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ABSTRACT 

The statistical approach must be used to describe the image when 

object brightness, optical pupil characteristics, and image detection are 

all subject to random fluctuations. Use of the statistical characteristic 

W (the Fourier transform of probability density) is found to clarify the 

phenomenon and to result in a linear theory. There is a characteristic 

function W, corresponding to the joint statistics of the log modulus and 

the phase, for: the object spectrum, optical transfer function, detection 

transfer function and image spectrum. These four W- functions are the sta- 

tistical analogy to the four Fourier spectra themselves, if the object 

radiation is either perfectly coherent or perfectly incoherent. Thus, in 

analogy to the ordinary Fourier theory of image formation, there is (1) a 

statistical transfer theorem linking object and image fluctuations, (2) a 

statistical transfer function for the optics, which may be computed from 

the optical pupil statistics, (3) sampling theorems, and other analogous 

results. The W- functions are found to determine all moments of each spec- 

tral distribution, and to imply that the moments themselves obey a transfer 

theorem. Also, the optical characteristic W- function seems to be useful as 

a quality criterion of optical system stability. In the deterministic 

limit, the statistical theory goes over into the ordinary Fourier theory of 

image formation. Random detection noise is a natural parameter of the theory, 

so that application to practical problems seems eminently possible. 
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BACKGROUND 

Optical image formation is generally considered from a deterministic 

viewpoint- -given a definite object 0(x) and optical transfer function T(w), 

the diffraction image i(x) is predictable. In the preceding, x and w are 

two -dimensional Cartesian coordinates of space and frequency, respectively. 

When using a specific optical system to view a specific object during an 

infinitesimal time interval, quantities 0(x), T(w), and i(x) all have unique 

specifications, so that the deterministic approach is valid. 

Suppose, on the other hand, that the above time interval is not infini- 

} 
tesimal, to the extent that aerial turbulence causes T(N) to change randomly 

and significantly. Also, we might expect the object configuration, e.g. 

particles in Brownian motion, to significantly change during this time inter- 

val. We pose the question, "Is the deterministic approach still feasible ?" 

If the time -dependent nature of T due to aerial turbulence were known, and 

if the time - dependent nature of all the Brownian particles were known, the 

time - dependent image would yet be predictable. However, the time - dependence 

of these phenomena are, as yet, unknown. (In fact, the problem of Brownian 

motion is insoluble due to the sheer number of independently moving parti- 

cles.) How, then, can the image be described? 

In the absence of a deterministic theory of Brownian motion, recourse 

is made to statistics. For example, the mean - square deviation from equilib- 

rium is known for any particle. We propose an analogous description of the 

optical image. In general, we may regard T and O (the object spectrum) to 

be statistically random quantities whose probability densities) are known 

at each w. The subject of this paper is to find the resulting statistics 

in the image spectrum I(w). 
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We have, so far, not mentioned an ever -present source of indeterminacy: 

detector noise. Even in the limit of deterministic image formation, the de- 

tected image is subject to random fluctuations, due to, for example, granu- 

larity or shot noise. To be realistic, we must therefore include the possi- 

bility of random detector noise in the theory. 

In Fig. 1 we identify some typical sources of randomness in image for- 

mation. The theory to be presented will apply to the situations in which 

object, optics and detection are generally random. Thus, the phenomena of 

Fig. 1 are encompassed by the theory. 

1: Some zounce4 0,6 n.a.ndomne44 in the image: (1) P.euctuati,ng object 

bnightne44 (one undutatí.ng 4pectica,2 component 4hown) . (2) Upti.ca,e zhot 

noise. (3) Tunbu2ence. (4) Pota hing elvcorus . (5) Randomne44 in the 

abefvca.tionz . (6) Gtcanu,ean,íty. The detected image -c.s azzumed to n.esu,P.t 

pLom a .e,i.nean. ,6.c.?.ten.í.ng ob the di6ptacti.on .image. 
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DETERMINISTIC CASE 

Diffraction image 

We first consider the deterministic case of either incoherent or 

coherent image formation. Under the "isoplanatic "2 assumption, the image 

(intensity or amplitude) i at point (x) is given by a convolution theorem, 

i(x) = Jdto(t)s( - x'), x E (xl, x2), (la) 

where primed coordinates denote the object plane, o is the object intensity 

or amplitude, and s is the point spread, or point amplitude, function. 

Unit magnification is assumed for simplicity. Eq. (la) may be cast in 

the simpler form 

* 
i (x) = 0(x) s(x) , (lb) 

where * denotes the convolution operation. The same notation will also 

be used in describing the convolution of probability densities. 

By taking the Fourier transform F of both sides of Eq. (lb), we derive 

the optical transfer theorem 

where 

I(W) = T(W)0(W), w E (wl W 2) (2a) 

I = F(i), 0 = F(o) and T = F(s) . (2b) 

Either of Eqs. (lb) or (2a) is sufficient to describe deterministic image 

formation. 
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Detected image 

We consider noise of detection n(x) such that the detected image i(x) 

is formed as 

-÷ -> - -> 
i(x) = s (x) *0 (x) *n (x) . (3a) 

By taking F of both sides of Eq. (3a), the detected image spectrum I(w) 

obeys 

I (w) = T(w)0(w)N(w) , (3b) 

where N = F(n). Noise of this type is therefore simply "multiplicative" 

in the frequency domain. 

Multiplicative noise arises whenever the detector is a linear filter. 

