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ABSTRACT 

Optical systems known as "null correctors" are often required to test 

certain aspheric optical surfaces. This report classifies these systems on 

the basis of their first -order geometry and analyzes the merits of each type. 

The behavior of optical aberrations, especially spherical aberration, in 

these systems is examined in the context of computer optimization techniques, 

particular attention being given to some design problems unique to null cor- 

recting systems. 

Orthonormal concepts are applied to the problem of reducing spherical 

aberration in null correctors. It is shown that exceedingly simple merit 

functions may be constructed to streamline the optimization process. These 

merit functions are composed of simple linear sums of the angular spherical 

aberration coefficients B1, B3, B5, and B7. Thus, minimizing the following 

sums will improve nearly diffraction - limited systems: 

( - 
13 

B1 + 
1 

B3 - g' B5 - B7) , ( 4.131 - B3 - B5) , ( - 2B1 - B3) , 

and ( - B1) 

/1-5- 3/7 3 or 
( 120 B3 + 960 B5 + 840 B7 ) , 

( 840 B5 + 2520 B7) , and ( 840 B7) 

Non -diffraction - limited systems may be optimized by minimizing the sums 

( 6 B3 + 5 B5 + 5 B7) , ( p B5 + 3 B7) , 
and ( 

1 0 B7) 

To demonstrate the effectiveness of the techniques discussed, the pro- 

cess of designing a specific null correcting system is followed in detail. 

DESCRIPTORS: Aberrations, Lens design, Mirrors, Null correctors, 

Optical systems 
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INTRODUCTION 

Aspheric optical surfaces have become increasingly popular as com- 

ponents in highly- corrected optical systems, especially during the past 

decade. During the same period, the technology associated with the fab- 

rication of these special surfaces has undergone considerable development 

and refinement. The development of sound testing techniques, essential 

to the production of any high -quality optical surface, may pose some spe- 

cial problems in the case of aspherics. A number of tests performed near 

the paraxial center of curvature (the Hartmann, Gaviola, and Ronchi, to 

name three) collect data that must be reduced in order to ascertain the 

quality of the tested surface. The problem of data reduction may be sim- 

plified or even eliminated, however, if testing is conducted in such a 

manner that perfect image stigmatism occurs only when the tested surface 

is perfect. Such a test is an optical "null" test. 

Leon Foucault was among the first to attempt nearly null optical 

tests. The theory underlying the Foucault knife -edge test, or at least 

its simplest interpretation, is too well known to require description 

here. In early applications of the method, however, a paraboloidal mir- 

ror was tested at its paraxial center of curvature, or some other zonal 

center of curvature, and the surface errors were viewed as contrast gra- 

dations superimposed upon a doughnut- shaped "shadow" pattern on the mir- 

ror. Zone -by -zone ray intercept measurements, which could be made con- 

currently, confirmed quantitatively the state of correction. Though the 

test was easily performed with minimal equipment, considerable skill and 

experience were needed to interpret the "shadow" patterns. 
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Fortunately, the conics lend themselves particularly well to ex- 

act null testing since they are inherently stigmatic at their conjugate 

foci. Too, the concave sphere and the concave prolate ellipsoid may be 

null tested alone since both foci are accessible. To test the remain- 

ing conics, an auxiliary spherical surface is required. This surface 

introduces no spherical aberration into any of the testing systems, 

however, since it serves only to render a complementary conjugate focus 

accessible. 

The paraboloid (discussed above) may be tested in the null fashion 

by employing an optical flat to generate the infinite conjugate (Fig. 1). 

In this configuration, when the paraboloid is perfectly corrected, the 

image of the source will be perfectly stigmatic, and the image- forming 

wavefront perfectly spherical. Sirce this null test is achieved in an 

autocollimated configuration, the test may be termed "autostigmatic." 

A similar configuration for testing convex hyperboloids was first 

suggested by Hindle (1931). He noted that there were some problems in- 

volved with the testing methods then popular, that is, star testing or 

using a flat to autocollimate the complete system (Fig. 2). Hindle pro- 

posed the use of an oversize sphere to simulate the complementary con- 

jugate needed to test (autostigmatically) hyperboloidal Cassegrain sec- 

ondary mirrors (Fig. 3a). As Figure 3b shows, the Hindle geometry was 

also adaptable to the testing of concave ellipsoidal secondary mirrors 

for Gregorian telescopes. 

Though other test configurations are possible for the remaining 

conic surfaces, most suffer a common serious economic drawback; to test 

a paraboloidal primary mirror, for instance, one requires an equally 

large optical flat, and the testing of a convex hyperboloidal secondary 
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Optical Flat 

Knife -Edge 
at Focus 

Paraboloid 

Fig. 1. Panabotoid tested in au,tocot?imatí.on. An optí.ca2. gat -ús 

used to s,c,mu,eate the ingn.íte conjugate o4 a panabo.2oid. 
The zounce and knti6e edge ate p2aced at the 4ocuz o4 the 
panabotoid. 

Hyperboloidal 
Secondary Mirror 

Autocollimating 
Flat Mirror 

Paraboloidal 
Primary Mirror 

Fig. 2. Hypenboto,c.d tested in autoco.P.2,í:matí.on. An autoco2.?.í;matLng 
gat m,vvwn ,bs used in conjunction with the panabotoidat 
pn.í.many m.vvcon to test a hypenbo.2oidat secondany m.vvwn. 
Kni4e edge and soutcce ane at the ¡outs ob the Cassegnain 
system. 
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(a) Hyperboloidal 
Secondary Mirror 

(b) Ellipsoidal 
Secondary Mirror 

Fig. .3. Hivtdte test coqigutcatí.ovt pn. (a) hypetboto.í.dak. zecovtdan.y m.ttvt.on. 

and ( b) ete.í.ps oidat z econdan, y mvvt.on . 
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mirror requires a considerably oversize sphere. Such accessory aids to 

mirror making are expensive in dealing with large optics. 

Null compensating lenses (null correctors) 

General aspherics are not, unfortunately, inherently stigmatic 

at any pair of conjugate foci, and if image stigmatism is to be the test 

criterion for these surfaces, stigmatism must be introduced artificially. 

Stigmatism may be achieved by introducing a "null corrector," an optical 

system designed to produce a perfectly spherical wavefront when used in 

conjunction with the perfected aspheric surface. 

If the optical system in which the aspheric is a component is 

designed to be free of spherical aberration, then the remainder of the 

system itself may serve as the null corrector. If more than one aspheric 

surface is present, however, auxiliary null correctors will be required 

to test all but one. If the system is not perfectly corrected on axis, 

and an accurate null is desired, an auxiliary null corrector may be nec- 

essary to test the surface properly. Similarly, it may be convenient to 

design a null corrector to test a conic surface at conjugates other than 

the foci, say for autostigmatic testing at the paraxial radius of curva- 

ture. 

A null corrector may consist of only a single corrective surface. 

An aspheric surface to be used in reflection may sometimes be nulled, or 

partially nulled, by giving the reverse side a curvature that provides 

compensation when the element is tested autostigmatically through the 

rear surface (see Fig. 11). This technique is useful, though, only when 

the mirror material is of high optical quality. Such a test was used 

occasionally on Cassegrain secondary mirrors in earlier days, when these 

were of optical glass (see Selby, 1937). 
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A more recent application of single- surface null correctors is 

due to Holleran (see Appendix I). Holleran has demonstrated that cor- 

rection may be obtained by immersing the tested surface in a liquid of 

known refractive index, and that proper choice of the index and depth of 

the liquid permit the flat (horizontal) surface of the immersion medium 

to supply a major portion of the desired correction. Burch (1938), Har- 

greaves (1938), Ross (1943), and Dall (1947) have explored the concept of 

using single elements (lenses or mirrors) of smaller diameter than the 

tested optical surface to obtain compensation. These compensating ele- 

ments were commonly used to test paraboloidal primary mirrors although 

they might have been used with equal success to test ellipsoidal secon- 

daries, hyperboloidal (Ritchey -Chrétien) primaries, or for that matter, 

general aspherics. The use of these compensating elements is schemati- 

cally shown in Figs. 4a and 4b. 

During the past decade, the development of low - expansion mirror 

materials and more sophisticated fabrication techniques, and increasing 

acceptance of general aspherics as lens design parameters, have made it 

desirable that more exact compensation be achieved than is possible from 

single -element correctors. In an effort to achieve better compensation 

for severe aspheric surfaces, there has been some investigation in the 

direction of extending the compensation idea to multi -element compensat- 

ing systems. 

