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ABSTRACT 

Design of engineering projects involve a certain 

amount of uncertainty. How should design decisions be 

taken in face of the uncertainty? What is the most ef- 

ficient way of handling the data? 

Decision theory can provide useful answers to these 

questions. The literature review shows that decision theory 

is a fairly well developed decision method, with almost no 

application in hydrology. The steps of decision theoretic 

analysis are given. They are augmented by the concept of 

expected expected opportunity loss, which is developed as a 

means of measuring the expected value of additional data be- 

fore they are received. The method is applied to the design 

of bridge piers and flood levees for Rillito Creek, Pima 

County, Arizona. Uncertainty in both the mean and the vari- 

ance of the logarithms of the peak flows of Rillito Creek is 

taken into account. 

Also shown are decision theoretic methods for: 1) 

handling secondary data, such as obtained from a regression 

relation, 2) evaluating the effect of the use of non - 

sufficient statistics, 3) considering alternate models and 

4) regionalizing data. 

vii 
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It is concluded that decision theory provides a 

rational structure for making design decisions and for the 

associated data collection and handling problems. 



CHAPTER I 

INTRODUCTION 

Systems Engineering is concerned, in part, with the 

design of systems in many fields. In this dissertation we 

shall examine systems that pertain to hydrology. Our at- 

tention will be focused on the information brought to bear 

on the design of such systems. 

How much information is enough? The answer is 

usually, "more than we have ". In the construction of a 

bridge over a river we must have protection against peak 

flows. Too little protection may result in the loss of the 

bridge; too much protection is a waste of resources. The 

question then arises: What about the uncertainty in the 

peak flow data - do we have enough information to make an 

intelligent decision about the protection needed? 

In more general terms, two problems, which are of 

significant proportions in hydrology today, are: 1) How 

should the design of a project take the uncertainty of the 

hydrologic parameters into account and 2) what is the most 

efficient way of collecting and handling the data needed to 

estimate these parameters? 

1 
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The data needed for design decisions in many hydro- 

logic projects is limited to the historic record. This 

record is a sample from a stochastic process. A knowledge 

of the parameters of the process is needed so an economical 

design can be constructed. Because most historical records 

are short, the value of the process parameters is uncertain 

- specifically knowledge of the process parameters is a 

probability distribution function. A rational way is needed 

for handling this knowledge. What sort of "safety factor" 

must be included because of the uncertainty? What is the 

cost of the safety factor? Could this cost be reduced by 

waiting for more record? What is the cost of waiting? 

Would it be worthwhile to use data from secondary sources 

which have a longer historic record such as tree rings or 

the flow of neighboring rivers? 

This dissertation shows that decision theory pro- 

vides a framework for the satisfactory solution of these 

and related problems. First decision theory will be de- 

veloped, and extensions made to expedite hydrologic appli- 

cations. Then a literature review is presented. Then two 

completely worked examples for realistic situations are 

done. These examples include calculations for the worth of 

one more year's data. Analogous methods are developed for 

measuring the worth of other related data, of regionaliza- 

tion studies, of better models and of other data handling 
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methods. Conclusions are drawn and the implications to 

hydrology are assessed. 

The literature review shows very little work from a 

decision theoretic viewpoint has been done in hydrology, as 

compared with other fields. The need however, has been 

recognized. Borgeman and Amorocho (1970, p.82) state: 

Economic considerations concerned with utility and 
risk are intimately intertwined with the other as- 
pects of hydrologic studies and computational tech- 
niques. In a very fundamental way it seems that 
statistical decision theory should find a fertile 
area for application in hydrologic questions. 

Herfindahl (1969, p.140) notes: "There is no attempt to 

estimate the value of the marginal product of hydrologic 

data ". This dissertation shows Borgeman and Amorocho were 

prophetic and corrects the deficiency mentioned by 

Herfindahl. Our criteria for the value of data has been 

succinctly expressed by Hirshleifer (1969, p.3): "Informa- 

tion is of value only if it can affect action ". The quan- 

titative measure of how information affects action comes 

from the decision theoretic framework presented in the next 

chapter. 

This dissertation shows how Systems Engineering is 

of great use in hydrology from the vigorous conceptualiza- 

tion of the problem to methodology of solution. 



CHAPTER II 

THE DECISION THEORETIC APPROACH 

Decision theory is not a rigid theory, it is a set 

of guide posts. It may be referred to by many names in- 

cluding decision analysis, decision theoretic analysis, 

Bayesian decision analysis, etc. The approach used here is 

a modification of one developed by Howard (1966b). 

Decision theory may be considered to consist of the 

following steps: 

1. Define the goal. 

2. Define the decision to be made and identify the alter- 

natives. 

3. Analyse the project. 

a. Define the goal function. 

i. Select the state and decision variables. 

ii. Set a time preference. 

-ice --. Include the risk aversion. 

b. Make a'sensitivity analysis. 

c. Develop the stochastic properties of the state 

variables. 

d. Calculate the outcomes of the various alternatives 

and determine the stochastic properties of these 

outcomes. 

4 
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e. Eliminate the dominated alternatives. 

4. Make the decision. 

a-. - -- _Calculate the expected value of the goal function 

for -each alternative. 
2 r-`c`X 

b. Choose alternative to minimize the expected value 

of the goal function. 

5. Analyse the effect of uncertainty. 

a. Determine expected opportunity loss due to uncer- 

tain parameters in the problem. 

b. Evaluate information gathering programs. 

i. Determine the expected reduction in the ex- 

pected opportunity loss with further informa- 

tion. 

iì. Determine full cost of obtaining further 

information. 

iii. Obtain further information if warranted and 

repeat analysis. 

Details of Method 

The terminology used in this section is that of 

Raiffa and Schlaifer (1961) except where extensions in the 

theory have been made. 

Strictly speaking, the first step, defining the 

goal, is not an engineering function. The goal may come 
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from a policy making group such as the board of directors 

of a corporation or the goal may be politically motivated. 

The engineer should see that the statement of the goal is 

consistent and that it really expresses the wants of the 

policy making group. Here suggestions from the engineer 

would be in order. 

The proper formulation of the goal is essential to 

identification of all possible alternatives available, which 

could result in a nonoptimal decision. An example of this 

may be seen in the Rillito Creek flood problem. If the goal 

is to keep flood waters out of the valley the alternatives 

will be limited to dams, dikes and retention basins. If the 

goal is the minimization of damage due to floods the ad- 

ditional alternatives of flood plain zoning and flood in- 

surance, alone and in combination with the previous 'alter- 

natives, may now be considered. Here the engineer has the 

largest opportunity to be creative, because the decision 

will be one of the alternatives identified at this point. 

When the goal and the alternatives are known the engineer 

can quantify the goal by defining a goal function, as shown 

below. 

Step 3, the analysis of the project, starts by put- 

ting the goal into the form of a goal function. The first 

stage here is selecting the state and decision variables 
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and defining the goal function with these variables as 

arguments. If the goal function evaluations cover a long 

time span, some preference for the goal in relation to time 

should be expressed. This is usually done by establishing 

a discount rate. 

In the decision theoretic framework the final de- 

cision is made on the basis of expected values. In using 

expected value as a criteria the assumption is made that 

value is a linear function with quantity. This assumption 

might hold on the Rillito Creek in Tucson because to this 

large community, the loss of 200 houses due to a flood 

would be about twice as bad as the loss of 100 houses; how- 

ever to a small town of about 300 houses total, the loss of 

200 houses would be more than twice as crippling as the 

loss of 100 houses. Thus the loss of 200 houses once every 

100 years would not be equivalent to the loss of 100 houses 

once every 50 years, in the case of the small town. The 

goal function needs a factor to take care of this differ- 

ence. This factor is called the risk aversion factor. As- 

signing this factor is difficult as it will vary as the 

goal maker's viewpoint varies. 

One way of handling risk aversion is by the con- 

struction of a utility function. Utility is a measurement 

of the value of some item. In this case the item is houses. 
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Usually the item is dollars. As a measure of gain or loss, 

the utility of the item is used in the goal function rather 

than the item. 

When the stakes of a fair bet are evaluated by a 

risk averse utility function the bet is unfair in terms of 

utility. A goal maker whose utility function is risk 

averse is said to be a non -gambler. 

The next stage in the analysis step is to simplify 

the problem by sensitivity analysis. If the decision is 

not sensitive to a certain variable, the value of the vari- 

able may be fixed and the variable left out of future 

analysis. 

At this point, the stochastic properties of the 

state variables which were not fixed as a result of the 

sensitivity analysis, are developed. If some historical 

record is available this may be used. If the engineer 

deems the historical record not adequate, "subjective" 

probabilities may be assigned by the engineer. These repre- 

sent beliefs about the parameter in question. In formal de- 

cision making procedures these beliefs will influence the 

decision even though the beliefs are not specifically 

stated. In decision theoretic analysis, quantitative 

statements of these beliefs are needed. On the Rillito 

Creek there is enough data available to fit "objectively" 



the parameters of a probability distribution, but due to 

the small quantity of high flow data the assignment of a 

probability distribution that accurately represents the 

frequency of high flows may be considered subjective. The 

probability distribution describing the stochastic proper- 

ties of the state variables will be referred to as the prior 

distribution of these variables. 

Now calculations can be made to determine the out- 

comes of the various alternatives. These outcomes will be 

stochastic in nature. At this point, dominated alterna- 

tives may be eliminated. Alternative A is dominated by 

alternative B if for all values of the state variables 

the goal function evaluated with alternative A is less 

than the goal function evaluated at alternative B. This 

may appreciably reduce the computational load for the next 

step. Such an elimination may be done rather easily for 

some alternatives. If a diversion tunnel to handle flood 

waters always costs more than dikes of the same capacity 

the alternative of a diversion tunnel may be eliminated. 

After the calculations are completed, the decision 

among the alternatives, step 4, can be made. The expected 

value of the goal function is calculated for each alterna- 

tive. This is the Bayes Risk, R, of the alternative, a, 

with respect to the probability distribution, f(6), which 
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carries the stochastic properties of the state variables. 

This may be expressed as 

R(a,f,g) = Jg(a,6)f(e)dO. (1) 

Neither the goal function, g(a,e), nor the proba- 

bility distribution, f(6), will be included in the Bayes 

Risk notation, except in cases of possible ambiguity. The 

Bayes Risk, R(a), is a function of the alternative chosen. 

The decision is made by choosing the alternative a *, which 

minimizes the Bayes Risk: 

R(a*) = minJg(a,e)f(6)de. (2) 

a 

a* is by definition the Bayes Solution, if one exists. 

The Bayes Risk for all alternatives need not be exhaustively 

enumerated as an effective search procedure may be used to 

locate the minimum. 

By contrast a minimax decision ä is one which can 

be made without knowledge of f(6): 

max g(ä,6) = min max g(a,e) , 

e a e 



Step 5, analysing uncertainty, is the heart of the 

procedure. Here we obtain the cost of uncertainty in the 

data and an indication of the worth of more data. 

If the true values, 6 
T' 

of the state variables 

were known, the alternative chosen, aT, would be the one 

which minimized the goal function for eT: 

g (aT, 8T) = min g (a, eT) . 

a 

Since we have already made the decision to use 

alternative a *, we may have made a nonoptimal choice. 

Because of making a nonoptimal choice we suffer an oppor- 

tunity loss: 

11 

(3) 

oL (a* , eT) = g (a* , eT) - g (aT, eT) . (4) 

This represents the extra costs which has to be paid be- 

cause our decision was made on the basis of imperfect 

knowledge about the state variables rather than perfect 

knowledge. From the engineer's viewpoint this is meaning- 

less as he does not know the true values eT. If he did 

he would not be going through this analysis. What is known 

is the probability density function of eT. This is, by 

definition, the prior distribution of the state variables: 
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f(e). Now we can calculate the expected opportunity loss: 

XOL(f) = J[g(a*,o) - g(aT(e),(3)jf(e)de (5) 

where aT(e) is the best alternative for O. The XOL may 

be considered the maximum amount we would pay to a clair- 

voyant consultant for the true value of 8, because the 

XOL is the expected value of perfect information. 

The crucial question is: Would it be worthwhile to 

get additional data from some source to reduce our uncer- 

tainty about the state variables? The reduction in uncer- 

tainty will be measured by the reduction in XOL. The 

additional data will be in the form of observations, x, 

whose likelihood is parameterized by some or all of the 

state variables. 

The new data and the prior distribution of the 

state variables give, via Bayes' Rule, a revised distribu- 

tion of the state variables called the posterior distribu- 

tion: 

f(ex) - f(e)-.2(xle) 
If(e).e(x(e)de' 

where f(e) is the prior distribution, f(OIx) is the 

posterior distribution and .2(x`8) is the probability 

(6) 
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density function of the observation x given the parameter 

e. 

The Bayes Risk for each alternative is calculated 

using the posterior distribution, and the alternative with 

the minimum Bayes Risk is chosen. The new data gives us 

action ax which minimizes the Bayes Risk with respect to 

the posterior distribution. An expected opportunity loss 

is calculated. Since we really have not obtained any ad- 

ditional data we do not know what the observation will be. 

We take an expectation over all possible points to obtain 

the expected expected opportunity. loss. 

XXOL (X ) = 1 XOL ( f ( e i x ) ) .e. ( x ) dx (7) 

In this equation .2(x) is the distribution of the next 

data point. It is called the predictive probability dis- 

tribution of x and is calculated as follows: 

.C(x) = J(xIO)f(e) d8. (8) 

The expected decrease in the expected opportunity 

loss is called the expected value of sample information: 

EVSI(X) = XOL - XXOL. (9) 
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The XXOL approach is new for decision theory; it 

is developed because of its intuitive appeal and computa- 

tional simplicity. Appendix A shows the equivalence of this 

concept with the concept used by Raiffa and Schlaifer 

(1961) . 

There is a cost of sampling which usually consists 

of the actual costs of making the observation, and if the 

project is delayed the loss of benefits for the period of 

delay. These costs may be stochastic in nature; the loss 

of benefits from construction of a flood levee while wait- 

ing to obtain another measurement of peak river flow will 

be high if the next peak is above flood stage. So there is 

an expected cost of sampling: ECS(x). 

In many cases ECS will be constant. The expected 

net gain of sampling then is: 

ENGS(x) = EVSI(x) - ECS (x) . (10) 

If different sources of information about the state 

parameters are available the engineer will use the one(s) 

which give the largest ENGS. 

Conjugate Distributions 

Bayes' Rule, Eq. (6), is easy to write but not 

always easy to calculate in view of the denominator of the 
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right hand side. In many cases there is no choice but to 

do the integration, analytically if possible or numerically 

otherwise. There are, however, certain distributions of 

observations whose parameters have prior and posterior 

p.d.f.s belonging to the same family of distributions. If 

a distribution of observations has such a family of dis- 

tributions associated with its parameters, the distribu- 

tion is called a conjugate distribution. If the parameters 

of the observational p.d.f. have sufficient statistics 

whose distribution is known, the distribution of the suf- 

ficient statistic forms the conjugate family, with a func- 

tion of the sufficient statistic being the parameter of the 

conjugate family. The posterior distribution is obtained 

from the prior distribution by revising the sufficient 

statistics with the observations, which in most casés is a 

much easier calculation than the direct use of Bayes' Rule. 

For all cases where there is a conjugate distribu- 

tion the integration necessary to obtain the predictive 

distribution of the next observation may be avoided by a 

novel use of Bayes' Rule: 

f(e 

therefore 

f(e) t(xle) f(e) t(xle) 
!f(e)t.(xle)de f(x) ' 



f(x) -- 
f(e) .e(xle) 

f (e lx) ° 

16 

(12) 

The numerator on the right hand side is known and 

the denominator may be calculated because of conjugacy. 

Removal of common factors in numerator and denominator is 

aided by the concept of the kernel of a distribution 

(Raiffa and Schlaifer, 1961, Sec. 2.1). If the likelihood 

function £(zie) can be factored: 

Q(z16) = k(zIO)r(z) (13) 

then k is a kernel of the likelihood and r(z) is a 

residue. Raiffa and Schlaifer show 

f(eIx) = ck[f(e)]k[Q(xle)], (14) 

where k[] is the kernel and c is a constant for fixed 

x. c usually may be determined easily by observation for 

conjugate functions. 

Substituting Eq. (14) in Eq. (12) we obtain: 

f(x) _ r[f(e)]r[t.(x(e)] 

where r[] is the residue. 

(15) 
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An example of the use of conjugate distributions is 

given at the end of this chapter. 

Comparison with Classical Methods 

How do these procedures compare with classical 

statistical methods? Lindley (1965, p.66) said: 

The role of inference is to provide a statement of 
knowledge of 6 that is adequate for making de- 
cisions which depend on e. This it does by pro- 
viding the posterior distribution either in its 
entirety or in some convenient summary form such 
as a confidence statement. 

Decision theory uses the whole distribution to arrive at a 

decision. By using the whole distribution rather than a 

"summary form ", decision theoretic methods tell us more 

about the problem; but in most cases the computational work 

is greatly increased. 

Will the results of using decision theory be worth 

the extra computational effort? This depends on the prob- 

lem. The engineer will have to do most of the preliminary 

steps outlined for decision analysis regardless of how he 

completes the analysis. By the time the sensitivity analy- 

sis has been run he should have a "feel" for the problem 

and should be able to decide whether the complete decision 

theory calculations would be beneficial or whether short- 

cuts would be acceptable. 
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Binomial Example 

As an example, consider the situation of flooding 

in a gulley that may happen in the spring due to heavy rain. 

It is assumed that a maximum of one flood may occur per year. 

The flooding of the gulley causes damage to property. This 

damage is assumed to be constant for each flood and to be 

equal to A. Flood control measures are available such as 

a dam, and will have an annual cost of B. This cost is 

incurred in nonflood as well as flood years. 

The probability of x floods in y years is bi- 

nomial 

(X)ex(1 
6)Y-x (16) 

where e is the state variable and represents the expected 

number of floods per year. The goal function is 

g(a,e) = 

B if a E dam, 

AO if a E no dam. 

As shown below, conjugate to the binomial distribu- 

tion is the beta distribution: 



f (6 1r,n - r) 
B(n,n1 -r) 

er-10. 
- 9)n-r-1 , 

where B (n,n - r) is the beta function: 

B = -e)n-rde (r-1) ! (n-r-1) ! 

Je'1(1 
(n-1)! 

0 

19 

(17) 

defined for n, n - r > 0. (18) 

Using Bayes' Rule on Eq. (1) and (2) gives 

f (e ix) = fB (e ir + x,n + y - (x + r)) , (19) 

in the following manner: 

f (e x) = f (e)(xle) - If (6),e(xl e)de 

where 

er -1 (1- 
n-r-1(X) x (1-e y-x 

ex+r-1 (1- n+y- (x+r) -1 (y) 
x 

B (r,n-r)K 

B (r,n-r) K 

1 ex+r-1 n+y- (x+r) -1 (y) 

K = j B (r,n-r) de, 
0 

B (x+r,n+y- (x+r) ) ()Yc) 

B (r,n-r) 

(20) 

(21) 



so that 

ex+r-1 n+y- (x+r) -1 
f ( e lx) - 

ß (x+r,n+y- (x+r) ) 

= f0 (8Ir + x,n + y - (x + r)) . 

20 

(22) 

It is convenient to express the prior distribution 

in terms of the average number of floods per year, r /n. n 

is either the number of observations taken or the representa- 

tion of a subjective degree of belief in the fraction r /n, 

where the degree of belief is expressed as a number of 

hypothetical observations, n. 

Only two alternatives are considered:to have a dam 

or not to have a dam. The Bayes Risk for a dam is 

¡1 
R(dam) = J Bfß(elr,n - r)de = B. 

0 

The Bayes Risk for no dam is 

(23) 

(1 
R(no dam) = 1 Aefß(8 ¡r,n - r)de = Añ (24) 

0 

min R(a) = min [B, ñr] . 

a 

The alternative chosen is the one providing the minimum 

Bayes Risk. 

(25) 



The opportunity loss for the two alternatives con- 

sidered is: 

OL (dam) = 

OL(no dam) = 

0 if B < A6, 

(B - A0) if B > A6; 

0 if B > A0, 

,(A6 - B) if B < A0, 

The expected opportunity loss is now calculated: 

.B/A 

EOL(dam) = J (B - A6) fß (6 1r,n - r)d8, 
0 

(1 
EOL(no dam) = J (A - B6) fß (6 lr,n - r)d6. 

B/A 

21 

(26) 

(27) 

To evaluate these integrals the integrand must be 

expanded in powers of 0 or tables of the incomplete beta 

function used. 

Worth of Additional Data 

For calculating the worth of an additional observa- 

tion it is easier if we use the Bayes Risk approach as 

shown in Appendix A, than the XXOL approach. 
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XOL - XXOL = Ex [R" (a* ) - R" (a* ) ] , 

22 

(28) 

where R" is Bayes Risk calculated with the posterior dis- 

tribution after x has been observed, a* is the previous 

optimum decision and a* is the new optimum decision. 

The predictive density may be calculated from the 

residues of the distributions: 

f(x) - r[f(e)]r[2.(x1e)] c ' (29) 

The likelihood of x is binomial, 

t(xle) = ex(1 - 0)x, (30) 

so the residue is 1. 

The prior distribution is 

f (e) 
B (r,n-r) 

r-1 
(1 - 0) 

n-r-1 

so the residue is 

r[f(8)] 
1 

6 (r,n-r) ' 

It follows that c is the residue of f(OIx), 

(31) 

(32) 



r[f(elx)] - 1 ß(r+s,n-r-x+1)' 

and that 

= ß (r+x,n-r-x+1) (n-1) ! 

ß(r,n-r) (r-1) ! (n-r-1) ! 

and 

(n - r) /n if x = 0 

(r+x-1)!(n-r-x)! 
n! 

r/n 

For the case x = 0: 
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(33) 

if x = 1. (34) 

f (e lx) = fß (6 1r,n - r + 1) (35) 

R"(;*) = min [B,Ar/ (n + 1) ] . (36) 

Assume decision a* was to build a dam, then R "(a *) = B. 

The difference in Bayes Risk is: 

R" (a*) - R" (a*) = 

B 
Ar Ar 

< < 
Ar 

n+1' n+1 n 

B - B = 0, B < 
Ar 

< 
Ar. 

n+1 n 
(37) 



For the case x = 1: 

f(01x) = fß (e ir + 1,n - r) , 

R" (a *) = min[B,A(r + 1) /(n + 1) ] , 

R" (a*) = B. 

