = S + F(I) 

SUM = SUM + 4.0*S 
S = 0.0 
J = J + 1 

DO 20 I=J,569,2 
20 S = S + F(I) 

SUM .= SUM + 2.0*S 
SUM = SUM;-0.001/3.0 
FACT = 1.0/SUM 
DO 25 1=1,131 

25 F(I) = FACT*F(f) 
RETURN 
END 
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C 

.0 

SUi3R0UTINE INT1 
COMMON/A/ F(695),IT,JIT 
COMMON/B/ WO,Z2,E1 

INT1 CALCULATES El USING SIMPSONS RULE 

F(I) = VALUE OF THE NORMAL PDF AT (I -1) "0.O01 
C IT = INDEX USED IN CALCULATING FXPEr:TFD VALUES 
C JIT = 0 IF IT IS ODD, = 1 IF IT IS EVEN 
C WO = SOIL MOISTURE CONTENT AT WHTCq CROP YIELD 
C- IS MAXIMIZED 
C Z1 = DOTENTIAL EVAPOTRANSPIRATTnm pçP nAY 

C Z2 = EXPECTED VALUE OF RAINFALL PER DAY 

C El = EXPECTED VALUE AS DEFINED TN RPf',RAM MIN 

E1. = 0.0 
S = 0.0 
RIT = IT 

J 

IF(JIT.E0.0) GO TO 1 

Z1 = (PIT-2.0)*0.001 
El = 0.001*F(J-1)/(Z1-Z2) 

1 Z = (RIT-1.0)}0.001 
El = F(J)/(Z-Z2) + F(691)/(0.69-72) + El 

Z1 = Z - 0.001 
J = J + 1 

DO 5 I =J, 690, 2 
Z1 = Z1 + 0.002 

5 S = S + F(I)/(Z1-Z2) 
El = El + 4.O*S 
S = 0.0 

= J + 1 

Z1 = Z 

DU 10 I=J, 689, 2 
Z1 = Z1 + 0.002 

10 S = S + F(I)/(Z1-Z2) 
El = El + 2.0*S 
El = E1*0.001/3.0 
RETURN 
END 

SUBROUTINE TNT2 
CUM"UN/A/ F(695),IT,JIT 
COMmON/B/ WO, Z2, E1, E2 
RR(X) = O.a*X 

C INT2 CALCULATES F2 USING SIMPSDNS PUl_F 
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C F(I) = VALUE OF THE NCPMAL PDE AT (T -l) *0.001 
C IT = INDEX USED IN CÁLCULATING r_X°FCTEO VALUES 
C JIT = 0 IF IT IS ODD. = 1 IF IT TS c\I N 

C WU = SOIL MOISTURE CONTENT AT i4HT"H 0 ?!)P YIELD 
C IS MAXIMIZED 
C 71 = POTENTIAL tVAPOTRANSPIPATTON °F4 DAY 

C Z2 = EXPECTED VALUE. OF RAINFALL °ÇP DAY 

C El = EXPECTED VALUE AS DEFINEf TN PRT7RAM MIN 

C E2 = EXPECTED VALUE AS DEFINED IN PPPT,RAN MIN 

C RR(X) = ACTUAL FT PER DAY AS A Fr)NCTTcN pr 

C POTENTIAL ET PER DAY 

E2 = 0.0 
S = 0.0 
RIT = IT 

J = IT 

IF(JIT.t0.0) GO T(? 1 

Z1 = (RIT-2.0)*0.001 
E2 = 0.001*F(J-1)/(RR(Z1)-Z2) 

i Z = (RIT-1.0)*0.001 
E2 = F(J)/(RR(Z)-Z2) + F(691)/(+RR(0.69)-72) + F2 

Z1 = Z - 0.001 
J = J + 1 

DC 5 I=J,690,2 
ZI = Z1 + 0.002 
0 = RP(Z1) - Z2 

5 S = S + r(I)/D 
E2 = E2 + 4.O*S 
S = 0.0 
J = J + 1 

ZI = Z 

DO 10 I=J,689,2 
Z1 = Z1 + 0.002 
D = RR(Z1) - 72 

10 S = S + F(I)/D 
E2 = F2 + 2.0#S 
E2 = E2*0.001/3.0 
RETURN 
END 

SUBROUTINE INTS(Y,WP) 
REAL H UM E R 
CÜMMCN /A/ F(695),IT,JIT 
COMMON /B/ WO,Z2,EI,k2,E3.E4,E5 
RR(X) = 0.9 *X 
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C 