An example of a multi -element corrector is the Offner corrector 

(Offner, 1963), which employs a field lens to image the tested optical 

surface onto a second lens (the imaging lens) which compensates most of 

the spherical aberration present. The lens in the field position serves 

mostly to alter the offense of the system against the sine condition, 



7 

(a) Subd.í.ametetc aphetc.i,cat m,vvcan 

used at unequat conjugate's 

(b) Subdiameten .2evz 

Fig. 4. Singte compevzatí.ng e.eemevtis used to tut a&vcge aaphen,í.c mittot. 
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thereby making the corrector less sensitive to alignment errors and, more 

important, changing the wavefront aberration profile so that it can be 

compensated more accurately by the imaging lens. This allows the imaging 

lens to reduce the total spherical aberration of the system (aspheric plus 

null corrector) to a much lower value than would be possible in the ab- 

sence of the field lens. This type of null corrector, shown schematically 

in Fig. 5, is being used increasingly in the testing of aspheric mirrors. 

Imaging Lens Field Lens 

Fig. 5. Obbnet cotvtec tot. bort concave ai phetr í.c Mik/LOtt6 . The bie ed 
£ena imagez the tented m.vvtott onto the imaging £ena . 

In general, null correctors may assume a wide variety of forms, de- 

pending upon the characteristics of the aspheric to be tested. They may 

have more, or fewer, corrective surfaces than the Offner corrector, and 

their basic configuration is by no means limited to that of the Offner 

corrector. The objective of this thesis is to suggest some basic guide- 

lines to be observed in deciding on an initial configuration for a multi - 

element null corrector, and to present techniques that may be used to 

minimize the computer time and guesswork involved in optimizing the null 

corrector configuration. 
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Scope and limitations 

There are several approaches to null corrector design. Null cor- 

rection could be accomplished by zone plate techniques, holographic tech- 

niques, and so on. In this thesis, however, only null correctors com- 

posed of ordinary reflecting or refracting elements having spherical sur- 

faces will be considered. While it is true that null correcting elements 

with aspheric surfaces may occasionally be employed, these, in turn, may 

require null testing, and so will be avoided in this discussion. Fur- 

ther, since the null test is, in principle, an axial test, most of the 

discussion to follow will be limited to axial field points. 

Since the designer may be more effective in guiding the develop- 

ment of a null corrector design if he understands how spherical aberra- 

tion arises at both spherical and aspheric surfaces, this aberration is 

discussed in the next chapter from a phenomenological viewpoint. The 

wave properties of spherical aberration are discussed, in part, to degree 

eight, and reference is made (where necessary) to the corresponding ray 

aberrations extending to order seven. 

For lens design problems in general, an existing system is a fre- 

quent starting point for the design of a slightly different system that 

is intended to satisfy the given specifications. But null corrector de- 

sign is yet a relatively young art, and there are few pre- existing de- 

signs that may be adaptable to a specific problem at hand. The designer 

must, then, rely on his ingenuity, experience, and insight to formulate 

a preliminary system that can be molded by the computer, under the guid- 

ance of the designer, into a satisfactory null corrector. 

As we shall see in later chapters, some knowledge of the behav- 

ior of spherical aberration can be helpful in assembling such a starting 
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design; a particular asphericity may, for example, suggest a preferred con- 

jugate geometry for the null corrector. Moreover, it will be seen that 

certain relationships exist among the number of correcting elements used, 

their size, and their locations. An understanding of these relationships 

aids in assembling a starting design. 

One of the final phases of lens design, computer optimization, re- 

quires that a "merit function" be devised. The merit function should be 

constructed so that it represents quantitatively the over -all state of 

correction of the optical system at any time during the optimization pro- 

cess. A reduction in the magnitude of a well- chosen merit function repre- 

sents a corresponding reduction of the image defects and an improvement in 

the state of correction. In a later chapter, it will be shown that the 

merit function may assume some exceedingly simple forms in null corrector 

design. 
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SPHERICAL ABERRATION 

Spherical aberration may be described as an axially symmetric 

deformation of the image- forming wavefront. The corresponding defect 

of the geometrical image appears as a variation of focal distance with 

pupil zone. Either the wavefront spherical aberration, or its ray ab- 

erration counterpart, may be fitted to a simple power series expansion. 

The deformation of the wavefront itself, as measured along a paraxial 

meridional ray, may be written, for example, as an even -power series 

W = W2Y2 + W4y4 + W6y6 + W8y8 + 

where y is the height of the ray in the pupil. W2, W4, W6, and W8 are 

wavefront aberration coefficients. Now the W2y2 represents a change of 

curvature of the wavefront, which may be interpreted as an error in fo- 

cusing, not an aberration. The other terms, however, represent actual 

deformations of the wavefront from sphericity. Similarly, an odd -power 

series may be fitted to the wavefront gradient function (ray aberration 

function). The wavefront aberration expansion may then be dissected into 

components of second degree defocusing, fourth degree spherical aberra- 

tion, sixth degree spherical aberration, and so on. The ray aberration 

expansion may be decomposed, accordingly, into first, third, and fifth 

order components. 

The individual surface contributions to the aberrations of the 

image may likewise be described by a power series. How spherical aber- 

ration arises at an individual surface and how it behaves with respect 

to the various individual surface parameters will be discussed below. 
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Fourth degree (third order) spherical aberration 

In the notation of Hopkins (1950, pp. 66 -69) it may be shown that 

the contribution to fourth degree spherical aberration at spherical sur- 

face k may be written in terms of ray trace parameters as 

A2 u' u 
W4k = - -8 Y(- 

n' - -n), (1) 

where A = ni = n'i'. The parameters y, u, i, c, and n are the conven- 

tional symbols denoting the paraxial marginal ray height, marginal ray 

slope, incidence angle, surface curvature, and refractive index, re- 

spectively. The primed quantities denote the values of these parame- 

ters in the image space of a surface. Inserting the paraxial refrac- 

tion equation, Eq. (1) may be rewritten 

w 4 = 8(nr)2(n - n')[y4c3 + y3c2u('+ 3) + y2cu2(2ñL + 3) (2) 

+ yu3( n + 1)], 

which represents the individual spherical surface contribution to the 

wavefront spherical aberration in terms of system input parameters. 

The corresponding angular aberration of the ray normals to the wavefront 

is given by -8W4k, which can be shown to be equivalent to that calcu- 

lated by Buchdahl (1954, pp. 35 -43) in his investigation of the third 

order ray spherical aberration. Labeling the Buchdahl surface contri- 

bution to spherical aberration Bak, we have 

Bak = (ñ)2(n' - n)[Y4c3 + y3c2u(ñr+ 3) + y2cu2(2ñ'+ 3) 

+ yu (ñ'+ 1)]. 

(3) 

Since Eq. (3) is stated as a function of system input parameters, 

we may express B3k as a function of each of the individual parameters 
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c, y, and u. If we hold the axial location of surface k fixed in a 

given cone of light, we effectively fix u and y at that surface (Fig. 

6a). With y and u constant, we may express B3k as a function of cur- 

vature c. By constructing the dummy variable L =(u)c, Eq. (3) becomes 

B3k(L) = yu3(ñ,)2(n' - n) (L + 1)2[L + (1 + 
(4) 

The reduced spherical aberration B3k(L) /yu3 is plotted as a function 

of the reduced curvature L in Fig. 7 for three refractive index pairs. 

Note that B3k is cubic in L (or c) and that the zeros correspond to 

n = n', L = -1, and L = -(1 + ñ:). The case n = n' represents, natu- 

rally, the disappearance of the refracting interface. 

Where L = -1, however, we see that the incident wavefront has be- 

come concentric with the refracting surface; in this case, the image point 

and center of curvature of the surface coincide. There is no refraction 

and therefore no contribution to spherical aberration. Such a surface is 

useful in lens design since it may be introduced into an optical system 

when one wishes to alter the power of that system without introducing 

spherical aberration in the process. 

When L = -(1 + 
122 

), the surface becomes aplanatic. The aplanatic 

surface has a unique curvature such that the relationship 

n'_ u' 
n u 

is satisfied at the surface. This surface, like the concentric surface, 

permits power to be introduced into an optical system without introducing 

additional spherical aberration. Unlike the concentric surface, though, 

the aplanatic surface may be used to change the curvature of the refracted 

wavefront, if this is desired. 
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It is also instructive to translate surface k axially, in a fixed 

cone of light without altering the curvature (Fig. 6b). With u and c 

constant, we may write B3k as a function of the dummy variable M = (ú)y 

since this translation alters the height y of the marginal ray at surface 

k. For B3k(M), we get 

B 
3k 

(M) = 
u 

(-n' ) 2 (n' - n) M (M + 1) 2 [ M + ( n + 1) ] . (5) 

Note that though L and M are equivalent, the functional dependence of 

B3k upon c and y is different, and B3k(M) acquires an additional zero 

(y = 0). In Fig. 8, cB3k(M) /u4, quartic in M, is plotted for three in- 

dex pairs. Although aplanatism and concentricity of the wavefront are 

again zeros of B3k, it is clearer that third order spherical aberration 

is eliminated when y = 0 (when the surface is at a focus). Such a sur- 

face would commonly comprise one face of a lens in the field position, 

and as we shall see in the next chapter, such a lens provides a measure 

of control over higher order aberrations and is an exceedingly useful 

tool in null corrector design. 

