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ABSTRACT 

 Problems of population genetics are magnified by problems of big data. My dissertation 

spans the disciplines of computer science and population genetics, leveraging computational 

approaches to biological problems to address issues in genomics research. In this dissertation I 

develop more efficient metric search algorithms. I also show that vast majority of the genomes of 

great apes are impacted by the forces of natural selection. Finally, I introduce a heuristic to 

identify neutralomes—regions that are evolving with minimal selective pressures—and use these 

neutralomes for inferences on effective population size and breeding sex ratios in great apes. 

We begin with a formal and far-reaching problem that impacts a broad array of 

disciplines including biology and computer science; the k-nearest neighbors problem in 

generalized metric spaces. The k-nearest neighbors (k-NN) problem is deceptively simple. The 

problem is as follows: given a query q and dataset D of size n, find the k-closest points to q. This 

problem can be easily solved by algorithms that compute kth order statistics in O(n) time and 

space. It follows that if D can be ordered, then it is perhaps possible to solve k-NN queries in 

sublinear time. While this is not possible for an arbitrary distance function on the points in D, I 

show that if the points are constrained by the triangle inequality (such as with metric spaces), 

then the dataset can be properly organized into a dispersion tree (Appendix C). Dispersion trees 

are a hierarchical data structure that is built around a large dispersed set of points. Dispersion 

trees have construction times that are sub-quadratic (𝑂(𝑛1.5 log 𝑛) ) and use 𝑂(𝑛) space, and 

they use a provably optimal search strategy that minimizes the number of times the distance 

function is invoked. While all metric data structures have worst-case 𝑂(𝑛) search times, 

dispersion trees have average-case search times that are substantially faster than a large sampling 
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of comparable data structures in the vast majority of spaces sampled. Exceptions to this include 

extremely high dimensional space (d > 20) which devolve into near-linear scans of the dataset, 

and unstructured low-dimensional (d < 6) Euclidean spaces. Dispersion trees have empirical 

search times that appear to scale as 𝑂(𝑛𝑐) for 0 < c < 1. As solutions to the k-NN problem are in 

general too slow to be used effectively in the arena of big data in genomics, it is my hope that 

dispersion trees may help lift this barrier. With source-code that is freely available for academic 

use, dispersion trees may be useful for nearest neighbor classification problems in machine 

learning, fast read-mapping against a reference genome, and as a general computational tool for 

problems such clustering.  

Next, I turn to problems in population genomics. Genomic patterns of diversity are a 

complex function of the interplay between demographics, natural selection and mechanistic 

forces. A central tenet of population genetics is the neutral theory of molecular evolution which 

states the vast majority of changes at the molecular level are (relatively) selectively neutral; that 

is, they do not effect fitness. A corollary of the neutral theory is that the frequency of most alleles 

in populations are dictated by neutral processes and not selective processes. The forces of natural 

selection impact not just the site of selection, but linked neutral sites as well. I proposed an 

empirical assessment of the extents of linked selection in the human genome (Appendix A). 

Recombination decouples sites of selection from the genomic background, thus it serves to 

mitigate the effects of linked selection. I use two metrics on recombination, both the minimum 

genetic distance to genes and local rates of recombination, to parse the effects of linked selection 

into selection from genic and nongenic sources in the human genome. My empirical assessment 

shows profound linked selective effects from nongenic sources, with these effects being greater 
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than that of genic sources on the autosomes, as well as generally greater effects on the X 

chromosome than on the autosomes. I quantify these trends using multiple linear regression, and 

then I model the effects of linked selection to conserved elements across the whole of the 

genome. Places predicted to be neutral by my model do not, unlike the vast majority of the 

genome, show these linked selective effects. This demonstrates that linkage to these regulatory 

elements, and not some other mechanistic force, accounts for our findings. Further, neutrally 

evolving regions are extremely rare (~1%) in the genome, and despite generally larger linked 

selective effects on the X chromosome, the size of this “neutralome” is proportionally larger on 

the X chromosome than on the autosomes.  

To account for this and to extend my findings to other great apes I improve on my 

procedure to find neutralomes, and apply this procedure to the genome of humans, Nigerian 

chimpanzees, bonobos, and western lowland gorillas (Appendix B). In doing so I show that like 

humans, these other apes are also enormously impacted by linked selection, with their 

neutralomes being substantially smaller than the neutralomes of humans. I then use my genomic 

predictions on neutrality to see how the landscape of linked selection changes across the X 

chromosome and the autosomes in regions close to, and far from, genes. While I had previously 

demonstrated the linked selective forces near genes are stronger on the X chromosome than on 

the autosomes in these taxa, I show that regions far from genes show the opposite; regions far 

from genes show more selection from noncoding targets on the autosomes than on the X 

chromosome. This finding is replicated across our great ape samples. Further, inferences on the 

relative effective population size of the X chromosome and the autosomes both near and far from 

genes can be biased as a result. 



 

10 

 

I.    INTRODUCTION 

Problem statements and literature reviews 

 To gain a deeper understanding of the contrasting roles that natural selection, genetic 

drift, rates of mutation and recombination play in shaping the genomic landscape one needs to 

gain a deep understanding of theory; both of population genetics and of computation. My 

dissertation reflects this principal. It begins with a formal problem in computer science; the k-

nearest neighbors (k-NN) problem in generalized metric spaces. The k-NN problem has broad 

and direct applications in genomics. In genomics, proximity search can be framed as read 

mapping and genome alignment problems, and like many tools in machine learning, it can be 

used in classification. While solutions to the k-NN problem may in theory be extended to 

problems in genomics, algorithms that solve for the k-NN are often prohibitively slow. This 

chapter of my dissertation introduces the dispersion tree, a data structure for k-NN search that I 

hope will help lift this computational barrier.  

 

The k-nearest neighbors problem 

 The k-NN problem is a generalization of Knuth’s famous post-office problem (Knuth, 

1973). In Knuth’s presentation a residence can query the location of its closest post office, or 1-

nearest neighbor, in the 2-dimensional space of post offices. The k-NN problem generalizes 

Knuth’s presentation to k-closest neighbors, post offices or otherwise. More formally, the k-NN 

problem is: 

 Input: A finite dataset D of points, a distance function d between points, a query q, and a 

positive integer k. 
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 Output: the k points p1, p2, … pk ∈ D whose distance to q is smallest. 

Solutions to the k-NN problem are seen in a variety of applications. When the space being 

considered is Euclidean, then the k-NN can literally be used as Knuth had originally intended, 

such as with nearest-neighbor search that is natively implemented in PostgreSQL. The k-NN can 

also be used in more generalized feature spaces, where close neighbors can be used as a solution 

for classification (Cover and Hart, 1967) and regression (Altman, 1992) problems. 

 The k-NN of a given query q over some dataset of points D can be solved in expected 

O(|D|) time and space using classic order statistic algorithms such as quickselect (Hoare, 1961). 

As both the number of queries and the number of points in such datasets can grow to be quite 

large, there is great need for methods that instead operate in sublinear time. While this is not 

possible for an arbitrary distance function d between the points p in D, placing restrictions on d 

may permit an organization of D into a data structure that can then be queried quickly. When d is 

restricted to Euclidean spaces, data structures such as R-trees (Guttman, 1984) are effective 

search tools, especially in lower dimension. The ordered pair <d,D> can also be constrained to a 

metric space, which is more generalized than Euclidean space. Specifically, <d,D> is a metric 

space if and only if, ∀ 𝑥, 𝑦, 𝑧 ∈ 𝐷: 

1. d(x, y) ≥ 0 (non-negativity)  

2. d(x, y) = 0 if and only if x = y (identity of indiscernibles)  

3. d(x, y) = d(y, x) (symmetry)  

4. d(x, z) ≤ d(x, y) + d(y, z) (triangle inequality).  

 

Quasimetric spaces, on the other hand, satisfy these axioms excepting the rule of symmetry. 

To simplify measures of time, data structures in metric spaces often measure performance in 

units of distance computations, that is, the number of times that d was invoked. While this may 



 

12 

 

neglect important running-time issues such as cache-coherence, it is a convenient and machine-

independent measure of time. 

 There are a great many spaces used in a variety of disciplines that are metric spaces. With 

n-dimensional vectors, Euclidean, Manhattan spaces are metric spaces, over strings the unit edit 

distance and Hamming distance are me-trics. Even √1 − |𝑟(𝑥, 𝑦)| , where r is the Pearson 

correlation coefficient between vectors x and y, is a metric. More problematic for issues of theory 

is the uniform or trivial metric, in which 𝑑(𝑥, 𝑦) = 1 ∀𝑥 ≠ 𝑦 and 𝑑(𝑥, 𝑥) = 0 ∀ 𝑥. The trivial 

metric meets the constraints of a metric space, however, without the benefit of knowing that the 

space is indeed a trivial metric space, searching such a metric space will in the worst-case result 

in an exhaustive search of the dataset to find the k-NN of q.  

 Metric data structures organize points in a metric spaces with the objective of reducing 

search times. Pruning is the most common technique used to reduce search-times, with all types 

of pruning using the distance to some number of reference points or centers to get a lower bound 

on the distance of a set of points to a given query. When that lower-bound is sufficiently far 

away, then the entire set can be discarded. There are three types of pruning: ball pruning, shell 

pruning and hyperplane pruning. 

 Ball pruning applies the concept of a “ball” to metric spaces. Balls are defined over a set 

of points S with respect to some center points c (c may or may not be a member of S) and have a 

nonnegative radius Rmax. Rmax is defined as max 
𝑠 ∈𝑆

𝑑(𝑠, 𝑐), and we define smax to be an argmax of 

this function. Ball pruning uses a lower-bound on the distance from q to any point in S, where if 

that lower-bound is sufficiently large (say farther away than your current k-NN distance), then 

the ball can be pruned. Such lower bounds can be obtained by: 
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 𝑑(𝑞, 𝑐) ≤ 𝑑(𝑞, 𝑠𝑚𝑎𝑥) + 𝑑(𝑠𝑚𝑎𝑥 , 𝑐) (𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦) 

 𝑑(𝑞, 𝑐) − 𝑑(𝑠𝑚𝑎𝑥 , 𝑐)  ≤  𝑑(𝑞, 𝑠𝑚𝑎𝑥) 

 𝑑(𝑞, 𝑐) − 𝑅𝑚𝑎𝑥 ≤ 𝑑(𝑞, 𝑠𝑚𝑎𝑥) 

Thus, smax cannot be within distance r of q if 𝑑(𝑞, 𝑐) − 𝑅𝑚𝑎𝑥 > 𝑟. Further, if r is a kth nearest 

neighbor distance, smax cannot be a strictly closer neighbor of q if 𝑑(𝑐, 𝑞) − 𝑅𝑚𝑎𝑥 ≥ 𝑟. Also note 

that if this property holds for smax, then as it is maximal, it must hold for all points in S.  

 While ball pruning applies when the ball is sufficiently far from the query, shell pruning 

occurs when the ball is sufficiently close. We take the same definition of ball as before, save for 

c ∉ S. We then take Rmin to be the min
𝑠 ∈𝑆

𝑑(𝑐, 𝑠) and smin to be an argmin of this function.  

 𝑑(𝑐, 𝑠min) ≤ 𝑑(𝑐, 𝑞) + 𝑑(𝑞, 𝑠𝑚𝑖𝑛) (𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦) 

 𝑑(𝑐, 𝑠min) −  𝑑(𝑐, 𝑞) ≤ 𝑑(𝑞, 𝑠𝑚𝑖𝑛)  

 𝑅𝑚𝑖𝑛 −  𝑑(𝑐, 𝑞) ≤ 𝑑(𝑞, 𝑠𝑚𝑖𝑛) 

As before, smin cannot be within distance r of q if 𝑅𝑚𝑖𝑛 − 𝑑(𝑞, 𝑐) > 𝑟, and if r is a k-NN 

distance, smin cannot be a k-NN of q if 𝑅𝑚𝑖𝑛 − 𝑑(𝑞, 𝑐) ≥ 𝑟. And as before, as Rmin is minimal, if 

this inequality holds for smin is must also hold for ∀𝑠 ∈𝑆. Of note, both shell and ball pruning 

solely require the triangle inequality, making them suitable for quasimetric spaces as well as 

metric spaces. However, to apply both types of pruning all points must be compared to the center 

twice, as shell pruning uses d(q,c) and ball pruning uses d(c,q). Also note that a ball or a shell 

may have multiple centers, with the existence of lower-bound pruning on any one of these 

centers being sufficient to prune S. 

 Hyperplane pruning use not one but two centers, c1 and c2. With hyperplane pruning, 

points are partitioned into a “hyperplane,” where the blocks of a partition B1 and B2 correspond 
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to the centers c1 and c2, with point p being assigned to the block corresponding to the argmin 

of min
𝑐 ∈𝑐1,𝑐2

𝑑(𝑐, 𝑝) and ties being broken arbitrarily. With k-NN search we can consider the current 

set of k-NN (i.e., the k-closest points encountered so far). Wlog, if q ∈ 𝐵1, we ask the question 

can the k-NN of q ∈ 𝐵2? Specifically, if: 

1. 𝑈𝑝𝑝𝑒𝑟𝐵𝑜𝑢𝑛𝑑[𝑑(𝑐1, 𝑘𝑛𝑛 𝑜𝑓 𝑞)] < 𝐿𝑜𝑤𝑒𝑟𝐵𝑜𝑢𝑛𝑑[𝑑(𝑐2, 𝑘𝑛𝑛 𝑜𝑓 𝑞)]  →

 𝑑(𝑐1, 𝑘𝑛𝑛 𝑜𝑓 𝑞) < 𝑑(𝑐2, 𝑘𝑛𝑛 𝑜𝑓 𝑞)  → 𝑘𝑛𝑛 𝑜𝑓 𝑞 ∈ 𝐵1 →  𝑘𝑛𝑛 𝑜𝑓 𝑞 ∉ 𝐵2  

With the upper bound following from: 

2. 𝑑(𝑐1, 𝑘𝑛𝑛 𝑜𝑓 𝑞)  ≤ 𝑑(𝑐1, 𝑞) + 𝑑(𝑞, 𝑘𝑛𝑛 𝑜𝑓 𝑞) (𝑇𝑟𝑖𝑎𝑛𝑔𝑙𝑒 𝐼𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦) 

And the lower bound following from: 

3. 𝑑(𝑐2, 𝑞) ≤ 𝑑(𝑐2, 𝑘𝑛𝑛 𝑜𝑓 𝑞) + 𝑑(𝑘𝑛𝑛 𝑜𝑓 𝑞, 𝑞) (𝑇𝑟𝑖𝑎𝑛𝑔𝑙𝑒 𝐼𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦) 

4. 𝑑(𝑐2, 𝑞) − 𝑑(𝑘𝑛𝑛 𝑜𝑓 𝑞, 𝑞) ≤ 𝑑(𝑐2, 𝑘𝑛𝑛 𝑜𝑓 𝑞) 

Thus, after replacement in 1., pruning of B2 occurs if: 

 𝑑(𝑐1, 𝑞) + 𝑑(𝑞, 𝑘𝑛𝑛 𝑜𝑓 𝑞) <  𝑑(𝑐2, 𝑞) − 𝑑(𝑘𝑛𝑛 𝑜𝑓 𝑞, 𝑞)  

Note that hyperplane pruning requires both the distance of the kth nearest neighbor to the query, 

and the distance of the query to its kth nearest neighbor. As such, hyperplane pruning is usually 

restricted to symmetric distance computations as that halves the number of such computations. 

Also note that hyperplane partitioning may cause a constant number of points to be assigned to 

one of the blocks, causing imbalance in the resulting data structure. Adding a factor ε can be 

used to balance the partition. For example, partition assignments can be in accordance to 

min [d(𝑐1, 𝑝), 𝑑(𝑐2, 𝑝) + ε], though the pruning rules would need to incorporate ε to ensure 

correctness. Also note that hyperplanes can easily extended to m centers, where the points are 
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partitioned in accordance to whichever center they are closest to, and pruning occurring with 

respect to every pair of centers. 

 There are two basic subtypes of exact algorithms that solve the k-NN problem: Matrix 

based-approaches, and tree-based approaches. Matrix-based approaches are largely a 

reformulation of the approximation and elimination search algorithm (AESA) (Vidal 1986) and 

further refinements by Micó et al. (1994). While first introduced as a solution to the 1nn 

problem, these approaches can be extended to k-NN (Aibar et al. 1993; Morena-Seco et al., 

2002). With the AESA, every point p in D is compared to every other point, and the exact 

distance between them is stored, with this information being stored in a matrix M of size Ω(n2), 

where n = |D|. Then, a single distance computation is performed to an arbitrary point p1 which 

becomes the first candidate k-NN. p1 can then be seen as a center, and every other point, when 

coupled with this center, can be seen as either a ball or a shell. An array of maximal lower 

bounds B of size n is then initialized to the maximum lower bound from ball or shell pruning 

with respect to p1 using the distances in M. Thus the bounds in B serve to approximate their 

distance to the query, and the points that are sufficiently far away (that is, farther away than the 

k-NN distance) can be eliminated. The next point chosen, pi, is the argmin of B; if B[i] is farther 

away than our current k-NN, it follows that pi can be pruned, and as pi is minimal it follows that 

the rest of D can be pruned as well, and the search terminates. Otherwise pi cannot be pruned, so 

a distance computation is spent comparing it to q, and then all points that cannot be pruned have 

their bounds in B updated to contain maximum lower bounds using M and pruned as appropriate. 

With linear-AESA (Micó et al. 1994), a constant number (m) of base prototypes b are chosen, 

where instead a precomputed matrix of size Ω(nm) is created. With Micó et al. (1994), B is 
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initialized using an arbitrary point in b, and updates to B do not use the entire dataset, but just the 

m reference points and only in the case that the chosen point, pi, was a reference point.  

 Several properties of the AESA make it unsuitable for many instances of the nearest-

neighbor problem. First observe that while the AESA and LAESA are argued to invoke a 

constant number of distance computations (taking k as a constant), even in the case that p1 is the 

true 1nn in a 1nn search, the entirety of B is searched. Though this search requires only a single 

distance computation, this exhaustive search implies that AESA and LAESA operate in Ω(n) 

time. Second, AESA in particular requires Ω(n2) memory and LAESA requires Ω(mn) memory. 

While the quadratic memory requirements of AESA are a substantial barrier to its broad 

applicability, even the treatment of m as a constant in LAESA may be overly-optimistic. As n 

goes to infinity, it may be that m may need to be a sublinear function of n to continue to generate 

k-NN with a constant number of distance computations. Both AESA and LAESA are applicable 

in some domains, for example when the distance function is extremely costly and/or when the 

size of the datasets is small. They further exemplify how the reliance on distance computations 

as a measure of time can be exploited by k-NN search methods to exaggerate their apparent 

speeds. AESA and LAESA are also the first algorithms to use lower-bound k-NN search, a 

search strategy that does no more distance computations than a range search started with the true 

k-NN distance (Hjaltason and Samet, 2000). 

The vast majority of metric space indexes are tree-based. First introduced for discrete 

metrics (Burkhard and Keller 1973), metric trees were more generally introduced by Uhlmann 

(1991). Uhlmann (1991) presented both ball trees and generalized hyperplane trees. Ball trees 
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recursively partition points in the metric space into two blocks, a ball block and a shell block, 

with respect to an arbitrary center c as follows: 

 Input: A dataset D of points, and a distance function d 

 Output: A ball tree formed over D with respect to d 

Procedure BallTree(D, d) 

1. If D is empty, return null 

2. c := an arbitrary point in D 

3. m := median distance over all points in D with respect to c 

4. node.center := c 

5. node.median := m 

6. node.ball := BallTree( ∀𝐷𝑖 ∈𝐷| 𝑑(𝑐, 𝐷𝑖) ≤ 𝑚  , d)  

7. node.shell := BallTree( ∀𝐷𝑖 ∈𝐷| 𝑑(𝑐, 𝐷𝑖) ≥ 𝑚  , d)  

8. return node 

Ties at the median value m are broken as to ensure that the ball and the shell are balanced. Ball 

trees are thus balanced search trees, which use ball pruning and shell pruning as appropriate. 

Yianalos (1993) introduced the vantage-point tree, which further refined ball trees by using 

heuristics to select centers that maximize the variance in d. Multi-vantage point (MVP) trees 

represent another such refinement, where multiple centers are chosen, as well as multiple order 

statistics (instead of just medians), and minimum and maximum radii of each of the blocks with 

respect to each of the centers, allowing both ball-pruning and shell-pruning of any of the blocks 

(Bozkaya and Ozsoyoglu 1999). 
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 Uhlmann (1991) also introduced generalized hyperplane (GH) trees. GH trees form a 

hyperplane partition between two centers, with each block being recursed upon to create a tree. 

While Uhlmann (1991) did not specify the center-finding criteria, hyperplane pruning will be 

more likely if the centers are far apart. Brin (1995) extends GH trees to geometric near neighbor 

access trees (GNAT). GNATs have an arity a, and form a hyperplane partition using a centers. 

GNATs use a max-min approach for selecting centers; they start with an arbitrary point, then 

select the point in the dataset farthest from that, and they then select subsequent points whose 

minimum distance to any of the centers chosen so far is maximal. Spatial approximation trees 

(Navarro 2002) are a type of GNAT where the centers are chosen to be closer to some center 

than to any other point, while antipole trees (Cantone et al. 2005) are a mixture of hyperplane 

trees (near the root) and ball trees (near the leaves).    

 Cover trees (Beygelzimer et al. 2006) are another ball-tree that provide an interesting 

theoretical perspective on k-NN search in metric spaces. While the previous ball trees reduce the 

number of points at each level of recursion by some constant factor (2 in the case of vantage 

point trees), cover trees are level trees that reduce the radius of balls at each level by a constant 

factor (1.3 in practice, though 2 is used in their proofs) at each level. For level i of a cover tree, 

the minimum distance between any pair of points is > 2i, with the root level occurring at level 

+∞ and the leaves at level -∞. Cover trees assume that the metric space is constrained to have 

an expansion constant c, where c is minimal over ∀𝑟∀𝑝 ∈𝐷  |B(p, 2r)| ≤ c|B(p, r)|, where |B(p, r)| is 

the number of points in ball B centered on point p with radius r. Note that if the points are drawn 

from a uniform Euclidean space of dimension d, then c ~ 2d. With this design, cover trees can be 

constructed in time O(c6 n log n) and they can be queried in time O(c12 log n). Cover trees are 
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one of the few metric data structures that make asymptotic claims on search in metric spaces, 

though the constants (which as noted by Beygelzimer et al. 2006 may not be constant in practice) 

are large enough that they may dominate search times even when the size of the dataset is large.     

 While cover trees provide a rich theoretical approach to search in metric spaces, the list 

of clusters (Chávez and Navarro 2000) is an exceedingly simple data structure that has 

surprisingly fast search-times in practice. With the list of clusters, m centers are chosen, and then 

balls are greedily formed each with 
𝑛

𝑚
 points. The balls are then placed in a list, creating a list of 

balls. Further refinements of the list of clusters just use a hyperplane partition using m centers 

(Tellez and Chávez 2012), greatly improving construction times, though the blocks of the 

partition may not each have 
𝑛

𝑚
 points. The points within each ball are not organized, and are 

searched exhaustively if they cannot be pruned. While m can be any value, the authors suggest 

setting m to √2𝑛. Despite this simplicity, the list of clusters can be a very competitive search 

strategy in higher dimension. Of note, the list of clusters is the only data structure that does not 

create partitions with respect to a constant number of centers. 

 

Diversity in the genome. 

We turn now to problems in population genetics and genomics. My dissertation uses high 

coverage whole genome data from a sample of two human populations (Appendix A), as well as 

samplings in humans and other great apes (Appendix B) to evaluate the effects of “selection at 

linked sites” (i.e., linked selection) on genomic patterns of diversity.  

A common estimator of genetic diversity at the nucleotide level is the index of nucleotide 

diversity (π) (Nei and Li 1979). π is the average number of pairwise differences between 
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individuals in a population, and under neutral equilibrium conditions π is an estimator of the 

population mutation rate Θ, where Θπ = 4Neμ. Thus π is influenced both by the (individual) 

mutation rate (μ), and the effective population size (Ne), as well as by violations of neutral 

equilibrium conditions.  

Many processes mechanistic processes influence π through changing μ. Examples include 

DNA replication timing (Koren et al. 2012, 2014), trinucleotide context (Hwang and Green 

2004), paternal age (Kong et al. 2012; Venn et al. 2014), and recombination itself (Pratto et al. 

2014; Arbeithuber et al. 2015). Ne, too, changes, both genome-wide and locally. Genome-wide 

changes are due to demographic effects such as migration, population structure, and population 

size changes. At local scales, the indirect effects of selection on linked neutral sites also reduces 

Ne (Maynard Smith and Haigh 1974; Charlesworth et al. 1993; Hudson and Kaplan 1995). 

Linkage to positively selected alleles also skews the allele frequency spectrum (AFS) 

(Braverman et al. 1995), and when the magnitude of selection is small, negative selection 

behaves similarly but to a lesser degree (Williamson and Orive, 2002; Nicolaisen and Desai 

2012, 2013).  