An example is provided by the photographic image; if the contrast is suffi- 

ciently low, the noisy effect of granularity may be described as a linear 

3 
filter. 
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TRANSITION TO INDETERMINACY 

Modulus and phase of the variables 

We consider I, T, 0 and N at any fixed w. As these are generally com- 

plex, we may identify the modulus ( -) and the phase (4) of each: 

I E Ie I, T E ---rei (PT, 0 E bei (1)0, N E Nei (PN, [j =(-1) z]. (4) 

Then Eq. (3b) becomes 

IejI = TONej(T 
+ 

cPp 
+ 4N) (5) 

Log -variables are covariant 

Taking the natural logarithm (kn) of Eq. (5) separates out a real identity 

and an imaginary identity, each of which must be satisfied. Thus 

and 

knI = knT + knO + ON (6a) 

(I) = (I) + a + (I) (6b) 

These equations being of the same form, the four log- amplitudes knl, knT, 

knO, knN, and the four phases cl)I, (PT, (Pe, 

N 
, are "covariant" parameters of 

the problem. In short, the log- amplitudes and phases contribute to the image 

in the same way. Because of this, Eqs. (6) may be combined. By using the 

complex notation 

knI = OT = (knT,cp), etc. for 0 and N, (6c) 
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Eqs. (64) and (6b) become the one equation 

inI = knT + kn0 + Q,nN . (6d) 

That the log variables of Eq. (6d) are additive will be seen to further rec- 

ommend them as fundamental parameters of the statistical theory. 

Log - variables as statistical parameters 

In the deterministic case, since w is fixed,all quantities in Eqs. (6) 

are known exactly. More generally, due to physical effects as in Fig. l,there 

is a statistical spread of possible values for each quantity in Eqs. (6). In 

general, the distribution of possible values for a complex parameter a is gov- 

erned by a probability density law p(a;x), where x is any complex value of 

parameter a. Hence, by our choice (6c) of fundamental parameters, the four 

probability density laws p(inI,gl;x1,x2), p(2,nT,cpT;x1,x2), etc. for 0 and N, 

define the process of statistical image formation. 

Notation for probability densities 

For brevity we shall often denote p(a;x) as simply p(a). In addition, 

we use the convention that 

p(a) E p (al, a2) E p(Re a, Im a) (7a) 

where Re denotes "real part" and Im denotes "imaginary part." Thus, in 

p(knI;x), xl is any value of Re(inI) = ini, and x2 is any value of Im(LnI) = 

I. We also define the notation 

f(x)p(a;x)dx E f(a)p(a)da, da = da1da2, dx = dx1dx2 (7b) 

to mean the expected value of f in the differential range da of values a. 
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A STATISTICAL CONVOLUTION THEOREM 

General case 

From Eq. (6d) we may establish an expression for the joint probability 

p(Q,nI,(1)I) in terms of the remaining three density functions. This is the 

solution to the general problem of predicting the statistical image when the 

statistics of object, optics, and noise are known. For this purpose, we use 

the resulto that if a,b,c are three independent, complex random variables 

such that 

then 

a=b+c, (8a) 

CO 

p(a;z) = f dx'p(b;x')p(c;x - x') E p(b;x)*p(c;x) (8b) 
J 
-CO 

by notation (lb). 

Eq. (6d) is of the form (8a), and is a sum of statistically independent 

quantities. (It would, for example, be a great coincidence if the statistical 

variation in T --a property of the optics -- should correlate with that of O --a 

property of the object.) Principle (8b) can therefore be applied in Eq. (6d) 

to yield 

* * 170(01 170(01 I;) = p(Rn T;))p(Rn O;z)p(Qn N;x) . (9) 

Eq. (9) is a statistical convolution theorem which is analogous to the 

deterministic convolution theorem, Eq. (3a). Eq. (9) establishes how the 

statistics of I are formed from those of T, O, and N. 
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We note now the advantages in using the log- variables, rather than the 

variables I, T, O, N themselves, as fundamental quantities. The statistics 

of Rn I are formed by a convolution, which is a well- understood, simple and 

computationally convenient operation. Furthermore, the analogy with the 

deterministic convolution theorem (3a) is useful (as we shall see) in estab- 

lishing properties of the statistical image. Finally, Eq. (9) can be even 

further simplified, as shown in the next section. 

Although densities p(Rn T,(1) ), p(Rn O, (Pa), etc., in Eq. (9) may be con- 

structed from statistical data about (T,cpT), (O,(1)0), etc., it is often more 

convenient to construct densities p(T,cpT), p(O,c1)0), etc. Also, we have to 

establish how to find p(I,(1)I) if, by use of Eq. (9), p(Rn I,) is known. 

Letting Rn a represent any of Rn I, Rn T, in O, in N, we use principle (7) 

and identities 
5 

and 

p(in al,a2;c-1 xi,x2) = c-1 xip(a1,a2;x1,x2) (loa) 

d(in al) = dal /al (10b) 

in Eq. (9). (In the preceding,c is any real constant.) The result is 

p(I,I;ú) = 

0 

dx1 x1 
-1 

f dx1.x1-1 [p(T,T T;xl,t)*p(O, U;xl',t) 

0 

*p(N,'')N;(x1x )lul,t)1 (11) 

where the convolutions are over the phase -Tr < t < Tr. The new parameter u 

represents general values of (I,cpI). Eq. (11) allows p(I,4I) to be known 

directly in terms of p(T,cp)p(O,4U) and p(N,(1) N) but not as a simple convolution. 

This is the disadvantage in not using the log -variables as the statistical 

quantities. 



