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ABSTRACT 

Spark plasma sintering (SPS) is a powder consolidation technique used to rapidly 

densify a variety of material systems.  SPS is capable of precisely controlling material 

microstructures and achieving non-equilibrium phases due to rapid heating and cooling 

rates through the simultaneous application of pressure and direct current. Due to these 

characteristics, SPS is an ideal processing technique for high temperature ceramics which 

require processing at temperatures greater than 1500°C. Due to the desirable properties 

obtained on small diameter materials processed by SPS, larger and more complex 

geometries are desired while maintaining sample microstructures.   

In order to accurately scale ceramics produced by SPS, a finite element model must 

be developed that can be used as a predictive tool.  My research focuses on developing a 

finite element model for the spark plasma sintering furnace at the University of Arizona 

and validating modeled results using experimentally obtained data.  Electrical and thermal 

conductivity as functions of temperature vary widely among different grades of 

commercially available electrode grade graphite at constant density. Modeled material 

properties are optimized in order to calibrate modeled results to experimentally obtained 

data (i.e. measured current, voltage, and temperature distributions).  Sensitivity analysis is 

performed on the model to better understand model physics and predictions.   

A calibrated model is presented for 20mm ZrB2 and Si3N4 discs. Sample 

temperature distributions are experimentally confirmed using grain size and β-Si3N4 phase 

composition. The model is used to investigate scale up from 20mm to 30mm discs and 

30mm rings as well as effects of processing conditions on β-Si3N4 content.  
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1. Chapter 1: Introduction 

Spark plasma sintering (SPS) furnaces apply a low-field and high-direct current 

with applied pressure in order to sinter and densify ceramic and metal powders rapidly 

through joule heating. Of particular interest to SPS are phenomena such as dielectric 

breakdown of oxides and localized heating at the powder particle interfaces helps to 

promote rapid sintering and densification.  The dielectric breakdown of surface oxides, and 

subsequent neck formation leads to enhanced mass transport, which has been observed via 

transmission electron microscopy of nickel nanoparticles covered in NiO (Bonifacio et al., 

2014).  Metallic systems show electromigration effects, as shown by the growth of NiTi2 

phases (Garay et al., 2003). In addition, enhanced localized interparticle heating was found 

in copper due to the current flow between particle contacts that enabled necking at low 

sintering temperatures (Song et al., 2006) as well as for aluminum oxide where thermal 

diffusion was the cause for interparticle heating (Olevsky and Froyen, 2009).  

SPS furnaces also allow for densification at lower temperatures and lower hold 

times than conventional densification methods, which allows greater control of grain 

growth mechanisms by limiting densification time at temperature for high temperature 

ceramics such as ZrB2 (Pham et al., 2016). In addition, the rapid sintering and densification  

has shown to preserve normally reactive second phase strengthening additives such as 

graphene (Walker et al., 2011) and carbon nanotubes within Si3N4 (Corral et al., 2011).  

Of particular interest for large scale production are high temperature resistant 

aerospace structural materials such as zirconium diboride (ZrB2) and silicon nitride 

(Si3N4).  ZrB2 is an ultra-high temperature ceramic (UHTC) with a hexagonal crystal 

structure with covalent and metallic bonding that lends to high thermal and electrical 
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conductivity (Zimmermann et al., 2008) with high strength up to 600 MPa (Zhang et al., 

2009), low density and high temperature oxidation resistance (Miller-Oana et al., 2015).  

The refractory nature of ZrB2 requires high processing temperatures, up to 2000°C, to 

achieve high density parts (Guo, 2009). ZrB2 requires high temperature to densify and is 

very sensitive to grain growth at temperatures greater than 1900°C after densification thus 

it is considered and ideal model materials system to study effect of current density on rapid 

heating of an electrical conductor using an SPS furnace.  

Si3N4 is an electrical insulator with a phase transformation from trigonal (α–Si3N4) 

to hexagonal (β–Si3N4) near 1600°C (Messier et al., 1978).  Controlling the β-Si3N4 

content develops an interlocking microstructure, due to the evolution of high aspect ratio 

β-Si3N4 grains, that has shown to increase toughness (Lee et al., 1999), and maintain high 

strength and creep resistance up to 1500°C (Klemm, 2010).  In addition to grain size, Si3N4 

α to β phase transformations can be used as a measure of the temperature distribution along 

part diameters based on a quantitative phase analysis of x-ray diffraction intensities as 

provided by Varma (Pigeon and Varma, 1992). Si3N4 also requires high processing 

temperatures, up to 1700°C, to achieve high density (Corral et al., 2008).  

Existing finite element models have been generated for the SPS of various 

materials, including metals and conducting and insulating ceramics (Vanmeensel et al., 

2005; Wang et al., 2010).  However, experimentally validated models that focus on high 

temperature ceramics part microstructure uniformity are limited.  Giuntini et al. presented 

a model with Si3N4, one of the first models to work with Si3N4 at high processing 

temperatures of 1800°C and discusses the importance of modified tooling to reduce thermal 

distributions; however, no experimental data was shown to validate model results(Giuntini 
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et al., 2015).  Voisin et al. modeled and produced electrically conductive Ti-Al billets with 

sample uniformity that was verified by analyzing phase homogeneity while processing near 

the α + γ TiAl to α-TiAl phase transition temperature of 1275°C (Voisin et al., 2013). 

Furthermore, experimentally validated finite element models on complex shapes are 

incredibly limited and only pertain to sintering temperatures lower than 1300°C.  In 

addition, Voisin et al. used the model and predicted a 70°C temperature difference for γ-

TiAl turbine blades with microstructural imaging to evaluate temperature distributions and 

the feasibility to produce near-net shaped parts (Voisin et al., 2015). 

We aim to present the first model that combines high temperature processing, up to 

2000°C, for electrically conductive and insulating ceramics with experimental validation 

through microstructural observations.  Two case studies are investigated using a finite 

element analysis (FEA) based thermal-electrical coupled model in SPS using two sample 

materials, (1) ZrB2 as an electrical conductor and (2) an Si3N4 as an electrical insulator, to 

explain the influence of sample electrical conductivity, tooling resistance and tooling 

geometry on the current flow path and sample temperature distribution.  The model is 

developed using a 2D axisymmetric representation of the tooling focused on the sintering 

dwell time, or steady-state, where experimental current and voltage are constant, sample 

temperatures are at a maximum, and material properties do not change.  The model is 

calibrated for a 20mm disc and subsequently used to investigate tooling and SPS conditions 

to produce uniform 30mm discs on ZrB2 and uniform 30mm discs and 30mm rings on 

Si3N4. 



14 
 
 
 

2. Chapter 2: Computational Simulations to Predict Temperature Distributions 

within Electrical Conductors and Insulators during Spark Plasma Sintering 

 Abstract 

Direct current- and pressure -assisted furnaces deliver rapid heating, via joule 

heating, to a powder material during high temperature sintering and densification 

processes. However, the tooling resistances and the electrical conductivity of both tooling 

and material will influence where the heat is delivered to the material and localized hot 

spots will influence temperature uniformity of parts.  In order to investigate temperature 

distributions with a part during spark plasma sintering (SPS) we use a coupled thermal-

electrical finite element analysis model to investigate the effect of tooling and current 

density for an electrical conductor, zirconium diboride (ZrB2), and an electrical insulator, 

silicon nitride (Si3N4). The model is experimentally verified during the direct current 

steady-state of a processing run where material properties, temperature distributions and 

current/voltage inputs are considered constant.  A model is built based on experimentally 

measured temperature distribution for the tooling used to process 20mm discs for ZrB2 and 

Si3N4. The model is then used to predict SPS conditions to produce 30mm discs of ZrB2 

and Si3N4 with similar temperature distributions and grain size uniformity across the part 

that are consistent with the 20mm parts. Microstructural analysis and X-Ray diffractometry 

are used for grain size and phase distribution to validate the model predictions for part 

uniformity.    
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 Introduction 

Spark plasma sintering (SPS) is a low-field and high current sintering technique 

used to consolidate ceramic and metallic powders rapidly through joule heating with an 

applied pressure.  Of particular interest to SPS are phenomena such as dielectric breakdown 

of oxides and localized heating at powder particle interfaces which promotes rapid 

sintering and densification.  The dielectric breakdown of surface oxides, and subsequent 

neck formation leads to enhanced mass transport, which has been observed via 

transmission electron microscopy of nickel nanoparticles covered in NiO (Bonifacio et al., 

2014).  Metallic systems show electromigration effects, as shown by the growth of NiTi2 

phases and recrystallization of particles (Garay et al., 2003).  In addition, enhanced 

localized interparticle heating was found in copper due to the current flow between particle 

contacts that enabled necking at low sintering temperatures (Song et al., 2006) as well as 

for aluminum oxide where thermal diffusion was the cause for interparticle heating 

(Olevsky and Froyen, 2009).  

SPS furnaces have also been shown to densify materials at lower temperatures and 

lower hold times than conventional densification methods, which allows greater control of 

grain growth mechanisms by limiting densification time at temperature for high 

temperature ceramics such as ZrB2 (Pham et al., 2016). In addition, the rapid sintering and 

densification  has shown to preserve normally reactive second phase strengthening 

additives such as graphene (Walker et al., 2011) and carbon nanotubes within Si3N4 (Corral 

et al., 2011). 

There is growing interest for large scale production of high temperature resistant 

aerospace structural materials such as silicon nitride (Si3N4) and zirconium diboride 
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(ZrB2).  Si3N4 is an electrical insulator with a phase transformation from trigonal (α–

Si3N4) to hexagonal (β–Si3N4) near 1600°C (Messier et al., 1978).  Controlling the β-

Si3N4 content develops an interlocking microstructure, due to the evolution of high aspect 

ratio β-Si3N4 grains, that has shown to increase toughness (Lee et al., 1999), and maintain 

high strength and creep resistance up to 1500°C (Klemm, 2010).  In addition to grain size, 

Si3N4 α to β phase transformations can be used as a measure of the temperature distribution 

along part diameters based on a quantitative phase analysis of x-ray diffraction intensities 

as provided by Varma (Pigeon and Varma, 1992). Si3N4 also requires high processing 

temperatures, up to 1700°C, to achieve high density (Corral et al., 2008).  

ZrB2 is an ultra-high temperature ceramic (UHTC) with a hexagonal crystal 

structure with covalent and metallic bonding that lends to high thermal and electrical 

conductivity (Zimmermann et al., 2008) with high strength up to 600 MPa (Pham et al., 

2016), low density and high temperature oxidation resistance (Miller-Oana et al., 2015).  

The refractory nature of ZrB2 requires high processing temperatures, up to 2000°C, to 

achieve high density parts (Guo, 2009).  Due to the high processing temperatures, ZrB2 is 

an ideal material system to model the effects of current density on temperature distribution 

for electrical conductors using SPS. 

Existing finite element models have been generated for metals and conducting and 

insulating ceramics (Vanmeensel et al., 2005; Wang et al., 2010).  However, 

experimentally validated models that focus on high temperature processing of ceramics 

with microstructural uniformity are limited.  Giuntini et al. presented a model with Si3N4, 

one of the first models to work with Si3N4 at high processing temperatures of 1800°C and 

discusses the importance of modified tooling to reduce thermal distributions (Giuntini et 
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al., 2015).  Voisin et al. modeled and produced electrically conductive Ti-Al billets with 

sample uniformity that was verified by analyzing phase homogeneity while processing near 

the α + γ TiAl to α-TiAl phase transition temperature of 1275°C (Voisin et al., 2013).  In 

addition to modeling the bulk system, it has been identified that interface resistances 

contributes a large amount of heat into the modeled system, as shown in contact resistance 

measurements from Wei et al. (Wei et al., 2015). 

We aim to provide a detailed description in developing a thermal-electrical coupled 

2D axisymmetric finite element model of the tooling focused on the sintering dwell time, 

or steady-state, where experimental current and voltage are constant, sample temperatures 

are at a maximum, and material properties do not change.  We present the first model that 

combines high temperature processing, up to 2000°C, for electrically conductive and 

insulating ceramics with experimental validation through microstructural observations.  

Two materials are investigated in SPS - ZrB2 as an electrical conductor and Si3N4 as an 

electrical insulator - to explain the influence of sample electrical conductivity, tooling 

resistance and tooling geometry on the current flow path and sample temperature 

distribution.  The model is calibrated for 20mm ZrB2 and Si3N4 discs and subsequently 

used to investigate SPS processing conditions for 30mm discs. 

 

 Experimental 

2.3.1 Ceramic Powders, SPS Furnace, and Furnace Materials 

Zirconium diboride (ZrB2, Grade B, H.C. Starck, Newton, MA, USA) and silicon 

nitride (Si3N4, 5 wt% Al2O3, 5 wt% Y2O3, 1 wt% MgO, StarCeram® N Ready to Press-

Grade M, H.C. Starck, Newton, MA, USA) powders were used to densify electrical 
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conductors and insulators, respectively.  For this study, powders were used as-received 

without additional powder processing. 

