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ABSTRACT 

This paper derives a method for digitally reconstructing any two- dimen- 

sional, partially coherent, polychromatic object from experimental knowledge 

of the image and point spread function. 

In the absence of noise, the reconstruction is perfect. The object must 

lie wholly within a known region of the object plane. The optics may be gen- 

erally coated and tilted, and may be aberrated to any extent. 

As an illustration, the reconstruction process is applied to the problem 

of resolving double stars. The reconstruction scheme is also used to correct 

the output of a conventional spectrometer for instrument broadening, and to 

correct the output of a Fourier -transform spectroscope for finite extent of 

the interferogram. Practical use of the method requires the calculation of 

prolate spheroidal wavefunctions and eigenvalues. 

The effect of noise upon the accuracy of reconstruction is analytically 

computed. It is shown that periodic noise and piecewise- continuous noise 

both cause zero error at all points in the reconstruction, except at the sam- 

pling points, where the error is theoretically infinite. Bandwidth -limited 

noise is shown to be indistinguishable from the object. 
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FUNDAMENTALS 

The image i(x) due to an incoherent, quasi- monochromatic object o(x) is 

given by the convolution theoreml 

CO 

i(x) = 
J 

o(x')s(x-x')dx' , (1.1a) 

where s is the point spread function. For simplicity, equal conjugates are 

assumed. The validity of this equation rests on the assumption of station - 

arity,2 that is, that the form of s does not change with position x' in the 

object. In practice, this cannot be true unless o(x') is limited in extent. 

Hence, (l.la) must be supplemented by a constraint: 

o(x') = 0 for Ix'I > a . (l.lb) 

This constraint allows o(x') to be perfectly reconstructed from measurements 

on i(x) and s(x) alone. 

We next consider the problem of reconstructing o(x') from knowledge of 

i(x) and s(x). Eqs. (1.1) provide the physical links for quantities o, i, 

and s. Taking the Fourier transform of Eq. (1.1a), we have 

where 

and 

I (w) = 0 (w) T (w) , 

00 

lw l `- °° , 

I(w) = (27)-1 
i(X)ejwxdx, 

a 

0(w) _ (270 
-1 o(x,)ejwx ' 

dx', 

J 
T(w) = s(x)ejwxdx [j E (-1)1/2] . 

(1.2) 

(1.3a) 

(1.3b) 

(1.3c) 
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Constraint (1.1b) was used in (1.3b). By (1.3b) and its inverse, the deter- 

mination of o(x) is equivalent to determination of 0(w) at all W. 

Because i and s are assumed known, by Eqs. (1.3a) and (1.3c) I and T are 

also known. Thus, (1.2) may be used to reconstruct 0 at all w for which 

T(w) # O. A difficulty arises, then, when we note3 that, for every optical 

system, there is a cutoff frequency Q0 such that 

T(w) = 0 for lwl > Q0 . (1.4) 

Eq. (1.2) cannot, then, be used to find 0 at all IwI > Q0: the object recon- 

struction is band -limited and, hence, imperfect. 

We now show that, because a is finite in (1.3b), 0(w) can be found in 

the "forbidden" region lwI > Q0 in terms of the known 0(w) at all 'col < 52, 

where Q < Q0. This was discovered by Wolter,4 but the following proof is due 

to the author. 

Because a is finite, (1.3b) shows that 0(0) and all successive deriva- 

tives 0'(0), 0 "(0),..., are finite (for any o(x) that is physically attain- 

able). Therefore, 0(w) may be formally represented as a Maclaurin series 

0(w) = 0(0) + w0' (0) + 2- 1w20"(0) + (1.5) 

at all w. This is the mathematical statement that 0 is an analytic function 

of w. Because 0 is known, by Eq. (1.2), at all Iwl < 0, 0 may then be found 

at all lwI > 0 by any appropriate scheme of analytic continuations The re- 

construction is then band -unlimited. 