-9- 

Case of statistical independence 

In a great many cases,6 modulus in i and phase (1)I of complex parameter 

in I will be statistically independent. Then 

p(in I,) = p(in I)p(y, (12) 

where p(in I) and p(4I) may be independently established. Using Eqs. (6) 

as in derivation of Eq. (9), we find 

p(in I;x) = p(in T;x) *p(in 0;x) *p(in N ;x) (13a) 

and independently, 

p(q1 ;x) = p(4)T;x) *p( (Po ;x) *p(q)N;x) (13b) 

Eqs. (12) and (13) then suffice to solve the problem. When applicable, this 

method of finding p(in I;x) is advantageous over the use of Eq. (9), because 

Eqs. (13) involve one -dimensional integrals whereas those in Eq. (9) are two - 

dimensional. The evaluation of one -dimensional integrals is, of course, 

simpler and less prone to error than the evaluation of two- dimensional inte- 

grals. A second advantage is easier interpretation of the phenomenon: If 

there is statistical independence (12), the effect of a change in p(in T), 

e.g., is to change p(in I) but not p(41). This is true only if Eq. (12) is 

true. 

It is important to note that Eqs. (13) hold true even if in D and (I) 

are statistically dependent parameters.(The same holds true for in T, 
T 

and 
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Qn N, In In this case, if p(Qn O;x) is given, p(Qn O;x) and p(be;x) may 

be determined as8 the "marginal" densities 

and 

p(Qn 0;x1) = dx2p(Zn O;x) 

CO 

p(4)0;x2) = Ïdxlp(n O;x) 

The conversion of a two -dimensional convolution to a product of two 

one -dimensional convolutions is precisely the behavior of the deterministic, 

two -dimensional convolution theorem (lb) when s and 0 are spatially (rather 

than statistically) independent, i.e. when 

s(1) = sl (xl)s2 (x2) ; 0(-X) = o1(x1)o2(x2) . (14c) 



THE CHARACTERISTIC FUNCTION 

The convolution theorem (9) may be replaced by a simple product theorem. 

This has definite advantages from the computational and interpretive stand- 

points. For this purpose we define the characteristic function9 W correspond- 

ing to a density function p(a;x) as 

W(a;Y) _ dx p(a;x)eJ'X, y = (Y1,Y2) 
- 

(15a) 

Thus, W is merely the expected value of ei(Y1x1 + Y2x2)over all x. Then by 

the Fourier inversion theorem 

r } 
p(a ;x) = (21) -2 

J 

dY W(a;)e 
-jy'x 

(15b) 

so that either the density function or the characteristic function may be 

used to represent a statistical process. This reminds us of the similar 

equivalence of T(w) and s(x). From the normalization of p(a;x), Eq. (15a) 

immediately yields the special value 

W(a;0,0) = 1 . (15c) 

The following relations connecting p(a;x), p(Qn a;-)t), W(a;ÿ) and Win à;ÿ) 

may be derived by use of identities (7), (10) and (15): 

7T am 

W(kn a;) = 
1 j dx p(a,(pa;x)eJ(Y1Qn 

xl + Y2x2), 

-Tr 0 

where am is the maximum value of xl; 

(16a) 
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CO 

p(aAa;X) _ (20-2x1-1 
J 

dÿ 
W(kn a;)e-lrx; (16b) 

-CO 

and CO 

W(ln a;Y) = 
J 

'W(a;')G(y1,y1') sinc 71-(Y2 - Y2') (16c) 

In the preceding equation, 

a 
m 

_ (27)-1 ( dx ej (Y1Qn 
x - xYl') (16d) 

Jo 

and 

sinc(x) E sin(x)/x . (16e) 

The integral (16d) for G is analytically known in terms of the confluent 

hypergeometric function,'° or may be evaluated by numerical quadrature. 

Eq. (16c) shows that once W(a) is known, W(2n a) can be found directly 

without first computing p6,4a) or p(na). Eq. (16c) allows the optical 

characteristic W(ßn T) to be directly related to pupil fluctuations, as shown 

later. 
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A STATISTICAL TRANSFER THEOREM 

From formulas (15) and (16) we see that any of functions P(a), p(Qn a), 

W(a) or W(Qn a) suffice to describe the statistical nature of a. Indeed, any 

one can be used to generate each of the other three distributions. However, 

it will become apparent that Win a) has definite advantages over the other 

three functions, in our application. 

General case 

We now show that the characteristic function has simplifying properties 

that make it a cornerstone of statistical image evaluation. Taking the 

Fourier transform of both sides of Eq. (9), we have 

W(Qn I;y) = W(Qn T;y)W(Qn O;y)W(Qn N;y) . (17) 

Eq. (17) is a "statistical transfer theorem" which is in direct analogy with 

Eq. (3b), the deterministic transfer theorem. Thus, the four statistical 

functions W(Qn I), W(211 T), Win 0), W(Qn N), correspond to the ordinary 

Fourier spectra I, T, 0, N. Since W(Qn T) is a property of the optics alone, 

W(Qn T) can be termed the "optical characteristic function." A like termi- 

nology can be applied to the noise phenomenon. 

Following the next section, we develop properties for the functions W 

and p which are suggested by corresponding properties for the deterministic 

parameters. 