To disentangle the effects of mutation rate from that of effective population size π can be 

divided by divergence (D). While π is the average number of differences between ingroups, D is 

the (typically average) number of differences between ingroups and an outgroup. The expected 

value of D is 2μt + 4Naμ, where t is the speciation time between the ingroups and outgroups and 

Na is the effective population size of the ancestral taxon. Thus, the expected value of D is equal 

to μ times a constant. Taking the ratio π/D transforms an estimator of Θ to an estimator of Ne 

that controls for the local mutation rate. 
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While π/D serves as an estimator of Ne, this estimator may still be confounded by 

mutation rate in some cases. Taking recombination as an example, recombination is itself 

mutagenic (Arbeithuber et al. 2015). In humans, 80% of recombination events occur in <10% of 

the genome (McVean et al. 2004) forming so-called recombination “hotspots,” a finding that is 

generally recapitulated across great apes (Stevison et al. 2016). Hotspots are not a conserved 

feature of the genomic landscape; they are neither conserved between humans and chimpanzees 

(Ptak et al. 2005), nor or they necessarily conserved between people of West African ancestry 

and European ancestry (Hinch et al. 2011). Further, recombination is associated with gene 

conversion; while recombination resolves double-strand breaks with a cross-over event, the more 

common resolution of the breakpoint is with a gene-conversion event. Gene conversion and 

recombination both involve a strand-invasion phase, where the maternal and paternal 

chromosomes are paired. Mismatches in this pairing are resolved with a bias against weakly 

bonded base-pairs (W: A,T), favoring instead strongly bonded pairs (S: G,C), with an effect 

known as GC-biased gene conversion (gBGC) (Marias, 2003). This bias acts as a weak selective 

pressure (Galtier et al. 2009), and as gene conversion and recombination are spatially correlated, 

it is another example of how recombination and diversity may be associated.  

Like recombination, DNA replication timing is another mechanistic process that may also 

disproportionally affect π more than D. DNA replication occurs in parallel, with some regions 

replicating earlier than others. Early-replicating regions have lower rates of mutation, both of 

soma and of germlines, than late-replicating regions (Koren et al. 2012). The timing of DNA 

replication is tightly regulated, with this regulation being modulated in cis by different alleles in 

human populations (Koren et al. 2014). Thus it follows that local mutation rates likely also vary 
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between populations because of this difference, which suggests that like recombination, 

differences in replication timing may affect diversity more than divergence. Thus, while dividing 

π by D controls for some aspects of mutation-rate heterogeneity, if the properties that influence 

mutation-rate are transient, this control may be incomplete. 

Natural selection may also have profound effects on π/D. These effects can be partitioned 

into two sets; effects that are direct, and based on the action of selection on genomic substrates, 

and effects that are indirect, and stem from the action of a selected allele on the genealogy of 

linked sites. Most studies in humans argue for a large role of negative selection, with lesser 

degrees of positive directional selection (Akey 2009; Lohmueller et al. 2011; Hernandez et al. 

2011; Enard et al. 2014), and even lesser degrees of other types of selection such as balancing 

selection (Leffler et al. 2013). 

Negative selection purges deleterious mutations from populations. When purged, both the 

site of selection and nearby sites are removed in an effect known as background selection. 

Charlesworth et al. (1993) first introduced a model that describes the action of negative selection 

on the genealogy of linked sites. When deleterious alleles are purged quickly from the population 

the effect at linked sites is equivalent to a reduction in the local Ne (Hudson and Kaplan 1995); 

that is, mean coalescent times are reduced but the structure of the genealogy remains the same. 

As shown by both theoretical and forward-in time simulations, linkage to weakly deleterious 

alleles, on the other hand, reduces Ne and skews the underlying genealogy (Fu 1997; Williamson 

and Orive, 2002; Nicolaisen and Desai, 2012, 2013). Specifically, individuals with many 

deleterious alleles in the past are less likely to contribute alleles in the present, which distorts 

how segregating sites are distributed on the genealogy. And since purifying selection has been 
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more effective in removing alleles in the distance past than in the present, background selection 

emulates population growth by increasing the terminal branch lengths. Background selection 

reduces diversity both as a function of the local deleterious mutation rate, u, and the rate of 

recombination r. In the model of Husdon and Kaplan (1995), the reduction in Ne from 

background selection is 𝑒−
𝑢

2𝑠ℎ+𝑟 for neutral loci r genetic units away from the selected site, 

though the selection coefficient (s) and dominance coefficient are sometimes neglected as they 

can be much smaller than r. 

 Positive directional selection drives alleles to fixation. With the hitchhiking effect, when 

a selected allele goes to fixation alleles on the same genetic background “hitchhike” to fixation 

(Maynard Smith and Haigh 1974). In 2-locus hitchhiking models, heterozygosity at a single 

neutral allele at the time of fixation largely depends on the ratio s/r, where s is the selection 

coefficient and r is the genetic distance between the neutral and selected allele (assuming 2Nes is 

large, e.g. > 100) (Maynard Smith and Haigh 1974; Kaplan et al. 1989). The model of Maynard 

Smith and Haigh (1974) has been extended from single to recurrent hitchhiking events, where 

hitchhiking spontaneously may occur throughout the chromosome (Kaplan et al. 1989). While 

background selection primarily reduces Ne and has a relatively small effect on low-frequency 

(predominantly singleton) polymorphisms (Fu 1997), hitchhiking skews both low- and high-

frequency polymorphisms (Braverman et al. 1995; Fay and Wu 2000), with hitchhiking’s effect 

on high-frequency variants stemming from recombinant haplotypes containing the selected allele 

also being driven to fixation. 

 To understand the roles that genetic hitchhiking and background selection have on 

genomic patterns of diversity we need to have a firm understanding how both these processes 
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behave, and of where the targets of selection are in the genome. Genes are one obvious class of 

elements that may be under selection, and their distribution in the genome is largely known (but 

see Nelson et al. 2016). Phylogenetically conserved elements are another likely target. 

Phylogenetically conserved elements are genomic locations that, when constrained by a 

phylogeny, have fewer substitutions than would otherwise be predicted. When these elements are 

identical between species such as humans and mouse, they are termed “ultraconserved” 

(Bejerano et al. 2004). Ultraconserved elements are not just mutational “coldspots,” but instead 

show extreme skews in the AFS towards an excess of rare variants, consistent with negative 

selection (Katman et al. 2007). phastCons conserved elements are another class of constrained 

elements (Siepel et al. 2005).  With phastCons elements, conserved elements are predicted by a 

phylogenetic hidden Markov model (phyloHMM). The phastCons phyloHMM has a constrained 

and an unconstrained model state, and transition probabilities between (and within) these states. 

Both states depend on multiple sequence alignment given a known phylogeny, where the time-

scales of the constrained phylogeny are reduced by a constant factor from the unconstrained 

phylogeny. phastCons elements are then elements that are better explained by the constrained 

versus the unconstrained phylogeny. phastCons elements are another class of constrained 

elements in the genome, and like ultraconserved elements, these elements appear to be under 

both positive and negative selection (Halligan et al. 2011, 2013). 

 A related concept to conserved elements are functional elements. While selective 

elements are computationally inferred, functional elements are instead ascertained using 

biochemical methods. Thus, it follows that while elements such as phastCons elements are likely 

targets of natural selection, biochemically inferred elements such as loci identified by ChIP-Seq 
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and GRO-Seq may (Yu et al. 2015), or may not be under appreciable levels of selection (Kellis 

et al. 2014). Further, biochemically determined functional elements require explicit knowledge 

of which transcription factors to assay in which cells and under which conditions. These 

functional elements thus may represent a superset of selective elements, as they all may not be 

selective, and a subset of elements, as the proper cells in the proper conditions may not have 

been surveyed (e.g. Ostuni et al. 2013). Conserved elements, however, are inferred in a manner 

agnostic to function and indeed these elements serve a variety of biological roles. Some 

conserved elements are aberrantly expression in cancer cells (Braconi et al. 2011). In genes, 

ultra-conserved regions affect mRNA secondary structure (Sathirapongsasuti et al. 2011), 

regulate alternative splicing (Lareau et al. 2007; Ni et al. 2007; Sathirapongsasuti et al. 2011). 

Conserved regions also serve as tissue-specific enhancers (Pennacchio et al. 2006). As such, 

conserved regions are a heterogenous mixture of genomic elements with the sole commonality 

being conservation.  

 As I have outlined above, recombination and diversity are intimately associated. The 

correlations between them may be owed to cellular processes such as GC-biased gene conversion 

and recombination’s mutagenicity, or they may be owed to unlinking selected alleles from the 

genomic background. Further, in the case of selection it may be that linked selection may stem 

from linkage to genic sites of selection, or it may stem from linkage to nongenic elements. Thus, 

in the studies that follow I seek to disentangle the mechanistic from the selective, and to 

highlight whether or not selection to genes or to non-coding elements drive genomic patterns of 

diversity in both humans and other great apes. 
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II.   PRESENT STUDY 

 The appendices to this thesis describe in detail the background, methods, results, 

discussion that make up my dissertation. I give in this section the major findings and novel 

advancements of these appendices, beginning with the finding that most bases in the human 

genome are impacted by natural selection in the paper for Appendix A entitled: 

THE ROLE OF PHYLOGENETICALLY CONSERVED ELEMENTS IN SHAPING  

THE LANDSCAPE OF HUMAN GENOMIC DIVERSITY 

examines the extent of linked selection in the human genome. I present an empirical assessment 

of the effects of selection at linked sites in the human genome. I show that these effects are 

pervasive, occurring both near and far from genes, leaving few nucleotides unaffected by these 

linked effects. Using masking and two datasets of de novo mutations I show that these effects are 

not due to GC-biased gene conversion, nor are they due to recombination’s mutagenicity. I use a 

genomic model of linked selection to phastCons elements, and show that regions predicted to be 

neutral by my model do not show these linked selective effects, which shows that linkage to 

phastCons elements drive genomic patterns of diversity. I then introduce a definition of “neutral” 

that has a statistical basis, and show that the regions in the genome that appear to be neutral are 

exceedingly rare (~1% of the genome).  

In my work shown in Appendix B, entitled: 

GENOMIC INFERENCE ON SEXUAL SELECTION IN THE GREAT APES 

I extend my research from Appendix A to gorillas, Nigerian chimpanzees and bonobos, showing 

that the genomes of each of these species are as impacted by selection as humans. I then model 

linkage to phastCons elements inferred over different time scales and show that these elements 
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are a heterogeneous class, and further, they have substantially different distributions on the X 

chromosome and the autosomes. I then re-applied my model of linked selection to phastCons 

elements in great apes, and introduce a general framework for generating “neutral” regions. I 

also show that while regions of the X chromosome near genes show more (linked) selective 

effects than the autosomes, regions far from genes show the opposite. I compare estimates of Ne 

on the X chromosome versus the autosomes, and show that the relative effective population sizes 

far from genes are biased by this variable level of on nongenic elements. I finish by estimating 

the breeding sex ratio in African great apes, and show that this ratio is especially elevated in 

chimpanzees. I posit that either sperm competition arose in the lineage of Pan troglodytes, and 

not in the ancestor of bonobos as chimpanzees, or that behavioral strategies in chimpanzees 

especially elevate the breeding sex ratio in chimpanzees compared to bonobos. 

In my work shown in Appendix C, entitled: 

FASTER METRIC NEAREST NEIGHBOR SEARCH USING DISPERSION TREES. 

I describe a data structure called a dispersion tree which is an index of a metric space. Dispersion 

trees can be used to solve both k nearest-neighbor searches, as well as range searches. Dispersion 

trees take some of the principals that I gleaned from other metric indexes, and extend them in 

important ways. Nearly all metric indexes are recursively constructed top-down, with the points 

in the space being partitioned in accordance to their distance to some constant number of 

references or centers. High dimensional spaces, metric or otherwise, have the unfortunate 

property that few points are close, and most points are generally far apart. Thus, it follows that 

partitioning strategies that use a constant number of references will place points that are far from 

all references into blocks that are largely arbitrary, an effect that is likely exacerbated with each 
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recursive call. Conversely, data structures such as the list of clusters, which in practice form 

𝑂(√𝑛) centers and place points into partitions organized by these centers, have very fast search 

times. As the list of clusters provides little organization of the points beyond this initial partition, 

this speaks to how the top-down construction used by nearly every other metric space index may 

be affecting search. True bottom-up strategies, however, are infeasible for large datasets, as they 

involve the mergers over the quadratic number of pairs of points. Bottom-up procedures also 

need an objective function on how to evaluate the quality of these possible mergers. 

 With these principles in mind, I introduce dispersion trees. Dispersion trees are the first 

data structure in metric spaces that uses a partial bottom-up construction technique, and they 

have sub-quadratic construction time (𝑂(𝑛1.5 log 𝑛) to be precise) and use 𝑂(𝑛) space. 

Dispersion trees use √𝑛 dispersed points, and build a search hierarchy based on this dispersed 

set. Dispersion trees have faster average-case search times in a variety of metric spaces than a 

large sampling of competing metric data structures. There are only two exceptions to this: 

dispersion trees are slower than comparable data structures in lower-dimensional (<6-

dimensional under the Euclidean distance function when considering points in a unit hypercube) 

unstructured spaces, and very in high-dimensional spaces (structured or not), which generally 

devolve into a near-linear scan of the dataset. My work shows that bottom-up strategies are a 

powerful technique for constructing metric indexes, and it opens up this strategy for future 

research. 
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III.   FUTURE DIRECTIONS 

My work in the areas of nearest neighbor search and in the extents of linked selection 

open up several interesting lines of future research. With nearest neighbor search, while 

dispersion trees have fast query times, their construction times are slower than comparable data 

structures. Further, dispersion trees only use a partial bottom-up strategy. It follows that if the 

whole dataset could be considered simultaneously then a true bottom-up strategy could join 

subtrees that are even closer, resulting in smaller ball radii and thus more pruning and faster 

search times. Algorithms that do this quickly (e.g., 𝑂(𝑛 𝑙𝑜𝑔𝑥𝑛) time) would present a formidable 

construction strategy. Further, dispersion trees use an objective function that is greedily minimal 

on radius; that is it merges subtrees under the objective that the merged subtree’s radius is 

minimal over all possible pairs. However, the number of possible mergers shrinks after each 

merge. This may cause the initial subtrees formed to have very small radii, as there are many 

possible choices, but subtrees that contain many points may have (much) larger radii because 

they were formed over a smaller set of possible mergers and they are constrained by the choice 

of centers. I posit that there is an optimal radius for pruning, with optimal taking both the 

probability of pruning and the number of points pruned away into account (I currently neglect 

the latter property). It could also be that dispersion trees, given this reduced flexibility in larger 

subtrees when the subtrees are created bottom-up, may be sub-optimal with respect to this 

optimal radius, and that forming balls with optimal radii initially may be a better strategy.  

 There are several promising lines of research that could further my work on linked 

selection. First, better models that scale to the level of the genome are in great need. The extant 

genomic models of linked selection are restricted to the background selection model of 
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(McVicker et al. 2009) and Model C of Halligan et al. (2013). The shortcomings of the 

McVicker et al. (2009) model are both theoretical and practical; models of background selection 

that neglect weakly selected alleles may not be entirely appropriate for genomic models of linked 

selection. Model C also has significant shortcomings; many combinations of parameters yield 

very similar levels of model fit in humans and great apes. While these different best-fitting 

models largely agree on which loci are “neutral,” assessing levels of linked selection beyond the 

purposes of this classification are more problematic. This issue of singularity could in part could 

be due to insufficient power; perhaps the loci in humans and other apes were too large to 

accurately infer these parameters. Or, it could be that our reliance on two classes of selective 

elements, CEEs and CNEs, is too coarse. As I show with my “clusters” of primate scores, what 

constitutes an element may be abstracted away; perhaps different bases under different levels of 

constraint (both positive and negative) would provide a more realistic substrate on which these 

models of linked selection may operate.  
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ABSTRACT 

Evolutionary genetic studies in many species have shown a positive correlation between levels of 

nucleotide diversity and rates of recombination. More recently, diversity has been shown to be positively 

correlated with the genetic distance to genes in humans and great apes. Both positive-directional and 

purifying selection have been offered as the source of these correlations via genetic hitchhiking and 

background selection, respectively (here referred to as linked selection). Phylogenetically conserved 

elements (CEs) are short (~100bp), widely distributed sequences (comprising ~5% of genome) that, are 

often found far from genes. While the function of many CEs is not known, studies in hominids and 

murids have provided evidence that CEs also are associated with reduced diversity at linked sites. Here 

we contrast diversity both with distance to genes and with rates of recombination, parsing the effects of 

linked selection into genic and nongenic sources. Using high coverage (>80x) whole genome data from 

two human populations, the Yoruba and the CEU, we perform fine scale evaluations of diversity, rates of 

recombination, and linkage to genes. We find that the local rate of recombination has a stronger effect on 

levels of diversity than linkage to genes on the autosomes, and that these effects of recombination persist 

even in regions far from genes. Notably, low recombination-rate loci that are far from genes have ~16% 

less diversity than high recombination-rate loci close to genes. The mutagenic effects of recombination 

and GC-biased gene conversion are unlikely to contribute to the correlation between diversity and the 

local recombination rate. On the other hand, our whole-genome modeling shows that selection on sites 

within or linked to CEs is consistent with this finding. A major implication of this result is that very few 

sites in the genome are predicted to be free of the effects of selection. These sites, which we refer to as the 

human “neutralome”, comprise only 1.2% of the autosomes and 5.1% of the X chromosome. 

Demographic analysis of the neutralome reveals larger population sizes and lower rates of growth for 

ancestral human populations than inferred by previous analyses. 
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INTRODUCTION 

Recombination is a fundamental force of molecular evolution. Nearby sites on the chromosome are likely 

co-inherited, implying a correlation in their evolutionary trajectory. This linkage disequilibrium (LD) 

between sites reduces the efficiency of natural selection, decreasing fixation rates for positively selected 

alleles while increasing said rates for negatively selected alleles (Hill and Robertson 1966). Selected 

alleles may be in LD with neutral alleles. Neutral alleles can hitchhike to fixation under a selective sweep 

(Maynard Smith and Haigh 1974) or to extinction under background selection (Charlesworth et al. 1993). 

Both background selection and hitchhiking distort the underlying ancestral recombination graph (ARG), 

increasing terminal branch lengths, altering the allele frequency spectrum (AFS) and generally reducing 

genetic diversity (Braverman et al. 1995; Tachida 2000; Williamson and Orive 2002; O’Fallon et al. 

2010; Nicolaisen and Desai 2012, 2013). We refer to these processes as linked selection. 

Recombination decouples selected alleles from the genomic background, mitigating the effects of 

linked selection. In their landmark study, Begun and Aquadro (1992) found that the rate of recombination 

(R) is significantly correlated with nucleotide diversity (π), a finding that has been replicated and 

expanded upon in a variety of contexts (Nachman 2001; Spencer et al. 2006; Cai et al. 2009; Lohmueller 

et al. 2011; McGaugh et al. 2012). The implications of this body of work are that linked selection plays a 

major role in constraining diversity across the genome. Similarly, diversity and the minimum genetic 

distance to genes (G) is also positively correlated (Hammer et al. 2010; Gottipati et al. 2011; Prado-

Martinez et al. 2013; Arbiza et al. 2014). Cellular processes such as GC-biased gene conversion (Marias 
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2003) (but see McGaugh et al. 2012) or the mutagenicity of recombination (Pratto et al. 2014; 

Arbeithuber et al. 2015; Francioli et al. 2015) may also contribute to correlations between R and π.  

An important question that has not been carefully addressed in humans is how much of the effects 

of linked selection is driven by evolutionarily constrained regions within and outside of genes. 

Phylogenetically conserved elements are loci that have far fewer substitutions than would otherwise be 

expected in a neutral region over a given phylogeny. Classes of phylogenetically conserved elements 

include ultraconserved elements, which within humans are defined as having 100% identical orthologs 

between humans, mouse and rat (Bejarno et al. 2004). More relaxed definitions of conserved elements, 

such as phastCons elements (Siepel et al. 2005), permit low levels of nucleotide substitution. Conserved 

elements are not simply mutational coldspots, and instead appear selective (Bejarno et al. 2004; Cooper et 

al. 2005; Siepel et al. 2005; Katzman et al. 2007; Chen et al. 2007; McVicker et al. 2009; Halligan et al. 

2011). In particular, diversity is reduced within and adjacent to both coding and noncoding phastCons 

elements (Hernandez et al. 2011; Halligan et al. 2013). Unlike genes, conserved elements are generally 

short (~100bp) and widely distributed sequences (comprising ~5% of the genome), suggesting that linked 

selection to phylogenetically conserved elements may also play role in constraining diversity across the 

genome.  

We investigate the relationships between π, R, and G at genic and nongenic sites across the 

genome, making use of high coverage whole genome sequence data from two human populations: the 

Yoruba from Ibadan, Nigeria, and Northern Europeans from Utah. We also test the hypothesis that 

recombination is mutagenic within the non-repetitive portions of the genome that we consider in our 

estimates of diversity, and assess the extent to which GC-biased gene conversion contributes to the 

relationships among diversity, R and G. We model linkage to phylogenetically conserved sequences to 

assess their role in shaping genomic patterns of diversity, and then validate this model by testing for 



 

41 

 

linked selection in regions predicted to be unlinked to phastCons elements. This leads us to a hypothesis-

testing framework and a test of “neutrality” for genomic regions.  

 

RESULTS 

Diversity and linkage on the X chromosome and the autosomes 

In order to estimate local genetic diversity we partitioned the human genome into non-overlapping 10kb 

loci. After masking out several classes of repeats, we computed nucleotide diversity (π) and divergence 

(D) to a human-orang ancestor sequence within each locus for both the Yoruba (YRI, n=9) and Northern 

Europeans from Utah (CEU, n=9) based on high coverage (~80x) whole genomes. Next, we assessed the 

effects of linkage on diversity at each locus by computing both the probability that the locus is decoupled 

from the closest gene (G), i.e., the minimum genetic distance to genes in centimorgans (cM), and the 

probability of recombination within the locus (R), i.e. the length of the locus in cM (Supplemental Figure 

S1). 

To visualize how G and R jointly affect the local effective population size (i.e. π/D), we bin loci 

using the marginal distributions of both G and R, by deciles in the autosomes and quartiles on the X 

chromosome. For each bin, we display the median value of π/D (division by D controls for variation in 

local mutation rate amongst loci) (Figure 1, Supplemental Figure S2). As expected, we find that diversity 

increases with the genetic distance to genes (left to right columns), consistent with previous work 

(Hammer et al. 2010; Gottipati et al. 2011; Arbiza et al. 2014). However, surprisingly π/D also increases 

with R (bottom to top rows) for both types of chromosomes regardless of the value of G. This gradient is 

even evident in the last column of Figure 1, which consists of loci that are essentially unlinked from all 

genes. Both π (Supplemental Figure S3) and D (Supplemental Figure S4) examined separately show the 

same general trends, though with a much more pronounced effect for π.  
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In order to assess statistical significance of the observed trends we used iterated re-weighted least 

squares (IRLS) regression on the model π/D ~ G + R for autosomes and the X chromosome separately, 

with estimated slope coefficients β providing a measure of effect size. The standardized slope coefficients 

β are significantly greater than 0 (p<0.001 across all comparison). Further they satisfy βXG > βXR > βAR > 

βAG (p < 0.001 across all comparisons in the YRI, p < 0.05 for the CEU) (Methods, Table 1). The slope on 

the autosomes for R (βAR) is significantly larger than that for G (βAG). The reverse inequality holds on the 

X chromosome, with both coefficients being larger on the X chromosome than on the autosomes. We note 

that βXG > βAG is the primary finding of Hammer et al. (2010), where the interpretation is that linked 

selection on genes reduces diversity more rapidly on the X chromosome than on the autosomes.  

 

The correlation between R and π/D 

There are three possible explanations for the observed positive correlation between R and π/D: 1) 

recombination is itself mutagenic (Arbeithuber et al. 2015), 2) GC-biased gene conversion (gBGC) may 

influence allele frequencies in some way (Marias 2003) or 3) selection at noncoding (e.g. regulatory) sites 

are having a significant impact on local genetic diversity (recall that we only consider the distance from 

genes in the analysis above). Below we examine the evidence for each. 

 

The local recombination rate of de novo mutations.  

A direct measure of local mutation rate can be obtained by examining the distribution of de novo 

mutations identified via whole genome sequencing of families. We obtained two large genomic datasets 

consisting of 4,917 (Kong et al. 2012) and 11,010 (Francioli et al. 2015) such mutations, which we refer 

to as the Decode and GoNL datasets, respectively. To mirror our estimates of diversity, we masked 

repeats (Methods) and were left with 1,467 Decode and 2,166 GoNL mutations in the nonrepetitive 
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portions of the genome. We then tested if the recombination rate at sites with de novo mutations exceeded 

that of the genomic average. 

In order to control for the effect of sequence context on mutation rate (for example enrichment of 

mutation rates at CpG sites, which in turn are generally enriched in recombination hotspots (Nachman 

2001)) we generated our null distribution by extracting genome-wide sites that matched the trinucleotide 

distribution of the de novo mutations, yielding 67,394,212 and 60,392,816 sites in our null distributions 

for the Decode dataset and GoNL dataset, respectively.   

When considering nonrepetitive regions, the Decode de novo dataset had a mean local 

recombination rate of 1.48 cM/Mb (SD: 4.90), while its matching null set had a mean of 1.47 cM/Mb 

(SD: 5.06). The GoNL de novo dataset had a mean local recombination rate of 1.57 cM/Mb (SD: 5.53), 

while its matching null set had a mean of 1.47 cM/Mb (SD: 5.06). Pooling the datasets yielded a mean de 

novo local recombination rate of 1.53 cM/Mb (SD: 5.06), which was not significantly different than the 

pooled null sets (p=0.48, 2-tailed Welch t-test). Repeating this procedure on the whole genome, including 

repetitive sequence but limited to the range of the HapMap genetic map, yielded a mean local 

recombination rate of de novo mutations of 1.54 cM/Mb (SD: 5.56) (1.51 cM/Mb SD: 5.38 for Decode, 

1.56 cM/Mb SD: 5.63 for GoNL). The pooled trinucleotide-matching null set for Decode 

(n=227,640,296) and GoNL (n=206,352,696) had a mean local recombination rate of 1.37 cM/Mb 

(SD=4.72), which is significantly different from the combined set of 15,927 (4,917 Decode and 11,010 

GoNL) de novo mutations (p=0.00013, 2-tailed Welch t-test). Thus, the expected local recombination rate 

of de novo mutations is significantly greater than that of the genomic average suggesting that 

recombination is associated with mutagenesis, consistent with previous works (Pratto et al. 2014; 

Arbeithuber et al. 2015; Francioli et al. 2015). However, when constrained to the nonrepetitive portions of 

the genome (as was used when examining the relationships with R and G above) there is no longer 

significant support for this effect. 
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GC-Biased gene conversion 

Another cellular process that may induce a positive correlation between diversity and R (Figure 2) is 

gBGC. With gBGC, heterozygous genotypes near recombination-initiated double-strand breaks are 

preferentially converted from weakly bonded (W: A,T) to strongly bonded (S: G,C) states  (Strathern et al. 