Figure 2.1.a shows a schematic of the SPS furnace (SPS 10-3, Thermal 

Technologies Inc., Santa Rosa, CA, USA). with a current capacity of 3000 A operating at 

a maximum of 10V using a pulsed current setting of 25ms ON and 5ms OFF with a 10 ton 

hydraulic press and a 13 μm displacement resolution.  Temperature was monitored by a 

single-color optical pyrometer (Marathon mm1MH, Raytek, Santa Cruz, CA, USA) 

referred to as Pyrometer A in Figure 2.1.b, and was sighted on a small hole 2.5mm in 

diameter and 7.5mm into the die wall for the 20mm assemblies and aimed directly on the 

outer edge of die wall for 30mm assemblies.  The temperature ramp rate and isotherm were 

controlled through a proportional-integral-derivative (PID) controller which moderates the 

current needed to reach the targeted set point temperature.  A schematic of the PID 

feedback loop is provided in Figure 2.2.  
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Figure 2.1: a) Schematic of 20mm SPS tooling is shown to include the steel electrodes, graphite 
tooling, graphite foil layers, pyrometer sighting locations and 3mm tall sample. b) Exploded view 
of die assembly. 

 

Figure 2.1.a shows a specimen (3mm tall) within the conductive graphite tooling 

for 20mm discs.  The assembly shown includes two electrodes made from 321 stainless 

steel (height (h) = 26mm; radius (r) = 31.75mm).  Graphite components (Isocarb 85, 

Electrodes, Inc., Milford, CT, USA) include the die (h = 40mm; r = 25mm), punches (h = 

30mm; r = 10mm), hot rams (h = 22mm; r = 20mm) and cold rams (h = 52mm; r = 45mm). 

 

Figure 2.2: Schematic of the SPS feedback loop using a PID controller to regulate the current used 
during a sintering run to obtain the programmed temperature heating rates and isotherm. 
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Graphite foil (0.127mm thick [0.005 in] Cupps Industrial Supply Inc., Tucson, AZ, 

USA) was used to line the inner die wall, referred to as radial graphite foil, and between 

the powder and punch, referred to as axial graphite foil, as shown in Figure 2.1.b.  The 

outer die wall was wrapped with thermally insulating graphite felt (~15mm thickness, 

J.C.Cole & Associates, Inc., Epping, NH, USA) and a 12mm hole is punched out of the 

felt center for pyrometer sighting. 

In order to produce 30mm discs, the graphite die (h = 50mm, r = 22.5mm) and 

punches (h = 40mm, r = 15mm) were modified with the addition of graphite spacers (h = 

6mm; r = 15mm) between the sample and punch.  Graphite spacers used for 30mm Si3N4 

discs were coated with boron nitride spray (BN, Aerosol Refractory Paint, Alfa Aesar, 

Ward Hill, MA, USA) and polished smooth with standard letter paper to provide a thin 

layer (0.2mm thick) of electrical insulation and were uncoated for ZrB2. 

 

2.3.2 Spark Plasma Sintering of Zirconium Diboride and Silicon Nitride 

ZrB2 and Si3N4 powders were placed in dies and pre-loaded using a uniaxial press 

(Laboratory Press #3L9631, South Bend Lathe Inc., South Bend, Indiana, USA) at 50 MPa 

for 1 min and placed into the SPS under a 5 MPa preload to densify. Dies were exposed to 

an initial current of 767 A for 20mm disc assemblies (893 A for 30mm assemblies) to reach 

600°C while simultaneously loading the dies to a target pressure, before initiating the 

pyrometer controlled temperature program with a heating rate of 100°C/min to the target 

sintering temperature and isotherm.  After the isotherm, temperature was reduced with a 

cooling rate of 100°C/min to 1000°C and naturally cooled while pressure was reduced to 

the 5 MPa preload.  Sintering temperatures and pressures were based on densification 
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studies to produce dense parts with minimal hold time. For 20mm assemblies, ZrB2 

powders were loaded at 30 MPa/min to 35 MPa with a sintering temperature range of 

1800°C to 1900°C and a 5 minute isotherm.  Si3N4 powders were loaded at 25 MPa/min 

to 30 MPa with a sintering temperature of 1700°C and a 2 minute isotherm.  For 30mm 

disc assemblies, ZrB2 powders were sintered at 1940°C with a 5 minute isotherm while 

Si3N4 powders were sintered at 1740°C with a 2 minute isotherm.  ZrB2 is densified under 

vacuum (6 Pa) and Si3N4 under high purity N2 gas at atmospheric pressure.  Figure 2.3 

shows experimental current and voltage output during densification to achieve the desired 

heating rates for 20mm ZrB2 discs (Figure 2.3.a) and 20mm Si3N4 discs (Figure 2.3.b).  

During the isotherm, both material systems experience minimal displacement indicating 

the sample bulk density can be considered constant for the model.  

 

Figure 2.3: SPS in situ data shows the temperature profile, instantaneous current and voltage 
applied, and shrinkage for 20mm discs of a) ZrB2 and c) Si3N4. During the isotherm current and 
voltage values remain constant and are used as inputs to the model. 
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2.3.3 Model Framework to Simulate Voltage and Current Inputs 

The computational model was developed using a finite element analysis (FEA) 

software (COMSOL™ Multiphysics 5.0, Los Angeles, CA, USA) that couples joule 

heating and heat transfer to calculate current density and temperature distributions within 

the SPS furnace components and processed materials. The fundamental governing 

equations can be found in Appendix A. Due to the axisymmetric nature of the tooling and 

for efficiency of computation, a 2D axisymmetric model is used to represent the SPS 

assembly.  A 3D interpretation of the model has been produced and model results vary by 

less than 1%; however, that model will be detailed in future work focusing on complex 

shape modeling on non-axis symmetric tooling. 

The SPS tooling geometry is built and each component is assigned a bulk material 

property as a function of temperature (Appendix B).  The tooling exterior surface and 

graphite felt are given a surface emissivity that loses heat to the ambient set at 20°C.  

Graphite foil/tooling interfaces are given an electrical contact resistance by applying a 

contact impedance boundary condition and graphite foil thermal conductivity is defined by 

a thin layer thermal resistance boundary layer.  Electrode cooling channels are defined by 

applying an equivalent heat transfer coefficient to the top and bottom electrodes.  The SPS 

assembly is meshed using a physics-controlled mesh that decreases element size with 

decreasing part size (i.e. the element mesh on the sample is much finer than the mesh used 

to describe the cold ram).  Finally, current density (A/cm2) input is added to the lower 

electrode, based on experimental current values obtained from the isotherm period (Figure 

2.4) to generate temperature and current density distributions within the tooling and 
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ceramic.  Table 2.1 shows input current values used for developing the model on a 20mm 

disc. 

 

2.3.4 Bulk Material Property Inputs to Model 

Electrical resistivity and thermal conductivity as a function of temperature for the 

electrodes (Ho and Chu, 1977), ZrB2 (Zimmermann et al., 2008), and Si3N4 (Bowen, 1980) 

were obtained from literature.  Graphite properties are estimated based on room 

temperature values provided by the manufacturer and fit with normalized graphite 

electrical resistivity and thermal conductivity as a function of temperature reported by 

Mersen (2333 Graphite, Mersen USA, Bay City, MI, USA). 

 

2.3.5 Interface and Heat Transfer Inputs 

Graphite foil contact resistance was determined experimentally as a function of 

pressure.  A graphite cylinder (h = 220mm, r = 31.75mm) was placed in the SPS and 

graphite foil was added to the top electrode interface, adjusting the number of foils from 0 

to 18, in increments of three foils per measurement.  A constant current of 130 A was 

applied and voltage was measured as a function of increasing load from 1 MPa to 15 MPa 

at a rate of 1 MPa/min to produce graphite foil impedance curves as a function of pressure.  

Contact impedance was calculated and averaged from the change in resistance with the 

addition of additional foils.  Above 6 MPa, the contact impedance approaches a constant 

value of 1.128e-7 Ω·m2, which is used for all high pressure interfaces where graphite foil 

is present.  Due to the differences in how voltage and current are measured using different 

SPS system manufactured by different companies (e.g. FCT, Sumitomo), it is 
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recommended that these contact resistance values be measured for your unit, rather than 

using the electrical contact resistance value provided here. Graphite foil thermal 

conductivity and thickness were used with the thin thermal layer boundary condition. 

The SPS cooling channels in the top and bottom electrode were simplified through 

the use of a convective heat flux boundary layer with a heat transfer coefficient of 600 

W/(m·K), which was estimated from the cooling capacity of our chiller (Orion Inveter 

Chiller RKE1500B, Liberty Hill, TX, USA), a cooling liquid temperature of 20°C, and 

approximate cooling channel dimensions. 

Graphite felt that is wrapped around the external die wall was represented in the 

model by assigning an equivalent surface emissivity to the die wall.  The felt value was 

calibrated based on the experimentally measured temperatures of the die wall and direct 

sample temperature as reported in Section 2.3.6.  Felt emissivity is adjusted for Si3N4 

which operates under N2 for the increased conductivity of felt due to the gas environment 

(Chahine et al., 2005).   

 

2.3.6 Direct Sample Temperature Measurements 

Direct sample temperatures measurements for 20mm ZrB2 and Si3N4 discs were 

used to calibrate the emissivity values and to validate the modeled sample temperatures.  

Direct sample temperature measurements on 20mm discs were taken at processing 

temperatures of 1800°C and 1900°C for ZrB2 and 1700°C for Si3N4. The sintered discs 

were loaded into a 20mm tooling assembly with an additional 2.5mm diameter hole drilled 

through the die and a 12mm hole punched through the graphite felt in order to sight an 

additional pyrometer, referred to as Pyrometer B (Raytek, Marathon MR, Berlin, Germany) 
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in Figure 2.1.b. Pyrometer B measured the sample edge temperature during the 

isothermeral hold.  Three temperatures were measured during this experiment: 1) 

“Pyrometer A” on the die hole, 2) “Pyrometer B” on the sample edge, and 3) 

“Thermocouple” (Type K) at 3.5mm below the bottom electrode surface (Figure 2.1.a).   

Direct sample temperature measurements were also conducted on 30mm Si3N4 and 

30mm ZrB2 where “Pyrometer A” is sighted on the die wall and “Pyrometer B” is sighted 

through a 2.5mm diameter hole drilled through the die on the sample edge of previously 

sintered 30mm discs for both material systems.   Direct sample temperature measurements 

on 30mm discs were taken at processing temperatures of 1940°C for ZrB2 and 1690°C for 

Si3N4. 

 

2.3.7 Material Characterization  

Sintered ceramics are measured for bulk density by Archimedes method where 

theoretical densities are 3.20 g/cm3 and 6.09 g/cm3 for Si3N4 and ZrB2, respectively.  

Ceramics are prepared for microstructure and grain size analysis by polishing whole discs. 

ZrB2 is prepared for imaging using polishing pads in decreasing diamond grit of 120 and 

220, followed by using diamond-polishing pads of 40μm and 25μm.  The final mirror finish 

is achieved using a 1200 grit silicon carbide pad.  For grain size measurements on ZrB2, 

mirror polished samples were thermally etched in a tube furnace (Astro A247, Thermal 

Technologies LC, Santa Rosa, CA, USA) with flowing high purity (HP) Ar at 500°C for 1 

hour. The furnace was purged for 30 min with flowing HP argon at a flow rate of 6 cm/min 

at room temperature before loading the heat treatment program.  The tube furnace 

temperature profile increased temperature at a rate of 5°C/min up to 500°C and held for 1 
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hour before cooling at a rate of 10°C/min to room temperature.  Si3N4 ceramics are 

polished using 80, 120, 240, 400, 600 grit SiC pads, followed by mirror polishing using 

1200 grit SiC.  Si3N4 was etched using phosphoric acid (H3PO4, 85% aqueous solution, 

Alfa Aesar, Ward Hill, MA, USA) at 300°C for 20 minutes.  A field emission scanning 

electron microscope (S-4800 Field Emission Scanning Electron Microscope, Hitachi Inc, 

Pleasanton, CA, USA) was used for microstructural analysis, including grain size and 

microstructure uniformity across disc diameter. SEM images are acquired using secondary 

electrons. ZrB2 samples are examined at 15kV and 10μA using the upper detector and 

Si3N4 is plasma coated with platinum (Hummer 6.0 Sputter System, Anatech USA, Union 

City, CA, USA) for 40 seconds and examined at 5-10 kV and 10μA. 

SEM micrographs for grain size analysis are measured using Image J (Image J 

1.6.0_20, National Institute of Health, Bethesda, MD, USA) imaging software reporting 

the maximum Ferret diameter – several SEM images are used to obtain a minimum of 200 

counted grains per condition.  β-Si3N4 content analysis (Pigeon and Varma, 1992) is used 

to determine quantitative phase content across the diameter of 20mm and 30mm discs and 

30mm rings using X-Ray diffractometry (Phillips X’Pert MPD, Westborough, MA, USA) 

on 5 mm x 5 mm sections of each disc. A Cu K-alpha radiation source is used with 2° slit 

size and 2-theta scan range of 25-30°. Peak height ratio (PH) is measured by dividing 

α(200) peak intensity, located at approximately 26.5°, by β(200) peak intensity, located at 

approximately 26.9° according to Pigeon et. al (Pigeon and Varma, 1992). Weight fraction 

of α is calculated by: (PH) / (1 + PH). 
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 Results and Discussion 

2.4.1 Fundamentals of SPS: Coupled Electrical and Thermal Property 

Physics 

The applied direct current during SPS results in joule heating and subsequent heat 

transfer through the materials are governed by the steady state equations: 

𝜌𝜌𝐶𝐶𝑝𝑝𝐮𝐮 ∙ ∇𝑇𝑇 = ∇ ∙ (𝑘𝑘𝑇𝑇∇𝑇𝑇) + 𝑄𝑄𝑒𝑒  (1) 

𝑄𝑄𝑒𝑒 = 𝑱𝑱 ∙ 𝑬𝑬     (2) 

where ρ is bulk density, Cp is the specific heat capacity and kT is thermal 

conductivity of the material, T is temperature, Qe is heat generated per unit volume, J is 

the current density and E is electric field, and u is a fluid velocity where convection is 

present, but is generally negligible in SPS systems. 