Case of statistical independence 

Once more we consider the special case when I and (I)I are statistically 

independent. The special convolution theorems (13) may be Fourier transformed 

to yield two independent transfer theorems: 



and 
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W(ß,n I;y) = W(kn T;y)W(!Cn O;y)W(Q,n ;y) 

W(4)I;Y) = W(4)T;Y)W(00;Y)W(4)N;Y) 

Hence, modulus and phase now transfer independent of one another. Each of 

Eqs. (18) is one -dimensional, as compared with two -dimensional transfer theorem 

(17) . 

By taking the natural log of both sides of Eq. (18b), and comparing Eqs. 

(18) with the deterministic transfer theorems (6a,b), we note the following 

correspondences: 

W(kn I) I, W(kn T) 4-4- T, W(kn (5) 0, W(kn N) 4-4- N, 

(19) 

kn W(q)I) ÷÷ (PI, 
kn 

W((1)-r) ±-* q'T, 
kn "U) 4)0, kn W°N) 

Thus, in comparing the statistical and deterministic formalisms, we find the 

characteristic function of log modulus to correspond to modulus, while the 

logarithm of the characteristic function for phase corresponds to the phase. 

By taking the Fourier transform of both sides of Eq. (12) and using 

definition (15a), we find 

W(kn I,$I;Y) = W(kn I;Y1)W($I;Y2) (20) 

Thus, the joint characteristic now separates into a product of characteristics 

for the two independent parameters. Since both quantities on the right -hand 

side are one -dimensional, this is an important simplification. 
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CASCADED OPTICAL SYSTEMS 

We suppose that M optical systems are acting in relay fashion, the 

image plane for system k -1 serving as object plane for system k. 

Net optical characteristic functions 

Successive use of Eq. (17) shows that the M optical systems are equiv- 

alent to the effect of one optical system having statistics 

W(kn T) = W(kn T1)W(kn T2)...W(kn TM) (21a) 

at given ÿ and w. Thus, optical characteristic functions may be cascaded to 

find the resultant statistical behavior due to optical relay. Of course, this 

is the identical property of the ordinary optical transfer function, T(w). 

Net noise characteristic functions 

We have tacitly supposed noise of multiplicative form to be present at 

each object -image plane. Use of Eq. (17) shows that the noise may also be cascaded: 

W(kn N) = W(kn N1)W(kn N2)...W(kn NM) (21b) 

for given ÿ and w. Multiplicative noise may also be cascaded in the deter- 

ministic case, by successive use of Eq. (3b). 
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SAMPLING THEOREMS FOR THE PHASE FUNCTIONS 

Any value of phase q must lie within a range 2Tr of possible values. 

We adopt the convention -Tr < < Tr, or 

p(cp;x) = 0 for 'xi > Tr . (22) 

This simple constraint will be shown to have a profound effect upon all the 

W and p functions of log- variables. To be specific, we observe its effect 

upon W(kn I;ÿ) and p(kn 

By definitions (6c), (15a), and constraint (22), 

where8 

Tr 

W(kn I;O,y2) = Jdx2p(1;x2)e3X2Y2 
, 

-Tr 

CO 

(23a) 

p(cpI;x2) = ( dxlp(kn I,h;x1,x2) . (23b) 

-CO 

By virtue of the finite and symmetric limits in Eq. (23a), both W and 

p obey the following sampling theoremsll: 

and 

W(kn I;O,y2) _ W(kn I;O,n)sinc[Tr(y2-n)] 
n=-0o 

CO 

-2 
p(cpI;x2) = (271.) W(kn I;O,n)e 

-jnx2 

n=-co 

(24a) 

(24b) 
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Therefore, the statistics of 4)1 are completely known if W(2,n I;O,n) are 

known at the discrete values n = 0, ±1, ±2,.... 

Eqs. (24) have special meaning if i and cpI are statistically independent. 

In this case, by Eq. (20) and identity (15c), 

W(Qn I;0,y2) = W(cyy2) (25) 

We note that W(c1;y2) is the characteristic function for p(cp1;x2). Substi- 

tution of identity (25) into Eqs. (24) yields sampling theorems for both 

p(q)1;x2) and W(4)1;y2) in terms of discrete values WO1;n). Thus, in this 

case knowledge of W at a discrete subdivision (rather than a continuum) of 

values determines the corresponding probability density everywhere. 

Eqs. (23) -(25) also hold for the variables T, 0 and N. 

We note a fundamental difference between sampling theorems (24) and 

those that occur in deterministic image evaluation. 
11 

The latter are due to 

a physical limitation (a finite aperture), whereas the former are due to 

constraint (22), which is merely a mathematical property (periodicity of 

phase). However, this does not make Eqs. (24) any less true. 
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GENERATION OF MOMENTS DIRECTLY FROM THE CHARACTERISTIC FUNCTIONS 

We find it convenient to define W for an imaginary argument yl = jt, 

t real: 

CO 

W(a;jt,y2) = 
I 
dx p(a;x)e-txl 

+ jY2x2 

-00 

(26) 

The dx1 integration is now just the Laplace transform. All the preceding 

formulas for W(a ;ÿ), ÿ real, now hold equally well for W(a;jt,y2), if yl is 

everywhere replaced by jt. 

Moments of the modulus distribution 

We suppose it required to compute the mth moment of the I distribution, 

CO 

Om) E 
J 

dxlP(j;xl)xlm 
0 

(27a) 

Here, m is any real number, and p(i) is the probability density for I alone. 

By definitions (6c) and (26), as in derivation of Eq. (16a) 

.0 

W(kn 1,4)1; I; -jt,0) = 
J 

dxlxlp(I,xl e 
t Zn xl 

o 

Comparing Eqs. (27), we have 

(27b) 

(Im) = W(Ln I; -jm,0) . (28a) 

We may likewise establish that 

(ám) = W(Rn a; - jm,0),. a E T, 0 and N. (28b) 



-19- 

Hence the moments of the moduli are particular values of the log modulus 

distributions of complex argument. 

