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ABSTRACT 

It is found that, despite the finite extent of any real pupil, an 

absorption coating exists which, when applied to the pupil of an optical 

system, results in nearly perfect formation of the coherent image. It is 

suspected that this coating causes a significant loss of total illumination. 

On the other hand, an "active" pupil (one for which there is a gain 

in light flux) would allow the quasi- perfect imagery without any loss in 

total illumination. When active pupils become a technological reality, 

this will be a good use for one. 
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BACKGROUND OF PROBLEM 

For a coherently radiating object, the image amplitude i(x) and object 

amplitude o(x) are related by1 

CO 

i(x) = J dx' o (x' ) a (x-x' ) , 

-CO 

(1) 

where a(x) is the point amplitude distribution, x is a spatial coordinate, 

and the usual assumptions of linearity2 and isoplanatism2 are made. 

Eq. (1) indicates that for an arbitrary o(x), perfect imagery, that is, 

i(x) = o(x), occurs only when a(x) is an infinitely sharp function, or in 

other words when 

a(x) = S (x) , (2) 

S(x) being the Dirac delta function. This may be shown by direct substitution 

of (2) into (1), with subsequent use of the "sifting" property of 6(x).3 

The quest for perfect image formation has, therefore, lead to the 

requirement of an infinitely sharp point amplitude distribution. To see 

what this demands of the optical pupil function U(ß), we note that4 

J 
a(x) = A dßU(ß)ejßx, j = (-1)? 

(3) 

in general, where "reduced pupil coordinate" a = 2ny /(af) - -y being the 

pupil coordinate of distance, X the wavelength of light, and f the focal 

distance. Also, A is a constant which may be taken as unity without 

affecting the spirit of the derivation, and ßo is a finite number since any 

real optical system is of limited aperture. 
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DERIVATION OF REQUIRED PUPIL COATING 

Let the particular function U(ß) which accomplishes Eq. (2) be denoted 

as P(ß) --P for "perfect." Combining hqs. (2) and (3): 

J 

d (x) = dßP (ß) ei 
ßx 

-ßo 

(4) 

An important aspect of P now becomes apparent. Taking x = 0 leads to an 

infinity on the left -hand side; however, because ßo is finite, the right - 

hand side must be finite if P(ß) is any bounded function. Hence, in 

order to preserve the equality of Eq. (4) we must lift the usual assumption 

of "passive optics," that is, that IP(01 < 1 at all ß, and allow P(ß) to 

be singular at certain B. This is a mathematical requirement. Physically, 

all we can do is allow P(ß) to be very large (but finite) at certain ß, so 

that the equality of Eq. (4) is only approximately obeyed. We then 

accomplish quasi- perfect image formation, by the reasoning leading to Eq. (2). 

The precise nature of P(ß) is now derived. We arbitrarily let 

N 
p(ß) = b (c, ß Xo ) , 

n=0 
n n 

ßo 

where the bn are coefficients to be determined, tp is the nth prolate 

spheroidal wavefunction,5 and c = oxo where xo is an arbitrary distance. 

Parameter N is, as yet, a finite number. By substituting Eq. (5) into 

Eq. (4), switching orders of summation and integration, and performing 

the integration analytically, we find the requirement on the bn to be 

(5) 
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N 

S(x) = 80(21-r/c)2 bnjnCAn(c)7Zn(c,x) 
n=0 

Quantities an(c) are the eigenvalues5 corresponding to the in(c,x). They 

are known for any value of c. The integration was performed by use of a 

unique property of functions ipn(ç,x), namely that they are essentially 

their own finite Fourier transforms.6 

The bn are found as follows. Functions tp n(c,x) are a complete set, 

obeying 

CO 

S(x - x') _ n(c'x)IP n(c00) 
n=0 À(c) 

Comparing this identity with Eq. (6), we see that the bn must obey 

bn = ßol (27/c) 2j-nCXn(c)7-3/2IPn(c,o) 

with N = .0. Substitution into Eq. (5) then yields the required pupil 

function, 

(6) 

(7) 

(8) 

, N 

P(ß) = Nlirm. 8o -1(27/c)-1 y 
j-n[xn(c)]-3/2n(c,0)4,n(c,ßxo/ßo) 

(9) 

n=0 
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DISCUSSION 

As discussed after Eq. (4), P(ß) must contain at least some singularities. 

This is undesirable from a physical standpoint. Therefore, we let N remain 

finite in Eq. (9) and call the resulting pupil function PN(ß). Because the 

n(c,x) are everywhere finite, PN(ß) is a bounded function and hence may be 

normalized such that IPN(ß) < 1 by choice of the proper attenuation factor. 

Let this factor be u. The result is a physically realizable pupil function. 

In fact, since PN(ß) is real, it represents an absorption coating. 

We must now examine how a finite N and a p < 1 affect the resulting 

point amplitude a(x). The result is 

N tVn(c,o)Vpn(c,x) 

a(x) E aN (x) = u y 

n=0 
?.n(c) 

(10) 

due to pupil PN(ß). Comparing this with the identity of Eq. (7), we see 

that aN(x) - 6(x) as N -> . 
To clarify the behavior of aN(x) as N is made ever larger, the reader 

is referred to plots published by Barnes.7 These uncover a vital limitation 

to the practical use of coating PN(ß): as N increases to values of order 

10, the central maximum in a(x) becomes narrower and brighter, but so do the 

sidelobes. In fact, the sidelobes become exceedingly bright compared to 

the central maximum and increasingly "dense." (The latter is a favorable 

effect, as we shall see.) We therefore have, for these values of N, super - 

resolution, but at the expense of very strong "ringing" or "halo." Only in 

special cases will this ringing be nonobjectionable, such as in the imaging 

of isolated stars. 
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A more favorable situation arises when N is made very large (say, 1000). 

Here aN(x) is so close to being S(x) that the sidelobes, which are now very 

dense, contribute little to the (x) distribution. Thus, i(x) is approxi- 

mately equal to u2o(x), a condition of "quasi- perfect" image formation. 

Essentially, the reason for this sidelobe cancellation is that the sidelobes 

alternate in sign (as indicated in Barnes' plots7), but are now infinites- 

imally close together. This behavior is essentially due to particular 

representation (7) for S(x), wherein the ipn(c,x) individually have sidelobes. 

A similar behavior arises from representation 

for S(x), as N is made to grow. 
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CONCLUSION 

In conclusion, the absorption coating PN(ß) applied to the optical 

pupil of a diffraction - limited system results in quasi- perfect image forma- 

tion when N is taken large enough. Too small an N results in severe 

"ringing," the effect of noncancelling sidelobes in a(x). The effect of 

coating PN(8) upon the total energy transmission of the pupil has not been 

calculated. However, the qualitative trend is easy to establish. As N is 

made larger, the maxima in PN(8) grow larger. Therefore, the normalizing 

factor p must become smaller so as to keep P1PN(ß)Imax 
`- 

1. Since a(x) a p 

(see Eq. 10), the total energy transmission E « p2. Therefore, as N grows, 

E rapidly decreases. In other words, superresolution is traded off for 

total illumination. This is the usual trend. 

It is interesting to note that Rhodes8 some years ago attacked a 

similar problem with respect to the linear antenna. 
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