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ABSTRACT

Compressive imaging exploits the inherent sparsity/compressibility of natural scenes

to reduce the number of measurements required for reliable reconstruction/recovery.

In many applications, however, additional scene prior information beyond sparsity

(such as natural scene statistics) and task prior information may also be available.

While current efforts on compressive measurement design attempt to exploit such

scene and task priors in a heuristic/ad-hoc manner, in this dissertation, we de-

velop a principled information-theoretic approach to this design problem that is

able to fully exploit a probabilistic description (i.e. scene prior) of relevant scenes

for a given task, along with the appropriate physical design constraints (e.g. pho-

ton count/exposure time) towards maximizing the system performance. We apply

this information-theoretic framework to optimize compressive measurement designs,

in EO/IR and X-ray spectral bands, for various detection/classification and estima-

tion tasks. More specifically, we consider image reconstruction and target detec-

tion/classification tasks, and for each task we develop an information-optimal design

framework for both static and adaptive measurements within parallel and sequen-

tial measurement architectures. For the image reconstruction task we show that

the information-optimal static compressive measurement design is able to achieve

significantly better compression ratios (and also reduced detector count, readout

power/bandwidth) relative to various state-of-the-art compressive designs in the lit-

erature. Moreover, within a sequential measurement architecture our information-

optimal adaptive design is able to successfully learn scene information online, i.e.
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from past measurement, and adapt next measurement (in a greedy sense) towards

improving the measurement information efficiency, thereby providing additional per-

formance gains beyond the corresponding static measurement design. We also de-

velop a non-greedy adaptive measurement design framework for a face recognition

task that is able to surpass the greedy adaptive design performance, by (strategically)

maximizing the the long-term cumulative system performance over all measurements.

Such a non-greedy adaptive design is also able to predict the optimal number of mea-

surements for a fixed system measurement resource (e.g. photon-count). Finally, we

develop a scalable (computationally) information-theoretic design framework to an

X-ray threat detection task and demonstrate that information-optimized measure-

ments can achieve a 99% threat detection threshold using 4x fewer exposures com-

pared to a conventional system. Equivalently, the false alarm rate of the optimized

measurements is reduced by nearly an order of magnitude relative to the conventional

measurement design.
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CHAPTER 1

INTRODUCTION

1.1 Evolution of Sampling Theories

Sampling of continuous signals in space/time/wavelength has become nearly ubiqui-

tous in modern digital imaging and other sensing systems over the past few decades.

The evolution of sampling theory can be traced back to early 19th century. French

mathematician Joseph Fourier proposed a complete frequency-domain description of

continuous signals – Fourier series and Fourier transform, which states that any arbi-

trary signal can be represented as the sum of a series of sine and cosine functions. The

theory has been expanded with discrete time Fourier series and discrete Fourier trans-

form to incorporate sampled versions of signals in both time and frequency domains.

It forms the mathematical foundation of the Nyquist sampling theorem [3, 4, 5] that

establishes a sufficient condition for a sampling rate that ensures a discrete sequence

of samples can capture all the information from a band limited continuous-time sig-

nal. However, some band-limited signals possess additional structure that can reduce

the inherent degrees of freedom that uniquely describe the signal. For example, natu-

ral scenes tend to be correlated and therefore, sparse/compressible in some transform

domain. Such signals can be sampled at sub-Nyquist rates with minimal or sometimes

no loss of information. This forms the basis of widely successful post-measurement

image compression algorithms such as JPEG [6, 7] and JPEG2000 [8]. Furthermore,

the notion of signal structure in terms of sparse/compressible signal representations

can also been applied directly to the signal acquisition/sampling process. The recent
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development of the compressed sensing theory predicts that sub-Nyquist sampling,

commensurate with sparsity [9, 10, 11, 12], is sufficient to reconstruct a signal with-

out any loss of information. Based on the the prior knowledge of signal sparsity

alone, i.e. without specific knowledge of the sparsity domain itself, the compressed

sensing theory yields the random sampling kernel/projection design [9]. More specif-

ically, if we denote N as the ambient signal dimensionality, it can be shown that

when only K of these N numbers are non-zero (i.e., but we don not know which

ones) perfect reconstruction is guaranteed from only M = O(K log(K)/N) measure-

ments [9, 14, 10, 11, 12, 32]. Note that M ≪ N for small values of K suggesting

that it should indeed be possible to measure highly sparse images using relatively

few measurements. The theoretical underpinnings for the choice of random basis

has a strong relation to the Johnson-Lidenstrauss lemma, concerning low-distortion

embeddings of points from high-dimensional into low-dimensional Euclidean space,

which is described elegantly in Ref. [13].

1.2 Knowledge Enhanced Compressive Measurement

The evolution of the sampling theory, beginning with the Nyquist sampling theorem

to the recent emergence of the compressed sensing theory, can be viewed as injecting

an increasing amount of prior knowledge about the signals of interest to improve

sampling efficiency. The compressed sensing theory has been applied to imaging

[14] and shared common elements with the independent and parallel development

of compressive imaging, sometimes also referred to as feature-specific imaging, in

the optics community [15, 16, 17]. In imaging problems, as also in other applica-

tions, we typically have stronger prior information about the natural scenes/signals

beyond the basic sparsity/compressibility assumption of compressed sensing theory.
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More specifically, we know: 1) good choices of sparse/compressible representation

basis from image compression literature, such as the DCT and the Wavelet basis

and 2) the structure of the distribution of transform domain coefficients for natu-

ral images (e.g. typically the low frequency coefficients tend to be non-sparse or

dense (e.g. the Wavelet approximation coefficients) and as the spatial frequency

increases the associated coefficients tend to become more sparse/compressible pro-

gressively). By exploiting this additional prior information of natural scenes, recent

work has shown that significant improvement can be derived from making types of

non-random measurements such as principle component, wavelet basis, hybrid basis,

and information-optimal projections [15, 16, 18, 47].

Incorporating prior knowledge about scene/signal statistics results in a fixed set

of measurement basis/kernel that does not change during measurement process. We

refer to such a measurement basis/kernel set as static design. However, we can ex-

tend the idea of incorporating addition information into measurment design through

the measurement process itself. More specifically, this adaptive design strategy treats

the measurements we have already made as additional information so that the sub-

sequent measurements may be designed to merge this new “extracted” knowledge

with the previous “prior” knowledge. This concept of adaptation enables sensing

resources to be more efficiently allocated to extract information from those parts of

the signal which remain uncertain. As an example, we consider a task of determining

the location/strength of a signal through the measured linear feature as illustrated

in Fig. 1.1. While a static design exploits projections that uniformly cover the en-

tire support, the adaptive projection design, learning the support of the significant

coefficient from previous measurements, concentrates the measurement resource to

resolve relatively few components and thus yields high measurement signal to noise

ratio. Adaptive compressive sensing has already been shown to improve the efficiency
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Figure 1.1: Static and adaptive designs on detecting signal location/strength. ~f is
the object with one significant component which has unknown strength and location,
Pi denotes the i

th projection and gi represents the associated measurement corrupted
by noise n. Adaptive design is allowed to efficiently allocate sensing energy to resolve
the uncertain signal support informed by previous measurements

of sensing resource allocation and therefore, reduceing the number of measurements

required to achieve a given performance relative to static designs [48, 49]. Several

approaches have been reported in which the posterior density is incorporated into

the next measurement design through the second order correlation [48], probability

of support [50], or mutual information [49].

However, the majority of the adaptive approaches are essentially greedy, whereby

the measurement vector/basis are designed to only optimize the expected perfor-

mance associated with the immediate next measurement outcome conditioned on

the measurement history. More specifically, it is worth noting that a measurement

basis/kernel that yields the largest performance at the first step does not necessar-

ily guarantee optimal performance after M measurements, M > 1. Conversely, the

idea of non-greedy adaptive design is to predict the expected final performance with

given sensing resource (e.g. number of measurements, total sensing power/time) to

enable decide the next measurement (action) that improves the long-term measure-
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ment performance. The cost of predicting future outcomes, that include all possible

combination of future actions and the corresponding random measurements noise,

can be prohibitive due to various uncertainties (e.g. random noise realiation and

unknown objects). Fortunately, under certain conditions, the compuation can be

significantly reduced through a Markov decision process (MDP) framework that has

been used in wide range of applications including robotics, automated control, eco-

nomics, and manufacturing [59, 60] and recently adopted for adaptive compressive

sensing to perform support detection for sparse signals with time-varying support

[62]. However, the computational cost required to show a significant improvement

from a greedy design is often prohibitive and as a result, very few application has

been explored.

1.3 Tasks And Design Metric

We consider image reconstruction, target classification and detection tasks in this

dissertation. For each task, the compressive imaging system is optimized to maxi-

mize the task performance as measured by a task-specific metric. Mutual information

(MI), offering a general measure of system performance by quantifying the amount of

information one can learn about the unknown variable X given the observation Y , is

exploited as a task performance measure which has been successfully applied to vari-

ous applications throguh different forms of sitatistical divergence measure (e.g. Kull-

backLeibler, Cauchy-Schwarz) [36, 37, 29, 35]. In the case of reconstruction through

an imaging system, X may represent the object or its transformed representation

and Y represents the corresponding noisy measurement whereas for a target classifi-

cation/detection task, X may represent the class label. For both applications, there

have been several research studies that demonstrate the a strong connection between
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Shannon MI and various practical performance measures such as minimum mean

square error (MMSE) [1, 2] and probability of detection/classification error [65, 66].

While it is not always computationally feasible to directly optimize these desired

performance metrics, MI offers an alternative objective that have been successfully

applied to compressive measurement design for various tasks [37, 49, 29, 55, 38]. In

this dissertation, we will present various design frameworks with respect to static

and adaptive measurement architectures that aim to maximize the information gain

subject to appropriate physical constraint.

1.4 Main Contributions And Significance

1. For static compressive imaging system design, we describe an information-

theoretic framework that incorporates the additional prior information as well

as appropriate measurement constraints in the design of compressive measure-

ments. We find that the information-optimized designs yield significant, in

some cases nearly an order of magnitude, improvements in the reconstruc-

tion performance with respect to the random projections. In such cases, the

optimized projection design departs significantly from random projections in

terms of their incoherence with the representation basis. In fact, we find that

the maximizing incoherence of projections with the representation basis is not

necessarily optimal in presence of additional prior information as well as the

design constraints. In case of the ℓ2-norm design constraint we found that the

information-optimized projections yield significant performance improvements

especially in the low SNR regime when compared with random projections.

Also, for more informative sparse priors (with the non-uniform variance model)

we observed that the improvement with the optimized projection can provide
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to up to 70% lower reconstruction error relative to random projections. Equiv-

alently, the information-theoretic framework a more efficient compressive imag-

ing system design as it reduces the number of measurements (and therefore,

detector cost/weight/size and readout power/bandwidth) required to achieve

the same reconstruction performance as random projection.

2. We extend the use of information-theoretic framework to a sequential measure-

ment architecture where the adaptation of measurement kernel/basis enables

incorporation the additional information learned from previous measurement

outcomes to further improve the efficiency relative to the information-optimal

static design. We find that for the measurement constraint of finite photon

budget, there exists a trade-off between adaptivity advantage and measure-

ment SNR in the presence of measurement Gaussian noise. We apply the

information-optimal adaptive measurement design to a natural scene recon-

struction task and show that with a proper choice of measurement batch size

the reconstructed image quality is significantly improved relative to random

and information-optimal static measurement design. In other words, the adap-

tive design requires fewer measurements to maintain a specified reconstruction

image quality and therefore offers additional benefits of reducing sensing re-

sources.

3. We formulate a general sequential measurement process as a Markov decision

process (MDP) problem. For a face recognition task, we employs Shannon

mutual information as a long-term system performance measure, which quan-

tifies the overall information gain after M measurement steps (i.e. expected

M-step reward), and derive the equivalent step-wise information gain to en-

able MDP modeling. We present several approximation techniques to reduce
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the computational complexity. During our simulation study, we demonstrate

that the optimized non-greedy measurement reduces the recognition error by

5x relative to the information-optimal greedy adaptive design. Moreover, the

photon-allocation suggested by the non-greedy design also predict the number

of measurement required to achieve optimal performance and therefore offers

additional benefits in reducing readout power and bandwidth for a compressive

imaging system.

4. We apply an information-theoretic approach to develop a compressive X-ray

imaging system for the threat detection task. As an alternative design metric,

Bhattacharyya mutual information, has been used to measure the task-specific

performance of the system which is not only scalable with measurement dimen-

sionality of the problem but also closely related to Shannon MI and probability

of error metrics. In this work of static multiplexed measurement design, we

consider an architecture with multiple X-ray sources that can be turned on

simultaneously with different weights. The optimal multiplexed measurement

achieves a lower probability of error relative to the non-multiplexed design

across various SNR regimes. To achieve a 99% threat detection probability,

the number of measurements required for the optimal multiplexed design is 4x

lower than non-multiplexed design at the SNR of interest and moreover, the

corresponding false alarm rate offered by the optimal multiplexed measurement

is reduced by an order of magnitude from the conventional non-multiplexed

scanning. Both results point out that the multiplexed measurement design can

potentially speedup the time-consuming threat detection process performed by

airport security checkpoints.
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1.5 Dissertation Organization

The rest of the dissertation is organized as follow. We begin by introducing an

information-theoretic framework for static compressive measurement design in Chap-

ter 2. The structure of the information-optimal projection relative to the representa-

tion basis of a sparse object is examined in terms of the additional prior information

of the object (e.g. degree of sparsity and energy distribution) as well as measurement

design constraint. Chapter 3 extends this information-theoretic design framework to

a sequential measurement architecture to allow an adaptive measurement design that

takes into account the entire measurement history. Given a finite sensing resource,

we examine the effect of resource allocation (i.e. batch size) on the system per-

formance in terms of the trade-off between adaptivity advantage and measurement

fidelity with respect to different design constraints. It motivates a strategic non-

greedy adaptive approach described in Chapter 4 that aims to jointly optimize the

measurement basis design and resource planning toward maximizing the cumulative

information at the end of measurement sequence. We analyze the system perfor-

mance relative to greedy measurement through a face recognition task. Chapter 5

presents a compressive measurement design for X-ray threat detection using a scal-

able information-theoretic metric. We present key conclusions from this work and

suggest possible future work in Chapter 6.
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CHAPTER 2

INFORMATION OPTIMAL COMPRESSIVE SENSING: STATIC

MEASUREMENT DESIGN

The compressive sensing paradigm exploits the inherent sparsity/compressibility

of signals to reduce the number of measurements required for reliable reconstruc-

tion/recovery. In many applications additional prior information beyond signal spar-

sity, such as structure in sparsity, is available and current efforts are mainly limited

to exploiting that information exclusively in the signal reconstruction problem. In

this work, we describe an information-theoretic framework that incorporates the

additional prior information as well as appropriate measurement constraints in the

design of compressive measurements. Using a Gaussian Binomial mixture (GBM)

prior we design and analyze the performance of optimized projections relative to

random projections under two specific design constraints and different operating

measurement SNR regimes with respect to dense and sparse object distributions.

2.1 Mathematical Model

We begin by defining the forward model for an imaging system

~g = P~f + ~n equivalently ~g = PW~θ + ~n, (2.1)

where vector ~f ∈ R
N represents the scene (lexicographically arranged), P is the mea-

surement matrix of size M ×N , vector ~g ∈ R
M denotes the measurements, W is the

scene representation matrix of size N ×N , vector ~n ∈ R
M is the measurement noise
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and ~θ ∈ R
N is the transform coefficient vector. For natural scenes, as noted previ-

ously, the transform domain coefficients ~θ tend to be sparse/compressible. Therefore,

the intrinsic dimensionality of the scene, say K (e.g. the number of non-zero element

in ~θ), is typically much smaller than the native dimensionality N . In a traditional

imager, the measurement matrix P is square (i.e. M = N) and nearly diagonal,

where each column vector corresponds to a shifted version of the discretized point

spread function (PSF). Thus in traditional imaging, the image measurement dimen-

sionality is equal to the native scene dimensionality. As a result, a scene composed of

say 1000× 1000 resolution elements yields an image measurement of dimensionality

1 million. Recognizing the fact that the intrinsic dimensionality of the scene K is

much lower than the image measurement dimensionality we can conclude that tradi-

tional imaging results in an inefficient utilization of imaging system resources while

also being photon-inefficient. In compressive imaging, the number of measurements

M is much smaller than the native scene dimensionality N and the goal of design-

ing the measurement basis P design problem is to reduce M towards the inherent

scene dimensionality K. As described in Ref. [15] a reduction in the number of mea-

surements has several potential advantages: 1) fewer number of detector elements,

2) reduced sensor readout bandwidth, 3) reduced power consumption concomitant

with the lower sensor readout rate/bandwidth and 4) improved measurement signal

to noise ratio (SNR) as a result both the multiplex advantage [19] and the reduced

detector noise due to lower readout bandwidth.

Random projections have been studied extensively in the compressed sensing

literature [9, 10, 11, 12]. Random projections generated from a Gaussian distribu-

tion, a binomial distribution, as well as randomly sampled Fourier matrices have

known theoretical guarantees in terms of reconstruction performance [9, 10, 12, 11].

Specifically, the restricted isometry property (RIP) [20] guarantees that random pro-
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jections achieve perfect reconstruction of sparse/compressible signals with an over-

whelming probability when the number of measurements are M = O
(
Klog(N/K)

)
.

Recall that the random projections design only assumes that the signal/scene is

sparse/compressible in some (unknown at the time of measurement) representation

basis. Mathematically, the random projections are maximally incoherent (i.e. low

coherence) with the unknown sparse/compressible representation basis. However, in

many applications, including imaging, a sparse representation is known prior to mea-

surement and in such cases random projections are sub-optimal in terms of the mu-

tual coherence metric. As noted in the introduction, good choices of representation

basis for natural scenes can be obtained via Wavelet transform or cosine transform

and dictionary (overcomplete) basis learned directly from the data. Moreover, in case

of natural scenes, there is typically additional prior information with respect to the

distribution of the transform domain coefficients (i.e. structured sparsity). While

such prior knowledge is frequently exploited during reconstruction with examples

such as model-based priors, union of sub-spaces priors, manifold priors and overcom-

plete dictionary based priors [21, 22, 23, 24, 25], there has been much less effort to

use such information in the design of the compressive measurement basis itself. Some

initial work in this direction includes the design of measurement basis by minimizing

coherence with respect to the representation basis as proposed by Elad in Ref. [26].

Other examples of compressive measurement design include work on adjusting sam-

pling rate based on prior information in Ref. [27], and information-theoretic designs

reported in Ref. [28] and more recently in Ref. [29]. While all of these techniques

attempt to incorporate available prior information in the measurement design, it is

important to emphasize that the ℓ2-norm design constraint typically used in these

studies is not directly relevant to incoherent optical imaging applications such as im-

age formation. In fact, the physical constraints associated with the implementation
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of compressed sensing measurements, such as positivity and photon-count constraints

relevant to incoherent optical imaging, described in Ref. [17, 30], are typically not

addressed.

Before we describe the information-theoretic framework for compressive mea-

surement design we will define a signal model that captures the statistics of

sparse/compressible data. Here we employ a parametric Gaussian Binomial

mixture (GBM) prior model on the transform domain coefficients to represent

sparse/compressible scenes. This model is motivated by the Gaussian Scale mixture

(GSM) model that has been successfully used in the Wavelet denoising problem [31].

Specifically, we obtain the GBM distribution by replacing the continuous valued scale

parameter z in the GSM distribution by a Binomial parameter as follows

p(~θ|~z) =
N∏

i=1

p(θi|zi) (2.2)

p(θi|zi) = N (0, z2i ) (2.3)

Pr(zi = zmaxi
) = q , (2.4)

Pr(zi = zmini
) = 1− q

the probability q controls the sparsity/compressibility of the coefficient vector. The

constants zmaxi
and zmini

determine the variance of the ith transform coefficient

conditional distribution p(θi|zi). Note that in this model all the elements of the

coefficient vector ~θ are statistically independent and the conditional distribution of

each element p(θi|zi) is a Gaussian with zero mean and variance σ2
θi
= z2i . By setting

zmin = 0 the GBM model yields a strictly sparse distribution where the probability

of obtaining a K-sparse realization is given by

Pr(K = s) =

(
N

s

)
qk(1− q)(N−s), (2.5)

where K denotes the sparsity or number of non-zero coefficients in the coef-
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Figure 2.1: Coefficient vectors realized using GBM prior with parameters zmax = 1,
q = 0.1, N = 16 (a) sparse coefficient vector (zmin = 0) and (b) compressible
coefficient vector (zmin = 5× 10−2).
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Figure 2.2: Gaussian mixture priors: (a) GSM and (b) GBM. Note that the GBM
prior is more concentrated around zero and is therefore more sparse/compressible
relative to the GSM prior.

ficient vector ~θ. For non-zero zmin the GBM produces a compressible transform

coefficient vector. One advantage of using GBM prior compared to the GSM prior

is that it allows better control of sparsity/compressibility by varying the q, zmin and
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zmax parameters. Fig. 2.1(a) and 2.1(b) show example of sparse and compressible

coefficient vector realizations from the GBM prior. Fig. 2.2 shows the GBM and

the GSM probability densities for a visual comparison. Note that the GBM prior

is more concentrated around zero value and therefore generally produces a more

sparse/compressible distribution than GSM. Furthermore, with the GSM prior it is

not possible to obtain strictly sparse coefficient realizations. Another advantage of

the GBM prior is that it can also be used to model dense multivariate Gaussian

distributions N (0, diag[σ2
1σ

2
2 . . . σ

2
N ]I) by setting zmaxi

= zmini
= σi. We will use this

property of the GBM prior to design compressive measurements when the coefficients

are not sparse/compressible.

2.2 Information Theoretic Design Framework

Recall that in the compressed sensing theory one measure of the goodness of a can-

didate compressive measurement matrix P is its mutual coherence µPW with respect

to the representation matrix W defined as [32]

µPW = max
ij

|~P T
i · ~Wj |√

||~Pi||2|| ~Wj||2
(2.6)

where ~P T
i is the ith row vector of P and ~Wj is the jth column vector of W. The

mutual coherence can be viewed as a measure of the degree of connectivity between

compressive measurements ~g and the coefficient vector ~θ. Fig. 2.3 illustrates the

concept of mutual coherence using a graph-based description. Note that minimizing

mutual coherence increases the probability that the sparse/compressive coefficient

vector can be reconstructed using relatively few compressive measurements. As noted

previously, it is in this context that a random projection matrix (Gaussian entries)

achieves the lowest coherence with respect to an unknown sparse/compressible rep-
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Figure 2.3: Example of measurement matrix with different mutual coherence for
M = 3 measurements and N = 5 dimensional signal. The graph shows the con-
nectivity between measurement vector elements and coefficient vector elements: (a)
Maximum coherence where each measurement is only connected to one transform
coefficient, (b) lower coherence where each measurement is connected to more than
one transform coefficients and (c) minimal coherence where each measurement is
connected to all transform coefficients.

resentation basis.

