
How Well Can A Lens System Transmit Information?

Item Type Technical Report

Authors Frieden, B. Roy

Publisher Optical Sciences Center, University of Arizona (Tucson, Arizona)

Rights Copyright © Arizona Board of Regents

Download date 24/05/2023 21:12:33

Link to Item http://hdl.handle.net/10150/621617

http://hdl.handle.net/10150/621617


/N/// ////// / / ///// III/////////////////////////////////////////// I///////////////////////////////////////////// I/////////////////////////////////////////// //////////////////// /I//// // 

O P T I C A SC1 é"NC 

THE UNIVERSITY OF ARIZONA 
TUCSON, ARIZONA 

TECHNICAL REPORT NO, 24 

HOW WELL CAN A LENS SYSTEM TRANSMIT INFORMATION? 

B, ROY FRIEDEN 

March 15, 1968 





ABSTRACT 

A lens system may be judged by its ability to relay information from 

object to image. A pertinent criterion of optical quality is h, the change 

in entropy between corresponding sampling points in the object and image 

planes. Since h is a unique function of the optical pupil, for a given 

bandpass 20 of the object, through the proper choice of a pupil function it 

is possible to maximize h at a given Q. Physically, the optimum pupil func- 

tion is an absorption coating applied to a diffraction - limited lens system. 

A numerical procedure is established for determining, with arbitrary accu- 

racy, the optimum absorption coating, the resulting transfer function, and 

the maximum h, all at a given 0. These quantities are determined, both for 

the one -dimensional pupil and the circular pupil, in the approximation that 

the optimum pupil function may be represented as a Fourier - ( Bessel) series 

of five terms. The computed values of 
hmax, 

at a sequence of 52 values, are 

estimated to be correct to 0.2% for the 1 -D pupil, and to 0.5% for the 

circular pupil. The optimum pupil functions are apodizers at small S2 and 

superresolvers at large 0. Finally, we use the computed curve of hmax to 

relate the concept of "information transfer" to that of "classical resolving 

power ": we show that a binary object (as defined) cannot radiate infor- 

mation to the image when the spacing between object sampling points is less 

than 0.87 times the Rayleigh resolution length. 
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BACKGROUND 

In 1947, Duffieuxl discovered that a lens system is basically a low- 

pass, linear filter. Since then, the phenomenon of optical image formation 

has become increasingly viewed as a special case of linear systems analysis.2 

For example, such optical concepts as the system point response, transfer 

function, and convolution theorem2 derive from linear systems analysis. 

Another such concept is "information," which was originally defined by 

Shannon3 and has since been applied to the image - forming phenomenon.4 In 

the absence of noise, as we shall assume, the amount of information in the 

message "event B has occurred" is measured by the "entropy" H, defined as 

H = - log(probability of occurrence of B) (1) 

If the logarithm is of base 2, H is given the unit of "bit." 

The total information transfer AH between object and image is defined 

as the sum of the incremental differences h in information content between 

H- values at corresponding sampling points in the object and image planes. 

It is a remarkable fact that all these increments h are equal, for any given 

object and lens. Furthermore, h is a unique function of the object bandpass 

20 and the contrast transfer functions T(w). (These properties of h are 

developed below.) Hence, h does not depend upon the object distribution, 

except through its cutoff frequency Q. The total information transfer 

between object and image is therefore completely specified by one number, 

h(0), which is a property of the optics alone. 

Using definition (1), with B now an intensity level at any sampling 

point in the image, we see that h determines the total possible number of 

distinguishable images. Hence, h is a measure of the system's ability to 
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distinguish nearly identical objects. Intuitively, this information transfer 

must then correlate with the resolution capabilities of the system. This 

will be shown to be the case. 

For the preceding reasons, the h(Q) variation for an optical system 

is a valid figure of merit for the optical performance. This paper estab- 

lishes a numerical method of finding the optical system (as specified by its 

pupil function) that maximizes h for a specified frequency bandwidth 2Q of 

the object. The best 5 -term pupil function is calculated for a subdivision 

of Q values. The resulting curve of maximum h against Q may be used as a 

standard for evaluating the performance of given lens systems. Also, the 

curve is shown to determine the maximum possible density of binary informa- 

tion (as defined) which is attainable in the object such that information 

reaches the image. Both one -dimensional and circular pupils are treated, 

and in that order. 

In the Appendix, we use the calculus of variations to arrive at a formal 

solution to the problem, in the form of an integral equation connecting the 

optimum pupil function with the optimum transfer function. Although this 

integral equation is not used to generate a solution, we use it to check the 

approximate solutions due to the numerical scheme mentioned above. 
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ONE DIMENSIONAL CASE 

The fundamental relation between information transfer and contrast transfer 

We apply the linear systems approach of Goldman6 to the optical case. 

Specifically, we seek the optical analog to his result7 for the transfer of 

information per degree of freedom (sampling point) due to a linear process. 

Hence, the number of independent degrees of freedom in the optical object 

must first be established. 

Degrees of freedom in optical object- -The optical signal is the object, 

o(x), where x is a coordinate of length. The spectrum 0(w) is defined as 

0(w) = (2Tr) 
z 

I dxo(x)e-jwx , j = (-1) z 

_w 

(2a) 

where w is a spatial frequency. We restrict consideration to objects having 

a finite spatial extent 2X, i.e. 

o(x) = 0 for Ix' > X (2b) 

Substitution of (2b) into (2a) leads to the desired result, 

CO 

0(w) = X 0 (nTr/X) sinc (Xw - nTr) 

n=-0. (2c) 

where sinc = sin (O/) 

for general cp. This shows that 0(w) is determined by 0 at the finite 

spacing Tr /X of frequencies nnr /X. Values nTr /X locate the independent degrees 

of freedom in the object frequency space. Within an object bandwidth of 20 

(i.e., all -S2 < w < c) there are then 
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27 152X degrees of freedom . 

The information transfer --Using (3) in Goldman's result,7 we find 

2Tr 1S2X 

AH(Q) =1 log I T(nTr/X - 52) I 2 

n=0 

'3) 

(4a) 

( 
object bandwidth if Q < 

o' 
or 

S2 = j (4b) 

largest multiple of Tr /X < Qo if Q > 00 

Quantity AH(0) is defined as the total entropy change, from object to image, 

over all frequencies nTr /X for which the image conveys non -zero information. 