Additionally, if we fix the curvature c and the height y of the 

marginal ray at surface k, and vary the convergence angle u of the inci- 

dent light cone, we may express B3k as a function of the dummy marginal 

ray slope N = (ÿc) u. Thusly expressed, B3k(N) becomes 

t 

B3k(N) = y4c3(ñ,)2 (n' - n) (N + 1)2 [N (ñ+ 1)]. (6) 

In Fig. 9, which plots B3k(N) /y4c3, we see that concentricity and aplan- 

atism are the only two permissible conditions for the elimination of B3k, 

as we might have expected. 
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Computation of aspheric contributions to wavefront spherical 

aberration is relatively straightforward. If a spherical surface having 

a paraxial radius of curvature r is placed with its vertex at z = 0, the 

equation of the surface may be written 

z = r - (r2 - y2) 
z 

= C 1 - (1 - c2y2) z ] . 

This expression may be expanded as 

Z 

,v2 c3y4 5c5y6 5c7y8 
2 + 8 + 16 + 128 + 

(7) 

(8) 

Eq. (7) may be modified so that it is capable of describing rotation- 

ally symmetric aspheric surfaces, including of course the conic sec- 

tions of revolution. A possible description of a general aspheric sur- 

face may be written 

z = [1 -(1 - c2y2)] + dy4 + ey6 + fy8 + . 

Similarly, a description of a conic surface of revolution is 

z = 1 1 - [ (1 - 62) c2y2] z , 
c 

(9) 

(10) 

where e is the eccentricity parameter of the conic. This expression, 

too, may be expanded to 

z = 1 [1 - (1 - c2y2)2] 
62c3y4 62(2 - E2)c5y6 

C. 8 16 

562(3 - 362 + 64)c7y8 + 
128 

Now Eqs. (8), (9), and (11) may be combined to obtain an expression for 

the sag of a general aspheric surface, where d, e, and f of Eq. (9) are 

now dissected into a conic component and new aconic deformation terms 

D, E, and F: 
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2 2 2 62)c5 
z = [1 - (1 - c2Y2)Z ] + [D 

E 
$ ]Y4 [E - 

E 

(2 E 128 ]Y6 

5E2(3 - 3E2 + E4)c7 8 + [F - 
128 ]Y + 

(12) 

Although the higher degree terms are not needed for computation of the 

fourth degree contribution, they are included here for convenience and 

reference for Appendix II. Truncating Eq. (12) after the fourth degree 

term, we see that the spherical surface is modified by 

[D 
E2c3 

]y4. 

To a sufficiently good approximation in fourth degree theory, the path 

difference introduced by this aspheric deformation is simply 

AW4k = [D 
E2c3 

]Y46,11, 
8 

where On represents the refractive index change at the surface. The 

fourth degree spherical aberration attributable to a general fourth de- 

gree aspheric surface is now given by 

W4k = - 
A2 

- ñ) + (D 

and the corresponding ray aberration by 

E2c3 
)y An, (13) 

Bak = Y[A2(n, - ñ) - (8D - E2c3)Y3An]. (14) 

From Eq. (13) or (14) we observe that fourth degree (or third 

order) spherical aberration imparted at a spherical surface may always 

be canceled by simply introducing a fourth degree aspheric deformation 

term onto that surface. In addition, the spherical aberration imparted 

by a given spherical surface may be eliminated by aspherizing a follow- 

ing surface in the system (provided the beam size has not been reduced 



21 

drastically). On the other hand, spherical aberration of the wavefront 

imparted by an aspheric surface may not be so easily compensated by a 

following spherical surface since this may require that the surface have 

unreasonably strong curvature or a refractive index difference which is 

unrealizable with real glasses. 

High degree spherical aberration 

A spherically - aberrated wavefront, like an aspheric optical sur- 

face, may be described by a simple power series. Similarly, the indi- 

vidual surface contributions to the aberration of the wavefront may be 

fitted to such a series. In some optical systems, a fourth degree de- 

scription of the image defects may not be accurate enough to predict 

the quality of the final image. When this is the case, as it often is 

in null corrector design, the analysis must be extended to higher degree 

terms. 

Hopkins (1950, pp. 142 -148) has indicated that the model used for 

computation of the fourth degree aberrations is not sufficiently complete 

to be used for computation of high degree aberrations, as it does not 

properly take into account the lower degree aberrations of the paraxial 

ray along which the path difference calculation is performed. 

Although Hopkins has described a method for computing the surface 

contribution to the total spherical aberration (along a real ray), the 

result is a complicated product of trigonometric functions which must be 

expanded degree by degree. It may be easier, for purposes of this thesis, 

to use the expressions derived by Buchdahl (1954, pp. 35 -43 and 129 -148). 

These expressions give the angular spherical aberration along the paraxial 

marginal ray in the fifth and seventh orders, and the fifth and seventh 

order contributions are each separable into an intrinsic component and an 



22 

induced component. The intrinsic component represents the aberration 

imparted by the surface to an aberration -free wavefront. The induced 

component arises as a result of lower order aberrations that may be 

present in the incident wavefront or that may arise at the surface 

itself. 

The magnitude of high order induced components at a given surface 

depends on the magnitudes of lower order aberrations present in the inci- 

dent wavefront (which will be present in the general case), and on the 

lower order aberrations generated at the surface itself. The induced ab- 

errations at a surface, therefore, depend primarily on the nature of the 

preceding optical elements in the system, making it a difficult matter to 

explore their behavior in a generalized fashion. 

Some insight into the behavior of high order aberrations may be 

gained by examining the behavior of the intrinsic surface contributions 

to these aberrations. Eq. (3) for the third order surface contribution 

may be rewritten in the Buchdahl form as 

B3k = i2n(n nn')y(i + u'). (15) 

The corresponding Buchdahl expression for fifth order intrinsic spheri- 

cal aberration at a spherical surface is 

B5k = 812n(n n, n')y(i + u') (i2 + ii2 + ui2 - 3u2). (16) 

We see that Eq. (16) contains Eq. (15) as a factor, so that we may ex- 

pect the third and fifth order intrinsic contributions to share some 

solutions. Eq. (16) may be expanded as a function of the dummy curva- 

ture variable L = (ú)c to obtain an expression similar to Eq. (4): 
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B5k(L) _ - (ñ)2 (n' -n) (L + 1)2 [ L + (1 +n) 

[ñ2 ,2(L+1)2 - ñ L (L + 1) + L(L+1) - 1]. (17) 

Similarly, we may let M = (c /u)y and N = (1 /yc)u to obtain 
B5k 

as a func- 

tion of the reduced marginal ray height and reduced marginal ray slope: 

B5k (M) 
= 4c 

u6 
( ñ, ) (n' - n) M (M + 1) 2 [ M + (1 + n ) 

[!(M+1)2 - ri M (M + 1) + M(M + 1) - 1 ] (18) 

B51(N) = 4Y6c5 (-1:1-1F)2(n-n')(N+1)2[N(1+n)+ 1] 

2 
[ ( N 2 +2N +1) - (N + 1) - (N2 - N - 1) ] . (19) 

Plotting B5k(L), B5k(M), and B5k(N) in Fig. 10, we see that the fifth or- 

der intrinsic spherical aberration behaves much like the third order, and 

has, indeed, zeros common to third order spherical aberration. Note, how- 

ever, that fifth order spherical aberration has additional solutions that 

are not zeros for third order. 

As one might suspect, it is easily shown that the seventh order in- 

trinsic component, too, vanishes when the conditions for either concen- 

tricity or aplanatism are satisfied, but there are additional solutions 

that are common to neither the third nor the fifth order case. 

The intrinsic aberration components do not, of course, provide the 

complete picture, for the induced components may alter the wavefront ab- 

erration profile noticeably. Although a generalized analysis of induced 

spherical aberration would complicate this thesis unnecessarily, it is 

interesting to note (Buchdahl, 1954, pp. 42 -43) that spherical surfaces 
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that are aplanatic, concentric, or located at an image surface may be used 

to tune seventh order induced spherical aberration alone,provided the in- 

cident wavefront contains lower orders of spherical aberration. In the 

Offner corrector, the surfaces of the field lens are used to accomplish 

this purpose. 

Spherical aberration contributed by cascaded surfaces 

In Hopkins' (1950) treatment, as in others, the fourth degree (or 

third order) spherical aberration is relatively convenient to calculate 

at individual surfaces from paraxial information and lends itself to sum- 

mation over all the surfaces of a system, so that the quality of the final 

image can be assessed to a fourth degree approximation. 

