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I. INTRODUCTION 

This paper deals with some of the properties of images formed by an 

optical system looking at the object through a turbulent medium. 

The principal effect of a turbulent medium is to distort the trans- 

mitted wavefront for each point in the object so that, for each object 
point, the wavefront reaching the optical system contains random structure 
in both phase and amplitude. 

In the main we will not concern ourselves here with the details of 

the manner in which the phase and amplitude variations arise,l'2 but with 

the manner in which they interact with the optical system in determining 
the properties of the images formed. However, a few words might be said in 

a qualitative way about the source of the phase and amplitude variations so 

that their significance might be more easily understood. 

First of all, turbulence by itself does not result in wavefront dis - 

turbances.3 These will occur only if inhomogeneities in refractive index 

are present, and in the case of the atmosphere, the latter result almost 

entirely from thermal inhomogeneities.' The turbulence establishes the ran- 

dom structure of the inhomogeneities and consequently the structure of the 

random disturbances in the transmitted wavefront. 

The immediate effect on the wavefront passing through the inhomoge- 

neous medium is that only phase disturbances are imposed. However, as the 

wave propagates, the energy is redistributed along the wavefront because of 

the random ''focus- defocus" effect of the phase disturbances, and this gives 

rise to the random amplitude component. Thus if the turbulent portion of 

the medium is near the optical system, only phase disturbances will be sig- 

nificant in the received wavefront,5 unless the turbulence is severe. If 

amplitude fluctuations are observed, then they must arise from distant tur- 

bulent structure.5 Of course, both near and distant turbulence may, and 

generally will, be present, in which case the amplitude structure comes 

only from the distant turbulence, whereas the phase structure arises from 

both. 

Another point is of considerable importance. If the disturbance 

were literally in the entrance pupil of the optical system, then, at any 

given moment, the wavefronts from all points in the object would be affected 

(in phase alone) identically, and, to the extent that the optical system is 

intrinsically isoplanatic, isoplanatism in the image plane will be achieved 

for each instantaneous image as well as for the average image. However, if 

the disturbance is distant from the entrance pupil, then the image at any 

given moment will not be isoplanatic. Thus for the instantaneous image, 

Fourier transform theory is not valid. However, if the random structure of 

the disturbance is statistically stationary, then the average image will 

again be isoplanatic, and as long as we restrict ourselves to considering 

stationary random structures and average properties of the image, we are 

free to use Fourier transform theory. 
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Historically, the principal concern with the effects of wavefront 
propagation through a turbulent medium has been that of astronomers,6 
partly because they are accustomed to using well- corrected, large optical 
instruments looking through a very long air path, and partly because they 
deal primarily with isolated stars, which are in effect discrete point 
sources, and it is for such objects that the effects of atmospheric tur- 
bulence are most noticeable. 

In observing the effects of atmospheric turbulence on star images, 
astronomers have distinguished three image properties.6 These are (1) 

scintillation, or fluctuations in the total intensity of the star image, 
(2) agitation, or moving about of the star image, and (3) blur, or spreading 
of the star image beyond the diffraction pattern which would be expected 
from the optical system in the absence of turbulent structure. Terminol- 
ogy in this area is anything but consistent among astronomers,6 but the 
general character of the three distinguishable properties is commonly 
agreed upon. 

Unfortunately, these three properties do not in general depend on 
the random structure of the received wavefront alone, but also on the prop- 
erties of the optical system used to form the image. For example, it has 
been observed that at least scintillation and agitation vary with the size 
of the entrance pupil.7'8 The object of this paper is to investigate the 
manner in which the optical system and the random structure of the received 
wavefront interact in producing the above three phenomena. 

A word is in order about the statistical averages with which we 

shall deal. 

The principal random function of concern is the random portion of 
the incident wavefront which varies with both space and time. The area of 

the pupil can be considered to be a kind of window through which we can 
see a finite portion of a hypothetical infinite disturbed wavefront which 

coincides with our observed wavefront where we observe it. Also, we can 

observe it for only a finite period of time, but we can assume that our 

spatially infinite hypothetical wavefront is also infinite in time, coin- 

ciding with our observed wavefront during the time of observation. This 

hypothetical infinite wavefront is itself a member of a set, or ensemble, 

of all possible hypothetical wavefronts which could be generated by the 

same random process which produced our observed wavefront. 

Now the fundamental statistical properties (averages) are obtained 

in principle by averaging over the ensemble. If we assume that the gen- 

erating process is strictly stationary, then the averages we obtain are 

independent of space and time. Furthermore, if the process is also ergodic, 

then the averages obtained over any (infinite) sample are the same as the 

corresponding ensemble averages. Moreover, for any sample, the averages 

over space alone or over time alone are also the same as the ensemble 

averages. Throughout the following material, all averages indicated by 

angular brackets < > represent ensemble averages, although in most cases 

they can be interpreted as time or space averages wherever appropriate. 
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II. THE PUPIL FUI.CTION WITH RANDOM COMPONENT 

If the medium between the object and the optical system were 
perfectly homogeneous, then the wavefront emanating from any point on 
the object would, on entering the optical system, be coincident with a 

sphere centered on the object point and of uniform amplitude &,. The 

essential function of the optical system is to change the curvature of 
each of the transmitted wavefronts so that each of them converges to a 

point in the image space providing a total image which is a point -for- 
paint map of the object. However, it can only do this imperfectly, and 

apart from changing the curvature, the optical system modifies the 
incoming wavefront in both amplitude and phase according to its pupil 

function so that the transmitted wave can be described by 

(II -l) a = a, f, _ a,-r'L e 
ikW 

l 
where both is, and Ware functions of position in the pupil, 11 describing 
the imposed amplitude alterations, including the boundary of the clear 

aperture, and i/,, describing the aberration of the transmitted wavefront. 

If the medium between the object and the optical system is turbulent, 
containing random inhomogeneities of refractive index, then in general 

the wavefront reaching the optical system contains random disturbances 

in both amplitude and phase,1,2 and can be represented by 

(II -2) 
a +áß 

apt = ao e , 

where both oc and /3 are functions of position in the wavefront and also 

functions of time. On being transmitted by the optical system the wave 

can be described by 

(II -3) a = (e°` 
+iiß)FL 

On comparison with equation II -1, it can be seen that the effect 

of the turbulent medium can be considered as a time -dependent modifier 
of the pupil function, or better as a random component of the effective 

pupil function. Thus we can define the random part of the pupil function 

as 

(II -4) f= e °`+z;5 R 

We can now assume simple statistical properties for the two real 

random functions oC and /9 and still retain a reasonable physical model. 

The assumptions we shall make are as follows: 
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1) Both oC and /5 are continuous functions of space and time. 

