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STATISTICAL PROPERTIES OF RADIATION 

W. H. Lowa etC 

Un.í.veJc4.í.ty o6 Sowthehn Ca,P.í,6onnia 

Introduction 

The quantum theory of noise plays a very important role in the 

laser and optical parametric oscillator. In these lectures we shall 

consider in some detail a damped harmonic oscillator as well as a 

rotating -wave van der Pol oscillator which describes a laser. 

We begin with a brief reivew of the quantization of the radiation 

field and the coherent state representation.1,2 This representation 

is especially appropriate for oscillators far above threshold since it 

shows the very close correspondence between the quantum and classical 

theory. 

The theory of damping will be presented from both the Langevin and 

reduced density operator viewpoints. When the system is a mode of the 

radiation field, the density operator in the coherent state representa- 

tion is a Fokker -Planck type equation. 

We shall present an elementary discussion of the optical parametric 

oscillator. 



312 

Outline 

Part 1 Properties of the Radiation Field 
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Part 1. Properties of the Radiation Field 

I. Equations of Motion 

A. The Schrödinger Equation 

The Schrodinger equation is Dirac notation is 

i h al ip (t)>= H (t)) (1.1.1) 
at 

where the Hamiltonian is Hermitian 

H = Ht. (1.1.2) 

When H is time independent, the solution of (1.1.1) is 

e 
t 

HT 
I 

V0 

This state vector is normalized to unity by assumption 

Oct) I ipct)>= 1 . 

(1.1.3) 

(1.1.4) 

B. Heisenberg Equation of Motion 

If pip is the probability of the system being in state 

and M is any system operator, the mean value of M is defined by 

h HT -i 
<M(t)> =X pli,V)(t) IM 'W)> = pip 4(0) e Me h 1*(0)> (1.1.5) 

where 

(1.1.6) 
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Here, (4)(0I14I*(4 is a quantum ensemble average when the system 

is known to be in state p while the second average over states 

is due to the classical like uncertainty in the state. 
If we define the Heisenberg operator as 

then 

1-71 HT HT 

MH(t) =e M e 

(1.1.7) 

<M(t)> = L plp 41)(0) MH(t) *(0)> (1.1.8) 

From (1.1.7) we see that 

i Ht 
.i 

Ht 1 Ht -1 Ht 
ih dMH(t) 

= eh 
Me 

ti 
H - He 

h 
Me h ` MH(t), H (1.1.9) 

dt C 

which is the Heisenberg equation of motion for the operator 

in the Heisenberg picture. 

C. Density Operator Equation of Motion 

We have that 

Iu><7 I lui 

To prove this we may use any complete set of states such 

that 

I 
n> = 1 

Then 

Tr I = 
lu> i In> (v In) <T.' = <v Iu> 

n n 

(1.1.10) 

(1.1.11) 



This result allows us to rewrite (1.1.5) as 

<M(t)>= Tr {M 11)104)(0)6 (t) I} (1.1.12) 

We then define the density operator P (t) in the Schrödinger 

picture by 

p(t) = 54) 
i 
* (t)i ¡, (t) I 

so that 

(1.1.13) 

M (t) = Tr M p (t) (1.1.14) 

M and p(t) are both in the Schrödinger picture. 

If we use (1.1.1) and its adjoint, it follows from (1.1.13) 

that 

ih.á.R = GP* (ihall4t):4(t)I + 4(t)I} 
at 4) at at 

= 1P 11){1114)(t)> <4)(f)1 -I4)(t)>0(t)IH } 

P (03 

which is the equation obeyed by the density operator. Again if 

H is time independent, the solution is 

hHt h 
- Hf 

P(ti) = e P(0) e =C 134) I 1400(t) I 

Therefore, by (1.1. 3) and its adjoint we see that 

P (o) = P IiP(0) 4(0) 

(1.1.16) 

(1.1.17) 
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Furthermore, by (1.1.10), (1.1.6) and (1.1.4) we see that 

Tr p(t) = 1p4C(t)I11)4 = X =1 

We note next that 

Tr AB =Tr BA 

This follows if we use (1.1.11): 

Tr A B = X nIA BIn, _ 

= 
nL \mIB 

In) <mIB IAI_ Almj 
, / 

= Tr B A Q.E.D. 

By (1.1.14), (1.1.16) and (1.1.17) we see that 

Ht h Ht 

KM(t}) = TrM p(t) = Tr Me p(0) e 

H 
k 

H 
= Tr e Me p(0) = Tr MH(t) p(0) 

Therefore, traces may be evaluated in the Schrödinger or 

Heisenberg pictures. 

(1.1.18) 

(1.1.19) 

(1.1.20) 

II. The Harmonic Oscillator 

A. Quantization of the Radiation Field 

The radiation field without sources may be described 

classically in mks units by the vector potential A (r,t) which 

obeys the wave equation 

V2 L (r, t) = 1 a2,k 

c 2 at2 

(1.2.1) 



The electric and magnetic fields are 

É (r,t) = - 
"57 

B (r,t) = curl A 

We may expand It in the form 

= 1 qk (t) úk (r) 

/rc- o 

where 

d 2 =0 
wß 

dt2 

2 

2 ú ß 
(r) yok u 

Q (r) = 0 

c 

(1.2.2) 

(1.2.3) 

(1.2.4) 

(1.2.5) 

When we solve (1.2.5) in a cavity with perfectly conducting walls, 

we obtain a set of normal modes. The qt(t) give the amplitude of 

the i -th mode and obeys the equation of motion of a simple harmonic 

oscillator. If we define 

pt (t) = 
dq 

then the electric and magnetic fields become 

É(r, t) = -1 X pt (t) út (r) 

£ó Q 

B(r,t) = 1 q (t) curl u (r) 

)470-- Q 

(1.2.6) 

(1.2.7) 

(1.2.8) 
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so that p2(t) determines the electric field and Mt) the 
magnetic field. 

The normal modes of (1.2.5) are othogonal and normalized 

to unity: 

Ç(:). f ú ú() dca. 

cavity 

The energy of the field in the cavity is 

2 

H =.16 r E (r, t) +21 B2 (r, t) J dr 

cavity Po 

(1.2.9) 

1 ( 2 p, + wt 2 qt 
2, 

(1.2.10) 

e 

which follows from (1.2.7) - (1.2.9). We may therefore 

visualize the electromagnetic field energy as residing in an 

infinite set of fictitious harmonic oscillators, one for each 

mode: 

To quantize the field, we merely quantize the oscillators. 

We assume pi and qi are Hermitian operators which obey the 

commutation relations 

[qt, pm = ihdQm 
(1.2.11) 

If we introduce the linear combinations 

a 
=(wg + ip) q 

=fig 2 (at + a) 
W 

or (1.2.12) 

at = 1 (wq - ip) 
FhW (at - a) 

p = i 2 
2hW 

for each mode, 

t 

it follows from 

=ô 

(1.2.11) that 

[a2,, m ] (1.2.13) 



The Hamiltonian operator (1.2.10) then reduces to 

H= hw C aQ, a, + 2 (1.2.14) 

B. Eigenvalues and Eigenvectors. Orthogonality and Completeness. 

If we restrict ourselves for simplicity to one mode, the 

Schrödinger equation (1.1.1) becomes 

t 
ih á Iip (t) >: hw. a a + 1 14)(t) 

at C 2 

Since the Hamiltonian is time independent, we may separate 

variables. Thus, if we let 

l Et 

WO= e h I V°)i 

we obtain the eigenvalue equation 

(1.2.15) 

(1.2.16) 

kw at a + 1 I , (0)) = E I,p (0)) (1.2.17) 

C 
where E is the energy eigenvalue. 

Since (ata) t= ata, this operator is Hermitian and has real 

eigenvalues. We may write this as 

ata n' ) = n' In) (1.2.18) 

where we label the eigenvector by the corresponding eigenvalue. 

To solve, we note by (1.2.13) that 

or 

Ea'a] 
= a Lat, 

at l _ -at (1.2.19a) 

t t t t t t aaa=a(aa- 1); a a a =a (a a + 1) (1.2.19b) 

If we use these to operate on , we have by (1.2.18) that 
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ata {a In }_ (n' - 1) {a 
ln> 

} 

ata {atln '> }= (n' + 1) {atln >} 

Therefore, if 
In' 

is an eigenvector of ata with eigenvalue n', 

then aln ' 
\is 

also an eigenvector of ata with eigenvalue n' - 1 

while a 
tln/ 

is an eigenvector with eigenvalue n' + 1. We may 

therefòre proceed to generate an infinite set of eigenvectors 

and eignvalues from the assumed original one: 

I n') a m ' > 

In 

n' 

n' - 1 

atln 
n' + 1 

a2InI. 

n' - 2 

at n) ) 

n + 2 

We next show that n' = 0, 1, 2.... The length of a vector 

must be positive. Therefore, 

(n'In/ 
>0 

If the equality holds, then 
In/ 

= 0 which is uninteresting and 

trivial. Therefore, (n` n) >O. Next, the length of aln 
/ 

is 

(n' I ata I n> = n' ( n' I nI > 0 

where we again used (1.2 .18) and the fact that (aIn, )t =(n' I at . 

Since (n'InI > 0 , then n'< 0. Therefore all of the real 

n' must be non -negative. But, if n' is not zero 

or a positive integer, then eventually the generated sequence 

n', n' - 1, n' - 2,...will go negative. Therefore n' must be 

zero or a positive integer. 



To normalize the vectors, we write 

alt = C 
n ln 

- 

Then 

( 

If we require that 

<nix> =1 

¡ n - l l n - 1 = 1 

then aside from a trivial phase, c 
n 

= / and we have 

a l nI =mil n - 1` (n = 0, 1 2...) (1.2.22) 

In a similar way, we see that 

atln) =177-T-T In + lI (1.2.23) 

and 

at al nI = nl n 

and the energy eigenvalues are 

E 
n 

= hA n + 1 

It follows from (1.2.23) by repeated application of at 

to the vacuum or ground state 10 that 

atQ 
10%= lQ /CT > 

(1.2.24) 

(1.2.25) 

(1.2.26) 
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If the field is in the energy eigenstate In with energy 

En = hw(n + 1 we may say that the cavity has n units of excita- 

tion hw. Eac unit of excitation may be called a quantum or 

photon and then one says there are exactly n photons in the cavity 

of energy kw. When a operates on l) , we have the state In - lI with 

one, less photon. We say that a "annihilates" a photon. Similarly, 

since at to = ATTT In + 
1 

, at "creates" a photon. 

It As not difficult to show that the photon eigenstates are 

orthogonal 

Cn 
pn> = 6 m 

and complete 

c° I1JCn _1 
G \ 

n=0 

where 1 is the identity operator. 

C. Heisenberg Equations of Motion 

The Heisenberg equation of motion for a(t) is 

ihda = Ca, J = h+, at = hwa 
dt 

where we used (1.2.14) and (1.2.19a). The solution is 

a(t) = e -iwt a(0)_ 
eiwtata ae- iwtata 

where the last form follows from (1.1.17). Similarly, one 

finds that 

at (t) = eiw t at (0) = eiwta*a 
ate-iwtata 

III. The Coherent State 

A coherent state I) may be defined as an eigenstate 
of the annihilation operator a 

(1.2.27) 

(1.2.28) 

(1.2.29) 

(1.2.30) 

(1.2.31) 



a Ia = a aI (1.3.1) 

where a. is a complex number. 

To solve (1.3.1), we note that since the states In are 

complete, we may expand la as 

co co 

l a = G 
I n <n > c In 

n=0 n=G 0 n 

where 

c 
n 

la) 

If If we use (1.2.22)and 1.3.1), we see that 

a la = ñ en a In) = X In - lI 

= G _ a cc 

n=0 
cn 1 n+ 1 I n - 

n=0 
en 

Therefore, cn satisfies the difference equation 

or 

or 

cn + 1 cna 

n + 1 

cl =a co 
; c2 =a cl = a 2co ; c3 = coa 3 

n 
c 
n 

= coa 

so that 

(1.3.2) 

(1.3.3) 

(1.3.4) 

(1.3.5) 

(1.3.6) 

I 

ci. = c E 
n 
a 

0 !^ I n (1.3.7) 
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We choose c 
o 

so that 
Ia) 

is normalized: 

I co l 2 1ri 
0 

<nlf;iTLI 
> 

- lcol 2 j l? n_ 
2 

IaI2 
n e 

n: 

We have used (1.2.27). Thus, aside from a trivial phase 

n ¡ 
c = e an 

n \ 
)577 

so that the eigenstate of a is 

\ aI2 Ian In> I O Fr- 
If we use (1.2.26), we have 

2I- 2 tn 
\\ a ) 10) 

(a/ = e 

or on summing, the coherent state may be written as 

- 2 
2Ia I 

et at ` e l0I la) =e 

(1.3.8) 

(1.3.9) 

(1.3.10) 

We also have the adjoint relation 

(alata* 4I (1.3.11) 

If the field is somehow excited in a state 
I 

a, we see that 
the average number of photons is 

4IataI> = 
2 (1.3.12) 
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while 

If the fields in a cavity are expanded in plane waves, then 

we have for the electric field 

C` w i(k .r-w t) -i(k .rw t) (1.3.14) 
E (r,t) =1 LN Q a e Q k taQe Q 

2 Q 

EO 

which is an operator. If each mode is in a coherent state,the 

mean value of the field is 

<a a ... É (r,t) a a .. = I hw ra el(k 
.r-wt)+ c.] (1.3.14) 

\\ 1' 2 1) 2) kLk 
2 

E 
o 

Therefore, the mean value of the field looks like the classical 

field. One of the most useful properties of the coherent state 

is that it has such a strong formal connection with the classical 

field. When the field is highly excited and therefore essentially 

classical, this representation gives the classical limit very 

simply. In the ) representation, this correspondence is very 

obscure. 

The coherent states form a complete set in the sense that 

J I aX*12.2 = 
Tr 

(1.3.15) 

where d2 a= d (Rea) d (Ima) and the integration is over the 

entire complex a- plane. We may show this by taking the n,m 

matrix element of both sides of (1.3.15) and using (1.3.8) 

and its conjugate. 
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? 

aI J d a= . < > Snm 

f 
then -aI2 

a 
n 

d2a = e-r2 
rn + m 

r dr 

J nm. ,/ n: m: 

2n 

el(n.111 )(1) 

' e-r 
o 

2 rn + m+ 1 
dr 26 

nm 
n.m. 

co 2 

CO 

r2n 
2r dr = 

nm e uundu= Snm 

n! n! 

We let a= re and d2a = r dr d4 in the above. 

The coherent state is also a minimum uncertainty wave 

packet state. From (1.2.12), (1.3.1) and (1.3.11), we have 

(AP)2= P2 - ) 2 = 

(Aq)2 = ( (44c1) 
2 

2W 

so that 

Aq pp = h 
2 

which is the minimum uncertainty. 

2 (1.3.16) 

(1.3.17) 

IV. Ordered Operators 

A. Normal Order 

Let us consider any function M(a,at) defined by a power 
j 

series in a and at. If we use the commutation relation 
La, 

at J = 1, 

we may convert the power series into a new series in which in each 

term all annihilation operators appear to the right of all creation 

operators: 
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M(a,at) = Mrs aras EM(n) (a ,at) (1.4.1 
r,s 

In this case the function is said to be in normal order 

and we indicate this unique ordering by a superscript n. 

If we now take the diagonal matrix element of both sides 

of (1.4.1) in the coherent state, we have by (1.3.1) and 

(1.3.1) since 1. 

(a M(a,a 
_(n) 

Mrs a 
*r 

s EM (a, a *) 

= (aIM'(aat)k) (1.4.2) 

That is, the diagonal matrix elements of M(a,at) in the 

coherent state representation 
( 
defines a function of the 

complex variables a and a , M (a, a ), which is uniquely 

associated with the operator M(n) (a,a t). To recover the 

operator if we are given the normal associated function 
M(n) 

(a,a ), we define a normal ordering operator ruby means 

of 

* 
n{ M (n) (a, a ) } = M(n) (a,at) = M(a,at) (1.4.3) 

That is, we replace a by a, a by at and write each term in 

normal order. 

As an example of how normally ordered operators are 

useful, let us evaluate the trace of M(a,at). If we use 

the completeness relation (1.3.15), we have 

Tr M(a,at) = Tr f M(a,at) 
I IC Id2a 

= fCIM(a,at)Ia d2a = lf M a (n)(a ) d2a (1.4.4) 

Tr 

That is, the trace may be evaluated by integrating the 
normally ordered associated function over the complexa -plane. 
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There are many techniques available1 for putting functions 

into normal order which for brevity cannot be considered here. 

B. Antinormal Order 

If P(a,at) is any function of a and at defined by a 

power series, we may in principle use the commutation 

relations to reorder the operators so that all creation 

operators appear to the right of all annihilation operators. 

The operator is then said to be in antinormal order and we 

have 

p(a, at ) = 
Lp rs arat s= P(a) (a' at ) 

rs 

We define the antinormal associated function as 

_(a) *s 
P (a a ) = P r sar a 

r,s 

(1.4.5) 

(1.4.6) 

where the expansion coefficients 
rs 

are identical with those 

in (1.4.5). To obtain this function, we put p(a,at) into 

antinormal order and then replace a by a and at by at . We 

then define an antinormal operator A by 

J` 
A {p (a (a,a )} p(a) 

(a,at) - 
p(a,at) (1.4.7) 

C. The P- Representation 

We may also evaluate the trace of p in antinormal order. 

If we insert the completeness relation (1.3.15) between ar 

and ats in (1.4.5), and use (1.3.1) and (1.3.11), we obtain 

p(a,at) = 
prsjar Ia C 

Iats 
dá 

rs 

= jC P araks 
I`aI 

d2a 
rs rs \ 

(1.4.8) 



or by (1.4.6) we have 

\ 
p (a, at ) = (a) 

(a ,a * ) l a a ) dá 
2 

= A 
(a)(*)} 

(1.4.9) 
7T 

This is essentially the density operator expressed in 

coherent state representation. Glauber2 has called this 

the P- representation. The expansion "coefficient" is 

just the antinormal associated function for p(a,á ). 

Since 

Tr (a (oci = (a1a) = 1 
\ 

We therefore see that 

Tr p (a,at) = fF(a) (a,a*)- 

Again, the trace may be converted to an integral of the 

antinormal associated function over the complex a- plane. 

It therefore follows by (1.4.4) and (1.4.10) that 

f p(n) (a,a*) da = fF(a) (a,a*) da 

However, 

7 (a) (a,a*) # p (n) (a,a*) 

(1.4.10) 

(1.4.11) 

If we let p be the density operator and M any function of 

a and at, the mean value of M is 

CM> 
= Tr pM = Tr p(a) (a,at) M(n) (a,at) 

rskl prs Mkl 
Tr a 

r 
a 
ts 

a 
ik 

a 
1 

rskl pks Mkl 
Tr a 

1 + r 
a 
t)k+ s 

= L M al + r a* k+ s 
rskl pks kl 
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* -(n) * 2 

fs(a) (a, a ) M (a, a) da (1.4.12) 

Here we have used (1.4.1, (1.4.5) and (1.1.19) and the 

fact that al 
+ r 

(a 
t 
) 

k + s 
is in normal order. Alternatively, 

we may show that 

(my, 
* -(a) * 2 jp(n) («, a) M ( a, a) d 

n 

If P is the density operator which is a function of a 

and a 
t 
given in the P- representation by 

P(a,at) =I[(a) ( a a ) Ada 

where 

\ 
1)41 e-aa 

* 
eaa 

t 

(0I Ieaa 

we shall later need to express polynomials multiplied by 

p in the P- representation. We proceed as follows 

ap(a,at) =fa 
p(a) 

(a, a*) Ada 

(1.4.13) 

(1.4.14) 

(1.4.15) 

(1.4.16) 

Ir 

This follows from (1.4.14 and (1.3.1). Since A = At,P = Pt 
we see that the adjoint of this is 

j * * 2 p(a,at) at = a 
P(a) (a,a ) A da (1.4.17) 

Next we show that 

(a) * 

p(a,at) a = jnd& a- a p (a,a ) 

71. aa 

To prove this, we note that if we consider a and a 

as independent variables, we may write 

-a á (eaa Aa = e 4(d ea 

r 
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= a + a 
Da* 

Then 

p a .1.--(a) (a + a 1 A da 
aa * Tr 

If we integrate the second term by parts with respect to 
* 

a we have 

p a = jarr(a) A da + j F-(a) (a,a 
* 

) A 
Tr Tr L p - 

- jA _a P (a) (a, a*) dada* 
aa* Tr 

Since p must vanish at *°° to be a valid density operator, we 

have 

Pa = jA dá a - a v(a) (a,a*) 
Tr i 

If we take the adjoint of (1.4.18), we have 

2 * 
a p(a,at) = jA da 

(:* 
- a 7 (a) (a,a ) 

Tr 3a 
(1.4.19) 

By proceeding in this way, we may establish all the following: 

afta p = j Ada [a*a 
- 

a*a - 

L 

aa* - 

(a) 

* 
+ as 

Da P(a) 

a* 

p 

a 

a - 

(a) 

(a) 

a*+ a2 p(a) 

(1.4.20) 

(1.4.21) 

(1.4.22) 

(1.4.23) 

(1.4.24) 

Pata = jAdá 

paat = jAdá 
C+ L 

ápat = jAdá aa* 
Tr 

t 2 a pa = jnd« 

Tr, 

Tr 

A 

r 

as 

a 

Da 

a 

Da 

- a 

as as aaaa 
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Part 2. Quantum Theory of Damping 

I. Langevin Equation for Damped Harmonic Oscillator 

A damped harmonic oscillator is described by the 

Hamiltonian 

HT = H + R + V 

where 

H = hw 
c 
at a 

R = G hw.b. 
t 
b. 

J J J J 

V = h G ( b.at + b .*b.ta) 
J J J J J 

(2.1.1) 

(2.1.2) 

The reservoir, R, is taken as a huge collection of harmonic 

oscillators which might be the elastic vibration modes of the 

atoms in the cavity walls. The b.'s satisfy the usual boson 

commutation relations 

t = [bbk d 
jk (2.1.3) 

The reservoir is assumed to be in thermal equilibrium at 

temperature T described by the Boltzmann distribution density 

operator 

-ßR -A. X- b tb 

fo(=e _=J (1- e J) eJ J J 

Tr e 

where 

ß = 1 ; aj - 
kT 

kw 
j 

kT 

(2.1.4) 

(2.1.5) 

The reservoir is so large we neglect the effect of the system 

and assume it always is in equilibrium. 
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The Heisenberg equations of motion are 

dt ih [' HJ = iwca- iG Kb 
J J J 

db. 

Lb, H = i, b - K 
k ] J J J 

We may write the formal solution of (2.1.7) as the 

integral equation 

(2.1.6) 

(2.1.7) 

-i wt , 

b (t) = b.(0) e J - iK .* 
I t a(e) 

eiw 
J 
(t -t)dt' (2 .1.8) 

J J J o 

and substitute it into (2.1.6) to obtain 

ddtt) a(t) - X l i d 2 
J o 

iw.(t'-t) 
a (t' ) e J dt' 

-iw t 
K 

J 

(0) e 

J 

Note that since a(t) and bj(t) commute, (2.1.6) and 

(2.1.7) behave like c- number (or classical) equations. 

Let us next remove the high frequency behavior from this 

equation by the change of variable 

(2.1.9) 

-iw t 

a(t) = A(t) e c ; a(0) = A(0) (2.1.10) 

Then (2.1.9) becomes 

t i(w. - WC) (t' - t) 

dt 
K I2 ( A(e) e dt 
J 

á 

+ F (t) (2.1.11) 
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where we have let 

F (t) E -i X K. b(0) e-i(wj - wc)t 

j 
j j 

(2.1.12) 

If we interchange the order of summation and integration, 

the first term on the right of (2.1.11) becomes 

=- f A(e) { GIK I 

e 
2 

l(wj 
- wc) (t' - t) 

I at' 
o j 

J 

The reservoir oscillator modes, characterized by frequency 

wj, are distributed over a continuous range of frequencies 

with density g(wj). We may therefore convert the sum to an 

integral and obtain 

(2.1.13) 

t i(w.-w ) (t'-t) 
(wj) I2 g(w.)e J c dwj } (2.1.14) 

o 

In the integration over w,, the frequency dependent coupling 
J 

coefficient IK(w)I2 is positive as well as the mode density 

g (w.) and both are slowly varying. The exponential oscillates 

rapidly except when 
J c. Therefore, the main contribution to 

the integral is in the range w. = we and we may remove the slowly 

varying factors. Therefore 

t wc) (t' - t) 

I= - f de A(t' ) g(w c )1K (wc) I f e J dt' 
o - 

t 

_ - f dt' A(t') a6 (t' - t) 

o 

= - Y A(t) 
2 

where we let 

(2.1.15) 

Y= 27r g(wc)1K (w) I 2 (2.1.16) 



Equation. (2.1.11) then becomes 

dA(t) 
= Y A(t) + F (t) 

dt 2 

(2.1.17) 

The 
2 

term is a damping term caused by the interaction with 

the reservoir. Energy in the cavity is dissipated in the 

bath. 

The F term represents a driving term as far as the oscillator 

mode is concerned and is due to the reservoir. The reservoir 

introduces fluctuations into the system. We have here the 

essence of the fluctuation- dissipation theorem although it is not 

yet precisely stated: Whenever there is damping there will be 

fluctuations. A precise statement will give a connection between 

the damping constant, y, and the fluctuating "force," F(t). 

Equation (2.1.17) is a Langevin equation for a damped har- 

monic oscillator and has exactly the same form as the classical 

Langevin equation for Brownian motion in a one dimensional fluid. 

We may obtain a great deal of statistical information about 

the damped oscillator from the Langevin equation (2.1.17) and 

its adjoint 

dAt t t 
- Y A + F (t) 

dt 2 

The solution may be written as [we use (2.1.10) and its 

adjoint] 

- t t 
2 + f Ft (t' ) e2 At (t) = at (0) e (t' 

t) 
dt' 

o 

(2.1.18) 
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_ Y i (w -w ) t - [Y+i (w . -w ) ] t 
= at(0) e 2 t+ i K* b (0) e J C{1-e 2 J c 

j J J 

2 + 
i(w 

j -wc) 

= u'4) at (0) v* (t) bt. (0) (2.1.19) 
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One may easily verify that the commutation relation 

[a(t) , 
at(;_i 

E [(t), At(tl = 1 (2.1.20) 

under the same approximation that g(w)) K(w)) 2 is 

slowly varying. 

The fluctuation spectrum is defined by 

00 

= e 
\\ 

°° -i (ww - ) t -Rot 

Kt 
(t) a(0I dt = f e c \At(t)A(0)> dt (2.1.27 

where the correlation function is 

K t (t) = CAt(t) A(0> = TrR,SAt(t) a(0) S(0) fo(R) (2.1.22) 
A A 

S(0) is the initial system density operator and fo(R) is 

the reservoir density operator. Therefore, 

(At(t) A(0) = TrRS 
C 

(t) at(0) + v (t) b(0o 
J 

However, 

TrR 
bt e 

abtb 
= no <n lb 

e-abtb n) 

-Xn 
n=o e n + 1 in + 

= 0 (2.1.23) 

by the orthogonality relation (nlm) = Ste. From this we easily 

see that 

K 
Ft(t), = TrR fo(R) Ft(t) = 0 

Therefore, 
- t 

KAtA (t) = 
Kßt(t) 

A(0 = e 2 TrSat(0)a(0)S(0) 

since TrR fo(R) = 1. 

(2.1.24) 

(2.1.25) 
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The above correlation function is defined for t> 0, 

yet in fh we must integrate over negative t as well. We note 

that the A t(t) represents a stochastic variable. If the process 

is stationary, K must depend only on the time difference t and 

therefore we must have that 

K(-t) = K(t) (2.1.26) 

For all t, we must therefore take 

I 

ti 

KA tA(t) e 2 
at 

(0) a (0) S C 
(2.1.27) 

so that the process is irreversible for t < 0 as well as 

as for t > O. We have let the initial mean number of photons 

in the field be written as 

t(0) a (0)) 
S 

= TrS at (0) a (0) S (0) 

The fluctuation spectrum / becomes 
- i(w-w )t - t 

I f°°e c 2 
Katco) 

(0) ( S 

= Y t (0) a (0) 
S 

(w'wc 
) 

2 2 

+ 2 

(2.1.28) 

(2.1.29) 

which shows that the fluctuation spectrum is Lorentzian with 

half -width Y and centered at w = wc. 

The intensity spectrum is 

°°e-iwtdt (t(0) 
at t a t a 0 2.1.30 ! O (t) O ( ) 

03 

From (2.1.19) and its adjoint we have 
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C t( 

Since 

and 

) a t(t) a(t) a(0) = TrR, S{ foSa (0) Lu(t)a(0) t 

b.t (0) y *(t) x(t) a(0) + bk(0) vk(t a(0)} 

fi fi 

Tr b t e-a b= 
Trbe-1 

b b= 
0 

Tr bj bk e-ßR 

where 

Tr e-ßR 

1 

X 

e -1 

= 
Jkn] 

it follows that the intensity correlation function becomes 

Cat(0) at(t) a(t) a(0» = e 
-at 

(a t2(0) a2(0 

+ G I vi (t) I?n) <at(0) a(0 

where 

(2.1.31) 

(2.1.32) 

(2.1.33) 

(2.1.34) 

(2.1.35) 

(at(0) a(0)I = TrS S(0) at(0) a (0) (2.1.36) 

Cat 2 (0) a2 (0) = TrS S(0) a 
t2 

(0) a 
2 
(0) (2.1.37) 



Also 

(t)I2nJ - Idwj (w.7)g(w K (w)2 
j 3 o 

Y-t 
[i+e_ït - 2e 2 cos (w . -w )] c 

2 w 2 

2/+ ( k 
c) 

Since the integrand is strongly peaked at w. = (.0 

c 
, we may remove 

the slowly varying terms from the integral and extend the lower 

limit to - °° so that 

I=n( 1c) g( ((id I K( 
c) 

1 

2 

Since 

2 

(-2Y) 

'cos x t 

1 

l2 ' x2 +2/ 
dx 

--Yt 

dx [1 + ^ Yt 2 

2 2 
x 

2,, e 

Y 

then with the aid of (2.1.16) 

I = 
_ 2 

n 1 - e-Yt 

Therefore, (2.1.35) becomes 

-Y- t 
2 

(at(0) at(t) a(t) a(0)j = e Y (t <at2(0) a2(0+ n 

2 

1- e- Y It (at(0) a (0) j 

(2.1.38) 

(2.1.39) 

(2.1.40) 

(2.1.41) 

(2.1.42) 

339 



340 

so that the intensity spectrum (2.1.30) is 

- 2Y 
4t2 

(0) a2(0 

I (w) 2 2 
Y + 

+lat 
(0) 

a (0 n {27r 6(w) 42Y 2+ 4 2 21 \ 
Y + w w + (2Y ) 

(2.1.43) 

which is the sum of two Lorentzians centered at w= 0 and 

half widths y and 2y, respectively, plus a 6- functions at 

w= 0. At absolute zero, ñ -- 0 and we are left with a single 
Lorentzian. 

The photon number spectrum is 

re-iwt dt t(t) a(t) at(0) a(0) - (00) a(0 2 Y 

w 2 + Y 2 

+ ñCat(0)a(0 { 21,r6 (w) - 42 2 + 
w +Y w +Y 

From the explicit form of the random "forces" F and F , 

we see immediately that the two time correlations 

( F (t1) F (t2;) = TrR fo (R) F (t1) F (t2) = 0 

(Ft(t1) Ft(t2)) R = TrR fo (R) Ft(t1) Ft(t2) = 0 

since 

(b.bk) = 0= R\ bk t 
\ 

However the cross -correlation function 

K (t -t ) = 
t 

4t(t1) F(t =2) j K K b 
(0 k C] 
)b> 

A A \ 

(2.1.44) 

(2.1.45) 

(2.1.46) 

el Pi-wc)t1-(wk-wc)t2 
= /1K, 

2- i(w e 'w c ) (t I ̀ t ) 2 (2.1.47) 
3M 

n 
J 
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which is a function of the time difference t1 - t2 only. 

Similarly, since 

03. 0) 
bk(0)) R = (nj + 1) Sjk 

we see that 

(2.1.48) 

AK At(ti - t2) = (Ft(ti) F t (t2)i R = 1 1 K, 1 2 (1 + IT.) 
] 

e-i (w.-wc) (t1 - t2) (2.1.49) 

Clearly, asI t1 - t2 ; ',both these correlation functions 
must vanish since the forces become uncorrelated. Let T 

c 
be the 

correlation time over which these functions have a finite value. 

Let us multiply both sides of (2.1.47) by dtl dt2 and integrate 

from t to t + At where At» Tc. Then, 

t +At t +At 
c 1 

2 D 
AtA= 

dtl f 
dt2 Ft(tl)F(t2) »At GK.I 

2n. 
J 

4 sin2 1 (w. - w ) At 
2 J c 

(w. 
-wc)2 (At)2 

4 sin2 
2 

(w -w) At 
] 

(w . - w 
c 
)2 At 

00 

- f g(w) I K (w.) ñ (wj) 
o 

(2.1.50) 

The integrand is strongly peaked at (wy.:.7; wc) when At» TC. We 

may remove the slowly varying terms and extend the lower limit to 

so that 

2DÁA= 
2 

n (Wc)Q2tfcc sin2Otx) dx (2.1.51) 

x 
2 

where we used (2.1.16) and let 2x = w. 
J 

- w 
c 

in the integral. Since 
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OD 

Isin ptx 
dx = nOt = 2 

x 

(2.1.52) 

t + At t + At 

A 
2D =Y ñ(WC) = 

1 

f dtl f dt2 NFt(t1) F(t2)>R (2.1.53) 
t t 

Without loss of generality, we may therefore take 

(Ft(t1) F (t2)) = 2D d(tl - t2) __ y ñ ô (t1 - t2) (2.1.54) 
AtA 

to be 6= function correlated as far as the system variables At and 

A are concerned. At >) Tc but pt <(Y -1, the system "slow" relaxation 

time. That is, the reservoir correlation time is essentially zero 

on a time scale in which the system changes significantly. 

If we integrate both sides of (2.1.54) over dT(t1 -t2 =T) from -00 

to +co , we have 

Y= ñ J. FAt(T) F A(0)> dT (2.1.55) 

which is a form of the fluctuation - dissipation theorem. It 

relates the damping to the reservoir induced fluctuations in the 

system. 

Similarly, we may show that as far as system variables A and 

A t are concerned the correlation function 

F (t1) F 
t 
(t2)/ = 2D ö(tl - t2) = Y(n + 1) 6(t1 - t2) 

` (2.1.56) 

also has zero correlation time. Note that the diffusion constants 

D # D t. Recall that D = D t = 0 from (2.1.45). Classi- 
AA AA AA AAt 
cally, we would have that D = D . 

AAt AtA 

Let us consider next the Langevin equation for the photon 

number operator A tA. If we use (2.1.17) and (2.1.18), being 

careful about order, we have 

t 

át AtA = At d + 
dA 

A = -Y AtA + At(t) F(t) + Ft(t) A(t) 

(2.1.57) 



Note that in the Langevin equation (2.1.17) that 

<d 
dt A)R L 

2 
(A) 

R 

since ( FR = O. In (2.1.57) we have a new Langevin force 

F 
t 

(t) = At(t) F(t) + Ft(t) A(t) 
A A 

(2.1.58) 

whose reservoir average is not zero. We would like to incor- 

porate <F 
t / 

into the mean motion and obtain a new random force 
AA 

with mean equal to zero. 

We evaluate 0 t 
R 

by two different methods. 
A A 

Method 1. 

