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Abstract

Collisionless turbulence is common in astrophysical magnetic fields and

plasmas. The determination of the transport of high-energy charged particles

both parallel and perpendicular to the average magnetic field in such a system

is of considerable interest. It is recognized that the turbulent magnetic field has

important effects on the transport of charged particles and that the properties

of different turbulence models may significantly affect the resulting transport

properties. A number of different magnetic turbulence models have been

proposed in the last several decades. We present here the results of a study of

charged particle transport in two new turbulent magnetic field models that have

not been previously considered and include newly described characteristics.

We investigate the effect of energetic charged particle motion in these new

models.

We use a method (D A Roberts, 2012) that optimizes phase angles of a

set of circularly polarized, transverse modes with Kolmogorov power-law

enveloped amplitudes to construct magnetic field fluctuations with nearly

constant |B| but with large variances in the components Bx, By, Bz, as is
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observed in the Solar Wind. Charged particle scattering coefficients are

determined through computer simulations. The results are compared with

those from previous isotropic and composite turbulence models.

We studied charged particle transport in the turbulent magnetic field with

global anisotropy and compared with the isotropic turbulence. We found

that the magnetic turbulence with global anisotropy and isotropy have similar

effects on charged particle transport from 1MeV up to 10GeV .

We proposed a general framework for a multi-scale synthesis with the

scale-dependent, localized anisotropic feature incorporated. We run test

particle simulations in the field by the two-scale algorithm to calculate the

transport coefficients for charged particles with different energies. We found

that the local anisotropy has the significant difference from the previous model

in the effect on charged particle transport. The parallel transport (κ‖) decreases

while the perpendicular transport (κ⊥) increases compared with the isotropic

and globally anisotropic field models, the difference is enhanced as the local

anisotropy is enhanced, and there is an order of magnitude increase in the

ratio of perpendicular to parallel transport coefficients.

We proposed a simple power spectrum synthesis method based on the

Fourier analysis to extract the large and small scale power spectrum from any

single spacecraft observation with a long enough period and a high sampling

frequency. We applied the method to the solar wind measurement by the

magnetometer onboard the ACE spacecraft and reconstructed the large scale

12



isotropic 2D spectrum and the small scale anisotropic 2D spectrum.
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Chapter 1

Introduction

The dissertation covers two related major topics: 1) the investigation of

the charged particle scattering in a solar wind like turbulent magnetic field,

and 2) the synthesis framework of anisotropic magnetic turbulence and the

calculation of the charged particle. The connections which link these topics

together lie in the answers to the following questions: how do charged particles

transport in different kinds of magnetic turbulence? What are the differences

and similarities? Given different turbulence models, how do we realize each

field model practically? How to design numerical experiments to calculate the

transport? What are the underlying physics for charged particle transport in

different turbulence models? In this chapter, I will review the current research

status on charged particle transport and then point out the unsolved problems

and possible directions.
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1.1 Origins of the problem

Our understanding of the universe is mainly based on the observations of

the electromagnetic emission from various astronomical sources, most of

which are in the plasma state with high temperature and degree of ionization.

Radiation processes associated with energetic particles include the interactions

with other particles, magnetic fields, and photons, etc. One of the key aspects

to understand these processes is the spatial and energy distribution of the

energetic charged particles in the sources. Therefore, it is of great interest to

understand how and where charged particles are energized by various sources

and transported through different mediums. In this dissertation, we mainly

focuses on the energetic charged particle transport and the related phenomena.

Energetic charged particles can be divided into different classes by their

origins, such as the Solar Energetic Particles (SEPs) coming from the Sun,

Galactic Cosmic Rays (GCRs) from the galaxy, and Anomalous Cosmic Rays

(ACRs) from the boundary of the heliosphere. Figure 1.1 shows the energy

spectrum of the Cosmic Rays flux observed at the ground level on earth (Beatty

& Westerhoff, 2009). The GCRs with high enough energy as 1020 eV, when

hitting the atmosphere, would cause the air shower of secondary particles and

photons. However, before early 20th century, people believed that the source

of the nuclear radiations in the atmosphere are from the earth and would

decrease with the altitude. The Nobel Laureate Victor Hess, during his in

person adventurous balloon flight in 1911-1912, systematically measured the

15



ANRV391-NS59-15 ARI 16 September 2009 15:36

Energy (eV)

LEAP
Proton
AKENO
KASCADE
Auger SD
Auger hybrid
AGASA
HiRes-I monocular
HiRes-II monocular

Knee

Ankle

105

10 2

10–1

10–4

10–7

10–10

10–13

10–16

10–19

10–22

10–25

10–28

Fl
ux

 (m
2  sr

 s 
G

ev
)–1

109 1010 1011 1012 1013 1014 1015 1016 1017 1018 1019 1020 1021

Figure 1
Overview of the cosmic ray spectrum. Approximate energies of the breaks in the spectrum commonly
referred to as the knee and the ankle are indicated by arrows. Data are from LEAP (4), Proton (5), AKENO
(6), KASCADE (7), Auger surface detector (SD) (8), Auger hybrid (9), AGASA (10), HiRes-I monocular
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(12).
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Figure 1.1: The general Cosmic Rays flux energy spectrum from ground
level observations summarized in Beatty & Westerhoff (2009). Notice
the steepening ’knee’ at about 1015eV and the flattening ’ankle’ at about
1018eV . The knee is though to be related to the limited acceleration abil-
ity at certain supernovae, and the ankle is hypothesized to be of extra-
galactic origin.

radiation levels in the atmosphere up to 5.3 km above the ground. Based on his

measurements he proposed that "The results of these observations seem best

explained by a radiation of great penetrating power entering our atmosphere

from above" (Hess, 1912). This discovery opened the research of high energy

cosmic charged particles.

The research on charged particle transport reveals the underlying dynamics

of astrophysical phenomena. GCRs are modulated by the solar wind, and

the modulation correlates with the 11-year cycle of the solar wind flux. The

16



Figure 1.2: The schematic plot of the anomalous cosmic rays (ACRs).
The red arrows shows that the charged particles in the solar wind are
the radially flowing outward from the sun. The light blue arrows shows
that the inward flowing interstellar neutral gas particles (e.g. hydrogen
atoms) are not affected by the solar wind magnetic field. The white ar-
rowed curve shows how a pickup ion, one of the two products of the
charge exchange reaction between a solar wind ion and an interstellar
hydrogen atom, will be picked up by the solar wind plasma flow and
get accelerated near the solar wind termination shock at about 100 AU.
Credit: NASA

17



ACRs, shown in Figure 1.2, are originally the cold interstellar neutral particles

as they pass through the solar wind towards the inner heliosphere they are

turned into ions by charge exchange reactions and get picked up by the solar

wind. They are then accelerated at the boundary of the solar wind around

100AU and get a chance to propagate back to the earth. In this way, the ACRs

act as a sample of the local interstellar medium near the solar system. ACRs

also respond to the long term variation of the solar wind and GCRs. The SEPs

are closely related to the solar flares or coronal mass ejections, those violent

explosions in the solar atmosphere.

1.2 The current understanding

In a uniform magnetic field, charged particles will go through a cyclic helical

motion parallel or anti-parallel to the magnetic field as in Figure 1.3. If the

magnetic field has gradient and curvature, the guiding centre of the charged

particle (the position averaged over the gyro periods) will have gradient

and curvature drift motions. However, generally in the real astrophysical

environment the magnetic field is so irregular down to the scale of the ion

gyro-radius that the sole combination of helical and drifting motions may

not be sufficient to completely describe the charged particle motions. A

more suitable physical model would be to regard the individual motion of a

charged particle as a random walk in the irregular magnetic field. This modern

picture is developed from the charged particle acceleration theory, the Fermi

18



mechanism (Fermi, 1949), where interactions with the irregularities in the

magnetic field are equivalently described as a series of scatterings created by

the moving magnetic clouds. This Diffusion Approximation originated from

the kinetic theory of ordinary gases. In the astrophysical environment, the

Fermi acceleration mechanism is applied to account for the parallel shock

accelerations on charged particles, where charged particles will be reflected

and gain energy on either side of the shock to have the chance to cross the

shock so many times that it can reach high energy before leaving the shock.

The detail of the shock acceleration is beyond the scope of this dissertation.

However, the Fermi mechanism, introducing the concept of a scattering time,

suggests that particle’s motion is the random walk and hence a statistical

approach is adequate to describe it.

Figure 1.3: The charged particle motion in a uniform magnetic field. The
blue line represents the magnetic field, the red line shows the trajectory
of an ion and the green line shows the trajectory of an electron.

The general equation that describes the particle going through a series
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of random scatterings is the Fokker-Planck equation, where the motion of

a particle is represented by the evolution of the probability density function

representing the particle distribution over the phase space of interest.

∂f

∂t
= −

n∑
i

∂

∂Xi

[〈∆Xi〉
∆t

f

]
+

n∑
i

∂2

∂X2
i

[〈∆X2
i 〉

2∆t
f

]
(1.1)

Here f is the probability density function and Xi is the ith dimension of

an n-dimensional phase space. For example, if (X1, X2, X3, X4, X5, X6) =

(x, y, z, u, v, w) were to specify the phase space of a particle’s position and

velocity, the equation (1.1) would describe the behavior of an ensemble of

such particles experiencing the drift and diffusion in the position/velocity

phase space. In the context of the solar wind, where a plasma flow carries the

magnetic field blowing out of the sun, the governing equation for the transport

of the energetic charged particles is the Parker’s transport equation

∂f

∂t
= ∇ · (κSij · ∇f)− (vd + U) · ∇f +

p

3
(∇ · U)

∂f

∂p
(1.2)

Here κSij is the symmetric part of the diffusion tensor for the energetic charged

particles, vd is their drifting velocity, p their momentum, and U the solar wind

velocity. Notice that the isotropy of the energetic charged particles in their

momentum space is assumed. Given the transport coefficients determined by

the observables, such as the parameters of the plasma flows and the magnetic

fields, one is able to calculate the evolution of the energetic charged particles

correspondingly. So now the problem is how to quantitatively determine the

transport coefficients (〈∆X
2
i 〉

2∆t
as defined in the Fokker-Planck equation and
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κSij as in the Parker’s transport equation), which are intricately related to the

quantitative description of the irregular magnetic fields.

The magnetic field in the astrophysics environment is often approximated

by a mean plus a random part

B = B0 + δb (1.3)

Statistically, the full description of the random field requires the information

from all the multi-point correlation functions such as 〈B(X)〉, 〈B(Xi)B(Xj)〉,

〈B(Xi)B(Xj)B(Xk)〉, ..., etc. Physically, it depends on the understanding of

the different magnetic turbulence models. For quite a long time, people believe

that the turbulence in the astrophysical environment is of the Kolmogorov

type. It is isotropic, and the power spectrum follows the Kolmogorov’s -5/3

law (Kolmogorov, 1941). Observations suggest that the 5/3 power law applies

across several orders of magnitude in the spatial scales (Armstrong et al.,

1995).

Jokipii (1966) first investigated the transport in this kind of turbulent

magnetic field by utilizing a quasilinear approach such that, when a particle

moves in the weak turbulent magnetic field, its motion could be decomposed

into a gyration around the mean field plus a random walk along the field

lines. He showed explicitly how the coefficients are related to the power

spectra of the turbulent magnetic field, given that the magnetic turbulence is

axisymmetric and its two-point correlation function is of the greatest interest.