This property is not essential for many of the image- forming 
properties we shall obtain, but it is reasonable if the 

disturbances have arisen from the turbulent structure of 
the medium. 

2) Both oC and /5 are at least locally stationary in the 
statistical sense, This assumption corresponds to that of 
local isoplanarity in the linear treatment of the image - 

forming properties of aberrated optical systems. 

3) The random phase function /B has a mean value of zero, 
Again, this assumption is not often necessary, but it is 

reasonable if the disturbances have arisen from the turbu- 
lent structure of the medium. 

4) The random amplitude function oc has a non -zero mean.* 
This is necessary for the conservation of energy, as will 
be discussed in the following section. 

5) Both ex and ¡3 have normal (Gaussian) probability densities. 
A convincing theoretical justification for this assumption 
would be difficult to obtain, but we can say that observable 

properties derived with this assumption are at least not 

incompatible with experimental observations. 

We shall use the common symbols 6;,o , 5aß, ops to represent the 

standard deviations and variances of a and /ß , and also /47a,"4 
to represent the normalized auto- and cross -correlation functions of oc' 

and A 

Returning now to the question of the mean value of oc we first 

note that in the absence of turbulence the intensity of the light incident 

on the optical system is given by 

E = aQ . 

Both Chernovl and Tatarski 2 incorrectly assumed a mean value 

of zero for o4 . This however does not have any serious effect on the 

validity of their conclusions as to the statistical properties of the 

transmitted wavefront. 
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When turbulence is present, the "instantaneous" intensity is given by 

E = IaRIz = Qozez°` 

the mean value of which is 

(E> = aZ<ez°`i, 

which, however, mist be equal to Ea if the energy is to be conserved. 

Therefore 

(e"> = 1 

If we separate oC into the sum of its mean value and the fluctuations 

with zero mean, that is 

za r ez<a><ez i . 

If we assume a normal probability density for oc, then (see Appendix II), 

(II-11) 2, _ e 
z 

x 

Substituting equations II -10 and II -11 into equation II -8, we find 

(II-12) e2(<K) 
4 
«Z> = 1 

from which we conclude that 

(II-13) <oc> _ - a-tt 
z 
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The validity of the above model as far as amplitude fluctuations 
are concerned is indicated in figure 1. it was constructed from a table 
of random normal deviates. The top line shows the assumed fluctuations 
in oC . The middle line shows the observable fluctuations in intensity 
for an assumed value of 00.l generated by the function shown in the 
top line. The bottom line shows the corresponding intensity fluctuations 
if ö =0.5. Tne probability density distributions of the three functions 
are shown on the left. Qualitatively the model fits experimental 
observations in that when scintillation (intensity fluctuations in star 

images) is moderately severs there occur bright flashes of intensity 
several times the average irtensity in the image.? This indication that 
the model is reasonable is attributable to the exponential form eK rather 
than to the assumption of a normal distribution in o , but the assumption 
of normality is at least consistent with the experimental data which 

has come to the author's attention.2 

Figure 1. Variation of the intensity function 
r_e2K 

and its 

probability density for several values of ç , assuming a normal 

probability density for a . 
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III. SCINTILLATION 

As described in the introduction, one of the phenomena familiar 
to astronomers and attributable to atmospheric turbulence is the fluctua- 
tion in the intensity of a star image as observed by the eye or a photo- 
electric detector in the image plane of a telescope. It has been observed 
that the magnitude of the fluctuations depends among other things on 
the size of the telescope aperture.7'8 

In this section we shall obtain a reasonably simple relation 
between the essential statistical variable describing scintillation and 
the assumed statistical properties of the random component of the pupil 
function. This relation contains as parameters the essential (non - 
statistical) properties of the pupil function, so that the effect on 
the scintillation of the shape as well as the size of the pupil, and 
including obscurations and apodization as well, can readily be deter- 
mined. 

The essential statistical variable describing scintillation is 

the coefficient of variation of the observable fluctuations of the light 
contained in the total image of a point source, or star. This is 

the ratio of the standard deviation of the fluctuations to the mean 
value of the signal obtained. 

The total instantaneous power in the image at any given moment 
is equal to the total instantaneous power in the exit pupil. Thus 

m 00 

(III-1) I ° QZ ff -F I zGixdy = aó ff e2.aGtxüY 

Its mean value is given by 

00 

(III-2) <I) - (4o if T ezO`dxdy>, 

which, because e is the only random variable involved, becomes 
00 °O 

(III-3) <I) = ao J) TI; <el°`> dx dy = aó JÇre dx dsj, - oo - .e 

c a, J 



where 

(III -4) 

00 

T fÇ-rd><cJy 
-oo 
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is the total transmittance (area multiplied by mean transmittance) of 
the pupil. 

by 
The square of the total instantaneous power in the image is given 

00 O/ 00 

(III-5) I = raA z ifzdxdy]Z_ affff(/ ifL!dx,dy, dX, dy= . 

By changing the variables so that 

(III-6) X, - X + z 
X2= X- 

we obtain 

ao m 

Y, 
' -y` z 

y==y - 

(III-7) ao4 ff ff if,14 dXdydx'y'. 
- o - a. 

At this point it is worth noting that the variables y ; x,y' can be 
identified with the same variables involved in the autocorrelation integral 
of the pupil function which is used to obtain the optical transfer 
function. In particular, x' and y' are associated with spatial fre- 

quencies in the image plane. The use to which we shall put this identifi- 
cation will occur later. 

The mean value of 1 is given by 

((o 

(III-8) < IZ> _ )J 1J <( aRiiil aRStis> dX dy dX'dy' 
OO r0 

¡¡ : 
I C/) Tu Ti.t dXdv\ am 

_ ,Q 
RZ y. 

_ oe ! 
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Let us define the normalized function 

(III -9) 

whereupon 

If T?Ti dxdy 
D 5-- D. 

IÌ 72.2dxdy 

CO 

IT -IL' dxdy 

-T- 

(III-10) <12> = T 17 

r( o <I aR,ls Iaezs> dX'dy ;. 
-ao 

Now, letting V represent the coefficient of variation, we have 

(III -11) 

Noting that 

2 <I=>-<Iis <I'>-a,+T2 
V <_>: a,' -r s 

00 

II oo<l4a,l`iaR=I`>dx-dy--a: T 
c(4 T . Jjpsr<iaR,lilJdx aazl')'dyi -T 

I. a ; 
T 

00 

(III-12) T L 
Tc2cxcly] 

2 

= 
(( 

j TczR c1x,dY,dxsdya - -to -ao 
co m 

= J) T,Tz dxdy] d -ce -, 
T; Do T SS Do d x'dy' , 

_m 

we see that T can also be represented as 

00 

SS 
Do 

-m 
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Therefore we obtain 

fjp C<aR,I21aR:I=> dx,d 
(III-14) Vi ,m ° aó -' 

f DQ dX'dy' 

I10o gs 01x'ay, 

where 6 is exclusively dependent on the random part of the pupil 
function and De is exclusively dependent on the non - random part. 