We use (2.1.19) and its adjoint and write (2.1.58) as 

- j t t(t' -t) 
0 

t 
(t)) R 

= <Et (0) e + ó F (t') e dti F(t))R 
A A 

[a(0) 

- Zt t 2 (t' -t) 

+ <Ft(t) e + f F(t') e dtj>R (2.1.59) 

Since <F)R = OR = 0, we are left with 

t -1W-t) t t F (t)> _ e {IF (t') F (t) + F (t) F(t' )) }dt' 
AtA R 

(2.1.60) 

Since the forces are ö - correlated, we have 

Y2 (t'-t) 

FAtA ( t )) = 
f 

e 

o 

= 2D =Y 
A A 

We therefore have for (2.1.57) 

6W-t) 2 (D + D dt' 

AtA AtA 

(2.1.61) 

(2.1.62) 

343 
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whose solution is 

<afi(t) a(t)>R = KAf(t) A(t)) = e-Yt 
`afi(0) a(0)> R+ ñ(1 - e-Yt) 

(2.1.63) 

Note that as t - 00, the mean number of photons in the cavity 

comes into thermal equilibrium with the reservoir 

<at(t) 
a(t)R--) 

ñ - 
t-440 

1 

ehwikT-1 

We take as our new Langevin equation (2.1.62) 

t 

dt AtA=- Y A A + Yn t lA A 

Where the new random force is taken as 

t A 
= AtF + AFt - Yñ 

QQA 

since then 

(2.1.64) 

(2.1.65) 

(2.1.66) 

(2.1.67) 

Physically (2.1.65) is a rate equation. The change in the number 

of photons per second is the decrease due to loss into the reservoir 

which is proportional to the number present plus the increase in the 

number coming from the reservoir. The random force is respon- 

sible for the fluctuations. 
AtA 

It is left as an exercise to the reader to evaluate the two time 

correlation function <CtA(t1) aAtA(t2)> R. 

Method 2. 

( t 

CF t (t)> - <At(t) F (t) + Ft(t) A (t = < IAt(tc) + 
A A LL 

c 

t 
[1.1 

t 

ds ds F (t)) R+ Ft(t) (tc) + I ds>R (2.1.68) 
t 

c 
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where t - tc = e is small. We may verify directly that 

(At (tc) F (t)>R = 0 (2.1.69) 

which is just a statement of the Markoff approximation, viz., 

that .a system operator is uncorrelated with the random force at 

a later time, for otherwise the system would develop memory. In 

the Markoff process, the future is determined only by the present 

and not the past. Therefore, (2.1.68) becomes 

t 

\F t (t7 R f 
VdAtds 

F (t1 R + \Ft(t) )R}S 
A A t 

c 

[KFt(s) F (t)>R + <Ft(t) F(s)>R ds 

c 

t 

= f 4 D t d(t s) ds 

t 
c 

AA 

= = 2D 
AtA 

(2.1.70) 

which agrees with (2.1.61). We again used the Markoff approxi- 

mation. We may then write the Langevin equation as 

dt 
AtA=- yAtA+yn+l 

rA A 

where 

t 
A A 

t t 
= A (tc) F (t) + F (t) A (tc) 

(2.1.71) 

(2.1.72) 

and the tc <t. By the Markoff approximation < 
fi 

) = O. 

A A 

II. The Reduced Density Operator 

A. Arbitrary System 

Consider a system described by a Hamiltonian, H, a reservoir 

described by a Hamiltonian, R, and a weak interaction between the 
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system and reservoir V. The density operator for the system and 

reservoir, p(t), in the Schrodinger picture satisfies the equation 

i h 
[H+Rv, p] 1 

(2.2.1) 

In general, we are interested in mean values of a function, 

M, of the system operators only. This is given in the Schrödinger 

picture by 

(M(t)) = TrR,S M p (t) = TrS [M TrR p(t] (2.2.2) 

where we have traced over both the system and reservoir. From this 

we conclude that we never need all the information contained in 

p(t) but we only need the reduced density operator for the system 

defined by 

S(t) = TrR p(t) (2.2.3) 

where we trace p(t) over the reservoir. S(t) is an operator function 

of system operators only. We would therefore like to remove the 

unnecessary information in (2.2.1) and obtain an equation of motion 

for S(t) directly. 

To proceed, it is most convenient to transform (2.2.1) into the 

interaction picture. Physically, this removes the high frequency 

unperturbed motion from the equation of motion. To this end we let 

(H + R) t 
±h (H+R)t 

p (t) = e X (t) e 

(2.2.4) 

This represents a transformation from the Schrödinger picture,p(t) 

to the interaction picture, X (t). Since the system and reservoir 

are independent before coupling, we note that [H,R] = O. In fact, 

all system operators commute with all reservoir operators. 

If we substitute (2.2.4) into (2.2.1), we find that X (t) 

satisfied the equation 

ih = [v(t), X J 
(2.2.5) 
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where 

I ; + R) t -k (H + R) t 

V(t) = e Ve 

(2.2.6) 

If we trace both sides of (2.2.4) over the reservoir and 

use (2.2.3), we have 

(H+R) t (H+R) t 

S(t) = TrR e X (t) e 

Ht 

= e 

where 

s(t) = TrR X(t) 

s(t) e 

+h 
Ht 

(2.2.7) 

(2.2.8) 

is the reduced system density operator in the interaction picture. 

We assume that the interaction is turned on at t = O. At that 

time, the system and reservoir are independent so that the density 

operator factors into the direct product 

p (0) = S(0) fo (R) = s(0) fo (R) = X (0) (2.2.9) 

where S(0) is the initial system density operator and fo(R) is the 

initial reservoir density operator. The reservoir is assumed to be 

in thermal equilibrium at temperature T so that 

f R 
( ) 

-ßR 

o Tr e 
ßR 

R 

(2.2.10) 

where ß = (kT) 
-1 

, a Boltzmann distribution. In addition, we assume 

that the reservoir is so large that its statistical properties are 

unaffected by the weak coupling to the system. In other words, we 

assume the reservoir remains in equilibrium when it is coupled to 
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the system. The assumption that the interaction is "turned on" 

at t = 0 is just an artifice to remove all statistical correlations 

between the system and reservoir initially. 

We return to (2.2.5) and integrate both sides from t = 0 to 

t subject to the initial value (2.2.9). This gives one two iterations 

X(t) = X(0) + 1 
i h 

t 

fo 
[v(t). .X(0)'.] dt' 

t t 

[V(t"), + 1 dt' I dt" C(t'), X(t") (2.2.11) 
ih o o 

If we proceeded to iterate in this way, we would obtain X(t) in 

a power series in the perturbation V(t) which is just a perturba- 

tion result. Unfortunately, perturbation theory is not adequate 

to yield exponential decay, and we resort to another approximation. 

If we differentiate both sides of (2.2.11) with respect to t, we have 

, t 

aX =(1)E(t), X(0] 1 J [i(t), Ect"), X(t dt" 
3 t ih o 

(2.2.12) 

If we trace both sides over the reservoir and use (2.2.8) we 

obtain 

s = 1 
2 

at ih 

t 
[V(tt), TrR [v(t), X(t'4 

o 

where we have assumed that 

TrR V(t) X(0) = TrR X(0) V (t) = 0 

dt' (2.2.13) 

and X(0) = S(0) fo(R). That is, we assume that the interaction has 

no diagonal elements in the representation in which R is diagonal. 

If V does have diagonal terms, we could redefine the system Hamil- 

tonian to include them, so this is no real specialization. 
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At this point we assume that V «H or R. If V = 0, the system 

and reservoir are independent and the density operator X(t) would 

factor as a direct product X(t) = sfo where we assume the reservoir 

remains in equilibrium. Since V is small, we therefore look for 

a solution of (2.2.13) of the form 

X (t) = s(t) fo(R) + AX (t) (2.2.14) 

such that AX is small of order V. In order that (2.2.8) be satisfied, 

we require 

TrR AX (t) = 0 

so that 

s(t) = TrR X (t) 

(2.2.15) 

If we put (2.1.14) into the integrand of (2.2.13) and retain terms 

of order V2 on the right only, we have 

= _1 f TrR [v(t), [V(tt), s(C) fo (RJ 

2 t h2 ° 

(2.2.16) 

The reduced density operator s(t) determines the statistical 

properties of the system. Since s(C)occurs in the integrand, the 

behavior of the system in the future depends on its past history 

from t = 0 to t. We next make the assumption that the system is 

Markoffion which means that its future behavior is determined by 

the present and not the past. This follows since damping destroys 

knowledge of the past. Mathematically, we therefore replace s(t') 

by its present value s(t) so that (2.2.16) reduces to 

LV(t), [v(t'). = - 12 f TrR s(t ) fo (R dt' (2.2.17) 
8 h2 J 

which is called the master equation. 
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B. Damped Oscillator 

As an example we consider the damped harmonic oscillator 

described by (2.1.2). If we use (2.2.6), we see that 

V(t) = h G Kj bj (0) at(0) e 
j 

-i(w.-w )t 
3 c 

+ h.a. (2.2.18) 

where h.a. means hermitian adjoint. In the notation of 

(2.1.12), we may rewrite V(t) in terms of the Langevin forces, 

F and Ft so that 

V(t) = ih [F(t) at(0) - Ft(t) a(0J (2.2.19) 

If we substitute this in the master equation (2.2.17), we have 

t 
as 

=fo 
TrR £Fat_ Fta), 'a r - Ft a), s(t) foal] dt' 

(2.2.20) 

For simplicity we have suppressed the time arguments. If we use 

the correlation functions (2.1.45), (2.1.54) and (2.1.56), (2.2.20) 

becomes 

= 2 (ñ + 1) C atas + 2 asa - seta] + 2 C2atsa - aats - saatJ 

= 2[2 asat - atas sata + yñ [atsa + asat-atas saat 
JJ 

(2.2.21) 

which is the master equation for a damped mode of the radiation 

field. The y term accounts for loss and the YE' term gives the 

associated fluctuations due to the reservoir. As the reservoir 

temperature T -' 0, 71-4-0 and there are no fluctuations. 

III. Fokker -Planck Equation for Damped Oscillator. 

Associated Langevin Equation. 

The P- representation for the reduced density operator for the 

system in the interaction picture is by (1.4.9) 
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(a) 2 _(a) * 
s (a,at, t) = JS (a,t) A da = AL; (a,,a t)) (2.3.1) 

where 

A = la> CaI 
(2.3.2) 

When we substitute (2.3.1) into (2.2.21) and use (1.4.16) - 

(1.4.24), we obtain 

2 -(a) -(a * a -Y n 2a (a) j d a as Y 
Da 

á-ß(a S( )ll 
s = 0 

n at 2 \ as ! JJ aaaa C 
(2.3.3) 

This may be satisfied if the expression in the curly brackets 

is zero. This yields the Fokker -Planck equation 

-(a) 
(a) 2 (a) Ds Y a s + a x s )] + Yñ 

a 
2 [aa aaaa (2.3.4) 

We have therefore succeeded in describing the quantum density 

operator equation (2.2.21) in terms of an equivalent c- number 

(classical) Fokker -Planck equation - (2.3.4). 

From classical statistics, we know that there is a close 

connection between a classical Fokker -Planck equation and classical 

Langevin equations. Consider the mean value of a. We have by 

(2.2.2), (2.2.3) and (2.2.7) 

Ht Ht 
( TrR,sa(0) p(t) = Trsa(0) e 

k 
s(t) e 

-h Ht h Ht 
= Trs e a(0) e s(t) 

- íw t 

= Trs a(0) e e s(t) (2.3.5) 

where we used the cyclic property of the trace. If we next use 

(1.4.12), we have 
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_(a) 
(a(t)) = e-1 et f s (a,t)a d2a 

Tf 

If we let 

A(t) e e t = a(t) 

Then we see that 

_(a) d2 a 
CA(4 = fa s ( a, t) ,( = aCt), 

(2.3.6) 

(2.3.7) 

(2.3.8) 

Therefore, taking the time derivative of both sides, we have 

_(a) 

dt (A(t)) = fa a 
s 

a 
d2a 

at ( , 

t 
) 

When we use (2.3.4), this becomes 

(2.3.9) 

(Tt <A(t)% = fat -(a) + a 
* (a* 

(a] 
n 

a2-(a) 
} d2a 

8a aa8a 

(2.3.10) 

If we integrate the first derivative terms by parts once and the 
second derivative terms by parts twice and assume the integrated 

parts vanish, we see that 

or 

d j 
_(a) d2 a 

dt \A(t)) 2i n _ 2 (A(t)) (2.3.11) 

d `a (t)j Y 
(t) dt 2 <a 

We therefore write a Langevin equation fora as 

d a Y + F = - a 

(2.3.12) 

(2.3.13) 

where Fa is a random force with mean zero. Similarly we have 

dg- Ia* +Fk (2.3.14) 
dt 2 a 



Note that the negative of the coefficient of the first derivative 

terms in the Fokker -Planck equation give the drift terms in the 

Langevin equation. We next show that the diffusion coefficient of 

the second derivative term in (2.3.4) is given by the two -time cor - 
* 

relation function of the above random forces F 
a 

and F 
a 

. Consider 

the mean values 

f * -(a) d2a 
* 

( ) t at ( > 
(at(t) a(t), = a as (a, t) = a ) 

Tr 

and its time dependence 

_(a) 
d * * a s dtaa= f ci at 

2 

(a,t) 
d a 

-(a)) 
*`(a) 

* 
= ja a{+ Y d á (a s l + 

2 [a act \ 

2 (a) 
Y d2a a 

aaaa 
TF 

Integrating again by parts, we have 

a 
*a) = Y`a* 0 + Y 

d t 

z 

From (2.3.13) and (2.3.14), we have 

* 
d * * da da * * * 

TI a= a dt + a 
dt 

=-Y a a+ a Fa + aF 
a 

When we take the mean of both sides, we have 

(2.3.15) 

(2.3.16) 

(2.3.17) 

(2.3.18) 

d 

dt 
<a*a> 

= - Y a*a>+ a*F + aF*) (2.3.19) 
a a 

Comparison of (2.3.17) and (2.3.19) shows that we must have 

<a 
* 
Fa + a F*a > = Y n 

To 

Y n 

proceed 

l 
\ 

we write 

* t a (tc) + 
t 

for the left side the identity 

* 
da 
ds 

dd Fa(t)> 
c 

(2.3.20) 
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t da 

+ 
(Li 

(tc) 
+ 

I ds ds] F 
a (t) 

t 
c 

where tc ( t. If we invoke the Markoffian approximation 

a*(tc) Fa(t)% = < a(tc) F*(t, = 0 
a 

(2.3.21) 

(2.3.22) 

and again use (2.3.13) and 2.3.14) in the remaining terms above, 

we have 

yñ=1 _ a (S)+Fa (s) Fa 

t 

(t)) 
\ ( 2 J 

c 

+ < 
L 

2 a(s) + Fa (s)1 Fa (t0 ds (2.3.23) 

Again 

<a*(s) Fa (t) (a(s) F(t) = 0 (s t) (2.3.24) 

so that 

yn = 
t 
I t c 

[ 
<F*a(s F eft ) + CF 

a 
(t) á (s)fl ds (2.3.25) 

If the process is stationary, the two correlation functions are equal 

so that 

or 

yn = 

t 

I 2 N á*(t) F (s)> ds 

t 

<F *(t) F (s)) =y nö(t -s) 
a a 

(2.3.26) 

(2.3.27) 

Therefore, from a Fokker -Planck equation for a stationary Markoffian 

process, we may write down by inspection associated Langevin equations 

and read off the two -time correlation functions of the associated 

random forces. The reader should note with care the distinction 
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between the quantum and "classical" Langevin equations. Quantum 

mechanically (FtF » 0 Ft), whereas classically (F a Fa = F a Fa >. 
Note also that <Fa(ti) Fa(t2; 

= CFa(tl) Fa (t2)' = 0. (2.3.28) 

Iv. Solution of Damped Oscillator Fokker -Planck Equation. 

The Fokker -Planck equation (2.3.4) is a partial differential 

equation whose solution depends on the initial conditions. From 

(2.3.1) we see that if at t = 0, s 
(a) 

= Tr8(2) % - (6) , then 

s (a,at,0) = (2.4.1) 

That is, the density operator corresponds to a coherent state. Let 

us obtain a solution of (2.3.4) which is a conditional probability a * 
density s (a, t Ia ,0) of findinga between a and a+ da, a between * * * o * 
a and a + da at time t, given that a =a and a = a at t = O. 

o o 

We then have that 

-g" 

(a) 
(a, t) = f 1T 

(a) 

( ° , t 
1 

ó, 0) 
-g (a 

( o) d2 ó (2.4.2) 

is the probability of a having the value between a and a+ da and 
* 

between a and 
* 
+ da , independent of the initial value a ,a , 

0 0 

We use (2.4.2) as follows. If M (a,a 
t) 

is an arbitrary function 

of a and a 
t 

, then 

(M(a,a ;t)) = TrR,s M(a,at) p(t) 

= TrS M(a,a t,0) S(t) 

í i 
t Ht h Ht 

= TrS M(a,a ,0) e s(t) e 

- 1 Ht 4Ht 
= TrS e 

h 
M(a,a ;0) e s(t) 

( - i wt i t 
=TrSM L e , ate s(t) 
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-(n) -iWt * iwctl _(a) 

Cae ,a e J s (a,t 
= j M d2a 

(2.4.3) 

In the above we have used (2.2.2), (2.2.3), (2.2.7), the cyclic 

property of traces and (1.4.12). We therefore need the solution 

s (a, t l ao, 0) -. n ô (a-ao) ö (a* -ao*) 

t -> 

slim e exp { -e 

e + co 

2 

We therefore look for a solution of the form 

(2.4.4) 

_(a) (t) 
s (a,tiao,0) = e (2.4.5a) 

where 

Ca - n(t)1 [a* - n*(t)J (t) _- +lnv (t) 

(t) 

(2.4.5b) 

Comparison of (2.4.5a) and (2.4.5b) with (2.4.4) shows that at t = 0 

(Q) = 
1 

; n(0) = ao, v(0) = e 
(2.4.6) 

If we put (2.4.5) into (2.3.4) and equate equal powers of a and a* 

we see that 

d Y -Y n 

- 2 n 
dt 

1= dv 1 IL 
dt dt 

(2.4.7) 

When we solve these subject to (2.4.6) and lete c°, we easily see 

that the conditional probability becomes 
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(a) 
s (a,t 1040 '0) = 

-1- t 2 
2 

1 exp {- a-ao e 

11(1-e-Yt) 11(1-e t) (2.4.8) 

We easily see that as t 0 s+îr6(a -ao) ö (a -ao ). 

As t--, s approaches the steady state Gaussian 

'I 
2 

(a) (a't I ao' 0) t ñl exp { - - } 
Tr 

The two time correlation function (at(t) a(0)) is 

(2.4.9) 

iw t 2 2 

(at(t) a(0)i = e c f 
d a 

a* ao 
s(a)(a,tl,0)s(a)(ao) 

2 
i(WCt-2)t daoa 

2 s(a) = e (a J,r I o ) 

= e 

i(w- _L)t 
c 2 (a 1(0) a (0) (2.4.10) 

From (2.4.9) this, we see that the steady state photon number is 

2 
/at(t) a(t) =t(p) a(0 

SS 
412. exp 

ñ 
f? d2a 

= 

where SS means steady state. The system "starts" in the SS 

distribution. Similarly, we have 

1'2 2 2 t 2 a SS -- 
= 2(n) = 2(a a SS) 

The two time correlation function for the field is 

(2.4.11) 

(2.4.12) 

iwt d2ao ,-(a) d2a -(a) 
<át (t) a(0» = e j s (aO) a 0 s (a, tlao,0)a 

Tr 

_(a) 
(2.4.13) 

where s (a0 ) is the SS distribution (2.4.9) with a. %. If 

we use (2.4.9) and (2.4.10), we obtain 
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iw t - Xt dá 

at(t) a(0)) - e c e 2 f (2 s(a) ( ao) 

i w t - t-t 
= e c e 2 (at(0) a(0) 

iwct - -1- t 
= n e 

Since the process is stationary, 

(2.4.14) 

Cat(t) a(0)) = (at(-0 a (0)) (2.4.15) 

so that 

a l 
t 

t(t) a(0)) = ñ e 
e 2 I t 

The field spectrum is 

f e-iwt /at 
(t) a(0)) dt = 

_0 

Y 

-wc)2+ 

(2.4.16) 

(2.4.17) 

which is Lorentzian centered at w=wc halfwidth 2 and intensity yñ. 
The intensity correlation function is 

<at(0)at(t)a(t)a(0)) = fla s(a)(a 
o 

) d2° 
2s(a) 

f le il (p 
, 

f. 
1 xo + yo x2 y2 

d_a = f f \ ex - o ° dx dy ñ P { o 0 

n 

_ 2t 2 " 2 t 2 

(x 2 / 
} e ) 

+ 
[(X-x 

o 
e 

o x y ) + 

'ff 
ñ (1-e- 

exp 
ñ (1-e Yt) 

(o 2 + y 2 x 2+y e o x o 0 

=ff 
P {_ 

-00 nn n 

dxdy 

%,0) 

(xo2 + yo2) 
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eYt} dxodyo = (1 - e Yt) 
171 

a(0)) + 
t2 

(0) a2(0 
% 

e-Yt 

= 
Cat (0) a(0)) 2 (1-e Yt) + at2 (0) a 

2 
(0)> e-Yt (2.4.18) 

where we let a = x + iy and used (2.4.11) If we use (2.4.12) 

lat(0) at(t) a(t) a(0)> - Cat(0) a(0)>2=(171)2e Y t (2.4.19) 

The intensity spectrum is therefore a Lorentzian centered at w = 0 

with linewidth y plus a 6- function: 

°O 2 

f (a0 at (t) a(t) a(0)) e-iwtdt = n 6 (w) + 2 2 
(n) 2 

(2.4.20) 
2 

-co 
w + Y 

V. Rotating Wave van der Pol Oscillator 
* 

It has been shown that the laser obeys a scaled rotating wave 

van der Pol oscillator equation 

dta 
(p -' 2 a')a + h(t) (2.5.1) 

where a is complex. The parameter p gives a measure of the pumping 

and is essentially the linear gain minus the loss. If we neglect the 

nonlinear 'a'2 term, we see that for p C 0 the field decays exponen- 

tially while for p> 0 it grows exponentially. Oscillation threshold 

occurs at p = 0 where the gain equals the loss. The nonlinear term 

causes saturation and stabilizes the oscillation at a fixed amplitude. 

The quantum fluctuations are described by the random force h(t) 

which is scaled so that the two time correlation functions are 

<h*(t)h(0), = 46(t) 

(1(t)h(0)) _ (h*(t) h*(0)) = 0 

(2.5.2) 

* 
M. Lax and W.H. Louisell, J. Quantum Electron., QE -3, 47 (1967). 
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The associated Fokker -Planck equation may be written down by 

inspection 

= 
2[(P-Ial2)aP a7 

PJ CP-Ial2)a+ 4 
a* 

at Da Da aaaa 

If we change to polar coordinates and let 

a = r e 
197 

; d2 a = rdr d9, 

(2.5.3) becomes 

aP_ 1 2 áP 1 

at r Dr (r Dr ) + 
r 
2 

3 2P 1 a[(P- 
2) 

2P 
] 

a4,2 r or 
r r 

where P is normalized so that 

2Tr 
CO 

(2.5.3) 

(2.5.4) 

(2.5.5) 

f 
f P(r,g,, t) rdr d cp = 1 (2.5.6) 

o o 

The exact solutions have been carried out by computer. We con- 

sider analytically the situation far below threshold (p -00) and for 

above threshold (p -> + .0) . 

For below threshold laI 2 <( IPI 

In this regime (2.5.1) becomes 

and 

da 
dt 

Ipla+h(t) (2.5.7) 

<h*(t) h(0O = 4 6(t) (2.5.8) 

This is just the damped oscillator problem if we make the identification 

2 
I I 

and 

so that 

n - 

Y n 4-1 

2 (2.5.9) 

IrI 
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The field spectrum is then given by (2.4.14) as 

1 

(w- wc )2+p2 (2.5.10) 

which is Lorentzian with halfwidth (pl. The intensity spectrum 

below threshold by (2.4.20) is 

42 S(w) + 
4 

2 1 2 
p p w +4p 

(2.5.11) 

Far Above Threshold (p 4 + ) 
From (2.5.1) we see that far above threshold the steady 

state non - fluctuating solution is 

laI2 SS 

2 
= p =c4 

SS 

Let us therefore let 

r = r (t) ; rdr = dr j7F 
1 1 

(2.5.12) 

(2.5.13) 

where ri(t) «« is the small fluctuating part of the field ampli- 

tude. If we use this in (2.5.5) and neglect small quantities (ri), 

we have 

2 2 

á a p +2pa 
(r1P) 

+P2 
1 aaP 

The equation is separable if we let 

P (r,, t) _ R(rl,t)4( (p,t) cp 

These are normalized so that 

(2.5.14) 

(2.5.15) 

2 7r 00 2Tr 

f 
d¢ f Prdr = 1= fcp(r,t) dcp f R(rl,t)drl (2.5.16) 

o o o _ir- 
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or since p .- . 

00 

f 
R(rl,t)drl = 1 

_03 

2 r 
f (1)(4),t) dy= 1 

o 

when we use (2.5.15), (2.5.14) reduces to 

2 - = 3-11- + --a- (2pr R) 
at 

art arl 1 

_It = 1 a24) 

at p 
al2 

(2.5.17) 

(2.5.18a) 

(2.5.18b) 

The steady state distributions (a /at =0) which satisfy (2.5.1) and 

(; +2rr,t) = 4(q,,t) are 
2 

I 

RSS (r1) = 
V 

e (2.5.19) 

1 

SS 2Tr 

which shows the amplitude is a gaussian and the phase uniform. There- 

fore, we see that 

<ri>ss = o 
2 
r1SS 

( 3 

\rl > SS = 0 rl/ SS - 

2p 

3 

4p2 

(2.5.20) 

We next look for the conditional probability solutions of (2.5.18) 

such that 

lim R(r1ti r10,0) = 6(r -r 
10 

) = lim 
71. 

t;0 e+c° 

2 

_ e(r1 r10) 

(2.5.21). 



lim (1)(9,,4p0,0) = 4(12-0) = 
t,0 

1 
in(q9- (T0) 

271- Lw 
e 

we therefore look for solutions of the form 

R(r1,t)Ir10'0) = 

where 

v(0) = ; 

Cr1-n(t)J 
exp - 

(t) 

p(0) 
= r10 

2 

(2.5.22) 

; c(0) = (2.5.23) 

when we use (2.5.22) in (2.5.18a) and equate equal powers of rl, 

we obtain 

á = -4p + 4 
dt 

dn -2pn 
dt 

1 dv 1 1 d 
át- át 

(2.5.24) 

when we solve these subject to (2.5.23) and let a -, we obtain 

C (t) = 
P 

(1-e-4pt) 

n(t) = r10e-2pt 

v(t) = 1 
C (t) 

Note that as t-0, R - 6(r1 -r10) and as t -* R 3 

( -pr2), the steady state distribution. 

To solve (2.5.17b) we let 

E(T,t (p0,0) = 
CO 

G 
-03 

ein(p 

so that 

(dt 

dcn n2 

+ / 
ein=0 

cn 

(2.5.25) 

exp 

(2.5.26) 
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or 

Thus 

cn cn exp 
n 
2 

CO 

% JvO) = E 

ingPexp 

Therefore, 

(qp,tJ gpa,0) = 

- 6(47- (Po) t }o 

1 
-4 t±0 2n 

(2.5. 

(4) 
ein 

(q) -(p 
o 
) (2.5.28) 

Zn 
ein(4) - o) exp 

The field correlation function is 

But 

(at (t) a(0» = <r(t) r(0)} ( e-i [4) (0 - t}') (0)j` 

(r(t) r(0)> = 
VI° 

+ rl)(5 + r10)> 

= p + (r1 
r10: 

where r1 E ri(t), r10 E ri (0) and by (2.5.19) (r1) 

We have 

(2.5.29) 

(2.5.30) 

(2.5.31) 

= (r10) = 
13. 

(r1r10) 
= 

fRS.S(r10)dr10 r10 f 
dr1 

r1 
R(rl,t 

I r10'0) 

2 co 

[ri dr 
00 

r -n) 
I exp - 1 }dr 

10 
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2 

rir10 
r10e pr10 n(t) 

(r120) 
e-2P ti _ e-2p 

I t 
P 

where we used (2.5.24) and (2.5.19). Therefore 

/ 
r(0)) 

2p -2p 
I t I 

(2p) -1 represents a small fluctuation correction to (r2) at 

t = O. As t m, Cr(t) r(0± p, the steady state value. 

(2.5.32) 

(2.5.33) 

27 

/ e-i(qD -qo) = f <Q ) dg f e-1( °)4('t 
I 

d \ o 0 
o o 

-n 2 t 

2r f d`o{ C 
m 2r ( i(n-1) -Po)d 
G 

o --co o 

- 
= e pI tI 

} 

(2.5.34) 

The phase spectrum has a narrow halfwidth (p -1) of Lorentzian shape. 

The field correlation function (2.5.29) is 

1 I tI l -(2p + 1) I ti 

(at (t) a(0)' =e p p+ 
Zp 

e p 

which is the sum of two Lorenzians. The first has a high 

...,p and narrow halfwidth (l /p) due to phase fluctuations. 

second has low intensity, (2p) -1 and large halfwidth (2p 

2p) due to amplitude fluctuations. Far below threshold 

width was p. (See 2.5.9.) 

The intensity correlation function is 

at (0) a t (t) a(t) a(0) = r2 (t) r 
2 
(0) 

(2.5.35) 

intensity 

The 
-1 

the half- 

= p+245.-r1+ ri p+2r10+r10 
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= P2 + P<r 10% 
+ p(rl )+ 4p<r1r10> 

(2.5.36) 

Here we used the fact that 

rl 
> 
= 
6.10> 

= 0 (2.5.37) 

and neglected cubic and higher terms. Also we see that 

2 2 1 

r1)r10) 2p 

Therefore, 

t 
(a t(0) at(t) a(t) a(0)) = p2 + 1 + 2 e-2p I 

Part 3. Acoustic Parametric Oscillator* 

I. Transmission Line 

= 
- L 

az at 

áI 
az 

= 
at 

hw -i(wRt - kz 
V(z,t) = 

R 

R 2Cz 
0 

[a2.e 

V(z + zo,t) = V(z,t) 

k = 2rR 
R z 

0 

H =j ° 

R = 0, + 1,... 

CZy2 (z,t) + 
2 

I2(z,t)1 dz 
J 

= L hwR 
a a 

R 

c.c 

*W. H. Louisell, Am. J. Phys. 35, 871-881 (Sept. 1967) 

(2.5.38) 

(2.5.39) 

(3.1.1) 

(3.1.2) 

(3.1.5) 
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II. 

III. 

since 

z 2rri(2-10)z/z 
I ° e ° dz = zo 

o 

Acoustic Waves 

(3.1.6) 

(3.2.1) 

(3.2.2) 

(3.2.3) 

(3.2.4) 

(3.2.5) 

(3.2.6) 

(3.2.7) 

(3.3.1) 

S = 

= 

Po_T 

= Strain 

Displacement from equilibrium 

2 

at 

T = 

v = 
No 

H = 

E (z+zo, 

(z, 

S2 

H = 

Coupling 

a z 
2 
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PARAMETRIC OPTICS AND SHORT OPTICAL PULSES 

J. A. Giondma,í.ne 

Bal Telephone Labona,íonie4 

Abstract: These notes include discussion of parametric optical processes 

including parametric oscillators and noise, and the parametric generation 

of ultrashort light pulses in the stimulated Raman effect. The reprints 

included are: 

(1) "Intense Light Bursts in the Stimulated Raman Effect" M. Maier, 
W. Kaiser, and J. A. Giordmaine, Phys. Rev. Letters 17:1275, 1966. 

(2) "Short Light Pulses in the Stimulated Raman Scattering" M. Maier, 
W. Kaiser, M. Stanka, and J. A. Giordmaine (preprint). 

(3) "Two- Photon Excitation of Fluorescence by Picosecond Light Pulses" 
J. A. Giordmaine, P. M. Rentzepis, S. L. Shapiro, and K. W. Wecht, 

Appt. Phys. Letters 11:216, 1967. 

(4) "Picosecond Light Pulse Display Using Two Different Optical Frequencies" 
P. M. Rentzepis and M. A. Duguay, AppZ. Phys. Letters 11:218, 1967. 

(5) "Correlation Effects in the Display of Picosecond Pulses by Two -Photon 
Techniques" J. R. Klauder, M. A. Duguay, J. A. Giordmaine, and S. L. 

Shapiro (preprint) . 

(6) "Optical Pulse Compression" J. A. Giordmaine, M. A. Duguay, and. J. W. 

Hansen (preprint) . 
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frequency ws, and arbitrary phase Ts. The fields are allowed 

to interact through the nonlinear polarization of the medium, 

in particular a polarization component P quadratic in the fields, 

P = xE2 (2) 

where x is a tensor nonlinear optical coefficient. As a result 

of Eq. (2) the pump and signal fields generate polarization at 

the difference or idler frequency 

wi wp - ws. (3) 

As shown in Fig. 1, the local polarization current density 

component at wi, J(wi) = aP(wi) /at, can amplify an electric 

field E1(wi) having the particular phase `Yi Tp - Ts, n /2. 
The field E1(wi) together with Ep(wp) generates polarization 

at the signal frequency having the correct phase to amplify 

the applied signal field Es(ws). This cycle is regenerative 

and leads to exponential gain for the fields Es and Ei as shown 

in Section II. In order that the phase relationship Eq. (1) 

for gain be time independent, we require that 

( a/at ) (I'p - `Ys - Y'i ) = wp - ws - wi = O. 

From a quantum point of view2 
-4 

it is useful to 

express the interaction of the fields as a term in the field 

energy cubic in the fields. The nonlinearity appears in the 

(4) 
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Ew ) p(p ,Yp 

Es(us,s ) P(wp ws IPp 'Ps) - J((op-ws,}`p-4is+Tr/2) 

Ep(wp*p) 
j (WS,4is+7T) -- P(wS ,41s +7172 ) Ei(wp-wg, 'Pp -y,s--7r12) 

Fig. 1. 

Mechanism of local parametric amplification of sig- 
nal and idler fields Es and Ei in a medium having 
a polarization component P quadratic in the fields. 
The pump field Ep has given frequency wp and phase 
'Yp. The signal and idler frequencies ws and wi sat- 
isfy ws + wi = w ; the signal and idler phase Y's 

and Ti satisfy ' p- (Y's + Ti) = Tr/2. The polariza- 
tion current density J E aP /at. The figure shows 
that a signal field of arbitrary frequency ws ( <wp) 
and phase 'Ys gives rise via the pump and idler 
fields to a current density J(ws,'Ys + Tr) of just 
the proper phase to be amplified regeneratively. 
The arrows indicate the steps of the mixing and 
amplification processes. 
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Hamiltonian function for the fields as terms such as x as ai ap 

describing annihilation of a pump photon and creation of a 

signal and an idler photon. This process has nonvanishing 

probability when Eq. (4.), which expresses conservation of 

photon energy, is approximately satisfied. 

The possibility of amplification of zero point field 

fluctuations leads to the observation of output from a parametric 

amplifier at the signal and idler frequencies even in the absence 

of an input. This emission, called parametric fluorescence or 

parametric noise, is the analog of fluorescence in a laser 

amplifier, and is discussed in Section III. 

The parametric process differs from laser amplification 

in that (1) the main features of the amplification process are 

describable classically, at least when the fields themselves 

are in coherent states and have classical properties,5 and 

(2) the gain is frequency insensitive, since the magnitude of 

x in Eq. (2) is a weak function of frequency when the medium 

is transparent to ws and wi. This broadband gain makes possible 

optical amplifiers tunable over a large fraction of the visible 

spectrum.- 

In practice, however, the output frequency of an 

optical parametric oscillator is highly monochromatic, resembling 

the emission of a solid state laser. The frequency selectivity 

and tuning characteristics arise because macroscopic or nonlocal 

amplification requires significant gain over distances large 

compared with a.. Consider the interaction of plane wage pump, 

signal, and idler fields with wave vectors kip, ,ACS, and t. 