Also, 520 is the optical cutoff frequency, i.e. 

T(w) = 0 for all Iwl > St 

0 
(5) 

The reason for the bottom constraint in (4b) now becomes clear. Since2 

image I(w) = T(w)0(w), by Eq. (5) I(w) = 0 for all Iwl > 520. Hence, for all 

frequencies n7r /X > Sto, I(nn /X) = 0 with probability unity. Therefore, by 

definition (1) frequencies nTr /X > Q0 convey zero information, and by the 

above definition of AH such frequencies must be excluded from (4a). 

Realistically assuming that the number of degrees of freedom 

27r 1QX » 1 , (6) 

summation (4a) may be replaced by the integral 
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St 

OH(S2) = Tr 

J 
1X log I T (w) 12dw 

-Q 

(7) 

with negligible error. The change in information per degree of freedom, 

h(c2), may then be obtained by dividing Eq. (7) by quantity (3): 

Sz 

h(Q) =(2S2) 1 I log I T (w) 12dw 

-Q 

(8) 

This is the quantity which we maximize below. Because T(w) = T(w/S2o), 

Eq. (8) shows that h = h(S2 /520). The notation h(0) will be frequently used, 

however, for brevity. 

It is important to note that, no matter how large the object bandwidth 

may be, Eq. (8) remains finite. This is due to the bottom constraint in (4b). 

Properties of the information transfer function 

We notice some important properties of h(S2) in Eq. (8). First, because 

it depends on the modulus of T(w), h is insensitive to spatial phase displace- 

ments over the image. Thus, information is not lost due to, e.g., strong 

spurious resolution. Of course, as far as the unaided human observer is 

concerned, the information is (in this case) hopelessly scrambled. However, 

Eq. (8) states that it is all there, and can be extracted provided the infor- 

mation is processed in the proper way. 

Next, we note that because ITI < 1, 

h < 0 (9) 

Therefore, information can only be lost in traversal through the optics. 

Or, pictorial information can only proceed from a state of "disorder" in the 

object, to one of "order" (i.e., gray blur) in the image. Our maximuzed h(Q) 

must therefore be negative, and closer to zero than any other h(52). 
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Information loss h is observed in (8) to be independent of the object 

structure. All dependence is solely upon the contrast transfer function 

T(w). Function h(Q) is therefore characteristic of the lens system alone; 

hence a continuous plot of h(Q) determines the system's ability to transmit 

the information in any object. This is the pertinent quality criterion if 

information relay is of prime importance. If h(2) is used as a quality 

criterion, it is important to know the curve of maximum h(Q), and this we 

shall establish. 

Finally, we note that h(Q) is not generally maximized by the use of 

diffraction -limited, uncoated optics. For example, when is small, there 

are an infinite number of pupils, known as "apodizers, "8 for which IT(w)1 

exceeds the diffraction -limited IT(w)1 at all IwI <_ O. Eq. (8) shows that 

h for these apodizers exceeds the diffraction - limited h. 

Fundamental properties of the best pupil 

We show that the best pupil is both real and even. This greatly simpli- 

fies its calculation. 

Let U(ß) represent a general pupil function, where ß is the "reduced" 

pupil coordinate 271-X lt, A is the wavelength of light and t is the coordinate 

of length in the pupil. Let the optimum pupil function, contrast transfer 

function, and information transfer function be denoted as U , T and 
max max 

hmax, 
respectively, for a given ratio Q /Qo. We sometimes use the notation 

U 
max 

(ß;c /° ), T (w;c /c2o ) and h 
max 

(0 /c 
o 

) to emphasize that these quantities 
o max 

depend upon Q through the ratio Q /Qo. 

We have already concluded that for Q /Qo small, Umax corresponds to an 

apodizing pupil. We next consider the opposite case, that of Q close to 00. 

As 0 approaches Qo, the largest values of w in integral (8) also approach 

Now T(w) -- 0 as w Qo. Therefore log IT(w)I2 is negative and very large 
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in magnitude for these values of w. Hence, for Q close to Sto the over- 

whelming contribution to h derives from values of T(w) at large w. In 

order to maximize h toward zero, the best pupil will therefore emphasize 

T(w) at large w, and this must result in small values for T(w) at small w. 

This is the known property of a "superresolver. "9 

Having deduced the qualitative trend in Tmax and Umax as Q 0 and as 

S2 -; Sto, we next consider general S2 and show that hmax results from a purely 

real pupil. This result greatly simplifies the ensuing calculation of 

hmax(Q/Qo). 

The best pupil is real -- Proof -- Transfer function T(w) is related to the 

general pupil function U(ß) by2 

ßo 

T(w) = 
1 

dßU(ß)U*(ß - 

w-ß 
o 

o 

dßU(ß)U*(ß) 

where * denotes the complex conjugate 

Now U(ß), being a general complex number, may be expressed as 

where 

U(ß) = Ure(ß)ej$(ß) 

Ure (ß) 
= 

IU(ß) 

(10) 

(llb) 

and 4)(0) is the phase. Substituting (lla) into (10), and multiplying (10) 

by its complex conjugate, leads to 

T(w) I2 
= dßUre(ß)Ure(ß - 

w)ej4)0,w 

r 

ß 
o 

2 

dßCUre(0)]2 (12a) 

\-ßo 
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l(ß,w) = gß) - co(ß - w) . (12b) 

Now Schwarz's inequality is 

I dßf (ß) g* (ß) dß 

a 

for any functions f,g. We let 

b 
2 

5 
1 

d ß l f( ß) 
I 2 

a a 

f(ß) = Dre(ß)Ure(ß - 2, 

g*(ß) = f(ß)ejw,w) 

and substitute into (12a). Then by (13), 

d81g(8)12 (13) 

(o 
ßo \\2 

I 
T (w) 1 2 ` E J dßUre (ß) Ure (ß 

- w) 12 dßCUre (ß) 72 1 (15) 

w-ßo -ßo 

The right -hand side may be recognized as the square of TTe(w), the transfer 

function due to pupil Ure(8). We have therefore shown that 

ITN) 1 

2 
S ETre (w) 12 

(16) 

or that at every w the 11.(w)I due to a generally complex pupil U(ß) is 

exceeded by the IT(w)I resulting from the real pupil lU(ß)I. Since a 

real pupil maximizes IT(w)1 at all w, it likewise maximizes the integral 

(8) for h(). 
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Since Umax is real, Umax represents an absorption coating in the pupil 

of a diffraction - limited lens system. 