However, in case of natural scenes we know good choices for representation bases

and furthermore, the sparse coefficients have inherent structure. We are not aware

of a formal approach in the compressed sensing theory literature, besides Bayesian

experimental design for adaptive sequential measurements in Refs. [33, 34] and the

ℓ2-norm based measurement designs in Refs. [26, 27, 28, 29] that allows one to in-

corporate additional prior knowledge and the relevant physical constraints into the

design of compressive measurements. To our knowledge the information-theoretic

approach we describe here is the among relatively few [28, 29], that provides a for-

mal design framework for incorporating additional prior knowledge and the first to

directly address the impact of physical constraints, especially those associated with

incoherent optical imaging/sensing, in the design of static compressive measurements.

We employ an information-theoretic metric for compressive measurement basis
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design that is defined as the Shannon mutual-information between the compressive

measurements ~g and the coefficient vector ~θ, given by

J(~g; ~θ) = h(~g)− h(~g|~θ) = h(~θ)− h(~θ|~g), (2.7)

where h(·) and h(·|·) denote entropy and conditional entropy respectively. Note that

the mutual-information is a measure of how much information about ~θ is transferred

to or shared with the measurements ~g. Thus this metric is a natural choice for

designing the measurement matrix P, given that we would like to maximize the in-

formation we can learn about ~θ from the measurements ~g. Note that this metric

implicitly incorporates available knowledge about transform coefficient vector ~θ via

the prior distribution p(~θ) and the data measurement model via the likelihood distri-

bution p(~g|~θ). We refer to the mutual-information metric J(~g; ~θ) as the task-specific

information (TSI). The reader is referred to our prior work in Refs.[36, 37] for a com-

prehensive review of the TSI metric and its task-specific motivation. Now, we can

formulate the compressive measurement design problem as the following constrained

optimization problem

argmax
P

J(~g; ~θ) s.t. f(P) ≤ C, (2.8)

where f(P) ≤ C denotes the design constraint (f(·) is a constraint function and

C is a constant) on the compressive measurement matrix P. We will consider two

constraints in this work: (a) ℓ2-norm constraint and (b) the photon-count constraint.

These two constraints reflect a finite measurement (electrical or optical) energy con-

straint that frequently arise in sensors/imagers. We use a gradient-based optimiza-

tion method to maximize the TSI metric in Eq. (2.8). The measurement matrix
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update P(n+1) is defined in terms of the gradient ∂J/∂P evaluated at the nth step by

P(n+1) = P(n) + γ · ∂J(
~θ;~g)

∂P

∣∣∣∣
P=P(n)

(2.9)

s.t. f(Pn+1) ≤ C.

where γ is a small scalar constant. As per Eq. (2.7) we can rewrite the gradient

expression as

∂J(~θ;~g)

∂P
=

∂h(~g)

∂P
≈ ∂ĥ(~g)

∂P
(2.10)

as h(~g|~θ) = h(~n) is a constant with respect to P for signal independent measure-

ment noise ~n. We employ a fast k-dimensional partitioning [39], a non-parametric

multi-dimensional entropy estimation method, to form an estimate of the compres-

sive measurement entropy ĥ(~g) and compute its gradient ∂ĥ(~g)
∂P

with respect to P in

Eq. (2.10). As the information-gradient ∂h(~g)/∂P, in general, is not convex in P,

the gradient-based method only guarantees a local optimum design. To improve the

probability of finding the global optimum we run the gradient-based optimization

from several randomized independent starting points. We observe that in some cases

there are multiple optima and almost in all cases we obtain nearly identical recon-

struction performance, increasing our confidence in the global optimal nature of the

compressive measurement basis design. Throughout the remainder of this work, we

will use the root mean square error (rmse) defined as

RMSE =

√
E~θ,P,~n

(
||~θ − ~̂θmmse||22

)
, (2.11)

to quantify the performance of a compressive measurement design for the signal/scene

reconstruction task. The minimum mean square error (mmse) estimator for the

coefficient vector ~̂θmmse, the posterior mean defined below, will be used in evaluating

the reconstruction error

~̂θmmse =

∫
~θ · p(~θ|~g) dNθ. (2.12)
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As a closed form expression of the mmse estimate is not readily found for the GBM

prior, we resort to the Gibbs’ sampling method [40] to generate samples from the

posterior distribution p(~θ|~g) to compute Monte-Carlo mmse and entropy estimates.

Recall, the Gibbs’ sampler employs the following Markov-Chain to generate the

posterior samples in a sequential manner

· · · · · · → p(θi|~g, ~θ[N ]\i, zi, ~z[N ]\i) → p(zi|~g, θi, ~θ[N ]\i, ~z[N ]\i) → (2.13)

→ p(θi+1|~g, ~θ[N ]\i+1, zi+1, ~z[N ]\i+1) → p(zi+1|~g, θi+1, ~θ[N ]\i+1, ~z[N ]\i+1) → · · · · · ·

where ~θ[N ]\i denotes the coefficient vector ~θ of length N without the ith element and

similarly ~z[N ]\i denotes the ~z vector of length N with the ith element deleted. After

an initial “burn-in” period this Markov-Chain converges to a stationary distribution

that is the posterior distribution as desired.

2.3 Measurement Design: ℓ2-norm design constraint

Mathematically, the projection matrix ℓ2-norm constraint can be expressed as

M∑

i=1

||~Pi||22 = E. (2.14)

It is worth noting that some authors follow a fixed projection row-wise energy con-

straint i.e. ||~Pi||22 = E ∀i which implies that the total energy available for mea-

surement increases with M . However, here we follow a fixed total energy (in ℓ2-

sense) budget for measurements as specified in Eq. (2.14). Without loss of generality

we set E = 1. The fixed total energy constraint implies that as the number of

measurements increases, the energy per measurement on average decreases. Let us

consider two types of priors on the transform coefficients: (a) dense priors and (b)

sparse/compressible priors.
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2.3.1 Dense prior: Multi-variate Gaussian

For the dense prior, we employ a zero-mean multivariate normal distribution with a

diagonal covariance matrix defined as

Σθ =




σ2
θ1

0

σ2
θ2

. . .

0 σ2
θN
,




(2.15)

where σ2
θi
is the variance of the ith coefficient vector element. Recall, that the GBM

prior with zmaxi
= zmini

= σ2
θi

yields such a multivariate distribution. For the fol-

lowing analysis, we shall assume an additive white Gaussian noise model for the

measurement error. In case of the dense prior, assuming that we have no specific

prior knowledge about transform coefficient energy distribution, we adopt a uniform

variance model i.e. σ2
θi

= σ2
θ ∀i . With this non-informative prior, we find that

the TSI optimal projections are orthogonal and have equal energy allocation (i.e.

||~Pi||22 = 1/M ). In fact, any orthogonal projection basis is admissible and optimal.

The resulting reconstruction performance is shown in Fig. 2.4(a) as a function of num-

ber of measurements (M) for two different measurement signal to noise ratio (SNR)

values. Here the measurement SNR is defined as the ratio E
σ2
n
, where σ2

n is detector

noise variance and we assume that ||~f ||22 = 1. Note that we consider signals/scenes of

size N = 16 (4×4) throughout this analysis. From this plot, we observe that the re-

construction error decreases monotonically with M as the estimate of the transform

coefficients progressively improves with each additional measurement. Of course, the

improvement in the reconstruction error depends on the measurement noise and we

observe for the higher SNR the reconstruction error reduces more rapidly. The ran-

dom projections also yield a good reconstruction performance and the only source
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of deviation from the TSI optimal projections’ performance results from their lack

of strict orthogonality (which leads to a reduction in the condition number of the

random projection matrix). This deficiency can be simply addressed by an explicit

orthogonalization of the random projection matrix.

Next, let us consider the dense prior with a non-uniform distribution on the trans-

form coefficients that follows a power-law of the form σ2
i = α−i. Such a coefficient

distribution reflects natural scene/signal statistics that tend to follow a power-law

distribution [41, 42, 43]. Note that in the power-law model, the majority of the

signal’s energy is concentrated in a relatively few transform coefficients. For a noise-

free measurement, the optimal projection design (in mean square error) is known

to be the principal components (PC). The PC projection design directly measures

the M largest coefficients with as many measurements. This is indeed what the TSI

optimal static projection design converges to in the limit of high SNR as expected.

Fig. 2.4(b) depicts the corresponding reconstruction error decreasing exponentially

towards the noise floor with increasing measurements. However, as the measurement

noise increases, the TSI optimal projections depart from the PC design and become

an orthogonal set of projection vectors defined on the sub-space of the first L < M

principal component basis vectors with un-equal energy allocation. The non-uniform

energy allocation is analogous to the water-filling power allocation for parallel Gaus-

sian channels in communication theory [5]. Note that L is determined by the mea-

surement noise and transform coefficient variance. We observe that L increases with

decreasing measurement noise towards M . The non-uniform energy allocation be-

tween the M TSI optimal static projections is shown in Fig. 2.5(a) for the low SNR

case with M = 8 (L = 5). Note that as the measurement SNR increases (i.e. mea-

surement noise decreases) the energy allocation becomes more uniform/equal over a

larger set (L = M) principal components as shown in Fig. 2.5(b) for a high SNR case
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Figure 2.4: Reconstruction error for TSI and random projections as a function of
number of compressive measurements for two measurement SNR. Dense prior with
(a) uniform variance model and (b) non-uniform variance model.
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Figure 2.5: Plots of energy allocation for the TSI optimal projections with M = 8
at (a) low SNR (20dB) case and (b) high SNR (50dB) case for a non-uniform GBM
prior.
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with M = 8 (L = 8). Relative to the TSI optimal projections, the reconstruction

performance of the random projections is nearly always worse as shown in Fig. 2.4(b).

This is especially apparent in the low SNR case, because random projections do not

exploit the prior information of the non-uniform transform coefficient variance. It

should be emphasized that the random projection’s performance would be much

worse were this additional prior information (i.e. non-uniform variance distribution)

not exploited in the reconstruction process (via the mmse estimate).

2.3.2 Sparse/Compressible prior: GBM

So far we have considered a dense prior on the transform coefficients, however, as we

know most natural scenes/signals tend to be sparse/compressible. We employ the

GBM prior distribution to model the sparse/compressible transform coefficients by

choosing zmaxi
>> zmini

and a small probability of significant coefficient q. Again,

we start our analysis with the case where we assume that the transform coefficients

have a uniform known variance similar to the dense prior. However, it should be

emphasized that unlike the dense prior, the GBM prior in this case only generates

relatively few significant coefficients. More specifically, for the particular choice of

parameters used here, the GBM model generates only one significant coefficient on

average and the remainder of the coefficients are relatively small but non-zero. Per-

haps not surprisingly, we find the TSI optimal projections are incoherent with the

representation basis. This is illustrated by the plot of projection vector expressed in

the representation space (i.e. WT · ~Pi) shown in Fig. 2.6(a) for M = 4. For example,

the first plot in Fig. 2.6(a) shows the relative weights of the representation column

vectors that comprise the first projection vector. Here we specifically observe that

all the TSI optimal projections have nearly equal weights for each of the transform
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coefficients. This design can also be interpreted as all the transform coefficients con-

tribute to each compressive measurement via the corresponding projection vector.

Note that uniform weights correspond to maximum connectivity as per our graph-

based interpretation of coherence/incoherence in Fig. 2.3. Furthermore, we also

observe that the projection vectors are orthogonal to each other so as to minimize

redundancy. To make this aspect of the TSI optimal projection design more concrete

let us examine the design of a single projection vector in two-dimensional space (i.e.

M = 1, N = 2). Note that in this case, the scalars P11 and P12, completely define the

projection vector ~P T
1 = [P11 P12] in two dimensions. Fig. 2.7(a) shows a contour plot

of TSI in the projection vector space, where the horizontal axis represents P11 and

the vertical axis denotes the P12 element. Thus the origin in this plot corresponds to

zero projection vector ~P T
1 = [0 0] and as we move radially away the origin the mag-

nitude of the projection vector increases and the corresponding TSI also increases.

So for example, the contour plot can be used to “read off” the TSI value at any

given set of (P11, P12) values or equivalently for any projection vector ~P1. In this plot

the ℓ2-norm design constraint limits the projection vector to the unit circle (Blue

solid line). The two sparse representation basis vectors ~W1 and ~W2 are shown by the

Green and Red vectors respectively in the projection vector space. Note that the

absolute direction of ~W1 and ~W2 vectors in the projection vector space is specific to

the choice of a representation basis. For the unit ℓ2-norm constraint, the projection

vector design reduces to selecting the optimal angle/direction. We observe that the

TSI is maximized when the projection vector ~P T
1 is along a mixture direction that

has equal components along ~W1 and ~W2 directions. This can be more clearly seen

by plotting the TSI as a function of the unit projection vector angle as shown in

Fig. 2.7(b). In other words, this plot shows how the TSI changes as a function of

the unit projection vector direction/angle. For example, projection vector with zero
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Figure 2.6: TSI optimal projection in the mixture direction that maximize incoher-
ence with the representation basis for M = 4 in high SNR regime (50dB) for (a)
uniform-variance and (b) non-uniform variance GBM prior models.



47

!
"#

!
"
"

"$% " &$% & &$% " "$%
"$%

"

&$%

&

&$%

"

"$%

(a)

0 45 90 135 180 225

0.8

1

Angle [degrees]

C
o
h
e
re

n
c
e

0 45 90 135 180 225

2.5

3

 Angle [degrees]

T
S

I 
[b

it
s
]

Minimum 
Coherence

Maximum
 TSI

(b)

Figure 2.7: TSI contour plot for first projection vector shown in (a) and plot of
coherence (top) and TSI (bottom) as function of projection vector angle for the
uniform variance sparse/compressible GBM prior.

angle corresponds to ~P T
1 = [0 1] while 90 degree angle represents ~P T

1 = [1 0] and 45

degree angle would yield ~P T
1 = [

√
2
√
2]. It is instructive to observe that the optimal

angle also minimizes the coherence, as shown in Fig. 2.7(a), which agrees with the

incoherence principle of the compressive sensing theory. Note however, the optimal

projection vector design is not unique i.e. any one of the four mixture directions
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Figure 2.8: Reconstruction error for TSI optimal and random projections as
a function of number of compressive measurements for two measurement SNR.
Sparse/compressible prior with (a) uniform variance model and (b) non-uniform
variance model.
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(indicated by Black lines) is optimal. The reconstruction performance for the TSI

optimal and the random projections is shown in Fig. 2.8(a) for two measurement

SNR values. In the high SNR regime, the TSI optimal projections achieve near

perfect reconstruction with M = 6 measurements which is in agreement with the

compressive sensing bound (M ∼ K · log(N/K)). In fact, the random projections

also perform well in the high SNR regime and achieve near perfect reconstruction

with M = 7 measurements. For example, at M = 6 the TSI optimal projection

achieves a reconstruction error that is more than 30% lower than that obtained with

the random projections. The incoherence for random projection is somewhat lower

than that achieved by the TSI optimal projections. This lower incoherence leads to

a more significant loss of performance in the low SNR regime (SNR=20dB) relative

to the TSI optimal projection as shown in Fig. 2.8(a). In low SNR, the TSI optimal

projections yield a 65% lower reconstruction error relative to random projections for

M = 6 measurements.

In a scenario where we may have more specific prior knowledge about the trans-

form coefficients (e.g. natural scenes) we may employ the non-uniform power-law

variance model for the GBM prior. It is worth noting that this model represents two

specific pieces of prior information: (a) the transform coefficients are nearly sparse

(i.e. compressible: only few significant coefficients) and (b) the non-uniform model

also determines probabilistically which transform coefficient(s) is/are more likely to

be significant. Therefore, one would expect that the reconstruction performance of

both the TSI optimal and random projections would improve relative to the uniform

variance case (non-informative prior). Indeed, this is the case as shown in the recon-

struction error plot in Fig. 2.8(b). Observe that both in low and high SNR regimes,

the TSI optimal projections achieve minimum reconstruction error in nearly M = 3

to 4 measurements compared to M = 6 to 8 measurements for the uniform variance
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case. The non-uniform variance prior also affects the coherence of the TSI optimal

projection as shown in Fig. 2.9. The optimal projection direction (Black line) is offset

from the minimum coherence direction toward the coefficients with higher variance.

This is agrees with our intuition that the additional prior information advocates

for higher contributions in the compressive measurement from the transform coef-

ficients with higher variance relative to transform coefficients with relatively lower

variance. This non-uniform contribution is also notable from Fig. 2.6(b) that shows

the TSI optimal projections have only significant contribution along the direction

of the first few transform coefficients, which have higher variance relative to the re-

maining coefficients. The random projections also benefit from the additional prior

knowledge in this model albeit only in the reconstruction process. This difference

(advantage of projection design) is most evident in the increasing difference between

the performance of the TSI optimal projections and the random projections as the

measurement SNR decreases. For example, at M = 7 the TSI optimal projection

achieve a 45% lower reconstruction error than random projections in higher SNR

regime, while this improvement increases to 65% at lower SNR. This highlights a

very significant benefit of utilizing the available prior knowledge for compressive

measurement design as opposed to limiting it to only the reconstruction process.

One may interpret that the TSI compressive design framework employs this prior

knowledge to effectively increase the measurement SNR (by concentrating measure-

ments in the region of significant signal/scene energy) and as a result, the effect of

this deliberate design is most noticeable in the low measurement SNR regime.
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Figure 2.9: TSI contour plot for first projection vector shown in (a) and plot of
coherence (top) and TSI (bottom) as function of projection vector angle for the
non-uniform variance sparse/compressible GBM prior.
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2.4 Measurement Design: Photon-count design constraint

The photon-count constraint derives from finite photon-budget for a fixed expo-

sure/acquisition time in a passive optical sensor/imager. This constraint can be

expressed mathematically as
M∑

i=1

|Pij| ≤ 1, ∀j (2.16)

2.4.1 Dense prior: Multi-variate Gaussian

Let us begin by considering the same dense multivariate normal prior as defined in

the previous section. For the uniform variance case, we obtain an orthogonal set of

TSI optimal projections that achieve the photon-count constraint in Eq. (2.16) with

equality for all columns of the measurement matrix P. In an optical system this

represents maximally photon-efficient measurements. Note that this particular TSI

optimal projection design (i.e. with equality photon-count constraint) is especially

advantageous in the low SNR regime where the collected optical power has a signifi-

cant affect on the measurement SNR and therefore, the reconstruction error. This is

evident from the plot of reconstruction error for the TSI optimal projections relative

to the random projections shown in Fig. 2.10(a). While the random projections do

satisfy the photon-count constraint, as required, they do not achieve column-sum

equality (Eq. (2.16)), which in turn leads to significant reduction in reconstruction

performance in the low SNR regime. For example, from Fig. 2.10(a) we observe that

for M = 7 measurements the TSI optimal projections yield a reconstruction error

that is nearly 70% lower than that achieved by the random projections. In the high

SNR regime, this difference reduces to 18% because the penalty due to the photon

inefficiency of the random projections is somewhat offset by the lower measurement

noise. We should point out that this difference in the design and reconstruction
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Figure 2.10: Reconstruction error for TSI and random projections, with photon-
count constraint, as a function of number of compressive measurements for two mea-
surement SNR. Dense prior with (a) uniform variance model and (b) non-uniform
variance model.
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error performance is more pronounced in the case of the photon-count constraint as

compared to the ℓ2-norm constraint considered in the preceding section. This high-

lights the fact that the measurement constraints can have a significant effect on the

measurement design and performance and therefore are an important consideration

in compressive sensing/imaging.

Next, we consider the case of a non-uniform variance dense prior with the power-

law model. As noted in our analysis of the corresponding case in Section 4.A, this

particular prior should lead to improved reconstruction performance as a result of

injecting additional prior information. As in the case of the ℓ2-norm constraint, we

observe that both the TSI optimal projections and the random projections do in-

deed achieve a lower reconstruction error as shown in Fig. 2.10(b). Furthermore,

we observe that in the low SNR regime, the photon-count constraint leads to zero

photon-allocation for some projections as the number of measurements increases.

For example, consider the TSI optimal design of M = 8 projections. As shown

in Fig. 2.11(a), two of the eight TSI optimized projections receive zero photon-

allocation. This occurs due to the measurement SNR penalty associated with each

additional projection. Consider that given a constant photon-budget, on average, the

photon-allocation per measurement decreases while the measurement noise in fixed,

which leads to lower measurement SNR. This measurement SNR penalty begins to

dominate the projection design when the potential information gained from each ad-

ditional measurement is offset by the lower measurement SNR. When this occurs, the

optimal projection design leads to zero photon-allocation as observed here. Recall

that we observed a similar zero energy allocation for the non-uniform prior with the

ℓ2-norm design constraint, as illustrated in Fig. 2.5(a). Of course, this information

gain vs. measurement SNR loss tradeoff with the number of measurement is a func-

tion on the measurement noise power. Thus in the high SNR regime the zero-photon
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Figure 2.11: TSI optimal projection vectors obtained with the photon-count con-
straint for (a) low SNR and (b) high SNR regimes using dense prior with non-uniform

variance. Note the zero-photon allocation for projection vectors ~P1 and ~P6 in low
SNR case.
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allocation is delayed or may actually never occur. Note that this is the case here for

the high SNR TSI optimal projection design as shown in Fig. 2.11(b). This optimal

photon-allocation mechanism remains the same for the uniform variance model that

we have discussed in the preceding paragraph.

The random projections, while satisfying the photon-count constraint (with

inequality), lack a mechanism for photon-allocation. This sub-optimal photon-

allocation in random projections can lead to an increase in reconstruction error with

increasing number of measurements (due to measurement SNR penalty) as shown in

the Fig. 2.10(b) in the low SNR case. The TSI optimal projections by comparison

reach a minimum reconstruction error floor and do not deteriorate with increasing

M . In the high SNR regime, the measurement SNR penalty is overcome by the in-

formation gained from the additional measurements. Another feature unique to the

TSI optimal projection design subject to the photon-constraint and the non-uniform

variance model is that; unlike in the case of the ℓ2-norm design constraint these

projections deviate from the PC design even in the high SNR regime. This occurs

due to the particular shape of the photon-count constraint (i.e. the ℓ1-hyper cube

versus the ℓ2-ball) and results in measurement variance (and therefore entropy) being

maximized by the projection vector located at the corner of the constraint surface

(as shown by the Red square in Fig. 2.12(a)). This results in projection vectors in

the mixture direction (e.g. M = 1, the optimal projection vector is a mixture of the

first and second principal components) instead of one of the PC direction.