378 

respectively. In order that the phase relationship for gain 

Eq. (1) be valid everywhere, the condition 

0 ('Yp - Is - = k - ,s - kl = 0 (5) 

must be satisfied. From the quantum viewpoint Eq. (5) represents 

conservation of photon momentum. The condition for gain over a 

crystal length t, Lisp - ,acs - c < nit, is typically satisfied 

for a band of frequencies only a few cm -1 wide for a given value 

of X. Tuning occurs as the band of frequencies approximately 

satisfying Eq. (5) is shifted by temperature, angle, or 

electric field variations of the refractive index. 

The principle of parametric amplification has long 

been familiar in mechanical and electrical oscillators for the 

phase sensitive subharmonic case cos = wi = wp/2.6 The extension 

of this process to nondegenerate tunable oscillation appears 

first to have been recognized ten years ago in the case of the 

ferromagnetic microwave amplifier.7 

Section II describes the theory of parametric gain 

for optical oscillators in their present form, and reviews 

currently available nonlinear optical materials. Section III 

discusses recent observations of parametric fluorescence. In 

Section IV the stimulated Raman effect is described as a 

parametric phenomenon, and the limiting short pulse behavior 

of a parametric amplifier is compared with the short pulse 

behavior of the laser. 



II. Optical Parameteric Amplification and Oscillation 

1. Nonlinear Optical Crystals 

Crystals of greatest interest in parametric optical 

experiments have (a) a large value of nonlinear optical 

coefficient x [Eq. (2)), (b) adequate birefringence to allow 

phase matching [Eq. (5)], (c) low susceptibility to damage in 

intense pump light, and in addition such suitable physical 

properties as low optical absorption, etc. We now discuss 

each of these properties in turn. 

(a) Nonlinear Optical Coefficients 

We consider here materials having a macroscopic 

polarization component P quadratic in the optical electric 

field as in Eq. (2).8 The formal theory of the nonlinear 

optical coefficients has been discussed in this course9 and 

elsewhere:10 Here we shall outline some quantitative aspects 

relevant to optical parametric phenomena. 

For monochromatic optical fields the nonlinear 

coefficients are conventionally defined as in Eqs. (6) and 

(7), applicable to optical mixing and optical harmonic 

generation respectively. 

pi(c03) _ 37 Xiik( -cu3,wl,wz 
)Ej 

(cul )Ek(wz ) 

ji 

Pi(m) = ! , Xi jk( w'w3' wl )E j (w3 )Ek(wl 
jk 

Pi (2w) 37 di 

jk 

w,w,w)Ej(w)Ek(w) 

(6a) 

(6b) 

(7) 
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The subscripts ijk indicate vector components along orthogonal 

crystal axes, and w3 = wl + at. It follows from Eqs. (6) 

and (7) that 

dijk(-2w,w,w) = 2Xijk(-24),w,w). 

The quantities Xijk can be shown to be real in the absence 

of absorption.11,12 The fields Pi(w) and E1((m) in Eqs. (6) 

and (7) are amplitudes defined13 by 

Pi(t) = 2[Pi(w)e 
-iwt 

+ c.c.]. 

Materials having nonvanishing Xijk occur in non - 

centrosymmetric crystal classes. Crystal symmetry leads to 

zero values for certain Xijk components and relations between 

others.l In addition permutation symmetry relations11,12 

Xijk(-033,(1,031) = Xjik(uk,-w3,w1) = Xkij(wl'-(03,m0 (8) 

imposed by the existence of an energy contribution cubic in 

the applied fields connect certain components which are 

unrelated by crystal symmetry. Where dispersive effects can 

be ignored, the symmetry relations of Eq. (8) reduce to 

Xi = X = Xkij. 
15 

Table 1 lists measured values of x for a number of 

crystals of interest for parametric amplifiers and oscillators. 

Since dijk is symmetric in j and k it is usual to write 

dijk = dit according to the rule t = 1,2,3,4,5,6 for 

jk = 11,22,33,23,13,12. For example in LiNbO3 
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TABLE 1 

Properties of Certain Nonlinear Optical Crystals 

Crystal 
Point, 
Group 

Nonlinear Optical 
Coeffi2ient (Chits 
of 10-9 eau) 
dijk(- 2w, »,m) ilk 

312 
123 

222 
311 
333 

311 
113 
333 

113 

311 
322 
333 

311 
222 

111 

Wavelength 
of 

Measurement 
(2vc %) 

A Nat. 

KH2PG4 

LiNbO3 

K.6L1 4Nb03 

H103 

Ba2KaNb5015 

Ag3AsS3 

Te 

42m 

3m 

4mm 

222 

mm2 

3m 

32 

1.4 
1.4 

19 
1.1x102 

16 
16 
20 

24 

40 
46 
47 

41 
68 

1.3x104 

1.06 

1.06 

1.06 

1.06 

1.06 

1.15 

10.6 

(a) 

(b) 

31 

(e) 

(d) 

(e) 

(f) 

(a) G. E. Francois: Phys. Rev. 141, 597 (1966); see Ref. (24) 

for comparison with quartz. 

(b) G. D. Boyd, R. C. Miller, K. Nassau, W. L. Bond, and A. Savage: 

Appl. Phys. Letters g, 234 (1964); R. C. Miller and A. Savage: 

Appl. Phys. Letters 9, 169 (1966). 

(c) S. K. Kurtz: Appl. Phys. Letters (to be published); 

Bull. Am. Phys. Soc. 11, 388 (1968). 

(d) Private communication. See Ref. (32) for preliminary values of d. 

(e) K. F. Hulme, P. H. Davies, M. V. Hobden: Appi, Phys. Letters 10, 

133 (1967). 

(f) c. K. N. Patel: Phys. Rev. Letters 15, 1027 (1965). 
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L0 0 

= (dd22 
d 31 d 31 

0 

0 

d 33 

0 

d 

d15 

0 

0 

0 

0 

0 

E2 
z 

2EyEz 

2E E x z 

2EXEy 

19) 

The theory of the nonlinear optical coefficients 

has been widely discussed9 and formal expressions for x are 

available in terms of dipole matrix elements.10,11,16 -20 In 

general however, the rigorous expressions for x have not yet 

proved amenable to detailed calculation in particular cases. 

Useful understanding has come from classical or semiclassical 

anharmonic oscillator models of the nonlinear materials.21 
-23 

An important empirical relation, Miller's rule,24 

correlates the nonlinear optical coefficients with the linear 

optical properties. This relation is 

dik(-2w,w,w) _ Xii(2w)X(w)Xkk(w) (10) 

where Xii(w) is the linear susceptibility equal to (ni - 1) /4rr 

at frequency w, ni is the refractive index for light polarized 

along the i axis, and A is approximately 2x10 -6 esu. Almost 

all known nonlinear optical crystals have values of A within 

a factor of 4 of 2x10 -6 esu, although the coefficients 



383 

themselves vary over a range of x,10. Equation (10) has been 

found valid in both the visible and infrared. 

Equation (10) can be understood in terms of.an 

anharmonic oscillator mode1.21 For example if the anharmonic 

term in the classical potential is assigned to have a magnitude 

equal to the harmonic term when the electronic displacement 

becomes equal to the lattice spacing, the model leads directly 

to Eq. (10) with the correct order of magnitude for A. 

Equation (10) and A are also predicted by a semiclassical 

single electron model in which the optical properties are 

represented by a two -level system, and the nonlinearity 

estimated in terms of the birefringence. 

Miller's rule has been a highly useful guide in the 

search for new nonlinear optical materials since it allows 

preliminary selection solely on the basis of the measured 

refractive indices. 

(b) Optical Birefringence 

Satisfaction of the frequency and k- vector matching 

conditions Eqs. (4) and (5) is not possible in isotropic 

crystals having normal dispersion.25 In these materials 
0 

np > ns , ni , and for a pump wavelength -..5300 A and aus cui 

the mismatch Ak = kp - ks - ki = (np P- nsws- niaui) is of 

the order of 104 cm -1. Parametric gain in this case is 

limited to an effective length of 27r /Ak 10 -3 cm. 

However in an anisotropic crystal with adequate 

birefringence the pump wave can be given the polarization 

direction of lower refractive index, and one or both the 
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signal and idler waves the polarization of higher refractive 

index, in this way compensating for normal dispersion.26,27 

Since the refractive index is a function of propagation 

direction the desired oscillation frequency can be tuned by 

suitably orienting the crystal relative to the resonator to 

allow the desired frequencies to satisfy Eqs. (4) and (5). 

The particular propagation directions normal to the 

optic axis in uniaxial crystals, or along a principal axis 

in biaxial crystals, are especially desirable.28 In these 

directions, since double refraction is absent and the Poynting 

vectors of pump, signal, and idler waves having collinear k 

vectors are themselves collinear, a maximum interaction length 

is possible.13 In addition the absence of double refraction 

allows the efficient use of highly focused pump light making 

possible oscillation at a much reduced threshold. 

(c) Optical Damage 

Some crystals useful in studies of optical parametric 

amplification show optically induced refractive index 

inhomogeneities in focused laser beams with power in the 

milliwatt range. 
2 
9 This effect occurs strongly in LiNb03 where 

the optical damage is severe enough to make continuously pumped 

optical oscillators impossible. The damage in LiNb03 is at 

least partly an integrating effect and does not prevent pulsed 

laser pump experiments. The damage is erased and does not 

occur at temperatures above 170 °C; it is produced by visible 

but not infrared light. A proposed mechanism30 for the damage 

is photoexcitation of carriers from deep traps. The carriers 
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are believed to drift out of the illuminated region under the 

effect of internal fields. On reaching the edge of the beam 

the carriers again drop into traps, giving rise to a space 

charge field which produces the refractive index inhomogeneity 

through the electrooptic effect. 

Materials having "filled structures" such as 

Ba2NaNb5015 tend not to exhibit optical damage. 
31 

' 
32 

materials have no unfilled metal ion sites and hence are less 

susceptible to deep trap formation and resulting optical 

damage. 

2. Optical Parametric Gain 

As a specific example of parametric gain consider 

the propagation of monochromatic plane wave pump light with 

wavelength 5300 A in LiNb03 along the x axis. The pump light 

is polarized in the direction of the z (optic) axis. We 

calculate the interaction of the extraordinary pump wave (u) 

with collinear ordinary signal and idler waves (w1 and ut) 

polarized in the direction.33,34 The pump, signal, and 

idler fields are respectively 

[E3(x)ei3X_)3t) p= 
ti 

1 
i(klx-cult) l 

Es = 2 [E1(x)e +c.c.Jÿ 

[E2(x)e 
i(k-ut) 

= +c.c.]3r 
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It is assumed that 

u33ci31w2=0 

but that in general 

(12 ) 

k3 - kl - 
k2 

Ak ì 0 (13) 

From Eq. (2) the nonlinear polarization components at (01 and 

at have the form35 

where 

( k )xcult 
- [1e13 +c.c. 

[p2e13_»C_t 
+c.c. ] 

P1 
= 2d15E3E2 

P2 = 2d15E3E1. 

(14) 

(15) 

Additional nonlinear polarization occurs at w3 proportional 

to E1E2 and in fact provides the mechanism of pump depletion. 

This problem is discussed in detail in Ref. 36 and can be 

ignored in the present discussion of small signal gain. We 

substitute Eqs. (11), (14) and (15) into the wave equation (15) 

1 2 p 2D 4r vx ONE ) + -- - 
c at c at 

(16) 

where linear polarization is included in D, and p represents 

only nonlinear polarization. Let ni and n2 be the ordinary 



signal and idler refractive indices. In the usual approxima- 

tion that dEi(x) /dx « Ei/?, it follows that 

dE1 4rriu1d1 
iAkx 

dx cn0 5 
e E3E2 

1 

(17) 
* 

dE2 4.7riudl5 
-i0kx * 

75-c cn0 e E3E1 

Solutions of Eqs. (17) have the form 

= (El+esx é sx)eiAkx/2 

(18) 

E* _ (E* esx + E* e-sx)e-3Akx/2 
2 2+ 2- 

where the amplitude gain s is given by 

s = [72 - (Ak/2 )2 ]1 . (19) 

Maximum gain s = y occurs when tk = 0, and is given by35 

2 5E3E3 * 

) 

`2 / 

y 
u2d 

( 
16 cu1c 

2 0 0 
c nin2 

The phase matched gain y is related to the pump intensity I 

through the relation I = IcE3e3/87r. c For the case of LiNb03 

with pump wavelength 5300 A in air and nearly degenerate 

amplification, cul at, one predicts on the basis of the 

value of d15 = d31 given in Table 1 and the refractive indices 

(20) 
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n1 = n2 = 2.23 a gain 
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i 

y = 2.9x10 -4 [1(w cm-2 )) 2 cm-1. (21) 

The available gain y is proportional to the square 

root of the pump intensity and to the nonlinear coefficient d, 

and decreases slowly from its maximum value as wl and at 

depart from degeneracy. 

Some recent experimental observations of parametric 

gain are described in Table 2 and Figs. 2 and 3. 

3. Optical Parametric Oscillation 

We consider initially the example of a LiNb03 optical 

resonator having plane end mirrors highly reflecting at wl and 

ut; we represent the cavity modes in the one- dimensional 

standing plane wave approximation, with the propagation and 

polarization directions described in Part 3 (Fig. 4). The 

plane wave approximation is valid in calculating the gain in 

a short plane -parallel resonator at the focal point of a very 

lightly focussed pump beam;13 however as will be seen the use 

of a plane- parallel resonator is highly inefficient. The 

extension of the threshold calculations described here to 

the general gaussian beam case is given in Ref. 37. 

From the gain considerations in Part 2 we expect 

that for purely travelling wave pump light the oscillation 

threshold will occur when the signal -idler gain per single 

pass across the resonator equals the resonator losses for a 

round trip around the resonator. Let R be the power reflection 

coefficient,assumed equal for the signal and idler, at each 

end reflector. Then the threshold condition is given by 
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!!ABLE 2 

Measurements of Parametric Gain 

Crystal 

Pump 
Wavelength 

µ 

Signal 
Wavelength 

µ 
Pump 

Power 

Crystal 
Length 

cm. 
Gain 
dB Reference 

ADP .348 0.633 2x106 Y 8 0.7 (g),(1) 

LINbO3 .515 1.15 6x10 
"3 

Y 0.84 9x10'7 (h) 

KDP .530 1.06 108 W cm -2 3 0.4 (1) 

ADP ADP .347 0.694 5x106 Y cm - 3 9x10 -3 55 

Te 10.6 17.9 103 W 0.7 3 (J) 

LINbO3 .530 1.15 5x104 W 1 0.12 (K) 

(g) C. C. Wang and G. Y. Recette: Appl. Phys. Lettere 6, 169 

(1965); "Physics of Quantum Electronics," Ed, by P. L. Kelley 

et al. (McGraw -Hill Book Co., New York, 1966) p. 20. 

(h) Ref. (37). Note that for small amplification the effective 

gain y in a parametric oscillator experiment is the square 

root of the amplification measured in a mixing experiment, 

so that the quoted amplification is quite significant. 

(i) S. A. Akhmanov, A. I. Kovrigin, A. S. Plakarakas, V. V. padeyev, 

and R. V. Khokhlov: ZhETF Pis,ma 2, 300 (1965); Soviet Phys. 

JETP Lettere 2, 191 (1965). 

0) C. K. N. Patel: Appl, Phys. Letter Q, 332 (1966). 

(k) M. J. Colles and R. C. Smith: Appl. Phys. Letters 10, 

309 (1967). 

(1) Other gain measurements by the indirect mixing method hove 

been reported by N. Van -Tran and D. Kehl: Compt. Rend. 260, 

6838 (1965); N. Van_Tran, J. Spalter, J. genus, J. Ernest, 

and D. Kehl: Phys. Lettera 19, 285 (1965). 



e27tR2 = 1 (22) 

For the usual case of small losses, R = 1, Eq. (22) becomes 

(23) 
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For R = 0.99 and t = 1 cm, Eqs. (20) and (22) predict a 

threshold pump intensity I = 1.2x103 w cm -2. In fact however, 

the distribution of longitudinal modes plays a crucial role 

in determining the oscillation frequency and threshold. As 

shown below, the threshold predicted by Eq. (22) requires the 

occurrence of two longitudinal modes resonant at col and. 
Consider a traveling wave pump 

E = E3sin(k3x-w3t)2. (24) 

We wish to describe the coupling of Ep with two particular 

resonator modes having electric and magnetic fields of the 

form 

tind 

ÿE1(t)sin k10x, 2H1(t)cos k10x 

ÿE2(t)sin k20x, 2H2(t)cos k20x. 

To satisfy boundary conditions El = E2 = 0 at the mirror 

surfaces x = 0,t we require that 

m1r m2 

k10 - t ' k20 - t ' 
r 

(25) 

(26 ) 
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where m1 and m2 are integers. The resonant frequencies of 

the two modes are 

ck10 
ck20 

41)10 ` --U-2 42120 - --U-' 
nl n2 

In general, the resonant frequencies will not sum to CD3, 

and 

and 

5" cui - (42 0 - w10 
0 

ök = k3 - k2 - k10 / 0 . 

(27) 

It is useful to define the normal mode amplitudes, e.g. 

a1(t) = E1(t) + iH1(t)/nl 

al(t) = E1(t) - iH1 (t)/n0 

(28) 

From Eqs. (11) and (24) -(28) the nonlinear polarization component 

at at can be calculated, and its spatial Fourier sine component 

of period 2ir/k20 is found to be 

P2(t) = d25 E 
3 
sin k20x aie (e- ib1""-1 

bkt 
+ c. c. ] 

(29) 

All other Fourier components are orthogonal to a2(t). An 

expression similar to Eq. (29) gives P1(t) the polarization 

component which interacts with al(t). 



Substitution of Eqs. (28) and (29) into Maxwell's 

equations leads to the coupled mode equations (30) for a1(t) 

and a2(t). 

d t _ + 
27rid15 E3 

( 

\ 

/ ei8_11 
e 
-im 3t 

d i a10 a l 
(n)2 

a 

da2 27rid15atE3 

C 

e-15kt_1 iw3t = iW20a2 
8 
e - (0)2 

ONO K 1 a 1 
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(30) 

The damping terms Kiai have been added, phenomenologically, 

and are adequate to represent small losses at the mirrors. 

Ki c 1 -R 
2tni 

-(31) 

We shall make the approximation that the signal and idler 

losses are the same, Ki = K2 = K, and that ni = n2 = no. 

For this case the solutions of Eqs. (30) have the simple form 

where 

- iwl0t +at 
a1(t) 

= 
aloe 

iu 0t+at a2(t) = a20e 

1f2 

a=- K± 1 [1c272 sin2 ( Skt ) 
( sw)2 (32) 

2 ( ókC/z ' Ln02 
) 

7 is the spatial gain given by Eq. (20), and the oscillation 
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frequencies w10 and X20 are 

w10 w10 + 
Aw/`2 

(33) 

w20=w20+Ow/2 

satisfying w10 + w20 = w3. 

Threshold for oscillation occurs when a = 0. For 

the optimum case of signal and idler resonance 5w = 0, 

5k = 0. The threshold condition is found from Eqs. (30) 

and (32) to occur when the gain y, given by Eq. (30), is 

equal to 

y0 = (l-R)". 

This result was predicted by Eq. (23) from gain considerations. 

When 503 / 0 and 5k / 0 the required gain y for 

threshold is given by Eq. (34), 

Y 
2 

1 + 
(6/6)2 

YO 
sin2 ( 5kt/2 ) /( 5kt/2 )2 

(34) 

which is the ratio of the threshold pump power at (5(D,5k) to 

its value at 5w = 0, 5k = O. In Eq. (34) Noe = 2K is the 

full longitudinal mode width at half intensity. 

The significance of Eq. (34) can be seen from Fig. 5 

which shows a representative distribution of signal and idler 

modes near the frequencies of maximum gain Ek = O. Possible 

modes with frequencies calo and X20 
satisfying Eqs. (33) lie 
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Fig. 5 

Schematic signal and idler longitudinal mode distribution; 
signal and idler frequencies satisfying ws + wi = wp fall 
on a vertical line in this diagram. Maximum gain occurs 
at the phase matched frequencies where Ak = 0; minimum 
threshold power (actual operating point) may occur at the 
nearest coincidence of signal and idler modes. 

within ú the longitudinal mode spacing (typically ,..10 cm -1) 

of the Ak = 0 frequencies. However Eq. (311. ) shows that the 

nearest possible modes may have a high threshold if 5w/5cuc >>1. 

As a result oscillation may occur with minimum threshold in 

a pair of modes substantially separated from the Ak = 0 

frequencies. In oscillators recently demonstrated the 

resulting frequency uncertainty has been as large as 101 to 

102 cm-1,33,3+ 

The characteristics and tuning range of several 

recent experimental optical oscillators are shown in Table 3. 

The experiments to date have been performed with pulsed 

laser pump light. 
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TABLE 

Characteristics of Experimental Pulsed Parametric Oscillators 

Oscillator Total 
Pump Tuning Output Conversion 

Wavelength Range Power Efficiency Tuning 
Crystal µ µ W 0 Mechanism Reference 

LiNb 03 0.529 0.97 -1.15 30 0.4 Temp. 33, 32 

EDP 0.530 u.96 -1.18 3x103 0.04 Rotation 

LiNb03 0.530 0.73 -1.193 103 0.1 Temp. n 

LiNb0 
3 

0.530 0.68 -2.36 50 0.1 Rotation o 

LiNb03 0.694 1.0 -1.08 4x104 1 Elen. field, 41 
rotation 

(m) 3. A. Akhmanov, A. I, g4vrigin, Y, A. golosov, A, a. Piakarakas, 

Y. V. Padeyev, and R. V. ß,old+lov, EhsT7 Pia'ma 1, 372 (1966)1 

Soviet Phys. 3, 372 (1966), 

(n) J. A. piordmaine and R, C. Miller, Appl, Letters Q, 

298 (1966). 

(o) R. C. Miller and W. A. Mordland, Appl, Phys, Letters 30, 

53 (1967). 

0 

With a pump wavelength of 5300 A tuning has beer 

demonstrated over a range of 6840 to 23550 A, 70% of the 

theoretical range of the osciilator.38 Figure 6 shows a 

typical experimental arrangement for a LiNb03 optical 

oscillator.33 

Threshold pump powers predicted on the basis of 

Eq. (23) are found to give order of magnitude agreement with 

observed thresholds,33 735 Conversion efficiencies of z1%. 

observed to date are less than expected on the basis of 

highly coherent pump light;36 the discrepancy is undoubtedly 

connected with the complex multimode solid state laser sources . 

which have so far been used in the experiments. 
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Fig. 6A 

Pulsed LiNb03 parametric oscillator, pumped at 5290 A 
(after Giordmaine and Miller, Ref. (33, 34)). Crystal 2 

is the oscillator, with dielectric coated reflectors; 
crystal 1 is a harmonic generator. Oscillation in LiNb03 
has been observed in the range 6840 to 23550 A. 

H 
IA 

Fig. 6B 

Spectrum of LiNb03 parametric oscillator, near 9600 A 
(J. A. Giordmaine and R. C. Miller, unpublished). The 

oscillator longitudinal mode spacing is 0.4 A. The 

spectra show pulsed oscillation in a single longitudinal 
signal mode (above) and in three modes (below). 
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4. Optimum Design of an Optical Parametric Oscillator 

The plane wave analysis above predicts that a 

crystal of LiNb03 of length t = 1 cm with 1% end mirror 

losses (R = 0.99) should oscillate with a threshold pump 

intensity of 1.2x103 w cm -2 at 5300 A. This analysis is 

valid for a single mode gaussian laser pump beam lightly 

focused at the crystal. The condition for a 1 cm crystal 

is that the beam diameter 2w0 ZVEViTt. or 3x10 -2 cm, and implies 

a minimum pump power of -..1 w-for a plane mirror resonator. 

Recent analyses13'37 show that a substantial 

reduction in threshold is obtained by the use of focused beams. 

For the case of LiNb03 with a single mode gaussian laser pump 
0 

at 5147 A, a crystal of length 1 cm and 1% end mirror losses 

is found to have a minimum threshold pump power of 2x10 -2 w 

under optimum focusing conditions (Fig. 7). Minimum pump 

power is obtained with mirrors of radius 0.56 cm on the surface 

of the crystal. 

The low threshold power required for a well- designed 

parametric oscillator shows the feasibility of continuously 

pumped oscillators. 

5. Tuning 

Since parametric amplification occurs at those 

frequencies satisfying the phase matching conditions Eqs. (4) 

and (5), the oscillator can in principal be tuned by any change 

of conditions affecting the refractive index. Tuning has been 

demonstrated by temperature variation,33,3k,39 crystal rota - 

tion,38,40,41 and application of electric field.41 

Figures 8, 9, 10 show examples of tuning by these methods. 



Fig. 7 

Optimum geometry for 1 cm LiNb03 
oscillator having minimum thresh- 
old, as calculated by Boyd and 
Kleinman, Ref.(13). The reflec- 
tors have radius 0.56 cm and are 
coated on the crystal surface. 
The threshold 5147 A pump power 
at optimum focusing for the case 
of 99% reflectance is 22mW. 

Fig. 8 

Temperature tuning of a LiNb03 
parametric oscillator near degen- 
eracy (1.058v) (after Giordmaine 
and Miller, Refs. (33,34)). The 
pump wavelength is 5290 A. 
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Fig. 9. Crystal rotation tuning of signal frequency of a LiNbO3 

parametric oscillator (after Miller and Nordland, Ref. 
(38)). The pump wavelength is 5300 A. Sv designates 
the shift in cm -1 from the degenerate frequency 9434 
cm-1. The quantity is the complement of the internal 
angle between the optic axis and the pump phase propaga- 
tion direction. 
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Fig. 10 

Electric field tuning of a 
LiNbO3 parametric oscillator 
(after Kreuzer, Ref. (41)) 
near 10300 A. The pump wave- 
length is 6943 A, the tuning 
sensitivity 6.2 A kV -1 cm. 
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Ferroelectric crystals such as LiNb03 display an especially 

large temperature coefficient of refractive index and thus 

a highly temperature dependent oscillator frequency. Near 

degeneracy a 1 °C. Temperature variation leads to a signal 
° ° 

wavelength change of -..300 A in LiNb03 pumped at 5300 A. 

6. Brief Historical Summary 

Following the discovery of harmonic generation in 

1961 by P. A. Franken et al.8 independent proposals for 

optical parametric amplifiers and oscillators were made by 

Kingston,42 Kroll,43 Akhmanov and Khokhlov,44 and Giordmaine 

and Kleinman.45 The mechanism was discussed in detail by 

Armstrong, Bloembergen, Ducuing and Pershan.11 A review of 

recent experimental work is given in Tables 2 and 3. 

Other discussions of the amplifier and oscillator 

theory have been given by Akhmanov and Khokhlov,45 by Akhmanov, 

Dmitriev, Modenov, and Fadeev,47 and by Grigor'ev, Rubenko, 

and Khokhlov.48 The parametric coupling of optical modes has 

been treated by Kingston and McWhorter,49 and by Yariv.50 

Harris has discussed the effects of multifrequency pumping 

on parametric oscillators,51 and has proposed interesting 

backward wave optical oscillators.52 

III. OPTICAL PARAMETRIC NOISE 

The classical parametric amplification and oscillator 

theory as described in Section II is inadequate to discuss 

the weak light emission observed at the signal and idler 
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frequencies with the pump below threshold, or in the complete 

absence of feedback. The emission, called optical parametric 

noise or optical parametric fluorescence, has recently been 

observed.53-58 The same phenomenon contributes to noise in 

microwave parametric amplifiers, and the theory has been 

extensively discussed in the context of cavity modes.2,59 -61 

More recently scattering theories particularly appropriate 

to noise at optical frequencies have been developed.62 
-65 

References (64) and (65) contain a critical summary of optical 

parametric noise theory. The statistical properties of both 

the noise and oscillator output are discussed in Refs. (3) 

and (4). 

In this lecture we derive one of the principal 

results of the noise theories in a nonrigorous heuristic way, 

making use of the fact2'59 that the output noise power is 

equivalent to the stimulated emission produced by one photon 

per mode of the radiation field. 

Consider the case of parametric noise emitted close 

to the direction of plane wave pump light. We discuss a 

crystal of LiNb03 of length t, aperture area A, with the pump 

light propagating along x. Under phase matched conditions 

Akt « 1, the classical equations (18) for the amplified signal 

and idler fields E 1(x) and E 2 become 

E1(x) = E1(0)cosh sx + ißE2(0)sinh sx 

( 3 5 ) 

E2(x) = E2(0)cosh sx - iß-lE1(0)sinh sx 
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where ß = (E3n2w1/E3n1w2)2, E3 is the pump field amplitude, 

s is given by Eqs. (19) and (20), and n1 and n2 are the 

refractive indices at wl and w respectively. 

At low gain, sx « 1, and in the absence of an input 

signal, E1(0) = 0, it follows from Eq. (35) that the signal 

output at x = t is given by 

1E2(0)12167W 
IE3 2ß2 

1(.012 2 2 
c (n1) 

(36) 

The signal output appearing simply as mixing of the pump and 

idler waves. 

It is shown in Ref. (2) [Eq. (26)] from the operator 

equations for al and a2 analogous to Eq. (35) that in the 

absence of an idler, i.e., !E2(0)12 = 0, the actual signal 

noise output can be attributed to a (fictitious) idler energy 

of one photon /mode.' This result is analogous to the familiar 

result for laser noise below threshold (fluorescence), that 

spontaneous emission occurs at the same rate as stimulated 

emission from one photon per ;,;ode 
.60 

The value of 1E2(0)12 associated with an energy hat 

per idler mode corresponds to an input power ddP,., given by 

àw2 Ad(')2 dw2 

2 
271-(72 

)2 (37) 

where dC)2 is the effective solid angle, and da. is the frequency 

width of the fictitious incident power at w2. It is assumed 
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results in a mismatch Êk < rr 
/í.63- 5 Since I (a /aw)t k, is 

equal to ivgl - v-11 the difference in inverse group velocities 

at wi and ut, the effective bandwidth dw1 for collinear noise 

emission is 

dw1 
1 rr 

2 - (v-1 v-r t 
gl g2 

(40) 

around the phase matching frequency. The bandwidth 

dv1 = (27rc) -1dw1 is typically a few cm a crystal of 

..l cm length, when phase matching occurs not too close to 

degeneracy. It can be seen from Eq. (40) that the noise 

bandwidth and output power increase rapidly near degeneracy. 

The total noise detected by a small aperture detector 

having a broad spectral band around wl then becomes 

dP, _ 
nl 32 nz.uiu2 d5 tP3dC)1 

n2n3 c5(vg - vg21 
(41) 

For broad band detection the noise is a linear function of 

crystal length. 

Observations54'58 of the linear dependence of 

output power on crystal length and pump power are illustrated 

in Figs. 11 and 12. The increase is noise power near degeneracy 

is shown in Fig. 13.54 Tuning curves for parametric noise 

are similar to the oscillator tuning curves of Figs. 8 -10. 

In the experiments reported to data observations are typically 

made with a detector aperture dû1 ti 10 -5 sr, and the fractional 



406 

60 

40 

20 

o 
o 

120 

80 

40 

o 

24 

16 

12 

6 

o 

2 3 

CRYSTAL LENGTH (Cm ) 

o 0.1 0.2 

PUMP POWER (MW) 

03 

4500 5000 6000 7000 10,000 
WAVELENGTH (x) 

15.000 

Fig. 11 

Optical parametric noise power 
in ADP as a function of crystal 
length (after Magde and Mahr, 
Ref. (54)) . A linear dependence 
is expected in this experiment 
for the reasons discussed in 
the text, and also because the 
coherence length is limited to 
0.3 cm by the pump beam angular 
divergence. The noise power is 
observed at 7800 A; the pump is 
at 3472 A. 

Fig. 12 

Parametric noise in ADP as a func- 
tion of pump power. The symbols 
indicate different crystal areas 
(after Magde and Mahr, Ref. (54)) . 

The figure illustrates the linear 
dependence on pump power, and the 
lack of dependence on pump inten- 
sity. 

Fig. 13 

Parametric noise in ADP as a func- 
tion of wavelength (after Magde 
and Mahr, Ref. (54)) . The peak near 
the degenerate wavelength (6943 A) 

arises from the increase in noise 
bandwidth indicated by Eq. (40) . 
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conversion of pump to signal frequency noise is in the range 

10 -11 to 10 -13. The experiments are conveniently done with 

pump power of .l w. 

Observations of parametric noise in solid angles an 

of finite size require extension of the above calculations to 

noncollinear phase matching. The dependence of output noise 

frequency on observation angle for a fixed pump light direction 

has been reported in Refs. (55) and (56) for KDP and LiNbO3 

respectively. The results are generally consistent with 

predictions of the phase matching angle on the basis of 

measured refractive indices. 

The theory of optical parametric noise viewed as a 

three -photon scattering process has been discussed.62 -65 It 

has been shown64'65 for the case of noncollinear emission that 

at angles of maximum deviation from the input pump light 

consistent with phase matching noise is emitted with substan- 

tially greater than the usual bandwidth and power. This 

enhancement in signal frequency noise emission, for example, 

can be looked at as due to a singularity in the number of 

idler frequency modes contributing to the signal frequency wl 

noise in a given solid angle mi . Noise power in these unique 

directions is predicted to be proportional to t3/2 rather 

than t. 

Residual optical parametric noise is also expected 

in directions for which phase matching is impossible.64,65 

The nonphase matched noise intensity is much smaller than the 

phase matched value and has not yet been observed. Its 
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frequency distribution is predicted to show singularities at 

those limiting frequencies beyond which transverse momentum 

conservation is impossible. 

Phase matched parametric noise shows promise of 

providing a useful tool for the measurement of nonlinear 

optical coefficients, since in a well designed experiment the 

noise intensity is highly insensitive to the details of the 

spatial and temporal coherence of the incoming light. 

IV. The Stimulated Raman Effect 

We now discuss the amplification of Stokes light in the 

stimulated Raman effect. It is well known that this process is 

an example of a parametric interaction of the laser pump field 

(cu), the Raman Stokes field (ws), and the coherent molecular 

vibrations or optical phonons (wo). The parametric character 

becomes most evident when the interaction is written in coupled 

wave form.10, 
66, 67 As is clear from the lectures of Ducuing9 

and Maier67 at this School, the main features of the stimulated 

Raman effect can be described classically. The justification 

for the use of classical fields, and the sense in which the 

quantum field representation approaches classical behavior for 

intense fields have recently been discussed.68' 
69 

We describe here first the role of the molecular 

population distribution in the conventional coupled wave 

formulation of stimulated Raman gain, showing that the resonant 

molecular response can be represented vectorially in a way 

similar to the resonant response of an electric or magnetic 
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dipole system to electromagnetic waves.70 Secondly, we show 

that in backward stimulated Raman emission67, 71, 72 the amplified 

Stokes pulse is expected to approach a limiting shape and energy 

similar to the limiting pulses expected in laser amplification73 

and induced transparency.74 

Consider stimulated Raman scattering in CS2 due to 

the infrared inactive stretching vibration at v = w0/2vrc = 656 cm -l. 