The best pupil is even --This will be established a posteriori, i.e., 

after the solutions Umax, 
Tmax 

are known. In the Appendix we derive an 

integral equation which must be satisfied by the optimum pupil. We substitute 

into this equation the independently computed solutions U 
max 

, T 
max 

which are 

based on the assumption that 

Umax(-ß) - Umax(ß) (17) 

It is shown that the integral equation is well satisfied by the even 

solutions. 

It is a fortunate coincidence that the even pupil has other desir- 

able attributes.10 As compared to a general, real pupil U(8), the even 

pupil [U(8) + U( -ß)] produces (a) a larger Strehl intensity ratio, and 

(b) a narrower central core in the point spread function, with (c) smaller 

secondary maxima. 

Because Umax is both real and even, Tmax is both real and even in 

w. Hence, the problem has been simplified to finding the U(ß) that 

results in a T(W) which maximizes 

h(Q) = 2Q-1 I logT (w) dw 

0 

(18) 

Method of solution 

The calculus of variations is often the first method tried in an 

extremum problem such as ours, since it frequently leads to an analytic 

11 
solution. In our case, however, it leads to integral equation (j), of 
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the Appendix, which involves both T(w) and U(ß) as unknown functions. 

We could not enforce numerical solutions in Eq. (j) because the relation 

between T(w) and U(ß), Eq. (10), only tends to further complicate (j). 

Consequently, (j) was used only as a check on solutions which were found 

in the following way.12 

We expand U(ß) as a Fourier cosine series with unknown coefficients am 

(M+1) 
M 

U(ß) E U (ß) =/ am cos mTrß/ßo 

m=0 

where ßo is the pupil half- width. The am that simultaneously satisfy 

(19) 

ah/aam = 0, m = 0,1,..., M (20) 

determine 
Umaxl)(ß), 

the (M + 1) -term approximation to 
Umax(e). 

We denote the maximized h due to (20) as 
h(M+fl, 

the corresponding 
max 

(M +1) 
T(w) as Tmax (w). Although constraints (20) guarantee that h is an 

extreme value, and not necessarily a maximum, comparison of 
hmaxl) 

with the 

uncoated, diffraction - limited value ho establishes that h is indeed maximized 

by the procedure. This is shown below. 

Egs.(19) and (20) imply that h( -) = h , which might be termed the 
max max 

"absolute maximum." Therefore, for M finite, 
h(M+1) 

< 
hmax. 

However, we 
max 

find below that h(5) _ h to better than 0.2 %. 
max max 

Substitution of Eq. (19) into Eq. (10) results in 

T (w) E T 
(M+1) 

(w) = N(w)/N(0) 

where 

(21a) 



N(w) = azamfQm(w) (21b) 

and the 

R,,m 

ßo 

f2,m(w) = 

J 

dß cos (m78/80)cos [Z7(8- (0)/ßo] (22) 

w-ßo 

The integral in (22) may be evaluated in closed form. All summations vary 

from 0 to M independently. Substitution of Eqs. (21), (22) into (18) then 

leads to an expression for h(ao, al,..., aM). In order to find the am that 

enforce conditions (20) we use the following technique. Replace the M + 1 

conditions (20) by the "merit function" 

M 
W(ao, a1,..., am) 

E 
G (ah/3am)2 = 0 . 

m=0 
(23) 

If W = 0,constraints (20) must be satisfied. We reduce W to zero by a 

recursive technique based on Newton's method.13 Let superscript (k) for 

a quantity represent its value during iteration k. Newton's method con- 

sists of assuming W(k) to be so close to zero that infinitesimally small 

changes Aa(k 
+1) 

in a 
(k) 

can make W(k 
+1) 

O. That is, that 

where 

W(k+1) - W(k) _ -W(k) _ 
F (aW/am)(k)Aamk+1) 

m=0 

a(k+1) = a(k) + Aa(k+1) 
m m m 

(24a) 

(24b) 

At each iteration k, Eq. (24a) represents one linear equation in M unknowns 

(k 
+1) 

Aa 
m 

It therefore has an infinite number of solutions. We remove this 

ambiguity and, at the same time, strengthen the validity of the approximate 
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equality in Eq. (24a). This is accomplished by demanding the 
Aamk +1) to be 

minimally small. Hence, let the 
Da(k ±1) satisfying (24a) also obey 

M (k +l) ] 2 
m 

= minimum 
m =0 
1 [Aa (24c) 

Fortunately, the unique solution to Eqs. (24) is known, and has the very 

simple form 

(k) (k) 
Aa(k+l) 

m M (a.m 

/ [ (aW/aan) 
(k) ]2 

n=0 

(25) 

Solution (25) is established by use of Lagrange's method of undetermined 

multipliers.14 All quantities on the right -hand side of (25) may be related 

to the a(k), by use of Eqs. (18), (22) and (23). 

For calculation of the right -hand side of (25), the following formulae 

were programmed on an IBM 7072 computer. The superscript (k) is dropped 

because the formulae all apply to the kth iteration. 

M 
W = 1 (ah/aam)2 , 

m=0 

where 

(26a) 

N M 

ah/aam = 4S2 1 X [Hi/N(wi)] anfmn(wi) - 4ßoEmam/S2N(0) ; (26b) 

i=l n=0 

and 

M 
aW/aam = 2 (ah/aan)(a2h/aanaam) , 

n=0 

where 

(26c) 
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2h N H. 
1 C 

aanaam 
= 4S2 

' 

iLl 

Nwl) [fnm(wi) - 

2 

N(w.) ajfjm(wi) akfkn(wi) 
j=0 k=0 

-4N(0) lßoenanm + 
8N(0)-28 o2enemanam . 