The straightforward calculation and summation of fourth degree 

spherical aberration is possible, though, only because zero and second de- 

gree properties of the wavefront do not appear as actual deformations. 

The zero degree term in the wavefront description simply locates the wave - 

front axially (a phase constant); the second degree term corresponds to a 

change of curvature of the wavefront (a defocusing), but not a departure 

from sphericity. Computation of higher degree surface contributions, how- 

ever, is complicated by the presence of lower degree deformations, neces- 

sitating the accumulation of the induced terms previously discussed. If 

the induced components are properly accounted for, however, the angular 

components of the high order aberrations may be added surface by surface 

to give the more complete description of the final image that we desire. 

It is, of course, our ability to calculate the spherical aberration of the 

final image (from surface contributions) that enables us to improve imag- 

ery by altering the basic constructional parameters of the system. 
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DESIGN TECHNIQUES 

The null corrector is an unusual design problem since the major 

objective is simply sphericity of the axial wavefront. It is similar to 

other design problems, however, in that the design process is executed in 

two distinct phases. First, an initial configuration is generated, one 

which satisfies any boundary conditions that may have been imposed and 

which appears capable of being optimized to deliver the correction de- 

sired. The second phase, optimization, is usually conducted with the 

help of a computer and automatic lens design program. 

Autostigmatic vs nonautostigmatic configurations 

Null correcting configurations may be classified as either auto - 

stigmatic or nonautostigmatic. In autostigmatic configurations, the ob- 

ject (source) is imaged back upon itself at unit magnification when the 

desired figure has been achieved on the tested aspheric surface. A non - 

autostigmatic system does not satisfy this condition. 

Autostigmatic null testing systems may be designed for testing 

reflecting or refracting aspheric surfaces. They must operate in the 

double -pass mode, with the wavefront passing twice through the null cor- 

rector. Fig. 11 shows autostigmatic null correcting systems in which 

(a) reflecting and (b) refracting aspheric surfaces are tested. Note 

that, in the case of the refracting aspheric surface, an auxiliary re- 

flecting surface must be supplied to render the test autostigmatic. 

Testing in the autostigmatic mode offers several advantages, both 

from the theoretical and from the experimental viewpoint. 

The principal experimental convenience is that the task of align- 

ing the optical elements is simplified. The elements may be aligned by 
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simply collimating all the ghost images and superimposing the image upon 

the source. In Fig. lla, the null corrector itself is shown only sche- 

matically; it could actually be a reimaging system, such as the Offner 

corrector. 

An interesting theoretical advantage accrues when a reflecting sur- 

face is tested autostigmatically. In this instance, the system is sym- 

metrical about the tested surface; when an exact null exists, the normals 

to the wavefront produced by the null lens exactly match the family of 

normals to the finished aspheric surface. Thus, each surface of the null 

corrector operates in a double pass mode, contributing equal but opposite 

amounts of aberration to the outgoing and returning wavefronts. The as- 

pheric itself contributes no real aberration to the wavefront when the 

desired figure has been attained. The optical design problem is simpli- 

fied considerably in this case since a null corrector designed to operate 

in the nonautostigmatic mode, but still used in double pass, operates in 

a different manner in the outgoing and return paths. The simplifications 

that may be made in designing an autostigmatic corrector for a reflecting 

aspheric are discussed in Appendix II. 

If an aspheric surface is to operate as a refracting element in 

some optical system, it can be tested in either refraction or reflection. 

There may be some justification for testing it in refraction, as in Fig. 

lib, and this may be attractive at low light levels since an unsilvered 

refracting surface transmits far more light than it reflects. On the 

other hand, testing by refraction is less sensitive than testing by re- 

flection; in reflection, slope errors on an aspheric surface will be 

2 to 4 times more prominent, depending on the refractive index of the 

glass. For this reason, a high -quality aspheric surface should be tested 
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in reflection if possible. Fortunately, surface errors that pass unde- 

tected when tested in refraction will probably not degrade imagery in 

actual use, for the same reason that they escape notice in the null test. 

Double -pass null testing by refraction (as in the autostigmatic 

configuration of Fig. llb) involves an additional hazard, though. In 

such a configuration, the auxiliary reflecting surface becomes the sur- 

face of symmetry. If there are significant errors in the tested surface, 

it aberrates any traced ray twice, causing each ray to intersect every 

refracting surface in the system at slightly different heights on the 

outgoing and return passes. This introduces into the test a possibly 

tolerable, but annoying, ambiguity; the slope errors may be readily vis- 

ible, but their exact location cannot be established. Fortunately, the 

discrepancies diminish in magnitude as the figure of the tested surface 

improves. 

Aspheric surfaces may be tested in a variety of nonautostigmatic 

situations. Fig. 12a to d shows the types of nonautostigmatic systems 

that are possible. In types b and d, each surface of the null corrector 

affects the wavefront differently on outgoing and return passes whether 

the tested aspheric is fully corrected or not. The nonautostigmatic 

double -pass system (type d) contains, in addition, the ambiguity of the 

corresponding autostigmatic system of Fig. llb; these problems do not 

render the double -pass nonautostigmatic test unusable, but they make it 

more desirable to test in single -pass fashion, if possible. 

It is interesting to observe, also, that inclusion of a reflecting 

spherical surface (concentric with the image) may render any of the sys- 

tems of Fig. 12 autostigmatic (Fig. 12a). Similarly, a nonautostigmatic 

system is transformed into an inverting autostigmatic system by imposing 
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a small flat mirror into the image plane itself (Fig. 12c). In so doing, 

however, one inherits the problems associated with the autostigmatic sys- 

tem of Fig. llb; that system (11b), in fact, might be viewed as a non - 

autostigmatic system transformed into an autostigmatic one. 

Initial system design 

Having surveyed the various possibilities for null system geometry 

(Figs. 11 and 12) and having weighed the merits of autostigmatic and non - 

autostigmatic geometries, the designer must decide on a specific type of 

geometry for a given testing situation. The task of devising an initial 

system configuration is probably easiest in the case of the conic surfaces 

of revolution (the most common aspherics), primarily because a null cor- 

rector may not be needed. 

Conic geometry.- -The conic surfaces of revolution, inherently stig- 

matic at their conjugate foci, may be tested in exceedingly simple sys- 

tems. They may all be tested, at least in principle, in totally aberra- 

tion-free systems, that is, in systems containing no aberration -producing 

elements or null corrector. 

It is well known that the concave sphere (Fig. 13a) is the only re- 

flecting surface that is inherently autostigmatic. The concave prolate 

ellipsoid (Fig. 13b) is inherently stigmatic but not autostigmatic. (It 

might be added that, since the oblate ellipsoid has conjugates that are 

separated perpendicular to the optic axis, it cannot be tested in the con- 

ventional manner at coaxial foci.) 

Most of the remaining conics, although inherently stigmatic also, 

must be tested with the aid of an auxiliary sphere so that both conjugate 

foci will be available. The concave paraboloid (Fig. 13c) may be tested 

against a flat. Both convex and concave hyperboloids (Figs. 13d and 13e) 
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may be tested against large concave spheres. The concave ellipsoid may be 

tested against either a large or a small accessory spherical mirror (Figs. 

13f and 13g). Note, however, that a convex sphere or convex ellipsoid has 

both foci behind the reflecting surface,making them inaccessible. For the 

convex paraboloid, the finite focus is inaccessible behind the reflecting 

surface; the accessible focus is at infinity. The paraboloidal and ellip- 

soidal surfaces may, too, be tested in aberration -free systems with the 

aid of both an accessory spherical mirror and an aberration -free lens 

group (not a null corrector), as in Fig. 14. The convex sphere may be 

tested using only an aberration -free lens. The lens groups illustrated 

are not true null correctors since they are themselves perfectly corrected 

for spherical aberration. 

Null corrector geometry. --If the aspheric to be tested is not a 

conic surface, if one wishes to test a conic surface at conjugates other 

than the foci, or if one wishes to test a conic surface using only opti- 

cal elements that are of smaller diameter than the surface to be tested, 

a null corrector must be devised to render the wavefront spherical. 

Several considerations may influence the choice of null corrector 

geometry in a particular situation. For instance, one may desire, above 

all else, the ease of alignment inherent in an autostigmatic system. On 

the other hand, it may be desirable to use as few elements as possible, 

to minimize problems with constructional tolerances. 

The ease with which a null may be achieved depends not only on the 

amount of asphericity present but also on its shape; however, an aspheric 

surface usually is easiest to null test (requires the fewest corrective 

elements) if it is tested at those conjugates at which it contributes the 

least aberration to the wavefront. Since conic surfaces contribute no 



f 
i 

a. Convex patabo2at.d tested against .eatcge s phetce and sma.e.e 
abetvt.atí.on- Stee tens. 