Let us look more closely at the function D. (eq. III -9), which 
we shall call the core function, In the absence of apodization, T 
merely describes the boundary of the pupil, and is assumed to be constant 
within the pupil. The integrand T1,211J then describes two overlapping 
pupils displaced with respect to each other, and is identically zero 
everywhere except in the region they hold in common, Therefore we see 
that, in the absence of apodization, the core function D, is identical 
to the aberration -free transfer function of the optical system, whether 
the optical system is free of aberrations or not. This is of course 
reasonable, since the aberrations affect the distribution of power in 
the image and not the total power itself. 

When apodization is present, the identification of the core 

function with a form of transfer function is lost, except in a qualita- 
tive sense. However, it should be noted that the integrations indicated 

in eq. III -14 can be taken as over the spatial frequency domain of the 

system transfer function. 

;ow let us consider the function 

(III -15) 13 
n (Ia t> R,I`laRx 

. 
s ao 

First let us note that 

tla _ ao Qzoc,a:e2s> Q,/et(a,or;)\ 
. (III-16) 4, Rx / \ o o ` / 



Now if 10(o0) is Gaussian, then 106(0A) is also Gaussian (see Appendix I) , 

and we obtain (see Appendix II) 

(III -17) 

so 

<e2(et,.o(Z)` = e4<o()<eZ(«,'4p() 
\ 

: 
= 4v-K14,. 

(III-18) E35 = e4KPK , 

which is a very simple function of the statistical properties of the 
incident wavefront, and is of course independent of its phase variation. 
It is a function of 6;y) because the autocorrelation function /0. is a 

function of (x, y') . Note that BS is a maximum when ig, is a maximum, 
and goes to zero when A goes to zero. In other words, the shape of BS 
is similar to that of /o,,. In fact, if we normalize Bs to its value at 
(0,0), that is, 

F35 (x' y') 
(III-19) E3 5,4 - BS(o,o) 

e."-K`P`-I 

then we find that Bv, approaches f7« as o'Kz approaches zero. Figure 2 

shows how al, varies with /o, for several assumed values of 0; . 
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11. 

OPIPPIP 

IPP 

0 0.5 1.0 

pa 

Fi ;ure 2. Variation of the normalized weighting function ß.N 
with the autocorrelation function /0°, for several values of cs 
(See eq. III.19,) 

We see, therefore, that the squared coefficient of variation can be 
obtained as a normalized, weighted integral of the core function l . This 
integral is similar if not identical to the aberration -free transfer func- 
tion of the optical system - -in any case, it covers the same range in (x; 
and its its weighting function a, a simple function of the amplitude disturb- 
ances, is similar to the correlation function*, having the same scale in 
(x;y') asfa . Note in particular that, if the transfer function of the 
optical system has a finite limit in (x',y'), as it must in any real optical 
system, the core function has the same limit so that the integrals involved 
need be taken only over a finite range. 

In examining the effect of the optical system on the intensity fluc- 
tuations in the image, we must first be concerned with the relative scale 
of the functions D and Bq , Because of its usual circular symmetry and 

sharp outer boundary, the radius of the pupil of the optical system can 
usually be used to represent its characteristic length. 
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The characteristic length of the weighting function B, or the 
autocorrelation function is not so clearly distinguished because 
of the general lack of common identifying features for the class of 
possible functions. In fact, there are two scale factors generally 
used in turbulence theory9 ; the microscale and the integral scale. 
The microscale is determined by the size of the smallest eddies formed, 
and the integral scale is determined by the larger eddies, the sizes of 
which depend on the boundary conditions of the situation in which 
turbulence is created. In the present context the integral scale would 
be the radius of the cylinder of unit height which would contain the 
same volume as the correlation function under consideration. 

If we assume a continuously varying index gradient in the medium 
and a minimum eddy size, then any possible autocorrelation function 
must have a zero derivative at the origin and must be parabolic in the 
vicinity of the origin. One way of defining the microscale in terms of 
the properties of the autocorrelation function is the radius at which 
the function ceases to be parabolic although this is necessarily vague 
because the transition is gradual. Another way would be to use a measure 
of the parabola, such as the radius at which the parabolic approximation 
would drop to '2. (the radius at which the parabolic approximation would 
drop to zero would generally be a little too large to be consistent with 
the meaning Of microscale,) A third way would be to use a characteristic 
length of a function which is used to generate the form of the auto - 
correlation function. 

For the functions we will use for illustrative purposes in this 
thesis we will only use a measure of the microscale and neglect explicit 
discussion of the integral scale, because we shall use simple mathematical 
models in which the two are strictly related. 

The ratio of the characteristic length h of the pupil function 
to the characteristic length of the autocorrelation function ,A is the 

relative scale factor /e , The manner in which the observable scintilla- 
tion varies with aperture size is described by the dependence of V on . 

Let us consider two limiting cases. 

As e--o the range of integration is limited to the central peak 4S2 
of the autocorrelation function /OA which approaches unity, and 

which is independent of (x;y)and can therefore be taken outside the integral 

so that 

(III-20) V z V .2 = e44 I . 

The manner in which V. varies with 6K is shown in figure 
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exp(44) -1 

i 

i 
i 

0 0.1 0.2 0.3 0.4 0.5 

Figure 3. Dependence of the coefficient of 
variation for scintillation on the standard 
deviation of 9<. 

The general expression for V 
2 

can therefore be written as 

(III-21) Vs_ V )1 DQBsKdx'dy 
° - U 

SS Dedx'dy ° - 

The function CS as a function of X describes the manner in which the 
scintillation varies with the size of the pupil, and is practically 
independent of a; for small values of a-a (see figure 2). 
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In the case where A?-4,00., the range of integration is essentially 
limited by the range of fa , and D. approaches unity over this range. 
The volume represented by the upper integral then approaches the volume 
under the function g,,, (approximately the volume under /2.1 , although 
slightly less), but diminishing at a rate of /.e' . Now if we assume that 
the volume under /oa is finite, then V must fall off at least as fast as 

for large values of e,. 

A hypothetical illustrative example will serve to show the manner 
in which V depends on ., and at the same time demonstrate the effects of 
a central obscuration and of apodization. 