In the above, the notation 

eo = 2, em = 1 for m = 1, 2, . 

dnm = 0 for n m, dnm = 1 for n = m 

(26d) 

(26e) 

N 
Q 

is used. Also, the X Hi is the Gauss- quadrature15 approximation to dw. 

i =1 

The H. wi are the weights and abscissae for the N -point Gauss quadrature 

over interval 0 < w < Q. 

In order to evaluate h(M 
+1)(0) 

at each iteration k, the Gauss -quadrature 

formula 

(M+1 
1 

N 
h ) (52) = 2S2 X Hi log T (M+1) (wl) 

1=1 

(27) 

was used. This relation derives from Eq. (18). 

Starting the calculation with an arbitrarily chosen set of am (e.g., 

ao = 1, a. = 0, j = 1, 2,..., M), Eqs. (22), (25),(26) and (27) were 

recursively evaluated until h(M 
+1) 

changed by less than 0.001% from one 

iteration to the next. 
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Computer output 

Once a solution am, m = 0,..., M, was found for a given ratio c /s2 

the following quantities were printed out: 
hmaxl), 

the am, normalized 

coefficients am proportional to the am and such that the largest value 

of 
U(M +1) 

is unity, the normalized pupil function U(M 
+1)(ß)i T(M +1)(w), 

max max max 

the Strehl2 intensity ratio. S, and the total energy relative to the energy 

through the uncoated aperture, E. The last two quantities were computed 

by the formulae 

S a2 
0 

M 

E = a'2 + 2-1 1 a'2 . 

o m=1 
m 

(28a) 

(28b) 

These formulae derive from use of series (19) in the Fraunhofer approxi- 

mation2 formula for the point amplitude distribution. The simplicity in 

the form of Eqs. (28) is due to the orthogonality of the cosine functions 

in Eq. (19). 

Numerical results 

The case M = 4, i.e., a 5 -term pupil coating, is of interest because 

the computed values 
h(5)(ß /Oo) 

are less than 
hmax(Q /Q o) 

by no more than 0.2 %, 
max 

for 0.1 s 0 /Q0 5 0.9. This was established by comparison among h(5), h(lo) 

and h(15) for test values of 0 /Qo in the indicated range. Hence, in most 

practical cases, the solutions U(5)(ß), T(5)(w), h(5) will suffice. 
max max max 

In Fig. 1 we show five pairs of curves, the U(5)(8) and T(5)(w) 
max max 

for relative bandpass values of 0 /Q0 = 0.2, 0.4, 0.6, 0.8 and 0.98. For 

comparison, the corresponding curves Uo(ß) = 1, To(w) due to uncoated, 

diffraction limited optics, are also shown, where2 
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1 - 1w1/00, Iwl < QO 

0, lwl > no 

We note that for small 0 /S2 , T(5)(w) is emphasized at low w, behavior 
o max 

(29) 

typical of an apodizer,8 while for large 0/Q0, , )(w) is emphasized at 
max 

high w, which is typical of a superresolver.9 

Every curve Umax(ß) in Fig. 1 should appear to have zero slope both 

at the origin and at the pupil edge. The Fourier series representation 

(19) for 
Umax1)(ß) 

has this property independent of the am. 

NORMALIZED PUPIL COORDINATE 
I.0 0 1.0 0 1.0 

' 0.2 

Q/Ro 

0.4 0.6 0.8 0.98 - 

.S/Z 
441 

S ; o 

.1 f4-41 \ 

\\ 

\ 

. 

4 

: 

. . 
0 .2 1.0 .4 1.0 .6 1.0 .8 1.0 

NORMALIZED FREQUENCY 

1.0 

o 
1.0 

0 
.98 

Fig. 1. One -d- .mens- .ana.e case. Optimum 5 -tetm pup it ¡unction 
Umax (ß) (top 

now) , and nedutting optica.e mana bet ¡unctions TOO (bottom now, said) 

ban a subdíviz Lan ob bandpass vagues st /s10. Campatdz on ab Tg(w) with 

ttansbeJL ¡unction To (w) (dashed curves) due to uncoated, dibbnac Lon -t mated 

optics, shows that Low vaLaes ob st /00 emphasize the tow- bnequency band ob 

T (5) (w) 
; high values emphasize the high- bnequency band. These ate the 

max 
known ptopet :Les ob apodizeAs and 4upettesa.evets, tespeatí,ve.ey. 
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Table 1 lists the coefficients am for a subdivision of values 

0 /Ç10 = O.lp, p = 1,2,...,9. These determine the normalized pupil func- 

tions U(5)0;Q/Q0) through Eq. (19). It appears that the subdivision of 

S2 /St0 values is fine enough to allow approximate determination of the am 

for any /Q in the continuum between values 0.1 and 0.5. 

Table 1. Fourier coefficients for determination of the optimum five -term 
pupil coating at given c /SZ, 

S2/S2o ao al a2 a3 a4 

0.1 0.676028 0.386682 -0.078226 0.032734 -0.016217 

0.2 0.712258 0.338922 -0.064711 0.022647 -0.009115 

0.3 0.748043 0.297808 -0.046348 0.010488 -0.009990 

0.4 0.774973 0.244634 -0.022603 0.014912 -0.011917 

0.5 0.792682 0.184117 -0.001445 0.025059 -0.000412 

0.6 0.890320 0.130003 -0.021582 0.001442 -0.014290 

0.7 0.931532 0.039009 -0.063136 -0.004379 0.000151 

0.8 0.906596 -0.067098 -0.049395 0.033155 -0.003577 

0.9 0.842173 -0.153790 0.027137 0.008971 -0.018282 

Fig. 2 plots the computed 
hmax(c /co) 

and compares this with the 

curve ho(0 /Q0) due to diffraction -limited, uncoated optics. The latter is 

obtained by substitution of Eq. (29) into Eq. (18) for h. An integration 

produces the result 

ho(w') = -2w'-1(1 -w') log(1 -w') - 2w', (30a) 
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(30b) 

We see that for 0 < SZ /Sto < 0.5 there is considerable relative gain in 

relayed information due to the optimum coatings; in fact, for 0 < S2/sto 

< 0.2 this gain is at least 100%. 

