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INTRODUCTION 

"The Physics of Quantum Electronics," á two -week, non -credit course 

sponsored by the Optical Sciences Center, was held from June 17 through 

June 28, 1968, on the campus of Northern Arizona University in Flagstaff. 

The course was directed by Professors S. F. Jacobs (University of Arizona) 

and M. O. Scully (Massachusetts Institute of Technology) and was patterned 

after the tutorial symposiums sponsored in 1966 and 1967 by Colorado State 

University. Designed primarily for advanced students, research scientists, 

and technical administrators working in the general area of quantum elec- 

tronics and coherence physics, the course attracted 90 participants from 

all over the world. A list of attendees appears at the end of this report. 



The subject matter of the course centered around atomic coherence ef- 

fects (light scattering, self- induced transparency, theory of the laser), 

nonlinear optical phenomena (picosecond pulses, parametric optics), and 

statistical properties of radiation. The schedule on page 3 shows the se- 

quence and duration of the various lectures. In addition to 55 hours of 

lectures, considerable opportunity was provided for informal contact be- 

tween students and faculty. Two informal workshop sessions were spontan- 

eously injected into the schedule to fill in important background, such 

as Dirac notation, and to answer questions. 

The faculty and seminar participants provided lecture notes for the 

students in the course. These were intended to be of limited distribution. 

However, realizing later that these would be of great interest and use to 

others, we felt that they should be made more widely available, and thus 

have gathered them together as an Optical Sciences Center Technical Report. 

The lecture notes presented here are reproduced where practicable in the 

form in which they were submitted. In some cases, retyping of non- repro- 

ducible manuscripts was necessary, and in other cases minor editorial 

changes were made, particularly in regard to the graphic material, which 

was inserted into the text where applicable. 

Below is a listing of the ten faculty and five seminar participants. 

The latter, some of whom presented papers, were considered resource people. 

Faculty 

R. Y. Chiao, Physics Department, University of California 

H. Z. Cummins, Physics Department, Johns Hopkins University 

A. J. DeMaria, United Aircraft Company 

J. A. Giordmaine, Bell Telephone Laboratories 

T. J. Greytak, Physics Department,Massachusetts Institute of Technology 

E. L. Hahn, Physics Department, University of California 
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P. L. Kelley, MIT Lincoln Laboratories 

C. Kikuchi, Nuclear Engineering Department, University of Michigan 

W. H. Louisell, Physics Department, University of Southern California 

M. O. Scully, Physics Department, Massachusetts Institute of Technology 

Seminar participants 

D. C. Burnham, National Aeronautics and Space Administration 

M. A. Duguay, Physics Department, Massachusetts Institute of Technology 

R. G. Gould, Brooklyn Polytechnic Graduate Center 

G. L. Lamb, Jr., United Aircraft Company 

E. A. Sziklas, United Aircraft Company 

Much of the credit for the smooth -running program belongs to the Physics 

Department of Northern Arizona University, especially to Professors Kenneth 

O'Dell and William Willis, who made many things possible on short notice. 

Thanks are also due to William Hoyt of the Public Information Office at NAU 

for the photographic coverage; the fine results embellish these pages. 
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Coherence in atomic and radiation physics has many varied and inter- 
esting consequences. After discussing coherence in a general context we 
will consider some of the more recent theoretical and experimental inves- 
tigations relating to the quantum theory of coherence. This presentation 
is divided into two parts, i.e. coherence in atomic and coherence in elec- 
tromagnetic systems. There will be no attempt to be encyclopedic; rather 
it is hoped to present a simple and self- contained discussion of certain 
portions of the subject. 

Upon defining atomic coherence, we consider the Hanle effect, which 
is one of the oldest examples of coherence in quantum mechanics. The im- 

plications of coherence in an N particle system and the concept of super 
radiance will be reviewed. Phonon echo and the phenomenon of self- induced 
transparency will be discussed. We begin the second part by outlining the 
general framework of the quantum theory of optical coherence. The coher- 
ence properties of laser radiation as derived from the quantum theory of 
an optical maser will be discussed. We conclude with the observation that 
deeper insights into the quantum theory of optical coherence have led to 

an enrichment of experimental technique. 

*Work supported by the Advanced Research Projects Agency Contract SD -90. 
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I. Coherence in Atomic Physics 

1. Definition 

An atom may be said to be in a coherent superposition of 
states when it is described by a wave function corresponding to a 
linear combination of these states. More generally atomic coherence 
may be said to exist or not depending on whether or not the atomic 
density matrix has off- diagonal1 elements 

pp ol, 
between the levels 

p and p'. For example, an atom which is in a coherent superposition 
of its ground !g) and first excited state IQ) will possess an 
oscillatory charge cloud (and thus an atomic dipole moment) which 
goes like pg,e exp i [(Ee- Fg)t /hJ 

In order to physically establish2 association of coherence with 
off -diagonal elements of the atomic density matrix, consider an atom 
which is in a linear superposition of the ground state y''b(r) and 
the upper state 1Pa(r) 

= ae-iwt *a(r) t b yb(r) (1) 

where w =c /fit (energy of the lower state is taken as zero). The 
charge cloud associated with this wave function oscillates in a 

periodic fashion, see Fig. 1. 

t =0 

w t = ?r 

wb(r) 

v a (r) 

rem 

( r) 

(r) 

Fig. 1. Coherent oscillation of charge cloud associated with Eq. 1. 
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The atomic polarization resulting from this linear combination 
of states is given by 

(g ) = e f r a dr (2) 

where the electron density a- 11, *1,. Inserting Eq. (1) for ii into 

(2) yields 

where 

<P)= 
erab [ a* eiwt + c.e.1 

= erab [p ba(t) + c.c.] 

rab 
.1.1) 

a 

* 

(r) r 
b 

(r) dr 

and pba is an off -diagonal element of the density matrix 

(3) 

t4) 

Paa Pal) a I2 a b*e-iwt 

_ 

P Pba Pbb (ba*et 
(5) 

lb F 

Hence the existence of an atomic dipole moment (P) , or 
equivalently pab ,.is associated with atomic coherence. The off - 

diagonal elements pab would, of course, vanish if the atom is 

completely in the upper or lower states i.e. 

P 

1 0 

to 0 

or p = 
0 0 

0 

Phase interruption due to phonon or atomic collisions leads to 

exponential decay of the off -diagonal elements of the density 

matrix which is characterized by the decay time T2 . The decay 

time of the diagonal elements is denoted by T1 . In conclusion 

then, we equate coherence with the existence of off- diagonal 

elements of the atomic density matrix. In the next section we 

give an example of this coherence. 



8 

2. The IIanle Effect3'F 

The experiment of Hanle provides one of the clearest and 
oldest demonstrations of a situation in which atomic coherence is 
important. Hanle shone x- polarized, light on an ensemble of atoms 
situated in a weak magnetic field. The polarization of the light 
re- radiated in the z- direction was then detected. If the magnetic 
field is vanishingly small it is found that the re- radiated light 
is again polarized in the x- direction, as is depicted in Fig. 2. 

m=+1 
o 

-1 

tY;=(x'iy)e-13r 

Fig. 2. Schematic illustration of'Hanle's experiment 

and atomic level scheme. 

There is an apparent paradox here. Since we excite only the 

m = + 1 levels by our incident light one might think that only O 

and a- radiation would be observed in the z direction. In fact, 

-for zero field, the light is x- polarized. 
In order to understand this let us calculate the dipole moment 

induced by the incident radiation. If our atom begins life in the 

ground state 

*(r,O) = Vio(r) (6) 

later in time the electric field 
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E(ry t) = x Eo cos (ky - wt) 

induces transitions to the m = + 1 levels and the wave function 
becomes (in the notation of Fig.2.) 

iw +t iw_t 
(r,t) = a +e * +(r) + a_ e 4)_(r) + ao 11)0(r) 

The atomic frequencies w+ are given by 

(7) 

(8) 

w - w + A w 
+ - 

where &w is the splitting of the levels due to the magnetic field. 
The atomic dipole is then 

(1 7) = e J4.) * (r, t) (x x+ y ÿ+ zz) (r, t) d If 

= P+ { 

A 
cos (w + ew) t + y sin(w + Aw) t } 

+ P { x cos (w - ew)t - ÿ sin(w - Aw)t} (9) 

where P+ is the polarization associated with p+ =a a* 
- , 

P+ = e ( ± Ix 1 0)(p+ 0+ c. c) -, 
(10) 

We see that the atomic polarization and hence the radiated light will 
consist of a+ and ß- components, corresponding to the longitudinal 
Zeeman effect. However in the zero field limit aw = 0, P+=P_ and 
the light becomes x polarized. Thus a dipole moment implied 
by a coherent superposition of + and - states 

(P) =0 
(P+ + P ) x cos wt 

is necessary to explain the Hanle effect. Other examples of 
coherence in atomic physics are provided by double resonance and 
level crossing experiments. These are discussed in another chapter 

of this volume. 
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3. Super -radiances 

Thus far we have been concerned with the radiation from one 
atom. We now wish to consider the radiation coming from a collection 
of atoms contained in a volume whose dimensions are small compared 
to the radiation wave length. As Dicke pointed out in his classic 
paper the problem of N two level atoms may be profitably related to 
that of N spin 1/2 particles. However, in order to get at the 
physics with a minimum of formalism we will not make use of the 
angular momentum analogy. 

Consider the system consisting of N atoms, n in the upper 
state, n_ in the lower. At time t =0 we take the wave function to 
be given by the symmetric combination 

)= (N!/n+ln_1)-1/2 E I+1+2...+n+ 

p 
..L:11.14.+1) -(n++2).- 

-N ) 

No"- ...J 
n+ n 

(11) 

where E denotes the sum over all permutations of the excitation. 

p 
among the N atoms. For example if n+ = 2 and n_ = 1 Eq. (11) 

would read 

12+,1_> ° (1/3){ I+1+2-3 ) + I+1-2+3> + I -1+;+3) } (12) 

We are interested in the matrix element coupling the state (11) to 

I 
n+ 1,n +l ) . This matrix element is, of course, related to the 
spontaneous emission of one photon from our collection of atoms, 
and is given by 

(n+ --1, n+ l I E a+ I n.y.. n ) 
i 

i 

where a denotes the operator which takes the ith atom from the 
+ to the - state. Taking In ,n_) as given by (11) and a similar 
expression for In+-1, n_ +1 > Eq. (13) becomes 

(N! /(nom 1)! (n_+1)!)-1/2 (N! /n +ln_!)- 1 /2(N! /(n+ 1)!(n ±1)!) 

(13) 

x (n_+1) = . (14) 
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Now if n+ P n_ = N/2 then the matrix element for spontaneous emission 
goes like N and the probability of photon emission is proportional 
to N2. This is a special property of the symmetric wave function 
(11) which we took as our initial state. If we had taken some other 
combination of the (n +n) system we would have found a different 
value for the spontaneous emission probability. For example, the 
two atom state vector 

(i/rf) ( 1+1-2> + I -1+2) ) 

decays as 

(-1-2 1(4 + a-12-) (1 +1-2> +1 -1+2> ) //2- = 

while the other possible combination 

(1/1-2-)(1 +1 -2 > 
- -1 +2 ) ) 

doesn't decay at all 

(-1-2 ka i + Q2 ) ( 1+ 1 2 > - 1-1+2 >) = O 

(15) 

(16) 

(17) 

(18) 

An interesting experiment designed to produce super radiance 
is being studied by Burnham and Chiao.6 They propose to hit an 
atomic ensemble with a short intense laser pulse and then watch the 
atoms collective].y radiate their energy. The system should radiate 
most of its energy in a small fraction of an atomic lifetime. This 
technique may aptly be compared to hitting a collection of bells 
(atoms) with a hammer (short pulse). Other recent experiments 
demonstrating cooperative phenomenon involve assigning each atom a 
different atomic frequency, in the next section we summarize some 
of these investigations. 

Finally, we observe that super -radiance may also be understood 
in the following rather more physical sense. If we excite N atoms 
to some linear superposition of the 

1 

+) and I -) states, then the 

ith atom would' have a dipole moment 

Pi e ( +I 11-> (P.._ i(t) + p_+ i(t) ) . (19) 

The electric field radiated by such a set of atoms is 

É(t,R) _ (1 /c2R) F W2 n X (ñ x( i(t_ 1 RI /c)) ) (20) 

1 =1 
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where R is a distant observatión point, n = R /IRS is the unit vector 
from the origin to the field point, c is the velocity of light and 
i(t) is the atomic polarization which has been evaluated at the 
retarded time t- IRI /c. Hence the electric field is proportional 
to N and the intensity (average photon number) goes as 

I a E2 a N2 

which is the earmark of super- radiance. 

4. The effects of atomic coherence on pulse propagation 
in active and passive media 

A. Photon echo7P8 

In these experiments, first carried out by Abella, Kurnit, 
and Hartman, one produces a macroscopic polarization by shining a 
pulse of light (90 °pulse) on an inhomogeneously broadened medium. 
Due to the inhomogeneous broadening the macroscopic polarization 
rapidly decays. At a time t later we inject another pulse (180° 
pulse) which effectively reverses the time so that the atoms will 
rephase at a time T after the second pulse producing an echo as 
noted in Fig. 3. 

90° 180° 
RUBY 

Fig. 3. Schematic photon echo experiment. 

In order to demonstrate the photon echo process we inject two 
co- linear pulses separated by a time T, and look for the echo pulse 
to emerge from the medium at a time approximately 2T after the 
first pulse. We take our medium to consist of two level atoms 
having resonant frequencies wi . The polarization for the ith 
atom expressed in terms of the density matrix pi(t), the displacement 
operator xi, and the electronic charge e, is 

(Pi(t)) = Tr[exi pi(t)] (21) 
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If the effect of the jth pulse (j =1 or 2) is denoted by Uj the state 
of the ith atom after the second pulse is 

Ivi(t) ) = exp {- i110(t -t2)} U2 exp {- iHo(t2 -t1)} Ull ti(t1)) 

(22) 

where Ho is the free atom Hamiltonian and t. = arrival time of the 
jth pulse. The corresponding expression for the density matrix is 
given by 

Pi(t) = I4)1.(t)) ( tPi(t) I 
(23) 

Inserting equations (22) and (23) into (21) and retaining only terms 

leading to an echo one finds 

(pi(t) ) = Ai cos w(t -2T) (24) 

where we have defined 

Ai = 2 (b IeXíla)I(aIU2i1b)I2 (alUlilb )(blUi lb) (25) 

We then obtain the radiated field at time t from Eq.'s (20) and (24). 

When Ai is slowly varying, the polarization (24) inserted into (20) 

gives the radiated field 

E a A E cos wi (t-21) 
i 

(26) 

In view of the spread in atomic frequencies wi , the electric field 
(26) will "random phase" to zero unless t =2, at this time all of 

the dipoles will rephase to'produce an echo. Finally we note that 
the echo intensity goes as N2 and is thus the result of a "super - 

radiant" process. 

B. Self induced transparency9 

If a pulse of laser radiation having an envelope function 
c(t,z) and frequency v 

E(t,z) = c(t,z) cos (kz -vt) 

is passed through an unexcited (every atom in the ground state) 
inhomogeneously broadened atomic medium it is found that under 
certain conditions the pulse will pass through the atomic medium 
unattenuated! As was first observed by HcHall and Hahn the area 

under the electric field envelope 
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00 

0(z) _ (e (aHb)/h) J dt e (t 

-oo 
obeys the equation of motion 

d6(z) dt = -(a /2) sin 0(z) (27) 

where e (alrib )is the electronic charge times the matrix element 
coupling the two levels under consideration, z is the distance into 
the attenuating medium and a is a constant determined by the medium. 
Equation (27) has the steady state solutions 0= 2nîr for a >0 as 
shown in Fig. 4. One finds that if the initial area OO)Tr the pulse 
will in effect be able to pass through an infinitely long dissipative 
medium. 

Fig. 4. Graphic solution of for 0(z). The electric field having 
60 = n +e passes through the medium whereas if 60 = Ti -e the 
pulse is absorbed. The field envelope e vs p = t -z /c is 
plotted for ep = Ir ± e. 

This effect may be understood by arguing that the front of the 
pulse "sets up" the atoms for the back edge of the pulse. That is 
the atoms are excited and then induced to emit back into the field. 
But the interesting point is that the pulse does it so well! Every 
atom must return to its ground state in order for the pulse to 
pass unattenuated. 

We see that this "self induced transparency" is indeed a 
consequence of atomic coherence by giving the medium a finite 
phase diffusion time T2 and asking if the pulse still gets through 
unattenuated. In Fig. 5 we showlo that phase interruption (finite 
T2) in fact destroys the ability of a pulse to induce perfect 
transparency. 
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1.0 T2= 

0.5 
I 

O . 

O 10 20 30 
µ (psec )- 

Leading Edge 
of Pulse 

1.0 

0.5 

T2 = 3.5 psec 

Fig. 5. The electric field envelope for several values of T2 as ob- 
tained by computer integration. Coherence destroying phase inter - 
uptions are seen to diminish the ability of a pulse to induce trans- 
parency. Emerging pulse is drawn in solid line, incident pulse is 
dashed and is the same in each of the three cases. 

C. Coherence effects in an active mediuml0 

Now consider the atoms of the medium of part B to be in their 
upper states. The quantity a appearing in Eq. (27) is replaced 
by -a, and the steady states are 6 =(2n-l)n for a <0. The effects 
of atomic memory (coherence) on pulse amplification have been 
assertained by computer integration and are indicated in Fig. 6. 

We note that the input pulse indicated by the dotted curve breaks 
into two pulses for T2 = co. When we turn T2 down (e.g. heat up 
the atomic medium) the pulse break -up dissapears. Experiments 
involving the propagation of a pulse through an active or passive 
medium should provide an interesting probe for atomic systems. 
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2 = 5 psec T2 = Q5 p sec 

( 10 O 

Leading Edge 
of Pulse 

20 10 20 0 10 20 

( psec ) 

Fig. 6. Effect of coherence on pulse amplification. Input pulse 
breaks into two pulses (first picture) as a result of 
atomic coherence. When T2 < pulse width, the atomic 
phase memory is destroyed and the effects of coherence 
disappear. Emerging pulse is drawn in solid line, input 
pulse is dashed curve. 

II. Quantum Theory of Optical Coherence 

1. Coherence 

With the advent of the laser a new dimension was added to the 
subject of optical coherence. It was no longer possible to completely 
characterize the degree of coherence of an optical source by simply 
specifying its degree of mono -chromaticity. 

In the following we shall discuss the degree of coherence in 
a single mode of the radiation field, making use of the dynamical 
equivalence between the problem of a single mode of the field and 

that of a mechanical oscillator.11 A discussion of wave packets 
for the radiation oscillator will lead naturally to an understanding 
of coherence in a quantized field. 
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We begin by recalling that the electric field operator for a 
single mode of the field is analogous to the displacement q of a 
simple harmonic oscillator. 

E = (a+ + a)+ q 

where E is a constant and a+ and a are the creation and annihilation 
operators for the mode in question. Then it is clear that the 
simple quantum mechanics of the mechanical oscillator (e.g. wave 
packets, classical limit, etc.) will also describe the quantized 
radiation field. 

where 

The most general state of the oscillator is given by 

11)(q,t) _ E an(t) ct.n(q) (28) 

On(q) _ [a/n15 2n n:1 Hn(aq) e-a 
2 
q 
2 
/2 (28a) 

1/2 
with a = (mass xfreq./ h) Of special interest is the wave packet 
which maintains the same invariance /6q 27- <qÇ, while undergoing 
simple harmonic motion. This packet developes from the displaced 
ground state 

_ 
(a1/2 /n1./4 ) exp - a2 q-a)2 (29) 

and as time evolves implies the probability density 

111, (q,t)12 = (a /u1 /2 )exp - a2 (q -a cos Stt)2 

We note that this wave packet (probability density) sticks together 
or "coheres" as it oscillates. Contrast this to the wave packet 
which is initially a delta function at t = 0 goes to a plane wave 
at Qt = n /2, and back to a delta at SZt= tr,etc. Although the delta 
function packet always gets back to its starting shape at the end 

of a period, it has e. variance which is a strong function of time, 

i.e., it doesn't "cohere ". 
The wave packet (29) corresponds to the classical limit of 

the single mode radiation field. In fact this state is just the 

coordinate representation of the coherent state 
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a)=F.VRO e-laI?/2 In 

n 

(30) 

where In> is an eigenstate of the number operator a +a . 

As a result of a series of papers by Glauber12 , these states 
have been the object of extensive investigation. We will have use 
for the following properties of the la) states; 

1. They obey the completeness relation 

J d2ala)(al= 1 (31a) 

where d2a = d(Ima) d(Re a) 

2. The result of operating on the product la) I with the 
annihilation operator yields 

ala) (aI= sIa) (al (31b) 

3. While a+ operating on the outer product gives 

a+loc )<al= (D/Da +a* ) (a)(al 

2. Incoherence 

Since we will not often know the exact state 10 which our 
field is in we must introduce the density operator 

p = E P 106PI 
1i) 1P 

(31c) 

where P, is the probability of finding the system in state lIP) . 

In view of relation (31a) , we may always write this density operator. 
as 

P = (1/n2) Sd2 Sid2 ßIa)(alPlß)( ßI 

which Glauber expresses in terms of the function R(*,) as 

p = 
(1/72)S 

d204S d2 
ala 

)R(a1Cß) Cßl exp -(Ia12+I0I2)/2 
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However it is sometimes useful to write the density operator in 
terms of the diagonal weighting function P(a), 

p J P(a) 1a) <aId2 a (32) 

For example the density operator for single mode black body light is 
given by 

E ßwa+a Tr [e-ßhwa+a] 
-1 

In the In> representation this is 

p Ç E e-ßfiton (1 - e-ßtzw) 10011 
n 

while in the la) representation (28) takes the form 

p = 1/(nnT) 1e-Ia12/nT 
lot 

)(aid2a 

where 

(e-"w -1J-1 

(32a) 

(32b) 

(32c) 

(33) 

is, the average number of thermal photons per mode. The photon 
statistics implied by (32b) should be compared with Poisson 
statistics implied by the coherent state p =la)61,that is 

IaI2n e 
1 12 

pn,n = n! (34) 

The statistics of single mode thermal (incoherent) light (32b) are 

radically different from those of coherent radiation (34), see 

also Fig. 8. It is then clear that we need more information than 
just the degree of mono -chromaticity in order to determine the 
degree of coherence of a light beam. We now turn to a discussion 
of the quantum theory of laser coherence. 
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3. Quantum theory of an_optical maser13 

The semi- classical theory of a laser developed by Lamb'4 
gives a good account of laser oscillation. However, in order to 
understand the coherence of laser radiation we must quantize the 
field. We seek a coarse -grained equation of motion for the laser 
radiation density matrix as it interacts with a system of active 
atoms and a dissipation mechanism representing finite cavity Q. 

Proceeding to obtain this coarse- grained time derivative, let 
us consider the change in the density matrix of the laser field 
produced by one atom injected at a time t and removed from the 
system at a time T later as indicated in 

to 

7. 

to<t<totT 

-.-- a --.-- b 

; oc n 
(t) 

t > to +T 

n,ni (t°*r) 

= f°` n, (tos « 
Fig. 7. Schematic illustration of the time evaluation of atom -field 

system. Dots represent relative weighting of each state. 
At t = to the radiation field is in the state pn n1(t0). 
Upon adding an atom, the Hilbert space must be expanded to 
include atomic states a = a or b. Atom is removed at to +T 
and field is obtained by tracing over the atomic variables. 

Working.in the n representation, this change is given by 

6 pn,n ° pn,n(to+T) - pn,n+ (to) (35) 
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In order to obtain pn n (to T) we must calculate the combined 
atom -laser field density matrix: at time to +T and then trace over 
the atomic states 

pn n, (t0-Fr) = F panan (t ó T) 
' a 

(a = a,b) 

For convenience we shall keep the discussion in operator form, 
i.e. we will consider dp(a +,a) instead of (Spa of . To simplify 
the notation we will assume the field to be tined to the atomic 
resonance. In general operator notation dp(a +,a) is (to second 
order in the coupling constant g) 

(36) 

dp = - 
2 

g2T2 (aa+p(to) + p(to)aa+) + g2T2a+p (to)a 

(37) 

We now note that one atom will effect the massive laser oscillator 
very slightly (only when many atoms act on the field will a change 
be apparent) so during the lifetime of an atom we may write 

p(to) )(t) 

The macroscopic change in the density matrix Ap , ' due to many 
atoms injected in a time At will then be 

n,n 

Apn,n, = Ndpn,n, = r 
a 
At6 pa,nr (38) 

where ra is 'the rate of atomic injection. From (52), (53), and (54) 

we obtain the coarse- grained equation of motion 

(dp/dt)gain 
= - 1/2 A(aa+p + paa+)+ A a+ p a 

with the linear gain parameter A given by 

A = ra g2T2 

In a similar fashion we obtain 

(39) 

(40) 

(dp/dt)loss = - 1/2 C(a+ap +p a+a) + C(a p a+) (41) 
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representing energy loss from the cavity due to imperfect mirrors 
etc. The quantity C=-v /Q is the cavity loss rate. Combining (39) 
and (41) we obtain the total time rate of change of p(a +,a,t) 

(dp/dt) = - 1/2 A(aa+ p + p aa+)+ A a+ p a 

- 1/2 C(a +a p + p a +a) + Capa+ 

(42) 

It is interesting to express Eq. (42) in both the coherent and 
number representations. Making use of Eq.'s (31,32,42). we obtain 
the Fokker -Planck equation14 for P(a). 

d /d. ._.* - 
t. = P) + A-C r a 

(a a 
2 aa aa* 

drift 
iamplification) 

2 

(a *P )]+ A a P (43) 

aaDct--J 

diffusion 
(linewidth) 

Expressions similar to (43) are discussed by Lax and Louisell. In 
this representation the diffusion of the electric field probability 
density P(a) leads to the laser line width while laser gain is 
associated with the drift term. In the n representation Eq. (42) 

becomes 

dpn,n,(t)/dt 

e- 1/2 A(n+1 + n'+1)pn n,(t) + Anñ' pn-1 ,n'-1(t) 

- 1/2 C(n+n')pn,n,(t) + C (n+1)(n'+1) pn+1,n1+1 t) (44) 

notice Eq. (44) implies coupling only along stripes parallel to the 
main diagonal i.e. equal n -n'. In view of this coupling we now 
turn to a discussion of the diagonal elements (photon rate equations) 
implied by Eq. (44). 

The diagonal elements iráplied by Eq. (44) are 

A - A (n +1) 
pnn 

+ A n p - Cnpnn + C(n +l)pn +l n +1 
nun n- 1,n-1, 

stimulated and spontaneous energy loss (45) 

emission 
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The physical message of this equation is clear. It connects the 
time rate of change of the probability of having a state with n 
photons to the probability of having the state with n +1 photons 
and the state with n -1 photons. The terms proportional to Anpnn 
are those which we refer to as resulting from stimulated emission 
while those proportional to Apnn correspond to the spontaneous 
emission of radiation. The terms proportional to C represent the 
loss of energy from the field. 

Equation (45) describes the small signal gain of the laser but 
is not adequate for a description of laser oscillation. In order 
to describe laser oscillation we must include the atome -field 
interaction to higher order in the coupling. When this program 
is carred out Eq. (45) is replaced by 

(5n,n(t) = - `1 + 
Á 

(n+1)} -lA(ml-1)pnn+ {i ni- An pn-1,n-1 

- C n pn 
. . 

+ C(n+l)pn+1 
n+1 

(46) 

where B =3 r g4T4 is a saturation parameter. Eq. (46) and its 
off -diagonal counterpart pn,n,(t) enable us to obtain the following: 

Photon statistics 

At steady state the solution to (46) is 

A2 \[n+(A/B)) 

p = Z-1 
-1 BC 

[n +(A/Y,)) 
(47) 

where Z -1 is a normalizing factor. Detailed plots of this function 
will be found in Ref. (13), see however Fig. 3. 

The photo -electron counting distribution impliq by Eq. (47) is 
found to be in good agreement with experiment. 



24 

n,n 

n 

Fig. 8. Laser statistics above (A > C) and below (A > C) threshold. 
Dotted curve corresponds to coherent statistics having same 
average as laser distributions. The laser statistics below 
threshold are the same as those of thermal light. 

Laser linewidth 

The off diagonal elements have no steady state solution other 
than zero. The slowest decay eigenfunction, corresponding to 

f5n,ñ 0, is found to he 

-()k2 D t 

Pn,n+k (t) f Pn,npn+k,n+k e 

where D =(1/2)(v/Q)/ ( n) . This leads to the laser line width 

Awlaser =(1/2)(v/Q)/ (n) 

Time development of the laser statistics 

The time development of p may in general be expressed as 
a sum over different eigendecaÿnmodes. The steady states which 
we have investigated for the diagonal elements correspond to the 
slowest decay 11=0. Higher eigenvalues have been calculated. 
However in order to gain insight into the time evoluation of the 
photon statistics we have numerically integrated Eqs. (46) and the 
results have been displayed as a computer movie. The movie shows 
pnn(t) as a function of t starting from vacuuir and building up to 

steady state. In this context it should be mentioned that the group 

of Arecchi has succeeded in obtaining experimental evidence which 
appears to be in agreement with the time evolution of the laser 
statistics displayed by this computer. film. Further theoretical 
investigation is currently underway. 
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Other experiments in which the radiation statistics play an 
important role are the Ifanbury- Broun- Twiss17 experiment and self 
beat spectroscopy i8. In both of these cases the light is assumed 
to have photon statistics corresponding to (32a). When other types 
of statistical distributions are involved, such as in the case of 
the laser, it becomes necessary to investigate still higher moments 
of the photo -count distribution. In fact, the recent counting 
experiments yield the complete photoelectron distribution. Knowledge 
of this distribution is, of course, equivalent to specification of 
all of its moments. Future experiments will no doubt involve higher 
orders of coherence, thus enabling us to extract more information 
from the incident radiation. 

I would like to express my thanks to many colleagues for 
discussions during the preparation of this paper and particularly 
to Dr. D. Kim and Professors R. Dicke, W. Lamb, and V. Weisskopf. 
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THE QUANTUM THEORY OF A LASER, 

A PROBLEM IN NONBQUILIBRIUM STATISTICAL MECHANICS 

M. O. Scu,Pt.y 

Mcvsóachuzettis Inzfi,í,tuxe Techn.of2ogy 

Introduction 

In these lectures we develop the theory of a laser in which both 
the field and the atomic medium are described by the laws of quantum 
mechanics. The present account of this work parallels the quantum 
theory of an optical maser (1) by Lamb, but uses a considerably sim- 
plified model. In this way we hope to emphasize the physical content 
of the theory. Our philosophy is that the theory of the laser is 
basically a problem in nonequilibrium quantum statistical mechanics. 
We will seek an equation of motion for the laser radiation density 
matrix as it evolves under the influence of a nonthermal reservoir 
representing the lasing medium and a thermal reservoir representing 
the effects of cavity losses. The theory will be developed along the 
lines of the semiclassical theory of the laser (2). 

Before developing the quantum theory we sketch the semiclassical 
theory in a form which is most suitable for the present purposes, i.e. 
ignoring the interesting but unessential complications of atomic decay, 
Doppler motion, frequency pulling, etc. Next we outline the quantum 
theory of radiation and review those aspects of nonequilibrium statis- 
tical mechanics that are necessary for a proper understanding of the 
problem at hand. Using these techniques we then seek an equation of 
motion for the laser radiation density matrix pn,n,(t). After obtain- 
ing this equation of motion we proceed to solve for the steady state 
photon statistics for a laser operating above, below, and at threshold. 
The time evolution to this steady state is discussed. The photoelec- 
tron statistics implied by the theory of a fully quantized laser are 
presented. Finally we demonstrate how the knowledge of the density 
matrix pnn,(t) may be used to answer questions involving measurements 
one can make on the radiation field such as the spectral profile. 
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1. - Semiclassical theory of an optical maser. 

1.1. Philosophy of laser theory. - Let us consider an ensemble of excited 
two -level atoms, upper state Iv, >, lower state , >, placed between the mir- 
rors of a laser cavity at time t = O. At this initial time we assume that 
there exists in the cavity a small electric field, The atoms will respond to this 
field and begin to oscillate as tiny dipoles ('). These atomic dipoles add up to 
give a macroscopic polarization per unit volume. The macroscopic dipole 
moment now drives the field, i.e. acts as a source of radiation. The theory 
of laser action as formulated by LAMB [2] may be summarized in three steps: 

1) Assuming an initial electric field, E(r, t) acting on an atom (say the 
'i -th atom) injected into the laser cavity, we calculate the atomic polariza- 
tion <pi> according to the laws of quantum mechanics. 

2) These atomic dipoles add up to give a macroscopic dipole moment 
per unit volume given by 

: 
P(r,t)= <p`(r,t)>> 

where N is the number of lasing atoms per unit, volume in the cavity at time t. 
If the excitation is uniform we may write 

P(r, t) = N<p(r, t)> 

3) This polarization'P(r. t) drives the laser field according to Maxwell's 
equations. 

It is clear that the procedure outlined is basically that of a self- consist- 
ent field theory. We assume each atom evolves in a field prepared for it by 
all the other atoms, then look for the field produced by many such evolving 
atoms. In this way the laser problem is similar to that of a ferromagnet 
in which each spin sees a mean magnetic field due to all the other spins 
and aligns itself accordingly, thus contributing to the average magnetic field. 
Here each laser atom interacts with the electromagnetic field produced by all 
the other laser atoms that have contributed to the field via stimulated emission. 

We now proceed to outline the semiclassical theory, emphasizing the points 
that bear on the quantum theory of an optical maser. In Subsection 1'2 we 
cast the Maywell equations in a suitable form, and solve for the atomic polar- 
ization in 3.1. The conditions for laser operation will be found in Sec. 4.1 

f2. Maxwell equations in the slowly varying phase and amplitude approxi- 
mation. - From Maxwell's equations in MKS units 

vB= o , 

v B=o, 

-8B 
at ' B=eE} P 

µo , 

vXH=J+ oE., 

() Note that the atoms in the upper stato l ' > (or the lower state Iyrb >) have no 

dipole moment. Only when the atoms are ß stimulated » by an incident field is a dipole 
moment produced which then emits » or radiates energy. 
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we find the wave equation 

, 

g1.2) Vx(0xE)=-á µoJ-po óD_-ótLfzooE+No(EoE+P)]. 

The conductivity term, J, represents a cavity loss mechanism (cavity Q) 

which is to be replaced. by a ficti;.ious ohmic current cE. Using the identity 

Vx.(VxE)= V(VE) -V2E 

and the fact that 

VEcc VP . 0 

for a gaseous laser, we inay write 
eq. (1.2) as 

x 

N(?, t) 

Fig. 1. - Schematic representation áf 
linearly polarized standing -wave laser 

radiation. 

(1.3) -VE } /40 at; + EcoeoË - _ uo P . 

For simplicity we consider the electric field to be linearly polarized in the 
x- direction, see Fig. 1. Expanding the field in normal modes 

E(z, t) = Aw(t) sin 
z 

and inserting this form for the electric field into eq. (1.3) we obtain an expres- 
sion relating the polarization to the normal mode amplitudes 

(1.4) 
where: 

12,2.A= 
v' 
E Pw(t) 

1) We have adjusted the conductivity a to give the desired Q. 

a v 

Eo Q 

2) 12 = nno /L, is the cavity frequency. 

3) P has been replaced by -OP (the polarization time -dependence #s 
predominantly e` "`). 

ra 

.4) p, = (2 /L)J dzP(z, t) sin (nnz /L) is the projection of the polarization 

onto the n -th mode. 

We note several facts about eq. (1.4). 

1) Jt is the equation of a forced damped oscillator. 

2) The damping mechanism J = aE is an artifice representing energy 
losses in the cavity. It is necessary to have such a mechanism in the 
theory, but the details of the mechanism are in themselves of little 
interest. 
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3) The driving term, ,P, must now be balculated. When this driving 
force is known, the laser field may be determined. 

We proceed by considering the amplitude and phase of the nth normal 
mode to be slowly varying (in an optical period) 

(1.5) Á (t) = E (t) oòs (v t + gin(t)) 

and resolving the projection of the driving polarization onto the n -th mode, 
P (t), into a component in phase with the electric field and a component 742 
out of phase (in quadrature) 

(1.6) P (t) = S' (t) sin (vet + q' (t)) + C (t) cos (v t + (t)) .. 

Substituting (1.5) and (1.6) into (1.4), we find 

( 

j Ea -(v + 24 :w + O_) E. + -01.1 + ME.' 
1 

} cos (v t + fp(t)) + 

+ {_2Èvs + -9 ) - 4iE - é N.+ 0)E1 sin (vet 9' (t)) _ 
VS Va 

Sn sin (vet + ¡Mt)) + 
so 

C cos (vet + To(g)) 

Equating the coefficients of the sine and cosine terms, and keeping only the 
leading terms we obtain the two equations: 

(1.7) (v+ 0 - S2) E = -2s C , phase equation,, 
0 

(1.8) É + 
2Q 

E = -2s S ; amplitude equation.. 
0 

1'3. Atomic polarization. 

f3.1. Equation of motion for atoms. To determine these driving 
terms (C and S ) we must calculate the macroscopic polarization of the 
medium. Let us begin by considering the polarization induced by the laser 
field in a single atom. When an atom enters the cavity (which is excited to the 
lasing level, y,,) it is polarized by the laser field and proceeds from the upper 
quantum state 

tp(r, to) = tpa(r) 

to a linear superposition 

(1.9) +p(r, t) -.a(i)Vo(r) b(t)i,,(r) .. 

After a time T the atom is then removed from the cavity. 
Consider the polarization of the atom in this linear combination of states. 

If the electron density is defined by 

o. = le(r, t)v(r, t) , 

then the atomic dipole moment of the i -th atom is 
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(1.10) <p.) = e rrddr = e f dr[a*(t) yá (r) -- b`(t) y; (r)]r[a(t) ya(r) -- b(t) +p,(r)] = 
.l 

era[a*b -}- c.c.] = p [a,, -I- c.o.] , 

where rap = f tp rye, dr, and g = era,. 
Physical insight is gained by in- 

specting the charge distribution of such 
a linear superposition of states. From 
Fig. 2 it is clear that the mixing of states 
a and b due to the laser field leads to 
an asymmetry in the charge cloud and 
produces an atomic dipole moment. 

The problem now 

W,(r) w(r) 

r -,. ,. r -.- 
Fig. 2. - Superposition of atomic wave 
functions tpa(r) and +po(r) yielding a net 
asymmetry in the electron charge dis- 
tribution, hence an atomic dipole mo- 

ment. 
is to calculate the dipole <p5 by calculating a(t) and 

b(t) or, more to the point, to calculate the bilinear product b(t)a *(t) which is 
the a,a element of the atomic density matrix [3] 

b*(t)) 

( 

1a(t)1' a(t)b*(t)l 
o 

(t) b t a*(t) lb(t)11 O 

The total Hamiltonian in matrix notation is 

Wa V(t) 
(1.11) H = , 

V(t) W, 

where Wa and W. are the energies of the upper and lower levels, and V(t) is 
the interaction energy - era, E(t) as discussed in Appendix A. From the 
matrix form of Schrödinger's equation (h = 1) 

Cb/ -2 VW W 

v(t)\ 

b 
i(H° - ve) 

b/ 

d 
(1.12) 

dt 
(t ) ° 

it is easily seen that the equation of motion for the density matrix is 

a* b *) ( ó *) 
(1.13) v = -{- = - i {H. -- V)a -}- iv(Ho + V), 

b b 

or 

(1.14) v=-i[Ha+V,a]. 

F3.2. Perturbation theory solution for a(t). To solve (1.14) it 
is advantageous to go into the interaction picture [4], i.e. we define a new den- 
sity matrix e(t) such that 

(1.15) a(t) = exp [- iH.t] e(t) exp [iH.t] . 

Then eq. (1.14) becomes 

d (1.16) 
dt 

exp[- iHot] e(t) a %p[iH0 t] = - i [ -o+ V, (exp[- iH.t] e(t) exp[iH.t])] 

and we find the equation for the density matrix e(t) in the interaction picture 
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(1.17) 4(t) =- i[V,(t), e(t)], 

(1.18) V(t) = exp [iHot) Tröon(t) nxp [ -iHot] . 

V,(t) is the interaction Hamiltonian in the interaction picture while 17:0(t) 

is the interaction Hamiltonian in the Schrödinger picture and is time- depend- 
ent only because of the electric -field time- dependence. The advantage of the 
interaction picture is that it lends itself naturally to a perturbative analysis. 
Equation (1.17) may be written as the integral equation 

e 

(1.19) e(t)= e(to) + (- i) f [ViO'), e(to)] dt' , 

e, 

which is solved by iteration in th.e usual fashion 

(1.20) e` °'(t) = e(to) , 

(1.21) eci,(t) = e(to) + (- t) f [v(t'), e(to)]dt', 
e, 

(1.22) en,(t) = e(to) + (- i) f dt' [Ti(e), e(to)] 
e, 

e t 

-F (-i)' f dt' f dt" [V (t'), [Ti(t"), e(to)]] i 

e, e, 

(1.23) esn,(t)= e(to) (- i)f f dti f dta .. 
J 

dt,[V (ti), [Vi(11)...[V,(t;)e(to)].:.]1. 

f3.3. Matrix algebra for V,(t). Before proceeding with the pertur- 
bation theory we put 1;(1) in a more convenient form by a little-matrix manip 
ulation. Since Ho is diagonal we may write 

(1.24) 
Ws 

2t ^ 
egp [iHo t] = (( 

) 

w 

v.! 
0 

(itW,)w 
n! 

0 

Using (1.24) we may write (1.18) as 

w 

O 

Wy 

0 exp[itWa). 0 

0 exp [it WO 



,(1.25) VT(t) = 

(exp 
[i W. t] 0 

l 
0 [- i ti- , t] 

- ` 0 exp[ilV,t]I \Y(t) 0 1 ` 0 

_ -2 g E.(t) sin Lz 

(expo i(Wa- Wot] cos (vat + TT.) 

0 

0 

1 

exp [- i Wb t]I 

exp [i( W. - Wb) t] cos (va t + 

0 1 

In the rotating -wave approximation (which means we 
oscillating terms) eq. (1.25) become; 

ignore the rapidly 

1 
9L7 VZ 

Lz ( 
0 exp[i(co - va) t- 

(1.26) . - E(t) sin 
exp[- i(co - va) t + iv(t)] 0 

where w= Wa -W. 
For convenience we take our cavity to be tuned to atomic resonance ,o 

that eq. (1 26) becomes 

unx ¡ 0 exP f- i4(t)Jl 
(1.27) Vr(t) = L .- 2 E(t) sin 

) 1\ JI 

exP [iT(t)] 0 

1.3.4. 1-st order solution. The first -order solution for c(t) is found 
1 0 

from (1.21) using ti;(t) as in (1.27) and the initial condition e(to) _ 
We find 0 0 

e. +r 

(1.28) n(' (tb 4- T) =e(1o) - i f -2 pE(t') sin j L nz) 
e 

f ( 
0 exp [- 

(1 (1 
O\ 

( 
0. 