The difference in Bayes Risk is: 

R" (a*) - R" (a*) = B - B = 0, B < 
Ar A(r+1) 
n n+1 

Taking expectations we get 

E [R" (a* ) - R" (a* ) ] _ 

n-r Ar Ar 
B 

Ar 
[B n+1 ] ' n+1 n 

0 otherwise. 
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(38) 

(39) 

(40) 

The expected cost of sample information is the ex- 

pected cost of flood damage minus the expected savings of 

postponing the project: 

ECS(x) = Ex (Af (x) ) - B = Añ B. (41) 
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Obviously it will not pay to delay the decision un- 

less 
n 
Ar 
+l < B < An that is unless the new data could change 

the decision. If the new data could change the decision, 

the quantity XOL - XXOL must be compared with ECS to see 

if there would be an expected gain to take a further obser- 

vation. 

It is possible to do these calculations in closed 

form because of the simplicity of the problem. More compli- 

cated problems such as those done in Chapter IV may preclude 

a closed form solution. 



CHAPTER III 

LITERATURE REVIEW 

As has been pointed out previously the decision 

theoretic approach is a neglected area in hydrology. Nei- 

ther the decision making aspects nor the information evalua- 

tion parts of decision theory are currently used or discus- 

sed. This review will discuss the literature of decision 

theory from the theoretical to the practical in relation to 

other fields before examining decision theory in relation to 

hydrology. The general review will be divided into four 

sections: theoretical aspects, applied theory, methodology 

and, finally, examples of engineering applications. These 

four sections are not intended to be exhaustive; their pur- 

pose is to provide background in and confidence for the 

method. They may be skipped without loss of continuity. 

The final three sections will relate to hydrology. The first 

is a review of work in hydrology directly or indirectly re- 

lating to a decision theoretic approach and the second two 

are a review of present methods used in hydrology. 

At this point we would like to point out the litera- 

ture that should be in an engineer's personal library. 

Raiffa (1968) has written a broad and well motivated 
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introductory book. The book by Tribus (1969) we recommend 

because it is written from the viewpoint of design and its 

purpose is to show the engineer how to use decision theory 

to help create an optimal design. The mathematic details of 

calculation and application have been covered by Raiffa and 

Schlaifer (1961). This is the standard book in the field. 

DeGroot (1970) is a recent book and has a theoretical empha- 

sis. Howard (1966b) gives a how- to -do -it approach and a 

philosophy of decision analysis. 

Theoretical Aspects of Decision Theory 

The theoretical aspects of decision theory are 

covered by Ferguson (1967), Blackwell and Girshick (1954) 

and DeGroot (1970). These books are written from the view- 

point of the mathematics involved, applications are second- 

ary. Blackwell and Girshick work from a game theoretic 

viewpoint and put as much emphasis on minimax decision rules 

as on Bayesian decision rules. Ferguson uses decision 

theory as an approach to the subject of mathematical statis- 

tics. DeGroot is primarily concerned with decision theory 

and includes topics needed for applications such as conju- 

gate probability distributions. DeGroot's book is the book 

to read for the person who wants "one" book. The worth of 

additional data is not covered as such in these books; it 
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is treated under the topic of sequential experiments. 

All three books discuss utility theory, but only 

briefly in order to justify expectations of utility func- 

tions being utilities, i.e., utilities are additive. Sub- 

jective probability is mentioned in passing. Background and 

arguments recommending the use of subjective probability are 

found in Savage (1954) and Good (1950, 1965). 

Fishburn (1964) emphasizes utility in his work. He 

goes into great detail on various ways of ordering utility 

preferences and on the various ways of expressing subject- 

ive probability. The problem of multidimensional utility 

functions is treated. 

A recent theoretical overview of decision theory has 

been written (White, 1969) with emphasis on the axiomatic 

background for the theories of value and uncertainty. His 

concern is for the underlying assumptions in the decision 

theoretic problem. 

Applied Decision Theory 

Raiffa and Schlaifer (1961) have written the author- 

itative book on applied decision theory. Theory and motiva- 

tion are included and the details are throughly presented so 

as to be a practical aid to the decision maker. The decision 

tree is introduced and conjugate distributions are establi- 

shed. The concepts of information value and opportunity 
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loss are formalized. For the case of linear goal functions, 

a detailed analysis is made of the resulting simplification. 

Over a third of the book is devoted to a discussion of the 

distributions most used in practice; details are given for 

performing posterior and preposterior analysis. Preposterior 

analysis is the analysis of the data collecting activities 

before they are done. In terms of this dissertation it 

would be obtaining the quantity XOL - XXOL, for various 

sources of data. For cases where sufficient statistics and 

conjugate distributions do not exist a chapter on numerical 

methods for handling these situations would be appreciated. 

Schlaifer's (1967) more recent book is for business 

applications and has emphasis on the decision tree and sub- 

jective probability. Calculus is not needed as summation 

replaces integration. There is strong emphasis on the logic 

behind the method. 

Raiffa's (1968) lower level book is also not deeply 

mathematical but the applications cover a broader area. The 

emphasis is again on concepts such as the decision tree. He 

develops the "basic reference lottery" for handling risk 

aversion. He approaches the worth of additional data as a 

decision to be handled by another branch of the decision 

tree. A chapter is devoted to risk sharing and group de- 

cisions. A final chapter opens the area of statistics and 
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contains suggestions for further reading. This is an excel- 

lent book for introductory, how- to -do -it purposes. 

Tribus (1969) discusses decision theory from an en- 

gineering viewpoint and imbeds the subject in the question 

of design. The concept of entropy is developed as a measure 

of information, and the principle of maximum entropy is de- 

veloped as a means for determining prior distributions which 

do not contain more information than intended. 

Good reviews of the problem of constructing and using 

utility functions are given by Meyer and Pratt (1968) and 

Swaim (1966). A basic problem in constructing utility func- 

tions is that they must reflect the user's attitude to risk. 

Borch (1967) discusses the theory of risk, mostly from the 

insurance viewpoint, and gives various methods of showing 

risk and determining the "insurance premium ", for protection 

against risk. Borch (1963) discusses whether there can be a 

utility function of the form f(E,U) where E is the mean 

and U the variance of a distribution. If the user is risk 

averse he shows it usually cannot be done. He concludes 

that skewness must be part of the function argument. The 

subject has been investigated further (Pratt, 1964) and the 

inadequacy of quadratic utility functions firmly established 

for the risk averse (non -gambler) case. The construction of 

risk averse utility functions is presented in detail and 
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several such functions are suggested. Hakanson (1969) 

looks at a standard economic problem that is approached from 

decision theory, portfolio selection (investment security 

selection), and recommends utility functions of the type: 

f(x) = 
-ecx, 

-xc, log x, for c < O. 

Some specific results are mentioned by Granger (1969), for 

various utility functions. 

Multidimensional utility functions must also be 

linear with quantity. Keeney (1968) recommends using a 

"quasi- separable" function i.e., a function with separate 

terms for the main effects and interactions. A summation 

and review of the problem in the multifactor situation has 

been given by Fishburn (1966). 

The problem of developing subjective priors with in- 

complete probability information is examined by Fishburn 

(1965). He limits discussion to the discrete case. Ex- 

amples are given and methods developed for treating various 

kinds of incomplete data. His methods demand the use of 

mixed strategies - a concept not ordinarily used in Bayes' 

Theory. A further discussion on subjective priors is done 

by Jaynes (1968). He discusses the use of maximum entropy 

distributions and points out the problems of their use in 

the continuous distribution case. He suggests the use of 
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an invariant transformation approach and demonstrates that 

in the case of Bernoulli trials a uniform distribution does 

show some knowledge, i.e., a head or a tail is possible, 

whereas only one or the other may be possible. In the lat- 

ter case he suggests a function of the form k /e(1 - 8). 

The problems involved with using incorrect prior distribu- 

tions and the effect of these on the resulting decision have 

been discussed by Box and Tiao (1962), Stone (1963) 

and Smith (1965). The approach was to add shape changing 

parameter(s) to the subjective distribution function and 

see how changing these parameters affect the results. Box 

and Tiao obtain many classical results via Bayesian methods 

and then proceed to analyse their robustness in this manner. 

The problem of "model selection" from the decision 

analysis viewpoint as done by Smallwood (1968) is agood 

detailed approach and has excellent examples. The problem 

is not directly model selection; an action is to be taken 

in view of various possible models and various possible 

parameters for each model. Which model is correct is 

treated as an unknown and handled by use of a prior proba- 

bility distribution; standard techniques are now used to 

find the optimal action. The "optimization" is all done at 

once, models and model parameters are all handled at the 

same time. A model selection is really not made; action 

is taken so as to be optimal over the distribution of the 
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models. The computation can be tedious so the author gives 

suboptimal procedures which involve first choosing the model 

and then the parameters. 

In general the practice of separating the estimation 

of the value of a parameter from the determination of the 

optimal action is inefficient (Marschak 1963). An example 

is the use of least square estimates of the parameter prior 

to choosing an action. 

The value of further information in diagnosing 

faulty systems and the order in which diagnostic tests 

should be run has been examined (Chu, 1968). For the case 

of linear costs, regression analysis and a normal distribu- 

tion, the value of further experiments has been determined 

(Dean and Marks, 1965). 

The use of entropy as an objective function for dis- 

criminating between models is described by Box and Hill 

(1969). Examples include choosing the input to a system 

which would lead to maximum discrimination. 

A typical design problem may involve an experiment, 

data collection, communication, storage, and finally, de- 

cision aspects. If decisions are made separately in each 

phase a suboptimal solution is obtained. Marschak (1969) 

looks at the problem as a unified whole. He concentrates 

on evaluating the worth of an "enquiry ". 
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The search for alternative actions is usually left 

to intuition. A branch and bound approach to obtaining 

feasible alternatives by temporarily relaxing restraints 

have been given (Lee, Masso and Rudd, 1970). 

Methodology 

Howard (1966 a, b) outlines the philosophy and the 

procedure for decision analysis. He divides the procedure 

into a deterministic phase, a probabilistic phase and a 

post mortem phase. The post mortem phase analyses the ex- 

pected cost due to the remaining uncertainty. (expected op- 

portunity loss). A maximum bound on the expected worth of 

additional information is the expected value of clairvoyance, 

i.e., the expected worth of perfect information. An example 

is given. Howard believes that decision analysis is also 

valuable in expanding communication within a large group be- 

cause everyone must be able to express how his work affects 

the decision. 

The whole issue of IEEE Transactions, Systems Science 

and Cybernetics (Sept., 1968) is devoted to decision theory. 

Included are tutorial papers, theory and applications. 

English (1968) edited a book on cost effectiveness 

in which decision theory is an integral part. There are 

good discussions of value (utility) theory and on methods 
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of obtaining subjective probabilities. The approach in many 

cases is how- to -do -it and there is a detailed example for 

aircraft design. The section by Lifson discussing objective 

functions is illuminating. 

How to handle multiobjectives is a continuing prob- 

lem, as not everyone believes utility theory can linearize 

preferences for unalike outcomes. Geoffrion (1967) discus- 

ses the bi- criterion case where the utility is the function 

of two payoffs and also presents an algorithm for handling 

this case. Johnsen (1968) studied the multiobjective de- 

cision problem and has compiled many methods and view points 

for handling these problems. 

Questions of utility are further complicated when 

utilities for a group of people are required. Wilson 

(1968a) has investigated the problem for investment groups 

and for corporations (1968b). He concludes that some sort 

of a concensus must exist within the group to avoid viola- 

tion of the consistency requirements. The problem of en- 

coding risk preferences for a corporation and a how- to -do- 

it approach to obtaining utility functions for a corporation 

is discussed by Spetzler (1968). 

Subjective probability is still a very debateable 

subject. A whole issue of IEEE Transactions Human Factors 

in Electronics (1966) is devoted to this subject. There is 

an introduction which reviews the subject and it contains a 
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good list of references, many from the field of psychology. 

Generally a vote of confidence is given to subjective proba- 

bility; it is noted that humans do revise their subjective 

probabilities, in a manner similar to Bayes' Theorem when 

presented with new evidence, but not so accurately. A per- 

son's subjective probabilities are influenced by the payoffs 

and they are on the conservative side; the peaks of the 

posterior p. d. f.'s are not as sharp as Bayes' Theorem 

would give. 

Classical statistical methods have been called un- 

satisfactory (Smith, 1965) in that the subjectivity is not 

stated and that the end results do not give answers to 

questions requiring action. He runs through an example 

using Bayesian and classical methods and points out con- 

trasting views. In discussion of the paper Pearson'brings 

up perhaps the most damaging criticism of the Bayesian ap- 

proach - the lack of an example by a "working" statistician. 

The use of subjective probabilities as a measure of 

success of R & D projects in a chemical firm has been 

found to be very satisfactory and to corroborate well with 

the end result of the project (Sander, 1969). He thinks 

subjective probabilities help communication, in some cases 

a subjective probability is a better month end report than 

pages of detailed description. However even within the 

chemical industry there is no great use of decision theory 
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for choosing research projects (Baker and Pound, 1964), even 

though it is fervently recommended (Bobis and Atkinson, 

1970). A discussion and comparison of several methods of 

obtaining subjective probabilities is given by Winkler 

(1967). Assessments were easier to obtain from people with 

mathematical backgrounds, but training was of value in all 

cases. He gives results for trials made to determine a sub- 

jective parameter in a binomial distribution; the author 

thinks handling a normal distribution would be harder but 

could be done. 

A collection of papers edited by Edwards and 

Tversky (1967) discusses the problems of decision theory, 

utility functions and subjective probability from the psy- 

chological viewpoint. Some of the basic assumptions have 

been examined experimentally. Results of this work build 

up confidence in decision theory. Similar work by Marschak 

(1964) gave mixed results. 

Obtaining a person's actual utility function, rather 

than stating what it would be, has rarely been done ( Swalm, 

1966). Swaim believes utility is descriptive of peoples 

actions (what they do do) rather than prescriptive (what 

they should do) and so should be studied by business execu- 

tives. Swaim only knows of two attempts to ascertain the 

utility functions of executives. He obtains some utility 

functions from members of the middle management of a large 
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firm and shows that they differ markedly and that most mid- 

dle management have a large aversion to risk, which is not 

compatible with a large corporation. The techniques of ob- 

taining the utility functions are described and illustrated. 

One field study was run by Green (1963) who obtained utili- 

ties from middle management in the chemical industry by in- 

terview. The executives were risk averse. Green laments 

the lack of utility functions derived under "field" condi- 

tions. 

The possibility of taking unforseen events into ac- 

count in the decision making process is discussed by Reichner 

(1967). There is a large reliance on subjective probability 

and utility. 

Sometimes the risk is not directly encoded into the 

utility function but acts as a constraint to the problem or 

is displayed with the solution. A prime problem is the lack 

of a global measure of risk (Pratt, 1964; Borch, 1967). A 

solution may be presented along with a print out calculating 

the probability of various losses and gains (Hahn, 1966). 

This method is used in inventory problems because the cost 

of a stockout is difficult to asses; the solution is to dis- 

play the probability of a stockout along side the action 

(Silver, 1965). The use of the probability of survival as 

a criteria is discussed by Haussman (1968), with normal and 
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linear assumptions, and by Borch (1968) more generally. 

Risk is sometimes measured as the variance of the expected 

return (Wagle, 1967). 

Aderfer and Bierman (1970) show the third moment of 

the distribution of returns should be considered as a par- 

tial description of risk. They have done work with people 

to show that this is the case and suggest that the skew of 

the payoffs is important to a person with a propensity to 

gamble. 

Introductory to a book on weapons system decisions 

(Bobrow, 1969) is a discussion on the validity of using 

models for decision making, with special analysis on the ex- 

pected utility model. The introduction asks if cost - 

effectiveness is compatible with rationality. He shows many 

instances where non -rational factors override the results 

obtained from a decision model, and he cites a case where a 

preference ordering on outcomes cannot be made. Some of his 

criticisms might be mitigated by use of a proper utility 

function (evaluating the importance of internal polotics, 

for instance), but this comments on the difficulty of put- 

ting widely divergent objectives on the same utility scale 

seem valid; comparing apples and oranges is still difficult, 

even with a utility function. The conclusion is that de- 

cision models are desirable but their contents must be ex- 

amined thoroughly. 
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Green and Frank (1966) discuss why Bayesian methods 

have had little use in marketing research. They list four 

problems: 

1. Bayes conterparts of traditional methods are 

still in development. 

2. Bayes methods require more computation than 

Neyman -Pearson methods. 

3. In business applications, difficulties are en- 

countered in measuring prior probabilities (subjective) and 

conditional payoffs. 

4. Computation is complex with multi -alternative 

multi-state problems as well as with sequential decision 

problems. 

A further criticism of decision analysis is made by 

Adelson and Norman (1969). "It is perhaps of some interest 

that we have not found any published case studies in which 

this approach has been used although the literature abounds 

with 'examples'." They indicate management does not like 

subjective probability and utility and they are critical of 

the whole basis of utility theory. He cites an example 

(Harris, 1967) in which the mean of the subjective proba- 

bility distribution was over 3a from the actual. However, 

looking at this "real" but highly disguised case, the cost 

due to uncertainty (expected opportunity loss) was so high 
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that management obtained more information before making the 

decision. The additional information was much more favor- 

able to the company then the prior subjective information. 

So we believe Adelson and Norman's criticism of Harris is 

unjustified. 

Giles (1969) examines the value of information to 

the insurance industry and concludes the value of informa- 

tion is the expectation of the profit thereon. 

The loss of information as a result of aggregating 

data into a non -sufficient statistic is discussed by Orcutt 

(1968), but no economic interpretation is adduced. 

The medical profession is moving in the direction 

of decision theory. The problem of obtaining utilities and 

subjective probabilities in the public health field has been 

examined by Stimson (1969). 

Examples of Engineering Applications 

Kaufman's (1963) dissertation discusses the possible 

use of decision theory for drilling decisions in the oil in- 

dustry. He devotes his work to the study of whether or not 

to drill after all exploratory surveys have been made. Un- 

certainties are whether oil is in the formation and if so 

how much. These factors are separate since three actions 

are possible, to drill or not and to case the hole or not, 

if it is drilled. The casing decision may be deferred until 
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after the hole is drilled. The author concludes that the 

men, in the field, making the decisions do slightly better 

by a small amount than he does using decision theory. A 

welcome extension to this work would be the application of 

decision theory to the preliminary exploration procedures. 

Another study into exploration for minerals has been 

conducted by Griffiths (1966). He claims that the distribu- 

tion of mineral locations on a grid is a negative binomial. 

McQuigg (1966) gives an example of the value of 

weather information for an agricultural application. He 

concludes that weather information is of use early in the 

planting season to those who use decision theoretic ap- 

proaches; later in the season one must plant, so the in- 

formation is of little value as it will not affect the 

decision. The uncertainty in parameter estimation is not 

discussed. 

The uncertainty in forecasting and how it effects 

decision is covered by Berthouex and Polkowski (1970). They 

cite applications in sanitary engineering, with examples of 

uncertain population growth and interest rates. They show 

that decision theory in some cases validates the usual "rules 

of thumb ", but in some cases it goes opposite to these rules. 

Folayan (1969) does a case study on the problem of 

soil settlement from a decision theoretic approach. Prior 

probabilities are obtained subjectively from persons with a 
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wide range of experience with the problem and the value of 

each person's opinion is rated as equivalent to a number of 

experimental observations. Quadratic and exponential util- 

ity functions are used. Some decisions were calculated 

against a reliability constraint and the cost of this "in- 

surance" is noted. The author concludes that decision 

analysis is an excellent way of combining engineering judge- 

ment with data and that prior -posterior analysis (he gives 

an example) enables one to decide when experiment action 

should cease. 

Subjective probability and decision theory are get- 

ting a big play in medical diagnosis (Warner et al, 1961). 

It is claimed (Gustafson, et al, 1969) that subjective proba- 

bility and Bayes' Theorem hold up well in medical diagnosis. 

In serious cases, where further information takes time to 

obtain, action based on subjective probabilities may be opti- 

mal. A case where a decision theoretic approach was run 

parallel to that of a team of physicians is reported 

(Ginsburg and Offensend, 1968). Diagnoses were narrowed 

down to about six items and possible further steps were in- 

dicated. A utility function was drawn up. Decision theory 

indicated further non -destructive tests; the team of physi- 

cians went minimax and performed drastic exploratory surgery. 

The patient had an unknown condition, which was not included 
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in the prior distribution, and subsequently died, due to this 

unknown condition. 

In many cases, obtaining a utility function is dif- 

ficult. Bayes' Theorem is used to give a posterior distri- 

bution of various hypothesis as new information comes in. A 

computerized version is called Probabilistic Information 

Processing (Edwards et al, 1968). The next step would seem 

to be the addition of an objective function (Yntema and 

Torgerson, 1961) and let the computer choose an action. 

The usefulness of decision theory analysis has been 

recently examined by Rex Brown (1970). He conducted a sur- 

vey of twenty large firms and concluded (p. 84): ...no 

firm evidence is available to prove that decision theoretic 

analysis does have widespread practical value ". Companies 

where it is being used include DuPont, however it is used by 

lower and middle management and not by top management. Prob- 

lems in using decision analysis in real situations include: 

1) wrong subjective inputs, 2) failure of the decision theory 

model to include all considerations such as goodwill, con- 

fidential information and top management's attitude towards 

risk and 3) excessive time required. There are many in- 

stances where decision analysis has worked out; he gives an 

example where a change in packaging from a box to a bag, at 

Pilsbury, was done without market testing because decision 

analysis indicated the expected value of the information to 
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be obtained from market testing was low. The analysis pro- 

cedure itself has proved valuable in formalizing attitudes 

and providing a common base for communication between vari- 

ous departments. 

Malloy (1970) advocates taking uncertainty into ac- 

count in the design of chemical plants. He derives a proba- 

bility distribution on profit by the use of repeated simula- 

tion using varying values of the inputs as indicated by their 

p. d. f.'s. He uses beta distributions to describe the un- 

certainty and fits them from the knowledge of extreme and 

most likely values. A comparison is made with the usual 

technique, i.e., the use of most likely values. The decision 

theoretic approach shows that the profits indicated by the 

usual method will only be achieved 22% of the time. A com- 

parison of the decision theoretic method and the results 

from eleven already constructed plants shows fair agreement; 

the usual method overestimated profit for eight of these 

plants. 