Molecular anharmonicity in CS2 introduces splitting between the 

(100) é-- (000) and (200) E-- (100) transitions which is large 

compared to the line width. As a result, the (200) E -(100) 

transition can be ignored to a good approximation in discussing 

resonant interactions at 656 cm -1. We therefore represent the 

molecules as an ensemble of randomly oriented two level systems, 

the effective electronic polarizability of each molecule having 

a linear dependence on the vibrational coordinate q given by 

4/6q. The molecular hamiltonian is 

- 
1 as E2 

aq 

in the presence of optical electric field E. Let ao and al 

represent the amplitudes of the (000) and (100) states in the 

Schroedinger representation. It is useful to define 

b = aoao - a1a1 , the difference in probability of finding a 

molecule in the ground and excited states, and q - <q'>, the 

expectation value of the operation q'. From Eq. (42) and the 

Heisenberg equation of motion one obtains75 the equations: 

(42 ) 
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ag +r ag+w2g= 1 aa E2 

at2 o 

P =Naaa q- q E 

ab i (6a E 
aq + C' (1 - 5) 3r wó 3q" 3 

32E i 62D 47 62P a (43) 

In Eqs. (43), m = h(2wogo12) -11 N is the molecular density, p is 

the nonlinear polarization, and D the displacement vector including 

linear polarization. The phenomenological damping constants r and 

r' describe the dephasing rate due to collisions (r ti T1) and the 

population relaxation rate (r' Til) respectively. Thé full 

width at half intensity of the Raman line is equal to r. The 

small Boltzmann population of the (100) state is neglected here, 

and 5 is taken to have an equilibrium value of unity. 

The optical electric field considered here consists of 

laser pump (w p) and Raman Stokes (ws) plane wave components of the 

form 

E = Es cos (wst - ksz) + E cos (w t + kz), (44) 

propagating in opposite directions. We consider the resonant case 

aus wp - wo . (45) 

The amplitudes Es and Ep are slowly varying functions of z and t. 
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A significant interaction72 occurs only with a molecular vibrational 

wave of the form 

where 

cos (wot + koz - it /2) 

ko = kp - ks 

(46) 

(47) 

and q is á slowly varying fúnction 'of z and t. The three fields 

satisfy the phase relation. dip - ( *s + *0) = n/2 of Eq. (1) for 

parametric gain. Substitution of Eqs. (44) and (46). into Eqs. (43) 

leads to the coupled amplitude equations 

3r q --w 601 

EpEs 6 
o 

65 
- EpEs q + r f (1-6) 

aEs n aEs 7s -7T N cps aa 

az + c át +-7 
Es Sc n cTg Epq 

aEp n a Ep y -Tr aa 
z c at -72- Ep - npc Esg 

These semiclassical equations are similar to the 

classical equations (6) -(8) of Maier's lecture 67 but include 

and describe modifications due to changes in vibrational state 

population caused by the stimulated Raman generation. Equations (48) 

include linear losses ys and yp at the Stokes and the laser pump 
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frequencies. These equations approach the classical coupled wave 

equations when 5 -01, the limit of negligible population change 

and a good approximation in the case of the liquid CS2 experiments 

of Maier et a1.67 

As discussed in Maier's lecture67 Eqs. (48) lead in the 

limit 5 -01, << q to rate equations which describe the growth 

of backward Raman Stokes pulses. These pulses have been observed71 

to have peak power an order of magnitude higher than the incident 

laser pump power and durations as short as 20 psec; their properties 

are described in detail elsewhere.72 

As the backward pulse duration becomes comparable with 

T2 1/', the amplification needs to be described by Eqs. (48) 

rather than by the rate equations.67 We discuss here some aspects 

of the solutions of Eqs. (48) when the pulse duration is short 

relative to T2, i.e. a- » 7 q. 
When dephasing and relaxation can be neglected, the 

molecular response is similar to the resonant response of electric 

or magnetic dipoles to the electromagnetic field. In the limit 

r -,o, r' _ 0 it follows from Eqs. (48) that 

---- q 2 + 5 
2 

is a constant. It is thus possible to define a unit state 

vector V having vertical component 5 and horizontal component 
ti 

(2mwo/h)1 q, with direction angle e (Fig. 14). The effect of 

the fields EL and Es is to cause V to precess about an axis 

normal to the page at an angular frequency 
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(49) 

This precession is analogous to the resonant precession of an 

electric dipole moment µ at angular frequency p.E /h in an electric 

field E. The vector model is of course applicable generally to 

the stimulated Raman effect, and is not limited to the backward 

case discussed here. 

An interesting property of backward stimulated Raman 

scattering is the existence of a steady state Stokes pulse in the 

limit 3T » 2 q.72 We look for a steady state solution satisfying 

aEs 
ns aEs 

cz + c cTt - o 

sE n aE p+ 
cs 6.t13 

_ o 
at (50) 

as illustrated in Fig. 15. Equations (48) and (50) have a'useful 

analytic solution in the limit in which the variation of 6 can be 

neglected. 

As a boundary condition we take the incident pump photon 

flux to be a constant, N cm -2 sec-l; let Ns(t) represent the 

instantaneous Stokes photon flux. The initial value of q is taken 

to be small. It follows that a steady state pulse exists, of the 

form 

Ns 
= 1.76 n Ts sech2 1.76t 

Np ns Ti Ti ( 51) 
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Fig. 14 

Unit vector V describing state of "2 level" Raman ac- 
tive vibrational transition. S is the difference in 
probability of finding the molecule in the upper and 
lower states; q is the expectation value of the vi- 
brational displacement. V precesses due to the com- 
bined action of the laser and Raman Stokes fields. 

Z -> 
Fig. 15 

Schematic diagram of the steady state backward stim- 
ulated Raman Stokes pulse. Ns and Np are the photon 
flux densities at the Stokes and laser pump frequen- 
cies. Thé pulse length c T2 /ns « r-1, the full 
width of the Raman line. 



where 

1.76 r yg 
T1 7 ÿs 2 

The average refractive index n - (ns + n) /2, the damping time 
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(52) 

for Stokes light due to the linear losses is Ts = ns(ysc)-1, and 

the width 1.1 of the steady state pulse at half intensity is given 

by Eq. (52). The Stokes gain 7g is the small signal gain(neperscml) 

calculated from Eqs. (48) in the rate equation approximation. The 

time scale of Eq. (51) is such that the pulse maximum passes the 

observation point at t = o. 

The steady state Raman pulse of Eq. (51) has the 

following interpretation. As the backward traveling pulse is 

amplified and narrowed in the region Ti « r-1, its spectral. 
2 

width becomes correspondingly broader relative to r. The ratio 

of the pulse spectral width to the Raman line width is '(r T1) -1. 

The effective gain seen by the pulse is expected to be reduced 

from its steady state value by just this ratio, since only a 

fraction r Ti of the pulse energy can effectively interact 
2 

with the Raman line. A steady state condition is reached when 

the effective gain becomes just equal to the linear loss 7s. 

It is this condition that is expressed by Eq. (52). The steady 

state backward Raman pulse is analogous to the steady state laser 

pulse discussed in Ref. (73) fbr the case of an amplifying medium 

with residual linear loss. It differs however in not representing 

a "180° pulse" with respect to the vibrational population, which 

in the present approximation is hardly changed. The pulse does 
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however completely deplete the incident pump beam. As the pulse 

propagates through the incident pump light the latter is 

completely transformed to Stokes light and absorbed via the 

linear loss mechanism. It is of interest that the (sech)2 

pulse shape is identical to that predicted for laser amplification73 

and induced transparency.74 

It will be apparent that this mechanism of short 

pulse formation is not restricted to the stimulated Raman effect, 

but should be observable in any backward wave parametric 

amplifier52' 76 of adequate gain. 

The examples discussed in Sections II to IV are but 

a few aspects of parametric processes recently encountered in 

optics. It can confidently be predicted that many new examples 

of parametric optical phenomena remain to be discovered. 
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This Letter reports the observation in back- 
ward stimulated Raman scattering of short puls- 
es of Stokes radiation having a peak power one 
order of magnitude higher than the incident 
laser pump power. Direct observation shows 
the pulses to have a duration -3 x10-11 sec ( -1 
cm). This effect has been observed most strong- 
ly in carbon disulfide. Previous studied' of 
backward stimulated Raman scattering have 
reported the time- average backward Stokes 
power equal to or less than the forward power, 
both being a small fraction of the incident la- 
ser power. The intense pulses observed in this 
work are shown to be analogous to the sharp- 
ened wave fronts which arise in propagation 
through an amplifying medium having an invert- 
ed population s -10 In forward -traveling wave - 
stimulated Raman gain, pulse generation is 
prevented by pump saturation. A given travel- 
ing volume element of Stokes wave has access 
only to pump energy stored in approximately 
the same volume, since both waves travel at 
about the same velocity. In backward wave 
gain, on the other hand, the leading edge of 
the Stokes wave can extract pump energy stored 
throughout the amplifying region, attaining a 
transient peak power far in excess of the pump 
power. Because of the large available gain and 

suitable initiation conditions, the stimulated 
Raman effect may provide a generally useful 
source of highly intense picosecond light pulses. 

Our experimental arrangement is shown in 
Fig. 1. The pump source is a Q- switched ruby 
laser having a nearly diffraction -limited angu- 
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FIG. 1. Right: (A) Incident laser pulse; (B) reflect- 
ed Raman Stokes plus Brillouin light; filters in front 
of the photodiode favor the Raman- Stokes light by a 
factor of 3; (C) reflected Raman -Stokes light only. 
(20 nsec per division.) Left: Schematic of the experi- 
mental arrangement to measure the length of the Ra- 
man spikes. 



lar divergence of 5 ,10-4 rad, peak power of 
1.4 MW, and pulse duration of 12 nsec. The 
laser beam passes through a 3x inverted tele- 
scope into a 30 -cm cell of carbon disulfide. 
The 4.3 -m separation of the laser and the cell 
was adequate to eliminate multiple pulses of 
amplified Brillouin light. The incident, reflect- 
ed, and transmitted light signals were measured 
with photodiodes and Tektronix 519 oscilloscopes, 
the over -all detection systems having a rise 
time of -0.5 nsec. Figure 1 shows oscilloscope 
traces of the incident laser light (A), the re- 
flected Stokes plus Brillouin light (B), and the 
reflected Stokes light only (C). 

The backward (reflected) Raman -Stokes corn - 
ponent appears reproducibly as a single pulse 
occurring several nanoseconds after the begin- 
ning of the laser pulse, with a width <1 nsec 
and a sufficiently high energy to produce ring- 
ing of the detection system. The apparent peak 
Stokes power of 5 x105 W is -2 times the instan- 
taneous laser power and represents a lower 
limit to the true peak value. The forward Stokes 
component consists typically of 5 -10 irregular 
spikes of duration 1 nsec or less, similar to 
those previously reported.11,12 The apparent 
peak power in the forward direction is of the 
order of 1% of the peak laser power. Near - 
field photographs of the exit cell surface showed 
that the forward Stokes light occurs primarily 
in filaments, in agreement with Refs. 11 and 
12 and Garmire, Chiao, and Townes." On the 
other hand, almost all of the intense reflect- 
ed Stokes pulse is emitted from a roughly uni- 
form broad area of diameter 0.7 mm coincid- 
ing with the area illuminated by the incident 
laser beam. The frequency shift of the back- 
ward emission is 6.5 x102 cm -1, in agreement 
with previous observations. 

The backward Stokes pulse is immediately 
followed by (or is coincident with) the abrupt 
onset of stimulated Brillouin scattering, which 
reaches a peak value of 92% of the incident 
laser power, and continues throughout most 
of the laser pulse.l4 

Direct measurements of the Stokes pulse du- 
ration were made with the intensity autocorre- 
lation technique" shown in Fig. 1. The back- 
ward Stokes pulse I(l) is divided at the beam 
splitter into two components (1,2) which, after 
undergoing a variable differential optical de- 
lay time T, are subsequently recombined in 
a crystal of potassium dihydrogen phosphate 
(K1)P) oriented to allow phase- unmatched sec- 
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and harmonic generation. In our experiments 
the time delay T was provided by suitable corn - 
binations of glass plates and liquid cells. The 
coincidence photomultiplier detects the harmon- 
ic -beam component having propagation vector 

+1-E2 and therefore provides an integrated 
signal J(T) proportional to fl(t)I(t + r)dt. The 
pulse duration was taken to be the value of T 

for which J(r) /J(0) = 0.5. From several sets 
of measurements the average Stokes pulse du- 
ration was found to be TS = 3 x10-1' sec. The 
time resolution of the experiment, determined 
by the beam and crystal geometry, was 1 x10-11 
sec. From an independent measurement of 
the pulse energy, 2 x10-4 J, the peak pulse 
power is estimated to be 3 MW, or nine times 
the instantaneous laser power. The observed 
pulse energy represents about 1/5 the maxi- 
mum available energy stored in the total cell 
length. 

In an independent experiment, Ts was esti- 
mated from relative energy measurements of 
second harmonic light generated from the Stokes 
and Brillouin pulse (TB = 1 x10-5 sec).16 The 
energy ratio of the fundamental pulses, which 
had equal geometrical cross sections, was 
E,(Stokes) /E,(Brillouin) = 0.012; for the harmon- 
ic pulses, E,(Stokes) /E2(Brillouin) = 0.03. If 
one assumes similar pulse shapes, these data 
lead to an estimate of Ts= 5 x10-" sec in rea- 
sonable agreement with the first experiment. 

The initial backward -wave Stokes amplifica- 
tion is described by the rate equations 

8n an - at +c ax 
=OCAn, (1) 

0 0 
at 

-c 
ex 

=-OcAn, (2) 

where n and A represent the Stokes and laser 
photon densities, respectively, propagating 
with speed c in the +x and -x directions, and 
O is the stimulated emission cross section. 
The general solution1? of Eqs. (1) and (2) shows 
the growth of a sharp pulse near the leading 
edge of the Stokes wave. Consider the special 
case of uniform laser photon density Ao, where 
the unsaturated gain seen by the leading edge 
of the Stokes pulse is OAo = G cm -1. From a 
model in which the initial Stokes wave has lin- 
early increasing intensity, the calculated pulse 
width at half -maximum intensity (in CS2) is cTs 
-6.9 /RG cm, where RA, is the peak Stokes 
photon density, and R »1. The calculated pulse 
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c nergy is -(5.2/u) 1n(2.9/í) photons cm -2. From 
the values o _ 5.2 x10-17 cm2,18 beam diameter 
0.7 mm, o° =1.5,10" cm -3 at the time of the 
pulse, and crti = 5.5 x 10 -1 cm (in CS2), one cal- 
culates from the ratio (pulse energy) /(pulse 
width) the power gain R =9 quoted above, and 
from the product (gain)x (pulse width) the value 
R =16. A third estimate, R =10, follows from 
the harmonic generation experiments. The 
three independent estimates are consistent to 
within the experimental accuracy. The calcu- 
lated pulse energy is 3 x10-4 J, in agreement 
with the observed energy. 

A probable mechanism for the initiation of 
the pulse is the abrupt onset of backward stim- 
ulated Stokes emission near the exit cell sur- 
face, accompanying the occurrence of laser 
self- focusing in that region. In measurements 
of the dependence on cell length of the laser 
threshold power for pulse formation, it was, 
in fact, found that a plot of (laser threshold 
power)1,2 versus (cell length) -1 gave a straight 
line characteristic of the self- focusing effect,'° 
a result supporting the above suggestion. A 
mechanism contributing to the observed quench- 
ing of subsequent backward pulses is the build- 
up of intense stimulated Brillouin scattering 
following the pulse. Two- photon absorption does 
not appear to be important in the present ex- 
periments.14 

The rate equations are inadequate to describe 
pulses of length less than (27ov) -1 =5x10' 
cm, where Ov = 3 cm -1 is the full width of the 
spontaneous Raman line. Such pulses may oc- 
cur with longer cells and improved geometry. 
The analyses of Wittke and Warter,2O which take 
explicit account of the dynamic macroscopic 
polarization, can be generalized to describe 
stimulated Raman pulses. A preliminary con- 
clusion is that pulses of length significantly 
narrower than (2r, Ai) -1 can be generated with 
a limiting energy of the order of o °/o photons 
cm -2, where a is the residual linear absorp- 
tion per cm. 

Pulses of the type described above may play 
a role rather generally in high -gain stimulated 
Raman and Brillouin experiments, although the 
repetitive occurrence of such short pulses may 
not be readily apparent with conventional de- 
tectors. Such picosecond light pulses may be 
useful in nonlinear optical experiments and oth- 
er applications. Since the occurrence of a back- 
ward pulse momentarily exhausts the laser pump 
light, this effect may contribute to the insta- 
bility of self -trapped filaments and to the ir- 

regular nanosecond spiking observed in stim- 
ulated Raman scattering.11,12 

The authors are indebted to Mr. W. Rother 
and Mr. M. Stanka for valuable technical as- 
sistance. 
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SHORT LIGHT PULSES IN THE STIMULATED RAMAN SCATTERING. 

M.Maier, W.Kaiser, and M.Stanka, Physik- Department der Technischen 
Hochschule München, and 

J.A.Giordmaine, Bell Telephone Laboratories, Murray Hill. 

Up to the present time stimulated Raman scattering1(SRS) was investi- 
gated primarily in the forward direction.. There are only a few papers2 -4 
which deal with SRS in the backward direction. The reported ratios of 
the.Raman intensity in the backward to the intensity in the forward 
direction range between 0.1 and 0.5 for CS2 and benzene,'3. From an 
ordinary stationary theory5 of SRS one expects a forward /backward ratio 
of 1.0. Since the reason for this discrepancy was not very clear, we 
made a detailed investigation of SRS in the backward direction6'7. 

I.Experimental set up an____general results. 

The experimental set up is shown in Fig.1. A giant pulse ruby laser 
was used with a maximum output power of 1 Mid over a diameter of 2 mm. 

The distance between the laser and the liquid cell was kept large to 
avoid multiple stimulated Brillouin scattering. An inverted telescope 

increased the laser intensity by a factor of nine. Glass plates were 

used to couple out a small amount of the stimulated emission in the 

backward and forward direction. The laser and Raman power were measured 
with fast photocells and fast oscilloscopes (risetime 0.3 nanosec). 

Oscilloscope traces of the incident laser light (a), the total backward 

emission (ß), the backward Raman emission alone (y),and the transmitted 

laser light (ó) are shown in Fig.2 for the case of CS2 as the Raman ac- 

tive medium. The total backward emitted light consists of a short Raman 

spike and a continous Brillouin emission. The Brillouin light follows 

closely the shape of the incident laser light and reaches a maximum 

conversion efficiency of 90%8. A detailed account of the investigations 

on the stimulated Brillouin emission will be given elsewhere9. 

Since the conversion into Brillouin light is very large the transmitted 

laser light (d) stays at a low nearly constant level for most of the 

laser pulse. It should be noted that the Raman emission in the backward 

direction occurs in the fork of an extremely short spike (y) (notice 

ringing of the detection system). In addition it is important to point 

out that the Raman peak power is higher than the laser power incident 

on the sample at the same time. There is experimental evidence6'7 that 

the Raman spike is initiated at the end of the liquid cell by self- 
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LASER 

T 

Fig. 1. Experimental set up for the investigation of stimulated 
Raman scattering in the backward direction. 

Y 

Fig. 2. 

Oscilloscope traces of the 
incident laser pulse (a) , 

the total stimulated emis- 
sion in the backward dir- 
ection (a), the backward 
stimulaed Raman emission 
alone (y), and the trans- 
mitted laser light (0. 
Ordinate: 1MW per division; 
abscissa: 25 nanosec per 
division. 
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tocusing1° of the laser light. 

The occurence of this extremely short and intense Raman spike can b4! 

understood qualitatively in the following way. In forward stimulated 

Raman scattering the Raman light travels with approximately the same 
velocity as the laser light. Therefore a given volume element of 

light can extract pump energy only from approximately the same volume 

element of laser light. The Raman intensity can never exceed the 

laser intensity. In contrast, in our investigations the laser and 

the stimulated Raman light travel in opposite directions. The edge 

of the Raman pulse interacts with the full laser intensity during its 

full path through the liquid cell. The Raman spike is amplified to 

power values which may exceed substantially the incident laser power. 

Since most of the conversion of laser into Raman light occurs at the 

edge of the Raman spike A sharpening of the spike results. 

II. Derivation of rate equations for laser and Raman light. 

As a model we consider an ensemble of noninteracting, randomly 

oriented molecules. They will be represented by classical harmonic 

oscillators with an eigenfrequency w0 which corresponds to the 

strongest Raman active vibration of CS2. The whole problem is treated 

classically because we are dealing with large photon numbers. If we 

introduce a phenomenological damping constant T, the equation for the 

vibrational coordinate Q is given by: 

ìa24 + r 
at 

w o2Q = ml- E2 
ati 

(1) 

m is the reduced mass and a the polarizahility. The electric field t 

is described by the nonlinear wave equation: 

axxL)t 47r 32P (2) 
-c at 31-2 - 

E is the 4iPl.ectric constant and c the velocity of light in vacuum. 

is the polarization which is given by 

=NáQQ (3) 

N is the number of particles per cm3. The electric field t and the 

polarization P are assumed to be linearly polarized plane waves propa- 

gating in the ±z directions. 
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E = Escos (wst-ksz) + ELcos(wLt + kLz) 

The vibrational coordinate Q shall have the form 

Q = Qo sin (wot +koz + o) 

(4) 

(5) 

We discuss only the case where wL-wS = wo and (0 0 =0. The amplitudes 

ES, EL and Qo (the Stokes field, the laser field and the vibrational 

coordinate) are assumed to be slowly varying functions of z and t. 

Higher Stokes components and the Raman emission in the forward 

direction will be neglected. Substitution of (4) and (5) in (1) .-(3) 

leads to the coupled wave equations 

aQo + r 
at 2 

1 3a 
+n á ELES 

aES aES trNwS 
3a 

az + c at - nc aQ ELQo 

aEL aEL IrNwL 
aa 

az - c at - nc 8Q ESQo 

(6) 

(7) 

(8) 

We use the approximation aQo /at «(r /2)Qowhich is well justified in 
CS2 because the optical phonons are highly damped. Introducing the 

photon flux density NL,S which is connected with the amplitudes EL,S 
by 

N 
L,S 

cn E 
2 

_ 
8nttwL 

,S 
L,S 

The following rate equations are derived from Eq.(6) -(8) 

aN 
S 

azS + at =aNSNL 

aNL aNL 

- at c at ONSNL 

(9) 

(10) 
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The coupling coefficient a of the laser and Brillouin light is 

connected7 with classical Raman scattering dntn and is giw:r by 

a MIN 

8 TrI?wLwSN( aa/ aQ) 2 

n2c2mrw 
o 

III.Solution of the rate equations. 

In this section the solution of the rate 

discussed for special initial conditions. 

equations (10) and (11) we eliminate the 

NL from (11) using Eq.(10). We introduce 

c= t +nz /c and obtain 

alnN 

ac ( ap 
S 

+ 2n NS) = O. 

It follows that 

am 
1 S + 

2n NS = f(p) 
NS ap 

Eq.(13) can be solved to give 

h'(p) 
NS(p,e) 

= (ac/2n)h(p)+g(E) 

(12) 

equations will be given and 

To solve the differential 

laser photon flux density 

new variables p= t -nz /c and 

(13) 

(14) 

where h'(p)Eah /ap =exp (9'f(y)dy) and f(p) and g(c) are arbitrary function 

which are determined by the boundary conditions. From Eq_.(14) and (10) 

NL can be calculated (using the abbreviation g(E)Eag /aE) 

NL4p'E) _ 
2n g(E) 
ac (ac/2n)h(p)+g(E) (15) 

As a model for the Raman and laser pulse we choose two light pulses 

of arbitrary shape with sharp edges travelling in opposite directions. 

The leading edge of the Raman or laser pulse is given by p =0 or E =0. 

Appropriate boundary conditions are 

NS =O and NL= NL(o,E) for ps0 and c >0 

NL =O and NS =N 
S 
(p,o) for p >0 and Es0 
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The interaction between the Raman and laser light occurs in the region 
p >0 andc >0. Substitution of the boundary conditions in (14) and (15) 

leads to differential equations for g(e) and h(p) with solutions 

= 
0(0)+:l[e-acPL( e ) /2n-1] 

h(p) = 2n [Ae-acDS(p)/2n-e0)1 
ac ° 

(16) 

(17) 

In (16) and (17) A is an integration constant and DL and DS are given 
Dy the aquat ions : 

E 
DL(E6 = /NL(o,Y)dy (18) 

DS(p) _ iJNS(y,o)dy (19) 

,'e finally obtain the general solutions of the rate equations (10) 

and (11) 

NS(p,E) 

NL(p,E) _ 

Ns(p,0)exp(acDS(p)/2n) 

exp(acDS(p)/2r0f- exp(-acDL(E)/2n)-1 

NL(o,E)exp(-acDL(E)/2n) 

exp(acDS(p)/2n)+exp(-acDL(E)/2n)-1 

(20) 

(21) 

It can be shown7 that the attenuation of the pump light between 

0 and p is negligible. The condition acDs(p) /2n «1 is fulfilled and 
Eqs. (20) and (21) can be written as 

NS(p,E) _ 

N (p E) 

Ns(p,0) 

acDs(a)/2n+exp(-acDL(e)In) 

NL(0,E)exp(-acDL(E)/2n) 

L ' - acDS(p)/2n+exp(-acDL(E)/2n) 

(22) 

(23) 

We are now in the position to discuss the solutions (22) and (23) of 

the rate equations for special initial conditions. E.g. the Raman 

pubs,, is assumed to have the form of a linear ramp with a slope 

cNSo /dn and a height NSo (see Fig.3). The choice of the initial con- 

ditions seems to be somewhat arbitrary. But it can be shown7 that the 

Raman oulse is rather independent from the initial conditions for 

large amplification. With the initial conditions Ns(p,0)= cNsap /an 

and NL(0,E)= NLcone calculates D 
L 
(c) and D 

S 
(o) from (18) and (19) The 



solutions (22) and (23) assume the following form 

(NSo /a)(ct /n -z) (24) Ns(z,t) _ ( aNS o/ 4a)( ct7n- z) 2 +exp[-al4Lo(ct /n +z) /2) 

NLoexp[- aNLo(ct /n +z) /2] (25) 
NL(z,t) _ ( NSo/ 4a )(ct /n- z)1 +exp[- aNLo(ct /n +z) /2J 

It is convenient to introduce new variables: the coordinate of the 
edge of the Raman pulse at time t is denoted by zo =ct /n and the 
distance from the edge of the Raman pulse by á :zo -z. The gain C at 

the edge is given by G =aNLo. Then, the Raman photon flux density NS 

can be written as 

(NSo/a)dexp(Gzo) 
NS(zo'á) 

_ (aNS0/4a)d2exp(Gzo)+exp(Cd/2) (26) 
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For the discussion of NS new dimensionless quantities are appropriate. 

We choose R= {oexp(Gro) /GaNLo}1 /2 n and y =06/2. R is the ratio of the 

maximum Stokes photon flux density NSmax to the laser photon flux 

density NLQ(for R»1). y measures the distance from the edge of the 

Raman spike. We obtain 

NS(y) 2R2y 
NLo - ey+ R2y2 (27) 

Fig.4 shows the normalized Raman flux Ns(y) /NLo as a function of y. 

The parameter R of the different curves is proportional to exp(Gz0/2). 

The curves show the development of the Raman pulse for increasing zo, 

i.e. they show the growth of the pulse intensity during the path 

through the liquid cell. The large amplification of the Raman spike 

is quite apparent. It should be noted, that a pronounced sharpening 

of the pulse sets in when the Raman intensity exceeds the laser inten- 

sity (dee Fig.4, ordinate Ns(y) /NLo =1). In this case the laser pump is 

almost completely exhausted at the edge of the Raman pulse. As a 

consequence those parts of the Raman spike which follow the spike 

maximum only weakly amplified and a sharpening of the spike occurs. 

It is clearly seen from the preceeding calculations that theory pre- 

dicts extremely sharp and intense Raman spikes. 
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N 

r 

-011. 
Nso 

a 

Fig. 3. Initial conditions for the Raman and laser 
pulse, Ns and NL, for t = O. (The magni- 
tude of Nso is highly exaggerated compared 
to NLo.) 

Y 

Fig. 4. Normalized calculated Raman pulse Ns(y) /NLO as a function 
of y for different values of R. For detailed discussion 
see text. 
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IV.Quantitative comparison between theory and experiments. 

We have made quantitative measurements of the total Raman energy as a 
function of position zo in the liquid cell. In addition the length 
of the Raman spike was measured by an autocorrelation technique. The 
results of these measurements will be compared quantitatively with 
theoretical calculations. 

1) Measurement of the total backward emitted Raman energy. 

The experimental system to measure the Raman energy as a function of 
position in the cell is depicted in Fig.5. Thin glass plates were 
immersed into the liquid to couple out a small amount of light which 
is detected by a calibrated photocell PH1. The signal of the second 
photocell PH2 is used as a reference. The results of these measurements 
are shown in Fig.6. The total Raman energy ER is plotted as a function 
of position zo in the liquid cell. After the pulse has passed half 
of the cell length, the pulse energy ER rises linearly with position 
zo. This linear dependence is expected from the theory. By integrating 

Eq.(27) over the total length of the Raman pulse and the cross section 
we obtain (for R >1) 

ER = Szo + const. (28) 

This result indicates that ER is represented by a straight line with 

slope 

The laser 

PL =180 kW. 

while the 

Joule /cm. 

S =(2.7 nus /cuL)PL (29) 

power at the time of the Raman spike was approximately 

Using this number we calculate a slope Scalc.= 2.5x10- 5Joule /cm 

measured slope determined from Fig.6 is Smeas.= (2.35 =0.4)x10 -5 

There is excellent agreement between the experimental and 

theoretical value of the slope S. 

2. Time duration and peak intensity of the Raman pulse. 

Measurements of the time duration of the Raman pulse were made with an 

autocorrelation technique6similar to that independently developed by 

Armstrong and Weber11. The experimental set up is shown in Fig.7. The 

Raman pulse is divided by a beam splitter into two parts which are 

recombined in a crystal of KDP. Each of the pulses generates second 

harmonic light in the direction of its wave vector -tc, which is detected 

by a reference photomultiplier PH2. In addition both pulses create 
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PHI 

Fig. 5. Experimental set up for the deter- 
mination of the total backward Ra- 
man energy as a function of posi- 
tion in the liquid cell. 

0 10 20 30 

DISTANCE FROM THE EXIT WINDOW so Ccm3 

Fig. 6. Dependence of the backward Raman energy on the 
position in the liquid cell. 
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PH3 F3 

F4 

Fig. 7. Autocorrelation set up for the 
measurement of the pulse length. 
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second harmonic light in a direction which is given by the sum of 
their wave vectors k1 +k2. This uv light is measured by a second photo - 
multiplier PH1. If both light pulses arrive simultaneously at the 
KDP crystal the output signal of the coincidence photomultiplier PH1 

is a maximum. By varying the time delay the half width of the pulse 
can be determined. Fig.8 shows the normalized signal A of the coinci- 
dence photomultiplier as a function of the optical delay 6. A is 

proportional to II1(t)I2(t +6/c)dt /II12(t)dt, where I and 12 are the 

intensities of the pulses. The points given in Fig.8 are average values 
of at least five individual measurements. From the halfwidth of the 
curve (2cm) a pulse length of 61 =1cm can be calculated. The pulse 
length of 1 cm corresponds to a pulse duration of 30 picosec. 

We are now in the position to estimate the ratio R of the Raman peak 

intensity to the laser intensity. This can be done by two independent 

methods. 

a) R can be determined from the pulse length 61/2 =1cm and the gain 
factor G. The pulse length as calculated from Eq.(27) is given by 

61/2 = 
4/77RG (30) 

The gain factor G= NLoe_0.7cm -1 is known from the measurements. With 

these numbers we obtain R =16. 

b) R can be calculated from the experimental pulse length 61/2 and 

the pulse energy ER. By integration of Eq.(27) over the pulse length 

and the cross section we get the Raman energy 

ER = (5.4us /GuL)PLln(2.3R) (31) 

We eliminate G from (31) using Eq.(30) and arrive at R =22. The cal- 

culations show that the Raman pulse intensity is approximately twenty 

timesthe laser intensity. lithin the experimental uncertainties both 

independent methods lead to the same result. 

The agreement of the measurements of the total Raman energy, 

the pulse length and peak intensity with the theoretical 

calculations shows that the development of the Raman pulse is well 

accounted for by the theory presented above. 

V. Conclusions. 

An investigation of the stimulated Raman emission in the backward 

direction was made. We have observed extremely short and intense 

Raman pulses. The pulse length was determined to be only 30 picosec. 



437 

-4 -2 0 2 4 

OPTICAL DELAY ô C cm ] 

Fig. 8. Normalized output signal of the coincidence photo - 
multiplier A =const II1(t)I2(t +6 /c)dt /I12(t)dt as 
function of optical delay 6. 

The peak intensity of the Raman pulse was estimated to be approximately 

20 times the laser intensity. Good agreement was obtained between a 

time dependent theory and the experimental results. 

Acknowledgement should be made for Mr.K.Wecht for programming help. 
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Standing wave excitation of two -photon fluorescence in solutions or organic molecules is reported. The observa- 
tions allow the direct display and measurement of optical pulses as short as 1 -2 x 10-2 sec. 

This Letter reports the observation of intense 
blue fluorescence in solutions of 1,2,5,6- dibenz- 
anthracene (DBA) and other organic molecules 
excited by picosecond duration, 5300 A optical 
pulses. Standing wave excitation of this fluorescence 
has allowed the direct display and photographing 
of light pulses as short as 1 -2 psec. We tentatively 
attribute the DBA emission to two -photon absorp- 
tion via virtual states, followed by fluorescence from 
the 'Lb level.' -3 

The experiments made use of 5300 A light gen- 
erated in a KDP crystal by a 1.06 -p. Nd +3 glass laser, 
mode -locked by the Q- switch dye technique.' The 
crystal output consisted typically of -20 pulse 
trains at intervals of 4.6 x 103 psec, twice the optical 
length of the laser resonator. Photodiode meas- 
urements showed the individual trains to have a 

duration <6 x 102 psec and energy 10 -3 J. The 
5300 A light had a spectral width of 100 -400 cm -', 
usually with a prominent 5 -20 cm -' central band, 
in agreement with earlier results.' After filtering 
to remove laser fundamental and pump light, and 
telescoping to a diameter of 1 mm, the beam tra- 
versed a 19 mm fluorescence cell. In 0.01 M DBA 
solution in benzene and in other solutions de- 
scribed below, the beam produced a bright, uni- 
form, blue track with a diameter of 0.7 mm. The 
emission was primarily in the 4000 -4200 A region 
with a lifetime X50 nsec, consistent with previously 
reported 'Lb fluorescence.' The track produced by 
a single laser pulse could be readily photographed 
(f/2.8, Polaroid 3000 film). 

A direct display of the structure of the pulse 
trains was obtained by normal reflection of the 
beam at a mirror immersed in the solution at the 
exit end of the cell. Consider the expected two - 
photon fluorescence due to a train of m identical 
pulses of peak intensity /, duration between hall - 
intensity points t,, and separation 12 =a t,. The in- 
tegrated background trace intensity IB is propor- 
tional to (4m - 2p)121,. The index p , m - 1 labels 
the position at which pulses meet thei pt" nearest 

neighbors in the train. At the mirror (R a 100%), 
Io = /o = B. The length of the bright region at 
the mirror, between points of half- maximum in- 
tensity above background, is act, /2n, and of the 
other bright regions act,ln. Here n is the refrac- 
tive index of the solution, and a is a constant de- 
pending on the pulse shape: e.g., a = l for a 

Lorentzian pulse, 1/2 for a rectangular pulse. The 
separation of the bright regions is cis /2n. In the 
present work n = 1.50. 