We note that even though it is formally possible to compute 0(0), 0'(0),..., 

in (1.5) by the use of (1.2), the effect of noise in the measured values of 

I(w) and T (w) will make quantities 0 (n) (0) increasingly inaccurate as n in- 

creases. Therefore, (1.5) is not in itself a useful method of analytic con- 

tinuation (or extrapolation), and other methods must be sought. 
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The history of such extrapolation schemes is brief, being confined to 

works of Harris6 and Barnes7. Harris' method requires, for arbitrary accuracy, 

the solution of an arbitrarily large matrix of linear equations; in practice, 

a matrix cannot be accurately inverted unless it is smaller than roughly 100 x 

100. Barnes' method applies only to the case of diffraction -limited optics. 

Neither author has estimated the effect of noise in the measured image upon 

the accuracy of the reconstruction. 



-4- 

A NEW METHOD OF EXTRAPOLATION 

In this paper, a new method of object restoration is derived. It is 

based on a method of extrapolation discovered by Slepian and Pollak8 in 1961, 

which has found many other applications.7,8,9 For simplicity, the main deri- 

vation assumes the object radiation to be incoherent and quasi- monochromatic. 

Extension to the more general situation of two -dimensional, partially coher- 

ent, polychromatic object radiation is given in the next section. 

As an example of its application, the reconstruction scheme is used to 

resolve two point sources of arbitrary separation. Perfect (noiseless) obser- 

vation of their one -dimensional image is assumed. The reconstruction is shown 

to approach perfection as the computational accuracy improves. Application to 

the separation of double stars is discussed. 

Application is also made to other optical problems: The reconstruction 

scheme is used to correct the output of a conventional spectrometer for instru- 

ment broadening and to correct the output of a Fourier -transform spectroscope 

for finite extent of the interferogram. 

Finally, the effects upon the reconstruction of various types of noise in 

O(w), for kwd< 0, are analytically computed. The results are rather startling. 

Main derivation 

In the terminology of Slepian and Pollak,8 O(w) is a "band- limited func- 

tion" because of Eq. (1.3b). Therefore we may expand 0(w), for aZZ w, as 

where 

00 

0(w) = y an'Pn (w) 

n=0 

an An-1 
J 

OW) Vpn(w') dw'. 

(2.1a) 

(2.1b) 
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The an, *n(w) are defined below. Eqs. (2.1) express O, at all w, in terms of 

0 at all lwk< 0, that is, within the passband of the optics. Because of (1.2) 

the latter values of 0 are exactly known (neglecting noise) in terms of observ- 

able quantities I(w) and T(w). Thus, in the frequency domain Eqs. (2.1) may 

be used for perfect reconstruction of the object. 

In Eqs. (2.1), 

and 

where 

X n 7 
-1 
20a [Ro(n 

) 
(Sta,1) ]2 

n 
(w) = an Nn 

2 

Son(S2a,w/Q) , 

1 

Nn = 
J[Son(Q,t)]2 dt . 

-1 

(2.2a) 

(2.2b) 

(2.2c) 

The Ron and Son are, respectively, radial and angular prolate spheroidal 

functions, as normalized by Flammer.10 

To find the spatial reconstruction o(x), we simply take the inverse 

Fourier transform of both sides of (2.1a), recalling that 

o(x) = 
J 

0(w)e 
-iwx 

dw 

We obtain 

o(x) _ y aufn (x) , 

n=0 

(2.3) 

(2.4a) 
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where 

fn(x) = 
J 

11) n(w)e-lwx dw . (2.4b) 

-00 

This is evaluated as follows. Eq. (29) of reference 8 is, in our notation, 

a 

jn(aan/2752) Z,n(w) = (2,r)-1 
( ejtw4) 

. 

-a 

Taking the Fourier transform, 

a m 

jn(aan/2rS2) Zfn(x) = (2r)-1 Jdt(t/a) 
J 

dwelw(t-x) . 