Gals \ 

b. Convex ptotate e.e,e-í.psoid tested against .eatcge dphett.e and 
s mae,e. ab etvca,t.i.o n- tee Zens. 

c. Convex dphetce tested against .eatcge abeuvcat.í.on-Ptee tents. 

Fig. 14. Abetttatí.on-Stee systems Sot testing conic .sut4aces 
oS heva.eu.t.í.on; Soc,í, ate obdcivt.ed. 

2 

35 



36 

aberration when tested at their foci, one may generally simplify matters 

by testing any general aspheric at the foci of the nearest conic surface 

(provided it departs significantly from a sphere), interspersing correc- 

tive elements to remove the residual aberration. Though such a course 

may suggest that autostigmatic geometry be abandoned, it may be easily 

regained by inserting a concentric mirror into the image- forming beam, as 

in Fig. 12a. 

Even when the aspheric is not a conic, there are occasions when 

the labor of designing a null corrector may be avoided altogether. Often 

an optical system containing an aspheric surface is designed to be free 

of spherical aberration, and the elements of the system may supply the 

necessary correction themselves, provided that there is only one aspheric 

surface in the system. The null test for the classical Schmidt corrector 

plate, for example, is commonly provided by the remaining elements (pri- 

mary mirror, and possibly field flattener). One must be wary, however, 

of assuming that such a null situation actually exists; it may not! Many 

lens designs are purposely under- or over - corrected for spherical aberra- 

tion in the interest of a better balance of the field aberrations. To 

null such a system could conceivably degrade the field performance. How- 

ever, if the expected departure from an exact null is known and measura- 

ble, valuable data may still be available. 

If the use of a null corrector cannot be avoided, then the null cor- 

rector should be as simple as possible since problems with constructional 

tolerances, ghost images, etc. become increasingly severe as corrective 

elements are added. Sparing use of corrective surfaces may, in some in- 

stances, be successfully carried to extremes; mild asphericity may often 

be compensated by a single corrective surface. Small reflecting aspherics 
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may occasionally be nulled by imparting some curvature to the normally un- 

used side of the aspheric mirror and testing through the back, provided 

that the optical quality of the glass permits this. A possible test setup 

of this type was illustrated in Fig. 14. Single- surface compensation is 

possible only if the asphericity is mild, though, and aspheric surfaces 

are seldom cooperative; therefore the use of multiple correcting surfaces 

is usually unavoidable. 

Number and location of corrective surfaces in the configuration.- - 

Once the designer has selected the type of null corrector geometry that 

appears best suited to the testing problem at hand, he must make available 

enough corrective surfaces to allow optimization to the desired degree of 

correction. Further, it is desirable that their initial location in the 

configuration be such that they promise to be as effective as possible in 

achieving the state of correction sought. 

The magnitude and gradient of the deformations of a typical general 

aspheric surface, such as a Schmidt correcting plate, may be unusually 

severe compared with those associated with one of the more familiar conic 

surfaces. The spherical aberration contributed by such a surface may, too, 

be unusually strong, possibly having high degree components that are dis- 

proportionately large compared with those contributed by an ordinary spher- 

ical surface. In order to null such a surface completely, (1) enough cor- 

rective surfaces must be supplied to compensate the aberration in a gross 

sense, and (2) enough surfaces must be present to reduce and balance out 

the high degree aberration so that the residual will be within tolerance. 

If several corrective surfaces are required in order to compensate 

the bulk spherical aberration (which will very likely be largely third or- 

der), it is possible that enough degrees of freedom will be available to 
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reduce and balance the high order residuals fairly completely. If, how- 

ever, only one or two corrective surfaces are necessary to compensate the 

third order aberration, it may be difficult to compensate the steep slope 

changes in the corrector that generate the high order defects of the im- 

age. When corrective surfaces are introduced, then, their number should 

at first be limited to approximately that required to compensate the third 

order spherical aberration, in the hope that an adjustment of spacings and 

curvatures will permit the third order spherical aberration to be kept 

small, while the higher degree aberrations are reduced. Often, addition 

of only a single corrective surface to a null corrector array, though it 

is not needed for correction of the third order component, may constitute 

the additional degree of freedom necessary to permit a complete reoptimi- 

zation of the design and a subsequent refinement of the high order cor- 

rection. The subject of aberration balancing and criteria for optical 

correction is treated in the next chapter. 

Though it is desirable to eliminate low order aberrations, reintro- 

ducing them only to balance high order aberrations, it is also desirable 

to keep the magnitude of the high order aberrations as small as possible, 

if only for the sake of having reasonable constructional tolerances. For 

this reason, surfaces with severe curvature are avoided, if possible, in 

conventional lens designs. Efforts are made, also, to insure that no ex- 

cessive ray incidence angles exist. Although exceptions may be found, the 

writer has only infrequently encountered marginal rays where the slope u 

exceeds 0.3 in absolute value. Correspondingly, the severity of surface 

curvature may be represented by the product of the curvature itself and 

the height of the marginal ray at the surface; this product seldom exceeds 

0.5. The boundaries of the glass chart, of course, limit the range of 
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indices available, so that 1 < (n,n') < 2.0. If these constraints are ap- 

plied to the expression for the spherical surface contribution to fourth 

degree spherical aberration, Eq. (2), we find that a spherical optical sur- 

face is capable, at best, of correcting only a limited amount of spheri- 

cal aberration and that the correcting ability of that surface is directly 

proportional to the height of the marginal ray at the surface. Applying 

the boundary conditions on the parameters to Eq. (2) results in the curves 

of Fig. 15, which illustrates the approximate amount of correction that 

may be expected of a single spherical surface if W is maximized with re- 

spect to n and n'. Maximum effectiveness, we see, is realized when the 

correcting surface is placed as close as possible to the tested aspheric 

since the ability of that surface to cancel third order spherical aberra- 

tion is directly proportional to its size. This assumes, naturally, that 

correcting surfaces larger than the tested surface are beyond considera- 

tion. In any case, if the basic geometry for a null correcting system has 

been decided upon, Fig. 15 provides a rough idea of how much correction 

may be had from a surface at a given location in the configuration and in- 

dicates how many surfaces will be necessary to remove most of the spheri- 

cal aberration present. 

Since null corrector design consists of a complex problem in aber- 

ration reduction and balancing, and since the computer is able to accom- 

plish this task much more efficiently than the designer, the designer need 

design only to the extent that he supplies initially a system that satis- 

fies the existing first order boundary conditions, provides enough degrees 

of freedom for good correction to be achieved, and guides the optimization 

to a satisfactory conclusion. Additionally, since the only important goal 

in null corrector design is sphericity of the axial wavefront,the computer 



40 

° I 
10 

-0 

,ft 

1O3 

-0.3 O 
Marginal Ray Slope u 

-IÓ2 

103 
0.3 

Fig. 15. Abennativn-cance,e.í.ng a4 asphenica.2 zwc4ace. 

This gnaph shows the maximum amount U4 pcvr.th de- 
gnee s phen.í.cat abetvcat.í..an that can be obtained 
4nam a sphenica.2 íswqace, with yc = 0.5. (Cunves 
4on yc = -0.5 ate not shown, as they ane m.ctvr.an 
imagez o4 those 4an yc = 0.5.) 

The .2e4t-hand cunve, which shau.2d be ne4enenced to 
the .2e4t-hand s cat.e, nepnes ents the case n > n'. 
The dashed pantí..an u4 this cwr.ve nepnes ents a /Le- 
gion in which ivc,tenna.2 ne{y.2ectí.vn may occult.. 

The night-hand cwr.ve, which shouw2d be ne4enenced 
to the night-hand s ca.2e, nepnes entz the case n < n' . 

Both cunveís wowed ttcans.2ate dawnwand i4 yc < 0.5. 



41 

should be permitted, within reason, to seek whatever type of optical geom- 

etry is necessary to achieve this end. 

Special surfaces. -- Although the designer himself often does the first 

order calculations required for generating a starting configuration, angle 

and height solves present in many design programs may be allowed to gener- 

ate the starting design, locate image planes and pupils, etc. The auto- 

matic correction mode may then be allowed to reduce third order spherical 

aberration and finally reduce and balance the residuals of the higher or- 

der aberration. During optimization, it may become necessary to provide 

additional degrees of freedom if acceptable correction is to be achieved. 

Assuming that all the possible variables are being used to the fullest ex- 

tent, an additional degree of freedom may be had only by inserting addi- 

tional corrective surfaces. 

As stated in the previous chapter, spherical surfaces satisfying any 

of the following conditions contribute no intrinsic spherical aberration 

of any order: 

n' u' 

ñ u ' 

yc = -u, y = O. 

Thus, these surfaces may be inserted as additional degrees of freedom dur- 

ing the optimization process; they will produce only minimal disruption of 

convergence. Once inserted as variables, however, these surfaces will al- 

most certainly be altered immediately, and one only rarely finds them in a 

finished design, as any surface will provide the maximum number of degrees 

of freedom to optimize if it contributes to all orders of aberration. 