C 

C 

C 

C 

.0 

INTS 
RULE 

F (T) 
IT 

JIT 
WO 

CALCULATES E3, F4. .AND F`, USIN!s STMPsf',NS 

= VALUE ('F THE NOPr1AL PDF AT (I- 1) *O.001 
= INDEX USED IN CALCULATING EX°F(TFO VALUES 
= 0 IF IT IS flop, = 1 IF IT IS FVF^' 

= SOIL MOISTURE CONTENT AT WHTC.H CpO' YIELD 
C IS MAXIMIZED 
C Z1 = POTENTIAL EVAPOTRANSPIRATI ! lN' PFP DAY 
C Z2 = EXPECTED VALUE OF RAINFALL °FD DAY 
C E1 = EXPECTED VALUE AS DEFINEn IN PRnGRAM MIN 
C E? = EXPECTED VALUE AS DEFINED TM DPOGDAM MTN 

C F3 = EXPECTED VALUE AS OFFINEn Tm nRnr?Am MIN! 

C E4 = EXPECTED VALUE AS DEFINEn T`) PRnGPAtl MTN 
C E5 = EXPECTED VALUE AS DEFINEn IN! °P.('.2AM MIN 

C RR(X) = ACTUAL ET DER DAY AS A FUMCTTfM nr- 

C POTENTIAL ET PER DAY s 

C WR = WO - R 

E3 = 0.0 
E4 = 0.0 
E; = 0.0 
S3 = 0.0 
S4 = 0.0 
S5 = 0.0 
RIT = IT 

J = IT 

IF(JIT.E`).0) GO TO 1 

Z1 = (PIT-2.0)*0.001 
ZR = RP(Z1) 
ZR2 = ZP - Z? 
Z1R = Zl - ZR 
NUMER = (Z_1-Z2 )*ZR2 
DENO^^, = 4k*Z1P. + Y7R? 
E3 = 0.001*F ( J-i ) *NUMFP/DENUM 
F4 = F3*ZR2/DFNOti 
E5 = E3*Z1R/DENOM 

1 Z = (RIT-1.0)*0.001 
ZR = RR(7_) 

ZR2 = ZR - Z2 

Z1R = Z - ZR 
NUMLR = (Z-Z2)*ZR2 
D'cNOM = WR*Z1R + Y*ZR2 
ADD = F ( J ) T'NUN ER /D ENI')M 

E3 = F3 + ADD 
E4 = E4 + ADD*ZR2/DENnr', 
E5 = E5+ ADO*Z1R/DENnM 
ZR = RR(0.69) 
ZP2 = ZN - Z? 

Z1R = 0.69 - Zr 
NUMEP. _ (0.6U-Z.?)*Zñ2 
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DENCIM = WR*71R + Y*ZR? 
ADD = F(691)$NUMER/DFN9M 
E3 = E3 + ADD 
E4 = E4 + A.DD*ZR2/DEN7M 
E5 = E5 + ADD*ZIR/DENf)M 
J = J + 1 

Z1 = 7 - 0.001 
DO 5 I=J,690,2 
Z1 = Z1 + 0.002 
ZR = kR(Z1) 
ZR2 = ZR - Z2 

Z14 = Z1 - ZR 
NUMER = (Z1-Z.2)¡,ZR2 

DEMON = WR#Z1P + Y*ZR2 
ADD = F( T )#r:UMER/D;:NOM 
S3 = S3 + ADD 
S4 = S4 + ADD*ZR2/DE^dfl!1 

5 S5 = S5 + ADD*Z1R/DE.NnM 
E3 = E3 + 4.0*53 
E4 = E4 + 4.0*S4 
E5 = E5 + 4.0*55 
S3 = 0.0 
S4 = 0.0 
S5 = 0.0 
J = J + 1 