1995; Marias 2003). This GC-biased DNA repair is posited to create a fixation bias whose effects have 

been shown in the AFS for the populations considered here (Katzman et al. 2011). As gBGC induces 

fixation biases for S→W and W→S mutations, we performed our heatmap and regression analyses using 

only S→S and W→W transversions, which are gBGC-independent. Visualizations of the joint effects of 

R and G on π/D under this condition largely recapitulate our original findings (Figure 3, Supplemental 

Figure S5), though the exclusion of so many variable sites increases the variance in our estimate of π/D. 

We repeated our IRLS regression analysis, and again found that all slope coefficients were significantly 

positive in both populations on both the X chromosome and the autosomes (p < 0.001), and that βXR > βAR 

> βAG in the YRI (p < 0.001 and in the CEU p <0.02, Supplementary Table 1). Curiously, in both the YRI 

and the CEU we could not conclude that βXG > βXR. This may be due to reduced power as a result of 

considering ~1/6 the number of variable sites. We also note that our consideration of only S→S and 

W→W transversions serves as an additional control on the mutagenic effects of recombination, which is 

believed to be restricted to transitions (Arbeithuber et al. 2015). Overall we conclude that neither gBGC 

nor the mutagenicity of recombination are driving the trends seen in Figure 1. 

 

The linkage to phastCons elements 

If selection is driving the trend between π/D and R, it follows that this trend must largely stem from 

selection at nongenic sites. To evaluate this hypothesis we examined 725,430 phylogenetically conserved 

phastCons elements inferred over a primate phylogeny. Primate phastCons elements are short (mean 145 
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bp, SD 141 bp) genomic regions that have a marked lack of substitutions over the given phylogeny. Even 

though only ~27% of these elements overlap coding regions, they have long-term selective effects. We 

first computed the (minimum) genetic distance of each of our 10kb loci to conserved exonic (phastCons) 

elements (CEEs) and to conserved nonexonic (phastCons) elements (CNEs). To evaluate the effects of 

linkage to these elements we removed loci that overlapped either CNEs or CEEs, leaving 58,314 and 

5,365 loci on the autosomes and X chromosome, respectively. As phastCons elements are so numerous, 

nearly all of the remaining loci were extremely close to at least one conserved element (see McVicker et 

al. 2009), with loci on the autosomes and the X chromosome having a mean minimum distance of 0.0067 

cM (SD: 0.0261) and 0.0093 cM (SD: 0.0264), respectively. We then used IRLS regression to model the 

relative effects of linkage using the minimum genetic distances to CEE elements (DCEE) and to CNE 

elements (DCNE). We modeled π/D ~ DCEE + DCNE separately for the X chromosome and the autosomes. 

Consistent with previous works (Hernandez et al. 2011, Halligan et al. 2013), π/D is positively correlated 

with both DCEE and DCNE (p<0.001, nonparametric bootstrap). Furthermore, our β-coefficient estimates are 

large for both the autosomes (βDCNE = 0.057, 95CI: 0.048-0.066 and βDCEE = 0.057, 95CI: 0.052-0.065) 

and the X chromosome (βDCNE = 0.128, 95CI: 0.116-0.154 and βDCEE = 0.175, 95CI:0.119-0.200). As a 

reference, when constrained to just nongenic loci that also do not overlap phastCons elements, modeling 

π/D ~ G + R yields β-coefficients of βG= 0.041, βR = 0.069 and βG= 0.192, βR = 0.079 for the autosomes 

and X chromosome, respectively. βDCNE and βDCEE were not significantly different from each other within 

the X chromosome (p=0.37, nonparametric bootstrap) or within the autosomes (p=0.81, nonparametric 

bootstrap), suggesting that linkage to the nearest CNE and CEE have approximately equally impacts on 

diversity, though CNE are approximately three times more common than CEE  

 

On the inference of neutralomes 

Modeling linkage to conserved elements 
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In order to quantify the local effects of the selective forces described above, we used the approach of 

Halligan et al (using their Model C) to model the relative effective population size (ν, which is a 

prediction of π/D) for each locus based on the combined effects of all putatively selective phastCons 

bases within 1 cM of that locus. With our best-fitting model many loci have expected diversity levels that 

are much lower than the inferred neutral rate, with the X chromosome having a mean ν of 0.85 (SD: 0.13) 

and with the autosomes having a mean ν of 0.89 (SD: 0.12). Evaluations of the overall distribution of ν 

show more selective constraint on the X chromosome than the autosomes (Figure 4). This is consistent 

with previous findings (McVicker et al. 2009; Hammer et al. 2010; Gottipati et al. 2011; Veeramah et al. 

2014).  

 

Inferring sites unaffected by selection 

We developed an approach to determine a cutoff for the minimum value for ν that removes the effects 

seen in Figure 1. Specifically, at this cutoff we lose all statistically significant positive correlations 

between any pair of choices among π/D, and R, G and ν. This can be framed as an approach to the 

problem of finding so-called “neutral” sequence, i.e. those loci where the distribution of allele frequencies 

are dictated solely by the rate of mutation and genetic drift and not by any direct or indirect (i.e. linked) 

effects of selection. We term the totality of all neutral loci in a genome the neutralome. We note that a 

lack of correlation between R, G, (and even ν) and π/D is a necessary condition of a sequence to be 

neutral.  

Using statistical tests of both linear and of monotonic relationships we find that thresholding on ν 

≥ 99% on the X chromosome and ν ≥ 99.9% on the autosomes is sufficient to remove any significant 

correlations between diversity, R, G, and ν. These results persist both when the autosomes and the X 

chromosome are evaluated separately, and when they are pooled. Pooling increases our power to detect 

correlations while mitigating concerns about the smaller sample size of the X chromosome. Visual 
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inspection of relationship between π/D and R further supports our assertion that the neutralome removes 

not just the significance, but also the trends seen in Figure 1 (Figure 5). The neutralome’s size, by 

genomic standards, is quite small, with only 3,606 and 787 10kb loci appearing neutral on the autosomes 

and X chromosome, respectively.   

 

The AFS and estimates of Θ in different genomic regions. 

To evaluate the properties of our neutralome we compared it against regions predicted to be neutral by 

Neutral Region Explorer (NRE) (Arbiza et al. 2012). NRE finds “neutral” regions parametrically, 

allowing the user to select specific criteria (e.g. thresholds on the minimum genetic distance to genes, 

local recombination rate, and background selection coefficients (McVicker et al. 2009)) that may (or may 

not) lead to regions unaffected by selection. We downloaded regions identified as neutral by NRE using 

all parameters set to their defaults, save our removal of the filter on the local recombination rate. We took 

the 10kb loci from the YRI that overlapped the genomic coordinates identified as neutral by NRE as a 

candidate set of “neutral” NRE loci. NRE yielded more loci than our neutralome (10,094 vs 4,393), with 

an overlap of 764 regions. For the autosomes, adding an additional filter on the background selection 

coefficient of McVicker et al. (2009), with a setting of 98% neutral (BG98), yielded a dataset comparable 

in size to the neutralome (n=3,950). We then repeated out analysis of these NRE-BG98 loci. The default 

settings of 95% neutral yielded a comparable subset of loci on the X chromosome (n=170). 

For all sets of loci we computed two estimates of the population mutation rate , W, π, dividing 

each by D to correct for mutation rate heterogeneity, as well as Tajima’s D (Tajima, 1989), Fu and Li’s D 

(Fu and Li, 1993), and Thomson’s estimator of the time to the most recent common ancestor (TMRCA) 

(Hudson, 2007). The means of each summary statistic were compared between loci exclusive to our 

neutralome versus loci exclusive to NRE All significance tests were 1-tailed Welch t-tests, with the 

expectation being that our neutralome would have higher values of all summary parameters.  
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Our neutralome has significantly higher mean D (A: π 0.083; X: π 0.072) than either the 

default (A: π 0.074, p < 2.2e-16; X: π 0.066, p < 0.05) or the NRE-BG98 subset (A: π 0.077, p < 1e-

10; X: π 0.060, p < 0.07) (Supplemental Tables 3, 4, Figure 6) for both the autosomes and the X 

chromosome, indicating that NRE regions are more affected by linked selection. The neutralome also has 

significantly higher Tajima’s D and Fu and Li’s D (Figure 7), indicating an excess of rare variants in the 

NRE loci. While the significance of some of these effects disappear for NRE,BG98 loci, there still 

remains a significant effect for Tajima’s D on the X chromosome even under this more stringent criterion 

(n=21). Lastly, we see a striking reduction in TMRCA for both sets of NRE loci, though this likely stems 

from positive correlations between TMRCA and . 

To assess if the neutralome impacts demographic inference we fit the AFS to a 2-epoch 

instantaneous growth model using ∂a∂I (Gutenkunst et al. 2009) in the YRI. We estimated the ancestral 

population size (Na), the growth rate (n), and the time of growth (T) assuming a generation time of 25 

years and mutation rate of 2.5 x 10-8 (Nachman and Crowell, 2000). These parameters were estimated 

using loci that are exclusive to NRE, loci that are exclusive to the neutralome (and not NRE), and for a 

reference we also computed the AFS using 4-fold degenerate sites (table 2). Consistent with our estimates 

of Na was significantly higher in the neutralome than in regions found by NRE and in 4-fold 

degenerate sites (table 2, bootstrapped p ≤ 0.001 across all comparisons). And, consistent with our 

analysis of Fu and Li’s D, n in the neutralome was significantly less across the same comparisons (table 

2, bootstrapped p < 0.001 across all comparisons), indicating an excess of rare variants in the NRE loci 

and in 4-fold degenerate sites. Further, the time of growth T varied significantly across our choices of 

“neutral” samples, with the neutralome (~161 thousand years ago, kya) yielding older growth estimates 

than the NRE loci (~125 kya) and 4-fold sites (~94 kya). While the p-values for T were generally larger 

than for the other parameters, they still obtained statistical significance across all comparisons 

(bootstrapped p < 0.05 across all comparisons, table 2). 
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DISCUSSION 

The pervasive effects of linked selection 

Using high coverage whole genomes from two human populations we show that even if only ~5-15% of 

sites in the human genome are directly targeted by selection (Chinwalla et al. 2002, Cooper et al. 2005, 

Siepel et al. 2005, Meader et al. 2010, Ponting and Hardison, 2011, Rands et al. 2014), the indirect action 

of selection at linked sites causes genetic diversity in up to 99% of the genome to be demonstrably 

reduced from neutral expectations. On genomic scales, the effects of linked selection up to this point have 

solely been framed either with respect to how linked a particular locus is to the nearest genic source of 

selection (Hammer et al. 2010, Gottipati et al. 2011, Arbiza et al. 2014), or with correlations between 

diversity, gene-density and rates of recombination (Cai et al. 2009, Lohmueller et al. 2011, McGaugh et 

al. 2012). We examined the dependence of π/D against two genomic measures sensitive to selection at 

linked sites, the minimum genetic distance to genes and the local rate of recombination, and show that 

genetic diversity is influenced by both measures at fine scales throughout the genome (Figure 1). While 

both R and G are positively correlated with diversity, the effect of R is far greater than that of G on the 

autosomes (Table 1). This effect is neither driven by GC-biased gene conversion nor the mutagenicity of 

recombination (Figure 3). Instead we find that these patterns are primarily driven by linked selection at 

nongenic sites, an argument that is bolstered when we consider the sizable effect of R on diversity in loci 

that are generally unlinked from all genic sites of selection (the last column of Figure 1).  

Our hypothesis of the effect of linked selection at both genic and non-genic loci is consistent with 

several other aspects of our findings. First, linked selection may have sizable impacts on diversity, while 

it has at most a modest effect on patterns of divergence (Birky and Walsh, 1988, but see McVicker et al. 

2009). Consistent with this both π and D are correlated with R and G, and the effect is much stronger for π 

than D (Supplemental Figures S3, S4). Examination of these patterns on the X chromosome versus the 
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autosomes also supports our linked-selection hypothesis. As the X chromosome is exposed to selection in 

males, beneficial recessive alleles are much more likely to be driven to fixation, while alleles with 

equivalent selection coefficients are more likely be lost to drift on the autosomes (Maynard Smith and 

Haigh, 1974, Charlesworth, 1996). Veeramah et al. (2014) estimated that 46-51% of nonsynonymous 

mutations are driven to fixation by positive selection on the X chromosome, compared to 4-24% on the 

autosomes. Given this vast disparity in the rates of genic adaptive substitution between the X 

chromosome and the autosomes in humans, and the hitchhiking that results from this, it is perhaps 

unsurprising that the effect size for G on the X chromosome (βXG) is greater than that of the autosomes 

(βAG) (Table 1), consistent with previous works (Hammer et al. 2010, Gottipati et al. 2011, Arbiza et al. 

2014). In addition, for linked selection that includes nongenic sites, the effect for R on the X chromosome 

(βXR) is larger than that of the autosomes (βAR) (Table 1), suggesting that this faster X effect may be 

acting on regulatory elements in addition to genic elements, though perhaps to a lesser degree as βXG > 

βXR. Attributing βXR > βAR to other nonselective causes, however, is more difficult, and perhaps requires a 

mechanistic sex-biased explanation consistent with the X chromosome spending 2/3 of its time in 

females. 

In considering the role that nongenic selective sites may have on population genetic diversity we 

examined the effects of being linked to phylogenetically conserved phastCons elements inferred in 

primates. Using the same metrics as with G, we show that the effect size for being linked to the nearest 

conserved nonexonic elements (CNE) is as great as it is for conserved exonic elements (CEE) on both the 

X chromosome and the autosomes. This not only supports the hypothesis that linked selection to 

conserved (putatively regulatory) sites is as important as exonic sites, but as CNEs outnumber CEEs 

nearly 3:1, it may suggest that the cumulative effects of being linked to regulatory sequence may be 

greater than the cumulative effects for being linked to protein-coding sequence.  
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The human neutralome 

While our findings are consistent with the action of selection at linked sites, the extent that the linked 

selection to phastCons elements drives the patterns seen in Figure 1 remains to be seen. Finding loci 

unlinked to every phastCons element is, however, infeasible as they are both numerous and dispersed. 

Their small size and distributed nature necessitates a more comprehensive measures on the amounts of 

linked selection. Linkage to a single phastCons element may, for example, have little effect. To this end 

we applied the approach of Halligan et al. (2013) to infer the relative effective population size (ν) for each 

of our 10kb loci. The genomic distribution of ν shows that while ~70% genomic bases are somewhat 

linked to sites of selection (ν = 80-99%), only ~2% are completely decoupled from sites of selection (ν > 

99.9% on the autosomes) (Figure 4).  

The issues connected to the use of ν to determine where the trends displayed in Figure 1 reverse 

are delicate. Notably, phastCons elements are unlikely to be the sole targets of selection in the genome. In 

addition, genic sites that do not intersect phastCons elements are not included in our estimate of ν. A 

simpler, and testable, approach is to assume that selective sites occur in a background that contains some 

appreciable density of phastCons elements. With this assumption, it follows that if ν is sufficiently 

large—that is, we are generally far from the linked effects of phastCons elements—then perhaps the 

trends in Figure 1 will no longer be apparent. Thresholding solely on ν is sufficient to remove both 

gradients seen in Figure 1, as well as any significant correlations with ν itself (Figure 5, Supplemental 

Figure S6). The high thresholds on ν lead to a diminutive human neutralome and demonstrate that linked 

selection, rather than some other mechanistic force, is the primary contributor to the correlation between 

π/D and G, R.  

 

The neutralome versus other definitions of neutrality  
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Demographic inferences are based on the assumption that the sequences considered are “neutral.” We 

show that regions identified as neutral by NRE—regions that consider both linkage to genes and 

background selection in their definitions—lead to statistically significantly different values for the 

summary statistics than that of the neutralome. The neutralome has higher effective population size than 

the loci identified by NRE (Figure 6, Supplemental Tables 3, 4), further, it has fewer low-frequency 

polymorphisms, as measured by Tajima’s D (Supplemental Tables 3, 4) and Fu and Li’s D (Figure 7). 

This suggests that linked selection is not only reducing  in the NRE loci, but it is altering the distribution 

of the AFS (Tachida 2000; Williamson and Orive 2002; Nicolaisen and Desai 2012, 2013). While 

incorrect estimates of  may only bias parameter estimates by a constant factor, changes to the AFS may 

fundamentally alter the demographic inference. To assess this we fit a simple 2-epoch instantaneous 

growth model using ∂a∂I (Gutenkunst et al. 2009) considering sites in the neutralome, sites found by 

NRE, as well as in 4-fold degenerate sites. All three demographic parameters varied considerably across 

these definitions of “neutral” sites, with the use of regions with greater selective impacts (4-fold 

degenerate sites and loci found by NRE) inferring a smaller effective population size, as well as larger 

and more recent population growth. Taken together this suggests the linked selection biases demographic 

inference in regions either classically considered to be neutral (4-fold sites), as well as sites that have been 

carefully chosen to minimize the effects of linked selection (NRE). While skews in the allele frequency 

spectrum, and the demographic biases that result, may seem to have a limited scope, demographic models 

serve as powerful null models for inferences on selective processes (e.g., Kieghtley and Eyre-Walker 

2012; Singh et al. 2013; Veeramah et al. 2014; Hsieh et al. 2016; Uricchio et al. 2016). Thus, it follows 

that biased null demographic models may induce bias in the testing of alternative models of selection, 

implying that mis-specified demographic models may impact inferences on both neutral and selective 

processes.  
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CONCLUSIONSs 

Intrinsic molecular forces, such as rates of mutation and recombination, and extrinsic forces, both 

demographic (e.g. migration and drift) and selective (e.g., linked selection), together shape patterns of 

diversity throughout the genome. Here we show that linked selection reduces diversity throughout the 

vast majority of sites in the human genome. This finding has several consequences. The first is with 

respect to predictions on the number of selective bases in the genome. We find that conditioning on 

linkage to phastCons elements is sufficient to find loci with no significant evidence of linked selection. 

Thus, if sites other than phastCons elements are reducing diversity, it follows that these sites likely occur 

in phastCons-rich genomic regions (e.g., Cheng et al. 2014). These genome-wide reductions in diversity 

also likely impact direct inferences, such as neutral estimates of effective population size and the effective 

population size of the X chromosome compared to the autosomes. Future work in genomics may need to 

account for these linked selective effects, which in turn necessitates the development of better null 

models—models that permit variable Θ and variation in the AFS from background selection—that are 

best-equipped to separate true signals of natural selection from that of the genomic background. 

 

METHODS 

 

Samples and Locus Preparation. We used a total of 18 high coverage whole genomes, 9 West African 

samples (YRI) and 9 European samples (CEU), made publicly available by Complete Genomics 

(Drmanac et al. 2010). We computed nucleotide diversity (π) across the genome in nonoverlapping 10kb 

windows of the hg19 genome. Divergence was computed from the 46-way Multiz vertebrate alignments 

made available from the UCSC genome browser website (Kent et al. 2002). Using the rhesus macaque to 

polarize sites, we computed the average divergence between each population and the ancestor of humans 

and orangutans. Both π and D were computed using a mixture of male and female samples. To perform 
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such calling on the X chromosome we utilized the ploidy information imbedded in the .tsv files for all 

samples. Similar to our de novo analysis (below), sites that fell in microsatellites, simple repeats, 

repetitive elements, segmental duplications, self-chain regions, as well as regions identified as copy 

number, structural variants or as uncallable by Complete Genomics, were removed from our analysis. 

After masking, 10kb windows with ≤1kb of callable sequence in either population or that were outside of 

our genetic map were also removed, giving a total sample size of 244,661 autosomal loci and 12,491 X 

chromosome loci.  

We used the population averaged (YRI+CEU) genetic map from HapMap (Frazer et al. 2007), 

and scaled the X chromosome by ⅔ to compute all genetic distances. The UCSC known genes track 

(downloaded on 12/04/2015) (Hsu et al. 2006), which includes both protein coding and RNA genes, was 

analyzed using a custom perl script. For each locus, we computed in centimorgans (cM), the genetic 

length R and the minimum distance to genes G.  

 

Regression Analysis.  

Linear regression has many assumptions that are frequently violated in genomic analyses. In particular, 

outliers can have sizable impacts on parameter estimates, with such outliers in genomics arising, for 

example, from unmasked copy-number variants or structural variants. While outlier-detection and 

removal is one possible method, a more comprehensive approach is the use of “robust” regression 

techniques that reduce the impact of influential observations. Using the R statistical package MASS, we 

performed iterated reweighted least squares (IRLS) regression (i.e. “robust” regression) using the rlm 

command set to the default parameters. IRLS reduces the impact of influential observations by 

performing a linear regression using an iterative process until both the weights and the regression 

parameter estimates converge. In particular, the default setting with rlm uses Huber weighting in which 

the initial set of weights are 1. As a function of the residual e, weights w are defined by 
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𝑤(𝑒) =  { 

  1  𝑓𝑜𝑟 |𝑒| ≤ 𝑘
𝑘

|𝑒|
𝑓𝑜𝑟 |𝑒| > 𝑘

 

reducing the weights for outliers (residual e > k) far from the inferred hyperplane. The cutoff k is 

determined using convex optimization. Note that IRLS produces unbiased coefficient estimates in the 

presence of either autocorrelation (due to linkage disequilibrium) or heteroscedasticity, both of which are 

present here. Because estimates of the variance of the slope parameter estimates may be biased 

downwards, we used a 1000-iteration nonparametric bootstrap to assess the significance of the slope signs 

and slope differences between the X chromosome and the autosomes. The bootstrapped p-values are the 

fraction of bootstrapped slopes with coefficients greater than zero (for slope signs) and the fraction of 

bootstrap samples where one fixed slope coefficient was larger than the other (for slope differences).  

 

Local recombination and de novo mutation.  

The Decode dataset was obtained from the supplemental information provided by Kong et al. (2012), 

which provides the location of 4,933 autosomal de novo mutations in the hg18 reference genome. The 

Decode dataset was augmented with a similar, but larger (n=11,020), list of autosomal de novo SNPs 

called from the Genome of the Netherlands (GoNL) project (Francioli et al. 2015) annotated in the hg19 

genome. The GoNL dataset was mapped to the hg18 genome using UCSC's liftOver utility (Hinrichs et 

al. 2006), putting all mutations in the same coordinate system. As we are primarily concerned with 

properties of recombination in the nonrepetitive portions of the genome, we restricted all mutations to 

those that fall within the HapMap genetic map (Frazer et al. 2007) and the genetic map of Kong et al. 

(2010). We further removed mutations that fell in our mask of segmental duplications (Bailey et al. 2002), 

self-chain sequence, copy number variants (CNVs) (MacDonald et al. 2013), Numts (Lascaro et al. 2008), 

microsatellites, simple repeats or repeat elements, with the uncited annotations coming from the hg18 
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reference genome tables from UCSC. This left 1,467 SNPs in the Decode dataset, and 2,166 in the GoNL 

dataset that fell in the nonrepetitive portion of the genome available and thus were available for analysis. 

 

After masking the genome using the same set of filters as above, we computed the distribution of all 32 

possible trinucleotides (assuming strand asymmetry) in the unrepetitive parts of the genome as well as of 

our de novo datasets. Using reservoir sampling, we created a maximally-sized exactly-matching 

distribution of null sites in the genome. This procedure was applied separately to match the GoNL dataset 

and the Decode dataset, yielding 60,392,816 and 67,394,212 sites for use in our null distributions, 

respectively. Using bedtools (Quinlan and Hall, 2010), we computed the local recombination rate of both 

our de novo mutations and our null distributions.  

 

phastCons element analysis 

After querying the UCSC genome browser for phastCons elements inferred in primates we applied 

Ensembl's (version 72) perl API (Yates et al. 2016) to find exons from canonical protein-coding genes. 

We divided phastCons conserved elements into two categories; 196,044 elements that intersected protein-

coding exons (conserved exonic elements, or CEEs), and 529,386 elements that did not (conserved 

nonexonic elements, or CNEs). Using our 10kb loci, including those that overlap genes, we computed the 

minimum genetic distance to CEE and CNE elements using the HapMap genetic map (Frazer et al. 2007). 

 

Estimating effective population size 

We apply “Model C” in Halligan et al. (2013), a nonlinear regression model for log(π/D), that considers 

both coding and noncoding elements. In Model C, diversity at linked sites decays exponentially near 

selective elements, with the predicted diversity at a neutral site being a product over all linked selected 

sites. The diversity at a single linked site is approximated by:  
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𝜋

𝐷
~ exp (log(𝑝1) − 𝑝2 ∑ 𝑒

−
𝑥𝑖
𝑝3 −  𝑝4 ∑ 𝑒

−
𝑥𝑖
𝑝5)  

where p1 is the neutral or unreduced level of diversity, p2 is the reduction in diversity observed at a single 

CEE site, p3 is the rate of decay around this CEE site, p4 is the reduction in diversity at a single CNE site, 

p5 is the rate of decay around a single CNE site, and xi is the distance in morgans (M)-8 from a neutral site 

to the ith selective site. We assume that the rate of recombination is constant within an element (a 

reasonable assumption as phastCons elements have a mean length of 145 bp), which is several times 

shorter than the resolution of the HapMap genetic map.). The computation time was reduced by summing 

over selective elements rather than selective bases.  