2.4.2 Sparse/Compressible prior: GBM

So far we have considered the photon-constrained projection design for a dense prior.

Now we extend our analysis to a sparse/compressible GBM signal prior. Starting
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Figure 2.12: TSI contour plot for first projection vector shown in (a) and plot of
coherence (top) and TSI (bottom) as function of projection vector angle for the
non-uniform variance sparse/compressible GBM prior.

with the uniform variance case, we observe that the TSI optimal projections attempt

to maximize the photon-utilization with some loss of incoherence. This can be un-

derstood by inspecting the TSI contour plot for the single projection vector design

problem for the photon-count constraint shown in Fig. 2.12(a) (the solid Red square

represents the photon-count constraint with equality). Observe that the TSI is max-
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imized on the corner of the square constraint surface, which is not generally the max-

imum incoherent direction. At a first glance, this result seems to be counter-intuitive

in that the optimal projection vector does not maximize incoherence. However, inco-

herence alone is not a sufficient measure of projection vector optimality especially in

the presence of the photon-count constraint and non-zero measurement noise. The

TSI design metric is sensitive to the measurement energy as well as the incoherence

associated with a particular choice of a projection vector(s). This is confirmed by

the the plot of TSI as a function of projection vector angle in Fig. 2.12(b) obtained

by evaluating TSI on the photon-count constraint surface, i.e. the unit square (or in

higher dimensions unit hypercube), shown in solid Red, in Fig. 2.12(a).

To reconcile this result with the maximally incoherent design obtained using the

ℓ2-norm constraint, consider the fact that the corner of the square yields the largest

projection vector length (the diagonal of the square is
√
2 longer than the radius

of the unit circle of the ℓ2-norm constraint). In contrast, all directions of projec-

tion vector for the ℓ2-norm constraint yields the same unit length. Thus, for the

photon-count constraint there exists a tradeoff between maximizing measurement

energy and maximizing incoherence. Note that in the high SNR regime maximizing

the measurement energy is not as critical as in a low SNR case and therefore, one

would expect the difference in the reconstruction performance between the TSI opti-

mal and the random projections would be smaller in the former case as compared to

the latter case. This is indeed confirmed by the reconstruction error plot for the two

projection design shown in Fig. 2.13(a) for high and low SNR cases. To quantify this

performance difference, consider the reconstruction error achieved with M = 7 mea-

surements. In the high SNR case the TSI optimal projection achieve nearly 3 times

lower reconstruction error than random projections. This improvement increases

to 14 fold lower reconstruction error in the low SNR regime. Moreover, observe
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that the reconstruction error for random projections begins to increase as number of

measurement increases due to the sub-optimal photon allocation.

For the non-uniform variance prior, the reconstruction performance of both the

TSI optimal and the random projections improves relative to the uniform variance

prior as shown in Fig. 2.13(b). We note that the incoherence of the TSI optimal pro-

jection decreases further due to the non-uniform variance distribution of transform

coefficients as illustrated by the TSI contour plot in Fig. 2.14(a). Recall, there was

a similar loss of incoherence in the case of the ℓ2-norm design constraint. For the

illustrative design problem depicted in Fig. 2.14(a), note that while in the uniform

variance case all the four vertices of the design constraint surface (shown in Red

solid line) were optimal, in the non-uniform variance case only the two vertices clos-

est to the coefficient with higher variance are optimal. This change in the optimal

projection vector design leads to a larger gap between the performance of the TSI

optimal projections and the random projections starting with the first measurement

as evident from Fig. 2.13(b). Furthermore, we also observe that both TSI optimal

projections and random projections achieve a faster reduction in reconstruction error

with the number of measurements as compared to the uniform variance prior. This

is to be expected as the total energy in the signal/scene is concentrated in relatively

fewer coefficients for the non-uniform variance distribution compared to a uniform

variance distribution.
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Figure 2.13: Reconstruction error for TSI and random projections, with photon-
count constraint, as a function of number of compressive measurements for two mea-
surement SNR. Dense prior with (a) uniform variance model and (b) non-uniform
variance model.
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Figure 2.14: TSI contour plot for first projection vector shown in (a) and plot of
coherence (top) and TSI (bottom) as function of projection vector angle for the
non-uniform variance sparse/compressible GBM prior.
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2.5 Compressive Image Formation

Thus far we have analyzed the design and reconstruction performance of TSI opti-

mal projections relative to random projections on synthetic data generated from the

GBM prior model. This analysis is valuable in that it provides an upper-bound on

the performance improvement achievable with TSI optimal projection when there

is no model mismatch (i.e. GBM prior model captures the natural scene statis-

tics exactly). However, the statistics of natural scenes can only be approximated

with the GBM prior model in an appropriate representation basis and the potential

model mismatch can lead to performance degradation of a compressive measurement

design. In this section, the goal is to assess both qualitatively (i.e. visual image

quality) and quantitatively (via peak signal to reconstruction error ratio) the recon-

struction performance of TSI optimal projections on natural images using the GBM

prior model. To construct a sparse/compressible representation we use an ensem-

ble of training images (from the USC-SIPI image database [44]), examples shown

in Fig. 2.15, to learn an over-complete dictionary basis (on image blocks). The dic-

tionary learning algorithm is adopted from Ref. [45]. The parameters of the GBM

(non-uniform variance) prior on the sparse/compressible dictionary coefficients are

estimated offline using a maximum likelihood estimator on the ensemble of train-

ing images. Based on this prior model, the TSI optimal projections are computed

(for a given measurement SNR) and the corresponding compressive measurements

are derived as per the imaging model defined in Eq. (2.1). In addition to random

projections, we compare the TSI optimal projection with four alternate projection

designs referred to earlier in section 2: 1) design minimizing the coherence between

measurement and representation bases in Ref. [26], 2) super-resolution technique,

based on spatial integration and sub-sampling to derive compressive measurements
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Figure 2.15: Example natural images from the training dataset used to extract GBM
model parameters.

described in Ref. [46], 3) information sensing design from Ref. [28] and 4) variable

sampling density method proposed in Ref. [27]. It is important to emphasize that the

photon-count constraint (physically relevant to incoherent optical imaging/sensing)

is applied to the aforementioned projection designs that are originally designed with

the ℓ2-norm constraint. The reconstruction method for TSI optimal projection (and

random projections) is based on the mmse estimator (i.e. posterior mean) derived

from the GBM prior and the Gaussian likelihood function.

In the following comparative analysis, we evaluate the visual quality of image

reconstructions derived from various compressive measurement designs at two dif-

ferent compression ratio (N/M), 4x and 9x compression, and at two measurement

noise strengths, 1% and 5% of the detector dynamic range (set to [0,255]). Note

that 1% measurement noise corresponds to 40 dB peak measurement SNR while

5% yields a peak measurement SNR of 26 dB. For this study, we assume that the

compressive measurements are detector (thermal) noise limited and therefore the

measurement noise follows an additive white Gaussian model. To quantify the im-
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age quality we employ the peak signal to reconstruction error ratio metric defined

as PSNR = 10 log10

(
255/

√
||~f − ~̂f ||2

)
dB, where ||~f − ~̂f ||2 is the reconstruction

mean square error (mse). Five test images distinct from the training image ensem-

ble are used in this study. Figs. 2.16 - 2.20 show image reconstructions obtained

at 4x compression and measurement noise strength of 1%. Here the scene is repre-

sented in a block-wise manner and we use a 4x4 block size to learn the dictionary

basis (10x over-complete). Observe that the information sensing and variable sam-

pling density projection designs yield rather poor reconstructions due to the higher

sensitivity to measurement noise. This is in part due to the ℓ2-norm design con-

straint, which yields compressive measurements with poor photon utilization and

as a result lower measurement SNR. Among the remaining four projection designs,

the TSI optimal projection design yields the best reconstruction image followed by

the super-resolution method, random projection design and the minimum coherence

based design in that order.

To evaluate the performance of each projection design in low SNR conditions,

we repeat the analysis for a five fold higher measurement noise of 5%. Figs. 2.21

and 2.22 show representative image reconstructions for each projection design. Note

that the information sensing and variable sampling density reconstructions have been

omitted from this visual comparison due to their higher noise sensitivity that leads

to severe image degradation at this higher measurement noise level. We observe that

the TSI optimal projection design maintains robustness to measurement noise and

achieves superior reconstruction quality relative to other candidate designs. This

is not surprising given the fact that the prior information is exploited by the TSI

optimal projection design to maximize measurement information coupled with the

use of the physically relevant photon-count constraint that results in photon-efficient



65

(a)

(b) (c) (d)

(e) (f) (g)

Figure 2.16: Test image 1 (a) and reconstructions at 4x compression and 1% mea-
surement noise obtained with (b) Random, (c) minimum coherence, (d) information
sensing, (e) variable sampling density, (f) super-resolution, and (g) TSI optimal pro-
jection designs.
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(a)

(b) (c) (d)

(e) (f) (g)

Figure 2.17: Test image 2 (a) and reconstructions at 4x compression and 1% mea-
surement noise obtained with (b) Random, (c) minimum coherence, (d) information
sensing, (e) variable sampling density, (f) super-resolution, and (g) TSI-optimal pro-
jection designs.
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(a)

(b) (c) (d)

(e) (f) (g)

Figure 2.18: Test image 3 (a) and reconstructions at 4x compression and 1% mea-
surement noise obtained with (b) Random, (c) minimum coherence, (d) information
sensing, (e) variable sampling density, (f) super-resolution, and (g) TSI optimal pro-
jection designs.
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(b) (c) (d)

(e) (f) (g)

Figure 2.19: Test image 4 (a) and reconstructions at 4x compression and 1% mea-
surement noise obtained with (b) Random, (c) minimum coherence, (d) information
sensing, (e) variable sampling density, (f) super-resolution, and (g) TSI optimal pro-
jection designs.
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(a)

(b) (c) (d)

(e) (f) (g)

Figure 2.20: Test image 5 (a) and reconstructions at 4x compression and 1% mea-
surement noise obtained with (b) Random, (c) minimum coherence, (d) information
sensing, (e) variable sampling density, (f) super-resolution, and (g) TSI optimal pro-
jection designs.
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Figure 2.21: Test image 1, 2 and 3 (a),(b),(c) and reconstructions at 4x compression
and 5% measurement noise obtained with (d),(h),(l) Random, (e),(i),(m) minimum
coherence, (f),(j)(n) super-resolution, and (g),(k),(o) TSI optimal projection designs.
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(g) (h) (i) (j)

Figure 2.22: Test image 4 and 5 (a),(b) and reconstructions at 4x compression and
5% measurement noise obtained with (c),(g) Random, (d),(h) minimum coherence,
(e),(i) super-resolution, and (f),(j) TSI optimal projection designs.
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Reconstruction method → Information Variable Minimum Random Super- TSI

Measurement noise ↓ Sensing Sampling Coherence projections resolution optimal

0% (Noiseless) 27.7 dB 22.7 dB 25.3 dB 25.6 dB 25.5 dB 27.5 dB

1% (40dB) -21.7 dB 20.9 dB 22.7 dB 25.3 dB 25.2 dB 27.2 dB

2% (34dB) -27.3 dB 17.9 dB 20.2 dB 24.2 dB 25.1 dB 26.9 dB

5% (26dB) -45 dB 11.9 dB 18.5 dB 21.8 dB 24.6 dB 26.4 dB

Table 2.1: Average reconstruction PSNR (averaged over five test images and measurement noise) for each

candidate projection design at four different measurement noise levels and 4x compression ratio.
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measurements. Table 2.1 provides a summary of the image reconstruction perfor-

mance for all candidate projection designs at different measurement noise strengths.

This performance data clearly shows the advantage of TSI optimal projection de-

sign relative to other compressive designs, especially its robustness to measurement

noise. In the noiseless limit, the information sensing and the TSI optimal projection

designs yield comparable results as both methods employ the mutual-information

metric. However, while the TSI design incorporates the measurement noise and de-

sign constraints in the projection design, the information sensing design does not and

as a result it quite sensitive to measurement noise. It is also worth noting that for

noisy measurements, the TSI optimal projection design achieves an average PSNR

improvement of at least 1.5 dB relative to the super-resolution design, a significant

performance improvement.

Figs. 2.23 and 2.24 show image reconstructions obtained at 9x compression and

1% measurement noise strength. Observe that while the overall image quality re-

duces with increasing compression ratio for all projection designs, as expected, the

TSI optimal projection design still outperforms other designs. As the measurement

noise increases to 5%, the reconstruction quality reduces for all projection designs

as evident from reconstructions shown in Figs. 2.25 and 2.26. However, the super-

resolution and the TSI optimal projection designs are affected the least as a result of

their higher photon-utilization. Furthermore, the effect of increasing measurement

noise is mitigated by the multiplexing advantage that derives from of a larger 9x9

block size used in 9x compression study relative to the smaller 4x4 block size used for

the 4x compression study. The average reconstruction performance of each projec-

tion design is tabulated in Table 2.2 for four different measurement SNR. As before,

we note that the TSI optimal projection design achieves the lowest reconstruction

error (higher PSNR) and retains a PSNR improvement of at least 1 dB compared to
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the super-resolution design.

2.6 Conclusions

Compressive sensing theory has led to the development of various compressive mea-

surement schemes that exploit the inherent sparse/compressible nature of signals,

such as natural scenes, to reduce the number of measurements required to re-

cover/reconstruct the signal. The random projections measurement design, employed

nearly universally in compressed sensing, is based on the prior information of sig-

nal sparsity/compressibility alone. However, in many applications, such as imaging,

additional prior information about the signal/object statistics beyond sparsity is

typically available. While this prior information has been utilized extensively dur-

ing the reconstruction process there has been little effort to use such information

in the design of compressive measurements. In this work, we have described an

information-theoretic design framework for compressive measurements that not only

exploits the additional prior information about signal/object statistics but also in-

corporates the design constraints associated with a particular application. Using a

k-dimensional partitioning entropy estimation method and Gibbs sampling technique

we have developed a computationally efficient implementation for optimizing com-

pressive measurement design. Based on this design framework, we have analyzed the

reconstruction performance of TSI optimized projections relative to random projec-

tions for dense as well as sparse prior distributions in both low and high measurement

SNR regimes. In case of the ℓ2-norm design constraint we found that the TSI opti-

mized projections yield significant performance improvements especially in the low

SNR regime when compared with random projections. Also, for more informative

sparse priors (with the non-uniform variance model) we observed that the improve-
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(l) (m) (n) (o)

Figure 2.23: Test images 1, 2 and 3 (a),(b),(c) and reconstructions at 9x compression
and 1% measurement noise obtained with (d),(h),(l) Random, (e),(i),(m) minimum
coherence, (f),(j)(n) super-resolution, and (g),(k),(o) TSI optimal projection designs.
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(c) (d) (e) (f)

(g) (h) (i) (j)

Figure 2.24: Test images 4 and 5 (a),(b) and reconstructions at 9x compression and
1% measurement noise obtained with (c),(g) Random, (d),(h) minimum coherence,
(e),(i) super-resolution, and (f),(j) TSI optimal projection designs.
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(h) (i) (j) (k)

(l) (m) (n) (o)

Figure 2.25: Test images 1, 2 and 3 (a),(b),(c) and reconstructions at 9x compression
and 5% measurement noise obtained with (d),(h),(l) Random, (e),(i),(m) minimum
coherence, (f),(j)(n) super-resolution, and (g),(k),(o) TSI optimal projection designs.
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(g) (h) (i) (j)

Figure 2.26: Test images 4 and 5 (a),(b) and reconstructions at 9x compression and
5% measurement noise obtained with (c),(g) Random, (d),(h) minimum coherence,
(e),(i) super-resolution, and (f),(j) TSI optimal projection designs.
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Reconstruction method → Information Variable Minimum Random Super- TSI

Measurement noise ↓ Sensing Sampling Coherence projections resolution optimal

0% (Noiseless) 24.4 dB 19.5 dB 22.5 dB 22.5 dB 23.2 dB 24.6 dB

1% (40dB) 14.0 dB 19.2 dB 22.3 dB 22.7 dB 23.2 dB 24.5 dB

2% (34dB) 8.4 dB 19.1 dB 20.6 dB 22.3 dB 23.2 dB 24.4 dB

5% (26dB) 0.6 dB 16.8 dB 18.6 dB 21.7 dB 23.2 dB 24.2 dB

Table 2.2: Average reconstruction PSNR (averaged over five test images and measurement noise) for each

candidate projection design at four different measurement noise levels and 9x compression ratio.
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ment with TSI optimized projection can provide to up to 70% lower reconstruction

error relative to random projections.

The TSI design framework has also provided some new insights into how the

incoherence of the optimized projection changes in the presence of additional prior

information and finite measurement noise. Perhaps one of the most revealing conclu-

sions of this design study is that minimizing incoherence is not necessarily optimal

if additional prior information about the structure of the sparsity is available. For

example, in a scenario where the prior information suggests that a particular coeffi-

cient or set of coefficients is/are most likely to be significant, the optimal measure-

ments should be highly coherent with the representation basis for those coefficient(s).

Another interesting finding is that for the photon-count design constraint, the op-

timal projection design deviates significantly from the random projections even for

non-informative (i.e. uniform variance) sparse priors. This leads to significant recon-

struction error improvements with the optimized projection design compared with

random projections especially in the low SNR regime. For instance, our simulation

study indicates that more than an order of magnitude reduction in reconstruction

error is achieved with the optimized projections relative to the random projections.

This highlights the fact that system design constraints and measurement noise play

a crucial role in the optimal design of compressive measurements.

We also verified the effectiveness of TSI optimized projection design and the

validity of the GBM prior on natural scenes. The improved visual quality of recon-

structions obtained with TSI optimal projections compared to random projections

and other projection designs confirm the reconstruction error improvement suggested

by the analysis with synthetic data.
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CHAPTER 3

IMAGE RECONSTRUCTION USING INFORMATION OPTIMAL ADAPTIVE

MEASUREMENTS

Any measurement process may be modeled as the projection of a physical signal

onto a set of measurement basis vectors. Essentially, adaptive measurement is a

sequential measurement strategy in which the outcomes of previous measurements

are used to modify the measurement basis vectors of subsequent measurements with

the goal of increasing the efficiency of information extraction. Here we describe a

rigorous information theoretic framework for the optimization of adaptive compres-

sive measurements in context of an image formation task. Similar to Chapter 2, we

employ a Gaussian binomial mixture (GBM) signal prior and investigate two degrees

of sparsity (i.e. sparse and dense priors) and coefficient non-uniformity. Combining

the outcomes of previous measurements with this GBM prior, the new framework

allows one to design the measurement basis vector that maximizes the mutual in-

formation between the signal parameters and a collection of physically constrained

measurements in the presence of measurement noise. Two physical constraints are

considered: a photon count constraint appropriate to incoherent optical imaging and

a ℓ2-norm constraint appropriate for an radio frequency sensing scenario. We find

substantially different noise sensitivity and adaptation advantage in these two cases.
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3.1 Mathematical Model

3.1.1 Sparse/Compressible Object Prior

We begin by providing a brief review of compressive measurement model and sparse

object prior. A compressive imaging system projects a N dimensional object into

a lower dimensional (M) measurement space. Mathematically, the measurement

process can be represented as

~g = P~f + ~n, (3.1)

where P ∈ R
M×N is the measurement matrix, ~f ∈ R

N denotes the unknown com-

pressible object and ~g ∈ R
M is the corresponding measurement vector corrupted by

measurement noise ~n ∈ R
M . Compressive imaging exploits the fact that natural

scene is sparse in some transform domain W, such that we may represent the object

in terms of the transform coefficient ~θ as

~f = W~θ. (3.2)

Typically, given the measurement ~g and a sparse representation basis W, recon-

structing the unknown object ~f (or equivalently ~θ) is achieved by maximizing the

data agreement between measurement ~g and noise-free projection PW~θ, while forc-

ing the sparsity in the underlying transform domain.

~θ∗ = argmin
~θ

||~g −PW~θ||2ℓ2 + λ||~θ||ℓ1. (3.3)

Note that from a Bayesian perspective, this problem formulation is equivalent to

the maximum a posteriori (MAP) estimation, when the object prior is modeled by

the Laplace distribution p(θi) ∝ exp(−
√
2|θi|/σθ) in the presence of white Gaussian

noise ~n ∼ N (~0, Iσ2
n). While there is no restriction on the choice of prior as long as

the density function follows a heavy-tail and sharp-peak shape, we exploit Gaussian
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Binomial Mixture (GBM) distribution, develop in Chapter 2, which is a paramet-

ric statistical model that provides additional flexibility in controlling the inherent

sparsity of the object:

p(~θ) =
N∏

i=1

p(θi), p(θi) = qN (θi; 0, zmax,i) + (1− q)N (θi; 0, zmin,i), (3.4)

σ2
θi
= qzmax,i + (1− q)zmin,i, (3.5)

where q denotes the probability of the coefficient θ being significant. Note that the

sharp-peak and heavy-tail features can be obtained by setting zmin ≪ zmax and

q ≪ 1.

3.1.2 Design Constraints

Recall that in Chapter 2, we observed that different design constraints lead to sub-

stantially different measurement matrices that yield different reconstruction fidelity.

Specifically, we observed that the maximum-incoherent static measurement matrix

is not necessary the most informative design in presence of photon-count constraint

or given additional prior information such as non-uniform coefficient energy. Simi-

larly, in this chapter we will examine how the physical constraints such as ℓ2-norm

and photon-count constraints will affect the optimal measurement designs as well as

the system performance. We first consider the case of ℓ2-norm constraint which is

relevant to the fixed measurement energy in a radio frequency (RF) system:

∑

i,j

[P]2i,j = Tr(PTP) = E. (3.6)

When a sequential measurement architecture is considered where the measurement

vector is a the collection of individual measurement outcomes made by a series of

projection matrix P(k), the corresponding ℓ2-norm constraint enforces a finite total
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energy
∑K

k=1Ek = E where Ek = Tr(P(k)TP(k)) such that the average sensing

energy per measurement batch decreases proportionally with the number of mea-

surement batches (K). An important question arises from such a sensing energy

constraint is that is there a trade-off between the adaptivity advantage and the mea-

surement fidelity. To answer that question, let us first consider a sequential measure-

ment design with no adaption (i.e. repeat the same projection vector). Assuming

that ||~P ||2ℓ2 = E, we formulate the experiment as

~g =




g1
...

gM



=




~P T/
√
M

...

~P T/
√
M



× ~θ + ~n, ~n ∼ N (~0, IMσ2

n). (3.7)

Now by multiplying the measurement vector ~g with [
√
M · · ·

√
M ] we get the suffi-

cient statistic g′ = ~P T~θ + n′, n′ ∼ N (0, σ2
n). It demonstrates that the measurement

SNR (in terms of sufficient statistic) observed from the sequential measurement pro-

cess is equivalent to that of making a single measurement. In other words, split-

ting the sensing energy resources into multiple identical measurement (with different

weights) does not reduce the measurement fidelity under ℓ2-norm constraint. Fur-

thermore, any static measurement matrix can be implemented from a sequential

measurement process through repeating projection basis. For example,

~g =




g1,1
...

g1,M1

g2,1
...

g2,M2




=




~P T
1 /

√
M1 +M2

...