ZI = Z 

DO 10 1=J,609,2 
Z1 = Z1 + 0.002 
ZR = Rk(Z1) 
ZR2 = ZR - Z2 
Z1R = 71 - ZR 
NUMER = (Z1-Z2)*ZR2 
DFNOh} = WQ*Z1R + Y*ZR2 
ADD = F(I )*NUMER/DENi;*î 
S3 = S3 + ADD 
S4 = S4 + ADD*ZR2/0ENnM 

10 S5 = S5 + 4DD#211R/UEW^M 
E3 = E3 + 2.0*S3 
E4 = E4 + 2.04,54 
ES = E5 2.0*55 
D = 0.001/3.0 
E3 = 

E4 = E4*D 
ES = ES*D 
RETURN 
END 
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APPENDIX III 

NOTATION 

A = 1 /t3 

[a,b] = an interval from point a to point b 

C(y,R) = expected seasonal cost of the system 

ch = holding cost per unit per day 

ck = setup cost per order 

cp = cost of purchasing water per unit 

cs = shortage cost per unit per day 

D = expected number of orders per season 

E[] = expected value of 

EHC(y,R) = total expected seasonal holding cost 

EKC(y,R) = total expected seasonal setup cost 

EPC(y,R) = total expected seasonal purchasing cost 

ESC(y,R) = total expected seasonal shortage cost 

ETa = actual evapotranspiration 

ETp = potential evapotranspiration 

E1 = expectation as defined on p. 22 

E2 = expectation as defined on p. 22 

E3 = expectation as defined on p. 22 

E4 = expectation as defined on p. 22 

E5 = expectation as defined on p. 22 

FC = field capacity . 

FT(x) = cumulative distribution function of T 

f(x) = probability density function 

f(zl) = marginal probability density function for z1 
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f(2) = marginal probability density function for z2 

f(z3) = marginal probability density function for z3 

f(z4) = marginal probability density function for z4 

f(z5) = marginal probability density function for zs 

f(zl,z2) = joint probability density function for zl and z2 

f(z4,z2) = joint probability density function for z4 and z2 

f(z3,z5) = joint probability density function for z3 and z5 

f(zl,z2,z4) = joint probability density function for zl, z2, and z4 

fR(x) = gamma probability density function 

f 
n 
(z 

1 
= distribution of z 

1 
given the nonoccurrence of rain 

fo(zl) = distribution of z 
1 
given the occurrence of rain 

f() = population distribution of 

fs() = sample distribution of 

fz(x) = normal probability density function 

g(t) = available soil water over time given the potential rate 
of soil- moisture depletion 

H = Hessian matrix of C(y,R) 

H(y,R) = holding inventory per cycle 

H(y,R) = expected holding inventory per cycle 

h(t) = available soil water over time given the actual rate of 
soil- moisture depletion, for t < t1 

N = number of days in a particular growth stage of a crop 

n = number of points 

PWP = permanent wilting point 

p = probability of rain on any given day 

R = level of soil moisture content at which an irrigation 
occurs 

R = amount of rainfall given that the event has occurred 
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r(z1) = function of zl (z4 = r(z1)) 

S = quantity defined on p. 23 

S(y,R) = shortage inventory per cycle 

S(y,R) = expected shortage inventory per cycle 

s(ETp) = function of ET 

T = interarrival time between rainfall events 

t = time 

tl = length of time in cycle that ETa = ET 

= length of time for the available soil water to decrease 
to R given that the demand rate is ET 

t3 = length of time of one cycle 

u = a random number 

w = soil water content 

w 
a 

= actual soil water content 

w = soil water content that would be present if the plant 
p were growing at its maximum potential 

w0 = soil moisture content at which crop yield is maximized 

w1 = soil moisture content at which profit is maximized 

xi = ith point, i = 1, 2, ..., n 

y = amount of water applied at the beginning of each cycle 

zl = rate of ETp (inches /day) , 0 < zl 

z2 = E[z2] 

z2 = rate of rainfall (inches /day), 0 < z2 

z3 = potential rate of soil- moisture depletion (inches /day), 

0 <z4 

z4 = rate of ETa when t > tl (inches /day), 0 < z4 

z = actual rate of soil- moisture depletion for t > t 
-5 

(inches /day), 0 < z5 
-1 
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a = parameter of the gamma distribution 

a F parameter of the gamma distribution 

u =mean 

2 
Q = variance 

* = minimizing value 
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