Decision Theory in Hydrology 

With the exception of Bevan Brown's (1970) paper we 

know of no decision theoretic analysis in the field of hy- 

drology. A report (Bechtel, 1967) by a large consulting 

firm on a systems approach to aid in managing Texas water re- 

sources makes no mention of uncertainty analysis. 
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In a recent report prepared for the Office of Water 

Resources Research, (Dracup, Mobasheri and Cardena, 1970) 

the objective of which was to "critically assess the current 

state of art in water resource systems analysis" (p. 2), and 

which is entitled An Assessment of Optimization Techniques 

as Applied to Water Resource Systems, there was no mention 

of decision theoretic techniques. 

There were mentions of the subject made in a simpli- 

fied manner, early in the sixties. Maass' (1962) work on 

the design of water resource projects contains material of 

much value for decision analysis in the form of a discus- 

sion of the economics involved in hydrologic projects. It 

forms a good guide to the proper construction of goal func- 

tions. A discussion of the expected value approach to de- 

cisions is made and contrasted with the minimax approach. 

However, uncertainty in the parameters of the distribution 

used to form the expected value is not discussed, nor is the 

value of more information. An equalization fund is sug- 

gested as a measure of uncertainty - the size of a fund 

needed to guarantee that the benefits expected from the 

project will be met some arbitrary, say 95, percent of the 

time. This method, we think, is a good way of measuring 

risk rather than measuring uncertainty. The value of the 

equalization fund depends on the percentage figure chosen 
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and on the uncertain parameters describing the stochastic 

variables. 

In a survey of the use of operations research in 

water quality management (Thomas and Burden, 1963) a risk 

calculation is made, and although the notions of prior and 

posterior distributions and the value of information are 

discussed, no analysis is made. In discussing the opti- 

mization of a reservoir system, Avi- Itzhak and Ben -Tuvia 

(1963) mention uncertainty but do not analyse it. 

Some of the individual components of decision theo- 

retic analysis have appeared in the literature of hydrology 

over the years as well as questions of the type suitable to 

decision analysis. 

Dawdy (1970, p. A -125) writes: "Research directed 

toward definition of the point of diminishing return per 

increment of analytic accuracy and toward more efficient com- 

putational processes is needed ". He notes that the para- 

meters of a model change with changes of objective function 

and calls for research in this area. 

In his paper on the statistical treatment of flood 

flows, Moran (1957) notes two sources of error: first, un- 

certainty as to the form of the distribution, and second, 

uncertainty due to sampling. He discusses efficient esti- 

mation and the construction of confidence intervals for the 
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estimators of the parameters of a log normal and type III 

Pearson distribution. 

The ratio of the variance of the estimate to the 

estimate for high return period, low frequency, events was 

investigated by Nash and Amorocho (1966). They concluded 

that as the return period increases the ratio becomes con- 

stant. In a discussion of the various distributions used 

for flood frequency estimation, Benson (1968) shows how im- 

portant the choice of distribution is. 

Bather (1968), while discussing a model for control 

of a dam, points out that a proper utility function, g(¢), 

should have the following properties: 

1. g(0) = O. 

2. g(¢) is concave, i.e., 

g (2 ($1 $2) ) > .2 (g($1) 1) + g°2))* 
. 

4. 

5. 

He uses a quadratic utility function, where ¢ is the re- 

lease rate. 

Schmidt (1968) discusses the problems involved in 

failure risk for dikes exposed to storm surges and notes 

that even with 700 years of data there are problems. Sub- 

jective problems arise in deciding what model and what 

3 g(¢) is continuous. 

g" 
($) < O. 

g' (0) > 0 > 
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assumptions to use. He suggests the Bayesian approach to 

handle uncertainties but does not discuss it in any detail. 

Dawdy, et al (1968) discuss the worth of stream - 

flow data for project design. They do this by the use of a 

synthetic streamflow model and by the comparison of samples 

different lengths. The problem in applying this type of 

analysis to any specific river is that the true value of the 

flow parameters is not known, so the value of additional 

data is only known for the assumed true parameters. Beard 

(1965) handled this problem by realizing that his estimates 

were random variables. He used in his simulation model 

values of stream flow parameters that were generated by 

Monte Carlo technique from the probability distributions of 

the parameters and then averaging the results. 

Linsley, Burger and Whitford (1969) look at the de- 

cision process in water resource project design and set the 

problem up as it would be done in decision analysis; the 

project is broken into component parts in a manner resem- 

bling a decision tree and there is a discussion on obtain- 

ing the probability distributions of the uncertain factors. 

But no statistical decision theory is used. 

McGilchrist, Chapman and Woodyer (1970) analyse the 

recurrence intervals between exceedances of certain river 

levels by the use of Bayes' Theorem. Data from the region 
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was incorportated into a prior distribution; final estimates 

for the specific river in question were obtained by using 

the data from the river as modified by the regional data ac- 

cording to Bayes' Theorem. Bernier (1967) uses Bayes' 

Theorem to provide a distribution of flows in the Seine. For 

a prior distribution he relies on a rainfall- runoff model. 

Shane and Gaver (1970) suggest the use of Bayes' 

Theorem for the revision of the parameters of the distribu- 

tion of flood flows. A regression model provides the prior 

distribution, using regional data. The posterior is ob- 

tained by incorporating data from the river in question. 

The discussion of uncertainty in the regression model is not 

complete. 

Herfindahl (1969) examines the problem of scheduling 

expenditures for natural resource information; he used the 

construction of a dam as an example. He develops the con- 

cepts of opportunity loss and expected opportunity loss, 

but does not treat his "true" values as a random value. In 

a general way he discusses the problem of how long to take 

data before starting construction, and when to start taking 

data for a project whose construction will not be started 

for some time. The economic analysis is very good; statis- 

tical analysis is mostly ignored; Bayes' Theorem is not 

mentioned. 
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Moss (1970) examines the problem of obtaining the 

information on streamflow necessary for a reservoir design. 

He evaluates the worth of additional data in a manner simi- 

lar to Dawdy et al (1968), and develops a method to give 

the optimal number of years of streamflow data necessary, 

prior to the commencement of construction. If construction 

is not to be started for a considerable period, due to 

other considerations, his method provides the optimal time 

for the start of data collection. 

A detailed discussion of the U. S. Army Corps of 

Engineers' planning of flood control programs has been done 

(TRW Systems Group, 1969) and many aspects of decision 

theoretic analysis are recommended. There is a strong call 

for evaluating a wider range of alternatives and for analyz- 

ing the uncertainty in the economic predictions used in 

evaluating flood projects. However no attention was paid 

to the uncertainty in the flood frequency predictions. Of 

special interest is the detailed study made of the Rillito 

Creek flood plain. The acceptance of the Corps figures for 

flood frequency on Rillito Creek as having no uncertainty 

mars an otherwise very well done report. 

McGuire (1969) examined the problem of economic 

land utilization in the flood plain. His approach could be 

called one of adaptive programming. An "experimental" 

period was the time to the next flood. This information was 
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"added" to previous information via Bayes' Theorem. Uncer- 

tainty was considered by using the probability distribution 

of the estimate and the action chosen was that which gave 

the highest expected economic value. Several economic 

models were used; variables included flood control and re- 

lief policies, flood insurance availability and information 

and beliefs about flood damage. 

Cavadias (1966) analyses a simple flood problem and 

uses Bayes' Rule to determine whether additional information 

form a consultant would be worth the consultant's fee. He 

uses, without naming them, concepts similar to Bayes Risk, 

XOL and predictive distribution. His intuitive approach to 

decision theory is not complete because he assumes the prior 

distribution of flood frequencies to be certain. 

A decision theoretic analysis of the design of a 

flood control reservoir was made by Bevan Brown (1970). The 

model was very simple - a four point prior and linear loss 

function. The author recommends decision theoretic analysis 

to cut down on over construction of hydrologic projects (p. 

16): "Too often needed resources are allocated to reduce the 

level of risk well below an acceptable rate of return. The 

engineer's client expends resources primarily for the 

engineer's preservation ". 

A recent text (Benjamin and Cornell, 1970) gives 

many examples of the use of decision theory in the context 
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of civil engineering and hydrology. However, their emphasis 

is mainly on making decisions and the question of the value 

of additional information is not discussed. 

Tschannerl (1970) discusses decision theory briefly. 

The p.d.f. is discretized and the alternatives considered 

are condensed. A flaw in his approach is that he considers 

the sample mean from the historical record to be the true 

value of parameter describing the stream flows. He calcu- 

lates the EOL for various data record lengths using this 

value. Properly the sample mean from the data received dur- 

ing the time period in question should be used. Using 

Tschannerl's approach is impractical for design purposes be- 

cause of the assumption that the true value of the parameters 

is known. 

Current Design Practice 

Current design practice is one of engineering judg- 

ment. Koelzer and Bitoun (1964, p.263) write: "The complex 

spillway design flood problem is resolved largely by experi- 

ence and judgment rather than by rigid technical procedure ". 

The guide generally is (Hekmor, 1969, p.344): "It is far 

better to make an error on the side of safety than have a 

major falure occur ". The unresolved question is: how much 

safety? 
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A semantic difficulty appears in the word risk. It 

generally means a "bad" happening. There can be many forms 

of risk; too much water behind a dam could wash it out, too 

little could cause loss to farmers who irrigate. We prefer 

the definition given by Klausner (1969, p.1.92); "...risk is 

considered to be the consequential effect of possible un- 

certain outcomes ". 

The design of spillways for dams is done on the 

basis of the probable maximum flood. This is calculated 

from the probable maximum precipitation (Wiesner, 1970). To 

engineers who design spillways (Koelzer and Titoun, 1964, p. 

262) this means: "Basically, ... that no chance of failure 

of a major structure due to overtopping from a flood shall 

be tolerated. ... Moreover, if there is an over design of 

the spillway, this incremental cost is a small price to pay 

for the assured safety of lives and property downstream 

For design of reservoirs for power generation and 

other uses which are consumptive of water the critical 

period approach is used (Hall, Askew and Yeh, 1969). This 

approach calls for designing a project to operate safely 

during the most critical (severe) drought period that can be 

envisaged from the historical record and synthetic stream 

flow traces. The philosophy of Hall, et al (page 1214) is: 

"If conservative design (avoidance of unnecessary risk) is 
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an objective, the method of analysis which results in the 

lowest firm output (or largest required storage) should be 

used. If ... not ..., considerable judgment must be exer- 

cised by the engineer ". 

Some times, in cases where the risk of failure is 

not too severe such as for highway culverts, designing for 

the 50 or 100 year flood is recommended (Yen, 1970). 

As can be seen above, hydrologists attempt to make 

design decisions in a minimax manner. The estimate of con- 

fidence intervals is of concern (Moran, 1957) but there is 

no guide to choosing the type I error. 

These methods are criticized, particularly the proba- 

ble maximum flood concept. Noting that this flood may be 

exceeded, Benson (1964, p.299) writes: "If a risk is neces- 

sarily being taken the engineer should be concerned with 

what the risk is ". Posey and Alexander (1965, p.219) say: 

"Owing to the failure of engineers to appreciate the pro- 

nounced effects of sampling, probability methods were de- 

cried and the problem of flood estimation for large dams was 

handed to the meteorologist... ". 

The use of the rule of thumb seems to be preferable 

to a quantitative procedure. Yet the construction of loss 

and benefit functions and the use of expectation is common 

in hydrology (Maass, 1962); examples being: expected annual 
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flood loss and expected annual benefits of irrigation. The 

decision theoretic approach requires just one more expecta- 

tion, the expectation being over the uncertain parameters. 

Current Practice - Worth of Data 

A common method of judging data is to assume a long 

historical record is devoid of uncertainty and to examine 

records of increasing lengths abstracted from the historical 

record. When the parameter estimates obtained from the ab- 

stracted data "settle down ", it is considered that the 

length of the abstracted sequence is sufficient for design 

purposes. Such studies were done by Mooley and Crutcher 

(1968) and Sangal, Unny and Hill (1967). In essence the 

analysis is one of finding the parameters of a finite popu- 

lation by sampling. It is no surprise then, that the con- 

clusion of these studies and others like them is: to be 

satisfactory a record should be from 50 to 65% of the length 

of the historical record used in the study. 

The variance of the parameter estimate or of the 

goal function is commonly used as a measure of uncertainty 

(Young, Orlob and Roesner, 1970). They say data should be 

collected to reduce the variance of the goal function, at 

minimum cost. No quantification is given to determine how 

far the variance reduction should be carried. There are two 

objections to variance as a measure of risk: first it may be 



57 

an oversimplification and secondly it is not tied to the 

economics of the situation. Hydrologists recognize the im- 

portance of determining the skew of streamflow data - might 

not the skew of the goal function also be a factor in the 

risk of the project? 

Young et al, express benefits as a function of state 

variables. A reduction in the variance of the benefits is 

called for. No mention is made of how the decision vari- 

ables will be changed as the variance of the benefits is re- 

duced. If the decision may not be changed with additional 

information then, from the viewpoint taken in this disserta- 

tion, the additional information has no value. 

Sensitivity analysis of the variance of the goal 

function has been done using analysis of variance techniques 

(James, Bower and Matalas, 1969). Sensitivity analysis will 

pinpoint the factors whose uncertainty will affect the proj- 

ect. It cannot put a value on more data to reduce the un- 

certainty because the likelihood of the perturbations used is 

not included in the analysis. Klausner (1969) has criticized 

these methods of risk analysis. 

Dawdy, Kubik and Close (1970) evaluate the worth of 

additional data by the increase in net benefits obtained by 

a design based on a longer record. They assume a "long" his- 

torical record to correctly represent the parameters of the 



58 

streamflow. (This may be correct for a "real long" record, 

however for a 65 year record, assuming a normal distribu- 

tion, the upper limit of 95% confidence interval on the esti- 

mate of the variance will be twice the lower limit). Using 

these "true" values Dawdy et al (1970) generate a long syn- 

thetic stream flow. Records of various lengths were ab -.. 

stracted from the synthetic trace at various points and a 

reservoir project was designed from these data. The aver- 

age net benefits for designs based on N years length was 

compared with designs based on the historical record, for 

N = 10, 25, 50, 100. The increase in net benefits is the 

worth of the extra years' data. This study represents an 

important advance because the value of additional informa- 

tion is quantified. It should be noted that the study is 

not from the design engineers' viewpoint; rather the view- 

point is from an ivory tower. Knowing the true parameters 

of the stream, the authors calculate the various samples the 

stream might present the engineer and then they determine 

what benefit the average engineer would receive by waiting 

for more data. 

The decision theoretic approach to the worth of 

more data takes the engineers' viewpoint; having a specific 

sample, a distribution of the parameters of interest is ob- 

tained and the worth of additional data is calculated. The 
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worth of additional data is conditioned on the sample at 

hand as the engineer does not know the true values of the 

parameters. 

Dawdy et al, calculate the distribution of the 

sample given the true value of the parameter while the de- 

cision theoretic approach calculates the distribution of the 

true parameters given the sample. 

Tschannerl (1970) tries to avoid the pitfall of as- 

suming the historic record gives the true values of the 

parameters by using opportunity loss to evaluate the worth 

of additional data. For the true values of the parameters, 

he now uses the historic record. The claim is made that if 

the historic record does not represent the true values the 

error will be the same for both goal functions represented 

in the opportunity loss equation, i.e., 

g (a, 0 ) - g (a* , 0 ) = g (a, eT) - g (a* , 0.,) , (1) 

where a* is the optimal alternative for the true value as- 

sumed to be e and 0T is the real value. Rearranging, we 

have: 

g(a,e) - g(a,aT) = g(a*,0) - g(a*,0T) , (2) 



60 

where a* and eT may be considered fixed. Since Eq. (2) 

is assumed to hold for all values of a and a, the right 

hand side may be expressed as a function of a alone: 

g(a,O) - g(a,eT) = m(e). 

Taking partial derivatives we obtain 

ag(a,e) 
aa 

ag(a,eT) 
am(8) 

for all 0, which implies 

and therefore 

aa as 

ag aä = h(a), 

0 

(3) 

g = Jh(a)da + K(0) + C. (4) 

It is seen that Tschannerl's assumption implies the separ- 

ability of the goal function (the right hand side of Eq. (4)), 

but this is not a situation of concern as the optimization 

of such a goal function with respect to the alternative 

chosen is independent of the state parameters. His assump- 

tion is, however, adequate as a first order approximation 
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since the first order terms of a Taylor Series expansion of 

g (a, e) will satisfy Eq. (1) . 

Tschannerl discusses the value of secondary sources 

of information such as tree rings and mud wharves. A re- 

gression approach is used (Matalas and Jacobs, 1964). If 

the variance of the estimates of streamflow obtained from 

the historical record is greater than the variance obtained 

from the historical record and the regression model, the 

historical record and regression model is used. Tschannerl 

considers a reduction in variance of the estimates as equiva- 

lent to an increase in length of historical record. Since 

he has already evaluated the worth of additional historical 

record, he uses that evaluation to compute the value of the 

increase in "equivalent" record obtained from the secondary 

data sources. Uncertainties in the coefficients of the re- 

gression model are not treated, nor is the effect of the 

least square optimization done prior to decision making. 

Marschak (1963) notes this kind of decision making is sub- 

optimal. 

In the next chapter two case studies in hydrology 

illustrate the use of decision theory in engineering design. 



CHAPTER IV 

RILLITO CREEK EXAMPLES 

Rillito Creek is an ephemeral stream flowing from 

the Catalina and Rincon mountains in Pima County, Arizona. 

The flood plain is semi -arid and flat in nature, and is 

lightly urbanized in the reach through the north side of 

Tucson, Arizona. The creek is subject to flooding during 

the rainy summer months and during the secondary rain peak 

in the winter. The largest flood of record was in 1929 and 

had a peak discharge of 24,000 cubic feet per second. 

Problem Description 

Problems stem from flooding which causes water dam- 

age, channel erosion and the undermining of bridge piers. 

The problem of how deep to sink bridge piers in view of 

possible flood flows and the problem of what flow rate should 

be contained by dikes to prevent flood damage will be ex- 

amined here. A record of the yearly peak flow extends back 

to 1915 (U. S. Geological Survey, 1954, 1964). The record 

is long enough to enable comparisons to be made of designs 

based on various short and medium length records with the 

design based on the full record. 

62 
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The design problems will be simplified because our 

objective is to study decision theoretic analysis, not 

Rillito Creek and the details of bridge and dike design. 

The bridge pier design will be based on Laursen's (1969) 

paper concerning bridge design and scour; this paper in- 

cludes costs and design practice. The location of the bridge 

is assumed to be across the Rillito Creek with flood dikes in 

place as indicated in the U. S. Army Corps of Engineers plan 

A for the standard project flood (TRW Systems Group, p. 142, 

1969). For the flood plain problem, data from the Corps of 

Engineers (Koehm, 1970) on flood damages and costs of flood 

protection have been utilized. These data concern the 

alternative for Rillito Creek which consists of concrete 

dikes and a soft river bed. 

Decision Analysis 

The problem will be analysed according to the pro- 

cedure outlined in Chapter II. The goal and the alternatives 

have been described in the previous section. 

The goal function for the bridge design is the sum 

of the additional cost of sinking deeper piers, $400 /foot, 

for protection against washout due to scour during high 

flows and the expected loss of the bridge due to flows high 

enough to cause washout. The damage to the bridge due to 
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a washout is assumed to be $150,000. No costs for rerouting 

or inconvenience to users are assumed. 

The life of the bridge is assumed to be 25 years and 

during this time the damage resulting from a washout will be 

repaired. 

The goal function for the flood control design is 

equal to the expected costs of flood damage due to floods 

higher than the protection level plus the annual costs of 

the protection system minus other benefits of the protection 

such as recreation and beautification. The flood damage 

costs are estimated potential flood damages for average 

future conditions and "reflect flood damages to present and 

projected future development escalated for productivity in- 

creases and discounted at an interest rate of 4-% over a 

period of 50 years ", (Koehm, 1970). 

Flood damages and estimated annual costs of protec- 

tion are shown in Table 1. 

Details of the goal functions are presented in 

Appendix B. 

The alternatives considered for the bridge were the 

depths to which the piles could be placed. For the flood 

plain problem the alternatives considered were the amounts 

of protection that could be provided. The amount of pro- 

tection, to be provided by building dikes, is measured by 
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the river flow which the dikes will contain without being 

overtopped. 

TABLE 1 

Flood Damage and Protection Costs for Rillito Creek 

Discharge 
(c.f.$) 

Flood damages 
future conditions 

Annual 
costs 

Other 
benefits 

78,000 $49,000,000 $1,580,000 $163,000 

37,000 22,000,000 1,195,000 153,000 

24,000 7,400,000 815,000 126,000 

18,000 3,400,000 

14,000 1,100,000 

10,000 500,000 

5,000 0 

The state variables are the parameters of the proba- 

bility density function used to describe the annual maximum 

flow of Rillito Creek. In this dissertation the stochastic 

properties of the annual maximum flows are described by a 

lognormal distribution. This distribution is commonly used 

in hydrology and affords a relative ease of calculation. 

The hypothesis that the yearly maximum of Rillito Creek 

stream flows were distributed lognormally was not rejected 

by a Kolgomorov Smirnov test run at a 90% level, on the 
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historical record. Thus the state parameters are the mean 

and variance of the logarithm of the yearly maximum flows. 

These parameters determine the expectations occurring in the 

goal functions. 

No time preference is included in the bridge problem, 

in keeping with Laursen's (1969) analysis. One is included 

in the data from the Corps of Engineers, a discount rate of 

4.875%, for the flood problem. 

No utility function for money, or consideration of 

risk aversion is included in these problems. It is con- 

sidered that for a community the size of Tucson the utility 

of money is linear in the cases examined, except possibly for 

large flood damages. Qne run, however, is made with a risk 

factor included. 

No sensitivity analysis is done prior to the decision 

analysis, the interest in this dissertation being the un- 

certainty due to hydrologic variables. Some sensitivity 

analysis is done posterior to the decision analysis. 