Using Model C , we estimated the expected diversity at the center of each 10kb locus based on 

the extent of that locus's linkage to all CEE and CNE elements within 1 cM. Using Nelder-Mead 

optimization under a sum of squares criterion we found parameters to maximize model fit. To take into 

account issues of nonuniqueness in nonlinear least-squares regression we employed a 2-tiered sampling 

approach to generate estimates of diversity across the genome. For the autosomes, we randomly sampled 

5% of the loci and chose 5 random values for the starting points for optimization. After repeating this 

process 100,000 times we chose the top 10,000 distinct stopping points found by the optimization and 

treated these as starting positions for optimization for the entire autosomal dataset. As the X chromosome 

is roughly 5% of the size of the autosomes we randomly drew 100,000 starting points for optimization 

and chose the parameters that yielded the best model fit for the entire X chromosome. Both the autosomes 

and the X chromosome yielded parameter estimates of p1-p5 that varied substantially, yet yielded 

exceedingly similar R2 values (Supplemental Table 2). We chose the top 100 best fitting parameters 

(Supplemental Table 2), computed the minimum and the variance in our relative diversity estimates, and 

noted that the vast majority of their predicted diversity values are exceedingly similar. Further, when 

contrasting the minimum expected diversity relative to the variance in this prediction across the top 100 
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best fitting models, we observed that the models largely agreed on which loci should be called neutral, yet 

varied sometimes substantially when at least one of the model estimates predicted low diversity. 

Consequently, disparate parameters yield largely consistent predictions of diversity for loci that are nearly 

neutral. We also repeated our experiments using the union, as opposed to the intersection, of exons and 

conserved elements that intersected exons to form our CEE class and arrived at model fits that were 

indistinguishable from our current results (results not shown). 

 

On the inference of “neutral” sequence 

phastCons elements make up a substantial subset of sitess that are under diversity-reducing selection in 

the human genome. While Model C can in principle be extended to other classes of selective elements, 

this extension comes at considerable computational expense. Focusing on the goal of determining a set of 

neutral regions useful for demographic inference among other needs for genomic null distributions, we 

establish candidate sets of effectively neutral loci. We begin by evaluating correlations between π/D, and 

R, G, or ν conditioned on thresholds on ν (the inferred relative effective population size). Interpreting 

these correlations must be done with care as neutrality is evidenced by a lack of a statistically significant 

difference from zero. We must be concerned whether this lack of significance can be attributed to a lack 

of power (e.g. stemming from too small a sample size), poor model choice (e.g. using a linear model 

when there are significant non-linear effects), or issues resulting from multiple testing. We are also 

concerned with whether the neutralome we find is less “neutral” on the X chromosome simply owing to 

reduced power stemming from its smaller size. To address these concerns we use both our original IRLS 

regression framework and an extension that pools the samples for the X chromosome and the autosomes. 

To a monotonic relationships with π/D., we use  Kendall’s rank correlation test separately for the X 

chromosome. Lastly we limit the number of candidate sets of neutral loci that we evaluate to limit 

multiple testing issues. As our tests do not account for linkage disequilibrium, the reported p-values are 
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susceptible to downward bias. Because we are looking for a lack of significance, this makes our overall 

approach conservative to the question of finding neutral loci. 

In the preceding sections we modeled π/D ~ G + R separately for the X chromosome and the 

autosomes and then tested for slope-signs and slope-differences. For the sake of completeness, let’s 

consider an alternative approach for testing slope differences with respect to the (marginal) effect of R.  

We can model the X chromosome and the autosomes jointly in a single regression: π/D ~ R + X +RX with 

an indicator variable X indicating whether the locus is on the X chromosome. This produces coefficient 

estimates (β) of the form: β0 + β1R + β2X + β3RX. For autosomal loci (X=0), this model produces an 

estimate of the intercept (β0) as well as the coefficient for R (β1), and for loci on the X chromosome 

(X=1), after collecting like terms, the model estimates a different intercept (β0 + β2) and a different slope 

(β1 + β3). In this way, the significance of the slope difference and intercept difference can be ascertained 

from the significant difference from 0 of the β2 and β3 parameters, respectively. Thus testing for a slope-

difference between the X chromosome and the autosomes is framed within a single regression. Further, 

upon finding for a lack of significance in the interaction term RX, the variances across the X chromosome 

and the autosomes for the slope can be pooled simply by omitting this term and the X term   

Given the above, we found a neutralome using the following strategy. Using increasing thresholds 

on ν, we form candidate sets of neutral loci. We use these candidate sets to find the minimum ν with no 

significant correlations between pairs from π/D, R, G, or ν using both linear models that combine and 

separate sample sizes across the X chromosome and the autosomes (as per the preceding paragraph), as 

well as with nonparametric models to test for significant monotonicity. For a given value of ν, we used 

IRLS regression to model π/D ~ R + G + ν separately for the X chromosome and the autosomes, with the 

p-values from the IRLS regression being obtained from the coeftest function in the lmtest library in R 

using the default parameters. After testing an initial threshold of 0.98, increasing our threshold to ν > 0.99 

removed all significant effects for the X chromosome (with a minimum p-value of 0.14), yet significant 
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effects remained on the autosomes, with p-values of 0.02, 7e-8 and 2.2e-16 for the coefficients of R, G, 

and ν, respectively. For the autosomes, we found that the criterion of ν > 0.999 was sufficient to remove 

any significant correlations (minimum p-value of 0.34). Next, we recapitulated our findings by modeling 

π/D ~ R + G + ν + X +RX +GX + X, for loci with ν > 0.99 on the X chromosome and ν > 0.999 on the 

autosomes, and we only found significant effects for the intercepts. We then pooled variances across the 

X chromosome and the autosomes by modeling π/D ~ R + G + ν + X, which again showed no significant 

effects for R, G, or ν with negative slope coefficient point estimates for R and ν and a p-value of 0.24 for 

G. To accommodate concerns of lack of statistical power, we employed the nonparametric Kendall’s rank 

correlation test for (marginal) monotonic relationships by evaluating the p-value of the correlation 

coefficient (τ) using the cor.test function in R separately for both the X chromosome and the autosomes. 

Tests for correlations between π/D and R, G, or ν were not significant (minimum p-value across all six 

tests is 0.17). This yielded a neutralome of ~44 million bases of sequence consisting of 3,606 10kb loci on 

the autosomes and 787 10kb loci on the X chromosome. 

 

Demographic inference 

Using ∂a∂I (Gutenkunst et al. 2009), we fit folded allele frequency spectra under a simple 2-epoch 

instantaneous growth model in the YRI. This model was fit considering sites exclusive to the neutralome 

(and not found by NRE), sites exclusive to NRE (and not found in the neutralome), as well as with 4-fold 

degenerate sites. 4-fold degenerate sites were obtained from SnpEff (version 3.3) (Reumers et al. 2008) 

which used Ensembl (Version 72) to identify canonical protein-coding 4-fold degenerate sites. To remove 

repeats 4-fold degenerate sites were then masked using the same set of masks used to compute diversity 

and divergence. ∂a∂I was then used to infer three parameters: the ancestral population size (Na), the ratio 

of the contemporary to the ancestral population size (n), and the time T in generations of the population 

size change. Point estimates for these parameters were obtained using the 2-epoch model fitting described 
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in Veeramah et al. (2014). Briefly, a coarse two-dimensional grid in n and T were searched with n 

varying from 0.1 to 10, and T varying from 0 to 2.0, both in steps of 0.1. The best parameter set 

in this 2-dimensional space was then further refined using Broyden–Fletcher–Goldfarb–Shanno 

(BFGS) optimization. Confidence intervals in our parameter estimates were estimated using a 1000-

iteration bootstrap. 

 

DATA ACCESS 

The code used to generate our estimates of ν across the genome, as well as the location of human 

neutralome are available at: http://hammerlab.biosci.arizona.edu/Neutralome/neutralome.html 
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FIGURES 

Figure 1. Heatmap of the median π/D (x 100) in YRI. The x-axis shows the minimum genetic 

distance to genes and the y-axis the local recombination rate. Darker cells correspond to higher 

π/D. Each cell corresponds to a pair of percentiles (P) in the distance to genes and the local 

recombination rate, with column G corresponding to loci in genes, and the remaining columns 

being outside of genes. a) Autosomes. b) X chromosome 
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Figure 2. The role of base composition on different mutation types. GC-biased gene conversion 

(gBGC) increases the fixation probability of strongly bonded base pairs (S, G or C) over weakly 

bonded base pairs (W, T or A). Thus, gBGC can increase diversity (upwards arrow, blue) or decrease 

diversity (downwards arrow, red) for transitions (I) and transversions (V) alike. Similarly, 

recombination-induced mutagenesis is almost entirely exclusive to CpG mutations (which are S→W 

transitions) and may be restricted to transitions (Arbeithuberet al. 2015). To avoid both phenomena, 

we repeated our experiments using the beige class of S→S and W→W transversions (beige). 
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Figure 3. Heatmap of the median π/D (x 100) in YRI considering only W→W and S→S 

transversions. The x-axis shows the minimum genetic distance to genes and the y-axis the local 

recombination rate. Darker cells corresponding to higher π/D. Each cell corresponds to a pair of 

percentiles (P) in the distance to genes and the local recombination rate, with column G 

corresponding to loci in genes, and the remaining columns being outside of genes. A) 

Autosomes. B) X chromosome 
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Figure 4. The empirical cumulative distribution function (ECDF) of the predicted nucleotide 

diversity relative to a neutral rate of 1. Predictions are based off of nonlinear least squares fitting 

of observed diversity levels to linkage to phastCons elements. In general, the X chromosome 

(gray) shows more constraint than the autosomes (black), with many loci having diversity close 

to the neutral rate (~0.9), but few loci having diversity levels at the neutral rate (1.0). 
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Figure 5. Scatterplot of YRI π/D versus the local recombination rate. The gray dots represent 

loci in the neutralome in the autosomes (left) and X chromosome (right). Each line represent the 

IRLS regression line with 95% CI fit to the neutralome (solid) and the nongenic portion of the 

genome (dashed). 
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Figure 6. Mean π/D (± SEM) in several regions of the autosomes (left) and the X chromosome 

(right). NRE loci are regions predicted to be neutral by Neutral Region Explorer, while the 

neutralome refers to loci identified in this study. - refers to the set difference, ∩ is the 

intersection, and the neutralome and the NRE loci have some overlap. Statistical comparisons 

between NRE and the neutralome were made between nonoverlapping sets (Neutralome - NRE 

versus NRE – Neutralome). Genic and nongenic loci are also included for comparison purposes. 

Lower π/D is consistent with higher levels of background selection and/or genetic hitchhiking. 
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Figure 7. Mean Fu and Li’s D (± SEM) in several regions of the autosomes (left) and the X 

chromosome (right). NRE loci are regions predicted to be neutral by Neutral Region Explorer, 

while the neutralome refers to loci identified in this study. - refers to the set difference, ∩ is the 

intersection, and the neutralome and the NRE loci have some overlap. Statistical comparisons 

between NRE and the neutralome were made between nonoverlapping sets (Neutralome - NRE 

versus NRE – Neutralome). Genic and nongenic loci are also included for comparison purposes. 

Relative to a neutral model with no growth, negative Fu and Li’s D signifies an excess of 

singletons, while positive values indicate a reduction in singletons. Weak background selection 

and genetic hitchhiking may both lead to negative Fu and Li’s D, as will demographic effects 

such as population growth. 
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TABLES  

 

Table 1. Beta coefficients and confidence intervals inferred from modeling π/D ~ R + G on the X 

chromosome (X) and the autosomes (A). NeX/NeA refers to the relative effective population size 

of the X chromosome versus the autosomes.  

 

 

NeX/NeA Population Parameter 

β coefficient 
from IRLS 
regression 

Lower CI 
(0.025) 

Upper CI 
(0.975) 

p-value 
between rows 

0.75 YRI XG 0.32 0.28 0.36 < 0.001 
0.75 YRI XR 0.15 0.12 0.19 < 0.001 
0.75 YRI AR 0.07 0.07 0.08 < 0.001 

0.75 YRI AG 0.04 0.03 0.04  
0.75 CEU XG 0.20 0.16 0.24 < 0.001 
0.75 CEU XR 0.10 0.07 0.13 0.002 
0.75 CEU AR 0.05 0.05 0.06 < 0.001 

0.75 CEU AG 0.03 0.03 0.03  
0.95 YRI XG 0.26 0.23 0.29 < 0.001 
0.95 YRI XR 0.12 0.10 0.15 < 0.001 
0.95 YRI AR 0.07 0.07 0.08 < 0.001 

0.95 YRI AG 0.04 0.04 0.04  
0.95 CEU XG 0.16 0.13 0.19 0.001 
0.95 CEU XR 0.08 0.05 0.10 0.028 
0.95 CEU AR 0.05 0.05 0.06 < 0.001 

0.95 CEU AG 0.03 0.03 0.04  
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Table 2. Demographic parameters estimated considering three definitions of neutral sites. Sites 

from the neutralome, sites identified by neutral region explorer (NRE), as well as 4-fold 

degenerate sites were used infer 2-epoch instantaneous population growth model in δaδI. δaδI 

was then used to estimate 3 parameters: the ancestral population size (Na), the rate of growth 

(the contemporary effective population size/Na), and the time of growth (T; given in thousands 

of years). Confidence intervals, as well significant differences in the parameters between these 

neutral definitions, were ascertained using a 1000-iteration bootstrap.  

Sample Parameter 
Point 

Estimate 0.025 CI 0.975 CI 

p-value 
(between 

rows) 

Neutralome Na 11,332 10,522 11,746 0.001 

NRE Na 8,918 8,716 9,093 < 0.001 

4-Fold Na 5,657 4,941 6,099  

Neutralome n 1.59 1.55 1.68 < 0.001 

NRE n 1.82 1.80 1.85 < 0.001 

4-Fold n 2.57 2.42 2.84  

Neutralome T (kya) 161.76 128.10 220.66 0.024 

NRE T (kya) 125.53 113.98 138.49 0.040 

4-Fold T (kya) 94.25 73.23 127.40  

 

 

 

SUPPLEMENTAL FIGURES 

 

Supplemental Figure 1. Measurements on a single locus used in this study. We partitioned each 

chromosome (karyotype on top) into 10kb loci (blow-up, bottom). Within each locus we 

computed both diversity (π) within populations and divergence (D) between each population and 

the inferred ancestor of orangutans. We also computed the rate of recombination (R) within each 

locus, as well as the genetic distance to genes, G1 and G2, in centimorgans (cM). We took the 

minimum genetic distance (G) as the minimum of G1 and G2. Note that R << G.
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Supplemental Figure 2. Heatmap of the median π/D (x 100) in CEU. The x-axis shows the 

minimum genetic distance to genes and the y-axis the local recombination rate. Darker cells 

correspond to higher π/D. Each cell corresponds to a pair of percentiles (P) in the distance to 

genes and the local recombination rate, with column G corresponding to loci in genes, and the 

remaining columns being outside of genes. a) Autosomes. b) X chromosome 
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Supplemental Figure 3. Heatmap of the median relative π (divided by the minimum bin) versus 

the minimum genetic distance to genes (x-axis, binned by percentiles) and the local 

recombination rate (y-axis, binned by percentiles), in the YRI (left) and CEU (right) for the 

autosomes (top) and X chromosome (bottom). Darker cells correspond to higher relative π. Each 

cell corresponds to a pair of percentiles in the distance to genes and the local recombination rate, 

with the value shown being the median for loci in that bin. 
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Supplemental Figure 4. Heatmap of the median relative divergence (divided by the minimum 

bin) versus the minimum genetic distance to genes (x-axis, binned by percentiles) and the local 

recombination rate (y-axis, binned by percentiles), in the YRI (left) and CEU (right) for the 

autosomes (top) and X chromosome (bottom). Darker cells correspond to higher divergence. 

Each cell corresponds to a pair of percentiles in the distance to genes and the local recombination 

rate, with the value shown being the median for loci in that bin.
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Supplemental Figure 5. Heatmap of the median π/D (x 100) in CEU considering only W→W 

and S→S transversions. The x-axis shows the minimum genetic distance to genes and the y-axis 

the local recombination rate. Darker cells corresponding to higher π/D. Each cell corresponds to 

a pair of percentiles (P) in the distance to genes and the local recombination rate, with column G 

corresponding to loci in genes, and the remaining columns being outside of genes. A) 

Autosomes. B) X chromosome 
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Supplemental Figure 6. Scatterplot of CEU π/D versus the local recombination rate. The gray 

dots represent loci in the neutralome in the autosomes (left) and X chromosome (right). Each line 

represent the IRLS regression line with 95% CI fit to the neutralome (solid) and the nongenic 

portion of the genome (dashed). 
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Supplementary Table 1. Beta coefficients and confidence intervals inferred from modeling π/D 

~ R + G on the X chromosome (X) and the autosomes (A) considering only W->W and S->S 

transversions. NeX/NeA refers to the relative effective population size of the X chromosome 

versus the autosomes. 

 

 

 

 

 

 

 

 

 

 

 

NeX/NeA Population Parameter 

β coefficient 
from IRLS 
regression 

Lower CI 
(0.025) 

Upper CI 
(0.975) 

p-value 
between rows 

0.75 YRI XG 0.11 0.08 0.13 0.059 

0.75 YRI XR 0.08 0.05 0.1 < 0.001 

0.75 YRI AR 0.02 0.02 0.03 < 0.001 

0.75 YRI AG 0.01 0.01 0.02  

0.75 CEU XG 0.03 0.01 0.06 0.76 

0.75 CEU XR 0.05 0.02 0.07 0.003 

0.75 CEU AR 0.02 0.01 0.02 < 0.001 

0.75 CEU AG 0.01 0 0.01  

0.95 YRI XG 0.08 0.06 0.11 0.06 

0.95 YRI XR 0.06 0.04 0.08 < 0.001 

0.95 YRI AR 0.02 0.02 0.03 < 0.001 

0.95 YRI AG 0.01 0.01 0.02  

0.95 CEU XG 0.04 0.01 0.05 0.742 

0.95 CEU XR 0.03 0.02 0.06 0.018 

0.95 CEU AR 0.02 0.01 0.02 < 0.001 

0.95 CEU AG 0.01 0.01 0.01  
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Supplementary Table 2. The top 100 best fittng parameter values for Model C of Halligan et al. 

(2013). The sum of squared errors (SS), along with the 5 parameters (P1-P5) used to fit the 

observed levels of diversity to the distribution of phastCons elements are shown for the 

autosomes (left) and the X chromosome (right). 

Too large for reproduction. See online material  

 

Supplementary Table 3. Contrasting the mean of several summary statistics in the neutralome 

vs. regions found from Neutral Region Explorer (NRE). The means for different summary 

statistics (rows) were computed for regions found by NRE and not the neutralome (NRE-

Neutralome) and for regions found by the Neutralome and not NRE (Neutralome - NRE). Welch 

t-tests were used to assess the significance of the difference in means across summary statistics. 

 
Summary 
Statistic Compartment 

Mean(NRE – 
Neutralome) 

Mean(Neutralome – 
NRE) P-value (1-tailed) 

Θπ/D Autosomes 0.074 0.083 < 2.2e-16 

Θπ/D X chromosome 0.066 0.072 0.043 

ΘW/D Autosomes 0.079 0.087 < 2.2e-16 

ΘW/D X chromosome 0.071 0.075 0.080 

Tajima’s D Autosomes -0.333 -0.257 2.148E-08 

Tajima’s D X chromosome -0.241 0.019 0.046 

Fu & Li’s D Autosomes -0.135 0.024 < 2.2e-16 

Fu & Li’s D X chromosome -0.179 -0.022 0.026 

TMRCA Autosomes 0.156 0.180 < 2.2e-16 

TMRCA X chromosome 0.134 0.150 0.014 
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Supplemental Table 4. Contrasting the mean of several summary statistics in the neutralome vs. 

regions found from Neutral Region Explorer (NRE). The means for different summary statistics 

(rows) were computed for regions found by NRE and not the neutralome (NRE-Neutralome) and 

for regions found by the Neutralome and not NRE (Neutralome - NRE). To control for NRE 

generating more "neutral" loci, the background coefficient of McVicker et al. (2009) (BG) was 

varied from 0.95 to 0.98, which gave roughly comparable sample sizes between the NRE loci 

and the Neutralome. Note that in doing so the sample size on the X chromosome for the NRE 

loci went from 170 to 21, making statistical power on the X chromosome problematic for these 

comparisons. Welch t-tests were used to assess the significance of the difference in means across 

summary statistics. 

 
Summary 
Statistic Compartment 

Mean(NRE – 
Neutralome) 

Mean(Neutralome – 
NRE) P-value (1-tailed) 

Θπ/D Autosomes 0.077 0.083 6.675E-12 

Θπ/D X chromosome 0.060 0.072 0.069 

ΘW/D Autosomes 0.081 0.087 3.888E-15 

ΘW/D X chromosome 0.067 0.076 0.095 

Tajima’s D Autosomes -0.271 -0.257 0.203 

Tajima’s D X chromosome -0.465 -0.209 0.046 

Fu & Li’s D Autosomes -0.047 0.025 1.013E-04 

Fu & Li’s D X chromosome -0.223 -0.023 0.186 

TMRCA Autosomes 0.164 0.179 5.075E-14 

TMRCA X chromosome 0.110 0.152 0.012 
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ABSTRACT 

Great ape species exhibit a range of mating strategies associated with different levels of sexual selection, 

ranging from multimale-multifemale mating in bonobos and chimpanzees, to mild polygyny in humans, 

to a unimale mating system in gorillas. These systems predict different relative levels of nucleotide 

polymorphism on the X chromosome and autosomes. These chromosomes are also influenced by variable 

rates of natural selection acting on both coding and noncoding sites. Here we analyze whole genome 

sequence data from 9 humans, 13 bonobos, 10 Nigerian chimpanzees, and 14 western gorillas to evaluate 

the relative impact of sexual and natural selection on diversity and patterns of linkage disequilibrium 

(LD) on the autosomes and X chromosome. We show genome-wide reductions in diversity (likely 

resulting from purifying and positive selection), the extent of which varies considerably by taxon and 

chromosome. Interestingly, <1% of the genomes of all four species are predicted to be unaffected by 

selection. Using these sites in each species we infer the effective population size of females (N f) and 

males (Nm) based on patterns of nucleotide variation. We applied a second approach to infer Nf/Nm using 

genetic maps. We find a statistically significantly skewed sex ratio in all four species, with values of 

Nf/Nm of ~2:1 in humans, bonobos and gorillas, and a breeding sex ratio as high as 10:1 in chimpanzees. 

These estimates suggest that unimale mating may not be strict in gorillas, and that bonobos and 

chimpanzees differ in rates of sperm competition and/or behaviors that lead to higher variances in male 

reproductive success.  
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INTRODUCTION 

 Both sexual selection and natural selection play a considerable role in shaping genomic patterns 

of diversity on the X chromosome and the autosomes. The X chromosome spends 2/3 of its time in 

females (but see Goldberg and Rosenberg 2015), and thus it is differentially impacted by the sexes. In the 

absence of natural selection, the effective population size of the X chromosome (NeX) relative to the 

autosomes (NeA) is an estimator of the number of breeding females (Nf) relative to males (Nm) in a 

population. Under standard assumptions of neutrality and a sex-ratio of 1:1, the expected NeX/NeA is 0.75 

in simple models of random mating (Hedrick 2007). Under more complicated scenarios this ratio can vary 

tremendously (Caballero 1995), reaching a maximum of 9/8 (Hedrick 2007), assuming discrete 

generations. Demographic forces such as population expansions and contractions may also influence 

NeX/NeA (Pool and Nielsen 2007), though their effects are ephemeral. Molecular estimates of NeX/NeA in 

great apes are of particular importance as they exhibit a diverse range of mating systems that generally 

predict Nf/Nm > 1. Gorillas have extreme sexual dimorphism, and have a polygynous mating system with 

a single dominate male (Dixson 1998). Chimpanzees and bonobos have moderate sexual dimorphism and 

have a multi-male, multi-female system (Dixson 1998) wherein sexual selection is thought to operate at 

the level of the genitalia through sperm competition (Harcourt et al. 1981), though behavioral variations 

between chimpanzees and bonobos might also contribute to Nf/Nm (Furuichi 2011) (Table 1). And while 

more contentious, human populations are generally regarded as moderately polygynous (Low 1988). 

Despite these expectations, increased levels of natural selection on the X chromosome relative to the 

autosomes biases estimates of Nf/Nm downwards (e.g. < 1) in great apes (e.g. Keinan et al. 2009; Hammer 

et al. 2010; Hvilsom et al. 2012; but see Prado-Martinez et al. 2013). 

 While the X chromosome and the autosomes have differences in gene expression (Lercher et al. 

2003; Nguyen et al. 2015), gene content (Wang et al. 2001), and in recombination rate (Frazer et al 2007; 

Roach et al. 2010), the primary differences between these systems is hemizygosity (Hvilsom et al. 2012; 
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Veeramah et al. 2014, but see Nguyen et al. 2015). Hemizygosity in males exposes recessive alleles on 

the X chromosome to selection. Thus recessive allele deleterious alleles are removed more efficiently and 

recessive advantageous alleles are more likely driven to fixation (Charlesworth et al. 1987). Consistent 

with these predictions, rates of adaptive amino-acid substitution are higher on the X chromosome than on 

the autosomes in humans (Nielsen et al. 2005; Veeramah et al. 2014) and in central chimpanzees 

(Hvilsom et al. 2012).  

 Nearby sites on the chromosome are often linked, and as such neutral alleles can be driven to 

fixation with genetic hitchhiking (Maynard Smith and Haigh 1974) or extinction through background 

selection (Charlesworth et al. 1993) when linked to positively or negatively selected alleles, respectively. 