The primary difference between ZrB2 and Si3N4 during SPS is the direction of 

current flow (Figure 2.4).  As an electrical conductor, ZrB2 allows current to flow 

through it, subjecting the sample to both joule heating and heat transfer through 

conduction.  As an electrical insulator, Si3N4 does not allow current flow through the 

sample, limiting joule heating to the die.  Thus, Si3N4 must be heated solely through 

conduction from the surrounding graphite tooling.  The current flow paths through the 

tooling for ZrB2 and Si3N4 influences how thermal distributions develop within the 

sample. 
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Figure 2.4:  The current density flow path in the graphite punches and die, and sintered sample for 
20mm discs of a) ZrB2 and b) Si3N4 shows how sample electrical conductivity effects the current 
flow path.  Current flows into the ZrB2 sample and joule heats the sample and graphite tooling, 
while current flows around Si3N4, joule heating only the tooling and heating the sample only 
through conduction. 

 
2.4.1.1 Current Density and Heat Transfer 

During SPS of ZrB2, current flows through both the sample and the die.  This 

current flow will generate a current density profile that can vary radially depending on the 

conductivity of the sample, but in general, the current density decreases in the radial 

direction approaching the outer diameter of the die wall as current chooses the path of least 

resistance, which can be seen in Figure 2.4.a.  Extracting current density data from the 

figure, ZrB2 is exposed to a current density of 75-90 A/cm2 with a maximum at the center.  

The die experiences radially decreasing current density from the inner diameter to the outer 

diameter, with the modeled current density ranging from 100 A/cm2 to 50 A/cm2.  SPS of 

Si3N4 forces all the current to pass through the die wall, and similarly, the current density 

decreases in the radial direction.  However, as current only travels through the die, the 

model identifies regions of high current density near the sample edges and a larger current 
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density difference through the die wall thickness from 145 A/cm2 to 65 A/cm2, seen in 

Figure 2.4.b.  Thus, tooling design, such as die wall thickness, significantly impacts the 

current density distribution and introduces the idea of current path manipulation to control 

the location and degree of joule heating. 

Once current path has been established, the manner in which the assembly joule-

heats is defined; however, there is simultaneous cooling from the electrodes which 

develops the vertical temperature distribution of the system.  With vertically symmetric 

tooling, the hottest temperature on the exterior of the assembly is at the vertical center 

regardless of the high current densities within the punch.  Near the sample, heat conduction 

paths are primarily a factor of the mass of graphite tooling - more tooling will naturally 

develop larger sample temperature distributions for both an electrical conductor and 

insulator.  Hence, tooling mass can be added or subtracted to modify the current flow paths 

and heat transfer, but must be constrained to the mechanical capabilities of the material to 

withstand stresses (e.g. the die wall thickness is limited by the applied load of the run to 

withstand hoop and thermal stresses). 

 

2.4.1.2 Effects of Graphite Foil Contact Resistance on Current Path and 

Temperature 

Aside from using the addition of boron nitride insulating spray to manipulate the 

current flow path, the addition of graphite foil contact resistances can be used to modify 

the current flow path and generate large amounts of heat through localized heating of the 

resistive layers.  To show these effects, the model uses a constant current input and with a 

single layer of axial and radial graphite foil and without graphite foil.  Figure 2.5.a shows 
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the effects of graphite foil layers on the redistribution of current density across the radius 

of both the sample and the die.  Modeling ZrB2 with zero graphite foil layers shows an 

increase in the sample current density.  With the presence of graphite foil, the sample 

current density is decreased and distributed into the die.  When modeling the current 

density for Si3N4, there is no change in the current density distribution as current can only 

flow through the die (Figure 2.5.a).  Alternatively, due to the added resistance of the foil, 

the contact resistance modifies the system voltage from 2.81 V without foil to 3.2 V with 

foil.  The presence of graphite foil increases localized heating at the foil interface and the 

model indicates it contributes a significant amount of heat, presented in Figure 2.5.b. 

Graphite foil increases the temperature of both ZrB2 and Si3N4 cross sections by more than 

200°C.  Due to interfaces near the sample being dominated by graphite foil contact 

resistances or thin insulating layers, graphite-graphite contact resistances are ignored. 

 

Figure 2.5: a) The addition of graphite foil changes the current density profile for ZrB2 and 
remains unchanged for Si3N4.  b) It can be seen that the contact resistance provided by the foil 
generates large amounts of heat from the 300°C drop in sample temperature with ZrB2 by using 
no foil, and 250°C drop in sample temperature with Si3N4. 
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The influence of tooling geometry and contact resistances on the current density 

and thermal distributions makes the scale-up process non-trivial, even at small scales 

moving from 20mm to 30mm diameter discs.  However, with the fundamentals outlined 

above, we can use the model evaluate the tooling and temperature distributions formed 

during SPS of 30mm discs. 

 

2.4.2 Development and Calibration of Model 

2.4.2.1 Calibration of Model to Experimental Data 

An experimentally valid finite element model will utilize experimental current 

input and produce the correct voltage and temperature distributions throughout the modeled 

system.  Thus, for a given experimental current input, the model must produce the correct 

values of voltage, set point temperature (Pyrometer A), die wall temperature, sample edge 

temperature, and temperature at the electrode (OT).  With current input value defined from 

experiments, the only remaining calibration variable is die wall emissivity assuming that 

the model defined graphite material properties are accurate. 

Graphite thermal and electrical conductivities as functions of temperature vary 

widely in behavior and magnitude among commercially available electrode grade graphite.  

Plotted in Figure 2.6 are the electrical and thermal conductivity of two grades of graphite 

as reported by the manufacturer, Mersen 2333 (“Specialty Graphite Materials for Sintering: 

Brochure #15,” n.d.) and POCO DFP (Sheppard, R. G. and Bray, D. J., 2001), and shows 

up to a 65% difference in values between the two.  Due to the significant variation of 

published values among similar grades of graphite, lot-to-lot variation within the same 
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grade of graphite, and graphite electrical and thermal conductivity must be considered 

variables during model calibration. 

 

Figure 2.6: a) Thermal and b) electrical conductivity as functions of temperature for two grades of 
commercially available graphite, Mersen 2333 and POCO DFP, adjusted for differences in density 

2.4.2.2 Model Sensitivity to Variations in Graphite Electrical and Thermal 

Conductivity 

Model sensitivity is evaluated on 20mm ZrB2 and Si3N4 disc tooling configurations 

to determine how modeled results are impacted when graphite electrical and thermal 

conductivity are varied independently at a fixed processing temperature.  The sensitivity 

of the model will be evaluated based on three parameters: resultant die wall temperature 

difference (ΔTDie = Sample Edge – Die Hole), electrode temperature (OT), and current 

required to maintain an 1800°C set point (J). Graphite electrical conductivity (σ) and 

thermal conductivity (kT) as functions of temperature are modified by applying a 

multiplicative constant factor in order to shift the material properties by a percentage: σ = 

a*σ(T) and kT = b*kT(T), where a and b are constants in a range of 0.8 to 1.2.  Input current 
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is adjusted such that a constant set point temperature (1800°C) is maintained for both ZrB2 

and Si3N4. 

All three model sensitivity parameters, die wall temperature difference, electrode 

temperature, and required input current to maintain an 1800°C set point, vary identically 

for ZrB2 and Si3N4 systems with respect to changes in graphite electrical conductivity 

(Figure 2.7.a) and thermal conductivity (Figure 2.7.b).  Thus, ZrB2 and Si3N4 assemblies 

are equally sensitive to changes in graphite electrical and thermal conductivity.   

 

Figure 2.7: Sensitivity of modeled die wall temperature difference (ΔTDie), input current (J), and 
electrode temperature (OT) to changes in a) electrical and b) thermal conductivity of graphite 

 

By comparing Figure 2.7.a and 2.7.b, the sensitivity of each parameter (die wall 

temperature difference, electrode temperature, and required input current) to graphite 

thermal conductivity compared to electrical conductivity can be evaluated. The die wall 

temperature difference is 6 times more sensitive to variations in thermal conductivity of 

graphite than electrical conductivity, electrode temperature is 9 times more sensitive to 
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thermal conductivity of graphite than electrical conductivity, and input current is 2 times 

more sensitive to electrical conductivity of graphite than thermal conductivity. Insight into 

the relative effects of changing graphite material properties on various points of interest 

will be utilized during the model calibration process. 

ZrB2 and Si3N4 systems are identically sensitive to variations in graphite material 

properties at a given processing temperature.  Therefore, it is expected that a single model 

can be developed to describe the SPS process at high temperatures for both an electrical 

conductor and an electrical insulator.    

 

2.4.2.3 Model Calibration by Optimization of Graphite Material Properties 

Graphite electrical and thermal conductivity need to be modified to represent the 

actual experimental data. It is important that these material properties be calibrated to 

experimental data since experimentally obtained temperature distribution, under an 

imposed current load, reflects the true electrical and thermal properties represented in the 

system.  

Even if graphite material properties were known to be accurate and reproducible, 

material properties require manipulation due to the simplification of the SPS system in the 

model.  For example, the experimental voltage value displayed by the SPS system is 

dependent on the location at which it is taken, and can add model complexities which 

include additional materials, components, and computation time.  Thus, graphite material 

properties require modification to match experimental results and accommodate model 

simplification of the SPS system. 
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Experimentally obtained current values will be input to the model. Graphite 

multiplier factors and die wall emissivity will be iterated and modeled voltage, die hole 

temperature, die wall or sample edge temperature, and electrode temperature (OT) will be 

used to calibrate the model thermally and electrically.  Die wall and sample edge 

temperature can be used in conjunction with set point temperature to determine a radial 

temperature difference across the die thickness.  Thus, the variables used to calibrate the 

model are assigned die wall emissivity and graphite electrical and thermal conductivities 

(via multiplicative factors a and b). 

 

2.4.3 Calibrated model for ZrB2 and Si3N4 20mm discs at 1800°C 

20mm discs of ZrB2 and Si3N4 are sintered at 1800°C for 5 minutes at 35MPa and 

2 minutes at 30MPa, respectively, and the model is calibrated to experimental results 

(Table 2.1).   Resultant graphite material properties are found such that models for ZrB2 

and Si3N4 use graphite multiplier factors of a = 0.925 and b = 0.45.  Die wall emissivity is 

0.127 for Si3N4 and 0.081 for ZrB2.  For 20mm Si3N4 disc model, sample edge 

temperature is unavailable, but graphite thermal conductivity is calibrated using the 

temperature difference experimentally measured between the die hole and die wall. 
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Table 2.1: Experimental and modeled temperature measurements for 20mm discs used to calibrate 
Si3N4 and ZrB2 models at 1800°C (a=0.925, b=0.45) 

 
SPS 

Specimen 
Measurement 

Location 
Experimental 

Value 
Model 
Value 

ZrB2 

Current Input (A) 1148  ± 206 1124 

Voltage Output (V) 3.003 ± 0.065 3.072 

Die Hole 
Temperature (°C) 1800 ± 0.02 1800.8 

Die Wall 
Temperature  (°C) 1740 1745.2 

Sample Edge 
Temperature (°C) 1873 1877.7 

Electrode 
Temperature  (°C) 351 356 

Si3N4 

Current Input (A) 1230 ± 143 1229 

Voltage Output (V) 3.561 ± 0.148 3.524 

Die Hole 
Temperature (°C) 1799.7 ± 1.2 1802.7 

Die Wall 
Temperature   (°C) 1720 1722.0 

Sample Edge 
Temperature (°C) - 1897.4 

Electrode 
Temperature (°C) 351 ± 30 383.3 

 

The finite element model has been calibrated for both ZrB2 and Si3N4 for the 20mm 

scale at 1800°C such that experimental current input to the model yields accurate results 

for voltage and measured temperature distribution.  The model must be scaled to the desired 

processing temperatures, 1700°C for Si3N4 and 1900°C for ZrB2, and evaluated for 

accuracy to experimental data.   
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2.4.4 Modeling SPS of Si3N4  

2.4.4.1 Modeling 20mm Si3N4 discs at 1700°C 

Experimental current from sintered 20mm Si3N4 discs at 1700°C is input to the 

model, and die wall emissivity is adjusted to a value of 0.126 to achieve desired set point 

temperature.  Modeled and experimental results are in agreement, as shown in Table 2.2. 

 

Table 2.2: Experimental and modeled temperature measurements for 20mm Si3N4 disc sintered at 
1700°C 

SPS 
Specimen 

Measurement 
Location 

Experimental 
Value 

Model 
Value 

Si3N4 

Current Input (A) 1055 ± 106 1159 

Voltage Output (V) 3.279 ± 0.266 3.212 

Die Hole 
Temperature (°C) 1701.3 ± 5.8 1702.7 

Die Wall 
Temperature (°C) - 1636.4 

Sample Edge 
Temperature (°C) 1780 1780.9 

Electrode 
Temperature (°C) 313 365.8 

 

For Si3N4 at 1700°C, the model predicts a sample temperature of 1781°C to 1802°C 

from sample outer diameter (r = 10mm) to sample center (r = 0mm).  Grain size 

measurements of 359.2 ± 194.1 nm and 320.4 ± 144.7 nm at the sample center (r = 0mm) 

and outer diameter (r = 10mm), respectively, experimentally confirms sample temperature 

decreases with increasing radius (Figure 2.8).  Large standard deviations are attributed to 

high aspect ratio β-Si3N4 grains.   
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Figure 2.8:  Modeled sample temperatures for Si3N4 a) 20mm disc and b) 30mm disc are 
experimentally confirmed by grain size analysis at b-c) sample center and e-f) sample outer 
diameter. 