3.0 
w 
0- _ 

2.5 
w 

E ó 2.0 
(n 0 

w 
oJ wit 1.5 w 
ao ó 1.0 

zw0.5 wo 
o 

0 .1 .2 .3 .4 .5 .6 .7 .8 .9 

RELATIVE BANDPASS,SZ /SZ0 

1.0 

Fig. 2. In avUSweJc to the question poded by the fi.c.tee, we show the cunve 

ab minimum inbonmatí,on toss pen degnee o6 pteedom, -hmax(0/00) 
' 

Thib c.a campaned with -ho (st/sto) ,inganmatí.on .bo.s.s pen degnee a6 

Pneedom due to uncoated, di6 bnactí.an-tcm.í,ted o pt,í.cs . Fotc sa/sto in the 

nange 0.1 thnaugh 0. 9, h(5) 
max 

= h 
max 

the absa.eu,te optimum va.eue, to 

betten than 0.2% accutca.cy. The advantage in inpnmafi.í.on ne2a.y o6 hmax 

overt ho is been to be mainty 6on sZ/Sto < 0.5. 

A real coating, such as Umax, will decrease both the total radiant 

energy passing through the pupil, and the maximum of intensity in the 
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point spread function, from the respective values for U 
0 

. The parameters 

E and S are plotted against SZ /SZo in Fig. 3. These two curves indicate 

that coatings U(ma) generally allow more than 50% of the incident light 

energy to reach the image space; and, for SZ /SZo > 0.2, a Strehl intensity 

_ratio better than 50 %. Generally speaking, these figures do not indicate 

a serious light loss. 

1.0 
.9 

.8 

.7 

.6 

.5 

.4 

.3 

.2 

.1 

0 
0 .1 .2 .3 .4 .5 .6 .7 .8 .9 1.0 

REL.BANDPASS,SZ /SZo 

Fig. 3. Totat ne.ea,tí.ve enengy E and Stir.eht intensity natia S neau,Et.ï.ng 

6nam Lae os caatí.ng4 
U1ax03) 

at 0.1 s Woo s 0.9. Patametenó E and S 

ate abaenved to be dma.P.Eeat 6on woo , 0.5, whene the advantage o.6 
hmax 

aven ho .ús the gneatedt (aee Fig. 2). The cutwea a6 E and S indicate a 

modetate.2y 4maft ta.e.a ob tight owing to the optimum coat%ng.a. 
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TWO- DIMENSIONAL CASE 

To keep notation to a minimum, we use the same symbol for a 2 -D 

quantity as for the corresponding 1 -D quantity. The argument of a 

quantity is made 2 -D, where required, by use of subscripts 1 and 2. 

For example, 0(w) - 0(wl, w2). 

Those derivations which are analogous to 1 -D derivations are 

abbreviated. 

Loss of information from object to image 

For a general object o(xl, x2) confined to a rectangular area 

Ix1I < X1, Ix 2I < X2 the degrees of freedom in object frequency space 

(wl, w2) are located at value? w1 mr = r /X1, w2 = nIT /X2. Then within the 

rectangular passband Iw11 < Q1 lw2I < Q2 there are 

47-2Q 
1 X102X2 

degrees of freedom E P . (31) 

The 2 -D analog to Eq. (4a) results. There is a total information relay of 

P P 

AH (521, Q2) _ 1 log keg - 521, X -Q I 2 

m=0 n=0 Al 2 

(32) 

from object to image, where (01, Q2) are constrained as in Eq. (4b). 

Assuming 27 
1Q1X1 

and 27r 
1Q2X2 

to be sufficiently large numbers, Eq. (32) 

may be approximated by the integral 

1 Q2 

AH(Q1 2) = Tr 2X1X2 
J 

I log IT(w1, w2)I2 dwldw2 . 

-Q1 -Q 2 

Combining Eq. (33) with (31), the change in information per degree of 

freedom, h(Q1,02) obeys 

(33) 
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Q 
1 

Q 
2 

h(521,522) =(4Q1 Q2)-1 
I 

( 

J 
log 1T(w1,w2) 12 dwldw2 . (34) 

-521 -522 

This is independent of the object structure. The comments following Eq. 

(8) apply equally well to Eq. (34). 

We next consider general properties of the pupil function U(81, 
82) 

which maximizes h(01, 
02). 

Fundamental properties of best 2 -D pupil 

The best pupil is real- -The connection between h and U is through Eq. 

(29) and2 

CO 

T(wl,w2) = 
J 

I U(ß1,ß2)1j*(ß1 - wl,132 w2)dß1dß2 
_co 

AlflU(ßl,ß2)2 dß1dß2 (35) 

The infinite limits are required because we have not yet decided what shape 

the optimum pupil is to be. By use of the 2 -D representation of the Schwarz 

inequality, as in steps (11)- (16),we establish that 

T ,w2)I2 ` CTTe(w1,w2)j2. (36) 

In (36), TTe results from the real pupil function Ure = lUi, while T results 

from U. Since (36) holds true at all (wl,w2), h in Eq. (29) is maximized by 

a real pupil function. 

The statistically best pupil has radial symmetry- -The statistical average 

over all possible objects is an omnidirectional distribution: there is no 

preferred direction of resolution or contrast. Therefore, the average bandpass 

region is circular. Let this have radius 52, so that in Eq. (34), 

SZ = 
2 

= 52 (37) 
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Substitution of (37) into (34) results in h(c 1,Q2) - h(c) . Since 

there is therefore no constraint on h 
max 

or on T 
max 

which favors a 

particular direction in (wl,w2)- space, necessarily 

where 

Tmax(wl'w2) Tmax(w) 

w = (wi + w2) 2 

(38a) 

(38b) 

This is also the best choice from a practical standpoint. That is, for 

a random assortment of objects the best average resemblance between image 

and object occurs when resolution is the same in all directions. 