Thus, when compared to the autosomes the effects of genetic hitchhiking are predicted to be greater on 

the X chromosome (Maynard Smith and Haigh 1974; Begun and Whitley 2000), while the effects of 

background selection are predicted to be lesser (Charlesworth 1996). Within the context of great apes 

these predictions are consistent with greater reductions in diversity on the X chromosome than on the 

autosomes (Hammer et al. 2010; Gottipati et al. 2011; Prado-Martinez et al. 2013; Arbiza et al. 2014) due 

to increased rates of hitchhiking (Nam et al. 2015). Differing levels of linked genic selection between the 

X chromosome and the autosomes biases inferences on Nf/Nm (i.e. NeX/NeA) in great apes that use the 

entirety of these genomic compartments (Keinan et al. 2009; Hammer et al. 2010; Prado-Martinez et al. 

2013).  

 Genes are neither the sole targets of selection, nor are they most strongly selected elements in the 

genome (Bejarno et al. 2004; Halligan et al. 2011). Phylogenetically inferred conserved elements (CEs) 

are small (~30-200bp) loci that show far fewer substitutions than would be expected by neutral sequence. 

CEs may number in the millions and are more often noncoding than coding (Bejarno et al. 2004; Cooper 

et al. 2005; Siepel et al. 2005). Different classes of the CEs appear to be either under negative selection 

(Katzman et al. 2007; Chen et al. 2007; McVicker et al. 2009) or under mixtures of positive and negative 
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selection (Torgerson et al. 2009; Halligan et al. 2011). Conserved elements reduce diversity at linked sites 

(Hernandez et al. 2011; Halligan et al. 2013), profoundly reducing estimates of effective population size 

across the human genome (Woerner et al. 2016). 

 Diversity-based estimates of NeX/NeA are biased downwards in great apes when we consider 

either the whole of the X chromosome versus the whole of the autosomes or when we consider regions 

near genes (Hammer et al. 2010; Prado-Martinez et al. 2013). As the X chromosome has a lower gene-

density than the autosomes (Deloukas et al. 1998), and as some CEs are regulatory (Pennacchio et al. 

2006), the X chromosome may have a lower density of CEs than the autosomes (but see Davydov et al. 

2010). Thus, linkage to nongenic CEs may also bias NeX/NeA even in regions far from genes (Woerner et 

al. 2016).  

 To this end, this paper estimates Nf/Nm in a broad sampling of great apes. We estimate Nf/Nm 

using whole genome sequence data from 13 bonobos, 10 Nigerian chimpanzees, and 14 western gorillas 

(Prado-Martinez et al. 2013) and 9 sub-Saharan humans (the Yoruba, of Ibadan Nigeria) (Drmanac et al. 

2010), in conjunction with recently developed genetic maps in non-human great apes (Stevison et al. 

2016). We parse the effects of linked selection on diversity into genic and nongenic sources by measuring 

both levels of linkage to the nearest gene and the local rates of recombination (as per Woerner et al. 

2016). As phylogenetically conserved phastCons elements play a substantial role in shaping patterns of 

diversity in humans (Woerner et al. 2016), we explore how this conserved feature of the genome varies 

between the X chromosome and the autosomes. We then model the genomic effects of linkage to various 

classes of phastCons elements and contrast levels of linked selection across the autosomes and the X 

chromosome, as well as across taxa. We then evaluate whether these linked effects vary between the X 

chromosome and the autosomes, and if they depend on linkage to genes. Next, we extend the work of 

Woerner et al. (2016), and introduce a general framework for inferring the locations of the genome least-

affected by selection (i.e. neutralomes) based on genomic modeling of linked selection to phastCons 
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elements and information on genes. We use neutralomes to infer NeX/NeA across our taxa, and in 

comparing them to other classes of “neutral” we assess how assumptions on (a lack of) selection can 

fundamentally alter genomic inferences. We then compare these neutralome’s NeX/NeA to estimates from 

genetic maps, and compare how Nf/Nm contrasts to contemporary mating systems in great apes. 

 

RESULTS 

Diversity, linkage to genes, and the local recombination rate. 

We estimated diversity and linkage at fine-scales using resequencing data in four great ape species. All 

computations involved two sets of loci; nonoverlapping 10kb loci that span the genome used in our 

exploratory analyses (herein termed 10kb loci), and nonoverlapping nongenic, non-phastCons element 

loci with exactly 2kb of called sequence that span no more than 10kb, used in our inferential analyses 

(herein termed 2kb loci). After masking out repeats and uncallable sequence we computed nucleotide 

diversity (π) and divergence (D) to an ancestral sequence. Next we assessed levels of linkage, computing 

the recombination rate R in centimorgans (cM) within each locus, as well as the minimum distance to 

genes G in cM.  

 We visualized the joint effects of R and G on diversity using deciles in the autosomes (top) and 

quartiles for the X chromosome (bottom) (Fig. 1) for each ape species (left to right) in our 10kb loci. With 

D controlling for heterogeneity in mutation rate, we display the median π/D for each bin. Consistent with 

previous works, diversity increases with the genetic distance to genes (within each plot; left to right 

columns) in humans (Hammer et al. 2010; Gottipati et al. 2011; Arbiza et al. 2014) and across great apes 

(Prado-Martinez et al. 2013). π/D also increases with R regardless of G (bottom to top rows), with linkage 

to phylogenetically conserved phastCons elements driving this trend in humans (Woerner et al. 2016). 

The relationships among π/D, R and G differ across species, with bonobos showing little effects for G, 

while gorillas show extremely stark gradients in G. Humans and chimpanzees display similar patterning 
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on both the X chromosome and the autosomes. The lowest levels of diversity are often not in genes 

(column G), but in low-recombination gene-adjacent regions (column P1, rows P1 and P2), which may 

indicate pronounced selection at regulatory sites. 

 To assess the statistical significance of the observed trends we used iterated reweighted least 

squares (IRLS) regression to model π/D ~ R + G for the autosomes and the X chromosome separately 

across taxa using our 2kb loci. IRLS regression estimates standardized slope coefficients (β), which are 

measures of effect size. The estimated β coefficients are significantly greater than 0 across taxa on both 

the autosomes and the X chromosome (Table S1, p<0.001 in all comparisons except for β for linkage to 

genes on the X chromosome in bonobo, p = 0.049). Across all taxa save bonobo, β-coefficients are higher 

on the X chromosome than the autosomes (Fig. 2, Table S1), with the β for linkage to genes on the X 

chromosome (βXG) being the overall highest. Bonobos, on the other hand, have only small slopes for 

linkage to genes on both the autosomes and the X chromosome (Fig. 2). The order of autosomal 

coefficients (βA) vary between gorillas and the rest of the taxa, with βAG < βAR (p < 0.001 across all 

comparisons) in humans, chimps and bonobos, but βAR < βAG (p < 0.001) in gorillas. Compared to other 

taxa, βAG appears elevated in gorillas, while βAR appears relatively constant. 

  

The density of genes and conserved elements on the X chromosome versus the autosomes 

The correlation between R and π/D in humans is driven by linked selection to phylogenetically conserved 

phastCons elements (Woerner et al. 2016). phastCons elements are short (~30-200bp), interspersed 

elements that are common outside of genes and have both sequence constraint (Siepal et al. 2005; 

Hernandez et al. 2011; Halligan et al. 2011, 2013) and regulatory function (Pennacchio et al. 2006). We 

investigated the densities of phastCons elements (SI Materials and Methods) and genes on the X 

chromosome versus the autosomes to better understand their selective roles in these two systems. Since 

the X chromosome has less genes than the autosomes (Deloukas et al. 1998), it may also have less 
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phastCons elements. Recapitulating Deloukas et al. (1998) but with current annotations (human genes 

from Ensembl build 72), we find that the X chromosome has significantly lower gene-density (34% of 

bases) than the autosomes (47% of bases) (p < 2.2e-16, χ2 test). We considered three classes of phastCons 

elements: Elements inferred in placental mammals (mammals), elements inferred in primates (primates), 

and base-positions that were considered conserved in primates that were naively clustered (primate 

clusters). Primate elements, mammal elements, and primate clusters each have lower densities on the X 

chromosome (2.6, 2.8 and 2.6%, respectively) than the autosomes (3.7, 4.1 and 3.7%, respectively) (p < 

2.2e-16 across all comparisons, χ2 test).  

 

Genomic estimates of the local effective population size 

To better quantify reductions in diversity due to linkage to phastCons elements, we categorized our 

phastCons elements into those that intersect exons (CEEs) and those that do not (CNEs), and modeled 

their genomic effects. Using Model C of Halligan et al. (2013) we estimated the cumulative effects of 

linkage to both CNE and CEE elements (SI Materials and Methods), forming estimates of the relative 

effective population size (ν) for each of our 2kb loci. ν is a prediction on π/D that measures the combined 

reductions in diversity that stem from linkage to all phastCons elements within a 1 cM window around 

each locus, with this estimate given relative to a neutral rate of 1.0 (Woerner et al. 2016). We fit π/D 

separately for the autosomes and the X chromosome, and separately considering our three classes of 

phastCons elements in each taxon under a sum of squares criterion. Assessments of model fit, measured 

as the coefficient of determination (R2), indicate better fit for the X chromosome than the autosomes 

across all taxa (Table S2). Bonobos have the worst model fits, while gorillas have the best model fits. In 

general, primate phastCons elements yielded the lowest R2, mammalian phastCons elements yielded 

intermediate R2, and primate phastCons clusters yielded the highest R2. Given this we selected the ν 

inferred using primate clusters as our final estimator of ν unless stated otherwise.  
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 Evaluation of the cumulative distribution of ν (Fig. 3) shows that despite the fact that the X 

chromosome has lower gene/phastCons densities, it has a larger proportion of nucleotides affected by 

linked selection for all taxa save bonobos. To assess if the differences in ν between the X chromosome 

and the autosomes are due to differences in local linkage disequilibrium (LD), we selected matching loci 

(on R) between the X chromosome and the autosomes, creating a paired sample with approximately the 

same local rate of recombination. Both matching on R (Table S3A), and using the entirety of the X 

chromosome and the autosomes (Table S3B), yielded a mean ν higher on the autosomes than the X 

chromosome for gorillas, Nigerian chimpanzees and the Yoruba. The opposite is true for bonobos (p < 

2.2e-16 across all comparisons, paired and unpaired 2-sample t-test). Repeating both procedures in 

regions far from genes (>0.3 cM) we see a substantively different picture. When constrained to be far 

from genes, the X chromosome instead shows less constraint (i.e. higher ν) than the autosomes in all taxa 

both when we match on R (p < 1e-15 across all comparisons) and when we do not (p < 2.2e-16 across all 

comparisons) (Table S4).  

 To visualize the transition-point on the X chromosome versus the autosomes we plotted ν as a 

function of G across taxa (Fig. 4), smoothing ν with a generalized additive model. In all taxa ν is lower 

near genes on the X chromosome than on the autosomes, consistent with greater selection near genes 

(Hammer et al. 2010; Prado-Martinez et al. 2013). However, in each taxon the value for G where the 

curves in Fig. 4 cross indicates a transition from more to less constraint on the X chromosome relative to 

the autosomes. Further, the transition points vary between taxa, with the change in bonobos occurring 

immediately after genes (~0 cM), humans and chimpanzees transitioning at medial distance from genes 

(~0.15 cM), and the transition in gorillas occurring last (~0.3 cM). π/D was estimated in the same manner 

as ν to assess if the predictions of diversity (ν) correspond to diversity itself (Fig. S1). Though the 

interpretation is more difficult, π/D appears to be inflated in regions especially far (i.e., essentially 

unlinked) from genes. 
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Inference of neutralomes 

To form more correct estimates of the neutral NeX/NeA we developed an extension of the heuristic of 

Woerner et al. (2016) to find “neutralomes”, i.e., loci in which ν, R and G are no longer significantly 

correlated with π/D (SI Materials and Methods). Like in Woerner et al. (2016), our heuristic finds 

breakpoints in ν, and with our extension it also finds breakpoints in ν and G, to form candidate sets of 

neutral regions. Finding proper thresholds can be difficult, particularly given that assessments of 

neutrality hinge upon statistical power which is a function of sample size. We address this by finding a 

threshold using a constrained piecewise (segmented) regression. Using an iterative combination of linear 

and nonlinear regression techniques (SI Materials and Methods) we inferred neutralomes solely on the 

basis of ν (Table S5A), and by thresholding on both G and ν (Table S5B). As conditioning on both G and 

ν generally led to the inference of larger neutralomes we consider the loci in Table 3B as the neutralomes 

in each taxa, though we note that the reliance on G requires additional information whose quality is likely 

to improve with higher quality genome sequencing. Methods that threshold solely on ν fail to infer the 

presence of a neutralome of sufficient size (we consider a minimum sample size of 50) in the autosomes 

of gorillas and bonobos. When also conditioned on G, not only does the size of almost every neutralome 

increase (excepting the X chromosome of gorillas), but we also find neutralomes in taxa where the 

procedure failed when solely considering ν (Table S5A). 

 

Validation of neutralomes 

The inference of neutralomes is impacted by a lack of power to detect relationships between π/D, ν, G and 

R. To address this concern we combined neutralomes across the autosomes and the X chromosome in all 

taxa into a single dataset of 20,788 loci. After normalizing terms we used IRLS regression to model π/D ~ 

ν + G + R in our combined dataset, which yielded coefficient estimates βν = 0.023 (p=0.69), βG =-0.012 
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(p=0.03) and a βR = -0.0004 (p=0.94), with an overall regression F-statistic of 1.543 (p=0.20). Note that 

the sign of βG (and βR) is opposite of our a priori expectations, which inflates the F-statistic. To assess for 

significant monotonic relationships we used 1-tailed Kendall's rank-correlations to test for significant 

positive correlations between π/D and ν (τ = 0.002, p= 0.32), π/D and G (τ = -0.009, p= 0.98), and π/D 

and R (τ = -0.006, p= 0.89) in our combined neutralome dataset. All reported p-values are biased 

downwards as they fail to account for multiple testing and for linkage. This downward bias is 

conservative to our validation of neutrality. In contrast, repeating IRLS regression using all 872,398 

nongenic loci yielded βν = 0.115, βG =0.015 and a βR = 0.024, with an overall regression F-statistic of 

9,147 (all p<2.2e-16). 

 

Estimating NeX / NeA 

NeX/NeA estimated with π/D 

Natural selection impacts absolute levels of diversity across the majority of the genome (Fig. 1). 

Differences in the strength of selection on the X chromosome relative to the autosomes at comparable 

genomic sites, such as regions near genes, also biases estimates of NeX/NeA. We estimated the effective 

population size on the X chromosome and the autosomes considering nongenic sites, sites far from genes 

(>0.3 cM), and sites in the neutralomes (Table 2) using π/D. We also estimated the ratio of the effective 

population sizes of the X chromosome (NeX) relative to the autosomes (NeA), as the ratio of median 

values for π/D (Table 3, Fig. 5). For nongenic loci, we infer that NeX/NeA is significantly smaller than 

0.75 in gorillas, while all other taxa show the opposite trend (p < 0.001 across all comparisons). 

Information from regions far from genes inflates NeX/NeA, especially in the Yoruba and Nigerian 

chimpanzees (Table 2), causing NeX/NeA > 0.75 in all taxa. This is consistent with the (relatively) larger ν 

due to the reduced effects of linkage to phastCons elements on the X chromosome in regions far from 

genes (Fig. 4, Table S4). The estimate of ~1.0 in Yoruba is higher than the estimate from Gottipati et al. 
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(2011) (~0.91 when the same outgroup, orangutan, is used) taken at a similar distance to genes. When we 

bin the YRI data in accordance to the farthest bin of Gottipati et al. (2011) (0.2-0.4 cM), estimates of 

NeX/NeA (0.902, 95% CI: 0.875-0.938) become more similar. In humans, NeX/NeA estimate of 0.890 

taken from the neutralome is quite close to the estimates of 0.882 based on genetic map lengths 

(Lohmueller et al. 2010),. NeX/NeA in the all taxa save bonobo exceed 0.75, though the neutralomes’ 

relatively small size results in large standard errors. NeX/NeA in regions far from genes is significantly 

higher than the NeX/NeA inferred in the neutralomes in the YRI (p < 0.001, nonparametric bootstrap), 

while gorillas were only marginally significant at the 10% level (p = 0.094) and chimpanzees and 

bonobos were not significantly different (p = 0.672 and p = 0.117, respectively). When considering the 

neutralome, NeX/NeA is significantly smaller in bonobos than in chimpanzees (p < 0.001, nonparametric 

bootstrap). 

 

NeX/NeA estimated with LD 

To create a largely independent check on our inferences on Nf/Nm in the neutralome we estimated 

NeX/NeA using genetic maps as per Lohmueller et al. (2010) (SI Materials and Methods). LD-based 

genetic maps estimate the population genetic parameter ρ, which is equal to 4Ner where r is the rate of 

recombination measured in Morgans. We estimated NeX/NeA using ρ calibrated with r estimated in 

human pedigrees (Kong et al. 2010). NeX/NeA in the YRI was taken from Lohmueller et al. (2010). 

NeX/NeA estimated using genetic maps and the neutralome are consistent (Fig. 5, Table 3), which serves 

as a partial validation of the use of neutralomes to estimate Ne. Further, NeX/NeA is significantly smaller 

in bonobos than in chimpanzees (p < 0.001, nonparametric bootstrap) and significantly larger than 0.75 in 

all taxa (p < 0.001, nonparametric bootstrap). 

 

DISCUSSION 
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The nongenic landscape of linked selection in great apes 

Using fine-scale measurements on diversity and linkage across the genomes of great apes we show that 

both linkage to genes (G), as well as the local recombination rate (R), play a profound role in shaping 

genomic patterns of diversity in African great apes. Correlations between diversity and G and R are 

consistent with the action of selection at linked genic sites (to which G is sensitive) as well as nongenic 

sites (to which R is sensitive) (Maynard Smith and Haigh 1974; Charlesworth et al. 1993). Further, these 

correlations are no longer significant when we consider regions generally unlinked to phastCons elements 

(high ν) and far from genes (i.e. in neutralomes), demonstrating that genic and phastCons sites (and sites 

they are linked to) cause genome-wide reductions in diversity of not just humans (Woerner et al. 2016), 

but of African great apes. The effect-sizes of G and R vary across species and across chromosomes, and, 

while the effect size of linked selection to genes on the X chromosome is the largest amongst humans, 

gorillas and chimpanzees (Fig. 2), in bonobos the effect of linkage to genes on the X chromosome is 

approximately equal to that of the autosomes. Likewise, the effect size of linkage to genes on the 

autosomes (βAG) is the smallest in bonobos, chimpanzees and humans, but not gorillas (Fig. 2). Contrasted 

to this, gorillas and bonobos have the highest and second-highest autosomal dN/dS ratios, respectively, 

amongst the apes studied here (Prado-Martinez et al. 2013), implying a paradoxical relationship between 

the strength of selection (s) (in terms of Nes) and the amount of the genome impacted by linked selection 

(in terms of β). This paradox is consistent with the expectations of weak selection, either of just negative 

selection (Williamson and Orive 2002), or of weak positive and negative selection (Tachida 2000). Both 

models predict that the strength of linked selection is strongest when |Nes| is neither too large nor too 

small, which may be the case on the autosomes in gorillas and not bonobos. 

 

The neutralomes of great apes 
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The signals of demography and natural selection are easily conflated, where low levels of diversity can be 

consistent either with linkage to positively or negatively selected alleles (Maynard Smith and Haigh 1974; 

Charlesworth et al. 1993) or with small effective population size. We show that linked selection, 

specifically linked selection to genes and phastCons elements, reduces diversity throughout each of these 

genomes. Each taxon and each chromosome exhibits varying degrees of linked selection (Fig. 3), further 

complicating comparisons of Ne between species. We model the effects of linked selection, predicting the 

amount of diversity lost due to linkage to phastCons elements (our estimate ν) and extend the procedure 

of Woerner et al. (2016) by considering three types of phastCons elements to infer neutralomes in great 

apes. The neutralomes of nonhuman great apes are substantively smaller (~0.1% of genome) than that of 

humans (~1% of genome) (Table S5B). These size-differences may in part reflect issues of power. The 

genetic maps in non-human great apes were inferred from next-generation sequencing, thus the higher 

genotyping error rates that follow likely causes false evidence of recombination, making these maps more 

noisy than their human counterparts. The variable effects of linked genic selection also plays a substantive 

role in the sizes of the neutralomes. Taking gorillas for example, the selective effects of genes (Fig. 1, βAG 

in Fig. 2, Table S1) caused much of the autosomes to be impacted by linked selection. Reflecting this, the 

autosomal neutralome in gorillas only uses regions at least ~0.4 cM from genes (bG in Table S5), greatly 

reducing its size. Thus it follows that while the human neutralome is small by genomic, the neutralomes 

of non-human great apes are far smaller. 

 

Estimates of NeX/NeA in great apes 

 We used two largely independent molecular estimates of NeX/NeA in great apes; estimates from 

diversity ratios, and estimates from genetic maps. Diversity-based estimate NeX/NeA are sensitive to 

differences in genic and nongenic selection between the X chromosome and the autosomes. Simply using 

regions far from genes does not appear to correct for variable levels of selection on the X chromosome 



 

99 

 

and the autosomes. While in most great apes the effects of linked selection are greater on the X 

chromosome (despite the reduced mutation rate and lower gene/phastCons densities of the X 

chromosome), regions far from genes instead show the opposite bias. Across African great apes we find 

that in regions far from genes the X chromosome has significantly higher ν (that is, less effects of linkage 

to phastCons elements) than the autosomes across apes (Fig. 5, Table S4), and roughly equal levels of 

diversity (Fig. S3). Differing ν far from genes indicates that linked selective pressures to phastCons 

elements changes from being more to less pronounced on the X chromosome, with the crossover point in 

ν being apparent, though variable, across great apes (Fig. 5). This in turn biases estimates of NeX/NeA. In 

particular, using just those regions “far” from genes (i.e., generally unlinked, though see bG for gorillas 

and bonobos in Table S5), NeX/NeA is significantly higher (~1.0) in the Yoruba than in regions predicted 

to be neutral (~0.87). Further, the maximal G cutoff (0.4 cM) used by Hammer et al. (2010) and Gottipati 

et al. (2011) was both arbitrary and fortunate, as it appears to mitigate these variable nongenic selective 

effects. This maximum G cutoff is nearly identical to the minimum autosomal cutoff for G in neutralome 

of gorillas (table 3b), suggesting that this mitigation at 0.2-0.4 cM from genes is not universally 

applicable, but may instead be particular to inferences in humans. The use of neutralomes removes the 

need to be fortunate in our choice of thresholds, allowing for the direct inference of Nex/NeA, and greatly 

simplifying inferences on selective processes. 

 

Nf/Nm in great apes 

 Mating and dispersal strategies are varied across great apes (Table 1), with these strategies 

leading to differences in effective population size on the X chromosome relative to the autosomes. While 

estimates of Nex/NeA may reflect differences in natural selection on the X chromosome relative to the 

autosomes, we present two estimates of Nf/Nm (that is, of the neutral Nex/NeA): the first is based on 

patterns of diversity in regions carefully selected to have no detectable levels of natural selection, while 
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the second is based on patterns of LD (Fig. 5; Table 3). These two measures are independent and 

coincident, with the confidence intervals in Nf/Nm from genetic maps falling strictly within the confidence 

intervals obtained from neutralomes (Table 3). Further, these two approaches are likely sensitive to 

measures of Ne at different time-scales (Lohmueller et al. 2010), suggesting that our findings are unlikely 

to be driven by changes in population size (e.g., that of Pool and Nielsen 2007). And, while other 

population dynamics such as sex-biased migration may contribute to our estimates of Nf/Nm, demographic 

effects other than higher variance in male reproductive success have at most a modest impact on estimates 

of Nf/Nm (Hammer et al. 2008). 

 Our estimates of Nf/Nm in great apes are consistent with previous works in humans (Gottipati et 

al. 2011; Arbiza et al. 2014) and bonobos (Prüfer et al. 2012). An estimate of ~2:1 in western lowland 

gorillas may appear surprising given their unimale mating system (Harcourt et al. 1981). However, if the 

harem structures in gorillas is unstable and have rapid turnover, then an estimate of 2:1 is not unexpected 

(Evans and Charlesworth 2013). Further subordinate male gorillas do have limited mating success (Watts 

1990, 1991) which might contribute to our inference of Nf/Nm.  

 Nf/Nm in Pan is perhaps more surprising. Chimpanzees and bonobos have similar in mating 

structure and morphology which might otherwise suggest similar Nf/Nm in Pan. An Nf/Nm of ~2:1 is 

consistent with previous estimates in bonobos, and the ancestor of chimpanzees and bonobos (Table 3) 

(Prüfer et al. 2012). Our estimate of ~7-10:1 in Nigerian chimpanzees is perhaps unexpected large. 

Estimates of Nf/Nm across the four extant species of chimpanzees are very similar (Prado-Martinez et al. 

2013), which makes demographic explanation for this finding less likely. Thus by parsimony, Nf/Nm may 

have increased within the lineage of Pan troglodytes and not in the ancestral lineage of Pan. Given this 

we posit two hypotheses that may explain these differences in Nf/Nm: The first hypothesis is that despite 

their similar testes size (Harcourt et al. 1981; Dixson 1998), sperm competition may vary considerably 

between chimpanzees and bonobos due to molecular, and not gross morphological, differences in these 
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taxa. Few studies have attempted to separate bonobos from chimpanzees in their molecular and 

morphological analyses (e.g., Anderson and Dixson 2002; Dorus et al. 2004; Nascimento 2008), and what 

few studies that have point to a limited amount of support for this hypothesis. In particular, Good et al. 

(2013) found modestly larger support for positive selection on ejaculated seminal fluid proteins in 

chimpanzees than in bonobos, though this finding may not be statistically significant. Kingan et al. (2003) 

also found significant evidence of positive selection between chimpanzees and humans at the 

semenogelin I locus, while similar tests between bonobos and humans were not significant. We note that 

our first hypothesis can either be viewed as an increase in sperm competition in Pan troglodytes, or an 

increase in the chimpanzee-bonobo ancestor and a separate loss in bonobos. Our second hypothesis is that 

both taxa have sperm competition, and that it is behavior that further elevates in Nf/Nm in chimpanzees. 