Physically the power spectrum of the turbulent magnetic field follows the

21



Kolmogorov’s 5/3 law, or in another word, the magnetic turbulence is of

Kolmogorov type. This quasilinear theory provides a clear and appealing

physical picture of the energetic charged particle transport in a weak turbulent

magnetic field. In this case the transport coefficients are

κ‖ =
2w2

9

[∫ 1

0

〈∆µ2〉
∆t

dµ

]−1

(1.4)

〈∆µ2〉
∆t

=
1− µ2

|µ|w
Z2e2

γ2m2c2
Pxx

(
k =

ω0

µw

)
(1.5)

κ⊥ =
1

2

∫ 1

0

〈∆x2〉
∆t

dµ (1.6)

〈∆x2〉
∆t

=
〈∆y2〉

∆t
=

[
µw

B2
0

Pxx(k = 0) +
(1− µ2)w

2|µ|B2
0

Pzz

(
k =

ω0

µw

)]
(1.7)

Here w is particle’s speed, µ its cosine of pitch angle (the angle between its

velocity and the local magnetic field), Z the charge number, e the charge unit,

γ the Lorentz factor, m its mass, c the light speed, ω its gyro frequency in the

mean field, P the power spectrum function along x or z direction, k the wave

number, and B0 the mean magnetic field in the z direction in this case. Using

the parallel and perpendicular transport coefficients κ‖ and κ⊥, and assuming

that the pitch angle distribution is near isotropy and the drifting motions are

neglected, the above Fokker-Planck equation could be rewritten as

∂f

∂t
= κ‖

∂2f

∂z2
+ κ⊥

[
∂2f

∂x2
+
∂2f

∂y2

]
(1.8)

However, the observations of the magnetic field in the solar wind sug-

gests that the magnetic turbulence is non-isotropic (Dobrowolny et al., 1980;

Shebalin et al., 1983). There are slab modes plus two dimensional modes

in the turbulent magnetic field hence is called the composite turbulence, and
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the ratio between the power of the slab modes and that of the 2D modes is

found to be about 1 : 4 (Matthaeus et al., 1990; Tu & Marsch, 1993; Bieber et

al., 1996). This turbulence model emphasizes the transverse complexity of

the magnetic field, leading to the rapid separation of the field lines, which is

especially important to the particle transport (Jokipii, 1973). Matthaeus et al.

(2003) proposed the nonlinear guiding center theory to describe and calculate

the charged particle’s diffusion in the composite magnetic turbulence. The

perpendicular transport coefficient is shown to be (Matthaeus et al., 2003)

κxx =
a2v2

3B2
0

∫
Sxx(k)dkxdkydk‖

v
λ‖

+ (k2
x + k2

y)κxx + k2
‖κzz

(1.9)

Here a is a parameter to be fitted, Sxx the static power spectrum function of

the magnetic field, and λ‖ the parallel mean free path.

1.3 New challenges

Observations from the time series of the magnetometer data of the solar wind

show that the variance of the solar wind magnetic field’s magnitude (|B|) is

usually much smaller than the magnitude of its components (e.g. Bx, By, Bz).

Whether this could affect the scattering and diffusion of the charged particles

is of great interest; however, it is difficult to describe this kind of magnetic

field in a viable mathematical form, or even in computer simulations of the

solar wind. The only possible way to generate this kind of turbulence is the

synthesis method. The synthesis method is used to generate the isotropic, slab
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and 2D turbulent magnetic field (Giacalone & Jokipii, 1999; Matthaeus et al.,

2003). And it is not until 2012 that Roberts (2012) proposed a feasible method

to generate this type of turbulent magnetic field with a small variance of the

field magnitude. This makes possible the calculation of the charged particle

transport in the magnetic field of the solar wind type.

Another challenge comes from the advancement of the MHD turbulence

theory. In the Goldreich-Sridhar model(Goldreich & Sridhar, 1995), for

incompressible turbulence, in the inertial range the turbulence cascade is also

anisotropic. Consider a coherent structure within the inertial range of the

MHD turbulence. In this structure (or simplified as eddy), the mixing of

perpendicular and parallel modes (relative to the local mean magnetic field)

are connected by the assumption that k‖VA is in the same order as k⊥vk, where

k‖ is the parallel wave number, VA the Alfven speed, k⊥ the perpendicular

wave number, vk the speed of the eddy at the scale of wave number k⊥ in the

normal direction. This relation between k‖ and k⊥ in the local reference frame

is based on the following arguments: 1) the parallel wave modes are traveling

at Alfven speed along the field line while the normal components at speed

vk, 2) the parallel cascading time scale is (k‖VA)−1 while the perpendicular

cascading time scale is (k⊥vk)
−1. The critical balance condition is that these

two time scales are equal to each other. At this mixing rate the cascading

energy is equal in both direction. This anisotropy changes the magnetic field

and hence could change the scattering and diffusion of energetic particles
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from the isotropic case. Another feature of interest is the scale dependence of

the anisotropy. If we use the power spectra function to describe the anisotropy,

the scale dependence means the power spectra function of the turbulence is

not only a function of wave numbers as in the isotropic case, but also the

mean magnetic field averaged at the scale associated with the corresponding

wave numbers. This implies that the locally averaged field line, which differs

from one scale/place to another, determines the shape and orientation of an

eddy. This is quite different from the picture of the spatially homogeneous

orientationally isotropic ordinary turbulence. How do the charged particles

transport in this kind of turbulent magnetic field is of great interest and

technical difficulty. A successful synthesis method which incorporates all the

features would not only enhance our understanding of the organization and

structure of the GS type turbulence, but also shed a light on the advancement

and completeness of the existing charged particle transport theory.

1.4 Outline of the dissertation

Chapter 2 calculates charged particle’s scattering in the solar wind type mag-

netic turbulence and compare the results with the isotropic turbulence. Chapter

3 describes the globally anisotropic turbulence. Chapter 4 presents the multi-

scale synthesis of the locally anisotropic magnetic turbulence. Chapter 5

introduces a method to synthesize the 2D power spectra of the magnetic field

from the time series observations of the magnetic field onboard a spacecraft.
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Chapter 6 is the summary of the dissertation and the outline of the future

work.
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Chapter 2

Solar Wind Turbulence

We use a new method developed by Roberts (2012), that optimizes the phase

angles of an ensemble of linearly polarized plane waves with amplitudes de-

termined from a Kolmogorov-like power spectrum, to construct magnetic field

vector fluctuations having nearly constant magnitude and large variances in its

components. This representation of the turbulent magnetic field is consistent

with that observed in the solar wind. Charged particle pitch-angle diffusion

coefficients are determined by integrating the equations of motion for a large

number of charged particles moving under the influence of forces from our

pre-defined magnetic field. We tested different cases in which we varied the

kinetic energy of the particles and the turbulent magnetic field variance. And

for each combinations of test particle energies and turbulent magnetic field

strengths, we tested three different models: 1) the so-called "slab" model in

which the turbulent magnetic field depends on only one spatial coordinate and

has significant fluctuations in its magnitude (δBx(z), δBy(z), B0), 2) the slab
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model optimized with nearly constant magnitude (b =
√
δB2

x + δB2
y +B2

0)

and, 3) the slab model magnetic field with nearly constant magnitude plus a

"variance-conserving" adjustment. In the case of the latter, this model attempts

to conserve the variance of the turbulent components (σ2
Bx + σ2

By), which is

found to decrease during the optimization with nearly constant magnitude. We

found that there is little or no effect on the pitch-angle diffusion coefficient

Dµµ between the model 1) and 2). However, the result from model 3) is sig-

nificantly different. We also introduce a new method to accurately determine

the pitch-angle diffusion coefficients as a function of µ.

2.1 Introduction

As introduced in Chapter 1, the transport of high-energy charged particles in

the Heliosphere, including galactic cosmic rays and solar-energetic particles is

known to be affected significantly by the random or turbulent component of the

interplanetary magnetic field embedded in the solar wind. The distribution of

these particles in space, time and energy is governed by the cosmic-ray trans-

port equation (Parker, 1965), which requires transport coefficients that depend

on solar wind turbulence. The study of the turbulent interplanetary magnetic

filed is an active area of research (Dobrowolny et al., 1980; Matthaeus et al.,

1990; Tu & Marsch, 1993; Dasso et al, 2005; Podesta et al, 2007; Horbury et

al., 2008) and there are a number of different models that have been discussed

(Tu & Marsch, 1993; Bieber et al., 1996; Boldyrev, 2006; Horbury et al.,
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2008). It is important to understand how transport coefficients computed from

the motion of particles depend on these different turbulence models. Besides

theoretical completeness, this study is also applicable to the prediction of

energetic particle intensities during increased solar wind activity, and is also

relevant to the propagation of cosmic rays in the galactic magnetic field.

Observations show that the variance of the magnitude of the magnetic

field in solar-wind turbulence is much smaller than the variance of its com-

ponents (Belcher & Davis, 1971; Roberts, 2012). This feature of the solar

wind turbulence has not been previously considered when deriving transport

coefficients of charged particle transport in magnetic turbulence (Jokipii, 1966;

Matthaeus et al., 2003). Previous numerical calculations (Giacalone & Jokipii,

1999) have considered a number of turbulence models including isotropic,

composite (Matthaeus et al., 1990; Tu & Marsch, 1993; Bieber et al., 1996),

and anisotropic (Goldreich & Sridhar, 1995) magnetic turbulence, but none of

these models minimize the variance of the magnitude of the magnetic field. In

this study, we adopt a new method, proposed by Roberts (2012), to synthesize

magnetic turbulence with nearly constant magnitude and calculate diffusion

coefficients of charged particles in this field.

2.2 Magnetic Field Model

We consider a magnetic field of the form B = B0 + δB, where B0 is the mean

field and δB is a zero-mean random field. Since the energetic charged particle
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is moving at a speed much higher than the Alfven speed of disturbances along

the magnetic field, it suffices to perform the transport simulations in multiple

realizations of the static magnetic field. In order to produce a static field with

nearly constant fluctuation in magnitude we follow the procedure described

by Roberts (2012). For simplicity, but without loss of generality, we assume

in the Cartesian coordinate system that the mean field is constant along z

direction and that the random part of the turbulent magnetic field, δB, is given

by

δBx(z) = ΣnA(kn)sin(iknz + iβn) (2.1)

δBy(z) = ΣnA(kn)cos(iknz + iθn) (2.2)

where A(kn) represents the amplitude of the fluctuation and, kn the wavenum-

ber along the z axis, βn and θn are the random phase angles of these two linear

modes. The magnitude of the magnetic field, as a function of z, is given by

b(z) =
√
δB2

x(z) + δB2
y(z) +B2

0 (2.3)

Note that B0 = ‖B0‖. We also note that b(z) only depends on z, the direction

of the average magnetic field. Because this is a one dimensional turbulent

magnetic field, there are two ignorable coordinates, and it follows that charged

particles must remain within one gyro-radius of the magnetic line of force

in which it starts its motion (Jokipii et al., 1993). In this chapter we are

concerned only with pitch angle diffusion.

The amplitudes in the sums given in equation (2.1) and (2.2) are deter-
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mined from a one dimensional Kolmogorov spectrum given by

A2(kn) = CP (kn)kn (2.4)

P (kn) =
1

1 + (knLc)5/3
(2.5)

where C is a normalization constant and, LC is the correlation length of the

magnetic fluctuations. The normalization is such that the total variance is δB.

Simulation Parameters
case Energy σ2

B/B
2
0 Nm Nc Np Rw Nb ∆t Optimize Scale Up

- GeV 1 1 20000 1 1 2000 Ω−1 flag flag
1 10 .3 200 1 400 .05 1 .001 Off Off
2 1 1 200 1 400 .05 1 .001 Off Off
3 1 .3 200 1 400 .05 1 .001 Off Off
4 1 .1 200 1 400 .05 1 .001 Off Off
5 .1 .3 200 1 400 .05 1 .001 Off Off
6 10 .3 200 1 400 .05 1 .001 On Off
7 1 1 200 1 400 .05 1 .001 On Off
8 1 .3 200 1 400 .05 1 .001 On Off
9 1 .1 200 1 400 .05 1 .001 On Off

10 .1 .3 200 1 400 .05 1 .001 On Off
11 10 .3 200 1 400 .05 1 .001 On On
12 1 1 200 1 400 .05 1 .001 On On
13 1 .3 200 1 400 .05 1 .001 On On
14 1 .1 200 1 400 .05 1 .001 On On
15 .1 .3 200 1 400 .05 1 .001 On On

Table 2.1: Simulation parameters for all the numerical experiments. Nm

is the number of wave modes both in δBx and δBy. Nc is the number of
control points. Np is the number of test particles. Rw is the radius of the
sliding window for the numerical experiment for calculating the Dµµ. Nb

is the number of bins in the µ space ([−1, 1]) used to calculate Dµµ.