Although hard to use because of the stringent constructional toler- 

ances that accompany its use, the Merté surface may arise during optimiza- 

tion or may be purposely inserted to give sensitive control over high order 
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aberrations. The Merté surface is a contacted or cemented glass -glass 

surface with abnormally strong curvature. On such a surface the angle of 

incidence may increase rapidly as a function of aperture. Consequently, 

higher orders of spherical aberration mount faster than at a more conven- 

tional surface. Although such a surface may be represented within the 

boundaries of Fig. 15, the index difference across it is usually small. 

As a result, high order aberrations become unusually sensitive (compared 

with low order aberrations) to small changes in curvature and index at the 

surface. This behavior allows one to extract, for instance, a relatively 

constant amount of third order spherical aberration while adjusting the 

higher order contributions through a considerable range (Fig. 16). The 

operation may be reversed, of course, so that one of the high orders is 

fixed and the low orders are adjustable. 

We have seen that several factors should be considered in choosing 

a starting design for a null corrector. Use of a double -pass autostig- 

matic geometry may simplify the actual optimization process, but a nonauto- 

stigmatic system, used preferably in the single -pass mode, may result in 

better correction if the tested surface is seen to resemble a conic. Fi- 

nally, using Fig. 16 as a guide, practical locations for corrective sur- 

faces in the null correcting configuration may be determined and the nec- 

essary number inserted. All that then remains is the actual optimization, 

discussed in the next chapter, wherein the computer and automatic lens de- 

sign program refine the starting design. The designer intervenes only to 

see that the boundary conditions remain satisfied or to insert an aberra- 

tion-free surface when additional degrees of freedom are needed. 
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OPTIMIZATION- -THE MERIT FUNCTION 

The initial design for any optical system will almost certainly yield 

defective images and generally inferior optical performance. In the opti- 

mization phase of lens design, one attempts to reduce the magnitude of, or 

possibly eliminate, the defects that degrade performance. To do this suc- 

cessfully, one must first determine specifically how each defect affects 

the desired type of imagery. He then endeavors to minimize the image de- 

fects in such a way as to optimize optical performance. 

Nowadays, a computer usually makes the tedious and time - consuming cal- 

culations associated with optimization. To optimize a system, however, the 

design program must be supplied with a "merit function." This is a mathe- 

matical expression containing all image errors that affect optical perfor- 

mance and all boundary conditions that must be satisfied. It is constructed 

on the assumption that the image defects can be combined in some meaningful 

way, reducing the entire array to a single number that indicates optical 

performance. Adjustments of certain system parameters that result in im- 

proved optical performance will reduce the merit function number. 

Spherical aberration in the merit function 

A number of criteria may be applied to image quality; two of these 

are discussed below. Whatever criterion is employed, however, care must 

be taken that the merit function is so constructed that a reduction in its 

value actually corresponds to an improvement in imagery according to the 

criterion that has been adopted. The construction of an appropriate merit 

function is especially easy in null corrector design because, although a 

few other image defects may require at least peripheral attention, we are 

concerned primarily with all orders of spherical aberration. 
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Diffraction -based merit function. -- Maréchal (1947) showed that the 

intensity U(W) at the center of the diffraction point spread function (nor- 

malized to the value attainable in the absence of aberrations) may be ex- 

pressed as 

U(W) = 

1 

0 

2ff 

r eikRpdpdclo 

0 

2 

(20) 

where p and cp represent normalized aperture and azimuth coordinates in the 

exit pupil. If the average phase variation in the pupil is small enough, 

the exponential may be expanded to the quadratic term, higher orders being 

neglected, and U(W) then becomes 

or 

U(W) 1 + ikW - ik2W2 
2 

U (W) = 1 -(T)2(w2 - 
R2), 

(21) 

(22) 

where Wn is the average value of Wn integrated over the pupil. The quan- 

tity (W2 - W2) is the variance of the wavefront, which may represented 

by 02. The normalized intensity U(W) is then smaller than the aberration - 

free value by an amount proportional to 62, which is independent of the 

functional nature of W, provided W is sufficiently small. 

Since the normalized intensity U(W) in the central core of the dif- 

fraction point spread function may be expressed as a function of the vari- 

ance of the wavefront, the normalized intensity, referred to as the Strehl 

intensity ratio, may be maximized by simply minimizing the wavefront vari- 

ance. The latter may be written analytically as a simple function of the 

coefficients of the aberrated wavefront. 
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The computation of surface contributions to either ray or wavefront 

spherical aberration can be a fairly tedious task, as we saw in the second 

chapter, but the form of the final image space spherical aberration may be 

expressed simply as 

W(p) = W2p2 + W4p4 + W6p6 + Wgpg, (23) 

where W2, W4, W6, and Wg are coefficients of the various degrees of aberra- 

tion. (W2 constitutes a focal adjustment term.) If there is no central ob- 

scuration, the variance of the wavefront may be written 

1 271. 1 2Tr 

Q2 = W2 - W2 = 

I J 

W2(P)Pdpd$ - 
[ 

JI W(p)pdpd 12. (24) 

00 00 

Insertion of Eq. (23) into Eq. (24) gives 

WI W2W4 3W2W6 4W42 2W2W8 W4W6 9W62 16W4W8 

12 + 6 + 20 45 15 + 6 112 + 105 

3W6Wg 16W8 

+ 20 + 225 

(25) 

The aberrations W2, W4, W6, and W 
8 

are skew, however, in the sense 

that they do not affect the variance independently. The formalism of Eq. 

(25) may be improved by recasting it in a form in which cross products are 

not present. In such a form, the variance may be expressed as a sum of the 

squares of orthonormal linear combinations of the wavefront aberration 

coefficients W2, W4, W6, and Wg. This is a useful transformation since 

many lens design programs are not equipped to handle cross products of the 

aberration terms. 

Neither are many programs able to handle the wavefront aberration 

coefficients, as such, so we first convert these to their corresponding 



angular aberration coefficients, which are computed in many of the exist- 

ing lens design programs. Converting Eq. (25) to angular coefficients, 

we get 

Bi B1B3 B1B5 B3 B1B7 B3B5 B5 B3B7 
2 __ 

6 48 
+ 

36 + 80 + 180 120 + 144 448 210 

B B B2 
5 7 7 

+ 320 + 900 ' 

where B1, B3, B5, and B7 are the angular aberration coefficients corre- 

sponding to W2, W4, W6, and W8, respectively. 

Now Eq. (26) is of the form 

02 = a1B1 + a2B1B3 + a3B1B5 + 
a4B3 + a5B1B7 + a6B3B5 + a7B5 

RR2 
+ a8B3B7 + a9B5B7 + lQ7 
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(26) 

which may be expressed as a function of linear combinations of B1, B3' B5' 

and B7 as follows: 

02 
= a2(B1 + ßB3 + yB5 + dB7)2 + 62(B3 + + pB7)2 

(27) 

+ Tr2(B5 + wB7)2 + p2(B7)2. 

If Eq. (27) is now expanded and its coefficients equated with those of Eq. 

(26), then a, ß, y, etc. may be established, and the variance may be writ- 

ten as 

Q2 (1) 2 (B1 + + + ) 2 + (1 0) 2 (83 + 
385 

+ 377) 

B 

+ (8 0) 2 (B5 + 3 ) 3 + (840) 2 
(B7) 2. 
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The terms a2, £2 
Tr2, and p2 may now be taken inside the brackets and the 

expression may be normalized so that each linear combination affects the 

variance equally and independently: 

Q2 
= (12 1 + 4B 24 3 + B5 + 

8B7) 2 
+ (12B0 3 + 9 0 B5+ 840 B7)2 

(28) 
42 42 2 2 

+ (840B5 + 2520B7) + (84Ó 7) 

The first term, however, may be omitted, since a focus coefficient B1 may 

always be selected to make it vanish. The form of Eq. (28) is compatible 

with the least squares minimization techniques employed in lens design pro- 

grams because each sum may be entered directly as an image error that will 

normally be squared in the minimization process. Minimization of the vari- 

ance, then, simply amounts to minimizing each term directly as an image de- 

fect since all of these terms now operate independently and with equal 

weight in the merit function. 

An alternative orthonormalization of the wavefront aberration compo- 

nents may be obtained by using the Zernike polynomials (Born and Wolf, 1965, 

p. 464). These polynomials have the property that their individual minimi- 

zation automatically balances the highest degree of classical power series 

aberration contained with lower degree components. Each polynomial is ac- 

tually an alternative expression of a wave aberration component. To degree 

eight, the polynomials are written in terms of classical coefficients as 

W8z 70W8(1 
- 20p2 + 90p4 - 140p6 + 70p8), (29) 

W 6 20W6(-1 
+ 12p2 - 30p4 + 20p6), (30) 

W4Z = 6W4(1 - 6p2 + 6p14), (31) 

2z 2W2( -1 
+ 2p2). (32) 
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W2z, W4z, W6z, 
and 

W8z 
constitute a set of aberration polynomials that are 

orthogonal functions in the sense that cross products between the separate 

polynomials vanish. 