The assumed autocorrelation function fie( and its equation are 
shown in figure 4. It is assumed to be isotropic. The special property 
characterizing this function is that its integral is zero. Tatarski2 
claims that this is a necessary property, but he bases his argument on the 
conservation of energy, whereas we have shown that the conservation of 
energy is satisfied by merely assuming a non -zero mean fora. However, 
his experimental determination of /Q64 indicates the dip below zero which 
is necessary if the integral is to be zero, so we shall also assume that 

he is correct. The value of the parameter rn for the curve in figure 4 

which most nearly conforms to his experimental determination is 0.1, and 
this is assumed in the remainder of the illustration. 

p 

1.0 

0.5 

p 
exp(-x2/2) - m exp(-mx2/2) 

1 -m 

m D5 10 10 

I , 1 

1 2 

X 

3 4 5 6 

Figure 4. Family of hypothetical autocorrelation functions for o(. 
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The core functions which we shall assume are those for a circular 
aperture, annular apertures with obscuration ratios of 0.5 and 0.9, and 
effectively Gaussian apodization. The core functions, shown in figure 5, 

are all assumed to have the maximum radius of the aperture as the charac- 
teristic length. 

1.0 

gaussion 

circular 
annular, p =0.5 
annular, p =0.9 

0 1 2 

NORMALIZED SPATIAL FREQUENCY 

Figure 5. Core functions for several types of aperture, 

all having circular symmetry and equal maximum dimensions. 
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The results are shown in figure 6, where the aperture scale factor 
is the ratio of the radius of the aperture to the standard deviation of 
the Gaussian function used to generate /70k , and the scintillation aperture 
factor is C,s. It can be seen that scintillation is reduced by using an 
annular aperture (at least if the radius of the aperture is of the order 
of the microscale of Fa or less), but the reduction is small for obscura- 
tion ratios up to 0.5 and only moderate for ratios as great as 0.9 whereas 
the amount of light received is 75% and 19%, respectively, relative to the 
unobscured circular aperture, so that the deliberate obstruction of the 
circular aperture to reduce the observed scintillation is not generally to 
be recommended. On the other hand, apodizing the aperture results in a 

significant increase in the scintillation. 

circular 
- annular, p =0.5 

annular, p= 0.9 

0 1 

APERTURE SCALE FACTOR 

2 

Figure 6. Variation in scintillation with aperture 

size for the several types of aperture shown in figure 5. 
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It is interesting to observe how well the assumed function fits ob- 
served experimental data. Figure 7 shows observations made by Protheroe8 
averaged for summer and winter along with the best fitting curves. It can 
be seen that the general qualitative character is confirmed, but that the 
experimental data do not fall off as rapidly as Vic . This is undoubtedly 
due to the fact that the macroscale of the turbulence must be larger than 
the maximum reported aperture of 12 inches, and the experimental data do 
not go out far enough to indicate the limiting slope. The apparent discrep- 
ancy is also compounded by the fact that each point represents the average 
of a number of observations in which the scale of the turbulence may have 
varied appreciably. However, it is unlikely that the function used to 
describe pK in the illustration is really a good representation. It was 
used primarily because it is a simple two -parameter function which has the 
approximate characteristics to be expected. 

1.0 

Z 
O 

Q 
Z f o 
4 L, 
J 0.5 ... 

z z 
Ñw ca 

w 0 
U 

0 
0 5 10 

DIAMETER OF OBJECTIVE inches 

Figure 7. Best fit of the model to experimental data reported by 

Protheroe.8 The general character of the model is in agreement with 

the experimental observations. 
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IV AGITATION 

Another observable property of an image formed by an optical system 
looking through a turbulent medium is that the image appears to dance 
about, at least for small apertures. As in the case of scintillation, 
this property, which we shall call agitation, also decreases as the size 
of the aperture increases.6 A measure of agitation is the radius of 
gyration (r.m.s. deviation) of the centroid of the image from its mean 
position. 

In order to develop an expression for the agitation, let us 
first develop the relationship between the position of the centroid 
of the instantaneous image and the pupil function. We shall do this 
by using as an intermediary the transfer function of the system. 

First consider the relationship between the transfer function 
and the spread function $ 

(IV -1) 

fl f (u,v)C-zrri(ux'+v)/')du áv 
(X;y') - 

(u, v)du d v 

If we differentiate with respect to X' , we obtain 

(IV -2) 
$1_#_ 

° 
r i (ux'+v nsl 

u (u, V) e d v. 

Evaluating the derivative at x;>/=p we obtain 

r(oo 

(IV-3) I = 
u S(u,v) dude, 

x;y,=o -00 

but the ul- coordinate of the centroid is 
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(Iv-4) (4-* -r 7l u d« dv, 

so we obtain 

(IV -5) U - ztlí a X 

The same argument holds for the V- coordinate: 

(IV-6) _ - 
ZTr t 

ay' 
l 

X,Y_o 

Now consider the relationship between the transfer function 
and the pupil function fcx,y> = -r 'e a kw 

, where T'= -riep1, W' =W,, +WI, , 
and WR = ,8/k /ß /(zn /) 

x; y'> _ _fÇ f (x+ 
, y f "(x- 

11 IfI Zdxdy 
(IV -7) 

= 

Differentiating, we obtain 

(IV -8) 

Noting that 

(IV -9) 

°° * 

á T ' ff f1 7;7 

af, _ .. af 
ax' z 

y -Yi)dxdy 

fr* )dxdy . 

and a fs* L a 'Fs 

J x' 
Z 

r 
ax 

af af 
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aX 
Do 
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Evaluating at x; y '= o 
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00 

= ZT 112iÍcTdxdy - zT 
)1 

T'2 dw dxdy, 
'o -oe -oc 

and correspondingly 

((oo (IV-11) - T 
11 T d xdy, 

X;/..0 ay 

and we finally obtain 

(IV -12) 

ao 

f(r,,= Jw.d u = - ,=r 
)) 

x xdy 
- o0 

V _T JJ ,='dxdy 
y 

as the required relationship between the coordinates of the centroid 

and the pupil function. It is of interest to note that, although these 
equations apply to the centroid of the diffraction image, exactly the 
same equations apply to the geometrical image, so that even though the 
predicted image distributions are different for the two types of image, 

their centroids are the same. 

We are not, however, interested in the absolute coordinates of 
the centroid but the deviations resulting from the random component of 
the pupil function. Noting that 

00 

(Iv-13) ú=- * 11 TL= 
ex°` xd x + x Y 



and 

(IV-14) Ú4 = - 

we obtain 

(IV -15) 
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ao 

AT Ts--Wx-`- dxdy, 

(( s oc 

UR= úu" )1T:Z-ax` (e=°- i)dxdy -a,ST`-e dxdy 

and correspondingly 

a Zec I awß to (IV-16) Va= v`-V = - aT jT 3154. e -i) dxdy r-rjj T dxdy 

_C +p. 

Before proceeding further let us verify that 

(IV-17) <úR) _ <VR> =o. 