! \ex i t' 0 I \0 0/ - \0 0/ lex i t' P [ 4'( )] P [ 9'( )] 

Regarding E(t) and cp(t) as constants during the interval 
they may be removed from the integral, we have 

(1.29) 
eaa 

u 

e14' 

(1 
0l 

x 
\2 

E(t) sin Lzl r 
0 

- \0 0)_1.(.. / // \- ea i t P [ + q( )1 

Hence in the interaction picture 

exP f- i92(0])J 
dt' 

0 

to --e. to + T, so that 

exp [- iqo(t) f 
0 

e, 

33 
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(1.30a) Qot'(t) = - i 
2 

pE(t)T'sin L exp [- iya(t)], 

which in the Schrödinger picture becomes 

(1.30b) at'(t) _ - i 2 gaE(t)T sin Z exp [- i(wt + q2(t))] , 

where t - to + T. 
Knowing aa,(t), we may now write the atomic dipole moment for the i -th 

atom 

(1,31) <p`) = go(aáb(t) +aé,(t)) _ - p2 sin (cot + q)) [siñ L l E(t) . 

f4. Atomic polarization -+ macroscopic polarization. - We may obtain the 
(1st order) macroscopic polarization by simply [5] multiplying (1.31) by the 
density of atoms per unit volume N which are excited within t0 < t < to -i- T 

(1.32) P11' = N<p11') = -Np' TE(t) sin (vt -}- 99) sin(nnz/L) , 

where we have noted that w = v. 

Then P. as in eq. (1.4) is given by 

(1.33a) P(t) _ - {NTWE(t)} sin (vt + qp) 

and the in -phase and in- quadrature coefficients C and S. are seen to be 

(1.33b) C. = 0 , 

(1.33e) S. = - NTga'E(t) . 

With these expressions for C. and S , eq. (1.7) and (1.8) ar( 

(1.34) 0E+ (v.- .f2 ) E = 0 , 

(1.35) E(t) + 2 Q E(t) = AE., 

where 

:(1.36;) A= -I' NTga' . 

Equation (1.34) implies that for steady state operation v.= S2 , which sim- 
ply says that there is no frequency pulling if the atoms are resonant with the 
field. 

1'4.1, Threshold conditions (linear theory). If the linear gain 
exceeds the loss, amplification is possible. From eq. (1.35) this implies 

11.37) A 
2Eo 
' NT > -2-Q 
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It is to be noted that if A < i(v /Q) the only steady -state value of the field 
intensity is zero. We shall see that the quantum theory predicts a significant 
intensity even below threshold. 

depletion 
Nonlinear theory. The linear treatment neglects population 
and is thus valid only for small fields. This is clear when one con- 

siders the Rabi flopping curve for 
an atom starting -in the upper level 
as illustrated in Fig. 3. In order 
to obtain the steady -state oper- 
ating conditions for a laser above 
threshold, we must calculate o(t) 
to the next -higher nonvanishing 
order. Returning to eq. (1.27) we 
solve for ea(t) to 3rd order 

o n/2 
t/tp 

ea.( t ) = eaó + eaE' + ... , 

where the second -order term van - 
Fig. 3. - Rabi flopping curve for a two -level ishes by parity considerations. 
system. tR = VE /!i. a) Linear regime; b) non- We now find the following expres- 

linear. sion for the off -diagonal elements 

(1.37a) vab(t) _ - (PNT)(1 - 8 3 

E2 sin' - E sin L sin (vt - ¢') , 

which leads to the nonlinear amplitude equation 

(1.38) É=(A-v/2Q)E-BEa, 
where 

(1.39) 
17.3 

B 
p4 

N8 \l 
is the saturation parameter. At steady state (E = 0) we . obtain the impor- 
tant relation for the intensity of oscillation 

(1.40) El 
B 

(.11. 

2Q 
. 

1'4.3. Summary of points from the semiclassical theory that 
bear on the quantum theory of a laser. 

1) The semiclassical theory involves two complementary differential 
equations, one for the field (eq. 1.4) and one for the atoms (eq. 1.13). 

2) The atoms interact with the field only (ignoring other atoms except 
in so far as they contribute to the field). 

3) An atom lives for a short time (10-8 s) compared to the decay (or 
rise) time of the field (10 -8 s); a corollary to this is that we may treat 
E(t) and r(t) as constant in eq. (1.29). In other words, one atom does 
not affect the field very much. 
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4) It is essential to consider nonlinear effects in order to determine the 
steady -state intensity. 

5) E_ = (1 /B)(A -v /2Q) = intensity of field - 

APPENDIX. 

Ap or Exf 

gain -loss 

saturàtiòn páramétér` 7 

As the question of the proper Hamiltonian [6] for the treatment of atomic 
problems is a basic one, we examine here the problem of an electron bound 
by a potential V(x) to a force center located at R. The entire atom is immersed 
in a plane electro- magnetic wave described by a vector potential A(R x, I). 
This vector potential may be written in the dipole approximation for kx <I. as 

(A.1) A(x-{-R,I)= A(t) exp [ik(R+x)]= 
= A(t) exp [ik R] (1 -I- ikx ...) A(t) exp [ik R] . 

Schrödinger's equation for this problem (in the dipole approximation) is 

1 c ` 
,(A.2) i '(x, t) = - 

\- - - A(R, t)) 
_ 

p(xt) + V(x) v(x, t) . 2m ica ,x 
1111 

We define a new wave function T(x, t) as 

(A.3) p(x, t) = exp Fire- 
A(R, t)x] ço(x, t) . 

Inserting (A.3) into (A.2) we find 

(A.4) l i \ c 
A(R, t)x) qo(x, t) -- iry(x, 

LL 

r 
l .l 

t =.exp 
Li 

e 
A(R, t.) x] i e 

t)) + e A(R t)] 4o(x, t) - c c 

-} expjl A(R, t)xJ V(x),p(x, t).. 

After collecting terms and cancelling the exponential factor (A.4) becomes 

(A.5) -_A(R,t)4)+ ¡go = (Pit + V(x))9) 

and since E =- (1/c)1 

(A.6) iñ0(x, t) = Hotp(x, t) - exE(R, t)q),(x, t) . 

Thus we see that the electric field formulation of the interaction contains 
the AS term implied by (A.2) and is the correct Hamiltonian for atomic -physics 
problems in which the dipole approximation is valid. 
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2. The quantum theory of radiation and statistical physics. 

In this Section we outline the quantum theory of radiation leading to 
the expression for the electric field operator 

E= e,(a,-Fa;) sin k,z, 

where 6', is a factor expressing the electric field per photon while as and 
a, are the creation and annihilation operators for the s -th mode of the field. 
Coherent states of the field are discussed and the Hamiltonian for a two -level 
atom interacting with the quantized laser field is obtained. 

The density operator 

e = Prkt'i <vi 

is introduced and illustrated by considering the density matrix for thermal 
and coherent light. The concept of a reduced density matrix is introduced 
and discussed in some detail. 

2'1. Review of quantum theory of radiation. 

2'1.1. Quantization of the radiation field [7, 8, 9], The energy 
residing in the field is given by the sum of the electric and magnetic energies 

(2.1) H = i rdr(eoE2 + ,uoH') . 

Expanding the field in normal modes with a convenient normalization we 
have 

(2.2a) 

(2.2b) 

E_ = 1[252; M,/V ea' q, sin k,x, 

H, = (252,111,/ Veo]i g'0 cos k, z , 
k, 

where M, is a factor which will be related to a fictitious mass for the field oscil- 
lator, q, is the normal mode amplitude with the dimensions of a length, 
k, = sn /L, with s = 1, 2, 3 ... and Q, = snc /L the cavity eigenfrequency. The 
effective volume of the optical resonator is denoted by V. After (2.2a) and 
(2.2b) are inserted into eq. (2.1) the field energy may be written as the sum of 
the energies in each mode 

(2.3) H = x,] 

As is well known, there is an analogy between the dynamical problem of a 
single mode of the electromagnetic field and that of a mechanical simple 
harmonic oscillator. We have inserted a quantity M, into eqs. (2.2a) and 
(2.2b) which has the dimensions of a mass in order to emphasize this analogy. 
The equivalent mechanical oscillator will have a mass M, and a Cary esian 
co- ordinate q,. Each mode of the field is now quantized by simply letting 

(2.4) [P q..] _ - i1rá,., , [p p,.] _ [q q,.] = 0 . 
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We now make the 

(2.5) 

usual transformation to a and a+ 

a, _ [2M, irCS2,]-4 (lyI,S2,q. -}- ip,) , 

a; = [2117, itS2,]-1(M,S2,q, -- ip,). 

Putting (2.5) into (2.3) leads to the familiar expression 

(2.6) H= (a7a, -E- I) .(2 

where the commutation relations of a+ and a are found from eqs. (2.4) and 
(2.5) to be 

(2.7) [a a7] = 8... [a,, a,.] _ [á , a ] = 0.. 

These operators are the usual raising and lowering (creation and annihilation) 
operators, 

(2.8a) 

(2.8b) 

which act on the n, photon states, 

a,ln,i = Vn,ln, -1i , 

alI n,> = 'Vat, + 11n, + 1> . 

Expressed and a -Y, the electric field operator (2.2a) may now be 
written 

(2.9) E = ,(a, -}- a7) sin k,z , 

in terms of a 

where 6°, = (liiS2, /Ve,)1 is a factor expressing the electric field « per photon D. 

2'1.2. Coherent states of the field. While there are several lucid 
discussions 

a motivate these states. In order 
to better understand the coher- 
ent states, Ia >, let us consider 
the following physical argument 

+- for preparing such a state. 
If we wanted to put a pen- 

dulum into simple harmonic 
motion, we migl.t apply a field 
to a charged bob, displace it 
to a new position, then shut 

the field off and let the bob oscillate as in Fig. 4. Following just such a procedure 
quantum -mechanically we have initially the ground state wave function (the 
mass of the pendulum M and it equal unity) 

of the coherent state 

b) 

formalism [10 -12] it might be helpful for 
the nonexpert to physically 

c) 

F-q, 

f <' 

f---' q 
E 

Fig. 4. - Putting a classical pendulum in simple har- 
monic motion. a) Before; b) field on; c) field off. 

-q 

; v ' 
(2.10) Itïnerure(g)Iz- (( 

[`nl 
exp[- 

turning the field on takes us to the displaced ground state 



v v 
(2.11) lip, ¡aid ao(q')I'= exp - (q - d)$ 

and when the field is turned off, the probability density becomes [13] 

(2.12) lWoul' = (3-31 exp [- v(q. - d cos vt)'] , 

which oscillates back and forth without 
changing its shape, i.e. it sticks together 
or « coheres » [12a], as in Fig. 5. It may 
be seen that this packet hagthe minimum 
uncertainty product ¿pLq = A/2 allowed 
by quantum mechanics. These states pro- 
vide the closest quantum -mechanical anal- 
ogue for a free classical single -mode field, 
and are in fact the coherent states la> in 
the coordinate representation. 

Finally we show that the coherent state 
is an eigenfunction of the annihilation operator. Consider the displaced state 
vector 

IWI= IWI' , IWI 

Fig. 5. - Putting a quantized pen- 
dulum in simple harmonic motion, 
i.e. preparing system in a coherent 
state. a) Before; b) field on; c) field off. 

(2.13) V(g) = (v/n)i exp [- iv(q - d)'] 

in the Heisenberg picture, then the annihilation operator (in the q representa- 
tion) acting on this state gives 

(2.14) a(q)p(q) = 
v \vq + (ÿc }} 

exp[- v(q - d)3] = 

2v (vq 2 
v 

2(q - d))(1-T 
exp {-1 v(q - d)3}. 

2 d p(q) = cup(q) , 

where a = (Vv /2)d 
Let us now call ly,> = la> in agreement with the usual notation. We have, 

just demonstrated that 

(2 .15) ala> = aim> . 

Using (2.15) it is easy to show that in the number representation 

(2.16) la> = (an/ n!) exp [- Ian' /2]ln>,. 

which is the most useful expression of the coherent states.. 

Finally we note that for these la> states 

<alEla> _ e(a -F- a *) sin kz , 

since 

and 

(2.17) 

ala> = ala> 

<alae = <ale- 

39 
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2'1.3. Atom -field interaction. We now consider the interaction of 
a two -level system with a single modeofthe quantized field. The states of a 
two -level atom in spinor notation are 

(2.18) 
I a> - `01 

, Ibi = (3) , 

where a.and b are the upper and lower lasing levels separated by an atomiç_ 
frequency (a= (Wa- W,) /lii. The free -atom Hamiltonian, Hó` °m, as given by 
eq. (1.12) may be written in terms of the « spin flip » operators 

0 0 0 1 

(2.19) a. 
( ) 

and a = 
( ) 

so that 
Wa 0 

(2.20) Hót000 = 
) 

= TVa ct+ a + W,ov 
0 Ws 

The interaction Hamiltonian for a classical field interacting with a two -level 
system 

V= 
o go 

- PE a semiclassical 

becomes a fully quantized expression when the. classical field is replaced by 
the electric -field operator (eq. (2.9)), 

o l2 (a a+)} 

-p {A7---é_i (a -I-- a+)} 
quantized field 

For simplicity we have replaced the mode function sin(nnz/L) as it appears 
in eq. (2.9) by 

Rewriting (2.21) in terms of ï and o' and taking IIH`°m and Hó`ld as given 
by (2.20) and (2.6) we have the total Hamiltonian 

(2.22) H = va4-!t + Wao- v + Wb o'o`* +- g [cry (a + a+) + cr(a -}- a+)7 = 
=Hr.d+grim+. 

where the coupling constant .g is given by 

(2.23) g=-exaae/Vf, 

Writing V in the interaction picture 

(2.24) V(t) = exp [i(Hr H t°m)t] V exp f- i(Hoad Hot°m)t] 

and making use of the commutation relations for a and a4 and the properties 
of v and at, one easily shows 
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(2.25) V(t) = g {o4 exp [icot](a exp [- ivt] exp [ivt]) - 
cr exp [- icot](a exp [- ivt] -}- a exp [tivt])} . 

Neglecting the rapidly oscillating parts of eq. (2.25) (making the rotating- 
wave approximation) we obtain the Hamiltonian fbr the quantized field -atom 
interaction 

(2.26) V(t) = g{d*a exp [i(ao - v) t] -}- aa exp [- i(w - v) t]} : 

2'2. Review of quantum -statistical mechanics. 

2'2.1. Density matrix formalism. In Sect. i we introduced the 
outer product f tp > </p1 which we called a density matrix. We must now con- 
sider a more general definition [14, 15] of the density matrix in order to com- 
pletely describe the physical world. 

Consider a system (a gas, an atom, photon field, etc.) possessing a state 
vector Iy,) ; then an operator Q would have the quantum -mechanical average 

<Q) = <,nlQIw> 

However, if we don't really know that the system is in the state 10, but only 
know the probability P, that it is in that state, then the best we cari do is to 
take the ensemble average 

(2.27) _ PW<+vi(2i0 
v 

The motive for introducing the density matrix in quantum mechanics 
is the same as that leading to the distribution function in classical mechanics. 
In quantum mechanics we have complete (possible) knowledge when we know 
the wave function of the system 

IvP) = gf ... q)> 

In classical mechanics we must know the co- ordinates in phase -space of all 
particles to specify the system completely. 

{q} =glg....q,, 

{p} = pip: ... pr . 

In fact, very rarely in either quantum or in classical mechanics do we have 
such complete information. Rather, we usually know only the probability 
of {q } {p} or Iw >. It is for this reason that we introduce distribution functions 
and density matrices 

Classical: 

P( {q }, {p }) = probabily that system will be in state {q }, {p }, 
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Quantum: 

P(10) = Py, = probability that system will have state vector Iv> 

Concentrating now on the quantum -mechanical situation, we consider 
the value of an observable Q, averaged over an ensemble of states Iv> with 
each state weighted according to Ps,. We rewrite eq. (2.27) making use of 
the completeness of the states In >, i.e. In > <nJ = 1, as 

w 

(2.28) «Q» _ PW Ovin><nIQI W> _ Pv<nI QI WXwI n> = Tr 
(Q 1"w11ViOV I ) 

V r W p 

Defining the density matrix (operator) as 

(2.29) e = Pwlv><pI 
w 

we write the ensemble -averaged value of (v1QI0 _ <Q> as 

(2.30) (Q) = Tr(Qe) 

Two examples of the density matrix applied to electromagnetic radia- 
tion are: 

(2.31) 

1) Thermal light (single mode) 

exp [- ßII] e= Z , 

where ß = 1 /kö0, ka is the Boltzmann constant, 0 the temperature and 
I = Tr exp [- ßH]. 

In the number representation (2.3.1) is the diagonal matrix 

(2.32) e^.^ = exp [- ß1ivn](1 - exp [- 
2) Pure coherent light. For coherent radiation 

e= la ><aI, (2,33) 

which in the number representation reads 

f2.34) a°(: a )^ 
e4.^. _ exp [- IaI'] - 1n!n! 

The photon statistical distribution for a particular mode gives the prob- 
ability of finding n- photons in that mode. In the In> representation this prob- 
ability is e.. The statistics for thermal and coherent light may be obtained 
from (2.32) and (2.34), see Fig. 6. One of our goals will be to find the photon 
statistics for a laser. 
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radiation oscillator 

a -r --f- ... ... b - - 
1 2 i 

2- +... 
1 2 j 

(a) subsystem (a,) subsystem 

rig. 6. - Schematic of model used for laser theory, {a} subsystem corresponds to the 
lasing atoms where as the {y} reservoir corresponds to the cavity «Q *. 

2'2.2. The reduced density matrix. Often one is interested in -a 
system A interacting with another system B which is not of interest (e.g. we 
are interested in the laser radiation not the atoms producing it). A useful 
property of the density matrix is that we may project out uninteresting co- 
ordinates and follow only the evolution of the interesting subsystem. Conside 
the composite AB system density operator e,,, if we ask only about Q, sub - 
.system observables then 

<Qai = Traa(jaQ.+e,e) = Tra(Qeea) , 

where ,I, is the unit operator and 

(2.35) e,= Tr, e4e 

The reduced density matrix e, is the projection of the total density operator 
onto- the subspace of A. The A system in this case is the system of interest 
while B is an unobserved or reservoir system. Hence we may calculate R,j 
as two systems interact, then project onto the subspace of interest. We will 
make considerable use of this property of the density matrix. 

It is easily shown from Schrödinger's equation, that the equation of mo- 
tion fore is in general 

(2.36) _ - ¡VI! el 

Let us consider the time development of two interacting (A -}- B) systems, 
the interaction being turned on at t = O. In the interaction picture 

(2.37) èl = -i [ v,(t), e,(t)] 

Equation (2.37) may be solved as indicated in (1.23) 

(2.38) e4a(t) = eu(0) + 
t s 

fdt. -}- (- i) dtidt ... [V(4) [V (t.), ... [ V(t.), e,a(0)J ...]1 , 

0 0 0 
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eea(0) = ea(0) e e8(0) 

since A and B are independent at t= O. 

We now obtain 04(1) by tracing over the B subsyste,.: in eq. (2.38) 

(2.39) 

( 

e40) = 
r r 1 

= Tra{ea(0)OO ee(0) + (- i)sJ dt ...J dt,[V(t,),[V(t2)...[V(t,), ea(0)Ooa(0)1..] }. 
JJ 

It is instructive to consider the lowest -order terms from (2.39) 
Is 

(x..40) Tra j P(0) O e4(0) - i j[V (t) ea(0) O MO)] dt'+ ... _ 
tt 

= e4(0) + Traf (-i)[V(t)r:e(0) 0ed(0)Jdt'+..... 
initiai system 
density matrix 

correlation produced by Interaction 
with the D system 

It is important to note that e4(t) will in general be an impure case (statis- 
tical mixture) even though e4(0) might be a pure case (single wave function). 
This process of tracing over unobserved states leads to an irreversible dynam- 
ics for the 4 system, i.e. 4( noise » [16]. 

3. - Equation of motion for laser radiation -density matrix. 

Having outlined the semiclassical theory in a form suitable for our present 
purposes, we proceed toward a d photon » description of laser operation using 
the techniques developed in the previous Section. The quantum theory of 
laser radiation is basically a problem in nonequilibrium quantum -statistical 
mechanics. We seek a coarse- grained equation of motion for the laser radia- 
tion- density matrix as it evolves due to the additioh (and subsequent removal) 
of many excited atoms. We will derive such an equation in two ways [17, 18], 
emphasizing the second method. 

81. Method I [17]. - In this approach we will be looking for the quantum - 
mechanical analogue to Maxwell's equation for the field, and añ expression 
corresponding to the atomic driving polarization. It is clear that the fully quan- 
tized theory of a laser must be described in the language of the density matrix 
as the atoms constitute an unobserved system (reservoir). We will outline 
Method I emphasizing the relation with semiclassical theory and the motiva- 
tion for the second method. 

To properly describe a laser, the theory must include a nonlinear active 
medium and a damping mechanism. To obtain laser pumping action we 
introduce two -level atoms in their upper level at random times ti and subse- 
quently remove them at t = ti + T. In order to simplify the presentation, we 
consider static atoms interacting with a single -mode field. 

In the quantum description of laser behaviour, just as in the semiclas- 
sical theory, we are uninterested in the details of the dissipation mechanism. 
The damping is included in the present theory by coupling the field to an 
ensemble of atoms in their ground state, (the y subsystem of Fig. 6). The 
y -atoms may be considered as atoms entering in the lower level (pi of a two -level 
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system. The pumping atoms constitute the a subsystem. Each of the pump- 
ing and damping atoms interact with the single -mode laser field by the dipole 
interaction previously considered. The model is schematically presented in 
Fig. 6. The equation of motion for the reduced density matrix en, . of the 
radiation field interacting the a and y systems is 

(3.1) ès.n' _ ( -i) IC Va(g) -f- V,(t), QQ(t))(a} {y }. {a} {y}n' f 
{a} {y} 

where 

(3.2) {a} = ala, ... ate, (ma =1F,' or ,4) 

denotes the complete set of states for the N active (pumping) atoms. The 
interaction Hamiltonian for the a system is the sum over all atoms 

(3.3) pa = I VV(t) 

Similar statements hold for {y} and V. 

(3.4) {Y} = YIYY ... yn , (y, = C or Of) f 

(3.4a) Vy = VY(t) . 

Equation (3.1) may be written as the sum of interactions with the individual 
pumping and damping atoms 

(3.5) en.n'(t) _-i I[va(t) ('(t)'-ti l[py(t)f e'(tny,4,0', 
avr,,e 

pl, laie 

where 

(3.6) e'(t) =x :e'. {cc) r = ..ear- tar +1...ar 
{a), (Y) 

and 

(3.7) e(t) = eta }(; }{. }(; }, {y }, = yl 
(a) (y }, 

are the projection or the total density matrix onto the space of the field and 
the i -th lasing atom or j -th damping atom respectively. Equation .(3.5) with de- 
finitions (3.6) and (3.7) represents the quantum- mechanical analogue of eq. (1.3). 
It may be noted that the time scale appropriate for eq. (3.5) is that of micro- 
seconds just as it was for eq. (1.3). We now have a description of the field as 
it evolves under the influence of gain (driving polarization) and loss (cavity Q). 
We must now turn to the determination of e`(t). 

Just as in the semiclassical theory, we proceed to solve for e(t) in the ap- 
proximation that each atom « sees » other atoms only through the radia- 
tion field. That is to say, each atom interacts with the laser field which to 
a very good approximation remains . constant during an atomic lifetime 
( 10 -' s). The equation governing the i -th atom as it interacts with the 
quantized field is 

(3.8) }P:eoo,(t) = -'i [pa (t)r e:cem(t)] f 
field field 

where the index a atom-field » reminds us that the density matrix a "l is for both 
the i -th atom and the field. To first order eq. (3.8) implies 
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tors. 

(3.9) Qaecm(t:-F Ty = P.eom(t:) + (- i) f [va(t'), P.Lom(t:)Pu.ld(t,))dt' , 
field Skid ./ 

Is 

for the i -th atom injected into the field at time t,. Thus we have two equa- 
tions, one for the field alone and one for the i -th atom field- density matrix. 
We proceed by observing that just as in the semiclassical theory where we 
made use of the fact that E(t) and qq(t) were x constant » during the life of one 
atom, in the quantum theory the atomic lifetimes are much smaller than 
the times characterizing changes in the radiation- density matrix (in the 
interaction picture). That is to say, the effect of one atom acting on the field 
will be small, and only when many atoms act on the field will macroscopic 
effects be observed. Finally, we do the sums over the atoms and obtain 

j 
an equation for the radiation density matrix which depends on lumped .con- 
stants but contains no reference to individual atoms. 

We now have a fully quantized version of the theory. The .correspondence 
with the semiclassical analysis is indicated in Fig. 7_ The technique used in 

Field equations Matter equations 

Semiclassical 
theory 

&= -i[V(t), Q(t)] 
2E- (v12Q)E = 

loam 

= - (v2 /2e0) [NPQab + Qea)] 
gain 

Quantum 
theory 

`` t 4 

en,n' = -i G [Vo, Q ]a,naOn'- 
Cif, : i 

Qatom. field = 
= -i [V (t), geom. tteld(t)] 

gala 

i I .1 [ns efiros.v,ss, [V ° 
YI t 

lo.. 

Fig. 7. - Illustration of the relation between the fully quantized theory and the semi- 

classical theory. 

the present formulation of the fully quantized laser problem is useful in 
other problems involving coupled systems [17a]. This approach was reported 
at the 1965 Physics of Quantum Electronics Conference. In the second 
method we attempt to minimize the mathematical formalism by considering 
the physics of the problem in detail. 

3'2. Method II [181' - As we have emphasized earlier, each atom in a gas 
laser contributes its energy to the field independently, except in so far as the 
other atoms have prepared an electromagnetic field with which it interacts. 
With this in mind we consider the ó 
change in the radiation field- density L T. io 's 
matrix due to the injection at time to 

of a single pumping step in the upper $ 

of the radiation field -density matrix of 
' 
ó $ .. $ 0 

the the two atomic states la> and lb >. 
2 

time 
Working in the n representation, this st ßió 6s 

change is given by Fig. 8. - Figure demonstrating the rela- 
tion between microscopic atomic times T 
and the time scale characterizing changes 

in the field At. 
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(3.10) be = en.(to + T)-e.(to), 

where T is a time which is long compared with an atomic lifetime, but 
short compared to the time characterizing the growth or decay of the laser 
radiation. The macroscopic change in the density matrix Den, ,, due to many 
atoms acting on the field in a time At will then be (see Fig. 8) 

(3.11) e = Née ,n, = ra0tbe . 
where r, is the rate of atomic injection. 

We now turn to the determination of be,,,, as it appears in eq. (3.10). 
To obtain en, ,(to + T) we must follow the time development of the combined 
atom -laser field system to time to -{- T and then form the tracé of its density 
matrix over the atomic states 

(3.12) en. .(to + T = e .n: «. (to + T) (a = a, b) 

For convenience we shall keep the discussion in operator form. i.e. we will 
consider beat, a) instead of be . , until eq. (3.30). It is clear that once the 
problem is understood in any given representation ((n >, (a>, etc.) we may 
translate into any other representation. 

In calculating e(to + T; a +, a) we will consider the simplest possible ,case, 
i.e. resonant atoms (w = y) interacting with a single mode of the field, j i t 
as before. From eq. (2.26) 

(3.13) V,(t) = g [ofi a + aa-11 = g ( 
0 

a+ O1 

and the atom -field density matrix to second order is 

,+r 
(3.14) e.!° + T) = e...m(toet.d(to) -- (- i)rd [ F(t) e.e.m(to ecie(to] + 

1 

e,+r e 

+ (- i)' f dt' f dt"[v(t'), [v(t"), g...m(to)enod(to)]]- 
t, 

Inserting V as in (3.13) and noting 

(3.15) est.m(to) _ 
0 0 

eq. (3.14) becomes 

(3.16) e,Lm(to -I- T) _ 
Mold 

(co 
0l 

[( 
o a\ 

(co 
0l co 0 

l( 
0 

- \0 0/ + (- i)g L \a+ 0/ \0 O/ -0 0 / \a+ Ol J 
dt'+ (- ig)' 

I. 

{(( 

0 a\ 'tee 0l leo 0\ 
( 

0 2 

( 

0 a\ feo 0l 
( 

0 ti+r 
re 

a+ 0 \ 0 0'/ + \ 0 0/ \a+ 0/ -2 \a* 0/ \ o 0/ \af 01 ] f dt'J dt, 
t, t, 
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where 

(3.17) Qo = eu.ia(to; o+, a) . 

Carrying out the simple matrix multiplication implied in (3.16) one obtains 

¡Qo 0 0 - Qoa 
(3.18) Q. óm(to + T) = (o ) - igT ( + 

0 a+ e 0 

1 -}- Qoaa+ O 

+(-igT)2 . 
y 0 - 2a-veoa 

Writing this out .in explicit component form we have 

¡Qae(to + T; a{, a) Q.n(to + T; a+, a) 
(3.19) Q:wm(te + T) = 

Hold ea(to + T; ce, a) Qee(to + T; at. a) 

_ 
(Qo- ¡g2T2(aa+eo + Qoaaf) igTQoa 

igTaf eo g2T2á-` ooa 

'Recalling eq. (3.10) for the change in the field due to one atom (here in ope- 
rator notation) 

(3.20) bg(a+, a) = ea.a(to T; a+, a) + (Pn,b(to + T ; a+, a) - e(to; a+, a) 

and taking ea c, and eb.b from (3.19) we find 

(3.21) Seta*, a) - ego; a+ a) - ¡ g2T2[aa'e(to; at a) ;- ego; a.+al (Octal] + 

g2T2a-te(to; a+, a)a-e(to; a*, a).. 

Thus the change in the laser -field density operator due to one atom is (to 
second order) 

(3.22) bQ = - ig2T2(aafe(to) + Q(te)aa;) + 92T2a+.Q(to)a 

We now note that the effect of one atom on the massive laser oscillator will 
be very alight (only when many atoms act on the field will a change be appar- 
ent) so that to a good approximation 

(3.22a) Plto) e(t) 

during the life of any one atom. Equation (3.22) may then be written 

(3.23) Se,2i = -¡g2T2(aa+o(t) + e(t)aa+) -}- g2T2a e(t)a . 

The change Se due to one atom may be used to find the change due to N 
atoms interacting with the field in a time At » T from eq. (3.11) (see also 
Fig. 8), 
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(3.24) AQ = reist [- ¡g'T'(aa+Q(t) + Q(t)aa +) + g2T2(a*e(t)a)] 

where re is the rate of injection of laser atoms. Hence the coarse- grained time 

.derivative for the laser radiation- density matrix, DQ /fit = r.6e, is just 

(3.25) 1 A(aai` e + Qaa+) + Aa+ea 

with the linear gain parameter A given by 

(3.26) A.= rag' T2 . 

In the semiclassical theory loss was included in the theory by fictitious 
ohmic currents. For a loss mechanism in the pzesent theory we simply pass 
atoms in the lower level of a two -level system through the cavity, i.e.. 

0 0 

Cam = 
o }6d ()field 

, just as in method I. In this waÿ we find 

(3.27) 
de = -- C(a+ae + ea+a) + C(aeaf ) , dt t... 2 

where O = v/Q is the cavity loss rate. 
Finally, we write the complete equation of motion for the radiation den- 

sity operator due to gain and loss as 

(3.29) d = -2 A(aa+e + Qaa+) + Aa+ea -2 C(a+ae + ea+a) + Caea+ . 

Equation (3.29) is recognized as the operator expression for the master equa- 
tion previously [17] given in the number representation, i.e. 

(3.30a) 
dt Pe.,. _ - 

2 A((n + 1) + (n' + 1)) e*..'(t) + A VT-in' ee-,, e -(t) - 
-2 C(n + n')en.Á (t) + C (n + 1)(n'+ 1)en+1. e+(t)' 

When (3.29) is expressed in the coherent state representation, we obtain the 
Fokker -Planck equation [19b] 

(3.30b) 
: 

de (a`, a, t) _ - A C 
raa (ace) + aa,. (a. e), + A a« áa* 

where P(a, a*) is defined by the relation 

e = fP()I)<Jd2. 
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Expressions similar to (3.30a) and (3.30b) have been investigated by other 
workers [19], most of whom are present at this summer school. See especially 
the lectures of GLAUBER, GORDON, HAKEN, LOUISELL, SHEN and WEIDLICH 
in this volume. 

Equation (3.30a) describes the small signal gain of the laser amplifier 
but is not adequate for a dese iption of laser oscillation. In order to obtain 
the steady -state operating conditions we must treat the atom in higher -order 
perturbation theory, just as we did in the semiclassical theory. That is, we 

must calculate rie to the next-higher order (4 -th order). 

8 b(Y) + a cu 
eR.n en.n T en,n' 

When this is carried out we obtain the new equation of motion 

(3.31) dt _ - [Rn.n,(n + 1) + Rn:n(n 1)] gn.n'(t) + 
, + [R-i. - + R-i. 41-1] Vnn - 

-1 C(n + n') en n' + C 1/(n + 1)(n' + 1) n n+1, a+t 

where [20] 
. t 

1 r 
(3.32a) xn n. _ :Ygs i= - g= [3(n' 1), -+- (n + 1)], . 

Equation (3.31) is the equation of motion for the laser field interacting with 
a nonlinear atomic medium and a linear loss mechanism. When we do the 
more general calculation of « detuned » atoms, w *y, having decay rates of 

y. and ' y, from levels a and b (instead of the present model of atoms passing 
through in a time T) and interacting with the field to all orders, we still ob- 

tain eq. (3.31) but with Rn,n, given by [21] 

(3.32b) nn = 

= rag* Ye(Yae+id) +gz(n-n') 
yaYa(Yáa +d') +2yReg=(n +1-1-n' +1 ) -f-g$(n' - n) [ga(n - n') +id (y.-74)] 

where d 01- v. 

4. - Discussion of equation of motion, photon statistical distribution and photo- 

electron statistics. 

Having developed the equations of motion for the laser radiation-density 
matrix en,,,,(t), we now proceed to interpret and solve these equations. A point 
central to this analysis is that only terms of the density matrix, en,n of equal 

degree of « off.diagonality » (equal k = n- n') are coupled by the equations of 
motion, as indicated in Fig. 9. Bearing this in mind, we may consider the 
diagonal equations for en- (photon rate equations) without regard to the off- 
diagonal elements_ 
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n-1 n n-1 n'-1 n' n'A-1 

n- 1 en-LR-1 \ 9w+1.'-1 \ 
n Q001-1 \ 

\ 
Qn.n \ 

\ 
Gov \ 

n+ 1 

\ 
Qw+1,n \ 

\ 
Qn+i.n+1 

\ 
Qw+l.w'+1 

n + 2 

\ 
Qw+Lw+1 

Fig. 9. - Coupling of terms in the equation of motion for radiation -density matrix. 

41. Diagonal equations of density matrix and photon statistics. - The dia- 
gonal equations implied by (3.31) with Rn,w taken from (3.3 b) are [22) 

(4.1) ew.w(t) = -A [1+(n+ 1)J (n + 1) Pn.n + A[1+ 1tiJ ew-l.w-i - 
pump lag 

- Cwen.w + C(n + 1) Pw+i.n+1 , 

damping 

where 

A = NgsT2 = linear gain, 

(4.2) B = 1 Ng T4 = saturation parameter, 
3 

C = v/Q = loss factor. 

The terms in eq. (4.2) have been grouped to mane the physical interpret- 
ation evident. We will consider the photon -rate equation in three regions: 

1) linear theory which establishes the requirements for amplification 
when A> vfQ and properly describes the laser below threshold, A < v /Q, 

2) nonlinear theory applies at or above threshold but breaks down when 
the intensity becomes too high, as it is obtained from perturbation theory. 

3) exact solutions are then presented which are the proper solutions to 
use for very intense fields (larger than those typically found in gas lasers). 

Linear theory. The equations describing the flow of probability between 
the n -th and (n ± 1) -th level of the radiation oscillator are further depicted 
.in Fig. 10. It appears from Fig. 10, that for a laser below threshold 
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i7(n + 1) en+101+1 

A 

A(n+ 1)en.n 

nen i,n-1 

Fig. 10. - Flow of probability due to linear gain :and cavity loss. 

and in equilibrium with its reservoirs, eq. (4.1) is equivalent to the two iden- 
tical systems of equations implied by detailed balance. 

'0.3a) 
(4.3b) 

AnQn-1,n-1 - CnQn.n = 0 

- A(n + 1) Qn.n + !%(n -}-1) Qn+1.n+i ° 
The solution to eqs. (4.3a, 4.3b) is easily seen to be 

(4.4) QR.n (Á)n1-1 

`1 

5)n - 11 - () 
I%) 

where the first term on the right is included for norm alization. If we write 
eq. (4.4) in terms of an effective temperature O defined by 

(4.5) A = egp [- iiv/ks0] 

then eq. (4.4) takes the usual form (2.32) for single mode thermal light 

(4.6) Q - exp [- iriv/ka0]) exp [- vn/k@] : 

The average value for this distribution 

(4.7) (n) = cap [- hvn/k80] (1- exp [- /iv/k80]) 

is seen to be the Bose- Einstein function 

(4.8) <n> = 
[Jiv /k.64] -1 

Equation (4.6) is the main result of our quantum theory of a monochromatic 
neon sign (laser below threshold). 

Nonlinear theory. To obtain an adequate description of a laser above 
threshold we must include the effects of atomic nonlinearities. As mentioned 
previously, these nonlinearities arise when an atom has made a transition 
to the lower state and then begins to absorb energy from the field. This 
1 limiting s of the amplification due to multiple atomic interactions replaces 
the linear gain parameter A, by A - B(n + 1) as we noted in Sect. 3. Fig- 
ure 10 must now be replaced by Fig. 11, which includes these multiple inter- 
actions with the field. 

1 
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n-1 

C(n+ 1)0,4-1,.+1 A(ri + 1) Qn+i.n+i - B(n -i- 

i Ant'« -i,n -1 
A 

r 
Bns Qn-1,n-1 

Fig. 11. - Flow of probability due to nonlinear gain and cavity losa. 

With the nonlinear terms included, eqs. (4.3a), (4.3b) become 

(4.9a) (A - Bn) ne. «_, -Ong...* 0 , 

(4.9b) -(A -B(n 1))(n + 1)e+ C(n + 1)en±1.n +í = 0 . 

These equations have the solution 

A -Bk (4.10) a « « =Z -1H , 

where 

(4.11) Z= rf A 
- Bk 

n k.o C 

The quantity en,n is the product of n+1 factors of the form (A /C) [1- (B/Ak]. 
For k< (A - C) /B = no these factors are each greater than unity, while for 
k> n, the factors (A /C)[1 - (B /A) k] are less than unity. Hence a «n increases 

for n up to n, and goes monotonically to zero for n > n,. Thus the distrib- 
ution is peaked at n,. The average photon number implied by (4.10) to a 
very good approximation is 

A -C gain loss 
<n,) B saturation parameter EL ° "' " " "' 

which is in accord with the semiclassical result (1.40). In fact, we shall see 
that in the limit of infinite gain the laser goes into a,cohe£ent state, as the cor- 
respondence principle would imply. 

It may be noted that for n > A/B the distribution (4.10) . may be nega- 
tive. This is a result of going only to fourth order in the calculation of 
However the region where en« goes negative involves such large quantum num- 
bers that we may safely ignore this region for many lasers. When we solve 
the problem a exactly », the diagonal elements remain positive definite. We have 
presented the treatment to third order in the polarization (fourth order in be), 
as t ús contains the essential physics. We now turn to the exact solution 
for e«,n, i.e. the density matrix obtained when the calculation is carried to 
all orders of the coupling constant g. 

Exact theory. - When the solution for be is carried out ,a exactly * we find 

r -a B - 
(4.12) e«.n= - A(n + 1) I 

ll 

1 -F- (n -)- 1) e...w - An[1 -1- n ] 
_ Cn,e*,n+ C(n +1)o : n+1 
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which is seen to reduce to eqs. (4.3) when the square bracket expressions 
are expanded in rowers of A/B. The solution of eq. (4.12) is clearly 

. 

{4.13) Pr.n =.N'Tj (Al CV + (B/A)kJ-1 , 
k-p 

where .iY is a normalization constant. We may write this distribution in a 
more convenient form by rewriting eq. (4.13) as 

A2 \n n 1 

P.n=.N`tBI 

121 

C (A/B + k) 

and using the definition of the generalized factorial function 

i-s 
A ( B+ kl = (An 

1)! 

We-then obtain the expression 

(4.14) e...= Z- 1(A2 /BCr+we ))ICn + (4 /B))'! , 

where the normalization constant Z -1 may be expressed in terms of confluent 
hypergeometric functions 

40 

(4.15) Z = 1 (A2/BC)"sta)) f [n -}- (AMA! = o 
= [(4'/BC)"l(A/B)rJ[1F1(1; (.4/B) -I-1; A'lBC)] . 

The distribution (4.14) is plotted for 
various excitations in Fig. 12 and is 
compared with a coherent state in 
Fig. 13. 

30 60 
n. 

90 

Fig. 12. - Plot of the laser distribution illustra- 
ting the three operating regions 1) 20% below 
threshold, 2) threshold, and 3) 20% above thresh- 
old. Using eq. (99) the nonlinear parameter B 
has been chosen to give <n> = 50 at 20% above 

threshold. 

-1. -2 0 2 4 

Ant0' 
Fig. 13. - This figure compares the pho- 
ton statistics for coherent and laser radia- 
tion. The laser is here taken to be 20% 
above threshold, with the parameter B 
chosen to give <n> = 101. , coherent; - - -. laser, 
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Calculating the average value of n, we find 

(4.16) <n> = Z -i n ([n 
+ (IB))11 

- Z -' (n + A/B -A /B) (A' /BC)1* +.ia1 

[n + A/B]! 
m 

[(A*'Bc)nA,,-'l' 
Z-i 

[n A/B -1] 1 (A 
f B'/BC) - (A113)(1- eo.o)= 

[.ì e .nl(A2/Bc) - (A/B)(1 eo.o) (A/C)(A - C)fB + (AIB)éa., 

For a laser appreciably above threshold the (A /B)eo,o term in (C16) is cleaxly 
insignificant as (A - C) /C» eo.o 

(4.17) <n> = (AIC)(A - C) /B; 

a similar approximation for the variance of the distribution yields 

(4.18) as _ [A /(A - C)] <n> . 

Finally we note that as the gain becomes much larger than the loss eq. (4.17) 
becomes 

(4.19). 
<n> BC (A- C) 

For A y> C the important n in eq. (14) are n -N f 0(N) which is much 
larger than A/B and we may write 

(Hr.ra N^ (4.20) (n A/B)! . eSp [- N) n! 

which is the classical limit (Poisson) distribution [23] implied by (2.34). 