Moments of the phase distribution 

From Eq. (16a), 

(Im> = j-mCamWUn I;0,0)/ay2m] . (29) 

Here m must be an integer. Eq. (29) may be combined with Eq. (24a) to pro- 

duce a sampling theorem for moments \4Im >. 
Moments 

CST 0 
N) may be generated 

in the same manner. 
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A TRANSFER THEOREM FOR MOMENTS 

In frequency domain 

An interesting relation results from substitution of the value 

( -jm,0) = y into Eq. (17), with further use of Eqs. (28). 

("im = ( 4 Cvmi (N'r . (30) 

This is a transfer theorem for moments. We note in particular the three 

independent expectations on the right -hand side of Eq. (30). The essential 

reason for Om) being formed in this way is that we have assumed T, 0 and N 

to be statistically independent, as discussed following Eq. (8b). 

In space domain 

Eq. (30) may be cast in the space domain if m = 2 and if ensemble 

averages may be replaced by averages over any one representative function 

of the ensemble (the ergodic principle12). Then 

CO 
CO 

(I2) = J dw I(02 = fax i(x)2 = i2 , 

-m - 
(31) 

where the 's' denotes the average over one image. (The second equality in 

(31) is due to Parseval's theorem.13) Equations similar to (31) may be 

formed for quantities (T2), 02) and KN2). Use of Eq. (30) then yields 

i2 s2 
02 n2 

in terms of moments in the space domain. 

(32) 
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Uncertainty principle 

2 

The variance of a quantity a is (a2) - C a) . The variance is often 

used to describe quantitatively the fluctuations about the mean, i.e. the 

"uncertainty" in a. In this context, Eqs. (28) and (30) show that the 

uncertainty in I is precisely known from the statistical characteristics 

W(2n T), W(2n O), W(2n N). 
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CASCADING OF MOMENTS 

In frequency domain 

We may sequentially use Eq. (30) to predict 0 after M optical relays 
of a statistical object where the kth image plane acts as the (k + 1)st object 

plane: 

where 

and 

im) net = Om) `Tm) net `Nm) net 

(m)net = `T 
lm (T2) . . . CTMm> 

\Nm)net - (N1m N2m . (Ñ1,6 . 

(33a) 

(33b) 

(33c) 

Eqs. (33b) and (33c) without the( ) signs and with m = 1, are the deterministic 

expressions for Tnet and Ñnet due to image relay. These may be formed by suc- 

cessive use of the deterministic transfer theorem (5). 

In space domain 

By successive use of Eq. (32) at each image relay, we establish 

where 

and 

2 

1 net 
02 

net n net 

2 2 2 2 
s2 = sl s2 ... sm 

2 2 2 2 
n 

net 
nl n2 ... nm 

(34a) 

(34b) 

(34c) 

As in the derivation of Eq. (32), the ergodic principle is assumed. Eq. (34b) 

shows in a direct manner that a system of relay lenses is as poor as its worst 

member lens. Eq. (34c) shows the like property for detectors acting in relay 

fashion. 
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DETERMINISTIC LIMITS 

Eq. (17) describes image formation when object, optics, and detection 

are statistical in nature. We now show that as these entities approach de- 

terministic values, Eq. (17) goes over into the ordinary transfer theorem 

(6a,b) of image formation. 

By equality (16a), for any complex a, 

W(in a;Y) _ 
(ej (Ylin xl + y2x2)) 

(35a) 

the expectation being over all possible xl, x2. Now if a is deterministic it 

has, rather than a statistical "spread" of possible values, a unique value. 

Let this (complex) value be aexp(j (p a), with á the modulus and cp 

a 
the phase. 

Thus, in a is also deterministic with the unique value (in a, (pa). 

Now since in a is a unique value, the expected value of any function 

f(in a) must have the value 

(f (in a)) = f (in a ) . (35b) 

Consequently, we may immediately evaluate Eq. (35a) as 

W(in a;ÿ) = ej(ylin 
a + Y2(1)a) (36) 

This is the characteristic function for a deterministic quantity. 

By consecutive substitution for a in (36) of quantities I, T, D and N, 

statistical transfer theorem (17) becomes 
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exp[jy1Qn I+ jY2(ßI] = exp[jy1(Qn T+ 2n Ù+ Zn N) 

+ j Y2 (4)T + 
cPU 

+ 
q'N) 1 

(37) 

Since this relation holds for arbitrary yl and y2, the coefficients of yl 

and y2 on each side must be equal. Deterministic transfer theorems (6a,b) 

are the resulting equalities. 

We may conclude that the statistical transfer theorem (17) is the 

statistical generalization of the usual transfer theorem of image formation, 

(6a,b). 
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OPTICAL CHARACTERISTIC IN TERMS OF THE PUPIL FUNCTION 

In order to express W(2n T;y) in terms of fluctuations in the pupil it 

is necessary to specify the coherence of the radiation illuminating the pupil. 

We shall examine the two extremes of complete coherence and complete incoher- 

ence, since each is well- approximated in many physical cases, and since each 

incurs a particularly simply dependence of T upon the pupil. First we define 

all necessary parameters of the pupil. 

Let p E (ß,y) represent a general point in the optical pupil, where (ß,y) 

are "reduced coordinates" E (k /R) x (the pupil's Cartesian coordinates of length). 