According to Roberts (2012), the phase angles βn and θn are chosen such

that the variance σ2
b is a minimum. This is called an "optimization". In

practice, one needs to define the "control" points, which are a set of points,

{zi|i = 0, 1, ..., Nz}.They will be used to evaluate σ2
b , the variance of b(z) in
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Equation (2.3) during the optimization. As a result of the optimization, we

also find that the variance of the Bx and By components (σ2
Bx and σ2

By) of the

magnetic field also decrease. This is because the chosen control points do not

cover a large enough range in z to maintain the variance of the Bx and By

components of the magnetic fields. To clarify this point, consider a simpler

case of just two wave modes, such that

Bx = Ak1 sin(k1z + β1) + Ak2 sin(k2z + β2)

The variance is given by σ2
Bx = 〈B2

x〉 = 1
T

∫ T
0
Bx(z)dz, and T is the range of

the control points in z. Then we have

σ2
Bx = A2

k1

〈
sin2(k1z + β1)

〉
+ A2

k2

〈
sin2(k2z + β2)

〉
+ 2Ak1Ak2 〈sin(k1z + β1) sin(k2z + β2〉

= A2
k1

〈
sin2(k1z + β1)

〉
+ A2

k2

〈
sin2(k2z + β2)

〉
− Ak1Ak2(〈sin[(k1 + k2)z + β1 + β2]〉 − 〈sin[(k1 − k2)z + β1 − β2]〉)

The first and second term will average to 1/2 given a large enough integration

range in z, say T = 2π
k1∗k2 . And the third and the fourth term will only average

to zero given the integration range in z is as large as T ′ = 2π
(k1+k2)∗|k1−k2| .

In our more general case, the range of z that is used in the optimization

is Rz = 2π
kmin

. And the smallest space between two points in the set of

control points used for the optimization, is dz = 2π
kmax

. This is a compromise

between the optimization and the computational efficiency. However, this

range in z is not large enough to make all the cross terms, such as the third
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and fourth terms in the simple example given above, average to zero, as

expected mathematically. Nevertheless, the optimization still leads to smaller

magnitude fluctuations and relatively large fluctuations in the components of

δB.

Moreover, we can compensate for this effect by multiplying both ampli-

tudes of the Bx and By components by a new factor, α, to raise the total

variance back to the same level as before the optimization. This gives:

σ2(δBx)before + σ2(δBy)before = α2
[
σ2(δBx)after + σ2(δBy)after

]
(2.6)

Here the subscript "before" means before the optimization, and "after" means

after the optimization. We refer to this procedure as ’Scale-up’ in the numerical

experiment. We perform simulations both using this scale-up procedure, as

well as without it to study its effect on our results.

To set up the magnetic field described by Equations 2.1-2.5, we use a

maximum wave length λmax = 100Lc and a minimum wave length λmin =

.01Lc for the linear modes. We use 20000 points along the z axis over the range

of [−50Lc, 50Lc]. The correlation length is taken to be .01 AU as observed

in the near Earth solar wind (Matthaeus & Goldstein, 1982; Matthaeus et al,

2005; Wicks et al, 2009, 2010). We have simulated 5 different combinations

of particle energies and variances of the magnetic field strength. For each

combination, we tested three situations: 1) without optimizations; 2) with

optimizations; and 3) with optimizations and scale-up procedure (described

above). These are listed as in Table 2.1 We note that in each case, the mean-
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free path of the particles is much less than the box size.
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Figure 2.1: A schematic plot of sliding windows used in the numerical
experiments for calculating the scattering coefficients. The unit in the y
axis is arbitrary. Each sliding window (e.g. the ith window ) has a left
boundary (µL,i) and a right boundary (µR,i). We calculate the scattering
coefficients Dµµ for each window, and by sliding the windows through
the µ space, we have an estimate of the Dµµ over the range of µ. The
width of the window has to be width enough for the diffusion process
described in the equation (2.8).

2.3 Tracking the Energetic charged

particles

A charged particle moving in a magnetic field, such as that described in the

previous section, will move according to the Lorentz force equation given by:

dv
dt

=
q

γmc
v× B (2.7)
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where q is the charge, γ = 1/
√

1− (v/c)2 the Lorentz factor, m the mass, v

the velocity, and c the speed of light. We solve this set of equations by using

the 8th order adaptive step-size Runge-Kutta method to update the particle’s

velocity and position at each time step (Hairer et al., 1993). A comparison

of the performance of the numerical integrator with the 5th order adaptive

step-size Runge-Kutta method and the Bulirsch-Stoer method is shown in the

Appendix. We record the particle’s motion at the step size of ∆t = 0.001Ω−1

to resolve the short enough time scale required for scattering calculations.

And for the highest energy particles (10GeV ), the energy is well conserved

by this very high order numerical integration method up to at least 1000Ω−1

in our test, which is longer than all the cases in our simulations. We choose

three energies for the charged particles for calculations: 10 GeV, 1GeV and

100 MeV. Thus, our approach is also suitable for cosmic-ray transport in the

interstellar medium.

2.4 Determining the pitch-angle diffusion

coefficient

In order to determine Dµµ, the pitch-angle diffusion coefficient, we use a

method similar to that proposed by Kaiser et al (1978). The approach is based

on the numerical integration of motion of a very large number of test particles

in the synthetic magnetic field described in the previous section. It is assumed
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that the collection of the particles, described by a distribution function, f,

obeys the pitch-angle diffusion equation given by:

∂f

∂t
=

∂

∂µ
[Dµµ

∂f

∂µ
] + S (2.8)

where µ is the cosine of the pitch angle, Dµµ is the diffusion coefficient and

S = S(µ, t) is in general the source function to be supplied. The steady-

state solution to Equation 2.8 for absorbing boundary conditions,f(µL) =

f((µR) = 0, where µL < µ < µR is the region of the solution, and a point

source of the particles at µ0 of the form S = S0δ(µ − µ0) where µ0 is the

injection µ, gives an estimate of Dµµ on [µL, µR](Kaiser et al, 1978):

Dµµ =


− JL
df/dµ

, µL < µ0

− JR
df/dµ

, µ0 < µR

(2.9)

where JL and JR are the flux of particles crossing the left and right boundaries,

µL and µR respectively.

Because of the df/dµ factor in the denominator of Equation 2.9, this

process leads to a rather "noisy", or uncertain determination ofDµµ. To reduce

the noise, and aiming at a more accurate calculation of f, we use a "sliding

window" approach, where the entire µ range from −1 to 1 is subdivided into

2000 smaller region that overlap one another. Dµµ is determined in each

smaller region and averaged at each bin over all the sliding windows given by

Dµµ(µ) =
1

Nw

Nw∑
i=1

Dµµ,i(µ) (2.10)

where Nw is the number of sliding-windowed values each bin accumulates

. This gives a much smoother and statistically significant Dµµ. For each bin
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400 particles are used to determine Dµµ from Equation 2.9. We count how

many (NL) particles leave from the left boundary in µ and how many (NR)

leave from the right boundary in µ in each bin, and then we have

JL = NL/∆t (2.11)

JR = NR/∆t (2.12)

where ∆t is one time step in the simulation. And also we have that for the ith

bin in µ space,

f(µi) =
N(µi)

∆µ
(2.13)

We apply a linear regression on f(µ) over µ to calculate df/dµ. By fitting

to the above solution in f, µ and J , we have an estimate of the scattering

coefficients over the one sliding window of [µL, µR] in the µ space. The width

of each sliding window is .05, and the bin size (to compute f(µ) within each

window) in the µ space is .001. We slide the window through [−1, 1] to cover

the whole µ space, with a sliding distance of .009 in the µ space until out of

its range. This procedure gives Dµµ as a function of the entire region of µ

from −1 to 1. Note that for each window, we use 400 particles per realization

and 48 realizations for a total of 400×48 total particles.

2.5 Results

Our results of the calculated pitch-angle diffusion coefficients from the test

cases in Table 2.1 are shown in the plots in Figure 2.2 and 2.3. The Quasi-
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Figure 2.2: Dµµ calculated for particles with different energies with and
without field optimizations. a) Cases 1, 6, 11 in Table 2.1, b) cases 3,
8, 13 in Table 2.1, c) cases 5, 10, 15 in Table 2.1. "OPT OFF" means
there is no optimization, and the data are marked as solid lines. "OPT
1 ON" means Optimization is applied, but without scale up procedures.
The data in this case are marked as dashed lines. "OPT 2 ON" means
both optimization and scale-up are applied to the fields. "QLT" means
the Quasi-Linear Theory estimates. And the data in this final case are
marked as dotted lines.
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Linear Theory estimate is plotted in lines marked by cross in each plot for

reference. Notice that in those test cases that the magnetic field is strongly

turbulent, the deviation from the QLT estimate is significant, but when the

field is weakly turbulent, the QLT estimate predicts better results.

Figure 2.2 shows how the Dµµ changes if we change the energy of the

charged particles from 100 MeV up to 10 GeV. For each combination of the

charged particle energy and the turbulent field strength, we tested three situa-

tions: 1) the normal slab turbulence; 2) the normal slab turbulent magnetic

field with the nearly constant magnitude; and 3) the normal slab turbulent mag-

netic field with the nearly constant magnitude plus the variance-conserving

adjustment. From all the three panels in Figure 2.2 we could see there is little

difference between the situations without any optimizations and situations

with only optimizations. However, there is a significant overall increase in

Dµµ if we apply the scale-up in all three panels. Figure 2.3 shows the results

for the cases when we keep charged particle energy the same and change the

turbulent field strengths. We also tested the three situations in each panel of

the Figure 2.3 as in Figure 2.2. We find similar effects in all the situations as

in Figure 2.2.

One possible reason that the optimization has no effect on the scattering

might be because the optimization is highly related to the control points that are

chosen and used to perform the optimization itself. In our simulation, we chose

20000 points in the range [−50Lc, 50Lc] along the z-axis, which means the
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Figure 2.3: Dµµ calculated for particles with different energies with and
without field optimizations. a) Cases 2, 7, 12 in Table 2.1, b) cases 3,
8, 13 in Table 2.1, c) cases 4, 9, 14 in Table 2.1. "OPT OFF" means
there is no optimization, and the data are marked as solid lines. "OPT
1 ON" means Optimization is applied, but without scale up procedures.
The data in this case are marked as dashed lines. "OPT 2 ON" means
both optimization and scale-up are applied to the fields. "QLT" means
the Quasi-Linear Theory estimates. And the data in this final case are
marked as dotted lines.
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smallest wavelength in our sampling control point set is .01. And this happens

to be the shortest wavelength of the linear modes of the magnetic turbulence

we generated, hence is enough for the purpose of the optimization. However,

when we perform test particle simulations, the high precision particle tracker

algorithm will advance in such a tiny time step that the spacial advancement

of a particle might be smaller than the smallest wavelength of the linear mode

of the field, or the shortest wavelength of our sampling control points used

for optimizations. It is as if the test particle simulation is advancing on a

dense and compact mesh while the optimization is performed on a relatively

loose and sparse one. Therefore the effect of the optimization might not be

significant enough. However, due to the nonlinearity of the scattering system,

it is only possible to make the mesh grid of the control points approach the

density and compactness of the set of the positions many particles would travel

in the same region, which has infinite points theoretically. This also explains

the difficulty in practice to extend the same algorithm to the higher dimension

magnetic turbulence models. Nonetheless, in our experiments, there is no

significant effect observed on the scattering from the optimization.

Another interesting result is the effect of the scale-up procedures. In all

cases, it shows a significant increase in the scattering. This again is related to

the fact that we could only use limited number of control points. Therefore,

although applying the scale-up procedure will not change the variance of

the turbulent field over the same set of the control points, the actual effect
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is to increase the variance if we include all the possible points in the range

[−50Lc, 50Lc] along the z-axis. According to the Quasilinear theory (Jokipii,

1966), it is apparent that the scattering would be enhanced in more turbulent

fields while keeping other conditions the same. Therefore one should not

include the scale-up procedure in the optimization in the future numerical

experiments.