4'2. Time development of the photon stag4tical distribution. - We turn 
next to the time development of the laser from vacuum to the steady state. 
In general the time -dependence of e, (t) may be expressed as 

exp 1-fz,t] 

0.8 

0.6 

0.4 

0.2 

O 

or o 

0.03 

0.02 

0.01 

0.03 

0.02 

0.01 

o 

0.03 

0.02 

0.01 

20 40 60 80 100 

0 20 40 60 80 100 0 20 we have chosen <n<,u.d, ,,,u = 50, 40 60 80 100 

where (p, and IA, are the decay 
eigenfunctions and eigenvalues. 
The steady.state solution (4.14) 
corresponds µa = 0; higher eigene 
values and eigenfunctions have 
been calculated and will be pre- 
sented elsewhere. However, in 
order to obtain insight into the 
time development the photon 
rate equations have been nu- 

Fig. 14. - Time evaluation of laser 
beginning from vacuum, in this case 

n rJQ=0.9.10°, A =1.010°, i.e. 10% 
above threshold. a) . t=0 t=1 µc, o t= 2 µs; b) t1= 16.6 us, t,= 18.2 1.1.8; 

c) 4=25.4µs, 4=27.8µs;. d) 4=55.4µs, t,=63.8vs. 
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merically integrated, and the results displayed as a computer movie [24]. 
In the movie we take ñ,,,. = 50 and chose A -C so that the laser is 30% 
above threshold. The distribution develops from vacuum at t = 0 to steady 
state at t 30 µs as in Fig. 14. Recently the group under ARECCHI [25] 
has succeeded in obtaining experimental evidence which appears to be in 
agreement with the time evolution of the laser statistics implied by the theory. 

4'3. Photoeléctron counting statistics. - As the photon statistics are obser- 
vable only by photoelectron counting techniques, we give a brief discussion 
of the photo -count distribution [26] implied by any given photon distribu- 
tion, a ,. As time is short we will simply give the relation between photo- 
electrons and photons in a form amenable to physical understanding. This 
form [27] of the photo -count distribu` ion is the proper beginning point if, 
as in the case here, one has en. most naturally. 

If we shine a beam described by the number state In> on a photodetector 
having quantum efficiency r¡ then the probability of observing m photoelec- 
trons is found to be 

(4.21) P,n(In)) = 
ln/ 

77-(1 - 'I)n m 
m 

Equation (4.21) is physically reasonable in as much as it is Bernoulli's dis- 
tribution for m successful events (counts) and n - m failures, each event having 
probability n. If on the other hand we are in a mixture of states such that 
the probability of finding n photons is e, then clearly 

(4 -.22) , 

`m/ '/-l1 
- '/)n s nn, 

n-m 

To east (4.22) into another form we write o in the P(a) representation, viz 

(4.23) e.. = fdsP()(*)n/n. ! exp [ -X=], 

then (4.22) becomes 

(4.24) P,= J n! exp [- jai (a*á) ^,(1- r¡)-mP(a)d$a= 
_m m! (n - m)! n. 

=fe [- Ia1'] p(a) 
Z 

(a 
a)t+m (1-r) d'a= rd'aP(a) (ra)me%p [- a*a] 

Equation (4.24) is the form most often found in the literature. 

We may now calculate the photo -count distribution for a fully quantized 
laser by inserting e, as given by eq. (4.14) into (4.22). The probability for 
finding m photoelectrons is 

(m) 
m 1 

`A9/B()t4lB 
(4.25) P,= - Z (n AIBi) . 
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Summing the series we find the basic rdlatiron 

n+d}8 
(4.26) P,=Z-lr^' /+A/B)I1F1(m 1,m+B+1,(1-rl) C,), 

where 1F, is the confluent hypergeometiic function. It should perhaps be 
emphasized that the photoelectron statistics (4.26) are not simply a scaled down 
version of the photon statistics (4.14). The procsss of detection has changed 
the statistical distribution, 

MtreLton s 1 

p... -> e... *1F1 
n 

+ 1, n + B + i, (1 - rl) 8 ,} 

Photon J 
'photoelectron 

The photo -count statistics produced by a laser have been investigated by 
several workers [28], and are in good agreement with the theory. 

5. - Off -diagonal elements of the density matrix and spectral profile. 

Having considered the diagonal elements of the density matrix of the 
radiation field, let us now investigate the off -diagonal elements n' 
Upon obtaining an expression for the time -dependence of the off -diagonal 
elements, we will then demonstrate how this information leads to a line width 
for the laser radiation [29]. The spectral profile implied by e.... +1(t) will be 
obtained in three different ways: 

1) from the decay of the ensemble average electric field;, 

2) by considering the theory of a simple spectrum -analyser; 

3) from the correlation function G'I'(t). 

5'1. Time dependence of en,n +k(t). - Let us begin by rewriting the equations 
of motion for the off -diagonal elements in a form which is more closely related 
to diagonal elements. Introduce the notation 

= en.n+k(t) _ 0n(k, t) , 

where k denotes the degree of off- diagonality..Our. equations of motion (3.31) 
may be written in terms of 0.(k,) as 

(5.1) ( k, t)=- r, ák1BO.( k, t )- [A- B(n +1+j.k)](n+1+kk)o(k,t)+ 
+ [A - B(n + lk)](n(n + k)); 0n-1(k, t) - 

- C(n + 41c) 0(k, t) + C[(n + 1)(n + 1 + k)] +o* +1(k, t) , 

The first three terms of (5.1) describe the gain of the radiation field, whereas 
the last two terms represent the loss. In general (5.1) is satisfied by a solution 
of the form 
(5.2) On(k, t) = /9:,(n, k) exP 
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where the µ;k' are the decay eigenvalues and qp,(n, k) the corresponding eigen- 
vectors. In the case k = 0 (diagonal elements) we found the slowest decay, 
eigenvalue to be µo(0) = 0, corresponding to a steady -state solution. But 
for the off -diagonal elements all the eigenvalues are positive definite, i.e. 
µ;k' > O. Consequently the only steady -state solution is 

en,*(t) _ 0n(k, t) -÷ 0 as t , n on' ,. 

If the laser is far enough above threshold, the lowest eigenvalue µ4k' will be 
small and the solution will be similar to that found for the diagonal equation 
(4.10). Hence we look for solutions of the form 

(5.3) 0nr(k, t) _ ..drk [ 
Imo l 

A Bl 7T A 
C 

mÏ exp.[- /4óm t] , 

where .4'k is determh ed by the it i i 1 value 0.(k, 0). O..e finds [30] that 
eq. (5.1) is satisfied to a very good approximation if 

(5.4) ktD, where D = l <n> 

The off -diagonal elements of Cie laser osc.11at,ing above threshold are the 
seen to have a dime- depe;.deace of the form 

'n(k,t)= 0n(k,0) exp [- µtole'], 

which in the Schrödinger picture becomes 

(5.4a) [0n(k, t)]s, = 0n(k, 0) exp [- (ikv µ`ó')t] . 

5'2. Decay of electric field. - Recalling eq. (2.9) the electric field of the laser 
is seen to be proportional to [c(1, t)]ti 

(5.5) <E(t)> = d ([o(1, t)]cti Vn 4-1 + c.c.) sin kz= 

= n 1 0 1n - 1 ez (iv + k>) t] + c.c.) .sin kz = E cos vt eg 
Dt { ( r ) P[-( µo o P[- 2] 

This decay is understood to be the - result of a Brownian random walk of the 
ensemble averaged electric field, due to the stochastic processes that int!u 
once the system. After a certain amount of time the phase of the field has 

diffused out over a circle in the complexa plane. Statistically this is the 
same as saying that the expectation value of E has vanished. This decay time 
of the electric field due to phase diffusion is typically of the order of 30 min. 

For the calculation of the linewidth, we take the Fourier transform (in 

the rotating -wave approximation) of the average E field and square 

(5.6) ¡F.T. <E(t)iI' = lE(w)12 = Eó[(w-v)t +_(4D)9]-1 . 

Thus the line shape for the laser oscillator is found to be Lorentzian with a 

full width 'at half height given by [31] 
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(5.7) D 
1 v/Q 
2 <n>. 

5'3. Theory of a spectrum- analyser. - In the preceeding discussion we 
have associated the decay of the average electric field with the laser linewidth. 
The present .section will be devoted to the question of how the spectrum of 
the laser oscillator is to be defined. To answer this question we will present 
a model of a simple spectrum analyser and outline the theory of such a device. 
The analyser is to be operated according to the following instruction manual: 

1) Suppose we have a box of two -level atoms (« spectrometer atoms a) with 
level distance co, all the atoms being initially in the ground state 11). 

2) Now we move one of the atoms slowly through the laser cavity, where 
it will interact with the field. When the atom emerges from the cavity 
it will be in some superposition of the ground and excited states as indi- 
cated in Fig. 15. 

8) Now we make a measurement to decide whether or not the atom has been 
excited (using for example a device that emits a photoelectron when hit 
by an excited atom and gives no signal if the atom is in its ground state). 

4) By repeating this measurement many times we find the probability o,,, 
that the atom will be excited. 

5) Repeat the first four steps with spectrometer atoms having other atomic 
frequencies w. 

$) Now plot e2,2(w) /e2,2(v) vs. co, see Fig. 16. This plot provides us with an 
operational definition of the laser spectral profile. We now outline the 
calculation of e2. :(w) 

During the time that the spectrometer atom is in the cavity, to a very good 
approximation, the pumping and dam- 

per +r ,} 2 ping of the laser field are going on as 
if the spectrometer atom were absent. 
That is to say, the tiny influence of the 
spectrometer atom weakly coupled to i 
the a massive » laser field hardly affects 
the laser oscillator. Thus we may write 

fi 

i 1.0 

p(t,,w) 2 

Fig. 15. - Schematic illustration of spec- 3 0.5 

trum analyser. Atom enters laser cavity 
in ground state 1, interacts with laser 
radiation and emerges in linear super- 

position of states 1 and 2. 
v 

(.1 . 

v+D v+20 

Fig. 16. - Relative excitation of spec- 
the time rate of change of the density trometer atoms plotted vs.. atomic fre- 
matrix for the spectrometer atom -laser quency co = (es- el) /ñ. 

system as the sum of the time deriva- 
tives of the laser in the absence of the atom plus the time derivative produced 
by the spectrometer atom interacting with the field: 



60 

(5.8) deldt = (do/dt),,,er -¡- (de/dt)°yecerometer intencEEan 

From (5.4a) we see that the laser time derivative is 

(5.9) 
\do dt Ler - iv(n - n') ,,,,' Thu?' p' nn, , 

while the spectrometer atom interacting with the field via the usual dipole 
interaction is 

/.(5.10) 

r, n, s, n' - ip(Hrem + V, eir.n:e.n', 
Dectromeuter Interaction 

L\ 

where r and s = 1 or 2. Inserting (5.9) and (5.10) into (5.8) we have 

(5.11) (defdt),.n:,.n' _ - i(n -tL')vern:, n' -12Jk' Pr,n:f.n' 

- Z( rr r -- ly°) er.n;a.n' - tiL Vf Or.n:f.n' 

where W2 - Wi = w. 

Equations (5.11) may be solved by perturbation theory to obtain the 
probability that the atom is excited. We find 

45.12) e2,2(w) = óx.n:a.n(w) _ 
t 

=fdeJ dt" I1/2.n:1.n+112en+1.n+t(0) e\p [-T2(v - 0)) -}- 1411 (tr- t")] + c.c.e 

0 0 

where T is the time the spectrometer atom spends in the cavity. Doing the 
integration (5.12) becomes 

1 
02.2((0)=- .04'1)2 {coupling constants, etc.} , 

which agrees with the spectrum (5.7) since eu,, - ¡D. 

5'4. The correlation function G'(t) as obtained from the density matrix 0n(k, t). - 
The linewidth of the laser radiation is often associated with the Fourier trans- 
form of the correlation function 

G(t) = Tr (at(t)a(0)e(0)) . 

We now illustrato how Gti'(t) is obtained from the knowledge of o (1, t). It 
is clear that the time -dependence of a +(t) as it appears in eq. (5.13) is not 

(5.14) (-,+(t) = etg°t a+(0) exp [- iHo t] , 

since the laser field is not described by a simple Hamiltonian, i.e. the laser 
is an open system. That is to say, we must describe the behavior of the laser 
field as it interacts with the atomic reservoirs according to eq. (5.1). To 
understand what we should mean by a(t) let us consider the time evolution 
of the entire system of lasing atoms, dissipation mechanism (cavity s Q ») and 
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laser field as described by a time development operator U(t). Then a(t) is 
given by 

(5.15) a(t) = Uf(t)a(0) U(t) . 

With this form for a(t) we must now write the correlation function eq. (5.13) 
to include the « unobserved » atomic and dissipative subsystems which are 
then traced over 

0.16) G'l'(t) = Tre Tra( U#(t)a+(0) U(t)a(0)e(0)R(0)) . 

The density matrix for the combined system at t = 0 is e(0)R(0), where R(0) 
designates the density matrix of the reservoir coordinates. Equation (5.16) 
may be written in the form of (5.13) if we define 

(5.17) a +(t) = Tra(R(0) U +(t)a +(0) U +(t)) . 

Writing (5.13) in the in) representation we have 

(5.18) G(1)- <nla +(t)Im) <mIa(0)Im+1 >e, (0) . 
n,m 

We obtain an explicit form for the time- dependence of the- operators a(t) and 
a +(t) by recalling that the density matrix 

(5.19) en.n (t) _ [TrB U(t) R(0) 9.(0)U+(t)]n1 n' = Tr, [U(t)naR(0)em.m,(0)U1(t)mn] 
1n,m. 

has a known time -dependence given by (5.4a). 

(5.20) 
' en.n.(t) = en,n.(0) exp -[iv(n -n') -}- B`ó 1 t] . 

Comparing (5.19) and (5.20) we see that U(t)n.m is in fact diagonal, 

(5.21) 

and 

(5.22) 

U(t)n,, = V n,m(t),Jn,m 

Tr, [ U(t)n.nR(0) U(t)ñ_1.-1] = exp [(iv 1,4") t] . 

Using eqs. (5.21) and (5.22) we may write the matrix elements of a -(t) as 

(5.23) <nla +(t)I m) = Tr2[U(t)n.naf(0),n, U(t)h_1, _1R(0)] _ 
= at(0)n.n_1 Tr, U+(t)n_1.n_1R(0) U(t)n.n = a*(0)n.n_1 exp [(iv -/ 1))x] 

so that eq. (5.18) becomes [32] 

(5.24) G1t1(t) = Tre [a7(0) exp [(iv- 11)t]a(0)e(0)] = G<11(0) ezp [(iv -141)0 . 

Upon taking the Fourier transform of (5.24) one finds 

(5.25) 
Gc11(0) 

Go) (w - v)s +, (Apr' 

in agreement with the line width obtained by the first two methods. 
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SELF-INDUCED TRANSPARENCY By PULSED COHERENT LIGHT* 

S. L. McCate and E. L. Hahn 

Univeu-c,ty ot¡ Ca,tLOnn.í.a. at BenFze,Eey 

Introduction 

The development of coherent sources of pulsed coherent radiation 

has initiated investigations of resonance coupling of coherent travel- 

ing waves with media which have absorption bands near or at the frequency 

of the applied pulse. The absorption of low intensity coherent or 

incoherent radiation can usually be interpreted in terms of linear dis- 

persion theory. This approach is particularly valid in cases where the 

resonance lines are broadened by lifetime damping, and the ground state 

energy levels of the absorbing medium (or excited states in the case of 

a prepumped active amplifying medium) are not appreciably depopulated 

by the radiation. As the radiation intensity is increased, the linear 

problem can be perturbed to account for the onset of weak nonlinear 

absorption effects. These include principally the saturation of the 

resonance absorption, and, if damping is not too sevére, the transient 

oscillations in state populations which can be observed during and after 

the application of pulsed radiation. For very large intensities of pulsed 

coherent radiation encompassed by optical, phonon, and microwave radia- 

tion, the pulse width and rise times have a critical effect if they are 

comparable to or shorter than the dissipative damping times of the reso- 

nant medium. The state population changes become markedly nonlinear 

and time dependent: the resonance susceptibility of the medium is then 

a strong function of the traveling wave intensity. 

Usual perturbation treatments of strongly driven resonance phenom- 

ena cannot tractably reveal some rather surprising nonlinear propagation 

effects which are possible. Recourse to simple rate equations for quantum 

*Please regard these lecture notes as proprietary since they are prepara- 
tory notes for a paper that is to be submitted for publication and also 
submitted in partial fulfillment of a PhD in physics. Specific material 
in these notes may be referred to in research leading to publication. 
Work is supported by the National Science Foundation. 
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state population behavior must be abandoned, and the use of standard 

absorption and emission coefficients to examine the pulsed response of 

systems at resonance in the usual manner can be inadequate or incorrect. 

The time dependence of off -diagonal elements which connect quantum 

states playsa principal role in the description of coherent superposi- 

tion of quantum levels. A two level system is the simplest case, and 

it will be the main one to be discussed here. We will speak in terms 

of optical states and electric dipole moments, but our analysis will 

also apply to cases where magnetic moments could be involved in the 

resonance process; and the pulsed radiation can involve magnetic, elec- 

tric, or phonon field oscillations. 

A striking manifestation of nonlinear resonance response to pulses 

of coherent light is the photon echo effect. This phenomenon, having 

its analogue in the spin echo effect, demonstrates the collective super - 

radiant state of source electric dipole moments which exchange energy 

coherently with electromagnetic waves. In the case of spin systems, 

the same effect is spoken of in terms of free precession coherence, where 

spin ensembles radiate coherently into a resonant cavity. In our experi- 

ment we consider the interaction of a single pulse of optical plane wave 

oscillations with a medium of dimensions large compared to a wavelength, 

and no cavity is present. In the limit of no damping the optical resona- 

tors are assumed to be distributed over a spectrum of frequencies deter- 

mined by an internal spread of fixed two level splittings. The line 

shape is therefore defined as inhomogeneously broadened. As a weak pulse 

enters the medium, a fraction of the pulse energy is absorbed and retained 

as excitation energy of the two level system in the beginning length of 

a sample, and after a few absorption lengths the pulse intensity has dis- 

appeared according to the usual Beer's law of absorption. Although the 

dipoles are left in the excited state after the pulse has gone by, they 

cannot reradiate power because they quickly dephase among themselves, 

owing to the broad pulse spectrum over which they have been excited. While 

a given group of ions is excited coherently by the pulse, absorption is 

induced because of the familiar resonance property that the driving elec- 

tric field is opposed by an electric field radiated by the dipoles. How- 

ever, if the initial pulse power is sufficient to excite the ions into 

a predominantly inverted or "pumped" state, before the pulse has subsided, 



67 

some energy of induced emission radiation will be returned coherently 

into the remaining portion of the pulse. The induced radiation field 

now adds to the driving field. Once this emission process takes hold 

to the slightest degree, it becomes favored more and more as the pulse 

propagates into the medium until the following equilibrium condition is 

reached: the energy of induced emission into the light beam, during the 

last half of the pulse, becomes equal to the energy of induced absorp- 

tion during the first half of the light pulse. This constitutes the 

dynamic condition of self- induced transparency, and the final pulse is 

characterized as a 27 pulse in the same way a gyromagnetic spin system can 

be excited to upper states and returned to the ground state by a pulse 

of radio - frequency power. In the traveling wave case the injected pulse 

of arbitrary shape evolves into a final symmetric shape which is a hyper- 

bolic secant function of time, pulse width, and pulse velocity. The 

transparency effect postulates a condition of little or no attenuation 

of the propagating pulse as a plane wave, and retains its essential de 

scriptionin the presence of real damping if the initially applied pulse 

has a width short or even comparable to the damping time. 

The transparency effect is not necessarily restricted to the special 

case of, single pulse transmission. Several pulses can be applied, and 

in the case of the two pulse photon echo the analysis can be applied to 

justify the evolution of two pulses into three pulses, where the third 

pulse is defined as the echo. Instead of speaking in terms of applied 

pulses as necessary for initiation of the transparency effect, it can be 

brought about as well by applying any step function of field from the 

driving source which can be left on. The self- induced transparency 

mechanism will still operate, and yield output pulses which are self - 

propagating through the medium if the rise time of the step is short or 

comparable to the damping time, and if the step amplitude is sufficient 

to pump the medium into the inverted emissive state. The generation of 

pulses from the step function is again a consequence of the induced 

energy absorption and emissive sequence, but now over a number n of cycles 

corresponding to a 2rrn pulse, where n is ultimately limited by the damp- 

ing. During these cycles, as alternative energy depletion and additions 

reshape the original step pulse, the original step function finally splits 

into separate 27 hyperbolic secant pulses. 
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First evidence of the transparency effect came from computer cal- 

culations which led to our finding of a particular analytic solution for 

the area of the pulse as it propagates through the medium. The effect 

was demonstrated experimentally in the case of ruby laser pulsed light 

acting on a passive ruby sample tuned to the driving pulse. Subsequently, 

the transparency effect was demonstrated in a gas at Bell Telephone 

Laboratories by Slusher and Patel in the gas of 10.6 micron radiation 

pulses from a CO2 laser passing through a gaseous medium of SF6. This 

gas happens to have a vibrational transition at the 10.6 micron wave- 

length of the CO2 laser. 

In view of the rapid development of "Q switch" and mode -lock pulse 

techniques which produce laser pulses in the range of 10 -8 to 10 -12 

seconds, such pulses will propagate over anomalously large distances 

through real systems with electron dipole damping times in this range. 

The onset of attenuation effects are themselves of critical interest in 

the measurement of short lifetimes in resonant atomic states, electron 

band states in solids, and collision damping times and cross sections 

in gases. In the plane wave approximation, the shape and area of the 

self -propagating pulses are themselves a measure of transition dipole mo- 

ments and a host of other properties ultimately connected with the nature 

of the medium line shape and resonance structure. The analysis in this 

paper applies as well to situations where the medium is prepared ini- 

tially in the pumped excited states. This is a condition common to all 

lasers and amplifying media; and the transparency effect can serve as 

a basis for analyzing the nonlinear character of laser pulse steepening, 

amplification, and final output pulse character in a number of situations. 

Plane Wave Theory 

Assumptions for Pure Coherence Case 

The fundamental law for the optical self- induced transparency 

resonance effect can be derived analytically on the basis of the follow- 

ing assumptions: 
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(1) An infinite plane wave of arbitrary elliptical polarization, 

given by 

E(z,t) - 16(z ,t)cos(wt - kz + (p) + j ey(z,t)sin(wt - kz + (0) 

(1) 

traverses the medium in the z direction in the form of a pulse at applied 

optical frequency w. The pulse envelope (J of each component of the 

electric E(z,t) is slowly varying so that 

« and a « w (2) 

dz À at 

where k - n , a is the vacuum wavelength, (pis an arbitrary phase 

factor, and n is the host medium refractive index. The optical resonance 

response of N ions cm -3 in the host medium does not affect n. 

(2) The number of ions, n = Na 
3 

, in a volume A 
3 

, is sufficiently 

large so that n can be represented by the integral of a smooth and sym- 

metric normalized spectral distribution function g(Aw) over a spread of 

frequencies, determined by static inhomogeneous broadening of the optical 

resonance line. In solids such a broadening could be caused by a distri- 

bution of static crystalline electric fields in the host medium associated 

with mechanical strains, in combination possibly with static inhomogeneous 

magnetic fields which cause Zeeman level shifts. In optically resonant 

gases the distribution of Doppler frequencies serves as the inhomogeneous 

broadening mechanism in the limit that the applied optical pulses are 

short compared to the mean time between gas collisions. 

(3) The center of the inhomogeneous symmetric spectrum described 

by g(Aw) is tuned to w, and ions at the transition frequency wo are 

defined off resonance by an amount Aw = w 
0 
- w. As a consequence, g(Aw) 

is an even function of Aw and the parameter in Eq. (1) proves to be 

independent of time. The complication of frequency pulling of the initial 

frequency w in the pulse toward the average frequency of the absorption 

line is avoided. 

(4) The direct dipole -dipole interaction among ions is neglected 

by limiting the size of N so that 

2 

Np2r-' P 3 « p(5), 
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where p is the induced optical electric dipole of the ion, and < r3 > 

is the mean value of the cube of the distance between ions. The inter- 

action among ions takes place only through coherent coupling and mutual 

energy exchange with the macroscopic electric field 6 (z,t). The 

microscopic interference of wave zone electric fields radiated by elec- 

tric dipole moments yields a coherent scattered plane wave only in the 

forward direction of the original light pulse. The magnitude of the 

back scattered plane wave is negligible if the condition 

a X « 1 

holds, where a is the classical reciprocal absorption "Beer's law" 

length. This absorption length would apply to the light pulse in the 

limit of law intensities. 

(5) Because the field ¿ is classical, and the number of photons 

in the experiment is large, the effects of quantum photon statistics are 

not considered. The semiclassical approach is adopted in which the e 
field of Maxwell's equations is self -consistently coupled to Schrodinger's 

equation to obtain quantum mechanical expectation values of electric 

dipole energy and polarization operators. The upper limit to the magni- 

tude of e is limited by the condition p E «4,w. This implies that e 
is negligibly small compared to internal atomic and crystalline fields 

which determine the energy level splitting, and nonlinear harmonic light 

generation phenomena are not included. The problem here is restricted 

to the nonlinear response of electronic resonance polarizability at or 

in the vicinity of frequency w. 

(6) Damping relaxation and incoherence caused by relaxation 

effects are neglected if the e field pulse duration time T is short com- 

pared to dissipative damping times determined by spontaneous emission, 

phonon collisions, or by any mechanism which destroys the coherent super- 

position between excited quantum states. As indicated in Item (2), in 

the case of a gaseous medium, collision effects can be ignored if T is 

very short compared to the mean time between collisions. 

Some of the restrictions imposed by the assumptions above will be 

lifted in certain situations in later discussions. The perturbation 

caused by relaxation, for example, can be included in situations where 

the actual damping times are large compared to T. In item (3), the 
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resonance process can be described for excitation of arbitrary shape 

g(aw) for a special "2n pulse" hyperbolic secant shape. Assuming 

this shape, the effect of weak damping of the pulse power can be assessed 

for short pulses. 

Theory 

If each eigenstate of a two level system is a mixture of basic 

states, the two level system can in general respond simultaneously to S 
fields which are polarized perpendicular and parallel to a defined sym- 

metry "c axis" of quantization assigned in the z direction. The perpen- 

dicular x,y components determine right (a +) and left (a -) circularly 

polarized light response, and the parallel z component determines linearly 

polarized (n) response. The resonance transparency effect is obtained 

most simply by restricting the analysis to a two level system which re- 

sponds to one transition, for example, the + transition. A theorem will 

be derived for self- induced transparency which can be generalized to in- 

clude the effects of all components of , as seen in a later discussion. 

Resonance Coupling of the Traveling Wave to the Two Level System 

Eq. 1 can be specialized to define a right circularly polarized 

plane wave traveling in the z direction as follows: 

E (z,t) = i Ex(z,t) - j Ey (z,t) 

= e(z,t) [ i cos(wt - kz + (1)(z))- j sin(wt - kz + 

c(z))] (3) 

At the entry face z = 0 of the medium, let 4) (0) = 0, and define ¿ (0,t) 
as an arbitrary pulse envelope shape generated by a coherent laser source. 

In the medium, the interaction Hamiltonian of the two -level system with 

no damping terms included is expressed as 

cJ o Po E(z , t) , (4) 
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where) is the main interaction internal to the two level system, which 
o 

determines the splitting h w. The electric dipole moment operator is 

defined as 

Po = i px0x + J py Oy + k pz Oz, (5) 

where px, py, and pz are magnitudes of the respective components of 

electric dipole moments. The polarization operator Ó has transformation 

properties identical to the spin operator I which occurs in magnetic 

resonance problems. With the definitions that 

P+ = Px Ox ± i 0y, 

p+ (z,t) = E(z,t) + i Ey(z,t), (6) 

Eq. (4) becomes 

;;./o ' 2 [p+ E_(z,t) +p- E,+(z,t)) (7) 

In restricting ourselves first to the case ofd transitions, the z cam- 
_ 

ponent of Po is absent in (7). 

The two quantum level solution for the expectation value of the 

source dipole moment per cm3 is well known in the literature, and was 

first enunciated by the principle of nuclear induction. We review briefly 

a popular density matrix method which provides a shorthand way to obtain 

macroscopic equations of motion for expectation values of operators that 

are of physical interest. Later the method will allow a convenient treat- 

ment of the case where an arbitrary mixture ()fa a_ and n polarizations 

may occur. 

Considering only its time dependence, let the ion two -level wave - 

function be given by 

-iwt + iwt 
o o 
2 2 = a1(t)q1 e + 

a2(t)T2 
e 

(8) 
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with population coefficients a1(t), a2(t) and state functionscpl,cp2 assigned 

respectively to excited (1) and ground (2) states. The dependence of 

i upon z and the phase of traveling wave excitation must eventually be 

included. In our particular experiment the ground state is completely 

populated before dipole transitions are induced, and therefore 1a2(0)12 

1, la1 (0)1 2 = 0 at time t ` -co. The initial density matrix is given by 

0 

(9) 
1 

The operators in (6) and (7) are expressed in matrix form as 

0 1 

p+ = p0+ p (10) 
\0 0 

p_ = p0_ = p 

0 o 

0 

1 0 

34- R 
o 2° 

0 -1 

with p = p =p . 

x y 

The time dependent equation 

ih p(t) _ [.i , p(t) ] (11) 

for the density matrix is conveniently solved in a representation in 

which .% and p(t) transform as follows: 

= TUFT -1 - R15 w+ 4i [RAw +k ¿(z,t) Ox] (12) 

p* 
-1 

with T= a -iR[wt 
- kz) - ( z ) ] , = k = 3-2 and Aw =w - W. 

,- o 

p is the magnitude of the x or y component of the electric dipole. In 
the case of Q excitation, it is related to the magnitude p of the total 
moment with p 

o= 
,T p, where p 

o 
is often used as the expression for the 

dipole moment in the optical lierature. 
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In developing the time dependent behavior of p it is understood that 

P P(t,tw, z), although the notation is restricted to writing P = p(t). 

In the case of the simple .34. 
o 
matrix given in (10), the T transformation 

allows one to view * as the interaction Hamiltonian in a fictitious 

frame of reference rotating about the laboratory z axis at frequency++. 

Eq. (11) therefore transforms to 

iíid* (t) = (:4*, P*(t) ] . (13) 

In this representation the expectation value of an operator F is 

<F*(t) > = Tr[F p*] (t) 

with F = TFT . 

Eqs. (13) and (14) combine to give 

(14) 

(15) 

<F*(t) > = IT Tr [p* *, F*] ] . (16) 

From definitions (5), (6), and (10) the transverse complex polarization 

in the original representation is 

Np < 
Fxy 

> = N ( < px > + i < py > ) = Np < 0x + 10y > ; (17) 

and the spectral energy density is 

w & 
N 20 

< FW 
> = N 

20 
< R > = W. where Fxy = Ox i0y and FW = R. 

(18) 

After applying (15) to (17) and (18), then 

<F e-i[wt - kz -41p (z)=(u + iv) e 

-i[wt - kz - p(z)] and <R *> _ < R> . 

The terms u and v can be identified as the electric dipole dispersion 

and absorption components;respectively, in accord with the undamped 

Bloch equation notation. These components combine with the energy W, 
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converting W to units of a pseudo polarization WW , which plays the role 

of transverse magnetization Mz in the original Bloch notation. The three 

components together define a vector polarization 

F = ûo fl + vo v - wo W,k 
(20) 

in the fictitious frame of reference rotating at frequency w about unit 

vector w defined along the laboratory z axis; and û , v , w define 
0 o o o 

an orthogonal set of unit vectors. From (16) and (19), the time dependence 

of P above is given by the familiar torque equation 

dP 
= Px(u k (z,t) + w Aw). 

dt o 
C 

0 
(21) 

The final step before obtaining a special solution for the pulse 

propagation is to couple Eq. (21) to Maxwell's equations for propagation 

of a circularly polarized plane wave. Let 

Ec(a,t) = 6(z,t) 
ei[wt - k(z) + 

.(z)] 

redefine E (z,t) of Eq. (3) in the complex plane. Therefore 

a 2Ec(z,t) a2Ec(zt) 4n - 
a z2 c2 at 

2 
2 

a2Pc(z,t) 

a t2 

(22) 

(23) 

where the resonance induced total complex polarization. Pc(z,t) is the 

superposition of each polarization vector Np <F, >(Eq. 19) over the 

entire spectrum as follows: 

OD 

Pc(z,t) = f g(Aw) [ u(Aw,z,t) - iv(Aw,z,t)] e 
[Wt - kz -14)(z)] 

d(Aw); rg(Aw) d(Aw) = 1; 
CO 

and g(0) = T2 *. (24 -a) 

Any symmetric distribution function g(Aw) centered about the applied 

frequency w is acceptable; and in the particular case where g(Aw) is 

a bell shaped function, (1 /T2)sec is an approximate measure of the 

line width. The assumption that (z,t) is slowly varying assures that 
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al Pc I I Pc I, and Pc 
aZ « 

X 

«w 
I 

Pc I. (25) 

After substituting Eqs. (22) and (24) into Eq. (23), the relations (2) 

and (25) permit slowly varying terms to be dropped, and the following 

equations result: 

- ?fT ,Ol v \iiW a Z s t ) g (AW ) u (A W ) i (26) 

- -NC n 

2 
arw 04) 

(z) 2 f uow, z, t) g(ew)d(00 
a z c - (27) 

To complete the array of required scalar equations, Eq. (21) is rewritten 

as follows, but with the addition of phenomenological damping terms 

according to the Bloch notation 

át = vAw - u/T2 , 

2 

át= - uow- w W-v/T2, 

dW 
= v w - (W - 

Wo) 
dt 

T1 

(28) 

(29) 

(30) 

Any incoherent damping effects are included in the relaxation time T2 , 

such as spontaneous emission or lifetime broadening mechanisms associated 

with collisions. The time T1 defines the energy damping time constant 

associated with relaxation which restores the optical ions to the ground 

state energy Wo = - . The total optical linewidth is defined approxi- 

mately as 

In turn 

1 

T 2 

1 

T2 

+ 1 

T2 

1 1 + 1 

T2/ T1 T2 

(31) 

(32) 



where T2 pertains to any lifetime broadening mechanism which does not 

significantly alter the population distribution between the two levels 

of the system connected by the resonance. Instead T2 accounts for the 

lifetime broadening of either or both levels if (1) by some very rapid 

relaxation process these levels connect with any set of foreign levels 

which do not participate directly in the resonance transparency process; 

or (2), local fluctuating electric or magnetic fields cause incoherent 

Stark or Zeeman broadening of either or both of the two levels. 

The Area Theorem and Its Pr perties 

For those oscillators exactly at resonance in the absence of relax- 

ation, let Lw = 0 and T1 = Ti" Eqs. (29) and (30) yield the solu- 

tions 

where 

-kW 
v(z,t) = 

o 

w 
sin p (z,t), (33) 

W(z,t) = Wo cos Q (z,t), 

t 

Wo = - w 
and T (z,t) = k f e:(z ,t') dt' (34) 
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expresses the angle through which the fictitious polarization vector P, 

at exact resonance pw = 0, is turned at time t by the E field pulse. The 

angle i therefore expresses the area of the pulse developed up to time t. 

We now can show how the behavior of the component v(o,z,t) at exact reson- 

ance is connected with the motion of components u(Aw,z,t) and v(aw, z,t) 

off resonance (Aw# 0), through their mutual interactions with thee fields. 
Let the area e of the entire pulse be defined when the upper limit t -00 

applies in (34). Therefore 

6 = K f (z,t') dt', 
_CO 

and integrating both sides of Eq. (26) from t = to t = + E. T gives 

=T 

ae(z) _ -27rKw f f g(Aw) v(Aw,z,t) dtd (Aw). (35) 

a nc -co - 
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The long time T E m signifies that the pulse (z,t) has died away, as 

seen by an observer at position z. This does not necessarily mean that 

the individual polarization components u and v have died away, but only 

that they destructively interfere to make Pc(z,t E T) = 0 (Eq. 24). Let 

T = To + t ", and choose To as an arbitrary time origin with time t' measured 

with respect to it. Assume no damping (T2' =0). At t = T, Eq. (8) and 

(29) combine to give 

u(Ow,z,t) = u(pw,z,To)cos(Awt ") + v(Aw,x,To)sin(Awt'). (36) 

After substituting v = (du /dt) /Ow from Eq. (28) into (35), integrating 

(35) with respect to t, and applying Eq. (36), Eq. (35)becomes 

-21rKW 
aAazz) = 

nc _ 
r rgQw)] [u(Ow, z, To)cos(ewt') + v(Aw,z,To) 

CO 

sin(Awt') Jd(pw) . (37) 

Since u and v are respectively odd and even functions of Aw, and g(Aw) 

is an even function of Aw, the first integral on the right averages to 

zero for twt" » 1; but the second integral results in a delta function 

which allows v to contribute only at Aw = 0 as follows: 

f00 
g(Ow) v(Aw,z,T 0 

)sinAWt" 

aw 

At t = To according to Eq. (33) 

d(Aw) = K g(0) v(O,z,T°). (38) 

v(O,z,To) = W° sin e(z) = 
NZk 

sin e(z). 

Therefore, from (38) and (39) Eq. (37) yields 

where 

(39) 

d A(z) _ -a sin e(z), (40) 

dz 2 

a = 81r2p2wg (0) N 
nkc 
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Equation (40) embodies an area theorem for the total pulse; namely, the 

total pulse area 6(z)/n is determined only by the source electric dipole 

moment v(O,z,To) on resonance, and the contribution of off- resonance 

dipoles to the area averages to zero by the time f, (z,t) is zero. How- 

ever, the distribution of u and v over a given symmetric spectrum g((w) 

determines the amplitude and phase character of c, (z,t) at any time t. 

For example, if g(0) = 0, then v(0,z, To) = 0, but the field pulse V 
(z,t) will exhibit oscillations in phase and amplitude in such a way that 

6(z) = 0 after a long time T when ¿(z,T) = 0. 

At frequency w the constant coefficient a in Eq. (40) is defined 

as the reciprocal absorption Beer's length for weak pulses of coherent 

or incoherent circularly polarized light which do not significantly alter 

the ground state population of the absorbing ions. This is signified by 

letting 6(z) « 1 in Eq. (40), and using Eq. (34) results in an expres- 

sion of Beer's law for an absorbing medium as follows: 

0 ,2 _ 

G (z) _ . (o) °CZ. 

The general solution of (40) is 

tan 
2 

8 (z) =(tan 2 8 0) exp ( - 
2 

a z), 

(41) 

(42) 

which defines 8o as the rotation angle of the fictitious vector P 

(O,O,T2) = v(0,0,To) for those ions with w = 0 at z = 0, the entry face 

plane of the medium. The branth solutions of e versus z from (42) are 

plotted in Fig. (1-a)(not shown). The solution for 6(z) is analytic, but 

we know of no analytical solution for (z,t) except a particular one which 

will be presented in the limit 
dz 

= O. Examples of computer plots for E 
versus z and t are shown in Fig. (1- b)(not shown) for cases 60 = 0.9n and 

60 = 1.17r. The initial shapes &O,t') are arbitrarily chosen to be Gaus- 

sian such that 

k 
f 
(0, t' ) dt' = O. . (43) 

In Fig. (1 -a) it is seen that the pulse area 6(z) diminishes toward 8(z) 

= 0 for initially applied pulse areas 6ó < r if a is positive in Eq. (40), 

where Beer's law holds for 6(z) « 1. If a is negative in Eq. (40), the 

sample is populated initially in the excited state, and 6(z) evolves by 
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reading z as increasing from right to left. In this case the ampli- 

fying medium will transform a small pulse of initial areaeo « Tr into a 

6(z) = n pulse, independent of z, for z » a . This property will 

hold if we maintain the ideal infinite plane wave condition, with no 

variation of beam intensity in the x - y plane normal to the z direc- 

tion. The area theorem would therefore demand that the amplified 

pulse power-i72 should increase tremendously with z as the pulse 
max 

width T shortens rapidly and the field amplitude e increases 
max 

to maintain K E, max 
T ~ ir The experimental fact is that losses 

set in to limit the growth of power and the further shortening of T. 

Also, any real beam profile is nonuniform in intensity. A uniquely 

defined field ô(z,t), which is selected by a small aperture in the 

output, will in general have a character which is influenced by 

neighboring portions of the beam, diffraction losses, initial beam 

focusing, beam self- focusing, off -resonance excitation, etc., which, 

for the present introductory discussion, are complications which 

cannot be predicted from Eq. (40) as it stands. A later analysis will 

show that the amplified pulse will not necessarily stabilize at the 

condition 6(z) _ n in a real situation. 

The Hyperbolic Secant Solution 

We continue an outline of further predictions of Eq. (40), based 

only on ideal plane wave, on- resonance assumptions. For the system 

initially in the ground state (a positive) the dynamics of the pulse 

propagation present a final stable situation which is not inherent in 

the amplifying case (a negative). In Fig. (1 -a) the beam dies away 

for 60 < 0. 

eo < 1.17 

when z » a 
pulse loses 

a -1, and is reshaped into a stable hyperbolic secant traveling wave 

function 

97, but above the critical area 6 = n 

increases in area [6 (z). -f dt] toward 
-1 

and 
dz 

= 0. While this increase in - 
some energy (r f ¿ 2dt) over a number 

, the pulse shown for 

the limit 0(z) = 2n, 

area takes place the 

of absorption lengths 

f:(z,t) = KT sech E T (t - 
V 
)l (44) 



This solution will follow as a rigorous analytical result in the absence 

of dissipation (T1 = T2' =ow). Constant pulse velocity V and pulse 

width T result when the depletion of energy from the first half of the 

pulse (- °° < t < V) by the absorbing two level system is exactly bal- 

anced by emission of the same amount of energy by the system into the 

second half of the pulse ( Z < t < = ). During its second half the 
V - 

pulse is amplified by the two level system which the pulse had previously 

pumped into the excited state during its first half. The induced polari- 

zation v(w,z,t) in Eq. (26) must radiate as a source term such that 

v a , if we define a forward traveling wave equation for the 

staba pulse as 

a ( =1 ae -2nw 
az V at ne f 

g(Aw)v(Aw,z,t)d(Aw) (45) 

in the retarded time frame, where t is replaced by t - 15in (26). 

Since each off -resonance component v(Aw, z, t) should also respond 

symmetrically in time, first absorbing and then emitting energy, rela- 

tive to the pulse peak, it is plausible to define 

v(Aw, z, t) = v(o,z,t)f(AwT), (46) 

where v(0,z,t) is given by Eq. (39), and f(AwT) is some even function of 

AWT independent of t, with f(0) = 1. Upon substituting (46) into (45), 

then 

31g =rVa f f(AwT)d(AwTJ sin - 1 sin 9" (47) 
dt L2 _ KT 

Using a from Eq. (40), we anticipate the constant term 1 as defined 

KT2 
above because it will follow that the inverse pulse velocity will be 

1 = at 

V 2 

for T « T(assuming g(Aw) a flat spectrum), and that 
2 

f (AwT) = 1 

1 + Aw2 T2 . 

(48) 

81 
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Eq. (48) is obtained by first noting that 

e= 
2 sin cD /2 (49) 
KT 

is the result of integrating Eq. (47), upon making use of the relation 

F = K e (50) 

The expressions for ¿ of (49) and v of (46) are used to obtain u and 

W from Eqs. (28) and (30) respectively (T1 = T2' = ); and the substi- 
tution of these quantities in the conservation relation 

K2 W2=K2W2 V2+u2 
w 
2 2 o 2 

leads to the definition of f(AwT), Eq. (48). 