~P T
1 /

√
M1 +M2

~P T
2 /

√
M1 +M2

...

~P T
2 /

√
M1 +M2




× ~θ + ~n, ~n ∼ N (~0, IM1+M2σ
2
n) (3.8)
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is equivalent to measurement matrixP = [
√

M1

M1+M2

~P1

√
M1

M1+M2

~P2]
T . We will see later

that this is not the case for the photon-count constraint. We also want to emphasize

that ℓ2-norm constraint is non-physical to incoherent optics even though it has been

applied in most of the recent research in compressive imaging community.

For passive imaging systems, the photon-count constraint enforces the fact that

the number of incident photon at the detector can only be less than or equal to that

in the collection aperture. Now we define the photon-count constraints with respect

to two measurement architectures: parallel and sequential. In the case of a parallel

architecture, the photon-count constraint for a M-D compressive measurement can

be expressed as

max
j

M∑

i=1

|Pi,j| ≤ 1. (3.9)

The maximum column sum is assumed to be always less than one because we can not

create gain from a passive optical system. For a sequential architecture, that acquires

one measurement at a time, as in the a single pixel camera [51], since the incident

rate of photon is constant, as we uniformly divide the exposure time into M single

measurements. Thus the corresponding physical constraint for this measurement

structure can be expressed as

max
j

|Pi,j| ≤ 1/M, ∀i ∈ 1 · · ·M. (3.10)

The distinct difference between the ℓ2-norm constraint and the photon-count con-

straint is the measurement SNR penalty increasing with M . Using the same idea as

for ℓ2-norm constraint, we isolate the influence of increasing M by turning off the

adaptivity in the sequential measurement design. Without loss of generality, con-

sider a projection vector ~P T that satisfies photon-count constraint (i.e. ||~P ||∞ = 1).

We again formulate a sequential measurement experiment that repeats ~P as the
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projection vector.

~g =




g1
...

gM



=




~P T/M
...

~P T/M



× ~θ + ~n, ~n ∼ N (~0, IMσ2

n). (3.11)

Multiplying by a unity vector (i.e. ~1) on both sides of the measurement equation,

we obtain the sufficient statistic as g′ = ~P T~θ + n′, n′ ∼ N (0,Mσ2
n) where the noise

variance is scaled by M . This example shows that in contrast to ℓ2-norm constraint,

where the measurement SNR is conserved for a sequence measurement, in the case

of photon-count constraint there is an additional SNR penalty proportional to M ,

for breaking a single measurement basis into M repeated measurements in the pres-

ence of Gaussian noise. This property also implies that the parallel measurement

design tends to have more efficient photon utilization in matrix-wise photon-count

constraint defined in Eq. (3.9) relative to the corresponding sequential measure-

ment implementation. For example, given that ||~Pi||∞ = 1, i = 1, 2, a sequential

measurement process with row-wise photon-count constraint described as

~g =




g1,1
...

g1,M1

g2,1
...

g2,M2




=




~P T
1 /(M1 +M2)

...

~P T
1 /(M1 +M2)

~P T
2 /(M1 +M2)

...

~P T
2 /(M1 +M2)




× ~θ + ~n, ~n ∼ N (~0, IM1+M2σ
2
n). (3.12)

is equivalent to parallel measurement ~g =
[
M1/(M1+M2)~P1

M2/(M1+M2)~P2

]
~θ +

[√
M1n√
M2n

]
which results

in worse system performance relative to a parallel measurement design, providing

that ~g =
[
M1/(M1+M2)~P1

M2/(M1+M2)~P2

~θ
]
+ C~n, where ~n ∼ N (~0, I2σn) and C ≤ 1 denotes the
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corresponding maximum column sum defined in Eq. (3.9).

3.2 Information Optimal Static Design

The adaptive compressive measurement matrix design we present in this section

is based upon our previous work in static measurement design [47]. We start by

briefly reviewing this information-theoretical design framework. After that review,

we present a computationally efficient algorithm to compute an approximate solution

that enables us to scale the measurement design to larger dimensions. The optimal

designs for ℓ2-norm and photon-count constraints are considered separately and we

will examine and analyze the reconstruction performance as a function of the degree

of sparsity with respect to different design constraints.

3.2.1 ℓ2-norm Design Constraint

Given the imaging model in Eq. (3.1), the most informative static measurement

matrix, denoted by PSl2, is the one that maximizes the Shannon mutual information

J(~θ;~g), between the sparse coefficients ~θ and the measurements ~g subject to the

ℓ2-norm constraint defined in Eq. (3.6)

PSl2 = argmax
P

J(~g; ~θ) = argmax
P

h(~g) s.t.
∑

i,j

[P]2i,j = E, (3.13)

where h denotes the Shannon differential entropy. These two objective functions are

equivalent because we assume that the measurement noise ~n and the sparse represen-

tation ~θ are statistically independent. As the closed-form expression of the differential

entropy h(~g) can not be readily found for non-trivial distributions, our previous work

[47] employs a fast k-D partitioning algorithm [39] to estimate the differential en-

tropy. As a non-parametric method, it employs the samples of measurement vector
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~g to form an empirical density function, however, the number of samples required

to sufficiently describe the measurement density p(~g) grows exponentially with the

measurement dimension M . To address this complexity issue, instead of solving Eq.

(3.13), we find the approximate solution through the following steps: 1) we first as-

sume a uniform energy allocation through M measurements and determine the first

row of the measurement matrix ~P T
1 by maximizing the differential entropy of the

associated measurement h(g1). This optimization problem is formulated as

~P ∗
1 = argmax

~P1

h(~P T
1

~f + n1) s.t. ||~P1||22 =
E

M
. (3.14)

2) To determine the ith row of the measurement matrix ~Pi, i ∈ 1 · · ·M , we maximize

the differential entropy of the ith measurement and impose orthogonality with respect

to previous i− 1 rows that have been already designed.

~P ∗
i = argmax

~Pi

h(~P T
i

~f + ni) s.t. ||~Pi||22 =
E

M
, ~Pi ⊥ P(i−1), (3.15)

where we denote that P(i−1) = [~P1 · · · ~Pi−1]. Note that the orthogonality constraint

minimizes the redundancy between M measurements. This approximate design met-

ric only requires the evaluation of the differential entropy of 1-D signal gi at a time,

where the empirical distribution can be estimated with reasonable computational

complexity and the overall computational complexity of designing M measurement

is O(M), instead of exponential scaling in M . Moreover, in our previous work [47],

we observe that maximizing the differential entropy for a single measurement leads

to a maximum-incoherent measurement basis under ℓ2-norm constraint [14] which is

a sufficient condition for getting an accurate sparse recovery. However, as we shown

in [47], the information-optimal design leads to a non-uniform energy allocation for

a non-uniform object prior. This motivates the final step of the approximate design:

3) We scale the resulting optimized projection vectors P∗ = [~P ∗
1

~P ∗
2 · · · ~P ∗

M ]T with
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a diagonal matrix Λ

PSl2 ≈ ΛP∗, (3.16)

where the diagonal elements in the scaling matrix Λ = diag(
√
λi) is defined as

λi = (ν − σ2
n

σ2
i

)+,
∑

i

λi = M, (3.17)

where σ2
i = ~P ∗T

i Σf
~P ∗
i and Σf denotes the covariance of ~f . The scaling matrix is

known as water-filling solution which provides the optimal energy allocation for a

parallel Gaussian channel under ℓ2-norm constraint. In other words, we assume P∗ ~f

forms a uncorrelated Gaussian distribution N (~0, diag(σ2
i )). The difference between

our work and [29] is the choice of measurement basis P∗ where [29] uses principal

components as measurement basis which is only optimal for the object following a

multivariate Gaussian distribution. Note that in the case the object does follow a

multivariate Gaussian prior, i.e. ~f ∼ N (~µf ,Σf ), it can be shown that our design

framework yields the same result as [29] due to the fact that P∗ converges to first

M eigenvectors of Σf (principal component basis of ~f). However, since the Gaussian

assumption is incapable of representing the sparse/compressible nature of scene,

thus, out design framework’s applicability or extension to incorporate non-Gaussian

statistics is significant.

3.2.2 Photon-count Design Constraint

Similar to the case of ℓ2-norm energy constraint in Eq. (3.13), the optimization

problem for the information-optimal measurement design subject to photon-count

constraint can be formulated as:

PSPC = argmax
P

h(~g) s.t. max
∑

i

|[P]i,j| ≤ 1, ∀j, (3.18)



90

where we denote the information-optimal measurement matrix, subject to photon-

count constraint, PSPC. The design procedure to determine the approximate solution

is slightly different from the case ℓ2-norm constraint because the row-wise scaling

described in Eq. (3.16) changes the maximum column sum (although the total

energy is preserved). Simply normalizing the ℓ2-norm design by maximum column

sum PSl2/maxj
∑

i[PSl2]i,j usually leads to inefficient photon utilization. To address

this issue, we consider rotating the ℓ2-norm design (in column space) with a unitary

matrix U (UTU = UUT = IM) before the normalization.

P = UPSl2/max
j

∑

i

[UPSl2]i,j, UUT = IM . (3.19)

Note that without this normalization, rotating the measurement space does not

affect the measurement fidelity in terms of information gain. The statement can be

proved by following data processing inequality and applying the fact that the unitary

transform of i.i.d Gaussian is i.i.d. Gaussian (i.e. ~n ∼ N (~0, σ2
nIN ), U~n, UT~n ∼

N (~0, σ2
nIN )

J(P~f + ~n; ~f) ≥ J(U(P~f + ~n); ~f)

= J(UP~f + ~n; ~f) ≥ J(UT (UP~f + ~n); ~f)

= J(P~f + ~n; ~f).

Now the mutual information associated with the measurement matrix P can

be written in terms of that obtained by PSl2 as J(~θ;~g|P) = J(~θ;~g|PSl2) −
C logmaxj

∑
i[UPSl2]i,j . Thus the measurement design objective becomes to min-

imize the maximum column sum of the rotated ℓ2-norm measurement matrix with

respect to the rotation U.

U∗ = min
U

max
j

∑

i

[UPSl2 ]i,j, s.t. UUT = IM . (3.20)
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We solve this non-linear optimization problem by a gradient descend method. Fi-

nally, we project the rotation-optimal ℓ2-norm design back to the constraint surface,

denoted by O1, to obtain the approximate solution for information-optimal static

design with photon-count constraint.

PSPC ≈ O1(U
∗PSl2). (3.21)

3.3 Simulation Results: Static Design

We use a simulation study to verify the approximate solution for information-optimal

static measurement design. Two types of synthetic objects are used in this study

which follow uniform (σ2
θ1

= σ2
θ2

= · · · = σ2
θN
) and non-uniform (σ2

θ1
> σ2

θ2
> · · · =

σ2
θN
) GBM distributions. We also denote the average sparsity by K = qN where

q is the probability of θi being significant defined in Eq. (5). We quantify the

performance for each static design by root of mean squared error (RMSE) with

respect to a minimum mean squared error (MMSE) estimation.

RMSE =

√
E~θ[||~θ − ~̂θ||22], ~̂θ = E~θ|~g[

~θ]. (3.22)

As a closed-form expression of the MMSE estimation E~θ|~g[
~θ] cannot be readily found,

we employ Monte Carlo method to approximate the posterior mean:

E~θ|~g[
~θ] =

∫
p(~z|~g)E~θ|~g,~z[

~θ]d~z ≈ 1

T

T∑

t=1

Λ~z tPT (PΛ~z tPT + Iσ2
n)

−1~g, (3.23)

where ~z t is the tth sample drawn from the conditional distribution p(~z|~g) and Λ~z t ∈
R

N×N is a diagonal matrix with ~z t at the diagonal elements. We resort to Gibbs

sampler which generates such samples sequentially through a series of conditional
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distribution.

· · · → p(zti |~g, zt[N ]\i) → p(zti+1|~g, zt[N ]\i+1) → · · ·

· · · → p(ztN |~g, zt[N ]\N) → p(zt+1
1 |~g, zt+1

[N ]\1) → · · · , (3.24)

where zti is the ith element of the tth sample of ~z and denote that z[N ]\i =

[z1, · · · , zi−1, zi+1, zN ]. The performance is evaluated for ℓ2-norm and photon-

count constraints in the following subsections. Given the sensing energy E defined

in Eq. (3.6), assuming ||~f ||2ℓ2 = 1, the measurement SNR is defined as E/σ2
n. Without

losing generality, we choose E = 1 for the following simulation study.

3.3.1 Performance Under ℓ2-norm Constraint

We start by considering sparse/compressible objects with N = 64, K = 4, i.e. four

significant coefficients on average. Daubechies 4 wavelets with 2 levels of decom-

position is employed to generate the sparse/compressible representation basis. Fig.

3.1 shows the reconstruction error for the approximate information-optimal static

measurement design, principal component (PC) measurement basis with water-filling

[29], random projections, minimum mutual coherence designs [26] and conventional

sensing for (a) uniform and (b) non-uniform (σ2
θi

∝ 2−i) GBM objects. Random

projection matrix denerated by i.i.d. Gaussian random number is rescaled to satisfy

the design constraint. Given the representation basis W, minimum mutual coher-

ence projection design [26] minimizes the maximum similarity between the columns

of PW

µ(P) = max
i 6=j

|~dTi ~dj|
||~di||ℓ2||~dj||ℓ2

, D = PW, (3.25)

where ~di denotes the ith column of D. Conventional sensing produces measure-

ments through isomorphic mapping (i.e. P = IN/
√
N) or equivalently, P =
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only considering signal sparsity (Random, minimum coherence) increases.
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Figure 3.1: Reconstruction error for (1) random projections, (2) minimum coherence,
(3) PC basis with water-filling, (4) information-optimal designs, and (5) conventional
sensing (isomorphic mapping), with ℓ2-norm constraint, as a function of number of
measurements, M , for 20dB SNR. GBM prior with (a) uniform variance model and
(b) non-uniform variance model, K = 1.
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Figure 3.2: Energy allocation ||P~wi||2ℓ2 for random projections, PC basis with water-
filling, minimum coherence and information-optimal measurement matrices with to-
tal number of compressive measurements M = 16, for 20dB measurement SNR.
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Figure 3.3: Reconstruction error for random projections, PC basis with water-filling,
minimum coherence, information-optimal designs, and conventional sensing (isomor-
phic mapping), with ℓ2-norm constraint, as a function of number of measurements,
M , for two measurement SNR. GBM prior with non-uniform variance model, K = 1.
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Figure 3.4: Reconstruction error for random projections, PC basis with water-filling,
minimum coherence, information-optimal designs, and conventional sensing (isomor-
phic mapping), with ℓ2-norm constraint, as a function of number of measurements,
M , for 20dB measurement SNR. GBM prior with non-uniform variance model with
K = 1, 8.

3.3.2 Performance Under Photon-count Constraint

We repeat the simulation study for the photon-count constraint using (1) random,

(2) minimum coherence, (3) PC with water-filling, (4) information-optimal designs,

and (5) conventional sensing. To maximize photon-usage, i.e.
∑

i |P|i,j = 1, ∀j,
we construct random projections with independent Bernoulli random variables

Pi,j ∈ {± 1
M
}. For the minimum coherence design, we normalize each column by ab-

solute column sum to maintain the separation between each columns. Conventional

measurements are expressed by an identity measurement matrix P = IN instead of

unitary matrix. For PC basis with water-filling, we project the ℓ2-norm design to
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the photon-count constraint surface as suggested in Ref. [52]. Fig. 3.5 shows that

the information-optimal design outperforms other static designs except conventional

sensing for both uniform and non-uniform object prior by exploiting the object prior

and implementing appropriate design constraint. Quantitatively, the information-

optimal design reduces the reconstruction error by 48%, 42% and 23% relative to

random projections, minimum coherence design and PC basis with water-filling, re-

spectively, at M = 16 for the non-uniform object prior. The reconstruction error for

random projections and minimum coherence design are not monotonic in number of

measurements M due to the trade-off between measurement SNR and the feature

diversity. Recall that as described in Sec. 3.1.2 increasing number of measurements

M results in a lower photon budget for each measurement. Conventional sensing,

however, makes parallel measurements using all available photons that results in a

higher measurement SNR. Due to this fact, we observe that the performance differ-

ence between conventional sensing and other static design becomes more significant

in photon-count constraint relative to ℓ2-norm constraint. For non-uniform prior,

PC basis with water-filling obtains a worse reconstruction performance at high com-

pression ratio M ≪ N due to its inability to exploit signal sparsity. It starts to

outperform random projections and minimum coherence design as M increases as it

is able to incorporate the non-uniform prior model into measurement design. In Fig.

3.6, the performance gap between conventional sensing and information-optimal de-

sign reduces as SNR decreases due to the multiplexing advantage. Fig. 3.7 shows the

reconstruction performance for two levels of signal sparsity. For a relatively sparse

object (K = 1), random projections, minimum coherence and information-optimal

design obtain a faster reduction in reconstruction error with increasing M at a high

compression ratio (M ≪ N) relative to PC with water-filling due to the higher

coherence that is relevant for sparse object.
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Figure 3.5: Reconstruction error for (1) random projections, (2) minimum coherence,
(3) PC basis with water-filling, (4) information-optimal designs, and (5) conventional
sensing (isomorphic mapping), with photon-count constraint, as a function of number
of measurements, M , for 20dB SNR. GBM prior with (a) uniform variance model
and (b) non-uniform variance model.
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Figure 3.6: Reconstruction error for (1) random projections, (2) minimum coherence,
(3) PC basis with water-filling, (4) information-optimal designs, and (5) conventional
sensing (isomorphic mapping), with photon-count constraint, as a function of number
of measurements, M , for two measurement SNRs. GBM prior with non-uniform
variance model.
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Figure 3.7: Reconstruction error for (1) random projections, (2) minimum coherence,
(3) PC basis with water-filling, (4) information-optimal designs, and (5) conventional
sensing (isomorphic mapping), with photon-count constraint, as a function of number
of measurements, M , for 20dB measurement SNR. GBM prior with non-uniform
variance model with two levels of sparsity, K = 1, 8.

3.4 Information-Optimal Adaptive Design

So far we have shown that the approximate information-optimal measurement matrix

achieves better reconstruction performance by exploiting the object prior informa-

tion. For this design, the measurement matrix remains fixed or static during the

measurement process. However, when we allow adaptivity, we have ability to adapt

the measurement matrix based on past measurements. More specifically, incorporat-

ing the additional information about the object inferred from the past measurements

enable us to design a more efficient measurement matrix for future measurements.
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Figure 3.8: Adaptive measurement procedure

In the following sections, we first provide a mathematical model for the adaptive

measurement design and the associated information-optimal design framework.

3.4.1 Adaptive Measurement Design Framework

We first consider a sequential measurement process, where the kth measurement can

be expressed as

~g(k) = P(k)~f + ~n, (3.26)

where P(k) represents the kth measurement matrix which produce measurement

vector ~g(k). Given this measurement model, Fig. 3.8 describes the adaptive mea-

surement process via a block diagram. After collecting the kth measurement, we infer

the information about the sparse/compressible object ~θ from previous measurements

{~g(1) · · ·~g(k)} and exploit it for the design of the next measurement matrix P(k+1).

From a Bayesian’s perspective, the “learning” step can be viewed as the posterior

(distribution of the object conditioned on the previous measurements) which is up-

dated after each measurements through Bayes’ rule:

p(~θ|~g(1) · · ·~g(k),P(1) · · ·P(k)) =
p(~g(1) · · ·~g(k)|~θ,P(1) · · ·P(k))p(~θ)

p(~g(1) · · ·~g(k)|P(1) · · ·P(k))
(3.27)

Note that the prior knowledge p(~θ) and the likelihood of the object according to the

measurements p(~g(1) · · ·~g(k)|~θ,P(1) · · ·P(k)) is embedded in the posterior. Exploit-
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ing this updated knowledge, the most informative measurement design for P(k + 1)

can be obtained by maximizing the “conditional” mutual information between ~θ and

~g(k + 1)

P∗(k + 1) = argmax
P

J(~θ;~g(k + 1)|~g(1) · · ·~g(k))

= argmax
P

h(~g(k + 1)|~g(1) · · ·~g(k))

s.t. Design Constraint (3.28)

where h(~g(k + 1)|~g(1) · · ·~g(k)) is the differential entropy of the (k + 1)th measure-

ment conditioned on previous k measurements. The numerical method solving this

non-linear optimization problem is described in Secs. 3.2.1 and 3.2.2 for ℓ2-norm and

photon-count constraints, respectively. The conditional density required for the en-

tropy calculation p(~g(k+1)|~g(1) · · ·~g(k)) are empirically estimated through sampling

~g(k + 1)|vecz where ~z is given in Eq. (3.24)

~g(k + 1)t ∼ P(k + 1)W~θt + ~n (3.29)

~θt ∼ N (~µt,Σt) (3.30)

~µt = ΣtPT~g/σ2
n (3.31)

Σt = (PTP/σ2
n + diag(~z t)−1)−1 (3.32)

where ~g/P is the measurement vector/matrix consisting of previous measurement

vectors/matrices ~g(1) · · ·~g(k)/P(1) · · ·P(k). To provide a better understanding of

the relationship between the learning and adapting, we show a realization of the

adaptive measurement process for an N = 64 dimensional uniform variance GBM

object in Fig. 3.9. Each curve in Fig. 3.9(a) represents the posterior variance

V ar(θi|~g), i ∈ 1 · · ·N as a function of number of measurements k and Fig. 3.9(b)

displays a realization of the sparse object and the associated adaptive measurement
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(a)

(b)

Figure 3.9: An example of the evolution of (a) the information-optimal adaptive
projection and (b) the element-wise posterior variance.

matrix P(k) ∈ R
1×N arranged lexicographically into 8× 8 blocks. The element-wise

posterior variance V ar(θi|~g) represents the uncertainty within each sparse coeffi-

cient θi which is updated for every new measurement. We observe that after certain

number of measurements (k > 7) on average, two of the unknown coefficients have

posterior variance that is significantly higher than others. The measurement matrix

adapts to this posterior and allocates the sensing resource to measure these sparse

coefficients with the larger posterior variance. Moreover, once the significant com-

ponent being identified the repetition in adaptive measurement matrix occurs to
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improve the measurement SNR.