-a -00 

(2.5) 

(2.6) 

Since the integral dw is11 2wd(t -x), where 6 is the Dirac delta function, 

fn (x) = 

j-n (27S2/aan) z1Pn (xs2/a) , for I x l < a 

0, for Ixl > a 

This is combined with Eq. (2.4a) to yield the reconstruction 

o(x) = 

(2rS2/a) 
1,4 

. 
ani-- an zVn (xWa) , 

n=0 

0, for lx1 > a 

for Ix1 < a 

(2.7) 

(2.8) 

Extension to the more general situation 

Eq. (2.8), as supplemented by Eqs. (2.1b) and (1.2), is the suggested 

reconstruction scheme. The same derivation applies to the more general 

situation of partially coherent, polychromatic, two -dimensional object 
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radiation. Here we construct the mutual spectral coherence function12 

ro(E1, 2,v) 
for the object in terms of the corresponding quantity ri(xl,x2,v) 

in the image. Again, for an object of finite extent, the spatial spectrum of 

r obeys 

ol,2, 
JJJJ ro(t1,2,v)e 

finite areas 

27j(plE1+12c,2)dld2 
. (3.1) 

This corresponds to Eq. (1.3b). Therefore ro is a band -limited function, and 

a derivation analogous to that of Eq. (2.8) logically follows. It is impor- 

tant to have established that reconstruction is at least formally possible in 

this general situation. (All integrals and summations are now fourfold, 

which limits practical use of the method to special cases.) 

In summary, although the reconstruction scheme (2.8) applies only to a 

one -dimensional, incoherent object, its derivation may be generalized to the 

following extent: The object radiation may be two -dimensional, partially co- 

herent, and polychromatic. The optics may be aberrated, coated, and tilted to 

any degree. Finally, the validity of the reconstruction scheme is not depen- 

dent on the Fraunhofer approximation,13 as this approximation is not assumed 

in the derivation. Indeed, the only optical phenomenon assumed is a transfer 

theorem, and this is known to hold under these general circumstances.14 

Illustrative example 

As a simple test of the reconstruction scheme (2.8), we apply it to the 

case of the object 

o(x) = 6(x-a) + d(x+a) . (4.1) 

This represents two incoherent line sources which are separated by an arbitrary 

distance 2a (Rayleigh's criterion notwithstanding). We assume that some a > a 
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is known, along with O(w) for Iwi <_ Q. Quantity O(w) is assumed known through 

experimental use of (1.2). If all experimental and computational errors are 

zero, O(w) would also be given by substitution of (4.1) into (1.3b), which 

readily yields 

0(w) _ n-lcos(aw) . (4.2) 

Realistically assuming that relation (4.2) is known to hold only for 1w+ S2, 

we substitute (4.2) into (2.1b). This yields, by the use of identity (2.5), 

an = 

( -1)n /2(252 /a7an) z4,n(as2 /a), for n even 

(4.3) 

0 , for n odd 

Substitution of (4.3) into (2.8) then yields the reconstruction 

CO 

(2S2/a) y an1 4,11 (xSt/a) 4,n (aSt/a) , for lx k a (4.4a) 

o (x) = 
n(even)=0 

0 , for Ixl> a (4.4b) 

The equivalence of (4.4a) and (4.1) is next established. 

The 4,n(w) are a complete set,15 obeying 

Now8'10 

W 
-1 

an n(w)1Pn(w') = d(w-w'); lwl, 1(0'1 < 

n=0 

(4.5) 

4)n( -w') = (- 1)114)11(w'), all w'. (4.6) 
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Using (4.5) and (4.6), we find 

6(w-w') + 6(w+w') = 2 1 
Xn1 141(011'n(wi), 

n(even)=0 
1w1, iw'i ` 

Letting w = x52 /a and w' = aQ /a in (4.7), and using the identity16 

S(cx) = S(x) /IcI any real c, 

we establish the equality of (4.1) and (4.4a). 