A typical fluorescence track produced by the 
standing wave distribution, photographed through 
a Corning 7 -59 filter to eliminate 5300 A scat- 
tering, is shown in Fig. 1. The short bright region 
of 0.2 mm length at the left occurs at the mirror; 
three 0.4 mm bright regions occur at 6.1 mm in- 
tervals from the mirror. The track is consistent 
with two -photon (12) fluorescence excited by a 

train of m = 4 pulses of duration 2 -3 psec sepa- 
rated by 60 psec. From the photodiode measure- 
ments, m = 10. It should be noted that 60 -psec 
pulse train generation is expected from our mode - 
locked laser, in which the beam is coupled out 
through a plane parallel 0.63 cm quartz flat, the 
inner surface of which has a 65% reflecting di- 
electric coating. Since the reflectvitiy spectrum of 
this element has peaks uniformity spaced by 0.54 
cm-', maximum picosecond pulse reflectivity 
is available for a train with regular spacing (0.54 x 
3 x 101°) -' or 61 psec.' It was verified that when 
the parallel flat was replaced by a wedge, the 

Fig. 1. Two -photon fluorescence track excited by 0.01 M 
DBA solution by train of 2 -3 psec 5300 -A pulses separated 
by 60 psec. Bright spots indicate pulse intersections. Track 
length is 19 mm; mirror is located at left end of track. The so- 
lution refractive index is 1.5. 
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pulse train reduced to a single intense pulse. 
Densitometer measurements of integrated 

fluorescence intensity along the track were made 
from negatives prepared from the Polaroid photo- 
graphs, whose characteristic curves were in- 
dividually measured. For the DBA solutions, he 
ratio /On was found to have an average value 1.8 i- 
0.2., This result is consistent with a fluorescence 
intensity proportional to P. The monotonic inten- 
sity decrement between adjacent peaks was (0.15 ± 
0.10) /0. Pulse trains having t2 < 60 psec, usually 
12 . psec, were also observed and presumably arise 
from reflections at elements within the resonator. 
The shorter spacings were always accompanied by 
the AP = (c12)-' fringes in the spectrum of the 5300 
A light. The expected 0.54 cm -' fringe spacing 
characteristic of the dominant 60 psec spacing was 
visible on some spectra but was not prominent. 
Figure 2(A) shows a typical densitometer trace of 
a train of 2 -psec pulses, with t2 = 60 psec. Figure 
2(B) shows a train with a dominant spacing of t2= 
12 psec, together with the central portion of the 
spectrum of the exciting 5300 A light. The expected 
fringes of LIT = (c12) -' = 2.8 cm -' are the dominant 
feature of the spectrum. The spectral width of a 
2 -psec pulse is --10 cm -' and is consistent with the 
width of the intense 5 -20 cm -' central spectral 

101 

10 o 10 
SPECTRUM OF EXCITATION. I0171'1 

Fig. 2. A: Densitometer trace of two -photon fluorescence 
track produced by train of 2 -psec pulses, pulse separation 60 
psec. B (above): Track indicating groups of three pulses sepa- 
rated by 12 psec, group separation 60 psec. Each group pro- 
duces three bright spots at the mirror, five bright spots at the 
crossing regions centered at 6.3 and 12.5 mm. B (below): Cen- 
tral band of 5300 -A pulse spectrum producing the track of B 

(above). The 2.8 cm -' fringe spacing is in agreement with the 
12 -psec repetition rate inferred from the track. 

bands.5 A few pulses as short as 1 psec have been 
recorded. The pulse widths discussed here were 
calculated assuming a = 1, i.e. a Lorentzian pulse.5 

We estimate a peak pulse power of 6 x 10' \% 

at 5300 A in the above experiments, or an intensity 
/ of 2 x 102$ photons cm -2 sec -'. The observed 
fluorescence per 2 -psec pulse is 1 x 10'22 photons 
cm -3. These values represent a molecular cross 
section ail cm2 for two -photon absorption given by 
cr, = 7 x 10 -52 cm4 sec. This result is believed to be 
accurate to within a factor of about 5. 

The agreement between the cross section meas- 
ured in he present work, and the two -photon 
(6943 A) cross sections of 10 -51 to I0 -S0 cm4 sec 
measured by Peticolas et al.' and Hall et al.3 for 
anthracene, pyrene, and benzpyrene crystals lends 
support to our interpretation of the above results 
as primarily two -photon absorption and fluores- 
cence. However, the occurrences in DBA of triplet 
states at T, = 18,300 cm -' and T2 = 37,080 cm -' 
suggests alternative mechanisms. Two -step absorp- 
tion via the triplet states and subsequent intersys- 
tem crossing appear to be ruled out by the large 
transition probability ratio (T, T2)/('A. T1). 
The large ratio (>106) (ref. 8) should lead to a 
severe 'A0 --0 T1 bottleneck and I' rather than the 
observed I2 fluorescence. Triplet- triplet annihila- 
tion is ruled out by the observed picosecond pulse 
memory. Additional support for the two -photon 
interpretation is provided by the observation of 
(slightly weaker) 3000 -3600 A fluorescence and 
picosecond pulse displays- in benzene solutions of 
highly purified biphenyl and napthalene, which 
have no triplet states below 21,000 cm -'. 

Intense blue fluorescence in 1,2-benzanthracene 
and anthracene solutions has also been observed 
with 5300 A light. The theory of two -photon ab- 
sorption2 suggests that the effect should occur 
widely in molecules having sufficiently low singlet 
levels. 

With lower intensity 6943 A excitation, strong 
two -photon fluorescence has also been observed 
in benzene solutions of 9, 10- diphenyl anthracene, 
9, 10- dimethyl anthracene and other substituted 
anthracenes. It is believed that triplet mechanisms 
may play a dominant role under these conditions." 

Straightforward extension of the above experi- 
ment should facilitate the use of picosecond optical 
pulses in a variety of experiments of current in- 
terest.10 It is expected that the resolution of the 
present technique is limited primarily by spatial 
diffusion of singlet excitation during the fluores- 
cence lifetime, and should be less than 10 -14 sec. 
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PICOSECOND LIGHT PULSE DISPLAY USING TWO DIFFERENT 
OPTICAL FREQUENCIES 
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A new technique for the display and measurement of picosecond light pulses is demonstrated. Two picosecond 
pulses, of different optical frequencies, are sent on a collision course in a liquid. They produce strong two -photon 
fluorescence only in the region where they overlap. This results in the direct display of the pulse shapes over a very 
weak background. In a different arrangement, the two pulses enter the liquid collinearly and simultaneously, and 
initially generate strong two -photon fluorescence. Subsequently, as the pulses propagate through the liquid, dis- 
persion causes one pulse to overtake the other and the two -photon fluorescence diminishes. This results in a magni- 
fied display of the pulses. 

Recently, Giordmaine, et al.' have demonstrated 
a new technique for displaying picosecond light 
pulses such as one produced by mode -locked 
Nd:glass lasers." In their experiment, two short 
pulses at 0.53 p, were made to collide in a liquid 
exhibiting two -photon fluorescence. Because of 
the quadratic intensity dependence of two -photon 
fluorescence,4 the intensity of fluorescence was 
greater in the region of the liquid where the pulses 
overlapped than in the other region where each 
pulse acted alone, sequentially. The ratio of the 
fluorescence intensities in the two regions, the con- 
trast ratio, was observed to be approximately 2.0. 
Clearly, it would be very advantageous if one could 
eliminate the background fluorescence trace for 
one would then be able to display weak and com- 
plex picosecond signals which could otherwise be 
obscured in the background fluorescence. In this 
Letter we wish to report results obtained with a 
scheme whereby the background fluorescence 
trace is virtually eliminated. We also present re- 
sults obtained with a modification of the same 
scheme whereby spatial picosecond pulse displays 
are greatly magnified without loss of intensity. 

The basic idea behind the experiment is to use 
light pulses of two different optical frequencies 
and an appropriate liquid. One pulse has a fre- 
quency which is too small to induce two -photon fluo- 
rescence in the liquid. The other one, although it 
has a frequency capable of producing two -photon 
fluorescence, is of sufficiently weak intensity that 
it produces little or no fluorescence. The sum fre- 
quency of the two pulses is sufficiently high so 
that simultaneous absorption of two quanta,5 one 
from each pulse, leads to fluorescence in the 
liquid. When the two pulses interact in the liquid 
they produce strong two -photon fluorescence whose 
spatial distribution is a direct measure of the 
pulse shapes. A 5 x 10 -2 M solution of diphenyl- 
cyclopentadiene (DPCPD) in tetrahydrofuran ex- 
hibits strong fluorescence with a maximum at 
0.43 µ and satisfies the requirements for two - 
photon fluorescence stated above when used in 
conjunction with strong (v 1 GW /cm2) pulses at 
1.06 µ and weaker MW /cm2) pulses at 0.53 
L. We have found that pulses at 1.06 µ alone did 
not produce any detectable fluorescence, while 
the 0.53 -.t pulses produced a weak flux of blue 



fluorescence. "The two acting together simul- 
taneously produced strong blue fluorescence. 

In the experimental setup a train of picosecond 
plane -polarized pulses spaced 3.3 nsec apart emerg- 
ing from a mode- locked Nd:glass laser"' is passed 
through a KIM' crystal set at the phase- matching 
angle for second- harmonic generation. Because of 
phase- matching, the 0.53 -p pulses generated by 
the KDP crystal and the I.06 -p pulses transmitted 
by the crystal are exactly coincident in space, time 
and direction. The composite beam is now passed 
through a cell of bromobenzene 9.0 cm long. Nor- 
mal dispersion causes the 1.06 -p pulses to emerge 
from the cell about 24 psec ahead of the 0.53 -p 
pulses.6 The beam then enters a 2.0-cm -long cell 
containing the DPCPD solution; the end wall of 
the cell consists of a dielectric mirror having 75% 
reflectivity at 1.06 p and less than 5% at 0.53 µ. 
The beam hits this mirror at normal incidence. 

The fluorescence patterns produced in the 
DPCPD cell were recorded on 3000 -speed Pola- 
roid film by means of an f/4 camera viewing the 
cell from the side through a dark. blue Corning 
7 -59 filter. The filter allowed the DPCPD fluores- 
cence (0.46 to 0.40 p) to be recorded, but com- 
pletely absorbed the 0.53 p and 1.06 p scattered 
light. 

Two typical tracks recorded under these condi- 
tions are shown in parts (a) and (h) of Fig. 1; the 
corresponding photodensitometer traces are shown 
in Fig. 2. A small bright spot of blue fluorescence 
is seen about 2.8 mm from the right end of the 
tracks. The ends of the tracks are more visible on 
the lower two photographs. The right end of these 
tracks locates the position of the 1.06 -p dielectric 
mirror (arrows on Fig. 2). The bright spot on the 
upper two tracks is produced when pulses at 1.06 p 
entering the cell from the left are reflected back 
from the mirror and interact with the oncoming 
0.53 -p pulses. The spacing between the spot and 
the mirror should he proportional to the delay ac- 
cumulated between the two pulses at the time when 
they collide, and this was verified experimentally 
by varying the length of the bromo- benzene cell. 
This delay is about 26 psec for the two upper 
tracks, an additional 2.1 -psec delay having oc- 
curred in the DCBPI) solution itself. 

The weak background trace, clearly visible on 
track (a), was produced by the 0.53 -p. pulses acting 
singly. Let /, and /" designate the intensities of the 
1.06- and 0.53 -p pulses, respectively. The bright- 
ness of the overlap spot is proportional to /,/", 
whereas the brightness of the background trace is 

proportional to /22. Clearly, by decreasing /" and 
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increasing /, proportionately, the intensity of the 
background trace can be reduced to virtually 
nothing while the brightness of the spot is main- 
tained constant. ln the present experiment we could 
decrease /" by det g the KIM' crystal; but un- 
fortunately, the range over which /, could Ix in- 
creased was limited. Nevertheless, contrast ratios 
as high as 10 to I were observed between the bright- 
ness of the spot and the brightness of the back- 
ground trace (track (h). Fig. I and Fig. 2). 

The weak secondary structure visible on the left - 
hand part of track (a) is associated with a weaker 
satellite pulse" following the main laser pulse by a 
distance equal to twice the distance between the 
mode -locking dye and the back mirror inside the 
Nd:glass laser. The spot on track (a) is overexposed 
and appears larger. From the width of the fluores- 
cence spot on properly exposed photographs the 
width of the 0.53 -p and 1.06 -p pulses could be 
estimated. Assuming that the pulses were Gaus- 
sian- shaped and that the I.06 -p pulse was V 
larger than the 0.53 -p pulse, the full width at 
half- height of the latter was found to be 2.7 ± 0.6 
psec when the Kodak dye #9860 was used for 
mode -locking and 3.0 ± 0.6 psec when the dye 
#9740 was used. 

(a) 

(b) 

(c) 

(d) 

Fig. 1. Fluorescence tracks produced by composite beam of 
picosecond 0.53- and 1.06 -p pulses. The beam is going from 
left to right. A dielectric mirror placed at the right end of the 
tracks reflects only the 1.06 -p pulses. (a) The 1.06 -p pulses 
lead the 0.53 -p pulses by 24 psec as they enter the cell. No. 
9740 Kodak dye used for mode -locking. (b) Same as (a) except 
that the 9860 Kodak dye is used for mode -locking. (e) The 
1.06 -p and 0.53 -p pulses enter the cell at the same time (9860 
dye). (d) Track produced when only 0.53 -p pulses are present. 
In each case the total track length is 2.0 cm. 
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In the second phase of the experiment the bromo- 
benzene delay cell was removed, thereby allowing 
the pulses of both frequencies to enter the DPCPD 
cell simultaneously. Part (c) of Fig. 1 shows a 
typical track recorded in this case. At the left end 
the 0.53- and 1.06 -.t pulses are coincident and they 
induce strong two -photon fluorescence. As they 
progress through the liquid, dispersion causes the 
1.06 pulses to speed ahead of the 0.53 -µ pulses, 
and the fluorescence intensity diminishes. Near 
the end of the track, the 1.06-p pulse is about 2.1 
psec ahead of the other, and the fluorescence has 
been more than halved. At the mirror, the overlap 

(a) 

Fig. 2. Photodensitometer recordings of the tracks corre- 
spond to the tracks in Fig. 1. For each trace the arrow indicates 
the position of the dielectric mirror. 

between the reflected 1.06 -µ pulse and the 0.53 -p 
pulse causes a bright spot, as before. Part (d) of 
Fig. 1 shows the track produced when only 0.53 -µ 
pulses of higher intensity were present. It is pre- 
sented to show that the tapering off of the track 
above it is not due to absorption or to optics. The 
track shown on part (c) of Fig. 1 is essentially, then, 
a magnified display of the pulse shapes. Under 
the assumption of Gaussian pulse shapes, as be- 
fore, analysis shows that the distance from the left 
end of the cell to the point where the fluorescence 
has decreased to half -intensity is given by 1.2 w /B, 
where w is the full spatial width at half -weight of 
the 0.53 -p pulse in the liquid; and 8 is the fractional 
difference between the group velocities at 1.06 and 
0.53 p.. For the liquid in question, 6 was measured 
to be = 0.022, so that the magnification factor was 
of the order of 50. Using this speed -up technique 
of pulse display, it was found from densitometer 
tracings of the tracks that the 0.53 -.t pulses had an 
average width at half- height of 2.0 ± 0.5 psec when 
the Kodak dye #9860 was used, in agreement with 
the pulse collision technique described above. The 
speed -up technique demonstrated here seems 
capable of displaying pulses and complex signals 
with a resolution of better than 10 -" sec, without 
imposing severe requirements on the optics or the 
resolution of the film. 

Stimulating discussions with C. G. B. Garrett 
are gratefully acknowledged. 

'J. A. Giordmaine, P. M. Rentzepis, S. L. Shapiro, and K. W. 
Wecht, Apps. Phys. Letters 1l, 216 (1967). 

A. J. DeMaria, D. A. Stetser, and H. Heynau, Appt. Phys. Let- 
ters 8, 174 (1966). 

'J. A. Armstrong, App!. Phys. Letters 10, 16 (1967). 
'W. Kaiser and C. G. B. Garrett, Phys. Rev. Letters 7, 229 (1961). 
'J. J. Hopfield, J. M. Worlock, and K. Park, Phys. Rev. Letters 

11, 414 (1963). 
We are grateful to Dr. C. C. B. Garrett for pointing out to 

us that group velocities, rather than phase velocities, must be used 
here to compute delays. A serious discrepancy otherwise re- 
sults in the observed differential delay. 



445 

CORRELATION EFFECTS IN THE DISPLAY OF 
PICOSECOND PULSES BY TWO- PHOTON TECHNIQUES 

J. R. Klauder 
Department of Physics 
Syracuse University 

and 

M. A. Duguay, J. A. Giordmaine, and S. L. Shapiro 
Bell Telephone Laboratories, Incorporated 

The two- photon fluorescence (TPF) technique for the display 
of picosecond pulses is analyzed. It is shown that TPF displays resembling 
those of picosecond pulses from mode -locked lasers, but having reduced con- 
trast, are produced by lasers in which mode -locking is incomplete or absent. 
We report here new TPF experiments which provide further evidence for pico- 
second pulse output of dye Q- switched Nd:glass lasers. In addition TPF ob- 
servations with a single mode ruby laser are found to give contrast ratios 
in agreement with the general theory. 

Recently, several authors1 -5 have described and 

used techniques for the display of picosecond pulses which 

involve two -photon interactions in nonlinear crystals or 

in fluorescent dyes. These and other authors6 -9 have 

reported pulse width measurements ranging from i to 30 psec. 

In this Letter we wish to point out that similar displays of 

reduced contrast can be produced from the output of multimode 

lasers even in the absence of mode locking. We present here 

an analysis1 0 of the two photon techniques which provides a 

basis for evaluating the degree of mode -locking. In the 

light of this theory we analyze new experimental results on 

the two -photon fluorescence (TPF) technique which provide 

further evidence for the existence of picosecond pulses. We 

also report TPF observations of a single mode laser, which 

are found to be in accord with the theory. 

In the single frequency TPF experiments4, 6'7 a 

linearly polarized light beam at optical frequency w is 
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is the (normalized) squared amplitude or intensity auto - 

correlation function of the light signal. This normalization 

is such that f(T) = i at sufficient distance from the mirror 

that the incident and reflected bursts of radiation do not 

overlap. 

Characteristics of TPF displays expected on the 

basis of Eqs. (2) and (3) are summarized in Table 1. 

Consider a laser oscillating in many modes of equal spacing 

5v, spanning a frequency interval Ov »i 6v. For arbitrary 

phases of the modes the theory predicts that fluorescence 

peaks of intensity fp = 3 and width ti(Av) -1 will occur at 

the mirror and at positions spaced from the mirror by 

integral multiples of (5v) -1. If the modes are locked in 

phase, the laser output consists of a train of pulses of 

width -.(Av) -1 separated by (5v) -1; in this case the 

fluorescence peaks are simply interpreted as marking the 

crossings of the pulses.4 In the random phase case, the 

peaks arise as a result of maxima in G(T) at multiples of 

the recurrence time T = (6v) -1. 

In the background region between the pulses, since 

Eo(t +T) and E2(t) are essentially uncorrelated, G(T) becomes o 

<Eó( t )i2 
= g 

<Eó 
( t )i 

For n randomly phased modes in the limit of large n, 

g ->2, and one obtains the background intensity fb = 2, 

and the contrast ratio R - -fp /fb = 1.5. For complete mode 

locking on the other hand g >0, fb = 1, and R = 3. 
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Laser Source 

TABLE 1 

Two Photon Fluorescence (TPF) Displays 
of Various Laser Sources 

Peak Background 
fluorescence fluorescence 

fp fb 

Contrast Peak width 
ratio (units of 

R Av-1) 

Mode locked 3 1 3 .1 

Free running 3 2 1.5 ^-1 

Nd :glass 2.0±0.3 1.0±0.3 2.0 ±0.2 -.10 

Single mode 3.1í0.k not applicable 

Mode locked indicates an ideal source of n modes, n »» 1, equally 

separated in frequency, spanning a spectral width Av, and having. 

the same phase; the output consists of (picosecond) pulses of 

duration .(Av) -1; free running - a similar source with randomly 

phased modes; the output intensity distribution is approximately 

Gaussian; Nd:glass - experimental results on an EK971E0 dye Q- switched 

Nd :glass laser, having spectral width Av/c -..100 -200 cm -1; single 

mode - experimental result on a dye Q- switched ruby laser, 

oscillating in a single transverse and longitudinal mode. 
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The expected TPF display for a single mode laser 

has approximately uniform fluorescence fp = 3 in the range 

O < T « T, and f = 1 for T > T. 

It follows that the degree of mode locking and 

thus a measure of the picosecond pulse content can be 

evaluated from the TPF displays both by measurement of 

the contrast ratio R and from the background intensity fb. 

Values of R and fb in the range .3 > R > 1.5 and i < fb < 2 

indicate multimode sources having intensity distributions 

intermediate between Gaussian (random phases) and broader 

distributions characteristic of mode locked pulses. 

Similar arguments apply to the two frequency TPF 

experiments5 and the second harmonic generation (SHG) coincidence 

pulse measurements.1-3 There the fluorescence intensity 

and the coincidence signal respectively are proportional to 

G(T) rather than 1 + 2G(T), where in the present case 

f Ei(t +T)E2(t )dt 
G(T) - 

2 2 
f El(t)E2(t)dt 

For comparison with the single frequency results, 

we set f(T) = 2G(T) . In Eq. (4) Ei(t+T) and E2(t) are the 

incoming signals derived from a common source and delayed 

relative to each other by T. The displays therefore show 

no background fo beyond the overlap region T > T. They do 

however show repetitive peaks of intensity f = 2 at 

intervals (6v) -1 for arbitrary phases. A measure of the 

degree of mode locking and picosecond pulse content is 

(4) 
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obtained from the contrast ratio R. For a large number 

of randomly phased modes fb = 1 and R = 2. For complete 

mode locking fb = 0 and R -400. 

We summarize the results of new TPF observations 

of the dye Q- switched Nd:glass laser in Table 1, line 3. 

The observed fluorescence tracks resembled those previously 

reported. '6 Observations were made in a solution of 

rhodamine 6G6 in dichloroethane9 in a 2 cm region adjacent 

to the mirror. The periodic fluorescence peaks usually 

indicated the 60 ps pulse separation expected from the 6 mm 

laser output reflector etalon4 however submultiples of this 

spacing were also occasionally observed. When the laser 

output had a broad spectral bandwidth (j 100 cm -1) the 

average pulse duration as indicated by the width of the 

fluorescence peaks was 2 -4 psec. 

To minimize problems of film calibration and 

reciprocity failure, we measured R and fb by a two beam 

comparison technique. The incident laser light was split 

into two beams of equal intensity which traversed the 

fluorescence cell in adjacent tracks. The TPF display bean: 

was reflected upon itself by the 100Ó mirror in the cell; 

the second, unreflected beam provided a reference of 

intensity f = I. The intensity of various portions of 

the display beam were compared to the reference beam by 

photographing the former through a calibrated filter 

producing the same exposure as the reference beam. 
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The measured background intensity fb = 1 ± 0.3 

is consistent with strong mode locking and high picosecond 

pulse content. This result is consistent with that reported 

elsewhere1in which a contrast ratio R = 102 was reported 

for a similar laser with a SHG coincidence measurement. 

The measured contrast ratio in the present work was R = 2 ± 0.2, 

a result indicating partial mode locking and agreeing with 

earlier TPF measurements of the second harmonic of a similar 

laser.4 The value of fb = 3 at the expected positions was 

not observed. 

We also measured TPF tracks produced by a single 

mode dye Q- switched ruby laser in a solution of 9,10 

diphenylanthracene in benzene. A ratio of (6.1 ± 0.8) was 

found between the display and reference tracks, indicating 

peak intensity f_ R = 3.1 ± 0.4 as expected from the theory. 

In conclusion we point out that the values R ti 2 

and fb 1 observed in the multimode laser TPF displays are 

consistent with Nd:glass laser emission in the form of 2 -4 

psec pulses having substantial and random intensity 

fluctuations on a scale ti0.2 psec. Such internal structure 

is indicated by the observed spectral width of 100 -200 cm -1. 

The apparent absence of the expected intensity peak with fp = 

R = 3, with -.2011 width may be due to the limited recording 

resolution and is currently under investigation. 

3, 
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OPTICAL PULSE COMPRESSION 

by 

J. A. Giordmaine, M. A. Duguay, and J. W. Hansen 
Bell Telephone Laboratories, Incorporated 

A scheme, similar to one used in the chirp radar, is proposed to com- 
press in time, without loss of energy, the light pulses generated by a mode - 
locked laser. On the basis of preliminary experimental results obtained with 
a mode - locked He -Ne laser and a LiNbO3 phase modulator, it is shown that com- 
pression of 50-psec pulses derived from a Nd:YAG laser to 0.4 psec or less is 
feasible. 

We wish to propose a scheme whereby the short pulses 

generated by certain mode - locked lasers would be compressed in 

time, without loss of energy, in a manner analogous to the com- 

pression of frequency swept wave trains in the chirp radar. 

In the chirp radar system1,2,3 the transmitted pulse 

is of relatively long duration At, during which time the 

instantaneous frequency is swept over the range f + Af. 

The return pulse is passed through a dispersion network providing 

a differential delay At over the frequency range Af. As a result 

the energy at the beginning of the pulse is delayed so as to 

reach the end of the network at the same time as the energy at 

the end of the pulse. The duration At' of the compressed pulse 

produced this way is of the order At' = l /27rAf « At. The 

ratio At /At' by which the pulse is compressed and intensified is 

called the dispersion factor D. 

The output of mode -locked lasers4'5 takes the form of 

a train of short pulses, with durations ranging from 0.4+ nsec 

for the He -Ne laser to less than 2 psec for Nd:glass lasers, 

and spaced in time by the cavity round trip transit time 2L /c 

which is typically a few nsec (L is the effective length of the 
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cavity, c the kieed of light). We propose to sweep linearly the 

instantaneous optical frequency of each pulse in such a way that 

the optical cycles at the beginning of the pulse will be at a 

higher frequency than those at the end. Passage of the beam 

through a dispersive medium such as bromobenzene will then cause 

the late optical cycles of each pulse to catch up with the early 

ones, thus resulting in pulse compression. 

The optical frequency shif ter10 -12, or Doppler shifter, 

is well suited to impress a linear frequency sweep upon the 
pulses generated by mode - locked lasers. In this device the beam 

of light pulses is passed through an electro -optic crystal whose 

refractive index n is modulated at an RF frequency equal to a 

multiple of the c /2L light pulse repetition frequency, and phase - 

locked to it (see Fig. 1). As a result, the instantaneous optical 

frequency f of each pulse is Doppler shifted by an amount s(t) 

equal to: 

s(t) = S sin(wt+a) (1) 

where t is the time at which a given portion of a pulse crosses 

the midpoint of the crystal, w is the RF angular frequency, a 

its phase relative to the light pulses, and where S, the maximum 

value of the Doppler shift, is given by: 

S = 2f(tn /n) sin wT . (2) 

In } q. (2) , f is the optical frequency of the puise, An is the 

amplitude of modulation of the refractive index n, and T is the 
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transit time through half the crystal. If the pulse is reflected 

N times through the crystal in synchronism with the RF field, the 

value of S is N times that given by Eq. (2). 

For a given mode -locked laser beam, the RF frequency 

of the Doppler shifter is best chosen to be a multiple of c /2L 

which is of the order of or less than 1 /10 the inverse pulse 

width, as illustrated in Fig. 1. In the Doppler up- shifting 

mode, the RF phase is adjusted so that the light pulses cross 

the crystal at the maxima of s(t). The frequency in every portion 

of the pulses is then up- shifted by essentially the same amount S. 

Suppose now, however, that the RF phase is advanced by 90 °. We 

consider a pulse train in which the peak of the m -th pulse tra- 

verses the midpoint of the crystal at t = 27rm and for which a = r. 

LIGHT INTENSITY 

/ l 

INSTANTANEOUS 
DOPPLER SHIFT 

(b) 

kl 

Fig. 1. (a) Light pulses from mode -locked laser. 
(b) Instantaneous Doppler shift produced by Doppler 
shifter when operated in the Doppler up -shift mode. 
(c) Same as (b) , but phase advanced 90° so as to 
impress linear frequency sweep on light pulses. 
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Then the instantaneous Doppler shift varies nearly 

linearly across the width of the pulse as can be seen by 

approximating sin wt by cut in Eq. (1). 

s(t) = -Scot for wt « 1 

For simplicity we consider only the pulse which 

traverses the crystal near the time t = O. Following the 

formalism of Klauder et all, we can describe a pulse 

linearly swept in frequency by the expression: 

t2 
- 2 27ri ( f Ct -Swt 2/2 ) 

E 
1 
(t) = e e 

(3) 

where E1(t) is the optical electric field, T describes the width 

of the pulse, and f0 is the central optical frequency of the pulse. 

The instantaneous optical frequency of the pulse is: 

f = 
d 

(f 
0 
t-Swt 2 /2) = fo - Swt (5) 

in agreement with Eq. (3). 

Consider now the propagation of such a frequency swept 

pulse through a dispersive medium such as bromobenzene or nitro- 

benzene. We write the refractive index of the medium in the form 

n = n0 n6(f-f0) + (n5/2)(f-f0)2 + . (6) 
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where n0, n0, n5 are respectively the refractive index and its 

first and second derivatives with respect to frequency, evaluated 

at f0. 

After passing through a column of length L of the medium 

the Fourier components of the light pulse suffer phase changes 

described by the transfer function (f): 

( f ) = exp ( -2ri f) 

= exp { ( -2ri.Q,/c ) [ n0f0+( nOf0+n0) ( f-f0 ) 

ng +( f0+n0)(f-f0)2+. . . ]} .(8) 

The constant term in the square bracket and the term 

linear in (f -f0) give rise to a distortionless delay equal to 

L(n6f0 +n0) /c. Terms of cubic and higher order in (f -f0) are 

unimportant for the experimental situations discussed below 

and have been ignored. The term quadratic in (f -f0) gives rise 

to the linear differential delay required to compress the 

frequency swept pulse described by Eq. (4). The length L of 

the dispersive column has to be such that this quadratic term 

just cancels a similar term which appears in the Fourier trans- 

form of Eq. (4) . For the case of interest in which the sweep 

spectral width (ti2SwT) is large compared to the natural spectral 

width of the pulse (' i /rrT), this length L is given by 

Z _ Sw( 2n6+f On0 ) 
(9) 
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The same value for .e, can be arrived at by the dif- 

ferential velocity argument referred to above, provided one is 

careful to use group velocities for the energy packets at the 

beginning and at the end of the pulse. The differential group 

velocity turns out to be about three times larger than the 

differential phase velocity. 

Using Eq. (27) of Klauder et all we find that at the 

end of the column the compressed pulse is described by: 

2 -2rr2S2w2i2t2 2Tri( fOt+Srut2/2 ) 
62(t) = 2TrScui e e . (10 ) 

This equation shows that the pulse width has been 

reduced by the factor 

D = 27rSwi2 

and the peak power correspondingly increased. The pulse delay 

has been omitted in Eq. (10). 

In an experiment12 done with a mode -locked He -Ne 
° 

laser (N= 6328A) and a Doppler frequency shifter operated at 

100 MHz, a shift of 4.8 GHz was obtained when the light beam 

made a single pass through a 3.1 cm long crystal of LiNb03. 

With multiple passes, shifts as large as 45 GHz were observed. 

This experiment has been repeated with the RF phase advanced by 

90° in order to observe the effect of a linear frequency sweep 

on the optical Fourier spectrum observed with a scanning Fabry - 

Perot interferometer. Figure 2 shows typical mode - locked laser 
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Fig. 2. The upper trace shows the Fourier spectrum of a train of 
frequency swept pulses. The lower trace is the Fourier 
spectrum of the incident train of pulses generated by a 

mode - locked He -Ne laser. The frequency sweep has increased 
the spectral width of the pulses from 1.5 to 6 GHz. 

pulse spectra at the input (below) and multiple pass output 

(above) of the frequency shifter crystal. For the conditions 

of Fig. 2 the maximum Doppler shift S was 26 GHz. The incident 

spectral width shown is 1.5 GHz, full width at half maximum 

intensity, and corresponds to pulses with T = 1.8X 10-10sec., 

half width at lie intensity. Substitution of these values 

into Eq. (11) plxedicts an available dispersion factor D of 3.2 

and an output spectral width of 5 GHz. The latter value is in 

satisfactory agreement with the observed output spectral width 

of 6.0 GHz, shown in Fig. 2. The length of bromobenzene from 

Eq. (9), turns out to be 40 km in this case, a clearly itpractical 

length: 
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It Is clear from Eq. (9) that we must go to larger 

shifts and higher RF frequencies to reduce to a practical 

distance. In this respect, the mode -locked Nd :YAG laser 

described by DiDomenico et al5 seems to be an ideal candidate. 

By second harmonic generation, a continuous train of green 

pulses at 0.53 µ, about 50 psec at half -intensity, is available. 

With a Doppler shifter operated at 1.5 GHz, but otherwise with 

the same parameters as the experimental device, a shift of about 

75 GHz per pass would be obtained, and a shift of 2.25 THz after 

30 passes. The passes are assumed to be synchronized with the 

Doppler shifter. For bromobenzene and nitrobenzene, Eq. (6) 

is given numerically by:13 

n(bromobenzene) = 1.5665 + 1.30x10-4(f-f 
0 0 

) + 146x10 -7(f -f )2 

n(nitrobenzene) = 1.5618 + 1.70x10 4(f -fO) + 2.03x10-7(f-f 
0 
)2 

where fO = 566 THz (corresponding to ? =0.53 µ) and f is expressed 

in THz. Using the value 2.25 THz for S in Eqs. (9) and (11), we 

calculate that the 50 psec pulses would be compressed into 0.4 psec 

pulses after going through 33 meters of bromobenzene, or 25 meters 

of nitrobenzene. This could be conveniently done by multiple pas- 

sage through an optical delay line immersed in the liquid.i4 The 

absorption coefficient of bromobenzene is of the order of 10 4cm -1, 

so that the loss of energy due to absorption would only be a few 

dB. The peak pulse power would be increased as a result of 

compression by the dispersion factor D equal to 120 here. 
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Application of the technique to pulses shorter than 

..50 psec requires rapidly decreasing lengths of dispersive medium 

for compression, and suggests combination of the frequency 

sweeping and compression functions in one element. Consider for 

example input pulses of width reduced by an order of magnitude. 

Such 5 psec pulses are produced by Nd :glass and ruby lasers under 

proper conditions.7'15 These pulses are frequency swept at 

c15/2rr = 15 GHz by traversal of the same 93 cm length of LiNb03 

crystal envisaged in the previous multiple pass experiments, 

either by an increased number of synchronized passes through 

a shorter crystal (insuring that wT 1), or preferably by the 

use of a travelling wave phase modulator. The RF electric field 

is also assumed to be unchanged. 

For an input pulse whose length T.does not vary during 

passage through the Doppler shifter, Equation (11) shows that 

the .increase in modulator frequency compensates for the decrease 

in i so that the available compression remains unchanged (D=100). 

Such a pulse would be compressed to 0.05 psec with a bromobenzene 

column of only 30 cm length. In practice however the frequency 

sweep and available compression will be reduced, since the pulse 

narrows significantly during traversal of the highly dispersive 

LiNb03 Doppler shifter itself, greatly reducjrg the effectiveness 

of the latter portion of the process. A pulse compressor taking 

advantage of simultaneous frequency sweeping and time compression 

in the same element would be made up of several stages, each stage 

being operated at successively higher frequencies. For these 

large shifts and frequency sweeps, the higher order terms in 

Eq. (8) begin to play an adverse role. This problem could be 
reduced, if not eliminated completely, by appropriately shaping 

the frequency sweep applied to the pulse.12 
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PROPAGATION OF ULTRASHORT OPTICAL PULSES* 

Georcge L. Lamb, Jn. 

United Atincta AZ Res eanch Labotca,ton,í.e4 

Abstract: A description is given of a theoretical model which accounts 

for certain novel effects that take place when extremely short pulses of 

coherent light interact with matter. It is shown that the interaction of 

an assembly of two -level systems with a light pulse having a duration that 

is short compared to all relaxation times of these systems can be described 

in terms of a single nonlinear partial differential equation. The equation 

is one which also occurs in differential geometry. Techniques available 

for obtaining particular solutions of this equation may be employed to de- 

rive analytical expressions which describe the observed breakup of ultra - 

short pulses as well as the self- induced transparency effect. 