First note that 

(IV -18) 
00 

<aR) = * (<e la 5 -)dxdy T IT1.2 <e x a>dxdy. -Q. 

We have already demonstrated that <e"?.. I , so the first integral 
vanishes. Let us consider next the term 

(IV -19) 
-40-4 

xK dW 
<e --> k <e >. 
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If the joint probability density p(a;18) is known, then 

z` (Iv-20) <e/6> = )) (ce 16)d «d143 . 

If we assume a joint Gaussian distribution, 

(IV-21) (x' 
= p . zTr66_0(i-/c )v= exp 

_ 

a 

then 

-26 ;2 2« 
(IV -22) 

/Q p) = 2aKcs;5 . 

(÷4:.; )Z+ (0)2'- 2,61«,, (°`' 6P 
(I/oap) 

Noting that 

(IV -23) = Qx 
/ 9( x+ ) -3(X- ) 

dx 

then 

_: , 

I im (Iv-24) <e 
ta óWax R 

> = k nx-o 

_ I Iiw 
k ax-,o 

= o, 

ex 

2 a; 645 CPd,6 ( °-i )-/a/a (i) 
aX 

and the second integral vanishes, verifying that 

(IV-2S) <uRi ° <vR> = o . 
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Returning now to the problem of the radius of gyration, we note 
that the square of the radius of gyration is given by 

(IV -26) 

and 

(IV -27) 

SO 

(IV -28) 

and 

(IV -29) 

_ l z 
(7;4 - Z. `uR+VRZi, 

-(A + B)2 = AZ + B + z AB 

: VR -(0+D)t= 

UR + VR = (A24 cl) + 

a 2CD 

574. pa) +z(A19+cD) 

4-M2. C<A:+C i + <ß'+D' + 2<AB 

Using -the same technique for converting a squared integral into a double 

integral that we used in the section on scintillation, we obtain 

(IV-30) A; - ' Si J/ 
2 Z c) WS.? ()Wt. Z« Zaf , , a-r ?L, T4z. - e '-'Xe -,) dxdy du dy 

-00 -00 

aT 
S 

42 L aa, WL2 e:a, 
e20`i 

/ ALT` 1 S T T ay ( _ X - lxdydx dy -p 

A \', i , (C OW aw., aWl2 20, 20. 
01 dydx'd ' A+ C - , T 1J J T T, z k - ̀- X e -1)(e -I) x y . 

Averaging, 

_ 
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[(IV-31 
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-ò- 

aW d 
y (e".-.)(e"1- 

dx,dyx 
r y 
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and in the same way, 

¡¡¡M (" (p(P 

(IV-32) <$t+=' *Ts 71 1 11 Ts TZi dxáyi < e Z(or, .ors)( 
dW , d ó 1agz\C xdy, 

_.. Y / 

and 

' 
« (( (IV-33) <AB +cD>- J) [SS eTS Ti,tT2 ddy)< ezKZ(eZK-i)(áX' èWxt óM, aWRS)a(x'áy, 

-., -,. 

Consider the average within the last integral. It can be expanded as 

(IV-34) <`x (esCa'+a: ò%RZ e0`` d) + -"Iez(a,rZ R2, e dr\ 
l v / 

= áw^,L eZcc hKydwR` - 
L. ax 

LKaa1 [/eZ(a. +2)ÓRZ 
<eKs .P1:;1/7".] d 

Y L\ 

Noting that if o{ has a Gaussian probability density distribution, then 

(a, 4-«L) has also (see Appendix I), and each of the four averages in 

the last expression is identically zero by the argument leading to 

equation IV -24. Therefore (AB +cD> is zero, and 

(IV-35) a-MZ = 
<Az+ c`> + <ß`+ D'>. 

Let us consider each of these terms separately. The average 

within the integral of the first term becomes 

(IV-36) < e z(e`'+«z,) - e"= - e:°r, 

CC <eZi «L)> _ <e ae> - <e"'> + 

which, by the equations II-8 and III -17 , becomes 

(IV -37) e 
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the same function obtained in the case of scintillation. Defining 

(IV -38) 
f j T. 

T,= ( 

44RA)a(0Lia- 
) a(wi) a(W,:i ) 

D á -o t ay --177-- 
) dxdy 

-, 

which is related to the function Do obtained in the case of scintillation, 
we obtain for the first term 

(IV -39) 

MO 

A:+, 
= 

SSDo'B dx'dy, 

Dodx'ciy 
-oe 

This term describes the effect of the intera:tion between the amplitude 
fluctuations and the properties of the optical system, and is independent 
of the random phase fluctuations. Note also that it vanishes if the 

optical system is free of aberrations. 

Finally, let us consider the remaining term 

SS[ SS ` ] :cd,+() a-á a +aawY`a) dXidy/ (IV-40) 032+1)' _'T' T, Tz dxdy e i x x i 

The integral within the square brackets is the- numerator of the function 
D;, and we can define the function 

2Ca,+pt ) a(WR,Aa) (yJRZ7) a(WR,/a) a(wR:/a 
(IV-41) Br., e ` ( ax a x ay ay )% 

so that we obtain 

SS,I3,dx'o(y 
(IV-42) <52+ DL> _ -°° 

SS D, dx'dy' 
- p, 
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which is independent of the aberrations of the optical system. 

The general solution of the average represented by Bt involves 
a four -point correlation which is much too complicated to be included here. 
However, if we assume that the amplitude and phase functions are essentially 
uncorrelated, as is very often approximately the case when the larger 
part of the phase variations come about by turbulence near the aperture 
of the system, whereas the amplitude variations can come about only from 
distant turbulence, then 8m factors into two parts, one dependent on the 
amplitude variations and the other on the phase variations: 

z(a,«,,) ò(wR/S) á(W+ta/a) d(WR2(a) d(W,x/a) (IV-43) BM = <e 
a 

+ 
a 

The first factor, which is familiar by now, reduces to 

(IV -44) /ez(«,+«1) \ 4 0;ctP«. 