Numerical results: The effect of series truncation 

(4.7) 

(4.8) 

In an actual calculation, the summation in (4.4a) will be truncated at 

some finite value N of n. Let the corresponding approximation to o(x) be de- 

noted as oN(x). It is useful to establish a minimal value of N which accom- 

plishes enough separation in the two point sources that a may be estimated. 

In essence, we are then finding the minimum number of terms required in the 

reconstruction series (2.8) to solve this particular problem. 

Toward this end, series (4.4a) was programmed on an IBM 7072 computer. 

A Legendre- series representation was used for the ß11,10 

M(n) 

141(x) = (Xn/Nn) 
z 

G dz°,nPr (x/Q) 

r=0,1 
(4.9a) 

where the r summation is over even values if n is even, odd values if n is 

odd. The Pr(x) are the Legendre polynomials, the dz°,n are tabulated coeffi- 

cients,16 and the M(n) are chosen such that 

IdMo(n)I 
< 

10-11 
(4.9b) 



Finally, normalization constants 

and the 

Xn = 

-10- 

M(n) 

2 y (2r + 1) -104n)2 

r=0,1 

2aS2 

n 
n! 

r n on 
S2 

n-1 n+1 1 
2 

2a S2 
I 

2 dl a( 2)'( 2) 
3(n +l)! 

for n even 

for n odd 

(4.9c) 

(4.9d) 

For numerical values, we let a = 4 and 0 = 4. These numbers provide 

a severe test for the reconstruction process, in that the sampling length 

(7r /0) > 3a. Or, in classical language, separation 2a is smaller, by a factor 

of 1 /2fr, than the Rayleigh criterion for recognition of two point sources. In 

addition, let us assume we know the object to extend somewhere between x = 1 

and x = -1 (a value a = 1). This interval is 4 times the actual separation 

of the two sources, so that use of a = 1 would seem to aid the reconstruction 

process very little. (Actually, we have seen that knowledge of a finite a 

solves the problem!) The reconstructions oN(x) are shown in Fig. 1 on the 

next page for values N = 6, 8, 10 and 00. Only positive values of x are shown 

because, by Eqs. (4.4a) and (4.6), o( -x) = o(x) for this case. We note that 

the two point sources are easily resolved for N > 8. Also, the apparent val- 

ues of a are 0.30 for N = 8 and 0.285 for N = 10, relative departures of 20% 

and 14 %, respectively, from the known value 0.25. Thus, in this case recon- 

struction series (2.8) would require 10 terms for attaining 14% accuracy in 

estimating the separation of two point sources. 
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Fig. 1. Reconstruction of a two -point object, as affected by series trun- 
cation after N terms. Plots of oN(x) (vertical axis) against x 
are shown for N = 6, 8, and 10. Because oN( -x) = oN( +x), only 
x > 0 is shown. The optical bandwidth used is S2 = 4. The object 
extent parameter a = 1. Point objects are located at x = ±a, 
with a = 0.25. The curves show a monotonic convergence upon the 
point object 6(x - a) as N is increased. 

If we double S2 and halve a, the demands on the reconstruction process 

are somewhat relaxed. Now we have twice the bandwidth to resolve with, and 

in addition our knowledge of the location of the objects is much refined. 

The results for N = 4, 6, 8, 10, and co are plotted in Fig. 2 on the next 

page. In Fig. 2 the peaks near x = a are sharper and attain their maximum 

values closer to a than in Fig. 1. (Note the change of scale.) 

Figs. 1 and 2 show the oN(x) to contain negative sidelobes. These can 

be ignored since a negative o(x) is physically unattainable. 
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Fig. 2. As described under Fig. 1, but with 0 = 8 and a = 0.5. The con- 
vergence of curves oN(x) upon point object 6(x - a) is now more 
rapid than in Fig. 1. 