* This special topic relating to quantum electronics was presented as a 

seminar paper, being more of a research discussion (technical paper) 
than a tutorial exposition. 
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I. INTRODUCTION 

Recent advances in laser technology have led to the production of 

coherent optical pulses having durations from the nanosecond regime down to 

10 -12 seconds. - Such time intervals are comparable to or shorter than the 

relaxation times associated with the energy levels of many atomic systems. 

The interaction of radiation and matter on such short time scales gives rise 

to new phenomena which can not be described by the rate equation analysis 

used previously(2) for much longer pulses. 

Whenever it becomes necessary to extend the range of a theory to 

encompass new phenomena, it is useful to seek liniting cases of the new 

formalism(3,4,5) which will admit of exact solution. The purpose of the 

present paper is to exhibit a model which is exactly soluel.e in regard to 

certain aspects of ultrashort pulse propagation. The model describes a 

number of effects which have been observed both experimentally( 6) and as 

output from machine computations based upon more complete theoretical 

descriptions.(425) Hence it is felt that the model preserves many essential 

features of the processes which take place. 

Although the coupling between radiation and matter is too strong; to 

be treated by perturbation theory, a fairly extensive analysis of the model 

is still possible since it expresses this interaction in terms of a single 

nonlinear partial differential. equation which arose long ago in differential 

geometry. Therefore, techniques developed about the turn of the century for 

the solution of such equations may be employed here to great advantage. 

II. BASIC EQUATIONS 

We begin by summarizing the semiclassical description of the inter- 

action of radiation with an assembly of two -level systems. The electric field 



£ (.) )of a plane polarized optical pulse satisfies the usual wave equation 

where a is the velocity of light in the medium, -pis the polarization of 

an individual two -level system and Yte is the number density of such systems. 

The response of a two -level system to the optical field is 

described by equations for the density matrix of a two -level system which 

are similar to the Bloch equations of nuclear magnetic resonance,(7,6) i.e., 

(!r! YQ V (eba.- ems) 

(: 
~ 

11 

a t b a.beccb) t.Jbpgb 1 V ( ebb -- ee4) 

plus another pair of equations that are obtained from Eqs. (2) by inter- 

changing a and b. In Eqs. (2) ) is the decay rate or longitudinal relaxa- 

tion time of the upper laser level, riai,is the transverse relaxation time 

of dephasing time for levels a and b, `J is the transition frequency and 

P4it, ea. etc. are the elements of a density matrix for a single two -level 

system. It is assumed that the optical field is coupled to the two -level 

systems through the usual dipole approximation so that/, the matrix element 

of the interaction potential between states a and b, is of the form 

Vz _ ° E 

where % is the dipole matrix element connecting these two levels. 
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(2a) 

(2 b) 

The polarization of a. two -level system is expressed in terms of 

the off -diagonal elements of the density matrix by(8) 

_ - ( eabteb0.) 

while the population difference is Ilea where e is related to the diagonal 

elements through 

(3) 

(4) 

(5) 
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From Eqs. (2) and the definitions given in Eqs. (4) and (5), one 

finds that land 
( 

are governed by the equations(9) 

et - 
_ 

* át (6) 

+ w 61) r. 2- V e (7) 

The relaxation rates 4",,, 4,44.6 have been set equal to zero in these last 

two equations since we :al henceforth specialize he analysis to the ultra - 

short pulse limit in whi.:h pulse durations are short compared to all relaxation 

times. 

However, since oven the shortest pulses produced to date contain 

many optical cycles, it is appropriate to write the electric field in ten s 

of a carrier wave, an envelope function '(n,t) which varies slowly on the 

length and time scales of the carrier wave and a characteristic amplitude Ee. 

Hence we write 

E(not) = Ee e /L Ì cos ('R _ `,. -t 
(C) 

An additional unknown phase term could be included in the carrier wave. How- 

ever, it is found( -O) to be unnecessary for many aspects of the problem and 

will be neglected here. Because of the assumption that E(, varieè slowly 

compared to the carrier wave, only first derivatives of e 01, t) need be 

retained on the left -hand side of Eq. (1) when it is expressed in terms of 

the envelope function. On the right -hand side of Eq. (1) one may replace 

á f/at1by-001.P. In general, it is appropriate to consider not a single 

transition frequency 
L. 

but a spread in transition frequencies about 4.k4. 

It is also convenient to assume that this distribution is symmetric about 

wab and that the carrier frequency of the optical pulse is at this frequency, 

i.e.,wo - wg,b. 



Equation (1), specialized to a plane wave travelling; in a positive 

% direction now becomes 

ee 

l st(4,-mt , ee w Q (vw w,4c,*) 
%at die./ 

where .A u- w -cdoand 
...e 

I p 
1 
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(9) 

The formal sol. Lion of Eq. (7), with c4443, now ropin.ced byw, may be 

written 

-P(ew,4yt ?__2cr_ (1. f dteSthw 
(11) 

where 12 :4 'fI. This expression for the polarization may be readily decomposed 

into parts which are in phase and '/2. out of phase with the electric field. 

One finds 

74 tGe4J,d%Msni( t aC.(u44), cos l<Oo(-wi.0) 

in which 

z -a j {dtte(1 7k c') e `-v*) i cOS4+w t y (- J 

(12) 

(13) 

Lj(1(j(, t ) 
(1 ) 

d 

In ob tainin; this result, terms near the second harmonic of we have been 

discarded. The functions cp and a. are readily shown to satisfy the differential 

equations 

á_,rtce +o w . 
(15) 

(16) 

When time dependence near the second harmonic of we is neglected in Eq. (6) 

it takes the form 

E (17) at 
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where 

With the transforration 

Zz -CL(f-4t/C) ; ( 8-a1c) 

S /(6;/21r) 

Eqs. (9), (15), (16) and (17) become 

¡ ¡ ; 41Q w1 V vwl l Z) Q' 

--P a=^ 

a°' _ e 
a= 

Equations (21) describe how the electric field e determines(?) a. and P for 

a two -level system that is off -resonance by an amount 4144 Equation (20) 

shows how the polarization due to a distribution of such systems reacts 

back on the electric field. 

III. REDUCTION OF THE BASIC EQUATIONS 

(16) 

(19) 

(20) 

(21a) 

(21b) 

(21c) 

It is interesting to note that Eqs. (21) are a set of scalar 

equations which have exactly the sane structure as the Frenet -Serret equa- 

tions of differential geometry._(11-) It is known that the solution to such 

a set of equations can be made to rest upon the solution of a Riccati 

equation.(12) To show this, one first observes that an integral of Eqs. (21) 

is readily obtained in the form 

eZ +per +1~ _ l (22) 

in which an arbitrary function of/ has been set equal to unity since before 

the arrival of the pul se a 1= o and e 1 
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Two new functions are now introduced by writing 

P4-41P ! f-z 
i-z. - t.-" - `P (23) 

i- Zp I +dL ! 
- a_ e +: P ( 24 ) 

One then finds 

p t (' - (25a) 

I 1-494' 
( 25b) 

`P * # 
P -t (25c) 

Equations governing the time dependence of P and + are readily deduced by 

inserting Eqs. (25) into Eqs. (21). It is found that 9Dsatisfies the Piccati 

equation 

'')ce (p+ 2 °p-1i 
az (26) 

and that'' also satisfies this equation. 

It was shown by McCall and Hahn(4) that one may obtain simple 

analytic expressions for the response of a two -level system to a field profile 

having the shape of a hyperbolic secant. This ray be seen within the present 

formalism since the equation 

= i.(2 Sec t,r)+ °t" (-i 
-2 

has the solution 

er. 

_ 
-P + e 

Z.-PSsh L - ( Itat 

(27) 

(26) 
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where w /1L and 

T r 
v- 2J dZ'ssec 1,T r. K fa+ Q 

.o 

According to Eqs. (25), the response of the system is 

a): - si 
't` 

dt : Z -P stsi (ay:?, 
I+-L 

- 2. sIn(v-/L) _ 
- , +1L 

In general, one may carry out the usual transformation of the 

Riccati equation to a second -order linear equation. The problem nay then 

be reduced to solving the equation 

w + +E+ '-L ) w = o 
/ / 

d 
r 

where W is related to 4) through the transformations w u 4114,(- z 
1 

, e) 

c= (2.Lff)d(11914 r . Equation (31) is particularly instructive since it puts 

power broadening in evidence. 

However, from the well -known properties of these equations, it 

follows that in general it is impossible to write cp or f explicitly in terms 

of quadratures of E . 

(29) 

(30a) 

(30b) 

(30c) 

(31) 

IV. SPECIALIZATION TO A SOLUBLE MODEL 

If we consider the case of vanishing bandwidth, i.e., 

g (ow) _ S (ow) (32) 

then only the case a'u =oneed be considered in Eq. (26) . Pulse propagation 

in a medium having a vanishing bandwidth is still possible due to the presence 

of power broadening. (13) 

The equation force is now linear and the solution is 

P - e (33) 



where (r is given by 

The ambiguity of sign in Eq. (33) is related to the two possible initial 

conditions e (1E1- 1) *1: The lower sign is associated with a medium that is 

initially in the lower level and is the one to be treated subsequently,: 

This minus sign will be suppressed by incorporating it into the constant 

defined in Eq. (19) . 

From Eq. (25b) there follows 

e= siht- 

and Eq. (20) takes the form 
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(3!4) 

(35) 

s1., 
afaz (36) 

This nonlinear partial differential equation is the fundamental equation of 

the model.(i4) Fortunately, it has already been studied extensively since 

it arose long ago in the theory of surfaces of constant negative curvature.(i5) 

The general solution of the equation is not known. However, particular soli- 

tions may be obtained since the equation is of a type for which a Baecklund 

transformation(16) may be devised. This transformation theory enables one to 

relate pairs of solutions of certain partial differential equations. As is 

shown in the Appendix, the transformation equations for Eq. (36) are 

á Ca,¡-a_o ashr v_ 

Ctv_ q(°.4Za) 
z l 

(37a) 

(37b) 

where (Lois an arbitrary constant. According to Eqs. (37), if 0 is a known 

solution of Eq. (36), another solution 07 may be obtained by solving this pair 

of first -order equations. 
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V. PARTICULAR SOLUTIONS 

By inspection one sees that a solution of Eq. (36) is 

cro =o 

It then follows from Eqs. (37) that 

41-; _eßì ' e 

(38) 

(39) 

is another particular solution. By Eq. (34), the pulse envelope has the form 

sect ix:. (4 -1c/v) (40) 

where 

ar= c /(s -fS) 
(41) 

The constant a, has been chosen so as to normalize f:. 

It has been shown(4) that an extremely useful function in the study 

of ultrashort pulses is the area function 8 ('e) which is defined as 

co 
0(10 _a! du `, oc,t) (42) o 

For the envelope obtained above, one finds Q =¿ . It has become customary 

to borrow from the terminology of nuclear magnetic resonance and refer to el 
1 

as a 27r pulse. It is now also known(4) that the area function for a 27r 

pulse is not a stable quantity unless the two -level systems are initially in 

the ground state. In this case the pulse shape given in Eq. (140) corresponds 

to the recently discovered self -induced transparency effect.(4) 

The determination of 4", from Ç required the integration of two 
first -order equations. It is known(i7) from the theory of surfaces of constant 

negative curvature that there exists a relationship among four solutions of 

Eq. (36) which does not involve quadratures. Although this relationship is 

usually derived by appeal to the geometric significance of the analysis, for 

present purposes it may be more conveniently obtained by introducing the 

following symbolic representation of the transformation equations (37). 
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A transformation from a solution 02 to a solution 5 with a 
constant akxill be represented as shown in Fig. 1. Now the above- mentioned 

relationship involving four solutions is 

a 
o 
tQL 

4.1- - al, 
_ 

(43) 

It may be shown quite easily that the equations corresponding to the sequence 

of transformations depicted in Fig. 2 can be combined to yield this purely 

trigonometric relation. 

If one again assumes ó =o, the final solution 03 in Eq. (43) may 

be made to vary from -27r to tle as t varies from - ao to OZ. One need only 

require al- 4,=ßo. Such a solution will represent a q7r pulse. In order to 

obtain a pulse shape which contains only one peak as a function of time at 

ic = O, one may impose the additional requirement al eldz <o at -pr -o This 

leads to the inequality 

(a, 4s)(o. + t3a,ct0 > o 
(414 ) 

If one also requires e(0,0))0 and arbitrarily sets QL_- f , then the inequality 

is equivalent toi (3 td's) <4, <Ea. In terms of the angle defined by 

a, (tfist40) /coSe this condition takes the form coi t 39 4 A < ir/Z . 

The pulse shape is given óy(18) 

251,10 ESeclt- cL(t- 4yv) +u. Seckalt (t- fc/v')} 
t- cos'e[4.4.441.- i4v)Mw1,a. (t- i/v')- Sect, lt(t- s /v)Secl,aft(t- +5/ «'11 (45) 

where v; c /(t-S /a''), v= c /Ct -S). An example for O_co3-'(3) s 

is shown in Fig. 3. It is of interest to note that when the two pulses are 

completely separated, only the leading one retains any information about the 

initial pulse shape. 

The procedure outlined above may be generalized to yield expressions 

for any Z t 1r pulse where li is a positive integer. As an example, the 61 pulse 
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Fig. 1 

Schematic representation for 
the Baecklund transformation 
given by Eqs. (37). 

Fig. 2 

Diagram for a sequence of transforma- 
tions giving 4nr pulse. 

S=-1/2 
B=eos(2/3) 
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CI(t - x /v) 

o 1 2 

Fig. 3 

Breakup of 47 pulse predicted 
by Eq. (45) as a function of 
the dimensionless distance 
L = ax /c. Direction of propa- 
gation is to the left in the 
figure. 
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is obtained from the sequence of transformations depicted in Fig. 4. Certain 

constraints may be immediately imposed upon the triad of constants 4,, Q=, Q3. 

Firstly, for the envelope function corresponding to Qi to be positive, one 

requires Quo. One then proceeds to make ca, a y7r pulse which in addition 

requires a, <o and v` is made a zero it pulse which is obtained by requiring 

O ßq3 <ate Additional restrictions are required in order to assure a pulse 

shape which consists of a single peak at is : o . The inequality is much more 

complicated in this case than in Eq. (414) and has not been analyzed in detail. 

By a simple trial- and -error method the case shown in Fig. 5 has been obtained. 

Again it is found that the last pulse is insensitive to variations in the 

initial pulse shape. This effect has been observed experimentally.(19) 

VI. STABILITY OF PULSE SHAPES 

The pulse shapes calculated above will not bear any relation to 

those realizable in nature unless they are stable with respect to perturba- 

tions about these shapes. In the present section a specific example will be 

used to show that an infinitesimal amount of phenomenological damping is 

necessary in order for the pulse shape to be stable. 

To exhibit the instability of the undamped solutions, we first 

consider a perturbation to the solution given in Eq. (39) and write 

e..(u,v) .laà1e1`+ 
o,--(1) 144 (46) 

where new variables 

a r -vat. /at. 

have been introduced. We shall perform only a linear stability analysis 

which leads to the following equation for the perturbation 0".1) 

Tom. -- e - (I -2 Sec 0 i1 r .. to. S ecl 

(147) 

(48) 
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Fig. 4 

Diagram for sequence of 
transformations giving 
6y pulse. 

Fig. 5 

Breakup of 6n pulse as de- 
rived from sequence of trans- 
formations shown in Fig. 4. 
Direction of propagation is 
to the left in the figure. 



Particular solutions of this equation are readily obtained in the product 

form o"4= U(1)V(4. The solution of the equation for V is immediate, while 

the form of the equation fort/ is that of a Schroedinger equation for a 

Sectll- potential. Such an equation may be analyzed completely. (2°) The 

simplest eigenfunction is 

V(v,)_ sectsu. 

One then finds that a possible perturbation is 

fr('): (At®v-)sechuc (A46Ij(14,2.4c)secllu 

This perturbation may be interpreted as a disturbance which propagates at 

the velocity of the zero -order pulse but contains a contribution that grows 

linearly with distance. Hence the undamped solution is seen to be unstable 

although the growth of the perturbation in this case is only linear. 

The stability of solutions in the presence of damping may be 

indicated by considering the equation 

- - + k 2"" - $1hß )Tar 
which is the counterpart of Eq. (36) when damping is included in Eq. (1). 

While the steady state solution will now differ slightly from the solution 

given in Eq. (39), the perturbation may be analyzed as before. It is now 

found that the term V(r) satisfies the equation 

(V"- Kí) /v : ceasf. 
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049) 

(5o) 

(Si) 

(52) 

which gives rise to an exponential decay of the perturbation as it propagates 

in the positive"x direction. 
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APPENDIX DERIVATION OF THE BAECKLUND TRANSFORMATION 

The usnai(21) derivation of the Baecklund transformation given in 

Eqs. (37) relies to a great extent upon the geometric significance of Eq. (36). 

Any attempt to derive these equations ab initio by an application of the 

transformation theory as it is usually developed for the purpose of solving 

differential equations is frustrated by the fact that these treatments are 

nearly always restricted to the case in which the transformed independent 

variable (a; in Eqs. (37)) does not appear explicitely in the transformation 

equations. The only presentation of the theory which the author has found 

that is sufficiently general to permit the derivation of Eqs. (37) is con- 

tained in a relatively inaccessible paper by M. J. Clairin.(16) Since a 

technique for deriving such transformation equations (when they exists) is 

essential in certain attempts to extend the theory of the present paper, or 

to apply the method to other problems, it was felt that a derivation of the 

transformation equations based upon Clairin's method would be in order. 

Rather than present the theory in unnecessary generality, attention 

will be confined to transformations of the form 

!?0001,) (A-1) 

a, *4 (A-2) 

where r_44 /aft is J I # , f, ea a. /jx ,, ¡. and L,'is a solution of the 

equation 3 $l /ó9cii- si,, a, It will turn out that 2 satisfies the same 

equation as ,¿, but this is not true in all applications of the theory. 

Then 

,a +al ?i 
* 

+ 
o, 

,- _ .P ., a*? +fi! , 

(A -3) 

(A-4) 



where .%J, c at*, /d44i . The requirement that 

yields 

J ( ar al art a j, 

51.1. _ di. 
1 1r. 

t,ag a, +- _o 

A function .,Q (t, 
, 
p ej is now introduced by the definition 

:0 
`d f 

and successive derivatives of-Li are calculated as shown below. 

an 
a {, 

_ s,,,e, a`4 SL; . `24 _. _ aTi t, v aPae, arta* 
. = c 

aIN a} 

a~ ̀ P ` ̀P a- 
. _ j3..`i. _ o _ 

a ; t a,a{, a, at, a algae . t. . _ - , á o 
aria*, a, at,a* t 

- e -r ce - a"4. a r + o 
a6. ap`ae at, apt 

s 
az P a'`. 

()IV ';a, a ; P 

av.n. 
aPz. - ., 

_,a.°lP ;s 
a p. drat 

a3..; 
_ a=61) - t,ae a f,%. - o 
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(A-5) 

(A -6) 

(A -7) 

(A-8) 

(A-9) 

(A-10) 

(A-u) 

(A-12) 

(A -13) 

One now proceeds to obtain a solution of Eq. (A -13). The arbitrary 

functions involved are then determined so that Eqs. (A -8) to (A -12) are also 

satisfied. The resulting solution will constitute the desired Baecklund trans- 

formation. 

write 

In Eq. (A -13) it is possible to separate the to and 6, dependence and 

)3cp/ape. as/a.r`a ., ó foa,a,Zl a 
0,0f; ' Hc;,%,) 

(A -114) 
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These equations may be integrated to give 

(.),,,): 1.(1),,e,) NCAA.) + (ca,4,)..f,f v., ( t,e,) 

Cp(t,, ¿, E,) - a (l I, a,) Nta,,) + a t :, I, + N cal /) 

Considerable simplification will follow if we consider only the 

case in which H(a,o,) is set equal to unity. Substitution of Eqs. (A -15) 

and (A -16) into Eq. (A -12) yields 

ILL d ̀ 9 
ae,DI, ' a;% de. 

which shows that eV /d A is independent of? . One may then integrate 

Eq. (A -17) to see that 6 ( .1, , t.) must be- cif the form 

1c(4.,) 

b(S,,o1) _ e zr(d,) +z(.,) + w(-14) 

where utê,) is related to -f(A, Z,) by 

--I ( A,íß,) A + cows'& 
d-a, 

(A -15) 

(A -16) 

(A -17) 

(A -18) 

(A -19) 

and 1r(},) , !t(e,) and W (i,) are arbitrary functions of their arguments. When 

9 and are substituted into Eq. (A -16), one finds that there is no loss of 

generality in setting w(o) and the constant in (A -19) 

shall further restrict the calculation by setting-14-z./ 

CP(1I)% t,) : 1r(ß,) +1t( ;,) $, +N(,{,) 
A similar analysis of Eq. (A -11) leads to 

U(11) +1ti,),- /- wI(4,$,) 
Substitution into Eq. (A -10) yields 

equal to zero. We 

and obtain 

at, (IL -JL) :o 

Turning now to Eq. (A-9), one finds that it imposes the restriction 

Yll, a, + als, a _ - a 
V; ai, 5$I Je 

(A -20) 

(A -21) 

(A -22) 

(A -23) 



This equation may be solved to find the general form of WOO. One finds 

that unless òW%Jt s"ua, one must have 1-(1.1= const. and ir(t,) may then 

be assimilated into w+(*,a.) .. We shall follow up only this case. 

Eq. (A -13) now simplifies to 

a 31 R(.61) á zO 

and(' is of the fárm 
(P( ,) ,)_t(a.)t, t tic*, it) 

Application of a similar procedure to Eq. (A -8) leads to 

121... .,..1( .)aN :G aE J 
and 

Finally, Eq. (A-7) yields 

( > 1 - , k ) 2 0 1 * , 4 -Nam vv. )14. -o d* d* 

If one sets _ 1, A /, Eqs. (A -21.) and (A -26) imply 

w, _w,( %+0.,) N= N(A -a,) 
and Eq. (A -28) is now 

2 s*., 4, 1 + . 4 ) 1 : o a1 a, (A-30) 

This functional differential equation is easily solved. Differentiation 
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(A -24) 

(A-25) 

(A -26) 

(A -27) 

(A..-28) 

(A -29) 

with respect td ¿ yields 

vti, i.) _ 
N "(C - :.% 

1tit (i 1.1L4 -'a,) 

where the primes indicate differentiation with respect to argument. From 

Eq. (A -31) 

(A -31) 

110(t): a Ces Kf + b sm kf 
14 (4) : d cos Kí + e s,14 Kt (A-32) 
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When these solutions are substituted into Eq. (A -30), evaluated at =o and 

odd and even functions of %g, are separately equated to zero, one finds 

d b -ßa. =0 

ei 1 

s 

which m a y be satisfied by setting& 4:0, b f3: 4# or t: (-71-.:.A where A is a 

constant. Eq. (A -25) and (A -27) now yield 

(,P-.P,)= Asoh(.. 

z (Tr+ 10_ Á 
( *Z$1 } 

(A -33) 

(A -34) 

which are the desired transformation equations. 
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Abstract: We calculate the ringing produced when a resonant light 

pulse passes through a medium, assuming infinite relaxation times 

and negligible pulse attentuation. These assumptions imply that 

each atom of the medium is excited identically and will therefore 

radiate coherently. Two models are used for the atoms of the 

medium: the classical harmonic oscillator and the two -level quantum 

mechanical atom. 

* This special topic relating to quantum electronics was presented 
as a seminar paper, being more of a research discussion (techni- 
cal paper) than a tutorial exposition. 
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INTRODUCTION 

The advent of picosecond light pulses from mode -locked 

Lasers] offers the possibility of investigating phenomena 

which have previously be, +n h i dde.n by short relaxation times. 

This paper will calculatc the result of passing a resonant 

light pulse through a med.i.eem tinder the assumption of infinite 

relaxation times and small pul;;e. attenuation. The induced 

coherent fluorescence producer, A ringing after the original 

pulse as shown in 'Fig. I. The medium i s first treated as a 

system of harmonic oscillators, which are later generalized to 

two-- level quantum mechzuiic;.t1 atoms. Our calculation is a 

limiting case with an anals-ti.cal ssolution for the general 

problem of a light pulse interacting with a medium and is 

related to work on self induced transparency2 and coherence 

effects in laser ampl.:if icy r... -i 

We first discuss the assumptions of our calculation and 

show how they lead to a simple boundary condition for our 

problem. We simultaneously solve Maxwell's equations and the 

harmonic oscillator equation for this boundary condition and 

obtain a single analytical solution. The limitations of the 

assumptions leading to our solution are discussed in detail. The 

harmonic oscillator is then generalized to a two -level quantum 

mechanical atom and a family of sol.utioris depending on one 

excitation parameter are obtained. Possible experimental impli- 

cations of this work are discussed. 
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ASSUMPTIONS 

1. Long Relaxation Times 

Our calculation considers only times short compared 

to the characteristic decay times T1, T2, and T2* or. TD of the 

medium. For an individual atom T1 describes the decay of excited 

state population and T2 the decay of radiating dipole moment. 

Often T1 will be due to spontaneous radiation; thus our calcula- 

tion will require stimulated radiation to completely dominate 

spontaneous radiation for times of interest. An ensemble of 

atoms can have a more rapid decay of dipole moment than T2 

because of a spread in frequency for different atoms. A new decay 

time (T2* for inhomogeneous broadened solids or TD for Doppler 

broadened gasses) is produced which is inversely proportional to 

this spread. 

2. Small. Attenuation 

We assume that the medium is short enough that the exciting 

pulse is essentially unattenuated and thus appears identical to 

each atom in the sample. 

3. High Atomic Density 

We use a macroscopic polarization in Maxwell's equations 

to treat the radiative effects of ,the atoms. If the number of 

atoms is not large enough to reconstruct the incident wavefront, 

this approximation fails and the atoms will radiate in all 

directions (Rayleigh scattering), not just the forward direction. 

This effect is unimportant in our problem because we are dealing 

only with stimulated radiation for which Rayleigh scattering is 

negl.ig.ibl_F. 
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4. Slowly Varying Envelope 

We assume that the envelope of the radiated field and 

the atomic polarization varies slowly not only compared to an 

oscillation period but also compared to the length of the exciting 

pulse T . The latter assumption will be shown to be equivalent 

to assuming small attenuation (2). 

5. Boundary Condition 

We assume that the medium is semiinfinite in the +z 

direction and that the exciting pulse travels in the +z direction, 

just passing position z = 0 at time t = 0 (see Fig. 1). Since 

each ground state atom sees the same pulse (2) and does not 

radiate while the pulse is applied (4), the final electronic 

displacement X(t,z) of each atom is the same (both phase and 

amplitude) immediately after the pulse possess. This boundary is: 

X(t = z/c, z) = X0 (1) 

where C is the velocity of light in the medium, including 

refractive effects from all levels other than the ones we are 

considering explicitly. We note that Eq. 1 says nothing 

directly about the frequency, shape or magnitude of the 

exciting pulse. Because of our assumptions, all such informa- 

tion is condensed to a sinpie parameter X0. However, X0 will 

be zero unless the pulse coni ains frequency components close 

to resonance with the atomic system as discussed in Appendix A. 

HARMONIC S C I i,LATOK MEDIUM 

1. Equations of Motion 

We assume: that tiuo at ,;af, of the medium can be represented 
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as hirmonic oscillators of frequency wo. The harmonic oscillator 

is a good approximation to a two -level quantum mechanical atom for 

small excitation as wi_.11 b discussed later. The equation of motion 

for the electr.onic displacement is 

z (2) + wñ X( tz) _ (fi2) 
t1 

where E is the electric field, f is the osc.;ll.rLor strength, e is 

the electronic charge and m is the elect.Lonic mass. Maxwell's 

equations couple the electric field to the electronic polarization 

which is equal to neX, where n is the atomic density. 

C i+ c 
+-Gát/E(t,z) 

_ xctt 
. (3) c a1z 

2. Time Domain Solution 

The solution we are seeLing must satisfy the two differential_ 

equations Eqs. 2 and 3 and the boundary condition Eq. 1. We assume 

a slowly varying amplitude for E and X: 

(-1; ?) :_ ei 
+ z/C) 

z) 

hr (.1.17.) i wo (f -7. /c) y {`T; 2) . 

Oa) 

(4b) 

Eq. 4 assumes that only the wave propagating in the forward direction 

is important The backward wave is negligib_ico for a medium much 

thicker than a wavelength X _= 2irc /wo because the field radiated from 

different atoms is out of phase. Appendix B treats the case of a 

slab much thinner than a wavelength. 
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If we neglect appropriate derivatives of the slowly varying 

amplitudes X. and E we obtain the following form for Eqs. 2 and 3: 

(5) 

12. Tr e w° ()a+, zi (6). 
c 

Let us change our time variable tot = t - z /c, the time after the 

end of the exciting pulse (see Fig. 1). The boundary condition of 

Eq. 1 becomes °)( (': = 0, z) = X0 and the derivatives in Eqs. 6 and 

7 become: 

a 
a z. 

Eqs. 5 and 6 can then be combined to give 

a2 °X Z) 

a i a -t- 
° Wp 

JL ter, z) 
4C 

where the plasma frequency wp is defined by 

LAI 
P 

Tr {- E2-vt/rn 

Z (7) 

(8) 

The reason for the occurrence of the plasma frequency here is that 

we are calculating the exchange of energy between the radiation 

field and the atomic system. All the elections oscillate 

coherently with respect: to their positive ion cores just as in a 

longitudinal plasma oscillation. 
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Our boundary conditions are consistent with a solution of 

the form 

(ee, z) = y 
where we have defined 

t 

- ( Q}1 

(9) 

(10) 

With this change of variable the partial differential equation of 

Eq. 7 is reduced to an ordinary differential equation: 

y" +Y = O (11) 

which is Bessel's equation of zero order. The boundary conditions 

become Y(o) = X0 and 'Y'(o) - O. The solution for the electronic 

displacement envelope is 

X C2, z) _ XQ p ( (ve z/c}f) (12) 

where Jo is the zero nrd,_r Bessel's function which is unity for 

zero argument and has zero initial slope. The electronic field 

envelope from Eq. 5 is Jost the derivative of the displacement: 

e 
_ til Wo X 1, p Z . 

(#1-.1z) __- _. 
_ .. _ ----- (1*4 ,. G (13) 

42'5- L. 

where we have used the relationship J1 = -Jo'. The solutions of 

Eqs. 12 and 13 are shown in Fig. 2 for fixed Z(i.e. after a sample 

of length Z) in the normalized forms: 

(%) .,. To ex °01 (14a) 



I.O 

O 

ID 

ELECTRIC FIELD 

(84%) (?%); (9%) (ENERGY) 

ELECTRONIC DISPLACEMENT 

IO 
. . . . . . . . 1 

20 30 

. Fig. 2 

Electric field and electronic displacement vs. time delay after the 
exciting pulse. The time and amplitude normalizations are discussed 
in the text. The atoms are treated as harmonic oscillators. 
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. -3-t / (14b) 

which give unity for 1 = 0 and unit PI: e (t) which is 

proportional to the energy radiated. Most of the energy stored 

in the sample (84 %) is radiated before the first zero in 'C. 

Since the oscillations of the Bessel's functions in Eq. 14 are 

approximately periodic in their arguments, the oscillation periods 

in Fig. 2 increase as ''fit. The oscillations are caused by the 

exchange of energy between the radiation field and the medium. 

The rate for interchange is proportional to the product of the 

electric field and the displacement and thus decreases as energy 

is lost from the sample. A consequence of this rate decrease is 

that the electric field (energy lost) decreases more rapidly than 

the electronic displacement (energy stored) . 

The most striking property of our solution is the symmetry 

between 4 and z. The single parameter of the solution 

proportional to (nz.t)11, the square root of the number of atoms 

excited times the time they have had to radiate. As the 

effective sample thickness (nz) increases, the oscillations 

become more rapid. 

As long as z » A only the product nz characterizes the ringing 

produced by the medium. Note that in Eq. 12 as z approaches zero 

the atoms do not radiate because they have no incident stimulating 

radiation. Actually the atoms with z < A have not been correctly 

treated here and require both forward and backward waves as.in 

Appendix B. 
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3. Attenuation of the Incident. Pulse 

Let us assume a square resonant incident pulse of length 

1:p and amplitude e. as shown in. F.i.g. 1. We can then integrate. 

Eq::s. 5 and 6 under our assumption of small attenuation (t° 

For 't inside the exciting pulse (- ':', <. 2' < 0) one obtains: 

J ('J7) 

X r, 

w " C+ 2 Y Lao 
t° p . 

-- a 03)z) z) --- 

n 4c 

(15a) 

4.1e_ ec, 

2. ill wp 

eo) 

(15b) 

2 
WP 

( t. + ''CP) Z (15e) 

The electric field drops linearly in time until 'C - 0 when the et, 

term disappears and the solution of Eq. 13 begins. The assumption 

that the attenuation is small requires 

c,1P P /4C. << Á (16) 

This inequality sets a limit on the maximum value of the effective 

thickness nz which is inversely propor.tionaJ. to TF,. As Z'p decreases 

less energy is absorbed by each atom (15b) . In the frequency 

domain a shorter. 'i'p implies a broader spectrum which his less 

resonant energy (sec .Appendix A) J comparison Eq. 16 with Eq. 12 

shows that the small attenuation -n$S'nmption leads to an amplitude 

varying slowly in time 1 p (assumption 4) . 
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4. Frequency Domain Solution 

For any optical transitions the times where our solution 

is valid are too short for measurement by ordinary detection techniques. 

One is therefore tempted to look for the effects of our calculated 

ringing in the f7:equoncy domain where a spectrometer could be used 

However, no such effect: will be observed as long as the atoms can 

be treated as harmonic oscillators which respond linearly to applied 

fields. If one can ignore sample edge effects and all. losses as we 

have clone in calculating the ringing, the spectral content of the 

transmitted pulse must be the same as that for the incident pulse. 

Spectral effects can occur for the two level atom to be discussed 

subsequently, but they will vanish in limit of small excitation. 

This linear responce of the medium in our calculation can be 

demonstrated from Eris. 13 and 15c: 

Cr) = Tt (2. (1Kc)1)/(t; foe T> o 

e(z) = Ei + k (z+ vP)]tcP!< for -zP<T<o 

We have normalized these solutions to a convenient form with 

K=. Wp ZAc Small attenuation requires 1(1.-1.) « 1. 

transform of. (7,(1;) is: 

+ c 
= 

, 
(w) C.) w - A + B + C. 

A= (1 - . 
e-- 

) 

u,'rrÌ / Jo) zr,, K 

B _ - i/ w ( i - cl',i7:r// cy2'cf> 

The Fourier 

(17) 

(18) 

(19) 

(20a) 

(2Ob) 
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(20c) 

Term A is the incident pulse. Terms A and B in Equation 19 cone 

the attenuated incident pulse in Equation 18 and term C comes from 

the ringing in Equation 17. Our solution is valid only for variations 

slow compared to ¿ p, i.e. u/Tp « 1. Keeping the lowest order 

't'p terms in A and B gives 

A = ( _ ( + ±i Wt 

The electric field becomes 

g (W) = ( w Zp /K - erp) e Kvw/ K 

/K .. 1 p 

The spectral density of this incident pulse becomes 

k1 I Alt = I 

and that of thé transmitter pulse 

(21) 

(22) 

(23) 

, kt i(w)1 1- . c wp - k -r k 

where we have dept terms of order Vp. Thus the spectral densities 

.are the same within the limits of our calculation: .W tp « 1 and 

K Tp « 1. 

5. Doppler Effect 

In many cases (e.g. low temperature gases) the first relaxa- 

tion process which limits the validity of our result is Doppler or 
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inhomogeneous broadening which causes the radiating dipole movements 

to get out of phase. A complete treatment of this process is complex 

because the frequency affects both the absorption and the emission of 

radiation in the ringing following the initial pulse. However, two 

limiting cases are easily analyzed. 

This first case where the dephasing time (T0 or T2) is long, is 

just the case we have analyzed in the previous sections. The solutions 

of Eqs. 13 and 14 are approximately valid for t< TD or T2 *. 