Unfortunately, these polynomials may not lend themselves to merit 

function construction, depending upon the characteristics of the automatic 

design program employed. One may apply them in an indirect manner, though, 

by expressing them as combinations of the classical aberration coefficients. 

When this is done, we have 

- 02 
( 6 

W2 
+ 27 4 6 W6 W8)2 

+ _ 
- 

W6)2 

+ ( - W2 - W1)2 + (W2 
)2' 

(33) 

Converting, as before, to angular aberration coefficients, our merit func- 

tion becomes 

02 = ( - 3 + B3 - 9 - B -8 - - B )2 
7)2 

+ (52-1 ZB3 

(34) 

+ ( - 2B1 - B3) 2 + ( - B1) 2. 

Eq. (34) is a simple merit function, indeed, since it is necessary only to 

minimize the sums within the brackets to maximize the Strehl ratio. 

Equations (28) and (34) are both orthonormalizations of the aberra- 

tion set describing the variance of the wavefront; as such, both are restate- 

ments of Eq. (25). Eq. (28), however, is an aberration set orthonormalized 

in such a manner that every polynomial term contains B7; B1 is contained in 

every term of Eq. (34). The orthonormalization resulting in Eq. (28) may 

prove to be a convenience. No matter what the magnitude of the residual B7, 

the proper value of B5 may be selected to minimize the third polynomial. 
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42 42 
( 840 

B5 
2520 B7) 

Similarly, no matter what values B5 and B7 take, a value of B3 may be 

chosen to minimize the second polynomial, and one may always refocus to 

minimize the first polynomial. In fact, the term 

( 2 B1 + 2 4 B3 + 6 B5 + 4 B7) 

may be omitted from the merit function altogether since B1 is a free var- 

iable with respect to B3, B5 and B7. B1 may be chosen after optimization 

to make the polynomial above vanish. Whichever set of orthonormal aber- 

ration polynomials is employed in the merit function, though, it must be 

remembered that the presence of an obscuration in the pupil requires that 

Eq. (24) be integrated over different limits, which will result in differ- 

ent coefficients for any set of orthonormalized aberrations. 

Geometrically -based merit function. - -We have seen that the Strehl 

intensity ratio may be expressed as a function of the classical wavefront 

aberration coefficients and that a useful diffraction -based merit function 

may be constructed from either the wavefront aberration coefficients or 

their angular aberration counterparts. We mentioned, however, that if the 

variance is expected to exceed a large fraction of a wavelength, it ceases 

to be a reliable indicator of the reduction in the Strehl intensity ratio. 

Although under these circumstances the progress of optimization is not ac- 

curately represented by e2, Eq. (22) does approximate U(W) with increasing 

accuracy as correction improves. 

In the region where the wavefront variance is not expected to ap- 

proach the diffraction limit, a somewhat more linear measure of image 
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quality is the mean square radius of the ray energy distribution in the im- 

age, which corresponds to the variance 02 of the angular errors of the wave - 

front normals. 

Now the angular aberration of a meridional ray suffering from spheri- 

cal aberration is given by 

e 

á(p) 
- - C2W2Y + 4W4y3 + 6W6Y5 + 8W8y7] 

Y 

= - [2W2 (pcos4) + 4W4 (pcosq) 3 + 6W6 (p cos cp) 5 + 8W8 (pcoscp) 7] . (35) 

Axial symmetry in the case of pure spherical aberration demands, of course, 

that sagittal rays be treated in a similar manner. If we let eW /ay = 6n, 

and eW /x = 6E (not the same n and E as in Eq. (27)), we may form the inte- 

grated mean square angular deviation of the rays in the pupil: 

1 

( 
21- 

r 
22 = 

J 

j 17 

J 

COT-02 + (602]d(1) pdp. 

o l 0 

(36) 

Inserting Eq. (35) into Eq. (36), integrating, and converting to angular co- 

efficients yields 

22 
= C B12 4B1B3 B1B5 B32 

21307 + 2B3B5 B52 

2 3 2 4 3 3 6 

B3B7 + 2B5B7 B.? 

3 7 8 ]' 
(37) 

As before, we may express Eq. (37) as a function of only linear combina- 

tions of B1, B3, B5, and B7 to obtain a merit function that is similar to 

Eq. (28) except that we are now minimizing the variance of the wavefront 

gradient rather than the variance of the wavefront itself. The orthonormal- 

ized geometrically -based merit function is 
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Q2 
= (781+ ti!B5+ B7)2 + (183+ 185+ 1 B7)2 2 3 4 5 6 5 5 

+ (60 B5+ 5 B7)2 + ( 1 p B7)2 . (38) 

As in Eq. (28), the first term may be omitted since the focus is a free 

variable. 

Other aberrations in the merit function 

We noted previously that the designer of null correcting systems is 

fortunate in being able to concentrate his efforts primarily on the elimi- 

nation of spherical aberration. However, circumstances in a particular 

testing situation may require that a few other aberrations receive some 

attention. These may be included in the merit function if the designer 

wishes, but they probably are not important enough to be included in any 

orthonormalization scheme. 

If large amounts of axial chromatic aberration or spherochromatism 

are present, for instance, the user may be forced to test through a filter 

having a very narrow passband and consequent low transmission. Although a 

laser source is the answer to the transmission problem, noninterferometric 

testing situations may be better suited to use of an incandescent or arc 

source. In such cases, longitudinal chromatic aberration and spherochroma- 

tism may be included in the merit function and the weight on these image de- 

fects increased until they are controlled to the designer's satisfaction. 

In should be mentioned, too, that in moderately fast systems, undue 

sensitivity to constructional and alignment tolerances can render unusable 

an otherwise sound design. For this reason, inclusion of coma as an addi- 

tional element of the merit function (having status comparable to chromatic 

aberration) may be justified. 
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SUMMARY AND CONCLUSION 

An "optical null" corresponds to the existence of a perfectly spher- 

ical axial wavefront in the image space of an optical system for some pair 

of conjugates and provides a convenient test for high precision optical 

surfaces, notably aspherics. Conic surfaces of revolution, which are in- 

herently stigmatic, may be null tested rather easily. If general aspher- 

ics are to be null tested, however, stigmatism must be induced (spherical 

aberration removed) artificially. An optical system that does this has 

been referred to as a "null corrector." 

A null corrector is an optical system composed of spherical surfaces 

that compensate the spherical aberration produced by the aspheric surface 

under test. The mechanism by which the spherical aberration arises at 

both spherical and aspheric surfaces has been examined to give insight 

into how compensation is actually accomplished. 

A number of factors must be considered in selecting a specific test- 

ing configuration for a particular aspheric surface. Mechanical and dimen- 

sional limitations must be considered, as they may restrict the design do- 

main. If such boundary conditions can be satisfied, however, it is desir- 

able to test the aspheric surface in a configuration in which it contrib- 

utes the minimum aberration since the fewest number of surfaces will be re- 

quired for compensation under these circumstances. Classification of null 

correcting systems on the basis of first order geometry indicates that re- 

flecting aspherics should, if possible, be tested in an autostigmatic sys- 

tem in the double -pass mode since both optimization and alignment of such 

a system become much simpler than for a single -pass or nonautostigmatic 

counterpart. Ease of optimization might be profitably forsaken, though, if 
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superior correction is attainable in an autostigmatic system having quasi - 

conic geometry. Aspheric surfaces tested in refraction should generally be 

tested in the single -pass mode, since undesirable ambiguities may be intro- 

duced if testing is done in double pass. 

From Eq. (2) may be extracted the information necessary to decide ap- 

proximately how many corrective surfaces may be required to compensate a 

given aspheric surface in a specific testing configuration, although the de- 

grees of freedom necessary for complete correction may exceed this number. 

Although such image defects as axial chromatic aberration and coma may 

deserve attention in null correcting systems, attainment of a null requires 

primarily that spherical aberration be reduced to the lowest possible value. 

Orthonormalization of the components of spherical aberration permits con- 

struction of simple merit functions which have the virtue that they eliminate 

the guesswork of aberration balancing. Fortunately, the angular spherical 

aberration coefficients found in many lens design programs may be orthonor- 

malized as in Eqs. (28) and (34) so that the diffraction response may be max- 

imized. Similarly, the same coefficients may be orthonormalized in such a 

way that geometrical response (a function of the rms angular spherical aber- 

ration) may be maximized. Eq. (38) is such an orthonormalization. 
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Appendix I. NULL TESTING ASPHERICS BY IMMERSION 

R. T. Holleran (App ./. Opt. 2(12) :1336, 1963; Sky and Telescope 27(4): 

242 -246, 1964) has devised a clever variation of the null corrector idea. 