 

β-Si3N4 content decreases 5% with increasing radius, or equivalently sample 

temperature decreases with increasing radius, as depicted in Figure 2.9, supporting results 

obtained by grain size analysis. The model applied to Si3N4 appears robust and accurately 
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represents experimental data at 1700°C and 1800°C.  The model can now be used to 

investigate densification of 30mm Si3N4 discs. 

 

Figure 2.9:  β-Si3N4 phase content as measured using X-ray diffractometry on 20mm and 30mm 
discs as a function of radial position is used to evaluate sample microstructural uniformity. 

 
2.4.4.2 Scaling Si3N4 from 20mm to 30mm disc 

The model is used to investigate 30mm diameter disc tooling configurations 

(Figure 2.10).  Proportional scaling of graphite tooling from 20mm to 30mm increases the 

sample temperature difference to 28°C, and the required current input value (Iin).  

Appropriate tooling for a 30mm disc is designed where the location and magnitude of 

current density is controlled by reducing die wall thickness and adding boron nitride coated 

graphite spacers reducing sample temperature difference to 6°C across the 30mm disc. The 

set point temperature, located on the die wall, of 1740°C is extracted from the model.    
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Figure 2.10:  From left to right, 20mm disc, proportionally scaled 30mm disc, and modified 30mm 
disc tooling configuration a) current density and b) modeled sample temperatures. Scaling to 30mm 
tooling required manipulation of current density concentrations through addition of boron nitride 
coated graphite spacers and reduction of die wall thickness.  Set point for 30mm Si3N4 disc 
experiment is extracted from the model.   

 

A 30mm Si3N4 disc is sintered at 1740°C for 2 minutes at 30MPa.  Experimental 

current is input to the 30mm Si3N4 model and die wall emissivity is adjusted to a value of 

0.148 to achieve 1740°C at the die wall.  The model accurately scales to 30mm diameter 

for experimental values of current, voltage, and die wall temperature; however, the model 

fails to successfully match experimentally obtained electrode and sample edge temperature 

values (Table 2.3). 
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Table 2.3: Experimental and modeled temperature measurements for 30mm Si3N4 disc sintered at 
1740°C 

SPS 
Specimen 

Measurement 
Location 

Experimental 
Value 

Model 
Value 

Si3N4 

Current Input (A) 1286 ± 38 1286 

Voltage Output 
(V) 3.184 ± 0.089 3.096 

Die Wall 
Temperature (°C) 1739.1 ± 1.0 1741.4 

Sample Edge 
Temperature (°C) 1819.5 ± 2.6 1788 

Electrode 
Temperature (°C) 330 399 

 

Failure to match modeled and experimental sample edge temperature values 

suggests calibrated graphite material properties do not scale with changes to tooling 

geometry.  Results from model sensitivity analysis (Section 2.4.2.1) suggest the value for 

graphite thermal conductivity is too high (i.e. b is too large) for the current density and 

temperature ranges within the 30mm assembly.   

Identical grain size values of 360 nm at the sample center (r = 0mm) for 20mm and 

30mm discs suggest the experimental temperature values are much closer than modeled 

values of 1780°C and 1820°C for 20mm and 30mm discs, respectively. While modeled 

temperature magnitudes disagree with experimental results, a reduction in modeled sample 

temperature difference from 21°C for the 20mm disc to 6°C for the 30mm disc is confirmed 

by grain size measurements of 360.0 ± 173.6 nm and 366.3 ± 171.1 nm at the sample center 

(r = 0mm) and outer diameter (r = 15mm), respectively, compared to a 30 nm change in 

grain size across the sample radius for 20mm discs (Figure 2.8). However, large standard 
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deviations due to β-Si3N4 require modeled sample temperature to be confirmed using β-

Si3N4 analysis (Figure 2.9).  

β-Si3N4 content across the 30mm disc increases 5% with increasing radius 

confirming modeled sample temperature distribution determined by grain size.  The 30mm 

disc and 20mm disc exhibit similar magnitudes for change in β-Si3N4 content with 

increasing radius despite significant differences in average grain size suggesting β-Si3N4 

may be less sensitive to temperature differences.  Although the model did not successfully 

scale with size from 20mm to 30mm diameter discs, useful insight into the magnitude of 

the sample temperature distribution is gained.  Model calibration is necessary with 

increasing scale adding a layer of complexity to using models to assist during scale-up.  

 

2.4.5 Modeling SPS of ZrB2 

2.4.5.1 Modeling 20mm ZrB2 discs at 1900°C 

The model has proven to be robust at 1800°C with Si3N4 and ZrB2 with a good 

correlation between experiment and model and is adjusted to reflect densification 

experiments for ZrB2 at 1900°C.  Experimental current value from a 20mm ZrB2 disc 

sintered at 1900°C is input to the calibrated model where die wall emissivity is adjusted to 

a value of 0.145 to achieve desired set point temperature.  The model does not accurately 

reproduce experimentally measured voltage, sample edge temperature, and electrode 

temperature for experimental current input, as shown in Table 2.4.   

High values for modeled voltage and large thermal distributions suggest graphite 

electrical and thermal conductivity are too low.  The model did not accurately predict the 

sample edge temperature when applied to 1900°C.  Thus, graphite material properties with 
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multipliers of a=0.925 and b=0.45 must be modified in order to describe the temperatures 

seen during the densification of ZrB2 at 1900°C. 

 

2.4.5.2 Modifying the Model for ZrB2 at 1900°C 

Graphite material properties were adjusted to a = 1.05 and b = 0.60 in order to 

match experimental results (Table 2.4).  At 1900°C, the magnitude of thermal and 

electrical conductivity are increased 3.89 W/mK and 10,419 S/m, respectively, when 

compared to the model calibrated at 1800°C.  Modifying graphite properties is necessary 

for the model to match experimental results, however, the modifications to the thermal and 

electrical conductivities of graphite implies there is a discontinuity in graphite properties 

at elevated temperature, which is not the case from measured properties at temperature 

from the manufacturer reports (Sheppard, R. G. and Bray, D. J., 2001; “Specialty Graphite 

Materials for Sintering: Brochure #15,” n.d.) and literature (Lutcov et al., 1970). 

Experimental current value from a 20mm ZrB2 disc sintered at 1900°C is input to 

the recalibrated model where die wall emissivity is adjusted to a value of 0.098 to achieve 

desired set point temperature.  The experimental results and modeled values are presented 

in Table 2.4. 
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Table 2.4: Experimental and modeled temperature measurements for 20mm ZrB2 disc sintered at 
1900°C 

SPS 
Specimen 

Measurement 
Location 

Experimental 
Value 

Model Value 
(a=0.925 
b=0.45) 

Model Value 
(a=1.05 
b=0.60) 

ZrB2 

Current Input (A) 1359 ± 22 1359 1346 

Voltage Output (V) 3.419 ± 0.099 4.087 3.455 

Die Hole 
Temperature (°C) 1900.3 ± 0.2 1900.3 1897.1 

Die Wall 
Temperature (°C) - 1792.3 1835.8 

Sample Edge 
Temperature (°C) 1985 2044.5 1987 

Electrode 
Temperature (°C) 410 413 419 

 

With a calibrated model at 1900°C for ZrB2, the modeled sample temperature 

difference of 22°C must be experimentally confirmed using grain size measurements.  

Grain size measurements of 13.2 ± 6.0 μm and 12.4 ± 5.0 μm at the sample center (r = 

0mm) and outer diameter (r = 10mm), respectively, experimentally confirms modeled 

sample temperature decreases with increasing sample radius (Figure 2.11).  The 20mm 

disc is also expected to have a sample current density ranging from 75-90 A/cm2 and will 

be matched when producing the 30mm disc.    
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Figure 2.11:  From left to right are model and microstructural information for a high density 20mm 
ZrB2 disc and high density 30mm ZrB2 disc. a-b) The temperature distribution can be seen for each 
tooling configuration. The 30mm disc tooling shows a hotter sample than the 20mm disc. c-d) The 
sample current density is matched for the 20mm and 30mm discs by applying graphite foil 
resistances between the punch and spacer in the 30mm tooling configuration. e-f) Shown are etched 
micrographs obtained from the center used for grain size measurements. 
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2.4.5.3 Scaling from a 20mm ZrB2 disc to a 30mm disc with Equivalent 

Sample Current Density 

The 20mm ZrB2 disc model modified for 1900°C is used to investigate scaling to 

30mm sample diameters using tooling developed earlier (Figure 2.10).  In place of boron 

nitride coated spacers, graphite spacers contain one layer of axial graphite foil on either 

side (4 axial foils total) to manipulate the current density distribution in the sample and die.  

The desired set point of 1940°C is extracted from the 30mm model in order to obtain a 

sample current density distribution of 80-88 A/cm2 similar to the 20mm disc.  Experimental 

current value from a 30mm ZrB2 disc sintered at 1940°C for 5 minutes at 35 MPa is input 

to the model and die wall emissivity is adjusted to a value of 0.106 to achieve desired set 

point temperature.  As expected based on the results for 30mm Si3N4,  the model matches 

the experiment voltage values and the set point temperature with the experimental current 

input; however, the sample edge temperature does not match. The experimental value and 

model are compiled in Table 2.5.   

 

Table 2.5: Experimental and modeled temperature measurements for 30mm ZrB2 disc sintered at 
1940°C 

SPS 
Specimen 

Measurement 
Location 

Experimental 
Value 

Model 
Value 

ZrB2 

Current Input (A) 1669 ± 74 1648 

Voltage Output (V) 3.384 ± 0.145 3.501 

Die Wall 
Temperature  (°C) 1940 ± 3.8 1937.7 

Sample Edge 
Temperature (°C) 2115 2030 

Electrode 
Temperature  (°C) 470 461 
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Grain size measurements of 13.8 ± 5.1 μm and 12.3 ± 4.9 μm at the sample center 

(r = 0mm) and outer diameter ( r= 10mm), respectively, experimentally confirms modeled 

sample temperature (33°C) decreases with increasing sample radius (Figure 2.11).  

Experimental grain size results suggest that sample temperature values are closer than the 

model predicts for 20mm and 30mm discs of ZrB2; however, the model accurately predicts 

trends and magnitudes of sample temperature distributions.  

After scaling models from 20mm to 30mm diameter discs on both material systems, 

we observe models can work across a large temperature range for both an insulator and 

conductor and that each tooling configuration (i.e. each sample diameter) must be 

calibrated individually.  However, high temperature processing at 1900°C required a 

change in material properties in comparison to lower processing temperatures.  A summary 

of grain size results and modeled temperatures for both material systems is reported in 

Table 2.6. 

 

Table 2.6: Summary of ZrB2 and Si3N4 modeled sample temperatures with experimentally 
measured grain size 

Material 
System 

Sample 
Size 

Set 
point 
Temp. 

Center (r=0) Edge (r=10, 15) 
Grain Size Sample 

Temp. Grain Size Sample 
Temp. 

ZrB2 
20mm 1900°C 13.2±6.0 μm 2009°C 12.4±5.0 μm  1987°C 
30mm 1900°C 13.8±5.1 μm 2064°C 12.3±4.9 μm 2030°C 

Si3N4 
20mm 1700°C 359 ± 194 nm 1802°C 320 ± 145 nm 1781°C 

30mm Disc 1740°C 360 ±174 nm 1782°C 366 ± 171 nm 1788°C 
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2.4.6 Model Comparison to Literature 

In order to determine the effectiveness of our model, we compare it to a model 

developed by Giuntini et al. (Giuntini et al., 2015) who have modified tooling resistances 

on a 62mm Si3N4 disc to obtain temperature uniformity using an FCT system (FCT 

HPD25, FCT Systeme GmbH, Frankenblick, Germany).  Through slight modification of 

contact resistance, they predict a decrease in temperature difference from 158.5°C to 45°C.  

Replicating their tooling design and placement of the insulating layer to include our thermal 

and electrical boundary conditions, we are unable to achieve significant part uniformity, 

however, the temperature distribution across our modeled part does decrease, from 100°C 

to 90°C.  This discrepancy is most likely due to the variation in material properties, contact 

resistances, and the current/voltage values displayed by the machine, which will change 

the degree and location of localized heating and heat transfer within the tooling assembly.  

This unfortunately shows that SPS models are not universal and must be calibrated for each 

system used and boundary conditions solved to obtain the highest fidelity model. 

 

 Conclusion 

A method to develop and experimentally validate finite element models is 

presented.  Calibration of models to experimentally obtained data is required due to 

uncertainty in graphite material properties, with wide variations occurring in literature.  

Incorporating model calibration during the model development yielded models for 20mm 

Si3N4 and 20mm ZrB2 at desired processing temperatures which accurately reproduced 

experimental data during the isotherm.  Calibrated 20mm models for both material systems 

unsuccessfully scaled to 30mm scale where the models required recalibration.  The 
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calibration of models to experimental results is required for each tooling configuration (i.e. 

each sample diameter) adding complexity to the scale-up process. Once models are 

calibrated, modeled sample temperatures can be experimentally confirmed using grain size 

analysis for both material systems and β-Si3N4 content for Si3N4 samples.   