Application to the resolution of stellar objects 

A star acts like a line object when the image is determined with a scan- 

ning slit or knife edge. The preceding calculation therefore suggests that 

double stars might be well resolved by the use of about 20 terms in the re- 

construction series (2.8). The angular diameter of a star might also be well 

resolved in this manner. 

In order to calculate the an in series (2.8), it is necessary for trans- 

fer theorem (1.2) to be valid. Recent investigations17, 18 have shown that a 

transfer theorem does exist for optical transmission through the turbulent 

atmosphere. This transfer theorem connects the stellar object with the 
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aerial image - -that is, the image as it exists in space prior to detection. 

Hence, it is the aerial image which should be scanned by a slit or knife edge. 

The irradiance values at the sampling points might then be stored, on mag- 

netic tape for example, for later determination of the an. By contrast, the 

optical density of a silver halide emulsion does not vary with the incident 

exposure through a transfer theorem (except under small variations in den- 

sity19). Therefore, the photographic image cannot be accurately processed 

by series (2.8) unless the photograph contains only small variations in 

density from a background fog. 
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APPLICATION TO OTHER OPTICAL PROBLEMS 

Conventional spectroscopy 

A conventional spectrometer will be defined as composed of an entrance 

slit, a dispersive medium such as a prism or grating, and an exit slit. The 

problem is to determine the spectral radiance function B(a), where a denotes 

wave number, from observation of the final image B'(o'), as it emerges from 

the exit slit. Image B'(o') differs from B(o) because the entrance slit and 

dispersive medium "smudge" each spectral line 8(ßo - a) into a diffraction 

pattern W(a' - o) called the "instrument function." In practice the function 

W(a' - a) remains invariant under changes in a, so that 

00 

B'(o') = J daoB(oo)W(o' - 

0 

oo) (5.1) 

(This derivation is appended from Jacquinot and Dossier.20) 

Eq. (5.1) is of precisely the form (1.1a), so that B may be reconstructed 

from B' and W in the same way that o was reconstructed from knowledge of i 

and s. The result is 

B(o) = 

(27r/5)2 _0bn -n 
n Zn (ar/6) , a < ß 

0, a > .ß 

(5.2a) 

(5.2b) 

where (5.2b) is true by hypothesis. (The unknown source must be known to 

not radiate at wave numbers greater than 5.) In (5.2a), 

rj 

bn = anl J C8' (Y)/w(Y)] *n(Y)dY 
-r 

(5.2c) 



-15- 

where 

CO 

$' (Y) = (27)-1 
J 

(o)eJY6dQ 
(5.2d) 

0 

and 

W(y) = JW(o)eJY°do (5.2e) 

0 

Parameter F is any number for which ÚI(F) is not infinitesimal. (Note Eq. 

(5.2c).) Thus B(0) may be exactly found if B' and W are measured with 

perfect precision for all 0 < a < . The effect of errors in B' and W upon 

the reconstructed B(0) is considered later. 

Fourier transform spectroscopy 

Here the light from the source is passed through a Michelson interfer- 

ometer in which the path difference A is varied from 0 to a finite value AM. 

It can be shown21 that the total irradiance collected on axis at a value of 

A obeys 

CO 

I(A) « B(a)cos2(70A)da 

6 

(5.3) 

By expanding the cos2 term, I(a) may be expressed as the sum of a constant 

and a term that varies with A. It is the latter contribution to I which is 

recorded as an "interferogram" and which is used to reconstruct the unknown 

distribution B(0). Denoting this as i(t), we have 

CO 

i(A) ¢ J B(a) cos (2iî00) do . (5.4) 

0 
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Then, taking the Fourier transform of both sides, 

CO 

B(o) a 
I 
i(0)cos(27aA)dA (5.5) 

0 

Eq. (5.5) is normally used to calculate B(o). However, this relation supposes 

i to be known for all 0, whereas in practice i is only known up to a finite 

maximum OM. The result of "cutting off" the integration in (5.5) at AM is to 

compute a distribution B'(o) which differs from B(a). This is a fundamental 

limitation to the method. Methods of apodization have been proposed22 in or- 

der to reduce this error. The method we shall derive completely eliminates 

it - -that is, perfectly reconstructs B(a); assuming i(A) to be precisely meas- 

ured over the limited interval 0 < A <- 4M. 