3.4.2 Batch Adaptive Design

Given the total number of measurements M , an adaptive design with batch size L

makes L measurements at a time with measurement matrix P(k) ∈ R
L×N . For a

finite sensing budget, the design constraint assumes a uniform energy/photon allo-

cation within each measurement batch. More specifically, given the total sensing

energy E, the ℓ2-norm constraint for a batch adaptive design with batch size L is

expressed as Tr(PPT ) = E(L/M) whereas photon-count constraint specifies that no

more than L/M fraction of photons incident at aperture can be utilized towards the

measurement on the detector array within each batch. Mathematically, the absolute

value of each columns adds up to L/M :

max

L∑

i=1

|P(k)i,j| ≤ L/M, ∀j, k (3.33)

Note that for both design constraints with the maximum batch size L = M , results

in elimination of adaptivity and thus the adaptive design is equivalent to a static

design with M measurements.

3.5 Simulation Results: Adaptive Design

Now we provide a quantitative assessment to the batch adaptive design for the syn-

thetic sparse/compressible objects generated by GBM model with uniform and non-

uniform variance relative to the information-optimized static design and conventional

sensing. Here the “Opt. Static” represents the static design described in Sec. 3.2

(or equivalently, batch adaptive design with maximum batch size L = M). The
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relationship between the batch size and the reconstruction performance in terms of

design constraint will also be analyzed.

3.5.1 ℓ2-norm Design Constraint

We start by considering a N = 64 (8 × 8) dimension object modeled by the GBM

distribution with the average sparsity K = 4 in the representation basis W, which

is Daubechies 4 wavelets with 2 levels of decomposition. The definition of SNR

and RMSE as well as the details of reconstruction algorithm are described in Sec.

3.3. Fig. 3.10 shows the reconstruction RMSE as the function of total number

of measurement M for uniform and non-uniform GBM objects. For both cases,

the batch-wise information-optimal adaptive design outperforms static design by

incorporating additional information from the measurements. For example, at M =

16, the adaptive design reduces RMSE by 45% and 17% from the static design with

uniform and non-uniform priors, respectively. This result agrees with our intuition

described in Sec 3.1.2 that for ℓ2-norm constraint, decreasing batch size increases

the adaptivity advantage while preserving the measurement SNR and thus improves

the overall reconstruction accuracy. The performance gap between the adaptive and

static designs is more profound for uniform GBM object relative to non-uniform

object prior. It is due to the fact that higher object uncertainty (e.g. h(~θ)/N =

−5.4 [nats] for uniform variance object versus GBM h(~θ)/N = −23.8 [nats] in non-

uniform variance case) provides a greater opportunity for adaptation and therefore

larger improvement. Information-optimal adaptive requires fewer measurements to

achieve the same reconstruction accuracy as achieved by conventional sensing. Fig.

3.11 shows the performance comparison for two measurement SNRs with uniform-

variance object prior. The adaptivity advantage becomes more significant in high



107

SNR regime as the performance gap between adaptive design with L = 1 and static

design at M = 18 gets a 2x improvement at 50dB SNR relative to 20dB SNR.

This is because improving the accuracy of the measurement accelerates the adaptive

learning/inference. Fig. 3.12 shows the reconstruction performance for the objects at

two levels of sparsity. Surprisingly, the adaptivity advantage does not increase with

increasing object uncertainty through K. Intuitively, higher source entropy should

results in greater improvement, with respect to static design, as adaptive design has

more opportunity to learn from the measurements. However, we should point out

that the optimality of the static measurement improves as K approaches to N (i.e.

dense prior) that ultimately reduces the performance gap.
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Figure 3.10: Reconstruction error for the batch information-optimal adaptive design
with batch size L = 1, 4, 8 relative to the information-optimal static design, and
conventional sensing, with l2-norm constraint, as a function of number of compressive
measurements, M , for 20dB measurement SNR. GBM prior with (a) uniform variance
model and (b) non-uniform variance model, K = 4.
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Figure 3.11: Reconstruction error for the batch information-optimal adaptive design
with batch size L = 1, 4, 8 relative to the information-optimal static design, and
conventional sensing, with l2-norm constraint, as a function of number of compressive
measurements, M , for two measurement SNRs. GBM prior with uniform variance
model, K = 4.
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Figure 3.12: Reconstruction error for the batch information-optimal adaptive design
with batch size L = 1, 4 relative to the information-optimal static design, with l2-
norm constraint, as a function of number of compressive measurements, M , for 20dB
measurement SNR. GBM prior with uniform variance model, K = 1, 4.

3.5.2 Photon-count Design Constraint

Recall that in Sec. 3.1.2 we have shown that for the photon-count constraint, the

measurement SNR is no longer conserved with increasing measurement count M . In

other words, for a fixed photon budget, increasing the number of measurements may

increase the adaptive advantage but it also leads to a lower measurement SNR. Thus,

the optimal batch size may depend on the measurement noise level. In the low SNR

regime, where the measurement is SNR-limited, lower photon splitting (large L) is

preferred as it increases the measurement SNR per measurement batch. Conversely,

in the other extreme, where high photon budget is considered, the measurement
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becomes diversity-limited such that the performance should benefits from increasing

adaptive learning. Fig. 3.13 shows the reconstruction error for the batch information-

optimal adaptive relative to static design as a function of number of measurement

M for uniform/non-uniform GBM objects. For M ≪ N (high compression ratio),

the degradation in measurement SNR due to splitting photon budget is not severe

such that choosing a smaller batch size increase the adaptivity advantage and thus

leads to a better reconstruction performance. The optimal batch size increases with

increasing number of measurements M in order to reduce the SNR penalty caused by

photon splitting. The reconstruction error for a non-uniform GBM with adaptive de-

sign L = 1 does not monotonically decreases with increasing M . This indicates that

the effect of photon inefficiency due to splitting budget becomes more profound for

a non-uniform GBM object relative to uniform one. To understand this further, we

must recall that the optimal static design demonstrates a non-uniform energy allo-

cation which usually allocates more weights on measuring high-variance components

(e.g. water-filling). Therefore, an equivalent way to implement this non-uniform

energy allocation for the batch adaptive design with equal sensing budget within

each batch is by repeating measurements of the high-variance components as shown

in Fig. 3.9, which is SNR-inefficient in the presence of photon-count constraint as

we explained in Sec. 3.1.2. This observation also helps us understand the effect of

measurement noise strength. We begin by considering high SNR limit with σ2
n = 0.

In this extreme only the direction of the measurement basis (i.e. row of P) matters

and any non-zero energy/photon allocation is optimal. Therefore, it implies that as

SNR increases (approaches infinity), the performance degradation caused by ineffi-

cient photon splitting becomes insignificant. We find this argument agrees with the

results shown in Fig. 3.14, where the deterioration caused by increasing M in a high

SNR regime is not as significant as in a low SNR regime. We also examine the effect
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of batch size on reconstruction accuracy with respect to different sparsity levels. Fig

3.15 shows that the optimal batch size increases faster for a highly sparse (K = 1)

object with increasing M relative to a dense object (K = 4). Again, this behavior

is due to the fact that dense objects represent higher uncertainty that highlights the

adaptive advantage in terms of reducing uncertainty.
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Figure 3.13: Reconstruction error for the batch information-optimal adaptive design
with batch size L = 1, 4, 8 relative to the information-optimal static design, and
conventional sensing, with photon-count constraint, as a function of number of com-
pressive measurements, M , for 20dB SNR. GBM prior with (a) uniform variance
model and (b) non-uniform variance model, K = 4.
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Figure 3.14: Reconstruction error for the batch information-optimal adaptive de-
sign with batch size L = 1, 4, 8 relative to the information-optimal static design,
and conventional sensing, with photon-count constraint, as a function of number
of compressive measurements, M , for two measurement SNRs. GBM prior with
non-uniform variance model, K = 4.

RMSE: Static/Adaptive M = 8 M = 12 M = 16 M = 20
SNR = 20dB 0.672/0.418 0.426/0.365 0.379/0.347 0.343/0.365
SNR = 50dB 0.440/0.392 0.198/0.152 0.118/0.091 0.077/0.052

Table 3.1: Reconstruction RMSE of the optimized static design versus the batch
information-optimal adaptive design with batch size L = 4, for four different number
of measurements, at two noise levels. GBM prior with non-uniform variance model,
K = 4. Design with lower RMSE appears in bold.



115

Number of measurements - M
0 4 8 12 16 20 24 28 32

R
ec
o
n
st
ru
ct
io
n
R
M
S
E

0.4

0.6

10 0

2

4

6

10 1
Opt. Static (Adaptive, L = M)
Adaptive, L = 1
Adaptive, L = 4
K = 1
K = 4

Figure 3.15: Reconstruction error for the batch information-optimal adaptive design
with batch size L = 1, 4 relative to the information-optimal static, with photon-
count constraint, as a function of number of compressive measurements, M , for
20dB measurement SNR. GBM prior with uniform variance model, K = 1, 4.

3.6 Natural Scene Reconstruction

So far we have examined the information-optimal adaptive/static design using syn-

thetic objects that are directly generated from the sparse/compressible prior model.

In other words, it represents the ideal case where there is no model mismatch. How-

ever, the distribution of natural scenes may not exactly follow the GBM distribution

in any sparse representation basis. In image processing community, DCT and wavelet

basis capturing the global/spatial frequency are the most widely used representation

basis because of high computational efficiency. The overcomplete basis formed by

the shift-invariant variation of wavelets is known as the most effective algorithm
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employed in natural scene denoising/debluring/inpainting. Recently, data-driven

dictionary basis associated with sparse recovery algorithms have shown a good per-

formance [56, 45] in such inverse problems. In the following simulation study, we

exploit the dictionary training algorithm proposed by [45] to model the underlying

sparse feature of natural scene within a 8 × 8 image block (N = 64) through a 4×
overcomplete dictionary basis W ∈ R

N×4N . We use the EM algorithm to fit a non-

uniform variance GBM model to the distribution of the sparse coefficient observed

from a training set. Three measurement designs are considered in this study which

include random projections and information-optimal static, and adaptive designs

subject to the photon-count constraint.

Fig. 3.16 shows an example of image reconstruction with random projections,

information-optimal static and information-optimal batch adaptive design as a func-

tion of compression ratio N/M with 2% noise in dynamic range [0, 255]. The visual

quality improves as compression ratio is reduced. The information-optimal static

design significantly improves upon the performance of random by exploiting prior

knowledge, whereas the adaptive design obtains a further improvement by extract-

ing additional information from the measurements. The tradeoff between adaptive

advantage and measurement SNR is shown in Fig. 3.17 where choice of a large batch

size L = M results in a better reconstruction performance in a low SNR regime (5%

noise). As the SNR increases, the adaptive advantage starts dominating the perfor-

mance so that the adaptive design with batch size L = 4 provides a better visual

quality with 2% noise relative to L = M . Image reconstructions for various objects

are presented in Figs. 3.18, 3.19. We can observe that the information-optimal adap-

tive design demonstrate a decent or reasonable reconstruction image quality across

a variety of objects.
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(a)

(b) (c) (d)

(e) (f) (g)

(h) (i) (j)

Figure 3.16: Test image 1 (a) and reconstructions at 7x (b-d), 5x (e-g) and 4x
(h-j) compression with 2% measurement noise obtained through (b,e,h) random pro-
jections, (c,f,i) information-otpimal static, and (d,g,j) information-optimal adaptive
with batch size L = 2.
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Measurement design → Random Info. Opt. Info. Opt.
Compression ratio ↓ projections Static Adaptive (L = 2)

7x (M = 9) 20.70 dB 22.75 dB 23.85 dB

5x (M = 13) 21.48 dB 23.36 dB 25.09 dB

4x (M = 16) 22.13 dB 24.04 dB 25.49 dB

Table 3.2: Average reconstruction PSNR (averaged over five test images and mea-
surement noise) for each candidate projection design at three different compression
ratio and 2% measurement noise (34dB PSNR). Design with higher reconstruction
accuracy appears in bold.
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(a)

(b) (c) (d)

(e) (f) (g)

Figure 3.17: Test image 1 (a) and reconstructions at 5x compression with 2% (b-d)
and 5% (e-g) measurement noise obtained through (b,e) information-otpimal static,
(c,f) information-optimal adaptive with batch size L = 4, and (d,g) information-
optimal adaptive with batch size L = 2.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Figure 3.18: Test image 2, 3 and 4 (a-c) and reconstructions at 7x compression with
2% measurement noise obtained through (d-f) random projections, (g-i) information-
optimal static design, and (j-l) information-optimal adaptive with batch size L = 2.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Figure 3.19: Test image 2, 3 and 4 (a-c) and reconstructions at 7x compression with
5% measurement noise obtained through (d-f) random projections, (g-i) information-
optimal static design, and (j-l) information-optimal adaptive with batch size L = 2.
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3.7 Conclusion

We have presented an adaptive compressive measurement design for image formation

tasks. Exploiting an information-theoretic framework, the proposed design is able

to incorporate the prior knowledge about the object and extract additional infor-

mation from the past measurements subject to the desired physical constraint. We

have developed a computationally efficient algorithm to optimize the static/adaptive

measurement basis toward to goal of maximizing Shannon mutual information. Two

design constraints: ℓ2-norm and photon-count constraints are considered in this sec-

tion which lead to distinct impact on the trade-off between adaptive advantage and

measurement fidelity. We show that for ℓ2-norm constraint, where the measurement

SNR is preserved against energy resource splitting, the reconstruction performance

monotonically improves by increasing the number of adaptive measurement M . In

contrast, in the case of photon-count constraint, where additional SNR penalty in-

creases with M , there exist an optimal batch size (or equivalently, the number of

measurement batches) determined by measurement noise strength and the skewness

of object prior. For example, in the low SNR regime, where the measurement is SNR-

limited, lower photon splitting (large L) is preferred as it increases the measurement

SNR per measurement batch. Conversely, in the other extreme, where high photon

budget is considered, the measurement becomes diversity-limited such that the per-

formance should benefits from increasing adaptive learning. We also observe that for

a non-uniform GBM object, the reconstruction accuracy does not monotonically im-

proves with increasing M due to the inefficiency caused by repeating measurements

of the high-variance components. We also validate the information-optimal adaptive

measurement design through a nature scene reconstruction task. We have shown

that with a proper choice of batch size, the adaptive design improves the reconstruc-
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tion image quality relative to random projections and the information-optimal static

design.
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CHAPTER 4

INFORMATION OPTIMAL NON-GREEDY ADAPTIVE COMPRESSIVE

IMAGING: FACE RECOGNITION TASK

In Chapter 3 we demonstrated that when we consider adaptation in a sequential

measurement process, we can incorporate information from previous measurements

in the design of next measurement. This adaptive measurement design can yield

significant performance improvement compared to the static measurement design

that remains fixed during measurement process. We have observed that, however,

the current uniform resource allocation strategy leads to the performance trade-off

between measurement fidelity and adaptivity/learning advantage in the presence of

photon-count design constraint. To our knowledge, the majority of work on exist-

ing adaptive measurement design is formulated in a ”greedy” method: where the

measurement basis/kernel is optimized to maximize the immediate expected system

performance given a “preferred” resource allocation strategy which is either uniform

or based on empirical observation [49, 50, 53, 57, 58]. In this chapter we present a

non-greedy adaptive compressive measurement design with application to a C-class

face recognition task. While a greedy adaptive design aims to optimize the per-

formance on the next measurement based on previous measurements, a non-greedy

adaptive approach aims to utilize past measurements to maximize the system per-

formance over all future measurements. To develop a non-greedy adaptive design

framework, we formulate the sequential measurement process as a Markov decision

process (MDP) problem and derive the equivalent information-theoretic step-wise

system performance measure referred as a “reward”.
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4.1 Measurement Tree Representation

We begin with a simple example to briefly highlight the key differences between

three different measurement designs: static, greedy adaptive and non-greedy adap-

tive. Mathematically, a sequential measurement process can be represented by the

following equation

gm = Pm(f) + n, m = 1 · · ·M (4.1)

where f is the unknown object, Pm ∈ P denotes the mth action or projection that

maps object domain a measurement and gm represents the mth measurement cor-

rupted by additive measurement noise n. Given a set of available actions/projections

P = {P 1, · · ·PA} and possible object realization f ∈ {f 1 · · ·fC}, fig. 4.1 illustrates

a two-step (i.e. M = 2) measurement process described within a tree structure to

represents the hierarchical nature. Each node in the measurement tree represents a

possible state of the experiment representing a unique measurement history up to

the current measurement. More precisely, the state at the mth measurement step is

characterized by all previous projections/measurements:

sm = (g1, P1, g2, P2, · · · , gm, Pm). (4.2)

Note that we can write a recursive expression for the mth state: sm+1 =

(sm, gm+1, Pm+1), where the initial state is represented by an empty set s0 = {φ}.
Let Sm be the state space for the first k measurements such that sm ∈ Sm. The im-

mediate reward produced by acquiring the next measurement gm+1 through an action

Pm+1, for a given state sm, is defined by a reward function Q : Sm × P × R → R.

Typically, in a stochastic decision process the reward may be defined as the expected

performance with respect to the measurement/object distribution such as the aver-

aged face recognition accuracy. As the example in Fig. 4.1, we denote the immediate
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m=0

m=1

m=2

Figure 4.1: Two-level measurement process represented by a measurement tree.
Each node/state serves as a breakpoint that represents a unique measurement his-
tory/path. At the beginning of the process, the state is represented by an empty
set as there is nothing to learn about the unknowns from measurements. Once a
new measurement is observed, the state gets transmitted downward to represents
the accumulation of measurement history. We use {ga1 |f, n1, gb2|f, n2} to denote the
measurement history P a → g1 → P b → g2 with the underlying object f and noise
realizations nm, m ∈ {1, 2}. The colors of the branch represent different choices of
action, P a in Blue and P b in Red. Qa/b represents the expected reward resulting
from action P a/b at a given state.

reward expected from action P a acting on a given state s by Qa = Eg|s,P a[Q(s, P a, g)].

Without loss of generality, we can simplify the problem by assuming |A| = 2, C = 2

and n = 0 (i.e. noiseless observation) for the sake of simplicity. The resulting tree-

structured representations for static and greedy adaptive measurements are shown in

Fig. 4.2 where we use gam|fc to denote the mth measurement that results from action

P a, given the object realization f c. This example illustrates that the static design

is restricted by a pre-determined set of action sequence (i.e. P1 = P a and P2 = P b)

whereas the greedy adaptive design may vary based on state (i.e. the measurement

history) and has the ability to adapt the action that maximizes the step-wise re-

ward. Greedy approach is able to learn from past measurements, however, it does

not take the future state transition into account and therefore becomes suboptimal
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m=0

m=1

m=2

Figure 4.2: Static measurement and greedy adaptive strategy represented by two-
level measurement tree. At each state, the corresponding reward produced by two
distinct actions is specified for the purpose of explanation. The branches with light
color depict the potential alternative actions. Static design employs a pre-determined
action sequence (e.g. P a → g1 → P b → g2) regardless of the measurement history,
whereas the greedy adaptive strategy adopts the state-dependent actions to maximize
the expected one-step reward and could potentially earn higher rewards.

m=0

m=1

m=2

Figure 4.3: Non-greedy adaptive strategy applied to the two-step measurement ex-
ample in Fig. 4.2. The non-greedy approach performs P b as the optimal action for
k = 1 that improves the expected two-step cumulative reward (+25) relative to the
greedy strategy (+15).
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with respect to the reward accumulated over multiple future steps. In other words,

the non-greedy measurement design aims to maximize the long-term, cumulative re-

ward over all measurements. Mathematically, a non-greedy design determines the

mth action in a M-step measurement process by solving the following optimization

problem:

max
Pm+1∈P

Egm+1,··· ,gM |sm[
M∑

m′=k+1

Q(sm′−1, Pm′ , gm′)]. (4.3)

As illustrated in Fig. 4.3, in addition to learning from the past (i.e. state dependent

action), the non-greedy strategy predicts the long-term reward accumulated along

each potential path to the bottom of the measurement tree to account for the impact

of each future action and future state transitions to determine the optimal action

that maximizes expected final reward. In fact, the greedy adaptive design can be

viewed as a special case of the non-greedy adaptive design with reward accumulated

through one measurement (i.e. the next measurement). Note that the non-greedy

approach requires an exhaustive reward evaluation over all future measurements

that appears to be a computationally intractable problem, as the number of possible

future measures grows exponentially with M . However, as we will discuss in the

next section, the complexity can be greatly reduced through a more efficient state

representation under certain assumption.

4.2 Information-theoretic Adaptive Measurement Design Framework

In this section, we will briefly review the information-theoretic frameworks for the

adaptive compressive measurement design in the context of a general object classifi-

cation/recognition task. We begin by considering a sequential measurement process
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represented by M succeeding linear projections

gm = ~P T
m
~f + nm, m ∈ 1 · · ·M, (4.4)

where ~f ∈ R
N represents the object (e.g.

√
N×

√
N scene arranged lexicographically)

and ~Pm is the mth projection associated with the linear feature measurement gm

corrupted by noise nm. For a C-class classification problem with unknown object ~f ∈
{~f 1 · · · ~fC} realized from one of the C hypothesis, the goal is to determine a sequence

of linear projections subject to a given design constraint such that recognition error

over all measurements is minimized. An information-theoretic metric, referred as

task-specific information (TSI), is particularly appealing as it enables us to bound the

probability of error through Fano’s and Renyi’s inequality [66, 65]. Let c ∈ {1 · · ·C}
denote the class label. The objective function for the TSI-based design can be written

as

max
~P1···~PM

J(c;~g) s.t. design constraint, (4.5)

where ~g = [g1 · · · gM ]T represents the measurement vector. Shannon mutual informa-

tion (MI), denoted by J(~g;m), quantifying the amount of information we can learn

about the unknown class variable c, is defined as the entropy reduction by acquiring

measurements ~g

J(c;~g) = Hp(c) −H(c|~g) =
∑

m

J(c; gm|g1 · · · gm−1). (4.6)

Here H(c) denotes the entropy of the discrete class label c. Given probability mass

function p(i) satisfying p(i) ≥ 0,
∑

i p(i) = 1, the corresponding entropy is defined

as: Hp = −∑i p(i) log p(i). The conditional entropy of c given measurements ~g is

written asH(c|~g) = E~g[Hp(c|~g)]. Now by using the chain rule property of MI described

in Eq. (4.6), we can treat MI as the cumulative reward in Eq. (4.3) through the
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equivalent step-wise reward defined as:

Q(gm, ~Pm, sm−1) = Hp(c|sm−1) −Hp(c|sm). (4.7)

This reward function allow us to formulate the sequential measurement process as a

MDP problem and enables the evaluation/optimization of task-specific performance

for any arbitrary measurement strategy. In the following discussion, we will describe

the information-optimal design approach for greedy and non-greedy approaches.