 

3. Chapter 3: Development of Complex Axisymmetric Si3N4 Parts by Spark 

Plasma Sintering Using Thermal-Electrical Coupled Finite Element Model 

 Abstract 

Direct current- and pressure -assisted furnaces deliver rapid heating, via joule 

heating, to a powder material during high temperature sintering and densification 

processes. However, the tooling resistances and the electrical conductivity of both tooling 

and material will influence where the heat is delivered to the material and localized hot 

spots will influence temperature uniformity of parts.  In order to investigate temperature 

distributions with a part during spark plasma sintering (SPS) we use a coupled thermal-

electrical finite element analysis model. The model is experimentally verified during the 

direct current steady-state of a processing run where material properties, temperature 

distributions and current/voltage inputs are considered constant.  A model is built based on 

experimentally measured temperature distributions for the tooling used to process 30mm 

Si3N4 discs. The model is then used to predict SPS conditions to produce 30mm Si3N4 

rings with similar temperature distributions and grain size uniformity across the part that 

are consistent with the 30mm parts and the challenges associated with developing complex 
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shapes is discussed. Microstructural analysis and X-Ray diffractometry are used for grain 

size and phase distribution to validate the model predictions for part uniformity.     

 

 Introduction 

Spark plasma sintering (SPS) furnaces rapidly sinter and densify ceramic and 

metallic powders via joule heating by the application of a low-field and high-direct current 

with applied pressure. SPS is becoming a highly attractive technique for the densification 

of materials due to the production of materials with enhanced material properties, in 

comparison to conventional sintering techniques like hot pressing. Grain growth 

mechanisms can be limited by reducing the time at temperature during the densification of 

high temperature ceramics such as ZrB2 (Pham et al., 2016). In addition, the rapid sintering 

and densification has shown to preserve normally reactive second phase strengthening 

additives such as graphene (Walker et al., 2011) and carbon nanotubes within Si3N4 

(Corral et al., 2011). 

Si3N4 is an attractive material for aerospace structural materials due to its low 

theoretical density (3.20 g/cm3) and attractive mechanical properties.  Additionally, Si3N4 

is an electrical insulator and is a promising material for radome applications (Messier et 

al., 1974). Si3N4 experiences a phase transformation from trigonal (α– Si3N4) to hexagonal 

(β– Si3N4) near 1600°C (Messier et al., 1978) and requires high processing temperatures, 

up to 1700°C, to achieve high density (Corral et al., 2008).  Si3N4 is a self-strengthening 

material where high aspect ratio β- Si3N4 grains can develop an interlocking microstructure 

leading to increased toughness (Lee et al., 1999) and maintaining high strength and creep 

resistance up to 1500°C (Klemm, 2010). 
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Aerospace related structural materials require large sample size and various sample 

geometries; however, production and processing of Si3N4 by SPS is presently limited in 

size and geometry.  Scaling sample sizes in SPS is extremely difficult because sample 

temperature uniformity is highly dependent on tooling geometry, thus requiring the use of 

computational tools to provide insight into temperature distributions.  The impact of tooling 

geometry on thermal distributions was discussed by Giuntini et al. on one of the first 

models to work with Si3N4 at high processing temperatures of 1800°C; however, there was 

limited experimental evidence to validate model results (Giuntini et al., 2015).  Voisin et 

al. experimentally verified modeled sample temperature uniformity on TiAl billets using a 

temperature dependent phase transformation, similar to Si3N4, near the α + γ TiAl to α-

TiAl phase transition temperature of 1275°C (Voisin et al., 2013). Furthermore, 

experimentally validated finite element models on complex shapes are incredibly limited 

and only pertain to sintering temperatures lower than 1300°C. Voisin et al. used the model 

and predicted a 70°C temperature difference for γ-TiAl turbine blades with microstructural 

imaging to evaluate temperature distributions and the feasibility to produce near-net shaped 

parts (Voisin et al., 2015); however, no discussion on the effect of manipulating tooling 

geometry nor current flow paths on sample temperature distribution was investigated. 

In previous work, we presented the first model that combines high temperature 

processing, up to 1800°C, for Si3N4, an electrical insulator, and zirconium diboride, an 

electrical conductor, with experimental validation through microstructural observations 

and discussed the importance of model calibration to experimental data (Pham, David et 

al., n.d.).  The 2D axisymmetric steady state model was constructed during the isothermal 

region such that all inputs remained constant.  The influence of boundary layer materials, 
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such as boron nitride or graphite foil, was discussed and values for graphite foil contact 

impedance were experimentally determined.  Due to the variations in commercial SPS 

systems, it was concluded that models must be individually calibrated to the machine 

configuration where current and voltage values also vary, where graphite electrical and 

thermal conductivities must be considered variables during model calibration.  In the 

current study, previous calibration techniques are applied to model and advanced SPS 

tooling to produce 30mm diameter discs and rings of Si3N4 with uniform temperature 

distributions is developed.  Modeled sample temperature distributions are experimentally 

confirmed using grain size and β-Si3N4 analysis.  In addition, room temperature 

mechanical stress models are used to investigate methods to develop uniform sample 

stresses. 

 

 Experimental 

3.3.1 Ceramic Powder, SPS Furnace, and Furnace Materials 

Silicon nitride (Si3N4, 5 wt% Al2O3, 5 wt% Y2O3, 1 wt% MgO, StarCeram® N 

Ready to Press-Grade M, H.C. Starck, Newton, MA, USA) powder was used to densify 

30mm disc and 30mm ring samples. For this study, powders were used as-received without 

additional powder processing. 

Figure 3.1 shows a schematic of the SPS furnace (SPS 10-3, Thermal Technologies 

Inc., Santa Rosa, CA, USA) for 30mm disc and 30mm ring tooling assemblies. The SPS 

furnace has a current capacity of 3000 A at a maximum of 10V working on a pulsed current 

setting of 25ms ON and 5ms OFF with a 10 ton hydraulic press with a displacement 

resolution of 13 μm.  Temperature was monitored by a single-color optical pyrometer 
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(Marathon mm1MH, Raytek, Santa Cruz, CA, USA) referred to as Pyrometer A in Figure 

3.1, and was sighted directly on the outer edge of die wall.  The temperature ramp rate and 

isotherm were controlled through a proportional-integral-derivative (PID) controller which 

moderates the current needed to reach the target temperature set point.   

 

Figure 3.1: SPS tooling schematics for a) 30mm disc and b) 30mm ring compares major tooling 
differences required and includes steel electrodes, graphite foil placement, pyrometer sighting 
locations, and thermocouple measurement. 

 
Figure 3.1.a shows a specimen (3mm tall) within the conductive graphite tooling 

for 30mm discs.  The assembly shown includes two electrodes made from 321 stainless 

steel (height (h) = 26mm; radius (r) = 31.75mm).  Graphite components (Isocarb 85, 

Electrodes, Inc., Milford, CT, USA) include the die (h = 50mm; r = 22.5mm), punches (h 

= 40mm; r = 15mm), graphite spacers (h = 6mm; r = 15mm), top hot ram (h = 22mm; r = 

20mm) and cold rams (h = 52mm; r = 45mm). No bottom hot ram was present due to 

vertical positioning limits on the pyrometer. Graphite spacers were coated with boron 
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nitride spray (BN, Aerosol Refractory Paint, Alfa Aesar, Ward Hill, MA, USA) and 

polished smooth with standard letter paper to provide a thin layer (0.2mm thick) of 

electrical insulation. 

In order to produce 30mm Si3N4 rings, the graphite die remained unchanged from 

the 30mm disc; however, top-bottom symmetry was broken by replacing the top punch 

with a pusher ring (h = 40mm, outer diameter (OD) = 30mm, inner diameter (ID) = 20mm), 

bottom spacer (h = 10mm, OD = 30mm, ID = 20mm), and an inner mandrel (h = 50mm, r 

=15mm) as seen in Figure 3.1.b.  Surfaces of pusher ring and bottom spacer in contact 

with Si3N4 powder and outer diameter of inner mandrel were coated with boron nitride 

spray and polished smooth with standard letter paper to provide a thin layer (0.2mm thick) 

of electrical insulation (Figure 3.2). 

 
Figure 3.2:  The current density flow path in the graphite punches and die for a) 30mm rings and 
b) 30mm discs of Si3N4 shows how tooling geometry and boron nitride placement is used to control 
the current flow path. 

 

Graphite foil (0.127mm thick [0.005 in] Cupps Industrial Supply Inc., Tucson, AZ, 

USA) was used to line the inner die wall with three layers of foil, referred to as radial 

graphite foil, and between the powder and punch, referred to as axial graphite foil, as shown 
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in Figure 3.1.  The outer die wall was wrapped with thermally insulating graphite felt 

(~15mm thickness, J.C.Cole & Associates, Inc., Epping, NH, USA) and a 12mm hole is 

punched out of the felt center for pyrometer sighting. 

 

3.3.2 Spark Plasma Sintering of Silicon Nitride 

Si3N4 powders were placed in dies and pre-loaded using a uniaxial press 

(Laboratory Press #3L9631, South Bend Lathe Inc., South Bend, Indiana, USA) at 50 MPa 

for 1 min and placed into the SPS under a 5 MPa preload to densify. Dies were exposed to 

an initial current of 893 A to reach 600°C while simultaneously loading the dies to a target 

pressure, before initiating the pyrometer controlled temperature program with a heating 

rate of 100°C/min to the target sintering temperature and isotherm.  After the isotherm, 

temperature was reduced with a cooling rate of 100°C/min to 1000°C and naturally cooled 

while pressure was reduced to the 5 MPa preload.  Sintering temperatures and pressures 

were based on densification studies to produce dense parts with minimal hold time.  For 

30mm Si3N4 discs and rings, powders were loaded at 25 MPa/min to 30 MPa with a 

sintering temperature of 1740°C and a 2 minute isotherm. Si3N4 under high purity N2 gas 

at atmospheric pressure.  Figure 3.3 shows experimental current and voltage output during 

densification to achieve the desired heating rates for 30mm Si3N4 discs (Figure 3.3.a) and 

30mm Si3N4 rings (Figure 3.3.b).  During the isotherm, both geometries experience 

minimal displacement indicating the sample density can be considered constant for the 

model. 
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Figure 3.3: SPS in situ data shows the temperature profile, instantaneous current and voltage 
applied, and shrinkage for a) 30mm Si3N4 discs and b) 30mm Si3N4 rings at a set point temperature 
of 1740°C for 2 minutes under an applied load of 30 MPa. During the isotherm current and voltage 
values remain constant and are used as inputs to the model. 

 

3.3.3 Model Framework to Simulate Voltage and Current Inputs 

The computational model was developed using a finite element analysis (FEA) 

software (COMSOL™ Multiphysics 5.0, Los Angeles, CA, USA) that couples joule 

heating and heat transfer to calculate current density and temperature distributions within 

the SPS furnace. Governing equations for the model are presented in Appendix A.  Using 

bulk material properties inputs to the model, interface and heat transfer inputs, and 

calibration techniques, which include modifying graphite material properties through 

multiplicative factors a and b applied to electrical and thermal conductivity equations 

(Pham, David et al., n.d.), the model for 30mm Si3N4 discs was calibrated at a processing 

temperature of 1740°C.  Multiplicative factors a = 0.885 and b = 0.38  (i.e. values for 

electrical and thermal conductivity) and die wall emissivity value of 0.170  were found for 

the 30mm disc model such that modeled voltage, set point temperature, sample edge 
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temperature, and electrode temperature match experimental values for a specified current 

input value equal to the average experimental current value during the isotherm.  Sample 

temperatures were experimentally validated using grain size and β-Si3N4 content. 

The calibrated and experimentally validated model for 30mm discs was used to 

explore scale-up to 30mm rings at a processing temperature of 1740°C.  As expected based 

on the conclusions made by Pham et. al, the 30mm ring model required calibration due to 

the changed tooling geometry. Multiplicative factors a = 1.05 and b = 0.60 (i.e. values for 

electrical and thermal conductivity) and die wall emissivity value of 0.193 were found for 

the 30mm ring model such that model matches experimental data. Sample temperatures 

were experimentally validated using grain size and β-Si3N4 content.  

 

3.3.4 Model Framework to Simulate Stress Distribution 

A separate 2D axisymmetric finite element model was developed to observe the 

mechanical stresses within Si3N4 samples at room temperature by analyzing the Von Mises 

stress distribution throughout the sample volume.  Room temperature property values for 

density, Poisson’s ratio, and elastic modulus were applied to the SPS system (Appendix 

B).  The bottom electrode was set as a fixed constraint and pressure was applied to the top 

electrode (6.696 MPa and 3.720 MPa for 30mm discs and 30mm rings, respectively) such 

that a 30 MPa axial load is applied onto the sample. 

 

3.3.5 Direct Sample Temperature Measurements 

Direct sample temperatures were measured using dense 30mm Si3N4 discs in order 

to calibrate the emissivity values and to validate the modeled sample temperatures.  Direct 
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sample temperature was measured on 30mm discs at a processing temperature of 1690°C. 