Substitution of constraints (37) and (38) into Eq. (34) leads to the 

simplification 

or 

where 

S(2 

h(Q) _ 1rSt-2 J w log T (w) dw 

0 

(39) 

Because of Eqs. (38), the pupil 
Umax(8l'82) 

must be radially symmetric, 

Umax(8 l'8 2) Umax(p) 

P = (ßi+ß2) 2 

(40a) 

(40b) 

In all practical cases a pupil is of finite extent. Hence the maximum 

extent of Umax is described by a reduced radius, po. 
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Method of solution 

We represent U(p) as a Fourier -Bessel series 

(M+ 1 
M 

U(p) = U ) (P) = bmJo(umP) 
m=0 

where the 
um 

are defined by 

J1(pmpo) = 0, m = 1,2,..., M 

po = 0 . 

and 

(41a) 

(41b) 

(41c) 

Series (41a) is sometimes known as Dini's expansion.16 

We seek the bm that satisfy 

ah/ebm = 0, m = 0,1,2,..., M , (42) 

thereby making h an extremum. The resulting U(M 
+1)(p) 

is called 

Umaxl) (p) , 
where 

lim 
u 
(M+1) = 

U 
M max max 

(43) 

Representation (41) for U(M 
+1)(p) 

is the circular analogy to representation 

(19) for U(M 
+1)(ß) 

Thus, Umaxl)(p) has the property 

aU(M+1) (0)/ap = 
(M+1) 

(P0)/DP = 0 (44) 



-23- 

The contrast transfer function corresponding to 
Umaxl)(p) 

is denoted 

as T(M 
+ 

ax 

1)(w) 
the information transfer as h(M 

+1)max 

m 

As in the 1 -D development, we must relate T(M 
+l)(w) 

to the bm and 

then substitute into Eq. (39), so as to enable extremal conditions (42) 

to be enforced. Unfortunately, the link between T(M 
+1)(w) 

and 
U(M +1)(0, 

Eq. (35), is now a 2 -D integral, and this is a time - consuming evaluation, 

especially when performed repeatedly in a recursive evaluation. We chose 

the following alternative route. 

The point amplitude u at radial coordinate r in image space is given 

b 2 Y 

p( o 

u(r) = I 
dp pJo (pr) U (p ) 

0 

(45) 

in the case of rotational symmetry. By substituting (41a) into (45) we 

have the analytic expression 

where 

r 
# = bmf(r,um) 

m m=0 

(46a) 

(46b) 

f(r,um) = Po(um - r2)-1 CumJo(Por)J1(Poum) - rJo(Poum)J1(Por)]. 

It is known that T(w) is related to u(r) through the sampling expression17 

u(x )2 

()_ X p 
T w 

J1(2poX p) 
2 Jo (Xpw 

where the Ap are defined by 

u(ap)2 

p=1 J1(2poap)2 
(47a) 
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Jo(2poap) = 0, p = 1,2,... (47b) 

Hence, we evaluate T(M 
+1)(w) 

by calculation of the u(a) in Eq. (46a), 

with substitution into (47a). The only approximation derives from 

truncation of the two series in (47a), which we enforced beyond 20 terms. 

This error is insignificant. 

Solution for the bm satisfying (42) is by the "merit function" 

approach described in the 1 -D calculation. Formulae equivalent to Eqs. 

(24) -(27) were programmed for calculation on an IBM 7072 computer. In 

the interest of brevity, these will not be further described. 

Computer output 

Once a solution bm, m = 0,1, ... ,M is found for a given ratio St /Sto, 

the following quantities are printed out: 
hma+xl), 

the final bm, normal- 

ized bm(Ebm) such that the largest value of 
Umaxl) 

is unity, the normal- 

(M 
pupil function U 

ma 
ax1)x (p), max 

ax1)(w), 
Strehl intensity ratio S, and 

the total energy relative to the energy through the uncoated aperture, E. 

The last two quantities are computed by the formulae 

and 

M 

S = bo + 2 X bmJl(um)/um ]2 
m=1 

M 

E = X CbmJo(um)12. 
m=0 

(48a) 

(48b) 

These are easily derived from pupil representation (41). In Eqs. (48) 

The particular value po = 1 is implicit. (This value was used throughout 

the calculation.) 
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Numerical results 

We show results for the case M = 4, which represents a 5 -term pupil 

coating. The acquired values of -h() (c /co) are believed to exceed 

-hmax (Q /2o) 
by no more than 0.5% for 0.1 < 52/520 < 0.9. 

In Fig. 4 we show the results U0((p ;c /Q0) and 
Tmax(w,52 

/520) for 

values of Q /S20 = 0.2, 0.4, 0.6, 0.8 and 0.99. For comparison, the corre- 

sponding curves U0(p) and T0(w) due to uncoated, diffraction - limited optics 

are also shown, where2 

0 

27-1[cos-1 (w') - w' (1 - W12)1/21, Iw' I < 1 

To (w) = 

0, Iw11 > 1 (w' = w/00) 

NORMALIZED PUPIL RADIUS 
1.o 0 1.0 0 

(49) 

I.0 
. . , . , . . 1 . . , . . 

' 0.2 0.4 0.6 0.8 0.9 9 
P/Po 

. 

\ . 

/Z \ \ \\ \ \ 
\ \ 

. 
w/t o 

- 
' 

\ 
. . . 

i 
, . . . 

N 

' 
0 .2 1.0 .4 1.0 .6 1.0 .8 1.0 

NORMALIZED FREQUENCY 

I.0 

o 
I.0 

0 
.99 

Fig. 4. Two-ddmen3ionae case. Optimum 5-tetm pup.í.P. 4unc,tí.on4 Umax 
(p ) ' 

(top tow) , and neóu.P.ti.ng opt;í.cat ttanget bunc#.i.ons 
Tmax (w) 

( bottom tow, 

do.P.i.d) 4on a subdivision o4 bandpas.a va.eues 0/20. Compat.i,óon o.6 
Tmáx(w) 

with ttanabet ¡unction To (w) (dashed cutwes ) due to uncoated, di44tactí.on- 

.1c.m.i,ted optics, 4show6 that tow va.2ues o4 2/20 emphasize the tow-btequency 

band o4 Tmax(w)' high vatua emphasize the high-4nequency band. These 

ate the known pnopehti.e3 04 apodizelus and bupettesotvetus, neapeatí.vety. 
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The behavior of the curves of Fig. 4 is analogous to that of those in Fig. 1, 

the one -dimensional result. 

Table 2 lists the coefficients bm for the subdivision Q /Q0 = O.lp, 

p = 1,2,...,9. These determine the normalized optimal 5 -term pupil coatings 

through Eqs. (41). It appears that, by interpolation, the bm for any Q /Q0 

in the continuum between 0.1 and 0.5 may be found with fair accuracy. 