The stochastic properties of the state variables are 

expressed in a conjugate prior distribution. The random 

variables are the logarithms of the annual maximum flow on 

Rillito Creek. Since we are assuming the random variables 

x, to be normally distributed the state variables are the 

mean and variance, 11 and a2. Joint sufficient statistics 
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for these parameters are the mean, x, and variance, S2, 

of the observations, where: 

- 

S2_ 
Y 

2 

n 

where n is the number of observations. These statistics 

are independent of each other (Hogg and Craig, 1959, p. 124). 

x is distributed normally N(xIu,a2 /n) and nS2 
/62 

is 

2 

distributed chi -square ,2(na2,n - 1), with n - 1 degrees 
6 

of freedom. The density for a 
2 

is obtained by a change of 

variables. Given the n observations xi, the prior dis- 

tribution of p and a2 is normal -gamma: 

NG(u,2x,S2,n) = 1 exp(-(p - x)2/2Q2) 
/no 

1 nS2 (n-3)/2 

2 (n-1) /2 r ( (n-1) /2 ) 
62 

ex 
1 nS2 nS2 

p 2 2' 4' 
Q ß 

(1) 



68 

The outcomes of the various alternatives are ex- 

pressed by the goal functions, (Appendix B). No alterna- 

tives were directly eliminated by being dominated. 

The next step is to compute the Bayes Risk for each 

alternative. The alternative with the minimum Bayes Risk 

was found by a search proceedure. 

Once that the decision has been made, i.e., the 

alternative with the minimum Bayes Risk, the effect of un- 

certainty on the decision can be ascertained. The expected 

opportunity loss is calculated to.detremine an upper bound 

on the expected value of more information. 

The only source of additional information considered 

is next year's maximum flow. Prior to obtaining this in- 

formation, a measure of the benefit to be obtained by having 

the information is the expected reduction in expected op- 

portunity loss. The expected, expected opportunity loss may 

be obtained from Eq. (7), Chapter I. To obtain the expecta- 

tion over all possible values of x, a probability density 

function for x is needed. This is obtained by integrating 

out the uncertain parameters from the normal density function. 

f(x) = JJN(xI,c2) NG(p,a 2lx,S2,n)duda2 

The predictive density of x is 

(2) 



n 
1/2 (ns2)1/2 (n-1) r (Zn) 

12 (n+1) ) 2 (1/2)n 1 
[ (n+1) s] r [2 (n-1) ] 
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(3) 

which may be shown to be the result obtained by Jeffreys 

(1948, p. 126) . 

The cost of obtaining further information in the 

problems discussed here is the loss incurred for not receiv- 

ing the benefits of the project during the year it takes to 

obtain the next observation. For the bridge this cost would 

be the benefits foregone by delaying the opening of the 

bridge one year. For the flood control project the loss 

would be the difference between the Bayes Risk for the no 

flood control dikes alternative and the Bayes Risk of the 

optimal alternative. In the case where the optimal alterna- 

tive is not to build . dikes there is no cost for waiting. 

Methods of Computation 

The information desired such as Bayes Risk, XXOL, 

etc. is expressed as the minimum of a multiple integral or 

as a multiple integral containing an integral or function to 

be minimized, the problem and solution are much more compli- 

cated than the example at the end of Chapter II. A solution 

for the Rillito Creek problems under an integral form is 

not desirable because evaluation is difficult and little in- 

sight is obtained. The evaluation of such integrals in 

closed form was considered impossible due to the complicated 
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expressions representing the goal and distribution functions. 

Obtaining the required minimum would be difficult because 

the goal function is not everywhere differentiable and its 

form changes over the domain of definition. 

Numerical methods were therefore applied to obtain 

the minimums and the integrals required. These numerical 

methods were implemented by the use of a CDC -6400 electronic 

computer. 

The cumulative normal was obtained by using an error 

function routine, which is a library function (CDC 6000 

Series, 1966). 

All other integrations were done numerically by 

Simpson's Rule. Simpson's Rule was chosen because of its 

accuracy and ease of handling. To keep computing time to 

the minimum the numerical integration was done iteratively. 

The first calculation was based on three points, the end 

points and the middle. The second iteration adds two points. 

Each succeeding iteration adds 2k -1 points, k being the 

kth iteration, so that for the kth iteration the calcula- 

tion is made over 2k + 1 points. 

When the value of an integral changes less than a 

prescribed tolerance as the result of the most recent 

iteration, the proceedure is ended. 

The double integration is done by using two nested 

single integrations: 



m a (a2) 

1 

f 

2 
F(u,Q2)IvG(u,0 21x,s2,n)duda2, 

k b(a ) 
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(4) 

where F is the function being evaluated. The outer inte- 

gration is broken into two sections at the point equivalent 

to the mode of the chi -square distribution. Because of the 

skew of that distribution it was thought that one side of 

the function would not need as many interations as the other 

for the same accuracy. This was later shown to be the case. 

To find the minimum Bayes Risk and the minimum value 

of the goal function in the expected opportunity loss calcu- 

lations, a search procedure based on the golden section 

(Wilde and Beightler, 1967, Section 6 -13) is used. The 

golden section is parsimonious in the number of points 

evaluated in order to find a minimum - if the function being 

evaluated is unimodal. 

The Bayes Risk function for both problems studied 

here have local minima at the left hand end point. The 

left hand end point for the bridge problem is zero foot 

depth for the piles; the left hand end point for the flood 

problem is a flow protection level of 10,000 c.f.s The 

local minimum at zero pile depth is obtained due to the 

violation of the assumption, inherent in the model, that the 

bridge might only be washed out once in the 25 year period. 

With a low pile depth the probability of a washout every year 
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becomes high, and the probability of at least one washout in 

25 years approaches 1. Since the model assumes the bridge 

will only be replaced once, and a low pile depth implies al- 

most certain replacement, costs may be minimized by putting 

down no piles. The local minimum for the flood problem oc- 

curs at the no protection point because the marginal costs 

of flood protection here greatly exceed the marginal reduc- 

tion in flood damage obtained. 

The Bayes Risk for the bridge has another local mini- 

mum where the model assumptions are met. This is the minimum 

to be located by the search routine. To accomplish this the 

search is started at a 10 foot depth. If the minimum is 

found at zero the search is started again at 15 feet. A very 

large number is not chosen for a starting point for fear the 

search routine might "jump over" the minimum sought. 

In the flood problem there may or may not be another 

local minimum in the Bayes Risk function. If there is 

another local minimum it may not be global. It is desired 

that the search routine locate the global minimum. This is 

accomplished by having the search locate the local minimum 

which is not at the endpoint, if it exists. Then a check is 

made to see which is the global minimum. To guard against 

skipping over a local minimum the search, for the minimum 

Bayes Risk, is started at 35,000 c.f.s. and if no local 
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minimum to the right of 10,000 is located the search is 

started again at 100,000. If the search goes past 10,000 

again the minimum is located at 10,000. In calculating op- 

portunity loss three starting points are used: 300,000, 

100,000, and 35,000. This takes care of high mean, high 

variance situations. 

The search procedure is halted when the end point is 

passed or if a prescribed tolerance in the bracketing pro- 

cedure is met. This is accomplished by examining the dif- 

ference between the interior and end points of the interval 

containing the minimum. 

The Program 

The programs for the two problems are very similiar, 

their differences mostly being in the objective functions, 

in the manner of search, and in the manner of ending the 

numerical integration procedure. 

The flood control program is on occasion "balky" and 

had a tendency, which showed. up less than 10% of the time, to 

consume computer time without producing answers. This ten- 

dency has been bridled by the insertion of features to pre- 

vent it wasting time. The iterations for numerical integra- 

tion are limited: in the objective function to 6, in the 

inner integral of the double integration to 5, in the outer 

integral of the double integration to 4 and in the integral 
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for the XXOL to 4. Debugging runs made prior to imposition 

of these limits indicate that normal integration will end at 

or before these limits are reached. The bracketing procedure 

tends to cycle when the minimum is near a point where the 

number of iterations, used in the numerical integration pro- 

cedure, changes. This causes a small jump in the function 

being searched over. To prevent cycling the search routine 

for opportunity loss is ended after the minimum has been 

bracketed ten times and a notice to this effect is printed 

out. The program will compute the minimum Bayes Risk and 

the XOL for from 3 to 45 years data. The XXOL calcula- 

tion can be made for 5 to 44 years data. 

The input to the program consists of the maximum 

flows of the period being examined. The program takes log- 

arithms and calculates the sufficient statistics. Subroutine 

GSEARCH is called and it locates the alternative with mini- 

mum Bayes Risk. Next subroutine SEARCH calculates the ex- 

pected opportunity loss. Subroutine XOPT calculates the 

expected expected opportunity loss. In doing so XOPT cal- 

culates new sufficient statistics for the possible new data 

points and calls upon GSEARCH and SEARCH for the information 

they provide. It then prints out the expected value of one 

more observation. 
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The bridge program is treated in detail by 

Dvoranchik (1971). He includes an annotated printout of 

the program. A printout of the flood control program is in 

Appendix C. 

Error Analysis 

Due to the use of numerical methods error is intro- 

duced into the calculated results. This error could be re- 

duced with an increase in computation time on the computer. 

The decision concerning integration limits and the toler- 

ances prescribed for stopping the integration procedures and 

search procedures, have to be made with this dilemma in mind. 

The following is a list of limits and tolerances that had to 

be specified: 

1. Integration limits 

a. Goal function 

b. Double integration 

c. Predictive distribution 

2. Tolerances for ending integration iteration 

a. Goal function 

b. Double integration 

c. Predictive distribution 

3. Tolerances for ending search routines 

a. Bayes Risk 

b. Opportunity loss 
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The tolerances and limits were set by sensitivity 

and ad hoc procedures. 

The cumulative normal distribution necessary for the 

bridge problem was obtained from the error function. The 

input to this library routine was set to give an error in 

the error function of less than 10 -5, as recommended in 

the writeup of the library function. 

The expected flood damages are calculated by the 

SIM subroutine. The lower limit of integration was set at 

log(10,000) and the upper at p + 5ß. When the difference 

between the last two iterations is less than .1 of the 

last iteration the procedure is stopped. Table 2 shows the 

changes occurring in program results as a result of changes 

in integration iteration tolerances. An increase of 500% 

in computing time produced less than a 1% change in the 

calculations. 

The outer limits for the double integration were set 

to include 99.8% of the distribution. The inner limits are 

x ± 30/ ñ, which cover 99.9% of the distribution. The 

iteration tolerance was set at 0.1. Table 3 shows a sensi- 

tivity analysis of some of the factors affecting the double 

integration 
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TABLE 2 

Comparison of Changes in Integration Iteration Tolerances 

Normal 
Settings 

Sensitivity 
Settings 

Tolerances 

Goal function 

Double integral 

0.1 

0.1 

0.01 

0.01 

Bayes Risk, $ 1,693,510 1,693,682 

Protection level, c.f.s. 78,666 78,666 

XOL, $ 403,981 406,868 

Computer time, sec. 35 162 

TABLE 3 

Comparison of Integration Limits and Iteratidn 
Tolerances for the Double Integration 

Test 1 Test 2 Test 3 

Mean limits 

Iterative integra- 
tion limits 

Evaluation of the 
integral of the 
p.d.f. 

Central computer 
processing tine 
(in seconds) 

x ± 2.5a 

10_2 

0.9863 

3.650 

x ± 3.06 

10 -2 

0.9959 

3.735 

x ± 3.0Q 

10 -1 

1.0003 

3.375 
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The limits for the XXOL integration are set at 

x ± 4.5s for the bridge, and at x ± 5s for the flood 

plain. The 5s limits cover a 99% prediction interval for 

a sample of 5 and are better for larger samples (Hahn, 

1969) . 

The search procedure for obtaining opportunity loss 

is stopped when the central point of a bracket is less than 

.01 of the difference between the central point and an end 

point. The search procedure for obtaining minimum Bayes 

Risk is stopped when the difference is 10 for the bridge and 

10,000 for the flood plain. Smaller tolerances here cause 

increased computer time, as each point in these searches 

involves a double integration. 

A further sensitivity analysis was run on the bridge 

problem; the results are shown in Table 4. A 600% increase 

in time produced less than a 10ó change in the calculation 

for the worth of another observation and less than a half 

foot change in the pile depth producing the minimum risk. 

The settings used in these programs at first glance 

seem to be much too big. Results show they are satisfactory. 

An explanation may be that the integrands contain relatively 

symmetric functions so the errors balance out. 
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TABLE 4 

Computer Sensitivity Comparison 

Normal 
Settings 

Sensitivity 
Settings 

Limits of mean ± 3.Oa x ± 3.3a 

Relative iteration 
integration limit 101 10 -2 

Closeness for 
Bayes Risk $10 $5 

Limits for new 
data x ± 4.0s ± 4.5s 

Minimum pile depth 16.08 -feet 15.63 feet 

Bayes Risk, $ 7,450 7,451 

XOL, $ 2,937 2,943 

XXOL, $ 2,779 2,774 

Worth of additional 
information, $ 158 169 

Computer processing 
time, sec. 153 1,076 
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Results 

Results for the bridge problem for various lengths 

of data originating in 1920 are given in Table 5. Included 

in the table is the Bayes Risk based on the complete (40 

year) data, the return period of a flood which would under- 

mine the bridge, assuming the sample statistics had no un- 

certainty, and the time the program ran on the CDC6400. 

Table 6 shows the bridge design for each of seven 

data periods, each of five years duration. Table 7 shows 

the results of assuming certainty for p and a2 separately. 

Table 8 gives results pertaining to the design and Table 9 

gives results pertaining to the worth of additional data. 

Table 9 also gives the "no uncertainty" solutions; these 

solutions assume the sample statistics represent the true 

value of the state variables. Table 10 shows changes in the 

optimal decision as a result of changes in the goal function. 

In two cases the flood protection costs were reduced, in 

another a risk aversion factor was introduced to the flood 

damage losses. This factor raised the flood damages to 

their 1.04 power. 1.04 was chosen to illustrate this point 

because it doubled the "cost" of a 78,000 c.f.s. flood. 

Discussion of Results 

The bridge results provide the best comparisons be- 

cause no optimal alternative is at the left hand end point. 
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No design pile depth for data of less than 40 years length 

was less than the 40 year design depth. Design depths tend 

to trend lower with an increase in data. The flood design 

also calls for maximum protection in designs based on mini- 

mal data. In both problems, expected opportunity loss and 

the worth of an additional years data (XOL - XXOL), tend 

to decrease with an increase in data. 

Expected opportunity loss is the reduction expected 

in Bayes Risk due to perfect knowledge. 40 years of data 

is close to perfect knowledge for the bridge problem as the 

XOL for 40 years of data is $331. Table 6 shows the re- 

duction in XOL based on 40 years of data as compared with 

the XOL based on 5 years of data; XOL(5) - XOL(40). Table 

6 also shows the actual reduction Of Bayes Risk resulting 

from the additional 35 years data; this is the "value of 40 

years data ". On the average the reduction in XOL was 50ó 

higher than the actual savings. This is explained by noting 

the p.d.f. used to evaluate the XOL contains more uncer- 

tainty than that which calculated the Bayes Risk with 40 

years data. The same reason explains the higher Bayes Risk 

with 5 years data than with 40 years data. 

For the bridge, computing time dropped with an in- 

crease in data, for the flood problem computing time in- 

creased with an increase in data. It should be noted that 
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the bulk of the computing time was spent computing the worth 

of additional data; the optimal alternative and XOL being 

calculated in less than 20 seconds. The worth of data was 

calculated essentially by repeating these calculations 

another 17 times. One would expect a problem with three un- 

certain variables to require the same amount of time to ob- 

tain a decision and an XOL as a problem with two uncertain 

variables would take to calculate the worth of additional 

data - both problems involving the same number of integra- 

tions. 

Tables 8 and 9 show the flood problem results. Of 

interest is the change in design introduced by including 

the 24,000 c.f.s. flood of 1929. The design changes from 

no protection to protection at a 78,666 c.f.s. level. The 

Bayes Risk increases by 70% and the XOL increases by 200%. 

This seems reasonable with the introduction of so much un- 

certainty. 

Do these large changes mean that the method is un- 

stable? Would the engineer who made the decision in 1928 

on the basis of 14 years data be disgraced? No. The Bayes 

Risk, based on 15 years data, for no flood control is only 

2% higher than the Bayes Risk for optimal flood control. 

The nature of the flood problem is such that the dif- 

ference between building flood control works at the optimal 
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TABLE 5 

Bridge Results 

1920- 1920- 1930- 1920- 1920- 
1924 1929 1939 1939 1959 

5 10 10 20 40 

x`(l) 3.7014 3.6670 3.7217 3.6943 3.6840 

2 
(1) 

.0977 S .0977 .1314 .0467 .0890 

Min. Bayes 
Risk, $ 12045 7845 4940 5059 4680 

At pier 
depth, ft. 21.2 16.5 11.0 11.7 11.0 

XOL, $ 5,698 2,248 1,204 702 331 

XOL 
-XXOL, $ 905 246 143 38 9 

Bayes Risk 
based on 
40 years, $ 8,278 6,506 4,680 4,719 4,680 

Value of 
40 years 
data, $ 3,598 1,826 0 39 

Computer 
time, sec. 181 114 110 89 74 

Return 
period im- 
plied, , 
years 10 109 109 109 5 X 104 

(1) X and S2, in this and following tables, are 
based on the logarithm of the annual peak flow in c.f.s. 



TABLE 6 

Bridge Design Based on 5 Years Data 

1920- 
1924 

1925- 
1929 

1930- 
1934 

1935- 
1939 

1940- 
1944 

1945- 
1949 

1950- 
1954 

X 3.7014 3.6326 3.6996 3.7438 3.7037 3.4910 3.7581 

S2 .0997 .1606 .0208 .0716 .1062 .1464 .0822 

Min. 
Bayes 
Risk, $ 12405 15327 5766 10322 12481 13575 11164 

At pier 
depth, 
ft. 21.2 26.2 11.7 18.8 21.6 22.8 20.0 

XOL, $ 5698 6368 2452 5286 5710 5926 5479 

Bayes 
Risk, 
40 years, 
$ 8278 10248 4720 7490 8475 9066 7883 

Optimal 
Bayes 
Risk, 40 
years, $ 4680 4680 4680 4680 4680 4680 4680 

Value of 
47 years 
data, $ 3598 5568 40 2810 3795 5386 3486 

XOL(5)- 
XOL(40),$ 5361 6037 2121 4955 5379 5591 5148 

Computer 
time, 
sec. 21 18 17 18 18 

84 
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TABLE 7 

The Value of Partially Reducing Uncertainty 
on State Variables in the Bridge Problem 

1920- 
1929 

1920- 
1929 

1920- 
1929 

1920- 
1924 

1920- 
1924 

1920- 
1924 

Certain 
para- 
meters meters u Q none u 

2 
a none 

3.6670 3.6670 3.6670 3.7014 3.7014 3.7014 

S2 .1314 .1314 .1314 .0997 .0997 .0997 

Min. 
Bayes 
Risk, $ 7527 13287 7850. 11459 13500 12045 

At pier 
depth, 
ft. 16.0 13.0 16.5 20.3 13.2 21.2 

XOL, $ 1946 1214 2248 5493 1902 5698 

Reduc- 
tion in 
XOL, $ 302 1034 205 3796 

EVPI 302 1034 2248 (1) 205 3796 5698 (1) 

(1) Based on certain knowledge of p and a2. 
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TABLE 8 

Results of Flood Protection Problem 

1915- 
1919 

1915- 
1924 

1915- 
1928 

1915- 
1929 

1915- 
19.34 

1915- 
1958 

Years 5 10 14 15 20 44 

X 3.9606 3.8310 3.7209 3.7648 3.7485 3.7108 

s2 .0273 .0803 .0951 .1158 .0929 .1008 

Pro- 
tection 
level, 
cfs 72,012 78,666 10,000 78,666 10,000 10,000 

Bayes Risk, 103$ 

A1in. 2,303 1,736 1,052 1,693 971 720 

44 yr. 1,395 1,421 720 1,421 720 720 

No pro- 
tection 2,478 1,829 1,052 1,722 971 720 

Value of 
44 years 
data, 

103$ 675 701 0 701 0 0 
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TABLE 9 

Value of Data in Flood Protection Problem 

1915- 
1919 

1915- 
1924 

1915- 
1928 

1915- 
1929 

Years 5 10 14 15 

XOL, $ 885,000 506,000 191,000 404,000 

XOL- 
XXOL, $ 323,000 68,000 14,000 41,000 

Return 
period 
implied, 
years 108 104 5 x 103 

Cost of 
years de- 
lay, $ 175,000 93,000 0 29,000 

Computer 
time, 
sec. 270 386 14 15 

No Uncertainty Solution 

Protect- 
ion 
level, 
cfs 10,000 10,000 10,000 10,000 

Risk 

103$ 697 900 573 1,074 

1915- 
1934 

1915- 
1958 

20 44 

115,000 11,500 

2,500 -50 

o o 

429 528 

10,000 10,000 

660 597 



TABLE 10 

Changes in Goal Function for Flood Problem 

1940- 
1949 

1940- 
1949 

1940- 
1949 

1940- 
1949 

Protection 
costs, % 100 75 50 100 

Damage cost 
exponent 1 1 1 1.04 

X 3.5973 3.5973 3.5973 3.5973 

S2 .1376 .1376 .1376 .1376 

Min. 
Bayes 
Risk, 

103$ 1,653 1,603 1,157 2,716 

At pro- 
tection 
level, 
cfs 10,000 106,000 136,000 107,000 

Bayes 
Risk at 
10,000 

cfs, 103$ 1,653 1,653 1,653 3,338 

XOL 426,000 583,000 405,000 916,000 

No Uncertainty Solutions 

Pro- 
tection 
level, 
cfs 10,000 10,000 10,000 10,000 

Risk, 

103$ 554 554 554 1,048 
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The 1.04 

TABLE 11 

Power of Selected Numbers 

Number 1.04 Power 

101 1.1 x 101 

103 1.3 x 103 

106 1.7 x 106 

107 1.9 x 107 

5 x 107 1.0 x 108 

108 2.1 x 108 

89 
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level and not building at all is small. This may be seen by 

looking at Table 8. The minimum Bayes Risk and the Bayes 

Risk for no flood protection are seen to be very close. 

This small cost is just the cost incurred by waiting for 

another years data. After five years, the worth of an ad- 

ditional year's data (XOL - XXOL) is seen, Table 9, to be 

more than the cost of the data, which is the cost of a year's 

delay, so it would be prudent to wait for more data. At the 

end of 10 years the expected cost of obtaining an additional 

year's data is $25,000 more than the expected worth of the 

data. It may or may not be optimal to make the decision 

here (DeGroot, 1970, p. 366). Since the theory leans to the 

side of hesitation, it is a toss up as to what the engineer 

should do. In this case the engineer should wait, as the 

flood loss calculations are based on future values, while 

the expected loss for waiting a year will be incurred on 

present values, which are lower. 