The sintered discs were loaded into a 30mm tooling assembly with an additional 2.5mm 

diameter hole drilled through the die and a 12mm hole punched through the graphite felt 

in order to sight an additional pyrometer, referred to as Pyrometer B (Raytek, Marathon 

MR, Berlin, Germany) in Figure 3.1. Pyrometer B measured the sample edge temperature 

during the isothermeral hold conditions used for sintering.  Three temperatures were 

measured during this experiment: 1) “Pyrometer A” on the die wall, 2) “Pyrometer B” on 

the sample edge, and 3) “Thermocouple” (Type K) at 3.5mm below the bottom electrode 

surface (Figure 3.1.a).   

Direct sample temperatures were also measured on 30mm Si3N4 rings where 

“Pyrometer A” is sighted on the die wall and “Pyrometer B” is sighted through a 2.5mm 

diameter hole drilled through the die on the sample edge of previously sintered 30mm ring 

at a processing temperatures of 1730°C.   

 

3.3.6 Material Characterization 

Sintered ceramics were measured for bulk density by Archimedes method where 

theoretical density of Si3N4 is 3.20 g/cm3.  Ceramics were prepared for microstructural 

grain size analysis by polishing whole discs.  Ceramics were polished using 80, 120, 240, 

400, 600 grit SiC pads, followed by mirror polishing using 1200 grit SiC, and subsequently 

etched using phosphoric acid (H3PO4, 85% aqueous solution, Alfa Aesar, Ward Hill, MA, 

USA) at 300°C for 20 minutes.  A field emission scanning electron microscope (S-4800 

Field Emission Scanning Electron Microscope, Hitachi Inc, Pleasanton, CA, USA) was 

used for grain size analysis.  Si3N4 was plasma coated with platinum (Hummer 6.0 Sputter 
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System, Anatech USA, Union City, CA, USA) for 40 seconds and examined using 

secondary electrons at 5-10 kV and 10μA. 

Grain sizes were measured using Image J (Image J 1.6.0_20, National Institute of 

Health, Bethesda, MD, USA) imaging software reporting the maximum Ferret diameter – 

several SEM images were used to obtain a minimum of 200 counted grains per condition.  

β-Si3N4 content analysis (Pigeon and Varma, 1992) was used to determine quantitative 

phase content across the diameter of 30mm discs and 30mm rings using X-Ray 

diffractometry (Phillips X’Pert MPD, Westborough, MA, USA) on 5 mm x 5 mm sections 

of each sample. A Cu K-alpha radiation source is used with 2° slit size and 2-theta scan 

range of 25-30°. 

 

 Results and Discussion 

The model is used to calculate the die wall temperature, sample edge temperature, 

electrode temperature, and system voltage based on experimental current values for 30mm 

discs.  The model and experiment correlate well and are compared in Table 3.1.   

Table 3.1: Experimental and modeled temperature measurements for 30mm Si3N4 disc sintered at 
1740°C 

SPS 
Specimen 

Measurement 
Location 

Experimental 
Value 

Model 
Value 

Si3N4 

Current Input (A) 1286 ± 38 1286 

Voltage Output 
(V) 3.184 ± 0.089 3.217 

Die Wall 
Temperature (°C) 1739.1 ± 1.0 1743.0 

Sample Edge 
Temperature (°C) 1819.5 ± 2.6 1811.1 

Electrode 
Temperature (°C) 330 388 
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Modeled sample temperature difference of 1809.7°C to 1811.1°C is confirmed by 

grain size of 360.0 ± 173.6 nm and 366.3 ± 171.1 nm at the sample center (r = 0mm) and 

outer diameter (r = 15mm), respectively (Figure 3.4).   However, large standard deviations 

due to β-Si3N4 require modeled sample temperature to be confirmed using β-Si3N4 

analysis (Figure 3.5).  

 

Figure 3.4:  Modeled sample temperatures for Si3N4 a) 30mm disc and b) 30mm ring are 
experimentally confirmed by grain size analysis at b) sample center or c) inner diameter and e-f) 
sample outer diameter.  



61 
 
 
 

β-Si3N4 content across the 30mm disc increases 5% with increasing radius 

confirming modeled sample temperature distribution determined by grain size.   The model 

accurately represents 30mm disc temperature distribution based on grain size and β-Si3N4 

analysis and will be used to investigate increasing sample complexity. 

 

Figure 3.5:  β-Si3N4 phase content as measured using X-ray diffractometry on 30mm discs and 
30mm ring as a function of radial position is used to evaluate sample microstructural uniformity. 

 

3.4.1 Modeling 30mm Si3N4 Ring 

There are various tooling solutions to develop geometries with increased 

complexity.  Figure 3.6.a (left) shows a 30mm ring tooling design to require the minimum 

amount of graphite for a 4mm tall sample which experiences large current concentrations 

within the inner mandrel near the ring inner diameter, resulting in an increase of local 

temperatures near the sample.  The modeled sample temperature (Figure 3.6.b, left) is 

1880°C to 1839°C.  Techniques to modify current flow paths, which include modifying 

tooling geometry and application of boron nitride spray, are implemented to modify the 
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temperature distributions within the tooling (Figure 3.6.a, right) resulting in modeled 

sample temperature of 1801°C to 1802°C.  The modified tooling assembly consists of an 

inner mandrel (h = 15mm; r = 15mm) and bottom spacer (h = 5mm; ID = 20mm, OD = 

30mm) where the minimum amount of boron nitride is present (i.e only where powder will 

contact the graphite). Increasing inner mandrel and bottom spacer height to 50mm and 

10mm, respectively, and adjusting the placement of boron nitride to line the entire outer 

surface of the inner mandrel controls the current flow path and subsequent heat transfer to 

produce an optimized 30mm ring configuration.  The optimized configuration experiences 

lower current density loads, because it requires 210 A less current to maintain identical die 

processing temperature, and restores some top-bottom symmetry thus improving the 

temperature distribution in the die assembly resulting in reduced modeled sample 

temperature difference from 40°C to 1°C (Figure 3.6.b). 
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Figure 3.6:  a) Modeled current density distributions, from left to right, for first iteration Si3N4 and 
optimized 30mm ring tooling configurations where tooling geometry and boron nitride placement 
are modified to reduce b) modeled sample temperature difference from 40°C to 1°C at a processing 
temperature of 1740°C. 

 

Applying the optimized tooling geometry in the model for 30mm discs, we 

recognize current density distribution near the 30mm disc (Figure 3.7) shows the loss of 

vertical (top-bottom) symmetry. High current density concentration in the pusher ring 

vertically shifts the value of the maximum temperature in the assembly when compared to 

the 30mm disc assembly at identical set point temperatures.  The heightened temperature 

and modified geometry supports prior conclusions that various tooling geometries require 
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independent calibrations.  The resultant graphite material properties are identical to those 

used for other high temperature models in previous work (Pham, David et al., n.d.). 

 

Figure 3.7:  Loss of vertical symmetry for 30mm ring tooling results in high current density 
concentration, and subsequently higher temperatures, in pusher ring when compared to 30mm 
assembly at identical set point temperatures.  Increase in overall temperature for 30mm ring 
tooling results poor agreement of model to experimental results due to failure of calibrated 
graphite material properties as a function of temperature. 

 

Table 3.2: Experimental and modeled temperature measurements for 30mm Si3N4 ring sintered at 
1740°C 

SPS 
Specimen 

Measurement 
Location 

Experimental 
Value 

Model Value 
(a=1.05, 
b=0.60) 

Si3N4 
 

Current Input (A) 1487 ± 53 1487 

Voltage Output (V) 3.360 ± 0.126 3.499 

Die Wall 
Temperature (°C) 1741.5 ± 2.2 1738.1 

Sample Edge 
Temperature (°C) 1803.7 ± 4.3 1802.2 

Electrode 
Temperature (°C) 350 449 

Maximum 
Temperature (°C) - 1814 
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Table 3.2 shows how the 30mm ring model matches experimental results.  Grain 

size of 388.3 ± 237.8 nm and 381.0 ± 254.2 nm at the inner diameter (r = 10mm) and outer 

diameter (r = 15mm), respectively, confirms a low sample temperature distribution, in 

which the model predicted a temperature difference of 1°C (Figure 3.4).   

β-Si3N4 content for the 30mm ring increases 3% with increasing radius confirms a 

low sample temperature distribution as predicted by the model; however, β-Si3N4 content 

for the 30mm ring disagrees with the expected result where similar modeled sample 

temperatures would produce similar β-Si3N4 content (Figure 3.5). Since the grain size 

suggests the temperature is more closely duplicated than the β-Si3N4 content suggests, 

there must be another explanation for the variation in β-Si3N4 between these experiments.  

 

Table 3.3: Summary of modeled sample temperatures with experimentally measured grain size 

Material 
System 

Sample 
Size 

Set 
point 
Temp. 

Disc Center (r = 0) 
Ring ID (r = 10) Edge (r = 15) 

Grain Size Sample 
Temp. Grain Size Sample 

Temp. 

Si3N4 
30mm Disc 1740°C 360 ±174 nm 1810°C 366 ± 171 nm 1811°C 
30mm Ring 1740°C 383 ± 238 nm 1801°C 381 ± 254 nm 1802 °C 

 

3.4.2 Effect of stress distribution on β-Si3N4 content 

While the effect of applied pressure on the α/β Si3N4 phase transformation has not 

been investigated using SPS, and will be the focus of upcoming work currently 

unpublished, pressure is known to effect the resultant microstructures achieved by SPS 

(Munir et al., 2006). We found β-content growth rate is dependent on the applied load 

during SPS of Si3N4, which can be influenced by thermal stresses in the tooling.  Wang et. 
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al investigated the thermal and stress distributions in Al2O3 samples for varying tooling 

sizes and shows a consistent difference between applied load and resultant sample stress 

(Wang et al., 2010).   Figure 3.8 shows a 30mm disc and 30mm ring loaded to 30 MPa at 

room temperature.  The samples exhibit different stress distributions with the 30mm disc 

showing 67% load uniformity (from the center to ~10mm) and the 30mm ring showing no 

load uniformity across entire 5mm radial thickness. To enhance model fidelity with Si3N4 

and other materials that have strong phase change dependencies with local stress fields, a 

coupled thermal-electrical-mechanical model is needed. 

  
Figure 3.8:  Finite element model used to predict the stress distribution on 30mm Si3N4 discs and 
30mm Si3N4 ring. At room temperature and under 30 MPa, based on sample diameter, the variation 
in stress distribution experienced at the different scales may contribute to microstructural 
differences during scale up especially in β-Si3N4 content. 
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3.4.3 Engineering Tooling to produce Si3N4 discs with uniform stress 

Dependence of β-Si3N4 on sample stress combined with the stress distribution 

across Si3N4 parts requires investigation into production of Si3N4 geometries with uniform 

stress distributions.  The room temperature 2D axisymmetric mechanical model is used to 

investigate modifying graphite tooling geometry and tooling material selection in order to 

produce uniform stress distribution on a 30mm Si3N4 disc (Figure 3.9).  Tooling geometry 

is altered by removing graphite from the punch face resulting in two concentric rings (Ring 

1: ID = 6mm, OD=12mm; Ring 2: ID=26mm, OD=30mm) each of which is 2mm deep. 

Spacer geometry is modified by removing graphite from the outer diameter using a 2mm, 

linear fillet.  The resultant sample stress distribution after modifying tooling geometry is 

reduced to 19 MPa from 38 MPa for the standard tooling configuration; however, the 

increased complexity of the geometry would be incredibly difficult to machine using a 

manual lathe or end mill.  
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Figure 3.9: Investigations into developing tooling to produce uniform stress 30mm Si3N4 discs by 
a) modifying tooling geometry and b) material selection of spacers and die for standard tooling 
configuration.  Stiffness of die and spacers are increased to simulate modifying material and 
applied load to the electrode is modified to maintain similar average stress values. 

 

Alternatively, die and punch material selection is explored.  Theoretical material 

selection for tooling is simulated by adjusting the modulus of elasticity (E) of the spacers 

and die while maintaining density and Poisson’s ratio constant.  Applied load to the 
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electrode is modified in order to maintain similar average sample stress values. In practice, 

changing the spacer material is more convenient than modifying the die material.  If the 

die is unchanged and the elastic modulus of the spacer material is increased to 500 GPa, 

the variation in sample stress is 55 MPa for an applied load to the electrode of 13 MPa and 

an average sample stress of 33 MPa. If the spacers are unchanged and the elastic modulus 

of the die is increased to 500 GPa, the variation in sample stress is 20 MPa for an applied 

load to the electrode of 16 MPa and an average sample stress of 33 MPa. 

Increasing the elastic modulus of the die is equally effective in reducing stress 

variation in the sample as modifying the die and spacers. Additionally, the required applied 

load is less when only the die material is modified.  Choosing a die material with an elastic 

modulus that is closer to the elastic modulus of the sintered sample, will result in more 

uniform distributions of stress in the sample. However, the practical implication of 

modifying either die of spacer material is non-trivial.  In order to determine appropriate 

applied load for the experiment, a preliminary model would be required and the preliminary 

mechanical model would have to undergo a study to be fully developed and understood.  

In order to advance the complexity and size of materials processed by SPS, tooling 

geometry, manipulation of current flow paths and material selection should be taken into 

consideration.  Furthermore, designing tooling configurations to produce samples which 

are uniform in both temperature and stress distributions will require a thermal-electrical-

mechanical coupled model; however, prior to coupling mechanical effects, the thermal-

electrical model must be validated over a broader temperature range via compilation of 

calibrated models for specific tooling geometries. 
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 Conclusion 

Models are developed to investigate the effects of manipulating current flow paths 

through tooling on the modeled sample temperature distributions during SPS of Si3N4.  