The second factor also reduces to a simple expression as follows. 
In terms of /3 it becomes 

(IV -45) 
-,1_ <1' è/51 ' 41f L dx + ay ay', 

and noting that 

(IV -46) 

and 

ß, /6(x+ +4:6) a -V) : 
a xx 4y -op X 

(IV-47) éX ix-'+)X(X- -) 

we obtain 
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< [,6(x+ i + a2 ) -/3(x« i -41)][P(x- s:+V) -73(x-X,F -40-)» 
(nx)' 

(x+ Z) - + (/g (x+ - ) -Aki)> 
-K8(r+4'+e1)60t- 

-1)>'r<,6(irt ='-411)/3(x-x;+i)>] 

(X>= [Pp (X') *9`/°Q(x') - pPA Cx'-nx) - a-p'Pp(x'+ex)] 

_ IM (Ax)° [2/ P (x') - x) /D (x'-GU) ; PA (x '4.441 
nxio 

Expanding the last two terms in a Taylor's series we obtain 

(IV -49) <ax dx/- OT53dx-o (A x)'L2/3S(x')- 2/2/s 6e) -r (c))1 .4/73()() +' higher orderterrq 

=-6' d'P,e(x9 
A áxi 

and similarly for y , so 

(IV-50) OWIrs/A) c)(1424/A) a Y ò(yz/x - ( eet 
ex'. + elyJ 

In terms of the wavefront fluctuation, 

(IV -51) --4T707.71,0,6 = - Vitr Q;0w 

The complete expression for Ek, then becomes 

(IV -52) $M = -(2-#)2 

For illustrative purposes we shall assume that only phase variations are 

present. Then 

(IV -53) 

00 

¡n SjDovoW dx'dy, 6 1 = -Z \ T`)2 a 
SS odxdy, 
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Assuming that A is parabolic near the origin, it may be repre- 
sented in the vicinity of the origin by 

(IV -54) ti I - i (x' +y'') . 

As in the case of scintillation, /e is the relative scale factor, 
the ratio of the radius of the pupil function, assumed circular in perim- 
eter, to the microscale factor of the autocorrelation function, which is 
the value of x' and y' for which the parabolic approximation for" drops 
to a value of /. We then obtain, in the vicinity of the origin, 

2 

(IV-55) V o ° -2/e 

which is its peak value at the origin. Normalizing V2A we obtain 

(IV -56) 

where 

(IV -57) 

z 2 SID. BMM ax'd , : . / ( ) / (c> 4` 2 / . \ -/ ar 
a 

l / C M ( Do d x dy 
71 M 

E3MN 
, 

Z ,p a, 

vtow 

Now 6 is measured in the same units as u and V , which are reduced from 
actual spatial coordinates by the factor h/c) , where h is the radius of 
the aperture and f the distance to the image plane. It can be expressed 
in angular units by multiplying by k,/h : 

(IV -58) 
a w ., 1{ ( 

and noting that Cm goes to unity for vanishingly small apertures, the max- 
imum angular radius of gyration of the image is given by the ratio of the 
standard deviation of the wavefront disturbances to the microscale of the 
disturbances. We note that, if we assume a microscale of about 25 mm, we 
get a radius of gyration of 1 arc second for ci; = 1.25 x 10 -4 mm, or about 

áa of visible light, which is of the right order of magnitude. 

The manner in which the agitation diminishes as the scale factor /e 
increases is described by the function a, , and it is clear from its formal 

similarity to the function Cs for scintillation that its qualitative vari- 

ation, and the effects of modifying the transmission of the pupil by 



-30- 

obscuration or apodization, is very similar to that obtained in the 
case of scintillation. 

In order to provide a numerical example, we must assume a form 
for the autocorrelation function /0w . In the case of phase variations 
there is no reason to assume that how does not fall off monotonically. 
We could use the Gaussian function 

r,s 
(IV-59) /ow = e h: J (Xsy') ' ° 

a 

but this function falls off too quickly to be realistic. Another 
function which is very nearly as easy to handle is the hyperbolic secant: 

(IV -60) = sect-, r' 

Both functions are shown in figure 8. 
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Figure 8. Hypothetical phase autocorrelation functions. 
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It is clear that the latter function is more desirable. Its 
Laplacian is obtained as 

(IV-61) D;ow = sech r' { 1 - Z sech r' - sech r' sink) r'\ 
r- 1}, 

and by substituting this in the integral and evaluating (L, as a function 
of Q, for the various pupil functions we used in the case of scintillation, 
we obtain the curves shown in figure 9. The expectation that the depend- 
ence of agitation on the geometry of the pupil would be similar to that of 
scintillation is borne out (see figure 6). 

circular 
annular, p:0.5 
annular, p:0.9 

APERTURE SCALE FACTOR 

Figure 9. Variation in agitation with aperture size for 

several types of aperture. 
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V. BLUR 

The third phenomenon observed in stellar images obtained when the 
observation is through a turbulent medium is that the form of the image 
is distorted, and the average, or time- integrated, image is blurred 
by the random amplitude and phase structure of the wavefront incident 
on the optical system. Other investigators have tried,1,2 usually 
with some awkwardness, to obtain the blur effects by calculating the 
properties of the spread function obtained. Difficulties have usually 
arisen because the process involves convolutions which are difficult to 
identify when an equation is being developed. We will show that, by 
approaching the problem by calculating the effective transfer function, 
the expressions obtained easily factor into independent components, and 
indirectly the properties of the spread function are simply obtained. 

Also, whereas scintillation and agitation are significant only 
when isolated star images are involved, the spread function or transfer 
function describing the blur of the star image is directly applicable 
to the understanding of the images of extended objects. 

First, let us consider the expression for tha transfer function 
when the pupil function contains a random component: 

(V-1) CX;y')= r Sf,f2dxdy = T JJ(T, TixC'k(W.,-Ks)v(a,+ocs)+i(p,-ß=))dxdy. 
-oo -op 

Taking the average, 

((((m 

(V-2) < (x;Y')%= T J)(T. 
Tzezk(w.,-wt))< ,.at)+í(,, -Ai), 

-00 

but, because the random functions involved are assumed to be stationary, 

the mean value under the integral is independent of x and y , and it can 

be taken outside the integral« 

((( (V-3) < > ° <eCoc,tat),*i(,/3:)> T 1)T,Tse k6444-W`s)aixdy]. 
-ON 

The quantity inside the square brackets is seen to be the intrinsic 
transfer function of the optical system, so the average quantity outside 

*Essentially the same result was obtained by Diederichs11 in investigating 

the effect of imperfect polish on optical surfaces. 



can be considered to be the equivalent transfer function of the turbulent 

medium: 

(V -4) <e(".+otx)+t(,e,-,5=)> <eV+:a>. 

Let us consider this average. First it can be seen that ó and ä are 

uncorrelated whether o( and /3 are correlated or not.* Consider the 

correlation function 

(V -5) <Xó > ° <(a,+a2)(-F4L)) _ 
0,,e, + a:/j, - °e,,e, -0(2182> 

= <aifir>]1-p,42 _<a,1612>] 

but because of stationarity, 

and 

<d1(3.i' <°CZ/gz) 

<0q/5.> = < a, ßz ) 

so the correlation function <äb) is identically zero. The equivalent 

transfer function then becomes 

(V -6) R = <e5<ets>. 

That is, it factors into two component equivalent transfer functions, 

one for the amplitude variations and the other for the phase variations. 

Let us consider each of these separately. 