It should be noticed that through our numerical simulations we thought

about the possible effect of different optimization algorithms. Mathematically,

one could choose a brute force method, or some other methods such as the

gradient descendant method or stochastic gradient descendant method to find

the optimized set of βn and θn to minimize the variance of the magnitude of

the magnetic field. In this case, the latter ones have the merit of computational

efficiency and convenience of coding in practice. However, since the multi-

variable nature of the optimization problem in βn and θn, the brute force

method is very reliable on finding out the globally optimized solutions, while

the more advanced methods might stop the search at a local minimum, which

is very hard to diagnose. It is also possible to tune the code of the brute force

method to achieve such a high efficiency both in the memory usage and the

time complexity that is enough to run all the simulations in our practice.
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2.6 Conclusion

In this chapter we used the sliding-window numerical experiments to calculate

the charged particle scattering coefficients as a function over µ, the cosine

of the particle’s pitch angle. We tested results for different combinations of

the charged particle energies and turbulent magnetic field strengths. For each

combination, we tested three situations: 1) without optimizations, 2) with

optimizations and 3) with optimizations and scale-ups. We found that there is

no effect on particle’s scattering over the pitch angle space by only applying

the optimization to the turbulent magnetic fields. And we also found that

the sliding-window numerical experiment is an efficient numerical method

to determine charged particle scattering in the turbulent magnetic fields. A

future work would be applying this optimization in the three dimensional

isotropic turbulent magnetic field models while performing both the numerical

experiment on the scattering and the ones on the diffusion for charged particles

to observe the effects of the optimizations.
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Chapter 3

Global Anisotropy

A successful synthesis method incorporates all the features proposed by differ-

ent MHD turbulence models including a) the zero divergence of the magnetic

field, b) anisotropic power spectra of the magnetic fields over the wave number

space and c) the scale dependence of the anisotropy. How the restraints b

and c would affect the charged particle transport is of interest. We define

the global anisotropy such that the type of MHD turbulence model satisfies

conditions a) and b), and define the local anisotropy such that all the condi-

tions a), b) and c) are satisfied. On the other hand, global anisotropy means

we would only specify one power spectrum anisotropy function for all the

components at different wave numbers (see section 2 for the details), while

the local anisotropy means the power spectrum anisotropy function will also

be different at different scales (the details will be given in the next chapter).

In this chapter we compare the influence of the globally anisotropic turbu-

lence, on the transport of charged energetic particles, with previous turbulence
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models. We consider protons with energy from 1MeV ∼ 1GeV traveling in

the solar wind. Section 2 describes the method used to generate the turbulent

magnetic field. Section 3 lists the parameters used in simulation. Section 4

shows the results and discussion and, section 5 is conclusion. And in the next

chapter we will add in the scale dependence of the anisotropy to the turbulence

model and observe the consequences.
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Figure 3.1: Power spectra of random magnetic fluctuations versus k⊥
and k‖. The left panel shows the power spectrum as in equation (3.7).
It is the function P of wave numbers perpendicular and parallel to the
mean field with azimuthal symmetry. The colors indicate large value as
red and small as blue. The solid lines are the contours of the isotropic
power spectrum for comparison. All the values are normalized to the
scale ranges from 0 to 1. The right panel shows the integration of equa-
tion (3.7) over k‖ in blue or over k‖ in red, which is then only a function
of k⊥ or k‖.
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3.1 Synthesis of the magnetic fields

The static magnetic field that is synthesized uses a method similar to that used

by Giacalone & Jokipii (1999) (hereafter referred as GJ99) for isotropic and

composite turbulence. Our synthesized field is given by

B = B0ẑ + δB(x, y, z) (3.1)

δB(x, y, z) =
Nm∑
n=1

A(kn)ξ̂n exp(iknz
′
n + iβn) (3.2)

ξ̂n = cosαnx̂′n + i sinαnŷ′n (3.3)

x′

y′

z′


=


cos θn cosφn cos θn sinφn − sin θn

− sinφn cosφn 0

sin θn cosφn sin θn cosφn cos θn





x

y

z


(3.4)

A2(kn) =
P (kn, θn)∆k3

ΣP (kn, θn)∆k3
(3.5)

P (kn, θn) =
σ2
BL

3 exp{−(knL)1/3 sin θn/| cos θn|2/3}
6π(knL| cos θn|)5/3(1 + knL| cos θn|)5/3

(3.6)

Where for wave mode n, A(kn) is the amplitude of the wave mode kn, αn

represents polarization, βn phase, θn and φn the direction of propagation with

respect to the polar axis z0, and P (kn, θn) is the power spectrum function.

Here we use the power spectrum function at wave numbers k⊥ and k‖

with P (k⊥, k‖) ∼ (k⊥)−10/3f(k‖/k
2/3
⊥ ), where k‖ is the parallel wave number

and, k⊥ the perpendicular wave vector(Goldreich & Sridhar, 1995). Notice

that this definition is only valid for both wave numbers in the turbulence

inertial range. For the function f(L1/3k‖/(k⊥)2/3), which dictates the critical
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balance between k‖ and k⊥ in the local reference frame but is undetermined

in Goldreich & Sridhar (1995), we take the exponential form proposed in Cho

et al. (2002). The spectrum function used in the simulation is listed as follows

Pii(k⊥, k‖) = P (k⊥, k‖) =
σ2
BL

3 exp{−L1/3|k‖|/(k⊥)2/3}
6π(k⊥L)5/3(1 + k⊥L)5/3

(3.7)

Where Pii(k⊥, k‖)(here i = x, y, z) is the diagonal components of the magnetic

field power spectra tensor Pij , σ2
B is the variance of the magnetic field magni-

tude and L is the turbulence injection length. Notice that we use a form that

is asymptotic to the form of P (k⊥, k‖) ∼ (k⊥)−10/3f(k‖/k
2/3
⊥ ) in the inertial

range and a constant in small wave numbers in the energy containing range.

Figure 3.1 shows how the shape of the above spectrum function (log values)

changes with wave numbers (k‖, k⊥) in the Fourier space. In the left panel,

when the wave numbers are small (at large scales), the spectrum becomes

isotropic. As both the wave numbers (k‖, k⊥) increase (at small scales), the

spectrum becomes elongated along k⊥. This anisotropy corresponds to what

would be expected in Goldreich-Sridhar type spectrum. In the right panel, the

power spectrum is integrated over k‖ to be a function only of k⊥. This is the

power spectrum with index −5/3, as the Kolmogorov power spectrum.

3.2 Numerical method and parameters

Since the energetic particles, such as in the solar wind, have a much lower

energy density than that of the thermal particles or the magnetic field we
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may use a test particle simulation. The Lorentz force governs the motion of

charged particles:

dv
dt

=
q

γmc
v× B (3.8)

where q is the charge, γ = 1/
√

1− (v/c)2 the Lorentz factor, m the mass, v

the velocity, and c the speed of light, and the magnetic field is described as in

Section 2.

We solve this equation using a fourth order, adaptive-step Runge-Kutta

method (Press et al., 1986) such that each step size is adjusted to preserve the

given error tolerance. For each case listed in table 3.1, we used 2400 particles

and 48 realizations of magnetic field with different sets of random wave modes

as mentioned in the last section. And for each realization there are 50 particles

that have the same initial speed and position but are in different directions

isotropically.

The transport coefficients are calculated in the same way as in GJ99 by

fitting the solution to a finite absorbing boundary diffusion problem. We

assume a point source of particles released at time t = 0, and that the particle

spatial distribution f(x, t) as a function of time along the axis x obeys the 1D

diffusion equation. We also assume that the turbulence is spatially homoge-

neous and that the diffusion coefficient κxx is constant over time. And there

are two absorbing boundaries at x = ±L.
∂f(x, t)

∂t
− κxx

∂2f(x, t))

∂x2
= 0

−L < x < L, f(x, 0) = N0δ(x),

(3.9)
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where |x| = L is the absorbing boundary, f(x, t) is the distribution function

of particles, and N0 is the total initial number of particles. We first find

the theoretical solution of the above equations and then the total number of

remaining particles is

N(t) =

∫ L

−L
f(x, t)dx =

4N0

π

∞∑
n=1

(−1)n+1

2n− 1
e−kxx[

(2n−1)π
2L

]2t (3.10)

In each case of the numerical simulations listed in Table 3.1, the remaining

particles are counted and saved at each time step. The transport coefficient κxx

is estimated by the least square fitting to the above formulas with observed N

at t, and known parameters N0 and L.

Simulation Results
Case Energy rg σ2 Lc Lc/rg λmin/rg λmax/rg κ⊥ κ‖ κ⊥/κ‖

- MeV 10−3AU AU 10−2AU 1 1 1 1018 cm2

s
1020 cm2

s
0.01

1 1.0 0.193 1.0 1.0 51.9 0.519 5190 3.22 1.04 3.1
2 3.16 0.343 1.0 1.0 29.2 0.2917 2917 6.43 2.20 2.9
3 10.0 0.611 1.0 1.0 16.4 0.1637 1637 11.4 4.79 2.4
4 31.6 1.09 1.0 1.0 9.15 0.0915 915.4 27.1 12.5 2.2
5 100 1.98 1.0 1.0 5.06 0.0506 505.8 53.5 27.2 2.0
6 316 3.70 1.0 1.0 2.70 0.0270 270.0 118 67.2 1.8
7 1000 7.59 1.0 1.0 1.33 0.0133 132.6 234 163 1.4
8 10000 48.6 1.0 1.0 0.21 0.0021 20.58 1721 606 2.8
9 10000 48.6 1.0 1.0 0.21 0.0021 20.58 1198 766 1.6
9 31.6 1.09 0.5 1.0 9.15 0.0915 915.4 16.8 25.7 0.65

10 31.6 1.09 0.3 1.0 9.15 0.0915 915.4 10.4 72.9 0.14
11 31.6 1.09 0.1 1.0 9.15 0.0915 915.4 8.69 122 0.07
12 31.6 1.09 0.05 1.0 9.15 0.0915 915.4 5.93 217 0.03
13 31.6 1.09 0.01 1.0 9.15 0.0915 915.4 1.46 346 0.004

Table 3.1: The results are from the correspondent cases using Goldreich
Sridhar type turbulence spectrum as equation (3.7).

Listed in Table 3.1 are simulation cases and related parameters. The

column with Energy in MeV gives the energy of test particles. rg is the gyro-

radius. σ2 gives the variance of the synthesized magnetic field normalized to

its mean value. Lc is the correlation length of the magnetic turbulence. λmin

and λmax define the range of the wave length of the Fourier modes we used
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in the synthesis of the magnetic field. They are the same as in GJ99 for the

convenience of comparison with isotropic and composite cases. Figure 3.1

shows the power spectrum generated by equation (4.12). The variance of the

turbulence magnetic field is 1.0 in case 1 to 7 and varies in case 4 and 8 to 12.
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Figure 3.2: The left panel shows perpendicular and parallel transport co-
efficients in both GS type and isotropic turbulence spectrum, as a func-
tion of the particle’s energy. The stars and crosses, κ⊥ and κ‖ respec-
tively, are values in Table 3.1. The diomands and triangles are simula-
tion results from cases with the isotropic turbulence power spectrum as
in Giacalone & Jokipii (1999). The diomand is the parallel diffusion co-
efficient while the triangle the perpendicular coefficient. The dashed line
and solid line are the coefficients calculated by equations 3.11 and 3.13
respectively. The right panel shows their ratio as the function of proton
energy. Stars are κ⊥/κ‖’s from Table 3.1. And triangles represent sim-
ulation results with isotropic turbulence model, and the dashed line is
from equations (3.11) and (3.13) using GS type power spectrum. All the
results as according to the cases 1 to 7 in Table 3.1.
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3.3 Results

Figure 3.2 shows how the κ⊥, κ‖ (left panel) and κ⊥/κ‖ vary with particle’s

energy, as in case 1 to 9 in table 1. Notice that case 9 is calculated in the

isotropic model. Figure 3.3 shows how the κ⊥, κ‖ (left panel) and κ⊥/κ‖ vary

with magnetic field variance, as in case 4 and 8-12 in table 1. Both coefficients

increase with particle’s energy, and the magnitude of these two coefficients are

close to those calculated in GJ99 from isotropic (and composite) turbulence

spectrum. Our result also agrees well with the UNLT (Unified Non-Linear

Transport) theory (Shalchi & Hussein, 2015), with the parameter in the UNLT

model a2 ∼ 1. Also according to Quasi-Linear Theory, the perpendicular

coefficient is (Jokipii, 1966)