As t exceeds this limit the dephasing effect destroys the 

macroscopic polarization and thereby decouples the electronic 

displacement of each atom from the radiation field. Thus the 

radiated field dies away and the displacement becomes fixed . The 

energy left in the atoms is then lost by the much slower process 

of incoherent spontaneous radiation (T1). 

In the second limiting case the dephasing effect dominates 

the coherent fluorescence and the macroscopic polarization is 

damped before the ringing of 1q. 13 can develop. in this case the 

displacement is approximately fixed at i.ts init:i_a]. magnitude X0 

( tTh0 in Figure 2) and the radiation decays only because of 

dephasi.ng: 

./ Ctj L) .. x. 
Sf: 

Q VJ 9(A 
W) e. 

...o.o 

(Al ...C. 

= X° C, C-d) 

where Ai = to- tvo and g (Aw) is the spectral line shape. We can 

define the dephasing time from the autocorellation function as the 

time for the polarization to decay to half its initial value: 

G(TD or T2 *) _ %. The radiated field becomes: 

(25) 
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-lzTfan@wo 
C Xa G.Cb) z. 

by integration of Eq. 6. This second case is assumed in treatments 

of photon echo 4,5 where sending a second pulse a time T láter 

through a two- level system causes a recovery of macroscopic polari- 

zation at time 21. 

(2.6) 

TWO LEVEL MEDIUM 

1. Equations of Motion 

The equations of motion for two level atoms interaetíng with 

a radiation field have been derived by many authors.2'3 Instead of a formal 

derivation, we will show how out previous equations become modified by 

the properties of two -level systems. All possible states of a two level . 

system can be represented by a vector R of fixed length as illustrted 

in Figure 3. We define the angle of exc i tat ion 9 as the angle bn 

'R and the ground state Rh which points in the +Z direction. The 

projection of R on the Z axis is related to the energy W stored in 

the atom: W = Wo (COS e -- 1)/2. The electric dipole displacement 

is the projection of R on the XY - plane where the azimuthal angle 

gives the phase of the displacement. When the applied field is on resonance 

with the atom only one component of the displacement couples Le Y. 

field. In our transformation to slowly varying amplitudes (Eq. 4) we 

effectively went to a rotating coordinate system where Ris fixed 
.w- 

in the XZ - plane. With the two level replacement for the electronic 

displacement X= R sin 8, the field equation (6) becomes: 

a tec.z) ed. R st", eCZ ,2) 
Z. 

(27) 
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oe 
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1 

Z 

OWNS OIMII 

Fig. 3. Diagram of the vector model for a two -level atom. 
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where the excitation angle e depends on time and position. In the 

rotating coordinate system the electric field drives the angle e 

directly instead of ,( and the atomic equation (5) becomes: 

"X (.%,x) 

We note that for small excitation (e _ in 8) these equations 

reduce to the previous ones for harmonic oscillators. Eq. 7 

becomes this well known2 nonlinear equation for the interaction 

of two level atoms with a resonant: field in the absense of 

all relaxation phonomena : 

(28) 

7)2.-(4(1;/2> _. - Q ©cG,2) (29) 

The boundary condition X(0, Z) = Xo now becomes 60 (0, 7) 

sin -1 (Xo /R) where 8o, the initial excitation angle, is an 

additional. parameter which will characterize the solutions for a two 

level. system. 

2. Solution 

The same transîormat +_on which led to Bessel's equation 

(11) before now gives r'y,' + ,C1" /q. + sin. 0= 0 (30) 

with the boundary condition t ;:(0) = 00 and a+' (0) = 00. 

The relevant range for tü,. initial conditions is 0 4 00 < B. 

The desired solutions for Eq. 30 are functions F(1., 00) which 

approach. Be.ssels functions for small 00: 

F ($) 00) d-o _--9 G; 
0..1)(11; F'cot, 5 00) 0-2:0 °° `%) (31) 
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The functions F have been computed using a second order Runge- Kutta 

method to integrate Eq. 30. For 00 _ .01 the result: .01 F(1,, .01) 

agreed with tab»lated values of Jo to the fourth decimal. place. 

F(t., Oo) was particularly simple to integrate because its quasi . 

periodic oscillation (see Fig. 5(b) which shows the zeros of 

F(q, 0o) vs 00) allowed a fixed grid spacing. Solving directly for 

0(r) would be considerably more difficult. 

Figure 4(a) shows the solutions for the excitation angle 

F ( 2.'t 1 eo) eo 

for fixed sample length for three values of Oo. Fig. 4(b) shows 

the corresponding electric field normalized to unit St's 8 Ct) 

e (r) = ' t (2zt)690)/C2v(1- co, 

(32) 

(33) 

Figure 5(a) (b) shows how the solutions depend on Oo. Fig. 5(c) 

shows the fraction of the stored energy radiated in each pulse of 

the ringing. The general characteristics of these solutions is 

that as Oo becomes larger, the energy is radiated more slowly from 

the sample. Moreover, as Oo increases each pulse of the ringing 

contains a smaller fraction of the total energy. For Oo < 11/2 

the electronic polarization increases as the atoms begin to radiate 

and a maximum appear`: before the zero: When Oo is near the 

unstable stationary point Oo 11, the init:ia] electronic polarization 

is very small and the ringing begins very slowly. 



1.0--N. 

0.8 \ooa.997Tr 
eo = .90 TT 

(o) 
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NORMALIZED DELAY TIME ( ) 

Fig. 4 

Excitation angle (a) and electric field amplitude (b) vs time delay after 
the exciting pulse for three valves of initial excitation Go. The field 
E has been normalized to give $dT8,2(T) = i so that E 2 represents the frac- 
tion of the energy radiated per unit time. The limiting curve for 90 = 0 
extends to e= 4 at T = 0 as in Fig. 2. 
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15 

1.0 r 
co 

0 ..8 w° zw w 
á 0.6 

á° 
oz 0.4 

á 0.2 

oI.O 
0.1 0.01 

(Tr- eO)/-t"r 
Fig. 5 

Characteristics of the radiated electric field as a function 
of the initial excitation angle 60. (a) Delay time for the 
first zero and the first two maxima. (b) Square root of the 
delay time for the first six zeros. (c) The fraction of the 
excitation energy radiated by the Nth zero (N = 1 - 5) . 



A simple physical interpretation can be made for the calculated 

ringing. Atoms located at position Z have excitation 0o at 2'=0. 

As they radiate away their stored energy 0 decreases to zero. 

They then begin to absorb energy radiated by previous atoms and become 

excited v-ith opposite phase. When the incident radiation has been 

attenuated to zero the atoms again radiate but with their new 

opposite phase. This process repeats as the excitation angle 0 

rings down to zero. 

DISCUSSION 

1. Experimental Values 

Let us consider the conditions for the observation of 

resonance fluorescent ringing in a particular case, sodium vapor. 

Our solution is valid for times In the range tp< 'C <T min 

where Tmi.n is the minimum time among T1, T2, and TD. In order for 

our sol.ut::i.on to have a. significant range of experimental validity 

one u.ast. have 'Up « Tm.-in. Since TD for room temperature Na vapor 

is 2 X 10 - --1.0 second'., one might obtain the exciting pulse from a 

mode-locked laser with 1p = 2 X 10-12 seconds. In this case our 

solution would be valid for times one hunc:red times longer than 

the exciting pulse, if one neglects the fine structure of the Na D 

lines which would produce some additi onal ringing. For the values 

f = 1 and Z == 10 cm the small attenuation appr-oxi.moti.on (16) produces 

an upper limit on the density: 

ht. = c tu/fi f e1 2pi. = 2 X 10t1 CM -3 

which corresponds to a pressure of 5 x 10 
-5 

Torr. At 5 x 10 
-6 Torr 

a cell of. volume 10 cm3 excited to Oo = I[ /2 has a stored energy 

(34) 

507 



508 

of about 2 x 10 joules. The radiation time T R for the first 

half of this energy (fig. 2 at V= 1) is 

TR- h p = 9.o xo-`z gccund5 

The initial radiated power is therefore about 5 x 103 watts. The 

rest of the ringing takes place at considerably smaller power 

levels. The experimental observation of these power levels in the 

presense of the stronger exciting pulse will be difficult. 

2. Photon Echo 

As mentioned in the section on Doppler effect, the usual . 

discussion4'5 of photon echo ignores radiative damping effects. The 

energy radiated when the atoms are in phase is assumed to be much 

less than the stored energy. This assumption implies 

tik » TD or T11 

If the exciting pulse (assumed to be unattenuated ':p «`ER 

is significantly shorter than TD or T2 *, the conditions for 

calculated ringing can be satisfied and one can have the radiation 

damped case: 

2'p < TR < 

where the photon echo will be much smaller than expected." The 

condition (35) can always be achieved by shortening the sample. 

length z since TR 4,(nz)-1 from (34). 

(34) 

(35) 

(36) 



3. Amplifying Medium 

In our treatment of a two- -level system we assumed that the 

system started in the ground state and then was excited to angle eo 

by the incident pulse. Howi_ver, the same situation can be produced 

by starting will all atoms in the excited state (am amplifier) and 

deexciting them by an angle 11 -Oo by means of the incident pulse. 

Thus the same ringing can result from a thin amplifier as from a 

thin attenuator. It is unlikely that such an experiment could be 

performed using the sane material as an oscillator to produce the 

incident pulse and as the thin amplifier. An oscillator generally 

cannot produce a pulse much shorter than its inverse bandwidth and we 

have assumed that the incident pulse is much shorter than the inverse 

bandwidth. Variations in host (e.g. Nd4-14 in glass or YAG) or 

temperature (as in ruby) could perhaps allow large enough bandwidth 

differences for such an experiment to work. 

APPENDIX A 

In this appendix we show that the exciting pulse must be- 

close to resonance in order to excite the atomic system. 

HARMONIC OSCILLATOR 

Eq. 2 can be written in the frequency domain: 

( w) = f; Ftw) X 
hoc 
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(Al) 

where we have added the damping term ó, We have defined the Fourier 

transforms: 
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X (Lk, X (t) 42.." 
w+ 

E(w) = 

-- sr, 

0 
1d+ E (+) 

_ev 

(A2 a) 

(A2b) 

If we take the end of the exciting pulse as t=0, E(t,) is analytic 

in the upper half complex w plane. The displacement is given by 

ñ 7\ r, X 0-0) 
_..o 

After the pulse passes the displacement is 

.o 
)(0 = X Ca) _ r d w tic EN) 

) . lrh Wó t; w Y- wa- 

Eq. A4 can be integrated as a contour integral in the upper half . 

plane which picks up the residue of the pole at 40174: We for . 

We can let Y approach zero and obtain 

Xe { e_. E 011 
'2 IN% wvo 

We see that only the resonant: part of the incident electric field 

excites the oscillator. 

TWO -LEVEL SYSTEM 

One might suspect: that a very intense off sesonaut pulse can 

excite a two -level atom by power. broadening. In the rotating 

coordinate system the effective field which acts on the atom is 

-11 = ((A6)1 +(,t E /t)2")2 

(A3) 

(A4) 

(A5) 



where Aw is the distance off resonance and E is the applied field. 

This field M.. makes an angle y'= tan 
-1 

(AtE /$Aw) with the z axis. N. 
If the atom is to be left excited after the pulse, the rate of 

angular charge of fi. must be too fast to satisfy the adaibatic 

condition. Thus we require 

41 

77- 
> 

-11 

A very intense electric field pulse will change 4!" from zero to. 

H/2 and then back to zero. The optimal condition for satisfying 
i 

(A6) is to produce a large At(ti 11/4) without increasing,n, much. 

The condition becomes 

A w < ..1-- 
.0V'1. ,A t 

where the width of the exciting pulse is Zp =2At . The spectral 

width of the pulse is Atoll = 1 /I1 
% p which leads to the condition 

15w < 3 wI 

To have no spectral overlap with resonance requires 

Q tu Z jj WI 
2. 
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(A6) 

(A7) 

(A8) 

(A9) 

Eqs. A8. and A9 can be satisfied for only a very small range of 

Aw. Thus off resonant power broadening cannot overcome a very 

significant gap in spectral overlap between the exciting radiation 

and the atomic frequency. 
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APPENDIX B 

We wish to treat the case of a thin slab ( OZ « X) of 

excited harmonic oscillators. The surface density of oscillators is 

Q' = M1iZ. The displacement can be represented in terms of a 

slowly varying envelope: 

x (2> `aC (t (B1) 

where S(Z) is the Diac delta function. We require a solution that 

is symmetric in the forward and backward directions. One can verify 

that such a solution for Eqs. and B1 is 

E(t,z) _ -ì tte1 w: (z)c-vc)w' + (-z) c.i(t+=/c)w, 
c 

7 (B2) 

where derivatives of % (t) have been dropped and 0(z) is the step 

function. The harmonic oscillator equation (2) becomes 

(t) 
í7t 

(B3) 

with = 1rf Wo O/MC2 where we have kept only first derivatives of 

% ( ). Eq. B3 leads to exponential decay of the stored energy W: 

w 

The decay rate Iris proportional to the number of oscillators 

as is characteristic of a coherent process. 

(B4) 
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THEORY OF THE PLASMON MASER 

Edwakd A. Súfz,eab 

United Aach.a¡t Re6eahch LabonatoAú.ed 

Abstract: A two component solid -state plasma consisting of light and heavy 

carriers of opposite sign (electrons and holes) or like sign ( "light" and 

"heavy" electrons in a multiple -valley semiconductor) is treated as a maser 

in which the medium undergoing amplification is a single -mode acoustic 

plasma wave and the active medium is the assemblage of noninteracting light 

carriers. The walls of the solid containing the plasma constitute the cav- 

ity of the maser. When the relative drift between light and heavy carriers 

exceeds a threshold velocity, maser action commences (two -stream instability). 

The theory, which is nonlinear and patterned after the quantum theory of a 

laser, yields expressions for the threshold condition, the steady -state amp- 

litude, the power output, the degree of phase coherence, and the spectral 

profile of the amplified plasma wave. A large frequency shift is produced 

by the nonlinear interaction with the active medium. This shift signifi- 

cantly alters the threshold condition predicted by a linear theory. For a 

classical plasma a minimum drift of v1.3.tJ;is required to initiate maser 

action where Aft is the thermal velocity of the light carriers. Even if 

relative velocities in excess of this value can be achieved in practice, the 

gain of the plasmon maser appears to be insufficient to generate a strong, 

spectrally -pure, plasma wave. 

* This special topic relating to quantum electronics was presented as a 
seminar paper, being more of a research discussion (technical paper) 
than a tutorial exposition. 
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1. INTRODUCTION 

Conditions for the onset of plasma -wave instabilities in solid -state 

plasmas have received extensive examination.1,2,3 In a two - component plasma, 

consisting of electrons and holes or "light" and "heavy" electrons in a two - 

valley semiconductor, a drift of one species relative to the other is required 

to create the instability (inverse Landau damping). In quantum language the 

two -stream instability is described as an excess in the induced emission over 

the induced absorption of plasmons by single particles. 

Although the linear theory predicting the onset of this instability is by 

now well established in both gaseous and solid -state plasmas, a non -linear 

treatment of the plasma wave undergoing maser action (i.e., amplification by an 

active medium within a resonant cavity) is lacking. Such a treatment is necessary 

for predicting the saturation of the wave at a steady -state condition. Moreover, 

it will be shown that the instability criterion predicted by the linear theory 

may be significantly modified by nonlinear effects. 

In the first (Part I) of a series of two papers on plasma -wave instabilities 

in solids a theory of the plasmon maser is developed which is applicable to either 

a quantum or classical two - component plasma having a fixed number of particles of 

either species. A quantum formulation is employed since the saturation of the 

plasma wave is found to depend on ,even when the plasma is classical. A 

quantum treatment has the added advantage of providing detailed knowledge about 

the linewidth and phase coherence of the wave. 

The theory is patterned after the quantum theory of a laser due to Scully, 

Lamb and Stephen.4'5 The general applicability of techniques developed for the 
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laser to other areas of physics, notably the amplification of waves in solids, 

does not seem to be widely recognized. 

In a subsequent paper (Part II) the theory of the plasmon maser is generalized 

to allow for intervalley transfer of electrons within the conduction band of a 

multiple- valley semiconductor. In this model the species particle number is 

allowed to vary subject to the constraint that the total particle number is 

conserved. The generalized theory, based on a modified version of the two - 

stream instability, is shown to provide a microscopic description of the Gunn 

effect. This application constitutes the principal motivation for the present 

study. 

Since the theory without intervalley transfer (plasmon maser) is a self - 

contained subject of interest in its own right, it is given separate treatment here 

(Part I). A full understanding of this theory is required for the generalized 

theory (Part II) relevant to the Gunn effect. 

2. MODEL 

As a prerequisite to the development of a microscopic theory of the Gunn 

effect we examine a two -component plasma with intervalley transfer omitted. 

For the moment we consider an infinite homogeneous solid -state plasma composed 

of V1ß light electrons and V1 heavy electrons in unit volume, each carrying the 

6 
charge -e. The host lattice provides the necessary uniform positive background 

for overall charge neutrality. In the present theory the plasma may be either 

quantum or classical. Certain restrictions are imposed on the plasma. We 

suppose Wl%<- z..%Zwhere mks is the mass of species 4., and it is convenient 
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(though not essential) to take T 7711 where -17z is the species temperature. (For 

a quantum plasma AS, » AwhereAS; is the Fermi velocity). 

Following Bohm and Pines7 we introduce a set of collective coordinates 

describing plasmons, the quanta of a plasma wave. Under the assumed conditions 

Landau damping by the heavy electrons is negligible, and the light electrons 

interacting with acoustic plasmons may be treated as a separate isolated system. 

Within the random phase approximation (RPA) the Hamiltonian for this infinite 

homogeneous system is given by2 

4 
where C 

k 
and Ck are the creation and annihilation operators for a light electron 

having wave vector k , and + and b are the corresponding operators for an 
6 

acoustic plasmon having wave vector 
. 

. The former satisfy anticommutation 
N. 

relations; the latter, commutation relations. Also, Ek _k2,2w , is the 

energy of light electron, and the frequency of an acoustic plasmon is given by. 

sz 0 _ Aye, - 

As",F WZ,-tr3t,J 

classical plasma 

quantum plasma 

(2) 

Here, 6%= (41rQ. rt;/vt &) is the species plasma frequency, and ITT = (kT(w.,) 

is the thermal velocity of the light electrons. The cutoff wave vector k2 

is defined by (j = 1, 2) 



fAv-a 

ka _ -`J/ 
classical plasma 

quantum plasma 

( 3) 
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The matrix element describing the strength of the electron -plasmon coupling 

is given for resonant transitions by 

M - 1.. 

Z-'- 
Eo z 6 <<S t 

( 4) 

where Eo is the dielectric constant of the host lattice and e,(, gyp) is the 

static dielectric constant of the light electrons obtained in the RPA from 

w 
-7-- 

4-R 
c 1 tEo k -CF - =, . ( 5 ) 

M M M 

Here, k is the probability of finding a light electron in state k having 

energy F.k, and Z. is a positive infinitesimal. For an equilibrium distribution 
M 

44, it follows that M 

- 1 + 
.", 

The preceding description pertains to an infinite homogeneous plasma. We 

wish to treat instead a plasma in a small solid crystal. Qualitatively one may 

argue that in a finite plasma the boundaries of the solid containing the plasma 

constitute a cavity which restricts the wave vector q to certain discrete values. 
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For a thin sample of thickness L one expects q -p a ^, n2 W /L where 

1R = i1 ±2 . If L is sufficiently small (yet large compared to 1 /k2), the 

modes will be well separated and relatively uncoupled. 

For simplicity we restrict the analysis to single -mode maser action. A 

single -mode analysis has the virtue of relative simplicity without, it is felt, 

sacrificing the essential physics of the problem. If important, the effects of 

mode coupling can be included in a later treatment. 

It is reasonable to suppose that the mode having the longest wavelength is 

dominant. This consists of two running waves r ±l/j,r where K is a unit 

normal to the surface. Later it is found that only one of these waves under- 

goes maser action. Anticipating this result, we use the symbol 17.(2Q /4Ìlto 

denote the single contributing running wave. 

Clearly the effects of plasma boundaries are not as simple as implied here. 

For example, surface waves may exist. But, since the instability under considera- 

tion is known to be a volume effect, such considerations can probably be safely 

ignored. 

One important effect of plasma boundaries should be mentioned. In a finite 

plasma, plasmons become partially transverse waves which couple directly to the 

electromagnetic field. Hence, the plasmon maser can radiate. 

An essential ingredient of a laser theory is a cavity -loss mechanism. The 

mode q may decay via any of a number of channels such as reflection losses at r. 
plasma boundaries, scattering by the lattice and impurities, etc. For present 
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purposes any convenient loss model will suffice since the explicit nature of the 

loss is of secondary interest. Following Scully et aí.,1,5 we choose a collec- 

tion of two -level atoms coupled to the plasmon field. These are injected into the 

cavity in their lower level and thereby serve to damp the field. 

Model Hamiltonian 

The preceding considerations lead to a model Hamiltonian composed of three 

coupled subsystems: (a) a collection of S distinguishable damping atoms (passive 

medium), (b) a single -mode, acoustic -plasmon field (maser medium), and (c) nt 

free, light electrons in unit volume (active medium). The model is schematically 

illustrated in Fig. 1. The system is not closed because subsystems (a) and (c) 

are presumed coupled to external reservoirs which provide a continuous source of 

electrons resonant with the plasmon field and damping atoms injected in their 

lower level. The nature of this external coupling is discussed at length in 

the development to follow. Also, phenomenological damping is later added to 

subsystems (a) and (c) to account for residual interactions not explicitly con- 

sidered in the Hamiltonian. In contrast, the decay of the maser medium is built 

into the model Hamiltonian. The nature of this decay will emerge from the theory. 

The total Hamiltonian is written in the form: 

H - 1-10 
(6a) 

(6h) 
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(a) Damping atoms 

V{q=s 

-1+ l4 Ed Cl. Q E,r_Ey ti* (6c) 
,k, 7.-- a-STiA 

(b) Single -mode acoustic plasmons 

VA b -k.7)2- 610 

(c) Free (light) electrons 

c, 
M 

(6a) 

(6e) 
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Hereafter, for brevity, the word electron is used in place of light electron. 

This should cause no confusion since under the assumptions of the model the heavy 

electrons play a relatively minor, unseen role. Also, we write plasmon for 

acoustic plasmon and, whenever possible, omit the subscript q labelling the 
Aar 

single contributing mode of the plasmon field. 

Following the notation of Lamb8, we reserve the symbol A =.*i4 for the 
"cavity" frequency where 4 is given by (2) and use -) for the actual operating 

frequency of the field. The latter frequency is yet to be determined. The 

distinction between these two frequencies is important, we shall find. 

The coupling between subsystems is via two pair interactions. 

V = Vab t Vbc- 

Plasmon damping 

(6f) 

(6g) 
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Electron -plasmon interaction 

= M c+ b+ k c V,, - ``+ c 
k, -... 

(6h) 

The matrix element Ai (assumed to be real) represents the strength of the 

damping atom -plasmon coupling. Later Ai will be related to a quality factor 

Q for the cavity. The matrix element M is given as before for resonant transi- 

tions by (4) with the important exception that SZ is now replaced by 7i . 

M =L T0 Vz 22.2 
Eo E,Cg)°l (7) 

Pippard 9 has given a description of acoustic amplification in semiconductors 

in terms of stimulated emission of phonons produced via the electron -phonon inter- 

action. The same argument - with the word phonon replaced by plasmon - is 

applicable here. Energy and momentum conservation for plasmon emission (upper 

sign) and absorption (lower sign) in the mode q yield the result 

& _ / *1/41 (8) 

where 1,14. is the initial momentum of the electron and A = 7./g is the 

phase velocity of the plasma wave. Equation (8) defines an interaction surface 

in velocity space. Electrons whose initial velocity components along q are 

equal to ArP ±121k, .4-1, can interact resonantly with the mode q of the 
o 

plasmon field. 

In practice, the wave vector k is not precisely defined due to residual 

interactions not included in the Hamiltonian. Consequently, the interaction 

surface in wave -vector space is smeared out into a thin slab of width t.k 



525 

Electrons lying within this slab are said to be resonant with the plasmon field. 

The width ek may be estimated by either quantum or classical arguments, whichever 

gives the larger result. The uncertainty principle gives tk -+t /A where is 

the electron mean free path. The classical description is called electron trapping. 

A simple physical argument gives .eilUZ /2.VHIN a E/g where E is the amplitude of 

the oscillating electric field. 

The transition probability for induced plasmon emission minus absorption is 

found to be proportional to the difference in probability factors t summed 

over all resonant values of k. If the electrons are in equilibrium with themselves 

and their surroundings, L Q for most resonant values of k, and there 

is net damping of plasmons (Landau damping). If instead the light electrons acquire 

ii 
a drift relative to the heavy electrons due to the application of an 

applied dc electric field and AS > AiD , then Ç is positive for most 

resonant values of k and amplification results (two - stream instability). In a 

laser analysis the condition AD ? ASp may be viewed as a population inversion of 

electrons or negative temperature. 

In contrast to the conventional laser, the plasmon maser amplifies a running 

wave, not a standing wave. Amplification occurs for the wave q parallel to the 

drift n:D . The antiparallel wave -q is Landau damped for all positive values 
.w 

of Alp and, in addition, suffers strong collisional damping with the lattice. 

As a consequence, the antiparallel wave is viewed as nonexisiz.nt throughout the 

analysis. This means the parallel wave must be periodically recreated at the 

cathode boundary. Later we must check to insure that the growth time of the 

wave is short relative to the transit time across the sample. Otherwise a steady - 

state solution is not possible. 
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3. ANALYSIS 

pwbc 
In the interaction picture the density matrix ) describing the total 

system (6) satisfies the equation of motion 

where 

Clet 
I cb - L VW) c{) 3 

Ò't 

v (t) _ Ja+P wot¡-t) v -Q4-? C -tADk f) 
(9) 

Since the active and passive systems are not directly observed, the trace 

of (9) is taken over the coordinates of subsystems (a) and (c), 

where 

b 

'3?(-0 _ -Ì vaec{ t)] +T vb,c+) Ct)3 (io) at a 
4b = 31 :14 5a,bc 0. C °b = T ab c 

( 
) C = - A 

c161 be 
The reduced density matrices and 

) 
satisfy the following equations 

of motion. 

by_ 

{ve(0, 
albe 

Om qt vqAN) (4) J (12a ) 

qb 0!.4 
` 

(si.` Z)1 
` 

vb), c1] -t .tVb, e (4.).1 (12b) 

ak 
Equations (10) and (12) are reminiscent of the macroscopic field equation 

and microscopic matter equations, respectively, appearing in the semiclassical 

theory of a laser due to Lamb.. This analogy is useful because it furnishes 
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istic times of 
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development of the theory. In particular, it suggests the 

assumption, called the adiabatic approximation. If the character- 

, b pbe 
, P 

a 
and ) are denoted by "el. , Caa, and 'fib,, the 

assumption is made that 1:16).: Two or )4 . In other words, the time required 

for maser action to be established with the plasmon field is assumed to be long 

compared to the interaction times of individual microscopic events which taken 

together produce the field. This means the plasmon field acts as an infinite 

reservoir over time scales ti Irabbc' 

An immediate consequence of the adiabatic approximation is that the terms 

p4%C 
involving 

1 
in (12) may be neglected. These represent indirect coupling 

of subsystems (a) and (c) through the intermediary of the plasmon field. Since 

the field undergoes insignificant change during the time interval T.s. or if 
this indirect coupling can be ignored. 

As previously mentioned, the eigenstates of k are not truly "shard. 
There are residual weak interactions not explicitly considered in the model 

Hamiltonian (e.g., electron interactions with plasmon modes other than q, 

short -range electron -electron interaction, electron- lattice interaction, etc.) 

which serve to broaden the levels of subsystem (c). A similar argument may be 

made for the eigenstates of subsystem (a). To account for these effects, 

phenomenological damping operators %:11/2 and .LTIbt are added to Ha and Hc. 

With the addition of phenomenological damping and the adiabatic approximation, 

the "matter equations" (12) become 

1bc 

tV,c(4),v«), v.to , c-o-1- 
at 

(13a) 
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> _ 
°` 

110.(A) C) at- VabC ), t-)] Z [. , .1 (13b) 

where the plus sign on the bracket denotes the anticommutator. 

Appropriate boundary conditions reflecting external "pumping" of the active 

and passive mediums must be selected for (13). A somewhat artificial model 

incorporating these features is constructed. Considerable latitude in the choice 

of a model is permitted since a subsequent coarse graining in time tends to 

wash out the artificial features. 

The active medium is considered first. We suppose at some time to a strong 

collision with the external reservoir takes place which instantaneously projects 

the electron gas into a pure statel2- la* described by a set of occupation numbers. 

bt 
At this instant the density matrix 4 is factorizable in the form 

\) -k-o) S' «ol (14a) 

where y(S) l0o.<01 is a projection operator on the known state of the 

electron gas, and 4 (ljdepicts the current state of the plasmon field. The 

set of occupation numbers ILV1Z1 is chosen such that, when coarse- grained over 

local regions of k- space, the probability distribution fk is obtained. This 

distribution, it is recalled, characterizes the drifted plasma in steady state. 

If the electron -electron interaction dominates over the electron -lattice inter- 

action, the distribution fk will be isotropic in the drift frame. Though not 

essential we shall assume this to be the case. 
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Following the birth of the state 10) the electron gas is free to interact 

be 
with the plasmon field in accordance with (13a). Since y(t) depends parametrically 

be 

( on the birth time to, hereafter we write W. It is important to recognize 

that V) can be factored only at the time t = to. 

The function of the external reservoir is to simulate the effects of the 

residual electron -electron and the electron -lattice interactions. The reservoir 

strives to maintain the steady -state distribution fk. Accordingly, after an 

average time interval ,J the electron gas is restored to the state Id?, and 

a new cycle begins. The process of repeated restoration of the state 10} 

furnishes a continuous source of electrons resonant with the plasmon field. 

This feature constitutes the "pump" of the plasmon maser. 

An appropriate choice must be made for the residence time &t. Since JS t 

is related to an electron relaxation time, an arbitrary assignment would be 

improper. We shall return to this question later. 

A similar procedure is applied to the passive medium. We suppose at 

time to all damping atoms are injected into the cavity in their lower level, 

S' (''("4) Pao) 

0, 

V(A4) where ) ( ) = 140,42 ,r 4.4(firt ,5' After the birth time to the interaction 

b Q 
Vab mixes r and ? , and the density matrix is no longer factorizable. The 

c`." 

temporal behavior of ) (4 4) is governed by (13b). The atoms are restored to 

their lower level following the passage of some arbitrary time interval Qtf, and 
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once again (14b) applies. Repetition of this cycle provides a continuous source 

of damping atoms and hence a cavity loss mechanism. 

Since the bi th times to and to occur randomly in time with average spacing 

pt and (st1 a coarse -- graining taken over these random time variables is appropriate. 

By definition 

(t 
1- C) _ (I /A4) J dfo - 

bc 
CA---k0)/ o] 

qb f 
, pqb P }) = 

Ç 
d{o ) CA ,ó ) sP C (.- 

-e ) / L,-'3 

(15a) 

(15b ) 

Here, the factor (l/ /j,,t) exp 1- (4 -}o)/M dto represents the probability 

that the statue' was last created in the time interval between t -to and t- to -dto. 

A similar interpretation applies to (15b). 

b 
Since P depends parametrically on both birth times, the appropriate coarse - 

grained density matrix for the field is defined (note the absence of the 

superscript b) . 

!-1 } s r e.t ) S 
dEo C el/A 

ó 
.e4P1.1-- C-4 -WQ-4'l S' 

(16) 

But by virtue of the adiabation approximation (16) reduces to 

s--360- j +e 1-1/4ó ) 

An average of (10) is now taken over both to and to with the result 

a Qa) = T0.IV,t}),-4 3 -+ T.[vec> c+) 
a+ 

(17) 

(18) 
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This expression describes the time evolution of the coarse -grained plasmon field. 

All of the ingredients essential for maser action, e.g., a continuous source 

of resonant elect7ms and damping atoms is contained in the field equation (18). 

The two terms on the right represent the contribution to gain from the active 

and passive mediums, respectively. Maser action can take place only if the net 

gain is positive. 

Solution of the Matter Equations 

Before treating the field equation we must solve the matter equations (13) 

GAD c 
for ? .4. >+ )and Yc 4 )subject to the boundary conditions (14). The coarse- 

qb be 
T-01 grained density matrices, and WC +) , may then be used as input for 

(18). Standard perturbation theory is used for this purpose. First -order 

qb 
perturbation theory will suffice for Q since the damping atoms may be taken 

to be highly nonresonant. In contrast, multiple -order perturbation theory is 

be 
essential for V since a maser is inherently a nonlinear device whose 

saturation point is determined by the nonlinearity. 

We treat the active medium first. A conventional perturbative expansion 

be 
of r is made, i.e., 

«,) _ <<,-i + (A-N1 + -t)4-40 -+- . . . 
(19) 

where ) 0010 is of jth order in the interaction Vbc. Substitution into (13a) 

gives 

1-0_P,A T Ct)+a)+ = o 

p ) p c + 1 1+0 = , vbc ) { )) o} 
1 + 

= 1) 2) I.. 

(20a) 
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The boundary condition is obtained from (14+a) 

) 01({0,é-a) 0> 1 ({b) 4,0, 

53kIl 
O . _ 

%)2) 
... (20b) 

The eigenstates of the unperturbed Hamiltonian are used as a basis set. 

iablN> ty K=o2. . 
. 

04, -- 2r) I > = CE n - ión) n? 
7 k ti VI n 

Here, N is the number of plasmons in mode q; Kk is an occupation number (v14= 0,1) 

for the single- electron state k; %Y> is short -hand notation for the Y -particle 

state labelled by a particular set of occupation numbers Z k: ; and ón is 

the linewidth of state In) 

In matrix form the solution of (20) is written 

b 

S)(ci'Ct,vt%) 
_ 

ti 
({o) 

n 
,o 

N 
M' n! 

) o = ) á /%kr) 

W rO 

where 

(a(..v 

c-viAa) t Vn n 
tit 

n, 

,tn (Vvi YKi )/2_ 
1 

} irto = (Ylk )W1c) S. Of)'eV . . . 

(0.16) 0 0, ! 

and for an arbitrary operator 0 

0Kn 
wn! 

NnI o I t4vt) 

(-y-t'3 

;1) 

(21) 
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Due to the interaction Vioc excitations from the "vacuum" state 1 > occur. 

The following notation is used to identify these excitations. 

1 k? 
am. Ck,t °i 

1MIk7> = c ctc} ckc 10)> 

etc. 

In accordance with (6h) the plus (minus) sign is associated with the creation 

(absorption) or a single plasmon. 

Since typically q L L. Ak (or equivalently the electron mean free 

path A. is short relative to the wavelength L of the plasma wave) many interactions 

of the type (6h) can occur before the resonant occupation numbers in the original 

set 
L 
n;: ( are sufficiently altered to destroy their coarse - grained resemblance 

to the probability distribution fk. In other words, there are many pure states 
Am. 

of the electron gas which are equivalent to %O> in the sense that each, viewed 

macroscopically, has the same probability distribution fk and consequently interacts 

equally with the plasmon field. 

We suppose, rather artificially, that the first fl interactions (single real 

plasmon events) with the field generate successive sets of electron occupation 

numbers, each of which may be identified with fk. Further interaction with the 
Me. 

field is presumed to generate "hole burning" in the electron population within the 

resonant band and hence a distribution function quite unlike fk which precludes 

further interaction with the field. Thus a cutoff on the number of repetitive 

interactions allowed with the field is imposed. Only the equivalent states of the 

electron gas can contribute to laser gain. A systematic assignment of all states 
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of the electron gas into equivalent or nonequivalent status could be carried 

out. However, such a procedure is unnecessary since the important parameter 

entering the subsequent formalism is the number of allowed interactions /2 and 

not the number of equivalent states linked by the 9t interactions. 