If the design is considered in terms of the return 

period of the flood, which would wash out the bridge or 

overtop the dikes it is seen that the return period differs 

for the different projects. 

The results indicate that the design is made with 

the separate characteristics of each project taken into ac- 

count and that the safety factor included in the design is 

a rational one, tailor made for the individual case. 
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It may be noted that the value of additional observa- 

tion drops sharply after ten years. This is in agreement 

with the work of other investigators (Tschannerl, 1970; 

Dawdy et al, 1970). The advantage of the decision theoretic 

approach is in its ability to look at the specific case in- 

volved. Other methods would not reflect the change in un- 

certainty as a result of the 1929 flood. 

Table 7 shows that the expected value of perfect in- 

formation EVPI, defined as the reduction of expected op- 

portunity loss, is super- additive as conjectured by Howard 

(1966a) from an inventory control example. The super 

additivity 

EVPI(p,a 
2 

) > EVPI (u) + EVPI (a2) 

indicates a large interaction between p and a2 in the 

calculation of XOL. Unfortunately this property limits the 

value of piecewise approaches to the worth of additional 

data. Note that the value of perfect information concerning 

the mean is quite small compared to perfect information about 

the variance. Thomas and Burden (1963) come to a similar 

conclusion for the design of a storage reservoir. 

Sensitivity analysis on economic parameters, here- 

to-fore considered constant has been done; the results are 
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shown in Table 10. They show changes in cost and utility 

functions can cause changes in design. The change in Bayes 

Risk though seems relatively insensitive to small flood pro- 

tection cost changes, in this instance. The addition of a 

relatively small risk aversion factor which raised flood 

costs to the 1.04 power, radically changed the results. 

Table 11 shows that at high levels, with this factor, the 

effective numbers are doubled. The results presented in 

Table 10 conform that uncertainty in economic variables 

could have as important an effect on design as hydrologic 

variables (James et al, 1969) 

The evaluation of information indirectly related to 

the state variables is done in the next chapter. 



CHAPTER V 

SECONDARY SOURCES OF DATA 

A primary source of data is defined as a set of ob- 

servations whose probability density function t(x16) is 

paramertized by e, the state variables of the problem. A 

secondary source of data, y, is one whose probability dis- 

tribution is not directly expressible as a function of the 

state variables, but which is related in some manner to a 

primary set of observations, x. We will assume this rela- 

tion is stochastic in nature and has the distribution 

g(yll,,x). The data available may be viewed as 

yl, ..., yn, yn+l, ..., yn+N' 

xl, , xn 
where there are n pairs of (x,y) observations and N ad- 

ditional y observations. The problem is how best to use 

this information. When the distributions are normal, 

Anderson (1957) derived the maximum likelihood estimates and 

noted the correspondence to the double sampling problem. 

Matalas and Jacobs (1964) handle the same problem from the 

93 
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viewpoint of hydrology. They calculate the variance of the 

maximum likelihood estimate (obtained by a least square 

approach) and note that in some cases the variance of the 

estimate using primary and secondary data is higher than 

that obtained by using primary data alone. In this case, 

using their methods, the secondary data is worthless. 

Two criticisms may be made of this approach. First, 

the distribution of the new estimate is not obtained and 

secondly an optimization (maximum likelihood) is made prior 

to making the design decision. Suboptimal procedure is be- 

ing used in each case. In this chapter, a theory will be 

developed for the use of secondary data in decision theo- 

retic analysis. First the general case will be shown, then 

application will be made in the case where the model relat- 

ing x and y is a regression model. 

Theoretical Development 

The primary data x are distributed as f(x16). 

The present knowledge about e is in the prior distribu- 

tion F(e). The relation of the secondary data, yl to 

the primary data, xl is a probability distribution, 

g(y14),x). In other words, y is a random variable whose 

distribution depends on the value of x and on the value 

of a parameter cp. The parameter V, may be uncertain; 

present knowledge about 4) is encoded in its prior G(w). 
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It is desired to calculate the posterior distribu- 

tion of O with respect to y: F(eiy). This distribution 

will then be used to determine the alternative with the 

minimum Bayes Risk. 

First some notation is given. x and y are single 

observations, which could be vector valued. X and Y are 

blocks of observations, the paired observations being 

(Xn,Yn) and the unpaired YN. 

The posterior distribution, F(eIYN), is found by 

the use of Bayes' Theorem: 

F(e)t(YNle) 
F(e lYN) _ 

IF(6)t(YNle)de' 
(1) 

where £(YNIO) is the likelihood of the N unpaired 

observations 

Y 

£(YN1e) = 
1g(Y14I11)lX)f(x(e)dx 

(2) 

for each p. If the yi are independent we may write: 

N 
.e(YN10) = n 2(Yn+ide). 

i=1 
(3) 

The problem now focuses on the relation of y to x 

and the parameters, ,y, involved. The choice of model will 

be discussed in a later chapter, here our interest is in the 
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parameter tp. We have a prior probability distribution for 

p, G(*). This represents the current state of knowledge 

about ii'; it may be complete ignorance. The paired obser- 

vations (Xn,Yn) enable us to update this knowledge to ob- 

tain the posterior distribution 

G(40g(YniXn,40 
G(IP j (Xn,Yn) ) (4) 

We use this information to eliminate tp from Eq. 

(2). What is being obtained is the predictive distribution 

of y given O. This may be written as 

t(Y1e) 
` 

fjg(Ylvp,x)f(x1e)G(p) (xn,Yn))dxdip. (5) 

We may now calculate F(eIy). 

There are three sources of additional information. 

First more observations, x, may be obtained. The expected 

value of individual x's may be obtained by calculating 

XXOL(x) as shown in Chapter II. 

Second, more y's may be obtained. The predictive 

distribution for y may be obtained from Eq. (5) by sub- 

stituting the predictive distribution of x, Chapter II, 

Eq. (8), for f(x1e) : 
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t(y) = JJg(YI,x)f(x)G(I (Xn,Yn))dxd*. (6) 

Now XXOL(y) may be computed. 

Third, additional pairs of observations may be ob- 

tained. The value of an additional pair of observations 

(x,y) is a more complicated thing as both 8 and * will 

have new posterior distributions and the posterior of 8 

is dependent on that of *. The predictive distribution of 

an x, y pair may be expressed as the product of a con- 

ditional by an unconditional distribution 

where 

h(x,y) = t (YIx) f (x) (7) 

= Jg(yI,x) G(*I (Xn,Yn))d*. (8) 

Now the XXOL(x,y) can be calculated. 

If the costs of obtaining x, y and (x,y) are 

known it is now a simple matter to determine the data to 

obtain. 

A Regression Relation 

In hydrology the most commonly used relation be- 

tween primary and secondary observations is regression 
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(Young et al, 1970; Diskin, 1970). For a particular form of 

a flood protection problem Shane and Gaver (1970) use re- 

gional estimates obtained by regression as a prior distribu- 

tion of the parameters of interest. A posterior distribu- 

tion of these parameters is obtained from the historical 

data by using Bayes' Rule. In practice they calculate the 

prior distribution of the state variable, e, by first ob- 

taining an estimate of it from the regression equation and 

secondly assuming the "error e in the regression model is 

at least approximately normal ..." (p.1650). As they are 

interested in obtaining a closed form solution, for the 

sake of tractability they now use, as an expression of the 

prior distribution, a gamma distribution with the same mean 

and variance as the assumed normal. No evaluation of the 

worth of a specific prior distribution obtained in this man- 

ner is given. Shane and Gaver do present data to show that 

the protection levels obtained by "their" Bayes method are 

higher than those obtained by the method of Matalas and 

Jacobs (1964) . 

The regression relation will be now put into the 

framework introduced in the previous section. x and y 

are single scalar variables. The distribution f(x(e) is 

arbitrary. The distribution g(ylx,i,) is normal: 

N(yla + Bx,a 2) where ci is the residual variance. The 
r r 
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prior distribution of a, ß and ar is multivariate 

normal -gamma (Raiffa and Schlaifer, 1961, Chapter 11). 

It may be demonstrated that classical regression 

theory is equivalent to no prior knowledge. The predictive 

density of y given x is well known (Mood and Graybill, 

1963, p. 337). The expression: 

y-a-bx 

(62 n /2 (n±l (x-x) 2 31/2 
r n-2 ] n 2 

where a2 
is the estimate of the residual variance 

n 

ar-ñ E (yi-a-bxi)2. 
i=1 

where 

b - 

and where 

n 

i=1 (xi-x) (yi-y) 

E (xi-x) 2 

i=1 

(9) 

(10) 

a = - bx, (12) 

is distributed as a Student's t variate with n - 2 de- 

grees of freedom. 
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However x must be integrated out of Eq. (2), in 

order to obtain .ß(y16). To do this the distribution of y 

given x must be obtained. 

The t distribution is written as: 

[(k- 1) /2]! h (t) - k kn [(k-2)/2)! (1+t2/k) 
(k+l) /2 , (13) 

where k is the degree of freedon. By making a change of 

variable, the substitution of Expression (9) for t in Eq. 

(13), it is easily shown that y is distributed as: 

h (y ix) - [(n -3)/2 ] ! 

-1/2 
1+ (y-a-bx)2 (n-2 n ) ) (n24 i 

(nñl t (x-x) nrr 
(X_X) 

2 

1 

(Q2 n (nn±1 (x-51-)2 

2)) 
1/26 

r n-2 n 
i (X1_X) 

Referring to Eq. (8) ' we may write 

= Jg(YIix)G(1 

which in terms of this problem is 

XnrYn))dip 

(14) 

(15) 
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h(y1x) = JN(YIcz + ßx,cs2)NG(a,13,021a,b1v2) dadßdßr. (16) 

The posterior distribution F(81y) may now be 

calculated from Equations (1) and (2) 

F(81y) - F(s)Ih(ylx)f(x(e)dx 
t!F(e)h(yx)f(xle)dxde' 

(17) 

For the case when f(x) is normal, an attefipt was made to 

find a closed form solution for Eq. (17). The only feasible 

method seemed to be by contour integration. However there 

is a singularity at infinity which prevents the attempt. 

For calculating XXOL(y) using Eq. (6), note that 

we have just calculated a good part of it, so Eq. (6) may 

be written 

.e. (y) = Ji(YIx)f(x)clx. (18) 

Computer Implementation 

If f(x16) were normal, the computer program used 

in the previous chapter could be adapted to use information 

provided by a regression model. For decision making, the 

distribution used in the program now, in subroutine R, is 

the prior F(e), and would have to be made posterior by 

Eq. (17). This would involve a numerical integration for 
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every value of e and after the minimum was found, a double 

numerical integration for the denominator. The estimated 

added time required would increase program length by less 

than 50%. The calculation of XOL is then straightforward. 

The calculation of XXOL requires modification of the pre- 

dictive distribution, in subroutine TAK, to that of Eq. 

(18). This would involve a numerical integration which 

would not significantly increase computing time. 

The value of a particular set of secondary data 

(Yn,YN) 
is the reduction in Bayes Risk occasioned by the 

use of the secondary data, where the Bayes Risk of the pre- 

vious solution is calculated with the posterior distribu- 

tion provided by the secondary data. 

Extension to Higher Dimensions 

The primary and secondary data, Xn and YN, may 

be vector valued. The secondary data should be related to 

the primary data by a multi -argumented transformation. 

Analysis then proceeds analogously to the single variable 

case. Multiple regression is an example. 

If the multiple variables are independent, they may 

be treated one at a time. In hydrology, variates are rarely 

independent so a multivariate approach which takes the cor- 

relations into account must be used. 
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Assume that all observations (x,y) have a joint 

multivariate normal distribution. The regression relation- 

ship is the distribution of y conditioned on x. The 

theory developed earlier may be used. Most of the statis- 

tical theory necessary for handling the multi -variate normal 

case for a Bayesian analysis is given in Raiffa and 

Schlaifer (1961). They do not however give a satisfactory 

prior distribution for the covariance matrix. This omission 

has been corrected by Evans (1965) and Ando and Kaufman 

(1965). They establish the multinormal -Wishart distribution 

as the conjugate distribution for the multi -variate normal. 

Analogous to the univariate case a multi -variate Student's 

t is shown to express the conditional distribution of y 

given x, with the uncertain parameters integrated out. 

The value of secondary data in the multi -variate normal 

case can now be calculated. 

Serial Correlation 

For the generation of synthetic stream flow sequences 

a knowledge of the serial correlation of stream flows is 

needed (Fiering, 1967). The conventional methods for the 

use of secondary data in this problem are regression methods. 

These methods do not however, take into account the serial 

correlation in the secondary data (Matalas and Gilroy, 1968). 
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Consider the primary data to be a time series xt, 

and all pairs (xt,xt -1) to have a bivariate normal dis- 

tribution. All secondary data is available in time series 

form also: yt, yt -1. 
The joint multi -variate normal dis- 

tribution (Xn,Yn) contains all the parameters relating to 

all serial correlations. The analysis using secondary data 

can now proceed. 

Difficulty will arise in using Eq. (5) because the 

integration over x must be done in cognizance of the re- 

lation of the components of x to each other: 

Very highly dimensioned numerical integration may have to 

be used. 

Discussion 

Bayes' Theorem allows the full use of secondary 

information in decision making. The problem of using 

secondary data will involve much computer time and problems 

with serial correlation may not prove computationally feas- 

ible. The computer however,is available to the hydrologist; 

this chapter shows that better decisions may be made by 

using theory which requires computer implementation. 



CHAPTER VI 

FURTHER APPLICATIONS 

Decision theory can be extended to evaluate a wide 

variety of factors which in some way occur as a part of the 

decision theoretic approach as outlined in Chapter II. If 

suboptimal procedures are being used they can be identified, 

changed and in most cases the benefit or expected benefit 

from the change can be calculated. Two examples will be 

given, that of data handling and that of model selection. 

Care must be used in the analysis as subjective factors will 

come to the fore more so than previously. Analysis will tend 

to become an individual case -by -case procedure that must be 

developed for each situation. 

Data Handling 

The data collection system may be suboptimal. The 

suboptimality may be caused by faulty apparatus, faulty 

transmission, poor aggregation, etc., etc. The model and 

the data collection method may not be compatible. The maxi- 

mum yearly rainfall may be sufficient for designing a flood 

control project but insufficient for designing an irrigation 

project. 
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The p.d.f. of minimum rainfall will be different 

from the p.d.f. of rainfall storm by storm. Yet they may 

both contain the same parameter; the minimum rainfall is an 

order statistic from the ordinary rainfall distribution if 

the number of storms is known. If the data collected are 

just the number of storms and the minimum rainfall, rather 

than the rainfall for each storm, information will be lost 

because non -sufficient statistics are used. 

Pratt (1965) outlined the theory of the problem. 

Let t be a statistic, sufficient or non -sufficient. We 

obtain the posterior distribution: 

g0(e)f(tle) 
gl(e) = g(e 

lt) 
- f(t) (1) 

If the observations x are known, a new posterior 

may be calculated: 

gl (6) f(xit,e) 
g2(e) _ g(elt,x) (2) 

The difference between g2(e) and gi(e) repre- 

sents the different information brought to bear on the de- 

cision to be made by the complete observations and by the 

statistic t. The value of the complete observations com- 

pared with that of the statistic t is obtained by comparing 
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the Bayes Risk of the alternative chosen by using g1(e) 

with that of using g2(6), the Bayes Risk of both being 

calculated with the same posterior, g2(e). 

The definition of a sufficient statistic (Hogg and 

Craig, 1959, p. 97) is: 

Let x1, x2, ...,xn, for a fixed positive integer 

n, denote a random sample from a distribution having 
p.d.f. f(xIe), y < 8 < S. The statistic 

Yi =ul (xl ,x2' . ` . , 
x11) is called a sufficient 

statistic for e if, and only if for any other 
statistics Y2 = u2(x1,x2, ..., xn), ..., 

Yn = un (xl ,x2 , ... , xn) , (for which the Jacobian is 

not identically vanishing) the conditional p.d.f. 
h(y2, ..., yniyl) of Y2, ..., Yn given Y1 = yl, 

does not depend on the parameter 

Let us examine the case in which t is sufficient. 

The complete observations form a statistic. By the defi- 

nition of a sufficient statistic, f(x1t) does not depend 

on e. Therefore by Eq. (2) 

g2(0) = g1(8) . 

The conclusion is that optimal data collection is in the 

form of sufficient statistics. 

If the statistics currently being collected are non- 

sufficient it is natural to want to know the benefit of 

using sufficient statistics. This would involve XOL 
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(non- sufficient) -- XXOL (sufficient) calculation. A pre- 

dictive distribution would have to be constructed: 

f(x1t)= Jf(xltio)gi(o)der (3) 

from which XXOL calculations may be done. 

Rainfall depth at a point may be considered to fol- 

low an exponential distribution (Wiesner, 1970): 

f (xle)= ee-ex. (4) 

The minimum, y, of n independent observations 

is distributed (Hogg and Craig, 1959, Section 8.1) as: 

f(yle) = n[l - F(yle)]11 f(yle), (5) 

where, for one observation, f is the probability density 

function and F is the cumulative distribution function. 

For the exponential, 

f (y e) = nee -n0y. 

By making the substitution 

z = ny (7) 
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f(z16) = 0e-Oz, (8) 

which is exponential. 

The conjugate distribution for the exponential is 

the two parameter gamma (DeGroot, 1970, p. 166) 

g(0 a, ß) -rßa, 
ea- le -Be. 

When parameterized with sufficient statistics, one has 

a = n, (10) 

(9) 

ß = x.. 
i=1 1 

The distribution representing prior ignorance, no observa- 

tions, is 

g0 (e) = é. (12) 

The calculation for gl(e) may be made by Bayes' Rule, Eq. 

(1), or by the conjugacy properties: 

g1(0) = 
. 1 

. 
e-nye 

(13) 
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To obtain g2(e) the distribution of x conditioned on y 

and e must be used, namely: 

n-1 -6xi n-1 
II (6e ) e exp (-8 x.) 

i=1 1=1 1 
f (x e 

(e-ey) 
n-1 (e-6y) n-1 ' (14 ) 

In most cases the individual xi will not be known 

as only the minimum has been recorded. To calculate XXOL 

a predictive density for x is needed. This is 

f(xly) = Jf(xIy,O)gi(0)dO. 

Choice of Model 

The choice of model to describe natural phenomena 

in many cases is not obvious. Peak river flow may be 

modeled by the log Pearson III, the 2- parameter log normal, 

the 3- parameter log normal or the Gumbel or some other dis- 

tribution. Synthetic stream flow models may assume inde- 

pendence between successive flows or a serial correlation of 

some order. On the Potomac River estuary there are two 

choices of model for describing the dissolved oxygen con- 

tent (James et al, 1969). The various models have their 

good and bad points. 
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The question is normally approached from the point 

of view of, "which is the best model "? From the decision 

theoretic analysis viewpoint the question is invariant: 

"which alternative has the least Bayes Risk "? If there is 

a question about model choice, this represents uncertainty, 

and decision theory is designed to handle uncertainty. 

The decision theory approach to uncertainty in 

models is covered by Smallwood (1968). Essentially a new 

state variable is introduced; the value of the variable de- 

notes the model used. Next the stochastic properties of 

this state variable are determined. If the models are sto- 

chastic in nature the likelihood of the data given the 

model may be determined. Bayes' Rule is then applied to ob- 

tain the p.d.f. of the model choice parameter. The Bayes 

Risk for a specific alternative is found by calculating it 

for each model separately in the normal manner and then in- 

tegrating over the model choice parameter. Most of the 

time "integration" will be done by use of a weighted aver- 

age. Let y be the state variable of model choice. Using 

the notation of Chapter II, the Bayes Risk is 

R(a) = JJg(a,O)f(0)def(y)dï (16) 

where gy(a,e) is the goal function using model y. The 

alternative chosen is that which minimizes the Bayes Risk. 
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A model may not be stochastic such as the dissolved 

oxygen model, mentioned above. Then the p.d.f., f(y), is 

subjective and represents degree of belief. This type of 

information affects most problems but it is not quantified. 

The quantification of this type of information can be ob- 

tained fairly well; see the literature review. 

Subjective probabilities may be used even when the 

models are stochastic such as peak annual river flow models. 

The likelihood approach is eschewed because most of the data 

is for low flows while the high flows are the ones of real 

interest. The subjective probability describes the degree 

of belief in the model to describe high flows; most commonly 

used models have equal likelihoods for low flows (Benson, 

1968). In the Rillito Creek problems done earlier, an ap- 

proach like this could be done rather than the somewhat ar- 

bitrary approach used, i.e., assuming a 2- parameter log 

normal p.d.f. 

Computing time would be lengthened by introducing a 

model choice parameter. The time consumed would be somewhat 

greater than the sum of the times needed for each model in- 

dividually. 

The value of a model or of an analysis using several 

models is obtained by comparing the optimal Bayes Risk ob- 

tained with the new approach with the Bayes Risk, computed 
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with the new posterior distribution, obtained with the pre- 

vious optimal alternative. If the new situation consisted 

of several models, including the old model, whose posterior 

distribution was determined by the likelihood of the data, 

the evaluation of the new situation by the comparison of 

Bayes Risks is obviously justified. In all other situations 

the engineer should be aware that a tacit assumption of the 

superiority of the new situation is being made. 

Regionalization 

In many cases the expected opportunity loss is at an 

unsatisfactorily high level and it is not feasible to delay 

design of the project in order to collect more data, x, 

from the distribution f(x1e), due to the high cost of de- 

laying the benefits of the project. The uncertainty may be 

reduced by secondary sources of data or by using a more in- 

formative prior distribution. 

The information for both these situations may be ob- 

tained from the characteristics of the region and is called 

regionalization. Secondary sources of information include 

stream flow at other sites, tree rings, mud wharves, etc. 

Regression methods are normally used. The technique of ob- 

taining a better prior distribution is not in common usage: 

however, Bernier (1967) used it in studying the flow of the 
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Seine and McGilchrist et al, (1970) for flood plain studies 

in New South Wales. 

The value of regionalization after the fact, is es- 

tablished by the comparison of Bayes Risks. The question of 

whether a regionalization study should be started is solved 

by comparing XOL - XXOL with the expected cost of study. 

Obtaining an XXOL may be difficult, conceptually and 

numerically. 