Assume that no radiation with wave number greater than 5 contributes to 

i(A). Then (5.4) becomes 

¡ 

i(A) = A I B(o)COS(27CJA)do , A = constant. (5.6) 

0 

Hence i(A) is a band - limited function. Proceeding as in derivation of (2.8), 

we have 

B(a) = 

where the 

co 

{(42nn/Q) z G cnJ -nan Zn (27oMo/cr) , for o<6 

n(even)=0 

0, for o > ß 

AM 

cn = (4/A) f i (A) I,n (270) dA . 

0 

(5.7a) 

(5.7b) 
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Thus, reconstruction of B(c) proceeds directly from measurement of i(o) over 

the limited interval 0 <- A < AM. The effect upon reconstruction B(6) of er- 

rors in measurement of i(A) is considered in pages 19 through 22. 
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SUMMARY OF RECONSTRUCTION SCHEMES 

Reconstruction schemes (2.8), (5.2), and (5.7) are fundamentally simi- 

lar in form. The following table shows the correspondences. 

Corresponding parameters for the three reconstruction processes 

Recon- Input Basic Measured 
structed Must be coeffi- experimental over 

Eq. No. quantity zero for cients quantity interval 

2.8 o(x) lx1 > a an I(w) /T(w) =0(w) lw) < Q 

5.2 B(6)* o > a bn W(Y)/W(Y) IY1 < r 

5.7 B(o) ** a> 5 en i(A) 
1 A I ` AM 

*Conventional spectroscopy 
* *Fourier transform spectroscopy 
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EFFECT OF NOISE UPON THE QUALITY OF RECONSTRUCTION 

Because Eqs. (2.8), (5.2), and (5.7) are all of the same form, we may 

choose any one for our noise analysis. The table can be used to apply the 

results to the other two reconstruction series. 

In series (2.8), coefficients an are computed from experimental quanti- 

ties I(w) and T(w). All other quantities in (2.8) are mathematically deter- 

minant. Quantities I(w) and T(w) may be evaluated by use of the sampling 

theorem.23 Determination of the an from I(w) and T(w) also requires the 

evaluation of integral (2.1b), and this is readily processed by Gauss quad- 

rature.24 Alternatively, the an might be evaluated in an entirely analog 

mode if i(x) is given as a photographic transparency (of low contrast, as 

discussed). The method of Maréchal and Croce25 may be used to produce a real 

image with amplitude 0(t), where spatial coordinate t is proportional to w, 

and lwl < Q. Upon this image is placed a photographic transparency whose am- 

plitude varies as tpn(t) /án. The integrated output is then an, by Eq. (2.1b). 

However the an are determined, noise will enter through the quantity 

O(w), Iwi < S2. Let the experimental error E(w) in O(w) be additive and piece - 

wise continuous26 over the interval Iw1 < Q. These seem to be realistic con- 

straints for a typical noise distribution. Then we may represent E(w) by the 

analytic expression26 

E(w) = lim 
dme7mnw/S2 

m=-M 
for Iw! < 0 , (6.1) 

where coefficients dm are randomly distributed. This distribution is deter- 

mined by the form of E(w). Analytic representations of noise, such as (6.1), 

are commonly used in noise analysis problems of electrical engineering. 27,28 
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For M finite, Eq. (6.1) represents sinusoidal noise, which is also phys- 

ically possible. We carry through the following analysis for M finite or in- 

finite, depending upon the type of noise assumed. 