Eqs. (47) and (49) lead to the relation 

q = 4T7:77 
T 

where q = K c. 
pp 

T , so that 
2 

dt = 117_7 1q); 
or in terms of p, 

q4 lq 
T 

= (1/T 2) sin cp 

(51) 

(52) 

For a finite pulse solution, q = 0 at t = + co, and q2 = 1(e = 2 
MEIX KT 

at a time origin t = . Therefore sech -1q = 
1 

(t - ) and the hyper- 

bolic secant solution, Eq. (44),follows. This solution is a special one 

of a class of solutions to the elliptic integral description of types of 

nonlinear pendulum oscillations. A number of such cases have been dis - 

cussed by Janes relative to a maser cavity problem in which a two level 

system is at resonance with a microwave field. Bloembergen and Pound 

and Bloom discuss the standing wave radiation damping problem for the 
loss of magnetization of a precessing macroscopic magnetic moment while 



it is coupled to a resonance LRC tuned circuit. Bloom shows in some detail 

the nature of the hyperbolic secant damping, nuclear magnetism behavior, 

as a function of cavity losses. Dicke obtains a hyperbolic secant pulse 

behavior for a radiating macroscopic electric dipole moment for a standing 

microwave cavity problem. 

Hyperbolic Secant Pulse Properties 

During the evolution of the pulse toward the hyperbolic secant form, 

the pulse shape changes while net energy is being absorbed by the two 

level system. Computer plots show examples of pulse energy 

absorption for fixed position z, as a function of pulse area O. Pulses 

which are not hyperbolic secant in shape will always excite the undamped 

inhomogeneously broadened system to some extent by an amount 

CO 

A W= + f W(z, Aw, t=O°) g(Aw) d(Ow). 
_CO 

(53) 

At S= 2w only the hyperbolic secant pulse gives A W = 0, regard- 

less of the spectral shape of g(Aw). This implies that u, v, and W, in 

the limit of no damping, start from their ground state values of 0, 0, 

- 
w 
respectively, and return precisely to these same values after the 

2 

2Trpulse subsides, independent of the off -resonance parameter Aw to which 

the vector P (Eq. (20)) is assigned. From the analysis relating to 

Eqs. (48), (49), (51), and (44) the components of P are obtained as 

follows: 

with 

2Np AwT sin (1 /2tp) 
u (Aw, z, t) = 2 

1 + (purr) 2- 

z, t) = 
Np s in tp 

1 + (AwT)2 

K W(Aw, z, t) - N2w 
2 sin2 (1.(2f K 

w 1 + ( AwT) w 

= K f (z,t idt ' = 4 tan-1 [exp -(t - V) ] . 
_co 

(54) 

(55) 

(56) 

(57) 
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From Eqs. (26), (45), and (55) the reciprocal pulse velocity is 

Vo-1 aT2 g(ew) d(Aw) 
c 2ng(0) 

r 

1 + (AwT)2 
(58) 

which reduces to Vo -1 = V -1 = a T/2 for T2* « T,aT » 11/c, and 

g(Lw)) a flat spectral function. 

If a 2w hyperbolic secant pulse is injected into the target sample 

at z = 0, the spectral function g(Aw) can then be of any non -symmetrical 

shape, and ideal self- induced transparency will operate immediately. The 

special results for the 2n pulse above then apply upon substituting (54) 

in Eq. (27) to give 

2 
A ip(z) = k = aT J Aug( Lw)d(Aw) 

2 

a z 2 

ng(0) _m 
1 + (AwT) 

(59) 

Consequently the resonance process alters the wave velocity in the pas- 

sive medium from the value w/k to the value w /(k + k -). 

Actual experimental results indicate that nearly symmetrical hyper- 

bolic secant -like pulse shapes occur even if g(Aw) is not excited 

symmetrically. The tendency to produce spectrally clean and nearly 

symmetric output transparency pulses appears to be associated with 

excitation of g(Aw) at any Aw if g(Aw) presents a broad line width with 

a slowly varying derivative d[g(&w) ] /d(Lw). 

Changes in Pulse Characteristics with Distance 

There are a number of factors always present in the experiment which 

actually cause the pulse to change shape and broaden, attenuate, self - 

focus or defocus, or perhaps even to sharpen, depending upon a variety of 

actual experimental conditions. It is instructive first to discuss some 

qualitative features of the pulse before it becomes delayed and shaped 

into its hyperbolic secant form. 

At a given position z, let tz define a time point during the pulse 

which corresponds approximately to the same point on the pulse at other 

positions z, chosen to define a certain pulse characteristic such as 
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maximum amplitude or slope of e(tz, z). Then tz is some function of z, 

and if it is applied as a limit in the integration of Eq. (26), one must 

take this into account in carrying out the differentiation process with 

respect to z. Therefore 

t t at 
_a ¡ z (t', z) dt- = Jz 61(t',z) dt' - z Ct2(t, z). 

a 

atz 1 V Define az - + V(tz); and 

m 2 rz 
f 

1 g(pw)v(Aw,t',z)d(Aw) dt' 
V(tz) e(tz,z) 

+ 1 
(t ), K z 

az 

(61) 

(62) 

at 

where Ç(tz) is expressed by (34), with t replaced by tz, and is the 
dz 

reciprocal of the pulse velocity defined at tz. The resonance process 

contributes 1 as the component reciprocal pulse velocity which delays 

V(tz) 

the pulse. As the pulse shape changes as a function of t and z, the 

velocity V(tz) alters nonlinearly over a distance which corresponds 

-1 to a number of Beer's length a . 

Varying Pulse Delay 

In the case of 00 ' 1.17, the pulse swerves toward longer delay times 

with increasing z in the z,t plane, and acquires a constant pulse velocity 

V, or constant delay 1/V 2T per unit length relative to the retarded 

time t - where r is the final stable pulse width. For the two level 

system initially in the ground state, Eq. (46) displays the following 

properties: 

For 27 > 0 
o 
> r: 

As 04- 2rr, V(tz) >V and "a >0. When 0= 2/r, V(tz) = V = (° 2 ) -1, 
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tz = t + V, and 32' o. 

Forli < n: 
o 

1 
As 6 p, 

V(tz) 
«ic, and / ) z z< O. 

For the initial pulse condition A 
0 

= 0.97r, the absorbed pulse exhibits 

little or no delay V(TZ) -1 per unit length, because, as a negative 
az 

quantity in Eq. (47), cancels out the double integral term to a large 

extent. This behavior is in accord with observations by Shiren of 

acoustic pulses in solids where no pulse delay is observed under condi- 

tions where there is low power acoustic absorption by a paramagnetic 

two level system. In the limit of low pulse power absorption, where CID 

is small, v « e, and K C. T « 1, whereupon V(t 
z 
)-11m0 O. By multiplying 

numerator and denominator of the double integral term in Eq. (62) bye 2, 
setting V(tz) = 0, and defining d W = K t dt, therefore 

_al_ = _ 
3z 2 

This describes the limit of classical low power absorption where the 

absorption coefficient 

á = f g(/w)v C.. w dAw 
2 1 -s 

ncC, 2 

8 n 

(63) 

expresses the ratio of the integrated+ power loss 
dt 

(Eq. (30) with Ti 

= co) to the average energy flux n c L Z/8 Tr of the pulse. 

For the two level system initially in the excited state, the double 

integral in Eq. (62) becomes a negative term, because g(Aw) is inverted. 

The term f remains positive, as dictated by the area theorem Eq. (40), 

when a small pulse with initial Ao < m is amplified toward 6 = in for 

z » a-1 
and a is negative. While the pulse is being formed and 

amplified at any z we cannot formulate an analytic shape for ¿ in the 
absence of losses. However, one must deduce, as the n pulse continues 
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to be amplified, that the negative double integral term must dominate 

the positive ap /az term. Therefore from Eq. (47), if we define 

V(tz) =-qC, where 

q is some constant less than 1/n (specified at a given z), then 

-1 

C = (nq) 

This expression for the pulse velocity gives the appearance that the 

pulse velocity approaches c /n, and can even exceed c/n depending on 

the value of q. But the pulse velocity as defined here is only an 

arbitrary definition of the backward displacement in time versus distance 

(hence V(tz) is negative) of some pulse shape characteristic, and not 

of the speed of light itself. The pulse velocity increase implies a 

sharpening of the leading edge of the pulse because of the amplification 

process. Therefore the peak of the pulse rises rapidly with increasing 

z and appears earlier in time t. Causality demands that the initial 

pulse at z = 0 must begin with a finite slope d G = constant gat some 
dt 

finite early time t = T 
o 
which we have designated formally at t = -°°. 

r 
Actually a noise impulse will signify the first appearance of C. with 

finite slope áE. The leading edge of the amplified pulse can never 

recede to a time earlier than t 
o 
+ zn /C, which is the earliest permis- 

sible time that information can be conveyed to an observer at position 

z by the first noise impulse generated earlier at time To. 

Although the hyperbolic secant function (Eq. (44)) has been intro- 

duced as an analytic pulse solution to the self- transparency pulse field, 

this function is in contradiction to the requirement of causality dis- 

cussed above because ae/at = 0 at t = + °° for this solution. This 

causality error, which pertains only to the far wings of the pulse, is 

introduced because of the approximations applied in Eq. (2), which 

imposes the neglect of small terms in arriving at Eqs. (26) and (27). 

This solution, however, is physically acceptable as a basis of analysis 

since it is essentially the shape observed for finite times t. This 

causality error is negligibly small compared to actual pulse shape changes 
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which are imposed by noise fluctuations and real damping effects on the 

wings of this function. 

Multiple Pulse Formation 

The area theorem expressed by Eq. (40) implies that any initial 

pulse area 0 
o 

, which obeys the condition (n + 1) K > A > n n, will increase 
o 

in area toward (n + 1) Kif n is odd; or it will decrease in area toward 

n N if n is even, and the pulse sharpens to give an increase in pulse 

power. The results of computer plots of pulse shape changes for the 

cases Zs' > 0o > K and 02 > 
o 

> 2V. If the initial pulse is to evolve 

into an area which is an integer multiple of 277', it may in general split 

up into n separate 27 pulses which do not overlap one another at suffi- 

ciently large z. Computer plots show how two separate 2 pulses emerge 

in a distance z w;a -1. Each 2lìpulse has its own particular width and 

corresponding delay time. Therefore, the narrower pulse always occurs 

earlier at the output. An experiment shows the observed output of such 

a pulse splitting effect in a ruby excited self- induced transparency. 

G. L. Lamb has analyzed a special case of this pulse splitting phenomenon 

under the assumption that the two level system remains stably in the 

inverted state. The manner in which the computed pulse splitting occurs 

depends upon the initial pulse shapes, where a flat two level unhomogene- 

ous spectrum is excited with no damping included. As the pulses separate 

completely, they evolve into individual hyperbolic secant pulses with 

separate areas of 2i. 

Pulse Stripping and Self - Focusing 

In the actual experimental situation the pulse entering into 

the resonant medium is not uniform in intensity across its profile. For 

any position z in the sample we visualize for convenience that the pulse 

intensity falls off symmetrically as some function of the radius r, 

measured normal to z and outward from the center of the cylindrical rod. 

If we assume that the plane wave analysis of the transparency effect is 

applicable to small patches of the light wave front anywhere on the pro- 

file, a modification of the pulse intensity output across the beam pro- 

file can be described along the rod. At a particular radius r > rc 
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where the pulse area falls below K, the light will be absorbed for all 

r ' rc within a few Beer's lengths a -1. Consequently, the outer periphery 

of the original pencil of light should be stripped away, and a filament 

core remains which contains a distribution of pulse area, each approaching 

2n. These have their own pulse widths and delay times corresponding to 

the intensity assigned to each region at r < rc. The more intense beam 

centered about r = 0 will reach the end of the rod in a time ahead of 

the beam distributed at r-- rc, so that a form of doughnutshaped inten- 

sity profile at a particular position z near the entry end of the rod 

would be expected on this basis. However, the onset of diffraction will 

round off the sharp edges of the outer and inner peripheries of the doughnut 

light intensity profile. Moreover, diffraction will couple energy from 

the beam at a given radius r1 to a different radius r2 at a distance fur- 

ther down rod. The transparency effect must be analyzed in more detail 

to take these effects into account, probably most usefully with a com- 

puter. Our initial attempts at describing the effect of these additional 

complications by analytic approximations have not succeeded. 

If effects caused by diffraction and stripping can be ignored par- 

ticularly if the beam intensity falls off very slowly from r = 0 the 

pulse intensity outputs versus versus time t, as displayed from a photodiode, 

can be visualized as a superposition of the square of individual hyper- 

bolic secant curves, where each curve is delayed by an amount proportional 

to its own pulse width T. The total superposition of hyperbolic secant 

functions is shown when the beam is detected over a large aperture at 

the target output. A small aperture gives a uniform bell- shaped function. 

Let an output electric field profile be chosen as 

E(r) 2 

C.(r) _ 
60)e 

-r /r = 2KT (r) 

where T(r) is the hyperbolic secant pulse width at radius r (as defined 

by T in Eq. (1)), and r2 is a mean square radial distance. The observed 

electric field intensity e T2 from an aperture with radius rc at the end 
of the rod with length L is 

r r=r 
2 

2 2 
/r C T2 c e-2r 

sech2 1 (t 2Krdr.(64) 
2 r=o T(r) 
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The normalizing constant C may be evaluated in terms of the total energy 

'r 
T2 (t ") dt' passing through the aperture of radiu rc. 

Effects of Relaxation Times on Pulse Transmission; 

Weak Damping Case 

It is impossible to obtain a closed form analysis of self- induced 

transparency which includes the relaxation times T2 and T1, except in 

very special situations. If the damping is small so that T /TZ « 1, a 

first order correction to obtain the damping behavior of the pulse energy 

is possible. 

Integration of Eq. (26) with the integrating factor L. e dt, and 

replacing v in terms of W from Eqs. (28), (29), and (30), gives 

Z 227. - f [W(Aw,z,t) - Wo(Aw] g(Aw) dAw _ 
CO 

t 

-f f [W(Aw,z,t') - WnSAw) ] g(Aw)d(Aw)dt', 
T1 -oe 

where r= nc f t e 2 (C) dt" . (65) 

4 K 
co 

(' 
The time t is taken to be long after the pulse (.(z,t) has subsided. 

It is convenient to specify a finite time T' just beyond the pulse when 

(z,T -) A 0. The time integral in Eq. (65) is written as 

f [W(t') - W ]dt = f [W(t-) - W ] dt/ + f 
T' 

[W(t') - W ] dt', 
o o o (66) 

and using Eq. (30) when 611= 0 at t ~ T', T' /T1 «1, then 

° °° T' 

= - f g(Aw) [W(T") - Wo]d(Aw) - f g(Aw) dAw f 
az - 

W(t ) - Wo dt (67) 

T1 
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We can use the hyperbolic secant solutions for u, v and W in (67). 

However, W(T') - Wo must be expressed in such terms by first combining 

the Block equations (28), (29), and (30) to give the energy conserva- 

tion relation 

W2(Aw,t') + v2(Aw,t') + u2(Aw,t') = Wo2 - 2 

f [u2(Aw, + v2(w.t')] dt 
-K2 

t' 

- T2 w 
2T 

1 

t 

f W(AwX) [W(Aw,t') - 
Wo] 

dt'. (68) 

T1 

For small damping we approximate that W2(Aw,t') - Wo2%& 2Wo[W(Aw,t') -W] 

for a nearly 27 pulse, and that v = vsech +A v, u = usech + du, meaning 

that hyperbolic secant solutions are the first-order behavior with small 

corrections Av, Au caused by damping. For large times vsech 
= usech 0; 

and consequently the spectral integral to first order is 

Therefore 

Aw v dAw ., Aw Av.v f g(Aw) 
[ 

2Aw 
) + u 

2Aw 
)] ,^' 2 f g( ) [ sech 

a- 

+ Au.usech]dAw = 0. 

T 
, 

,_ 
f g(Aw)d(Aw)[ f 

:u 2 
+ v2 dt' + K2 

K2T 
K T1 

T' co T 

f W(W - W 
o 

) dt"] - f g(Aw)dew f (w - Wo dt' (69) 
..o ..m m o 

T1 

given, using i = -4K Ní' 2* + 2 ). 

8z 3 T1 2 
(70) 

The pulse energy loss rate here is plausibly given as the product of 

the fractional ions N T2* excited by the pulse, the damping rate 1 /T1 + 
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2/T2 , the active pulse delay time aT per unit sample length, and the 

corresponding effective inverse length a -1 of sample which is relaxed 

in this delay time. 

Stable Pulse Propagation with Damping, 

In the situation where T1 = , loss of pulse energy in a passive 
homogeneously broadened medium caused by T2' can be compensated by 

focusing the light beam down the rod. Formally this is accomplished by 

adding a term o(. to the right side of Eq. (45), which will then cancel 

out an expected loss term from the integral over v(Ow,z,t). The constant 

a is ideally determined by parameters consistent with the pulse solutions 

to the optical Bloch equations. In practice deviations from o will occur 

over sufficiently long distances z, so that the balance provided by a 

is actually unstable, and the pulse will eventually decrease or increase 

because of the instability. Assuming, the ideal balance condi- 

tion, which is conceivable approximately for a short sample rod, we con- 

sider the sample as pure].y homogeneously broadened by 1 /T2 (with 1 /T2 = 

0 and 1 /T1 = 0), and optical excitation is at exact resonance. 

Solutions which satisfy Eq. (45) (with a ¿ added to it) and Eqs. 

(28), (29), and (30) are found on the basis that the stable pulse with 

area O = 2ir is satisfied by the pulse of form 

Cf(z,t) - 2 sin[cp(z,t] = 2 sech 1 (t-z), and g= 1 ae.(71) 
KT KT T v óz V at 

2 

The inverse pulse velocity is now 1 = BirTdwP N T, with Td = Td/ 

Vd n- c 2 

2 
(1+4 T +T ) 

3 T2 
3T 

.2 

2 

and the focusing parameter is given by o = 1/ (vdT2) , where T is the 

actual pulse width. The Bloch equation solutions on resonance are u = O. 

v = [Npsin (4) + 2z Npsin (cp/2) ] ( Td/ T) 

3T2 
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and W = - [N p cos + 4WTNp cosp/2) + W 2 N p] () 
3KT2 3KTz 

(T) .11 

The above case is not soluble when the line is inhomogeneously broadened 
* 

in addition, for T2 finite. 

Amplified 7rPulse Solution with No Damping 

It is difficult in general to specify analytic solutions fore in 

the case of an amplifying medium Cl negative) because the leading edge 

of the pulse will steepen relative to the lagging edge as the energy 

of the inverted two -level system is dumped into the pulse. We choose to 

avoid preoccupation with the shapes of lead edge functions, together 

with the complicated oscillations that the pulse acquires in being ini- 

tially amplified. Instead, let us treat the case where the leading 

edge has acquired such a sharp front that it is essentially traveling at 

the speed of light c, but still has a finite rise time, short compared 

to the pulse width, but long compared to T2, the inhomogeneously broadened 

inverse line width of the two level system. In this circumstance the 

leading edge experiences an amplification'-'exp(), while at the same 

time the amplified pulse area eo = n. The sharp edge on the pulse will 

be assured, moreover, by the action of a saturable filter placed in the 

amplifying medium in order to stabilize it. 

The pulse which satisfies the above limiting behavior is the "half - 

secant solution," where the leading edge is defined at t - nz /c < 0, 

defined at 

i 
0 for t - r}z /c< 0 

2 

KT\ ¡ z) 
sech 1 (t - z) for t - n z/c > O. (72) 

tT(Z) 

The amplification comes about from the property that 

T (z) _ 'r(z = 0) exp (11) . (73) 

The solutions to Eqs. (28), (29), and (30) are now 
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W = f(Ow)[1-Aw 
2 
T2 )W2n + 20wT(2AwTK cosOwt + sínpo sinAwt)], 

(74) 

v= f2(A[1 - w2T2)sin - 4w2T2 tanh(t/r.cospwt - 2w3T2 w) 

sinAwt + 2pw cos47sinpwt], (75) 

u = f 2(w) [-4aw2T2 tanh( t )sinAwt + 21aw3T cospwt - 2pwT 

T 
2 

COST COSwt + AwT2(1 - Qw2T2)K "4kT3 K20 C09Awt], 

(76) 

where t above is equivalent to t - nz /c 

Also 
W2n 

= [ -1 + (lcos(Q) ] Np and 419=4 

g(pw) = T2 
, then 

1+Aw2T22 

tan 
t /T./ For a Lorentzian shape 

f g(Ow) v d w= T2(-2n(1-t/T-e-t/T tanh (t/T) - 2r(1-t/2T) -, \\ 

+ K t/T e-t/T cosp] + 27T T2e-t/T2 e-t/7 
(77) 

Further Miscellaneous Properties of Self- Induced Transparency; 

Effect of Relaxation on 80=2n Condition 

In the limit that T2 and T1 are very short compared to pulse width 

T, ordinary rate equations would apply to give a "hole burning" or non- 

linear saturation solution to the pulse propagation problem. The inter- 

mediate case of -r-,T 
2 

is analytically intractable, but a small correction 

to the quasi- steady state hyperbolic secant solution can be made in the 

case of T< T2, T1 in the way of a small correction to the 2n condition. 

Upon substituting v = du + u (1 l from Eq. (28) in Eq. (35), now 
dt T2 ` 1w' 

retaining the Term in T, the same arrangements are carried out which 

lead to Eq. (40), using the on resonance solutions for v (with T2= 0), 



but invoking the solution for u(pW,t) given by Eq. (45) to work out 

integrals dictated by the term involving T2. The quasi - stable 

pulse condition is then expressed by 

0=áe 
dz 

2, 
2 
o)KT2 N(sines+27T /T") where es =27 

+e 

s 
027 

with e a small correction. 

Consequently the "2ff condition" is altered to give the value 

nc 

e 
^, 27(1-T ). 

e 
T2 

(78) 

(79) 

On this basis, the "7 threshold" condition is increased from Tr, at TZ = 

°°, to n(1 + 2z) when the condition de 
TZ dz Own = 0 is imposed. 

Relaxation Effects on Pulse Delay and Power 

çç2 

In the expression-F=42 f l (t -,z) dt which 
-cc' Tc+ 

write &(t -,z) = 2 sin p(t ;z) and carry out the time 
KT (z) 

2lrpulse, allowing)however)that the pulse width increases 

in Eq. (70), 

integral for a 

slowly with z 

because of damping. Therefore Eq. (7) becomes 
az 

ó 
1 

[ 

_ 1 + 2 

3 CT1 T T (z) 

T 
or T(Z) = o 

1- (aTOz/Te) , 

where T 

o 

is the initial pulse width and 1 = 1 
(1 

+ 2 

Te 3 `T1 T2 

The total pulse delay time at the position z =L is given by td= ao 

2 

(80) 

f LT (z)dz 

= -aTe log 1 -3sToL 

6s C T 
e 

where s = 16K2 NIWT2 . 

3yc 

(81) 

95 
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Self- Induced Transparency in Gases and Liquids 

The observations of Patel and Slusher of self- induced transparency 

at 10.6 microns in gaseous SF6 raises an interesting number of questions 

and reconsiderations of the assumptions upon which coherence of radiation 

is determined. Also the photon echo phenomenon in gases is intimately 

related to these considerations. 

Effect of Random Directions of Resonant Dipoles 

Self- induced transparency as first displayed by Cr* in ruby provided 
a common crystalline "c axis" chosen parallel to the propagation direction 

of the electric field. This condition will not necessarily apply in 

general for optical ions in a solid. In a gas, unless the induced dipole 

moment begins from ground symmetrical states, the effective dipole moment 

direction presented to the electric field direction is not necessarily 

the same for all resonant molecules. It so happens that the resonant SF6 

gas in the Slusher -Patel experiment presents a symmetric response to the 

dipole excitation process, and their experiment therefore applies to the 

predictions of the fundamental "common c axis" form of self- induced trans- 

parency predictions. However, there are situations in which the resonant 

molecule requires that the projections of the ¿ field on the induced 

dipole moment is random in value, and an averaging of the fundamental 

transparency calculation must be made over a sphere. 

Random Orientations for i Transitions 

In the case that linearly polarized light produces random projections 

of e field, C , parallel to the "c axis" of quantization, where e, 
excited K type radiation only, the effective exciting field is given by 

Ecos Q. The area theorem stated by Eq. (40) must be restated by 

specifying that the field C is a resultant field radiated by all the dipoles 

oriented at random in all directions Q from 0 to -c, consequently, 

rK 

J 6cososin(BcosS2)dS2; d6 = =a (sinAecose). 
dz 2 0 dz 2 

e 

In the integral note that a factor cose must also be included to reproject 

the radiated " 
c 

field" emitted by the dipole back onto the applied 
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field Now Now there is no stable pulse condition by which transparency 

occurs, although there is a partial transparency which sets in at the 

threshold condition at a =e 
t 
when 

e t=tane t . (83) 

Losses will always occur to some extent because there will be dipoles which 

see an effective electric field below the usual K threshold requirement. 

Random Orientation for of Transitions 

In this case projections of (A perpendicular to the c axis are effec- 

tive. Therefore 

de = =a 
óK 

sin2S sin(esinOdO = -al (-1)n(28)2n+ln: (n+1 :, 
dz 2 

0 
(2n+1)I (2n+3) 

J2n+1(e) 
de = -a[8 J (6) - E 
dz 3 1 n=1 (2n+1) (2n-1) (2n+3) 

Self- Induced Transparency for More Complex Level Descriptions 

There are a host of situations on which optical transmission can 

involve more than just a simple two -level system, where each eigenstate is 

a pure one. It is impossible here to delve into a complete description of 

even the important deviations from a simple two -level description because 

of the complexity of the problem. We can begin by considering two inde- 

pendent species, 1 and 2, of dipoles in the medium, each with its own a 

parameter, and describe these independently as two -level systems. The 

modes of polarization will interact with the light independently, and we 

assume that their resonance frequencies are the same or nearly so. There- 

fore, the previous results apply, giving 

de 
-al sin e- pl a2 sin p2 e 

dz 61 2 p2 2 pl (84 ) 

where al and a2 are the absorption coefficients for each dipole species. 

The pulse area in principle cannot stabilize, although a quasi -stable area 
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can be specified for the condition pla2 «1, 

which is 8 = 271- - pl a2 

P2 a2 

to first order in plat. 

P22 

P2 

sin p2 27 

(Pl) ;) 

Effect of Doppler Velocity Shifts in Gases 

(85) 

When the resonant electric dipole is attached to a gaseous particle 

moving with velocity v in aMaxwell-Boltzmanndistribution, the component 

of velocity in the direction of light propagation establishes a Doppler 

frequency shift away from the frequency of transition o for the station- 
ary particle. 

The Hamiltonian for the system is written as 

34. 
fit 

V2 +o - 
Po E (2, t) , where the kinetic operator 

2m 

fit V2 is added to the static Hamiltonian in Eq. (4). Let r be the center 
2m 

of mass of the particle, ip the two -level optical dipole wavefunction, and 

2 

=C 
ei m 'r - i(fikn /2m)t 

describes the particle wave - 
o 

function. The particle has mass m and momentum p m 
= hk 

m 
tnv. With -+p- _ 

VAC, and it = .11-0; then 

it + -iS (m 'o 
) 

m 

We may define a new wavefunction 4 such that 

[-dizt) + 04'01-v 

alr(r;t) = 2 t,'(r,t) + (v'V)'ir(r,t) 
at 

The state function -0 is defined in a Galilean frame of reference where 

r = i vt. 

Let us choose to carry out the analysis in the laboratory frame. This 
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means that in solving Maxwell's equations, the time derivative operation 

a /at must be replaced by 

at az 

r 

`_y'.r 
tl.a.Iamosmomm amommamm.. **ammo rNntfns.WWII I..Maw =MAIM MM... .. 

.rall /Me r...l111 w.._ 
. 110 v a.....Me smo+. r , r... .w11111 OWN MINN .....-. i.r. 11111. AN/ aw .-... Ow sw 

.... 
- w. * . r... .. 

E win L. Hahn 
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CLASSICAL THEORY OF THE LASER 

Ch,ih.úw Kikuchi 

Un-ivetus.i-ty o l4 Michigan 

I. Introduction 

The purpose of the following discussion is to provide a deeper under- 

standing of certain very familiar physical concepts needed for the under- 

standing of lasers. "Advancing technology is like a growing tree." 

II. Growing Waves 

Consider a plane wave propagating along the Z -axis. Such a wave can be 

represented by 

W (el f) (1) 

where A is the amplitude,w is the frequency, and k is the wave vector. If 

the wave vector k is constant, then (1) represents a traveling wave of con- 

stant amplitude A propagating with velocity _ W/ if the wave Ay- 

vector k is a constant. If k is complex, then the real part determines the 

wave velocity and the imaginary part gives the amplitude attenuation coef- 

ficient, i.e. putting 

_ k+ Í 4j. 
we find that 

(-- 

1,0(,t) s 

(2) 

(3) 

Then if the imaginary part of the wave vector is positive, then the wave is 

attenuated. On the other hand if k. <0, then the amplitudes grow exponentially. 

Therefore, in laser action, we need to explore the conditions under which ki 

will become negative. 
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III. Maxwell Equations and Wave Equation 

The Maxwell equations are 

PP B .= 

17x tí 

8 afrH =/`, H 

The above equations are in the MKS units, for which 

Ea = b x rò--7 frtia (vm 

'0 
trx r i 

The above equations lead to 

so that 

in which 

-4'( w.i) E (4,1- 

2. `3.... 

C.t.4 

If &J- is real, k is complex, if and /ol .is complex. For the 

laser, we shall assume that is real, equal to ,. o 

Then ./ 
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(9) 

so that 

C. 
Ct v- ett 

The sign of k., then, depends upon the sign of e, 

IV. Optical Cavity (Fabry - Perot Interferometer) 

We shall next investigate the effects of enclosing an active 

dielectric between two highly reflecting mirrors, forming an optical 

cavity. 

To start with, consider the case of a loss less dielectric. 

Schemically 

6) -. 
-F---- 132_ 4 

The dielectric is in region 2, between the two mirrors M1 and M 

The amplitude of the incident signal is A and the reflected part 

is B . The symbol A represents the amplitude of the transmitted 

signal at mirror M2 , after traversing a dielectric of thickness 

L. The waves in the three regions are given by 
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..t(Lat- 

<d, t_ 

At Z =O, we have 

and Z =L, 

(Z) 

_41 (w1 4-1 

(wt--1?-z' I 

t, z A, rt 42 13t 

(wf- (4-0) 

(11) 

(12) 

(13) 

(14) 

so that for the ratio of the transimitted to the incident amplitudes 

we obtain 

A , 

2 

1- /)23 ,e 

L 

TA- 

2 
l -if .e 

(15) 

where R and T are the reflectivity and transmission coefficient 

respectively. The intensity is proportional to the square of the 

amplitude, so that 



,r,c, '!i 

! 

fi'cn 241 tx 
2 

f 

/1- 
r 

"- 

/ 

1 is ,4L. 
where we made use of the relation 

Eq. (16) shows that the optical cavity is a high -Q optical 

filter. The transmitted intensity is maximum when 

o 

i.e. if 

L 7r 
But 

M 4, 

so that 

,,,.., 2 3 - 

rt ' 4"C. 4"C. 
"" 

-- 
A44_ 

The resonances, then are separated by 

Ag 
C 

4, L. 
The transmitted intensity is the maximum value when 

- ,)_ F( 

105 

(16) 

(17) 

(18) 

(19) 

(20) 

(21) 



106 

Putting 

and 

we have 

td W 

tli 
` as 411% iT 

1- 
7, t /..°w 

C.. 

2 Aii.:±.)44 
F= 4001fte, 

1 

C. 

L.d w ;177 
Therefore the full width at half maximum of a resonance is given by 

241 - Ai- n."104 

As an example, consider R =99%. Then J=4OO, so that 

SA) A., 0,2, M N; . If the mirror separation is /m., then the spacing 

of the optical resonances is 150 Mc /sec. The output of the optical 

cavity will look as follows: 

The term finesse, used in optics, is defined by 

separation of adjacent resonances _ T 
resonance width. 

Q, Z M/l 
d --- 

--N, 4S-0 f-11-1 t--- 

(22) 

(23) 

(24) 

(25) 

(26) 
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So far we have assumed that k is real. Suppose now k is 

complex. Then 

L (`J Q- LtZ f,-2 0_._. 0102-, 
L 

7-2-e 

(27) 

If is negative, A3 becomes large compared to AI , and 

hence the incident signal is amplified. 

V. Electron Theory of Dispersion 

We need then to see the conditions that will lead to a nega- 

tive value of E- For this we need to consider the microscopic 

mechanisms that contribute to the dielectric constant. 

A material system, such as a gas, contains dipoles whose di- 

pole moment is ordinarily proportional to the applied electric in- 

tensity. These dipoles can arise physically in two ways. One 

mechanism is the alignment of molecules having parmanent electric 

dipole moments. We are, however, not concerned with this case. 

The other meaznism is the shifting of charges due to the applied 

electric field. The molecules, or atoms, of any maternal are 

composed of positive nuclei surrounded by rapidly moving elec- 

trons. These electrons move freely thragh the atom or molecule, 

and are bound to a particular atom or molecule by the nuclear cou- 

lomb force. However, when the molecule is placed in an external 
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electric field, the electron tends to be displaced by the field, 

tending to pile upon the surface of the molecule. There will re- 

sult effectively a surface charge, and thé molecules become polar- 

ized. The density of such electric dipoles is referred to as 

the polarization, denoted by P. 

The electric displacement D is related to the electric in- 

tensity E and the polarization P by 

1/ ' co E 1-4) 

From the comments made earlier, the polarization P is proportional 

to E, i.e. 

and since 

we find that 

and 

P 

C E 
..._ -- 

VI- A 

where X is referred to as 
the electric susceptibility. 

Consider then, an electron bound to a nucleus and subject 

to an oscillating applied electric field E. If the applied 

electric field is small, the displacement of the electron from the 

(27) 

(28) 

(29) 

(30) 

(31) 



equilibrium position is small, so that the force binding the 

electron to the molecule can be approximated by a linear restor- 

ing force. As is customary, we shall furthermore assume that the 

dissipative force is proportional to the velocity. To simplify 

the discussion, we shall have one -dimensional motion, say, along 

the x-axis. Then 

Z 
X (,J, Zx _ ,wt ¡ co, - F_ 

where the last term stems from the applied field E. If E varies 

sinusoidally with time, then 

so that 

( -4A4 Z ..' ` F -r tivA Ludi- .Y = - E 

X = - 
F 

Therefore, if N is the number of like electrons per unit volume, 

then 

F 
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(32) 

(33) 

(34) 

(35) 

From (11),(12), and (19), we find then that 

6 
a 

'1." E e ( 0 ( 
ry 

(36) 

where r is a non -negative quantity, since quantum mechanically 
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it is given by the sum of squared matrix elements that represent 

transition probabilities. Also classically it should be non- 

negative if it is to represent loss. N is the number of electrons 

per unit volume, and since we have so far been discussing single - 

electron atoms N is also the number os atoms per unit volume. An 

electron bound to a nucleus can exist in discrete energy levels. 

Let us assume that the electrons under discussion are in a state 

labelled 2. Under the influence of an externally applied electric 

field, these electrons can execute transitions to other states. 

If E2 is the energy of state 2 and En is the energy of state n, then 

If E2 En, the electron gives up energy whereas if E2 < En, the 

electron absorbs energy from the field. Each transition of this 

kind corresponds to a harmonic oscillator with freqency W2n 

Thus for single -electron atoms, there are as many oscillators as 

there are possible transitions so that (36) is to be modified to 

6 ' 1-+ ---- 
E C 

+Z. h 

_ L Z r 

Z h 
_ w w / Z.i 

(37) 

(36') 

where f2n are dimensionless numbers called the oscillator strength. 

Physically, f2n gives the fraction of N that will execute the par- 

ticular transition. Moreover the oscillator strengths are such that 

and 

(38) 
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The damping constants have the property 

for all n. 

A number N of single- electron atoms, therefore, correspond 

to an assembly of similar damped harmonic oscillators having the 

characteristic frequency and damping constant. 

So far we have assumed that all the atoms had the same 

kind of electrons. Suppose now that there are more than one 

kinds, say some in energy state 2 and others in state 1, such that 

f 1 > {_1 

Moreover, let N2 and N1 be the number of atoms in state 2 and 1 

respectively. Then (20') gives 

6- = Ea /+ N 
'k^ 

F a 

z t,f, 
, 

IAA 66 r *-i 

L f7 v #L L - c 
si t / 2n 

f' 
Z 1. r, 

P 

Hence, for transitions between states 1 and 2, we have 

where we have used 

AAA Eo 

1441`!L 

(Ai 

L-1 

(39) 

(40) 

(41) 
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Typically 1-7 <<4, -,-e- .. 
L 

v`S 
o ° 

á.J JL W 1 Li.! OIO 

, so that 

f L( t,0- t,) - i J 
L 

so that the real and the imaginaryparts of E,are given by 

and 

Thus 

Co 

1A-,Co `vÓ 

z 

4(w0-to) 

w w ` .44L" .. 

z Z- ( 0-C:ll/ 
-f 

d 

N1, - 1\-1L 

(42) 

(43) 

(44) 

If the assembly of atoms is in thermal equilibrium, then 

- 

Conseqently, if we wish to have a negative 6,, , required for 

wave amplification, then we must create a situation in which the 

upper level is more populated than the lower. This is not an 

equilibrium state and must therefore be created by means of an ex- 

ternal action, called pumping. In the vicinity of the resonance 

frequency Wo, the dispersion curves are as follows: 



).4 i.. 
I 

< z 

a 

The value of Ei 
and ;7o is 

The value of 

Then we have 

nr 

C. 

(G 0 

Fro 
at , is Fp 

c 
E 

or 

o 6 - ( ¡.¡, - N ) - _____-- 
G ¡¡ 11L L 

( wo`J rt170 

where o< is the absorption coefficient, given by 

- 
c L. 
-f I- 
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(45) 

(46) 
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AN INTUITIVE THEORY OF OPTICAL SECOND HARMONIC GENERATION 

Ch,íh.í,no Kikuchi 

Un.í,ve.na.í,ty o t¡ Michigan 

It is {pow very well known that crystals such as KH2PO4, commonly referred 

to as KDP, is an efficient frequency doubler of optical radiation. This phe- 

nomenon of second harmonic generation is made possible by the intense sources 

of optical radiations made available by lasers. The theory of the effect has 

been discussed in a number of research publications. The purpose of this note 

is to present a simplified intuitive theory. 

The schematic and the physical basis for second harmonic generation are 

roughly as follows. Consider an intense optical radiation to be incident on 

a slab of crystal. - ea"() 

__--2..40 (re49 

If the input radiation is red, at frequency w, the output radiation can con- 

tain green at frequency 2w as well as the incident radiation. 

The explanation of this frequency doubling can be given in terms of 

the forced oscillations of the electron. The E -field of the incoming radi- 

ation induces an electric dipole moment. These individual dipole moments 

collectively give the polarization vector P, i.e. the electric dipole moment 

density. If the E -field of the incoming radiation is small, the electron 

oscillation amplitude will be small, so that the electron displacement can 

be expected to be proportional to the incident E- field. On the other hand, 

if the incoming field is large, the electron displacement can be expected 
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to a much more complex function of E. Thus, there will be 

contributions coming from terms linear, quadratic, cubic, etc., 

in E. Since the second harmonic generation comes from terms 

quadratic in E, we shall focus our attention on this term. 

Now let Ex, Ey, Ez be the x -, y -, and z- components of the 

E field of the incoming radiation referred to the crystal co- 

ordinate system. The quadratic term then will contain the terms 
2 2 2 

Ex , Ey , Ez , Ex Ey, Ey Ez, and Ex Ey. The last term for example 

is responsible for the electron oscillation along the x- and y- 

axes. Whether or not this term will lead to second harmonic 

generation depends upon the crystal symmetry. For KDP, we shall 

show the Ex Ey term gives rise to an electron oscillations along 

the z -axis with twice the frequency. The path described by the 

electron is roughly as follows: 

B' 

A 

The forced oscillations of the incident field causes the electron 

to move from A to Al and back. The electron motion, however, is 

not in the XY- plane, but rather along the parabolic path BOB'. 

Consider the motion during i cycle in the XY- plane. If the electron 

starts from O, then to A and back, this is cycle in the XY plane. 

Along the z -axis, we note, however, the electron starts from A to 

B and then back, completing a full cycle. The same full cycle is des' 

cribed when the electron moves in the negative direction of the XY -plat! 
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We shall show how this motion can be deduced from the 

theory of couple anisotropic, an harmonic oscillator. 

I. Ordinary and Extraordinary Rays 

We shall make frequent references to the ordinary and extra- 

ordinary rays, written simply as o -ray and e-ray. The o -ray refers 

to the one whose wave velocity is independent of the direction of 

the wave vector k, and can be shown to be that ray whose E- vector 

is perpendicular to both the wave vector k and the crystal z -axis. 

For the e-ray, on the other hand, the E- vector lies in the plane 

of k and the z -axis. For this ray, the wave velocity depends upon 

the direction of the wave. 

To prove the above assertions, we start from Maxwell's 

equations, namely 

V.D = 0 C7H = O 

[7 x E = iw H 
c 

I% x H=- iw D 
c (1.1) 

If the time and space dependence of the E and H is given 

by - i (wt - Y. r ) 

-1, 
then the above equations (1.1) become 

k Do = O 

k x E0 = w- E 
c o 

Consequently 

so that 

kHo = O 

k x Ho =-w 
c o 

kx (k x Eo) = w k x Ho =-w2 D 
c c o 

k Eo k - k2 Eo + w2 D = O 
c4. 

o 

(1.2) 

(1.3) 

(1.4) 

Now, for a uniaxial crystal, with which we are presently concerned, 
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Da(_ = + Do E7 
y 

_ 1 
Ibo a_ = E z Fe 2 ` °i, a 

i.e., two of the components of the dielectric tensor, Exx and 
YY 

are equal. This means that the component of the D- vector in the 

XY -plane is always along the E- vector, i.e., 

=-FL 
where D , and E are the projections of the D- and E- vectors on the 

XY- plane. However, the components of D and E in the z -k plane are 

in general not parallel to each other. 

Consider first the component of E perpendicular to the 

Z -k plane. From (1.4), since kE = O 

61 

so that 

V i 
which is independent of the direction of propagation. 

To determine the wave vector for the ray whose E- vector 

is in the Z -k plane, take the X' -axis to be in the Z -k plane. 

Then 

(- )/ 

so that (1.4) gives 

x -$( d -4X -- -4y t 
C 

ELx 

(F`oz 4 f FJ z ) - t 

(Ai 
L q ̀  V 

\ 

(1.5) 

(1.6) 



For the existence of a non -trivial solution, the determinant 

of the coeffecients Eox and Ez must vanish. Thus 

which gives 

or 
E<< 

, 

X -i- 
c C// 

a 

Thus the wave vector varies from v 74 4 along the Z -axis 

to Wki E's /C, perpendicular to it. 

119 

(1.7) 

(1.8) 

II. Source of Raidation Field 

We need to note that the polarization vector P is the source 

of the E -field at the second harmonic. To see this consider again 

the Maxwell equations 

p.p -û H- 
i H-1 , >1) a X - (7x 

c. ót 

we find that 

But 
D( E 4..( t J`` = E+ T NL 

where pµß stands for the non- linear part of the polarization 



120 

vector. Then ..g. 

- 

... 