Chimpanzees practice considerably higher rates of infanticide (Wilson et al. 2014), and have mating that 

follows a more strict dominance hierarchy (Watts 1998; Gerloff et al. 1999; Furuichi 2011; Surbeck et al. 

2011) than bonobos, while bonobos generally mate more than chimpanzees which may in turn reduce 

male-male competition (Furuichi 2011). Thus with our second hypothesis, behavioral tactics in 

combination with sperm competition may explain the elevated Nf/Nm in chimpanzees relative to bonobos. 

Ultimately, assays on the levels of sperm competition in bonobos compared to chimpanzees, as well as 

simulation approaches that model these behavioral differences, might serve to answer this outstanding 

evolutionary question in Pan. 

 

METHODS 

Samples 

The samples used in this study come from two sources. The data in humans, the Yoruba (YRI) of Ibadan 

Nigeria, are from the publically available high coverage (~80x) genomes made available by Complete 

Genomics. The nonhuman data are a subsample of unrelated individuals from Prado-Martinez et al. 
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(2013), with most specimens being wild-born (though sampled in zoos). Sequence reads are accessible 

under the accession number SRP018689 (BioProject ID PRJNA189439) in NCBI’s short read archive, 

with the processed SNP calls and masks available at: ftp://public_primate@biologiaevolutiva.org.  

 

Mapping 

The nonhuman species-specific read mappings and SNP-calling of Prado-Martinez et al. (2013) were used 

in all analyses. The YRI were mapped to hg19, the gorillas were mapped to gorGor3 (Ensembl 62), and 

both chimpanzees and bonobos were mapped to panTro4. Mapping details and filtering settings for the 

nonhuman samples are detailed in Prado-Martinez et al. (2013), while the filtering in the YRI is detailed 

in Woerner et al. (2016). In short, in the nonhuman samples, sites that passed variant quality score 

recalibration as well as had at least 7x coverage across all samples, and less than the 95th percentile 

coverage (summed over individual reads), as well as being more than 5 bp away from any indel, were 

included in our analysis. For the YRI we used the individual call-ability masks from the .tsv files from 

Complete Genomics, as well as removing sites within 5bp of any indel and sites that spanned copy-

number or structural variants called by Complete Genomics. Genotype coordinates in gorillas were 

remapped from gorGor3 (Ensembl 62) to gorGor3.1 (Ensembl 72) using a custom script. 

 

Gene definitions 

Canonical protein-coding genes and the exons of canonical protein-coding genes were downloaded from 

Ensembl (build 72) for each taxon using an in-house perl script. As the number of genes and exons varied 

substantially across taxa (e.g. humans have 67.9 Mb of annotated canonical protein coding exon 

sequence, whilst gorillas have 46.4 Mb), we used annotations in humans to augment those that were 

species-specific. In particular, we used the UCSC liftOver tool to augment the species-specific genes with 

hg19's UCSC known genes (Downloaded on 2/6/2012). liftOver was run using the default parameters, 

ftp://public_primate@biologiaevolutiva.org/
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save the minMatch flag which was changed from the default of 0.95 to 0.50. Species-specific protein 

coding exon annotations were augmented in the same fashion, using instead human annotations from 

Ensembl build 72. All annotations within a species were merged using a base-wise union using a custom 

perl script.  

 

 

Loci 

While the approach of Woerner et al. (2016) used 10kb loci with a minimum of 1kb of callable sequence 

therein in their analysis, we instead chose to refine this approach for our regression analyses. Specifically, 

we carefully chose our loci to try to both maximize their number and to minimize their variance in the 

summary statistics computed upon them. To do this we constructed two types of masks; soft masks, 

which loci were allowed to overlap but within which no computations are to be performed, and hard 

masks, which no locus ever overlaps. We then specified two properties of a locus: the number of callable 

bases, which we set to 2kb, and the span of the locus, which was set at a maximum of 10kb. Thus each 

locus has exactly 2kb of bases in which computation is to be performed in a span (or length) of up to 

10kb, and is guaranteed not to overlap any of the annotations in the hard mask. Given these constraints we 

set up a greedy program to extract the maximum number of such loci in each ape genome.  

 As our primary analysis seeks to quantify the effects of linkage to phastCons elements in the 

nongenic portions of genomes, we took for our hard mask the base-wise union of genes and phastCons 

elements inferred from primates and mammals, as well as the gaps in the species-specific genetic and 

physical maps. We also attempted to mask out phastCons clusters, but this resulted in a too substantial 

reduction in the number of loci. For soft masks we took the union of: sites not callable in either hg19 or 

rhesus (rheMac3) using the 100-way vertebrate alignments of UCSC, and places deemed uncallable in the 

resequencing data. 
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 For our heatmap analyses, which are more qualitative and span genes, we also constructed a set of 

10kb loci as per Woerner et al. (2016). Briefly, we partitioned the genome into nonoverlapping 10kb loci 

and excluded loci with less than 1kb of callable sequence. The same SNP-calling masks were used as with 

the 2kb loci, save the masking of genes.  

 

Summary statistics 

 We computed nucleotide diversity (π) and divergence (D) to an inferred ancestral node in the tree. 

As our non-human data are lower coverage, use different sequencing technologies, and have a more 

modern processing pipeline than do the human data, we used slightly different processing to reflect these 

differences. In non-humans we induced haploid calling in males on the X chromosome by choosing 

whichever allele had the greatest number of reads supporting it, with ties being broken arbitrarily. In 

humans, we used the ploidy information provided in the SNP-calling by Complete Genomics. For non-

humans, the ingroup base used in the D calculation was drawn uniformly at random from the alleles 

called at a site in the case that the site was segregating, otherwise the reference base was chosen. The 

outgroups used to polarize sites--rhesus (rheMac3) and humans (hg19)--were taken from the 100-way 

vertebrate alignments of UCSC for our nonhuman samples, while in humans we used the 46-way 

vertebrate alignments, polarizing sites using rhesus (rheMac2) and orangutan (ponAbe2). We computed D 

along the branch that leads to each species polarizing sites based on the allele called in rhesus. 

 Local estimates of Ne over sets of loci were estimated using the median π/D, with nonparametric 

bootstraps used to estimate the 95% CI. Estimates of the ratio Nex/NeA were computed taking the 

bootstrapped ratio of medians, with estimates of the standard error of the median taken as the standard 

deviation of the bootstrapped ratios. All bootstraps used 1000 iterations unless otherwise noted. 

Smoothing of π/D was done in the statistical package R. Generalized additive model smoothing was 

performed using the mgcv library in the geom_smooth function in ggplot2 using the default parameters. 
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Multiple IRLS Regression 

With our 2kb loci we used IRLS linear regression to evaluate separately the effects of R and G on patterns 

of nongenic diversity. Specifically, using the R statistical package MASS, we modeled π/D ~ G + R for 

both the autosomes and the X chromosome using the rlm function set to its default parameters. 

Standardized (β) coefficients, confidence intervals and slope significance were determined using a 1000-

iteration nonparametric bootstrap as per Woerner et al. (2016). Visualization of the coefficients were 

performed in the R programming language using the coefplot function in the arm library.  

 

DATA ACCESS 
The code used to generate our estimates of ν across the genome, as well as the location all neutralomes, 
are available at: http://hammerlab.biosci.arizona.edu/Neutralome/neutralome.html 
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FIGURES 
Figure 1. Heatmap of the median π/D (x 100) in four great apes. Heatmaps are shown from left to right 

for bonobos, Nigerian chimpanzees, a sub-Saharan African population in humans (YRI), and western 

lowland gorillas on the autosomes (top) and the X chromosome (bottom). Within each plot, the x-axis is 

binned by percentiles in the minimum genetic distance to genes and the y-axis by percentiles in the local 
recombination rate, with the first columns (G) being loci in genes. Darker cells correspond to higher 

median π/D within each plot, with the median values displayed in plain text.  
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Figure 2. Estimates of the effect size (β) of linkage to genes (G) and the local recombination rate (R) on 

nongenic diversity. IRLS regression was used to π/D ~ R + G separately on the autosomes and the X 
chromosome across four great apes, with the β-coefficients measuring the independent effect size for both 

variables. The coefficient estimates are shown ± their 95% CI across four apes (top to bottom). 
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Figure 3. The empirical cumulative distribution function (ECDF) of the predicted nucleotide diversity 

relative to a neutral rate of 1 across four ape taxa. Predictions are based off of nonlinear least squares 
fitting of observed diversity levels to linkage to phastCons elements.  
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Figure 4. Predicted π/D (ν) versus the minimum genetic distance to genes. ν is given as a function of the 

minimum genetic distance to genes (G) on the X chromosomes (red dots) and the autosomes (blue dots). 
Note that both axes are truncated to highlight the differences between the X chromosome and the 

autosomes. ν was smoothed by a general additive model as a function of G on the X chromosome (dashed 

gray line) and the autosomes (solid black line). ν is given relative to a neutral rate of 1.0, and it is a 

prediction on the amount of diversity lost from phylogenetically conserved phastCons elements; a 
prediction made without explicit knowledge of genes. Smaller ν corresponds to greater predicted losses in 

diversity due to linked selection. On the X chromosome, regions near genes have greater predicted 

reductions in diversity than on the autosomes, while after the grey/black lines cross the opposite is true. 
Note that the y-axis is truncated to highlight differences between the X chromosome and the autosomes. 
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Figure 5. Estimates of the relative effective population size of the X chromosome (Nex) versus that of the 

autosomes (Nea) considering different assay types. Nex / Nea was estimated using the median π/D across 
all nongenic sites, just sites far from genes (>0.3 cM), and in the neutralome in four ape taxa. Nex / Nea 

was also estimated using patterns of linkage disequilibrium in genetic maps. 95% confidence intervals 

were estimated using a 1000-iteration bootstrap. 

 
 

 

TABLE LEGENDS 
 

Table 1. Mating structures in nonhuman great apes. Chimpanzees and bonobos have multimale-

multifemale (MM) mating systems, while gorillas have a polygynous unimale (UM-P) system. Body 
weight dimorphism (male/female body weight) can be extreme (>2), strong (1.5-1.9) or moderate (1.1-

1.4) (Dixson 1998). Testes/body weight ratios (g/kg) can be small (< 0.5), moderate (0.5-1.5) or large 

(>2.0) (Harcourt et al. 1981). 
 

Table 2. π/D on the X chromosome and the autosomes across apes according to different samples of the 

genome. π/D (medians) are shown, as well as standard errors of the median, for all nongenic regions, 

regions far from genes (> 0.3 cM), and the neutralome. Standard errors were determined with a 1000-
iteration bootstrap. 
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Table 3. Estimates of NeX/NeA and Nf/Nm across apes according to different assays of the genome. 

Diversity-based NeX/NeA was estimated by taking the ratio of the median π/D of the X chromosome 
versus the autosomes using nongenic regions, regions far (>0.3cM) from genes, and in the neutralomes. 

Genetic map estimates of NeX/NeA were computed using Ne estimated in genetic maps calibrated by 

pedigrees. Confidence intervals were obtained by a 1000-iteration nonparametric bootstrap, as well as the 

ability to reject a 1:1 sex ratio (NeX/NeA =0.75). NeX/NeA values were directly converted into α values 
using standard population genetic theory. * NeX/NeA in the YRI is taken from Lohmueller et al. (2010). 

** NeX/NeA estimated in the ancestor of Pan using incomplete lineage sorting (ILS) was taken from 

Prüfer et al. (2012).  
 

 

TABLES 
Table 1. Mating structures in nonhuman great apes. 

Taxon Mating system Body weight dimorphism Testes/body weight 

ratio 

Pan troglodytes MM Moderate Large 

Pan paniscus MM Moderate Large 

Gorilla gorilla UM-P Extreme Small 
 
 

Table 2. Median π/D and standard errors of the median considering different classes of sites.  

Taxon 
Regions 

considered X chromosome SE Autosomes SE 

Bonobo Nongenic 0.106 6.96E-04 0.113 2.30E-04 
Bonobo Far from genes 0.099 2.87E-03 0.117 6.85E-04 
Bonobo Neutralome 0.117 2.98E-03 0.149 1.08E-02 

Chimpanzee Nongenic 0.196 1.57E-03 0.218 3.93E-04 
Chimpanzee Far from genes 0.232 7.17E-03 0.229 1.06E-03 
Chimpanzee Neutralome 0.258 5.27E-03 0.250 4.82E-03 

Human (YRI) Nongenic 0.048 3.01E-04 0.060 9.68E-05 
Human (YRI) Far from genes 0.062 1.02E-03 0.062 2.15E-04 
Human (YRI) Neutralome 0.062 2.05E-03 0.070 4.15E-04 

Gorilla Nongenic 0.164 1.37E-03 0.235 4.27E-04 
Gorilla Far from genes 0.236 4.18E-03 0.261 9.97E-04 
Gorilla Neutralome 0.256 8.30E-03 0.299 4.56E-03 
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Table 3. Estimates of NeX/NeA and Nf/Nm in hominoids. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Taxon Assay Type NeX/NeA 
CI: 

0.025 
CI: 

0.975 
P(Nex/Nea) 

= 0.75 
Nf/Nm 

(expectation) 
CI: 

0.025 
CI: 

0.975 

Bonobo π/D (Nongenic) 0.94 0.93 0.95 < 0.001 4.08 3.70 4.60 

Chimp π/D (Nongenic) 0.90 0.89 0.91 < 0.001 2.94 2.69 3.31 

Gorilla π/D (Nongenic) 0.70 0.68 0.71 < 0.001 0.63 0.56 0.69 

Human (YRI) π/D (Nongenic) 0.81 0.80 0.82 < 0.001 1.55 1.44 1.66 

Bonobo π/D (Far from genes) 0.85 0.79 0.89 < 0.001 2.06 1.32 2.86 

Chimp π/D (Far from genes) 1.02 0.96 1.08 < 0.001 8.23 4.85 20.74 

Gorilla π/D (Far from genes) 0.90 0.87 0.94 < 0.001 3.10 2.45 4.04 

Human (YRI) π/D (Far from genes) 1.01 0.98 1.04 < 0.001 7.64 5.54 11.18 

Bonobo π/D (Neutralome) 0.78 0.63 0.88 0.45 1.31 0.27 2.56 

Chimp π/D (Neutralome) 1.03 0.98 1.10 < 0.001 10.08 5.64 35.55 

Gorilla π/D (Neutralome) 0.86 0.80 0.92 0.002 2.18 1.48 3.61 

Human (YRI) π/D (Neutralome) 0.89 0.84 0.96 < 0.001 2.80 1.99 4.75 

Bonobo Genetic Map 0.85 0.82 0.87 < 0.001 2.06 1.72 2.48 

Chimp Genetic Map 1.00 0.98 1.02 < 0.001 7.19 5.83 9.08 

Gorilla Genetic Map 0.82 0.80 0.84 < 0.001 1.70 1.47 1.99 

Human (YRI)* Genetic Map 0.88 -- --  2.63 -- -- 

Pan ancestor** ILS 0.83 0.75 0.91  1.81 1.00 3.23 
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SUPPLEMENTAL FIGURES 

Supplemental Figure 1. π/D versus the minimum genetic distance to genes. π/D is given as a 

function of the minimum genetic distance to genes (G) on the X chromosomes (red dots) and the 

autosomes (blue dots). π/D was smoothed by a general additive model as a function of G on the 

X chromosome (dashed gray line) and the autosomes (solid black line). Unlike ν, π/D is given as 

an absolute value; nevertheless π/D on the X chromosome exceeds that of the autosomes in some 

taxa with loci far from genes. Note that both axes were truncated so as to highlight differences 

between the X chromosome and the autosomes. 
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SUPPLEMENTAL TABLES 

Supplemental Table 1. Beta-coefficient estimates from the IRLS regression modeling π/D ~ R +G, 
where R and G are the local recombination and the minimum genetic distance to genes, respectively. 

Separate regressions were run on the X chromosome (X) and the autosomes (A).The coefficient point 

estimates are given, plus the 95% confidence intervals. Also given is the probability that the coefficient is 

positive, and the probability that the coefficient for a given row is greater than the row that follows.  

Taxon Coefficeint 
Point 

Estimate CI: 0.025 CI: 0.975 
Pr coef > 

0 

Pr this 
coef > 

next coef 

Bonobo βXR 0.068 0.048 0.090 < 0.001 0.006 

Bonobo βAR 0.041 0.038 0.045 < 0.001 0.011 

Bonobo βXG 0.017 -0.002 0.037 0.049 0.474 

Bonobo βAG 0.018 0.016 0.021 < 0.001  

Chimpanzee βXG 0.194 0.168 0.220 < 0.001 < 0.001 

Chimpanzee βXR 0.096 0.071 0.124 < 0.001 < 0.001 

Chimpanzee βAR 0.047 0.044 0.051 < 0.001 < 0.001 

Chimpanzee βAG 0.027 0.024 0.030 < 0.001  

Human (YRI) βXG 0.247 0.222 0.271 < 0.001 < 0.001 

Human (YRI) βXR 0.094 0.073 0.117 < 0.001 < 0.001 

Human (YRI) βAR 0.041 0.037 0.044 < 0.001 < 0.001 

Human (YRI) βAG 0.027 0.024 0.031 < 0.001  

Gorilla βXG 0.358 0.333 0.383 < 0.001 < 0.001 

Gorilla βXR 0.119 0.097 0.144 < 0.001 0.001 

Gorilla βAG 0.088 0.084 0.092 < 0.001 < 0.001 

Gorilla βAR 0.055 0.051 0.060 < 0.001  
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Supplemental Table 2. Estimates of model fit for Model C of Halligan et al. (2013).  The expected π/D 

was computed given linkage to different classes of phylogenetically conserved phastCons elements 
(Element) on both the autosomes (A) and the X chromosome (X) across four ape taxa. π/D was fit using a 

sum of squares criterion (SS) to both the model of Halligan et al. (2013) contrasted to that of the mean 

π/D (SS Total). Levels of model fit (measured as R2) are shown, with the highest model fits being 

highlighted in grey. 

Taxon Compartment Element SS Model SS Total R2 

Bonobo A Primates 3,237.144 3,259.562 0.69% 

Bonobo X Primates 172.067 173.932 1.07% 

Bonobo A Mammal 3,237.297 3,262.157 0.76% 

Bonobo X Mammal 172.413 174.155 1.00% 

Bonobo A 
Primate 
Clusters 3,235.715 3,262.148 0.81% 

Bonobo X 
Primate 
Clusters 172.093 174.155 1.18% 

Chimpanzee A Primates 7,341.674 7,433.626 1.24% 

Chimpanzee X Primates 437.088 462.631 5.52% 

Chimpanzee A Mammal 7,328.056 7,434.994 1.44% 

Chimpanzee X Mammal 438.880 465.316 5.68% 

Chimpanzee A 
Primate 
Clusters 7,323.968 7,434.588 1.49% 

Chimpanzee X 
Primate 
Clusters 438.092 465.316 5.85% 

Human (YRI) A Primates 502.691 515.137 2.42% 

Human (YRI) X Primates 31.266 33.425 6.46% 

Human (YRI) A Mammal 501.882 515.634 2.67% 

Human (YRI) X Mammal 31.362 33.584 6.61% 

Human (YRI) A 
Primate 
Clusters 501.534 515.174 2.65% 

Human (YRI) X 
Primate 
Clusters 31.383 33.604 6.61% 

Gorilla A Primates 4,510.975 4,733.455 4.70% 

Gorilla X Primates 227.895 284.192 19.81% 

Gorilla A Mammal 4,495.563 4,735.844 5.07% 

Gorilla X Mammal 226.290 284.192 20.37% 

Gorilla A 
Primate 
Clusters 4,489.587 4,738.314 5.25% 

Gorilla X 
Primate 
Clusters 225.961 284.192 20.49% 
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Supplemental Table 3A. Mean nongenic ν on the autosomes and the X chromosome, and their 

difference, after matching the recombination rate on the autosomes and the X chromosome. Each 
nongenic locus on the X chromosome was paired to an autosomal locus on the basis of its local 

recombination rate, and a paired 2-sample t-test was used to assess the difference in means 

Taxon 

Autosomal 

mean ν 

X 
chromosome 

mean ν 

Mean of 
the 

difference 0.025 CI 0.975 CI p-value 

Bonobo 0.916 0.927 -0.011 -0.013 -0.009 < 2.2e-16 

Chimp 0.916 0.860 0.056 0.052 0.059 < 2.2e-16 

Human (YRI) 0.884 0.825 0.059 0.057 0.062 < 2.2e-16 

Gorilla 0.851 0.725 0.126 0.121 0.131 < 2.2e-16 

 
Supplemental Table 3B. Mean nongenic ν on the autosomes and the X chromosome. An unpaired Welch 
t-test was used to test the difference in means, of which the p-value and 95% confidence interval are 

shown 

Taxon 

Autosomal 
mean ν 

X 
chromosome 

mean ν 0.025 CI 0.975 CI p-value 

Bonobo 0.911 0.915 -0.005 -0.002 0.0001464 

Chimp 0.919 0.845 0.071 0.078 < 2.2e-16 

Human (YRI) 0.890 0.808 0.079 0.084 < 2.2e-16 

Gorilla 0.852 0.698 0.149 0.158 < 2.2e-16 
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Supplemental Table 4A. Mean nongenic ν on the autosomes and the X chromosome, and their 

difference, after matching the recombination rate on the autosomes and the X chromosome in regions far 
(> 0.3cM) from genes. Each nongenic locus on the X chromosome was paired to an autosomal locus on 

the basis of its local recombination rate, and a paired 2-sample t-test was used to assess the difference in 

means 

Taxon 

Autosomal 

mean ν 

X 
chromosome 

mean ν 

Mean of 
the 

difference 0.025 CI 0.975 CI p-value 

Bonobo 0.953 0.981 -0.028 -0.033 -0.024 < 2.2e-16 

Chimp 0.966 0.988 -0.021 -0.024 -0.019 < 2.2e-16 

Human (YRI) 0.937 0.960 -0.023 -0.026 -0.019 < 2.2e-16 

Gorilla 0.936 0.955 -0.019 -0.024 -0.015 1.23E-015 

 
Supplemental Table 4B. Mean nongenic ν on the autosomes and the X chromosome in regions far 

(>0.3cM) from genes. An unpaired Welch t-test was used to test the difference in means, of which the p-

value and 95% confidence interval are shown 

Taxon 

Autosomal 
mean ν 

X 
chromosome 

mean ν 0.025 CI 0.975 CI p-value 

Bonobo 0.953 0.981 -0.031 -0.025 < 2.2e-16 

Chimp 0.964 0.988 -0.026 -0.022 < 2.2e-16 

Human (YRI) 0.936 0.960 -0.025 -0.021 < 2.2e-16 

Gorilla 0.937 0.955 -0.021 -0.014 < 2.2e-16 
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Supplemental Table 5A. The inference of neutralomes in several species of apes conditioning on ν. 

Using our iterative breakpoint analysis we inferred the location of neutralomes based on a threshold 
(breakpoint) in ν separately for the autosomes and the X chromosome, and separately for each species. 

Breakpoints in ν were inferred using an iterative procedure, where weighted nonlinear regression was 

used to propose a breakpoint that demarkates the neutralome (Nu > bν). In each iteration of the procedure, 

loci in the proposed neutralome are tested for significant slopes using multiple linear regression, and if the 
minimum p-value is > 0.10 the procedure stops, otherwise it continues using all loci after the breakpoint. 

If 50 or fewer loci were detected in the proposed neutralome the procedure halts and is considered to have 

failed. The penultimate bν shows the previous value of ν that failed to separate the neutralome from the 
non-neutralome. 

Taxon 
Compartmen

t 

Ultimate 

bν 

Min p-value 

(uncorrected

) 
Number 
of Loci 

Number 
of 

iterations 

Penultimat

e bν 

Bonobo Autosomes -- -- < 50 1 98.500% 

Bonobo X 99.786% 0.142 137 2 99.386% 

Chimp Autosomes 99.876% 0.121 1,774 3 99.166% 

Chimp X 99.976% 0.103 122 4 99.936% 

Human (YRI) Autosomes 99.582% 0.435 5,438 1 98.500% 

Human (YRI) X 99.405% 0.589 251 1 98.500% 

Gorilla Autosomes -- -- < 50 5 99.904% 

Gorilla X 99.655% 0.173 339 1 98.500% 

 

 
Supplemental Table 5B. The inference of neutralomes in several species of apes conditioning on ν and 

G. Using our iterative breakpoint analysis, we inferred the location of neutralomes based on a threshold 

(breakpoint) in ν and the genetic distance to genes (G) separately for the autosomes and the X 
chromosome, and separately for each taxon. Breakpoints in ν and G were inferred using an iterative 

procedure, where weighted nonlinear regression was used to propose a breakpoint that demarkates the 

neutralome. In each iteration of the procedure, loci in the proposed neutralome are tested for significant 

slopes using multiple linear regression, and if the minimum p-value is > 0.10 the procedure stops, 
otherwise it continues using all loci after the breakpoint. 

Taxon Compartment 

Ultimate 

bν 

Ultimate 

bG 

Min p-value 

(uncorrected) 
Number 
of Loci 

Number 
of 

Iterations 

Penultimate 

bν 

Penultimate 

bG 

Bonobo Autosomes 99.842% 0.398 0.715 118 6 99.584% 0.281 

Bonobo X 98.757% 0.106 0.157 1,260 1 98.500% 0.000 

Chimp Autosomes 99.700% 0.217 0.149 1,987 5 98.669% 0.143 

Chimp X 98.726% 0.015 0.225 1,663 1 98.500% 0.000 

Human (YRI) Autosomes 98.509% 0.121 0.127 13,681 1 98.500% 0.000 

Human (YRI) X 98.990% 0.127 0.294 421 1 98.500% 0.000 

Gorilla Autosomes 99.140% 0.399 0.318 1,398 4 99.097% 0.320 

Gorilla X 99.595% 0.158 0.391 260 1 98.500% 0.000 
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SI Material and Methods: 
Genetic maps 

For the nonhuman great apes we used the species-specific genetic maps from Stevison et al. 