Parameter k E 27/(wavelength of radiation), and R is the distance from the 

pupil to the Gaussian image plane. Thus, p has the unit of spatial frequency. 

The complex light amplitude A at (1' has a modulus T and optical path differ- 

ence A from a reference sphere of radius R. Thus, 

A(P) = T(p) 
eiko(P) 

(38) 

where kA is the phase. Quantity T is the amplitude transmittance. We allow 

A to be the product of a deterministic amplitude AL (where subscript L denotes 

an intrinsic value of the lens system) and a random amplitude AR. Thus, quan- 

tities TL' 
TR' AL' AR may all be defined as in Eq. (38). 

Physically, if AR is due to random polishing errors in the pupil, we 

can expect TR = 1 uniformly over the pupil. Only the phase A is affected. 

However, if AR is due to atmospheric turbulence which is far removed from 

the optics, both OR and TR are generally non -uniform over the pupil.14 

Coherent illumination 

If the object is coherently radiating then the deterministic transfer 

theorem (3b) holds for a T(w) that obeys15 
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T(w) = A(w) . (39a) 

Hence, by Eq. (38) and preceding definitions, 

T((1) = TL (w)TR()elkCAL() + ARM] 
(39b) 

We find W(ßn T;ÿ) by use of definition (16a), the statistical independence 

of quantities subscripted L from those subscripted R, and Eq. (36) for the W of 

a deterministic quantity. There results 

W(Qn T;) = 
eJ(Y1Qn1TL + y2kAL)W 

(Zn TR, OR, kY) (40a) 

at a given w. Thus, W(Zn T) is formed as a deterministic contribution from 

the intrinsic pupil properties L, modulated by a W function of the pupil 

statistics for log- amplitude transmittance and phase. 

Assuming that the statistics of (TR,AR) are known instead of (2n TR,IR), 

we may combine Eqs. (16c) and (40a) to establish 

CO 

r 

W (Qn T,) = 
e] (Y1 kn TL + y2k61) ( 

dY'W (TR, OR, kY' ) 

- 

x G (Y1,Y1' ) sinc Tr (y2 - y2') . (40b) 

Eqs. (40) represent the optical characteristic due to fluctuations at 

one point w in the pupil. Thus, the pupil parameters are assumed to be changing 

in time. Conversely, if there is only one pupil to contend with (as in 

the case of random polishing errors), the problem is completely deterministic: 
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T has the unique value A, as noted in Eq. (39a). In this case W(Qn T) has 

only the exponential (deterministic) dependence in (40a). 

Incoherent illumination 

If the object is either self - luminous or incoherently illuminated, it 

will radiate incoherently. In this case,15 

T(w) = J J A(p) A 
* 
(p - w)dP/J IA(P) 

(2dP 
. 

In terms of statistics over a single pupil, Eq. (41a) is simply 

where 

T(w) = (AA'*) / CIA0 

(41a) 

(41b) 

A' = ACP>. - w) (410 

and * denotes the complex conjugate. Expectations in (41b) are taken with 

respect to a probability density p(A,A' *;x,x') formed as the frequency of 

joint occurrence (A,A' *) over the pupil. 

The intrinsic properties of the lens may be factored from (41b) by noting 

that the intrinsic "statistics" L must be independent of the random statistics 

R. Then 

where 

T (w) = TL(W)TR(W), 

TR(w) = (A 
R 
AR1*\ / (lAR2) 

and TL is defined in terms of AL as in Eq. (41a). 

(42 a) 

(42b) 
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We may relate TR to W- functions of the pupil statistics. By definition 

(16a) , 

* 2 R W(in ARAR'*;;) _7 /e(Ylin ARAR I+ YA R A '* 

)) 
(43) 

with a similar (one -dimensional) expression for W(in IAI2;y). Combining 

these relations with Eqs. (42), we establish 

TR(w) = W(in ARAR'*,-J,1)/W(inIAFZi2;-J) (44a) 

There is great simplification in (44a) when TR = TR' = 1, i.e. the pupil 

energy transmittance is not random. This case is physically approximated when 

a lens suffers from polishing errors, or when atmospheric turbulence is mainly 

concentrated near the lens.14 Only the pupil phase DR is now a random param- 

eter. In this case Eq. (44a) becomes 

TR(w) = W(A - OR';ky). (44b) 

Eqs. (44) apply to the case of a single random pupil. When the pupil 

properties change randomly with time, TR in Eqs. (44) itself becomes a random 

variable. A definite W(in T 
R 
4) then exists. We find W(in TR;ÿ) in two gen- 

eral situations. 

Deterministic pupil transmission 

Here only 
AR 

is random. Setting 

'R 
- AR = e7kOR 

Eq. (42b) becomes 

(45a) 
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7 

TR(w) = 
J 

dx p(cl)R;x)ejkx , 

-7r 

where the finite limits are due to constraint (22). 

Since, according to Eq. (45b), p(cpR;x) need only be defined over a 

finite range of x- values, by Fourier's theorem16 we may represent 

CO 

p(cp R,x) = (27)-1 
c 

bne-inx, (xi < 71" 

n==-°° 

(45b) 

(46) 

The bn are descriptive of the statistical nature of ciR over one pupil. We 

now assume the bn to independently fluctuate with time. Then p(4) R)- -and hence, 

through Eq. (45b), TR(w) -- is a random variable. Substitution of series (46) 

into Eq. (45b) yields 

CO 

TR(w) = y bnsinc 27(k-n). 
n=-(= 

(47) 

Eq. (47) shows that TR(w)isa linear form in random variables bn. Since we 

have assumed the bn to be statistically independent, W(TR;ÿ) may be expressed 

by a "chain rule" formula17 

W(TR;y) = II W[bn; y sinc 27(k - n)] . 

n=-°° 

(48) 

The answer is even simpler if the bn are not identically zero for all 

n > a small number. Because of the statistical independence of the bn, Eq. 