4.2.1 Greedy Adaptive Measurement Design

The primary goal underlying the greedy adaptive design is to choose the next action

that maximizes the immediate reward given the measurement history (i.e. state-

dependent action). Conditioned on a given state sm−1, the next greedy adaptive

action that maximizes an expected one-step reward is obtained by solving the fol-

lowing optimization problem:

max
~Pm

Egm|sm−1 [Q(gm, ~Pm, sm−1)]. (4.8)

One can easily show that, by substituting Eq. (4.7) into Eq. (4.12), the average

reward turns out to be the conditional mutual information J(c; gm|sm−1) that is

consistent with the information-optimal design metric for a classification task [49].

It is always desirable to find a more compact state representation, as the current

definition (described in Eq. (4.2) results in the number of parameters growing with

the number of measurements (k). Let us consider a function T that maps state space

to a transformed domain, T : S → S ′. A type of transformation that results in no

loss of information with respect to underlying unknown parameters is referred as

sufficient statistic. Obviously, the posterior density T (sm) = p(c, ~f |sm) serves such a

purpose as it preserves the entirely of information about the object up to the latest
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measurement. Moreover, the transformed state forms a Markov chain such that the

state transitions at the current and all future steps depends only on the state of

the last measurement, and not on the state of all previous steps. It can be shown

that given a state at the mth step represented as posterior density p(c, ~f |sm), the
next state p(c, ~f |sm+1) is only dependent on the current state and the corresponding

action Pm+1 with the associated measurement gm+1, and can be expressed as (using

Bayes’ rule):

p(c, ~f |sm+1) =
p(g1, · · · , gm+1, c, ~f ; ~P1, · · · , ~Pm+1)

p(g1, · · · , gm+1; ~P1, · · · , ~Pm+1)
(4.9)

=
p(gm+1|c, ~f ; ~Pm+1)p(c, ~f |g1, · · · , gm; ~P1, · · · , ~Pm)∑

c

∫
p(gm+1|c, ~f ; ~Pm+1)p(c, ~f |g1, · · · , gm; ~P1, · · · , ~Pm)d~f

(4.10)

=
p(gm+1|c, ~f ; ~Pm+1)p(c, ~f |sm)∑

c

∫
p(gm+1|c, ~f ; ~Pm+1)p(c, ~f |sm)d~f

. (4.11)

Given the statistical prior represented by the probability density conditioned on the

0th state (i.e. p(c, ~f |s0)), the above derivation illustrates how the uncertainty of the

unknown class variable c gets progressively updated. The posterior from the current

action serves as a updated prior for the next measurement. It is also worth noting

that the dimension of the state space introduced by the Markov chain no longer grows

with the number of steps M , that greatly improves the computational feasibility of

the design of state-dependent actions. Now let bm denote the posterior density of the

unknown class variable c after the mth measurements, (i.e. bm = P (c, ~f |sm)) we can

formulate the objective function for the TSI-based greedy adaptive design in terms

of state bm−1 as

max
~Pm

J(c; gm|bm−1). (4.12)

As the analytical expression of Shannon MI is not readily available for most relevant

distributions, we resort to numerical estimation via Monte Carlo method.
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4.2.2 Non-greedy Adaptive Measurement Design

A non-greedy design strategy aims to maximize the expected long-term reward.

As there always exist a trade-off between the immediate and future rewards, the

non-greedy design strategy determines each action by taking the maximum rewards

produced by future actions into consideration. As the toy example for a two-step

measurement process (shown in Fig. 4.3), the decision of the first action depends

on the optimized reward created by the second action. More precisely, the expected

two-step reward as a function of P1 can be represented as

QP1(s0) = Eg1|s0[Q(g1, ~P1, s0) + max
P2

Eg2|s1[Q(g2, ~P2, s1)]]. (4.13)

Here we use QP (s) to represent the expected final reward produced by action ~P ,

noted as superscript, for a given state s. The idea can be extended to a general

M-step measurement process by using the following recursion,

QPm(sm−1) = Egm|sm−1 [Q(gm, ~Pm, sm−1)︸ ︷︷ ︸
immediate reward

+ max
Pm+1

QPm+1(sm)]

︸ ︷︷ ︸
cumulative future reward

, m < M, (4.14)

QPM (sM−1) = EgM |sM−1
[Q(gM , ~PM , sM−1)]. (4.15)

For m < M , Eq. (4.14) illustrates that the expected final reward consists of two

terms: the immediate reward corresponding to the current state sm and an optimized

cumulative future reward associated with the realization of next state sm+1. Note

that by the time we reach the last measurement (M), as shown in Eq. (4.15),

the long-term reward reduces to a one-step reward since no future measurement is

expected. The optimal action, as a function of the given state, therefore can be

determined by maximizing the objective function with respect to Pm. Similar to

our greedy adaptive design, the posterior density function allows a compact and
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sufficient state representation with dimensionality invariant to k. Moreover, when

the density function can be defined by a parametric form, the state can also be fully

characterized with the associated parameters (e.g. mean and covariance matrix for

a Gaussian distributions).

Optimizing the non-greedy strategy or equivalently, determining the optimal

mapping π : S → P is often computationally prohibitive due to the dimension-

ality of the state representation. Consider the scenario that each of the C hypothesis

is represented by a N -D multivariate Gaussian, the dimension of the continuous

state space is on the order of O(CN2), determined by the degree of freedom (DOF)

of the parameter space of C Gaussian densities along with the relative probability

weights. To further reduce the complexity, we simplify the state representation as

the posterior of mixture probability:

bm ≈ ~bm = [Pr(c = 1|sm) · · ·Pr(c = C|sm)]T , (4.16)

which forms a simplex of dimension C − 1. Note that the Markov property still

applies (with this approximation) per Bayes’ rule:

Pr(c|sm+1) =
p(gm+1|c; ~Pm+1)p(c|sm)∑
c p(gm+1|c; ~Pm+1)p(c|sm)

(4.17)

Comparing with the sufficient statistic p(~f, c|sm) = p(~f |c, sm)Pr(c|sm), the loss of

performance introduced by discarding p(~f |sm, c) (i.e. p(~f |sm, c) ≈ p(~f |c)) may result

in a suboptimal projection design due to model mismatch. The posterior mixture

probability is often referred as belief state in a partially observable Markov decision

process (POMDP) model where the state representing the underlying class label

can not be directly observed through measurements [63]. With regard to projection

optimization, instead of searching in a continuous RN space, we optimize over a pre-

determined candidate set P that consists of projections with varying photon usage
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such that P = {Pl, l = 1 · · ·L} where Pj denotes the set of projections that utilize

a j/L fraction of the total measurement resource (e.g. photon-count). It allows us

to incorporate a more flexible resource allocation instead of a fixed uniform resource

allocation lie through the measurement process. Note that at each measurement

step, there may only be a subset of candidates that are valid due to a finite resource

constraint described in next section. Consider the reward function defined in Eq.

(4.7) and let V(~bm−1) denote the expected final reward associated with the mth

optimized action for a given state ~bm−1. We can formulate the optimization problem

of the mth non-greedy measurement design as

~Pm = argmax
Pm

J(c; gm|~bm−1) + Egm|bm−1
[V(~bm)], m < M, (4.18)

~PM = argmax
PM

J(c; gM |~bM−1), (4.19)

V(~bm−1) = max
Pm

J(c; gm|~bm−1) + Egm|~bm−1
[V(~bm)], m < M, (4.20)

V(~bM−1) = max
Pm

J(c; gm|~bm−1). (4.21)

Solving this optimization problem requires evaluation of the cumulative rewards V for

every possible state in the domain of state representation, that is a C−1 dimensional

continuous space in this case. Given the TSI as the reward function that lacks an

analytical expression for relevant distributions, numerical computation of TSI over

the entire space is not tractable. To address this computational challenge, we only

evaluate TSI for a finite set of states. This set denoted by B consists of the probability

weight of each class, denoted by ~b, uniformly distributed over the simplex ||~b||1 = 1

with a minimum Euclidean distance δ. Figure 4.4 shows the examples for C = 2 and

3 with δ−1 = 6. The finite state set B allows us to construct a quantized strategy such

that the optimal action associated with an arbitrary state ~b is approximated to that

of its nearest neighbor in the discretized state set B. Such technique is often used



135

p
1

0 0.2 0.4 0.6 0.8 1

p
2

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
C = 2

(a)

0

p
1

0.5

  C = 3

11

0.5

p
2

0
0

1

0.8

0.6

0.4

0.2

p
3

(b)

Figure 4.4: State space quantization with resolution δ−1 = 6 for number of hypothesis
C = 2 and 3.

for solving MDP with continuous state space and it can be shown, under very broad

conditions, that the optimized final reward for the discretized Markov chain converges

to that of the original process as δ → 0 [68, 69]. With this approximation, we are

able to evaluate V and solve for optimal projection through backward induction

algorithm [70]. Here the optimal strategy for the last measurement step (πM), that

maps each state in B to the associated optimal action, is determined such that the

reward associated with the previous step ~PM−1 for an arbitrary state ~bM−2 can be

expressed as

QPM−1(~bM−2) = EgM−1|bM−2
[Q(gM−1, ~PM−1,~bM−2)+

EgM |bM−1
[Q(gM , πM(~bM−1),~bM−1)]]. (4.22)

The optimal strategy for the (M − 1)th measurement (πM−1 : bM−2 → ~PM−1) is then

determined by maximizing the two-step rewards over a finite candidate action set for

each state in B, which in turn allows us to find the optimal strategy for the (M−2)th

measurement. It is straightforward to extend the optimization procedure to find the

non-greedy measurement designs for any m < M − 2. As the closed form expression
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for the expected cumulative reward can not be readily found, we resort to a Monte

Carlo method [67] which requires sampling state variables ~bm through the Markov

chain ~bM−2 →
πM−1

~PM−1 → gM−1 → ~bM−1 · · · .

4.3 Task Prior And Design Constraints

We consider an C-class face recognition problem where each class is face whose

appearance varies with pose, illumination, and expression. Each class is modeled

as a multivariate Gaussian distribution denoted by N (~f ; ~µc,Σc), m ∈ 1 · · ·C to

capture the within class variation. We use a training set for each class with Sc face

realizations. The class conditional sample space, denoted by Fc = {~fc,1 · · · ~fc,Sc
}, is

used to determine the parameters (i.e. mean and covariance) of Gaussians through

maximum likelihood estimation

~̂µc = S−1
c

∑

s

~fc,s, (4.23)

Σ̂c = (Sc − 1)−1
∑

s

(~fc,s − ~µc)(~fc,s − ~µc)
T . (4.24)

In this work, we assume that each class is equally probable, Pr(c) = 1/C.

To allow a fair comparison across various designs, a photon-count constraint is

enforced to ensure that the total number of photon for all measurement is a constant

E. More specifically, for the M-step measurement process defined in Eq. (4.4), the

constraint is defined as

M∑

m=1

max
j

|~Pm,j| ≤ E, ∀m ∈ 1 · · ·M, (4.25)

where ~Pm,j denotes the jth element of the mth projection, ~Pm. For greedy adaptive

measurement, as there is no preferred resource allocation strategy suggested by the
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design framework, we choose a uniform photon-allocation where each measurement

requires an equal amount of photon budget specified as:

max
j

|~Pm,j| = E/M, ∀m = 1 · · ·M. (4.26)

Note that the number of photons per measurement decreases as we increases the

number of steps M . In contrast, the non-greedy adaptive measurement design affords

a greater flexibility in photon-allocation for each measurement as the candidate set

includes projections with varying photon usage. Thus, we can implement a non-

uniform photon-allocation that satisfies the constraint described in Eq. (4.25).

4.4 Simulation Results

To quantify the performance of the non-greedy adaptive measurement design frame-

work, we conduct a simulation with a 4 class (C = 4) face recognition task and

compare it to the greedy adaptive strategy and current state of the art static mea-

surement designs. The images used in the simulation study are obtained from The

Yale Face Database1 which consists of 8-bit Greyscale face images of several distinct

subjects with resolution 32× 32 (i.e. N = 1024). For each subject, there are variety

of poses, illumination and expressions as shown in Fig. 4.5. The face image data set,

with size of 11 images for each class, was partitioned into two disjoint sets, one for

training and the other for testing. The measurement noise is modeled as additive

white Gaussian noise (nm ∼ N (0, σ2
n)) that is independent and identical at each

measurement step. The signal strength relative to noise is quantified by peak signal

to noise ratio (PSNR) with respect to a conventional imager, i.e. ~g = E ~f + ~n, and

is defined as:

1http://vision.ucsd.edu/content/yale-face-database

http://vision.ucsd.edu/content/yale-face-database
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Figure 4.5: Example of C = 4 face classes considered in the face recognition task.

PSNR = 20 · log10
E · 255
σn

. (4.27)

The greedy and non-greedy action designs are both determined based on the approx-

imated state representation defined as a finite set B, as shown in as Fig 4.4. The

resulting greedy design for a given state ~b ∈ B is obtained by solving Eq. (4.12) with

bm−1 replaced by ~b and within-class variance p(~f |c) given by prior model. To solve

this non-convex optimization problem, a steepest ascent method, (also known as

hill climbing) is applied whereby an intermediate solution ~P i is iteratively improved

through statistical gradients toward a local optimal solution:

~P i+1 = ~P i + γi∇PJ(c;~g|~b)|~P i, (4.28)

where ~P i denotes the projection design at the ith iteration and γi represents the

step size. The gradient of the TSI metric is numerically estimated through m-

spacing method [61]. At each iteration, we project the updated result back onto

the photon-count constraint surface described in Eq. (4.26). Now let ~Popt(~b, e)

denote the information-optimal projection for state ~b subject to the photon-count

constraint maxi |Pi| < e. We construct the candidate set for the non-greedy design
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Figure 4.6: Probability of recognition error as a function of total number of mea-
surements M at -18dB PSNR.

as: P = {~Popt(~b, E · l/L), ∀~b ∈ B, ∀l ∈ 1 · · ·L}. For the simulation study, we will

consider L = 8 levels of photon-counts, resulting a quantization with δ−1 = 8. The

performance of the proposed adaptive measurement design is evaluated relative to

various static approaches including random projection, principle component basis,

secant projection [71], and information-optimal static measurement [49]. Note that

each static design is also subject to the photon-count constraint, as defined in Eq.

(4.25). We first quantify the performance of the proposed designs using face

samples realized from the training data set. Figure 4.6 shows the probability of face

recognition error as a function of the total number of measurement steps M . For

M = 1, the TSI-based adaptive measurements are equivalent to the correspond-

ing static approaches since there is nothing to learn or adapt to before taking any
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measurement. For M > 1 both greedy and non-greedy adaptive approaches outper-

form all static designs as a result of online learning from previous measurements.

The information optimal static design (TSI) aims to acquire retrieve task-relevant

information by incorporating the object/measurement statistics as well as design

constraint into consideration and achieves a lower recognition error relative to other

static designs. Secant projection preserves the between class distance and yields a

more efficient projection design at large M relative to principle component basis.

Random projection assumes no prior knowledge about the statistical relationship

between each hypothesis and thus yields the worst performance. The non-greedy

adaptive measurement significantly improves the performance of the greedy adap-

tive design due to non-uniform photon allocation based on a long-term performance

optimization. It is important to observe that without an efficient photon allocation,

while increasing the number of measurements (M) may be able to gather more fea-

tures thus improves performance initially, the reduced SNR per measurement would

eventually degrades the quality of inference. With the ability to allocate the available

photon count appropriately, the non-greedy adaptive design enable joint optimiza-

tion of projection design and photon resource allocation towards maximizing the

final system performance/reward. The optimal photon allocation is determined by

balancing the trade-off between acquiring new features and the fidelity of measure-

ment, in context of the face class inference, which results in a, ideally, non-increasing

probability of error. Figure 4.7 shows an example realization of the projections for

greedy and non-greedy adaptive designs for M = 5. Non-greedy adaptive design’s

non-uniform photon allocation enables photon-efficient measurements, whereas the

greedy adaptive approach acquires more features but with decreasing measurement

SNR. For example, at M = 3, the non-greedy adaptive measurement reduce the

probability of recognition error by 57% and 66% relative to TSI-based greedy adap-
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tive and static designs respectively. The average photon-allocation for a five-step

measurement process (M = 5) is shown in Fig. 4.8. The non-greedy adaptive design

results in M∗ ≤ 3 optimal number of measurements which is less than the total num-

ber of allowed measurements M = 5. The benefit of allowing zero photon allocation

becomes more important at low SNR regime where the information extracted from

measurement is SNR-limited. This is clearly illustrated in Fig. 4.9, where rather

than increasing feature diversity with low-SNR measurements, the non-greedy adap-

tive design learns to allocate all photon resources to a single measurement which

yields a non-increasing recognition error with increasing M . Most importantly, the

optimal number of measurements M∗ < M determined by the non-greedy adaptive

design not only improves the recognition performance but reduces the readout power

and bandwidth. Fig. 4.10 shows the task performance of various measurement de-

signs for high SNR scenario. Limited by the quantization error from state discretiza-

tion, the greedy adaptive design starts deteriorating due to the quantization error in

spite of adaptation and therefore, results in potentially worse performance than the

TSI-based static design. This state quantization error limitation also influences the

performance of the non-greedy adaptive design such that the resulting probability of

error starts to fluctuates instead of being strictly non-increasing. Nevertheless, the

adaptive non-greedy measurement still demonstrate a decent performance relative to

other designs. The degradation of performance in high SNR for adaptive designs can

be addressed by applying a finer quantization grid δ−1 = 16 as shown in Fig. 4.11.

Both greedy and non-greedy strategies yield better recognition accuracy through the

refined state representation by incurring a larger computational cost on the order of

O(δ−C+1).
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(a)

(b)

Figure 4.7: A example realization of the projection sequence for (a) greedy and (b)
non-greedy adaptive designs for total number of measurements M = 5 at -18dB
PSNR.
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Figure 4.8: The average photon-allocation for greedy (a) and non-greedy adaptive
design (b) given the total number of measurements M = 5 with -18dB PSNR.
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Figure 4.9: Probability of recognition error as a function of the allowed measurements
count M with -30dB PSNR.
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Figure 4.10: Probability of recognition error as a function of the total number of
measurements M with -12dB PSNR.
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Figure 4.11: Probability of recognition error as a function of the allowed measure-
ments count M with two levels of state discretization δ−1 = 8, 16 at -12dB PSNR.

4.5 Experimental Validation

We use an experimental implementation of compressive imager to validate the sim-

ulation performance prediction of adaptive measurement designs. Our experimental

compressive imager utilizes a programmable discrete mirror device (DMD) with two

imaging arms [64] as shown in Fig 4.12. The first arm images the object onto the

DMD and the second images the DMD plane onto a detector array (CCD sensor).

The field of view of our system is 40 degrees with a working f/# of 8. We use

a 1920 × 1080 resolution DMD with 8-bit quantization and CCD with resolution

640 × 480 operating at 12-bit quantization. Each face images is interpolated (via

nearest neighbor method) to form a 128×128 object displayed on the LCD monitor.
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The non-linear intensity scaling caused by the gamma correction of the LCD monitor

is pre-compensated (i.e. fdisplay = 255 · (f/255)2.2) to obtain a linear scale. In the

experiment, the impact of various non-idealities such as non-uniform illumination,

temperature and calibration error, the geometric distortion introduced at the mea-

surement results in stochastic error that varies with time. To compensate for such

errors, we implement an action-dependent bias αP and scaling βP correction for each

measurement such that

gPcorrected = αP gPmeasured + βP , (4.29)

where gPcorrected and gPmeasured denote the raw and post-processed measurements, re-

spectively, obtained through action P . The associated parameters {αP , βP} are

estimated from a linear regression that minimizes the mean squared error between

the corrected measurements to the desired ground truth with respect to the object

and noise distributions

(αP , βP ) = argmin
α,β

Ef,n[{~P T ~f − gPcorrected}2]. (4.30)

In the experiment, the unknown subjects are selected from the testing data set

which is disjoint to the training data. Fig. 4.13 shows the recognition error as a

function of M . It demonstrate that the experimental system is properly calibrated

as the experimental results match the simulation performance obtained from the

simulation to a reasonable degree. The performance gaps between adaptive and static

measurements as well as between greedy and non-greedy approaches increase due to

the fact that the imperfect prior knowledge (due to the disjoint testing set) provides

an opportunity to learn this mismatch. Quantitatively, the non-greedy approach

reduces recognition error by 5x relative to TSI-based greedy design at M = 3.
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(a)

(b)

Figure 4.12: (a) Experimental implementation of a compressive imaging system: the
object imaging arm is in the center, the two DMD imaging arms are on the sides. In
the current configuration we use a single DMD imaging arm at the top. (b) Imaging
configuration.
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Figure 4.13: Probability of recognition error through experiment (solid curves) rela-
tive to simulation results (dashed curves) with PSNR = −15dB.

4.6 Conclusion

We have presented a non-greedy adaptive measurement design for compressive imag-

ing which offers a global optimization over the complete sequence of measurement

projections as well as the photon utilization to maximize the expected final system

performance. The design framework supports a non-uniform photon-allocation and

thus improves upon the greedy adaptive design that is limited to uniform photon-

allocates for all measurements. In this work, we formulated the non-greedy design

framework as a Markov decision process (MDP) and present several approximation

techniques such as discrete state representation to reduce the computational complex-

ity of implementation. For a face recognition task with C = 4, the simulation study
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shows a significant performance improvement with the non-greedy adaptive design

relative to the greedy strategy and various static measurement designs. The opti-

mal photon-allocation suggested by the non-greedy adaptive design implies that the

number of required measurement may be less than the given measurement count and

therefore, predicts the optimal number of measurements for a fixed system measure-

ment resources. We also demonstrate that the system performance can be further

improved by increasing the resolution of state quantization. Through our experi-

mental compressive imager implementation, we validate that the performance gap

between greedy and non-greedy approach. Potential future direction of work will

pursue scaling the non-greedy design to larger number of classes whole focusing on

reducing the complexity introduced by state quantization. It would be also interest-

ing to explore the different information measures (e.g. quadratic, Cauchy-Schwarz,

and Hellinger divergences) as reward function and quantify their impact on system

performance and computational complexity of design implementation.
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CHAPTER 5

INFORMATION OPTIMAL COMPRESSIVE X-RAY THREAT DETECTION

In Chapter 2, we have presented an compressive measurement design for image for-

mation task that exploits prior knowledge about the object/noise statistics as well as

the measurement design constraint to maximize system performance. While in Chap-

ter 2 we considered an image reconstruction task in visible part of EM spectrum,

here we extend the information-theoretic design framework to a threat detection

in the X-ray domain. Current X-ray systems relies on a large number of views to

achieve reconstruction-based threat detection. However, given the specific shape and

material statistics of objects as well as the system/bag geometry, the intermediate

tomographic reconstruction implemented by current system may be unnecessary and

as such the associated use of source/detector resource can be inefficient. Motivated

by this observation, here we consider model-based direct threat detection using mul-

tiplexed measurements to improve the use of measurement resource and thereby

eliminating the need for object reconstruction. We present a scalable information-

theoretic design metric, Bhattacharyya mutual information (MI),for measurement

design that incorporates the appropriate signal/task statistical prior for the threat

detection task. In contrast with Shannon MI employed in Chapter 2, this Bhat-

tacharyya MI metric provides lower bound on task-relevant information for relevant

object priors such as the mixture of exponential family. Using a simulation study,

we show that an information-optimal multiplex design yields comparable threat de-

tection accuracy relative to a conventional non-multiplex measurement, while using

a fewer number of measurement.
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5.1 Background And Motivation

X-ray imaging is an important technology with many application ranging from medi-

cal diagnostics, defect inspection in industry to baggage inspection at security check-

points due to their unique material interaction properties. Recently, security and

safety screening with X-ray scanner has become increasingly important in major

airports to aid screeners in detecting potential threat. Typically, X-ray based bag-

gage inspection relies on tomographic scan which requires multiple X-ray sources

located on a circular configuration or a single source on a rotating gantry to sequen-

tially illuminate at the object thereby acquiring a set of projected views for image

reconstruction. The reconstructed image is then processed further using image seg-

mentation and object recognition algorithms to determine the presence or absence

of threat object, based on its shapes (e.g. weapons and wires) and/or materials (e.g.

flammable or explosive). As mentioned earlier, current X-ray system generates po-

tentially a large volume of redundant information for the task of threat detection.