(_ 

Px X CY _ 
_ 

CL- I 

We need next to examine the structure of 

III. Anisotropic Oscillator Without Coupling 

The equations of motion of this three dimensional oscillator 

can be written in the form 

X, 50' -r- i`'xZX 

-2 

--7 r L ytyy_ 
/ 

?- -f- 2- 

making use of the x -y symmetry, we can put 

L L z v 
lu x 7 C....)1 : Lio 

A 
j _ wI 

For such oscillarofs, the motion contains only the frequency of 

the driving field, and the three components are completely 

independent. For example if 

then 
-< 

z - , /7 

(3.1) 

I`. Coupled Oscillators 

We next consider the nature of the term coupling the different 

co- ordinate directions. To do this, we need to keep in mind, that 

any term added to the equations of motion must transform in exactly 

the same way as the co- ordinates x,y and z. To determine what these 

functions are, we need to make use of the crystal symmetry properties, 
IL 

The crystal °structure of DKP is Space Group 122, .1 (fl 4 -- D 

of the International Tables of X -Ray Crystallography. The symbol 
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I denotes that the structure is body- centered; 4 refers to a 4 

fold roto -inversion axis; 2 indicates the existence of a 2 -fold 

axis perpendicular to 4; and d stands for a diagonal glide plane. 

The second notation D , referred to as the Schoenflies nota- 

tion, shows that the space group is obtained from the point group 

by substituting screws and glides for certain rotations 

and mirror reflections. The relations of the symmetry operations 

are shown below: 

Class Description D2d D2á12 

E Identity xyz xyz 

C2 1800 Rotation, z x y z x y z 

2S4 roto -reflections y x z y x z 
y x z y_ x -i- 

2C2' 1800 rotations 4 x ÿ z _x,y +i,z +i 
X y z X,y +i,z +i 

Diagonal plane reflections y x z y,x+ ,z +1 
y + y x z y, x ,z+ 

2 G- 
d 

The difference between the point and space groups lies in the 

fractional lattice translation (0,1,i). The lattice parameters 

are of the order of 1A, so that these translations are small com- 

pared to the wave length of optical radiations. Consequently, it 

is sufficient to use the point group. 

Since the terms responsible for second harmonic generation are 

quadratic in the components of E, we shall consider the transforma- 

tion properties of plynomials of degree under the operations of 

the D2d group. The purpose for this is to select these polynomials 

that transform exactly like the coordinates x,y, and z. 
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X 

Consider then the following table: 

E C, 

x4 

0-) 
s(f CL Cz cd 5-4 

ÿ x xÿ Xy `fx- ÿXzz 

t 
X 

y ,R 

' 1 - 

- ^ t t 

7 

x 2,/ zX 

Z L v) 
X?Z XLyZ _(() 

_(X - (KA 

)C,L-1 
3,2, L1 

L 3z j"Li 3t)-`" 3?') 

From the above table we note that each of the polynomials z, 

xy, and x2 -y2 transforms into itself or its negative under the D2d 

symmetry. Furthermore, we note that whenever z goes into itself 
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so does xy, and z becomes negative, so does xy. Thus the transfor- 

mation properties of xy are exactly those of z. However, we note 

that x2 -y2 transforms differently. For example under C21, Z3-z, 

whereas x2 -y2 x2 -y2. 

Another point to note is that the pair x,y transform among 

themselves and so do the pair zy and zx. Comparing the transforma- 

tion properties, we see that zy tranforms like x and zx like y. 

From these arguments, we see that a possible way to couple 

the oscillators of (3.1) is to add a term proportional to zx, and 

zy, xy, to the three equations respectively. Thus we obtain 

1 .4- 
we x - r 7-- 

141 

/ `, . 
--4- 

_ ;621 ff) t 

As an example let us focus our attention on the z- motion. 

We note that this motion is affected by the x- and y- motions through 

the SXY. If this term is small, we can solve for x and y from the 

first two equations, omitting the terms SZY and SZX, and then sub- 

stitute this first order solution into the third equation. Thus 

`I 

' l 
E x c 

(si z, 
(' 

,w1 
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so that 

.4" 
, 2 

Lkjt v 
y 

U 
i L, r`w 

X 

Coz c c{, f ik,L) , tc, 1-74- 

,FD L1 L, 

Z 

(257._(,..)) 
t ¡ z / -t- . / 

S E6x 
-t- , 

4-4A ( 
J 

- L Z ` L w- G, 

%` l r X Q 
-.L_._ 

z Z 2 (w- w c'U'/1 7 

2l'4,-t- 

c`4"-t * cC 
c rt 

1. '1.4(7 ,i t '/v¡ 4, 

Thus the z- motion contains a D.C. component and components 

at w and 2w. The Fourier component at 2w is then given by 

S 
w 

`z 
rL ) = Fax 

¡ \ 
( 4,r - tcJL ?( k-' ) i t 4/L ̀

' ``' 1 ) 
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TV. Alternative Derivation of Coupling Term. 

The above procedure may appear tedious. An alternative pro- 

cedure is to assume that the coupling term is to be derived by dif- 

ferentiating a scalar function. This method will next be indicated. 

Since the coupling term is to be obtained by differentiation, we 

note that the required invariant is a polynomial of degree 3 and 

is given by xyz. 

According to group theory, polynomials homogeneous in x, y, 

and z and of degree , can be put into 2 
1 

+1 linearly indepen- 

dent set of polynomials, such that each member of the set will 

transform in a certain characteristic manner, under the symmetry 

operations of the group. For example, for the D2d group, there are 

five posibilities, 

E 

as 

C2 

indicated by 

ZS4 

the so- called 

2C2' 2 d 

character table. 

Al 1 1 1 1 1 2x2 -x2 -y2 

A2 1 1 1 -1 -1 

B1 1 1 -1 1 -1 x2-y2 

B2 1 1 -1 -1 1 z;xy 

E 2 -2 0 0 0 x y; zy, zx 

The importance of this table can be seen by discussing 

specific example. Consider x and y. According to earlier 

comments, we saw that x and y transform among themselves under the 

symmetry operations, and these symmetry operations can be represented 
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by matrices. Thus 

E 

C2 

S (1) 

54 
(2) 

C 2 '(1) 

C2'(2) 

d(2) 

0 1 

1 0 

O -1 

O 1 

L-' 0 

0 -1 

1 0 

1 0\ 
0 -1 

lo 

1 

1 o 

O -1 

-1 09 

The traces of thes4 matrices for each class are 2, -2, 0, 0, 0, 

Therefore we say that x,y transform like E. Similarly zy, zx 

generate the same group of matrices. 

From the character table, we can construct the invariant 

(Symmetry Al) of degree 3 immediately from the known symmetries 

of polynomials of degree 1 and 2. Since z and xy transform like 

B1, the product transforms like 



Hence xyz is the required invariant. 

For reference, we tabulate below the symmetries 

of polynomials of degree 1, 2, and 3. 

Symmetry 

Al 

A2 

B1 

B2 

E 

=1 =2 
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.11 a3 

7 

1 L -1 

(xiy`'J 

I 

1 

I 4. 

V. Still Another Approach 

The main purpose of the following discussion is to point out 

the relation between second harmonic generation and the electro- 

optical effect. We shall continue to discuss KDP as an example. 

The space goup is No. 122, 142d, D2d, and the point group 42 m. 

The source terms for the second harmonic are the terms quad- 

ratic in the E- field. These are 

Ex2, Ey2, Ez2, Eu Ez, Ez Ex, Ex Ey 
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so that we can write 

(7_4.) 

PA 

lEZ 

-`r31 E EX 

(2w) (2w) 
and similarly for P and P z. 

can be written.in the matrix form 

-rt 41( I1.)(- 

The above relations 

``,L, CI13j ILj 4(3( 

LtLZZ 
41,13 42 L> cel3/ G(z-1 

/r 
I 

tZ `33 G 32, y 35/ 

To shorten the notation, it is customary in crystal 

to use the notation 

z 

35 

L 

P4- 

physics 



The d- matrix is then written 

r3 C Y _ 
4.<.{ g- .4)L 1 

f,ti d clic 

129 

Using crystal symmetry, it can be shown that many of the elements 

in the d- matrix are zero. The general form of the d- matrix for 

the different crystal classes can be found in such texts as J.F. 

Nye, Physical Properties of Crystals and Warren P. Mason, Crystal 

Physics of Interaction Processes. For example, for KDP, the 

crystal class is 42m, and the appropriate matrix is found in Nye, 

page 124 or Warren, page 330. The matrix has the form 

0 0 O Cf) o 

D ( _, 
1c4( 0 

43 

To verify this result, we need note that the d- matrix must 

remain unchanged under the group of operations of the particular 

crystal class and that the rank of the tension is 3, i.e. 
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As an example, consider the 180° rotation about the Z -axis. 

The matrix for this rotation is 

so that 

and 

_ 

Therefore, for example 

4(/(11 
q, 

Q 
4 

1 
,,, c 

Pq4. 

t 

( 

For the relations between the fundamental and the second 

harmonic we obtain then 

(LLI ) 

41) 

(L4, w P- TE 
(-0 

( 

x 7 

These are the relations obtained previously by other arguments. 
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We notice, however, that the above relations are independent 

of the specific frequencies. For example the relations 

ct ( w ') [Ey( sd 416s/2_ (14.1" 

fw4wÌ (w1) 
`<) 

, , (w{ w EPI(44j)jE; - X 
ti 

ur-F w' ) 
- 

L.) (w' lw) () 
c(` 

3+, 
"-E`"l) k '+ 

, 
,. j 

An interesting special case of the above occurs when one of 

the frequencies, say W1 is zero. Then we have 

I 

'w> cl w 'u 
,Y 7 

p 

kW 

) iÌ° 
Gf 7 I . 

y 

(o !Li) , w) ._ o / 

ef b 

r x - rt X -- 3 

If one of the electric fields is a static one, we have the 

so- called electro -optic effect. Consider then the following case: 

1 
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Suppose the optical radiation is propagating along the Z -axis. 

Since the propagation is along a principal axis, both E- and D- 

fields are normal to the direction of propagation, so that 

f72;w)_ 

Hence we obtain 
1 (Lv (0 

A INC 

/ÿ(uj) ) g-iJ) lg- ") 

Thus, to obtain the electro- optical effect, we need to apply a 

D.C. voltage along the Z -axis. 

The effect of the longitudinal field upon the wave propagation 

is calculated as follows: From the Maxwell equations (C.G.S. 

Gaussian) 

X_' (7X 1`I 

and 

we find that 

L ( fi X '- c. L r- L 
Q 

where AD is the change in D induced by the applied static field, i.e 

Then the wave equation becomes 

- - 'I LL I 
z) L ! _-- 1 T 7r _ ` p 
át - )-1z L L 
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Assuming time and space dependence of the sectors to be of the form 

we find that 

cn, Z- ) r- - P., 

so that ro) 

,z w -,c- __ ,¢ y t t ex i 

giving 

( _ ,) L Z 11 ° ̀  1 -- -- cf CO 
z 

c ,C 
1 rt l i 4-ò't 

Cl oy 

L a,Zz D 

-t- 

(f I t 
c1; Ct f( 

Recalling that 
CU 

we find then that 

1,1 = /h T" ti x. 

/a) 

/o 

( 

The physical significance of the above result is that there will 

be two waves, with mutually perpendicular polarization and having 

different propagation velocities. If the waves are analyzed 

along the crystal axis, then 
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W c- 
F-1.5 

-i f -) 
t-7)( X -e 

w M -+ * 1 .., (w L (_) E ` 
_ E, 

,/ `,,c' 

Suppose that the wave incident on the crystal is polarized along 

the X -axis. Then at Z =O, we must have 

so that 

-(*') /`0 ñ 

and therefore 

w-t 

C. ' ̀1., 
Z z7 

\, ,A, ¡,,1^- 

Suppose next that the analyzer, located at the back face of the 

crystal is at rightangles to the polarizer, i.e. situated so that the 

transmitted Ey is detected. Then if the applied field is zero, 

r.1-=r)- so that the transmission through the analyzer will be zero. 

If the longitudinal field is increased, the refractive indices yo+ 

and -A- become different, so that the transmitted intensity will 

change. This intensity change, given by the square of the EY -field is9 
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.0 G.,(tir v1,.) 

4vv% 
-2- 

'z C 
L 

Thus we note that the intensity will vary periodically with the 

applied voltage. The second minimum in the transmitted intensity 

comes when 

T 

But 

Then 

Z C 

-rf e 
) 

7.1 
çC 

.1" 

- 

D 

Tr cf -rt 
`if/ 

Thus by measuring the voltage required to produce half -wave 

retardation, the value for the parameter 4,f can be obtained. 

VI. Conventional Discussion of Electro- Optical Effect 

The above relations were obtained in an effort to point out 

the relation between second harmonic generation and the electro -optic 

effect. Unforutnately, in most texts, the electro -optic effect is 

presented from a slightly different point of view. For example, in 

Mason, the discussion is given in terms of the so- called electro- 

optical constant /to and the isothermal and adiabatic values are 

stated to be 
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263 =//, 6x(0 

5 t= I0, 6 X e 0 w, V. -y-1T 
6s 

(at 5471A, 7.5 Kv and 8.2 Kv are required for half -wave retardation 

for the static and high frequency cases.) 

The difference stems primarily from the shift from E to 

D as the fundamental vector. In the earlier formulation, the em- 

phasis was on E as the fundamental quantity; in this case, the 

dielectric tensor plays an important role. On the other hand, if 

D is the fundamental quantity, then the impermeability tensor enters, 

to relate E to the D vector. Thus 

to the first order. For the higher order terms we have 

D lu) 

w"p r 

Ire this notation the last index is reserved for the d.c. field. 

The wave equation then becomes 

Then 

Z (5 1, l )i 
.11))., ()&TL 

'6i-i) ) " I 

b -t 
z 

_ 

.)-- tL 
- 

From these results, we obtain 

c 

n p ,7 fu/ 
E! /z j 



1 (o) 

ò 
1 

63 
I)- 

where we have 6 for the pair of indices 12. 

1/2.- 

Z M (*3 

7:) 

_ 4/k.o f Z M (03 

. Q - n1 - r1_ 

Earlier we saw that 

Therefore 

C1 
(y 7r 

The value of ñ(4 at optical frequencies is obtained by measuring 

the second harmonic content of the laser beam (Note: second 

harmonic generation can be thought of as the self -electro -optic effect). 

We obtain then 

M d 

(u) 
zl "TT (1 1 .(. 2- 

vJ 

3 

Md 
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Frequency 
6j 

_iZ 
L a 

`"' v- 7 

3, L- 
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SpECIAL LECTURE: Nb IN CaW04:Nd 

Ch,i.h.vco K.í.Fzuclú. 

Uvt.í.ve.rus.c.ty o¡ Michigan 

The purpose of this lecture will be to present some very recent results 

obtained in our laboratory, pin -pointing the site occupied by niobium (Nb), 

acting as the charge compensator in the laser material CaW04:Nd. As is well 

known, the interest in Nb stems from the fact that the threshold for laser 

action of CaW04:Nd is lowered by an order of magnitude upon co- doping with 

Nb. The charge compensation scheme presumed to be taking place is the 

following: 

Cá Wirt. 

1 
P143+ Xifr 54. 

Thus the trivalent Nd3+ replaces the divalent Ca?+ ion, and the pentavalent 

Nb5± ion replaces the hexavalent W6+ ion. A program was undertaken in our 

laboratory to obtain information about the nature of the Nd -Nb pair. 

The direct impetus to our program was provided by the optical absorption 

spectra taken by R. T. Farrar of the Harry Diamond Laboratories. He noted 

that when Nd is compensated by vanadium or niobium in both CaW04 and CaMo04, 

the optical absorption spectrum consists of the _ -- F due to iso- 
72- 

lated Nd3+ ions, accompanied by a pair of lines on the long wave length side. 
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Schematically the absorption spectrum has the following 

appearance: 

Corl'gNsAret -sou4TFD d3 

The energy level diagram for Nd3+ is the following: 

4r / 

LAsEZ - - 
( ¿ µ) 

J 

134. 

3= 7/Z 

/9 aSoRAv7 0f 
C4 wolf /, 0 6 e,4 

( 8 77 o 9) 

The inference is that there is some strong coupling between the 

impurities Nd3+ and Hb5 +. 
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In our attempt to obtain information about Nb, we made use 

of the fact that (1) non -magnetic impurities can often be made 

paramagnetic upon x -or gamma- irradiation, and (2) that the 

paramagnetic Nb4+ centers, if produced, can be identified by its 

paramagnetic resonance signature for 100% Nb -93, with I =9/2. 

After some preliminary trial runs, we found that Nb4+ centers 

can indeed be stabilized if the irradiation and measurement tem- 

peratures are kept below dry ice temperature (195 °K). As in- 

dicated earlier, normally niobium is Nb5 +. During gamma irradi- 

ation, the electrons freed by the photoelectric and the Compton 

processes became trapped at the Nb5+ centers. From thermolu- 

minescent measurements, we find that the trap depth is about 

0.72 ev. 

The EPR study of the Nb spectrum leads us to the following con- 

clusions: 

1. Nb is in a W -site. This was expected from chemical argu- 

ments, because the radical NbO4 is chemically stable. The de- 

finiVe proof is provided by the EPR g -value measurements. The 

g- values are found to be greater than that of the free electron. 

This is possible only if the contributions from the bonding states 

need to be taken into account, i.e. if the binding is Strongly 

covalent. The other supporting evidence is that the hyperfine 

structure (HFS) is small. The measured value is about 30 gauss. 

2. The Nb EPR spectrum shows that the nuclear electric quad- 

rupole interaction is large. This information is inferred from the 

HFS pattern. If the electron -nuclear spin -spin interaction is 

strong, the HFS component separations are expected to increase mono- 
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tonically in the direction of increasing magnetic field.On the other 

hand, for strong quadrupole coupling, the spacing is least it the 

center of the pattern and increases going outwards to the two ends. 

If forbidden lines are present, for the first case, the intensity 

should be strongest at the center; for the quadrupole case, 

however, the intensity should be strongest in the wings of the 

HFS pattern and actually zero at the center. The following 

diagrams summarize the two cases: 

T 

The Nb4+ FPR spectrum fits the second case. 

> 

We next need to determine the principal axes of the quadrupole 

tensor. fortunately this is easy to do, for according to the theory 

of forbidden lines, the intensities of the first forbidden lines 

( ,4F=z 4--=t1 
z z 

( - Z r,r ^4"( , , z,f, ¡- r 

) are given by 
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where the index 3 denotes the direction of the magnetic field, 

and Q13 and Q23 are the off -diagonal elements of the quadrupole 

tensor, with respect to this coordinate system. Consequently, if 

the magnetic field is along a principal axis, then both Q13 and 

Q23 are zero, so that the forbidden lines should be absent. 

In the search forthe principal axis, we can be guided 

by the fact that we can expect one of the axes to be along 

the Nd -Nb pairing direction. The possible directions can be 

found from the crystal structure of CaW04. If the Nd -Nb pair 

are in the nearest neighbor sites, the pairing axis will be 

at 450 from the a -axis in the ab- plane. nn the other for the 

next nearest site, the pairing axis lies in the ac- (or be -) 

plane, making about 42 °40' with the c -axis. Observations 

shows that the forbidden lines are missing at 45° in the ab-plane. 

This suggests that Nd and Nb occupy the nearest sites. 
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SELECTED TOPICS IN STIMULATETi LIGHT-SCATTERING 

Raymond Y. Ch,í.ao 

Unive.lO-í.ty o.6 Ca?.t.¡onn.í.a at UelcheQey 

Lecture 1. General introduction, stimulated and spontaneous light - 

scattering processes; stimulated Raman effect. A description of nonlinear 

optics is best given by a phenomenological expansion of the induced polar- 

ization in a material in the presence of an applied electric field E: 

, 

(1) P = X 1 E + 
X2 

E E + X 0) E E E+. 

Here X 
2 

1 X X (3) are respectively second, third, and fourth rank tensors. 

The X(1) effects are familiar linear optical effects. The imaginary part of 

X(1) causes absorption,and the real part of x( 1) gives rise to an index of re- 

fraction. Birefringence and natural optical activity arise from the symmetric 

and anti -symmetric parts of the X(1) tensor,respectively. Note that for the 

large class of materials having inversion symmetry, e.g. gases and liquids 

without natural optical activity and centrally symmetric solids, all the even - 

order x 
(2n) 

= O. X(2) effects, such as second harmonic generation and optical 

rectification, occur in piezoelectric and ferroelectric solids. Sum and dif- 

ference frequencies are generated also in materials with natural optical ac- 

tivity. All of the effects which we will talk about in this series of lectures 

arise from X(31. Included in them are all the stimulated light-scattering 

processes: stimulated Brillouin (photon- phonon scattering), stimulated entropy - 

fluctuations, stimulated anisotropy- fluctuations (otherwise known as Rayleigh - 

wing scattering) and stimulated Raman scattering. 
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These light- scattering processes are described schematically in Fig. 1 (a). 

The top sketch represents energy conservation; the middle momentum conserva- 

tion; the bottom is a Feymann diagram to summarise the process. These kine- 

matical relations are written explicitly as: 

(2) wo = w' + Si and (3) k 
o 

= k' + 

Since in most cases S2« ó,lko _ I it and hence the momentum -matching triangle 

is almost an isosceles triangle and if eis the scattering angle, then: 

(4) q = 2ko sin e/2 Let the phase velocity vs = 

(5) 52 = 2 
s 

n w sin 
e 2 

This is the Brillouin scattering formula and applies to excitations which 

are collective in nature and propagate (e.g. phonons, magnons, etc.). These 

modes are "acoustic- branch" in nature. This formula does not apply to Raman 

scattering where the excetations do not propagate and are localized, i.e. 

"optical- branch" in nature. In this case, S2 is almost independent of q, and 
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hence the shift in the scattered light frequency is independent of scattering 

angle, in contrast to the sin 
ei 

dependence of Brillouin scattering. 

Another closely related phenomena is two -photon absorption, which is de- 

picted in Fig. 1(b). Here the final state lies near two instead of near the 

ground state. But clearly the selection rules are identical in the Raman and 

two -photon case. The main difference between the two effects is that Raman 

effects are usually associated with nuclear motion, e.g. vibration or rota- 

tion, and hence are almost exclusively molecular whereas the two -photon ef- 

fects are associated with electronic motion, and hence can also occur in atoms. 

Both of these two effects are included in the imaginary part of X(3), which 

in general describes inelastic processes which involve material excitation. 

The real part of X(3) causes several important nonlinear optical effects. 

It causes weak -wave retardation, i.e. weak waves in the presence of a 

strong wave are slowed down twice the amount the strong wave slows itself 

down. A closely related phenomenon is light -by -light scattering or four -photon 

interaction (Fig.2). This is an elastic process in that no real excitations 

o 
- -{ 

C4 

y 
Ko. c.)o wwv, 

r 

Fig. 2. Pnocea4e4 attf4 -.ng Aynom Re X(3) 

are left in the medium by this light- scattering process; only virtual excita- 

tions are involved. Still another important related process is self- trapping 

and self- focussing. This occurs where the various Fourier components in the 

lesser beam present by virtue of diffraction interact with each other by light - 

by -light scattering. A more useful way of looking at this problem is to intro- 

duce the concepts of non - linear dielectric constant and index of refraction: 
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(6) E = E0 + E2 ̀ E2 j + . . . 

Since E = 1+ 4nX, eo = 1+ 4nX(1) and E = 4x3 ) 

(7) n = no + n2 E 2 >+ . . . 

SinCe n = no = 1+4nX(1)and n2 - 2TrX 

no 

(3) 

Self- focussing arises when the intensity profile of the beam causes a lens 

of similar profile to form in the medium, which focuses the beam down in a 

self- consistent way. Self- trapping arises when the tendency of diffraction 

is just balanced by the tendency to converge the beam because of the higher 

index of refraction at the center of the beam profile. The resulting self - 

consistent waveguide gives rise to the light filaments which are commonly 

observed in nonlinear liquids. 

Closely related Kerr effects associated with E2 are Kerr effects and 

electrostriction. The largest effect is the molecular- orientation Kerr 

effect, in which cigar -shaped molecules are aligned parallel to the inducing 

field- direction, thereby increasing the susceptibility and index of refraction 

of the material, due to the larger polarizability along the long axis of the 

molecules. This effect is responsible for most of the observed self -focussing 

and self -trapping effects and also the stimulated anisotropy- fluctuation scat- 

tering. Electrostriction, a slightly smaller E2 effect, is the compression 

of the medium in the presence of an electric field and arises due to induced 

dipole- induced dipole attraction of the molecules. It's responsible for stim- 

ulated Brillouin and entropy- fluctuation scattering and for electrostrictive 

self -trapping. Another coupling mechanism giving rise to E2 is absorption. 

Since the power absorbed is proportional to E2 and hence the temperature rise 

in the fluid is also proportional to E2, absorption is a direct mechanism for 

coupling to entropy -fluctuations and to sound waves. The phenomenon of ther- 

mal blooming, in which a negative, divergent lens is produced by absorption 

of the laser intensity profile, is clearly related to the light -by -light pro- 

cess arising from Re e2. Still another process giving rise to X(3) or E2 is 

the phenomenon of saturation of a two -level system. Clearly the absorption 

and the index of refraction depend on the difference of populations of the 

two levels, but this difference of populations a 1 and for low fields 
1 +KE 
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gives an X(3) or E2 coefficient. This X(3) gives rise to mode coupling, 

sideband generation (spatial as well as temporal), and perhaps self- focussing 

and self- trapping inside the laser systém itself. It should be noted that 

for all these X(3), and indeed for all X(n), Kramers- Kronig relationships 

exist for the real and imaginary part. 

A simple relationship, known as the Manley -Rowe relationship, applies 

to the light- scattering processes arising from X(3). It states that: 

(8) Power generated in phonons < x Power of incident laser 
W 
0 

where ws = phonon frequency and wo = laser frequency. Quantum mechanically, 

it says that the maximum conversion efficiency is for every photon to produce 

a phonon. This happens only under the extreme condition when the gain greatly 

exceeds the loss. 

The following table summarizes the various types of scattering processes: 

Type 

Rayleigh 

Brillouin 

Rotational -Raman 
Rayleigh -Wing 
Hindered Rotational 

Typical Extinction coeffi- 
frequency cients for spontan- 

Excitation shifts eous scattering 

Entropy- fluctuations 10 -100 me 
10 -4 to 10 -5 /cm 

10 Kmc Sound waves 
(acoustical phonons) 

1Rotational states & 

anisotropy -fluctuations 1010 -1012 Hz 10 -5 to 10 -6 /cm 
librations (librons) 

External Raman Optical phonons 

Internal Raman Vibrational normal 
modes of molecules 

1012-1013 Hz 10-7 to 10-8/cm 

1013-1014 Hz 10-7 to 10-8/cm 

Here extinction coefficient is defined as the inverse of the length in which 

the incident beam is reduced to 1/e of its initial value due to spontaneous 

scattering. This is related to the stimulated scattering gain /cm in the same 

way Einstein's A and B coefficients are related (the fluctuation- dissipation 

relations). 

Effects not covered in this brief description of nonlinear optics include 

higher -order magnetic -dipole and electric quadrupole effects. They arise from 

replacing E in (1) by it and VE. Such effects include Faraday and inverse Fara- 

day effects, and second harmonic generation in centro- symmetric materials. 
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Stimulated Raman Effect 

We adopt the following simple classical model for the molecule: two po- 

larizable balls attached by a simple harmonic spring which is perfectly linear, 

but the polarizability of the halls is a function of the distance x between 

them. Placing this "molecule" into an electric field E gives rise to an inter- 

action energy: 

(9) W = -1/2a(x)102 

Therefore there exists a force on the balls of size: 

da 1E12 
dx z dx 

Now the electric field present on the molecule is the sum of an incident laser 

wave E0 and a weaker scattered wave E': 

(11) E= Eo + E' where E = E e 
i(ko r- wo t) 

o 

E' = E' 
ei(k'.r - w' t) 

and where we will define 4 . 
o 

- k' 

S2 = w - w' 
o 

Note that spontaneous scattering is caused by the zero -point fluctuations 

of the harmonic oscillator. Stimulated scattering occurs when the scattered 

wave reacts back on the motion of the osciila.tor by beating with the laser 

wave and increasing the amplitude of oscillations which in turn increases the 

scattering, and this feedback leads to exponential gain of the oscillation of 

the molecules and simultaneously the scattered light wave. Mathematically 

this is stated as follows: 

(12) m(x + yx + w 2 
1 da *,e-i(g r-Stt) 

s 
x) = F 

2 dx o 

Note that if c = ws, we hit resonance and the molecule reaches an amplitude: 

(13) m iS2x = 
1 d * £, 

e-i 
(q r-S2t) 

y 2 dx o 

(14) x = -i(1 da 
E o)e-i(gr-420 

2 dx mySZ 
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Notice that all the molecules are coherently (spatially and temporally)oscillat - 

ing. (Note that actually what is oscillating is 141 and that the harmonic 

oscillation approximation is good only when b»a where p = blyb + 
a 
describes 

the admixture of ground and first excited state). The effect of the reaction 

of the increased oscillations back on the scattered field starts with a cal- 

culation of the induced dipole moment: 

1 da 1 dX 2 1 (15) p 2(dx x) Eo 14 (dx) mYS2 
12 e,ei(kr-w't) 

We have temporarily neglected the term 
2 

(dá x)E0* which oscillates at wo + S2, 

dX 
or the "anti- Stokes" frequency, which is at a higher frequency than the laser 

frequency wo. This induced dipole moment can feed energy into the scattered 

wave E' at a rate per unit volume: 

(16) p = -N2Re(E' *' d ') Nmw s(aci)2 IoI2 
IE'I2 

2 

where N = the number of molecules /cc. By energy conservation p 
du' d le'l 

so that: 
2 , 2 2 2 

d Is' I (N w TrIeoI (da) IE' I 

dt 8Tr mySt dx 8n 

The solution of which is clearly exponential with a rise time 
-1 

= 
(Nut 

60 

I) 

Defining a gain length Pg = ñ Tg and a gain g = : 

g 

(19) g 
1 

n(dX)2 

g 

g 

= dt = dt 8Tr 

A typical gain for liquids is - 10- 2 /cm /(M Watt /cm2). The threshold is de- 

fined as when g = a where a = absorption /cm for the scattered radiation. 

For most transparent liquids this is a very low value, of the order of Kilo- 

watts /cm, but a more realistic criterion is that we have a gain of e2° before 

we can see a strong scattered signal. For a cell length of 10 cm this re- 

quires a laser intensity of 100 M Watts /cm2. But it was experimentally ob- 
P 

served that very strong Raman effects were observed in an unfocussed beam of 

the order of 1 M Watt /cm2. This "anomalous gain" was due to the simul- 

taneous occurrence of self- trapping,which produced much higher intensities 

than initially present in the unfocussed laser beam. 
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Another aspect of this problem is the generation of anti -Stokes frequen- 

cies. Note that the neglected term in the induced dipole- moment goes as: 

w +S2 

p" = 
(1 d a 

E 
*= 

i4 
(da) 2 1 * 

e 
i(2ko-k' ) r- (2w ° w ) 

dx o dx myS2 o 

In order for this dipole wave to radiate into a mode of the radiation field 

2ko = wo 
+2 

. n(wo +0) must be satisfied. Because of dispersion 

n(wo +S2) > n(w0 -52) and there is a unique direction in which the anti- Stokes 

radiation can be imitted, in contrast to the Stokes -radiation, where the 

emitted Power given by (16; is independent of k'. Conversely there is a unique 

direction for the Stokes wave which can interact to produce and anti -Stokes 

wave. This is summarized in Fig. 3: 

Fig. 3 

However, one can show that the gain of the interacting Stokes wave drops to 

zero on the phase- matched angle 6' and that one is left only with linear growth 

of the interacting Stokes and anti -Stokes waves. This phenomenon is called 

Stokes -anti -Stokes suppression. However slightly off the matching angle, one 

can still have exponential gain although this effect may be masked by a linear 

scattering process which couples the various Stokes waves together. 

Lecture 2. Brillouin scattering and anisotropy -fluctuation scattering. 

The physics of the coupling between light and sound waves is due to the 

phenomenon of electrostriction. This phenomenon can be easily described by 

allowing E(P) = co + d P Hence an oscillating density will modulate the 

index of refracion, which will in turn cause scattering. There is also a 

converse process whenever there exists 6 p. Let us place a pair of condenser 

plates in a fluid. The energy stored in the condenser is 

(21) E2 
W = c(P) 

Bir 
.V 

Fig. 4 
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A change in the density of the fluid causes a change in this energy of: 

(22) (SW = ô(E 8 V) = -Pei SV 

Hence a pressure exists to compress the fluid: 

dc E2 E2 E2 

(23) Pei _ -VdV 87 - P dp 87 = Y87 

Where ya 
dpp 

is the electrostriction constant and Peiis called the electro- 

strictive pressure. Again the beating together of the scattered light wave 

and the laser wave will react back onto the sound wave to increase its inten- 

sity via the L2 term in the electrostrictive pressure. Spontaneous Bullouin 

scattering does not involve such a feedback. Instead the phonon occupation 

munber is determined solely by kT, and hence the spontaneous scattering cross - 

section is proportional to kT and does not exhibit exponential growth. The 

mathematics of stimulated Brillouin scattering is quite similar to that of 

stimulated Raman scattering, except that quite often one is in the transient 

regime, where the phonon lifetime is long compared to the duration of the laser 

pulse, so that the phonon intensity does not reach asteady -state level, as 

it does in the Raman case usually. To solve for this case, let us set Ts = 

whereTS is the phonon decay time and let us resonate the scattered light in a 

cavity. Let E =L 1: + ' as defined by equation (11) et seq. and let (24) Ps= 
Psoei(kksr -wst) 

describe our sound wave. The beating of e.o and r' will 

amplify this sound via the electrostrictive compressions given by: 

EE'* --) 
(25) P = Y o +i(qr -Qt) 

eR 2 87 / 

If q and Q were chosen so as to satisfy q = where vs is the sound velocity, 

these electroctrictive compressions will math those of the sound wave by 

choosing the direction of q to be the same as that of it 
s 

' This can be in- 

sured by choosing k' properly and choosing IZ = 2-91w 
0 

sin 
2 
where 6 is the 

angle between ¡to and k';thus by choosing É' to satisfy the Brillouin formula, 

it automatically causes Pei to match Ps. Conversely, Ps automatically will 

scatter E0 into E'. The interaction of Peiand Ps gives rives to a power trans- 

fer per unit volume: 
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(26) 1 *dV 1 1 Ps - 2 Re Ps dt ). V- 2 Re 
1 dP ek Ws Y Im(P *T '*) 
B dt 2 167B so 0 

Where B is the Bulk Modulus of the fluid. The power transferred to the 

scattered wave arises from an induced dipole moment/ unit volume (i.e. polari- 

zation) of an amount P' = z GX *E 
0 
where X is due to changes in dielectric 

constant caused by the sound wave Ps. 

, 
= 

1 * (GE)* _ Y * (27) P- 2 GX Eo 
= 87 Eo 87B Ps E 

P 

Here we have used the fact pc = 
dE 

Ap = Y 
4 1= Y 

s 

dp p B 

Hence the power transferred to E' perunit volume is: 

, = - 
1 ',*.dp' w' r* * (28) r - 2 Re(E dt ) + 167B 

YIm( Pso ó) 

Note that we can have simultaneous buildup of both sound wave and 

scattered wave by choosing Im (E) * óPso *) = + 1 or o- cp' -cP s = . 

The rate 

of buildup is gotten by setting 

P = 
d ! IPsoI21= 

s dt 2B / TQ 2B 

SOl 

This gives: 

(29) 
1 

T 
g 

and P' = 

1 e0I2 
, 

Y 
2 

2 ws 
w 

327B Y 

or a gain per unit length of 

(30) g coJ 32nB I o 12 wswl 

I,I2l IE-,I2 
d 1 

dt grr / T 87 

This is to be compared with the steady -state gain when the phonon buildup 

reaches steady -state with its decay coefficient as: 

n ? w w' 
(31) ° g c 327B Io 2 v a 

S s 
P 2 

Which we can get directly by setting PS =TS 
so 

where v T - as. Finally 
s s 

it should be remarked that the boundary value problem has to be solved properly 

when one has traveling waves instead of standing waves. This gives the 
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result that the sound and scattered waves grow as egg instead of egz . 

Typical steady -state gains are 10 -4 /cm /(Megawatt /cm2) for a sound wave Q = 100 

and B _ 1010 dynes /cm2. It should be understood that the maximum gain oc- 

curs for backward stimulated Buillouin scattering, where the laser and scat- 

tered light beams are collinear and hence interact for the longest possible 

length. Hence the expected shift in frequency of the scattered light is 

2n 
vs 
.w Forward scattering involves phonon frequencies close to zero and 

o c o 
hence take a long time to build up (note that in(30) and (31) yo as ws o) ; 

moreover, light -by -light scattering dominates in the forward direction (cf. 

Fig. 2) 

Next we take up stimulated anisotropy- fluctuation scattering (or Rayleigh - 

Wing scattering). This is an example of a nonresonant or relaxation process, 

in contrast to Raman and Brillouin scattering where the medium's response 

is resonant. The model we will adopt for our molecules is that of cigar -shaped 

objects in a viscous fluid. These molecules have a polarizability parallel 

to its long axis of a11 and of al perpendicular to its symmetry axis. If 

we apply an electric field E along the z -axis of the molecule makes an angle 

e with respect tot, and assuming the molecule is nonpolar, the induced dipole 

moment along the inducing field direction is 

F4 g . 5 
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(32) PZ = aTTEcos20 + a_LEsin20 = (aTf-a1)Ecos20 + E 

The energy associated with orienting this molecule at an angle 0 is: 

E 

(33) jv(e) _ - f PZdE _- 2(a11-al)E2cos2O - 
2 

c.lE2 

o 

Hence the distribution of molecules between 0 and 0 + dO is: 

clQ jale) 
r----4--1 

e 
kT 

2irsinOdO 
f (0) 2TrsinOdO = 

w(e) 

e 
kT 

27sinOdO 
'o 

The susceptibility parallel to the inducing field direction is: 

NO ú> 
(35) X = = N(alI -al) cos20 + Na1 N = # molecules/c.c. 

1.7 2 a llcTal. E2cos2O 
Jo 

e2 

(36) where os2 >- 

ri 

1 a l l -al 
e 
2 2 kT 

-o 

E2cos2O 
sinOdO 

Expanding the exponents in the limit of low fields: 

(37) <cos20 1 2 all -al E2 
3 + 45 kT 

Thus if x(E2) = X(1) + X; 
AX 

f(0)cos20dS2 

16 ll - al 3 

945 kT 14,175 kT 

(38) X(1) = N(3 Oj all) and (39) X(3) = 

2 

(40) Also c2 = 8 -a. 1 
12 

1 45kT N 

(41) and 

2 

(a!I-a) N 
n2 

47 
45kT n 

o 

(aII -a1)2 

45 kT 
N 

These coefficient need to be multiplied by the square of the local field 
2 

factor for dense fluids (the Clausius -Mosotti theory gives (£ 
9 

2) 
So far 
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the electric field has been assumed to be static and the effect can be called 

the D. C. Kerr effect. To generalize to the A. C. Kerr effect, one postulates 

the dynamical equation 

(42) d(ox) 
= - AX + K E2 

dt T 

Where T is the relaxation time associated with the randomization of the 

molecular orientation after the field is shut off suddenly. For spheres 

of radius a, the relaxation time T is given by 

(43) T = 47na3/3kT 

Where n is the viscosity of the fluid. To determine K we note that A n.C. = 

(KT)E2 so that: 

(44) KT - 2 
(all 

I -a1) 2 N 
45 kT 

If we allow two fields to interact E = Eo + E (if (11)) we get as a solution 

to (42) : 

/¡E 12 e *E,e-i(q'r-Slt) 

(45) AX = KT 
\\ 

2 + 1+1S2T 

This susceptibility modulates the incident laser wave and scattered waves to 

produce a polarization: 

(46) p = 
2 

(tXE+AX.E*) = 

Ie i2 
1E012 

£ *2c'e 
O 

2 
1+ 

(E+E' +E') + S2T 
(E') ' 

) + 1+iS2T 

[(2ko-k' ). r-CZwo-w' ).1 

Let us concentrate on the second term in the right -hand side of (46). This 

term can react back on the waves E'. The power transferred /unit volume is: 

(47) P' = 
1 

R (É'* 
dP') 

= R 
KT E 2E' iw' 

2 e dt e ÇT I o I I 1+iS2T 

- 45 (a' 2kT ?' N I E)' 2 
w1S2T 

- 
dt I 8r 

2 1 2 

1+S22T2 

Hence the gain is: 

2 

4 8) no 1 4Tr (a 1 1-1) 2 1T 
( g CT Qg c no 45kT 

N 
oI 1+Q2T2 

g 
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Note that we have neglected the last term of (46). which corresponds to 

anti - Stokes generation and is important only in the near - forward directions. 

The gain given by (48) is sketched in Fig. 6. 

(a) 

9 

(b) 

Fig. 6. (a) Stí,mutcLted gain, (b) zpontaneaws extinction coe¡4ie,í.en,t. 

Notice that the gain is positive for Q >0 (i.e. for Stokes or down- shifted 

frequencies from the laser) and is negative for Q <0 (i. e. for anti -Stokes 

or up- shifted frequencies there is absorption). This is a general property 

of stimulated light scattering and reflects the fact that Stokes shifts are 

associated with phonon production, leading to positive feedback, whereas anti - 

Stokes shifts are associated with phonon destruction, leading to negative 

feedback. The crossover point at Q = 0 therefore naturally has zero gain. 

Another way, of stating this is that as Q-40, the "phonon" rate of buildup de- 

creases proportionately. Also intuitively obvious is that as Q »!, the mole- 

cules are being driven so fast that they cannot respond and hence cannot re- 

act back on the field to produce much gain and therefore we expect that g-o 

as Q- . The gain reaches a maximum between these two extremes at 0 = 1 and 
one expects to observe gain narrowing to produce a sharp line at precisely 

SZ = T. This is in sharp contrast to the spontaneous scattering spectrum sketched 

in Fig. 6(b), which consists of wide Lorentzian wings around 52 = O. These 

wings are produced kT- driven anisotropy fluctuations which decay with a time 

T, thus modulating and scattering the laser beam into a Lorentzian distribution. 

Lecture 3. Light -by -light scattering and self- focussing, and self -trapping. 

Let us return to the formula for the induced polarization given by (46), and 

set Q = 0 and add an anti- Stokes wave É" given by 

( ) 
(49) _ ` ei k r-w t 

where k = 2k 
0 
-k' and w" =o-w' = 

`'o 
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in this case, when SZ = 0. Then (46) becomes 

X (3) /2 

Kt / 

(50) P = IZ 
0 

I2 (E 
o 
+2E' +2E ") + E 

o 
*2E' + E 

o 
2E "* 

2 

Note the factor of 2 in fromt of E' and E ". This represents the phenomenon 

of "weak -wave retardation ". This phenomenon arises whenever a strong and a 

weak wave interact in a nonlinear material, and manifests itself as an extra 

slowing down of the weak -wave over and above that of the strong wave. From 

(50) the strong wave is slowed down by: 

(3) IE oI2 X(3) Io2 Iol2 (51) AXstrong = X 
2 no 

or 4nstronfi - n2 
' 

2 

The weak wave is slowed down by twice this amount: 

(52) "weak 
X(3)02 or nweak - n2 

Eo2 

Thus the relative index change, which lengthens P ( 
and Ik 'l is: 

(53) _ (3)1£012 leoI2 

lc. 12 

On = Anweak Anstrong nX no £2 4no - n2 2 

Physically this retardation exists because in addition to the overall index 

change produced by the strong field, there exists a coherent phase -grating 

arising from the beating of the strong and weak waves. This grating can Bragg 

reflect the strong wave into the weak wave direction and since we are deal - 

ing with an Re X 
(3), 

this scattered amplitude produces a retardation of 

the weak wave. The converse process of reflecting the weak wave into the 

strong wave direction is negligible (a£'2 ) and affects the strong wave 

negligibly. 