κ⊥ =
1

2

∫ 1

0

dµ{µv
B2

0

P⊥(k⊥ = 0) +
(1− µ2)v

2|µ|B2
0

P‖(k‖ =
Ω0

µv
)}

∼= vLc
6

σ2
B

B2
0

(3.11)

A quick estimate using the above equation would tell us the dominant

components that affect the charge particle perpendicular transport in both

isotropic and Goldreich-Sridhar type turbulence are the low wave number

components of the turbulent magnetic fields. Also note that this estimation is

similar to the result from the UNLT theory where two important parameters

for the perpendicular diffusion coefficient are the parallel mean free path l‖

and the Kubo number. In the above equation, we could regard the l‖ as a
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Figure 3.3: In the left panel, stars and triangles show perpendicular and
parallel transport coefficients from Table 3.1, as a function of variance
of the field strength, while the test particles have a fixed energy of 31.6
MeV. Similar to Fig.3.2, The dashed line and solid line are estimated
from equations (3.11) and (3.13) for perpendicular and parallel diffusion
coefficients respectively. In the right panel, stars show the ratio of κ⊥ to
κ‖ from Table 3.1 varies with the variance of the field strength while
the dashed line represent also the calculation from equations (3.11) and
(3.13). The results are according to the case 4 and 8-12 in Table 3.1.

function of vLc and the Kubo number in this case is σ2
B/B

2
0 . In the simulation

however, it is expected to be a little different from the estimate by the Quasi-

Linear Theory. This could be due to the fact that the longest wave length in

the simulation is 100Lc, which corresponds to the wavenumber of k ∼ 10−2,

instead of an infinite long wave theoretically. In the parallel diffusion case,

the scattering rate and diffusion coefficient could be calculated by (Jokipii,

1966; Earl, 1974; Luhmann, 1976)
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ν =
2Dµµ

1− µ2
=
π

2
Ω0
kresP⊥(kres)

B2
0

=
π

3
Ω0
σ2
B

B2
0

Ω0Lc
(v|µ|)

(1 + Ω0Lc
v|µ| )5/3

(3.12)

κ‖ =
v2

2

∫ 1

0

1− µ2

ν
dµ

=
3v3

πΩ2
0Lc

B2
0

σ2
B

∫ 1

0

µ(1− µ2)(1 +
Ω0Lc
vµ

)5/3dµ (3.13)

where the kres is the wave number of the Fourier mode which the particle

would resonate with. The values from simulation are close to the estimate

from equation 3.13. The ratio κ⊥/κ‖, unlike in the isotropic turbulence case,

decreases slightly with particle’s energy, as shown in Figure 3.2. If we compare

equation 3.11 to equation 3.13, we can see the ratio of transport coefficient

(κ⊥/κ‖) is related to v2. However, it does not change significantly. As in the

particle’s energy range (1MeV ∼ 1GeV ) we tested, it is about 0.01 ∼ 0.03

for a strong turbulence (σ2
B ∼ 1), or κ⊥ << κ‖. In Figure 3.3, this ratio is

even smaller for milder turbulence variances. Table 3.1 shows the result of the

simulations.

Furthermore, in the Goldreich-Sridhar type turbulence, the perpendicular

diffusion coefficients are larger than that in isotropic type. Since it is mainly

controlled by the large scale field component, the perpendicular transport

coefficients calculated in the simulation in both Goldreich-Sridhar type and

isotropic case are very close to each other. This just confirms the Field Line
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Random Walk theory proposed by Jokipii (1966) and Jokipii & Parker (1969)

on particle’s transverse motion.

Notice also that ν ∼ (vµ)2/3σ2
B, then by Quasi-Linear Theory, it is zero

at pitch angle θ = 900 and would maximize at θ ∼ 00. Also it increases

with particle’s energy and the variance of magnetic turbulence . This could

be related to the magnetic mirror effect induced by the fast mode wave in

the turbulence, which will increase the scattering rate. While the scattering

rate is important in diffusive shock acceleration, one might estimate that in

turbulence model with strong fast-mode cascading, the acceleration will be

enhanced.

Figure 3.3 shows how the κ⊥, κ‖ (left panel) and κ⊥/κ‖ vary with the

variance of the magnetic field, as the particle’s energy is 31.6 MeV. In the left

panel of figure 3.3 it shows the perpendicular transport coefficient increases

as the variance of the magnetic field increases, since in this case both the

scattering and field line random walk are stronger. The parallel transport

coefficient is smaller, since the mean free path in this case along the field

line would be smaller. Combine these two changes, the ratio of transport

coefficient, κ⊥/κ‖, is then increasing, as the variance is increasing in the

numerical simulations.
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3.4 Conclusion

Using the global Goldrech&Sridhar power spectrum we constructed globally

anisotropic turbulent magnetic field and performed test particle simulation

to analyze particle’s diffusion and the conclusions could be summarized as

follows:

1. There is no significant difference on particle’s diffusion between isotropic

and globally anisotropic turbulence magnetic fields; Field Line Random Walk

might still be the main factor of particle’s diffusion;

2. The ratio κ⊥/κ‖ is about 0.01 ∼ 0.03 for a strong turbulence (σ2
B ∼ 1);

and

3. κ⊥ ∼
√
Eσ2

B, κ‖ ∼
√
E3(σ2

B)−1.

Based on their recent numerical simulations, Hussein et al. (2015) also con-

clude the similarity of charged particle diffusion in isotropic and globally

anisotropic magnetic turbulence using a different synthesis approach for the

static magnetic field. However, the synthesized magnetic turbulence is glob-

ally anisotropic in both syntheses. However the magnetic turbulence may be

locally anisotropic, in that eddies would stretch along the local mean magnetic

field line in smaller scales in the turbulence inertial range. Therefore, one has

to determine the local average field direction when adding the parallel and

perpendicular wave components in different scales (|k‖| ∼ k
2/3
⊥ , this result is

derived from the hypothesis that the parallel cascading time is balanced with

and equal to the perpendicular cascading time.). One of the difficulties arises
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from the fact that when one is doing the synthesis, the average field would be

changed accordingly. In the same time, the local critical balance condition

(|k‖| ∼ k
2/3
⊥ ) and zero-divergence condition (∇·B = 0) have to be maintained

at the same time. Incorporating this feature in the synthesized magnetic field

and the transport of charged particles in the turbulence will be discussed in

the next chapter.
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Chapter 4

Local Anisotropy

The localized anisotropy GS type turbulence is supposed to have different

effect on charged particle transport. In the last chapter(Sun & Jokipii, 2015)

we synthesized a globally anisotropic turbulent magnetic field and found

that it has similar particle transport effect compared with the isotropic field

models. We propose here a general framework for a multi-scale synthesis

with the scale-dependent, localized anisotropic feature incorporated. We run

test particle simulations in this new field model of the two-scale algorithm

to calculate the transport coefficients for charged particles with different

energies. We found that the local anisotropy has the significant difference

from the previous model in the effect on charged particle transport. The

parallel transport coefficient (κ‖) decreases while the perpendicular transport

coefficient (κ⊥) increases compared with the isotropic and globally anisotropic

field models. The difference is enhanced as the local anisotropy is enhanced,

and there is an order of magnitude increase in the ratio of perpendicular to
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parallel transport coefficients.

4.1 Introduction

In last chapter (Sun & Jokipii, 2015) (hereafter referred as Chapter 3) we

pointed out that different MHD turbulence models could have different effects

on charged particle transport. We also explained that there are three methods to

approach this problem: pure theoretical analysis (Jokipii, 1966; Schlickeiser &

Achatz, 1993; Chandran, 2000; Yan & Lazarian, 2002; Matthaeus et al., 2003;

Yan & Lazarian, 2004, 2008; Shalchi et al, 2010) etc, direct MHD turbulence

simulation coupled with particle tracking codes (Beresnyak et al., 2011) etc,

and finally the synthesis of different turbulent magnetic field models plus

test particle simulations (Giacalone & Jokipii, 1999; Matthaeus et al., 2003;

Laitinen, 2013; Hussein et al., 2015). The synthesis method has the merit

of exploring much larger parameter space than the direct MHD simulation

method, and also provides a possible and better way to describe the anisotropic

MHD model which might lead to approachable theories on charged particle

transport. We also outlined that, a successful synthesis needs to satisfy at least

the following requirement: a) the field has to have zero divergence, b) the field

has to be continuous, c) the field has to have the anisotropic spectrum, and

d) the field has to explicitly contain the scale dependent (or local) anisotropy.

However it is difficult to satisfy all the conditions at once in the same synthesis.

Instead, we synthesized the globally anisotropic fields with all conditions but
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d), and run test particle simulations to calculate the transport coefficients in

the global anisotropy and compared with the isotropic models. We found that

there is no significant difference between the global anisotropy and isotropy

of the magnetic field turbulence on particle transport.

We here provide a general synthesis framework with multiple steps. We

first introduce the anisotropy to the global mean field first at large scale(which

is not dependent on scale or location) and then add in the small scale (large

wave number) anisotropy to the local mean field of different locations. Notice

the anisotropy grows as we move down to the smaller scales in the GS type

MHD turbulence. And finally the power distributed among the components

in the two steps are determined here by the GS power spectrum function and

normalized. In section 2 we explain the first step, the large scale synthesis in

this algorithm. And in section 3 we describe the algorithm for the small scale

synthesis.

It is of great interest to examine the local anisotropy’s effect on the charged

particle transport. We therefore put test particles in the magnetic field gener-

ated by this multi-scale synthesis algorithm. We run numerical experiments to

calculate the transport coefficients by the same technique as in the Chapter 3.

The results are compared with the isotropic magnetic turbulence model and

discussed in section 4. And finally we list our conclusions in the last section.
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Figure 4.1: A schematic plot showing the division of the two-scale algo-
rithm for the local anisotropy. The solid line demonstrates a power spec-
trum for a group of synthesis components. The [S0, S1) (or [K1Lc, K2Lc),
or for k’s in {k1, k2, ..., km} discretely) represents the range of the
wavenumber used by the large scale global synthesis, δb1, as in equa-
tion (5.1) and (4.33). And the [S1, S2) (or [K2Lc, K3Lc), or for k’s in
{km+1, km+2, ..., kn} discretely) illustrates the wavenumber range used by
the small scale local synthesis, δb2, as well as in equation (5.1) and (4.33).

4.2 A Multi-Scale Synthesis of the Magnetic

Field

Without loss of generality, we will begin the synthesis of the general non-

isotropic turbulent magnetic field with the present technique used in the syn-
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thesis of the isotropic turbulence (Giacalone & Jokipii, 1999), composite (Slab

plus 2D) turbulence (Matthaeus et al., 2003; Bieber et al., 1996; Matthaeus

et al., 1990) and the globally anisotropic turbulence such as Chapter 3 and

Laitinen (2013). Consider a fully developed MHD turbulence in the steady

state. The magnetic field can be defined for simplicity as an average vector

component B0 plus a random vector component δb

B(X) = B0(X) + δb(X) (4.1)

We can interpret B0 as the background magnetic field in the largest scale, or

defined as the global mean field. The random part, δb, on the other hand,

could be treated as a random variable, with zero mean and certain higher

order statistics, distributed in the space of interest. In the general case, if the

distribution of δb(X) is known at each position of the space of interest, we can

sample from the known probability density function (PDF). For turbulences,

however, usually we would only know some low order structure functions

of the PDF, like mean, variance, skewness, from theories and experiments,

which is also known as Kolmogorov’s 5/3 law and 4/5 law (Kolmogorov,

1941). To preserve the zero divergence property of B (∇ · B = 0), the basic

building block is chosen to be the circularly polarized transverse wave mode

with random polar angle αn and phase angles βn(Giacalone & Jokipii (1999)

as

δb(X) = ΣnA(kn)ξ̂n exp(ikn · X + iβn) (4.2)

ξ̂n = ξ̂n1 cosαn + iξ̂n2 sinαn (4.3)
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where unit direction bases ξ̂n1, ξ̂n2 and ξ̂n3 = X̂/||X|| complete the three

dimensional coordinates (see section 3 for a detailed description on how to

determine the bases for different wave modes). So upon summation of wave

modes of the same kind described above with different parameters (kn, αn,

βn, etc), the total field becomes

B(X) = B0(X) + Σnδb(X,kn(kn, θn, φn)) (4.4)

where kn is the wavenumber vector is represented in a spherical coordinate

system by its amplitude kn, the polar angle θn and the azimuthal angle φn. We

assume that the amplitude of each wave mode is described by Kolmogorov’s

5/3 law, and that the polar and azimuthal angles are randomized for the

isotropic turbulent magnetic field.