(2016) to compute levels of linkage, while for humans we used the population-averaged (CEU+YRI) 

HapMap genetic map (Frazer et al. 2007). We also generated genetic maps for the X chromosome in 

nonhuman great apes using the framework described in Stevison et al. (2016). While the HapMap genetic 

map is relatively complete, the genetic maps in nonhuman great apes were computed solely within 

regions that are syntenic across great apes. While most of the genome is covered using this approach 

(~2.6 Gb), gaps in the genetic map are problematic for computing linkage between distant sites on the 

chromosomes (e.g. between a locus and the nearest gene). To address this we filled the gaps between 

neighboring syntenic regions using the chromosome-averaged ρ (that is, 4Ner, where r is the rate of 

recombination in Morgans), and we then added these nonsyntenic gaps to our SNP calling mask (see 

Methods). This effectively removed nonsyntenic loci from our analysis whilst retaining information on 

linkage. Note that genes and conserved elements that occur in these gaps were, however, retained in our 

linkage analyses. 

We estimated NeX/NeA with genetic maps using the approach of Lohmueller et al. (2010). Briefly, 

we used ρ inferred from LD-based genetic maps estimate Ne. To infer Ne using genetic maps one needs a 

direct measure of r, with this value typically being inferred in pedigrees. To do this we measured the 

cumulative r across the syntenic regions of Stevison et al. (2016) in the decode genetic map in hg18 

coordinates (Kong et al. 2010). Note we considered using r estimated in chimpanzees (Venn et al. 2014), 

however their estimates are especially coarse and rely on only 9 recombination events on the X 

chromosome, which would likely add too much variance to our estimates. Taking these same syntenic 

regions we also computed the cumulative ρ across the X chromosome and the autosomes in nonhuman 

great apes. Using these cumulative values we solved the ratio NeX/NeA and we estimated confidence 
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intervals using a 1000-iteration nonparametric bootstrap. NeX/NeA in the YRI was taken from 

Lohmueller et al. (2010).  

 

Modeling genome-wide diversity levels 

We downloaded phastCons conserved elements inferred from primates and placental mammals, 

as well as phastCons scores (as opposed to elements) inferred from primates from the UCSC genomic 

database. phastCons scores from primates were naïve clustered by taking just those base-positions whose 

scores were most conserved, and clustering contiguous positions into elements. To control the number of 

elements created this way we attempted to match the number of bases in primate elements to the number 

of bases in our naïve clustering. Using a counting sort on the fixed-precision phastCons score, we found 

the minimum phastCons score such that at most the number of bases in the primate elements would be 

found. Conserved elements were mapped from the hg19 genome to the species-specific physical maps 

using UCSC's liftOver tool with the min-match parameter set to 0.5. 

We applied “Model C” of Halligan et al. (2013) to model the reductions in diversity that stem 

from linkage to phastCons elements in Woerner et al. (2016). We considered two classes of elements: 

phastCons elements that either intersected protein-coding regions (conserved exonic elements, CEEs) or 

those that did not (conserved nonexonic elements, CNEs). CEE and CNE elements were defined using 

bedtools intersect (Quinlan and Hall, 2010) for each of the three types of phastCons element described 

above and for each species using the species-specific exon annotations. 

In Model C, π/D decreases exponentially near selective elements, with the predicted diversity at a 

given nonselective site in the genome being the product over all linked sites. Diversity at a single site is 

approximated by: 

𝜋

𝐷
~ exp (log(𝑝1) − 𝑝2 ∑ 𝑒

−
𝑥𝑖
𝑝3 −  𝑝4 ∑ 𝑒

−
𝑥𝑖
𝑝5)  
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Where p1 is the neutral or unreduced level of diversity, p2 and p3 are the reductions in diversity observed 

at a CEE and CNE sites, respectively, and p2 and p4 are the rates of decay around CEE and CNE sites, 

respectively. xi is the distance in morgans (M)-8 from the nonselective site to the ith selective site.  

Using the approach of Woerner et al. (2016) we computed the expected π/D in the center of each 

2kb locus considering all phastCons elements within 1 cM of said locus. Parameters p1–p5 were estimated 

under a sum of squares criterion using Nelder-Mead optimization in a random-sampling framework as per 

Woerner et al. (2016). Briefly, for the X chromosome 10,000 random starting points in our 5-dimensional 

parameter space were chosen, and Nelder Mead optimization was used on each of them to find a local 

minimum. As the autosomes is ~20x the size of the X chromosome, we randomly sampled 1/20 loci on 

the autosomes, and used 10,000 random starting points as per the X chromosome. The top 1,000 discrete 

points were taken from this and chosen as starting points in the optimization procedure for the whole of 

the autosomes. This procedure was applied separately for all taxa, and separately for all three of our 

classes of phastCons elements, and we report on the best fitting models (Table S1). The final result of this 

parameter estimation is the expected relative effective population size, ν, for each of our nongenic 2kb 

loci across all taxa, as well as the coefficient of determination (R2) (Table S1). ν was estimated 

independently for each of the three classes of phastCons elements. 

 

Constrained Segmented Regression 

Using our estimates of ν we set out to identify regions of the genome in which the effects of linked 

selection are minimal, i.e., neutralomes, as defined in Woerner et al. (2016). Briefly, while ν measures 

levels of linked selection to phastCons elements, other regions of the genome are also likely under 

selection. If we make the simplifying assumption that other selective elements exist on a background that 

contains some appreciable density of phastCons elements, then it follows that being unlinked to 

phastCons elements may become sufficient to be unlinked to any selective site. Given this, we reduced 

the problem of finding a neutralome to the problem of finding a breakpoint in a constrained segmented 
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(a.k.a. broken stick) regression. Specifically, we considered the relationship between π/D and ν as having 

two phases; a positively correlated phase, and a second phase where π/D plateaus (i.e. a connected line 

segment with no slope) when ν is sufficiently large. This can be modeled with three parameters: two 

parameters for the intercept and the slope in the first phase, and another parameter for the breakpoint. The 

predicted values of π/D in the plateau after the breakpoint coming from the correlated phase's linear 

predictions at the value of the breakpoint. Nonlinear optimization techniques can be used to solve for 

these three parameters, though this approach requires five parameters once we consider thresholding on 

the distance to genes (G) (below). Instead, we used a simple heuristic to model a 1-dimensional 

optimization problem parameterized solely on the breakpoint. Given a breakpoint b in ν, we can use IRLS 

regression to model π/D ~ ν on the loci in the correlated phase (ν ≤ b), and we can use the coefficients 

from the regression to form two line segments; the predictions from the first phase coming directly from 

the regression coefficients and the second phase's plateau predictions are just the predicted π/D values at 

the breakpoint. As finding b is just a 1-dimensional nonlinear optimization problem, we used Brent's 

method with the optim function in R to solve for b under a weighted sum of squares criterion. To 

accommodate outliers we use a weighted sum of squares criterion, using the weights inferred from the 

IRLS regression model that we use to assess neutrality (see below), i.e. π/D ~ ν + G + R. This served to 

both reduce the effect of outliers as well as to make our object function in our assessment of neutrality 

and our search for neutrality more similar. 

 Expanding this search strategy to also consider G requires two additional parameters: a second 

slope for G in the correlated phase, and a second breakpoint in G to demarcate the plateau. Similar to the 

single breakpoint approach, given two breakpoints, bν and bG, we use IRLS regression on loci with ν ≤  bν 

or G ≤ bG to solve for the intercept and two slopes, as well as the expected value at the plateau. We then 

used Nelder-Mead optimization to solve for bν and bG using the optim function in R under the same 

weighted sum of squares criterion as above. Given a solution for either one or two breakpoints, we can 
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then test to see if the loci in the plateau appear neutral as per Woerner et al. (2016). Namely, we modeled 

π/D ~ ν + G + R, and we used the minimum 1-tailed p-value of the coefficients as an indicator of 

neutrality.  

 

Inference of neutralomes 

 Now that we have established a technique to find breakpoints, we used the following iterative 

technique to identify neutralomes. As we have estimates of ν based on three different types of phastCons 

elements, we used as our estimator of ν the minimum ν (i.e., the worst-case ν) inferred across these 

element-types to ensure that we were largely unlinked to all types of phastCons elements. For the 1-

breakpoint approach we chose an initial value of ν (98.5%) that we considered nearly neutral, and applied 

our segmented regression approach to solve for b. Considering only those loci with ν > b, we considered 

the set of loci after the breakpoint to be neutral if the uncorrected minimum p-value overall all 

coefficients was > 0.1. Otherwise we iterated our procedure, using our segmented regression technique 

only on those loci with ν > b (Table S5A). This approach was applied separately to the autosomes and the 

X chromosome in each taxa. We applied the same iterative technique to our 2-breakpoint framework, 

starting with an initial G of 0, to define a second set of neutralomes (Table S5B). 
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Abstract

We introduce a data structure called a dispersion tree to solve the k-nearest neighbor
(k-NN) problem in quasi-metric and metric spaces. Dispersion trees are a hierarchical
data structure based on a large dispersed set of points, and unlike previous works,
they are created using both top-down and bottom-up construction techniques. Our
bottom-up construction uses a nontrivial objective function that we compute exactly,
with the objective being the formation of balls with small radii. We also introduce
a 1/4 approximation algorithm for find a dispersed set in metric spaces, and we
provide a method for top-down k-NN search that is performs the minimum number of
distance computations needed to search any metric tree. Dispersion trees have faster
query-times than comparable data structures in both structured and unstructured
metric spaces in the vast majority of experimental conditions examined, all whilst
maintaining a worst-case construction time that is sub-quadratic.

0.1 Introduction

Nearest-neighbor (NN) search is a generalization of Knuth’s classic post office problem
[14]. In Knuth’s presentation each residence can query its closest (1-NN) post office.
In the k-NN generalization of the problem, a query is assigned to its k closest points
contained in some dataset. k-NN search is seen in a multitude of applications, ranging
from the NN search in Euclidean space implemented in PostgreSQL, to the k-NN ma-
chine learning classification technique in a more generalized feature space. Motivating
our work on the subject is the use of k-NN search in protein databases, where we
use k-NN classification to predict protein secondary structure. The biological sciences
provide obvious examples of extremely large databases that perform nearest-neighbor
searches, with the national center for biological information’s sequence read archive
surpassing 5.6 PetaBases1 as of June, 2016.

While the need for efficient k-NN search is seen in a variety of applications and
disciplines, efficient data structures for performing exact k-NN search remains an
area of active research. Optimizations beyond exhaustive search can be found when
the problem is restricted to metric spaces, where in general the triangle inequality
can be leveraged to efficiently organize the points with metric data structures (See
Section 2). Metric data structures nearly universally perform top-down construction,
where the points in the dataset are recursively partitioned in accordance to their
distance to a constant number of reference points. While this approach is intuitive and
perhaps appropriate in a low-dimensional setting, we argue that top-down partitioning
techniques have the unfortunate property that some, and perhaps many, points that

1http://www.ncbi.nlm.nih.gov/Traces/sra/



are close in the metric space are placed far from each other in the index of the metric
space. We posit that this stems from the weak requirement of the triangle inequality,
where partitioning many points with respect to their distance to few references will
always place points that are relatively “far” from all references in largely arbitrary
partitions; an effect that is exacerbated with each recursive call. In high dimensional
spaces the vast majority of points are in fact far apart, implying that this byproduct
of the “curse of dimensionality” may also “curse” top-down construction techniques.

This paper presents a data structure called a dispersion tree that has a single,
nonrecursive partitioning stage to a large (

√
n) number of reference points. The

points within the blocks, and later the subtrees that span the blocks, are then greedily
merged bottom up. Subtrees are merged under the criterion of minimum radius using
a computation that does not rely on the triangle inequality, but is instead exact.
Despite this exactness, the two-stage design of dispersion trees (Figure 2) insures
that the construction times are subquadratic, making it an attractive search tool for
datasets of moderate to large size.

0.1.1 Background

We begin by defining some basic terminology. A metric space is an ordered pair
(M,d), where d is a distance function defined over all pairs of objects in set M . d is
constrained ∀x, y, z ∈M to

1. d(x, y) ≥ 0

2. d(x, y) = 0 ⇐⇒ x = y

3. d(x, y) = d(y, x)

4. d(x, z) ≤ d(x, y) + d(y, z)

. Removal of the third rule results in a generalization of a metric space termed a
quasi-metric space.

Metric spaces are seen in a variety of disciplines, ranging Euclidean, Manhattan
and the more general Minkowski distance on vectors, to the Levenshtein and Hamming
distances on strings, to name a few.

Metric data structures require an initial investment in computation time on the
organization of points in a metric space into a structure that allows k-NN queries
to be performed quickly. While quantifying speed in units of time is a deep and
sophisticated topic that has machine-dependent properties, the speed of k-NN search
in metric spaces is typically quantified in distance computations i.e., the number of
times that the distance function was invoked. Pruning can be used to reduce distance
computations, wherein the distance of the query to a single point in a subset of the
dataset can be used to infer a lower-bound distance between that subset and the
query. If this lower bound is sufficiently far, then it can be pruned. Pruning in metric
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spaces is typically either based on a hyperplane or based on a ball. For the latter,
a subset of points in a metric space have a center point (p), and all other points in
that subset being at most distance R to p. For a query q, we can use the triangle
inequality to arrive at a lower bound on the distance from q to any point in the ball.
Specifically, this lower bound is the distance from p to q (d(p, q)) −R. Thus, if q’s
current k-NN distance (r) is less than this lower bound, the ball can be pruned and
no further distance computations are required (Figure 1). Note that for a fixed q, r,
and p, the sole factor that dictates whether or not pruning occurs is R. Further, if a
priori all p are equally likely neighbors of q, then for the purposes of this argument
they are effectively fixed, and if optimal search strategies are used (e.g., [13]), then
r is minimized, fixing this quantity as well. Thus the sole outstanding property that
dictates pruning is R, and it is R that dispersion trees, unlike any other metric space
index, attempt to greedily minimize from the bottom up.

0.1.2 Related Work

k-NN search in an arbitrary metric spaces is a well-studied problem, with excellent re-
views on the subject seen in [[20], [9]]. k-NN search can either be solved approximately
or exactly. Approximate NN (ANN) search methods may project the original high-
dimensional points into a lower-dimensional space, and then use exact k-NN search
in this simpler search space [21], or they may employ approximate search strategies
of data structures that may otherwise return exact results [[1], [8]]. Another popular
ANN search approach is to use locality sensitive hashes (LSH) [10]. There are many
variants of the LSH [[19] [16], [22], [12] to name a few], with more recent works fo-
cusing on reducing the LSH’s otherwise costly IO requirements [15]. While effective
within their own problem statements, approximate methods may give inexact results,
and the ability to tolerate these errors is domain specific.

Exact k-NN search structures can be broken down into two basic subtypes. Matrix-
based approaches, such as Vidal's approximating and eliminating search algorithm

Figure 1. Ball pruning. The ball centered on point p with radius R can be pruned
if query q is sufficiently far away. Specifically, as in the case of q1, if the distance
d(p, q) ≥ R+ r then no point in p’s ball can yield a closer nearest neighbor. The case
of q2 may yield a nearest neighbor as the two balls “overlap”, and as such the subtree
spanning that ball must be explored.

131



[24], and further developments by [17], produce k-NN search results in a constant
number of evaluations of the distance function (i.e., distance computations). k-NN
search nevertheless takes Ω(n) time, where n is the size of the database, implying that
these approaches are best reserved for a distance function that is costly. Tree-based
approaches were first introduced for discrete metrics in [5], and more generally by
Uhlmann [23]. Uhlmann introduced what would later be called vantage point (vp)
trees [25], as well as generalized hyperplane trees. With vp-trees a single reference,
or vantage point, is chosen, and the median-sphere centered at this vantage point is
used to create a bipartition. The subset inside and outside of the median-sphere are
recursed upon until single points remain. Extensions of vp-trees are seen with mvp-
trees [3], which partitions according to not just one but multiple vantage points, and
allows the partitioning to occur at multiple order statistics as opposed to just medi-
ans. Generalized hyperplane trees use not one but two pivots, with the partitioning
being formed by assigning the remaining points to whichever pivot they are closer too,
forming a “hyperplane”, with both sides of the hyperplane being recursed upon. The
GNAT design [4] extends this idea to an arbitrary arity a, with precomputing O(a2)
bounds in each node to aid in search. Spatial approximation trees [18] are a type of
GNAT, where the differences between them lie in the construction. Specifically, in
a GNAT the pivots are chosen to be mutually far from each other, while with the
spatial approximation tree the pivots are chosen to be mutually closer to some center
point than to any other pivot. Antipole trees provide a blend of generalized hyper-
plane trees and vp-trees. With antipole trees, the dataset is hyperplane partitioned
until balls of sufficiently small radius can be formed [6].

While the preceding data structures recursively partition points based on their
distance to a few (typically 1 or 2) reference points, the list of clusters [7] is a simple
yet surprisingly effective data structure that uses a single-pass partitioning strategy.
Specifically, the list of clusters iteratively removes subsets (balls) with a specified
number of points closest to a given reference point. The balls are organized in a list;
if a particular ball cannot be pruned then it is exhaustively searched, and k-NN search
continues until either the list is pruned or exhausted. Of note, the list of clusters is
the only metric search data structure (that we know of) that does not use divide and
conquer recursion to subdivide the dataset, and despite its simplicity it is often a
competitive data structure in high dimension.

Cover trees [2] provide an interesting theoretical perspective on nearest neighbor
search in metric spaces. Cover trees are level trees where the radius (R) of balls is
reduced by a constant fraction (set to 1.3 in practice), and the points seen within any
given level are required to be mutually far apart. These constraints allow for some
strong asymptotic guarantees on both tree construction and NN search. For met-
ric datasets of size n with an expansion constant c, 1NN search time is O(c12 log n),
while construction time is O(c6n log n) and space is O(n). For points in a uniform
d-dimensional vector space c ∼ 2d, which means that while the theoretical contribu-
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tions of cover trees are innovative, their search-times in a practical setting may be
dominated by these constants.

0.1.3 The Dispersion Tree

Our first goal in the design of the dispersion tree was to reconsider what properties a
metric space index should have. The first property that we propose is that points that
are close in the metric space should also be close in the index of the metric space. We
posit that top-down approaches, where large numbers of points are partitioned with
respect to their distance to a constant number of reference centers, will tend to place
points that are relatively “far” from all references in largely arbitrary partitions. As
points in high dimensional spaces are in general far apart, this implies that in high-
dimensional settings, top-down approaches will tend to scatter points that are close
in the metric space throughout the index of the metric space. Bottom-up approaches,
on the other hand, have the ability to place nearest neighbors together, begetting the
formation of balls with small radii (i.e., R in Figure 1). The second design decision
of note is the use of a non-trivial objective function on the merging of subtrees. We
further argue that the objective function should be an exact computation, and not one
stemming from bounds from the triangle inequality, as these bounds are in general
quite loose. As the number of possible mergers for a set of n subtrees is O(n2),
evaluating

√
n subtrees at a time is a natural fit to the formulation.

With these principles in mind, we present the dispersion tree. The algorithms used

Figure 2. The anatomy of a dispersion tree. Dispersion trees (T ) are ball trees
that have two distinct construction phases. In stage 1, after partitioning the points
into

√
n blocks, the points are treated as leaves and the subtrees in each block are

greedily merged under the objective of minimum radius until a single subtree remains.
In stage 2 the balls that span each block are greedily merged using the same criterion.
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to create a dispersion tree are seen in the next section (beginning with CreateDispersionTree).
Dispersion trees are constructed over a dataset (D), and begin with the creation of a
Partition based on

√
|D| references.

Selecting reference points requires some care, and several stages of processing.
First, we form an ApproximateDispersedSet centers (C) of size

√
|D|. The approx-

imate dispersed set algorithm greedily removes arbitrary points, and the points in |D|
they are farthest from, until sufficient numbers of centers are found. This dispersed
set is then polished by considering the remaining points in D−C, greedily evaluating
them to maximize the average (sum) of the distances between the points in C. We
then form a hyperplane partition on D, assign all points to their closest center. This
leaves us with two possible problems; the sizes of the blocks formed by hyperplane
partitioning are arbitrary, while our time analysis requires the sizes of the blocks to
be of size O(

√
|D|). Second, the centers in C may not be “central”. We address

the latter by using our Center routine to find a MinSum center for each block of the
hyperplane partition. To address the former we then sort each point by its minimum
distance to any of the centers, and under this ordering we assign points to the block
associated to its closest center, conditioning on that center’s block not have more
than c ·

√
n points in it, setting c to 2 in practice.

After we form our partition (P ), the points within each block are initialized to be
leaves, i.e., balls with radius 0 and have no children. The leaves within each block of
the partition are then greedily merged with the Merge routine into a single tree that
spans that block. In a dispersion tree, merging subtrees i and j is an asymmetric
operation wherein the jth subtree is merged into the ith, with the ith subtree’s center
being the center of the new parental tree. The radius of this subtree is simply the
max(i.radius,max∀(l∈points in j)(distance(l, i.center))).

Merging begins by first considering all possible radii of all possible mergers of
leaves. Specifically, R[i, j] contains the radius of the resulting subtree if subtree j is
merged into subtree i. In the case of leaves, this is equivalent to the distance between
the centers of i and j. When the jth subtree is merged into the ith, subtree j is no
longer considered to be current, and Current[j] is set to false. The contents of R are
loaded into a min-heap H, which allows us to extract which subtrees, when merged,
will yield the smallest radius, with the first such merger being the two closest nearest
neighbors in the block. Once the merger is chosen, the bounds in R[i, j] are updated
to reflect the new radii. Note that this update only involves the columns of R, that is,
the values in there table where the new subtree i’s radius increased, to reflect future
possible mergers of i into some other subtree j. This update is not necessary for the
rows of R, that is the balls where the new subtree i’s center will be maintained, as we
are taking a max when we update R, and the value from H is the minimal. Rather
than update the heap H immediately, which would take an augmentation to H, we
instead choose a lazy update scheme. The radii in R[i, j] are monotonic increasing
and are always correct. The values in H may become stale (i.e., < R[i, j]), thus H is
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lazily updated when stale values are pulled from the heap, and only if the merger is
still valid (neither subtree has been consumed). This process continues until there is
exactly one subtree left, which Merge returns.

The final subtrees that span each block of the partition are then run through the
same Merge procedure, with the final tree being the root for the entire dataset. We
found that three practical modifications to our routines yield modest improvements
in runtime. The first is that in the case of leaves with the Merge procedure we use
R[i, j] to find the center that minimizes the radius of the entire block of the partition,
and we ensure that that center is the center used in the final tree we return. Second,
as many distance functions are symmetric (noting that dispersion trees do not require
symmetry), we use a tie-breaking rule in H, wherein the case of ties centers with the
smaller average distance to the other points being considered are chosen. Third, we
find that using centers from the approximate dispersed set, compared to arbitrary
points, actually increases our search times. This may be because these points, while
appropriate for the maximum dispersion problem, make poor centers for forming
partitions. As such, we use arbitrary centers as initial values, prior to partitioning
and applying our center-finding heuristics.

To perform k-NN search we use the NearestNeighborSearch algorithm. This is
variation of the “range-optimal” incremental search algorithm of Hjaltason and Samet
[13], which searches no more of the dispersion tree than would a range-search started
with the range of the kth nearest neighbor distance.

0.2 Algorithm Descriptions

procedure CreateDispersionTree(D) begin

P := Partition(D,
√
|D|, c ∗

√
|D|)

for every block Bi in partition P do begin
Let Li be a set of leaves corresponding to the points

in block Bi

Ti := Merge(Li)
end

T := Merge(
{
T1, T2, . . . , T√|D|

}
)

return T
end

procedure Merge(T ) begin
Create an empty Min Heap H
Create array R[1 : |T |, 1: |T |] that will hold bounding-

radii R[i, j] for merging subtrees Tj into Ti in T
Create a boolean array Current[1 : |T |] with

all entries initialized to true
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Create array Node[1 : |T |] with entries initialized to the
roots of the trees in T

for all distinct i, j ≤ |T | do begin
Let Pj be the set of points at the leaves of Tj
R[i, j] := max(Node[i].radius, radius(Node[i].center, Pj))
Insert((R[i, j], i, j), H)

end
m := 0
while m < |T | − 1 do begin

(r, i, j) := ExtractMin(H)
if Current[i] and Current[j] then begin

if r < R[i, j] then
Insert((R[i, j], i, j), H)

else begin
Initialized a node v to have radius r, the same

center as Node[i] and children set to Node[i]
and Node[j]

Node[i] := v
Current[j] := false
m := m+ 1
for k := 1 to |T | other than i

if Current[k] then
R[k, i] := max(R[k, i], R[k, j])

end
end

end
end
Create tree t whose root is the single current node

in Node
return t

end

procedure Partition(S,m, l) begin
C := ApproximateDispersedSet(S,m)
for every p in S − C do begin

Find the point c in C for which swapping p with c
gives the greatest increase in the sum of all
pairwise distances.