This phenomenon implies 

that even in the absence of 

dispersion,the weak waves 

E' and E" interact most 

strongly at a nonzero angle 

6o 
P 

sketched in Fig. 7. 

Fig. 7 



160 

where Ak = Anw - 

0 

° 
c. 

2 

or k' 2 = tk from which we get: 

Hence k' cos 0 = ko 
opt 

(54) 0opt = 

02 
so for small 0 (1- 2-2:-t k' = k opt' 

At this angle the weak -waves react back on each other so as to transfer 

power by amounts: 

(55) 

(56) 

Therefore by choosing 240 - (I` -t" = 2 we automatically insure the simultane- 

ous buildups of both weak waves at the expense of the strong wave Et:). One 

can state this process quantum mechanically as follows: two incident laser 

photons scatter off each other and produce photons ink' and k" directions. 

This process is sometimes called light -by -light scattering or four -photon 

parametric amplification. To calculate the simultaneous gain, we set: 

( 3) 

P' _ _ 1 Re (Er,*dP ) 
= w 

X 
Im (E 2 et* E*) dt o 4 o 

- 
2 

Re(E'* 
dt 

, )= wo 
4 

( 3) 
Im(eo2 *) P" _ 

X(3) 

wo I£ I2 

(3) 

w 
o 4 1%12 

1E'I II 

I, I 

I£1 

n I£'I2 0 

Tg 87r 

Ie.I2 

T 8Tr 

So multiplying together we get: 

2 

g 
no 2r 

w 
X( 3) I I 2 = 

n2 
I 

E 

° k = 02 k 
CT C o 1 

E6 
no o opt o 

g 

This gain is twice the maximum gain of the anisotropy -fluctuation scattering 

- at 52 = 
T 

Typical gains in CS2 which has a Kerr effect with e2 = 7.5 x 10 -11 

is 10- 2cm -1 /(M Watt /cm2), for the light -by -light process and half this amount 

for anisotropy -fluctuation scattering. These values are comparable to the 

stimulated Raman and Britlouin gains. However, since light -by -light scatter- 

ing involves no shift in frequency, it does not suppress the gain for other 

processes by laser depletion . In fact, since this effect will produce self - 

focussing, it enhances the other gains. A typical value of °opt give for CS 

2 is 2.8 x 10 -4 rad per (M watt /cm) -. A more general treatment which includes 
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both light -by -light and stimulated anisotropy -fluctuation scattering starts 

with letting three waves = Ego + + (E',E" « Eo) interact in the medium. 

As usual we let: 

i( ' r-w 
o 
t) i(-w't) i (k"-r-w't) 

, E' = E' e 
k' r 

E _¿ , E" = ene 
0 

e k 
o 

where, however, we make the slightly different choice for our k's: 

,w 2 (3) i2 (3) 

k 2 - 0 4lrX 12 I2w 2 = 
O,k'2 - w 

4nX I 12wt2 = 0, and 
o c2 2c2 o o c2 2c2 0 

similarly for k ". This is in order to subtract out the strong -wave retarda- 

tion of all three -waves common to all three of them. If we had made an error 

in this choice, we can always correct it by taking e' + E" to be e 
iQkz 

which 

is slowly varying. These waves produce a change in susceptibility: 

AX = 

E -> . "* -> 

2, 
o e-1 (g r-S2t) 

+ 2 o e-i 
+1S2T 1+10T 

Where as usual S2 = w0 - w' = w" - wo and q = ko - k' = k" - ko. This suscep- 

tibility produces a modulation of the total electric field: 

*2 2 

( 3) 
I I 2 E E' E E* 

p 
2 

(AXE + AXE*) = x2 I o I 2 (Eo+E l 
+E*) + 

1+óS2T (E' 
+E*) + 1iS2T 1i52T 

The last two terms are called the cross -coupling terms and the term before 

them "the self -coupling terms." And the first term corresponds to strong - 

wave retardation which is cancelled out by our choice of k's, Sticking this 

polarization as source terms into Maxwell's equations, we obtain: 

a2 
+ 

32 

1 a2 
az2 ax2 c2 at2j 

32 a2 

az2 ax2 

X(3) 
I 2 E2E* 

E' 4?r w 2 X I I 2 
E' 

O 
E' 

o 
c2 

2 
0 l+iS2T 1+1S2T 

1 

1 

a2 4r 
(3) 

2x ( 3) 

c2 at2/ 
c2 

w"2X 

2 

2 
We recall the identity - AB = Aa 2 B 

ax2 ax2 

B = 
ei(kr-w't) 

we g et: 

E*" + I I 2 E*" 
1+iS2T 

+ 

*2 
Eo E' 

1+iS2T 

2 2aA aB 
Ba 

A 
and setting A = E' and - 

X. ax ax2 
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-k X L' + 2ikz 
az' 

= - 4rx 
(3) 

wr 2 
I `o 

12 ' + 22E' * 
1 +iS2T 

7c2 

( 
-k2 E"* - 2ik' rt* 41r x 

3) 
wIt2 {-le 1 

0 
2 /I* + *2E 1 

X 2c2 1 +iOT z az 

2 
where we have neglected Ba since E' is slowly varying in a wavelength and 

ax2 
where we allow for weak -wave retardation by allowing for a nonzero kX. 

Fig. 8 

>A 

k 

So let us define e = r- as our independent variable (we expect maximum in- 

teraction to occur and hence maximum gain when e = eopt, and this should come 

out of the calculation). Also our ansatz for the behavior of E' and E"* is 

(E-O \ eiYz 

E." 0 

where Y is complex (the real part being the effect of retardation and the 

imaginary part being the gain). We shall also assume k' _ k" _ k0 and 

w' _ w" _ wo since the scattering is almost elastic and no difference terms 

appear in the coupled equations. Hence we get from putting the ansatz into 

the coupled equations, 

( 3) 

(-e2-2k )E' = - 4r.X2 
1 

2 
o 

(3) 
(-e2+2k )E" _ - 4,rx2 1 

0 2 
o 
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or multiplying together 

X(3) 102 
(-e2-2 kó + 27T X 

(3) 

1+iSZT 

l o 

64 4TrX(3) 
2 

2 1+1S2T 
n 
o 

Hence 

2 

(3) 1E012\ 
X (3) 

1%12 \ 

02 y 
2ff 

o 

+ 2Tr 

o 
14-1-QT n 

o 

1+i2T 

0 02 -4 
y2 

n 2 
o 

Y = 
ko 

0 
` e2 4Trx(3) 'ßo'2 koe eL 

2 1/ n2 1 +jÇ T 2 V 1 +i2T 
0 

Note that the power gain g = - 2 Im y - = 26 -a + 
4.2+b2 02 

2 
26opt 

where a = 02 - opt and b = 262 
OT 

This gain is sketched in Fig. 9. 

1 +S22T2 opt 1 +22T2 

Fig. 9 

Note that the maximum gain occurs at 0opt for OT = 0 and as we noted previous- 

ly, this gain corresponding to the degenerate (0 =0) light -by -light process 

is twice that of the inelastic gain maximum (QT = 1) for large angles 

ko6 2 

Y = 2 

02 
opt 

02 (1 +iQT 
and g (large angles) = 2Im y- = k 02 

OT 

o opt 1 +02T2 

Which checks with our grevious expression for stimulated anisotopy -fluctuation 

gain. This process is related to self- focussing and self- trapping in the fol- 

lowing qualitative way: various spatial Fourier component of the beam scatter 

into components at larger angles and thereby decrease the beam diameter. For 

a Gaussian beam of diameter d, we know that kX max = d 
is the cutoff Fourier 
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koe max 
component. In the limit leo12 , the gain at this component is g _ 

2 

1eopt If we set this equal to the inverse of some characteristic 

focussing length Zf , which clearly has the physical significance as the 

distance in which something has happened to diminish the beam diameter, 

2 

d `2' o 
Zf_ 
c 

o 

which agrees with Kelley's solution. Self- trapping occurs when we distribute 

the Fourier components in such a way that these components light by -light 

scatter self -consistently to reproduce the same distribution of Fourier com- 

ponents except for a phase shift, which corresponds to an overall slowing 

down of a trapped intensity profile. Qualitatively this occurs when 0opt_ 1.22 
which leads to the correct self -trapping threshold. Another simple way to 

describe self -trapping is the intensity- caused index change causes a critical 

angle to develop, 

cos écrit 
= n + On 

o 

no 

2 

ecrit = 
An 

A 
2 

or écrit 
2An 
n 
o 

o 

no 

Fig . 10 

Notice that 0crit 
e= opt 

although physically they correspond to surface and 

bulk phenomena respectively. Self- trapping occurs when the diffraction angle 

1222 Thus there exists a power threshold: 

ediff noa ecrit' 
P = 12 ßd2 = 

(1.222)2 c 
o yîr o 128 n2 

Note that this is a power threshold, not an intensity threshold. This occurs 

because if one decreases the beam diameter to increase the beam intensity, one 

has a compensating effect of increased beam diffraction and the two effects 

balance. A machine calculation of the correct intensity profile which will 

propagate without change except for a phase change, yields a threshold very 

close to the value given by the above argument. Furthermore the machine solu- 



tion states that the phase change is of an amount 

kz 

neff = k 
o 

2 
£2I£oI2 

no + 9.72 

Self- focussing can also be viewed in a simple- minded way (see Fig. 11): 

6 ing u.P.atí,ty 

Fig. 11 
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As a beam profile enters the liquid it produces an index profile which mimics 

the effect of a lens. This lens is convergent if n2 > 0 and proceeds to deform 

the beam profile further into a more concentrated beam, which proceeds to pro- 

duce a shorter focal length lens, etc. This process leads to a singularity, 

as verified by machine calculation. This singularity is called the "self - 

focussing point" or "first- focus ". The distance from the cell face, zf, at 

which this occurs can be estimated from the following argument. The rays 

at the edge of the beam get deflected by the index change at the center of 

the beam by an amount 0crit 
eopt' 

This implies that these rays will cross 

V£ Io'2 at a point zf = 
e 

d2 
= 2 22e° which is the same order of magnitude 

cric o 

as we estimated before. 
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H. Z. Cumminz 
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BRILLOUIN SCATTERING IN CRYSTALS 

H. Z. Cumnú.nA 

Johnz Hopkins Uvú.vetr.s.í,ty 

I. Theory of Brillouin Scattering in Crystals 

A. Quantum Mechanical 

B. Classical Light Scattering 

II. Calculation of Selection Rules and Cross- Sections: Example of 

Cubic Crystal with Q in xy Plane (110) 

III. Brillouin Scattering in Crystals with Coupled Degrees of Freedom 

A. Potassium Dihydrogen Phosphate (KDP) 

B. Triglycine Sulfate (TGS) 
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I. Theory of Brillouin Scattering 

A. Quantum Mechanical -- 

K,K` 

incident photon 

KoWo 

KyW, 

scattered photon 

o,Nqi,np I,ns*IHerK' no-I,ns> <4/K',Nq+ hnó hnslHe; I`IiK,Nq,00-I,ns>\1`K,Nq,no-I,nslHeri`Yo,Nq,no,ns) 

( EK -but) ( EK+I Iw-N,o) 

Quantum mechanical scattering of "bare" photon 
by a phonon in third order, via the photon - 
electron and electron -phonon interactions. 
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Einstein (1910)- - 

f(xyz) 

cos 

o f- 

n,.nynZ 
cos 7r nx x 

Lx 

121_1.y cos TT n¿ z 
Ly 

Lz 

B iAGG: í1 0= 

sin. 6 - 
2 

2 A sin. 

27T 

8 

it ó 
o 
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Einstein (1910) combined with Debye (1912) -- 

' G 

Brillouin = light is 
Doppler shifted from 
" Debye" sound waves 

,r .6- vo±2 sn 2 

Nand C are the 
velocity of 
sound and light 
in the medium 

Brillouin 1922-- 

.C2 a/tßiw/N ó 

IMO 

IS)) = r,.v (papptet) 
1)a C 

A o StAr (341./4(C dt 

?) aO 4 dr" -t-rR j w c v c 4r + h . 



B. Classical Light Scattering --- 

Eo 

(r, z) Ed+ E,(r,x) 
E ( r z ) + P E, -r 4P 2 E,2 4. . . . .. 

/ N l`1.q-x ) S 

qaG 
0 a' 

o c2 ar ß 
o 

a e c az 
E 

o 

E(R,z')s? 

-Q v,QT /cr iv s 

o 
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Gtve S 

.2"7) eCc.o AFTtoN S hvrszapta6'eAvecvS 6v.¢ v C 

EQclqT/ v N -arQ S/ Av G L Z CP /e / r! i! R Y S 0,47-7- C /' C 

SovRc "re-ft rl E1 4 e o 

C3 C &-ç,4T! c N tvovG D 

14.0-14 SouxC e, 

E, 

V t. 

E,, 
G-F P/t/mgKy 

Seco0.044¢y Sc,4. )tTe.41 ,v6 

.1, 2 . 5' c47-TcR,Av6' 

.f c,47~TGiCeib 

f3 
.F7t4o , / 
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D2 k 
E6 a _ _ ca dzQ 

ei 

- z E E , o 

ti (117 r- wx) 
E', = E94, e I o ' E teI e iK.9Ì - (wd+cv) t3 

eC O SaGVTIcK/ -re lZ 

(r,z) - -11/52 
yrrc 

cc, st., ^ 
w 

Ro 

c.c s = 

c: S,4-H v 1 

s s 
=-o / ó, 7r 2C 

/S 

I 

4;(f- -wrz) 

V 

, i(Ket,cr_ rs)r 
dY' 

ws/c 
/et,Te GiC -? V cr Or.* -its) 

S/N 2 -4, 
0 

r. Te - TKc.S 

STeKcS 

<(E9(.1)4 V 2 roc.,/-/- Ks) 

_,¿6) 
C. vo ,,, T . /.4r, A/ C E = F9, e 

Ccw,ron.G4,l, 

S / s t 4- et. -,Fe D O-F va 

440- 
CKosS--SecTt ow 

_ V E9 > S , ,u a 
i 

ref 

/ a E, CC 
GOT 

GOMyO New», 
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Spectra Physics 125 He -Ne 6328 A (60 mW) 

F.P. (R=98%) 
dry ice 

constant flow 
valve 

dry 
nitrogen 

RECORDER 
COUNT 
RATE 

METER 

-- to Pump 

SINGLE 
CHANNEL 
ANALYZER 

AMPLIFIE 



175 

(4) otijq wo 

SHIFT =- wo= 

FULL WIDTH: 

ti1 

Aw w s- q 

Bri l Zouin spectrum of a damped mode: W1 = 449 # ` ")q 

T2 Ti R `---- ---- T1 T2 

--.6 -.4 -.2 

Brillouin spectrum of quartz 

0 2 .4 ,6 .8 

E v (cm-') 
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CR Ys /A-L- Ct eJ,4%/c it, .s O-F /c-for/ o N (Ce L4e0o4u °c Lsf.)lTt l 

(Ayr t~ 

.. e---- /oc 4 c- r t A c c, wc t x.T 

E = S,MncTRtxZd 5Trt,4l Av 

!/ecToK /'" - Y' ° 

/a r4: 1 Ez,k ' á E d.g.k 

e, L-7 R- e_ R ry t9 = á C-k n., E.z .(a E.a 

S 7 tz e S S ÛT. K= at% Ey 1z C, h 2 n+, ex em 

- 
N e, w i o N : S>)-14: _ "fl4; = a °i-& /a rK a -44 Cy 62.,11 

--- Sjsel =_-_ ar te) rre ..------ 
Pc.4 it, t. way e: --.4;o e 

i,(9r_wr) 

LC: 41 e (9'a (7e S-U- j,,. = o 

ScrcuTlcu.S i-F 
A 

,Crty I C4( Q n. K / G^ 

Xai - Pv' au XII 
a,s ass - Pv' X:, (3f-3) 
XI, XI, a,a - Pa' 

where p is the density, y the velocity, and the X's are related to the elastic nonstante of 
the crystal by the formulas 

XII - l'c + m'cee -F- n'c' + 
XII - l'cle + micie + n'ces + 
au ° l'cis+m'c.e+n'ces+ 
X!, - l'c,e + m'cs. + n'ca. + 
Xss - Meg + m'cs: + n'c.. + 
Xss - l'css + m'r.ss + n'cu + 

2mnce, + 2nlcu + 2lmc 
mn(c.e + cis) + nl(c,. + ca,) + lm(cas + ce,) 
mn(cec + cae) + nl(cu + cas) + tm(c,e + ee,) 
mn(c44 + csa) + nl(cse + c45) + lm(cse + c.,) 
2mnc=4 + 2n/c4, -+- 2lmcs, 
2mnca4 + 2nlca, 

(3f-4) 

In these formulas cil to ces are the 21 elastic constante ana ,, m, n the direction 
cosines of the direction of propagation with respect to the crystallographic x, y, and s 
axes which are related to the a, b, c crystallographic axes as discussed in an IRE 
publication.' 

In Eq. (3f -3), we solve for the quantity pv'. It was shown by Christoffel' that the 
direction cosines for the particle motion I, i.e., a, ß, y, are related to the X constants 
and a solution of pv' by the equations 

axu + ßl» + you ° aPV:'; aau + ßXss + ',Ass = ßPVt'; aAu + ßa22 + "Aa, = yPVe' 
(3f-5) 

where i - 1, 2, 3. Renee. Rotations of Eq. (3f-3) are related to particle motions by 
the equations of (3f -5), [Mason (AIP HandboaK)] 

P 135- : C4; 9.) = Cm., -e; , Ò ., L ; n`, .y+ / - --- ó ) 
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II. Calculation of Selection Rules and Cross Sections: 
Example of Cubic Crystal with Q in xy Plane (110). 
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III. Brillouin Scattering in Crystals with Coupled Degrees of Freedom. 
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A. Potassium Dihydrogen Phosphate (KDP) -- 

Structure of .KH2PO4. Unit cell in space group I442d 

(according to West (W 1)). 
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B. Triglycine Sulfate (TGS) -- 

GS LBecorcr -tKKotaccTatG .091-0 ,vó' 13 ,gx.s 
Ai el- Í2/c.zotGec7" R/C. cvPcl4/ó /S Let-7-0401-7-K/ c"Tiv .0. P 

ofT /'-/o oG /s ,¢VILY OVeR 17,1-/`1Pc.47 ) SO 

X a_ _X , x - '-x k - k. 
r/7- ( _ k) 

ouYt e h /¢CcvJ T/C 

A 7 l° -V;( c lil ce;s' 

/'>ad e, : SiA. G 9 o w 

y Pit e_ Pis pea s /ti áAa4-v L,;,vó. 

PeRS/oN OGcuItS A-T tti 

-1 I v s A S / /s L w a. R c / o ) I B Î -Î o 

C/CorseS mcot . 

ítlo-1'ot.v1 S O- 

-F-Fe4 eA-T 

V 4- R [ c t/ .S 

-(-r) 

/4Cc(x'7 /C 

Pis pe,cSlch/ Cc/ KVeS G2 
/di cOcs ó!v2 

I jpa c Ts o 0-1 iv c I 
G/4 Be -)CD.v,-D. 



wI= q V - B/2Vao 

°D I +(wr)2 

g Bwr/2 Vao 
- 

I + (wr)2 

191 

Temperature dependence of the real and imaginary parts of the 

acoustic mode frequency from single -relaxation theory. 

+ .50 

TGS 
(010) PLANE 

9=90 

A 
c 

.22 0 !GJ (c,-) 
i 

Fig. II -G. Typical light scattering spectrum at T = 340C showing trans - 
verse(Lv = ±.22 cm -1) and longitudinal (Av = ±.5O cm -1) 
Brillouin components. Inset - Orientation of scattering 
vector q with respect to reciprocal lattice vectors in the 
(010) plane. 
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TGS Brillouin shift vs temperature. Longitudinal and transverse modes, 

8 = 90° and 135° from WT = 1 points, T = 2.9 x 10-11 (Tc - T) -1 
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LIGHT BEATING SPECTROSCOPY 

T. Gneytah 

Maíssaehws ettis I vis tí.tuxe q Teehna.2c,g y 

1. Introduction 

These lectures are intended to provide an introduction to light beating 

spectroscopy. In order to keep the written notes to a manageable size they 

are restricted to the analytic aspects of the problem. A number of important 

topics have been left for the lectures themselves: the range of applicability 

of light beating, the advantages and feasibility of the various techniques, 

and a discussion of several physical systems to which the method has been 

applied. In the analytic description presented in these notes, the electric 

field of the light beam is represented by a classical real random process. 

We begin with a review of the properties of the correlation function and its 

relationship to the spectrum of a process. The photoelectric effect is dis- 

cussed and an expression is derived for the spectrum of the photocurrent. 

The photocurrent spectrum is then related to the spectrum of the light for 

self -beat and heterodyne beat experiments. The process of measuring the photo - 

current spectrum is analyzed and the post- detection signal -to -noise ratio is 

found in terms of simple physical parameters. The effect of the spatial co- 

herence of the light on the signal -to -noise ratio is discussed. Finally, the 

phenomenon of photon bunching is examined and shown to contain the same infor- 

mation about the spectrum of the light as can be found from beating experiments. 

Rather than trying to credit everyone who has contributed to this field we 

simply refer the student to three recent well referenced review articles1,2,3. 
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2. Random Processes 

Some random processes with which we are concerned are the density 

in a material p(r, t), the electric field in a light beam E(r, t), the current at 

the anode of a phototube i(t), or the signal finally appearing on a strip chart 

recorder Z(t). In this section we will give some properties of real scalar 

random processes which are dependent only on time, e. g. x(t). We will 

assume our process is stationary, that is, its statistics are independent of 

the time we choose to observe them. The two functions that prove most 

useful in characterizing a random process are the autocorrelation function, 

Rx(T) ` ( x(t) x(t + T) ), 

and the single time amplitude density function, p(x). These do not completely 

describe the process but do contain a great deal of important information. 

They are written in the form appropriate to stationary processes. p(xo) 

gives. the probability that if one measures the amplitude of x(t) at some 

instant one will find the value x0. The ( ) in the definition of Rx(T) indicate 

an ensemble average over similarly prepared systems. Note that Rx(T) is 

even, 

The expected value of the square of the signal is given by Rx(o), 

If the signal has a finite correlation time (most systems of physical interest 

do) then x(t1) and x(t2) become statistically independent as t2 - t1 --> co so 

one has 
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The long time limit of R(T) gives the square of the average value of the signal. 
Note finally that R(T) has an absolute maximum at T = O. 

Cr 

x (to 
, 
. 

R -_t l ) 
f? /r , 

f/c(-)/ 7 , 
, 

Consider the Fourier transform Sx(w) of the correlation function: 

, 

c 
r' 

- 
G 1 1tf c/ r 

f 
G ¡,) X 

It is shown in texts on random processes that Sx(wo) is proportional to the 

power in the frequency components of the signal around w = coo. Therefore 

Sx(w) is called the spectral power density of x(t). By the nature of the 

transform pair a real and symmetric R(T) implies a real, symmetric S(w) 

so, R(T) and S(w) are real, syml- netric 

Note that 

1 S' ,C,,,) ' 6,1) 

_ y, 
2 . 7 7 - X > 
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The area under S(w) is proportional to the expected value of the square of x. 

If x alone has a finite expected value, than a delta function appears in S(w) 

at w = o. To see this consider the limit of R(r) for long r: 

sos 

.4 , ie (r) = f 5x (w) 40-0_ r r r -) 7-.1 00 
2,4 

1 

v J U 
(A) 

The only feature of S(w) that could not be averaged to zero by the rapidly 

oscillating cos Wr would be a 6(o), so 

, \ 
c oe f f. e f 4g(w) ,-n Sh (u'1 _.- . x/ 

We will be going back and forth between R(r) and S(w) quite often, so on 

the last page of these notes a short table of relationships is given for the 

Fourier transform pair with this particular sign and normalization. 

Now we will consider the properties of light as a random process. 

We assume that we are looking at a single polarization of the electric field 

at a given point in space so the vector and spatial nature are suppressed 

and our process is l(t). Usually we are dealing with a narrow band light 

signal: 



aw 
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n 
We can define the line shape function SE(w) to be twice the portion of SE(w) 

centered near wo, so 

4(co)=*S,V-4,) f -4 - s W -(4) 

Clearly SE(w) is centered near w = o and has a width of the order of tw. 

Notice that although SE(w) must be symmetric, SE(w) need not be. R E(T) 

reflects the narrow band behavior. 

or 

41114c=-- 

t r 

Tc is a measure of the correlation time for the process. It would be 

convenient to know the 'envelope' part of RE(T). If we introduce the 

Fourier transform R(T) of S(w) 

s (W) y R Cr) 
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then it can easily be shown that 

Rfr) k(r) e ```'°r-f. (--r) e -114)4 

Our subsequent calculations are simplified if we assume that the line shape 
A 

S(w) is symmetric. In this case R(T) is real and symmetric and we Lave the 

simple relations, 

5e (= t S (w-).. 56t o)) 
RE (7-) ;- RE. Cri tv, is 

A 
Note that R(T) varies slowly in time compared to 1 /v0 and that 

(o) - < Ei 

3. Spectrum of the Photocurrent 

We will represent the photoelectric interaction by three assumptions: 

1) One can not say exactly when a photoelectron will be emitted. 

The emission times are stati sticaily independent random events. 

Z) The intensity of a signal is usually proportional to its square, so 

the random process representing the true intensity in a wave could be given 

by I(t): 

eYt) 



But the photosurface does not respond to the high frequencies contained in 

I(t) for a light wave. Rather, the rate of photoelectron emission at a 

given time t is proportional to the short time average I(t) of the intensity 
about t. 

ef,at 
._C(t) _ .2Q ) el 

t at 
kde L< t « 7-4 
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Using the standard formula for the power in an electromagnetic wave one can 

find the rate of emission of photoelectrons, ne(t)/At, at time to over an area 

AA for a surface with a quantum efficiency TI photoelectrons per photon: 

'1e() C r f 9 dt 7 io) 

3) During an interval of time dt about t the probability of the emission 

of a photoelectron duo to the incident light is u. I(t)dt. By choosing dt so small 

that p(o) » p(l) » p(2) one sees that in the interval (n) = a I(t)dt so that 

1747r ir) 

If I(t) were an absolute constant in time Io, we would know the statistics 

of the photoelectrons immediately, for the three assumptions above would 

define a pure Poisson process with an emission rate alo. The probability 

p(n, T) of having n emissions in a time interval T would be given by 
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_ 
p (-I 7") = t rr < i e 

-r 

/ 
where (n) is a parameter equal to the average number of emissions in the 

interval and is given by 

In fact, I(t) is not an absolute constant but is a random process. Com- 

puting p(n, T) in this case is a more difficult task. One first notices that 

if it were possible to illuminate the photocathode with an exactly specified 

I(t) - that is a deterministic inistic rather than random process - one would have 

the situation known a.S a compound Poisson process. Such a process differs 

from the simple Poisson in that its emission rate is allowed to be an explicit 

function of time. Standard probability texts show that p(n, T) for a compound 

Poisson process is given by the same distribution given above except that 

the expected number (n) is determined by the time average of the emission 

rate over the period in question (t1 t2). For a given time interval (n) is 

a pure number, simply a parameter in the distribution. 

r., 

tY) > o( ') de 

To find the p(n, T) for a photocathode illuminated by a probabilistic I(t), one 

must then average the above compound Poisson distribution over the 

distribution of possible values of I(t). This is in general a difficult step 

and in all cases except that of radiation from a single -mode laser does not 

yield the Poisson distribution as the final outcome. This step need not 

concern us here, however, since in the following computations we will do 

our sums over p(n, T) before it need be averaged with respect to p(I(t)). It 
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should be pointed out, however, that experiments have been carried out to 

measure p(n, T), and they can give information on the statistics of the 

radiation, for example p(I(t)), that cannot be obtained by the spectral 

measurements being discussed here. 

Let i(t) be the photocurrent at the anode of the tube. If the photocathode 

is illuminated with an exactly specified I(t), then.the photocurrent i(t) will not 

be exactly specified but will be a random process whose statistics will be 

functionals of I(t). For exam file p(i) and Ri(T) will contain I(t) as a parameter, 

as does p(n, T) discussed above. Now I(t) is itself a random process. Then it 

is meaningful to talk of a total correlation function for the current, Ri(T), 

which, since it takes into account a statistical average over I(t), no longer 

contains I(t) as a parameter, but may depend on certain statistical averages 

of I(t) such as (I). We will first assume I(t) to be fixed and compute 

(i(t) i(t + T) >. We will then average over I(t) to obtain the desired result. 

Let io(t) be the shape of a pulse of electrons arriving at the anode due 

to a single photoemission at the cathode. It contains G electrons, the gain 

Of the multiplier, and has a width At, the transit time spread. G and At have 

in actuality some statistical distribution which we will neglect for the present. 

o ( ) . 6- J 6, 1,:° t 

For a quality tube G could be 106 and At of the order of 2 x 10 -9 seconds. 

In order to do the statistics on the emission times we will consider a 

very long but finite time record of length T centered about t = o. This is 

done simply so that the total number of pulses handled at one time is finite. 

When we compute the correlation function there will be regions at either 

end of the record (of width - Tc) which artificially give no contribution.. As 
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long as T » T this defect will be negligible. If a given sample function of 

i(t) has n pulses in the interval then 

(t ,) Z. - o 74. 7 1./ 
ñ / 

To find the current autocorrelation function for a specified I(t) we must 

average over the various possible emission times tk for a fixed number n 

of emissions in the interval, arid we must also average over the various 

possible values of n. We may use the fundamental law of conditional 

probability to factor the probability density function over which we must 

average: 

t es7 
1 ,.,., 

(61 
. . / , , 612 ,, .) J 

p(n, T) as we have pointed out is a Poisson distribution with a mean number 

which we can designate by (I). 

,) 

Because the emissions are statistically independent for a given I (t), one can 

show that the averaging over an ordered set of emission times {tk } gives 

the same result as an average taken over a nonordered set of statistically 

independent emission times [tk}. The probability that one of the latter emission 

times, say t. occurs at a time is given by 

r) ..._ á 4 r -r/, 
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X 

- 

This expression contains n diagonal terms for which k = Q and n2 - n 

non - diagonal terms for which k *2. Each diagonal term has a contribution 

of the form 

1 J r 
// i .. e -! , ) iC 

A 

Now io(t - tk) is very strongly localized about t = tk and I(tk) varies slowly 

compared to the duration of a single pulse so we can write the integral as 

t _ tk i ,4 (e .1 `r'- t ) ei th, 

(r) 
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where Ro(T) can be regarded as the correlation function of a single pulse. The 

diagonal terms then contribute an amount before the average over n of 

-1 d r Ra(Ì ) (*) 

The off - diagonal terms can be evaluated in the same way using the fact that 

two separate emissions are statistically independent events. The off - diagonal 

terms contribute an amount 

( 3 ! 7 _ :; ot % ) ,7.` t -r- 7' (r 

We next do the average over n remembering that for a Poisson distribution 

with mean number 

< -1 

This gives 

,- ; ) (i c.; c- 2 I. (e r 2E. ( + Ga 
z 

1 . ... ...... e, 

Finally we take the average over the various possible sample functions 

ofI(t) to obtain the total correlation function for the photocurrent. 

C Ì ) -^ o< - 2 : . - > c.' (6- e )' 

The first term is the correlation in the current due to the finite time duration 

of a single burst of electrons arriving at the anode. It has a correlation 

time ^- At. The second term represents the correlation in the photocurrent 

due to the fact that the signal driving the photoemission process, I(t), varies 



207 

in time. Its correlation time is of the order of the correlation time for the 

fluctuations in E(t), that is -- Tc. Since in situations of practical interest 

Tc >> At, we can replace the first term by a 5(T) having the same area: 

R, (r) e) z £fr) 

It will be convenient to introduce the mean photocurrent (i). 

R (r) - <-t >2 

= 6(6-e <;>)1 

<4.>:.--0<e<=> 
We substitute this into the correlation function to obtain 

z 
, 

(r1 - e < > e(r) + R (r) X>2* 

The spectrum is found by taking the Fourier transform.- 

# 

S, (w) _ c- C < -45 .4- at)) 

This is the fundamental equation of light- beating spectroscopy//.. 

We have managed to obtain the correlation function and spectrum of the 

photocurrent in terms of the correlation function or spectrum of the 

fluctuations in the local time averaged intensity of the light beam. Un- 
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fortunately there does not appear to be any universal method of relating 

the latter to the spectrum of E(t) itself. We will explore the relationship 

for two special fields: a single mode laser and radiation from a 'thermal' 

source. 

E(t) for a single mode laser well above threshold can be represented 

by the sample function ((t) f cJ ( t + 4) 

L11'` 

where 1) is a random variable indicating our initial lack of knowledge of 

the phase of the radiation. Using this model it is easy to compute that 

p(I ) = 8 (1 - I0) where Io = 1/ 2 Eo2 

This simply says that the local time averaged intensity is an absolute constant. 

In such a case it follows directly that R1(T) = IO2, independent of T. The 

photocurrent then has the following correlation function and spectrum. 

R (r) 

crc:zi> 
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Also we can see that for this simple p(I) the counting distribution p(n, T) is a 

Poisson distribution with a mean number (n) = aIoT. 

Now we will examine the case of radiation in thermal equilibrium. First 
notice that we want RI(T) and not RI(-r). This is unfortunate since for a 

general case there is no direct method of computing RI(T). We may make use 

of an indirect method, however, in this case. We will first find RI(T) and 

then deduce RI(T) from it on the basis of physical arguments. RI(T) is an 

average of a product of four amplitudes: 

RI(T) = ( I(t) I(t + T)) 

= (E(t) E(t) E(t + T) E(t +T)) 

In general such second order correlation functions do not factor; however, 

one can show that if a process is of the type referred to as a "Gaussian 

random process" then factorization does occur and the result in this case 

would be 

2 
RI(T) = 

2) 
+ 2 (E(t) E(t + T)) 

= (E2) 
2 

+ 2RE2 (T) 

The important point is that light from a thermal source is generally agreed 

to be a Guassian random process so that this factorization can be applied. 

With regard to light scattered from a medium in thermal equilibrium the 

situation is less clear. There seem to be times when the scattered light 

would not be Gaussian. For example, if the fluctuations in the medium wdre 

coherent over the whole scattering volume then the medium would behave some- 

what like a mirror and the statistics of the scattered radiation would be 

similar to those of the incoming laser beam which is definitely not a Gaussian 
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random process. It is believedjhoweverjthat when the coherence volume in 

the medium is small compared to the scattering volume, the scattered light 

is well approximated by a Gaussian process. 

To find the spectrum associated with I(t) we use the fact that 

multiplication in one domain of a Fourier transform corresponds to a 

cónvolution (denoted by the symbol ®) in the other domain. 

Ss (w) t" - E') PIA +. ,. S. (41) (10 S ta 

-A ...._,_.- _-._--- _ 

_, wu Gio 

The assumption that the photocathode responds to the time averaged intensity, 

I(t), is equivalent to neglecting the high frequency components in I(t). There- 

fore SI(w) is just the low frequency part of SI(w). Assuming a symmetric line 
_ 

shape, SE(w), we find that 
A /t sr ir.v)_aí`r Pc--/ ) +;Fry se SE 

Z 
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Substituting this into the general formula for the spectrum of i(t) we find 

(v ) e < -t' i .4- < .c' >2. cS (w) 
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Using this formula we first consider the case of .a self -beating experimen 

that is, the situation in which the light beam contains one line from a single 

source. From now on it is convenient to deal with a specific form of the 

line shape. We choose a Lorentzian line since that is the type one usually 

finds in scattering experiments: 

f w S ( °' r = 
C i r7 

Half Qf half _ h /,t w 
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The convolution gives a Lorentzian of twice the width so the correlation 

part of Si( w) is 

I 7Yr y - ( J r 
Now we can measure the ratio of the correlation contribution to the shot 

noise contribution for the spectrum of w = o. 

If we take 

GORPr_tAite.c_s 
S lY G T u '--ea 

1 to be the correlation time 

>2 1. G le / 1 -c'> 

T then we r c 

just the number of photoelectrons in one correlation time, n . 
c 

number of photons of one polarization in a volume CTc long and one coherence 

area in cross section is often designated as the 'degeneracy parameter' 8. 

In our treatment so far we have restricted ourselves to spatial coherence 

so we are observing no more then one coherence area. Therefore n = flô 
c 

where 'n is the quantum efficiency. The portion of the spectrum of i(t) which 

contains the information we want then looks as follows: 

AtirRieiGe- 

/r., rr 
see that this ratio is 

The average. 

w 
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We have now completely described the spectrum of the photocurrent when 

one beam falls on the tube. We want to examine the measurement of this 

spectrum but first we will derive the photocurrent spectrum to be expected 

in a heterodyne experime nt. 
In a heterodyne beating experiment two beams fall on the photocathode. 

One finds beat notes not only between different spectral portions of each 

beam, but also between one beam and the other. We will assume that the 

wave fronts of the two beams are perfectly aligned. Also, one beam is 

taken to have a spectrum so narrow compared to the other that it can be 

represented by a pair of symmetrically placed b functions in w. We assume 

that the power of the narrow beam, referred to as the local oscillator, is 

much greater than the power of the other beam. The local oscillator could 

be a single mode laser or a thermal source, and since the statistics of 

each of these differs strongly, an analytical treatment of SI must be carried 

out for each separately. We will just give a physical treatment here and 

indicate the results of the more rigorous analysis. 

For either type of local oscillator the spectrum of E(t) would look as 

follows: 

n 
A 

4 _> 
A ;5(-c) 

wo we, 

A 
Here SA(w) represents the line shape of the thermal, broad beam, A(t). 

The area assigned to the S's representing the local oscillator indicates that 

they contribute most of the power in the signal. The spectrum of the local 
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oscillator and A(t) are taken to be centered about the same frequency, wo, 

for convenience. 

Using our physical picture of the beating process we know that the 

spectrum of i(t) near w = o will look as follows: 

Gv 

The L. O. -A contribution to the correlation part of the spectrum is much 

stronger than the A -A contribution, and must have the form 

2 
.7-27r 

(<>)(-4 

A * 
line shape of A 

area of L.O. 

2 sides of spectrum and V1V2 H Sl ®S2 
2rr 

transformation from SI to Si 

dimensionless constant of order of 1 
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To reduce to a normalized SA note that 

fS:itt-v)eik,* = a 7 <A2> a ir < T:4> 

where (IA) is the intensity due to the broad source alone. The L. O. -A 

portion of the spectrum becomes 

. 2 t-,g> .S%) 
`f <4> 

4fr71-4 < -.) z 

This term goes as (i) since (I) is proportional to (i). But the constant shot 

noise background in Si(w) also varies as (i); so the ratio of spectral to shot 

noise contributions to Si(w) near w = o is independent of (i), or what is the 

same, independent of the power in the local dscillator; In particular, using 

our Lorentzian source for A one has 

sPEc TReoL 5,4 (G) 

sNvr 5,,. (v) 
f 

where n now refers to the number of photoelectrons due to A alone in 
c 

one coherence time of A. It can be shown that f = 2 for a thermal local 

oscillator and f = 4 for the laser local oscillator. 

4. Measurement of the Photocurrent Spectrum 

We now have a complete description of the photocurrent spectrum. This 

spectrum is usually measured with conventional audio or radio frequency 

wave analyzers. We wish to examine the measuring process in order to 

derivé and understand the 'post - detection' signal to noise ratio for light 

beating experiments. The spectrum analyzer we will consider is outlined 

below. 
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We will follow the signal as it passes through this system. The narrow band 

filter is assumed to have the idealized transmission characteristic shown 

below. 

o 

ÏRAA,S MIS 516 d.. 

1 

The characteristics of the output of the filter, x(t), can be easily sketched. 

w 

t 



The square law device has the transfer characteristic that y(t) = x¿(t). Its 

action is best analyzed in terms of the correlation functions for y and x: 

2 yoJ w <x(t) XttJ x(ttr) x64+re) > 

= RX01 2 + 2 Rx(r) z 

We have used the fact that the signal x(t) approaches a Gaussian random 

process as the mean time between photoelectron pulses becomes much 

less than 1 /Awl. The characteristics of y(t) are shown below: 

y(t) 

sir Rr2(p) 

- 14- . 

(`4,) 

2 
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We can approximate the transmission of the low pass filter as follows: 

7Ri1A.5m, sStov 
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Then the characteristics of the output of that filter, Z(t), can be seen to be 

.Qw ,5?(W) 

As w 
1 

is swept, the output Z(t) looks as follows 

z(t 
A Tr = F /tiA FioTF " LJ`F r-/Me. cooeSTriT 

The 'local D. C. value' of Z(t) is proportional to Si(wl) 

Z > = Rx2,) = 4 ¿ 1-0, 54 

The RMS fluctuation of Z(t) is the noise in this experiment. 
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Therefore one has the result that 

<z >z 
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But only a part of (Z) corresponds to the signal we wish to measure. 

S, 4¿ = (FRACT/rw e S, 4) c/E capa F6.4trAvA ") z> 
This fraction is largest at w = o and has been found earlier for self and 

heterodyne beating. For the self beating experiment, then, 

5i(ti,94 
I/'d/S e MO- 

¡-f 11c 

The signal to noise ratio in the heterodyne experiment is larger by the 

factor f. 

If n « then the noise is due to the general shot noise background G e(i). Tc 

As nT 
c 

is increased the signal increases but the background is not affected. 

If nTC »l, the noise is due to the correlation part of Si(w). This part increases 

linearly with Si(w) so that the signal to noise ratio becomes independent of n . Te 

5. The Effect of Spatial Coherence on Beating Experim ents 

Consider the electric field of a light beam, E(r, to) at a given time to 

as a function of position r on the surface of the photocathode. If we were 

to measure a spatial correlation function RE(rl, 7:2) = (E(rl) E(r2)) we 

would find that its value approached zero as 11;%). 2 I was increased beyond 

a certain value. The field is said to be spatially coherent over an area 

for which RE (& ') is some reasonable fraction of RE(8). The extent of such 
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an area is roughly determined by the far field diffraction pattern of the 

source. In most light scattering experiments it is much smaller than 

the photocathode area. We will examine the effect of spatial coherence 

on the signal to noise ratio of a beating experiment by analyzing a simplified 

model. 

Imagine that the photocathode is divided into M coherence areas, each having 

equal area and being subjected to the same average light intensity. The 

electric field in each area taken to be uniform across the area and statistically 

independent of the field in the M -1 other areas. It follows that the photo 

current im(t) from one area is statistically independent of that from another 

area i, (t). 