Steady-state models are used to model the sample temperature of 30mm diameter Si3N4 

discs and rings.  The modeled temperature maps correlate well with experimental results.  

Disc and ring grain size distributions confirms low temperature difference across the 

sample diameter, however,  β-Si3N4 content has a significant change with the disc 

containing 30wt% β-Si3N4  and the ring with 45 wt% β-Si3N4.  The difference in β-Si3N4 

is postulated to arise from stress distributions in the sample that modifies α to β-Si3N4 

transformation rate.  Theoretical material selection analysis is performed showing that 

modifying the die and spacer elastic modulus to equal the sample elastic modulus is needed 

to evenly distribute stress within the sample during SPS.  As such, there is a need to develop 

a fully coupled thermal-electrical-mechanical model; however, a fully resolved and 

experimentally confirmed thermal-electrical coupled model up to high temperatures is 

needed.   

 

4. Chapter 4: Future Work 

 Designing graphite tooling for larger, more complex sample geometries 

The model is used to explore designing and optimizing graphite tooling assemblies 

for larger, more complex geometries.  The model provides insight into stress and 

temperature distributions throughout the assembly.  As stated earlier, the tooling geometry 

determines the current path thus defining how the assembly heats.   Designing graphite 

tooling will be performed by constructing geometries in SolidWorks (SolidWorks 2013 
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SP5.0, Dassault Systems SolidWorks Corp., Waltham, MA, USA) and then inputting 

geometry into the 2D axisymmetric model.  Tooling must be designed to achieve desired 

temperature distributions as well as practical constraints due to system capabilities and 

standard machining limitations for manual lathe and end mill.  

The sintering process requires that tooling can adapt to the changing sample 

geometry as densification occurs.  Prior to densification, the tooling assembly must fit 

within the 10” (254mm) maximum stroke length between the two steel electrodes.  Sample 

height prior to densification is calculated using green packing density (1.60 g/cm3) of 50% 

theoretical density for Si3N4 (3.20 g/cm3).  Additional geometric and mechanical 

constraints are the load applied to the powder system by the top punch and the 10” (254mm) 

maximum diameter the SPS 10-3 chamber will accommodate. 

The amount of graphite in the assembly is limited by the maximum current, 3000 

A pulsed at 85% resulting in an equivalent maximum direct current load of 2550 A, which 

can be applied to joule heat the assembly.  Recall the model is valid during the isotherm 

where current is typically 10-20% lower than the maximum current applied during the run 

(Figure 2.3).  Ideally, the tooling configurations will only require 2100 A during the 

isotherm allowing for the maximum experiment current to remain below 2550 A; however, 

heating rate can be reduced in order to allow for a lower maximum current value.  The 

maximum voltage for the SPS 10-3 is 10 V, but typical experimental values rarely exceed 

4.5 V.  Additionally, the maximum service temperature of the electrodes is 500°C. The 

model will be used to evaluate if tooling assemblies conform to the current, voltage, and 

electrode temperature capabilities of the SPS furnace.  
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4.1.1 Application of model to 2” Si3N4 discs in SPS 

The model is used to investigate tooling geometries for 2” (50.8mm) diameter 

Si3N4 disc in the SPS. A standard 2” disc tooling configuration is scaled from the 30mm 

tooling geometry, where both hot rams are removed due to height restrictions, and is input 

to the model (Figure 4.1, left).  The tooling assembly requires 1980 A to reach the 1700°C 

set point temperature resulting in a sample temperature difference of 7°C; however, the 

maximum electrode temperature is exceeded by over 600°C and modeled voltage, 6.05 V, 

is much higher than typical experimental voltage values. 
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Figure 4.1: From left to right, 2” Si3N4 tooling geometry is directly scaled from the 30mm disc and 
is optimized using the model.  a) Manipulation of tooling geometry results in b) controlled current 
density and subsequent heat transfer to reduce electrode temperature by ~800°C, current by 100 
A, voltage by ~3.4 V, and sample temperature difference by 3°C at a constant set point temperature 
of 1700°C. 

 

The optimized 2” Si3N4 tooling configuration is shown in Figure 4.1 (right). 

Electrode temperature is reduced by introducing two large hot rams (r = 2”, h = 0.5”) and 

one large cold ram (r = 3”, h = 0.5”) to both top and bottom of the assembly, respectively, 
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where the additional mass of graphite between the high temperature punches/die and the 

low temperature electrodes reduces the amount of heat transferred.  Despite adding mass 

of graphite in the form of hot and cold rams, the total height is decreased 17mm by reducing 

punch height to 2.5” (63.5mm) from 2.75” (69.9mm) and cold ram height to 0.5” (12.7mm) 

from 2.05” (52mm). While mass is added between the rams and the punches to reduce 

electrode temperature, mass is removed from the punches by boring a hole (r = 0.5” h = 

2”) into each punch and reducing die height to 3” from 3.5”.  Current density near the 

sample edge, in the die wall, is nearly identical for both systems resulting in similar average 

sample temperatures and temperature distributions (Figure 4.1.c); however, the optimized 

assembly requires 100 A less current to achieve the same 1700°C set point temperature and 

reduces voltage from 6.1 V to 2.7 V which is more congruent with the expected 

experimental range (Figure 4.1.b).  

Even though the model is not experimentally calibrated nor validated for the 2” disc 

assembly, useful insight into the required tooling geometry is produced saving time and 

cost during tooling development for scale-up.   

 

4.1.2 Application of model to more complex shapes 

Tooling geometry is investigated for two complex sample geometries, a hollow 

nose cone and a slanted ring. The sample geometry is specified (Figure 4.2) and the tooling 

is evaluated against previously described system constraints.  
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Figure 4.2: a) External and b) cross section views of desired complex geometries (from left to right: 
1” hollow cone and 2.5” slanted ring) that require tooling design using finite element model 

 

A first iteration tooling assembly for the hollow cone is generated to determine the 

necessary components for complex geometries (Figure 4.3).  Similar to the 30mm ring, a 

pusher ring is introduced to allow for sample densification, where the pusher ring moves 

freely under the desired applied load, and an inner mandrel is introduced to shape the 

desired inner surface of the sample.  Additional graphite components include an outer 

mandrel, used to shape the outer surface of the sample, and a centering ring which contains 

the powder compact underneath the applied load to the pusher ring.  
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Figure 4.3:  Tooling cross section views for green packed (left) and fully dense (right) 1” hollow 
nose cone sample geometry.  Introduction of multiple components and their required dimensions 
are best observed comparing green packed and dense tooling configurations.  

 

The minimum height of both the inner mandrel and pusher ring are limited by the 

amount of powder required to reach a fully dense part.  The inner mandrel must be tall 

enough to contain the green packed powder and allow for proper nesting of the pusher ring.  

For the hollow nose cone assembly powder is contained underneath the inner mandrel.  In 

order to maintain the desired applied load to the entire hollow cone geometry, the pusher 

ring and inner mandrel must become flush when the sample reaches the desired final 

geometry allowing for the application of pressure to the pusher ring and inner mandrel 

simultaneously. For slanted ring geometries, the pusher ring must be tall enough that none 

of the applied mechanical load is transferred from the pusher ring onto the inner or outer 
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mandrel once the part reaches the desired dense state, otherwise the load would no longer 

be applied to the sample.  As such, the pusher ring is designed to be 0.25” taller than the 

inner mandrel once the part is fully dense.  

 Figure 4.4 shows a tooling configuration for 2.5” slanted ring in the SPS furnace 

and modeled current density distribution.  The die is eliminated to remove unnecessary 

graphite that requires more current to heat and naturally generates larger temperature 

distributions.  Current density concentrations are designed into the assembly through the 

bore diameters d1 and d2 to reduce sample temperature distribution across the part.  Current 

flow path is also controlled by applying boron nitride such that current only passes through 

the inner mandrel in order to reduce the amount of current required to heat the assembly.  

The model predicts the assembly requires 2100 A during the isotherm which is near 

capacity for the SPS when considering the additional current, 10-20%, required during 

heating. Combining knowledge of current flow path control, using tooling geometry and 

boron nitride, with practical limitations of SPS allow for the development of large, complex 

tooling configurations. 



78 
 
 
 

 

Figure 4.4:  Optimized tooling configuration for 2.5” slanted ring in SPS is developed to require 
2100 A during the isotherm at a processing temperature of 1650°C by controlling current path 
using tooling geometry and application boron nitride.  

  

 Improving fidelity of model with temperature 

4.2.1 Reverse engineering graphite material properties for the model 

Accuracy of graphite material properties as a function of temperature is the limiting 

factor to scaling the model as seen on scaling 20mm ZrB2 to 1900°C (Section 2.4.5).  

Manipulating graphite material properties through multiplicative factors a and b has proven 

successful in calibrating models to experimental results.  Future work should be 

investigated to perform a series of calibrations for 20mm discs of ZrB2 and Si3N4 over a 

broad range of temperatures.  The result of these calibrations would be appropriate 

multiplier factors a and b (i.e. appropriate values of electrical and thermal conductivity) as 
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a function of temperature.  For each temperature explored, a reasonable number of 

experiments must be conducted on each material system in order to develop appropriate 

average experimental data for use in model calibration.  Required experimental data for 

20mm assemblies is current, voltage, set point temperature, sample edge temperature, die 

wall temperature, and electrode temperature. This study could be implemented by taking 

identical standard 20mm Si3N4 and ZrB2 tooling assemblies and processing them at set 

point temperatures of 800, 1000, 1200, 1400, and 1600°C.   An initial plan to generate 

appropriate experimental data could include conducting each experiment five times 

(totaling 50 experiments if done independently).   

The experiment can be performed by a single experiment by using various 

isotherms at the desired sintering temperatures.  For example, heat to a set point of 800°C 

and hold for 5 minutes, then heat to 1000°C and hold for 5 minutes, and so on until all set 

point temperatures have been explored.    This approach has the benefit of reducing the 

number of runs from 50 to 2 and eliminates the possibility of minor changes between 

experiments due powder packing.   

Once these experiments are completed, the data needs to be assessed for 

significance and more experiments may need to be conducted.  After experimental data is 

collected, the non-trivial process of jointly calibrating 20mm Si3N4 and ZrB2 at each 

processing temperature can be performed as described in Section 2.4.2.  The result of this 

analysis will yield multiplicative factors a and b for 20mm tooling configurations as a 

function of processing temperature.  At this point, the model can be implemented on 20mm 

assemblies for both material systems without any further work; however, the goal of this 

study is to develop functions for graphite thermal and electrical conductivity as a function 
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of temperature for the model.  A primary difficulty will be how to combine the results for 

the various thermal and electrical conductivity curves.   

 

4.2.2 Graphite foil contact resistance variation with temperature and 

current density 

Graphite foil contact resistance is important to the overall accuracy of the model 

and should be explored as a function of current density and increasing temperature.  

Investigating contact resistance as a function of increasing current density could easily be 

accomplished following the same experimental procedure outline in Section 2.3.5 where 

imposed current of 130 A is increased for each subsequent experiment.  Due to the size of 

the graphite slug (h = 220mm; r = 31.75mm), the temperature of the assembly would not 

increase significantly, therefore isolating the effects of current density on the graphite foil 

from temperature. 

A new experiment would need to be designed in order to explore graphite foil 

contact resistance as a function of temperature.  The primary challenge would be recording 

the temperature of the foil which would require a direct line of sight from a pyrometer.  

The experimental design needs to eliminate the graphite slug in order to achieve higher 

temperatures.  I propose using a 20mm or 30mm tooling assembly where the sample is 

replaced with graphite foil layers and the die is removed.  This configuration would allow 

for the pyrometer to be sighted on the graphite punch directly above or below the foil (or 

both if two pyrometers are implemented) and maintains similarity to sintering runs.  

Ideally, the applied constant current value for higher temperature experiments would 

correspond to current densities explored during the investigation regarding contact 
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resistance as a function of current density.  Both experiments should be designed 

simultaneously to ensure current density values correlate well between both experiments 

investigating graphite foil contact resistance as functions of current density and 

temperature. 

 

 Model sensitivity to variations in current input 

All models presented are calibrated to a specific input current value that represents 

the average experimental current during the isotherm.  Since SPS applies pulsed direct 

current, a more in depth understanding must be gained regarding the true current applied 

to the system and how it is recorded. For instance, it is unclear if the output current value 

of 1000 A the SPS system displays is applied to an assembly describes 1000 A pulsed ON 

and OFF, or if the value is an RMS current value of 1000 A.  Also, experimental current 

values can range up to 100 A for some experiments.  These considerations require that the 

model sensitivity to variations in current input be investigated. 

The calibrated model for 20mm ZrB2 and Si3N4 discs at 1800°C is used to 

investigate the effects of current input on the model.  In order to minimize differences 

between the systems, a constant applied load for both systems is assumed such that contact 

resistance values for graphite are identical at all respective interfaces.  The modeled results 

for the average experimental current value as input are shown in Table 4.1 where electrical 

and thermal conductivity multipliers are 0.925 and 0.45, respectively, and die wall 

emissivity values for ZrB2 and Si3N4 are 0.081 and 0.127, respectively.  
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Table 4.1: Modeled results for 20mm ZrB2 and Si3N4 discs at current input near average 
experimental current values. 