First we note that ó can be separated into a mean value and a 

fluctuation with zero mean: 

(V -7) 

Then 

(V-8) 

á=< X' = 2<«>+(a'*0(1). 

<er> = e2<a><eu5 = é Zeecj-rz 

* The fact that á and 6 are uncorrelated was shown by Chernov.l 
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The variance of y' is related to the variance of oc by 

(V -9) 

SO 

(V -10) 

6 < á' t ) r<(ox,'tds') _> _ (a,' `+a; ` r z a,'ea > 

or, a;>= zcv,z(l+pa) 

<e> = e `s°`s(' -Pa) 

The phase factor is given by 

(V -11) <e"> e -"L 

but 

(V -12) 6' <d=j <Ç 6,,)2) = </sa ;p ;~ 
-zig fg=> 

so 

(V-13) <e") ° è 4"11(' -61) c 
e-VTf#(4§)'0 77w) 

The equivalent transfer function for the turbulent medium is therefore 
N 

j r 7 
(V -14) .x - Ee- cQa(r -' J[e-a(!" J 

It is interet;ting to note that both the amplitude and the phase components 

have the same form,* shown diagrammatically in figure 10. However, some- 

thing might be said about their relative contributions. 

*Both Keller and Hardie3 and Hufnagel and Stanleyl° obtained an expression 

for the equivalent transfer function having the same form as either of the 

factors in equation V -14, but the random variable involved was the refrac- 

tive index fluctuation of the medium rather than the wavefront disturbance. 

Although Keller and Hardie obtained this function, they did not recognize 

it as a transfer function but considered it to be merely a mathematical con- 

venience. Hufnagel and Stanley, on the other hand, called it a transfer 

function, and obtained it in a most elegant manner. They did not, however, 

distinguish between amplitude and phase contributions. 
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SPREAD FUNCTION 

TRANSFER FUNCTION 

SPATIAL FREQUENCY 

Figure 10. General character of equivalent transfer function 

and corresponding spread function for a turbulent medium. 

As discussed in the section on scintillation, and as can be seen 

in figure 1, a value of a',<<as corresponds to fairly strong scintillation. 

The same value of or reduces the effective transfer function by only 
22% in the limit. On the other hand, the standard deviation in the wave - 

front which would produce the same degradation is less than Viz, which is 

fairly weak. Therefore it is to be expected that phase, or wavefront, 

fluctuations will dominate over amplitude fluctuations in their combined 

effect on the blur. 
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Let us look at the form of the equivalent transfer function more 
closely, taking the phase factor transfer function alone for simplicity. 

As the displacement x,y' (to which the spatial frequency is pro- 
portional) approaches zero, the autocorrelation function /á approaches 1, 

and the equivalent transfer function also approaches 1, as it should. 
As x,y' -moo, ,, -+ o and the equivalent transfer function approaches 
a plateau of height e -`ro . Thus the equivalent transfer function 
can be interpreted as a uniform plateau surmounted by a bell- shaped function 

In terms of this picture the equivalent transfer function can be 
written as 

N 
(V-15) R - A +- gg(x;y'), 
where 

s 

6' ' P° - i (V-16) A ° e p , B = i-A ° I -e a 
4 

e°'-I 

The latter function is formally similar to the function BsN 
(eq. III -19) in the section on scintillation, and likewise resembles the 
autocorrelation function /o,, in that it is unity when , approaches 
zero as x;y1 -000 and approaches the shape of A, as op-4.0 . 

The significance of the above interpretation of the equivalent 
transfer function is most dramatically shown in the inferred properties 
of the corresponding spread function. Taking the transfer function to be 
the sum of two functions, the corresponding spread function is the sum 
of the inverse transforms of the two component functions. The plateau 
transforms into a delta function, and the bell- shaped component transforms 
into another bell-shaped function. (~This is equivalent to saying that 
the star appears to the optical system as an undisturbed star of diminished 
intensity surrounded by a halo as if a fraction of the light transmitted 
by the turbulent atmosphere were scattered, the rest remaining undisturbed). 
Moreover, the fraction of the total light which appears to be scattered-- 
is simply the factor ßt 

The image formed by the optical system likewise will appear to 

consist of the sum of two components, a core which is the delta function 
convolved with the spread function of the optical system, and a halo 
which is the bell- shaped halo, also convolved with the optical system 
spread function. The ratio of the powers in the two components of the 
image is the same as that of the apparent object. 

The core - and -halo effect will, however, be apparent only if the 

aperture-6f-the telescope is considerably larger than the autocorrelation 
length of the phase structure. If they are about the same size, then the 
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spread function for the optical system will be about the same size as 
the halo disc, and the appearance will be that of a slightly degraded 
spread function. 

The relative power distribution between the core and the halo 
will in general depend on the wavelength of the light. This is most 
easily seen by considering the fraction A of the power remaining in 
the core, 

- 
6i 4Tf'(6)a 

(V-17) A _ e O = e ` 

from which it can be seen that the fraction remaining in the core approaches 
zero as A-'.o , and approaches unity as >,-4.00 if we assume that 6w is 

constant. In general, of course, o'N, will also vary with the wavelength, 
but as the latter variation depends on the dispersion of the medium, 
it will except in very unusual cases be a very weak dependence, and the 
above variation of A , and by implication 8 will be generally 
found to hold. 

When the turbulence is sufficiently severe the power in the core 
will be negligibly small, and the halo function Q will have significant 
values only over the range of x,y' for which the autocorrelation function 
can be represented by its parabolic approximation, 

(V -18) 
Pp 

in which case the equivalent transfer function is given by 

i ' CX'iy,a) 
(V-19) x e 

where it is seen that as the turbulence increases in severity, the 

transfer function becomes more nearly Gaussian in form, and consequently 
so does the halo. The core, of course, diminishes to the vanishing point. 

In the form of equation. V -19 , the variables involved are reduced 
coordinates. If we restore them to real angular coordinates, we obtain 

where VA is the angular spatial frequency, expressed in cycles per radian, 

and is obtained by multiplying the linear spatial frequency in the image 

plane by the distance from the exit pupil. Note that, when expressed 

in real angular coordinates,the transfer function and spread function 

for severe turbulence are not only Gaussian, but also independent of 

the wavelength of the light.3 In fact, this is the same result that would 

be obtained by applying geometrical optical theory, and corresponds to 

the observation that, in ordinary aberration theory, the diffraction 
image approaches the geometrical image in appearance as the aberrations 

become severe. 
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One other point is interesting to note. The above expression for 
the transfer function corresponds to the transfer function for the image 
motion obtained in the section on agitation when CM is unity, that is, 
for small apertures. In other words, when the aperture is small, the 
blur of the apparent (average) star is almost entirely due to the motion 
of the centroid. As the aperture of the optical system increases relative 
to the scale of the phase autocorrelation function, the apparent motion 
of the star decreases according to the function CM , but the blur (halo 
function) of the apparent star is independent of the aperture size, and 
we observe that, as the aperture increases, the motion diminishes but 
the form of the instantaneous image becomes more distorted in such a way 
that the average blur remains constant. 