M 
_ (t) . 

m -i 

M cov" er - "c 

We can compute the photo current correlation function as follows: 

<-(tJ-í(ftr}> < ,c(f) ti,,(t+i)> 
111 

/F 



There are M diagonal and M2 -M off - diagonal terms, so R.(T) and Si(w) 
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The shot noise and D. C. contribution to the spectrum are exactly the same 

as if E were coherent over the whole surface of the tube, but the correlation 

contribution is reduced by the number of coherence areas. As a consequence 

the ratio of the correlation to the shot noise contributions at w = o is 

proportional to the number of photoelectrons coming from one coherence area 

during one correlation time. 

w 

So we see that the signal to noise ratio for an experim ent in which the 

photocathode subtends many coherence areas is the same as one would 

have if all but one of those coherence areas were excluded by an aperture. 
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6. Photoelectron Bunching as a Means of Obtaining Spectral Information 

Photon bunching is an often discussed topic in the quantum theory of 

light. We can demonstrate this effect, at least with regard to the photo- 

electrons (the detected photons as it were), using our classical picture of 

the light field. This is of interest here since a quantitative measurement 

of the effect can give the spectrum of the light. 

We will calculate the conditional probability p(t2 /tl)dt2 that, given there 

was a photoelectron emitted at t1, there will also be an emission in a time 

interval dt2 about a later time t2. Since emission is a stationary random 

process p(t + T /t) is independent of t. If the emissions were 'totally random' 

then p(t + T/ t) would be independent of T. If however 

,e, ( t f- r/ t ) > ,,4-414 p(r/t) 
--? CO 

it is more likely that an emission will occur in the instant following a given 

emission than in some instant of the same duration a long time afterward - 

a phenomenon that can be interpreted as 'bunching'. 

First we assume that a specified intensity I(t) illuminates the photocathode 

and define p(tl)dtl as the probability of an emission in the interval dtl about t1, 

r (6,, de x(t) 

For a specified I(t) the emissions are statistically independent random events 

so the joint probability of emissions at t 
1 

and t2 can be written as 

70( cl e, c1tx - lt ; } d t, de2 p(t1) 

- oC2 (t,).r(t,) 
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Now to find the true distributions for a photocathode we must take into 

account the statistical nature of I(t) and average over all possible sample 

functions I(t) by using the ( ). 

r (t)- p (e3.) 

p(tit2) 042 < 1 T(f0 

R_ (tr-ta) 

We may now use the general law of conditional probability, 

rit3/i,) C /t, _ r (tit2) Sit/01Sit/01Sit/01'12 2 

p(tlidt, 

to arrive at our final result: 

Z(2'L R ,r() 

We can see from this that p(t + T /t) contains exactly the same information 

about the light beam, that is RI(T), that was found in (i(t) i(t + T)). 

For the idealized single mode laser (for which p(I) = 5(I - Id))) p(t + T /t) 

is independent of T. 

0 r 
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For a thermal source we may use the expression we found earlier for RI(T) 

to put p(t + T /t) in terms of the statistics of E(t): 

n 2 7)(t+/)>(/(-_) ¡r(a) 
+r/t) 

- - - -- -- oc< E-3? 

oc«2> 

0 r 
We see that for thermal light it is twice as probable that an emission will 

occur in a dt just after another emission than in a dt some long time afterward. 

p(t + T/t) could be measured using the following scheme: 

?MT 
DF MY 

CO//.'c ! o rPC 
cvvTER 

A variation of this method involves two phototubes and a beam splitting 

mirror: 
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Appendix A. Properties of Fourier Transforms: 
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'PICOSECOND LASER PULSES* 

A. J. DeMaAia, W. H. G.2enn, 

M. J. Bfú.enza, and M. L. Mack 

United Ainctcag Rea eanch LaboAa tour íe4 

Abstract: The broad bandwidth and long storage lifetimes of Nd3+ :glass 

and ruby lasers have made possible the generation of picosecond laser 

pulses having peak powers in excess of one gigawatt and repetition rates 

in the microwave range. The numerous application areas of these pulses 

include research in nonlinear optics, transient response of atomic and 

molecular systems, optically generated plasmas, spectroscopy, ranging, 

optical information processing, high -speed photography, etc. This paper 

will review several experimental techniques for generating, measuring, 

and utilizing these ultrashort laser pulses. 

* The technical concepts and achievements discussed herein have evolved 
over a period of two years, under the sponsorship of the Air Force Cam- 
bridge Laboratories, Office of Aerospace Research; Project DEFENDER under 
the joint sponsorship of the Advanced Research Project Agency, the Office 
of Naval Research, and the Department of Defense; and the Army Missile 
Command. 
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I. INTRODUCTION 

In 1961 Hellwarth proposed an experimental technique for generating large output 

bursts of radiation from laser devices.(1) This experimental technique, now called 

laser Q- switching, was first achieved by McClung and Hellwarth in 1962 with a Kerr 

cell,(2) by Collins and Kisliuk with a rotating disk,(3) and by DeMaria, Gagosz, and 

Barnard with an ultrasonic- refraction shutter.(4) Rotating mirrors and prisms, 

Pockel cells, and saturable absorbers have also been utilized in Q- switching 

experiments.(5 -7) The availability of these Q- switched optical pulses has made 

possible the experimental investigation of such phenomena as optically generated 

plasmas, optical harmonic generation, stimulated stimulated Raman, Brillouin, and 

Rayleigh -wing scattering,Oa) photon echoes,(12) self -induced optical transparency,(13) 

optical self- trapping,O ) optical parametric amplification,( 5) etc. Examples of 

applications of these short duration, high peak power Q- switched pulses include 

semiactive guidance, ranging, illumination, high -speed photography and holography, 

material working and removal, etc. 

The minimum pulse widths obtainable with existing Q- switching techniques are 

limited to approximately 10 -8 sec because of the required pulse buildup time. Peak 

powers of approximately 5 x 108 watts without any additional stages of amplification 

have been obtained with various straightforward, Q- switching, experimental arrange- 

ments. This paper will review the generation, measurement, and utilization of what 

is believed to be the second generation of short -time duration, high -peak -power 

laser pulses; i.e., laser pulses having picosecond time duration and peak power in 

excess of 109 watts.(16) 



231 

There are numerous reasons why researchers have become interested in the 

generation of picosecond light pulses with gigawatts of peak power. Picosecond light 

pulses can be conveniently generated in laser media having wide spectral bandwidths 

and long fluorescent lifetimes, such as ruby or Nd :glass. The availability of optical 

pulses of such high power and short time duration has aroused considerable interest 

in military, academic and industrial researchers. For example, a pulse of 10 -12 sec 

at a wavelength of one micron has a length in free space 0.03 cm and therefore 

offers the possibility of measuring long distances to fractions of millimeters. An 

event would have to move an appreciable fraction of the velocity of light in order 

to realize the full potentials of such pulses in high -speed photography applications. 

Electrical pulses having a rise time of less than 10 -10 sec, amplitudes of 60- 

100 volts, and repetition periods as short as 1.5 nsec have been obtained through 

the use of fast photodiode detectors. These electrical pulses were previously 

unattainable and should find application for determining the location and severity 

of internal reflectioi,:- in wide -bandwidth transmission systems, studying propagation 

delay, transient response of wide -bandwidth systems, etc. The application of high - 

energy picosecond pulses to controlled thermonuclear plasma, optical radar, optical 

information processing, spectroscopy, nonlinear optical properties of materials, 

transient response quantum systems, and ultrashort acoustic shock research appear 

very promising. 
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II. GENERATION OF PICOSECOND LASER PULSES 

A. Basic Operating Principles 

It is well known that a feedback loop, as illustrated by Fig. la, encompassing 

an amplifier, a filter, a delay line, and a nonlinear element which provides less 

attenuation for a high -level signal than for a low -level signal, behaves as a 

regenerative pulse generator.(17) When the loop gain exceeds unity, a pulse recircu- 

lates indefinitely around the loop and each transversal rives rise to an output pulse 

at the output terminal. It is evident that such a pulsu would soon be degraded 

unless the effects of noise and distortion can be counteracted. The nonlinear 

element (called an "expandor" by Cutler(17)) has the effect of (1) emphasizing the 

peak region of the recirculating pulse while reducing the lower amplitude regions, 

(2) discriminating against noise and reflections, and (3) acting to shorten the 

pulse until the pulse width is limited by the frequency response of the circuit. 

The output of the regenerative oscillator has a pulse rate equal to the reciprocal 

of the loop delay, puise widths equal to the reciprocal of the overall system band- 

width, and a center frequency determined by the filter frequency. Utilizing this 

technique, Cutler was able to generate microwave pulses having a carrier frequency 

of 4 GHz and pulse widths of 2 nsec. 

An ordinary laser possesses all of the basic elements of the regenerative pulse 

generator operated in the microwave region with the exception of the expandor 

element. The laser medium serves as the amplifier, the combination of the Fabry - 

Perot resonances and the line width of the laser transition serve as the filter, 

and the time required for an optical pulse to transverse twice the distance between 

the reflectors serves as the loop time -delay (see Fig. lb). The optical analog of 
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the electronic expandor circuit element is a saturable absorber, such as the 

reversible bleachable dye solutions commonly used as laser Q- switches.(18) The 

fundamental requirements of the saturable absorber are (1) that it have an absorp- 

tion line at the laser wavelength, (2) that it have a line width equal to or greater 

than the laser line width, and (3) that the dye recovery time be shorter than the 

loop -time -delay of the laser. 

A simplified explanation of the operation of the regenerative pulse laser 

oscillator illustrated by Fig. lb can be given with the aid of Fig. 2. If a carrier 

optical frequency 2 along with two sidebands at t ± Ali are superimposed, an ampli- 

tude modulation of the light results at a frequency di with some peak -to -peak varia- 

tion M1 and a peak intensity Io (see Figs. 2b and 2c). When this beam is passed 

through a saturable absorber having the typical characteristics illustrated by 

Fig. 2a, the initial sinusoidal amplitude fluctuation of the input beam will be 

found to be distorted, the peak -to -peak excursions of the fluctuation will be 

increased (i.e., M2). M1) and the time duration of the fluctuation will be shorter 

as a result of the nonlinear transmission characteristics of the saturable absorbers. 

With the sharpening of the amplitude variation, additional sidebands are added to 

the spectrum. In an optical cavity of length L = 73y, this process is repeated over 

and over again by reflecting the light beam back and forth between two mirrors placed 

on both sides of the saturable absorbers. The fluctuation will continue to sharpen 

until a discrete pulse is circulating in the cavity. The laser media provides gain 

to compensate for the residual saturation loss of the absorber and the mirrors the 

circulation rateLlf is given by C /2L. The pulse will eventually acquire a steady - 

state widthdar determined by the bandwidth of the laser media. The repetitive output 
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pulse train emitted from the laser mirrors will have discrete spectral components 

defined by the Fabry -Perot resonances of the cavity extending tmdf on either side 

of 12 for a bandwidth 4 i)as illustrated by Fig. 2c. This result is to be expected 

since it is well known, from Fourier's theorem, that any repetitive pulse train can 

be represented by a series of discrete sinusoidal functions having integrally 

related frequencies and fixed phase relationships. The frequencies are all multiples 

of 4 f and the narrower the pulse width.')'', the larger the bandwidth required to 

reproduce the repetitive pulse (16,19,20) (i.e., .rNlp1). 

The system schematically shown in Fig. la lends itself to simplified analysis 

by repeated application of Fourier transforms, applying the frequency or amplitude 

characteristics of each element, and finally equating the characteristics of the 

returning signal to the characteristics of the assumed initial signal. Consider a 

signal entering the expandor given by Sj(t)elt. The signal leaving the expandor 

is S2(t) = K[Sl(t)]2 e- .-114t, where K is a constant indicating an amplitude change of 

the signal and the superscript can be taken to indicate a nonlinear operation, not 

necessarily a power law.( 17) If this signal is now passed through a filter having 

a frequency function F(40), the output from the filter has the form F3(0) = F*02(w), 

where J 
Ç4)) = S Sft d 

- so (1) 

is the transform of 52(t) to the frequency domain. The transformation of the signal 

F3(W) into the time domain gives 

--L 
so 6 

C) e S 12 S3 FC 
3 ,.,. 

(2) 
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The amplifier and circuit losses give a net gain G so that the output of the 

amplifier is S4(t) = GS3(t). The signal S5(t) leaving the delay element is delayed 

byl%sec, and brings us back to the expandor input. We now require that S5(t) be 

equal to Si(t) except possibly for instantaneous phases, so that 

a0 

SCtP k s úwCt-YJ n .ct- y 
, Poo) dw 5{5,(-",)j e- ar (3) 

where 9 is the phase shift of the optical wave relative to the pulse time. Given a 

filter characteristic (F(w)), an expandor nonlinear lawI , and time delay'', Eq. (3) 

specifies the time function S1(t)ei0t. 

In the event a function S5(t) is found to be a replica of Si(t), a solution to 

Eq. (3) has been found. Gaussian functions are well suited for such type of solu- 

tions for Eq. (3) if a power law for/¿ is assumed. Cuiter assumed Gaussian character 

istics for the pulse envelope and filter functions and a power law forp'Z0i7) Under 

these assumptions, the solution for Eq. (3) gives the pulse rate, A f, to be equal to, 

the reciprocal of the v,=1.1-11LIP p group time delay )4, i,* around the loop and the pulse 

width, A V, to be equal to 

41` 

7l.44J - ;L)L il 2 ó Z a µ 
*60-rtrt,t/ 

Z ¡ 

. 20 + ) 6 

% i 

where e' is the bandwidth at the 1 neber point of a Gaussian filter and ,8 and )(are 

the coefficients of linear and quadradic terms in the power series expansion of the 

loops phase shift 14 = a 4.1t900-0.)44.64- c4%' +7. This nonlinearity of phase in 

the feedback loop causes the instantaneous frequency to change through the pulse. 



237 

If only a second power phase vs frequency characteristic is assumed for the loop, a 

linear frequency sweep was obtained which sweeps at a rate of 

t 7-0z-1) N 
rL+i ? * (a,) -f r 

(5) 

A large phase curvature can thus give rise to a pulse whose instantaneous frequency 

sweeps through a bandwidth larger than the reciprocal of the pulse width. The phase 

measured with respect to the pulse time, in general, was found to change from pulse - 

to- pulse. The phase shift change (6) between pulses measured with respect to the 

pulse time was found to be given by 1 B- Le.:/0 - -a . 
(6) 

In the observation of a series of pu lses, the phase would appear to move continu- 

ously through the pulse at a rate l4 radians per sec. The total phase change 1.4).+ 

between pulses was found to be 

r (-4114-49 = 
2.7r 

,M B 1494 = (7) 

The phase was not found to be a continuous extrapolation from previous pulses, as 

is obtained by modulating a cw signal, nor was it directly related to the pulse time 

as would be obtained by shock exciting an oscillatory circuit, nor was it random 

and uncorrelated as is obtained from pulsed oscillators. 

The frequency and phase variations described by Cuiter for the microwave 

regenerative pulse generator have not been experimentally observed to date with 

optical regenerative pulse generators. An order of magnitude discrepancy has been 

observed between the spectral width and the pulse widths of Nd:glass regenerative 

pulse generator.(i6) Such discrepancies may be caused by optical frequency modula- 

tion in the pulses caused by the nonlinear phase- frequency characteristic of the 

optical feedback loop. 
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A quantitative feeling of the magnitude of the sharpening an optical pulse 

would experience in passing through a saturable absorber can be obtained by the 

simple calculations given below: Assume a pulse whose time duration is long com- 

pared to a saturable absorber relaxation time. The absorber will act as an inten- 

sity dependent absorber. Such a case has been treated by Hercher.(21) The inten- 

sity transport equation is given by 

dIcK) «, TEA) 

- /14. rx) 

Ss 

where the propagation time has been neglected, á is the small signal absorption 

coefficient and Is is a saturation intensity, i.e., the intensity at which the 

absorption coefficient of the dye is reduced to one -half of its small signal value. 

(8) 

The solution to this equation 

lc) 
is 

2.`°) T.Ioe (9) 

where T is the small signal transmission of the finite length dye cell and I'(o) 

and I'(x) are the normalized intensities at the entrance and exit as a function of 

distance in the dye cell, respectively. 

A computer experiment can be performed to illustrate the operation of Fig. 2 

Using Eq. (9). Figure 3 illustrates the pulse shape normalized to unity intensity 

after every tenth pass of a trial Gaussian - shaped pulse initially having a peak 

intensity of 0.1 Is through a saturable absorber cell having a small signal trans- 

mission of T = 0.7. It is clear from Fig. 3 that the absorber is most effective in 

sharpening when the intensity is in the neighborhood of Is. In the actual operation 

of a laser, the absorber concentration is much weaker and the transmission is cor- 

respondingly higher, of the order of 0.95. 
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Fig. 3 

t 

Optical pulse sharpening as a function of passes through a saturable 
absorber having a short relaxation time with respect to the pulse 
duration. The assumed parameters in the calculating were: intensity 
of the initial Gaussian pulse O.lIs, gain between successive passes 
G = 1.4, and dye transmission T = 0.7. 
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It is also of interest to obtain a quantity feeling of the magnitude of the 

sharpening when an optical pulse is propagated through a two -level system in which 

the duration of the optical pulse is less than the relaxation time of the absorber. 

A rate equation treatment of this case has been treated by several authors.(22 
/23) 

Their solution is applicable to the saturable gain in the laser medium as well as 

the saturable absorption in the absorber. When the relaxation time is assumed 

infinite, an exact solution of the rate equations is possible. For this case, it 

is more appropriate to deal with the integrated pulse intensity 

U(t) _ I(t) 16 

rather than the intensity. The solution for the saturable two -level medium is 

(lo) 

Wd(4)=.zi,C! +G-(e44C)4J (11) 

when the normalization W(t) = U(t) 26' /hi) is used, Çis the cross section per active 

atom and G = exp[ áL] is the small signal gain or attenuation of the medium. 

Figure 4 illustrates the computer simulation of a laser medium -saturable 

absorber combination utilizing Eq. (11) for both the active medium and the absorber. 

The cross section (Ç) of the laser atoms was taken to be much smaller than for the 

absorber molecules (6) (i.e., h i) /20T = 16 J /cm while hi /2Ç = 0.016 J /cm). The 

loss due to the reflectivity of the laser mirrors was assumed to be 0.2, the initial 

laser gain 2.0, the absorber transmission 0.8 and the starting Gaussian pulse energy 

1.6 x 10 -3 J /cm. Figure 4a illustrates the amplitude increase of the pulse and the 

gain decrease of the laser medium as a function of time. The absorber was assumed 

to relax to its initial state between the successive passes of the pulse but the 

laser gain decreases as a result of all pulses that have passed through it. The 

amplitudes of the pulse train for the first 30 passes are small, in the range of 
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Computer simulation of an optical pulse regenerative oscillator. 
The assumed parameters in the calculation were: mirror reflect- 
ivity 0.8, starting pulse energy = 10-4 laser saturation energy, 
laser saturation energy EL = 16 J /cm, dye saturation energy 
10 -3 EL, and dye relaxation time much greater than pulse duration. 
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0.1 to 1.0 h1)/211-87. When the energy finally grows to approximately the assumed 

absorber saturation energy (0.016 J /cm), a rapid increase in pulse energy takes 

place. The growth in amplitude is finally limited by the onset of saturation in 

the laser. The laser gain then begins to decrease. In this region, the energy of 

the pulses reaches a maximum and then begins to decrease. Figure 4b illustrates 

the sharpening of the pulses as a function of the number of passes. The peak 

intensity of each pass has been normalized to unit energy. The most pronounced 

sharpening is found to occur in this model between the twentieth and fortieth passes. 

Referring to Fig. 4a, it is seen that this is just the region where the pulse energy 

reaches and exceeds the absorber saturation energy. 

It can be concluded that much can be learned about the operation of the laser - 

saturable absorber combination by means of such computer simulation. Neither of 

these two models described here are capable of explaining the formation of the 

initial pulse. In addition, the absorber concentration is much weaker in the actual 

operation of such systems than the values assumed in these simulations. As a result, 

the sharpening action is much weaker. It is apparent that a more elaborate model of 

the dye is needed. In addition, light amplification in saturable absorbers must 

also be taken into account, as will be discussed in later sections of this paper. 

Laser oscillators consist of a resonant system with dimensions that are large 

compared to the oscillating wavelengths. Consequently, mode density is high and 

there are m = 2/14)/A axial interferometer resonances within the line width.. of a 

laser transition having a center wavelength Ao and reflectors separated by an optical 

length L. In the normal operation of a laser, these modes are to a great extent 

uncoupled and therefore have no fixed phase relationship between the many discrete 
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oscillating frequencies of the laser. In the above discussion, the required coupling 

was supplied by a passive modulator (i.e., the saturable absorper). However, the 

required mode coupling necessary to lock the phase of the axial modes (i.e., mode - 

locking) can also be supplied by an active modulator. This operation can best be 

understood as follows: Assume that the Fabry -Perot mode (l), nearest the peak of 

the laser gain profile, will begin to oscillate first. If an amplitude or phase 

modulator operating at a frequency a f is inserted into the laser's feedback inter- 

ferometer, the carrier frequency ÿ0 will develop sidebands at ±df. If the modulating 

frequency d f is chosen to be commensurate with the axial mode frequency separation 

Qf = C /2L, the coincidence of the upper ( *0 + d f) and lower (2. - af) sidebands with 

the adjacent axial mode resonances will couple the )0 -41f, 170 and 7.0 +f modes with 

a well -defined amplitude and phase. As the 2. +45f and j00 -4f oscillation pass 

through the modulator, they will also become modulated and their sidebands couple the 

00 ±jaf modes to the previous three modes. This process continues until all axial 

modes falling within the oscillating line width are coupled. The constructive and 

destructive interference of these simultaneous phase- locked modes can be described by 

the interference of Fourier- series components in the construction of a repetitive 

pulse train. 

Active time-varying-loss(24 25 2 26) and reactive( 7) modulators have been utilized 

for mode -locking laser oscillators. Ultrasonic standing wave diffraction cells(24,25,. 
28 -31) 

and KDP Pockels cells(26) have been utilized as active loss modulators, whereas only 

Pockels cells have been utilized as reactance modulators.(27)37) Hargrove, Fork and 

Pollock were the first to couple the modes of a laser for the generation of ultrashort 

light pulses.(24) They employed a visible He -Ne laser and an ultrasonic diffraction 

modulator( 9) where locking of the axial modes had been achieved, they report the 

virtual elimination of both random and systematic amplitude fluctuations arising from 
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the drifting of the phases of the individual modes and a five -fold increase in peak 

power. Theoretically, the peak power of the pulses should be n times the average 

power, where n is the number of coupled modes. 

Node- locking a laser oscillator with an active modulator requires the critical 

adjustment of mirror spacing and modulating frequency as well as compensation for any 

perturbations in optical length of the feedback interferometer. Such compensation is 

of particular importance in the mode- locking of large solid -state lasers as a conse- 

quence of the variation in optical length of the rods during the optical pumping 

flash. The use of saturable absorbers as passive modulators eliminates the need for 

such critical adjustments. In addition, the saturable absorber serves as a Q- switch 

and therefore makes possible the generation of pulse having peak powers in the giga- 

watts range. 

E. Experimental Results 

The relatively narrow spectral line widths of gas lasers limit pulse widths to 

the order of 10 -10 sec.(24,28) The broader line widths available in solid -state lasers 

such as Nd3 +:glass; 18225, 33) ruby(26,3+) and YAG :Nd3 +(35) have produced considerably 

narrower pulses having pulse widths in the picosecond range. The Nd3 +:glass is of 

particular interest for the generation of ultrashort.pulses as a result of its broad 

oscillating line of 100 to 200 °A at = 1.06Jg. With a mirror spacing of 1.5 meters, 

there exists approximately 6 x 104 Fabry -Perot interferometer resonances across the 

200 °A line width (or 271 = 6 x 104 spectral cdmponents in Fig. 2c are possible), and 

a pulse width in the 10 -13 sec range could theoretically be obtained. 

Simultaneous Q- switching and mode -locking experiments with saturable dyes have 

been performed with Nd3+ :glass laser rods having lengths from 12.2 cm up to 100 cm.(i8) 

One major requirement in these experiments was that the ends of the rod have Brewster's 
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angle ends to eliminate back reflection at the end surface of the rods. The dye 

concentration, optical pumping intensities and mirror reflectivities could be 

adjusted to obtain long pulse trains with corresponding lower pulse amplitudes, short 

pulse trains with corresponding higher pulse amplitudes, or single or multiple 

Q- switched mode -locked pulses. The dye cell lengths used in our experiments were 

typically from 1 cm to 0.1 cm. For the best results, the dye cell was placed at 

Brewster's angle and the dye placed in contact with one of the mirrors. Practically 

all of the dyes useful in the generation of ultrashort laser pulses decompose when 

exposed to ultraviolet light so that glass filters are useful for dye cell windows in 

obtaining long dye life. These comments hold equally well for both the ruby and 

Nd3 +;glass experiments. 

Eastman 9740 or 9860 saturable dyes have been used in our Nd3 +:glass experiments 

and cryptocyanine dissolved in methanol or alcohol in our ruby experiments. Eastman 

9740 has an upper limit relaxation time of 25 to 35 ps(36) and therefore should be 

well suited for obtaining pulse repetition rates up to 1011 Hz. Of the commonly used 

ruby Q- switching dyes such as chloro -aluminum -phthalocyamine, vanadyl phthalocyanine, 

and cryptocyanine,only cryptocyanine has a relaxation lifetime shorter than the 

'recirculation time of a pulse of light between two laser Fabry -Perot mirrors separated 

by a reasonable length.(39) The suitability of cryptocyanine in methanol for the 

generation of ultrashort laser pulses was first reported by Mocker and Collins.(34) 

A substantial improvement in consistency of operation can be obtained by using acetone 

as a solvent instead of methanol. The peak of the absorption line for this dye - 

solvent combination coincides with the ruby line,while in the methanol solution the 

absorption peak shifts by 120 °A to 7060 °A. The lower solvent viscosity of acetone, 

the recovery time of the dye may also be shortened. Ultrashort light pulses with a 

Beckman and Whitley Incorporated model 440 thin -film Q- switch were also unknowingly 
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observed by Hercher in his attempts to obtain single -mode operation from a ruby laser.(3 

It was not realized at that time that saturable absorbers with long relaxation times 

tend to narrow tte spectral width while saturable absorbers with fast relaxation times 

tend to broaden thespectral width of lasers. 

Figure 5a depicts an oscillogram of the early positions of a slow buildup, 

Q- switched Nd :glass laser pulse train. The sweep speed is 5 nsec /div with the 

oscillogram covering 3 x 10 -8 sec. The oscillogram illustrates the tendency of the 

saturable dye to emphasize the highest amplitude fluctuation occurring at the 

initiation of laser oscillation and to shorten this fluctuation pulse width as it 

successively propagates through the saturable absorption cell. The initial periodic 

amplitude fluctuations are caused by the beating of two axial modes separated by a 

frequency 24f. A beat frequency at 2df would correspond to the existence of two 

pulses in the feedback cavity at the same time. At the end of 3 x 10 -8 sec, the peak 

of the amplitude fluctuation is practically completely eliminated. The pulse width 

is reduced to 0.5 x 10 -9 sec and the pulse repetition period equals 2.5 nsec or á f. 

An oscillogram of an entire pulse train is illustrated by Fig. 56 at a sweep speed of 

2.0 nsec /div. An oscillogram of a pulse train at a sweep speed of 10 nsec /div is 

'depicted by Fig. 5c. The recorded pulse half- widths are approximately 0.5 nsec, 

limited by the rise time of the photodetector and traveling wave oscilloscope com- 

bination. The fall time is larger than the rise time as a result of critical dampen- 

ing of a resonance at approximately 850 MHz within the ITT model F4018(S -1) biplanar 

photodiodes utilized in the UAC Research Laboratories Model 1240 Phototransducer. 

The use of sampling oscilloscope greatly facilitates the pulse width measurements 

of cw mode -locked lasers. The relatively short overall time duration of approximately 
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Oscillograms of the typical output of an optical regenerative pulse oscillator. 
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50 to 150 nsec of simultaneously Q- switched and mode -locked lasers excludes the use 

of sampling scopes. Unfortunately, traveling wave scopes require large signal inputs 

and have considerably narrower bandwidths than sampling scopes. For example, the 

Tektronix Nbdel 519 traveling wave scope has approximately 10 v /cm sensitivity and 

1 GHz bandwidth, whereas tens of microvolt sensitivity and bandwidths in excess of a 

GHz are available with sampling scopes. Nevertheless, an instrument -limit direct 

measurement of 0.15 nsec rise time has been obtained for a simultaneously Q- switch 

and mode -locked Nd3+ :glass laser (see Fig. 6a).(33) The measurement utilized a 

modified Tektronix Nbdel 519 traveling wave scope having a bandwidth of 3 GHz with a 

sensitivity of 217 V /div, and an ITT F4014 diode. If the rise time of the scope 

(i.e., 0.13 nsec) is computed out of the measurement, a pulse width less than 90 ps 

is obtained out of the detector. The use of ultrashort laser pulses with fast 

detectors can produce electrical pulses up to 100 V in amplitude with widths less 

than 90 psec and repetition rates up to 2 nsec. Such electrical pulses should find 

applications in the electronic industry to measure the characteristics of wide - 

bandwidth systems.(39) For example, the ringing of a standard 1 GHz traveling wave 

scope is illustrated by Fig. 6b when excited by a F4014 photodiode. The reason for 

the grouping of three pulses illustrated by Fig. 6a will be given later. 

A 76 cm long x 1.8 cm dia Nd3+ :glass rod was simultaneously mode -locked and 

Q- switched with a 1 cm dye cell containing 16 cc of solvent and 5 cc of dye. The 

Q- switched pulse envelope consisted of only six pulses, each having a typical pulse 

width of approximately 2 nsec time duration. The energy output was 44J with 72KJ 

input energy for an average energy per pulse of a little over 7J. A 47J pulse train 

has been obtained with the use of a 45 cm long glass rod oscillator in conjunction 
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Oscillogram of the output of an optical regenerative pulse oscillator 
taken with a 0.13 nsec (a) and a 0.3 nsec (b) rise time traveling wave 

scope and a 90 psec detector. 
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with a 76 cm long glass rod amplifier. The time duration of the individual pulses of 

the train were typically 0.75 nsec for this case. The use of 61.5 cm long glass rod 

oscillator and a 76 cm long glass rod amplifier has resulted in the generation of 

pulses having a peak power between 10 GW and 100 GW and time durations between 10 ps 

to 2 ps, respectively. A discussion of the picosecond time duration measurement 

technique will be given in the following section. The use of nonlinear optical pulse 

measurement techniques to be described in the following section revealed that the 

2 nsec and 0.75 nsec pulse widths obtained with the 76 cm and 45 cm long rods were 

in actuality a grouping of picosecond pulses whose repetition period was much shorter 

than the 0.5 nsec response time of the detection system. A grouping of three such 

pulses was illustrated by Fig. 6a. 

Energy gain versus input energy data for a 76 cm long glass rod amplifier 

utilized in the amplification of picosecond pulses is shown in Fig. 7. The lower 

curve is the actual energy gain (i.e., the ratio of measured output to input energies) 

of the overall amplifier system. The upper (i.e., normalized) curve is the gain of 

the glass laser medium without losses. Each experimental point represents an average 

of 6 to 8 separate measurements. Eastman 9740 saturable absorber was utilized for 

optical isolation between the oscillator and amplifier. The energy measurements were 

taken with ballistic thermopiles and lean heavily toward the conservative side as a 

result of not taking into account energy loss due to gas breakdown at the focus point 

within the thermopile. 

Illustrated in Fig. 8a is a schematic diagram of a pulse regenerative laser 

oscillator having a low Q resonant reflector with a thickness dl = 1 cm and surfaces 

reflectivities 5% and 35 %, respectively. The distance between the 99 +% and 35% 

reflectivity surfaces was 120 cm. A simplified operating model of Fig. 8a can be 
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Energy gain as a function of pumping energy for a 
76 cm long Nd3 +:glass laser amplifier. 
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given as follows: Assume at t = 0 two pulses exist at x = dl whose pulse width 

AY « dl /c. After t = 0 the pulses travel in opposite direction, with the pulse 

traveling to the left, bouncing back and forth between the two surfaces of the 

resonant reflector for a time determined by the Q of the resonator. For the illus- 

trated case, the delay time is approximately 50 psec. If the Q is low enough, we 

can assume only one extra pulse is produced by the resonant reflector. Thus, for all 

practical purposes, we can then assume that two pulses travel to the right and left of 

the resonant reflector separated by a time = 2 dl /c -20.1 nsec with the first pulse 

having a much larger amplitude than the second pulse. Each time the two pulses pass 

through the resonant reflector the process is repeated, and therefore gives rise to 

2(m +1) pulses for m traversals in the laser cavity. If the response time of the 

detection system is much slower than 2 dl /c, the pulse width of the individual 

grouping of pulses having a fundamental repetition period of 2 d2 /c, will appear to 

increase as a result of the number of pulses within the grouping increasing with time, 

Figure 8b is an oscillogram of the output pulse of the experiment illustrated in 

Fig. 8a demonstrating this effect. The response time of the detection system was 

0.5 nsec. It is believed that this mechanism is responsible for the multiple pulsing 

illustrated in Fig. 6b. 

If the thickness and Q of the resonant reflector are increased to the values 

shown in the schematic illustrated by Fig. 9a, the individual pulses can be resolved 

with currently available detection systems. Figures 9b and 9c are oscillograms of 

the resulting pulse trains at sweep speeds of 20 and 10 nsec /div, respectively. For 

the case shown by Fig. 9c, the two coupled cavities were not exact multiples of one 

another and phase shifts at the nodal points of the modulating envelope can be 

observed. The use of these techniques can be utilized to generate pulse rates 
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extending well into the microwave region. If such multiple pulsing is to be 

eliminated, this data clearly reveals the necessity of placing all surfaces within a 

regenerative laser oscillator cavity at Brewster's angle. Similar attention must 

also be paid to back - scattering in the dye cell and other components of the laser 

cavity as well as back -scattering back into the laser cavity from external objects. 

If the dye cell inside a laser is moved a distance d1 from one of the mirrors, 

double pulsing is obtained.(16) The time separating the two pulses corresponds to 

the time t = 2 d1 /c. The pulse- crossover points alternate between a point at a dis- 

tance dl in front of each reflector inside the laser cavity. In general, Harrach 

and Kachen have found that the pulse repetition rate of the laser is me /2L when 

m = L /d1 is an integer.(40 

There exists applications for which longer intervals between pulses are desirable. 

A longer pulse repetition time can be obtained by inserting an optical delay line as 

part of the cavity of a regenerative laser oscillator. It has been reported that such 

long optical delay lines can be made compact by reflecting the beam repeatedly between 

two spherical mirrors without interference between adjacent beams.(41) The diffrac- 

tion losses of such a delay line are much lower than for an open beam because of the 

periodic focusing of the mirrors. Besides effectively increasing the optical dis- 

tance between the cavity mirrors, this technique can yield an automatic nonmechanical 

digital scan of the pulsed laser output(42) if the output from one of the delay line 

mirrors is utilized. 

Figure 10 illustrates the arrangement used in one experiment. The radius of 

curvature was 1 meter for mirrors R4 and R5. Mirrors R3 and R2 were used to inject 

the optical beam into the optical delay line through a 1.8 cm aperture in mirror R4 
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85 

Fig. 10 

Schematic diagram of an optical regen- 
erative pulse oscillator incorporating 
a folded optical delay line for obtain- 
ing a long pulsating period. 
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in such a way that the repeated reflections traced out a circle on the surfaces of 

mirrors R4 and R5. For most cases in our experiments, the light beam slope selected 

by the angular adjustment of R2 was so chosen that the light beam made six round 

trips between R4 and R5 and the trajectory traced out a six -spot circular pattern on 

each mirror of the delay line. After the twelfth pass in the delay line, the light 

beam was reflected back onto itself and through the delay line for another 12 trans- 

versals. Figure 10b illustrates a pulse separation of approximately 71.5 nsec. 

C. Single Picosecond Pulse Generation 

There exist many applications where only a single rather than a train of ultra - 

short light pulses is required. The first method proposed for obtaining a single 

high -peak -power laser pulse having a pulse width narrower than those obtainable from 

standard Q- switched lasers was proposed by Vuylsteke.(43) This method involved 

Q- switching a laser with mirrors of 100% reflectivity on both ends of the cavity, and 

at the peak of the pulse, the rapid switching of the output mirror from 100% to 0 

reflectivity. In this manner, the optical energy stored within the cavity would be 

dumped in the time required for the round -trip transit time. This type of laser 

operation, called the pulse transmission mode, was reported to have resulted -in pulse 

widths of 4 nsec.(44) The experimental technique of combining the simultaneous 

Q- switching and mode -locking with the pulse transmission mode is, we believe, the 

one capable of yielding the highest peak power with the shortest pulse width.(45-49) 

A schematic diagram of an early single pulse selection experiment is illustrated 

by Fig. 11. The reflectivity of the mirrors are both high. In addition to the dye 

cell, a Glan prism polarizer and a polarizing switch such as a Pockel or Kerr cell is 

inserted into the feedback path of the laser. The polarizing switch was initially 
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unenergized, and the polarizer was adjusted for maximum transmission. A pulse of 

radiation then "bounces" back and forth between the two reflectors. The leakage 

radiation from one of the mirrors is used to trigger a high voltage pulser at a pre -. 

determined optical pulse amplitude. The high voltage pulser energizes the polariza- 

tion switch to its 1/4 -wave voltage. After the pulse has made one transversal through 

the energized polarizing switch, the polarization of the pulse is rotated 45 degrees. 

For a two -trip transversal of the polarizing switch, the polarization of the pulse is 

rotated 90 degrees. The Glan prism prevents the propagation of the pulse with this 

polarization in the system, and the propagation direction of the pulse is redirected 

as illustrated. In effect, the high reflectivity of the cavity is suddenly changed 

to a low reflectivity and the pulse stored within the cavity is suddenly "dumped." 

The experiment can also be performed with the polarization switch and Glan polarizer 

outside of the cavity. For this latter configuration, a!k /2 voltage is required 

across the polarizing switch.(46) This latter configuration is preferred when the 

minimum pulse width is desired.(48) 

The main problem area in performing a single ultrashort pulse selection experiment 

is the high voltage pulser. The rise time of the high voltage supplied to the polar- 

izing switch has to be faster than the time required for the light pulse to make a 

round -trip transversal between the two mirrors. The high voltage pulser utilized in 

our experiments was a Marx- bank -pulse generator common to many high- energy physics 

experiments. Avalanche transistors assembled in a Marx -bank configuration were used 

to produce a pulse in the 1 KV range. This pulse was in turn used to trigger a 

spark -gap holding off a voltage in the 15 KV range. An open -ended transmission line 

was then used to double this voltage to 30 KV to drive the Kerr cell polarizing switch. 
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A single subnanosecond pulse has been obtained with the experimental arrangement 

shown in Fig. 11. (162171 The 'recorded full width at the half- intensity points was 

measured with a 0.5 nsec response time detection system and found to be 0.63 nsec 

with an energy content of 1 /4J. The use of the two photon absorption measurement 

techniques to be described in the next section reveals that these pulses usually con- 

sisted of a substructure of psec pulses. The amplification of such single pulses 

with a 75 cm long amplifier has resulted in 1.8J of energy.(47) Since the damage 

threshold as a function of power decreases with decreasing pulse widths, the addition 

of additional stages of amplification should enable the generation of picosecond 

pulses having peak powers well in excess of 10 3 watts. The use of these pulses in 

controlled thermonuclear research appears particularly promising. 

I DETECTOR 

MODE - LOCKING 
Mi DYE - CELL 

OUTPUT TO 
EXPERIMENT , 

i i 
POLARIZER / 

i 

POWER 
SUPPLY 

Fig. 11 

KERR 
CELL 

Experimental schematic for selecting a single pulse from a train of ultrashort pulses. 



260 

III MEASUREMENT TECHNIQUES FOR PICOSECOND LASER PULSES 

A. Introduction 

Direct Measurement of the duration of relatively long optical pulses 

are most often made by displaying, by means of an oscilloscope, the output 

of a suitable photodetector illuminated by the optical radiation. High- 

speed photodiodes and oscilloscopes have been utilized in this manner to ob- 

tain direct pulse -width measurements of 1.5 x 10 -10 sec. for a mode - locked 

cw YAG laser(35)and a Nd3+ :glass laser.(i6)A power spectrum measurement of 

the oscillating laser bandwidth made by means of a scanning Fabry -Perot in- 

terferometer yielded an indirect measurement of 7.6 x 10 -11 sec. for the YAG 

experiment and a grating spectrometer yielded 2 x 10 -13 sec. for the Nd3 
+: 

glass laser experiment. Since it is not expected that direct electronic 

techniques will be capable of measuring time durations down to 10 -13 sec. 

new measuring techniques had to be found for the measurement of the time 

duration of picosecond laser pulses. 

It will be shown in part of this section that any linear interfero- 

meter measures the autocorrelation function of the pulse amplitude. Since 

the power density spectrum and the amplitude autocorrelation function are a 

Fourier transform pair, knowledge of one uniquely specifies the other. The 

power density spectrum is usually measured with a spectrometer. The equiv- 

alence arises from the fact that both instruments used to measure these two 

parameters are linear optical systems. The linear interferometer can also 
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be used to measure two parameters called the coherence length, 60, and the 

coherence time, ti:V. These two parameters are related to the spectral 

bandwidth, 6 u). , and to each other by the following relationshipar Ow C 
2 

Since the relation IG) pT 27r provides only a lower limit to 

a pulse duration for a given A4), it can be concluded that any measurement 

taken with a linear optical system can only provide information establishing 

a lower limit to the time duration of a pulse. 

It will be shown in part C of this section that measurements taken 

with nonlinear optical instruments can provide information for determining 

the actual time duration of a pulse. Nonlinear optical instruments measure 

the autpcorrelation of the pulse intensity. 

B. Linear Optical Pulsewidth Measurement Techniques 

1. Theory: For purpose of illustration, let us consider a linear optical 

instrument such as the Michelson interferometer illustrated by Fig. 12. 

An incident pulse having an amplitude E(t) is split into two pulses, each 

with an amplitude E(t) /lEi . Each of these pulses is made to traverse a 

separate orthogonal arm of the interferometer. After traversing their 

respective paths 249 and 24? , the pulses are recombined on a square law 

detector such as a photographic plate or photodetector. If Q DZ , 

jtJ t+ 
the pulses can be represented by E ) a Aqd) C and 

J crJ L` 

C& 
E() C where y= Z ( D'a,- D, ) C and 

a T 
46f) is the slow varying envelope of the pulse with respect to 4) . The 

intensity incident on the detector is given by 
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Fig. 12 

SQUARE LAW DETECTOR 

A Michelson interferometer, a typical linear optical instrument. 
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The response of the detector is assumed to be slow compared to the pulse 

duration or the delay time 1' , so the output signal, SCY), of the detec- 

tor is given by 

oc 

s-cio) S (i-19 
d - 

-CO 

= W (I+ ACY)! 

(13) 

where W' is the pulse energy and pc-v) is the autocorrelation function 

of the pulse amplitude, i.e., b 

and 

W= J E:(t)J6 -.o 

4 of) = 
SEje)A,-et--y)ah6 

S (g) J -. 