Swap p with c in C if swapping p with c increases
this sum

end
Form a hyperplane partition P by assigning all of S to
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their closest center in C
C := {}
Let a and b be appropriate constants for the center

finding heuristic.
for every block B in P do

C := C ∪ Center(B, a, b)
sort the points in S by their minimum distance to a

center in C
for each point p in S in sorted order do

Assign p to the closest center’s block that does not
have l points in it

return this assignment
end

procedure ApproximateDispersedSet(S, k) begin
D := {}
for i := 1 to bk/2c do begin

Pick an arbitrary point v from S
Find the farthest point w from v in S
D := D ∪ {v, w}
S := S − {v, w}

end
if k is odd then begin

Find the point v in S that maximizes the sum of the
distances to the points in D

D := D ∪ {v}
end
return D

end

procedure Center(D, r, s) begin
if |D| ≤ s then

return MinSum(D,D)
Form partition P by randomly partitioning D into r

equal-sized groups
C := {}
for every block B in partition P do

C := C ∪ {Center(B, r, s)}
return MinSum(C,D)

end

procedure NearestNeighborsSearch(k, q, T ) begin
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Initialize a min-heap H, and a max-heap K
d := D(q,T.Root.center)
Insert((0, d,T.Root), H)
Insert((d,T.Root.center), K)
while H is not empty do begin

(b, d, v) := ExtractMin(H)
if b ≥ Maximum(K) and Size(K) = k then

break
if Size(K) < k or

b < Maximum(K) then begin
for each child w of v do begin

if w.center 6= v.center then begin
e := D(q,w.center)
if Size(K) < k then

Insert((e,w.center), K)
else if e < Maximum(K) then begin

ExtractMax(K)
Insert((e,w.center), K)

end
end else

e := d

if Size(K) < k or
Maximum(e−w.radius, b) < Maximum(K) then
Insert((Maximum(b, e−w.radius), e, w), H)

end
end

end
return the points in K

end

0.2.1 Time Analysis

Theorem 1. Merge(t) takes O(|t|2 log |t|2 + |t|n) time for a set of trees t composed
of n total leaves

Proof. The array of bounding radii R[i, j] and the max-heap H are initialized to the
maximum distance from the center of every tree in t to the leaves in every remaining
tree in t, which takes O(|t|n) time. Then, |t|−1 subtrees are merged, and O(|t|) radii
in R[i, j] are updated after each merge, which takes O(|t|2) time in total. The heap
values are lazily updated in the if, and the number of lazy updates is bounded by the
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number of updates in the else to R[i, j]. As each update to H takes O(log |t|2) time,
this yields a running time of O(|t|2 log |t|2) for the for loop. Finding the last current
tree in t takes O(|t|) time. In total, Merge takes
O(|t|2 log |t|2 + |t|n) time.

Theorem 2. Constructing a dispersion tree takes O(n1.5 log n) time and O(n) space
for a database of n points.

Proof. Let m be
√
n. Partition begins by making an approximate dispersed set of

size m, which takes O(n1.5) time. The dispersed set is polished by greedily considering
a swap with every remaining point in the database, which with the maintenance of
key subsums takes O(n1.5) time. To form the hyperplane partition P , all n−m points
are compared to m centers, and then partitioned using a counting sort, which takes
O(n1.5) time. Taking r and s as constants, by the Master Theorem Center takes
O(l log l) time for any dataset of size l. Let ni be the size of the ith block in P . It
follows that

m∑
i=1

ni = n

. As such, the time needed to call Center on the blocks in P is:

m∑
i=1

ni log ni ≤
m∑
i=1

ni log n = n log n

The final partition is based off of computing the distance of each of the n points to
the m centers, sorting according to this distance, and then greedily partitioning based
off of the ordering of the sort, which is O(n1.5) + O(n log n) + O(n1.5).

By Theorem 1, running Merge on each block takes O(m2 logm2 +m2) time, which
is O(n log n), and as there are m blocks, this takes O(n1.5 log n) total time. Merge is
run one final time on the m subtrees, which by Theorem 1 is O(m2 logm2+mn), which
is O(n1.5). In total, it follows that it takes O(n1.5 log n) time to create a dispersion
tree.

Dispersion trees themselves take O(n) space, as each point is present at the leaves,
and each internal node uses exactly 1 of the 2 child centers as its center, giving 2n−1
nodes in total. As each node uses a constant amount of space, a dispersion tree takes
O(n) space. It is plain that Partition takes O(n) space. Merge on a set of trees t
takes O(|t|2) space for the array R[i, j] and heap H, however it is only ever called on√
n subtrees at a time, which takes O(n) space. Thus, it follows that it takes O(n)

space to create a dispersion tree.
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0.3 Approximation algorithm for
Maximum Dispersion

In our context, the Maximum Dispersion Problem is, given a metric space (S, d) and
an integer k ≥ 0, find a subset D ⊆ S of cardinality |D| = k that maximizes the sum
of the distances

∑
p,q∈D d(p, q).

While Maximum Dispersion is NP-complete, so efficiently finding an optimal set
is unlikely, we can efficient find a near-optimal set. An α-approximation algorithm
for a maximization problem, where α < 1, is a polynomial-time algorithm that is
guaranteed to find a solution whose value is at least factor α times the optimum.

Recall that our heuristic for Maximum Dispersion starts with the empty set D,
and repeatedly performs the following bk/2c times: pick an arbitrary point p ∈ S−D,
find a farthest point q = argmaxr∈S−Dd(p, r), and add {p, q} to D. Finally if k is
odd, add to D an arbitrary point from S −D.

Theorem 3 (Approximating Maximum Dispersion). Procedure ApproximateDispersedSet

is an α-approximation algorithm for Maximum Dispersion with

α =
1

4

(
1 +

1

2k−3

)
.

Proof. For a given integer i, let

• D∗i be an optimal dispersed set of cardinality i,

• D̃i be the dispersed set of cardinality i,

• e = (p, q) be the farthest pair of points in S,

• ẽ = (v, w) be the first pair of points v, w added to D by the heuristic run on S,

• S ′ be S − {v, w},

• D̃i−2 be the dispersed set of cardinality i− 2 found by the heuristic on S ′,

• D∗i−2 be an optimal dispersed set of cardinality i− 2 on S ′,

and for a set D, let f(D) be the objective function for Maximum Dispersion, namely∑
p,q∈D d(p, q).

We first show that d(ẽ) ≥ 1
2
d(e). Notice that d(e) = d(p, q) ≤ d(p, v) + d(v, q) by

triangle inequality, where ẽ = (v, w). Furthemore, d(p, v) +d(v, q) ≤ 2d(v, w), as w is
farthest from v. Combining these two inequalities gives d(e) ≤ 2d(ẽ). Thus at each
iteration, our heuristic finds an approximate farthest pair in O(n) time.

We map the pair ẽ = {v, w} ⊆ D̃i to a pair e∗ = {x, y} ⊆ D∗i as follows.

• If |{v, w} ∩D∗i | = 2, then e∗ = ẽ.
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• If |{v, w} ∩D∗i | = 1, then we take for x the element that is in common between
{v, w} and D∗i , and for y we take an arbitrary element of D∗i − {x}.

• If |{v, w} ∩D∗i | = 0, then for x, y we take an arbitrary pair of elements in D∗i .

Note that with this mapping of v, w to x, y, we have D∗i − {x, y} ⊆ S − {v, w} = S ′.

We now prove f(D̃k) ≥ αf(D∗k) by induction on k. Our basis is k = 1, 2. For

k = 1, notice that f(D̃1) ≥ αf(D∗1), as for a set of cardinality 1 the objective f is 0.

For k = 2, notice that f(D̃2) ≥ 1
2
f(D∗2), by our earlier bound d(ẽ) ≥ 1

2
d(e), and α = 1

2

for k = 2. So the basis holds.
For the inductive step with k > 2, assume the theorem holds for all k′ < k. Now,

f(D∗k) = d(e∗) +
∑

z∈D∗k−{x,y}

(
d(x, z) + d(y, z)

)
+

∑
distinct z,z′∈D∗k−{x,y}

d(z, z′) (1)

≤ d(e) + 2(k−2)d(e) + f(D∗k−2) (2)

≤ 2
(
1 + 2(k−2)

)
d(ẽ) +

1

α
f(D̃k−2) (3)

=
1

α

(
1 + (k−2)

)
d(ẽ) +

1

α
f(D̃k−2) (4)

≤ 1

α

(
d(ẽ) +

∑
z∈D̃k−2

(
d(v, z) + d(w, z)

)
+ f(D̃k−2)

)
(5)

=
1

α
f(D̃k) . (6)

In the above, equation (1) follows from the definition of f . Inequality (2) follows
from the fact that e is a farthest pair in S, and f(D∗k − {x, y}) ≤ f(D∗k−2) since
D∗k − {x, y} ⊆ S ′. Inequality (3) follows from d(e) ≤ 2d(ẽ), and by our induction

hypothesis on k, as D∗k − 2 and D̃k−2 are both over set S̃. Equation (4) follows from
the fact that 1

α

(
1 + (k − 2)

)
= 2(2k − 3) for our particular approximation ratio α.

Inequality (5) follows from the triangle inequality, and equation (6) follows from the
definition of f .

Thus approximation ratio α holds. By our earlier analysis, procedure ApproximateDispersedSet
runs in polynomial time, so it is an α-approximation algorithm.

0.4 Optimally searching the tree

We call the algorithm used by NearestNeighborSearch on the dispersion tree, least-
lower-bound search, as it chooses for the next node of the search tree T to visit the one
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of least lower-bound value. It does not appear to be widely known that this search
algorithm is essentially optimal, in the sense of using the fewest possible number of
distance computations to find the k-nearest neighbors of a query point with a given
tree T . The various approaches in the literature for k-nearest-neighbor search employ
a variety of strategies for searching the trees they construct (such as variants of depth-
first and breadth-first search). In this section we prove that least-lower-bound search,
modulo ties in lower bounds, is optimal.

For the optimality result, we need to correctly handle ties in lower bounds at
tree nodes. The version of least-lower-bound search that we prove is optimal uses a
tie-breaking oracle: faced with several equally-good nodes to choose among that all
have the same lower-bound value, the oracle selects the tied node that results in the
fewest total distance computations. A tie-breaking oracle is necessary for optimality:
in the worst case, the tree could provide the degenerate lower-bound 0 at every tree
node, forcing least-lower-bound search to blindly traverse the tree. In practice, for
real-valued distance functions such as the metric space Rd under Euclidean distance,
ties are rare. When all tree nodes have distinct lower-bound values, our result shows
that ordinary least-lower-bound search—without an oracle—is in fact optimal.

We prove optimality among the class of top-down search algorithms: when the
point at a tree node is revealed to such an algorithm, it must have also visited all the
ancestors of the node. This restriction is necessary as well: without it, when the query
point q is itself in T , an omniscient algorithm could jump to the node containing q,
achieve a query radius of d(q, q) = 0, and then prune the root of T—with which
least-lower-bound search cannot compete.

We also require the search algorithms all use the same evaluation rule for distance
computations along paths of tree nodes. For example, procedure NearestNeighborSearch
recognizes when a parent and child share the same center point, to save a distance
computation at the child. Any such rule for saving distance computations along paths
is used by all search algorithms in the class.

The effect of these restrictions is that the key difference among search algorithms
is the order in which they visit nodes in T , which affects the value of their query
radius when attempting to prune a node.

Theorem 4 (Optimal tree search). Consider any search tree T , any evaluation rule
for saving distance computations along paths in T , and all top-down algorithms for
k-nearest-neighbor search using this rule on T . With respect to the total number of
distance computations, least-lower-bound search with a tie-breaking oracle is optimal.

Proof. Let A∗ be least-lower-bound search with a tie-breaking oracle, and A′ be
any other top-down algorithm for k-NN search. We prove that the total number of
distance computations for A∗ on T is at most the number for A′ on T .

Consider the iterations of A∗, where each iteration removes the node from the
heap wontith the smallest lower bound. We say the node removed at an iteration is
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visited ; this node is either pruned (due to the pruning inequality holding), or explored
(which puts its two children on the heap).

Let v be the node removed at the first iteration where A∗ explores v while A′ does
not (either because A′ directly prunes v, or v is in a substree pruned by A′). Notice
that for all prior iterations of A∗, either A∗ prunes the node removed, or A∗ and A′

both explore the node. So if an iteration does not exist where A∗ explores a node
but A′ does not, then the theorem holds (since for every node of T either they both
explore it or A∗ prunes it, so the total number of distance computations for A∗ is at
most that for A′).

For the above node v, both A∗ and A′ explore the parent of v (else v is not the
first such node). Thus A′ also visits v (since it is top-down).

Since A∗ explores v, we know L(v) < R∗, where L(v) is the lower bound on the
subtree for v and R∗ is the query radius for A∗ when it visits v. Since A′ prunes v,
we know L(v) ≥ R′, where R′ is the query radius for A′ when it visits v.

Some of the points that lead to the smaller query radius R′ for A′ must come from
the rest of T not yet processed by A∗ (as if all these points come from the portion
of T already processed by A∗, then R′ ≥ R∗ > L(v), contradicting R′ ≤ L(v)). Every
point in the rest of T is in a subtree rooted at a node on the frontier for A∗, and
every such frontier node has a lower bound at least as great as L(v). Thus the points
lacked by A∗ that lead to R′ are all at distance at least L(v). This implies R′ ≥ L(v).
Recall that R′ ≤ L(v), as A′ prunes v. Hence R′ = L(v), and moreover, all these
remaining points are at distance L(v).

Each such point in the rest of T has an ancestor w on the frontier for A∗. Since v
has minimum lower bound on the frontier, L(w) ≥ L(v), and since A′ uses a point
in the subtree of w for its query radius, L(w) ≤ R′ ≤ L(v). Together these imply
L(w) = L(v).

Thus the frontier for A∗ has other nodes w that are tied with v, for which each
such w has a path to a point of distance L(v), a subset of which when merged with the
current set for A∗ will give an optimal k-NN set. As the lower bounds used by A∗ are
monotonic increasing on paths descending in T , all lower bounds along these paths
equal L(v), and no node off these paths has lower bound less than L(v). Since A∗ uses
a tie-breaking oracle that minimizes the total number of distance function evaluations,
in the remainder of its computation A∗ will simply: (a) walk these paths of lower
bound value L(v), (b) collect these points of distance L(v) to form its k-NN set, and
then subsequently (c) prune away every remaining node of T .

Since A′ is top-down, it must also walk these paths. Thus when A∗ processes the
remainder of T following the iteration for v, its number of distance computations is
at most that for A′. By our earlier argument, this also holds for the portion of T
processed prior to this iteration. Thus the total number of distance computations
for A∗ is at most that for A′, which proves the theorem.
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0.5 Results

We contrasted the search performance of dispersion trees against a large sample of
NN search trees in both structured and unstructured metric spaces. In all experi-
ments, 1000 1-NN queries were performed, and the mean search time (in distance
computations) is reported. Unless otherwise stated, all experiments vary in size from
210 to 220 by powers of 2.

0.5.1 Datasets

1. Eucl consists of points drawn from a unit hypercube under the Euclidean dis-
tance function.

2. Prot consists of unique kmers drawn NCBI’s non-redundant protein database2

using the Blosum62 distance matrix.

3. DNA consists of unique kmers drawn from chromosome 1 of the hg19 human
genome assembly3 under the unit edit distance. Specifically, for each dataset
size s with kmer size k, we use the first s overlapping unique kmers generated
by using a windows size of k, sliding by one base at a time. For experiments
where multiple independent runs were evaluated, chromosomes 1 through 10
were used.

0.5.2 Data Structures

A majority of the source code for comparable data structures come from the Similarity
Search and Applications (SISAP) metric space library [11], from which we compared
ourselves to generalized hyperplane trees [23], multivantage point trees [3], spatial
approximation trees [18] and the list of clusters [7]. Source code for antipole trees
[6] was obtained from the authors, and source code for cover trees [2] was found on
the author’s website4. Generalized hyperplane trees and multivantage point trees
both require parameter tuning on the arity of the subtrees. To accommodate this we
show the fastest results given an arity of 2,3,4,8 or 16. For the list of clusters and
antipole trees we set their parameters to those suggested by the authors in [7] and [6],
respectively. For the latter, the authors recommend using a cluster diameter 10% less
than the median interobject distance value, which we estimated by sampling 1000
distances within each experimental condition. In cover trees, the radius of the balls
shrinks by a constant fraction (we used the default of 1.3) between levels of the tree.
Further, cover trees support batch as well as single queries, of which we report the
latter as it had marginally better search times.

2ftp://ftp.ncbi.nih.gov/blast/db/FASTA/nr.gz
3hgdownload.soe.ucsc.edu/goldenPath/hg19/bigZips/chromFa.tar.gz
4hunch.net/ jl/projects/cover tree/cover tree.tar.gz
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0.5.3 Timing Results

0.5.4 Unstructured Metric Spaces

We first sought to evaluate the relative performance of dispersion trees in an unstruc-
tured metric space. Using the Eucl dataset, we ran experiments on unit vectors of
dimension 5, 10, 15 and 20 and computed the mean number of distance computa-
tions needed to solve 1-NN queries in the data structures described above (Figure 3).
While dispersion trees are not the fastest in low dimension, in intermediate dimen-
sion they outperform all other data structures. Curiously, cover trees and dispersion
trees both show better scaling in higher dimension rather than lower dimension. For
dispersion trees, this may in part be a byproduct of the O(

√
n) height of dispersion

trees, a worst-case behavior that may be more likely in lower dimensional settings.
Or perhaps the greedy bottom-up ball merging strategy used by dispersion trees may
create balls that are densely packed (i.e., more points per unit volume) when there
are few points, but balls that are more loosely packed when there are more points
owing to the reduction in the number of possible ways that balls with many points
can be made. This in turn can create a situation where dispersion trees are less likely
to prune balls that have many points in them, which is more likely to occur in lower
dimensional settings.

0.5.5 Structured Metric Spaces

We next sought to evaluate the relative performance of dispersion trees in structured
metric spaces. A priori, we anticipate that dispersion trees, as well as other data
structures that try to exploit structure (e.g., spatial approximation trees), to exhibit
fast search times in these benchmarks. Somewhat consistent with this expectation,
dispersion trees exhibit the fastest search times across the structured benchmarks
(Figures 4 and 5). As seen in Figure 4, not only are dispersion trees the fastest
data structure, their search times are relatively invariant to the kmer size (i.e., the
dimension). The design of the DNA experiment is meant to reflect the read mapping
problem in the biological sciences, where short substrings (reads, which contain errors)
are aligned to their closest matching position in a much larger string (the genome). In
the DNA experiment, the 1-NN distance is at most 2, meaning that the 1-NN distance
is never large, independent of the dimension of the space. This feature appears to
be exploited by dispersion trees, and to a lesser extent by spatial approximation
trees, while other data structures such as cover trees exhibit increasing search times
with kmer size. In the Prot experiment, dispersion trees and cover trees are the
fastest data structures, with cover trees and dispersion trees being relatively equally
matched when the kmer size is large (e.g. Prot15) and with dispersion trees being
faster when the kmer size is small (e.g. Prot6, Figure 5). Note that in the cases where
cover trees and dispersion trees are equally matched, roughly 50% of the dataset is
being searched, a case where an exhaustive brute-force search is probably the fastest
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Figure 3. 1-NN search times as a function of dataset size in unstructured metric
spaces. Using points taken from the Eucl dataset of dimension varying from 5, 10,
15 and 20 (left to right) dimensional space, 1-NN query times are contrasted against
the size of the dataset (log scale). Note that the scale of the time axis varies between
plots.

search-style in practice.

0.5.6 Scaling

While some of our timing results suggest that dispersion trees may exhibit polylog
search times (e.g., Prot6 of Figure 5), whether or not our search times better fit a
different order of growth remain to be seen. To empirically address this question we
used nonlinear least squares regression using the nls function in the R programming
language to fit our search times as a function of dataset size for the Eucl dataset
(Figure 6) and the Prot dataset (Figure 7). We tested datasets ranging in size from
210 to 223, by powers of 2, using 1000 queries for two data structures, dispersion trees
and cover trees, as these data structures were generally fastest across our experimental
conditions. We tested two functional forms: y = a · xb and y = a · log xb, and show
the coefficient of determination (r2), a measure of model fit, for both forms for both
cover trees and dispersion trees, as well as the mean and standard deviation of the
search times. Dispersion trees show marginally better fit for the log nb search times
across all but one experimental condition, however the level of support for nb is also
competitively high, especially as the kmer size / dimension grows. Cover trees show
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Figure 4. The effects of dataset size on 1-NN search times in a structured metric
space. Mean 1-NN query times on the DNA dataset are shown as a function of the
dataset size (x-axis) and kmer length (from left to right, 15 to 30). Differences from
the left to right show the effects of kmer size (15 to 30). The plots are on a log-linear
scale with a fixed y-axis.

.

higher levels of model fit in general, which may follow from the smaller variance in
search times for cover trees. Dispersion trees fit a lower power (b) than cover trees,
across functional forms and dimension / kmer sizes, which suggests that the faster
search times in practice may not because of differences in lower order terms. The sole
exception to these trends is the performance of dispersion trees in Eucl5 (Figure 6),
which exhibits both better model fit for nb than log nb, higher powers (b) for dispersion
trees than cover trees, and perhaps most bizarrely, even higher powers for increased
dimension (Eucl5 versus Eucl10, (Figure 6)). This phenomenon is unique to the Eucl
dataset, and is not seen in Prot (Figure 7), suggesting that it is not low dimension
per se, but unstructured low dimensional space that leads to the under-performance
of dispersion trees. As the Eucl benchmarks are highly synthetic, this casts doubt
on how meaningful this apparent lapse in performance actually is, especially as the
absolute number of distance computations is still quite small even in the largest test
case (a mean of 1081.6 versus 2192.3 distance computations for 223 points in Eucl5
for dispersion trees and cover trees, respectively).
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Figure 5. The effects of dataset size on 1-NN search times in a structured metric
space. Mean 1-NN query times on the Prot dataset are shown as a function of the
dataset size (x-axis) and kmer length (from left to right, varying from 6 to 15).

.

0.5.7 Construction

We evaluated the construction time of the metric indexes used herein by recording
the number of distance computations required to construct the data structure in the
Eucl10 metric space. While dispersion trees only take O(n1.5 log n) time to create,
when compared to other metric indexes their construction times in practice are rela-
tively slow (Figure 9). As Figure 9 is on a log-log scale, construction times that scale
as nx will appear as a straight line. Both the list of clusters and dispersion trees scale
similarly, with the constants being higher for dispersion trees than the list of clusters.
This is unsurprising, as the list of clusters has Θ(n1.5) construction time with the
construction parameters used here. The other data structures exhibit construction
times that appear asymptotically slower than nx, though for some of these structures
the construction time is also a function of the dimension of the space (e.g., cover
trees), and the parameters to their construction (e.g., list of clusters). Also note that
the construction of the index needs to only happen once, and the investment in a
larger construction time can become economical given that the number of queries is
sufficiently large.
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Figure 6. Empirical estimates of the effects of dataset size on 1-NN search times
in an unstructured metric space. Mean 1-NN query times on the Eucl dataset are
shown as a function of the dataset size (x-axis) and kmer length (from left to right,
varying from 5 to 20). The plots are on a linear scale, with the mean search times ±1
standard deviation shown in black. Nonlinear regressions were fit to the data for two
functional forms, shown in red and blue, along with the coefficient of determination
(r2) for each fit. The top plots are for a dispersion tree, while the bottom plots are
for a cover tree

.

0.5.8 Center Qualities

Another important contribution from this body of work is our center finding heuristic.
We took 10 random subsets of the Eucl and Prot datasets of sizes ranging from 210

to 217, and computed our O(n log n) time heuristic for a MinSum center (setting
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Figure 7. Empirical estimates of the effects of dataset size on 1-NN search times in
a structured metric space. Mean 1-NN query times on the Prot dataset are shown as a
function of the dataset size (x-axis) and kmer length (from left to right, varying from
6 to 15). The plots are on a linear scale, with the mean search times ±1 standard
deviation shown in black. Nonlinear regressions were fit to the data for two functional
forms, shown in red, and blue, along with the coefficient of determination (r2) for each
fit. The top plots are for a dispersion tree, while the bottom plots are for a cover
tree

.

constants r to 3 and s to 15, respectively), and we used an exhaustive search to
count the number of centers that were strictly better than the center found by our
heuristic. We repeated this process 10 times, and report the median and the max
(worst-case) number of better centers (Figure 8). For the DNA dataset we used

150



the same experimental design, however to preserve the structure of the metric space
we uses chromosomes 1 through 10 to generate our 10 replicates. Across all metric
spaces, the median number of better centers remained small across both structured
and unstructured metric spaces, and it appeared to be invariant to the size of the
dataset as well as the kmer size / dimension (Figure 8). The worst-case behavior
across the 10 replicates, while several times larger than the median, exhibits the
same scaling trends as the median, suggesting that this procedure is an excellent way
of finding medoids (or perhaps similar objective functions) in practice, especially as
the exact solution to the MinSum problem is Θ(n2).

0.6 Conclusions

In this paper we introduce a data structure for exact k-NN search in metric spaces
called a dispersion tree. Unlike all other metric space indexes, dispersion trees use
a non-trivial objective function to merge subtrees in a bottom-up fashion in sub-
quadratic time. This leads to an index of the metric space that is especially dense,
which begets search times that are fast in medium- to high-dimensional settings and in
large datasets. Our results suggest that the bottom-up construction, coupled with the
appropriate objective function, leads to greatly reduced search times, and it introduces
this mode of construction as a novel way to create dense indexes of high-dimensional
spaces.

0.7 Further research

While dispersion trees have fast search times, their construction times are relatively
slower than other metic indexes. Further, dispersion trees are only bottom-up with
respect to our single-pass partitioning scheme. This leads us to posit that true-bottom
up procedures that evaluate all points simultaneously may be a promising avenue for
future inquiry. Similarly, metric index construction that operates in O(n logx n) time
for a dataset of size n may allow bottom-up construction procedures such as these to
scale to much larger datasets.
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Figure 8. The quality of the medoids found by the Center heuristic. The min-sum
(medoid) center of datasets of increasing size (x-axis, log scale) was computed first
by using the Center heuristic, and then compared against the number of centers in
the dataset that were strictly better than the solution from the heuristic (y-axis).
This process was repeated 10 times on 10 independent datasets, and we report the
median (top three panels) and the maximum (worst-case, bottom three panels) of
these experiments. From left to right, the results from the Eucl, Prot and DNA

datasets.
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