Mathematically, the above decomposition is equivalent to

B(X) = < B(X) >L1︸ ︷︷ ︸
B0(X)

+ (B(X)− < B(X) >L1)︸ ︷︷ ︸
δb(X)=Σnδb(X,kn)

(4.5)

Notice that the operator < · >L1 is defined as 1
L3
1

∫
L3
1
· dX, the average of a

random variable represented by · with a spatial resolution L1 of interest in

different scenarios (L3
1 represents the block of size L1). This decomposition is

as straight forward mathematically as intuitive physically, because the average

at the resolution L1 physically acts as a low pass filter at the wavenumber

K1 = 2π/L1, with all the higher (> K1) wavenumber components grouped

into δb(X).

However, it is difficult to incorporate the scale dependent features such

as that in the GS theory, a small scale eddy will be elongated along the local
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average field. To incorporate this feature, we need at least to specify the local

average, which leads to a modified version of the above synthesis

δb(X) = < δb(X) >L2︸ ︷︷ ︸
k∈[K1,K2)

+ (δb(X)− < δb(X) >L2)︸ ︷︷ ︸
k>=K2

(4.6)

Here L2 < L1 is the smaller spatial resolution, and the average sign has the

similar meaning as before except that it is averaged in the resolution L2. We

would divide the whole region by blocks with the size L2. Now, we can

explicitly within each block determine the local average magnetic field, which

is the average of the low-passed components cut off at the resolution down

to L2 and varies with spatial locations of interest from one block to another.

Once we work out the local average field in each block, we place the higher

wavenumber components in such a manner that will align the elongated eddy

with the locally averaged fieldlines. Recall that δb(X) = Σnδb(X, kn, θn, φn),

therefore the alignment is achieved by manipulate with the (θn, φn) for each

mode.

And ideally, we can repeat the procedure and extend this decomposition

to multiple resolution ranges

B(X) = B0(X)︸ ︷︷ ︸
k<K1

+ δb1(X)︸ ︷︷ ︸
k∈[K1,K2)

+ δb2(X)︸ ︷︷ ︸
k∈[K2,K3)

+... (4.7)

Notice that if we replace the K2 with K3 and disregard the third term we will

generate the field with global anisotropy as in Chapter 3. Without loss of

the generality, this process could be extended to the large enough wavenum-

ber with multiple divisions in the K-space determined by the computation
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resources and the resolution in the scenario of interest in the astrophysical

environment.

For example, for charged particles with kinetic energy around 1 MeV to

10 GeV traveling in the solar wind turbulence, we just generate the field with

a two-scale algorithm up to S2 as shown in Figure 4.1.

Firstly, the first term B0(X) is the background field, usually a uniform

field.

Secondly, we divide the whole region of interest into blocks correspond to

the scale K2 in the above equations.

Thirdly, the second term, δb1(X), the large scale random components

labeled in the wavenumber range [K1, K2) (from S0 to S1 in Figure 4.1), is

rewritten as

δb1(X) = Σnδb(X, kn, θn, φn)I[S0,S1)(kn) (4.8)

I[S0, S1)(kn) =


1 if S0 < knLc < S1

0 else
(4.9)

Here I[S0,S1)(kn) is the indicator function that determines the components with

the wavenumber in the large scale. The amplitude of each wave mode is given

by the power spectrum function in the Chapter 3 as proposed in Goldreich &

Sridhar (1995). Notice that the global anisotropy is generated in the same way

as in the Chapter 3, only with the stopping number in Chapter 3 replaced by

the K2 here.

Next, the third term, δb2(X), in the wavenumber range [K2, K3) (from S1
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Figure 4.2: An example shows the effect and the fieldlines of the models of
the mean field, the global field and the local field. UpperLeft: The image
of the magnitude of the global mode in the x-y plane, [0, 100]x × [0, 100]y.
UpperRight: The image of the magnitude of the local mode in the x-y
plane, only non-zero at [0, 50]x × [0, 50]y. BottomLeft: The image of the
magnitude of the mean filed plus the global mode plus the local mode.
Notice the variations due to the local mode. BottomRight: The green
line shows the filed line of the mean field, as represented by the equation
(12). The blue lines represent . The red lines represent the fieldline the
of global model plus a local component, as the example mode described
in the equation (14).

to S2 in Figure 4.1), is rewritten as

δb2(X) = Σnδb(X, kn, θn, φn)I[S1,S2)(kn)Iri(X) (4.10)

where I[S1,S2)(kn) (see S1 ad S2 as shown in Figure 4.1) is the indicator
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function that specifies the components used in each block (in the local scale),

I[S1, S2)(kn) =


1 if S1 <= knLc < S2

0 else
(4.11)

and Iri(X) is used to preserve the continuity condition between blocks, where

ri describes the spatial vector relative to the center of a nearest block of size

L2. Notice that in each block that each of the δb2(X) that is to be added in,

the local average of the global field (B0 + δb1) has to be calculated. Once we

find the local average, we will align the local component to the local average.

Finally, we need to specify the amplitude of all the synthesis components.

In this chapter, this is determined by the power spectrum function proposed in

Cho et al. (2002), a fitted exponential function from the MHD turbulence sim-

ulations to the general form for the spectrum function proposed in Goldreich

& Sridhar (1995)

P (k⊥, k‖) =
σ2
BL

3 exp{−L1/3|k‖|/(k⊥)2/3}
6π(k⊥L)5/3(1 + k⊥L)5/3

(4.12)

This spectrum function is also used in the Chapter 3 to synthesize the global

anisotropy.

Before we give the general form of the two-scale synthesis, we will begin

with a simplified case for the illustration purpose. As an example shown

in Figure 4.2, we illustrate in the x − y plane with the size 100 × 100 in

arbitrary units the synthesis of a simplified case with a mean field, one global

component, and one local component.
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Firstly, for simplicity, the mean field in the x direction through the whole

plane is

B0 = (0.5, 0, 0) (4.13)

Secondly, the global component, a sine mode with the wave length of 100

units and the wave vector along the x direction, takes the following form

δb1 = 0.3ŷ sin (0.063x) (4.14)

Here the bold vector with a hat ŷ means the unit vector in the direction of

the y-axis. Thirdly, we average the magnetic field in the left bottom area

of [0, 50]x × [0, 50]y. One then can find that the local average field in the

left bottom quarter of the plane ([0, 50]x × [0, 50]y) lies in the direction that

has an angle θ ' 21o counter-clockwise to the x-axis, or the unit vector

(x̂ cos θ + ŷ sin θ).

Next, we therefore could add in the local component aligned to the local

average. The magnitude of the local component is imaged in the upper right

panel in Fig 4.2, in the following form

δb2(X) =
0.3(ŷ sin θ − x̂ cos θ) sin(x cos θ + y sin θ)

e[(x/25−1)2+(y/25−1)2]4
(4.15)

The image of the magnitude of the synthesized field is shown in the bottom

left panel in Fig 4.2. The fieldlines of the mean field B0, the mean field with

the global component B0 + δb1, and the mean field with both the global and

local components B0 + δb1 + δb2, are shown in the bottom right panel as the

green, blue and red lines respectively. Notice the small scale wavy structure
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in the red lines in the bottom right panel with respect to the variations in the

region that has the local component in the bottom left panel.

We summarize the two-scale synthesis as the follow algorithm

Algorithm 1 The two-scale synthesis
1. Divide the whole domain into cubes with the edge size L = 1/K2

2. Specify the background mean field B0

3. Synthesize the global components δb1 with the wave number in [K1, K2)
4. Calculate the local average in each cube
5. Synthesize the local components δb2 with the wave number in [K2, K3)
6. Align the local components in each cube with the local average

4.3 Synthesis of the Two Scale Anisotropy

Here we outline the two-scale synthesis in detail. We first specify S0, S1 and

S2 in Figure 4.1. And then we divide the whole region into blocks of size L2

determined by S1. Next, the large scale synthesis is described as

B1 = B0ẑ + δb1(x, y, z) (4.16)

δb1(x, y, z) =
Nm∑
n=1

A(kn)ξ̂n exp(2πiknz
′
n + iβn) (4.17)

ξ̂n = cosαnx̂′n + i sinαnŷ′n (4.18)

x′

y′

z′


= RM(θn, φn)



x

y

z


(4.19)
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RM(θ, φ) =
cos θ cosφ cos θ sinφ − sin θ

− sinφ cosφ 0

sin θ cosφ sin θ cosφ cos θ


(4.20)

A2(kn) =
P (kn, θn)∆k3

ΣP (kn, θn)∆k3
(4.21)

P (kn, θn) =
σ2
BL

3 exp{−(knL)1/3 sin θn/| cos θn|2/3}
6π(knL| cos θn|)5/3(1 + knL| cos θn|)5/3

(4.22)

Where A(kn) is the amplitude of the wave mode kn for wave mode n, αn

represents polarization, βn phase, θn and φn the direction of propagation with

z0 as the polar axis. Note that the above operations are performed at large

scale, and the turbulent magnetic field so generated is a uniform field plus a

globally quasi-isotropic random part because the anisotropy is moderate at

large scales.

Simulation Results
Case Energy rg σ2 Lc λmin/rg λmax/rg κ⊥ κ‖ κ⊥/κ‖

- MeV 10−3AU AU 10−2AU 1 1 1018 cm2

s
1019 cm2

s
0.1

1 1.0 0.193 1.0 1.0 0.519 5190 3.01 1.64 1.83
2 3.16 0.343 1.0 1.0 0.2917 2917 7.42 3.54 2.09
3 10.0 0.611 1.0 1.0 0.1637 1637 18 10.2 1.8
4 31.6 1.09 1.0 1.0 0.0915 915.4 48 31.1 1.55
5 100 1.98 1.0 1.0 0.0506 505.8 137 94.8 1.45
6 316 3.70 1.0 1.0 0.0270 270.0 342 241 1.35
7 1000 7.59 1.0 1.0 0.0133 132.6 682 596 1.15
8 10000 48.6 1.0 1.0 0.0021 20.58 2135 3176 0.67

Table 4.1: The results are from the correspondent cases using the two-
scale Goldreich Sridhar type turbulent magnetic field algorithm.

Next, we calculate the local components with wavenumber as in [S1, S0)

in Figure 4.1. We need to determine the local magnetic field components

within each block of the size L2 . We first calculate the average field in each
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block. For the jth block we have

b0,j =

∫
jth block

B1(X)dX (4.23)

Therefore we know the local average of the magnetic field. Now suppose a

vector point (x, y, z) is in the jth block whose center is (xj, yj, zj). Then we

calculate the corresponding ηj and νj in that block to rotate the z axis to align

with the local average magnetic fieldline, which are used to rotate the point

(x, y, z) to the coordinate system that align with the local magnetic fieldline

x′

y′

z′


= RM(ηj, νj)



x-xj

y-yj

z-zj


(4.24)

Next we calculate the local components by

δb2(x, y, z) =
Nn∑

n=m+1

A(kn)ξ̂n exp{2πiknz′′n + iβn}h(x′′, km) (4.25)

A2(kn) =
P (kn, θn)∆k3

ΣP (kn, θn)∆k3
(4.26)

P (kn, θn) =
σ2
BL

3 exp{−(knL)1/3 sin θn/| cos θn|2/3}
6π(knL| cos θn|)5/3(1 + knL| cos θn|)5/3

(4.27)

h(x′′, km) =
C

e

[
2km
√
x′′2+y′′2+z′′2

]100 (4.28)

ξ̂n = φ̂(x′′, y′′) (4.29)

x′′

y′′

z′′


= RM(θn, φn)



x′

y′

z′


(4.30)
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The θn and φn are randomly selected as in the global case. And the amplitude

of each mode is determined by the GS type spectrum function while each ξ̂n

is chosen to conserve the zero divergence condition for each component. Note

that h(x′′, k) function is used to preserve the continuity between the interface

of the neighboring blocks. Take the local mode shown in the upper right panel

in Fig 4.2 for example, in the local x′′, y′′, z′′ coordinate system it is described

generally as

δb2 = A(kn)
x′′êy′′ − y′′êx′′√

x′′2 + y′′2
Ceiknz

′′+iβn

e

[
2km
√
x′′2+y′′2+z′′2

]100 (4.31)

One could verify that

∇ · δb2 =
∂δb2,x′′

∂x′′
+
∂δb2,y′′

∂y′′
= 0 (4.32)

This zero divergence is conserved under the rotation RM(θn, φn) from the

coordinate (x′′, y′′, z′′) to (x′, y′, z′), and then the rotation RM(ηj, νj) to the

coordinate (x− xj, y − yj, z − zj).