SPS 
Specimen 

Measurement 
Location 

Experimental 
Value 

Model 
Value 

ZrB2 

Current Input (A) 1148  ± 53 1124 

Voltage Output (V) 3.003 ± 0.065 3.072 

Die Hole 
Temperature (°C) 1800 ± 0.02 1800.2 

Die Wall 
Temperature  (°C) 1740 1744.6 

Sample Edge 
Temperature (°C) 1873 1877.1 

Electrode 
Temperature  (°C) 351 349 

Si3N4 

Current Input (A) 1230 ± 143 1229 

Voltage Output (V) 3.561 ± 0.148 3.464 

Die Hole 
Temperature (°C) 1799.7 ± 1.2 1802.0 

Die Wall 
Temperature   (°C) 1720 1721.4 

Sample Edge 
Temperature (°C) - 1896.7 

Electrode 
Temperature (°C) 351 ± 30 373 

 

Current values are then modified to the represent the lowest and highest values 

within the standard deviation and reported in Table 4.2 where die emissivity values for 

ZrB2 and Si3N4 are 0.076 and 0.072, respectively, and Table 4.3 where die emissivity 

values for ZrB2 and Si3N4 are 0.107 and 0.195, respectively.  
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Table 4.2: Modeled results for 20mm ZrB2 and Si3N4 discs at current input near minimum 
experimental current values within standard deviation limits. 

SPS 
Specimen 

Measurement 
Location 

Experimental 
Value 

Model 
Value 

ZrB2 

Current Input (A) 1148  ± 53 1096 

Voltage Output (V) 3.003 ± 0.065 2.939 

Die Hole 
Temperature (°C) 1800 ± 0.02 1801.8 

Die Wall 
Temperature  (°C) 1740 1751.4 

Sample Edge 
Temperature (°C) 1873 1872.0 

Electrode 
Temperature  (°C) 351 343 

Si3N4 

Current Input (A) 1230 ± 143 1087 

Voltage Output (V) 3.561 ± 0.148 2.960 

Die Hole 
Temperature (°C) 1799.7 ± 1.2 1802.9 

Die Wall 
Temperature   (°C) 1720 1750.7 

Sample Edge 
Temperature (°C) - 1864.7 

Electrode 
Temperature (°C) 351 ± 30 341 
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Table 4.3: Modeled results for 20mm ZrB2 and Si3N4 discs at current input near maximum 
experimental current values within standard deviation limits. 

SPS 
Specimen 

Measurement 
Location 

Experimental 
Value 

Model 
Value 

ZrB2 

Current Input (A) 1148  ± 53 1200 

Voltage Output (V) 3.003 ± 0.065 3.298 

Die Hole 
Temperature (°C) 1800 ± 0.02 1799.8 

Die Wall 
Temperature  (°C) 1740 1729.5 

Sample Edge 
Temperature (°C) 1873 1895.5 

Electrode 
Temperature  (°C) 351 366 

Si3N4 

Current Input (A) 1230 ± 143 1372 

Voltage Output (V) 3.561 ± 0.148 4.077 

Die Hole 
Temperature (°C) 1799.7 ± 1.2 1801.8 

Die Wall 
Temperature   (°C) 1720 1687.9 

Sample Edge 
Temperature (°C) - 1935.4 

Electrode 
Temperature (°C) 351 ± 30 406 

 

Neither material system remains experimentally validated for such a wide range of 

current input values suggesting the system is sensitive to current input.  Changes in current 

input drastically effect voltage and sample edge values at a fixed processing temperature. 

While experimental current value is a reasonable place to begin model calibrated, further 

investigations should carefully consider current input value.  

 



85 
 
 
 

 Summary 

The model is used to provide insight into current flow path control and resultant 

temperature distributions that greatly improve the tooling design process for large, complex 

shapes in the SPS with consideration of all practical limitations even if the model is not yet 

experimentally validated.  Tooling is designed for 2” diameter Si3N4 discs and 2.5” slanted 

rings for the SPS that meets all operational requirements. Improvements to the model are 

discussed where an experiment to reverse engineering graphite material properties is 

proposed using multiple sintering runs on a known material system and tooling 

configuration.  Further improvement to the model could be attained by exploring the effect 

of current density and temperature on contact resistance of the graphite foil.  Model 

sensitivity analysis reveals the model is sensitive to the current input value leading to 

questions regarding how the SPS system records and report current as well as how recorded 

current should be input to the model in a consistent manner.  

 

5. Chapter 5: Summary 

A method to develop and experimentally validate finite element models is 

presented.  Calibration of models to experimentally obtained data is required due to 

uncertainty in graphite material properties, with wide variations occurring in literature, the 

simplified nature of the model.  Incorporating model calibration during the model 

development yielded models for 20mm Si3N4 and 20mm ZrB2 at desired processing 

temperatures which accurately reproduced experimental data during the isotherm.  

Calibrated 20mm models for both material systems unsuccessfully scaled to 30mm scale 



86 
 
 
 

where the models required recalibration.  The calibration of models to experimental results 

is required for each tooling configuration (i.e. each sample diameter) adding complexity to 

the scale-up process. Once models are calibrated, modeled sample temperatures can be 

experimentally confirmed using grain size analysis for both material systems and β-Si3N4 

content for Si3N4 samples.  

Models are developed to investigate the effects of manipulating current flow paths 

through tooling on the modeled sample temperature distributions during SPS of Si3N4.  

Steady-state models are used to model the sample temperature of 30mm diameter Si3N4 

discs and rings.  The modeled temperature maps correlate well with experimental results.  

Disc and ring grain size distributions confirms low temperature differences across the 

sample diameter, however,  β-Si3N4 content has a significant change with the disc 

containing 30wt% β-Si3N4  and the ring with 45 wt% β-Si3N4.  The difference in β-Si3N4 

is postulated to arise from stress distributions in the sample that modifies α to β-Si3N4 

transformation rate.  Theoretical material selection analysis is performed showing that 

modifying the die and spacer elastic modulus to equal the sample elastic modulus is needed 

to evenly distribute stress within the sample during SPS. 

The model is used to provide insight into current flow path control and resultant 

temperature distributions that greatly improve the tooling design process for large, complex 

shapes in the SPS with consideration of all practical limitations even if the model is not yet 

experimentally validated.  Tooling is designed for 2” diameter Si3N4 discs and 3” slanted 

rings for the SPS that meets all operational requirements. Improvements to the model are 

discussed where an experiment to reverse engineering graphite material properties is 

proposed using multiple sintering runs on a known material system and tooling 
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configuration.  Further improvement to the model could be attained by exploring the effect 

of current density and temperature on contact resistance of the graphite foil.  Model 

sensitivity analysis reveals the model is sensitive to the current input value leading to 

questions regarding how the SPS system records and report current as well as how recorded 

current should be input to the model in a consistent manner.  
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6. Appendix A: Fundamental Physical Equations 

Reported here are the fundamental physical equations used to define the finite element 

model.  

 
 Electric Currents Module: 

Variables: 

J: Current density [A∙m-2] 

E: Electric potential [V] 

σ: Electrical conductivity [S∙m-1] 

ρs: Surface resistance [Ω∙m2] 

V: Voltage [V] 

Current Conservation: 

 𝛻𝛻 ∙ 𝑱𝑱 = 𝑄𝑄𝐽𝐽  

 𝑱𝑱 = 𝜎𝜎𝑬𝑬 + 𝑱𝑱𝑒𝑒 

 𝑬𝑬 = −𝛻𝛻𝛻𝛻 

Electrical Insulation: 

𝒏𝒏 ∙ 𝑱𝑱 = 0  

Normal Current Density: 

−𝒏𝒏 ∙ 𝑱𝑱 = 𝑱𝑱𝑛𝑛  

Contact Impedance:  

𝒏𝒏 ∙ 𝑱𝑱1 = 1
𝜌𝜌𝑠𝑠

(𝛻𝛻1 − 𝛻𝛻2)  

𝒏𝒏 ∙ 𝑱𝑱𝟐𝟐 = 1
𝜌𝜌𝑠𝑠

(𝛻𝛻2 − 𝛻𝛻1)  
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 Heat Transfer Module: 

Variables: 

ρ: Density [kg∙m-3] 

Cp: Specific heat capacity [J∙kg-1∙K-1] 

u: Velocity [m∙s-1] 

k: Thermal conductivity [W∙m-1∙K-1] 

h: Heat transfer coefficient [W∙m-2 ∙K-1] 

Q: Heat flux [W∙m-2] 

σb: Boltzmann’s constant 

ε: Emissivity 

Heat Transfer in Solids: 

𝜌𝜌𝐶𝐶𝑝𝑝𝒖𝒖 ∙ 𝛻𝛻𝑇𝑇 = 𝛻𝛻 ∙ (𝑘𝑘𝛻𝛻𝑇𝑇) + 𝑄𝑄  

Heat Flux: 

−𝒏𝒏 ∙ (−𝑘𝑘𝛻𝛻𝑇𝑇) = ℎ ∙ (𝑇𝑇𝑒𝑒𝑒𝑒𝑒𝑒 − 𝑇𝑇)  

Thin Layer: 

−𝒏𝒏𝑑𝑑 ∙ (−𝑘𝑘𝑑𝑑𝛻𝛻𝑇𝑇𝑑𝑑) = − (𝑇𝑇𝑢𝑢−𝑇𝑇𝑑𝑑)
𝑅𝑅𝑠𝑠

  

−𝒏𝒏𝑢𝑢 ∙ (−𝑘𝑘𝑢𝑢𝛻𝛻𝑇𝑇𝑢𝑢) = − (𝑇𝑇𝑑𝑑−𝑇𝑇𝑢𝑢)
𝑅𝑅𝑠𝑠

  

𝑅𝑅𝑠𝑠 = 𝑑𝑑𝑠𝑠
𝑘𝑘𝑠𝑠

  

Diffuse Surface: 

−𝒏𝒏 ∙ (−𝑘𝑘𝛻𝛻𝑇𝑇) = 𝜀𝜀𝜎𝜎𝑏𝑏(𝑇𝑇𝑎𝑎𝑎𝑎𝑏𝑏4 − 𝑇𝑇4)  
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 Thermal-Electrical Coupling: 

Variables:  

Qe: Heat generated per unit volume [W∙m-3] 
Qb: Heat flux at boundary [W∙m-3] 

Electromagnetic Heat Source: 

𝜌𝜌𝐶𝐶𝑝𝑝𝒖𝒖 ∙ 𝛻𝛻𝑇𝑇 = 𝛻𝛻 ∙ (𝑘𝑘𝛻𝛻𝑇𝑇) + 𝑄𝑄𝑒𝑒  
𝑄𝑄𝑒𝑒 = 𝑱𝑱 ∙ 𝑬𝑬  

Boundary Electromagnetic Heat Source: 

−𝒏𝒏 ∙ (−𝑘𝑘𝛻𝛻𝑇𝑇) = 𝑄𝑄𝑏𝑏R
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7. Appendix B: Material Properties of Graphite, Steel, Si3N4, and ZrB2 

Reported here are thermal, electrical, and mechanical properties used in the two models.  

Each material is defined with properties as a function of temperature in piecewise format 

for materials requiring temperature dependence during simulation. 

 Graphite 

Thermal Conductivity [kT(W/(m·K))]: 

 (110.12 - 0.135 T + 8E-5 T2 - 1E-8 T3) * b    (273<T<673) 

 (78 - 0.046 T + 1E-5 T2) * b         (673<T<1600) 

 (39 – 0.006 T) * b      

 (1600<T<3000) 

Electrical Conductivity [σ(S/m)]: 

 (2.147E4 + 2.1589 T - 0.159 T2 + 4.0E-5 T3 - 3.0E-9 T4) * a (273<T<2200) 

 (1.7E5 - 40.406 T) * a     

 (2200<T<3500) 

Heat Capacity [cp(J/(kg·K))]: 

 491.9 Log(T) – 2016      (273<T<3000) 

Emissivity: 0.85 

Density: 1.85 g/cm3 

 Zirconium Diboride (ZrB2) 

Thermal Conductivity [kT(W/(m·K))]: 

 83.42 + 0.00135 T - 4.29E-6 T2 + 9.90 T3   (293<T<2273) 

Electrical Conductivity [σ(S/m)]: 

 5.0E-6 - 3760 T + 0.958 T2     (293<T<1900) 



92 
 
 
 

 1.56E6 -100 T       (1900<T<3000) 

Heat Capacity [cp(J/(kg·K))]: 

 585.45 + 0.156 T - 1.30E7 T2     (283<T<1200) 

 Silicon Nitride (Si3N4) 

Thermal Conductivity [kT(W/(m·K))]: 

 6502.29 T-0.7       (293<T<2273) 

Electrical Conductivity [σ(S/m)]: 

 10-4        (All T) 

Heat Capacity [cp(J/(kg·K))]: 

 422.76 + 1.078 T – 4.0E-4 T2 + 6.0E-8 T3   (300<T<3000) 

Density: 3.29 g/cm3 

 321 Stainless Steel 

Thermal Conductivity [kT(W/(m·K))]: 

0.298 + 0.152 T - 6.87E-4 T2 + 1.163E-6 T3   (273<T<1672) 

Electrical Conductivity [σ(S/m)]: 

 (4.873E-7 + 9.825E-10 T - 3.252E-13 T2  

- 4.485E-17 T3 + 3.914E-20 T4)-1   (293<T<1672) 

Heat Capacity [cp(J/(kg·K))]: 

 235.65 + 1.3 T - 0.0019 T2 + 1.348E-6 T3  

- 3.343E-10 T4     (300<T1500) 

Emissivity: 0.5 

Density: 7.96 g/cm3  
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