Table 2. Fourier -Bessel coefficients for determination of the optimum 
5 -term pupil coating at given R /Q0 

ç /ço b' b' b2 b3 b' 

0.1 0.502329 0.642166 -0.184746 0.086046 -0.045794 

0.2 0.534371 0.571775 -0.148746 0.057869 -0.015268 

0.3 0.583486 0.505800 -0.109870 0.020558 0.000026 

0.4 0.619810 0.421183 -0.057414 0.018104 -0.001682 

0.5 0.643823 0.310939 -0.009604 0.027549 0.027293 

0.6 0.827147 0.227032 -0.044027 -0.030385 0.020232 

0.7 0.922954 0.019256 -0.113058 -0.051821 0.074643 

0.8 0.905181 -0.235214 -0.024464 0.023404 0.060776 

0.9 0.738436 -0.382093 0.203178 -0.114802 0.082563 

Fig. 5 shows the gain in information transfer due to U(5) for a con- 
max 

tinuum of Q /00 values. Comparison is made between 
hmax(O /c0) 

and ho(Q /Q0), 

information transfer due to uncoated, diffraction - limited optics. The lat- 

ter is computed by substitution of Eq. (49) into Eq. (39), with subsequent 

10 -point Gauss quadrature. We see that the main advantage in information 

relay due to U(5) occurs for 0 < Q /20 . 0.5. 
max 
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.2 .3 .4 .5 .6 .7 .8 

RELATIVE BANDPASS, ninc, 
.9 1.0 

Fig. 5. In anawetc to the quuttion pabed by the ta,t,2e, we 4how the 

cunve o6 minimum in¡onmation tabb pen degnee 6/Leedom, -hmáx 
(0/0o) ' 

Th.t.a .cb campaned with -h0(0/00), tin6onmation tobb pen degnee o6 

¡needom due to uncoated, di4.6nact,(.on-tím.cted Fon sz/Sto in 

the nange 0.1 thnaugh 0.9, h(5) = 
max' 

, the abboeute optimum va2ue, 
max 

to betten than 0.5% accunacy. The advantage in inbanmation ne.eay o.6 

hmax 
avete ho been to be minty ¡on sZ/Sto < 0.5. 

Fig. 6 shows the variation of relative energy and Strehl intensity with 

52/520. These show a more serious loss of light than their 1 -D counterparts, 

except for the higher peaks in the region 0.7 < 0/00 5 0.8. 
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RE L.BAN DPAS S,11 /SZ_ 

Fig. 6. Totae tetea,íí.ve enetcgy E and Stirteh2 intenz-c,ty tcatí.o S tce3u.e.t.í.ng 

¡tom uze coatí.ngz U(5)max (p) at 0.1 s st/sto s 0.9. Patametefus E and S 

ate obzetved to be zma.P.eeót Sot st/sto ti 0.5, whetce the advantage oi4 

hmaxoven. ho .ís the gtcea,teat (zee Fig. 5) . The cutve. o¡ E and S indi- 
max 
cate a modetate tight tozz owing to the optimum coatingz . 
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THE CONCEPT OF "ZERO INFORMATION TRANSFER" AND ITS RELATION TO SYSTEM 

RESOLUTION 

We may use the curves of Fig. 2 or Fig. 5 to quantitatively relate 

the relatively new concept of "information transfer" to that of "resolving 

power," the latter being a traditional measure of system performance. More 

precisely, we show that the condition of zero information transfer to the 

image space occurs when the independent degrees of freedom (i.e., the 

sources of information) in the object are spaced closer than a fundamental 

length Ax which is proportional to the classical resolution limit of the 

optics. The proportionality constant varies in an inverse way with the 

amount of information available at each degree of freedom. 

Let the optics have bandpass Po. Suppose the object o(x) is bandwidth - 

limited to region Iwl < 2 (e.g., o(x) might be an image). Then o(x) obeys 

a sampling theorem, 

CO 

o(x) = X o(nw/R) sinc (2x - nir) (50a) 

n=-.0 

where points nit /a locate the independent degrees of freedom. The spacing is 

Ax = 7/0 . (50b) 

Assume o(x) is practically zero for lxi > X. Then 

0(w) = 0(nir/x) sinc (Xw - nff) . (51) 
n= _co 

Hence, object frequency space is also determined by a subdivision of 

independent degrees of freedom, 0(n7/X). 
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Now, suppose each value of o(niT/O) has only two possible values, 

and that these are equally likely - -the case of "binary transmission." 

Then, by definition (1) there is 

1 bit of information /degree of freedom (52) 

in x- space. But, the information /degree of freedom is the same in w -space 

as in x- space.18 Hence, (52) describes the information density in fre- 

quency space as well. 

We now pose the question, "What is the maximum possible object band- 

pass, specified by ratio 0 /Qo, for which the image receives some infor- 

mation ?" The curve of 
hmax(0 /0o) 

in Fig. 2 may be used to find the answer. 

Observing the abscissa for which h(ma) 
= -1 bit /degree of freedom, we have 

Q /Qo = 0.573 . (53) 

Noting the definition of 
hmax, (53) is the largest value of 0/0o allowed 

by all possible 1 -D optical systems. We now use (50b) and the well -known 

relation 

o = 2ff/af# 

(X is the wavelength of light, f# is the optical f /number) in (53) to 

find the minimum allowed spacing 
txmin 

of the object information: 

Ax . = 0.87Xf# . 

min 

(54) 

(55) 
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This is almost precisely of #, the Rayleigh resolution limit. To summarize, 

if binary object information is spaced any closer than 0.87 times the 

Rayleigh resolution limit, no information will be received in the image. 

This figure assumes the use of the optimal lens system (for information 

relay); therefore for any other lens system 
Axmin 

must exceed 0.87Áf #. 