For the secondary data type of situation, a prior 

distribution on the model parameters relating x and y, 

the primary and secondary data, would be needed. This is 

a regonalization in itself but it is reasonable to think 

that some data about the relation of y to x would be 

available. The prior distribution on the model parameters 

enables a predictive distribution to be established for y 

and for x, y pairs. The XXOL can be calculated in 

the manner of the previous chapter, as regionalization in 

this case has been reduced to a secondary data problem. 

Let us examine what is involved in obtaining a prior 

distribution of e for the region. The prior, g(e), 

represents the uncertainty in the parameter e. It is a 

probability distribution which may or may not be parameter- 

ized. If parameterized as g(eja), it is the value of a 

that is wanted from regionalization. This may be obtained 
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from the observations and the composite distribution 

h(x1a) = 
1f(x10)g(e1a)de. 

(17) 

If independent observations x are available (from scat- 

tered points in the region) an estimate of a may be ob- 

tained. However a is uncertain. A full Bayesian treat- 

ment will involve postulating a noninformative distribution 

on a, j(a), then using Bayes' Rule to obtain the posterior 

distribution of a: 

It follows that 

J (a 1x) - 
i (a)h (x 

Ij(a)h(xf 
(18) 

g(e) = Jg(OIa)i(alx)da. (19) 

This may seem a Bayesian gilding of the lily. 

McGilchrist et al, (1970) obtained a maximum likelihood 

estimate of a from h(x1a). They approximated the lower 

95% confidence bound for the estimate and used this as the 

value of a because of all the values in the confidence 

interval, the lower one represented a prior distribution on 

e with the most uncertainty. 
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Using either approach the prior knowledge of 0 has 

been obtained. 

The question of whether a regionalization study 

should be made assumes that a pilot study has been made and 

that the question to be determined is whether more observa- 

tions from the region will be worthwhile. A standard XXOL 

type study can be made with predictive distribution h(xla) 

in case a maximum likelihood approach was used or 

h(x) = Jh(xla)i(a)dai (20) 

where j(a) is the posterior obtained from the pilot study. 

Could this type of approach help in the Rillito 

Creek problem? Plots have been made of discharge vs. 

drainage area for floods in Arizona drainage basins (Lewis, 

1963, fig. 1) and envelope curves drawn to indicate possible 

maxima. No frequency interpretation is made. For Rillito 

Creek a maximum flood of from 100 -150 thousand c..f.s. is in- 

dictated. The Rillito Creek predictive density based on data 

from 1915 to 1958, shows the mean annual flood to have a 

likelihood 2000 times greater than the 125,000 c.f.s. flood. 

Until this type of plot can be given some probabilistic in- 

terpretation it will be of no use in providing an improved 

prior distribution. 
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Generalization 

The decision theoretic approach can place a value on 

additional data or a correct model by a Bayes Risk compari- 

son. Prior to a study made to reduce uncertainty, in most, 

but not all cases, the expected worth of the study can be 

calculated from a comparison between XOL - XXOL and the 

expected cost of the study. There are many hydrologic 

studies done to reduce uncertainty, experimental watersheds 

being an obvious example. A decision theoretic analysis 

could put a dollar value on their usefulness to a farmer 

who has to make decisions concerning irrigation. 

A pitfall to be avoided is the assumption that XOL 

reduction is a good in itself. Actually, we are developing 

understanding and knowledge of a situation, with XOL as a 

measure of our deficiency. If more knowledge raises the 

XOL as the 1929 flood did for the flood problem, Table 9, 

it must not be considered that ground was lost, but that 

the situation is more complex than previous data showed. A 

sophisticated model may reveal more uncertainty than an over 

simplified model. For example, the assumption that yearly 

peak river flow is constant is ridiculous, but, with this 

assumption, one observation will reduce XOL to zero for 

this oversimplified model. 



CHAPTER VII 

DISCUSSION AND CONCLUSIONS 

The decision theoretic method has been shown to pro- 

vide design alternatives which include a safety margin, and 

which specifically take into account the project being con- 

sidered and the data being used. A measure of the cost of 

the uncertainty in the value of parameters used for the de- 

sign is provided by the expected opportunity loss. The 

value of more data in reducing uncertainty can be evaluated 

prior to the gathering of more data by calculating the ex- 

pected reduction in expected opportunity loss. The concept 

of expected expected opportunity loss, XXOL, has been 

shown to be both intuitively viable and relatively simple 

to program. After new data have been obtained their value 

is equal to the reduction in Bayes Risk, based on the new 

data. 

Computation has been shown to be feasible for a com- 

plicated goal function with two uncertain state variables, 

and indications are that additional uncertain variables can 

be handled, but at the cost of increased computer time. 

The decision theoretic approach requires a variety 

of expertise for proper construction of goal functions, for 
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evaluating risk aversion and for identifying random vari- 

ables, state variables and decision variables. Solution of 

a problem, once constructed, may require statistics, proba- 

bility, numerical analysis, human factors, computer program- 

ming and optimization techniques. Systems Engineering, with 

its conception of system is ideally suited to analysing the 

conceptual phases of decision theoretic analysis; the mathe- 

matical tools of Systems Engineering are the ones used in 

the computational phases of decision analysis. Decision 

theoretic analysis may aptly be called a Systems Engineering 

sampler. 

In setting up the Rillito Creek problems, two steps 

in the decision analysis procedure as put forth in Chapter 

II were not done: sensitivity analysis and the identifica- 

tion of dominated alternatives. Sensitivity analysis was 

done on the flood protection costs and risk aversion factor, 

Table 9, in the flood problem, after the first results had 

been obtained. This subsequent analysis showed that the 

factors considered were important and that uncertainty in 

construction costs, maintenance, interest rate and risk 

aversion, could affect the alternative chosen. The results 

in Table 8 show that flood protection structures for flows 

less than 70,000 c.f.s. are not optimal alternatives. If 

these dominated alternatives had been eliminated prior to 
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computation, the search procedures could have been simpli- 

fied by the elimination of the search starting at 35,000 

c.f.s. with a resultant savings of about 30% in computer 

time. 

This study indicates that, for a log normal model of 

yearly peak flow, no flood protection dikes should be built 

on Rillito Creek. The use of a log normal model rather than 

the more commonly accepted log Pearson -III, which contains 

3- parameters, might invalidate that conclusion due to the 

assumption of an overly simplified model. Comparison of the 

two distributions shows that for 45 years of Rillito Creek 

data, the log normal gives a higher likelihood to large 

flows than the log Pearson III. Table 9 shows that for 44 

years data, the XOL for the decision, "no protection ", is 

extremely low. Therefore it seems that the decision to 

build no dikes along the Rillito is sound. 

The preceding paragraphs are meant to show: 1) that 

decision theoretic analysis does not vitiate the need for 

engineering judgment, 2) that decision analysis requires 

considerable engineering acumen and 3) that decision 

analysis is not a method to "crank" out solutions. 

Limitations 

The extension of techniques described in this paper 

to larger problems is limited by the computational time that 
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may be required. Reduction of a problem to one of managable 

size involves careful use of judgment and sensitivity analy- 

sis, to be certain oversimplification will not result. In- 

teractions that are important could be ignored if sensitivity 

analysis is done parameter by parameter. 

In the analyses run here the alternatives were not 

vector valued. If they were, the search procedures would be 

more involved and the questions of unimodality harder to 

answer. Certainly more computer time would be used. 

Use of decision analysis demands knowledge of the 

model and goal function at extreme values of the state vari- 

ables. This is particularly true for the XXOL calcula- 

tions. A flow of 188,000 c.f.s. was postulated as next 

year's data for an XXOL calculation, in the Rillito Creek 

studies. The new sample mean and variance are quite high. 

For Bayes Risk and opportunity loss calculations, the value 

of the goal function with the state parameters at the end of 

their 99.8% confidence limits, had to be calculated. The 

Corps of Engineers data for flood damage stopped at 78,000 

c.f.s. How good is the extrapolation that was made? Since 

the situation is an extreme part of an extreme situation its 

likelihood is very small and it will not influence the de- 

cision reached or the XOL figures, very much. However, if 

the extrapolation is off by many orders of magnitude, er- 

roneous results could be reached. The assumptions of the 
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model may not hold at extreme values. Besides generating 

faulty values this situation could make search procedures 

difficult; the bridge problem is an example. 

On the other hand, the use of bounded numerical 

integration procedures might exclude extreme points that 

would affect the decision reached. 

For proper usage of decision theory, then, knowledge 

about the problem must include that of extreme situations. 

Where knowledge is just too sparse decision analy- 

sis cannot be recommended. Regionalization as a way of ob- 

taining prior distributions may be an area where traditional 

methods such as confidence intervals are preferable to de- 

cision theory. The assumption of independence of observa- 

tions is most likely to be specious. 

The value of additional data or of a new model is 

tied to a specific project and goal function. This is suit- 

able for engineers- working on a project but not for scien- 

tists seeking to expand knowledge. This limitation on the 

use of decision theory to evaluate new data might be par- 

tially ameliorated by the use of suitable, traditional type 

goal functions such as entropy and variance. 

Conjugate functions are not available for all proba- 

bility distribution functions. When not available Bayes' 

Rule must be used as written, with no simplifying aides to 
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calculation. Computer time will increase due to the addi- 

tional complications and due to the need to evaluate the 

integral in the denominator (Chapter I, Eq. 6). 

Implications for Hydrology 

This dissertation has shown that the decision theo- 

retic method is a tool of great potential in hydrology. 

Engineers are now faced with more and more problems involv- 

ing pollution and the environment. These problems abound 

with uncertainty in the models used, in the data and above 

all, in the goal functions. Traditional methods will be 

hard pressed to handle these problems. The rule of thumb 

safety factors will in many cases produce much too naive a 

solution; in multicomponent problems, one component's 

safety factor may be another component's poison. Decision 

theory provides a format in which these difficult problems 

may be defined, discussed and decided. 

If hydrology is to use decision theory as an opera- 

tional tool, additional research in both hydrology and ap- 

plied decision theory is needed. More important though, 

some change in the hydrologist's viewpoint will be needed. 

In the area of statistics and probability, the interest 

should be in the distribution of the parameter of the p.d.f. 

given the sample statistic, rather than the other way around. 

To do this and use decision theory,a likelihood approach to 
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statistical problems is needed, rather than the traditional 

methods such as moment analysis and graphical techniques. A 

quantitative view of risk is needed, rather than the demand 

for 100% safety as indicated by some qualitative measure. 

The objectives of hydrologic projects should be viewed from 

a perspective which will include non -economic factors and 

risk aversion. And finally, as the Corps of Engineers is 

now doing for Rillito Creek, a wide range of alternatives 

should be sought. 

The benefit -cost ration does not lend itself directly 

to goal function construction. Net benefit or net cost is 

the quantity to be optimized. 

Suggested Research 

At the present, decision theory is not developed 

thoroughly enough to be routinely used as a tool by the pro- 

ject engineer. Research is needed, mainly in two areas, the 

first being the computational aspects of applied decision 

theory and the second being the statistical techniques used 

in hydrology. These problems are natural ones and would be 

posed in any attempt to broaden the usage of the techniques 

presented in this dissertation. 

The numerical integration used to evaluate the 

single and double integrals used in the Rillito Creek prob- 

lems consumed a large amount of computer time. The use of 
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Simpson's Rule had the disadvantage of necessitating a 

choice of end points for the integration. The advantage of 

Simpson's Rule was that as more points were added to get the 

required accuracy, previously calculated points were still 

being used. 

Gausian Quadrature would require less calculation 

for the same accuracy as Simpson's Rule but is not suited to 

iterative technique, as previously calculated points could 

not be used. Laguerre and Hermite quadrature would be 

suited to the case where a limit of integration should be 

infinite. Some combination of techniques might be the 

answer; in any case more accurate and less time consuming 

integration procedures are needed. 

Probability distributions with associated conjugate 

distributions are rare. For two or more uncertain para- 

meters the (multi)normal distribution is the only distribu- 

tion that has a conjugate. The normal distribution is not 

natural in hydrology. However after a transformation, 

hydrologic data often fits a normal distribution. 

Research is needed to determine if transformations 

to normal distributions could not be successfully used in 

more of hydrology. The 3- parameter log normal has recently 

been suggested as a substitute for the log Pearson III 

(log 3- parameter gamma) by Sangal and Biswas (1970) . Some- 

times a normalizing transformation depends on a parameter 
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of the nontransformed distribution. Knowledge of the skew 

coefficient is needed for the transformation of a Pearson - 

III to the normal. The estimate of skew coefficient from 

sample data is known to be subject to much error, but this 

is never taken into account in current hydrologic studies, 

such as stream flow simulation (Fiering, 1967). 

The log Pearson III requires special attention since 

it received the imprimatur of Secretary Udall (Benson, 1968) 

as the distribution to use for peak river flows. The stand- 

ard method for estimating the parameters of a Pearson III is 

by the method of moments. Bayesian technique is not easy to 

apply in this case as there are no sufficient statistics 

(Koopman, 1936) and thus, no conjugate distribution. Direct 

analysis by Bayes' Rule is the method that must be used. 

This would require a noninformative prior distribution for 

each parameter. To the best of our knowledge, no work .has 

been done on noninformative priors for boundary parameters 

other than for the uniform distribution, which has suffici- 

ent statistics. A boundary parameter is one which limits 

the domain of the random variable for which the p.d.f. is 

non -zero. Another approach to the Pearson III would be to 

determine the distribution of the three parameters, given 

the first three sample moments. Now a comparison of likeli- 

hood and moment methods could be made, perhaps on the basis 
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of expected opportunity loss. This would clarify the 35 

year old dispute between R. A. Fisher and Karl Pearson over 

which method is the best for the Pearson III. This dispute 

still simmers (Shenton, 1967). 

A third approach would be to note that the Pearson 

III has two jointly sufficient statistics, if the boundary 

parameter is fixed. The distribution of one of these 

statistics, Ilog Xi, is not expressible in closed form. 

Research might indicate how the sufficient statistics and a 

noninformative prior for the boundary parameter could be 

used together. A similar problem arises with the 3- para- 

meter log normal. In this case, however, for a fixed value 

of the boundary parameter the distribution of the two suf- 

ficient statistics would be known. 

Given the population parameters simulation techni- 

ques can produce a p.d.f. for the sample statistics. The 

reverse is not necessarily true. However, Bayes' Rule will 

give f (e I x) if we have simulated £. (x e) providing a 

prior f(e) is available. The simulation technique is 

probably the one that will be successful if a comparison of 

the likelihood method and the method of moments is to be 

made. The importance of the nonimformative prior in the 

procedure should be noted. It is possible that the method 

of choosing the nonimformative prior, maximum entropy, 
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invariance, etc., may have a profound effect on the con- 

clusions. 

Research is also needed to determine just how the 

concept of risk aversion fits into hydrology and how it may 

be evaluated. 

Conclusions 

1. Decision theory provides a rational method for mak- 

ing the decisions necessary for the design of hydrologic 

projects. The decision takes into account the economics of 

the project, the risks involved and the uncertainty in some 

of the parameters used. A measure of the added costs due to 

uncertainty is provided by calculating the expected oppor- 

tunity loss. The advantage of decision theory, compared 

with other methods for evaluating the added costs due to un- 

certainty, is in its ability to look at the specific case 

involved. The viewpoint is that of the design engineer, who 

has to decide, with the information at hand, which design 

alternative to use. 

2. Decision theoretic methods provide a way of measur- 

ing the value of new data, models, methods, etc., the value 

of anything which may cause a change in the decision can be 

measured. In most cases the expected value of new items of 

information may be calculated in advance of their actual 

gathering. This expected value can be compared with the 
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expected cost of obtaining the information to determine 

whether or not the new item should be obtained. The ex- 

pected expected opportunity loss concept, developed in this 

dissertation, successfully implements this facet of decision 

theory. By use of this concept, the differing values of ad- 

ditional data from various sources may be calculated and a 

choice made as to which source(s) of data to use. 

3. Secondary data, such as that obtained by the use of 

a regression model, may also be used in a decision theoretic 

analysis. The analysis takes into account the uncertainties 

in the relation between the primary and secondary data. 

4. Data can be used in an optimal manner only if col- 

lected in the form of sufficient statistics. If data is 

not being collected in this form, decision theoretic methods 

can evaluate the loss to be expected because a suboptimal 

action may be taken. 

5. Optimal design decisions may be made by decision 

theoretic methods without certain knowledge of the model 

explaining observed events. For example, it is not neces- 

sary to know whether events in successive time increments 

are independent or follow a Markov model; the design can be 

made in cognizance of both models. 

6. A theoretical framework of regionalization is pro- 

vided by decision theory. Regionalization is viewed as 
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providing an informative prior distribution theoretic analy- 

sis by using data from a region. 

7. The construction of dikes along Rillito Creek is not 

justified by a decision theoretic analysis based on the in- 

formation available. 

8. Decision theoretic methods are computationally feas- 

ible for realistic problems with two uncertain variables. 

Indications are that the methods would be feasible for ad- 

ditional uncertain variables. 

9. Decision theory requires a complete analysis of a 

project and all the factors that enter into it. The disci- 

plines of Systems Engineering are of great use in any de- 

cision theoretic analysis. 

10. Further research in statistical and numerical methods 

must be done to enable decision theory to become a routine 

operational method in hydrology. 



APPENDIX A 

DERIVATION OF THE XXOL APPROACH 

This appendix shows the derivation of the XXOL 

approach and how it follows naturally from Raiffa and 

Schlaifer's (1961, Section 4.5) approach to the value of an 

additional observation. Their approach measures the value 

of an additional observation before it is made, by the ex- 

pected reduction in Bayes Risk. 

New data gives a posterior distribution f(elx). 

An alternative, a *, is chosen which gives a minimum Bayes 

Risk: R "(a *). The prior distribution gave a minimum 

R'(a *) for alternative a *. With respect to the knowledge 

at present, i.e., the posterior distribution, the alterna- 

tive a* is superior to the alternative a* by the amount: 

R" (a* ) - 
R' 

(a* ) , 

From Eq. 4 (Chapter I) 

(1) 

OL(a *,e) _ g(a *,e) - min g(a,e). (2) 

a 

Taking expectations, one obtains.: 
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E[OL(a*e)] = E[g(a*,e)l - E[min(g(ae))], (3) 
a 

which may be simplified to 

XOL(a*,f(e)) = R(a *) - U (4) 

whence U is a constant. Rewriting Eq. (4) yields 

R(a *) = XOL(a *,f (9)) + U. (5) 

So Eq. (1) becomes 

A 

R "(a *) -R "(a *) = XOL(a *,f(e1x)) - XOL(a *,f(eIx)). (6) 

Taking expectations with respect to x, to account for all 

possible observations, gives 

A A 

Ex[R" (a*) - R" (aX) ] = Ex[XOL(a*,f(e lx) ) - XOL(aX,f (9 lx) ) ] 

= EXOL(a*,f (e lx) ) - XXOL(x) . (7) 

By definition 



ExXOL(a*,f (e (x) ) _ ExjOL(a*,e) f (e lx)de 

= JJOL(a*,O)f(OIx)dO(x)dx 

= XOL(a*,f (e) ) = XOL(f (e) ) , 

because 

f(eix) - f(e)t(xls) 
t(x) 
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(9) 

(10) 

Thus the expected value of sample information is XOL - XXOL. 



APPENDIX B 

DETAILS OF GOAL FUNCTIONS 

The relation between flow in Rillito Creek and the 

depth of scour is necessary in order to fit Laursen's 

(1969) work to the Rillito Creek. From the Corps of Engine- 

ers data (TRW, 1969) a flow 85,000 c.f.s. is assumed to have 

a depth of 20 feet. From Laursen, depth is proportional to 

the 3/5 power of the flow: 

so 

d = kQ3/5, 

k = 2.2x10-2, 

and depth of scour is proportional to the square root of 

flow depth. 

= Md1 /2. 

From Laursen (1969, fig. 4) a 15 foot depth induces ten 

feet of scour, so that 
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(1) 

(2) 
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M = 2.58. 

For circular piers there is a multiplicative factor of 0.9. 

The final result is 

= 3.44x10- 
1Q3/10. 

The bridge is assumed to be 30 feet wide and 500 

feet long; it is supported by 4 piers of 25 piles each. It 

is further assumed that the useful life of the bridge is 25 

years. 

For any pier depth the flow rate which will undercut 

the pier and cause washout of the bridge can be calculated. 

The probability that this will happen in any one year can be 

calculated from the cumulative probability distribution of 

the maximum yearly flows in Rillito Creek. The probability 

for 25 years is: 

p25 = 1 - [1 - p 
25 

(4) 

The expected value of the bridge loss for pier depth h then 

is 

EL (h) = 150000 [1 - [1 - pl (h) ] 25] (5) 
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where p1(h) is the probability of a washout next year if 

the pier depth is h. 

The goal function for the bridge design is the sum 

of the additional cost of sinking deeper piers, $400 /foot, 

and the expected loss of the bridge due to flows high enough 

to cause washout. The damage to the bridge due to a washout 

is assumed to be $150,000. No costs for rerouting or in- 

convenience to users are assumed. The goal function for the 

bridge is: 

g(h,@) = 400h + EL(h), (6) 

where e are the parameters of the probability distribution. 

It is assumed that the probability of two or more 

washouts in 25 years is too small to be considered. The im- 

plied flood return periods shown in Table 5 justify this 

assumption. 

The flood damages and the costs of prevention are 

put in function form for computer usage. Since Rillito 

Creek starts overflowing the banks at a flow of 10,000 

c.f.s, 10,000 c.f.s. is the lowest flow considered. 

For the annual cost of flood protection a rational 

function was fitted: 



Cost (h) = 

106[ 
-26.143 + 26.143.10 -4h - 6.82.10 -9h2 + 0.024] 

19.55 + 8.706.10 -4h 

for 10,000 < h < 78,000 where h is flow rate in c.f.s. 

protected against, and 

Costp (h) = 1.58x10 
6 

+ 8.25(h - 78,000) 
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(7) 

(8) 

for h > 78,000. 

For flood damage in the range from 10,000 to 37,000 

c.f.s. it was found that the square root of cost varied 

linear with flow: 

Cost (Q) = 106 (1.47 10 -4Q - 0.76) 2 

10,000 < x < 37,000. 

(9) 

For flow greater than 37,000 c.f.s. a rational 

fraction was fitted which goes through the data points and 

which has the same derivative at 37,000 as Eq. (6). 