(1A+) 

(15) 

When 1°4= a 
3( 

2 and when y is large enough so that no overlap 

between .46) and E(it) exists, SC7UV == I . From Fourier analysis, 

one finds that 

jw r 
A c-,r) 

`-L- c P(w) f, I 2 w 
-00 (16) 

where / P()) is the power density spectrum of the original laser pulse. 

Since the power density spectrum and the amplitude autocorrelation function 

are a Fourier transform pair, knowledge of one uniquely specifies the other. 
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The power density spectrum is the quantity measured with a spectrometer and 

the amplitude autocorrelation is the quantity measured with an interfero- 

meter. The two results are essentially equivalent and the equivalence arise 

from the fact that both instruments are linear optical systems. .Similar 

considerations hold for any linear optical instrument. 

It is clear from Fig. 12 that an interference pattern will be 

observed in the plane of the detector, if the interfering pulses have a 

relative retardation in time equal to 'r,:- o 2 IA 4 ) ; i.e., if the 

difference in length of the interferometer arms is = 0, L, 

where L is the separation between the laser reflectors. The visibility of 

the interference pattern changes with the relative delay time of the pulses 

and is a maximum at 1,-D = 0 ,(, 24 - - -; and gradually falls to zero in 

moving away from these points. The difference in path lengths, 6D , over 

which the interference pattern is visible is called the coherence length. 

The coherence length and the spectral bandwidth of the pulse are related by 

240_ 27l -ar Q c.) where d Y is the coherence time of the pulse. 

The coherence time elle will equal the duration of the pulse only in 

the special case where the entire spectral content of the pulse is due to 

the short duration of its envelope. In other words, the relation AGA 4:7) > el 

provides only a lower limit to the pulse duration. 

2. Experiments: Fig. 13 illustrates the spectral characteristics of the 

output from a 12.2 cm long by 0.95 cm diameter Brewster -ended Nd3 +:glass 

rod, operated normally, Kerr cell Q- switched and as a regenerative pulse 
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Fig. 13 

Comparison of the spectral characteristics of an 
Nd +:glass laser in various modes of operation. 
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oscillator. Eastman 971+0 saturable absorber was utilized as the optical ex- 

pandor element. The spectra were obtained with a 3.4 -m Jarrell Ash spectro- 

meter. The Kerr cell Q- switch type of operation yielded a uniform spectral 

o 
width of approximately 50 A. The over exposure of the film by overlapping 

the spectra of 1+ or more Kerr cell Q- switched pulses still revealed a power 

o 
spectrum of approximately 50 A with sharply defined ends. The spectrum of 

the simultaneously Q- switched and mode - locked Nd:glass laser with the dye 

cell placed at Brewster's angle revealed a uniformly distributed 180 -A -wide 

spectrum with long leading and trailing edges. The increase in spectral 

width results from the tendency of the saturable absorber expandor element 

to distribute the energy evenly throughout the spectral line width of the 

laser medium by the generation of sidebands at the resonances of the Fabry- 

Perot interferometer. To a first approximation, the minimum pulse width 

obtainable with the harmonic content revealed by the spectral data is 

2 x 10 -13 sec. with a corresponding peak power of 1010 watts. 

A close observation of the spectrum of the simultaneously Q- 

switched and mode -locked laser of Fig. 13 reveals a relatively intense 

line at 1.06 microns (i.e., the peak of the Nd3 +gain line). This sharp 

line is believed to arise from the relatively slow build -up rates of the 

modes within a passively Q- switched laser. For example, in a fast switched 

laser oscillator (i.e., switched with a Kerr cell, rotating prism, etc.), 

the pulse build -up takes approximately 10 to 1+0 loop transits, whereas, for 

a passively Q- switched laser this build -up requires typically several hun- 

dred to a thousand transits(50). Such a long build -up time for the passively 
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Q- switched case favors the existence of relatively few axial modes at line 

center for a long time before an appreciable sharpening takes place. When 

time resolved spectral data was taken with a streak image converter camera 

in conjunction with a 3.4+ meter Jarrell -Ash spectrometer, the sharp line at 

1.06 microns did not appear in the time resolved spectral data taken for each 

individual pulse(16) . The spectral content of each pulse was found to be 

100 to 120 Á. A channeled spectrum was obtained in any case where addition- 

al reflecting surfaces were placed in the cavity. For example, with the dye 

cell placed normal to the laser axis, a grouping of picosecond pulses separ- 

ated in time by the optical thickness of the dye cell were obtained and 

corresponded to the reciprocal of the frequency separation of the channel 

spectrum. The grouping of pulses had a repetition frequency equal to the 

axial mode spacing frequency of the cavity. 

A still closer inspection of the spectrum of the simultaneously Q- 

switched and mode -locked laser of Fig. 13 reveals an unsymmetrical distri- 

bution of the spectral content about line center. The spectrum shows a 

tendency to expand toward the long wavelength region under mode - locked 

conditions. We believe this effect is caused by the fact that the peak of 

the laser line profile falls on the slope of the long wavelength side of 

the absorption line of Eastman 97+0 saturable absorber.(16) In effect, this 

provides less absorption and, therefore, higher overall system gain toward 

the longer wavelength region of the oscillator spectrum. This affect is not 

expected to be as pronounced with Eastman 9860 dye because of the closer 
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coincidence of the peak of the laser and dye spectral line. 

In order to determine the spectral extent of the mode - locked pulses, 

a movable diode and slit were placed in the exit focal plane of a spectro- 

meter.(33)Data on the temporal behavior of 1 R and 0.5 R selected regions 

of the spectra were obtained and compared with the simultaneously recorded 

data of the input pulse train. It was found that the oscilloscope pulse 

width measurements of the radiation emitted by the limited spectral region 

were still instrument -limited. This is to be expected since the number of 

modes available in these limited apertures is still sufficient to produce 

pulses of the order of 3.6 x 10 -11 and 1.8 x 10 -11 sec. Since no change in 

pulse shape or width was observed in random samplings of 0.6% and 0.3% por- 

tions of the total input spectral range, it can be concluded that mode 

coupling is extensive over the entire spectral output. 

An experiment was performed on the variation of the visibility of 

the fringes of pulse occuring in the middle of the pulse train recorded by 

an image- convertor streak camera, as a function of the length variation of 

one leg of the interferometer of Fig. 12.(16)For a length variation greater 

than 8 x 10-13 cm, the fringes disappeared. The minimum pulse width cal- 

culated from a coherent length of 8 x 10 -3 cm is 5 x 10 -13 sec. as expect- 

ed from the discussion in the theoretical part of this section. This data, is 

in excellent agreement with the spectral data of Fig. 13. 

In general it was found that when the modes of the laser were only 

(as observed by a considerable d.c. level in the oscilloscope traces) par- 
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tially locked in phasej.a corresponding reduction in spectral content of the 

pulses was noted.(i6)It is important to note that even under normal Q- 

switched or free running operations, the spectral content of a Nd3+ :glass 

laser pulse is considerably greater than the observed pulse widths would 

indicate. (See Fig. 13) As a result, it is to be expected that amplitude 

or phase fluctuations corresponding to a time duration equal to the inverse 

of the bandwidth of the spectrum must exist in the output. It is also 

expected that a finite probability exists in a series of experimental 

runs that a certain number of axial modes will statistically have the 

proper phase as to yield periodic amplitude fluctuations riding on the 

envelope of the Q- switched pulse. In general, the period of these periodic 

fluctuations are equal to the round trip traversal time of the cavity and 

can thus be easily observed on an oscilloscope. It has been recently re- 

ported that picosecond pulses normally appear in free running and Q- switched 

ruby, Nd :glass and Nd :YAG lasers even when periodic amplitude fluctuations 

were either not observed on an oscilloscope or if observed, they had a 

width longer than the response time of the detection system (51 -53). The 

conclusion of the picosecond pulsating output of free running or Q- switched 

ruby, Nd:glass, or Nd:YAG lasers was based on the data obtained from two 

photon- absorption -fluorescence experiments. A review of the two photon - 

absorption- fluorescence technique for the measurement of pulses time dura- 

tion in the picosecond range will be given in part C of this section. It 

will suffice to state at this point, that extreme care must be taken in 
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interpreting the fluorescence track in such pulse width measuring experiments.(54) 

C. Nonlinear Optical Pulsewidth Measurement Techniques 

1. Theory: In the previous parts of this section, it was noted that linear 

optical systems can only yield a lower limit on the pulsewidth of optical 

pulses, whereas measurements performed with nonlinear optical instruments 

can yield the actual pulse width. The manner in which a nonlinear optical 

system can perform a true measurement of a pulse can be understood as 

follows: Suppose one passes the two output pulses 440 and from m 

the linear interferometer of Fig. 12 through a nonlinear optical crystal. 

The second harmonic output from the nonlinear optical crystal will be given 

by 

R 

(17) 

if one neglects the constant representing the second harmonic generation 

efficiency of the crystal. The output signal, 50), from a detector having 

a slow response time with respect to Ca is given by 

ce 

Z 
24) 

50) - 5') 
: 

Re)1 J6 = 14.2 IC-v1) 
_p (18) 

where 
Z W is the second harmonic pulse energy and /CO is the auto- 

correlation function of the pulse intensity, i.e. 

Wzr. 'CO c/6 

(19) 
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(2p) 

WIN i When/Ito `/4/ and when is large enough so that no overlap between 

E(eJ and FCt) exists, 
Scy9/4, w l . Measurement of the 

variation of SjO%) /yw as a function of 7 gives the time duration 
over which the energy of the pulse is distributed. 

A nonlinear interferometer can also be constructed in which 5( ' '" W O 

when y is large enough so that no overlap between 40) and di-et) 

exists. Suppose one passes an optical pulse through a birefringent crystal 

of length L with the optical polarization 4+5 degrees with respect to the 

optic axis (see Fig. 14+). The calcite will resolve the single pulse into 

two pulses of equal amplitude and orthogonal polarization. One polarization 

component of the pulse propagates as an ordinary ray and the other as an 

extraordinary ray. For a crystal of thickness, L, the delay, 7 , so in- 

troduced is given by 'Y L Cr7e ̀  nJ /c. , where 1 and Y70 are 

the extraordinary and ordinary indices of refraction. For calcite, the delay 

is 0.59 picosecond per mm at = 1.06. The two orthogonal polarized 

pulses are then caused to interact in a nonlinear optical crystal, in this 

case ADP, to produce second harmonic radiation at 5300 Á. The orientation 

of the nonlinear crystal is chosen such that no second harmonic is produced 

by either component of the pulse acting alone, but only when both are present. 

Thus, the method measures the "overlap" of the pulse with a delayed replica 
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of the pulse. When a delay is introduced such that no overlap of the two 

pulses occurs, the second harmonic drops to zero. 

For ADP, the angle at which the second harmonic is proportional to 

the product of two orthogonal 
(55) 

p g polarization was reported by Weber to be 

61 °12'. This angle produces phase matching for this combination of vertical 

and horizontal polarization and produces second harmonic radiation with 

horizontal polarization. If we let input signal ( E- ) to the ADP crystal 

be represented by (-Y) 
E()e.wtt FC-r) e 

uw 
F (t) 

Zv 
the second harmonic signal, E%) is given by 

H 

Jw (Z'Y 
2% CtJ 41--i C E(e -Y) e 

(21) 

(22) 

where Ea) and f(,f -V are the slow varying envelope of the horizontal and 
N 

vertical polarized electric fields with respect to Q) . The constant rep- 

resenting the second harmonic generating efficiency has also been neglected. 

If 1>i 0 -Y, Ñ = 0 and "Y= .,!x 
. The output signal 

from a detector having a slow response time with respect to 2 CJ is given 

by 

47 

S F .Y Ea) d6 
S N V (23) 
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Since a separate experimental run is required for each data point and since 

each experimental run is independent of previous runs, normalization is re- 

quired in the data processing. A convenient means of normalizing is to take 

a pulse of any polarization and let it alone produce second harmonic energy. 

This reference signal can be represented by Eq. 19. The experimentally 

measured quantity is 
S ~/"' W = ICY) as a function of ' by selecting 

different lengths of delay crystals. When 7- p , S(414,wA/= / and 

when ^' is large enough so that no overlap between £(zf) and E U-10 
exists, 5.°104')4/ _- O . The nonlinear optical system utilized in 

the measurement of picosecond pulses by references (56 -59) was essentially 

the - nonlinear system described above. 

Recently Giordmaine et ai(59,60)reported the two -photon absorption 

fluorescence technique for the measurement of picosecond laser pulses. This 

technique is also an intensity -correlation system. Its simplicity is its 

major advantage over the second harmonic systems described previously. A 

schematic diagram of the two -photon absorption- fluorescence measurement ex- 

perimental arrangement is illustrated by Fig. 15. The correlation of one 

pulse with succeeding pulses (cross -correlation) illustrated by Fig. 15a, or 

the correlation of a pulse with itself (autocorrelation) illustrated by Fig. 

15b can be obtained. Both cross - correlation and autocorrelation experiments 

have been performed by the authors and identical results were obtained in 

the two measurements. 
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ne b ® OPTIC AXIS 

X\ 61 °1211A ADP 

SHG 

OPTIC AXIS 

Fig. 14. Schematic experimental arrangement for measuring picosecond laser 
pulses with the second harmonic technique. 

DYE CELL 

z=0 

cEr_Th 
CAMERA 

E2 

(a) 

(b) 

Fig. 1S. Experimental arrangement for performing intensity cross correlations 
and intensity autocorrelation measurements of picosecond pulses by 
the two -photon absorption fluorescence technique. 
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If we consider the center of the cell to be the origin ( 2 e o ) 

and denote pulses approach/the cell from the left and right as (('- c) 9111 Our _ i6) 

and 4.(dt 1.) 5¡n(-kr _ d4t") respectively. The intensity 1:4 in the dye 

cell will then be given by 

s 

1 = i(t-B)f2,Fa-7I,(it gi)Cof:k, f F (t0 
(24 ) 

If we assume that the fluorescent intensity, I, , is proportional to the 

intensity squared,'" 0: Iw 
414 I c )t ECEf 241i- 4)4 ;(t 2(cosa.ki)iJ . 

2 ' J (5 

'i,114;3fe # °/41) A;(e ao cot . 

, then the fluorescent intensity is given 

The photographic film essentially records the value of jAr but time average 

through the photographic process and spatially averaged over several optical 

wavelengths due to the limited resolution of the film. The value recorded 

by the film is y on .a 

sclr S<e )L`-#,fFrt .) f-to , _w -.0 --U 

The normalization of Eq. 26 gives 

5CY) 2 ?CY} 

(26) 

(27) 

which is identical to Eq. 18. If 4-(e) la F(e) is assumed, 

a bright vertical line will be recorded with a contrast ratio of 3 to 1 with 
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respect to the background. This line will have a width L1 L _ 4&c.41 

where ¿Y is the pulse duration, C. is the velocity of light, and n 

is the refractive index of the two photon absorption fluorescence dye. 

Neis. 
It is important to realize that if a ̂pulse having a time duration QT 

sec. and a spectral bandwidth of O randians, in which a T ») Z ó 1) w , 

is passed through a two photon absorption -fluorescence cell, a bright line 

having a length corresponding to the coherence time Asir v Zw will 
be recorded. The evaluation of the pulse duration by this method requires 

caution because a very similar fluorescence structure is obtained from the 

radiation of an ideally mode- locked laser and from a free -running laser with 

the same oscillating bandwidth.04) The proper interpretation of the data 

depends strongly on the contrast ratio in the photographic record. For a 

bandwidth limited short pulse ( Q y ti ),Igy) the maximum ratio of Eq. 27 

is 3. For a free running laser, the maximum ratio of Eq. 27 was calculated 

by Weber to be 1.5.(54) Since no mention is made of contrast ratio measure- 

ments in references (51 -53) one cannot conclude at this point whether the 

output of free running or Q- switched ruby, Nd:glass or Nd :YAG laser nor- 

mally consist of repetitive picosecond pulses. On the other hand, there is 

sufficient data available in the literature so that one can safely conclude 

that the output of regenerative pulse laser oscillators utilizing saturable 

absorbers consist of pulses in the 10 -12 to 10 -11 sec. range. 

2. Experiments: In the analysis of the nonlinear optical system for the 

measurement of picosecond pulses, it has been assumed that phase matching 
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in the nonlinear crystal is maintained over the entire bandwidth of the laser 

pulse. This sets an upper limit to the thickness of the crystal or a lower 

limit to the time resolution. ADP and KDP crystals having a thickness of 

1 mm provide resolutions of approximately one picosecond. It is important 

to note that the group velocities of the fundamental and second harmonic 

frequencies must be approximately equal in order to have the envelope of 

the second harmonic pulse be equal to the square of the fundamental pulse.(61) 

If the group velocities of the two harmonically related frequencies are not 

equal, the second harmonic pulse will have a flat top having a time duration 

Le /rc ci )- i C4) where 4 is the crystal length and Cam) 
ot 

and 'Iii Czw) are the group velocities of the fundamental and second harmonic 

frequencies, respectively. Fig. 16 illustrates plots of the phase matching 

angles as a function of wavelength for KDP and LiNb03. Note that for KDP 

the curve is relatively flat around =1.06 microns, therefore, making it 

possible to easily phase match over several hundred angstroms. On the other 

hand, it is impossible to phase match LiNb03 below =1.05 microns. Fig. 

17 illustrates the spectrum of the second harmonic of a Nd:glass laser's 

picosecond pulses generated by a 1 mm thick KDP crystal. The three spec- 

trums were taken around the phase matching angle condition with a change of 

0.2° between each of the three shots. It is evident that the spectral width 

of the second harmonic picosecond pulses can be conveniently adjusted by 

varying the phase matching angle. 

The measurement of picosecond laser pulses by the second harmonic 

technique was performed by Armstrong, Glenn and Brienza,(57)and Maier, 
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Fig. 16 

A plot of the second harmonic phase matching 
angles as a function of wavelength for KDP and LiNb03. 
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Fig. 17 

The second harmonic spectrum of the picosecond pulses 
generated by an Nd3 +:glass laser in 1 mm thick KDP crystals. 
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Kaiser and Giordmaine.(58) Glenn and Brienza also found that the early pulses 

in the train of pulses emitted by their laser were shorter than the latter 

pulses in the train. Since their laser pulses had a variable pulsewidth, 

an additional parameter was needed to characterize the pulses in their 

measurement. This characterization was needed so that similar pulses in 

successive firing of the laser could be compared. The parameter chosen 

was the conversion efficiency, i.e., the ratio of the energy of a reference 

14/ 
r 

second harmonic pulse ( ) to the square of the energy of the funda- 

Z Z 

mental pulse ( W ). The quantity Wr/ W3 is inversely proportional 

to the pulse width. The highest value of this parameter occurs at the 

start of the pulse train and then decreases uniformly with the increasing 

number of pulses. This behavior is illustrated by Fig. 18.(57) The intensity 

ti 

correlation ratios, '9°144, plotted as a function of r /Ç for several 

different delay, is illustrated by Fig. 19. The energy correlation func- 

tion for a pulse of given width may be determined by drawing a vertical line . 

on the graph and reading the value of the correlation as a function of the 

delay time. If the correlation function is assumed to be Lorentzean, then 

the shortest pulses obtained in this set of data had a full width at half - 

maximum of 8 x 10-12. 

A tentative explanation for the behavior of the pulses recorded by 

reference 57 can be summarized as follows: the action of the saturable dye 

in the laser cavity tends to shorten the pulse by reason of its nonlinear 
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Fig. 18. The behavior of the ratio of the reference second harmonic energy to 
fundamental energy squared (i.e. conversion efficiency) as a function 
of the number of pulses of Nd3 +:glass laser. 
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Fig. 19. The variation of the intensity correlation as a function of conversion 
efficiency of the picosecond pulses emitted by an Nd3 +:glass laser. 
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absorption. The theoretical limiting width as determined from the spectral 

width is of the order of 10 - 3 sec. The dye shortens the initial low ampli- 

tude pulses to the same limiting widths. The pulse amplitude then begins to 

grow rapidly. For high enough intensity, the dye will bleach completely at 

the beginning of each passage of the pulse. Since the dye is saturated for 

most of the pulse, it will no longer be effective in shortening them. There- 

after, the width of the pulse is determined by the physical properties of 

the laser cavity. Such things as dispersion of the glass rod and dye cell, 

inhomogenaities of the optical path, transverse modes, diffraction limit, 

energy storage properties of mirrors, and saturation effects of the gain 

profile all contribute to the growth of the time duration of the pulses. 

The-cumulative effects grow as the square root of the number passes which 

could account for a near saturation in the growth of the pulse width as was 

experimentally observed.(57) It has not been definitely determined at the 

present time whether all pulse regenerative laser oscillators have variable 

pulse width outputs as a function of time. 

Typical data obtained by the two -photon absorption -fluorescence 

measurement technique is shown in Figs. 20. Fig. 20a shows the bright 

fluorescent line due to the overlap of a pulse with itself or with its 

immediate predecessor. The fact that the bright line is the overlap 

point of two pulses was confirmed by the observation that a movement of 

the reflecting mirror in Fig. 15a or the dye cell in Fig. 15b, through 

a given distance, caused the bright line to move a corresponding distance 

in the dye cell. (see Fig.20a,b) Rhodamine 6G was utilized as the dye 

medium. This dye in an ethanol solution has its primary absorption peak 
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at a wavelength that is quite close to the 5300 Á second harmonic of the 

Nd:glass laser. In addition, it has another strong absorption line which 

peaks very close to the second harmonic of the ruby laser line. The two 

o 
photon absorption and subsequent fluorescence at 5500 A of this dye is 

relatively much larger than for 1,2,5,6- dibenyanthracene (DBA) dye pre- 

viously used in such experiments.(59) An additional advantage of Rhodamine 

6G is that the experiment can be performed by direct irradiation at either 

o 
1.06 microns or 6943 A without requiring the conversion of these wavelengths 

into their second harmonic before irradiating the dye. The use of Rhodamine 

6G dye in this experimental technique has made possible the measurement of 

a single ultrashort pulse with only one firing of the laser. 

Under certain conditions multiple bright lines were obtained as 

shown in Figs. 20c and 20d. The optical path length between the bright 

lines corresponds to one -half the actual pulse separation in the laser out- 

put. The time scales in Fig. 20 have taken this factor into account and, 

therefore, represent the actual pulse separation in time. These multiple 

pulses are caused by mode selection within the laser bandwidth as previous- 

ly described in this paper. (see Figs. 8 and 9). The presence of the 

reflecting mirror of Fig. 15a can act as a secondary cavity external to the 

main laser cavity and gives rise to a channeled spectrum in the frequency 

domain or multiple pulses in the time domain. (see Fig. 20c). Experiments 

were also performed with the insertion of optical flats into the laser cav- 

ity normal to the laser axis. Multiple bright lines were again obtained 
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with the separation of the lines in time equal to twice the optical thickness 

of the flat in the laser. (see Fig. 20d) Pulsewidths as short as 2 psec. 

and as long as 25 psec. were recorded by this technique. It should be noted, 

however, that the photograph of Fig. 20 is an average over the entire pulse 

train and not the width characteristic of a single pulse in the train. 

It has been pointed out by Weber(54) that great care must be excer- 

cised in concluding normally free running or Q- switched wide bandwidth las- 

ers (such as; ruby, Nd :glass, or YAG:Nd) consists of picosecond pulses on 

the basis of data obtained solely by the two -photon absorption- fluores- 

cence measurement technique. 
(51 -53) 

Weber has pointed out that a unique 

assignment can be made only if the contrast ratio is known with great ac- 

curacy. He has shown that the fluorescence record from N modes of equal 

amplitude, equal frequency separation and random phase relationships yield 

a maximum contrast ratio of 1.5. For the same case, but with fixed phase 

relationships between the modes, a maximum contrast ratio of 3 is obtained 

with this experimental technique. This second case is the mode - locked case. 

The simplicity of the two- photon absorption -fluorescence technique is one 

of its major advantages. Since the time duration values obtained with the 

second harmonic and the two photon absorption techniques are found to be 

in agreement for Nd:glass regenerative pulse lasers using saturable absorb- 

ers expandor elements, the existance of picosecond pulses in these lasers 

have been established with a high degree of certainty. 
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IV. RECENT EXPERIMENTS PERFORMED WITH PICOSECOND PULSES 

A. Measurement of Ultrashort Decay Times 

Since early in the 1930's, it has been possible to measure fluorescence lifetimes 

shorter than one nanosecond.(62) However, the fluorometers devised for these measure- 

ments are complex and cumbersome. Moreover, insomuch as the actual decay curve is 

not observed, the measurements are indirect. The high intensity and short duration 

of mode -locked pulses make them ideal for a number of different types of lifetime 

measurements. 

To observe a fluorescent decay time, a short duration, high- intensity source is 

required to excite the fluorescence and a wide bandwidth detection system is needed 

to detect it. Regenerative pulse lasers, as discussed earlier in this paper, are an 

ideal excitation source for such measurements. The use of the fundamental and second 

harmonic of ruby and neodymium lasers(63) offers promise of revolutionizing these 

measurement techniques.(64) With the continuously mode -locked lasers and crossed - 

field photomultiplier(65) used in conjunction with sampling oscilloscopes, an overall 

detection risetime as short as 60 psec can be obtained. With Q- switched lasers and 

traveling wave oscilloscope, risetimes of the order of a few tenths of a nsec can be 

obtained. In addition, the use of psec laser pulses have also made possible the 

direct measurement of population decay time in the psec region for the first time(66,67) 

The use of psec pulses have also been used for probing molecular orientation dynamics 

in liquids by the use of pulse times on the scale of the molecular orientation 

time.(68) 

The experimental method used to measure such short decay times is as follows: 

Absorption of a very intense light pulse of ultrashort duration by a dilute sample of 
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dye molecules will prepare all the molecules in the light path in an excited 

electronic state. The subsequent decay of the population of this state is then probed 

by a "probe" pulse of light which can be delayed continuously to arrive either before, 

during, or after the intense "preparing" pulse. The transmission of the sample for 

the probe beam is proportional at each instance to the concentration of the ground 

state dye molecules. As the sample is prepared in its excited state, this trans- 

mission will rise abruptly. As the ground state repopulates through decay from the 

excited state, transmission will decrease again. Table I illustrates the lifetimes 

of Eastman 97+0(66) and 9860(67) saturable dyes directly measured by this technique. 

These two lifetimes are important to the use of these dyes in the generation of pico- 

second pulses. For one example, these lifetimes indicate that pulse repetition rates 

as high as 10 -11 sec are possible with these dyes. 

Mack investigated the fluorescence lifetime of several dyes commonly used for 

Q- switching ruby lasers and also ruby second harmonic, pumped liquid laser dyes.64) 

The experimental arrangement was particularly simple. The dye cell was irradiated by 

the second harmonic ruby radiation for the measurements of Table II and directly by 

the ruby radiation for the measurements shown in Table III. A copper sulfate solu- 

tion and a sharp cutoff interference filter were placed in front of the photodetector 

to isolate the detector from the scattered ruby and second harmonic radiation, 

respectively. The overall response time of the detection system was 0.45 nsec. The 

decay times were determined by fitting an exponential to each of the decaying por- 

tions in the oscillographs. The values should be accurate to ±20 %. The fluorescent 

lifetimes of Rhodamine 6G is particularly interesting since it is so useful in two - 

photon absorption fluorescence measurement of picosecond pulses as discussed in the 
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Table I 

Picosecond absorption decay time of Eastman 9740 and 
9860 saturable absorber as measured by references 65 and 66. 

DYE REFERENCE DIRECT 
MEASUREMENT 

DEDUCED 
MEASUREMENT 

974o 

9860 

(65) 

(66) 

35 psec. 

9 psec. 

25 psec. 

6 psec. 

Table II 

Nanosecond fluorescent lifetime of some 
liquid laser dyes as measured by reference 63. 

DYE SOLVENT FLUORESCENT 

PEAK 
FLUORESCENT 
LIFETIME 

Acridine Red 

Acridine Yellow 

Sodium Fluorescein 

Rhodamine 6G 

Rhodamine 6G 

Acridone 

Anthracene 

Ethanol 

Ethanol 

Ethanol 

Ethanol 

Water 

Ethanol 

Methanol 

5800 

o 
5050 A 

o 
5270 A 

o 
5550 A 

o 
5550 A 

Á 4370 A 

0 
4000 A 

2.4 nsec 

5.2 nsec 

6.8 nsec 

5.5 nsec 

5.5 nsec 

11.5 nsec 

4.5 nsec 
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Table III 

Nanosecond fluorescent lifetime of some 
Q- switching ruby laser dyes as measured by reference 63. 

DYE SOLVENT 
ABSORPTION 

PEAK 
FLUORESCENCE 

PEAK 
LIFETIME 

o 
CAP Ethanol 6700 A 7550 A 

o 

10.1 nsec 

CAP Methanol 6710 A 7550 A 10.3 nsec 

0 
CAP Chloronaphthalene 6970 A 7380 A 8.0 nsec 

VP Nitrobenzene 6980 A 4.1 nsec 

VP Chloronaphthalene 7010 A 4.2 nsec 

0 
CC Methanol 7060 A 7+00 A 0.5 nsec 

CAP = Chloro-aluminum phthalocyanine, VP = Vanadyl phthalocyanine, CC = Cryptocyanine. 

Fig. 21 

Simplified explanation of optical gain in saturable absorbers 
by means of the transmission characteristics of the absorber. 



290 

previous section. In addition, it has been pumped by the second harmonic psec pulses 

of Nd lasers to generate ultrashort pulses at its fluorescent wavelength in the yellow 

portion of the spectrum.(63) 

It is now well known that the observed gain in excess of the calculated values 

arising in the stimulated Raman effect can be explained by self- focusing of the 

pumping laser light which arises primarily from the Kerr effects. The response time 

of the Kerr effect is given by the Debye rotation time (r) for molecules driven by an 

ac field, 
3 

,g717' ck,n 
3k7- (28) 

wherett is the viscosity, T is the temperature, and a is the effective molecular 

radius. Values for/ of 10 -11 to 10 -12 sec have been measured in liquid by various 

indirect techniques. When an optical pulse duration (AY) is greater or equal to%7, 

the anisotropie molecules can rotate in response to the pulse, but when 4Yjï , the 

molecules cannot respy; a_A the self -focusing threshold will increase. Shapiro, 

Giordmaine and Wecht clearly showed in their experiments a definite tendency for less 

Raman s'attering when I./became longer than oy. ( 68) 

T. Light Amplification in Saturable Absorbers 

When power at a pump frequency and one (or two) sidebands is incident on a 

saturable power absorber, the power absorbed by the saturable absorber will vary at 

the difference frequency. If the magnitude of the absorption is nonlinear with 

respect to the power absorbed, the resulting changes in absorption will in turn alter 

the amount of power transmitted through the saturable absorber. If the recovery time 

of the saturable absorber is faster than the beat frequency between the pump and the 
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sidebands, the absorption will vary at the difference frequency and thus pump energy 

into the sidebands. In principle, this process can produce more output signal at the 

sidebands than was present originally. This technique was first utilized to amplify 

millimeter waves.(69) 

Mack(70) has found that a saturable absorber driven into saturation by an 

intense light pulse from a mode -locked ruby laser can amplify a weaker light pulse 

simultaneously incident upon the medium. Energy gains as high as 20 times have been 

observed with a path length of only 1 cm in the saturable absorbing dye solution. 

Previous theoretical (71) and experimental(72) investigations of holeburning in 

saturable absorbers have indicated that the weak wave attenuation is merely reduced 

over that for the strong wave, i.e., the hole in the absorption spectrum reaches only 

to the zero attenuation point. The fact that amplification of the weak wave can be 

achieved means that the hole in the absorption spectrum actually penetrates through 

to the negative absorption region. As will be shown later, this has an important 

bearing on the behaviui çf a laser mode- locked by a saturable absorber. 

An intuitive understanding of the optical amplification process in saturable 

absorbers can be gained with the aid of Fig. 21. If two colinear optical waves of 

different frequency and of substantially different intensity are incident on such an 

absorber, a small amplitude modulation at the beat frequency will occur in the dye. 

If we assume that the intensity is sufficient to drive the dye in the nonlinear region 

of its transmission transfer function and that the relaxation time of the dye is suf- 

ficiently fast to follow the modulation frequency, the nonlinear transmissivity will 

enhance and distort the modulation as shown in Fig. 21. The distortion indicates the 

generation of additional sidebands. The enhancement of the modulation indicates that 
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the initial sideband intensity has grown relative to the intense component even though 

the overall intensity of the output beam is less than the input beam. Using this 

technique, gains as high as 20 times have been obtained in path lengths of 1 cm in 

most ruby laser Q- switching dyes. 

Figure 21 brings out another important point, and that is the connection between 

the gain phenomenon and the ability of a saturable absorber to bring about mode - 

locking in a laser cavity. Let us consider three waves of frequencies ZJo- 4, 2. and 

AA-4?) and the strong central component of frequency?/0 nave an amplitude A and two 

weak sidebands to have an amplitude B. If the three waves are phase- locked, the 

resulting wave will have a form [A + 2B cos(wot +46)] sin 1Joy, which is the form of 

an amplituded modulated wave having a carrier 7)0 and a modulated envelope at the 

frequencyWo. If we had assumed the sidebands to be 180° out of phase, the resulting 

wave would have a form A sin[Vot +4_ sin(63.t +4)]. This is the form for a frequency 

modulated wave. It is thus clear that the phase arrangement having the maximum gain 

is that giving the ma:S r _um amplitude modulation, and this happens to be the mode - 

locked case. Since a system tends to oscillate at the condition of maximum gain, it 

is not surprising to find that the mode - locked oscillating condition is, preferred by 

lasers having saturable absorbers inserted in their feedback path. 

C. Generation of Ultrashort Acoustic Pulses 

The transient surface heating of materials by repetitive, high- power, picosecond 

laser pulses is capable of generating very short time duration acoustic shocks.(73) 

Ready(74) has calculated that the thermal gradients produced by the absorption of a 

typical Q- switched ruby laser pulse could be as high as 106 deg /cm with a temperature 

rate of change as high as 10i6 deg /sec. White;75) in a comprehensive treatment of the 
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problem of transient surface heating, has shown that the conversion efficiency by 

which the sound is produced varies linearly with the incident peak power density and 

is inversely proportional to the first power of the sound frequency. Therefore, it 

can be expected that repetitive high peak power, picosecond laser pulses can generate 

acoustic shocks having harmonic components well into the microwave region.(73) 

The output of a pulse regenerative Nd :glass laser having a repetition rate of 

200 MHZ, pulse widths between 10 -12 to 10 -11 sec, and average energy per psec pulse 

of approximately 1 mJ was used to irradiate a metal film deposited on the end of 

LiNb03 bar. The entire pulse train contained from 100 to 150 individual pulses and 

lasted about 0.4 to 0.6 sec. The thermal stressing caused by the partial absorption 

of the laser pulse train by the metal film propagated acoustic shocks into the 

crystalline bar. The shocks traveled the length of the LiNb03 bar and were repeatedly 

reflected from the two ends of the bar, thus forming an echo pattern. Each time the 

shocks were reflected from the end of the bar opposite the thin film end, a voltage 

was generated by the piezoelectric properties of the LiNb03 crystal. This voltage 

was detected by a radio receiver having an IF bandwidth of 8 MHz. The receiver was 

tuned to multiples of the 200 MHz laser pulsing rate and the radio pulse displayed on 

an oscilloscope. At room temperature, several echoes were observed of the 15th har- 

monic at 3 GHz. As evidenced by the sharpness of the tuning of the radio receiver, 

the would was strictly confined to the harmonic frequencies of the laser pulse repeti- 

tion frequency. It is felt that, besides providing a convenient method of producing 

discrete sets of sound frequencies well up into the microwave region, this technique 

demonstrates the possibility of producing ultrashort acoustic pulses with ultrashort 

light pulses. 
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D. Variable Wavelength Picosecond Pulses 

The availability of ultrashort optical pulses with any desired wavelength would 

greatly increase their applicability to studies of nonlinear transient optical effects, 

spectroscopy, and lifetime measurements. One method of obtaining variable wavelength 

ultrashort pulses is to pump dye lasers with the second harmonic ruby of Nd :glass 

lasers. It has been reported that a large number of organic dye solutions exhibit 

laser action when excited with a short duration, high- intensity pump pulse.(76 -79) 

Pump pulses from Q- switched lasers and from specially constructed flash tubes have 

been employed. The output spectrum from such dye lasers are quite broad, extending 

in some cases over a few hundred angstroms. 

It is well known that a periodic modulation of the gain of a laser medium will 

lead to mode - locking if the frequency of the modulation is equal to or a multiple of 

the difference frequency between longitudinal modes of the laser and if the upper 

state laser lifetime is shorter than or comparable to the optical loop transient time 

of the laser cavity. If the pumping signal for a dye laser consists of a mode -locked 

train of pulses, the gain of the laser will have a periodic variation with a period 

equal to the spacing between the pumping pulses. If the length of the dye laser 

cavity is equal to or a submultiple of the length of the cavity of the laser pro- 

ducing the pump pulses, then the mode -locking condition will be satisfied and the 

output of the dye laser will consist of a series of pulses. 

Initial experiments were performed with Rhodamine 6G and Rhodamine B dyes.(63) 

These dyes, in ethanol solution, have absorption peaks at 5260 A and 5500 A. The 

0 

peaks are sufficiently broad to allow efficient pumping with the 5300 A second har- 

monic of Nd- laser. The experimental arrangement for laser -pumped, mode -locked dye 
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lasers was as follows: A 2.5 cm diameter by 5 cm long dye cell was placed in a laser 

cavity having 1 meter radium of curvature mirrors having a reflectivity in excess of 

90% between 5000 4 and 6000 Á. A KDP crystal was also placed in the dye laser cavity. 

The pulse regenerative Nd pumping laser beam was propagated through one of the mirrors 

and irradiated the KDP crystal, thereby producing the second harmonic radiation 

required for pi)mping the dye. The fluorescence lifetime of the Rhodamine 6G is 

5.5 nsec (see Table II). The Nd -laser pulse period was approximately 5 nsec. 

Laser action in the dye was observed with its optical cavity length equal to 1, 

1/2, and 1/3 times the length of the pumping laser cavity. The dye laser output 

shows very sma11 fluorescence until the pumping signal reaches threshold, at which 

point the dye laser broke into oscillation and produced a series of pulses at the 

repetition rate determined by its cavity length. The laser output could be varied 

from 5600 A to 5900 A by changing the composition of the solutions. The wide use of 

the stagger -tuning principle often utilized in the rf region can be utilized to great 

advantage in ob taining spectral lines of enormous widths by the proper mixing of 

several organic dyes.(80) 

E. Optical Rectification Studies with Picosecond Pulses 

Optical rectification was first observed by Basset al in the form of an induced 

d.c. voltage across a crystal of potassium dihydrogen phosphate during the passage of 

an intense ruby laser pulse through the crystal.(81) Considerable difficulty is 

normally encountered in the unambiguous observation of the effect because of the 

short duration, low voltage signals produced which, besides requiring broad band and 

thus insensitive electronic equipment, must be distinguished from electrical noise 

from the laser and spurious pyroelectric and acoustic signals. The periodic pulsating 
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characteristics of pulse regenerative lasers allow the use of high sensitivity and 

selectivity of radio receivers in detecting the effect. The large signal -to -noise 

ratio available with such rf detection enables one to easily identify (and thus 

eliminate) spurious acoustic signals by their repetitive echo characteristics. In 

addition, signals from relatively slow effects such as the pyroelectric effect can be 

eliminated by detecting the microwave harmonics of the rectification signals. 

Harmonically rich electrical pulses generated in crystals of LiNb03 and KDP have 

been observed up to approximately 10 GHZ012 ) The experimental arrangement was as 

follows: The output of a Nd -pulse regenerative oscillator having a repetition rate 

of 275 MHZ was directed through crystals of LiNb03 or KDP either along or perpen- 

dicular to the Z -axis of the crystals. A flat -ended coaxial probe fixed against the 

surface normal to the Z -axis was used to sense the induced fields present at the 

surface. The rf signals were measured to be approximately 2 mV and were detected by 

a superheterodyne receiver having a 20 MHz bandwidth. 

The observed signals were recorded with a signal -to -noise ratio of up to 20 to 

25 db and followed the general features of the envelope of the laser pulse train. 

Signals were recorded at each harmonic frequency from 275 MHz to 9.076 GHZ and were 

limited only by the available equipment. The amplitude of the received signals 

followed the sin 2 A dependence as the angle 9 between the plane of polarization of 

the light and the x -axis of the KDP crystal was rotated. 

The broad band response of the optical rectification effects coupled with greatly 

increased sensitivity obtained with radio receivers and repetitive picosecond laser 

pulses suggest the use of the effects for detecting picosecond light pulses and for 

generating millimeter wave radiation. A unique characteristic of such a microwave 
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generating system would be its broad band passive generating element (i.e., the 

nonlinear crystal) whose operating frequency can be easily changed and precisely 

specified by adjustment of the laser cavity length. The upper frequency of the device 

is limited only by the harmonic content of the available ultrashort laser pulses. 

F. Optically Generated Plasma Studies 

Using the focused radiation from high -powered, Q- spoiled lasers, high- density, 

high-temperature plasmas have been produced in 
2 

p p p gases( 
ó3 88,E 

from solid surfaces 
9 -9 ) 

and single micron -sized solid particles.(93) The resulting plasmas have been 

employed in fundamental studies of radiation -matter interactions to excite high - 

temperature gas reactions, to produce extremely thin vapor- deposited coatings, as 

spectral sources for microanalysis, and the study of highly excited ions. The use of 

lasers permits the generation of plasmas with a wide range of composition, density, 

ionization, and temperature properties. Laser- generated gas breakdown plasmas can be 

produced with electron densities greater than 1019 cm-3 and temperatures exceeding 

100 eV. In the solid surface plasma plume, atoms in very high states of ionization 

can be obtained. A spherically symmetric expanding plasma ball can be generated by 

laser beam irradiation of a single solid particle. The plasma generated from the 

particle has a set of properties which makes it of particular interest for the study 

of the interaction of an expanding plasma with a magnetic field. Significant con- 

tainment of the laser - irradiated single particle plasma with low -intensity magnetic 

confinement has been achieved to date to indicate one usefulness of laser -produced 

plasmas. 

Bosov and Krokhin(94) calculated that laser powers in excess of 109 W were needed 

to heat a laser -generated lithium deuteride plasma up to a temperature at which thermo- 

nuclear neutron emission may be observed. Unfortunately, optical damage to optical 
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components resulting from such large optical intensities, made it difficult to carry 

out such experiments at that time. It was subsequently noticed that the power damage 

threshold increased with decrease pulse duration. The possibility of reaching 

thermonuclear neutron emission temperatures with high -intensity, ultrashort laser 

pulses presented itself when single picosecond laser pulses became available. 

The use of a Nd:glass single picosecond laser pulse generator in conjunction with 

5 cascaded 60 cm long amplifiers has resulted in the generation of 20 J of energy in 

10 -11 sec.(97) 

Preliminary results of the use of these high - energy, single ultrashort pulses in 

generating thermonuclear neutron emission from laser -heated lithium deuteride sur- 

faces have been reported by Ref. 97. A total number of 4 coincidence neutron detec- 

tions were reported in an experimental series of 14 shots. This number was calculated 

to be 20 times higher than the probability of obtaining accidental coincidence of a 

background pulse with the ultrashort laser pulse. 
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