The analysis may be carried through for any amount h of information/ 

degree of freedom in the object, a practical limitation being the finite 

extent of the curve hmax in Fig. 2. For example, the minimal ¿x for an 

h -value of 2 bits per degree of freedom is 0.57Áf #. This illustrates the 

general trend --as h increases, 
Lxmin 

decreases - -which is intuitively expected. 
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CONCLUSIONS 

Of all uncoated optical systems, the diffraction - limited system relays 

the most information. The information relay can be further increased by 

coating the diffraction - limited system in an optimal way. The resulting 

gain in transmitted information is especially large if the information is 

contained within a small bandpass region (relative to the optical cutoff 

frequency). For example, the gain exceeds 100% of the uncoated value when 

the bandpass region is less than 20% of the system cutoff frequency. 

The optimum pupil coatings may be qualitatively described as follows. 

They are real, and therefore purely of absorption type. In the 1 -D case 

they are even functions of the pupil coordinate, and in the 2 -D case of a 

circular bandpass region they are radially symmetric. When the information 

bandpass region is small, they are apodizers; when large, they are super - 

resolvers. They are generally smooth functions of the pupil coordinate, 

and therefore seem to pose no unusual problems of fabrication. 

The amount of coating required for the 1 -D optimum pupil is relatively 

minimal. For example, the total energy passing through the 1 -D pupil is 

never less than 0.5 x the incident energy for the cases considered. Also, 

the Strehl intensity ratio is, for most cases, more than 0.50. On the other 

hand, for the circular pupil the corresponding figures are both 0.30, which 

represents a more serious light -loss problem. 

Comparing Figs. 2 and 5, we see that for a given bandpass ratio Q /00 

there is generally less loss of information for the 1 -D pupil than for the 

circular pupil. This fact might be exploited when there is choice of the 

dimensionality of the object. 

As an illustrative use of the results, we have shown that a binary object 

(as defined) cannot have its independent degrees of freedom spaced more closely 

than 0.87 times the Rayleigh resolution length. At this spacing (and less) no 

information is transferred to the image. 
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APPENDIX 

Formal solution to the optimization problem by the calculus of variations 

It is possible to derive an integral equation involving 
Umax(8) 

and 

Tmax(w). 
We do this, and then use it to check the independently calculated 

solution U(15)(ß; 0.40), T(15)(w; 0.40). The formal solution for the 2 -D 
max max 

problem is also given. 

Combining Eqs. (10) and (18), 

52 

h(S2) = J dwkn 

ßo 

1 
dU()U(ß - w) - 

( 

J 
I dwR,n d8[U(8)]2. (a) 

0 w-ßo 0 -ßo 

In (a) we neglect factor 2Q -1, as it is immaterial to the procedure, and 

we use the natural logarithm because of its convenient properties. Finally, 

we restrict consideration to real functions U(ß) because we have shown that 

Umax(8) 
must be real. 

Let 

U(ß) 
= 

Umax(ß) + (b) 

where c(ß) is an arbitrary function and e is any real number. We substitute 

(b) into (a), and then supress the subscript "max" for brevity of notation. 

Then 

( ß( o 

h = h(c) = 
J 

dwkn J dß[U(ß) + Wß)] [U(ß - w) + ec(ß - w)] - 

0 w-ßo 
2( 

J 
J dwkn dß[U(ß) + 

wß)]2 

0 -ßo 

(c) 
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Because U(ß) maximizes h by hypothesis, the functional dependence h(E) 

must attain its maximum at c = 0. Then 

M(e)/9e 1 = 0. (d) 

E=0 

Enforcing condition (d) upon (c), 

0 

J 1 
dw[()] 1 dß[C(ß)U(ß - w) + C(ß - w)U(ß)] - 

0 
w-c) 

J 
2 

J 

dw dßc(ß)U(ß) = 0 , (e) 

0 -ßo 

where equality (10) was used once more. 

We now interchange integration limits in (e). The following identities 

may be established in a straightforward manner: 

0 
ß ß {ß+ß0,S2} 

J 

( (( 
dw (f) dw Jdß= Jaß J 

O w-50 -50 0 

where {a,b} E the smaller of a,b in general; 

and 

J 

(o 

-w 

dßc(ß - w)U(ß) = J dwß)U(ß + w) 

w-ßo -ßo 

(g) 

/ 

Jd6 

ß ß 0-w 

(I 

dw I = 
J 

(h) 

0 -ßo -ßo 0 

The use of (f), (g) and (h) in (e) leads to the required form 
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ßo 

d() ( 

j 

l 
dw[T(w)11U(ß - w) + 

J )0 

I dw[T(w)] 1U(+w) 

-o 

20U(ß) = 0 . (i) 

By the fundamental theorem of the calculus of variations,19 since ß) is 

arbitrary, the entire factor of ß) must be zero at all ß. This yields the 

final result, 

{ß+ß0,0} 
{ßo-ß,R} 

3w 
U(ß(w)w) 

J 
dw 

()w) 
= 22U() (j) 

0 O 

f 

We note that although Eq. (10) may be substituted into (j) in order to arrive 

at an equation in but one unknown function- -U(ß)- -the resulting expression is 

sufficiently complicated to encourage recourse to other methods of solution. 

Eq. (j) was used to check many of the solutions U(M +1)(ß), T(M +1)(w) 
max max 

discussed previously. As would be expected, the agreement between the left - 

and right -hand sides of (j) improves as M increases. Table 3 (next page) shows a 

typical result of these checks, the case S2 /S20 = 0.4, M + 1 = 15. Because of 

the good agreement at large M, the assumption of evenness implicit in functions 

U(14+1)(ß) 
is probably correct. 

max 

In the case of statistically random, two -dimensional information, where 

the optimum pupil is radially symmetric, a derivation similar to the previous 

one results in the condition 

J 
dw wU(Ip - 

wi) 
2 
2 

U(P) 
T (w) 

o 

on the optimum functions U(p) and T(w). 

(k) 
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Table 3. A check on the solution U(15)(0, 
tution into Eq. (j) 

T1Ilax) (w)' o ° 0.4 by substi- 

Vßo Left -hand side Right -hand side 

0.0 1.288 1.292 

0.1 1.283 1.281 

0.2 1.265 1.258 

0.3 1.182 1.184 

0.4 1.102 1.102 

0.5 1.020 1.019 

0.6 0.935 0.935 

0.7 0.848 0.851 

0.8 0.761 0.756 

0.9 0.673 0.676 
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