Now the reconstruction scheme (2.8) has resulted from two mathematical 

operations: (1) analytically continue O(w) from the interval IwI < Q to all 

values of w (as accomplished by Eqs. (2.1)); and (2) take the Fourier trans- 

form, as in (2.4). Therefore, the additive noise Ao(x) in reconstruction (2.8) 

due to E(w) will arise from the same two operations on E(w). Now, first, the 

analytical continuation to general w of any function exp(jmrw /Q) defined for 

Iwi < Q, is the same function. And second, the Fourier transform of exp(jmirw /Q) 

is 2ïd(x - m7r /Q). Therefore the error (6.1) propagates through (2.8) to cause 

reconstruction error, 

M 

Ao(x) = 2ff dmd(x - m7/Q) . 

m=-M 
(6.2) 

This result may be independently derived by direct substitution of (6.1) for 

O(w) in (2.1b), with subsequent use of (2.8). Result (6.2) is interesting, 

for it states that the effect of noise E(w) upon the reconstruction o(x) is 

to cause zero error everywhere but at the sampling points x = mir /Q. However, 

at the sampling points the error is infinite. In essence, all the error in 

o(x) due to noise E(w) is concentrated into an infinitesimally small region 

about each sampling point. 

In practice, the numerical evaluation of integral (2.1b) and summation 

(2.8) will somewhat modify this result, reducing the height of the "error 

spikes" in (6.2) to finite values, and broadening them into the spaces between 

points mr /Q. This phenomenon is illustrated in Figs. 1 and 2, if we recall 
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that representation (4.2) for 0(w) is a special case of representation (6.1) 

for E(w). The curves in Figs. 1 and 2 therefore represent the error Lo(x), 

due to piecewise - continuous noise (4.2), as it is affected by truncation of 

series (2.8). The error spikes are reduced and broadened, as described above. 

Hence, the effect (6.2) seems to have useful consequences. If the noise 

is of the form E(w), and if reconstruction is confined to values of x not too 

close to points m7/2 (for example, at x = 0 in Fig. 1), the accuracy of recon- 

struction is approximately independent of noise E(w). 

In the light of the extreme result (6.2), it is necessary to consider 

whether 0(w) itself can generally be represented by a Fourier series, such as 

(6.1), for Iw1 < Q. If so, the validity of (2.8) would be questionable. Be- 

cause O is an analytic function of w, series (6.1) would then represent O at 

all w. But then 0(w) would necessarily be periodic, obeying 

0(w + 2nQ) = 0(w), for n = 0, ±1, ±2, (6.3) 

at all w. This is not, of course, descriptive of a general object spectrum. 

Therefore, 0(w) cannot generally have the form (6.1), although in particular 

cases, such as our two -point resolution problem, parts of the 0(w) dependence 

might be of the form exp(jcw). In this event, if c = mr /Q, the quantity 

o(m7 /Q) is, unfortunately, indistinguishable from the noise (6.2) at mir /Q. 

The final consideration is of additive, bandwidth -limited noise e(w). 

This may be analytically represented as29 

e(w) = gnsinc(a'w - n7), 

n 

for iwi < , (6.4) 

where sinc(x) = sin(x) /x. In (6.4), the gn are random numbers and a' is the 
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bandwidth. Alternatively, 

a' 

e(w) _ (20 
-1 f 

E(x)ejwxdx 
, 

-a' 

(6.5) 

where E(x) is the spatial distribution corresponding to e(w). We have shown, 

through Eq. (1.5), that any band- limited function is an analytic function 

provided its spectrum, in this case E(x), is physically attainable. Hence, 

as was the case for O(w), e(w) cannot be expressed as Fourier series (6.1) in 

general. Furthermore, noting the similarity between Eqs. (6.5) and (1.3b), 

we see that if a' < a, e(w) and O(w) are processed in the same way by series 

(2.8). Hence the reconstruction cannot distinguish between signal and noise, 

and the reconstruction error is now 

Ao (x) = E(x) . (6.6) 
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