Getting back to the synthesis, we put the above components together as

the last step to have

B(X) = B0(X) + δb1(X) + δb2(X) (4.33)

The full zero divergence check of the small scale local components δb2(X) is

given in the Appendix.
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Figure 4.3: The transport coefficients calculated by the numerical ex-
periments in Table 4.1. The left panel shows perpendicular and par-
allel transport coefficients in three turbulent magnetic field models, i.e.
isotropy, global anisotropy and the local anisotropy, as a function of the
particle’s energy. The white and black circles, κ⊥ and κ‖ respectively, are
values in Table 4.1. The diamonds and triangles are simulation results
from cases with the isotropic turbulence power spectrum as in Giacalone
& Jokipii (1999). The diamond is the parallel diffusion coefficient while
the triangle the perpendicular coefficient. The dashed line and solid line
are the coefficients calculated by equations (4.34) and (4.35) respectively.
The right panel shows their ratio as the function of proton energy. The
black circles are κ⊥/κ‖’s from Table 4.1, the triangles represent simula-
tion results with isotropic turbulence model, and the dashed line is from
equations (4.34) and (4.35) using GS type power spectrum.

4.4 Transport Experiments and Results

We used 400 modes covering the wavenumber range from 2π/100Lc to

2π/.01Lc to synthesize the two-scale anisotropic turbulent magnetic fields.

We used the same simulation experiment to calculate the parallel and perpen-

dicular transport coefficients as described in Chapter 3. The cases and results
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are summarized in Table 4.1 and Figure 4.3. From Chapter 3 we learned

from our numerical experiment that the global model has similar effects on

the transport coefficients as the isotropic model. Therefore we only compare

the results from the multi-scale synthesis with those isotropic cases as in

Chapter 3 and Giacalone & Jokipii (1999). We also take the estimate of the

perpendicular and parallel transport coefficients by the Quasi-Linear Theory

(Jokipii, 1966) in Chapter 3 for comparison:

κ⊥ ∼=
vLc
6

σ2
B

B2
0

(4.34)

κ‖ =
3v3B2

0

πΩ2
0Lcσ

2
B

∫ 1

0

µ(1− µ2)(1 +
Ω0Lc
vµ

)5/3dµ (4.35)

Here µ is the cosine of the pitch angle, Lc is the correlation length of the

magnetic turbulence, v is the speed of the charged particle, Ω0 is the gyro

frequency in the background magnetic field B0, and σ2
B is the variance of

the turbulent magnetic field. These estimates are shown as the dashed or

solid lines in Figure 4.3 for comparison. Notice that these estimates are not

made from theories that are proposed for the two scale, localized anisotropic

turbulent magnetic field model, therefore they are different from the numerical

simulation results for the isotropic and the locally anisotropic cases. However,

they suggest a proper orders of magnitude for the transport coefficients.

From the left panel in Figure 4.3 we find that in the two-scale anisotropic

model the perpendicular transport is enhanced while the parallel transport is

inhibited compared with the isotropic magnetic turbulence model. This is

probably because of the local anisotropy of the magnetic field incorporated in
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the new algorithm presented in this chapter, given the results and conclusion

of Chapter 3 that the global anisotropy has similar effects on the charged

particle transport as the isotropic model. However, the quantitative effect

could only be determined specifically by a theoretical transport model based

on a turbulent magnetic field model that explicitly holds the local anisotropy

feature such as proposed here in the multi-scale model.

We also find from the left panel in Figure 4.3 that the difference between

the isotropic and the two-scale anisotropic cases are more significant for

the charged particles with lower energies. This is probably due to the fact

that in the GS type MHD turbulence the anisotropy is increased at shorter

wave lengths l’s, which are closer to the resonance scales of the lower energy

charged particles. (Consider the resonance scale lres for a charged particle

scattering in the turbulent magnetic field. It is given by kres = 2π/lres =

Ω0/v‖. Therefore lres ∼ Rg, which is about the gyro radius of the charged

particle.) And the enhanced anisotropy significantly changes the small scale

field structure and geometry, therefore has larger effects on the lower energy

particle transport.

From the right panel in Figure 4.3 we could observe that the ratio of

perpendicular to parallel transport coefficients, κ⊥/κ‖, is about one order of

magnitude larger in the model with the local anisotropy than that with the

isotropy. This ratio is an important quantity in charged particle shock accel-

eration. This implies higher acceleration efficiency in this type of turbulent
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magnetic fields.

4.5 Conclusion

In this chapter, we propose a systematic, multi-scale, parameterized method

to generate the zero-divergence, continuous, anisotropic and scale-dependent

localized turbulent magnetic field. We adapt the two-scale algorithm, and

use the wave modes with finite support in real space to align the small scale

local components with the local average fieldlines. We performed test particle

numerical experiment to calculate transport coefficients and found that: 1) par-

allel transport decreases and perpendicular transport increases compared with

the isotropic and globally anisotropic models, 2) the difference is enhanced

where the local anisotropy is enhanced, and 3) the ratio κ⊥/κ‖ is an order of

magnitude higher in this local anisotropy synthesis than those in the isotropic

and globally anisotropic models. The next step is to develop a transport the-

ory that could explicitly describe the effect of the local anisotropy. Another

interesting problem is to investigate the charged particle shock acceleration

given the turbulent magnetic field with local anisotropy around the shocks.

Our future work will try to answer these questions.
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Chapter 5

Applications to Solar Wind

data

The multi-scale method proposed in last chapter (Chapter 4) can be used to

synthesize any non-isotropic turbulent magnetic field, as long as the power

spectrum is known as a function of scales. In this chapter, we propose a simple

power spectrum synthesis method based on Fourier analysis to extract the

large and small scale power spectrum from any single spacecraft observation

with a long enough period and a high sampling frequency. We apply the

method to the solar wind measurement by the magnetometer onboard the ACE

spacecraft and regenerate the large scale isotropic 2D spectrum and the small

scale anisotropic 2D spectrum.
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5.1 Introduction

In the last chapter (hereafter referred as Chapter 4) we proposed a multi-scale

synthesis method for the anisotropic turbulent magnetic fields. This synthesis

method could be generalized as

B(X) = B0(X)︸ ︷︷ ︸
k<K1

+ δb1(X)︸ ︷︷ ︸
k∈[K1,K2)

+ δb2(X)︸ ︷︷ ︸
k∈[K2,K3)

+... (5.1)

Where B0 is the global average of the magnetic field, δb1 is the large scale

turbulent field component following the large scale power spectrum and, δb2

is the small scale turbulent field component following the small scale power

spectrum. And both the large and small scale power spectrum follows the

Goldreich & Sridhar (1995). We run test particle simulations in the two-

scale synthesis and found that the parallel transport is decreased and the

perpendicular transport is increased for charged particles with energy from 1

MeV up to 10GeV.

In practice, it is sometimes difficult to determine the proper type of tur-

bulent magnetic field model given limited single spacecraft observations.

However, our two scale synthesis method in Chapter 4 could also be applied

to the general non-isotropic turbulent magnetic field models, given the large

and small scale power spectrum. The charged particle transport could be

calculated and compared in this way.

Recently, Horbury et al. (2008) applied the wavelet method for measuring

the power spectra index along and normal to the local average of the magnetic

field. In this chapter, we will move one step forward by proposing a method
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to generate two dimensional power spectrum based on the time series data

from a single spacecraft based on the similar idea. The general method is

introduced in section 2, we apply our method on the data set from ACE about

the solar wind in section 3. Section 4 is our conclusion.
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Figure 5.1: A schematic plot of the anisotropic power spectrum extraction
from the time series data set. A sliding window is used for the statistically
better result shown in the top and middle panel. As an example, the ith,
i + 1th and i + 2th slice of data are selected as in red, green and blue
from the whole time series in the top panel. In the middle panel, the
ith, i + 1th and i + 2th are put into the corresponding bins according to
their orientation relative to the local mean field. The bottom panel is the
result of interpolation around the one dimensional power spectra in all
the recorded directions.

78



5.2 Data process techniques and

assumptions

For a spacecraft such as ACE, the magnetometer onboard would detect a time

series data of the magnetic field in a given coordinate system (e.g. Geocentric

solar ecliptic, abbreviated as GSE) with a certain data sampling rate. Although

the field data has three channels on the three axes, this time series data is one

dimensional in space since the path of the spacecraft in the reference frame of

the moving solar wind is a line for a moderate time span.

The first assumption is the Taylor’s hypothesis, which relates the time

series to the corresponding line of points in the space. This is described as

Pij(g) =
1

Vw

∫
dxRij(x, 0, 0, 0)ei2πfx/Vw (5.2)

Where P (g) is the observed frequency power spectrum, Vw is the solar wind

flow speed, and

Rij(x, 0, 0, 0) =< Bi(x
′ + x, y′, z′, t′)Bj(x

′, y′, z′, t′) > (5.3)

is the two point correlation function along the x axis, which is the direction

of the solar wind in the GSE coordinate. Take consideration a certain period of

time, eg 256 seconds, although the solar wind flow is along the x direction, the

average magnetic field could be in arbitrary direction. Denote angle between

them as θB. From the above equations we know that the P (g) is actually

the power spectrum in a line with angle θB to the average field. We assume
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the solar wind magnetic turbulence is axisymmetric. Consequently if we

can measure the power spectra that can cover all the θB, we could patch

them together to get the power spectrum in the whole wave number space of

(k⊥, k‖) (the power spectrum synthesis is described in detail in the appendix).

Therefore, that the spacecraft observations will cover all the orientations under

the ergodic hypothesis of turbulence, is our final assumption.

We use the ACE spacecraft 1-second-period data set of the magnetic field

to reconstruct the power spectra for the small scale power spectrum, and the

4-minute-period data set for the large scale power spectrum. The 1-second

data spans from the 68th day to the 216th day in 2009, while the 4-minute data

spans from the 68th day in 2009 to 67th day in 2010. We use the average solar

wind speed, 400 km/s, for both cases in this chapter. The process is illustrated

as in Figure 5.1. In the upper panel, the black line represents a high frequency

time series data over a long period. We then take a lot of short period slices

(256 sample points slices for the 1-second data and 64 sample points slices

for the 4-minute data), with a short sliding window for better statistics. As in

the middle panel, we divided the angle of θB into a lot of bins. We calculate

each θB for each slice of magnetic field data, and then put the slice into the

corresponding bin by the angle. In this way we get the two dimensional power

spectrum represented by the blue points in the bottom panel. We then can use

interpolation to calculate the power spectrum at any given point of (k⊥, k‖) in

the bottom panel.
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Figure 5.2: The power spectra indices and the 2D power spectra. The up-
per left panel shows the large scale power spectra indices as a function of
the polar angles. The upper right panel shows the corresponding indices
in the small scales. The bottom left panel shows the large scale power
spectrum and the bottom right one the small scale power spectrum.