For example, by exploiting the fact that object tend to have strong correlation and

hence sparse in some transform domain, one may improve the reconstructed image

quality or equivalently, reduce the number of required measurements to maintain the

same reconstruction performance. While a number of studies have been in this area,

that includes reconstruction in Fourier domain [72, 73, 74], structure preserving de-

noising using wavelets [75, 76] and total-variation regularization [77, 78, 79, 80, 81],

these studies do not address the data redundancy that results from the inherent mis-

match between the intermediate objective of object reconstruction and the ultimate

goal of threat detectuin. This fundamental mismatch in part results from the fact

that typically the measurement acquisition process and the post-processing threat

detection algorithms are designed separately with the requirement of intermediate
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reconstruction. However, in many applications where additional information such as

object/measurement statistics is available, it has been shown that an integrated mea-

surement design that directly captures the task-relevant features/discriminant with

respect to the given task, referred as task-specific imaging [36, 37, 48, 49, 47], yield

a significant improvements relative to the conventional sensing approach. In this

work, we extend the idea of task-specific measurements to the X-ray-based threat

detection task. While the conventional X-ray scanning that fires one source each

exposure, using a uniform photon budget, to accomplish intermediate image recon-

struction, we propose the proposed multiplexed measurements, that rely on multiple

source illumination with non-uniform photon allocation. Moreover, the multiplexed

measaurement design strives for direct threat detection without an intermediate ob-

ject reconstruction. Similar to our previous work in [47], an information-theoretic

design metric is utilized to capture task-relevant performance towards the design of

multiplexed measurement for threat detection task.

5.2 Measurement Model And Object Prior

We start by introducing the measurement model used in this study. For simplicity we

confine our system analysis to two-dimensions but its extension to three-dimensions

is straightforward. Fig.5.1 shows a general X-ray system geometry that employs

multiple sources to generate a diversity of views for object reconstruction. Assuming

the scattering interaction (i.e. coherent and incoherent) are negligible such that

the measurement physics is primarily governed by photoelectric absorption, we can

express the measurement model with respect to a given source as

~g ∼ Poiss(I ~m), mn =

∫ xn+
w
2

xn−w
2

cos(φ(~r))

|~r|
{∫

S(E) exp(−
∑

i

µi(E)zi)dE
}
dx, (5.1)
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Figure 5.1: 2-D system geometry

where I represents the source photon number, S represents the source energy spec-

trum, and ~g denotes the measurement vector with noise statistics modeled by Poisson

distribution. Note that in this model all the elements of the measurement vector are

statistically independent such that the multivariate Poisson vectors can be expressed

as
∏N

n=1 Poiss(g; Imn). The mean of the measurement vector ~m can be obtained by

integrating the incident photons across the support of each detector element with

width w. The attenuation along each ray is determined by the material’s photoab-

sorption coefficient µi, along the X-ray path with the associated thickness zi. The

photoabsorption coefficient µ can be expressed as µ = ρ(Z)α(Z,E), where ρ is the

material density and α(Z,E) represents the mass attenuation coefficient as a function

photon energy E. Values for α have been already measured and are readily available

for a range of materials [82]. Now consider illumination by multiple sources simul-
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taneously with corresponding photon allocation denoted by ~I = [I1, I2, · · · ] where Ii

denotes the sources strength of the ith source. We can express the mean of the multi-

plexed measurement vector, denoted by ~s, as a linear combination of the illumination

contribution from each source weighted by its corresponding strength,

~g ∼ Poiss(~s(~I)), ~s(~I) =
∑

i

Ii ~mi. (5.2)

Note that the multiplexed measurement conditioned on a given object realization

follows a multivariate Poisson distribution. Assuming that the sample space of the

object consists of two classes of bags: threat and non-threat and we will denote the

Poisson mean associated with the kth bag in class X ∈ X = {T,N} by ~s k,X(~I).

We can represent the measurement distribution as a mixture of Poisson distribution

based on a mixture of Dirac delta functions as object prior for modeling finite bag

ensemble.

p(~g) =
∑

X

πXp(~g|X), p(~g|X) =
∑

k

πk|XPoiss(~g;~s k,X(~I)), (5.3)

where πX is the class probability and πk|X represents the class-conditional mixture

probability. Now to further generalize the system, we assume that it is configured to

allow sequential illumination with time-varying photon allocation ~Ij , denoting the

strength of each source at the jth exposure. The resulting multiplexed measure-

ment follows a mixture of Poisson distribution parameterized by the extended object

profiles obtained by concatenating measurement from each exposure.

~g = [~g1 · · ·~gM ], p(~g) =
∑

k,X

πk,X
∏

j

Poiss(~gj;~s
k,X(~Ij)), (5.4)

where πk,X = πXπk|X represents the probability of realizing the kth bag in class

X . With a sufficiently large sample size, the statistical prior allow us to emulate
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the variation of a realistic bag and perform a direct detection through the posterior

probability without requiring an intermediate image reconstruction. Using Bayes’

rule, the probability that the underlying bag is realized from class X given measure-

ment ~g can be written in terms of likelihood function defined in Eq. (5.3) and class

probability πX as

Pr(X|~g) = πXp(~g|X)∑
X πXp(~g|X)

. (5.5)

Now, we can use the maximum-a-posteriori (MAP) rule to make the threat/non-

threat decision directly from the measurement. In order to generate a representative

set of bags with appropriate spatial distribution of items and material composition,

we created a random bag generator. The random bag generator creates bags that

contains randomly allocated items with various shape and material combination.

Given the material and shape library shown in Fig. 5.2, random items are first

selected according to a given probability mass function Pr(shape,material) intro-

ducing realistic constraint (e.g. bottles only contain liquid). Then these items are

placed into a bag sequentially with random locations/orientations until the bag is

full. A resulting bag that contains any threat (i.e. explosive or flammable) materials

is designated as a threat bag otherwise, it is labeled as a non-threat bag. Some

example bags generated by the random bag generator are shown in Fig. 5.3 with at-

tenuation coefficient (µ) represented in shades of gray. Equipped with such an object

prior and measurement model, we can now analyze/simulate the system performance

and ultimately seek to optimize multiplex measurement design.

5.3 Information Optimal Measurement Design Framework

In a detection/classification problem, the objective of measurement design should

be to achieve maximum separation between the various classes as represented by
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Figure 5.2: Candidate shapes and materials.

Figure 5.3: Representative sample bags generated from stochastic bag generator.

their class-conditional distributions. This objective leads to the idea of statistical

divergence as a quantitative performance measure of class separation. There are a

number of divergence metrics that can serve this purpose. Kullback−Leibler (KL)

divergence is perhaps the most well-known statistical divergence that forms the basis

of Shannon MI. Given two probability densities p(g) and q(g), KL divergence is
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defined as:

DKL(p(g)||q(g)) =
∫

p(g) log
p(g)

q(g)
dg. (5.6)

While Kullback-Leibler (KL) divergence is a natural choice for information-theoretic

measurement design with connections to Shannon’s (differential) entropy and mu-

tual information, its associated computation complexity for non-trivial probability

distributions makes it especially intractable for high-dimensional signals that are rel-

evant in X-ray measurement design. As such, we resort to an alternative divergence

measure based on Bhattacharyya distance [83] that has a closed-form expression for

exponential family distributions [84] (e.g. Gaussian and Poisson distribution) and has

tractable computational complexity in large signal dimensions. The Bhattacharyya

distance, denoted by DB between two densities p(g) and q(g) is defined as

DB(p(g)||q(g)) = − logBC(p(g), q(g)), BC(p(g), q(g)) =

∫ √
p(g)q(g)dx ≤ 1, (5.7)

where BC is the Bhattacharyya coefficient. The BC measures the the inner product

(i.e. cosine angle) between the square root of two densities, and is a monotonic

function of the Bhattacharyya distance. Futher, it is non-negative and achieves its

minimum if and only if p(x) = q(x). Bhattacharyya distance is widely used in

various areas, such as computer vision [85, 86], Bayesian classification [87, 88] and

communication [89] due to its strong connections to both information-theoretic and

detection-theoretic measures. It can be shown that Bhattacharyya distance serves

as a lower bound to KL divergence

DB(p(g)||q(g)) = − log

∫
p(g)

√
q(g)

p(g)
dg ≤ −

∫
p(g) log

√
q(g)

p(g)
dg =

1

2
DKL(p(g)||q(g))

or DB(p(g)||q(g)) ≤
1

2
DKL(p(g)||q(g)) (5.8)

Moreover, it is well known that BC provides an upper bound on the probability of

classification error in a two-class problem with equal a priori class probabilities [90].
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To gain some insight about how Bhattacharyya distance can serve as a measurement

design metric, we consider a two-class toy problem where each class is represented by

a Gaussian distribution with equal covariance, p(g|X = i) = N (µi, σ
2), i = 1, 2. The

corresponding Bhattacharyya distance can be shown as: DB ∝ (µ1 −µ2)
2/σ2 that is

solely depend on the ratio of between-class distance to within-class variance. Thus

maximizing Bhattacharyya distance is equivalent to maximizing the between-class

distance while minimizing the within class variance. This agrees with the well known

design principle underlying the design of Fisher’s linear discriminant [91] that is an

optimal linear classifier, with equal covariances, commonly used for dimensionality

reduction.

In this work, we describe a multiplexed measurement design that employs Bhat-

tacharyya distance as a information-theoretic measure to exploit available object

statistics for threat detection task. Given a divergence measure D and two random

events A and B, the amount of information one can learn about A by observing B

is referred to as the mutual information (MI) as the divergence between the product

of marginal densities and the joint density,

J(A;B) = D(p(A)p(B)||p(A,B)). (5.9)

As a distance measure, MI is non-negative and its minimum is achieved if only if two

random variables are statistically independent. Note that in contrast to divergence,

MI is a more flexible performance measure as it can be applied to multi-class problems

and allows unequal a priori class probability. For a classification task with mixture

class conditional distributions, the Bhattacharyya MI, denoted as JB, between class

label X and measurement ~g can be written as

JB(X ;~g) = − log

∫ ∑

X

√
πX3p(g|X)2 +

∑

X′ 6=X

p(g|X)p(g|X ′)πXπX′dg. (5.10)
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Although a closed form expression can not be readily found for most non-trivial dis-

tributions, we can find the lower bound for JB by bounding the square root through

the inequality
√
x+

√
y ≥ √

x+ y (i.e. (x+ y)2 ≥ x2 + y2) as

JB(X ;~g) ≥ − log{
∑

X

(πX
3
2 + 2

∑

X′ 6=X

√
πXπX′BC(p(~g|X), p(~g|X ′)))}. (5.11)

THus, this lower bound on JB is proportional to the Bhattacharyya coefficient be-

tween class conditional densities and also note that it is well known that for a two-

class problem, with class conditional densities p and q and a priori class probability

πp and πq respectively, there exists a bound on the probability of misclassification

PE described as [90]

PE(p, q) =

∫
min(πpp(x), πqq(x))dx ≤ πα

p π
1−α
q

∫
p(x)αq(x)1−αdx, α ∈ (0, 1).

(5.12)

The tightest upper bound with proper choice of exponent α is referred as Chernoff

bound and we observe that the lower bound on JB in Eq. (5.11) for a two class

problem follows similar form of the upper bound on PE defined in Eq. (5.12) by with

specified parameter α = 1
2
. This suggests that for fixed a priori class probabilities,

maximizing JB lower bound does potentially lower the classification error. In this

work, we will present a multiplexed measurement design framework that based on

this lower bound on this Bhattacharyya MI as design metric to determine the optimal

photon allocation for a threat detection task. Recall that as per Eq. (5.3), repre-

senting each class by a bag ensemble, we obtain Poisson mixture class conditional

as our object prior. The corresponding JB bound can be derived in terms of the BC

between class conditional densities as described in Eq. (5.11). Again, the BC itself

lacks an analytical expression. Thus, we resort to a looser JB bound derived from
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bounding the BC between two Poisson mixture class conditionals as:

BC(p(~g|X), p(~g|X ′)) =

∫ √∑

k,l

πk|Xπl|X′Poiss(~g;~s k,X)Poiss(~g;~s l,X′)d~g

≤
∑

k,l

{
√
πk|Xπl|X′BC(Poiss(~g;~s k,X)Poiss(~g;~s l,X′

))} = BC ,

(5.13)

where we denote the upper bound in Eq. (5.13) by BC due to the fact that it

measures the between-class similarity by calculating in effect the average pairwise

BC . Note that the Bhattacharyya coefficient between two Poisson distributions has

an analytical form: BC(Poiss(~g;~a)Poiss(~g;~b)) = exp(−||
√
~a −

√
~b||2ℓ2/2). Now by

substituting Eq. (5.13) into Eq. (5.11), we obtain a looser lower bound on JB,

denoted by J̃B, expressed as

J̃B(X ;~g) = − log{
∑

X

(πX
3
2 + 2

∑

X′ 6=X

√
πXπX′BC)}. (5.14)

Now we can formulate the optimization problem for the multiplexed measurement

design by maximizing J̃B as

max
Ii,j

J̃B(X ;~g) subject to
∑

j

||~Ij||ℓ1 = Itotal, Ii,j ≥ 0 ∀i, j. (5.15)

Here the design parameters Ii,j denote the number of photons contributed by the jth

source during the ith exposure. We utilize a total photon flux constraint described by

ℓ1-norm to enforce a finite fixed photon budget. This constraint implies that as the

number of measurements increases, the photon usage per measurement on average

decreases. Note that because the objective function J̃B is neither linear nor convex

with respect to the designed parameters, we resort to gradient ascent method, which

iteratively updates the existing solution toward the gradient of J̃B(X ;~g)

Ik+1
i,j = Iki,j + γP

(∂J̃B(X ;~g)

∂Ii,j
|Ii,j=Iki,j

)
, (5.16)
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where γ represents the step size and P denotes the gradient projection operation

[92] that maps the unconstrained gradient to the constraint surface which maximizes

BC , subject to a finite total photon flux. Using the definition of J̃B(X ;~g) provided

in Eq. (5.14), we can write the analytical expression for the corresponding gradient

in respect of the design parameters as

∂

∂Ii,j
J̃B(X ;~g) = −

2
∑

X,X′,X′ 6=X

√
πXπX′BC

′

∑
X(π

X
3
2 + 2

∑
X′ 6=X

√
πXπX′BC)

, BC
′
=

∂

∂Ii,j
BC , (5.17)

where the analytical expression for the derivative of BC is provided in Appendix B.

Given the non-convex nature of J̃B(X ;~g), the gradient-based method only guarantees

a local optimum design. To increase the probability of finding the global optimum we

run the gradient-based optimization from several randomized independent starting

points and pick the solution corresponding to the lowest objective value.
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Figure 5.4: System geometry used in simulation.

5.4 Simulation Study

We use a simulation study to quantify the performance of the proposed information-

optimal design relative to the conventional non-multiplexed measurement design.

Consider the 2-D system geometry depicted in Fig. 5.4 where the object is sur-

rounded by three linear detector arrays arranged in a U shape. Here each detector
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Figure 5.5: Source spectrum

element is 5mm and this results in measurement dimension dim(~g = 440) for a single

exposure. In this geometry there are 25 X-ray sources with (45◦) fan beam illumina-

tion distributed on the opposite side of the three linear detector arrays as shown in

Fig 5.4. Each source only illuminates one detector array immediately in front of the

source we employ. The energy spectrum, S(E), in this study is shown in Fig. 5.5.

We consider two detector configurations in our simulation study. The photon count-

ing detector integrates photon across the full broadband spectrum of the source (i.e.

20-160 keV). The dual energy detector provides spectrum selectivity and integrate

photons over two non-overlapping spectrum bands defined as follows:

SL(E) =





S(E) 20 ≤ E < 90

0 otherwise

and SH(E) =





S(E) 90 ≤ E < 160

0 otherwise

(5.18)
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By combining the measurements that correspond to two energy bands, dual energy

X-ray measurement allow to obtain both density and atomic number, thus to pro-

vide information about material composition [93, 94]. Note that dual-energy detector

double the measurement dimensionality while reducing the signal strength per source

usage per spectral band relative to photon-counting detector. In this work we con-

sider each class (i.e. Threat/Non-threat) is equally likely. Each class is represented

by an ensemble of 1600 bags with size 50cm× 50cm created by the random bag gener-

ator. All bag realization within each class are considered to be equally likely. In order

to quantify threat detection performance of the proposed multiplexed measurement

design, we employ two types of performance metrics: information-theoretic measure

such as Bhattacharyya MI (or equivalently, BC) and detection theoretic measures in-

cluding probability of detection, PD, probability of false-alarm, PFA, and probability

of error, PE, obtained using a maximum likelihood (ML) classifier

X̂ = arg max
X∈{T,N}

p(~g|X). (5.19)

While BC can be analytically measured, there exists no closed form expression for

detection theoretic measures for the Poisson mixture class conditional priors. We

resort toMonte Carlo method to estimates the various probability error using sample

mean

P̂D = E~g|X=T[I(X̂(~g) = T)] (5.20)

ˆPFA = E~g|X=N[I(X̂(~g) = T)] (5.21)

P̂E = (PM + PFA)/2, (5.22)

where E~g|X represents the expectation over the class conditional measurement dis-

tribution, PM = 1 − PD denotes the probability of missing the target (i.e. threat),

and I is the indication function. In all simulation studies, we use one million Monte
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Carlo samples to estimate probabilistic performance measures and employ the same

bag ensembles in both design optimization and performance evaluation to eliminate

the effect of model mismatch.

5.4.1 Photon Counting Measurement Design Results

The threat detection performance is evaluated with respect of the number of mea-

surement sets (M). For conventional non-multiplexed design, one source is turned on

that creates one measurement set. When M sets are employed, the photon budget is

uniformly allocated across M sets. The sources are selected to create a uniform and

symmetric coverage and thus through the following simulation which leads to these

sets: source number (4, 13, 22), (2, 6, 11, 15, 20, 24) and (2, 4, 6, 10, 13, 16, 20, 22, 24)

for M = 3, 6, and 9 measurement sets, respectively. For multiplexed measurement

design, sequentially turning on each source array (one at each exposure) once, twice

and three times generates the number of measurement sets M = 3, 6 and 9, respec-

tively. Fig. 5.6 demonstrates the information theoretic performance of the optimal

multiplexed designs relative to the conventional non-multiplex measurement. We

observe that the performance for all measurement designs monotonically increase

with increasing photon number. This is expected as the photon count increases the

measurement SNR also increase, thereby providing more reliable threat discrimina-

tion information. Secondly, the results show that for conventional non-multiplexed

design, increasing measurement diversity M is not necessary to improve the per-

formance (e.g. Itotal = 102). This is because non-multiplexed measurement would

be beneficial when there is sufficient photon budget (e.g. Itotal ≥ 106) to maintain

high measurement SNR. As we describe previously, with a fixed total photon flux,

increasing measurement diversity by adding more active sources reduces the sens-
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ing resource (i.e. photon count) per measurement on average and therefore leads

to lower the measurement fidelity. While the advantage of increasing measurement

diversity only appears in high photon count regime, the measurement information

becomes SNR limited with low photon count regime. This would suggest that it

would be more efficient to allocate available photon across fewer measurements, as

is evident from these results. Furthermore, these simulation results show that, the

information-optimal multiplexed design yields a significant performance improve-

ment for any number of measurement sets (M) by exploiting the object and task

prior. Most importantly, increasing the number of set size (M) for multiplexed

measurement design invariantly improves the performance due to judicious allocate

photon allocation. Note that increasing M provides more degree of freedom that re-

sults in performance improvement. To gain further understanding of the multiplexed

measurement design, we examine the optimized photon allocation for M = 3 at three

SNR levels in Fig. 5.7. We observe that in the low photon count regime (Itotal = 104),

only few sources are utilized with the majority of the photon budget allocated to the

13th source that provides the most informative measurements due to its maximal

coverage of the object. When the available photon count is increased towards the

other extreme, the optimized photon allocation tends to increase the measurement

diversity by adding more sources/views with a relatively uniform photon allocation.

This shows that the proposed multiplexed measurement design allows to find a bal-

ance between measurement diversity to maximize the task performance. Moreover,

given a fixed photon count, increasing the number of measurement sets M improve

the system performance by reducing the overlap (i.e. redundancy) between various

sources while maintaining measurement diversity. As shown in Fig. 5.8, while multi-

plexing different views is able to increase measurement diversity for a relatively small

measurement set size (e.g. M = 3), this strategy is no longer necessary when M
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is large (e.g. M = 9) where the optimized design is able to distribute the available

photon count budget more widely over different sources to create non-overlapping

views.
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Figure 5.6: System performance measured as the lower bound of Bhattacharyya
mutual information for various photon numbers with (a) broadband energy spectrum
and (b) its highlight at high photon count regime.
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Figure 5.7: Optimized photon allocation with number of measurement sets M = 3 at
three levels of photon count Itotal = 104, 106, 108 (a-c) with the respective illumination
coverage (d-f).
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Figure 5.8: Optimized photon allocation with number of measurement sets (a)M = 3
and (b) M = 9 at fixed photon count of Itotal = 107.
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So far we have only examined the information-theoretic performance of multi-

plexed and non-multiplexed measurements. Now we extend the performance anal-

ysis using more practical detection theoretic performance metrics such as receiver

operating characteristic (ROC) interpreted in terms of probability of detection (PD)

and probability of false alarm (PFA) obtained by scanning the bias parameter (λ) of

the ML classifier defined as

log p(~g|X = T )
X̂=N

≶
X̂=T

log p(~g|X = N) + λ, (5.23)

Here the bias parameter (λ) controls the ML classifier to prefer one class among the

other. Note that λ = 0 corresponds to minimum PE classifier for a two class problem

with equal a priori class probability. The purpose of ROC analysis is twofold. First,

by sweeping λ from −∞ to ∞, one can obtain the probability of detection PD for

any given PFA and vice versa. Secondly, the area under the ROC curves (AUC)

represents the average discrimination performance of a measurement design. For

example, an AUC of 1 (i.e. PD = 1, PFA = 0) represents the perfect performance

while an AUC of 0.5 represents a worst case performance. Fig. 5.9 shows the ROC

curves for the optimized multiplexed design and non-multiplexed measurements at

two SNR levels with the corresponding AUC tabulated in Table 5.1. We observe

that for a given number of measurement sets (M), the proposed information-optimal

multiplex designs always yield significantly larger AUC than the non-multiplexed

designs. Specifically, for M = 6 measurement set size, the multiplexed design is

able to achieve the AUCs that are at least as large as the AUC provided by the

conventional sequential scanning (i.e. non-multiplexed measurement) using M = 25

measurements. This is equivalent to a 4x reduction in the number of measurements.