(47) implies that the central limit theorem18 is obeyed by TR. Therefore TR 

19 
is Gaussianly distributed, 
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x1 -x 2/2a2 
- e 1 = TLp(T,() ;x) 

2Tra2 T 
(49) 

where a is the variance of TR. By taking the Bessel transform of Eq. (49) 

and using definition (15a) in polar coordinates, we find 

1 -y2a2/2 
W T,;y) = TL e (50) 

which is again Gaussian. By substitution of Eq. (S0) into Eq. (16c), we 

form a corresponding expression for W(kn T;y). 

Log -normal pupil statistics20 

Here we assume kn TR and kn TR' to have the statistics of a Gaussian 

bivariate pair of random variables,21 

p(u,u') = 
(27.01,2)-10 - pT2)-z 

x exp 

In the preceding, 

(u - u) 2 + (u' - 1-.02 - 2pT (u ' -u) (u - u) 

2aT2(1 - pT2) 

(5 la) 

u E kn TR, u' E kn TR' , (51b) 

u = (kn 
TR/ 

, aR = ((kn TR) 2) - u2, pT = (kn TR in T' (51c) 

We likewise assume p(LR,LR') to be Gaussian bivariate, but with zero mean, 

and with variance a6, and covariance pL. Finally, we assume TR and TR' to be 

statistically independent of AR and AR'. These assumptions are true in the 

22 
atmospheric turbulence phenomenon. 
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Under these conditions, Eq. (42b) becomes 

TR(w) _ 
\ejk(AR AR')1 eQn TR + kn (52) 

All the expectations maybe evaluated since the probability densities are known. 

The result is 

T 
(w) -e-6T2(1 - pT) - k2o2(1 - kp) 

R 

(53a) 

If °T, pT, °A and pA fluctuate in time, TR is a random variable. Noting 

that from Eq. (53a) 

we find 

Zn TR = - 6T2 (1 - pT) - k2oA 2(1 - kp) 

W(Qn TR;y) = W(ßT2;-y)W(ßT2pT;y)W(62;-k2y)W(62p;-k3y) 

(53b) 

(54) 

as the required expression. This is provided °T,pT, °A and p0 all fluctuate 

independently. Once more a net W is formed as a chain product of W- functions. 

In conjunction with statistical transfer theorem (17), Eq. (54) may be 

used to find the statistical variation in I(w) due to viewing a fluctuating, 

extended object through atmospheric turbulence. 
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OPTICAL CHARACTERISTIC AS QUALITY CRITERION 

Since any photographic exposure lasts for a finite time interval, 

one requirement of image quality must be that the optical parameters fluctu- 

ate minimally with time. But we have seen W(kn T) to be a characteristic of 

the optics which measures its temporal fluctuations. Moreover, by transfer 

theorem (17),W(kn T) is the optical characteristic which uniquely measures 

the optical contribution to temporal fluctuations in the image. Therefore, 

W(kn T) for an optical system might be used to measure the expected image 

degradation due to mechanical instabilities in the lens mounts, etc. 

According to Eq. (36), an optical system does not fluctuate at all with 

time if W(kn T) has the form 

Wo(kn T,) = 
eJ(Ylkn T+ )72&[) 

at all w. Hence, the extent to which W(Qn T) for an actual lens system 

(55) 

approximates Wo(kn T) is indicative of its ability to hold rigidly in time. 

Function Wo(kn T) might therefore be used as a "target value" for mechanical 

stability. 
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NUMERICAL EXAMPLE: LOG -NORMAL IMAGE STATISTICS 

Methods have been found for predicting the image statistics when the 

statistics of object, noise and transfer function are known. We now construct 

a numerical case, and show that the predicted statistics compare favorably 

with (simulated) experiment. For simplicity, all quantities are made to be 

functions of frequency amplitude w alone. 

We examine the case of log- normal20 statistics in T(w) and 0(w), with 

(1),1(w) and (P0(w) constant, and with noise absent. By Eq. (6b), (1)I(w) must now be 

constant. Hence, the image fluctuations are only in modulus I(w). 

If the log- normal statistics for T(w) and 0(w) are substituted into 

either convolution theorem (13a) or transfer theorem (18a), a probability 

law p[I'(w)] is produced. This defines the "predicted" image I'(w). Sample 

images I'(w) are then constructed by generating random numbers directly from 

PCI e (w) ] 

By this procedure, p[I'(w)]is found to be log -normal. If, at any w, 

the variance and mean for Rn T.and 2n O are a2n T, (2n T) and a2n -, 2n 0), 

respectively, the variance and mean for 2n I' are known as 

and 

2 = 2 2 

a2n I' a2n T+ a2n 0 
(56a) 

(2n I' = (2n T) + 2n G/ . (56b) 