His method involves immersing a concave aspheric mirror in some liquid of 

refractive index n, the flat surface of the liquid forming a plano- convex 

aspheric lens in contact with the mirror, as shown below. 

Holleran has shown that the longitudinal spherical aberration of the ray 

normals to the surface (refracted to a foreshortened focus 0') is given by 

( 2,2 2 4,4 
Ad = 

R-t 
1 + y2 (1+R-t n2) + yg C (3-e2-2n2) 

(1 - e2t ) (n2 
_62)2 

] + 1 R - t 
( R - t "' n R ) 
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where E is the eccentricity parameter of the surface under test. One imme- 

diately notices that by choosing the proper index n for the liquid, the y2c2 

term in the aberration expansion may be made to vanish. This occurs when 

n = ( 1 + 
EZR 2 
R - t 

Choice of an immersion liquid of suitable index thereby renders the system 

null to a fourth degree approximation. This test is capable of nulling a 

variety of aspheric surfaces having a considerable range of eccentricities 

and f /numbers. For surfaces of fast f /number, however, the higher degree 

terms in the aberration expansion become important, introducing high degree 

residual aberration into the test. 

There are enough free variables available in the immersion test that 

the designer can do much more than satisfy the equation to achieve the null 

condition. Testing may be done, for instance, at unequal conjugates, and 

the depth of the immersion liquid can be varied at will within the range of 

available liquids. Similarly, a transmitting aspheric may be nulled, or at 

least its contribution to spherical aberration may be reduced, by immersing 

it in a liquid of similar but not identical index. Although this technique 

will reduce the refraction at the surface by orders of magnitude,thereby re- 

ducing the aberration contribution, the sensitivity of the test suffers pro- 

portionately. In any case, the test geometry may be simulated in a standard 

lens design program, and the variables may be adjusted to optimize the sys- 

tem in accordance with one of the merit functions discussed in the chapter 

on optimization. 
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Appendix II. A SPECIALIZED APPROACH TO THE DESIGN OF AUTOSTIGMATIC 

NULL CORRECTORS 

R. V. Shack has devised a technique that considerably simplifies the 

computer optimization of autostigmatic null correctors (see Optical Sciences 

Center Newsletter 1(4):13 -14, 1967). This thesis would be incomplete with- 

out a brief description of his method. 

The description of a true autostigmatic null corrector from object to 

image point is somewhat redundant since every ray in the system retraces its 

path exactly after reflection at the tested aspheric. Also, when the system 

is perfectly autostigmatic,every ray emerging from the null corrector strikes 

the tested aspheric normally (and is reflected normally). The optimization 

of a null corrector may proceed, then, as if its function were to render 

stigmatic the family of normals to the aspheric surface. 

A dummy optical system that generates just such a family of rays may 

be designed as shown in the sketch below. 

Optí.ca2 b ybtem coed to g eh.etcate a dummy input 4y4-tem. 
(Geamettc.y c,b exaggen.ated ban c2at,íty. ) 
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An object point is placed at the paraxial center of curvature of the 

tested aspheric A. We see that some dummy aspheric surface D placed be- 

tween A and the paraxial sphere P will generate, by reflection, a family 

of normals to A. The dummy surface D will have the same paraxial curva- 

ture as A and will have aspheric coefficients approximately half as large 

as those of A. If A is a severe aspheric, some adjustment of the coeffi- 

cients of D may be necessary to produce exact normals to A. These coeffi- 

cients may be determined by allowing the system to operate in reflection, 

the traced ray following the path C - yD -yA -yD -Q The proper coefficients 

will be obtained for D only when the ray yD -yA is reflected back upon it- 

self so that yD is coincident with yD. Under these circumstances, yD -yA 

will be normal to A and yD -Q will coincide with C -yD. One then simply 

adjusts the coefficients of D to eliminate spherical aberration of all 

orders. 

The null corrector for A may then be designed by removing A from the 

system and allowing the reflected ray yD -yA to pass on into the null cor- 

rector. One should keep in mind, however, that the final image will con- 

tain approximately half as much aberration as when the null corrector is 

actually used in the double -pass mode. A null corrector designed in con- 

junction with a dummy input system should, therefore, be optimized to de- 

liver performance roughly twice as good as is expected in actual operation. 
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Appendix III. AN OFFNER -TYPE NULL CORRECTOR FOR A 90-INCH-DIAMETER 

RITCHEY -CHRETIEN PRIMARY MIRROR 

The process of designing an Offner -type null corrector is described 

here to illustrate the application of ideas presented in this thesis. 

Requirements 

The aspheric mirror to be null tested is a 90- inch -diameter hyperbo- 

loidal primary mirror for a Ritchey- Chrétien telescope. The paraxial radius 

of curvature is 480 inches, the eccentricity 1.0312. A few constraints are 

necessary if the null correcting system is to be practical in actual use. 

We require, then, that the total length of the corrector (field lens to final 

image) be no more than 70 inches and that no element be larger than 4 inches 

in diameter. In the interest of comfortable visual testing, we limit the 

f /number of the image- forming cone of light to values between f/4 and f /7. 

For purposes of illustration only, we shall strive for a Strehl intensity ra- 

tio of 0.95, which corresponds to an rms wavefront error of approximately 

0.05 X, where the wavelength X is taken as 486.1 nm. 

Procedure 

With the object at the paraxial radius of curvature of the mirror, we 

first calculate the fourth degree spherical aberration contributed by the 

hyperboloidal mirror (Eq. (13)): 

e2c3 4 

W4k = - 
-81 An = -0.009857 inches. 

Since we have required that the marginal ray height not exceed 2 inches in 

the null corrector, and since we require the imaging lens (Fig. 5) to con- 

tribute spherical aberration of magnitude equal to (but of opposite sign 

from) that of the mirror, we set W4k /y for the imaging lens equal to the 

following: 
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-0.009857 inches 
-2.0 inches 

= 0.004928 . 

Now the slope u of the marginal ray at the mirror is 

45.0 inches 
= 0.0938 

480.0 inches 

Examining Fig. 15, we find that we may reasonably expect a single optical 

surface ( In'I) to contribute approximately the required compensation. 

Since disturbing internal reflections may be present in an Offner -type 

null corrector if the field lens lies within the caustic of the tested mir- 

ror, we place the field lens about 12 inches behind the center of curvature 

of the mirror. All four surfaces of the corrector are now potential contrib- 

utors to all orders of spherical aberration, so we find it expedient to aban- 

don hand methods for the convenience of the automatic lens design program. 

In accordance with Appendix II and Eq. (12), it was found that the ini- 

tial aspheric coefficients for a dummy input mirror should be 

D = 6.00963 x 10-10 

E = 1.22139 x 10-15 

F = 3.32737 x 10-21 

Computer optimization left D and E unchanged, but F was altered to 6.33512 x 

10-21. 

Using the ACCOS -GOALS automatic lens design program, the dummy input 

mirror was entered, placing the field lens approximately 492 inches from the 

mirror. That surface of the field lens nearest the mirror was made initially 

plane, and the angle and height solve routines in the program were allowed to 

give the second surface of the field lens a curvature such that the aspheric 

mirror would be imaged onto the nodal point of an imaging lens having a 
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diameter of 4 inches. A boundary control was placed on the slope of the 

image- forming marginal ray so that the final image would be formed at a fo- 

cal ratio of about f /5. 

Results 

The computer was first permitted to bend the object lens for minimum 

B3. Then, having reached a tenable starting point for minimization of or- 

thonormal spherical aberration components, the last three terms of Eq. (28) 

were entered as a merit function to determine the optimum combination of B3, 

B5, and B7 for near -diffraction - limited performance. Adjusting the bending 

of the field lens, and both the power and bending of the object lens, a CDC 

6400 digital computer required approximately 1 minute (10 iterations) to 

complete the optimization. The first term of Eq. (28) was then solved for 

the optimal focal term B1. The resulting angular aberrations were 

B1 = -1.394 x 10 -8 

B3 = 1.711 x 10 -5 

B5 = 1.944 x 10 -5 

B7 = -5.337 x 10-5 

Substitution of these coefficients into Eq. (28) gives o _ X/36, which would 

correspond to an rms deformation in the actual system of about X /18, and a 

Strehl intensity ratio of 0.94! 

Since the number of degrees of freedom in this instance was limited, 

no attempt was made to control axial chromatic aberration or to reduce sensi- 

tivity to constructional and alignment tolerances. Although the performance 

goal of a Strehl ratio of 0.95 was not quite attained, a significant improve- 

ment could probably have been realized if new orthonormalized coefficients 

had been computed to account for the central perforation that exists in the 

actual mirror. 
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