Again, in order to provide a quantitative illustration, an 
arbitrary form of phase autocorrelation function will be assumed. In 
fact, we will use the same function employed in the section on agitation, 
and figure ll shows the family of curves obtained for different values 
of 14, . dote that the extent of the bell - shaped portion of the curve is 

essentially constant as long as the plateau is appreciable, after which 
it decreases in inverse proportion to 6w 

1.0 

0' 

- 0.1 

0 1 2 3 

NORMALIZED SPATIAL FREQUENCY 

4 

Figure 11. Variation in equivalent transfer function with depth 

of wavefront disturbance. Autocorrelation function of wavefront 

disturbance is assumed constant. 

5 
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It would be interesting to see how well this form of transfer func- 
tion, containing as it does a single parameter arbitrary autocorrelation 
function, fits experimental data.12 There are just the minimum possible 
number of two parameters involved in the transfer function, namely 91.1 and 
ñR , and the results of one investigation12 are shown in figure 12. Except 
for one set of experimental data, the theoretical curves fit very well. 
The assumed values of 6, and are shown in the figure. 

1.0 

0 
0 10 20 30 

SPATIAL FREQUENCY cycles / mm 

(e.f.l.. 36" ) 

40 

ha QW/k 
A 0.36" 0.16 

8 0.30" 0.25 

C 0.27" 0.25 

Figure 12. Best fit of the equivalent transfer function model to 

experimental data obtained by Djurle and Báck.12 The data labeled 
D could not be fitted. For the others the assumed correlation length 
and the r.m.s. depth of the wavefront disturbances are indicated. 
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VI. SUMMARY 

In this paper we examined the effects of a turbulent medium between 
the object and the optical system on the properties of point images. We 
dealt with the classical phenomena of scintillation, agitation (image mo- 
tion), and blur which have been observed for many years by astronomers. 

In section II, we developed the concept of a pupil function with a 
random component, the random component being expressed as an exponential 
with a complex argument in which the amplitude fluctuations depend on the 
real part of the argument and the phase fluctuations on the imaginary part. 
It was shown that this exponential model with both the real and the imagi- 
nary parts assumed to have Gaussian probability densities is a reasonable 
one considering its simplicity. 

In section III, we investigated scintillation and showed that the 
coefficient of variation of the total flux in a star image (ratio of the 
standard deviation to the mean value), which is a measure of scintillation, 
can be obtained as the square root of the normalized integral in frequency 
space of the product of two functions, one of which depends only on the 
random amplitude fluctuations and the other, which was called the core 
function, only on the pertinent properties of the optical system. For 
illustrative purposes a function was assumed for the amplitude autocorre- 
lation function, and the dependence of scintillation on the size of the 
aperture was determined for several forms of aperture, including one which 
was apodized. The dependence for a circular aperture was then fitted to 
experimental data reported in the literature, and it was seen that at least 
qualitatively the form of the dependence is quite reasonable. 

In section IV, we investigated agitation and showed that the radius 
of gyration of the centroid of a star image (r.m.s. deviation of the cen- 
troid from its mean position) can be obtained as the square root of the 
sum of two normalized integrals, one of which depends only on the ampli- 
tude fluctuations, the other on both amplitude and phase fluctuations. The 
first depends also on the aberrations of the optical system and is zero if 
the aberrations are zero. The second is independent of the aberrations 
of the optical system. Both integrands are products of two factors, one 
of which depends on the random components alone and the other on the opti- 
cal system alone. For illustrative purposes it was assumed that only 
phase fluctuations were present, and a function was assumed describing the 
phase autocorrelation function. The dependence of agitation on aperture 
size was then obtained for the same apertures used in the scintillation 
illustration, and it was seen that agitation depends on aperture size in 
much the same way that scintillation does. 

In section V, we investigated blur and showed that the effect of the 
turbulent medium on the average image is just as if the turbulent medium 
were an independent blurring factor with its own transfer function. Fur- 
thermore, we showed that the contributions from amplitude and phase fluctu- 
ations are independent of each other, the effective transfer function for 
the turbulent medium factoring into two parts, one dependent on amplitude 
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fluctuations and the other on phase fluctuations, the form of the two being 
identical. This form is such that it may be separated into the sum of two 
parts, one a plateau of uniform height and the other a bell- shaped function 
determined by the autocorrelation function of the disturbance. The corre- 
sponding apparent spread function consists of a delta function added to a 
bell- shaped spread function; that is, the apparent star has an undisturbed 
core surrounded by a halo. Again for illustrative purposes it was assumed 
that only phase fluctuations were present and that they had the same auto - 
correlation function as was used in the agitation illustration, and. the re- 
sulting function was fitted to experimental data reported in the literature. 
Although one set of data could not be fitted, the others fitted well, and 
again at least qualitatively the form of the dependence is quite reasonable. 
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Appendix I. PROBABILITY DENSITY DISTRIBUTION OF THE SUM OF TWO NORMALLY 

DISTRIBUTED RANDOM VARIABLES WHICH ARE CORRELATED 

It is usually stated in the literature that the sum of two normally 
distributed random variables is also a normally distributed random vari- 
able if the two component variables are uncorrelated. We shall show that 
this restriction is unnecessary, and that the sum is normally distributed 
even when the two components are correlated, provided that their joint 
probability distribution is Gaussian. 

Let the two component variables be represented by x(t) and y(t) and 
the sum by z(t) = x(t) + y(t). Each of the three variables can be assumed 
to have zero mean value without loss of generality. (If each were sepa- 
rated into the sum of its mean value and its fluctuation with zero mean, 

the mean value of the sum would be equal to the sum of the mean values 
of the components, and the fluctuations with zero mean would be related 
as above.) 

The variances and covariances would be 
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Consider the numerator in the exponent: 
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which is a normal distribution. 
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Appendix II. AVERAGES OF EXPONENTIAL FUNCTIONS OF NORMALLY DISTRIBUTED 
RANDOM VARIABLES 

Throughout this paper there frequently occur average values of expo- 
nential functions of normally distributed random variables. If z = <z) +a` is 

such a variable and does not have a zero mean, then the mean should be sub- 
tracted first: 

(AII-l) (eZ? = 
e<=><eZ j. 

Thus without loss of generality we can assume that the random variable 

under consideration has zero mean. Then 

(AII -2) 
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If the random function z is a linear combination of normally distributed 

random functions, 

(AIl -5) Z = nnX 4 ny 

where rn and n are arbitrary constants, then 
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