This is, of course, a well -known property of normal distributions.1 

The "experimental" curve I(w) is produced by generating a random value 

for T and for 0 at each w, in accordance with log- normal statistics, and then 

setting I = TO. If transfer theorem (6a) holds strictly true, values i 

generated in this manner will simulate experimental values. 
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One typical comparison between I'(w) and I(w) is shown in Fig. 2, for 

the case 
okn 

ò(w) = 0.03, (in (5(w)) = in 2, c -(w) = 0.03 and 

2.0 

1.5 

1.0 

0.5 

in T 

(kn T (w)) = kn To (w) . (57) 

I(w 

o 
0 0.2 0.4 0.6 0.8 1.0 1.0 

2: Compan,í,ßon between "expen.ímentae and "pnedí.cted" image a3 a check on 
the statistí.ca2 theory. "Expen,í.menta2" image i(w) is produced by genetcatí.ng 
nandom numbeAs bár T and (7 in accondance with the.vc tog-nonmat statistics, and 
by s e,ttí.ng 1= TO at each w. A s amp2.e set o bs such numb ens is p.2otted . For 
-the ne,su.P.tí.ng "predicted" image (dazhed tine), nandom numbers I' (w) are gen- 
elcated in accordance with the dentived probab.c P,í.ty density On I' at each w. 
To ¡acc.P,í.tate compan,í.son o.6 cuh.ves I (w) and I ' (w) ,the Zat.tet is dis p.2aced a 
convenient distance to the right ( 0. 13 units). 
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Quantity TO(W) denotes the transfer function due to circular, diffraction - 

limited optics.23 To facilitate visual comparison between I- (W) and I'(W), 

curve I'(w) is graphically displaced by 0.13 horizontal units from its true 

position. 

If I'(W) really is a representative image it should resemble I(w) in 

the statistical sense, i.e. with respect to size and distribution of fluc- 

tuations. We note that I- ' and I do share a similar distribution of fluc- 

tuations within corresponding intervals of w- space. Also, I- ' and I have 

about the same mean value at each w. Hence, Fig. 2 provides a graphic agree- 

ment between I' and I. 

Fig. 2 also shows some interesting aspects of the absolute behavior of 

I'(w) and I(w). Fluctuations in I or I' generally exceed those in T at 

corresponding values w. This is due to the law (56a) derived above. We 

also note the tendency for fluctuations in I', I and T to be damped as 

each approaches zero. This is characteristic of the log- normal statistics. 
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SUMMARY 

Analogies between statistical and deterministic image formation 

We have attempted to formulate a method for determining the statistical 

variation in the image due to randomness in object, optics and detector. 

In effect, this may be accomplished by replacing the fundamental laws of 

deterministic image formation by statistical laws through the replacements 

A W(kn A) and a -÷ p(kn A); A = I, T, 0, or N; a = i, s, o, or n. (58) 

Functions p and W are, respectively, the probability density and its Fourier 

transform, the latter termed the "statistical characteristic function." 

In this manner, statistical convolution theorems (9) and (13), and transfer 

theorem (17), may be established. Also, a transfer function for the optics 

W(kn T;y) and one for the detection W(kn N;y) are defined by Eq. (16a). 

These statistical transfer functions may be "cascaded," as shown by Eqs. (21). 

There are additional analogies which are not direct results of replace- 

ments (58). Sampling theorems (24) are obeyed. Pupil function representa- 

tions (40), (48), (50) and (54) exist for transfer functions W(kn T;y) and 

W(T;y). It is shown in Eq. (37) that the statistical transfer theorem ap- 

proaches the ordinary transfer theorem of deterministic image formation as 

the statistics for object, optics and noise approach determinacy. Finally, 

we note analogies (19) which arise when i and cpI are statistically indepen- 

dent. 

Application to determination of image moments 

Eqs. (29) and (30) show how moments of the image are related to those 

of the object, optics and noise. In Eqs. (33) it is seen that moments of 

the optical transfer function and of the noise transfer function may each 
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be cascaded. If the ergodic principle is obeyed, we also have Eqs. (32) 

and (34) for second moments in the space domain. Combination of Eqs. (24a) 

and (29) results in sampling theorems for phase moments 
(q)I 

m), (cp m), a I 
and (c1) Nm\ 

Utility of characteristic functions 

It has been seen that the W- functions tend to contribute in "chain link" 

products toward a net W- function [Eqs. (17), (20), (21), (40), (48) and (54)]. 

This is very useful when calculations are to be made. Also, the phenomenon 

is then easily interpreted as one of joint contribution from statistically 

independent sources, the net statistics being equally influenced by each 

statistical source. For example, in Eq. (17) we see that the statistics of 

I are formed in a like manner from each of T, 0 and N. Thus, if I is to be 

deterministic, each of T, 0 and N must be deterministic. Interpretation is 

quite simple because of the statistical independence. 

From quite a different vantage point, it has been noted24 that functions 

W seem generally to relate more, directly to physical situations than the prob- 

ability densities themselves. 

Optical characteristic function W(Qn T) might be useful as a quality 

criterion of optical performance, as discussed in the preceding main section. 

Statistical noise fundamental to the theory 

In contrast with the formalism of deterministic image theory, the 

statistical theory is seen to naturally allow for the statistics of detection 

noise, provided it is "multiplicative." In fact, the measure of the noise, 

W(in N), enters into the theory in identical fashion with the other charac- 

teristics of the problem. This makes the theory applicable to the wide range 

of practical problems where noise makes a significant contribution to the 

detected image. When there is no noise,W(2n N) takes on the value unity. 
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Since the deterministic theory is but a special case of the statistical 

theory, i.e., where all W- functions are of the form exp(jy constant), the 

statistical formalism may be regarded as a generalized method of image 

evaluation. 
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