Costf(Q) = 106(-60.725 + 1.1442'102Q )2 

40.384 + 10 
(10) 
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The "other benefits" were fitted piecewise linearly. 

The expected loss due to a flood is: 

Jhcostf(Q)f(oIe)aQ, EL (h, e ) = 

where h is the protection level and f(Q10) is the p.d.f. 

of the maximum flow given the parameters e. The goal 

function for the flood protection problem is: 

g (h, e ) = Costp (h) + EL (h, e ) - Ben (h) .. 



APPENDIX C 

FLOOD CONTROL PROGRAM 

On the following pages the flood control program is 

listed. Selected portions of the results are also shown. 

139 
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PROGRAM DAVDVOR(INPUT,OUTPUT,PUNCH) 
iif*iRiKSSafi?ira+asisxaix}t+g*4f4a*ei$isr+auass¢sai4aaf+4saasssaaaaaaasaesa+p 

+ PROGRAM TO EVALUATE THE WORTH OF ADDITIONAL DATA FOR FLOOD CONTROL 
+ PASEf ON ANNUAL PEAK RIVER FLOWS THAT FOLLOW A LOG NORMAL 
+ DISTRIBUTION - -- FOR USE WITH CDC 6400 COMPUTER 

PRnGRAPMERS - -- DONALD R DAVIS AND WILLIAM 4 OVORANCHIK 
+ UNIVERSITY OF ARIZONA - SYSTEMS ENGINEERINGOEPT. JULY 1970 

DATA CARDS FOLLOW THE FOLLOWING FORMAT 
+ CAROS 1,2 

COL 1 -80 HEAD HEADING FOR THE OUTPUT 
CARD 3 

' COL 1 - 10 CPi PARAMTER VALUES 
+ COL 11- 20 CP2 

COL 21 - 30 R 
s CARO 4 

COL 1 - K NEWTS NUMBER OF DATA POINTS 
COL 6 - 15 FMT VARIABLE FORMAT FOR DATA 
COL 16 - 20 NYR STARTING YEAR OF DATA 

CARO 5 - - -- END 
DATA 

a ç 
s 

434444 s+sasass4 ass+a ssssasssaassaasssaaaaç+n aoasa +4$çeseçacss+ççççaçsaoe**** 
DIMENSION HEAD(32) 
COMMON /AG /X(100) ,XLOG(100) 
COMMON /SEAR /H,CP2,CPI,XMIN,DS 
COMMON/KOOK/LOOK 
COMMON /CRAZY /MTTCK 
COMMON /SIMD /XMEAN,VAR,NDPTS,IDF,GAM 
COMMON /COUNT /IIII 
COMMON /PARAN /ARAM 
DATA XMEAN,VAR /240./ 
IIII = 0 

C REAM THE INPUT OR DATA CARDS 
READ 2,HEAD 
READ 3,CP1,CP2,R 
READ 4,NDPTS,FMT,NYR 
READ FMT,(X(I),I= !,NDPTS) 

C WRITE IMPUTED DATA 
PRINT 5, HEAD ,CP1,CP2,R,NYR,(X(I),I= i,NDPTS) 

C TAKE LOGS OF FLOWS AND STORE IN SAME ARRAY X 
DO 6 I= 1,N0 °TS 

6 XLOG(I) = ALOG10(X(I)) 
PRINT 7,(XLOG(I),I= !,NDPTS) 

C COMPUTE MEAN AND VARIANCE FOR LOG FLOWS 
DO 8 I= 1,NOPTS 

8 XMEAN = XMEAN + XLOG(I) /NDPTS 
DO 9 I= 1,NDPTS 

9 VAR = VAR +((XLOG(I) - XMEAN)4(XLOG(I).- XMEAN)) / NDPTS 
STOEV = SORT (VAR) 
PRINT 10,NDPTS,XMEAN,VAR 
IDF = NDPTS - 1 

III = MOD(IDF,2) 
IF (III) 40,50,40 
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40 SAM = GAMR(IDr) 
C GAMMA FUNCTION SUBROUTINE 

GO TO 60 
50 GAM = GAMI(ICF) 
60 CONTINUE 

LOOK = 0 

C LOOK = 1, PRINTS OUT INTEGRATION ITERATIONS 
MTICK = 0 

C MTICK = 1, PRINTS CUT SEARCH IN DETAIL FOR 0.1. 
CALL GSEARCH(STDEV) 

C GSEARCH CALCULATES MINIMUM BAYES RISK 
CALL SEAPCH(STDEV,TO) 

C SEARCH CALCULATES XOL 
CALL NOUNCT 

C NOUNCT CALCULATES SOLUTION WITH NO UNCERTAINTY 
CALL XOPT(TOO) 

C XOPT CALCULATES XXOL 
DIFF = TO - TOO 
PRINT 219,HEAD,TO,TOO,DIFF 

C FORMAT STATEMENTS 
2 FORMAT(1645 /15A5) 
3 FORMAT(3F10.0) 
4 FORMAT(I5,A10,I5) 
5 FOR MAT (1Hi,1EA5 /6X,16A5 / / / /11X, {COST 1 = *,F10.2 /1i)(, *COST 2 = *, 

AF10.2 /11X,* PARAMETER = *,F5.311//6X, 
B *TATA BEGINS IN YEAR *,I6 / /31X, * - -- DATA POINTS - - - * //1 
C(34X,F10.3)) 

7 FORMAT(1H1,13X,* LOGARITHMS - -- *,///(11X,E20.8)) 
10 FORMAT( / / / /5X, * - -- MEAN AND VARIANCE FOR SAMPLE OF SIZE *, 

AI5 / /// /26X, *MEAN = *,F20.10/ /26X, *VARIANCE = *,F20.10) 
219 FORMAT(1H1 ///16A5/6X,16A5/// /11X, *FINAL RESULTS OF STUDY * / / / /i6X, 

A *EXPECTED OPPORTUNITY LOSS OF ORIGINAL DATA = *,E35.8//16X, 
9 *EXPECTED OPPORTUNITY LOSS OVER ALL NEW POSSIBLE POINTS = *,E23.8 
C / / / / /X,* WORTH OF ONE MORE DATA POINT = *,E20.8, 
D * *) 

8733 STOP 
END 
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FUNCTION GAmI(I) 
C COMPUTES GAMMA FOR INTERGERS 

K=I/2-1 
GAMI=1 
DO 1 J=11K 

1 G4MI=GAMI4J 
RETURN 
ENO 

FUNCTION GA'1R(I) 
C COMPUTER GAMMA FOR NON INTEGER 

IF (I.E0.1.OR.I.E0.3) GO TO 3 

K =2¢(I /2. -.5) -1 
GAMP =1. 
DO 1 J =10K72 

1 GAMR =GAMR# (J /2. ) 

GAMR= GAMR4SQRT(3.1415927) 
GO TO 4 

3 GAMR= SQPT(3.1415927)/2. 
4 RETURN 

ENO 
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SU3ROUTINE GSEARrH(STDEV) 
C COMPUTES MINIMUM BAYES RISK 

COMMON /PARAM /ARAN 
COMMON /SEAR /H,BC, °C,XMIN,1S 
COMMON /SIM° /XEAP,VAR,NDP,ID,GAM 
COMMON /COUNT /IIII 
DIMENSION PT(4),EV(4) 
DATA CLOSE /10000./ 

C SEARCH TOLERANCE 
PRINT 1000 

1000 FORMAT(1H1,¢DOU3LE INTEGRATION TO FIND THE MINIMUM H OVER THE ENTI 
ARE INTEGRATION OF MU AND SINGA SQUARED` / / //) 
IIII = O 

C TELLS R(X,U) WHERE TO GO 
ILL = 0 

C STARTING POINT COUNTER 
PT(i) = 35000. 

72 CONTINUE 
SS = PT(1) /35. 
GJUMP = 1.2}SS 
DS = PT(1) 
PRINT 10,DS 
H = ALOG10 (DS) 
CALL SIMPSON ( EV(1) ) 

PT(2) =PT(1) +GJUMP 
OS = PT(2) 
H = ALOG10(DS) 
PRINT 10,DS 
CALL SIMPSON ( EV(2) ) 

IF (EV(11.GT.EV(2)) 1,4 
1 PT(3) =PT(2) +1.618034 *(PT(2)- PT(1)) 

OS = PT(3) 
IF(DS.LE.10900) GO TO 288 
H = ALOG10(OS) 
PRINT 10,0S 
CALL SIMPSON ( EV(3) ) 

IF (EV(3).GT.EV(2)) 11,3 
3 PT(1) =PT(2) 

PT(2) =PT(3) 
EV(1) =EV(2) 
EV(2) =EV(3) 
GO TO 1 

4 TA = PT(1) 
19 = EV(1) 
PT(1) = PT(2) 
EV(1) = EV(2) 
PT(2) = TA 
EV(2) = TB 

8 PT( 3 ) =PT(2)- 1.61ß034'(P7(1)- PT(2)) 
OS = PT(3) 
IF(DS.LE.10000.) GO TO 288 
H = ALOG10(1S) 
PRINT i0,DS 
CALL SIMPSON ( EV(3) ) 

IF (EV(3).GT.EV(2)) 229,7 
7 PT(1) =PT(2) 

EV(1) =EV(2) 



144 

PT(2)=PT(3) 
EV(2)=EV(3) 
GO TO 8 

11 H = ARS(EV(3) - EV(1) ) 

IF (H.LE.CIOSE ) GO TO 200 
26 PT(4)=1.618034*(PT(2)-PT(1))+PT(1) 

OS = PT(4) 
IF(DS.LE.10000.) GO TO 238 
H = ALOG10 (DS) 
PRINT 10,1S 
CALL SIMPSON ( EV(4) ) 

IF (EV(4).LT.EV(2)) 101,102 
101 PT(1)=PT(2) 

EV(1)=EV(2) 
PT(2)=PT(4) 
EV(2)=EV(4) 
GO TO 11 

102 PT(3)=PT(4) 
EV(3)=EV(4) 
GO TO 220 

229 T=PT(3) 
TT = EV(3) 
PT(3)=PT(1) 
EV(3)=EV(1) 
PT(1)=T 
EV(1) = TT 

220 H = ABS(EV(3) - EV(1) ) 

IF (H.LE.CLOSE ) GO TO 200 
PT(4)=PT(3)-1.618034*(PT(3)-PT(2)) 
DS = PT(4) 
IF(OS.LE.10000.) GO TO 288 
H = ALOG10(DS) 
PRINT 10,0S 

10 FORMAT(11X,+DEPTH = *,F12.2) 
CALL SIMPSON ( EV(4) ) 

IF(EV(4).GT.EV(2)) 201,202 
201 PT(1)=PT(4) 

EV(1)=EV(4) 
GO TO 11 

202 PT(3)=PT(2) 
EV(3)=EV(2) 
PT(2)=PT(4) 
EV(2)=EV(4) 
GO TO 220 

288 LLL = LLL + 1 

IF (LLL-1)75,75,300 
75 PT(1) = 100000. 

GO TO 72 
300 XMIN = 10000. 

GO TO 301 
200 XMIN=PT(1)+ .5*(PT(3)-PT(1)) 

301 CONTINUE 
DS = XMIN 
H = ALOG10(OS) 
CALL SIMPSON(V1) 
OS = 10000. 
H = ALOG10(0S) 
CALL SIHPSON(VAL) 
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V = AMIN1(V1,EV(2),VAL) 
IF (V.EO.V1) XMIN = PT(1) +.5 *(PT(3)- PT(1)) 
IF (V.EQ.EV(2)) XMIN = PT(2) 
IF (V.EQ.VAL) XMIN = 10000. 
PRINT 22,XMIN,V 

22 FORMAT( / /X,* RESULTS FOR RAYES RISK CALCULATIONS ' /// 
A /16X, }MINIMUM = *,E20.8/ /16X, *BAYES DISK = *,E20.8) 
RETURN 
END 

SUBROUTINE SIMPSON(TOT) 
C INITIATES DOUBLE INTEGRATION 
C SETS OUTER LIMITS 

COMMON /SIMP /U,S,N,IDF,GAM 
DIMENSION CHI1(44),CHI9(44) 

C LOADS VALUES FOP CHISQUARE SO THAT INTEGRAL LIMITS CAN BE ESTABLISHED 
DATA CHII,CHI9 /.0,.001,. 0081,. 0227 ,.042,.0635,.0854,.1071,.1281, 

A.1479,.1667,.1ß45,. 2013,. 2172,. 2322 ,.2464,.2598,.2725,.2846,.2961, 
6.307,.3174,.3273,.3369,. 346,. 3547, .3631,.3711,.3788,.3863,.3934,. 
C4003,. 407,. 4134,. 4197,. 4257,. 4315 ,.4371,.4426,.4479,.453,.458, 
0. 4629,. 4676,10. 828,6. 908,5. 422,4 .6268,4.103,3.743,3.476,3.2656, 
E3.0974,2.9558,2.9422,2. 7424,2. 656 ,2.5802,2.5131,2.4532,2.3994, 
F2. 3507,2. 3063,2. 2658,2. 2284,2.194 ,2.1621,2.1325,2.1048,2.0789, 
G2.0547,2.0319,2.0104,1. 9901,1. 9709 ,1.9527,1.9355,1.919,1.9034, 
H1.8ß85,1.8742,1.8606,1. 8476,1. 835,1.823,1.8115,1.8004,1.7898 / 
TOT = 0. 

A = (N *S) / (IOF*CHI9 (IDF) ) 
B = (N * S) / (IDF - 2) 

CALL SRULI(A,B,AREA) 
TOT = TOT + AREA 
A = (N * S) / (IDF - 2) 

B = (N'S) / (IDF*CHI1(I0F)) 
CALL SRUL1(A,B,AREA), 
TOT = TOT + APEA 
PRINT 100,TOT 

100 FORMAT(29HOTHE VALUE OF THE INTEGRAL IS E16.8//) 
RETURN 
END 
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FUNCTION PHI(ARG) 
C VALUE OF INNFR INTEGRAL 

A= G(ARG) 
9 = HX(APG) 
CALL SRUL2(4,3,ARG,PHI) 
IF(SENSE SWIT;H 1)111,222 

111 PRINT 77,8RG,PHI 
77 FORMAT(5H ARG= F20.6,10X,4HPHI= F20.6) 

222 RETURN 
ENO 

FUNCTION HX(X) 
C UPPER LIMIT INNER INTEGRAL 

COMMON /SIMD /XM,V,NO,ID,G 
HX= XM + 3.0 * SORT(X /NO) 
RETURN 
ENO 

FUNCTION G(X) 
C LOWER LIMIT INNER INTEGRAL 

COMMON /SIMD /XM,V,NO,IO,GAM 
G = XM - 3.0 * SORT(X /NO) 
RETURN 
ENO 
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SUBROUTINE SPUL ?(A,8,ARG,AREA) 
C CALCULATES INNE? INTEGRAL 

COMMON /KOOK /LOOK 
OELH= (B -A) /2. 
TF(DELH)2,1,2 

1 AREA =O. 
GO TO 70 

2 AKIN= R(APG,A) +P(APG,P) 
C= A +7ELH 
Y1= R(ARG,C) 
PRAR= OELH /3. +(AKIN +4.'Y1) 
00 40 I = 2,5 
JIT =I 
K= 2 + +(I -1) 
FK =K 
AREA= ARIN +2.*T1 
K2M1 =2 +K -1 

Y2 =0. 
00 60 M= K,K2M1 
FL =Fl +2. 
C= A +FL +OELH /FK 

60 Y2= Y2 +R(APG,C) 
AREA= (AREA +4.4Y2)*OELH /(3.*EK) 
Y1 =Y1 +Y2 
FPS= ABSF(AREA *1.E -01) 
IF(ARSF(AREA- DRAR)- EPS)70,70,40 

C ITERATION CHECK 
40 PRAR =AREA 

70 CONTINUE 
IF(LOOK)99,99,81 

84 PRINT 120, JIT 
120 FORMAT(X,*SPRUL2 *,I5) 
99 RETURN 

END 
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SU!IROUTINE SPUL1(4,R,APEA) 
C CALCULATES OUTER INTEGRAL 

COMMON/KOOK/LOOK 
OELH=(9-A)/2. 
IF(DELH)2,1,2 

1 AREA=0. 
GO TO 70 

2 ARIN=pHI(A)+PHI(ä) 
C=A+0ELH 
Y1=PHI(C) 
PRAR=CELH/3.}(ARIN+4.fY1) 
00 40 I=2,4 
JIT=I 
K=24-+(I-1) 
FK=K 
AREA=AR.IN+2.4Y1 
K2M1=2sK-1 
FL=-1. 
Y2=0. 
00 60 M=K, K2m1 
FL=FL+2. 
C=A+FL*OEIH/FK 

60 Y2=Y2+PHI(C) 
AREA=(AREA+4.fY2)`OELH/(3.fFK) 
Y1=Y1+Y2 
EPS=ARSF(AREA'1.E-01) 
IF(AgSF(AREA-PRAR)-EPS)70,70,40 

C ITERATION CHECK 
40 PRAR=AREA 

70 CONTINUE 
IF(LOOK)99,99,88 

88 PRINT 120, JIT 
120 FORMAT(20X,FSpRUL1 g, 15) 
99 RETURN 

END 
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FUNCTION R (X,+1) 

C INTEGRANO FOR DOUBLE INTEGRAL 
COMMON /CRAZY /"TICK 
COMMON /RRRR /RR 
COMMON /SIM' /XB,S,N,IV,GAM 
COMMON /COUNT /IIII 
COMMON /SEAR /H,c3C,PC,XMIN,OS 
COMMON /MINIMH /T 
COMMON /PARAM /A ?AM 
DIMENSION P(4),EV(4) 
RR= ((N * S / X) * *((IV -2.)/ 2.) * (N * S / (X * X))) 

A / (GAM * (2. ** (IV / 2.)) * SORT( 6.2831454 * (X /N)) 
R * EXP(( N * S / (2. * X)) + ((U - )(8) *. (U - XB)) / 
C (2. *(X /N)))) 
LLL = 0 

C COUNT FOR STARTING POINT OF SEARCH 
IF (IIII) 1,1,30 

C RAYES RISK OP XOL CALCULATION 
1 CALL SIM(X,U,AREA) 

IF (OS.GE.78000.) GO TO 95 
IF (H -4.) 91,92,92 

91 FPCOST = O. 

GO TO 93 
92 FPCOST = 1.E +06 * (( -26.143 + 26.i43E -04 * OS - 6.82E -09 * OS * D 

AS) / ( 19.55 + 8.706E -04 * DS) + .024) +135.47 
GO TO 93 

95 FPCOST = 1.58E06 + 8.25 *(DS - 78000.) 
93 CONTINUE 

IF(DS.GE.24000.) GO TO 21 
BEN = 9. *(DS- 10000.) 
GO TO 50 

21 IF (DS.GE.37000.) GO TO 23 
REN = 126000. + 2. *(0S- 24000.) 
GO TO 50 

23 PEN = 163000.+ .25 *(DS- 37000.) 
GO TO 50 

50 FPCOST = FPCOST - BEN 
R = RR * (AREA + FPCOST) 

C R = PROBABILITY * GOAL FUNCTION 
RETURN 

30 CONTINUE 
ST = 1/30. 
MBRAC = 0 

C COUNT FOR BRACKETING 
GJP = 1.2 * ST 
P(1) = T 

177 FORMAT(X, *DS = *, E15.6,2E20.8) 
OS = P(1) 
IF (MTICK) 302,302,301 

C TO PRINT OUT SEARCH, MTICK = 1 

301 PRINT 177,DS,X,U 
302 CONTINUE 

IF (OS.LE.10000.) GO TO 2 
EV(1) = HTVAL(X,U) 
P(2) = T + GJP 
OS = P(2) 
IF (MTICK) 312,312,311 
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311 PRINT 177,0S,X,U 
312 CONTINUE 

IF (DS.LE.10000.) GO TO 2 

EV(2) = HTVAL(X,U) 
IF (EV(1).GT.EV(2)) 10,4 

10 P(3) = P(2) 4 1.619034 * (P(2) - P(1)) 

OS = P(3) 
IF (MTICK) 322,322,321 

321 PRINT 177,0S,X,U 
322 CONTINUE 

IF (DS.LE.10000.) GO TO 2 

EV(3) = HTVAL(X,U) 
IF (EV(3).GT.EV(2)) 12,3 

3 P(i) = P(2) 
P(2) = P(3) 
EV(1) = EV(2) 
EV(2) = EV(3) 
GO TO 10 

4 TT = P(1) 
ITT = EV(i) 
P(1) = P(2) 
EV(i) = EV(2) 
P(2) = TT 
EV(2) = TTT 

8 P(3) = P(2).- 1.618034 * (P(1) - P(2)) 

OS = P(3) 
IF (MTICK) 332,332,331 

331 PRINT 177,OS,X,U 
332 CONTINUE 

IF (DS.LE.10000.) GO TO 2 

EV(3) = HTVAL(X,U) 
IF (EV(3).GT.EV(2)) 229,7 

7 P(1) = P(2) 
P(2) = P(3) 
EV(i) = EV(2) 
EV(2) = EV(3) 
GO TO 8 

12 CONTINUE 
11 W = ANINI(EV(i),EV(3)) 

YY = ABS(EV(1) - EV(3)) 
XX = .01 s W 

C SEARCH TOLERANCE 
tf9RAC _ HBRkC 4 1 

IF (t9BRAC.lT.2)GO TO 26 
IF (H6RAC.GT.10) GO TO 555 
IF (YY .LE. XX) GO TO 200 

26 P(4) = 1.618034 * (P(2) - P(1)) 4 P(í) 
OS = P(4) 
IF (MTICK) 342,342,341 

341 PRINT 177,OS,X,U 
342 CONTINUE 

IF (DS.LE.10000.) GO TO 2 

EV(4) = HTVAL(X,U) 
IF (EV(4).LT.EV(2)) 101,102 

101 P(1) = P(2) 
P(2) = P(4) 
EV(11 = EV(2) 
EV(2) = EV(4) 
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GO TO 11 
102 P(3) = P(4) 

EV(3) = EV(4) 
GO TO 220 

229 TT = P(3) 
TTT = EV(3) 
P(3) = P(1) 
FV(3) _ EV(1) 
P(1) = TT 
EV(1) = TTT 

220 W = AMIN1(EV(1),FV(3)) 
YY = ABS(EV(1) - EV(3)) 
XX = .01 * W 

C SEARCH TOLERANCE 
MRRAC = M9R4C + 1 

IF (MßRAC.LT.2)GO TO 47 
IF (MBRAC.GT.10) GO TO 555 
IF (YY .LE. XX) GO TO 200 

47 CONTINUE 
P(4) = P(3) - 1.618034 * (0(3) - P(2)) 
OS = P(4) 
IF (MTICK) 352,352,351 

351 PRINT 177,OS,X,U 
352 CONTINUE 

IF (!)S.LE.10000.) GO TO 2 

EV(4) = HTVAL(X,U) 
IF (EV(4).GT.EV(2)) 201,202 

201 P(1) = P(4) 
EV(1) = EV(4) 
GO TO 11 

202 P(3) = P(2) 
P(2) = P(4) 
EV(3) = EV(2) 
EV(2) = EV(4) 
GO TO 220 

2 LLL = LLL + 1 

IF(LLL-2) 410,412,414 
410 T = 107000. 