The number T. is defined in terms of the residence time dt 

92 = AAt. (22) 

Here , called the pumping rate, represents the rate at which new resonant 

electrons are created by the external reservoir. (Any change in a pair of 

occupation numbers defines a new electron.) Thus, by definition '%Z, is the 

number of new resonant electrons generated during the interval at . 

The residence time t measures the time available for the electron 

gas to interact with the field prior to interruption by the external reservoir. 

It is important to note that a collision which transforms one equivalent state 

into another does not constitute an interruption since the electron gas is 

free to interact with the field throughout such an event. But a transfer from 

an equivalent to a nonequivalent state does constitute an interruption. Hence, 

16,.t is taken to be the time required for a resonant electron to escape from 

the band AS k due to any residual interaction not explicitly contained in the 

Hamiltonian (6). The uncertainty principle gives the following simple estimate 

/AsF 

classical plasma 

quantum plasma 

An order -of- magnitude estimate for fz can also be given 

(3a) 
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(23b) 

c air snarl vk 

Here, kin is the number of electrons contained in the resonant band Ah k, and 

W($) represents the number of "steps" measured in units of q required for 

an electron to escape from the resonant band due to the interaction Vbc. The 

function g depends on AL/Ir, the number of direct steps (in one direction) 

required to traverse the resonant band. For a classical plasma the probability 

of emission and absorption of a plasmon by an electron are nearly equal. In 

this event g is roughly the number of steps required for a single electron to 

random walk out of the resonant band. In contrast, for a quantum plasma the 

exclusion principle strongly biases the walk in favor of one direction. Thus 

a crude estimate gives 

C &t,/z_) ti 
classical plasma 

quantum plasma 

(23c) 

Typically n » WI -;`;> i , 

An important parameter appearing later in the theory is the ratio of 

the pumping rate A. to the decay rate ó0 of the vacuum state. This ratio must 

equal the number of resonant elections in the absence of maser action, i.e. 

an. _- Vo = Yoet (24a) 

Otherwise there could be no steady -state distribution fk. Alternatively, the 

number of resonant elections is computed from the formula 
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thk 

k -- 

where the sum is restricted to,1.- values lying within the resonant bandAk. 

(2l+b) 

(For a quantum plasma the exclusion principle further restricts the sum to 

"accessible" 4-valves). 

The estimates (23) together with the definitions (22) and (24) , provide 

a means for computing the pumping rate and the ratio of the residence time to 

the lifetime of the vacuum state Attro . H11.44414 one finds 4A.60 >71. 

The limit of ')Z successive interactions with the field defines a large 

number of types of equivalent states, e.g. tk, > \t k k x <<. 
) IVI 

etc. Whether all equivalent states can be "reached" from the vacuum state 

during the interval 6..t depends on the intensity of the plasmon field. If the 

field is weak, there is little stimulated emission and only the vacuum state con- 

tributes to laser gain. In contrast, if the field is very strong, the successive 

excitation of equivalent states proceeds rapidly in a time short compared to &t, 

and every equivalent state contributes to laser gain. Thus we expect to find that 

the gain coefficient depends on the strength of the plasmon field. 

Let us denote by 12K the number of single plasmon events which can be 

initiated by a field of N plasmons during the elapsed time At. By definition 

')214 is restricted to the range i L x L /a . Presumably 4Zm is a mono- 

tonically increasing function of N. The functional dependence of ilu later turns 

out to be relatively unimportant. What matters is that 724 is bounded by the 

values 1 and 12. 

The process just described is quite unlike that found in conventional 

lasers. In a gas laser each active atom is allowed to contribute no more than 

one photon to the field. In the present description it is as though each 
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"atom" were allowed to contribute up tot photons during its tenure At in the 

cavity. The actual number emitted 
"N 

would be determined by strength of the 

field. The resultant dependence of gain on field strength will be shown to 

have certain interesting consequences. 

By virtue of the adiabatic approximation the field can be represented 

by the constant density matrix Ç (4) in (21) throughout the residence time 

¿ t (provided, of course, that Nt t is short relative to the time Yb required 

to establish maser action). Since the field remains fixed and the first it 

elcrcov, 
interactions generate successive sets of occupation numbers which all resemble 

fk, each interaction is essentially a replica of the first. This suggests the 

following simplification. 

To avoid the tedious bookkeeping required to keep track of the state 

of the electron gas after each successive interaction (a sum over all equiva- 

lent states "reached" from the vacuum 1c> in fminteractions is required) let 

us suppose the residence time is shortened from /Lt to &tot = WrytK During 

this reduced interval the electron gas is allowed to interact only once with 

the field. Following each reduced interval bth the electron gas is returned 

to the vacuum state. In this process we must be careful not to introduce any 

unphysical features due to the imposition of an artificial cutoff at di-t4 . 

Repeated Ìlhtimes, this reduced cycle of period A }N constitutes an approxi- 

mate equivalent to one original cycle of period (fit. Both descriptions con- 

tain /lit interactions (emission or absorption of a single plasmon) during 

the interval &t. Since the various equivalent states of the electron gas 

"look alike" it makes little difference whether we retain the proper dis- 
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tinction between these states or not. In the simplified treatment we need 

only consider the vacuum state O and the single pair states 'k % . Only 

the latter can be reached from'to7in a single interaction. Implicit in 

this argument is the assumption that phase diffusion times are sufficiently 

short that correlations between successively excited states of the electron 

gas are relátively unimportant. 
cil 

We now return to the formalism (21) . Only odd orders of 
i(.k,{.o) 

con- 

tribute to (18) and the preceding argument restricts attention to matrix el- 

ements connecting lop to l> . The pertinent 

to fifth order in Vbc, are found to be 

<1 

S1Vb) 
. 

N-it 
to ó 

components, computed from (21) 

\)4.0) 
_ILK' 04-it t}1VNi c te) ... } 

Vi-ft , 
+a (25a) 

+ 
t" 

9C-40) - V413,4) (N -k : x N 
0 GQ 4} # ti ) _o(-1L±"+-l;)]. 

Ht 1 ao 16 
Nt 

Z C ( ) x IKcIV1N+tl ßLgk,,o+u ,y (NatvbIH-14e,, k o.. , -+ e.c,C-K'1 
JJ 

b 

S3 a, ti %ól<Nf11IY 
`Mo> i 

*tt1 At-s- 
Nt o 

fÌ ̀di Y R.P t') 
},O -i-a 

--)i)°({,{ 
{N( t }71-0)] 

(5c) 

x Kho' M41k>kzeifQCó"-1 - Ì<No1 Mott 11-t ',%r4A-Vi Ce. (tik4 a 

p 

X `Nolvb,INt12),Lók o{t1 4 No VIN-ik L -}tY + z kL10 kz 



Here, 

a t44 
O " is ` :. 

t ^' o 

± ve «kt. etc) .. 
The expansion to arbitrary order is straightforward though rather tedious. 

Squares of matrix elements appearing in expressions like (25b) and (25c) 

are evaluated as follows. 

04oI V,i rtt% k >`z .t. 
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(26) 

C 14') upper sign 

AA ó K lower sign 

Here, the approximate equality sign means we have replaced the set of occupation 

numbers V1 

0 
describing the state lob with the probability distribution fk. In 

AA. 

the model employed the distinction between VI 

e 
and k is unimportant. 

Under the assumptions of the model the rule for coarse graining (15a) must 

be modified by the replacement 6.t -p d t". A slight generalization is nec- 

essary because we deal with matrix elements linking ti to of . In order to 

avoid unphysical features due to an artificial cutoff we write 

} bc 
<NI t(lNj ti S Sdo xi ß(+415)1"'? "Q to) ?3 (27) 

where E " 4.na+n42 
I '71 0.^ Xis a "soft" cutoff lying somewhere in the range 

mil 

L ñ . (92M + 11.0 /2 Qt Applying the modified rule (27) to the expansion 

(19), we find to all orders of perturbation theory. 

r YN(+ <tW I vbc 1 Hoof 
apt k (X + óa) 1 >% 

e 
Ki ó 4to 

Z. 

-flow CV) _ S NK((#) '-i AhK, + A IAN , 

(28) 

)iyKt`+ 
Awl') (29) 
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AMt, _ 04+0 A+ + N A + c.c. C.Ker->W) 

A.4 ` 0.4 0' L4/4 - ) -- >s) 

(30) 

(31) 

In accordance with the argument c óO »1 it is reasonable to suppose Vo>>>.- 
Also we take óE Then the cutoff X dissappears from (28) and (31), 

and these equations may be rewritten. 

+1 = 
N' o 

p Kr 
Hftt(Ybc1No> Q4F(.:17-0)/( cz0 

(28') 

A, - Lµ >Z ---vk) / c vo+ Qst - .. 
where ':'o = 1I Vo is the lifetime of the vacuum state. 

An important feature of (28) and (28') is that 
S1N K / 

(31') 

represents a sum to 

all orders of perturbation theory. The infinite series shown above (29) is easily 

summed. The terms appearing in this series represent multiple virtual emission 

and /or absorption of plasmons. The net effect is to alter the field from 4KN to? 

Implicit in the use of perturbation theory is the assumption that I/1st,` L 1 

The diagonal elements ANN represent the probability that a single plasmon event 

can take place during the lifetime of the vacuum state lte . This can be seen as 

follows. From (30) 

AK NN 
= ltr+l OCi.. -M- 1`(CZ_ 

(32) 



Substitution of (31') yields the approximate result 

-Vi C% -) 2T C szk ) 
k -- 

541 

(33) 

(34 ) 

The quantity &ç / ro is just the transition rate for emission ( absorption) 

of a plasmon in the mode q obtained from the golden rule of time - dependent per- 

turbation theory. The quantity 1'l4) OC., is the probability for stimulated and 

spontaneous emission in the field N during 'o tia is the corresponding 

probability for induced absorption. Thus AK is the total probability for a 

single plasmon event (emission or absorption) to occur during to 

Since the electron gas has many channels for decay other than via the 

plasmon mode q, b&. must be a number much smaller than unity. This argument 

affords a simple check on the value of deduced from (23) and (21+). 

For large enough N AN becomes greater than unity, and the perturbation 

expansion (19) breaks down. However, by arguments involving analytic continu- 

ation it is reasonable to surmise that the summed result (29) remains valid for 

all AKtif Later results support this conjecture. 

Equation (28') provides the input required to compute the gain due to the 

active medium. Working in the occupation -number representation we write 

<H 1 T C Vr,t(011 t-c13 j N' > <No i 1-Vb(t I`l l 1 N`o> -t-<n k CYe;\'()AJ i N'it 4 > 

+ a <Nk k CYe c+),ic-t)3 N'tz? 
(35) 
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The expansion of the trace is truncated with the pair states since, under 

b 
the assumptions of the model, all off - diagonal components of ID a) other than 

(28') vanish. Substitution of (28') in (35) gives 

-% L-k) <N 11:4,_LvbCc+VAI th'> 

- -6Q440041.40 oÇ e 
N+IN14 

ti 3NlI-- 

+ NoC ({) { tl-1)N! 
1 

where we have set Stott -' tWt.' 

t3 

(36) 

The corresponding contribution to gain from the passive medium remains to 

be computed. The same general technique, truncated in first order, may be applied 

ab 
to obtain P°154) . First it is convenient to note that since the damping atoms 

are independent we may write 

kA .Vabc-41 j1 q J 

where 

;mob 

a4 1+Q c, 
T 

-PC-}-i.1 I 03--> 

and k+) is the coarse- grained counterpart of 1 
(* -,4o) . The latter satis- 

fies the equation of motion 

Z.b 

Y' (4 ó) 

subject to the boundary condition 

IY.t6(4) ? 
LID 

"° - 1Z L Vi-j4) , 
p) A 

c ++o )1+ 

C0o-ó s?(-q) 

(37) 
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1b 
In first order the nonvanishing components of VIM are easily found 

PCk 
)4. N(itt) /a-1 ¡ <' N -1 \.:.b) y N> 

.1N - 1 At / 1 K- / Ty + /MI 

and Vw. is the width of level 

Substitution of (38) in (37) gives 

(38) 

dTt C i(N-N/) l NN¡1 i(tH1)(1141) s)H+(414 ( 39) 

where the cavity bandwidth At/is defined 

S 

/4* 
y { 1 /Lsk' ;2 (',L-} 1 /fit/) 

On substitution of (36) and (39) the field equation (18) becomes in 

the occupation -number representation 

d: t) _ 5 NN' Ah*' K + -lH4I 4 +%)' c/_ )K N! + - ' °4 YNOA J 
Oct 

4 tif` V- Z( % #%() 
s: (4 + *40544j '(4) (4o) 

H41 V041 

It is important to note the distinction between S' and in this expression. 

4. SOLUTION OF THE FIELD EQUATION 

Separate examination of the diagonal and off - diagonal components of 

the field equation (40) is necessary. Only the former has a nontrivial steady - 

state solution. 
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Diagonal Components 

Seeking a steady -state solution, we examine the diagonal components of (40). 

'K -5 KV- A -SS +) Q tvacc+1 -- .&741-1`k P (k) 4 (0 f4, 
at- N "á ( 41) 

Here, )N!; DJ nd AN are shorthand for 
i 

Two forms of nonlinearities 

1KNISKM d 

appear in (41). First the factor Slot= ?It" 

AhN ' 

is field dependent, increasing with N in an unspecified way from a minimum value 

tacge. 
(//2 to a maximum of unity at somebfinite value of N. Secondly Sh contains the 

denominator 1,1+(N+i)c(4 + 
Mk") 

. Similar denominators are imbedded in 1 . A 

physical interpretation can be given to these denominators. For large N kort = 

A4/[1 +14Ni+llemerges as a factor in the gain due to the active medium. The dif- 

ference ¿Y4 - Dull represents the number of resonant electrons lost due 

to hole burning in the distribution . As U(- ->osthe number of resonant 

electrons lost approaches the total number Art. Hole burning is responsible for 

the saturation of the plasma wave. Note that both emission and absorption of 

plasmons move electrons out of the resonant band. This accounts for the plus sign 

between the ô( and PC . More will be said of this later. 

Two limiting forms of (41) are considered :a weak -field solution and 

a strong -field solution. 

Weak Field Solution - Linear Theory 

If typical values of N are small, Wm", and Am ' ( . The latter 

condition implies 14 ̂ -' 1 . The field equation (41) assumes the form found 

in a simple linear theory 

e,{ `'" N _ -1q1.0 o(+ + M (a- +VSA S3N(+) ' N kv ) Ñ } "i- CP(+1xOÇ°ó) S)I' j) ( 42 ) 
df 



where Ó is a nondimensional cavity bandwidth 

ó _ Q--a At- 
(43) 
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A steady -state solution of (42), satisfying detailed balance, is readily found, 

or 

/ (0(4101" 

(44a) 

(44b) 

In order that 1N remain bounded, the condition *IC -a L 2a must be 

satisfied. The :___tion (44) subject to this restriction is equivalent to a 

black -body distribution of plasmons in the mode q. Thus, 1014-a. L ó implies 

operation below threshold for maser action. This condition states that the 

net amplification 01+-0C (emission minus absorption of plasmons) is insuffi- 

cient to overcome the cavity losses 

A more quantitative description of the condition for operation below 

threshold can be given. From (5) and (31') 

aE-- 

A, -A Lei( g-1v`) -j / E(g,°) 

where ?A is the Doppler shifted frequency 

(45) 

(46) 
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Defining a linear susceptibility for the light electrons 

4-xr "Kt ( g) c) = E C g- ) - 
Ati 

/ (t 
with real and imaginary parts "IS and 7(1 , we find 

- Ic.;` :131)/ E. g-,°) 

The threshold condition 0$(0( =I becomes 

-4-n-C C,v`) / E,c g0) _ (dt o /c 
..... ..... 

where Q =9 /d-tA defines a cavity quality factor. 

(47) 

(48) 

In order to establish contact with the predictions of the linear 

theory112 we momentarily specialize to a classical plasma. For a drifted 

Maxwellian 

-4-ir- iC., Cg ) ) / E,(t, o) = W ( Wg. 1/4i',1 ( 49) 

where W O) is the plasma function defined byt 
IL 

CYe -F-( - E? desz /2 
o 

Substitution into the threshold condition (48) gives 

--e0y2-( g/ - ) P Z(-vT/g-15, )Z 1 = at Vo ) ( Q ( 50) 
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T T 
where p and D is the threshold drift velocity. Comparison 

with the linear theory reveals that kátqatW can be identified with 

2.../ Tz where 2'Z is the heavy electron -lattice relaxation time. Implicit 

in this identification is the assumption that the operating frequency 7iß and 

14 
the cavity frequency fl are equal. If /:IL is long (large Q), then (50) is 

T 
tantamount to the familiar condition &SD-1 4-0 for the onset of the two - stream 

instability. 

In summary, the linear (weak -field) solution corresponds to a black 

body distribution of plasmons implying operation below threshold for maser 

action. Direct contact between this solution and the corresponding linear 

classical theory has been established. This contact is useful since it en- 

ables us to select an appropriate value for the quality factor of the cavity. 

We turn now to the more interesting strong -field solution and examine the 

conditions under which maser action is feasible. 

Strong -Field Solution - Maser Action 

If N is typically very large, the number of allowed plasmon events 

reaches its maximum value(, C) and the full nonlinear field equation (4+1) 

must be employed. 

OL# -- 
d 

i H + t4 0441)6E4. . K 64. dt 

+ 

p N 

N + Koc+ -t- (t1-0 oc 

CC 
si) 

l-F 0A4-2- i ol -t- N+t bC K + +1 

oC - Q + ) 
t+ Ct++ cC 4- N tk N 

(51) 

Here V is a modified nondimensional cavity bandwidth 

ó - ó /'V2 = A-rJi- /_/\_ 
(52) 
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Note that ó is smaller than ó by the very large factor 92 . 

Asteady -state solution satisfying detailed balance can again be found. 

QK oC+ / tiocA. + Ca-t) o[ 

rK-t -- OC f._%4 LK+4) o(++ K a ci 

ti 

Ny71 

bC.4 

oç -+ N (KO- tiç S-A 

Equation (53a) should be compared with the weak -field result (44a). 

(53a) 

The form (53a) with ac set equal to zero agrees with the exact re- 

sult of Scully and Lamb5 for two -level atoms injected in their upper level. 

This agreement provides an important check on the validity of the claim that 

(29) holds for all Atom,. 

Since the integer N is presumed large, we may treat )K approximately 

as a function Ç of the continuous variable N. From (53a) 

s)(14 = L<a+/) - v- + )A (.0(44 / (.0(44 

where 

1 W C01,4_+0Ç 2S/Cá +g 

Integrating, one finds . iFK+00 
S'(x) -- c x _4_4(PL- CeC -os)x/ 044+d) 

where c is a normalization constant. 

where 

(53b) 

Equation (53b) has a maximum at X = 614 /Cd +li)or equivalently at N = N 

(0(4 - aç = Z{ )/ á Coca + oç )" 

(54) 
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As is well known a peak in the distribution S) K for positive N signifies 

maser action. 

The solution (54) is valid only for large N. As a conservative crit- 

erion for determining when N is large we require that the probability for the 

occurence of a single plasmon event in the reduced interval Q4 /f must be of 

order unity. This implies NCB *) d4 Y 
1. or from (54 ) . 

oc > '/(0&k) for large 

A comparison of this criterion with the threshold condition 0( $Ç 2e leads 

to the surprising prediction recall maser r action can take place 

when the maser is below threshold. The apparent contradiction is readily 

explained. As a consequence of the field dependence of the gain coefficient 

s there are, in effect, two thresholds for maser action - a starting thres- 

hold and a running threshold. When the field is weak Nile. 1/qq. and the thres- 

hold iso k = ó. Once starting threshold is exceeded, each incremental in- 

crease in field increase which in turn further adds to the field. The re- 

sult is an "explosive" type of gain. If IN increases more rapidly than the 

first power of N, no steady -state maser solution is possible until :Rmsaturates 

at the value SN =1 . Otherwise the denominator of (53a) with Y replaced by 

/ sh decreases with increasing N implying an unbounded solution. Thus 

the only steady -state maser solution corresponds to the strong-field solution 

(53). for which IV/N = Z . 

After maser action has been initiated the field is large and one may 

reduce the gain 0(1.--01( below the starting threshold value without destroy 
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ing maser action. Thus there is a running threshold given roughly by Ç p(^4/ A-. 

The width of the distribution under maser conditions affords a 

measure of the coherence of the plasma wave. Expansion of (53b) about the 

peak N = Ñ yields 

S--) (to ro2-/Ze3 

where 0-, the half width at half maximum, is given by 

_1/ `/-L 
Q- = P( 

z o[4 C oC, -- oc_ - ó 1 (55) 

This width is broader than a perfectly coherent (Poisson) distribution by the 

4z 
factor t«.4 /(01.} -oç - 1)1 . 

Since 3 is expected to increase rapidly with N to its saturation 

value of unity, only transient maser solutions are expected for intermediate 

values of the field. Thus there is no need to examine solutions other than 

the weak -field or strong -field solutions. We shall return to the strong - 

field solution following an investigation of the off -diagonal elements of the 

density matrix. 

Off- Diagonal Components 

The off- diagonal elements )NH, (N #Nlare found to decay exponentially 

in time and, therefore, have no nonvanishing solution in steady- state. Cor- 

respondingly, saturation effects are small and we may rewrite (40) in the ap- 

proximate form assuming N to be of order N (strong -field solution) 



t4(01:4-1?) -- t á i . dt , a 

+ N (1 + ) ¡ á /N4 4M_04 ' -i A- 04+4s% + /014-IA Co( C+Ñ{ 
C 

551 

(56) 

± z) . . 

Since saturation effects are neglected, it is reasonable to try a solution of 

the form (c f., (44b) and (53a) 

. ot 
N 

{ iá' (tÌ . ca + ) Q)ipc4 4itl t _=-IfZ,.. (57) 

where is considered small relative to N and N-, t1 . Substitution into (56) 

V / tl 

reveals that 4. has a real and imaginary 4. part given to order(ON)by 
lr 

e.n-v24-Rx;Cg,ve)/E,(go) (58a) 
..,. ,.. 

0 = -Z ...A_ C oC .oç - } 8 tt (58b) 

where use has been of (45) and (24a). The real part 4 .leads 
to a frequency 

shift, C2.--1>2.0, while the imaginary part -eft 
the linewidth of the 

plasma wave. These effects are shown as follows. 

In the absence of the interaction Vbc the plasmon field oscillates at 

the cavity frequency SD. given by (2). Associated with the "free" field is an 

amplitude operator for the running wave q written in the interaction picture 

k GA. ;k-i ^ /2S2 , ..e.y..eu. ( g .A. - s-z-k ) 
The expectation value of A when Vbc is turned on is given by 

<A01.04)> _ MAb S)(t) A(J,+) - LH/2 VH ,C}N ) -eP~ (IA -}) 
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The time dependence of the expectation value follows from (57). 

<A(Ai{)> ?1_- :C -4', 3 CPC - 1,,4) (59) 

According to the Hamiltonian (6) the plasma wave oscillates with the fre- 

quency iP . We conclude from (59) that 

--TÌ- - sZ - 

or using (58a) 

(-- sz) / -ve : -Z eYX 411-3C; ) / E, ($ , a) (6o) 

An analogous expression relating the frequency pulling to the real part of 

the susceptibility appears in the semi -classical theory of a gas laser8 . 

Note that the frequency pulling here is proportional to the number of re- 

sonant electrons. 

Equation (60) does not hold when the maser is operated below thres- 

hold for then-4 l and (56) must be modified. Roughly speaking the same 

form as (60) is obtained with the important exception that the right hand 

side is divided by the very large number n. We conclude that 7)-"-'17_ for 

operation below threshold. 

The spectral content of the plasma wave under maser conditions is 

obtained by Fourier decomposition of (59). The linewidth (full width at 

half maximum) is seen to be 

- 2 4 
1L eC++oÇ (61) 
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As discussed by Scully et al4'5 in reference to the gas laser, the exponen- 

tial decay of A( P>in time does not imply a vanishing plasma wave in 
steady- state. Rather, it means a gradual loss in phase knowledge due to noise 

associated with the random injection of electrons and damping atoms and ther- 

mal noise due to the finite temperature of the plasma. 

5. RESULTS FOR A CLASSICAL PLASMA 

For a quantitative assessment of the strong -field solution we now 

specialize to a classical plasma. This example will serve as a standard 

for comparison with the subsequent theory (Part II) pertaining to the Gunn 

effect. 

The complex susceptibility for a classical plasma described by a drift- 

ed Maxwellian velocity distribution has previously been given (49). The real 

and imaginary parts of the function W(z) are plotted in Fig. 2 for real 

to 
argument. Note that W'(z) is symmetric and W "(z) antisymmetric in Z. 

tlLG ive t 
The ̂ imaginary par t) - W' ' ( ÿc. /g may be viewed as the gain pro- 

file for the plasmon maser. This profile has both a negative and positive 

region. From (47) and (4+9) 

_á -7)2. roa- l C tA:- 2Dv iql (62) 

which shows that the gain is positive only if X5tO,ASTr. 

Separate evaluation of C4 and 0( is required to determine the satur- 

ation level 1'. For a classical plasma (34) reduces to 
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where 4;% 01) is displaced Maxwellian and M is given by (7). The result is 

(4± 

or when combined with (62) 

(06.4- XI/ -`7- / 0.41/4 1 S1 1 C -/ $ As, ) 

(63) 

(64) 

555 

Typically the plasmon momentum Piq is much smaller than the momentum Im.14 of 

a thermal electron. Hence (1)(4-g ) / a ¿ L & . This means the gain 011.4-0C 

is the balance between two nearly equal processes, viz., emission and absorp- 

tion of plasmons. 

An interesting feature exhibited by (62) and (63) is the dependence 

of 0(4 and OC:_ but not the difference v({-- e4 , on A. Hence only e(4,- oC 

has a classical analogue. We have already seen that saturation of the plasma 

wave is caused by hole burning which depends on the sum of 014. and DC . This 

dependence on TI persists throughout the remainder of this calculation for a 

classical plasma and implies that the plasmon maser has inherent quantum 

character. 

The operating frequency is determined by (60). Since in a solid -state 

plasma A.40,>( , the solution must lie near the zeroes of W t 1/60 S }( points 

A and B in Fig. 2). Point B is rejected since in its vicinity \I is positive 

implying 0(4-1(... Z. 0 , and hence the absence of maser action. The expansiot: 
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of 144in the vicinity of its zero at X0=3 .308 is given bÿ ip 

J Thus (60) becomes 

-7)2 - sz) / ve -t. 

where 

t ( -vVg .S ) + 

S = eYl ¡2.tokCo 

(65a) 

(65b) 

s 
In the terminology of Lamb S is called a stabilization factor. The fre- 

quency (.ú- 1.308 uo q is analogous to the atomic -level spacing in a gas 

laser. Unlike the gas laser but reminiscent of the NH3 maser, the factor 

(65b) is typically very large compared to unity. Consequently V. is nearly 

independent of the cavity frequency and large detuning ( 1)..# ç) is pos- 

sible. The solution for large S is clearly 

y`/ct,s; ^- - 1.308 (66) 

which gives for the phase velocity 

.S" -ASP - 1.3 oß AT'% (67) 

An important consequence of frequency pulling as exemplified by 

(67) is that maser action is possible only if the drift velocity exceeds a 
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minimum value. 

-.ï 10 ) _ , 305t 
..._ (68) 

Otherwise l$ is negative which must be disallowed. From a practical stand- 

point this is a formidable restriction since drift velocities in excess of 

the thermal velocity are exceedingly difficult to attain. 

We have previously encountered a starting threshold and a running 

threshold for maser action. Equation (68) provides a third threshold. In 

order to achieve maser action A5b > 1.308 A . 

The average number of plasmons found under steady -state maser con- 

ditions is obtained from (54) 

N Y rt ( oC,{- oc_ ) /2 2oc - O , CO- S NAkekrt) / (69) 

Cs4-) awd 

where use has been made of (66). The energy stored in the wave is determined 

from 

and the power output 

`p o?i = 0. c..5-41. (Y/.SiÌ 1.vz 

where 

-752- _ (Art, - 1.3oFSAs.%) 

(7c. 

Crab ) 
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The coherence properties of the wave are deduced from (55). The 

distribution ;is broader than Poisson by the factor 

71_ 

10.4/(0C4- .ç -A - oc+oc} á l .30C!)g) CA,Z, $ ) 

Finally, the spectral linewidth follows from (61). 

(71) 

/2N = (1s3oB3()147)2--o(vm,.s,tt$) tsrez ANiPa(1.3oSfl (72) 

where is given by (70b). 

An order -of- magnitude numerical estimate of the preceding results 

can be given. We consider a crystal sample of thickness L ti0.1 mm and cross 

sectional area "-10 -2 cm2. This gives 1"-2.10.- - - 2mv xl úw: The (light) 

electron concentration is taken to be V1t^ -, 10 O.A ; the effective mass 

ml -v 0.08 m (2 > > w,,,) where m is the free electron mass; the 

thermal velocity ^î` " 107 cm /sec.; and the mean free path AL"-,10-5 cm. 

From (23a) the latter values give A& -A-10 -12 sec. As a final input item we 

optimistically choose for a drift velocity AS-ip 2 . This gives an opera- 

ting frequency (70b) TA-' 4x101.atcI. 

The number of resonant electrons is computed from (24b). The gen- 

eral result for a classical plasma represented by a drifted Maxwellian is 

ovx/ A = Zn, (eAs-/Ar,, Q.*Q C zC-W$ is, )21 (73) 
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where A is the cross sectional area of the sample and AO _ &Ak /w, . In 

this derivation &3 4_z_ has been assumed. For the numerical example 

under consideration Wt^"0.2 x 1010. 

The pumping rate follows from (22) and (23) . Taking 44 - ' /1. we 

find 74% _ 0.2 x 1026 sec -1. The decay width of the vacuum state is obtained 

from (24a): ' ti 10i6 sec -1. Substitution into (63) gives OCR, ti 
a value small relative to unity as required. 

The bandwidth of the maser is estimated from the discussion following 

(50). Taking ... 10 -13 sec as a reasonable value for the heavy electron 

lattice relaxation time, we have AV tl(cokk t ) ti 109 sec-1. 

This gives a rather low quality factor for the cavity Q 

The average number of plasmons present under maser conditions is 

obtained from (69) : R^.0.3 x 1014. The power output follows from (70) . 

For the sample of volume LA ti 10 -4 cm3 

P 10-2 watts (74) 

The distribution ) is broader than Poisson by the factor 

141. 

`moi a(,4 d -4 -v 30. The spectral width of the plasma wave is given by (72) . 

One finds D .., 2 x 109 sec -1, a value comparable to the operating frequency 

?A.v 4 x 109 sec -1. This casts serious doubt on the validity of a single 

mode analysis. 

One final point must be checked. In order to achieve steady -state 

operation, the growth time of the running wave must be short relative to 

its transit time across the sample. This implies -144. L L 1 where 
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¡eu. .1L . The result is 

AIL A C pArkAr, > 1+ Q 
(75) 

This condition is easily satisfied in the above numerical example. 

In conclusion, we have examined the conditions under which a plasma 

wave may be amplified in a solid by imposing a relative drift between the 

light and heavy carriers. Two basic types of nonlinearities are found: 

(1) hole burning in the population distribution of electrons and (2) multiple 

plasman emission and /or absorption during the residence time of the electrons 

in the cavity. The former is responsible for the saturation of the wave. 

The latter has no direct analogue in a conventional laser. It is responsible 

for an explosive increase in gain at intermediate levels of the field. 

When the field becomes sufficiently strong (yet still below the level for 

steady -state maser action) this nonlinearity vanishes leaving a factor 

proportional to the number of resonant electrons enhancing the linear gain. 

If the number of resonant electrons is large, as seems likely for 

a solid -state plasma, the familiar threshold condition for instability 

predicted by a linear theory is markedly altered. Due to coupling between 

the field and the active medium, a frequency shift is generated which leads 

to a minimum relative drift velocity (68) for maser action considerably 

larger than that predicted by the linear theory. A drift of this magnitude 

is difficult to achieve in practice. This may account for the fact that 

the two - stream instability has never been positively observed in solids. 

Even if a large relative drift can be sustained and maser action 

initiated, the gain appears to be too small to provide a strong spectrally- 
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pure signal. Hence the plasmon maser does not appear promising as a 

practical device. 

Despite these shortcomings the theory is not without practical 

merit. When intervalley transfer of electrons is added to the plasmon maser 

(Part II) a marked improvement in results appears. In short, the principal 

features of the Gunn effect emerge. The theory of the plasmon maser is 

fundamental to this application. 
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d- 
CL )d 

- creation and annihilation operators for damping atom. 

A - plasmon- damping atom matrix element. 

"LIST OF PRINCIPAL SYMBOLS" 

0-)6 - creation and annihilation operators for plasmons in mode q. 

C+ C - creation and annihilation operators for light electrons. k k µ 
- spectral width of plasma wave. 

- e - charge of electron. 

- energy stored in plasma wave. 

Tk - probability distribution for light electrons. M 
%(0,0_ defined by (23c) . 
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Lc - wave vector. 

&t: - width of resonant band. 

Q - light electron mean free path. 

'AIVMZ- mass of light and heavy electrons. 

M - electron -plasmon matrix element defined by (7) . 

1r1-, - state of electron gas defined by iq . 

Vtk - light electron occupation number. 

144)4 kZ- number density of light and heavy electrons. 

N - plasmon occupation number in mode q. 

ti - average number of plasmons present under maser conditions. 

- maximum number of allowed electron -plasmon interactions during time At . 

721m - number of allowed electron- plasmon interactions in the field ti during time &t. 

ló7- state of electron gas defined by 
5LnCi 

. 

ÎJ - power output. 

- - plasmon wave vector. 

( - cavity quality factor. 

S - number of damping atoms. 

- - time. 

10;t:- cavity injection times. 

a - residence time of an electron in the resonant band Ak . 

T,Ì2- temperature of the light and heavy electrons. 

'p - relative drift velocity. 

Ñs - phase velocity of acoustic plasma wave. 

AY? - phase velocity of plasma wave undergoing maser action. 

A - thermal velocity of light electrons. 



WA- - plasma function (defined below (49)) . 

00. - number of plasmons spontaneously emitted (absorbed) in mode 

q during time 1r4, 

nondimensional cavity bandwidths. 

- linewidth of state 1 vVd> . 

çv - Cb of + ón' I 

Va,e = Yt,(5 + 

1 NI- phenomenoldgical damping operators. 

<1.10 - dielectric constant for host lattice. 

eIC V)- dielectric constant of light electron gas. 

E4 energy of light electron. 

17D, 
- complex decay constant for offdiagonal elements of 

"soft" cutoff defined in (27). 

- pumping rate. 

1J` - operating frequency. 
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V2 L 
lit 2) 

MlN41 

Doppler shifted frequency. 

gain parameter. 

reduced density matrices. 

coarse - grained density matrix for the plasmon field. 

coarse -grained reduced density matrices defined by (15). 

width of distribution ) NN 

b pbe quo 
characteristic times of Y , l and ? 

heavy electron -lattice relaxation time. 

lifetime of state 
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g4x) (1 (0) - linear susceptibility of light electrons. 
M 

631 ) (JZ - plasma frequencies of light and heavy electrons. 

£ Aa 6 - cavity frequency. 

SZ 4 - defined by (26) . 
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11. For simplicity we suppose the heavy electrons remain fixed with 

respect to the lattice, in which case /So becomes the absolute 

drift. 

12. The use of a mixed state does not lead to any different result. 

13. This approximation is consistent with the vague definition of 7t N 

Later we will find S5 H, = 1 under conditions of steady -state 

maser action in which case the approximation is exact. 

14. Later it is shown that these frequencies are equal when the maser 

is operated below threshold. 
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