5.3 Power Spectrum Synthesis

For a two dimensional function such as g(k⊥, k‖), we can write the 2D Fourier

transform as

F (k⊥, k‖) =

∫ ∫
dxdyg(x, y) exp{−i(k⊥x+ k‖y)} (5.4)

where in our case the g(x, y) is the two dimensional "observation" of magnetic

field data associated with the above power spectrum. Here x and y are the

coordinates normal to each other. Suppose we know many slices of F (k⊥, k‖)

through the origin, which means if we choose many x′i and y′i, equivalent to
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rotating of x and y by an angle of θi and we know the F (k⊥,i, k‖,i) along each

of the new x′i, then we can reconstruct the original D(k⊥, k‖).

Since we just need to know the P (k⊥,i, k‖,i) along x′i, which is

F (k⊥,i, 0) =

∫ ∫
dx′idy

′
i|
∂(x′i, y

′
i)

∂(x, y)
|g(x′i, y

′
i) exp{−i(k⊥x′i)} (5.5)

=

∫
dx′i exp{−ik⊥,ix′i}[

∫
g(x′i, y

′
i)dy

′
i] (5.6)

=

∫
dx′i exp{−ik⊥,ix′i}g(x′i) (5.7)

where |∂(x′i,y
′
i)

∂(x,y)
| is the Jacobian between coordinate transformation,

g(x′i) =

∫
g(x′i, y

′
i)dy

′
i (5.8)

if we can estimate g(x′i) from a set of single-path observations like ACE, we

can reconstruct the two-dimensional power spectrum. If we name g(x, y) as

the distribution of the random variableBx from the time series of observations,

g(x) is the marginal distribution. For the ACE satellite data, we need to

estimate the marginal distribution based on a single satellite observation

through a line in two-dimensional space assuming axis symmetry to the local

mean field.

We assume that the random variables above and under the path y′i = 0 will

cancel each other, and then

ĝ1(x′i) =

∫
g(x′i, y

′
i)dy

′
i = Σkg(x′i, y

′
i,k)∆(k) = g(x′i, 0) (5.9)
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or we assume that the marginal function g(x) and g(y) are independent and

hence

ĝ2(x′i) =

∫
g(x′i, y

′
i)dy

′
i =

∫
g(x′i)g(y′i)dy

′
i = g(x′i)

∫
g(y′i)dy

′
i = Cg(x′i)

(5.10)

where C is a normalization factor. We can use either ĝ1(x′i) = g(x′i, 0) or

ĝ2(x′i) = g(x′i) (upon normalization) as the estimator function of the marginal

distribution function. Then by Fourier transforming each path of y′i = 0 in

(x′i, y
′
i) with respect to (x, y), we can calculate many slices of the original

F (k⊥, k‖), and we can now reconstruct it by interpolation within each slice.

Once we know the F (k⊥, k‖), we can calculate two-dimensional power spec-

trum which tells us the distribution of each wave mode in the two-dimensional

wave number space.

5.4 Results

The results are shown in the Figure 5.2. The two upper panels show the power

spectra indices as a function of the polar angle and their least square fittings.

The large scale power spectra index is fitted to be the line y=-1.72 as shown in

the upper left panel in the Figure 5.2, while the small scale power spectrum

shows significant anisotropy that changes with the polar angle. The power

spectra index is about -2 in the parallel direction with respect to the local

average field and is about -1.8 along the perpendicular direction. The two

bottom panels show the 2D power spectra. The large scale power spectrum
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resembles the isotropic turbulence while the small scale one shows significant

anisotropy in different directions.

5.5 Conclusion

In this chapter, we propose a general method to generate the two scale power

spectra for the multi-scale anisotropic turbulence magnetic field synthesis.

The large scale power spectra is isotropic with the power spectra index -1.7.

The small scale power spectra is anisotropic. The power spectra index changes

from -1.8 in the perpendicular direction to the local average field to -2 in the

parallel directions. This offers a possible way to calculate charged particle

transport in the turbulent magnetic field given a long enough single spacecraft

observations of the magnetic field and plasma flow velocity.
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Chapter 6

Summary

In this dissertation we investigate the charged particle pitch angle scattering

in the solar wind type turbulent magnetic field. This is the first high precision

pitch angle scattering calculation in the solar wind type turbulence magnetic

field with a nearly constant magnitude. We also introduce a new method to

accurately determine the pitch-angle diffusion coefficients. A future work

would be apply this optimization in the three dimensional isotropic turbulent

magnetic field models while performing both the numerical experiment on the

scattering and the ones on the diffusion for charged particles to observe the

effects of the optimizations.

We introduce the problem that different MHD turbulence model could

have different effects on charged particle transport. We also explained that

there are three methods to approach this problem: pure theoretical analysis,

direct MHD turbulence simulation coupled with particle tracking codes, and

finally the synthesis of different turbulent magnetic field models plus test
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particle simulations and highlighted the last method. We also outlined that a

successful synthesis needs to satisfy at least the following requirements: a) the

field has to have zero divergence, b) the field has to be continuous, c) the field

has to have the anisotropic spectrum, and d) the field has better to explicitly

have the scale dependent anisotropy.

We demonstrate that it is difficult to satisfy all the conditions at once in

the same synthesis. Instead, as the first step, we synthesized the globally

anisotropic fields with all conditions except for d), and carried out test particle

simulations to calculate the transport coefficients in the global anisotropy and

compared with the isotropic models. We found that there is no significant

difference between the global anisotropy and isotropy of the MHD turbulence

on particle transport.

We then provide the synthesis framework for anisotropic magnetic turbu-

lence that satisfies all the conditions a) through d). The framework provides

for the first time a multi-scale synthesis of the scale-dependent, anisotropic

turbulent magnetic field. The success construction of the magnetic field with

anisotropy also provides a proof for the existence of the GS-type anisotropic

turbulence. We also adapt the two-scale algorithm to construct a fluctuating

magnetic field and performed test particle numerical experiment to calcu-

late transport coefficients. We find that: 1) parallel transport decreases and

perpendicular transport increases compared with the isotropic and globally

anisotropic models, 2) the difference is enhanced where the local anisotropy
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is enhanced, and 3) the ratio κ⊥/κ‖ is an order of magnitude higher in this

local anisotropy synthesis than those in the isotropic and globally anisotropic

models. The next step is to develop a transport theory that could explicitly

describe the effect of the local anisotropy. Another interesting problem is that

this new transport features may modify the current cosmic rays modulation in

the heliosphere by the turbulent solar wind magnetic field. We would like to

answer the questions such as: if we use the GS type turbulence to simulate

the fluctuating magnetic field in the heliosphere, how would that affect the

observed cosmic rays modulations quantitatively during the solar cycles?

Further more, if we use the anisotropic turbulence model to simulate the

fluctuating magnetic field in the interstellar medium, how would this change

the distribution of the sources given the observation of the galactic cosmic

rays? Yet another related problem is to investigate the charged particle shock

acceleration given the turbulent magnetic field with local anisotropy around

the shocks. This different transport features from the previous magnetic turbu-

lence model would change the efficiency of the shock acceleration and hence

modify the estimate of the largest energy a charged particle could reach from

the acceleration site such as solar flare and supernovae.

And finally in the last chapter, we propose a general method to generate the

two scale power spectra for the multi-scale anisotropic turbulence magnetic

field synthesis. This is a method to reconstruct the magnetic field spectrum

from the real time spacecraft dataset. This offers a possible way to calculate
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charged particle transport in the turbulent magnetic field given a long enough

single spacecraft observations of the magnetic field and plasma flow velocity

for any satellite. By applying this method to the solar wind magnetic field

data, we reconstruct the non-isotropic magnetic field power spectrum, and we

also find that the large scale power spectra is isotropic with the power spectral

index -1.7. The small scale power spectra is anisotropic. The power spectra

index changes from -1.8 in the perpendicular direction to the local average

field to -2 in the parallel directions. This data-driven power spectrum could

then be fed into our framework of the field synthesis and generate a more

precise particle transport calculation that could lead to better descriptions of

the energetic particle motions in the Heliosphere, which are important for the

estimations of shock accelerations related to flare and coronal mass ejections,

space weather forecasting, and in situ radiation environment evaluations in

space, etc.
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Appendix A

Numerical Integrators

Numerical integrators are used in Chapter 2-4 to track (push) the charged par-

ticle’s trajectory in different turbulence models. Usually a 5th order adaptive

Runge-Kutta method is accurate enough to integrate a particle’s trajectory

over several thousand gyro-periods. This is true when estimating the spatial

transport coefficients. Therefore, we could choose the 5th order adaptive

Runge-Kutta method or the Bulirsch-Stoer method to push particles as in

Chapter 3 and 4. However, when calculating the pitch-angle diffusion coef-

ficient as in Chapter 2, we need to use higher order numerical algorithms.

This is because the scattering happens very fast and the pitch-angle diffusion

coefficient is a function that varies over different pitch angles. This is the

reason that we chose the 8th order adaptive Runge-Kutta method. In this Ap-

pendix we will test the performance of the numerical integrator, the 8th order

adaptive Runge-Kutta method. And we will also compare it with the 5th order

adaptive Runge-Kutta method as well as the Bulirsch-Stoer method. A simple
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test is the two-body problem that says a point mass M1 and a point mass M2

are both rotating around their mass center. We have assumed that the mass

center does not move in this simplified case. Since the motion of the two point

masses is in the same plane, we could just use a two dimensional Cartesian

coordinate system. Let the mass center resides in the origin. Suppose M1 and

M2 are both on the x axis initially. So their positions are (x10, 0) and (x20, 0).

For M1, its initial velocity is (0, v10), while for M2, (0, v20). Here v10 and v20

are in the opposite directions for simplicity. In this case, the set of differential

equations for the two point masses could be rewritten as

y′ = A · y (A.1)

y(0) = y0 (A.2)

Here y = (x1(t),y1(t),u1(t),v1(t),x2(t),y2(t),u2(t),v2(t)) represents

the positions and velocities of point mass 1 and 2 in the x-y coordinate at

time t. Since the matrix A is constant over time, this is a linear system. Also

this system’s total energy is conserved, which is just the sum of their kinetic

energies and the gravitational potential energy. However, for both Runge-

Kutta method and Bulirsch-Stoer method, the total energy is changing with the

integration time due to the numerical errors. The numerical effects are shown

in Figure A.1. It takes 106 periods for the 8th order adaptive Runge-Kutta

method to have less than 0.4% error, while the Bulirsch-Stoer method takes

about 2× 105 periods and the 5th order Runge-Kutta method takes about 105

periods.
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Figure A.1: The simplified Two Body problem is used to test the numerical
effects of the 8th order and 5th order adaptive Runge-Kutta method, as well
as the Bulirsch-Stoer method.

The next test is the restricted three body problem, which is a nonlinear

problem. As a simplified case, we add another massless test point mass m in

the same plane as the above two body system. This is a so called restricted

coplanar three body problem. Since the two body problem has a closed form

analytical solution, we only need to solve the test point mass m’s motion. The

nonlinearity lies in the fact that if we rewrite its equation as the format of A1

and A2, the matrix A will no longer be constant but changes with time and

position relative to the center of mass. However, the total energy of the test

point mass m is still constant in this case. But due to the nonlinearity, the
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numerical effect will be chaotic in this case. This means that if we integrate

the equations of its motion over time, there will be some moment after which

the particles’ motion is non-realistic because the growth of the error is out

of control. Shown in Figure A.2 is the evolution of the test particle’s total

energy over time. One would observe the lowest accuracy algorithm, the

5th order adaptive Runge-Kutta method, first arrives at the state of chaos as

the green line at about less than 100 time steps (about 15 periods). And a

better algorithm is the Bulirsch-Stoer method, which fails at about 400 time

steps (about 65 periods). The best one is the 8th order adaptive Runge-Kutta

method, which lasts until about 600 time steps (about 100 periods).

In Chapter 2-4 in this dissertation, we used the 8th order adaptive Runge-

Kutta method for the pitch angle diffusion coefficient calculation, which is

believed to require a high order accuracy numerical algorithm. We used the

5th order adaptive Runge-Kutta method for the spatial diffusion coefficient

calculation, and we believe it is accurate enough and could be replaced by the

Bulirsch-Stoer mehtod.
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Figure A.2: The simplified Restricted Three Body problem is used to test the
numerical effects of the 8th order and 5th order adaptive Runge-Kutta method,
as well as the Bulirsch-Stoer method.
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