GO TO 30 
412 T = 35000. 

GO TO 30 
414 GO TO 261 
261 HTRUE = 10000. 

GO TO 2888 
555 PRINT 556 
555 FORMAT( *R(X,U) WONT 9RACKET IN 10 *) 
200 HTPUE = P(1) + .5 * (P(3) - P(1)) 
2888 DS = HTRUE 

V2 = HTVAL(X,U) 
DS = 10000. 
V3 = HTVAI(X,U) 
V2 = AMIN1(V2,V3,EV(2)) 
OS = XMIN 
V1 = HTVAL(X,U) 
R = RR*(V1 - V2) 
T = 335000. 
RETURN 
ENO 
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SUBROUTINE SEAPCH(S,XTOT) 
C CALCUALTES XOL 

COMMON /SIM' /XO,VA,ND,ID,GAM 
COMMON /SEAR /H,RC,PC,XMIN 
COMMON /MINTMH /T 
COMMON / COUNT /IIII 
COMMON /QARAM /ARAM 
PRINT 2 

2 FORMAT(/////X ,*SEARCH FOR MINIMUM FOR EACH U ANO S4 //) 
IIII = 1 

XTOT = O. 

T = 335000. 
H = ALOG10(T) 
CALL SIMPSON(XTOT) 
PRINT 10,XTOT 

10 FORMAT( / / /X,' EOL = í,E20.10) 
PETURN 
ENO 
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FUNCTION HTVAL(X,U) 
C CALCUALTES GOAL FUNCTION 

COMMON /CRAZY /MTICK 
COMMON /SEAR /H,BC,PC,XMIN,DS 
COMMON /RRRR /RR 
COMMON /PARAM /ARAM 
FP(Z) = 1.E +06 * (( -26.143 + 26.143E -04 * Z - 6.82E -09 * Z * 2) 

A / (19.55 + 8.706E -04 * Z) + .024) 
H = ALOG10 (OS) 
CALL SIM(X,U,AREA) 
IF (OS.GE.78000.) GO TO 4 

IF (H -4.) 1,2,2 
1 FPCOST = 0. 

GO TO 3 

2 FPCOST = FP(OS) 
GO TO 3 

4 FPCOST = 1.58E06 + 8.25 *(DS - 78000.) 
3 CONTINUE 

IF(OS.GE.24000.) GO TO 21 
BEN = 9. *(DS- 10000.) 
GO TO 50 

21 IF (DS.GE.37000.) GO TO 23 
BEN = 126000. + 2. *(0S- 24000.) 
GO TO 50 

23 BEN = 163000.+ .25 *(0S- 37000.) 
GO TO 50 

50 HTVAL = FPCOST + AREA - BEN 
IF (MTICK) 402,402,401 

401 PRINT 403,HTVAL 
402 CONTINUE 
403 FORMAT(40X,E20.10) 

RETURN 
END 



SUBROUTINE XOPT(AREA) 
C CALCUALTES XXOL 

COMMON /AG /X(100) ,XLOG(100) 
COMMON /SIMP /XM,VAR,N,ID,GAM 
N = N + 1 

ID = N - 1 

MM = MOD(N,2) 
IF (MM) 21,20,21 

21 GAM = GAMI(ID) 
GO TO 30 

20 GAM = GAMR(I0) 
30 ST = SORT(VAR) 

B = XM + 5.0 * ST 
A = XM - 5.0 + ST 
CALL RUL(A,S, AREA) 
PRINT 22,AREA 

22 FORMAT(X,* 
RETURN 
END 

*,; XXOL = *,E20.8) 
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SUBROUTINE RUL(A,B,AREA) 
C INTEGRATION OVER 0REDIr.TIVE DIST?IBUTION 

COMMON/KOOK/LOOK 
DELH= (R-A) /2. 
I(DELH)2,1,2 

1 AREA=O. 
GO TO 70 

2 ARIN = TAK(a) + TAK(B) 
C=A+OELH 
Y1 = TAK(C) 
0RAP=DELH/3.g(ARIN+4.vY1) 
DO 40 I=2,4 
JIT=I 
K=2"(I-1) 
FK=K 
AREA=ARIN+2.*Y1 
K2M1=24K-1 
FL=-1. 
Y2=0. 
C'0 60 M=K,K2M1 
FL=FL+2. 
C=A+FL'DELH/FK 

50 Y2 = Y2 + TAK(C) 
AREA=(AREA+4.fY2)#9ELH/(3.fFK) 
Y1=Y1+Y2 
EPS=ARSF(ARE.A¢1.E-01) 
IF(A9SF(AREA-PRAp)-EPS)70,70,40 

C ITERATION CHECK 
_40 PRAR=AREA 

70 CONTINUE 
IF(LOOK)99,99,88 

88 PRINT 120, JIT 
120 FORMAT(40X,4RUL {,I5) 
99 RETURN 

END 
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SUBROUTINE SIM(X,U,AREA) 
C CALCUALTES EXPECTED FLOOD DAMAGE 

COMMON /KOOK /LOOK 
COMMON / SEAR /H,BC,PC,XMIN,DS 
COMMON /PARAM /ARAM 
A = H 

IF (H.LT.4.0) A = 4.0 
H = U + 5.0 * SORT (X) 
IF (A.GT.B) GO TO 100 
DELH= (B -A) /2. 
IF(DELH)2,1,2 

1 AREA =O. 
GO TO 70 

2 ARIN = FCT(U,X,A) + FCT(U,X,B) 
C= A +DELH 
Y1 = FCT(U,X,C) 
PRAR= DELH /3.'(ARIN +4. *Y1) 
00 40 I = 2,6 
JIT =I 
K= 2 * *(I -1) 
FK =K 
AREA= ARIN +2. *Y1 
K2M1 =2 *K -i 
FL = -1. 
Y2 =0. 
DO 60 M= K,K2M1 
FL =FL +2. 
C= A +FL *DELH /FK 

60 Y2 = Y2 + FCT(U,X,C) 
AREA = (AREA +4. *Y2)*DELH /(3. *FK) 
Y1 =Y1 +Y2 
EPS= ABSF(AREA *1.E -01) 
IF(ABSF(AREA- PRAR)- EPS)70,70,40 

C ITERATION CHECK 
40 PRAR =AREA 

70 CONTINUE 
IF(LOOK)99,99,88 

88 PRINT 120, JIT 
120 FORMAT(60X, *SIM *,I5) 

PRINT 130,X,0 
130 FORMAT(70X,2E20.10) 
99 RETURN 
100 AREA = O. 

RETURN 
END 
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FUNCTION TAK(Y) 
C INTEGRAND FOP PUL SUBROUTINE INTEGRATION 
C CALCUALTES REVISED STATISTICS FOR NEW OBSERVATION 
C 4N!' EVALUATES NEW XOL 

COMMON /SIM° /XM,VAR,N,ID,G4M 
COMMON /AG /X(100),XLOG(100) 
COMMON /PARAM /ARAM 
F(Z) _ ( SORT(N -1.) * (((N -1.) * VAR) * *((N -2.) 1 2.))* XNUM ) 

A / (SOPT(3.1415927 * N) * XDEN * ( N * 2) ** ((N -1.) / 2.)) 
C PREOICTIVE OISTRIRUTION 

TOT = O. 

NN = N -1 
MM = MOO(NN,2) 
IF (MM) 1,1,2 

1 XNUM = GAMI(NN) 
NN = NN - 1 

XDEN = GAMR(NN) 
GO TO 3 

2 XNUM = GAMR(NN) 
NN = NN - 1 

XDEN = GAMI(NN) 
3 XB = XM 

XV = VAR 
XLOG(N) = Y 

XM = (XM *(ti -1.) + XLOG(N)) / N 

VAR = 0. 

00 110 I = 1,N 
110 VAR = VAR + ((XLOG(I) - XM) * (XLOG(I) - XM)) / N 

ST = SORT(VAP) 
CALL GSEARCH(ST) 
CALL SEARCH(ST,XTOT) 
XVR = VAR 
XM = X3 
VAR = XV 
PROB = F(XVR) 
TOT = XTOT * PROB 
TAK = TOT 
YY = 10. * *Y 
PRINT 10,YY ,PROS 

10 FORMAT( // /11X,* NEW DATA POINT WAS *,F12.2 
A * DENSITY = *,E15.6) 
CALL SECOND(TTT) 
PRINT 33,TTT 

33 FORMAT( / / / / / / /X, *TIME TO PRESENT = *,E20.5) 
RETURN 
END 



158 

C 
FUNCTION FCT(U,X,AR) 

CALCULATES FLOOD DAMAGE INTEGRANO FOR SIM SUBROUTINE 
COMMON /PARAM /4P4M 
DENS = (1./SQPT(6.2831854'X )) ' ( 1. /(EXP((AR- U)'(AR- U) /(2.'X)))) 
DEEP = /O.** AP 
IF (DEEP.GE.37000.) GO TO 1 

FCT = 1.ED6 ' (1.47E- 04'DEEP- .76)í(1.47E- 04'OEEP -.76) 
GO TO 17 

1 IF(OEEP.GE.78000.) GO TO 2 

4 FCT = ((( -60. 725 +1. 1442E -02 +DEEP )/(40.834 +1.E- 03'DEEP)) "2) 
4 í1.E06 
GO TO 17 

2 FCT = (49.E06 + 520.'(DEEP- 78000.)) 
17 CONTINUE 

FCT = DENS'FCT 
RETURN 
ENO 
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SUBPOUTINE NOUNCT 
C CALCULATES COST WITH NO UNCERTAINTY 

COMMON /SFAR/H,CP2,CP1,XMIN,DS 
COMMON /SIMp/XMEAN,VAR,NOPTS,IDF,GAM 
COMMON /COUNT/IIII 
COMMON/PARAM/ARAM 
DIMENSION PT(4),EV(4) 
DATA CLOSE/30000./ 

C SEARCH TOLERANCE 
PRINT 1000 

1000 FORMAT(1H1,fN0 UNCERTAINTY*////) 
XBAR = XMFAN 
IIII = 0 

ILL = 0 

TJ = 335000. 
30 PT(1) = TJ 

SS = TJ/35. 
GJUMP = 1.2*SS 
OS = PT(1) 
H = ALOG10(DS1 
PRINT 10,0S 
EV(1) = SILLY(XßAR,VAR) 
PT(2)=PT(1)+GJUMP 
DS = PT(2) 
IF(OS.LE.10000.) GO TO 288 
H = ALOG10(OS) 
PRINT 10,0S 
EV(2) = SILLY(XBAR,VAR) 
IF (EV(1).GT.EV(2)) 1,4 
PT(3)=PT(2)+1.618034*(PT(2)PT(1)) 
OS = PT(3) 
IF(OS.LE.10000.) GO TO 288 
H = ALOG10(0S) 
PRINT 10,DS 
EV(3) = SILLY(XBAR,VAR) 
IF (EV(3).GT.EV(2)) 11,3 

3 PT(1)=PT(2) 
PT(2)=PT(3) 
EV(1)=EV(2) 
EV(2)=EV(3) 
GO TO 1 

4 TA = PT(1) 
TB = EV(1) 
PT(1) = PT(2) 
EV(1) = EV(2) 
PT(2) = TA 
EV(2) = TB 

8 PT(3)=PT(2)-1.F18034*(PT(1)-PT(2)) 
OS = PT(3) 
IF(DS.LE.10000.) GO TO 288 
H = ALOG10(OS) 
PRINT 10,DS 
EV(3) = SILLY(XBAR,VAR) 
IF (EV(3).GT.EV(2)) 229,7 

7 PT(1)=PT(2) 
EV(1)=EV(2) 
PT(2)=PT(3) 
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EV(2)=EV(3) 
GO TO 8 

11 H = ABS(EV(3) - EV(1) ) 

IF (W.LE.CLOSÇ ) GO TO 200 
26 PT(4)=1.618034s(PT(2)-PT(1))+PT(1) 

DS = PT(4) 
IF(DS.LE.10000.) GO TO 288 
H = ALOG10(OS) 
PRINT 10,05 
EV(4) = SILLY(XBAR,VAR) 
IF (EV(4).LT.EV(2)) 101,102 

101 PT(1)=PT(2) 
EV(1)=EV(2) 
PT(2)=PT(4) 
EV(2)=EV(4) 
GO TO 11 

102 PT(3)=PT(4) 
EV(3)=EV(4) 
GO TO 220 

229 T=PT(3) 
TT = EV(3) 
PT(3)=PT(1) 
EV(3)=EV(1) 
PT(1)=T 
EV(1) = TT 

220 H = ABS(EV(3) - EV(1) ) 

IF (W.IE.CLOSE ) GO TO 200 
PT(4)=PT(3)-1.618034*(PT(3)-PT(2)) 
DS = PT(4) 
IF(OS.LE.10000.) GO TO 288 
H = ALOG10(0S) 
PRINT 10,0S 

10 FORHAT(11X,4OFPTH = {,F12.2) 
EV(4) = SILLY(XBARIVAR) 
IF(EV(4).GT.EV(2)) 201,202 

201 PT(1)=PT(4) 
EV(1)=EV(4) 
GO TO 11 

202 PT(3)=PT(2) 
EV(3)=EV(2) 
PT(2)=PT (4) 
EV(2)=EV(4) 
GO TO 220 

288 ILL = LLL + 1 

IF(LLL-2) 410,412,414 
410 TJ= 110000. 

GO TO 30 
412 TJ= 32000. 

GO TO 30 
414 X*tIN = 10000. 

GO TO 291 
200 XMIN=PT(1)+ .5*(PT(3)-PT(1)) 

291 OS = XHIN 
PRINT 10,0S 
H = ALOG10(OS) 
V1 = SILLY(XBAR,VAR) 
DS = 10000. 
PRINT 10,DS 
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H = ALOG10 (0S) 
VAL = SILLY(X9A4,VAR) 
V = AMIN1(V1,EV(2),VAL) 
IF (V.EO.V1) XMIN = PT(1) +.5x(PT(3)- PT(1)) 
IF (V.Ef?.FV(2)) X.MIN = PT(2) 
IF (V.EO.VAL) XMIN = 10000. 
PRINT 22,XMIN,V 

22 FORMAT( / /X,¢ RESULTS FOR COST CALCULATIONS ; /// 
A/1E)(,gMINIMUM = *,E20.8/ /16X,+`COST = *,E20.8) 
OS = XMIN 
PRINT 10,0S 
H = ALOGIO(OS) 
CALL SIMPSON(A) 
RETURN 
ENO 

FUNCTION SILLY(U,X) 
C CALCUALTES GOAL FUNCTION FOR NOUNCT 

COMMON /SEAR /H,3C,PC,XMIN,DS 
CALL SIM(X,U,AREA) 
IF (DS.GE.78000.) GO TO 95 
IF (H -4.) 91,92,92 

91 FDCOST = 0. 
GO TO 93 

92 FPCOST = I.E +06 * (( -26.143 + 26.143E -04 } OS - 6.82E -09 * OS fi 0 
AS) / ( 19.55 + 8.706E -04 * OS) + .024) +135.47 
GO TO 93 

95 FPCOST = 1.58E06 + 8.25'(DS - 7).!000.) 

93 CONTINUE 
IF(DS.GE.24000.) GO TO 21 
REN = 9.f(0S- 10000.) 
GO TO 50 

21 IF (OS.GE.37000.) GO TO 23 
BEN = 126000. + 2.}(0S- 24000.) 
GO TO 50 

23 (?EN = 163000.+ .25¢(OS- 37000.) 
GO TO 50 

50 SILLY = (AREA + FPCOST) - BEN 
PRINT 2, SILLY 
RETURN 

2 FORMAT(X,*0FJECTIVE FUNCTION = ;E20.8) 
ENO 



WORTH OF DATA STUDY - FLOOD CONTROL PROBLEM FOR PEAK ANNUAL FLOWS 
RILLITO GREEK - -- DON DAVIS AND WM DVORANCHIK 

COST 1 = 0.00 
COST 2 = 0.00 

PARAMETER 

DATA BEGINS IN YEAR 1915 

=0.000 

- -- DATA POINTS - -- 

17000.000 
7620.000 

10000.000 
5300.000 
9250.000 
7800.000 
16000.000 
3250.000 
4000.000 
1980.000 
3500.000 
1750.000 
2200.000 
4500.000 
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LOGARITHMS 

4.23044892E +00 
3.8ß195497E +00 
4.00000000E +00 
3.72427537E +00 
3.95614173E +00 
3.89209460E +00 
4.20411998E +00 
3.51188336E +00 
3.60205999E +00 
3.29666519E +00 
3.54406804E +00 
3.24303805E +00 
3.34242268E +00 
3.65321251E +00 

- -- MEAN ANn VARIANCE FOR SAMPLE OF SIZE 14 

MEAN = 3.7208847079 

VAPIANCE _ .0951195714 
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DOUBLE INTEGRATION TO FINO THE MINIMUM H OVER THE ENTIRE 

INTEGRATION OF MU ANO SIMGA SQUARED 

DEPTH = 35000.00 

THE VALUE OF THE INTEGRAL IS 1.47154959E +06 

DEPTH = 36200.00 

THE VALUE OF THE INTEGRAL IS 1.47669559E +06 

DEPTH = 33058.36 

THE VALUE OF THE INTEGRAL IS 1.46555687E +06 

DEPTH = 29916.72 

THE VALUE OF THE INTEGRAL IS 1.44690253E +06 

DEPTH = 24833.44 

THE VALUE OF THE INTEGRAL IS 1.41231117E +06 

DEPTH = 16608.51 

THE VALUE OF THE INTEGRAL IS 1.30098557E +06 

DEPTH = 100000.00 

THE VALUE OF THE INTEGRAL TS 1.66004541E +06 

DEPTH = 103428.57 

THE VALUE OF THE INTEGRAL IS 1.68264338E +06 

DEPTH = 94452.45 

THE VALUE OF THE INTEGRAL IS 1.62447206E +06 

DEPTH = 85476.34 

THE VALUE OF THE INTEGRAL IS 1.57022631E +06 

DEPTH = 70952.68 

THE VALUE OF THE INTEGRAL IS 1.53497308E +06 
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DEPTH = 47459.90 

THE VALUE OF THE INTEGRAL IS 1.50118918E +06 

THE VALUE OF THE INTEGRAL IS 1.05260359E +06 

THE VALUE OF THE INTEGRAL IS 1.05260359E+06 

RESULTS FOR BAYES RISK CALCULATIONS 

MINIMUM 

BAYES RISK 

1.00000000E +04 

1.05260359E +06 

SEARCH FOR MINIMUM FOP EACH U ANO S 

THE VALUE OF THE INTEGRAL IS 1.91201769E +05 

EOL = 1.9120176915E +05 
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NO UNCE°TAINTY 

DEPTH = 335000.00 
OBJECTIVE FUNCTION = 3.46275000E +06 

DEPTH = 346485.71 
OBJECTIVE FUNCTION = 3.55463571E +06 

DEPTH = 316415.72 
OBJECTIVE FUNCTION = 3.31407579E +06 

DEPTH = 286345.73 
OBJECTIVE FUNCTION = 3.07351586E +06 

DEPTH = 237691.47 
OBJECTIVE FUNCTION = 2.68428172E +06 

DEPTH = 158967.21 
OBJECTIVE FUNCTION = 2.05453638E +06 

DEPTH = 31588.68 
OBJECTIVE FUNCTION = 1.07027725E +06 

DEPTH = 110000.00 
OBJECTIVE FUNCTION = 1.66341958E +06 

DEPTH = 113771.43 
OBJECTIVE FUNCTION = 1.69347159E +06 

DEPTH = 103897.70 
OBJECTIVE FUNCTION = 1.61485720E +06 

DEPTH = 94023.97 
OBJECTIVE FUNCTION = 1.53653679E +06 

DEPTH = 78047.94 
OBJECTIVE FUNCTION = 1.41127165E +06 

DEPTH = 52198.19 
OBJECTIVE FUNCTION = 1.29391693E +06 

DEPTH = 10372.40 
OBJECTIVE FUNCTION = 5.95500689E +05 

DEPTH = 32000.00 
OBJECTIVE FUNCTION = 1.07617364E +06 

DEPTH = 33097.14 
OBJECTIVE FUNCTION = 1.09159506E +06 

DEPTH = 30224.79 
OBJECTIVE FUNCTION = 1.05029882E +06 

DEPTH = 27352.43 
OBJECTIVE FUNCTION = 1.01218741E +06 

DEPTH = 22704.86 
OBJECTIVE FUNCTION = 9.35625558E +05 

DEPTH = 15184.93 
OBJECTIVE FUNCTION = 7.92980759E +05 

DEPTH = 10000.00 
OBJECTIVE FUNCTION = 5.73213193E +05 

DEPTH = 10000.00 
OBJECTIVE FUNCTION = 5.73213193E+05 

RESULTS FOR COST CALCULATIONS 

MINIMUM 

COST 
DEPTH = 

= 1.00000000E +04 

10000.00 
5.73213193E +05 

THE VALUE OF THE INTEGRAL IS 1.05260359E +06 
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WORTH OF DATA STUDY - FL0OD CONTROL PROBLEM FOR PEAK ANNUAL FLOWS 
RILLITO CREEK - -- DON DAVIS AND WM OVORANCHIK 

FINAL RESULTS OF STUDY 

EXPECTED OPPORTUNITY LOSS OF ORIGINAL DATA = 1.91201769Eí05 

EXPECTED OPPORTUNITY LOSS OVER ALL NEW POSSIBLE POINTS = 1.77072768E +05 

WORTH OF ONE MORE DATA POINT - 1.41290011E +04 
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