While AUC only provides a summary performance measure based on ROC curves, it

does not convey the PD and PFA tradeoffs. Therefore, we also examine the probability
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of detection PD for PFA = 10% and also, the range of PFA for a desired PD = 99%

accuracy. The results are shown in Figs. 5.10 and 5.11, respectively. In both

cases, we again observe that the proposed multiplexed design outperforms the non-

multiplexed measurements at various SNR. Quantitatively, at M = 3, the optimized

multiplexed measurement improves detection accuracy (PD) by 10% relative to the

non-mulitplexed design at Itotal = 107 and it reduces PFA by an order of magnitude

at Itotal = 1010. We also evaluate the probability of error (type 1 + type 2) as a

performance measure shown in Fig. 5.12. For the same measurement count (M), the

performance gap between multiplexed and non-multiplexed measurement designs in

PE increases with measurement SNR. This can be understood by observing the fact

that the optimal designs increase measurement diversity as SNR increases while the

non-multiplexed measurements diversity remains fixed.



173

PFA

0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

P
D

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

Non-multiplexed
Optimal multiplexed
M = 25
M = 9
M = 6
M = 3

(a)

PFA

0 0.02 0.04 0.06 0.08 0.1 0.12

P
D

0.88

0.9

0.92

0.94

0.96

0.98

1
Itotal = 108

Non-multiplexed
Optimal multiplexed
M = 25
M = 9
M = 6
M = 3

(b)

Figure 5.9: Receiver operating characteristic curves of the proposed information-
optimal multiplexed design relative to conventional non-multiplexed measurements
at two levels of photon number (a) Itotal = 106 and (b) 108 for photon-counting
measurements.
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AUC: non-mux/opt-mux Itotal = 106 Itotal = 107 Itotal = 108

M = 3 0.93421/0.94979 0.97752/0.99154 0.99014/0.99907
M = 6 0.94335/0.95483 0.98771/0.99312 0.99664/0.99930
M = 9 0.95081/0.95643 0.99121/0.99379 0.99821/0.99934
M = 25 0.95371/NA 0.76898/NA 0.99406/NA

Table 5.1: Performance of the optimal multiplexed design (opt-mux) versus non-
multiplexed measurement (non-mux) summarized by area under the ROC curves
(AUC) at three levels of photon count: Itotal = 106, 107, 108 for four different number
of measurements: M = 3, 6, 9 and 25. Design with with largest AUC appears in bold.
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Figure 5.10: Probability of detection at 10% false alarm rate PFA = .1 as a function
of photon numbers with photon-counting measurements.
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Figure 5.11: Probability of false alarm to achieve PD = 99% detection as a function
of the total photon count with photon-counting measurements.
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Figure 5.12: Probability of error as a function of photon numbers with photon-
counting measurements.
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5.4.2 Dual-energy Measurement Performance

Up to this point we have examined the measurement designs and their performance

with photon-counting detectors. Now we extend the information-theoretic design

framework to the dual-energy measurements and evaluate its system performance for

M = 3 relative to that of the photon-counting detectors. Detection theoretic metrics

including probability of error PE and ROC are evaluated and shown in Figs. 5.13

and 5.14, respectively. As expected, we observe that the information-optimal mul-

tiplexed designs outperforms the non-multiplexed measurements with dual-energy

measurements, achieving a lower PE across various SNR levels and increasing detec-

tion accuracy for a given false alarm. We also note that the system performance is

universally improved with dual-energy measurements. This is expected as one can

view the photon-counting measurements as a transformation of dual-energy mea-

surements, obtained by summing the photon count across the two energy bands.

Therefore, per data processing inequality, the inherent information content can only

decrease by such a transformation ans as such dual-energy measurement must be at

least as good as (i.e. not better than) that of the photon-counting measurements.

5.4.3 Robustness To Model Mismatch

Up to this point we have quantified the proposed multiplexed measurement perfor-

mance on a set of testing objects that are identical to the training set. To quantify

the robustness of the proposed multiplexed measurement to model mismatch, it is

important to validate their performance on a disjoint test set. Fig. 5.15 shows the

performance of multiplexed measurement in terms of probability of error obtained

by 10 distinct testing set. From this result we observe that the optimized multi-

plexed design performance is superior to non-multiplexed designs with a statistically
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significant margin as indicated by the standard deviation. Moreover, increasing the

number of measurement set size (M) for the optimized design improves the detec-

tion accuracy even in the effect of model mismatch. The robustness of the designed

multiplex measurement implies that the size of training set is sufficiently large to

represent the true underlying bag statistics (of the given random bag generator) for

the threat detection task.
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Figure 5.13: Probability of error for non-multiplexed measurements relative to opti-
mal multiplexed design at M = 3 with photon-counting and dual-energy detectors,
as a function of photon numbers.
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Figure 5.14: ROC curves for non-multiplexed measurements relative to optimal mul-
tiplexed design with photon-counting and dual-energy detectors at Itotal = 107.
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Figure 5.15: Statistical analysis of the probability of error (PE) estimated from 10
distinct testing bag ensembles (each of size 1600 bags per class) that are disjoint
from the training set, as a function of total photon count. The error bars represent
the performance variation across the 10 bag sets.

5.5 Conclusion

Conventional X-ray threat detection systems rely on image reconstruction followed

by post-processing algorithms such as image segmentation/object recognition. For

threat detection, however, the system design ignores the prior information about

the signal/object and noise statistics that may be available, which may enable di-

rect detection through statistical inference and point out the rather inefficient pho-

ton utilization in a conventional sequential scanning required by the unnecessary

tomographic reconstruction. In this work we presented an information-theoretic

framework for designing multiplexed measurements that employ multiple sources to

illuminate the object simultaneously to generate threat detection information more
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efficiently. We develop a computationally efficient design approach that not only

uses an analytic gradient to enable efficient gradient-based optimization, but can

also provide a lower bound on Shannon’s mutual information. The multiplexed de-

signs are analyzed through a simulation study using synthetic 2-D objects generated

by a random bag generator. Our simulation results demonstrate that the proposed

information-optimal multiplexed design yields a significant improvement relative to

the conventional non-multiplexed measurement in terms of information-theoretic de-

sign metric as well as a host of detection-theoretic performance metrics, such as

AUC and probability of error across varying SNR levels. Quantitatively, we found

that the multiplexed measurement improves detection accuracy by 10% relative to

non-mulitplexed design at 10% PFA and is also able to achieve a 99% PD while re-

ducing PFA by more than an order of magnitude relative to the non-multiplexed

measurement. Moreover, the number of measurements required for the optimized

multiplexed design to achieve a given PE/AUC is 4x lower than the non-multiplexed

measurement. Moreover, our simulation studies also demonstrated that when mul-

tiple exposures are allowed, the optimal design effectively allocates photon budgets

spatially/temporally to reduce the overlap or redundancy between sources, thereby

monotonically improve the performance with increasing number of measurements.

Furthermore, for dual-energy X-ray measurements optimization, the information-

theoretic design also outperforms the non-multiplexed measurement at various SNR

levels in terms of PE and AUC. Lastly, we also verified that the optimized design

is robust to the model mismatch and consistently achieves lower PE relative to the

non-multiplexed measurement over diverse testing sets that are disjoint from the

training set.
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CHAPTER 6

CONCLUSION AND FUTURE WORK

A compressive measurement design framework that exploits prior knowledge about

the object/measurement statistic as well as information learned from measurements

are presented in this dissertation. In contrast to the random, which only relies

on object sparsity to guarantee reconstruction accuracy, we describe a more gen-

eral, information-theoretic approach that incorporates the object/noise distribution

as well as measurement design constraint towards maximizing task-relevant perfor-

mance. We have applied this design framework to different measurement schemes

(e.g. static and adaptive) and various imaging modalities to accomplish various tasks

including object classification and image reconstruction.

In the case of the static compressive imaging system design, we exploited Shannon

mutual information as the design metric and developed a computationally efficient

implementation for optimizing compressive measurement design. We conduct a series

of simulation studies to analyze the performance of the information-optimal static

measurement relative to random projections as a function of the degree of signal

sparsity, skewness of prior distribution as well as two distinct design constraint. For

the ℓ2-norm design constraint, we found that the TSI optimized projections yield

significant performance improvements especially in the low SNR regime compared

with random projections. Also, for more informative sparse priors (i.e. non-uniform

variance model) we observed that the improvement with TSI optimized projection

can provide to up to 70% lower reconstruction error relative to random projections.

By examining its design structure we found that the information-optimal design
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agrees with the minimum coherence measurement (suggested by compressive sensing

community) only for non-informative (i.e. uniform variance) sparse priors in the

presence of ℓ2-norm constraint. In other cases, the minimum coherence becomes

sub-optimal due to the inefficient resource allocation. For the scene reconstruction

task we believe the reconstruction error will be further reduced by incorporating

correlation structure between wavelet coefficient into the TSI-optimal design.

Chapter 3 builds upon the work in Chapter 2 in two aspects. First we im-

prove the feasibility of the information-optimal static measurement design through

a computationally efficient algorithm, that can scale to higher object dimensions

while incurring some approximation. Secondly, we consider a more general sequen-

tial measurement process where the the rows of compressive measurement matrix

(P) are determined successively during the measurement process. In this sequential

measurement scheme, the measurement designs adapt previous measurement statis-

tics. Using the same approaches in Chapter 2, we present a adaptive measurement

design that is information-optimal conditioned on given measurement history. Using

simulation studies, we analyze the information-optimal adaptive design relative to

information-optimal static and random measurement designs. We find that given

finite resource, such as finite exposure time or sensing energy, as the number of

measurement steps/batches increases, the performance improves monotonically for

the scene reconstruction task. This is due to the fact that the optimized adaptive

design benefits from on-line learning, i.e. the statistics of past measurement. While

this improvement is monotonic for ℓ2-norm constrain, in case of the photon-count

constraint, there exists an optimal number of measurements and an optimal batch

size that balances the trade-off between measurement SNR and adaptivity advan-

tage. For example, large batch size is preferred in low SNR regime as it is more

important to make reliable measurement that produce robust learning, instead of
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learning from noisy unreliable measurements. We demonstrate that with a properly

choice of batch size, the optimized adaptive measurement design can achieves better

reconstruction quality relative to random projections and information-optimal static

designs. Potential future work will be extending this work to incorporate shot-noise

effect as it is more relevant to photon counting process in optical devices. We expect

that the SNR penalty results from splitting photon budget will be eliminated due to

the nature of Poisson statistics.

The second half of this dissertation focuses on the extension of the information-

theoretic measurement design to classification tasks where the underlying unknowns

become a class label. We begin with a face recognition problem in Chapter 3. Moti-

vated by the inefficiency of uniform resource allocation strategy used in current adap-

tive measurement design, which leads to the trade-off between measurement SNR and

adaptive advantage for the photon-count constraint, we propose new design frame-

work that enable joint optimization of photon allocation and measurement basis. We

refer the resulting measurement design as non-greedy adaptive design as its objective

is no longer to optimize the immediate (i.e. one-step) performance but to provide a

measurement strategy that leads to a maximum long-term performance/reward. By

formulating the sequential measurement process as a MDP problem, we derive the

equivalent information-theoretic step-wise reward and provide several approximation

techniques such as a simplified state representation and state quantization to ensure

computational feasibility. For the face recognition task with four candidate subjects

with varying expressions and under different illuminations, our information-optimal

non-greedy adaptive design shows a significant performance improvement relative to

the greedy adaptive design and various static designs. Quantitatively, at M = 3

measurements, the non-greedy adaptive design reduces the probability of recogni-

tion error by 57% and 66% relative to TSI-based greedy adaptive and static designs,
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respectively. Moreover, as a result of the non-uniform photon allocation, the recog-

nition error achieved by the non-greedy design decreases monotonically with increas-

ing M . The photon allocation of the non-greedy adaptive design also shows that the

number of measurement to achieve optimal system performance may be less than the

budgeted measurement count and therefore, it also effectively provides the optimal

stopping point or optimal number of measurement. Extending the non-greedy design

to a large dimensional problem is still challenging as the number of quantized state

grows exponentially with the number of class. It points out the need of an efficient

quantization algorithm that can provide a compact representation while preserving

the state characteristic toward the goal of optimizing task-relevant performance.

Chapter 5 extend the goal of information-optimal measurement design to a threat

detection problem in X-ray domain. Unlike current X-ray threat detection systems

that rely on a diversity of views to achieve a reconstruction-based threat detection,

given the specific shape and material statistics as well as the system/bag geometry, we

would conclude that the intermediate tomographic reconstruction would be unnec-

essary and provide an opportunity for further measurement optimization. Thus, we

consider model-based direct detection method using multiplexed measurement design

to improve the efficiency of measurement resource utilization. We presented a scal-

able design metric defined in terms of Bhattacharyya mutual information that has an

analytical expression for non-trivial distribution (e.g. mixture of Gaussian/Poisson)

but also provides a lower bound on Shannon mutual information. Through a sim-

ulation study with 2-D synthetic bag ensemble, we demonstrate that the proposed

information-optimal multiplexed design yields a significant improvement relative to

the conventional non-multiplexed measurement as measured by various detection-

theoretic performance metrics across different SNR levels.

we found that the multiplexed measurement improves detection accuracy by
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10% relative to non-mulitplexed design at 10% PFA and is also able to achieve a

99% PD while reducing PFA by more than an order of magnitude relative to the

non-multiplexed measurement. Moreover, the number of measurements required for

the optimized multiplexed design to achieve a given PE/AUC is 4x lower than the

non-multiplexed measurement. Moreover, our simulation studies also demonstrated

that when multiple exposures are allowed, the optimal design effectively allocates

photon budgets spatially/temporally to reduce the overlap or redundancy between

sources, thereby monotonically improve the performance with increasing number

of measurements. Furthermore, for dual-energy X-ray measurements optimization,

the information-theoretic design also outperforms the non-multiplexed measurement

at various SNR levels in terms of PE and AUC. Lastly, we also verified that the

optimized design is robust to the model mismatch and consistently achieves lower

PE relative to the non-multiplexed measurement over diverse testing sets that are

disjoint from the training set.

For example, we found that the optimized multiplex measurement improves de-

tection accuracy by 10% relative to the non-mulitplexed design at 10% PFA and is

able to achieve a 99% detection probability while reducing PFA by more than an order

of magnitude relative to the non-multiplexed measurement. Moreover, when mul-

tiple exposures are allowed, the optimal design effectively allocates photon budgets

spatially/temporally to reduce the overlap or redundancy between sources, thereby

monotonically improve the performance with increasing number of measurements.

Lastly, we also verified that the optimized design is robust to the model mismatch

and consistently achieves lower PE relative to the non-multiplexed measurement over

diverse testing sets that are disjoint from the training set. Future direction of work for

this problem includes: (a) extending the multiplexed design to 3-D objects/system

geometry, (b) incorporating measurement adaptivity and (c) further reduction on
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computational complexity of metric/gradient evaluation.
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APPENDIX A

ADAPTIVE COMPRESSIVE MEASUREMENT DESIGN COMPARISON

To further verify the information-optimal adaptive design presented in Chapter 3,

we compare the reconstruction performance relative to various adaptive design algo-

rithms for ℓ2-norm constraint. Castro et al.[50] considers a restrict condition where

object is perfectly (i.e. K = 1) and determines the adaptive measurement basis based

on the probability of each transformed coefficient being significant which is updated

through a Bayesian framework. Iwen et al. [57] designs a binary measurement basis

Pi,j ∈ {
√
e/|S|, 0} for a fixed energy per measurement e to cover the signal sup-

port S. The support is then updated based on the measurement and adapt for the

next measurement basis until it converges to |S| = 1. Similarly, Indyk et al.[53]

present an algorithm to estimate the 1-sparse signal by constructing a L = 2 adap-

tive design based on the fact that any noiseless measurement through a full rank

matrix P ∈ R
2×N can perfectly recovers a 1-sparse signal. To fairly compare the

performance between different designs, in the following simulation we employs the

design constraint described in Sec. 3.4.2 and the GBM prior given in Sec. 3.1.1.

Fig. A.1 shows that the reconstruction error as a function number of measurement

M . We observe that Indyk et al. performs the worst due to its poor robustness to

measurement noise. Castro et al. allows a more flexible projection weight instead

of the binary pattern proposed by Iwen et al. and therefore leads to a lower recon-

struction error. The information-optimal adaptive design significantly outperforms

other designs for both uniform and non-uniform sparse object as we expect due to its

capability of taking the object prior/posterior distributions (instead of the support
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of the significant coefficients) as well as design constraint into account.
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Figure A.1: Reconstruction error for the information-optimal adaptive design with
batch size L = 1 relative to adaptive design algorithms in [50, 57, 53], as a function of
number of compressive measurements, M , for 20dB measurement SNR. GBM prior
with (a) uniform variance model and (b) non-uniform variance model, K = 4.
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APPENDIX B

DERIVATION FOR THE GRADIENT OF BHATTACHARYYA MUTUAL

INFORMATION LOWER BOUND

In this appendix we will derive the gradient for the lower bound of Bhattacharyya

MI given in Eq. 5.14 by providing the analytical expression for the derivative of BC

defined in Eq. 5.13.

∂

∂Ii,j
BC =

∂

∂Ii,j

∑

k,l

{
√
πk|Xπl|X′BC(Poiss(~g;~s k,X)Poiss(~g;~s l,X′

))}

=
∑

k,l

{
√
πk|Xπl|X′

∂

∂Ii,j
BC(Poiss(~g;~s k,X)Poiss(~g;~s l,X′

))} (B.1)

where the derivation for the first order derivative Bhattacharyya coefficient is re-

quired. For simplicity, let ~a and ~b are the projected Poisson means associated

with two different objects which are generated through the multiplexed measure-

ment model in Eq. 5.2 with photon allocation Ii,j as

~a T = [~a T
1 · · ·~a T

M ], ~ai =
∑

j

Ii,j ~m
a
j and ~b T = [~b T

1 · · ·~b T
M ], ~bi =

∑

j

Ii,j ~m
b
j

where ~m
a/b
i denotes the contribution of the jth source to the multiplexed Poisson

mean ~a/~b. In this case, there exists an analytical expression for the Bhattacharyya

coefficient between two Poisson distributions

BC(Poiss(~g;~a)Poiss(~g;~b)) = exp(−||
√
~a−

√
~b||2ℓ2/2) (B.2)
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The corresponding partial derivative with respect to photon allocation parameters

Ii,j is also available. By applying chain rule formula, we get

∂

∂Ii,j
BC(Poiss(~g;~a)oiss(~g;~b)) =

∂

∂Ii,j
exp(−||

√
~a−

√
~b||2ℓ2/2)

= −1

2

∂

∂Ii,j
||
√
~a−

√
~b||2ℓ2BC(Poiss(~g;~a)oiss(~g;~b))

= −1

2

∂

∂Ii,j
||
√
~ai −

√
~bi||2ℓ2BC(Poiss(~g;~a)oiss(~g;~b))

= −1

2
(
√
~ai −

√
~bi)

T (Λ(
√
~ai)

−1 ∂~ai
∂Ii,j

− Λ(

√
~bi)

−1 ∂~bi
∂Ii,j

)

= −1

2
(
√
~ai −

√
~bi)

T (Λ(
√
~ai)

−1 ~ma
j − Λ(

√
~bi)

−1 ~mb
j)

= −1

2
(||~ma

j ||ℓ1 + ||~mb
j||ℓ1 −

√
~ai

T
Λ(

√
~bi)

−1 ~mb
j −

√
~bi

T

Λ(
√
~ai)

−1 ~ma
j ) (B.3)

where we use Λ(~a) to denote the diagonal matrix with argument ~a as diagonal el-

ements. Now substituting Eqs. B.3, B.2 and B.1 into 5.17, we get the complete

expression for the gradient of the lower bound of Bhattacharyya MI, J̃B(~g;X), with
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respect to the designed parameters as

∂

∂Ii,j
J̃B(X ;~g) = −

2
∑

X,X′,X′ 6=X

√
πXπX′ ∂

∂Ii,j
BC

∑
X(π

X
3
2 + 2

∑
X′ 6=X

√
πXπX′BC)

= −
2
∑

X,X′,X 6=X′,k,l{
√
πk,Xπl,X′ ∂

∂Ii,j
BC(Poiss(~g;~s k,X)Poiss(~g;~s l,X′

))}
∑

X(π
X

3
2 + 2

∑
X,X′,X 6=X′,k,l{

√
πk,Xπl,X′BC(Poiss(~g;~s k,X)Poiss(~g;~s l,X′))})

= −
2
∑

X,X′,X 6=X′,k,l{
√
πk,Xπl,X′ ∂

∂Ii,j
e−

1
2
(||

√
~s k,X−

√
~s l,X′ ||2

ℓ2
)}

∑
X(π

X
3
2 + 2

∑
X,X′,X 6=X′,k,l{

√
πk,Xπl,X′e−

1
2
(||

√
~s k,X−

√
~s l,X′ ||2

ℓ2
)})

=

∑
X,X′,X 6=X′,k,l{

√
πk,Xπl,X′(||~mk,X

j ||ℓ1 + ||~ml,X′

j ||ℓ1 − a− b)}
∑

X(π
X

3
2 + 2

∑
X,X′,X 6=X′,k,l{

√
πk,Xπl,X′e

− 1
2
(||

√
~s k,X−

√
~s l,X′ ||2

ℓ2
)})

a =

√
~s k,X
i

T

Λ(

√
~s l,X′

i )−1 ~ml,X′

j

b =

√
~s l,X′

i

T

Λ(

√
~s k,X
i )−1 ~mk,X

j
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